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Concentrated study by the American Telephone and Telegraph Co. and
Bell Telephone Laboratories has resulled in several engineering and design
inmovations that permit more efficient utilization of the exchange cable nel-
work. As a first step, @ mathematical model of the customer loop plant was
developed from survey dala. With this model, studies have been made of
the transmission properties of the loop plant at both voice-band and carrier
frequencies via compuler analysis. Results of such studies have been use-
ful in planning plant improvement programs and have also been used to
evaluate such new concepts as “dedicated outside plant” and ‘“‘uniform-
gauge customer cable plant.”

Other computer programs have been and are being developed lo aid in
engineering cable routes for future growth and lo evaluale alternatiwves lo
placing new cable, such as concentralors and erchange carrier systems.
Studies to oplimize the placement of new swilching cenlers, taking inlo
account exisling wire centers and forecasls of growth for the area, have
been made by computer analyses. These compuler programs aid engi-
neers in making studies in much more depth and in less time than was
possible with older cut-and-try methods.

I. INTRODUCTION

Since World War I1 there have been major changes in exchange
outside plant cable networks. Polyethylene has replaced lead for cable
sheaths, and in the distribution plant, polyethylene insulated conductor
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cable (PIC) and ready-acecess terminals have replaced paper insulated
cable and sealed terminals. Concentrator and carrier systems permif
more efficient use of copper in feeder and trunk cables.

In the early stages of these wide-sweeping changes, the major ad-
vances were in hardware, as enumerated above; however, exchange plant
engineering methods were being analyzed and revised to take full ad-
vantage of these innovations. The PIC cable and ready-access terminals
had implications on exchange plant installation and maintenance much
broader than the purely hardware ones. For instance, the installation
of distribution terminals for access to the cable conductors could be
postponed economically until required to satisfy a request for service.

Concurrently, unrelated activities were producing results applicable
to the plant engineer’s problem. Operations research techniques (which
aim to optimize an existing system) were being used. More sophisticated
electronic computers became available and provided the tools of calcu-
lations and machine decision logic on a scale impossible in the past.
All of these factors sparked a revolution in the tools and methods used
by the engineer to study and evaluate the exchange outside plant as a
system, with the ultimate objective of improved service for customers.

It is the purpose of this paper to show how these modern engineering
tools and methods are making possible new concepts in the engineering
and utilization of the exchange outside plant. Initially, the exchange
outside plant was studied as an integrated system. As the work pro-
gressed, it was necessary due to the size and complexity of the study to
consider each engineering activity as an entity rather than a part of a
system. Therefore, for ease of exposition, this paper covers each engi-
neering activity as it was developed during the exchange outside plant
engineering study.

1I. BACKGROUND

An exchange outside plant cable network (Fig. 1) serves as a medium
to connect the central office and station equipment in a manner which
is compatible with signaling, supervision and transmission requirements.
These requirements usually are stated in terms of circuit resistance and
transmission limits. The cable networks are designed to keep within
these limits regardless of the distance between the office and the cus-
tomers. This is accomplished by planning the network around the several
options of wire gauges (19, 22, 24 and 26), carrier systems, and the many
loading arrangements (H88 and H44, ete.).

Interface problems become quite complex with a cable network that
is laid out to connect all customers in an area to a central office. Such a
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Fig. 1 — Exchange cable network.

network may serve a high-density area of 100,000 customers or more
per square mile, as in New York City, or a few hundred customers
spread over many square miles, as in some areas of the West. Regardless
of area size and type of switching equipment, each network must be
carefully designed for the customers it is to serve. Although the size
of an area or the number of customers may vary widely, the engineering
methods throughout the Bell System are similar. However, these
methods reflect the individuality and philosophy of the engineer and
the associated company far more than in any other part of the com-
munications system.

The job of engineering facilities in relatively small increments to
meet the unique conditions of the area and customer requirements
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inherently results in a specific network design. This in turn has made it
difficult to both obtain and analyze system-wide data about these net-
works and to set requirements for new systems with confidence that the
proposed system when developed would be of optimal usefulness to all
associated companies.

In the past, small segments of the plant judged to be representative
of the Bell System were studied in detail. These studies evaluated, from
the system viewpoint, transmission improvement characteristics or
economic advantages of a new development. This procedure was time-
consuming and unsatisfactory, and the time associated with obtaining,
processing, and analyzing system-wide data was prohibitive. However,
by 1958 the application of computer data reduction and analysis tech-
niques made it possible to obtain a much more comprehensive and ac-
curate picture of the exchange plant than had theretofore been possible.
This was one of the most basic steps in the application of the new
systems engineering concepts and led to several other surveys of the
physical and electrical chdracteristics of the telephone plant.

III. SUBSCRIBER LOOP SURVEY

In 1960 a sampling survey was designed to yield statistically sound
estimates of important characteristics of the customer loop plant. A
sample of loops, representative of the facilities provided to the ap-
proximately 40 million residential and business customers served by the
Bell System, was taken. The loop selections were made from a sampling
frame containing a complete list of all central office buildings in the
Bell System, together with the central office prefixes assigned in each
building, and the total number of customers served from each prefix.
From this list, in which each customer was implicitly numbered, 1000
telephone numbers were picked in such a way as to form an optimum
stratified random sample,! with heavier concentration in office sizes
expected to contribute the most variability.

The desired information concerning physical composition of the loop
plant was obtained from the outside plant cable and wire records main-
tained by the associated companies. Fig. 2 represents the kind of
information provided for each sampled loop.

To derive transmission properties the computer had to be programmed
to reconstruct each loop exactly as it appeared in the physical
plant. The computer converted the entire loop between the serving
central office and the sample telephone into an equivalent T network
at each frequency of interest in the voice band. More details on the
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Fig. 2 — Physical composition of loop plant: information from wire and cable
records.

method of computing transmission characteristics and specific results
are given in Ref. 2.

The more important survey results were summarized as statistical
distributions. As examples: (1) the average working distance to a custo-
mer in the Bell System was found to be 10,300 feet with 90 per cent
confidence limits on this mean value of 4450 feet, as presented in Fig.
3; (2) cumulative insertion losses at seven discrete frequencies in the
band from 200 to 3000 cycles are given in Fig. 4. At 1 ke the mean value
of insertion loss in loop plant was found to be 3.5 db with 90 per cent
confidence limits of =+0.1 db. (3) The degree to which exchange loop
input impedance (including station set) matches the toll network is
shown by using return loss at each of the six frequency distributions
shown in Fig. 5. The best return loss is at midband — around 1 ke,
where the mean return loss is 15.0 db with 90 per cent confidence limits
of +0.15 db. The lowest return loss at 3 ke is representative of high
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500-3000 cps (measured against 900-ohm + 2 uf compromise balancing network
with loop terminated in actual station set impedance).

singing frequencies, where the mean value was found to be 7.2 £ 0.2
dh.

One phase of this survey of particular significance was determination
of loops that had design irregularities. With these data (composed of the
percentage of irregularities by type), the magnitude of the joh required
to correct these conditions could be estimated and a realistic plant im-
provement program planned.

In addition to providing guidance for an improvement program, the
survey made it possible to develop a statistically sound mathematical
model of the existing customer loop plant. This model has been used with
considerable manpower savings over the analytical procedures used by
Bell Laboratories in the past to determine accurately the transmission
effects of new developments designed to be used with the existing plant.
With this new tool, studies have been made of (a) effect of cable capac-
itance variation on transmission properties of loop plant, (b) input
impedance of loop plant both at the customer and office end of the loop,
(e) need for impedance compensation networks at the central office, (d)
characteristics of loop plant at carrier and PICTUREPHONE system
frequencies, and (e) the optimum telephone set impedance characteris-
ties. Other uses of these data have to do with the evaluation of new
methods of laying out a cable network such as “dedicated outside plant”
and ‘“‘uniform-gauge subscriber cable plant.”
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1V. DEDICATED PLANT

The dedicated plant concept involves the permanent assignment of a
cable pair from the central office to each main station. All party lines
are bridged at the central office. This new method of laying out plant
was preceded by a gradual but definite change in the composition of
telephone plant and customer requirements that began in the early
1950’s. Developments such as PIC cable and ready-access terminals
provided greater possibilities of circuit availability than did the pulp
insulated cables and hermetically sealed terminals previously used.
The percentage of households without service was steadily dropping,
and at the same time there was an increasing demand for individual
line service (see Fig. 6). The labor costs were increasing rapidly for the
plant rearrangements necessary to satisfy the changing service requests
of customers. All of these favored a more permanent plan of outside
plant pair connection than eurrent multiple schemes.

Cable and wire plant is sized on the basis of growth forecasts not
only to meet known requirements but to be adequate for some pre-
determined time in the future. It is difficult to predict the growth pat-
tern, the number of lines, and the type of service for a central office
area, and it is even more hazardous to estimate the growth along any
given cable route. These uncertainties, along with the inherent difficulty
of obtaining access to pairs of pulp insulated distribution cable used in
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the past, led to the multiple appearance of subseriber cable pairs, not
only in several cables, but also at a number of customer terminal lo-
cations following a predetermined pattern as shown in Fig. 7. (The
multipling of cable pairs is illustrated by the termination of the 1800-
pair feeder cable with a 600- and 900-pair branch feeder and a 900-pair
main feeder.) Multipling was also necessary to achieve high cable pair
utilization and to provide party line association. However, as actual
demand does not always match the anticipated growth, it is necessary
under this system as growth develops either to rearrange the cable pair
layout and unmultiple the pairs, or to leave unused copper in the plant.

The use of multipled eables, eross-connect terminals, and rearrangement
of cable complements imposes technical problems and ever-increasing
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operating costs. Ifor example, when plant rearrangements are re-
quired to provide service to a new subscriber cable, pairs must be me-
ticulously searched out, identified, and (often in more than one place)
cross connected or spliced. All of these activities require extensive labor,
The costs are high and the likelihood of error is always present along
with possible interruptions to service.

In view of the recent innovations in hardware and the increasing
demand for individual telephone service, this method of laying out
plant left something to be desired. Therefore it was necessary to come
up with a new scheme that involved completely new cable network
design principles capable of virtually eliminating cable rearrangements
while retaining the ability to handle growth on increasingly shorter
time intervals. Such a scheme was made possible by initially dedicating
a percentage of cable feeder pairs to serve a specific area along the
route and keeping the remainder in reserve as spares to be dedicated to
an area later, as required to satisfy requests for service. The optimum
percentage of feeder pairs designated as spares was determined by using
computer simulation techniques to study a number of actual plant
growth situations. Flexibility points (“‘control” and ‘‘access’” points)
were conceived to permit ready access to the spare pairs as dictated by
future needs along the feeder route.

The use of this dedicated pair concept eliminates the need for multiple
appearances of the pairs and permits direct wiring of the customer’s
residence to the central office while still providing sufficient flexibility
(Iig. 8 shows a multipled designed loop by dotted lines and a dedicated
loop by solid lines). Once a pair has been assigned to an address, it
remains dedicated to that location whether the pair is working or idle,
and regardless of class of service. Any required bridging of party lines
will of necessity be done at the central office, utilizing switch-like
devices to remove the effect of other party stations during conversation.
Theoretically, this connection arrangement would result in some ad-
vance in capital expenditures for additional feeder cable pairs and other
apparatus; however, the savings in the cost of day-to-day operation
derived with such a plant design will far outweigh the carrying charges
on the advanced capital. Also, ultimately less total capital will be in-
vested due to increased flexibility and the elimination of the multipled
portion of all eircuits, which also results in an improvement in trans-
mission.

The feasibility of converting existing plant and of installing new
plant under the dedicated concept has been studied. The study results
indicate that this concept is economically attractive for all residential
loops up to approximately 30 kilofeet in length.
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The implementation of the dedicated plant technique throughout
the Bell System requires familiarizing practically every department
with the advantages of such a system and also with how it will affect
current methods of operation. Some of the advantages of the new
coneept borne out by field trial and further confirmed by actual field
experience are:

(a) improved efficiency of over-all copper usage,*

(b) reduction in cost of installed cable,f

(¢) better transmission through reduction in length of bridge tap,ff

(d) virtual elimination of cable, service wire, and central office main
frame transfers, thus simplifying assignment and installation procedures
(see Table I), and

(e) simplified records, resulting in faster handling of customers’
orders.

Actual system application of this concept will be a gradual process,
but it is expected that the plant will be converted fully by about 1970,
and that large savings will be produced by the elimination of rearrange-
ments and changes in the cable plant, including changes that are at
present made for higher cable fills (see Table II).

* Bince there are no end sections or multipled connections under the spare pair
conecept, the entire length of all used cable pairs ultimately will be working.

t Fewer multiple wire connections to make when splicing cables together at

junctions of feeder and branch cables. )
tf The unused copper in a subscriber’s cireuit is referred to as bridge tap.
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TasrLeE | — REesurnts oF STubpy AND FiELD TRIAL

% Reduction
Operation

Predicted Actual
Cable pair and service wire transfers 90 97
Cable pair transfers 90 100
Central office main frame transfers 90 97
Service order assignment — residential 40 unknown*
Installation time substantial G5

* Conversion to simplified records had not been completed during first 7
months.

Dedicated plant will not, however, eliminate rearrangements and
changes necessary to reroute customer service to a different central
office due to shortage of switching equipment in a specific exchange area
or recovery of coarse (19 and 22) gauge cable plant.

V. MULTIGAUGE DESIGN

Before discussing the desirability of further reducing the number of
rearrangements and changes in the cable plant, it is appropriate to
explore another reason for such activity. The per pair cost of cable
conductors varies widely; first as to gauge of the conductors used and
second as an inverse function of the total number of pairs included under
a given cable sheath. With the coarser gauge the cost per pair rises rapidly
due to the increased cost of the copper used. On the other hand, as the
size of a cable of given gauge is increased the cost per pair in plant goes
down due to both the lesser relative cost of eable sheath and the more
or less common placing cost (see Fig. 9)

Because of transmission and resistance limits of both station and cen-
tral office equipment and the economic factors outlined previously, it is

TasrLE I — Resvrts oF Fignp TriaAL CONVEREION TO
DepicATED PLANT

9% Pairs in Use at Central Office

Date
Working Assigned
Before dedication
January 1, 1962 75.8 75.8
After dedication
March 1, 1962 76.5 92.1
January 1, 1963 78.2 094.0
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Fig., 9 — Installed costs per eircuit mile of underground cable.

a common occurrence to find three or four gauges of cable (from 19-
gauge to 26-gauge) in a single exchange cable route (Fig. 2). Frequently,
the initial cable placed in the route is coarse-gauge in order to satisfy
the requirements of the longer circuits (see Fig. 10). To provide facilities
for a reasonable period of time, it contains more total pairs than are
currently required in the coarse-gauge area. Then, to postpone the cost
of also placing fine-gauge cables, these coarse-gauge pairs are used tem-
porarily for service in areas where fine (26) gauge is sufficient. (This
practice is usually followed rather than that of installing composite
cables with two gauges of conductors contained in a single sheath.)
Later, when customers’ requests for service at the extreme end of the
route require the remaining coarse-gauge pairs, a finer-gauge cable is
placed from the central office, and the circuits which were temporarily
served by the initial coarse-gauge cable are transferred to the new
cable. Not only is such transfer work costly, but, in addition, the
handling of working cable pairs is always at the risk of interference with
customer service.

A similar problem arises with special design considerations necessary
to meet transmission requirements on the longer loops. Specific pairs of a
cable are selected and loaded at diserete distances along the pair. This
added complexity results in administration problems, particularly if
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Fig. 10 — Feeder eable route, illustrating gauge requirements.

the pairs are needed in the future for a different service. The loading
must then be removed or changed, depending upon proposed eircuit
requirements.

VI. UNIFORM-GAUGE SUBSCRIBER CABLE PLANT

If it were practical to design and operate a cable feeder route contain-
ing only pairs of a single fine gauge and minimum loading, savings would
be realized both in capital investment and in operating expense. For
example, all the line growth in the route would be absorbed in the single
gauge rather than spread over several as is presently the case. An im-
mediate effect of this would be that cables placed in the route would
tend to be larger in total number of pairs. Thus not only would the ad-
vantage of per-pair cost reduction with the larger cables be realized, but
the total number of cables in the route would diminish. Also, fewer ducts
would be specified in underground cable structures (conduit) and exist-
ing conduit would be used more efficiently. Of course the need to trans-
fer branches to recover coarse gauge would be entirely eliminated, along
with its high expense and adverse effect on service.

The engineering of a single-gauge feeder cable relief project would be
tremendously simplified, with resultant reductions in engineering
costs. Also, the over-all efficiency of the route would be improved, as
spare cable pairs would be needed for only a single gauge, as compared
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to spare pairs for each of the four gauges which are considered as separate
entities under the multigauge plant. Naturally, there will be some off-
setting penalties resulting from the need to compensate for the added
loss and resistance of the finer-gauge cable.

Studies undertaken to explore the technical and economic factors
involved in realizing this objective indicate the feasibility of serving
customers within 30 kilofeet of No. 5 crossbar and No. 1 electronic
central offices with all 26-gauge cable and less than half the loading
now required in loop plant. The customers located beyond 30 kilofeet
from their serving central offices would still require coarser-gauge facili-
ties and loading. Requirements for new gain devices and signaling range
extension equipment are being developed to implement this conecept,
including the electronic devices necessary to meet special service trans-
mission objectives. When proven operational, this concept, combined
with dedicated plant, will result in a completely new method of laying
out customer loop plant, with a great reduction in the multigauge prob-
lems mentioned previously.

VIl. COMPUTER METHODS

Along with these new engineering concepts, electronic computer
programs have been developed and others are being developed to aid
the engineer in making studies to determine the optimum plant layout
and how best to introduce new engineering and system designs into the
exchange network.

To engineer a cable addition to an existing network, data pertaining
to the status of each cable pair are gathered from the cable location
records. With this information and a forecast of growth requirements,
engineering plans are formulated for a number of possible solutions to
satisfy the demand for service. The conception of alternate plans and
the final decision require engineering judgment which is a function of
the engineer’s training and knowledge of the area. Having selected a
number of plans, the engineer makes a detailed analysis of each possible
solution to determine its feasibility and cost. This repetitious analysis
is a major time-consuming task, particularly if several solutions appear
worth studying.

Careful review of the analysis and evaluation techniques revealed
that the modern digital computer was ideally suited to aid the engineer
in making these studies. It was possible to formalize parts of the engi-
neering know-how so that data (see I'ig. 11) could be entered by simple
language into a computer, where its equivalent representation could be
manipulated more rapidly and precisely than by the engineer. Thus
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freed of the detailed calculations, the engineer could concentrate on the
design activities which could not be treated mathematically.

The resulting computer program (see Refs, 3 and 4) produces a com-
plete cable route design for each year of the study period. It is very
flexible, permitting the use of local cost data and design rules. Even
the most complex cable problems can be handled and an optimum solu-
tion obtained for the engineer’s final evaluation. Fig. 12 illustrates in
schematic form the computer solution to a simple cable relief problem.
Although only fourteen sections are shown, the program is capable of
handling 99 sections. This program is available on a Bell System basis
and is now operational in most of the operating companies.

Of particular interest is the fact that the computer has the capability
of exploring the effect of modified rates of growth in a particular cable
gection more rapidly and economically than possible by the engineer
repeating the numerous hand caleulations. With this capability, the
engineer can consult frequently with the forecaster to obtain his views
with respect to areas having unusual growth potential, as well as any
substantial deviations from trend which may not have been reflected
in the forecast. Forecasting growth in an exchange area will be dis-
cussed in more detail later.

In the past when additional pairs were required in the cable route,
small increments of cable were added as needed. Now, in addition to
cable, new systems such as concentrators and carriers are beginning to
play an important role in providing relief facilities. Superimposing elec-
troniec equipment on the cable network will have far-reaching effects
upon construction and maintenance of the plant. Also, as each new
switching or transmission system creates another alternative solution
for each cable network growth problem, engineering becomes more
involved, time-consuming, and costly.

Therefore a computer program has also been written to explore the
cost of using multiplexing systems such as concentrators to postpone
cable relief. In addition, this program evaluates all important and unique
features of the route and determines an installation and removal date
for each of the concentrators.

VIII. WIRE CENTERING

Programs developed for engineering cable routes and evaluating the
use of concentrators are also valuable for calculating costs associated
with major switching additions to exchange networks. These costs
constitute a major factor in deciding where to add additional switching
centers in a growing community.
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Studies made to determine when and where new switching centers
should be established are commonly called wire centering studies. The
over-all purpose is to obtain the optimum economic combination of
outside plant and switching equipment in geographical areas as large
as several hundred square miles. More specifically stated, the problem
is to determine when and where to add new central offices in the area,
considering the configuration of the existing plant, the anticipated
growth and the costs associated with reinforcing and extending exist-
ing outside plant facilities.

Wire centering studies usually begin with a growth forecast by out-
side plant cable route sections and an estimate of traffic loads antici-
pated for the period under study. The first phase is known as a cross-
sectional study, an analysis of the situation at a specific future point in
time. This type of study gives some idea of the need for additional wire
centers and determines approximately their location to satisfy fore-
casted requirements for customer service.

Usually, the engineer estimates the cost of providing facilities to meet,
anticipated customer demand from existing wire centers. This estimate
is needed as a basis for comparisons of alternate means of providing
service. Alternative solutions are then evaluated to determine if the total
cost of providing service at this point in time would be less if the area
were to be served by additional wire centers at a number of different
locations within the area. These cross-sectional studies are repeated
using various numbers of switching centers, several growth estimates
for the area, and different time intervals. The number of combinations
explored can number in the thousands, especially when four, five, or
six new wire centers are being considered.

The second phase of the study consists of determining more aceurately
where and when additional wire centers should be added. This involves
making detailed present worth of annual charges (PWAC) comparisons
over a 20-30 year study period, first serving a study area by an existing
feeder route or routes from one or more existing wire centers and then
serving the same area from the combination of existing routes and wire
centers with one or more wire centers added. Until now, these studies
have been made on a cut-and-try basis and are time-consuming, costly
and laborious. Frequently, in fast-growing areas, it is necessary to reach
a decision and start the construction of either a new office or additional
outgide plant before the study is completed.

The cross-sectional method for determining the number and approxi-
mate location of new wire centers has been studied and a computer
program developed which mechanizes many computations heretofore
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tediously performed by the engineer. The engineer is still required to
gather the same initial information as needed for a manual wire center-
ing study, except that with the wire centering program the data are
used as input to the computer. The required data are as follows:

(1) anticipated number of subseriber lines and their location for each
year to be studied (Typically, these data are required for 5, 10, 15 or
20 years into the future.)

(2) number of existing wire centers, their location, and other pertinent
characteristics

(3) trunk pattern between existing wire centers

(4) average cost of loops and trunks as a function of length

(5) number of proposed wire centers to be considered.

All of this information must be recorded so that the computer can
store and manipulate the data. This is accomplished by superimposing a
grid system over the area to be studied and associating all growth and
wire center locations with this grid system. The growth of 100 customers
at an intersection of grids 5,5 is shown in Fig. 13 as an example.

With the quantity and the location of subscriber lines determined,
the engineer is ready to proceed with the study by having the computer
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Fig. 13 — Wire centering study area.
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calculate the outside plant costs for the study areas considering only
the existing offices. After the outside plant costs are calculated for a
study area, the building additions, equipment, and additional land costs
are estimated by the engineer. Essentially, the entire plant required for
serving the customers with existing offices is priced out for each study
year. Costs for building additions are needed, since this is usually an
important reason for considering a new wire center in the first place.
These costs become the reference against which all other possible solu-
tions will be compared. The present computer program will handle
eighteen existing wire centers and six proposed centers in a study area.
Torty trial locations for each proposed center are possible.

The redistribution of customers to wire centers affects the traffic
load within and between centers. This is recognized, and the program
distributes the traffic loads in proportion to the customers transferred
into and/or out of each wire center.

The output of the computer includes (1) general information regard-
ing the problem, such as the study date, (2) existing wire center data
such as present trunk pattern and cost of providing service with exist-
ing centers, (3) a list (see Fig. 14) of the ten most economical proposed
wire center locations and their associated cost, and (4) a detailed de-
seription of the outside plant assignment and the trunk pattern for the
best solution. After several field trials of this program, it was accepted
as a useful planning tool and has been made available for Bell System
adoption.

The primary advantage of using the computer program is its flexi-
bility for examining quickly many alternatives and variations of a given
problem which previously could not be examined without complete
expensive manual recaleulations. If changes occur which were not
originally anticipated, a restudy of the area can be made by simply
changing the affected information (stored on punched cards) and re-
submitting the problem to a computer center.

The program will aid in keeping future plans up to date with a mini-
mum of effort on the part of the planning engineer. Thus with current
engineering plans, decisions can be made more deliberately. In addition,
the engineer will be in an even better position with a computer program
now being developed to aid in determining when a new center can most
economically be constructed.

Along with the engineering of cable routes and wire centering studies,
other related factors are being considered. As an example, there exists
a close economic relationship between the switching techniques, the
degree of decentralization of switching equipment, and the configuration
of the interoffice trunk cable networks which may be combined with
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Fig. 14 — Economic summary — annual changes, year 1990.

subseriber cable facilities. Potentially large savings in copper conductors
are possible, particularly through the location of switching equipment
near maximum subscriber density. These techniques must, of course,
be supplemented with reasonably accurate forecast of future customer
requirements.

IX. FORECASTING

A large segment of the Bell System’s investment for new construe-
tion is spent each year on additions to exchange outside plant. The
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quality of techniques for making forecasts and decisions as to where,
when, and what additional telephone facilities are required greatly
affects the efficiency of the large annual plant construction program and
may result in failure to meet customers’ telephone needs on time. Present
forecast results are not altogether satisfactory in spite of much effort
on the part of both commercial forecast and development personnel and
plant engineering forces. Errors in prediction are costly, sometimes
sufficiently so to offset the advantages of the most carefully engineered
project. Outside plant forecasting therefore is an important function
worthy of the forecaster’s best efforts — certainly it is an area where
improvement could result in substantial dollar savings.

Generally, the growth rate of an area is not constant, although there
are some patterns of cumulative growth which will be discussed later.
Wide fluctuations in the rate of growth can occur for a variety of rea-
sons. These include the location and accessibility of the land, owner-
ship and value of the property, availability of utilities (particularly
sewage disposal), development of adjacent areas, penetration of the
housing market, political or municipal climate or action, changes
in the level of business activity, employment opportunities, zoning
restrictions, tax structure, and a host of others. It is important that the
forecaster and the engineer recognize these factors. They also present a
good argument for considering each forecast section on its own individual
merits and against adopting a purely mechanical forecasting procedure
which might preclude sound business judgment.

Procedures for maintaining outside plant planning studies covering
fundamental feeder routes on a current basis have been implemented.
Cable facility charts which graphically display the relationship between
existing eable pairs, usable pairs, past trends of working pairs and fore-
casts of line growth have proved to be invaluable to both the forecaster
and the engineer of outside plant in interpretation and analysis (see
TFig. 15). Such charts permit more complete and sharper analysis of
growth, both past and foreeasted, and its relationship to engineering
planning and programming.

An ideal forecasting method should be sensitive to the whole spectrum
of economic and demographic factors which influence the direction and
magnitude of population growth and also the extent of usage of tele-
phone service. Unfortunately, no such comprehensive solution is yet
in sight, although its achievement remains a desirable goal towards
which to work. In the meantime, work has been done and the search
continues for a worthwhile improvement over present methods.

Studies show that cumulative growth of a central office area over a
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period of years exhibits an “S” shape characteristic (Iig. 16). For
example, an initial period of slow growth in undeveloped areas is fol-
lowed by a transition into a period of sharply accelerated growth char-
acteristic in the development of large tracts. Next, the growth tapers
off (fill-in development takes place) as smaller developers working on
scattered parcels of land tend to predominate. Finally, a terminal con-
dition is reached during which little or no growth occurs, and even some
decline may be experienced. At some point during this latter period,
land usage may change and a new growth eycle begin in the form of land
clearance, rehabilitation, or conversion to higher-density residential or
commercial use.

UNDER- DEVELOPMENT OLDER DENSELY-
DEVELOPED UNDERWAY SECTION DEVELOPED
100 —
) /
Z BO|
z
3
6 sol- GROWTH IN
W HOUSEHOLDS
3
= |
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0 ﬁ/\ I ! ] | |
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0 [e] 20 30 40 50 60 70 80 90
YEARS AFTER INITIAL DEVELOPMENT

Fig. 16 — Urban land goes through a growth eyele.

The initial effort to improve forecasting was mainly directed toward
capitalizing on the existence of these growth patterns. The technique
proposed for growth prediction involved selection of a suitable mathe-
matical expression which exhibits the same general “S” shape (so far
the simple logistic function*® has been used) and estimating the parame-
ters of the funetion in a particular area from records of growth and the
estimated level of the area’s maximum development for the present
growth cycle.

* Cumulative growth, & = K/[1 4+ exp (a + 8)], of an area requires making
estimates of the three parameters K, «, and 8. K corresponds to the maximum
development level of the area and can be estimated from knowledge of current
and anticipated land usage. Values of the parameters e« and g8 are estimated from
the Emwth records by using the linear transformation, log [(K — @)/G] = « + fSi.
In this form a plot of cumulative growth as a function of time appears linear. The

values of « and 8 can be derived by least square methods. This fitted function
would then be used to predict future growth.
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It should be pointed out that these procedures have proved most
useful in growth areas having the following characteristics: boundaries
which have remained relatively constant (or growth records which could
be readily adjusted to reflect changes), availability of good historical
information on households (or main telephones) and at least 20 per cent
but not over 80 per cent of ultimate saturation realized. Realistic esti-
mates of ultimate capacity based on sound business judgment and a
careful analysis of basic assumptions and growth factors are of course
the key to successful forecasts made by this method.

This technique, while of primary use in long-term projections, is also
useful in medium- and short-term forecasting. For the latter a forecast
may be derived by weighting current experience to reflect short-term
trends and to place more emphasis on the more recent growth patterns.
A computer program has been written which will allow the exponentially
weighted forecast to be programmed along with the logistic function.
This allows the weighting to be a function of the actual gain currently
being experienced.

Work is planned on an important related factor: timing plant addi-
tions requiring a short-term forecast. Of necessity, short-term forecasts
should project growth by months or quarters for at least the current
year and preferably the following year. To accomplish this, a good
short-term forecasting system must be sensitive to fine-grain fluctuations
in demand around the long-term trend. However, the forecast can-
not be made for an area and forgotten; adjustments are necessary
from time to time to reflect new growth data and any changes that affect
the saturation level.

As part of the short-term forecasting system, criteria need to be
developed for determining whether actual growth falls reasonably close
to expected demand, or whether deviations are large enough to warrant
review of the forecast.

X. EXCHANGE AREA PLANNING — SUMMARY

A very important function of the engineer in the associated company
is medium- and long-range planning of the exchange plant. He must
allocate the company’s resources in such a manner as to maintain a
desirable relationship between cable network and central office equip-
ment investments and also make future additions in each area as needed
to meet service requests. To accomplish this task, the exchange feeder
route analysis program, the exchange line multiplexing analysis pro-
gram, the wire centering programs, and forecasting methods combined
will aid the engineers and planners in establishing plans for exchange
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areas as well as in administering the exchange plant. With these tools
the associated company will be better able to estimate current and
medium-term construction programs including manpower, materials,
and money.

XI. FUTURE WORK

The complete implementation of these new concepts in the Bell Sys-
tem will require extensive training, coordination, and the working out
of difficulties that will arise in any program of this magnitude. The
people involved will have accomplished an Herculean task if the adoption
is complete by the early seventies. The future extending past 1970 is
extremely difficult to predict, except that many worthwhile innovations
employing more sophisticated engineering skills and programming
techniques will probably be superimposed on the conecepts discussed in
this paper. This is particularly true of some of the analytical techniques
used, as in this first application methods were selected to insure that
theoretical difficulties would be held to a minimum.

Bell Laboratories can use these same computer techniques in assess-
ing the longer-term requirements for new laboratory developments by
extrapolation of the data used by the associated companies for their
day-to-day planning. With this capability, systems engineering studies
can be completed more quickly and yield results more accurately reflect-
ing future development needs of the Bell System.
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Epoch Detection — A Method For
Resolving Overlapping Signals

By TZAY Y. YOUNG
(Manuscript received October 20, 1964)

The purpose of this paper is to discuss an epoch detection procedure
which is very wseful for the resolution and detection of signals overlapping in
time. An epoch is the beginning instant of a signal. The epoch detection
procedure is based on the following hypotheses: On the null hypothesis Hy
that a certain instant t is not an epoch, analytical continuation exists at t,
and one may predict the signal in the future based on past experience
or vice versa. On the hypothesis H, that t is an epoch, the analytic continua-
tion is disrupted at .

Based on this idea and the assumption of a Gaussian noise, a test statis-
tic is derived from the maximum likelihood principle. The test statistic
may be obtained at the output terminal of a linear filter. The performance of
such a system s considered. Also discussed briefly are the cases of over-
lapping stochastic signals and overlapping radar signals. Some experi-
mental results obtained from a digital computer are shown.

I. INTRODUCTION

Consider a signal composed of a train of overlapping wavelets.* The
wavelets may, for one reason or another, arrive at the receiver (or
measuring apparatus) delayed by different amounts of time. The time
delays of the individual wavelets are unknown, but their differences may
be relatively small so that the wavelets overlap. The beginning instant
of each wavelet is called an epoch. These signals are corrupted with
Gaussian noise. Our problem is to detect the overlapping in time. In
other words, we wish to design a practical system which enables us to
resolve the received signal train into overlapping wavelets and to de-
seribe them individually.

The theory of statistical detection of signals buried in noise has been
well established.!-* In the field of resolving overlapping wavelets, Hel-

* We use the word “wavelets” for the individual overlapping wavelets, and
reserve the word “signal” for the over-all signal train.

401
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strom® discussed the optimum detection of two overlapping wavelets.
With his assumption that one wavelet is separated from the other by
known amount of time, the problem is considerably simplified and
relatively easy to handle. Nilsson® discussed the problem of resolving N
overlapping wavelets by deriving an equation to be maximized in an
N-dimensional parameter space. Even in the case N = 2, the maxi-
mization of this equation is very complex and practically unsolved.
Root? considered the general resolvability of radar signals, but gave no
decision rule. Other studies related to signal resolution place most
emphasis on the study of ambiguity functions®® and on the design of a
radar waveform which is inherently suitable for signal resolution.1®

Generally speaking, for N overlapping wavelets, an optimum detec-
tion procedure would always involve searching for the maximum value
of a likelihood funetion in an N-dimensional parameter space.® For N
large this is hardly practical, and furthermore, if the number N is un-
known, the problem becomes even more complicated. In a recent memo-
randum,!! the author suggested an epoch detection procedure based
on the properties of the signal at the epochs. The basic idea was
to use a portion of the received signal in the past to predict the signal
in the future, and to announce the arrival of a new wavelet if the pre-
diction failed sufficiently badly. The present paper originated from that
work. We intend to formalize and to develop the principle of epoch
detection.

Consider a signal f(t) consisting of two overlapping wavelets as shown
in Fig. 1. The function f(f) is analytic everywhere except at the two
epochs t; and ¢, . For any instant ¢ which is not an epoch, it is possible
to use the signal immediately prior to ¢ to predict the signal immediately
after. This is indeed the property of analytic continuation. However,
at the two epochs, the statement is no longer true. Indeed we may de-
fine an epoch as an instent at which analytic continuation is disrupled.

t, tz P

Fig. 1 — Overlapping signals.
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It is precisely this disruption of analytic continuation that enables us
to detect the epochs. In practice, we shall use the signal representation
technique to deseribe such disruptions.

We make the assumption that any wavelets, though close enough to
cause overlapping, are separated by at least T seconds, i.e.,

| 25— & | = T, (1)

where ¢; , #; are any arbitrary epochs and 7' is a predetermined quantity.
This assumption is necessary for our formulation, since for any instant
¢t we shall utilize the information in the time interval (¢t — 7',¢ + T')
to determine whether ¢ is likely to be an epoch. We further assume
that any 2T-second segment of the individual wavelets is representable
by a set of known component functions. Then the disruption of analyti-
cal continuation simply means that if an epoch exists in a certain 27T
interval the signal in that interval is no longer representable by the set
of component functions. Likelihood functions may be formulated in
accordance with these criteria. The instant f which corresponds to a
maximum value of a likelihood ratio is then the estimate of the epoch.
This is of course the well-known maximum likelihood method of signal
extraction, which has some theoretical advantages.”" Other parame-
ters of the wavelet may be estimated simultaneously.

Using the epoch detection scheme, we have in fact reduced an N-di-
mensional problem to N one-dimensional problems. Undoubtedly, in a
process such as this, some information is lost, and one cannot expect
optimum signal resolution except for some extreme cases. However,
the simplicity and the practicality of the process justify our investiga-
tion. The process should be especially useful in the case of strong signals
for which the advantage of a simple system outweighs that of optimality.
In addition, the concept of epoch detection deserves to be studied and
developed on its own right.

11. STATISTICAL EPOCH DETECTION

Let us denote the deterministic signal by f, (¢), the random Gaussian
noise by f,(t), and the noisy signal by f...(¢). In this section, we shall
consider the case that the deterministic signal consists of N overlapping
wavelets with each wavelet being of the same waveform. Then we may
write

.fa+ri (t) = fﬁ (.t) + fn (t)

. (2)
=] A; ."lfl-f";{f - tk) +fn (f)v
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where 4, and #; are the amplitude and the true epoch of the kth wave-
let respectively. The function f,(r) represents the waveform of the
individual wavelets.

To begin with, let us assume that each wavelet is representable by a
set of known component functions. This assumption presents no theo-
retical difficulty since, by using a set of component functions that
constitute a complete set, one may represent any continuous signals to
any degree of accuracy.* However, practical considerations limit us
to use a set of a finite number of component functions. We are particu-
larly interested in the classes of component functions known as gener-
alized exponentials, which include real and complex exponentials, sinu-
soids, polynomials and possible sums of products of such functions.
The generalized exponentials have the following important property.
A finite and properly-chosen set of generalized exponentials, as a set,
goes into itself under the translation of time.!® As a result, if a wavelet
fu(7) is exactly representable by a properly chosen set of m generalized

exponentials o'’ (+),7 = 1,2 - - m, ie,,
Or - o é T < 0,
fu'('r) = = ; (3)
lE ci(0)(r), 0=71= =,
=1

then the tail of f,(r) is also exactly representable by the same set of
generalized exponentials,

m

full+ 1) = 2 eit)e”(r), 0=t=w, 0=r=w, (4)

i=1

where ¢;(t) is the 4th coefficient for a time translation of ¢ seconds.
Obviously, under this eondition our earlier assumption that every 2T
segment of the individual wavelets is representable by the set of com-
ponent funections is fulfilled. The full significance of this property will
be appreciated later, when we derive the test statistic for epoch detec-
tion.

The assumption of generalized exponentials is not as restrictive as
it first appears. For one thing, most physical wavelets may be represented
by a few terms of these funetions. Furthermore, almost all commonly
used functions for signal representation or curve fitting belong to the
classes of generalized exponentials, and if we are willing to tolerate
some inaccuracies by an approximate representation, practically all
waveshapes may be represented by them. It is interesting to note that
for the generalized exponentials ¢’ (r) analytic continuation exists
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everywhere except at r = 0. Consequently, the epoch of a wavelet
fo(7) described by (3) satisfies our earlier definition of disruption of
analytic continuation.

Next, consider the Gaussian noise f, (¢) having a covariance function
R (7). The covariance function may be taken as the kernel of an
integral equation,

27T
f R(t — 209 (r)dr = AP (), (5)
0

For our problem, R(+) is real and symmetric, the eigenvalues, \;,
are positive, and the eigenfunctions, v (), are orthonormal real
functions. Both deterministic and random signals may be expressed in
terms of these eigenfunctions.'™"" Thus, we may write

Joan(t + 1) = Zui(t)‘l’m (1),

]

fl(t + T) = Z Sj(t)ll/(” (T)J

7

fll+ 1) = ;n;(w""(r), .
0<r=<2T,
and
p(r) = Duw(7), 0= 7=2T, (7)
with
v(t) = :T.f.+nu + 1) (r)dr,
50 = [ 14w (ar, (8)
ni(t) = f"”fu(t + )y (r)dr,
and
wg= [ OO (i (9)

It is essential to note that by this expansion, the random variables
n; (and also v;) are independent variables with variances A; . Since we
are not interested in the singular case,'® we assume that
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i I Sjit_) F < =,
= (10)

[ [
< =,
; Aj
We are now in a position to derive the test statistic for epoch detec-
tion. Let us start with the simplest case.

2.1 Known Wavelet at Known Epoch

In this case, we assume that there are reasons to believe that a wave-
let in the form of A.f, (¢ — f) may arrive. Both A, and #; are assumed
known. In assuming known f;, it is also implied that no epoch other
than ¢ may appear in the time interval (& — T, & + T'). Let us define
a function

r—T T<r=2T
T L T (11)

0, elsewhere.

We wish to test the hypothesis [, that the wavelet arrives against the
null hypothesis H, that it does not. Thus, we write

Hy:fult — T+ ) = 22 b (7), 0=r=2T (12)
and
Hi:folto = T+ 1) =) + aw”(z), 0=r=2T, (13)
with f,(7) defined as
fulr) = Afalr) — Ae e (r), 0= 7 =27, (14)

The constants r; will be defined later. Let us explain these two hypothe-
ses. In the first place, we notice that in using generalized exponentials
as component functions, it is implied that ¢ (r) and consequently
fuw(7) extends from 7 = 0 to + = =, as clearly indicated in (3). (The
case of overlapping pulses will be treated later.) Therefore, on the
null hypothesis Hy, although the new wavelet does not arrive, there
will be tails of previously arrived wavelets appearing in the time inter-
val (¢ — T, ti + T). Since every 27-second segment of these previ-
ously arrived wavelets is representable by the component functions
¢ (7) with 0 < r < 2T, we obtain (12) with the coefficients b; to be
estimated.

On the hypothesis H, , the wavelet arrives at ¢ = {, . The term A, (r)
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in (14) simply reflects this fact, since f,(v) = 0 for » < T, as shown
in (11). It is also this term that causes the disruption of analytic con-
tinuation at #.. In addition to the kth wavelet, there are also tails
of previously arrived wavelets, and we might have written for the
hypothesis Hy , f. = Aufs + 2 g’ . Tor reasons that will be pointed
out later, we simply split ¢; into two terms, ¢; = a; — Ayr;, and ob-
tain (13).

The random variables are independent when expressed in terms of
eigenfunctions, and consequently we expand, similar to (6), fi(r) and
fa(7) into

filr) = 2k (7), 0 =7 <27,
' (15)
fa("')

|

g (r), 0= =27,
¥

with

Lﬂrfh(r)¢(j)(r)cfr,

q; = Akhj — A Z Tilij .
i

h;
(16)

The joint probability density for the null hypothesis may then be
written as

i (v; — Z b))
Py(v;b:) = T L ZJ) e s (17)
A \&Th; “hg

1

according to (6), (7), and (12). Similarly, we write for hypothesis H,
the joint probability density

Z (l' = Z aii; — g.r A
1lvya; ] 1
Pi(v:a;) = H (2 v T o) exp > o (18)

In the absence of a priori information on the tails of previously arrived
wavelets, a reasonable test is the maximum likelihood test which is
given by

max P;(v;a)

=_* > ex
L max Po(v;b) = wxp ) (19)

with the threshold  to be determined either by the Bayes criterion or
by the Neyman-Pearson criterion. Equation (19) is equivalent to
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(v — Z aaui;)" — 2(v; — z aui)g; + g5
max - 1 )
a 1

log L = 7%
(v5 — 22 bauig)® (20)
- P2
2

.
In order to simplify (20) somewhat, let us write

A = Y
Wij X !
(21)
W(i)*('r) - Z ur‘j*lllm(‘f)-
]
We assume that it is possible to write
Z Uitii _ i (22)

7 Aj
where &;; is the Kronecker delta. Remembering the orthonormality of
eigenfunctions, (22) may be written as

a7
Uiy , -
2 J;\—g = D wyui* ¢ (2 (7) dr
I i i 0

- Z f wi® (1) w9 () dr (23)

2T
- -/1; (1) *(7) dr

= fyi.

Thus (22) is simply a consequence of the fact that ¢'” (+) and ¢™** (7)
form a biorthonormal system.' Furthermore,

o (u) = Z}: i (u)
- Z;: M (u)

2 it 0” R(p — r)""(r) dr (24)

2T

= R(p — 1) *(7) dr.
1]

II

Consequently, ¢'"’*(7) is indeed the solution of an integral equation
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and may be obtained for given ¢ () and R(z — r)." Thus it is al-
ways possible to achieve the biorthonormalization of a set of known
component functions by means of a process similar to the Gram-Schmidt
process of orthonormalization. It is appropriate to point out here that
the assumption of a biorthonormal system is solely for the purpose of
mathematical simplicity.

Now let us define the constant r; as

r=2 *;"I (25)
J

Then, according to (16), we obtain

Z Uisli _ Agrs — A, Z u:’j;IUU

Y A
= Awri — Ar 2 b (26)
T
= 0.

In other words, f,(r) is orthogonal to ¢""*(7). Returning to (20),
we notice that because of (26), log L may be simplified into the form of

Vg g (U’- N .Z a,—u.‘,-)"’
log L = >, 2% — E’ —[—ma,x Z.T_T‘__.

7oA 2); i

(U_,- — Z b.—u,—,-)z
— m?x - Z'— .

2X;

(27)

However, the last two terms are indeed identical. Thus,
log L = 2 3% rgg, - E (28)
i

The last term in (28) is only a constant, and we may use the statistic
G=2 "z (29)
7 Aj

for testing the arrival of the wavelet at the instant { = # . Here £ is
the threshold for testing G.

The results may also be expressed in the form of integral equations.
Using a procedure similar to that used in (23) and (24), the statistic
shown in (29) may be expressed as

2

G= [ ferlt =T+ r)f*r)dr 2 ¢ (30)

0
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with 7,% () being the solution of the integral equation
2T

Jolw) = | R(p — 7)f*(7) dr. (31)

The function f,(x) has been defined in (14) and is rewritten here.
Folw) = Aufa(u) — Ax 22 rig™ (). (14)

The constants r; , written in integral form, become
27
= [ fuoe™(r) dr (32)
(1]

according to (25). For a white noise with a covariance funetion &(7),
the results are considerably simpler since in this case,

(1) = 07 (1),
fn*("') = fa(f)-

The test statistic ¢ shown in (30) may be obtained by & linear filter.
If we use a linear filter whose weighting function is characterized by
f,5(r) —or, in other words, if the impulse response of the filter is
fo* (—7) — then with f,,.(¢) as input, the output of the filter gives us
the desired statistic G with a time delay of T seconds.* As examples,
we show in Fig. 2 some wavelets and the weighting functions of their
corresponding “‘matched” filters for epoch detection in white noise.
(See Appendix.)

The weighting functions shown in the figure are calculated accord-
ing to (14). It is essential to note the difference between our “matched”
filter and the standard matched filter for the detection of non-overlap-
ping signals. Without interfering signals, the matched filter would be
fu(r), while in our case, a term in the form of » re'(r) is to be
subtracted from the original waveform, as clearly shown in (14). It
is indeed the subtraction of this term that enables us to suppress the
effect of previously arrived wavelets. It is also this subtraction that
represents the price we pay.

We wish to compute the false alarm and detection probabilities for
the epoch detection system which is based on the statistic G. Since @
is obtained from a linear operation on a Gaussian-distributed variable,
@ is also Gaussian-distributed.” Under the hypothesis H,, its mean
value is

(33)

EG|H = [ f,*(r) 2 bipP(r)dr =0 (34)
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N~ N
L2

SIGNALS WEIGHTING FUNCTIONS

Fig. 2 — “Matched”’ filters for epoeh detection in white noise.

since 7,%(r) and ¢ () are orthogonal. Under the hypothesis
the mean value becomes

E[G | Hl} = L fg*(?')[f[,(r) + _Zﬂ-ﬂpm('r)]d.r

= ngfg*(T,)fﬁ(r) dr.

)

The variance of & under either hypothesis is

VarG = [ [ 50 0 e duds
2T 27T
= fﬂ " fa*(T)fg*(,U)R(T - ,u.)d,u.d'r

=, J*(0)fy(r)dr,

where we have used (31). Thus,

411

Hy,

(35)

(36)
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d =f fX (0, (r)dr, (37)

1]
34

a dimensionless constant, plays the role of signal-to-noise ratio (SNR).
The probability density functions of ¢ are
po(@) = (@nd")” exp (—G*/2d"), (38)
p(@) = @rd")Fexp [— (@ — d&)¥/2d).
and the false alarm and detection probabilities are, respectively

Qv = erfe (£/d),
erfe (g — d) , (39)

where erfe (x) is the error-function integral.

3

Qu

2.2 Unknown Amplitude and Unknown Epoch
In this case, the two hypotheses become
Ho:f,t = T+ 1) = 2 b (r), 0<r=<2T, (40)

Hy:fit = T+ 1) = A@)f,(r)
+ X aw(r), 0=+

A

2T, (41)

where

IIA

Jo(r) = fulr) — Z ra'” (1), 0=<r=<2T. (42)

Notice the slight difference between the definition of f,(r) shown in
(42) and that of (14). The joint probability densities are, similar to
the previous case,

— Z b.-u;,-f}

Py(v;bi) = ﬁﬂ exXp l:_ Z,: —2;—
: (43)
Z aai; — Ag;) :|

Pl(va;,A) mexp[ ?E o

Using the principle of maximum likelihood estimation, we first make
for each instant ¢ an estimate of the amplitude, A (), and then make
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an estimate of the epoch, {, which corresponds to the maximum value
of the likelihood ratio of the hypothesis H, against the hypothesis H, .

Thus
max Pi(v;a;, A)
Jogy _ Taa 2T ‘
L(AJ) ma.\ L(A 1) = ma.)_ ma.x Bo(05)) . (44)

By the same argument leading to (28), we obtain
log L(A) = max log L(A}) = max [max log L(A,t)]
t t A

¢ 2 (45)
= max | & 26400 = AW
t,A 7 2\;

Taking the partial derivative with respect to 4,

8 log L(Af)
dA

we get A (¢), the maximum likelihood estimate of A (1),

i) = [Z}‘, ;ﬂ/[z 9’] (47)

It should be noted that the random variable »; is also a funetion of ¢,
as shown in (8). Substituting (47) into (45) gives us

2
log L(A]) = max [1 AX) Zg—’] (48)
¢ 2 7 N

=0, (46)

If we normalize function f,(7) such that

S [ 1o

2T 2
= [ [ R = it dur (49)
0 1]
= 1’
then
s ar
At) = ); % =1 foin(t — T + 7)f,*(r)dr, (50)
J
and

log L(A,i) = maxlog L(A,t) = max% [ A1) [*. (51)
t t
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Thus the instant { that corresponds to the maximum value of log L (4,t)
will be our estimate of the epoch. Indeed we may base our estimate on
the maximum value of | A (¢) |. Equation (50) may of course be gen-
erated by means of a linear filter. If f,(+) and consequently f,(r)
are properly “normalized” in the sense of (49) and (42), the signal-
to-noise ratio (SNR) for the kth wavelet is A4, Tollowing the
procedure used by Woodward and Davis,” it can be shown that, for
the strong-signal case, the variance of the epoch estimate 7 is in-
versely proportional to SNR and to the square of the filter bandwidth.

We notice that the performance of an epoch detection system is
related to the component funections only indirectly. It is the signal
waveform itself that is important. As a rule of thumb, the smaller
the absolute values of the constants r; are, the more effective the system
will be. In fact, we may define a useful figure of merit,

_ SNR for epoch detection
P= SNR for the detection of fu(+)

[ e (52)

5T
Su* () fulr)dr
1)

as the efficiency of the epoch detection system, where fi* (7) is defined
in the same way as we did for f,* (). Using (42) and (49) and the fact
that f,* () is orthogonal to ¢! (), we have

1
T )

As a result, p < 1. In the limit as every r; approaches zero, p — 1 and
the epoch detection system approaches the optimum detection system
for non-overlapping pulses of duration T seconds.

2.3 Overlapping Pulses

A pulse of duration T, seconds may be regarded as two overlapping
wavelets with epochs separated by 7' seconds. For instance, an expo-
nential pulse, exp (—7) for 0 = r = Ty, may be regarded as the sum
of two exponential functions, exp (—7) with 0 £ + = = and
—exp (—7) with T £ 7 £ ». We assume that several pulses may
overlap. Thus, arrival of a pulse is characterized by the simultaneous
existence of a wavelet f.”(r) at the beginning epoch #’ and a wavelet
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fu'(7) at the ending epoch £ where t,° = " + T,. For mathemat-
ical simplicity, we assume that the Gaussian noise in the time interval
(' — T, 4" + T) and the noise in the interval (4&° — T, &° + T)
are uncorrelated. In other words, we assume

R(r) =0 for r=T,— 2T, (54)
thus enabling us to treat independently the random variables in the

two time intervals,
Again we formulate two hypotheses.

Hl]:fu(t_ 7'+T) be l"]( )!
(55)
Lt + To— T+ 1) = 2 b5 (1), 0 <r =27,
and
Hi:f@—T+ 1) =AW () + Z ale” (7)),
ot +To— T+ 1) = AW, (r) + 2 afe™ (r), (56)
0<rx 2T,
where

LEG) = ) — ke (),
INOESNOEDNALIO (57)
0<r=2T,

with fi"(r) and f,°(r) defined in the same way as fi(r), and the con-
stants »;” and r;° defined in the same way as ; . Let us define

folr) =1 (7) + £,/ (z = To). (58)

Notice that f,°(r — Ty) = 0 for 7 < T, . The function f, () is norma-
lized in the sense that

Tot2T
fn Jo* () fo(r)dr = 1, (59)
with

£* () = 1% (7) + 1, (r = To) (60)

and
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Py = f U R(s — 0)f,P(r)dr,
(61)

i) = f T R — 1)1, (r)dr.

Equations (58) through (61) can be justified only on the assumption
of (54).
Using the maximum likelihood principle, we write

b
max Pi(y ai, e, A)

LA} = max|: a4 :| (62)

¢ max Po(o; b, bi°)
b

With a derivation parallel to that of 2.2, we obtain the final results
_ Vs T2 T
AW =2 = [T g = T LM (63)
1 ]
and
log L(A,1) = max } | A(t) [". (64)
t

Thus, based on the value of | A (¢) |, we may obtain the estimate of the
epoch f. Again a simple linear filter with a weighting function f,*(r)
defined in (60) will suffice to generate A (¢).

I11. OVERLAPPING STOCHASTIC SIGNALS

Again we consider a train of overlapping wavelets corrupted with a
Giaussian noise. Each wavelet is assumed to be representable by a set
of m known generalized exponential functions. However, the wavelets
are stochastic in the sense that their exact waveforms are unknown and
that each wavelet may differ from the other. As a result, the two hy-
potheses become

Hn :_f,(t -7 + T) = E bﬂ”“) (7)7 0

A
4

= 27, (65)

Hi:fut = T4 1) = 2 elt)x? ()

' . 66
+ Z G‘,,io(‘) (7): 0 ( )

A
-

where

XV (r) = ; Bue (r — T) — ;m‘”(r) (67)
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with
e(r—=T)=0 for »<T. (68)

The constants 8 and v are constrained by the biorthonormality re-
lationships. Let ¢@ (r) be the cigenfunctions of the covariance funetion
R (7). For the sake of the independence of random variables, we expand
the component functions, the noise, ete., in terms of ¥ (). For x (),
we then write

X)) = Lay’(r), 0srs2l (69)
!
The constraints of biorthonormality are
Z u_,;\gﬁ = b, (70)
1 J
E R IE _ 0, (71)
TN
and
Tyl _
i T (72)
i )\j

A direet result of (70) and (71) is, similar to (25) and (32),

. ar )
W=Z%ML¢W-WWMM

kA

(73)

7
]

= Z.@.‘kj o (7 — T *(1)dr.
T

To illustrate the procedure for formulating x (r), let us consider
the simple case of white noise for which the biorthonormality reduces
to orthonormality. The first step is of course to orthonormalize with
respect to the time interval (0,27") the m component functions by means
of the Gram-Schmidt procedure. Next we may choose any value of 8y
for (67) as long as the m functions S B (r = T)yi=1,2 -+ m
are linearly independent. Using (73) for the calculation of y. guaran-
tees that %7 (r) is orthogonal to ¢" (7). Finally, by means of the
Gram-Schmidt process, we may combine the functions x () linearly
to make them orthonormal. In this way, all three conditions, (70),
(71) and (72), are satisfied. I'or colored noise, the procedure is similar.

Under these assumptions of biorthonormality, an application of
maximum likelihood principle then gives us
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Doy 2T .
&i(t) = Z"% = | Juwlt = T+ 0)x"¥(o)dr,  (T4)

i ]

where x*(7) is the solution of the equation
XV w) = fu”m,‘ — r)x"*(r)dr, (75)
and
log L(¢:, 1) = max log (é;, t) = max[ Z | é:(t) ]] (76)

The estimated epoch { is the instant that corresponds to the maximum
value of log L(é;,t). The epoch detection system which generates
log L(é:, t) will then consist of a summing amplifier, m squarers and
m linear filters characterized by the m weighting functions x* (7).

For stochastic signals, a proper definition of SNR for the kth wavelet
is

2T .
Y = Z e (te) ﬂ x* () x (r)dr

T =1

(77)

m

= fZ('.”;;

M =1

where we have used (72). The coefficient, ¢, (f;), is defined by (66) with
t; , the kth epoch, substituted for t.

Let us now show some experimental results obtained from a digital
computer. Fig. 3 illustrates the detection of overlapping wavelets, each
consisting of two exponentials, ¢ " and ¢ *". Although in our experiment
the three overlapping wavelets have the same waveshape, they are
regarded as stochastic since we do not assume the a priori knowledge of
the proportion of the two exponentials that constitute the wavelets.
The signals are additively corrupted with white noise as shown in the
second row, With the definition of (77), the signal-to-noise ratios for
our examples are, in decibels, =, 15 and 8, respectively. Since we know
the component functions, ¢ * and ¢ ", what we need to do would be
simply to estimate the coeflicients é;(¢) by means of linear filters pre-
scribed by (67) and then caleulate log L(é;, ) according to (76).
What we actually did is based on a more primitive model;" nevertheless,
the basic philosophy is the same. Using this primitive model, the loga-
rithms of the likelihood ratios, log L;(t), are caleulated over the noisy
signals, and shown in the third row. It is clear from the figure that the
estimated epochs { which correspond to the maximum value of log
Ls(t), almost coincide with the true epochs. However, for the 8-db
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£ (t) f\ fa(t) AN A0
__4/]‘{\ — ‘/‘[ \‘-_. 4/-/ \"—__.
f‘Hn('f-)
/ ’\

fsnit) fa+nlt)

LoG Le(t)

Jn\ Loc L(t) Mfl Loe L¢(t)

f[ T (t) !, fa(t) /
/ \ J \"x_ _j

3

fa(t)

Fig. 3 — Deteetion of overlapping wavelets.

case, the detection probability is low, and the peak corresponding to the
second epoch is almost not distinguishable from the peaks which are
due to the random noise alone. With the epochs estimated, one may
estimate in a piecewise manner the signal hetween the epochs, and the
signals f; () thus detected are shown in the last row.

IV, OVERLAPPING RADAR SIGNALS

The most important application of statistical detection theory is in
radar signal detection. We shall consider typical radar pulses which are
sinusoidal signals modulated by square waves. Each pulse, as discussed
in Section 1I, can be characterized by a beginning epoch and an ending
epoch. For simplicity, we treat them separately as two epochs.

For overlapping radar signals, we may write

N

.fn(t) COos (wc! A= 9) = 2_: Af-'.fw(t - iﬁ') cos (wﬂt + 61'#)’ (78)

where we have regarded f,(t) and f,(7) as envelopes of the sinusoidal
signals and 6, are phase angles. The pulse envelope f, () is a square
wave. Similarly we consider 1., (1) as the envelope of the noisy signal.



420 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1965

The epoch detection system developed previously is difficult to imple-
ment in this case because it is sensitive to radio-frequency phase. For
this reason, we assume the use of a perfect envelope detector to take the
signal envelope first.!” The noise under this condition becomes narrow-
band noise. Let us designate, for a certain instant ¢, the envelope of the
sinusoidal signal by « and the envelope of the noisy signal by ». With
a variance A, the probability density for the envelope at time ¢ on the
hypothesis that the sampled waveform is sine-wave plus noise is, ac-
cording to the classic work of Rice,”

v _1'2-{—012)] av >0
pva) =X P ™ —ax /\x/)r "=D (79)

0 otherwise,

where I,(z) is the modified Bessel function of the first kind and order
zero. It is known as the modified Rayleigh distribution or the Rice
distribution. On the hypothesis that the sampled waveform is noise
alone, « = 0 and 7,(0) = 1, and (79) is reduced to the Rayleigh dis-
tribution.

v

=
pilv) = X exp (— —27\) v =0, (80)

0, otherwise,

We again formulate a null hypothesis Hy and a hypothesis H, that
an epoch has arrived. Thus,

Hu:fu(f» = T ‘I“ ‘T) = an, O § T é 2T. (81)
s _ _ Ay, 0 § § T,
Hl. 'fﬂ(t T + T) - {a2 ) T é § 2T. (82)

We may look for a coordinate system such that the random variables
on these coordinates are statistically independent. However, unlike the
Gaussian distribution, it is very difficult to find such a coordinate sys-
tem. The usual procedure, which we shall follow here, is to use for
coordinates samples of the envelope waveform taken at regular inter-
vals and far enough apart so that it is a reasonable approximation to
suppose them statistically independent. We take in the time interval
(t — T, t+ T) 2M measurements at 2M uniformly spaced instants
separated by Ar seconds apart. Let us write for the instant ¢

v;(t) = fan(t — T + jAr). (83)
Then on the null hypothesis Hy , the joint probability density is
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s TTy v+ ) ol
Py(vieg) = H)T exp { — I, ~ ) (84)

=1
while on the hypothesis H, , we have
M 2 2
P, ) = [T o (=¥ 1) 1 (%)

=1

The maximum likelihood principle then requires

max Py(v;ey, an)
L(4,1) = max| —= : (86)

¢ | max Po(v;a)
a

By considering the logarithm of the likelihood functions and taking
partial derivatives, we can easily show that

B I ' (&li’j) )

M A 0 ==
Yi-a4+u AR
=1 A

(87)

;‘=,Zu:+1 ATA 7 (&2 j) *
o\

221 I I (&ij)-
@ % AN/ =0, (88)

=1 - X ?\ &QUJ
i “(A)_

where @, &, & are the maximum likelihood estimates of a;, a2, ao
respectively, and I, is the derivative of I,. The estimated epoch then
corresponds to

M A .
log L(&, 1) = max {Z l:— ‘2"_; + log I, ('IIT”:):I

t i=1

— o’ aalj
+ 2 [— 5y T log In (T):’ (89)

j=
M &2 &l‘

_ _ b o0
2 [ ox T log I"( ) )]}

and
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It should be noted that & and v; are functions of {. Our problem would
have been solved if we had been able to solve (87) and (88) for &,
substitute them into (89) and then search for f that corresponds to
the maximum value of log L(&,t). An explicit solution in this case is,
to say the least, very difficult. Certain approximations are needed.
We shall diseuss the case of strong signals and the case of weak signals
separately.

In the first place, we notice that if the signal-to-noise ratio is suffi-
ciently high —ie., a,’/22 > 1 and ar’/2\ > 1 [(a® — a@2')/2\ may be
small] — the Rice distribution approaches the Gaussian distribution
and the discussion in Section II is directly applicable. A linear filter
may thus be used. On the other hand, if a’ /28 > 1 and a,’/2) small
or vice versa, we encounter the epoch of a large pulse. Therefore a sub-
optimal epoch detection scheme may be used, and again a linear filter
may be chosen for its simplicity. ‘

Finally, consider the case that a,"/2\ < 1 and a,’/2\ < 1. It is well-
known that for small 2 (see Ref. 22),

2 4
Iz) =1+ (%;r) + 1517 (%L) e i 3

2 4
log Io(x) = ({])1) — i(él) + -

If we substitute (90) into (87) and (88) and retain only those terms
that involve &/4/A and (&/+/\)", we obtain as approximations

&12 M v .2 M ) .4
— b | g
2\ ; ':QK :I / = 8a’

4 LT RV
=L, 2= ] / i
2N ,':Zu:-u [2?\ :' i=ar1 8A%’

& M, 2 M 4
=~ ks SR | 2 2
2\ J;i [2]\ :|/ = 8A* (92)

Similarly, substituting (90) into (89) gives us

(90)

(91)

and

log L&) = d g [y late]
0g L\, = llltax ﬁ £ EX 55 8 2_
A2 oM 2 A2 4]
(s} v, 1(12 vy
— = —1—-=-— 3
+27\ ,f=ZM:+1 ':2]\ 2 2) 8N (83)
A2 M 2 A2 47
-8 5 [’i_]_lﬂ_ni'f_ _
28 =3 L2A 22N BA
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An epoch detection system based on (91), (92), and (93) is very
difficult to implement. It needs further simplification. We notice that,
for M sufficiently large, the random variables take on nearly all possible
values of the probability functions. The summations then represent
an ensemble average. For example, with ay’/2\ < 1,

w(1+5).

a0 2
, T
M( )=Mfl 97
B

2
=1 8\* ~ (gy) M { 8)«”73[ rym)de = M (1 - )

where p (x,a;) is the Rice distribution shown in (79). We may of course
do the same for a»’/2\ and ao’/2A. It is indeed from this consideration
that we include the term

2A plae)dr ~
i=1

(94)

1 &2 UJ'"
2 2\ 8\
in (93), since it is of the same order as the difference of the remaining
two terms.
From the consideration of order of magnitude, it should be obvious
that for (91) and (92) the denominators may be replaced by M and
2M respectively. As a result, we may write

&' 1[(&° | &
o e p e -
2\ 2 \2x 2N

(94), and (95) for (93) and simplifying, we finally

v(E)
2\

(95)

Using (91), (92),

obtain
. T8 (&N | M (&)
log L(&]) = max [5 ()T\) Ty (zx) B

= m{ny &—22 — &—12 2 (96)
T4 2

3 1 20 U_,-E(t) M Ufz(“ ’2

= WAXIM | 5 oA ,gi |

A test may naturally be based on the quantity inside the absolute sign.
A large positive value for the quantity indicates the arrival of a be-
ginning epoch, and a large negative value corresponds to an ending
epoch. A pulse is of course marked by the arrival of both epochs. The
result is consistent with the conventional square-law detector for small,
nonoverlapping signals.
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V. CONCLUSION

We have investigated the problem of epoch detection. A test statistic,
which may be obtained from a simple, linear filter, has been derived for
Gaussian noise. In the derivation, we have assumed that each wavelet
is representable by a set of known generalized exponentials. This is not
as restrictive as it appears, considering the fact that any continuous
signal may be represented with a least-square error as small as we wish
by using a sufficient, number of component functions.

The epoch detection scheme is particularly useful for the resolution
and detection of overlapping signals. For N overlapping wavelets, the
procedure reduces the resolution problem from an N-dimensional
problem to N one-dimensional problems. Some information is lost in
this reduction, and consequently it is not a scheme for optimal resolu-
tion. However, it has the essential advantage of simplicity and prac-
ticality.

The performance of the epoch detection system has been considered
briefly. The discussions of overlapping stochastic signals and over-
lapping radar signals show that the method is applicable to these cases,
and the experimental results enhance our confidence in the detection
procedure.
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APPENDIX

The weighting functions of the “matched” filters are calculated
according to the equation

fa(z) = Ia(r) — ;Tﬁﬂ("(f),

where r;’s are chosen in such a way that for white noise f,(r) is orthog-
onal to every ¢ (r). This orthogonality (or biorthogonality for
Giaussian noise) is the central idea of epoch detection, and has been
discussed in the paper.
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As an example, for the last signal in Fig. 2, the signal (or wavelet)
is of the form

fw (T) - e—'r _ 8—27,

and therefore from (11)

Il

e—(‘r-—T) - 6*2(1'—7‘), T g T é 2T,
0, elsewhere.

.fn'l (T)

Thus we have

= —2r
= — e |, 0= T,
frr("') = { * -3 "%

(GT — Tl)[’—r e (€2T + 7‘2)6—21’, T =7r = 2T,

with 7, and r, to be determined by the orthogonality relationships
27
f Julr)e7dr =0,
0

27
f f,,(r)e_zrd‘r = U,
0

In our example, T = 0.7, and then the solution of the above two equa-
tions is

rr = 0.62 and r = —0.76.
A substitution of these values into the equation of f,(7) results in

f.(r) = —0.62¢ 7 + 0.76¢ ™, 0=7<027,
AT/ T 1.89¢T — 3306, 07 = r < 14,

which, except for a scale factor, is the weighting funetion shown in Fig, 2.
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Computation of Lattice Sums: Generaliz-
ation of the Ewald Method

By W. J. C. GRANT
(Manuscript received October 26, 1964)

The Ewald method was originally invented to compule the Madelung
constant. In this paper we consider a lattice whose stles are associated with
an arbitrary polential function. The “charge,” or the scale factor for these
potential functions, need not be the same at each site. We consider the evalua-
lion of the resulting laltice sum al an arbitrary point, not necessarily at a
lattice site. The method involves two generalizations over previous work:
(1) the displacement of the origin off a lattice site and (2) the handling of
arbitrary periodic charge distributions by decomposing such distributions
into stimpler ones tnvolving only +q and —q. The method should prove
particularly useful for evaluating the expansion coefficients of the crystalline
potential when this potential is expanded in the usual spherical harmonie
series.

The problem of summing slowly converging series is an old one. One
physical context in which the problem has been widely studied is the
calculation of the potential due to an ionic crystal lattice. The methods
of Madelung' and Evjen® depend on collecting ions into neutral groups.
The convergence obtained in this way, however, is conditional: that is,
the result depends on the way in which the neutral groups are chosen.
Ewald’s* method, which hinges on doing part of the summation in
reciprocal space, gives rapid convergence and the limit is unique.
Subsequent discussions'" of this topic have been extensions and general-
izations of these methods. This work too is an extension of the Ewald
technique. In particular it is a generalization of the approach taken by
Nijboer and DeWette.?

TFor purposes of orientation, we summarize the basic philosophy of
the Ewald method. Suppose we have a funetion ¢ (r) such that the series

5= 3 wir) 1)

n=1

427
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is slowly converging. The symbol 2, is to be understood as a shorthand
for D n, 2.ns 2ns - It represents independent summation on all three
components of the vector r. We now construct some function g(r),
which falls off rapidly with r, and its partner

f@x) =1—g(r), 2)
which rapidly approaches unity as r increases. We now write
S =2 e)gm) + 2 em)f (). (3)

The first sum converges rapidly, because of g. The second sum con-
verges like ¢, i.e., slowly. Its Fourier transform, however, will converge
rapidly. In fact the more slowly this sum converges the more rapidly
will its transform converge. To complete the argument we need Parse-
val’s theorem:

If
a(h) = [ exp (i2vh D)p(r) dr (42)

and
F@) = [ exp (2ehor)f(r) dr (4b)

then
[amr+n) db = [ p(x)s*(o) de (4e)

where the symbol * denotes “complex conjugate.” The formal passage
from sums to integrals can be accomplished by means of Dirac delta
functions & (r — r,), as we shall see below. Thus Parseval’s theorem
guarantees that the summation in transform space yields the same
result as the summation in the original coordinate space.

We now apply this scheme to the calculation of the potential due
to an ionic lattice. To begin with, we consider what we shall call a
“primitive” lattice. Such a lattice is generated from primitive transla-
tions ¢, , €z, ¢; in such fashion that

L= i;n.-cf, (5)

with n;, na, ns taking on independently all integer values from — « to
w ; and in addition there is associated with each lattice point r, a charge

g = Qo{—=1)memre (6)
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where go is some constant. A typieal primitive lattice is NaCl, in con-
trast, for instance, to CaF, , which does not obey (6).
We define reciprocal vectors h; by the usual relation

h.‘-Cj = 5.’; (7)
and the reciprocal lattice as the aggregate of points
hu = Zn'ihi (8)

where the n’s again run from — = to . It is trivial to show that if
these two lattices are represented respectively as Z,.a (r — r,) and
D n6(h — h,), then the reciprocal lattice is simply the Fourier trans-
form of the coordinate lattice, the Fourier transform being understood
as in (4a) and (4b). If we define the special reciprocal lattice vector

k = $(hy + hy + hy), ®)
then (6) can be rewritten
¢ = qexp (127k-r,). (10)

In addition to ¢., we associate with each lattice point a funetion
¢(r). For the present we place no restriction on ¢(r), except that it
possess a Fourier transform. Of course there would be no practical
motivation for the ealeulation unless ¢(r) fell off slowly with r. We
wish to sum the contribution of all the ¢’s at some arbitrary point R:

S =D ¢(r. — R) exp (:2rk-1,). (11)

To change the sum into an integral, as required for the eventual
application of (4¢), we define

w(r) = exp (:2xk-r) Zﬂ: S(r—r,), (12)
so that
§ = [w(r)e(r — R)dr. (13)
In exact analogy to (2) and (3) we can break S into two parts:

S = fw(r)go(r — R)g(r — R)dr
(14)
+ fw(r)q;(r — R)f(r — R)dr.

The first integral in (14) corresponds to the first sum in (3):
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Z gp(I',, = R)g(f,, = R) (_I)"l+ﬂ2+na- (15)
"

The second integral we wish to evaluate in the conjugate domain. For
brevity we define

p(1) = o(r)f(r) _ (16)
¥(h) = ]:: exp (127h-1) ¢(r) dr. (17)
Then the Fourier transform of ¢(r — R)f(r — R) is given by
j: exp (i2rh-1) ¢(r — R) dr = exp i27h-R ¥(h). (18)
The transform of w (r) is easily evaluated (see Ref. 9) and is given by

f exp (12rh-r) w(r) dr = 3— > §h+ k—h,), (19)
where v, equals ¢;-¢; X ¢;, or the volume of the coordinate unit cell.
By Parseval’s theorem [(4a), (4b), (4c)], the second integral of (14)
now becomes

LY exp li2n(h, — k)R] ¥(h, - K. (20)

This completes the essential derivation, since S is now expressed in
terms of the two sums (15) and (20), both of which converge rapidly.

We consider some special eases. If R = 0 — that is, if we are sitting
at a lattice point — we presumably will want to exclude the contribu-
tion of that point itself. If ¢(0) is finite, the contribution can be sub-
tracted outright. If »(0) diverges, as is usually the case, one must be
clever about picking the functions g and f so that ¢ (0) = f(0)e(0) does
not diverge. One then simply omits from the sum (15) the term for
n = 0, and subtracts from the sum (20) the quantity ¥ (0). Note that
one subtracts ¥ (0), not ¥(0). The Ewald calculation is obtained in
this way, if one takes

o) = || (21a)
g(r) = Erfe (|r|) (21b)
f@x) = Exf (Ir]). (21¢)

We note that if ¢ is real (for example, any central potential) and if
we pick g real, then ¥ will be real also. The function w is both real and
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symmetric because of our particular definition of the reciprocal vector
k. It follows that the sum S as defined in (14) is real. But if we look
at the partial sum (20), this reality is not at first sight apparent, since
the R can be chosen arbitrarily, But ¢ real implies that ¥ is Hermitian:
¥(—h, + k) = ¥*(h, — k), and clearly exp [i2r (h, — k)-R]is Her-
mitian. Again, because of the peculiar choice of k, the arguments
+ (h, — k) are bound to oceur in pairs. Since the sum of a funection
and its complex conjugate is real, the sum (20) is always real, which
we may emphasize by rewriting it:

+
3. Re 3 exp [i2r(h, — k)-R] ¥(h, — k). (22)
(4 n
+
Here 2 means that we sum only over half the space. This can be
accomplished by summing n;, for instance, from 1 to = instead of
from — o« t0 o,

If ¢ (r) is symmetric, ¥ (h) will be real, and in the sum (22) we will
obtain only cosine terms. Conversely, if ¢ (r) is antisymmetrie, the re-
ciprocal sum will contain only sine terms. Again this is independent
of the choice of R,

We now also see clearly why the Ewald method “works.” The con-
vergence difficulties with the series S of (1) concern its asymptotic
behavior. But this behavior is related to the behavior at the origin of
the series in reciprocal space.”” By means of the vector k, we guarantee
avoidance of the origin in reciprocal space, regardless of any other
conditions in the problem.

The sums that most frequently occur in practice are related to the
expansion of the erystalline potential in spherical harmonics:

oo l
Viz) = ?;D _Z, Cim | 2| Yim (8, @2) (23)
Clm = ZTAE—I_T—I ; qn J I, l_’—] }rl.m (91',.) 99:,.) (24)
— L
Yim (60) = [21 R m;,’] ™ Pu0).  (25)

The notation is well known and conventional. Our definition of the
spherical harmonies ¥, implies V1,* = Vi . Also Vi (7 — 6,7 + @) =
(=1)'¥Y1m(0,p). The evaluation of the ecrystal sums C;, has been
discussed by Nijboer and DeWette.” In our notation, ¢(r) here cor-
responds to 'V, (8,¢). Nijboer and DeWette’s choice of g is the
incomplete gamma function"
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g(x) = T(n + Lm®)/T(n + 1) (26a)
@) =1—g@) =70+ Lm")/T(n +1). (26b)

They solve the problem subject to the restrictions that (a) the po-
tential is expanded about a lattice point, i.e., R = 0, and (b) the lattice
is primitive, in the sense of (5), (6) and (10). Our discussion has made
it obvious how to remove the first restriction. Generalizing their re-
sult, via (20),

4 . 1
241 1T+ 3)
A |t — R[™TA + 37| 1ta — R[)Yin (v, r,v)

C!m(r == R) =

-exp (12rk-1,) (27)
+ i Y exp (2w (h, — k)-R)| b, — k |*°

' I‘(l,'ﬂ'l h, — k |2) X Y (Bn,x Pna—k)]-

The next generalization of the procedure lies in its application to
nonprimitive lattices. Such application will clearly be possible if an
arbitrary lattice can be decomposed into a sum of component primitive
lattices. We illustrate what we mean by a one-dimensional example.
Consider a one-dimensional lattice with charges distributed as follows:

L=210-3210-3210 -3 ---.

Thus we have 1 = 2, 2 = 1, ¢a = 0, s = —3. If the distance between
successive ¢’s is 1 distance unit, then the basic periodicity is 4. We note
that »_¢ = 0, since we must have a neutral lattice, and that zero is
itself an allowable ¢ value. Now consider the following sequences of
numbers of periodicity 4:

1 1
L3=O_\/§0_\/§"'.
We can represent L as the sum L = 2L, + V2L + 242L;. We
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note that L, , L., Ly are all primitive since they fulfill both (5) and the
two equivalent equations (6) and (10). In terms of (5), for Ly, [¢| = 1;
for L, and Ly, | c| = 2, but their origin of coordinates is shifted by
one unit.

We can define a dot produet for the L’s in the following sense. Sup-
pose we have Ly = 2 % (r — r;) and Ly = D48 — 1,).
Then L, -Ly = Z,—q;(’”q;(m, where the sum runs over a unit cell.
We note that, in our example, the components L; are orthonormal,
and that the projection of L on each L; can be found by taking the dot
product.

‘We also observe that we have three components, which is just enough
to account for 4 numbers which are subject to the one constraint
> q; = 0. Our three components L; “span the space” of L, and it is
clear in general that if L consists of a periodic sequence of P numbers
whose sum is zero, we shall need (P — 1) primitive components.

The question is: Is it possible to decompose an arbitrary periodic
sequence L into orthonormal primitive components? Can one devise
an algorithm for finding these components? Can one do this in three
dimensions? In considering these questions, we have collaborated with
Dr. R. L. Graham, and we are particularly indebted to him for pointing
out the great simplification that results if one confines oneself to
sequences of periodicity 2" in each dimension.

Consider a linear sequence L of periodicity 2". If ¢ is the primitive
translation of L, we define a = ¢/2", The basic vectors for generating
primitive component lattices are b’ = a, b® = 20", ... b = 2p""",
Each b for ¢ > 1, will generate a set of primitive lattices differing
only in their choice of origin. There will evidently be n such sets of
components. Primitive component lattices containing 2" nonzero entries
per unit cell will have a basis vector of length | ¢ [/2"™™ and will have
2"™ possible shifts of origin. We note that ) _,.—," 2" ™ = 2" — 1, which
is the correct total number of components. The number of primitive
components of the same periodicity but with shifted origins doubles
every time the length of the generating basic vector b; doubles, and of
course the number of nonzero entries per unit cell halves at the same
time. The set of origin positions [R,} associated with b, is clearly the
set of all translations R such that R; — R; = b; . This includes the set
{Ri_1} plus a new set formed by adding b, ; to all R in {R,_,}.

All the primitive component lattices are orthogonal to each other,
in the sense that L;-L; = §;;. Within each “phase-shifted” set, each
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component has numbers in locations where all the other components
have zero, so that the members of such a set are obviously orthogonal.
Now consider two sequences L; and L;; belonging to sets generated
by b, and b, . Either L;_; will have numbers only where L; has zero.
Otherwise, each alternate number in L;; will have zero as a partner
in L; ; the remaining numbers in L;; all have the same sign, but their
nonzero partners in L; have alternating signs. Hence once again the
dot product is zero. The same argument applies clearly not only to
members of contiguous sets L; and L, but to members of any two
sets, L;and L;, ¢ # j. To produce not merely orthogonality, but ortho-
normality over the unit cell, the normalization factor, or ¢ in (6) and
(10), must clearly be 27" for a component with 2™ nonzero entries.

In the example we have given, n = 2, and all the above arguments
can be seen to be rather trivially verified.

Tixtension of the preceding to two dimensions is straightforward.
We consider a two-dimensional array, doubly periodic with periodicity
2" % 2". The primitive translations ¢, and ¢ carry any ¢ into the cor-
responding ¢ in another cell. Within each cell, the different ¢’s are sepa-
rated by multiples of ¢;/2" and ¢,/2", and we shall call these vectors
a, and a, . As before, we define a set of components of equal periodicity
by defining the basic vectors which will generate the primitive lattice.
The translations by which components within a set differ we denote
by R. The algorithm for producing a complete orthonormal set of
components is simple:

b, = a (28a)
b." = a, (28b)
b” = a, + a (28¢)
b.” = a, — a. (28d)
b = 2b, (28e)
b, = 2p" (28f)
¢’ =2 (29a)
¢" = ¢"" V2 (29b)
(R} =0 (30a)

{R(n+l)} = [R("]] - {R(RJ + bltn)}. (SOb)
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The set labels appear as superseripts in (28-30). The vectors b
are the basis of a primitive lattice, and |R} indicates the set of all
translations R which relate primitive lattices having the same basis.
Equation (30b) says that the translations for set n include all the
translations for set » — 1, plus all translations formed by adding any
one of the vectors b ' to all the R’s of set n — 1. Again all components
are orthonormal over the unit cell, so that the decomposition of any
2" % 2" dimensional cell can simply be found by taking dot products.
Normalization is insured by our definition of ¢, , and orthogonality
becomes clear from the same type of reasoning as in the linear case,
which we shall not repeat here.

In three dimensions, we consider an array triply periodic with perio-
dicity 2" X 2" X 2". We define ¢, , ¢, €3, and a, , 2, a3 in analogy with
the two-dimensional case. We present the basic vectors for the primitive
lattices, plus the associated translations:

b = g (31a)
b, = a, (31b)
b = 8, + a (31c)
b,” = a, + a, (31d)
b,® = —a; + as (31e)
b — a (31f)
b, = a, + a + a (31g)
b = a; — & + a (31h)
y® = gy b gy < a (31i)

b = 9p,™ (31j)

B," Y = 9p,™ (31k)

by (" = 9p,™ (311)
gV = g7 (32a)

¢ = ¢"v/2 (32b)

(R®) = 0 (33a)

LA {R("+“1 - {R"} + {R(ﬂ} + bl(ﬂ)}. (33b)
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The choice of b’s is not unique, and we have given a set that seems to
bear a maximum analogy to the two-dimensional case.

Many lattices can be represented as 2" X 2" X 2" dimensional ar-
rays. We note that the primitive translations ¢;, ¢, ¢; need not be
orthogonal. Even if a lattice does not lend itself to such a representation,
by choosing a fine enough grid (with a correspondingly large number of
zero charges), one can approximate any lattice to any desired degree of
aceuracy.”

We now return to the problem of the lattice sum. We will obtain a
sum of the type (20), or more specifically of the type (27a), for each
primitive component. For a particular set of components which are
translated from each other by {R,}, it clearly makes no difference whether
we sum the contribution of each component at the origin or the contri-
bution of any one component at the points given by {R,}. (The difference
between shifting the function and shifting the coordinate system is
merely a conceptual one.) Hence the shift vectors R, correspond to
the position vectors R in expressions (20) and (27a).

In the present approach, we have completely split the geometrical
character of the lattice from the charges assigned to each lattice point.
This suggests the possibility of computing the lattice sums arising from
all the primitive components of commonly occurring grids, once and
for all. The problem of computing a particular lattice sum would then
involve only the decomposition of the given lattice into primitive com-
ponent lattices, whose contribution to the sum would already be known.
Work along this line is in progress.
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On the Boundedness of Solutions of
Nonlinear Integral Equations

By L. W. SANDBERG

(Manusecript received November 5, 1964)

Sufficient conditions are presented for the boundedness of the solutions
of a vector nonlinear Volterra integral equation of the second kind that fre-
quently arises in the study of automatic control systems containing an arbi-
trary finite nuwmber of time-varying nonlinear elements. Similar conditions
are given for the boundedness of the solutions of the discrete analog of the
integral equation.

A dirvect application of the results yields a Nyquist-like frequency-domain
condition for the “bounded-input implies bounded-output stability” of a
large class of feedback systems containing a single time-varying nonlinear
element.

1. NOTATION AND DEFINITIONS

Let M denote an arbitrary matrix. We shall denote by M', M¥,
and M, respectively, the transpose, the complex-conjugate transpose,
and the inverse of M. The positive square root of the largest eigenvalue
of M*M is denoted by A{M}, and 1y denotes the identity matrix of
order N.

The set of real measurable N-vector-valued functions of the real
variable ¢ defined on [0, ) is denoted by 3Cy (0,2 ) and the jth com-
ponent of f ¢ 3y (0, ) is denoted by f; .

The sets L.y (0, ) and L.y (0,2 ) are defined by

Loy(0,2) = {flfrJC‘v(O,oo),fg? [F(Of()] < =}
Loy (0,0 ) = {f!fe.' ey (0, ), fwf’(t)f(t)dt < m}
0

The norm of f & Loy (0, ) is denoted by || f || and is defined by
439
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15l = (fnmf'(s)f(n)dx)*.

With this norm £.v (0, ) is a Banach space.
Let y £ (0, ) and define f, by

fu(t) = f(t) for te(0y]
=0 for t >y

for any f € 3y (0,% ), and let
&y = {f|fe3y (0,20),f, & Lov (0,) for 0 <y < o},

With A an arbitrary real measurable N X N matrix-valued function
of ¢ with elements {@..} defined on [0, ), let X~ (p = 1,2) denote

{A [ -L‘“’ | @nm(t) | Pdl < o0 (nym = 1,2, ...,N)}_

Let ¢[f(¢),!] denote
(‘pl[fl(t)st];‘pﬂ[.ﬁ (t)at]? e :'J’N[fh’ (f),t])!, f € Iy (0,00 )

where yi(w,t), ¥a(w,t), -+, ¥n(w,t) are real-valued functions of the
real variables w and £ for — = < w < » and 0 = t < = such that
(1) yn (0,1) = 0forte[0,0)andn = 1,2, --- | N
(i1) there exist real numbers « and 8 with the property that

aéméﬁ (n=1:2)sN)

w

for ¢t € [0, ) and all real w = 0.

(iii) ¥ (), l](n = 1, 2, -+, N) is a measurable function of ¢
whenever w (t) is measurable.

The symbol s denotes a scalar complex variable with ¢ = Re [s]
and @ = Im [s].

II. INTRODUCTION AND SUMMARY

In the study of physical systems such as nonlinear automatic control
systems containing an arbitrary finite number of time-varying nonlinear
elements, attention is frequently focused on the properties of the
equation

o(t) = 1(t) + f Kt — 0)lf(n)ddr, 20
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in whichg e &y ,f €8x ,%(-) € Xy, and §[-,-] is as defined in the previous
section.
In Ref. 1, the following theorem is proved.

Theorem 1: Let k &£ Xy , and let
L
o) = wt) + [ k(= hulr)ldr, 120
0
where v £ Lan (0,2 ) and w & Ex . Let

K(s) = fm k(t)e*'dt, o=0.

0

Suppose that
(1) det 1y + 5(x + B)K(s)] =0 for o =0
@) (B — a) mit?lwA[[lN + 3(a + B)K (iw)] K(iw)} < 1.

Then w & Lan (0,%), and there exvists a positive constant p which depends
only on k, a, and (3 such that

lull = pllvl

The primary purpose of this paper is to prove the following related
result.

Theorem 2: Let tk ¢ 3x N Kox for p = 0, 1, 2, Let
o) = 10 + [ Kt —ulf()dr, 120
where g € Lon (0,0) and f € & . Let
K(s) = f:k(z)e‘“dt, oz 0.

Suppose that

(i) det Iy + 3 (@ + B)K(s)] = 0 for o 20

(1) 5(B — a) sup MLy + 3(a + BK (i) K (i)} < 1.
Then f € Loy (0, ), there exists a positive constant ¢ which depends only
on k, a, and 8 such that

maz sup | f;(1)] < ¢ maz sup | g; (¢,
i t=0 i t=0

and f;(t) = 0ast— = forj = 1,2, .-+, N whenever g;(t) — 0 as
t— o forj =12 ---,N.
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A direct application of Theorem 2 yields a frequency-domain condi-
tion for the £.-stability’ of a well-known type of feedback system.
This is discussed in Section I1V. In Section V, sufficient conditions are
stated for the boundedness of the solutions of the discrete analog of the
nonlinear integral equation considered in Theorem 2. In Section VI, we
describe some additional results that can be proved by ecombining the
methods of this paper with the Loy (0,0) arguments of Ref. 1 and
another earlier paper.

1II. PROOF OF THEOREM 2

Assume throughout this section that the hypotheses of Theorem 2 are
satisfied.

Let ¢; () be defined on [0, ) by

o) = BB ez 0,50 #0)

Ly 7
=La+B), teft|tz0,ft) =0}
for j = 1, 2, ---, N; and let ¢(t) denote the diagonal matrix
diag [q: (t),q2(2), -+, gv(t)]. Then

L
o(t) = f(0) + [ Kt = Dg()f(r)dr, 20,
0
Let a be an arbitrary positive number, and for each nonnegative
integer n let g™ (t) be defined on [0, ) by
g (t) = g(t), na £t < (n+ 1)a
= 0, 0<t<naandi = (n+ 1)a.
Lemma 1: For each integer n = 0, L5 (0, ) conlains a unique element
™ such that

(i) f(t) =0, O0=t<na
(ﬁ)f%ﬂ=fmﬂ)+LkH—TMhﬁmth {20

Proaf of Lemma 1:

Clearly g™ £ £v(0,%) for n = 0. Let I denote the identity operator
on Lay (0, ), and let K and Q denote the mappings of £:v(0,%) into
itself defined by
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(Kh)(t) = ./: k(¢ — 7)h(7)dr, t=0

(Qh) (1) = (g (Ohi(t), g2(Ohalt), -, av(Ohx (1)), ¢t =0

where h is an arbitrary element of £ay (0,20 ).
According to Lemma 5 of Ref. 1, the operator I + (e + B)K]
possesses an inverse on Loy (0, ). Thus the functional equation

g(ﬂJ = h(u) + KQh[n), h(ﬂ) ££2N(01w)
can be written as A" = TA™
Th™ = I+ 3« + B)K] g™
— I+ 3+ BKITKQ — }(a + /LA™,
Using the bounds of Lemma 5 of Ref. 1, and the fact that « < ¢,(f) =< 8

, in which T is defined by

forj=1,2, .-+, Nand { = 0, it can easily be shown that T is a con-
traction mapping of L£ay(0,%) into itself. Thus, it follows from the
contraction-mapping fixed-point theorem that £.y(0,%) contains a
unique element /'™ which satisfies condition (77) of the lemma.
Since [I 4+ % (a + B)K]|™" is necessarily causal, and
= B T,

in which 6 is the zero-element of £.x(0,% ), we see that /" = 0 for
0=i{<naandn > 0.

Lemma 2: Let f™ be the associate of ¢ in accordance with Lemma 1.
Then

1) = i_f‘"‘(z), t=0.

n=0

Proof of Lemma 2:
Let
f(f) - Z’;.flm([), { g 0.
Then

t
g(t) = f(t) + f ki — rigr)f(r)dr, 120
0

and hence
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0 = [0 = J0) + [ Rt = D) =Kl dr, £z 0. ()

Theorem 1 implies that (f — f) & £x(0,%) and that || f — || = 0.
Since the integral in (1) must therefore vanish for ¢ = 0, we have
f@t) =f@) for t=0.

Lemma 3: Let f™ be the associate of g'™ in accordance with Lemma 1.
Then there exists a positive constant @ which depends only on k, «, and B
such that

1" @) = |/ @)
+ (1 +t—na)"QQ1 + a)*(Na)'maz sup | g,-(") ®)|,
7 t=0
t = na

forj = 1,2, -+, N and every n 2 0.

Before proceeding to the proof of Lemma 3, it is convenient to state
the following result, which is easily provable with the aid of Parseval’s
identity, the well-known extremal property of the largest eigenvalue of
a Hermitian matrix, and the Schwarz inequality.

Lemma 4: Let w & Kan N Kow , 2 € Lov (0, ), and
t
y(t) = f w(t — r)z(r) dr for (= 0.
0

Then:
(@) y € Lan(0,0)

(45) with W(jw) = j; w(t) e dt (—o <0 < ®),

lyll = sup AW ()| 2]
—o w0

N = ]
(i) [1a(0) 5 (5, [ 1m0 Pa) 121
fort=20andn =12,---,N.

Proof of Lemma 3

Let n denote an arbitrary nonnegative integer.
Since

v
o

00 = 70 + [ k= g ar,
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it is eertainly true that for each positive integer p
(14t —na)%™ @) = 1+t — na)”r™ ()

-+ jﬂi E(t — #)[(1 + 7 — na)

+ (t — 1)Pq(+) ™ (7) dr, t=0
or, what is the same thing,

Ript) = (1 + t — na)?f™ (1)
+ f E(t — 7)q(r)(1 4+ 7 — na)?f™(7) dr, t=0

in which

hpt) = (1 4 t — na)?"™ (t)

—_— S —— e — p—m =
& p — m)!mlf (t = )"kt — 7)
qlr)(1 + 7 — na)"'f‘“’(-r) dr, t=0.

From Lemma 4, our assumption that tk ¢ &5, and the fact that
T & Lan (0,00), it is clear that h(1,-) & Loy (0, ). A direct application
of Theorem 1 to (2) with p = 1 shows [recall that « = ¢;(t) < 8 for
t=0andj=1,2 ---, Nl that (1 + ¢t — na)f"™ & Lov(0,) and
that there exists a positive constant ¢; that depends only on k, &, and 8
such that

I+t — na)f™|| £ all h(1,-)].
Since by assumption £k & Xy, this argument can be repeated for
p =2 Thus, (1+1t— na)f™ & Lay (0, ) and

1A + ¢ — na)f™ = all R(2,-)].

Using Lemma 4, our assumption that {'k £ Fox (r = 0,1,2), (2) with
p = 2, our bounds on || (1 + ¢ — na)f™| and ||(1 + ¢ — na)’f™|,
and the fact that || f] = e ¢"||, it is a simple matter to show that
there exist positive constants e., e;, and ¢;, each depending only on
k, @, and B, such that

W) = 1@+ A+t — na) e (1 4+t — na)’g™)||
+ el (14t — na)g™ | + el g™, (2 na

forj=1,2,---, N.
Since
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lg™ Il = 11+t = na)g™|l = [+t — na)g™],
and
[[(14t—na)™ | < (1+a)] g™ |

(nt+1)a i
- a+ar ([ wew a)

(1 4+ a)*(Na)* max sup | g;™ (1) |,
i otz0

A

we have, with @ = ¢ + ¢3 + ¢,
FANOIERN O]
+ (1 4+ ¢ — na)™@(1 + a)*(Na)* max sup | g, (1)],
itz

t = na

forj = 1,2, --- , N. This proves Lemma 3.
Let ¢ satisfy ma < t < (m + 1)a where m is an arbitrary nonnega-
tive integer. Then, by Lemmas 1, 2, and 3

0 = 50 = 00,
and
R TAOED WEAIO!
= g, O
+ ¢s(a) max sup | g;(t)lﬂ'Z; (1 4 ma — na)™

forj=1,2,---,N,In which
es(a) = 21 + a)*(WVa)'.
Let

£

es(a) = 2 (1 + na)™

n=0

Since

i (1 + ma — na)™ < “Z (1 + na)™>,

n=0
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we have
|£:(t)| = sup | g; (1) + es(a)es(a) max sup | g;(¢)]
tz0 i tz0
for every integer m = 0 (and hence every t = 0) and j = 1,2, --- , N.
Therefore

max sup | ;)] = [1 + es(a)es(a)] max sup | g;(t)].
itz i =0

Now suppose that g;({) — 0ast— = forj= 1,2, ---, N. We will
show that for each ¢ > 0 there exists a f. > 0 such that | f;({)| < e
fort >teand j=1,2,.--,N.

Let € > 0 be given, and again consider the relation

)y = 2 1.

n=>0

Since

.Z | £ ()] = max sup |g,(l)l[1 + ¢s(a) Z (1 4+ ma — na)_z]

n=n) J tznja n=n

< max sup | g,()|[1 + es(a)es(a)]

7 tznjae

for ma = na <t < (na + 1)a, with n; and n, positive integers, it is

clear that there exists a positive integer n, such that

U@ < 3e for tZma and j=1,2, .-, N.

n=ny

TFrom the inequality

(n3—1) ‘ (n3—1)
DAL ] = es(a) maxsup | g;()| 22 (14t —na)”, 12 na
n=l i) tz0 n=0

it is evident that there exists a positive integer ny, > ns such that

(ng—1)

Z{; |, () < %e¢ for t>na and j=1,2 ---,N.

n=|

Thus

| fi(0)] = . |7"(@) <e for t>na and j=1,2 --- N

This completes the proof of Theorem 2.
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Remarks:

With regard to the hypotheses of Theorem 2, it can easily be verified
that if the elements of k are uniformly bounded on [0, ), then the
assumption that f ¢ &y can be replaced by [ ¢ 3ty (0, ) with locally
integrable elements.

In most cases of interest the elements of ¢”k are uniformly bounded
on [0,%) for p = 0,1,2. In such cases {"k ¢ Xy M Kox for p = 0,1,2
provided that £k & Kuw .

IV. AN APPLICATION: A FREQUENCY-DOMAIN CONDITION FOR THE L,-
STABILITY OF FEEDBACK SYSTEMS CONTAINING A SINGLE TIME-VARY-
ING NONLINEAR ELEMENT

In a recent brief,” a two-part sufficient condition is given for the
L.-stability of a well-known type of feedback system conta.mlng a
single time-varying nonlinear element. In another publication,* condi-
tions are presented for the £o-stability of the same type of feedback
system. Unlike the conditions for £o-stability of Ref. 4, which are ex-
pressed entirely in the frequency domain, the key condition of Ref. 2
for £_-stability is that the integral of the modulus of a certain function
be less than unity.

A direct application of Theorem 2 shows that under somewhat
stronger assumptions than those of Ref. 2 or Ref. 4 concerning k(- ),
there the impulse-response function of the linear time-invariant portion
of the forward path, the conditions given for £,-stability are also suffi-
cient conditions for £.-stability. Specifically, the following result is a
direct consequence of Theorem 2.

Theorem 3: The feedback system described in Ref. 2 is £.-stable if
(7) f | 7k (t) | dt < oo andf | k() *dt < = forp = 0,1,2
0 1]
(2) with K(s) = f k(e dt fore =0,
0

(@)1 4+ (@ +B)K(s) #0 fora =0
b)) 3B — a)_ﬂ%?éiff(iw)ll + 3 (e + B)K (iw)] 7| < 1.

Part (b) of (#%) above is a weaker condition than the condition of the
theorem of Ref. 2 that it replaces [i.e., (i) of Ref. 2]. From an engineer-
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ing viewpoint condition (¢7) above possesses an interesting frequency-
domain interpretation.*t

V SUFFICIENT CONDITIONS FOR THE BOUNDEDNESS OF SOLUTIONS OF
THE DISCRETE ANALOG OF THE INTEGRAL EQUATION CONSIDERED IN
THEOREM 2

Sufficient conditions for the boundedness of the solutions of the dis-
crete analog of the nonlinear integral equation considered in Theorem
2 can be obtained by modifying in a straightforward manner both the
arguments presented in Section IIT and the arguments of Ref. 1 that
lead to Theorem 1. In order to state the result (Theorem 2', below)
we need some notation.

Let = denote the set of nonnegative integers. Let JCx be the set of real
N-vector-valued functions defined on E, and let the jth component
of f & 3¢y be denoted by f; . Let

Bav = {f|f ey, sup [f' ()f(n)] < o},

Bov=If|fey, 2 )f(n) < =},

n=0

and

171~ = (i.f'(-n-).f(n))% for f& .

n=>0

With B an arbitrary real N X N matrix-valued function of » with
elements {b;n(n)} defined on Z, let K,v(p = 1,2) denote

lB{;}lbm(n)L‘” < w (m=1,2 ---,N).
Let ¢[f (n),n] denote
(elfi(n)mlealfa(m)nl, -+ exl(fx(n)m]),  fe Xy

where ¢ (w,n) e (wn), -+ -, ox(w,n) are real-valued functions of w and
nfor —= < w < = and n ¢ = such that

(7)) @m(On) = O0forne Zandm =1,2, --- , N
(77) there exist real numbers o and 8 with the property that
1 We take this opportunity to correct the result of a typographical error: In

the first inequality on page 1606 of Ref. 4 the ““<’’ sign should be replaced by
(isl!'
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5 < emwn)
- w

1A

B (m=1)21"':N)

=

forall realw # 0and n ¢ E.

Theorem 2': Let 0’k € & . Let
o) = 1) + X k(w — miglf(m)ml,  nme =
where g & Loy and | € 3y . Let
K(s) = 2 k(n)e™, gz 0.
n=0

Suppose that

(7) det [1x + 3(a + B)E(0)] = 0, and

det [1y + (e + B)K(E)] #0fore = 0
() (8 — &) sup Allly + 3o+ B)K (iw)] 'K (iw)} < 1.

—Tr<usT

Then f ¢ Lun , there exists a positive constant ¢ which depends only on
k, a, and 8 such that

max sup | f;(n)| < ¢ max sup | g;(n)|,
i nz0 i nz=0

and f;(n) = 0asn — = forj = 1,2, ---, N whenever gi(n) — 0 as
n— oo forj=12---,N.

In the statement of Theorem 2’ we have used the fact that n*k ¢ L
Kon for p = 0, 1, 2 provided that n’k & Huw

The result analogous to Theorem 1 is the following theorem.

Theorem 1': Let &k € Rax , and let

I

o) = f@) + 2 kln — mglfm)m), ne

m=0

where g € Loy and f & Ly . Let

K(s) = > k(n)e ™, @
=0

(1%
=]

Suppose that
() det [1y + (e + B)k(0)] # 0, and
det [Ly + %(a + B)K(s)] # 0 for ¢ 2 0.
()18 — @) sup Allly + (e + BK (iw)] 7K ()} < L.

—TLwET
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Then f & Lay , and there exists a positive constant p which depends only on
k, a, and B such that
Ifll-=»ollgl-.

VI. SOME ADDITIONAL RESULTS

Arguments very similar to those of Section III and the proof of the
lemma of Ref. 5 ean be used to establish the following result, which is
of direct interest in the study of the properties of solutions of systems
of differential equations.

Theorem 8: Let t™k ¢ By N Koy for p = 0, 1, 2. Let Q(-) denote a real
measurable N X N malriv-valued function of { defined on [0, ), and let
the elements of Q (1) be uniformly bounded on [0, ). Let

t
g(t) = j(t) + fo kit — )Q(r)f(r)dr, 120
where g € Lon (0,2 ) and [ € &y . With
K(iw) = f k“)e—mr dt for —=» <o < «,
o

let
sup AlQ(1)} sup A[K (iw)} <

tz0 —W W0

Then f ¢ L.n (0,2 ), there exists a positive constant ¢ which depends only
on k(-) and Q(-) such that

max sup | f,(t)] < e mrn su;p | g; (@),

itz
and f;(t) = 0ast — = for j = 1,2, ---, N whenecver g;(t) — 0 as
{t— = forj=1,2,---,N.

Theorem 3 remains valid if the sets XKiv, Koy, Lwn(0,%), and &y
are replaced with their natural complex extensions, and @(-) is per-
mitted to be complex valued.

A result that ean casily be proved with the aid of Theorem 3 (sce the
proofs of the theorem and corollary of Ref. 5) is as follows.

Theorem 4: Let @ (-,-) be as defined in Section I with N = 1 anda > 0,
and let [ be any real-valued function of t defined and twice differentiable on
[0, ) such that

f,,f+ Yivinn=g 120
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where ¢ (t) is uniformly bounded on [0, ). Suppose that a is a real con-
stant such that a > /B — A a. Then f() is uniformly bounded on
[0,0),and f(t) > 0ast— = ifg(t) = 0ast— =.

The following theorem, which can be proved with arguments very
similar to those of Section III and the proof of Theorem 5 of Ref. 1,
is of immediate interest in the theory of stability of electrical networks
containing time-varying capacitors.’

Theorem &: Let t°k & Xyn N Kon for p = 0, 1, 2. Let B denote a constant
real N X N matriz, and let a;(t),a2(t), -+, ax(t) denote real-valued
measurable functions of the real variable t for t = 0 with the property that
there exist real constants « and B such that

aéan(t)gﬁ (?1=1,2,"‘,N)
forl = 0. Let A (!) = diag [al(t):aﬂ(l): ] aN(I)]fGrt' = Or and let

t
g(t) = AW + BI(D) +jo Kt — f(e) dr, 120
where g £ Ly (0,2 ) and [ & &y . Suppose thal

() det [3(a + B)1x + B] 5 0, det [A(t) + B] #= 0 for t = 0,
and sup A{[A(t) + B} < =;
t =0

and that, with
K(s) = fw E(t)e™ dt for o =0,
0
(@) det [3(a + B)lx + B + K(s)] # 0 foro 2 0
@ii) 38 — o) _sup Alfi(«+B)lv+ B+ K ()]} < 1.

Then f € Lon (0,2 ), there exists a positive constant ¢ which depends only
on A(-), B, and k such that

max sup | fi(t)] < ¢ max sup | g; (t)],
i 120 iot20

and f;(t) = 0ast — = forj = 1,2, ---, N whenever g;(t) — 0 as
t— o forj=1,2,---,N.

Theorem 5 remains valid if the sets Ky, Kov, Lav(0,0) and &y
are replaced with their natural complex extensions and B is permitted
to be complex valued.
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Imaging of Optical Modes — Resonators
with Internal Lenses

By HERWIG KOGELNIK
(Manuseript received November 10, 1964)

This paper discusses the modes of optical resonators, and optical modes
of propagation or Gaussian beams of light. The passage of Gaussian beams
through lenses, lelescopes, sequences of lenses, and lenslike media is studied.
Mode matching formulae are derived. A complex beam parameter is intro-
duced for which the law of transformation by any given optical structure
can be written in the simple form of a bilinear transformation (ABCD law).
Resonators with inlernal oplical elements and their transmission line duals
are also investigated. Effective Fresnel numbers and curvature paramelers
are determined which allow one to infer the diffraction losses, the resonant
conditions, and the mode palterns of the various systems. Results are ob-
tained for resonalors with inlernal lenses, sequences of lenses with irises
inserted between the lenses, resonalors with internal lenslike media, trans-
maission lines consisting of a lenslike medium with periodically spaced
irises, and resonators with one very large mirror.

1. INTRODUCTION

The theory of Fresnel diffraction is the basis for an understanding of
optical resonators’® and of optical modes of propagation.??+ Fresnel
diffraction explains the mode patterns and diffraction losses of optical
resonators, and the beam waist and spreading of the modes of propaga-
tion or “Gaussian beams.” In this paper we will discuss how these
Gaussian beams of light are transformed on their passage through lenses,
telescopes, various lens combinations, and lenslike (guiding) media,
and how these optical systems affect the properties of optical resonators
when inserted between the resonator mirrors.

We will assume that no additional aperture diffraction effects are
introduced by these optical systems, i.e., that the apertures of the
internal lenses can be regarded as infinitely large. The imaging laws of
geometrical optics are therefore expected to apply, and we will use them

455
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wherever possible, as they generally simplify the algebraic derivations
and at the same time provide some physical insight.

Some of the problems to be mvestigated here in greater detail have
already been treated in the literature. Goubau® has given some mathe-
matical relations between the parameters of Gaussian beams trans-
formed by a thin lens. The recently published mode matching formulae’
are the result of a computation which will now be presented. Resonators
with internal lenses have also been discussed in the literature," and
we have used the concept of an effective distance?-? in a previous publica-
tion.? In several cases an alternative to our algebraic approach is the
graphical method of Collins,* who introduced the circle diagram':*
for Gaussian beams.

In the following we will first establish the rules of imaging for Fresnel
diffraction with attention to the imaging of the phase fronts which are
of particular importance for optical modes. Then we will list expressions
for the focal length and the principal planes of various optical systems of
interest, because these parameters are needed later for application of the
imaging rules. This listing includes the parameters of the telescope, of
sequences of lenses, and of sections of lenslike medium. Armed with
these tools we will study the passage of Gaussian beams through lenses
and various optical systems. The paper is concluded by an investigation
of optical resonators with internal optical elements and their transmis-
gion line duals. Effective Fresnel numbers and curvafure parameters
are determined which allow one to infer the diffraction losses, the reso-
nant conditions, and the mode patterns of the various systems. Results
are obtained for resonators with internal lenses, sequences of lenses with
irises inserted between the lenses, resonators with internal lenslike
media, transmission lines consisting of a guiding medium with periodi-
cally spaced irises, and resonators with one very large mirror.

I1. IMAGING RULES

While geometrical optics deals with rays, the theory of Fresnel dif-
fraction deals with (scalar) fields. To describe the field distribution, we
use complex amplitudes E (z,y,2) and a Cartesian (z,y,2) coordinate
system. We consider a wave that propagates in the direction of the
optic axis (z axis). Within the assumptions of Fresnel diffraction an
ideal thin lens of focal length f transforms the incoming wave with a
field Ep(z,y,z = const) immediately to the left of the lens into a
wave with the field

Fl2 r 2
Erigni(2,y,z = const) = Epn(r,y,z = const) exp (—jk l—;—fy—) (1)
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immediately to the right of the lens. Here k is the propagation constant.
The thin lens produces a phase shift which is proportional to the square
of the distance to the optic axis, while the intensity distribution is the
same on both sides of the lens.

Consideration of spherical waves provides a link between (1) and
the laws of geometrical optics according to which a spherical wave with
a radius of curvature R, at the left of the lens is transformed into a
wave with eurvature radius R. as shown in Fig. 1. The radii B; and R,
are related by

(1/Ry) + (1/R.) = 1/f. (2)

Tor Fresnel diffraction the transverse field distribution of a wave with
a spherical phage front of radius R is given™ by

FE (z,y,2 = const) = exp (—jkr2/2R) 3)
where
'rz = -Tz + y2; (4)

and R is counted positive for a phase front that is concave if observed
from the left. For spherical phase fronts of radius R, on the left and — R,
on the right of the lens (where the phase front curvature is negative,
as shown in Fig. 1) we can express E\ug and i with the help of (3),
compare the exponents in (1), and find the same relation (2) between
Ri, R., and f as for the spherical waves of geometrical opties.

To discuss imaging consider an object, Le., the field Ey(x:, 3:) in an
object plane, and its image ¥ (22, 12) in the corresponding image plane
(see Tig. 2). The distances d, and d» between the lens and the two
planes are related by

-

(1/dy) + (1/d2) = 1/f. (5)

,—-rfF'HASE FRONTS

7
4V
ff.'/"'/ ‘\| / \“\53\
T | .
] | \\
J‘l’ \\
|
f

Fig. 1 — Lens transforming phase front of spherical wave.
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Fig. 2 — Imaging of field distribution by a thin lens.

We know from geometrical optics that the intensity distributions of
the object and the image are similar. This is, of course, still true for
Fresnel diffraction by any field aperture in the object plane. Assuming
that no aperture diffraction effects are introduced by the thin lens, one
can use the Fresnel diffraction formula to relate E; and E, (see Appendix
A) and arrive at
Ez(-'lfz,?h) = _%El (-%‘-ﬂlz, —%‘yz)

2 2 2
Y (6)
. 2 1
'exP—Jk(d1+dz+5°d_2)

with r/== a.° + yf. The factor di/d; in this equation follows from
conservation of energy; the arguments — (di/dz)x: and — (di/d2)ya
indicate that the image is inverted and magnified by d./d, . The first
_two terms in the exponent are simply due to the phase shift k(di + ds)
which the light wave suffers in propagating from the object to the image
plane, while the third and last term is of particular importance for our
considerations. It describes an additional phase shift proportional to
ro’ which appears in the field distribution of the image. Apart from
this additional phase shift the amplitude and phase distribution of the

image and the object are scales of each other.

The expression for the additional phase shift follows also from geo-
metrical optics (see e.g. Appendix B), and it is related to the thick-
mirror formulae,” as we shall see later. It is also obtained by studying
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the passage of Gaussian beams through a lens.” The additional phase
shift does not appear in Abbe’s theory of imaging; he finds that the
image is strictly similar to the objeet, both as regards the amplitude
and phase distribution.* But Abbe used the Fraunhofer diffraction
theory, where phase terms proportional to #* are neglected.

For Fresnel diffraction the »* dependence of the additional phase
shift suggests that one should use spherical reference surfaces instead
of plane ones, as shown in Fig. 3. By proper choice of the curvature of
these surfaces tangential to the image and object planes, one can achieve
an image field on one surface that strictly reproduces the object on the
other surface in amplitude and phase. For an object reference surface of
radius R, and an image reference surface of radius R. one gets for the
fields additional phase factors of exp (—jkr,’/2R;) and exp (—jkrs'/2Rs),
respectively. These phase factors cancel the additional phase shift in
(6) if

2
1_ 1t 14 @)
Rg Rl dg" f dg
After some algebraic manipulations involving (5) this relation can be
rewritten as
1 1 1

4

Ay Nl ey A 8)

This simply means that the center of eurvature €' of the object surface

OBJECT PLANE IMAGE PLANE

| |
SPHERICAL A Il SPHERICAL
PHASE — -] ——PHASE
FRONT ! FRONT

1 I
d+R, o dz-Rz

AL
F

Fig. 3 — Imaging of fields with spherical wave fronts; ecenters of curvature
are images of each other. The corresponding spherical reference surfaces are used
when fields with nonspherical phase fronts are imaged.
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is imaged onto the center of curvature C; of the image surface. Thus,
whenever the centers of curvature of the image and object surfaces are
images of each other we have an image which is a strict (scaled) reproduc-
tion of the object as regards both the amplitude and phase distribution,
with no additional phase shift.

The imaging rules discussed above can also be used to study imaging
by a combination of lenses (or by any optical system that can be re-
garded as such). It is not necessary to apply the rules step by step to
each individual thin lens of the combination. It is generally simpler to
determine the parameters of the equivalent thick lens as usual in geo-
metrical optics. The place of f is then taken by the combined focal
length of the system, and object and image distances (di and ds) are
measured from the principal planes of the thick lens.

III. FOCAL LENGTHS OF VARIOUS OPTICAL SYSTEMS

3.1 The Ray Matriz

When one traces a paraxial ray through combinations of lenses and
lenslike media, the quantities of interest are the position z; and the
slope 2, of the ray in the input plane, and the corresponding quantities
2 and x; in the output plane (see Fig. 4). There is in general a linear .
relation'®'®'? between the output and input quantities which can be
written in matrix form as

T2 A Bl |x

’ = | (9)
Ta ¢ D T

We will call this ABCD matrix the ray matrix of the system. Because
of reciprocity the determinant of the ray matrix is generally unity:
AD — BC = 1. (10)

It is easy to determine the focal length and the principal planes from
the elements of the ray matrix of an optical system. By tracing a beam
that leaves the output plane parallel to the optic axis (z2 = 0) we find
the location of the focal point on the input side. Its distance s; from
the input plane is obtained as

o =L =-—g (11)

where we refer to Fig. 4. Similarly, we find for the distance s; between
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Fig. 4 — Reference planes for optieal system.

the output plane and the corresponding focal point

Lo

= -Z. 12
z,'=0 C ( )
To find the prineipal plane on the input side we follow an input ray
from the focal point until its distance from the axis is equal to the
position xy of the corresponding output ray and have

8y =

'

dps — Oy
ir—]_’

(13)

flq —

g =0

where the distance hy between the principal plane and the input plane
is measured positive as shown in Fig. 4. On the output side we find
similarly

(14)

The foeal length f of the system is obtained by calculating the distance
between a principal plane and the corresponding focal point

f=sith=st+h=2 -

Ty

(15)

r
29 '=p Ta

z,'=0

Using the linear relations of (9) together with the last three expressions,
one finally gets

f=-=(1/C) (16)
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b= (D-1)//C @ar7)
he = (A — 1)/C (18)

where the thick-lens parameters are expressed in terms of the elements
of the ray matrix. For later use we also write down the matrix elements
as functions of the lens parameters which follow from the last expres-

sions

A=1— (h/f) (19)
B = hy+ hy — (haho/f) (20)
C = —(@1/f) (21)
D=1- (/f). (22)

3.2 The Two-Lens Combination—Telescope

The lens parameters of a combination of two lenses are well known
and are listed here for completeness and for later use. The combination is
shown in Fig. 5. For lenses of focal lengths f, and f, spaced at a distance
d we have

l/f = (Iﬁl) + (l/fz) - (d/flf'z) (23)

T, %f ‘ (24)
_ ¥

hy = 7 (25)

where the lens planes are used as input and output planes.

Fig. 5 — The two-lens combination.
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For a slightly misadjusted telescope the lens spacing is
d=fi+ . — ad (26)

where Ad measures the misadjustment. The lens parameters of the
telescope can be written as

g el (27)
la = ;—lg. (2”)

3.3 Sequence of Lenses

A periodic sequence of lenses of equal focal length fo and lens spacing
d is shown in Fig. 6. The reference planes are chosen just to the right
of each lens. The elements of the ray matrix S of one section of the

sequence (i.e., one lens spaced at a distance d from the input plane) are
well known'™'” and are given by

N = | al (30)

INPUT QUTPUT

.

j
e
(e
I

fo fo

n

Fig. 6 — Sequence of lenses of equal focal length.

o

e

==

o

2 n+1



/

464 THE BELL SYSRTEM TECHNICAL JOURNAL, MARCH 1965

They relate the position and slope (x; and 21') of the ray just after the
first lens to the ray position and slope just after the zeroth lens

Kl . X
=8 . (31)

14 !
€y To

The ray to the right of the nth lens is related to the input ray by the
nth power of the ray matrix of one section

(32)

The matrix elements of S" can be computed with the help of Sylvester’s
theorem™ and are well known.””"® One has*

8" = sin
sin nf — sin (n — 1)0 d sin nd (33)
~1 sin nd (1 — i) sin nd — sin (n — 1)8
fU fu
with

cos 0 = 1 — (d/2fy). (34)

We can now employ (16) and obtain for the focal length f of n sec-
tions of a periodic sequence of lenses

f = fu(sin 8/sin nf). (35)
The distance of the two principal planes from the input and output
planes (zeroth and nth lens) follows also from (33) with the help of
(17) and (18). One finds
hy = (d/2) + f(1 — cos n8), (36)
and
he = — (d/2) 4+ f(1 — cos nb). (37)

If we measure the distance h of the principal planes from the midplanes
between the lenses as shown in Fig. 6 we have

h = f(1 — cos nf). (38)

* These matrix elements ean be written in terms of Chebyshev polynomials
of the second kind of the variable [1 — (d/2f0)].
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A more complicated sequence of lenses is shown in Fig. 7. Here a
lens of focal length f; is followed by a lens of focal length f; and vice
versa. The lens spacings are d, and d» in sequence as shown in the figure.
This sequence of lenses can be reduced to the simpler type discussed
above. We can regard it as a sequence of thick lenses formed by lens
pairs of foeal lengths f; and f. . The focal length f, of the thick lens is,
according to (23), given by

Uh = (L/f) + (/1) — (d/hifs), (39)

and expressions for the prineipal planes are given in (24) and (25).
The distance d between the output principal plane of a thick lens and
the input principal plane of the consecutive thick lens is obtained as

d=d B do & b= £ 1l (1_ e l). (40)
fi fe
With the principal planes as reference planes, rays passing through this
sequence of thick lenses behave the same way as rays passing through
a sequence of lenses of equal focal length that are equally spaced. We
can therefore use the expressions (33) and (34) obtained above. With
(39) and (40) the latter becomes

— e _ (tl -+ dg L l (M{‘
cosfl = 1 5 (j'1 + f‘g) + A (41)

=

3.4 Lenslike Medium

A lenslike medium or “guiding medium” is one whose refractive index
n varies near the optic axis as in

|-——dz——+-—— a,---—|‘--d2”-|$-_ d, ﬁ-.|‘ﬁ_d2__>
| | N E—
I |
vrz f Yfz Vﬂ ufa f,
| R

Fig. 7 — Sequence of lenses of alternating focal length with alternating lens
spacings.
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o2
n =y (I -2 ;}—2) (42)

where 7, is a constant, r is the distance from the optic axis, and b meas-
ures the degree of the variation of n. A medium of this kind can be pro-
duced by inhomogeneities in laser crystals”™ or by a radial variation
of the gain in high-gain gaseous lasers.” Another important example
is the medium of the recently reported gas lens.” ™

To trace rays in a lenslike medium one uses the differential equation
for light rays.”® For paraxial rays this ray equation has the form

L
T a ]
dx _ 8 . _ 4%

7 b? (43)

for the distance z(z) of the ray from the z axis. A corresponding rela-
tion holds for y (z). The solution is, again, a linear relation between the
ray position and slope in the output plane (v and z') and the cor-
responding input quantities zo and zy

- : (44)

A typical ray path is shown in Fig. 8. To calculate the optical parameters
for a section of lenslike medium immersed in a medium with a refractive
index of unity (vacuum), we invoke Snell’s law to relate the ray slopes

- oo

A S R

N 7/
INPUT PRINCIPAL PLANES OUTPUT

Fig. 8 — Ray path in lenslike medium.
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at the section boundaries. For paraxial rays we have approximately
Tyao = Mol ; Tovae = Moo - (45)
Now we use (16) and find for the foeal length of a section of length [

b
f= I (46)

2ng sin 2 ~
b

(for ng = 1 this formula has been given in Refs. 23 and 26, for example).

The distance h of the principal planes from the input and output planes

respectively (see Fig. 8) is computed with the help of (17) and (18).

One obtains
b l

h = T tan B (47)

The above expressions have been derived for a foeusing medium where

b* = 0. For a defocusing medium we have b* < 0, and the expression
for the focal length becomes

PR T
[ (48)

I L
2ny sinh 0

The location of the corresponding principal planes is described hy

_ o] !
h Ty tanh m (49)

IV. OPTICAL TRANSFORMATION OF GAUSSIAN BEAMS

4.1 Light Propagation in Free Space

Near the optic axis an optical mode of propagation or Gaussian beam
is regarded as a TEM wave with a spherical phase-front and a trans-
verse field distribution that is described by Laguerre-Gaussian? or
Hermite-Gaussian® functions. The two beam parameters of interest are
the “spot size” or beam radius w(z) and the radius of the phase front
R(2). In any beam cross section of a fundamental mode the field varies
as
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and is specified by w and R. The light beam expands as it propagates

through space as shown in Fig. 9. The law of expansion is"***"*
2
S N

Here the z is measured from the beam waist where the phase front is
plane and the beam reaches its minimum radius w,. For E(z) we

have2.3|ﬂ.2ﬂ.27
2\ 2
_ Ty
R—z[l+(—M):|- (51)

Dividing (50) by (51} we find

mw' Az

B = g (52)
which we can use to rewrite the terms in the round brackets, and ex-
press wp and z in terms of w and B

“= AR )“' (54)

% /A
‘%
/
/

/
’h-— PHASE FRONT

Fig. 9 — Contour of Gaussian beam of light.
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4.2 Beam Transformation by a Lens

When a Gaussian beam passes through a lens a new beam waist is
formed, and the parameters in the expansion laws are changed. Assume
the light beam is propagating to the right. Before passing through the
lens it has a beam waist a distance d, away from the lens with a beam
radius w; as shown in Fig. 10. The lens produces another beam waist a
distance d» away with a beam radius w. . The distances d; and d; are
measured positive as shown in the figure (for a negative d; one has a
virtual waist). In the following we will establish some relationships
between beam parameters of the incoming beam (identified by the
subseript 1) and the parameters of the transformed beam (subscript 2).

The far field angles™ 6, and 6: of the two beams are computed from
(50) as

6 = )\/1‘1‘1!)1 3 8, = )x/'ﬂ"wi . (55)

From these two angles follow immediately the beam radii w, and w.y
in the two focal planes of the lens where the image of the far field appears

Wiy = f = N/mwy (56)
wep = 0 = Nf/mwy . (57)

The beam radius in one of the foeal planes is, of course, independent of
the spacing between the lens and the beam waist of the other beam. It
follows from (51) that the center of curvature of the far field phase
front is in the beam waist. According to the imaging rules of Section II,
corresponding centers of curvature are images of each other (where we
take the phase fronts as reference surfaces). We therefore have to
determine the image of a beam waist to find the curvature center of
the phase front in the focal plane on the other side of the lens. The
distance . between the lens and the image of the waist w: follows from

| R;‘°| f

Fig. 10 — Gaussian beam transformed by a lens.
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(1/d) + (1/d2) = 1/f, (58)

and the radius of curvature Ry in the left focal plane is equal to the
spacing between that image and the focal plane

Ry =d) —J. (59)

Combining (58) and (59) we have
2

o (60)

le

and correspondingly
2

= =7

for the radius of curvature in the right focal plane. Ry, and R, are
independent of the beam radii w» and w, , respectively, a fact that can
be used for mode matching into confocal resonators.

To relate the beam waists we use (56) and (60) to write

Wi _ Ad: = f)

Ry (61)

ARU 7]"!1}22 (62)
and similarly
2
Wy Mdy — f)
ARQI - 'll"w12 ’ ( 63 )

To express wy in terms of w, and d;, we insert (57) and (63) into (53)

and find
11 _ . | ('.-r‘un)2

This relation, first given by Goubau,’ relates the beam radius of the
waist of the transformed beam to the parameters of the incoming beam.
A corresponding relation for the spacing d» between the lens and the
beam waist w, is found by inserting (61) and (63) in (54). The result is

-
(dy — ) + ("“’)

d—f = (d — ) (65)

A

The above expressions were derived with the help of the imaging
rules of Section II. As mentioned before, these rules apply not only to
thin lenses but also to thick lenses and lens combinations. Therefore,
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if d, and ds are measured from the principal planes the results given
above are valid for the transformation of Gaussian beams by thick
lenses.

4.3 Mode Malching

In experiments with optical modes one often wants to transform a
heam with a given beam radius w, at the waist into another beam of
waist radius w. . One wants to “mateh” the modes of one optical system
(like a laser resonator) to the modes of another one (an optical trans-
mission line for example). This can be done by selecting a suitable lens
and by properly adjusting the waist spacings dy and ds , where we refer
to Fig. 10. The proper spacings are given by the mode matching formulae’
derived below.

We combine (62) or (63) with (52) and obtain

d—f _w’
&—f wt (66)
This is used to rewrite (64) in the form
1 T
'wi = e f (l‘]] f)(f]; f} +f ( X ) & (67)

Multiplying (67) by w.'f* we arrive at
(i =N =) =f = IV (68)
where we have defined
Jo = m(wwe/N). (69)

To arrive at the mode-matching formulae we multiply or divide (G8)
by (66), extract the square root, and find

d—f =% V=T (70)
or
d—f = 1: VE=J¢ (71)

As discussed in Ref. 7, one achieves mode matching by choosing a
lens (or lens combination) with a foeal length [ that is larger than f,
or equal to it. For a given lens there are generally two ways open to
mateh the modes. One ean choose either the plus sign in both (70) and
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(71), or the minus sign. For f = f, there is only one set of proper spacings
di=dyv=f=fo.

4.4 Complex Beam Parameter — ABCD Law

In the foregoing we have used two parameters to characterize a
Gaussian beam in a given beam cross section: the spot size or beam
radius w, and the radius of phase front curvature 2. We define now a
more abstract complex beam parameter ¢

1/q = (1/R) — j(\/7w®). (72)

The propagation and transformation laws for this beam parameter are
particularly simple and allow one to trace Gaussian beams through
more complicated optical structures. The old parameters R and w can,
of course, be recovered from the real and imaginary parts of 1/¢. Note
that we can regard the circle diagram of Collins" as plotted in the com-
plex plane of the variable j/g, and the circle diagram of Li* as plotted
in the complex plane of jg*.

In terms of the complex beam parameter the laws of propagation
(50) and (51) have the simple and compact formf

9= q+ 2 (73)
as one easily verifies by inserting (50) and (51) into (72). Here
@ = j(mwd’/x) (74)

is the complex beam parameter at the beam waist. Because of the
linearity of (73) the parameters ¢ and ¢ of two arbitrary beam cross
sections are related by

e=q+d (75)

where d is the distance between the two planes of interest measured
positive in the direction of the optic axis.

The beam parameters ¢, and ¢» to the left and to the right of a lens
are related by

/g = (/@) — (1/f) (76)
which simultaneously states the transformation of the phase fronts as
in (1) or (2), and the fact that the beam radii (widths) are the same
on both sides of the lens [compare (1)].

t Similar propagation laws for optieal modes have been used independently by
D. A. Kleinman, A. Ashkin, and G. D. Boyd in an analysis of second-harmonie
generation in crystals and by G. A. Deschamps and P. E. Mast in their recent
paper in Proe. Symp. Quasi-Opties, Polytechnic Inst. Brooklyn, 1964, p. 379.
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The imaging law (6) applied to Gaussian beams takes the form

1 _d* 1, 1d

@ 2 9'1 f dy
if written in terms of the complex parameters q and ¢. of the beam in
the object or image planes, respectively. Comparing with (7) and (8)
one can also write this relation between the parameters of the object
and the image as

(77)

1 1 1
dl+€l1+dﬂ—q2 I

Using (75) and (76) one can easily determine how an incoming beam
with the parameter ¢, at a distance d, from a lens is transformed. The
parameter ¢ of the transformed beam at a distance d; from the lens is

obtained as
(=2)o + (s +0- )
= L L (79)

g2 =
0 _
f+(1 f)

To establish a link to the transformation laws for the real parameters
developed before, we multiply both sides of (79) with the denominator
of the right side. Then we postulate that we have beam waists at d,
and ds by putting ¢ = jmw’/\ and gz = jrws’/\. If we compare the real
parts of the resulting expression, we obtain relation (68), and comparing
the imaginary parts we find (66).

Let us now regard ¢; and g. as the beam parameters in the input and
output planes of an optical system described by its ray (4BCD) matrix
ag in Section II1. This system is also described by its focal length and
its principal planes as caleulated from (16), (17), and (18). To relate
¢ and ¢ we use (79) and put di = hy, and d; = ks . Comparing with
(19), (20), (21), and (22) we see that

Aql—}'B
Q1+D

which we shall call the ABCD law. The ¢ parameters of the input and
the output are related by this bilinear transformation. The ABCD
law says that the constants of this transformation are equal to the
elements of the ray matrix. The ray matrices of several optical struc-
tures are given in Section TTT, and we shall use the ABCD law to study
the passage of Gaussian beams through some of these structures.

There appears to be a very close connection between Gaussian light

(78)

(80)

q: =
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beams and the spherical waves of geometrical optics. In fact, all the
important laws of this chapter are formally the same for a spherical wave
with a radius of curvature ¢. One is therefore tempted to regard a Gaus-
sian beam as a spherical wave with a complex radius of curvature. For
the limit of infinitely small wavelengths the curvature radius becomes
real and one has a spherical wave of geometrical optics.

The ABCD law allows also a kind of “black box" approach to the
study of optical modes. One can, for example, inquire about the mode
parameters of a sequence of equal black boxes, i.c., optical structures
characterized by their ray matrix elements 4, B, C, and D. Tor a mode
the beam parameter at the output of a black box is equal to the param-
eter at the input (1 = ¢ = ¢). From (80) follows a quadratic equation
for the mode parameter ¢

Cd+ (D—A)g— B=0. (81)
The solution of this equation ean be written as
1_D-4
q 2B
from which one can obtain the beam radius or spot size of the mode
and the radius of curvature of its phase front.

J AT — A T D%
:FEE\/AL— (A + D) (82)

4.5 Beam Transformation by a Telescope

In this chapter we shall study the passage of a Gaussian beam through
a telescope consisting of two lenses of focal length f) and f, , respectively,
spaced at a distance d = f; 4+ f: — Ad. The “misadjustment” Ad is
assumed small. The focal length and the location of the principal planes
of the telescope are given in (27), (28), and (29). We consider an in-
coming beam with a beam radius w, at its waist, and the waist spaced
at a distance s, from the first lens as shown in Fig. 11. We want to de-
termine the location s, of the waist of the outgoing beam and its beam
radius ws .

The distances of the waists to the corresponding principal planes are

di = s+ hy; dy = 824+ ha. (83)
From this we find with (24) and (27)
d]_ f] Ad (31 )
= 1 = = — = —1]. 84
P TR TR e

Inserting this expression together with (27) in (64) we get for the beam
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Fig. 11 — Gaussian beam passing through a telescope.

waist w,

- L2 Ad (&
=N l:l T fi (1 fl)] e, )

which is correet to first order in Ad. We see that the ratio of the beam
waists is more or less equal to the ratio of the focal lengths of the lenses.
There is only a slight dependence on the position of the input beam waist
for Ad # 0.

To determine the loeation of the output beam waist we use (84)
and the corresponding expression for (ds/f) — 1 to rearrange (G8) as

51— i 52—.f2= _lLd (Sj_ )('5_2_ )
Jé * f? flf'zl:fl 1 fa !

1 W1Ws *
+ fif"( =) ).

Inserting (85) and expanding to first order in Ad this becomes

s — 8 — f Ad rwt\?
Iflgfl‘l‘ f22.12=f1_" [(Sl_fl)i_ ( Al)]. (87)
For a well-adjusted telescope we have Ad = 0, and the distances
between the beam waists and the focal planes of the corresponding
lenses (i.e., s; — fi1and ss — fa) seale like the squares of the focal lengths
of the two lenses. The signs in (87) indicate that for an input waist
which lies to the left of the focal plane of the input lens one has an out-
put beam waist to the left of the focal plane of the output lens, and
conversely for an input waist to the right of the input focal plane.

(86)
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4.6 Beam Transformation by a Sequence of Lenses

Consider now a sequence of lenses of equal focal length f spaced at a
distance d as shown in Fig. 6. Immediately to the right of each lens an
optical mode of this structure has a phase front with a radius of curva-
ture of —2f and a beam radius w.n, given®** by

A1 f_,_sing
m‘sz‘*d == (88)

where 6 is defined in (34). To the right of each lens the complex beam
parameter (72) of a mode is therefore

1 1 ,sin 4

W Ty i (89)
Assume that a Gaussian beam is injected into the lens sequence, and
call its complex beam parameter in the input plane ¢ . If ¢4 = gm,
then we have launched a mode of the system, and the parameter of the
beam to the right of every lens is ¢.. . For ¢; # ¢, we use the ABCD law
(80) to compute the beam parameter g. to the right of the nth lens. The
elements of the ray matrix of n sections of the lens sequence are given
in (33), and we use them to apply the ABCD law. We have

[sin n@ — sin (n — 1)6]q1 + d sin nf
- %sin né-q + (I —Ji) sin nf — sin (n — 1)8

q: = (90)

From (34) it follows that
sin n@ — sin (n — 1)8 = (d/2f) sin nf + sin f cos nd  (91)

which can be used together with (89) to rewrite (90) as

. . ind
11 _ smﬂfi - (l_.l—) (92)
Q2 qm gin @ g—in® + d (4 —_ —) sin nf & o
0 m

After some further rearranging this can be written in the form

1 1 1 1 )
+ ~[1 T+73 ljlexr)(—%'nﬂ)- (93)

1 1 2 1
Dot e 2 St B
[1}] Qm Gm J T Gm Im f
For the case where the ¢ parameter of the injected beam does not
differ too much from the parameter g., of a mode we can put

A= (1/q) — (1/qm) (94)
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and assume that A is small. Developing (92) in powers of A we obtain

;_2 _ ql = A.pm _ A 11’120;. (M0 _ gty 4 0(AY), (95)

If we neglect all but the first-order term in (95) and compare the real
and imaginary parts, we arrive at approximate formulae* for the output
parameters K. and w, :

Iy 1 1 .1 A1 1\ .
mta=\gtajes2n+ | 5— )sin2n
R + 37 (R1 + 2),.) cos 2 nf + = (w12 w,,F) sin 2 nf,

LI _I(L+l)sinzna+(1 é)aoa?ns.

Wy W MR 2f we W

Comparing these expressions with (33) we see that the beam radius
w, varies in z direction with a period that is half the period with which
a ray displacement varies. This fact has already been seen experimen-
tally,” and has also been noted for other optical structures.”

The formulae (96) are valid for cases where the parameters w, and
Ry of the input beam do not differ much from the parameters of the mode
of the lens sequence (i.e. for small A). For cases where this condition is
not fulfilled we have to go back to (90). Using (72) we re-express the
q parameters in terms of w, , By , w», and R, and compare the imaginary
parts of 1/g. as given by (90). After some algebra, where (91) is used
to make simplifications, we obtain

2 4 2 2
T,U2 -_.1 wm ‘J'l'wm i l
w—e—é[”W“L( X 2) (R1+2f)]
1 Wy wwnlz)"’ ( 1,1 )2] ,
+§|:1_w_.4_(7\ E—l—é} cos 2n 0 (97)

2
+ (m;’") (1%1 + 2%.) sin 2n 6.

In this exact expression for w, we find the same periodicity in z direction
as in (96). As n is varied w, goes through maximum values w,.. and
minimum values Wi, . It s easy to show from (97) that

(96)

2
Wmax Wmin = W, .

Note that wyax and wni, are the extrema of the envelope curve obtained
for continuously variable n. The extremal values of w, actually oceur at
a lens only if the corresponding n is an integer.

* In a recent publication by J. Hirano and Y. Fukatsu in Proc. IEEE, 52, Nov.,

1964, p. 1284, similar expressions were derived by means of a perturbation tech-
nique in which the real beam parameters were used directly.
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An exact expression for R, is obtained by comparing the real parts of
1/g. in (90) in a similar way.

4.7 Beam Transformation by a Lenslike Medium

The passage of Gaussian beams through a lenslike medium as de-

seribed by (42) has been discussed by several investigators,'®*™**%
We assume here for simplicity that n, = 1, or a refractive index given by
n=1-—20"/b). (98)

It is easy to show'™* ™™ that for a Gaussian beam that is injected

with a plane wave front and a beam radius wy given by
we' = Ab/2m (99)

the wave front remains plane, and the beam radius remains constant
as the wave propagates. These light beams are called the modes of the
lenslike medium, If the beam is injected with a beam radius wy # wo , the
wave front and the beam radius will change as a funetion of z. This
problem has been treated by Tien et al.”® with the help of a differential
equation, and by Marcatili” who expanded the field distribution of the
input beam in terms of the modes of the lenslike medium. We will show
here that one can get the desired results in a rather simple fashion by
employing the ABCD law (80).

The elements of the ray matrix of a medium section of length z are
given in (44). Using these together with (80) one computes for a beam
with the eomplex parameter ¢ in the input plane a beam parameter

q1 COS 2; + l—2’ sin 2;
q: = (100)

2 . .z 2
—qlESIH 21-) + cos 2B

in the output plane a distance z away from the input. Assuming an
input beam with a plane wave front and a beam radius w, we have

1 LA
— — . 101
= s (101)
Inserting this and (99) in (100) we obtain
2
. z . Wy z
sin 2- + j— cos 2+
1 A b fwl” b
5™ =50 = (102)

z LWt .
cos 2; — j —; sin 27
wy

b b
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If we compare the imaginary parts in this expression we get

4
ws = w," | cos” 2% + %o sin® 22 (103)
b 'wﬁ b
which agrees with the results of Refs. 28 and 29. A comparison of the
real parts yields an expression for the curvature of the wave front.

V. RESONATORS WITH INTERNAL OPTICAL ELEMENTS

5.1 The Basic Resonator Paramelers

A resonator consisting of two spherical mirrors spaced at a distance
d is shown in Fig. 12. R, and R, are the radii of curvature of the two
mirrors, measured positive as shown in the figure. The mirror diameters
or widths are 2a; and 2a. , respectively. The three basic parameters of
such a resonator are!®:#.4

_ o
N =G (104)
e B
a d
=2(1-=). 1
G=(1- 1) (106)
Within the Fresnel diffraction theory of optical resonators these three
I
_?___
| \ T
| _ |
28, LV 2%’2
| = 3
| - :
: “Ra |
. - |
! A . 3
N
I M .

Fig. 12 — Empty spherical mirror resonator.
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parameters determine completely the diffraction losses, the resonant
frequencies, and the mode patterns of the resonator.”

In the following we will show that resonators in which lenses or similar
optical structures are inserted between the resonator mirrors are equiva-
lent to an empty resonator of the type shown in Fig. 12. By equivalent
resonators we mean here resonators with the same diffraction losses,
the same mode patterns except for a sealing factor, and the same resonant
conditions. To specify an empty resonator equivalent to a resonator
with internal optical elements we will compute its parameters N, G,
D.l'ld Gz B

5.2 Resonators with an Internal Lens

A resonator with an internal lens is shown in Fig. 13. A lens of foeal
length f is spaced a distance d; away from the left mirror and d; away
from the right mirror. As before we call the radii of curvature of the
two mirrors B; and Rs, and their diameters 2a; and 2a. as shown. The
internal lens is assumed to be so large that no additional aperture
diffraction effects are introduced.

Suppose now that we know the modes of the resonator. We can apply
the imaging rules of Section II and choose the mirror surface of the right
mirror, say, as reference surface. The image of the mode pattern on this
mirror appears a distance

1T
T 5
¥
R, " R
4——~d'2——i- —r
3N |y 3s
r’ 1 i
| ; }
RS J
wi
R, | Ra

Fig. 13 — Resonator with internal lens and equivalent empty resonator.



OPTICAL MODES 481

(107)

!
dy =
Yy — ]
away from the lens as shown in the figure. The field of the wave reflected
from the mirror is zero outside the mirror aperture a, . The field of the
. . . . . ’ .
corresponding image is therefore zero outside an aperture a. given by
the magnification
s (12 dz

w R WY

s & 7 (108)

The image is a scaled reproduction of the mode pattern on the mirror
which is exact in amplitude and phase if a spherical reference surface
is chosen. The correct curvature of this surface is found in accordance
with (6) and (8) by imaging the center of curvature of the mirror on the
right.

Consider now a mirror of diameter 2a," placed at the location of the
image a distance

d=d —d (109)

away from the original left mirror as shown in the lower part of Fig. 13.
The mirror eurvature is chosen to be the same as the curvature of the
reference surface for the image. This mirror may be called the image
mirror of the original mirror on the right. Apart from a phase difference
of 2k (ds + dv') it reflects a wave coming in from the left in exactly the
same way as the original mirror combined with the lens. The incoming
wave produces the same (magnified) complex amplitude distribution
or field pattern on the image mirror as on the original mirror on the
right. The outgoing wave reflected by the image mirror has a field pattern
at d»’ that is identical to the field pattern at d» of the outgoing wave
reflected by the combination of the original mirror and the lens. The
field patterns of the two outgoing waves are thus also identical in any
other beam cross section, and in particular across the left mirror. There-
fore the modes of the empty resonator formed by the image of the right
mirror and the original left mirror as shown in the figure are equivalent
to the original resonator with the internal lens. The mode patterns on
the left mirror are identical in both cases, and the mode patterns of the
corresponding mirrors on the right are scales of each other. The diffrac-
tion losses of the two systems are also the same, and there is only a small
difference in the corresponding resonant conditions due to the difference
in phase shift of & (d: + d»') per transit.

The basic parameters of the equivalent empty resonator are easily
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obtained. According to (104) we have a Fresnel number of

N = @ /N\d (110)
and with (105)
_afy,_d
oy Bl ). )

With (107), (108), and (109) these expressions can be written in terms
of the dimensions of the resonator with the internal lens. One obtains

[15722)

N = , (112)
A(dl + dy — d‘dﬂ)
f
and
d 1 didz\ |
G=‘i‘{1—:—(z d—i—z). 113
1 i 7 i dy + dy 7 f ( )
By interchanging subseripts one gets
_ 02 _ dl _ 1 _ (ntld-z
am2{i-f-g(ara-"P)

These three parameters determine the properties of the modes of the
internal lens resonator. In the above expression one notes the appearance
of the term

dy = dv + ds — (duds/f) (115)

which one might call the effective distance between the mirrors. It is
modified by the presence of the lens.

In Refs. 4 and 32 approximate expressions are given for the resonant
condition and the beam radii (spot size) of the fundamental mode at
the mirrors of an empty resonator that is stable. Recall that for a stable

resonator there holds

0< GG =1 (116)

We can apply these formulae to our equivalent resonator and obtain
by imaging the corresponding expressions for the resonant wavelength
A and the beam radii w; and w. on the mirrors of our resonator with an
internal lens. Using the parameters discussed above we get
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2(dy + d»)

- =q+ 111_- (m 4+ n+ 1) cos™ VGG, (117)

where ¢ is the longitudinal mode number, and m and n are the transverse
mode numbers. The sign of the square root should be chosen equal to
the sign of 1 (or (+:). For the beam radii we get

MW = )\d?u (1 - (r’ng)_g, (118)

and

wn _ ay G:z 3 0
o an(ﬁ) . (119)

The image mirror discussed above can also be obtained from the
concept of a “thick mirror.” A thick mirror” is a combination of a
spherical mirror and a lens. The optical characteristics of this combma-
tion are represented by a combined focal length and a principal plane.”
A mirror of this focal length located at the principal plane is equivalent
to the thick mirror combination. This equivalent mirror is the same as
our image mirror.

The equivalence of the empty resonator and the internal lens resonator
can also be shown by using the Fresnel diffraction formula in the manner
of Appendix A. One obtains integral equations for the modes of an
internal lens resonator. After performing the integration over the lens
plane which involves infinite Fresnel integrals, the equivalence to the
empty resonator is easily seen.

Tor eases where the effective distance dp as given by (115) is very
small, ray angles of interest become rather large and the theory of
Fresnel diffraction is no longer expected to apply. We have to exclude
these cases from our considerations.

Our discussion includes internal lens resonators with flat mirrors as
shown in Fig. 14. The basic parameters of this resonator type can be
obtained from (112), (113), and (114) by putting Ry = R. = . Burch
and Toraldo di Francia® have discussed the confocal system of this
resonator family where Gy = (> = 0. The transmission line dual of an
internal lens resonator with flat mirrors is also shown in Fig. 14. It is a
sequence of lenses and irises spaced as shown. In this sequence the lenses
are large and the irises inserted between them control the modes of the
system. For a symmetric system of this kind where d; = d» = d and
a1 = a» = a the above expressions simplify, and we have

Gy= G =1— (d/f), (120)
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Fig. 14 — Internal lens resonator with flat mirrors and its transmission line
dual, a sequence of lenses with irises placed between the lenses.

and a Fresnel number of

ﬁ' (121)

5.3 Resonators with an Internal Optical System

N =

As discussed before, the imaging rules of Section II apply not only
to thin lenses but to any optical system that can be characterized by a
focal length and by principal planes. The expressions derived above for
internal lens resonators can therefore be applied also to spherical mirror
resonators with an internal optical system. All one has to do is to inter-
pret f as the focal length of the system and put

dy = hy; dy = ha (122)

where hy and ks measure the distances between the two prineipal planes
and the corresponding mirrors.

We can also characterize the internal optical system by its ABCD
or ray matrix as in (9). Inserting (122) in (112}, (113), and (114) we
compare the resulting expressions with (19) through (22). We note
immediately that the three basic resonator parameters can be written
in terms of the elements of the ray matrix in the form

-
N Vi (123)
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- B _B 2
aon(a-7). -
_u(p_B

G = a (D R.!) : (125)

5.4 Internal Lenslike Medium — Guiding Mediwm with Apertures

In this section we consider a spherical mirror resonator with a lenslike
medium inserted between the resonator mirrors. The optical properties
of a lenslike medium have been discussed in Sections 3.4 and 4.7. The
refractive index of this medium changes with the square of the distance
from the optic axis and is deseribed by (98) if we assume no = 1. The
degree of this index variation is measured by the parameter b. As shown
in Fig. 15, we assume that the medium fills the space between the
resonator mirrors which are spaced at a distance . The mirror diameters
are 2a; and 2a; , respectively, and the corresponding radii of curvature
are R] and R'_: .

The three basic resonator parameters which describe the modal prop-
erties of this resonator with an internal lenslike medium are easily
computed by using the results obtained before. The elements of the ray
matrix for a medium section of length I are given in (44). Inserting
these in (123), (124), and (125) we obtain for the Fresnel number of
the system

2a,as

N =—,
Ab sin 2 % (128)

and for the ¢ parameters

a4,

Ry

ot -

Fig. 15 — Resonator with an internal lenslike medium.
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v _ ay I _ b s l_

G = o (cos 23 57, S0 2 b) , (127)
. l _ b . 1

= 5 (cos 2 5 3R, sin 2 ?)) : (128)

A special case of the above system is shown in TFig, 16, where the
mirrors are flat, i.e,, ; = R: = . The transmission line dual of this
resonator is also shown in the figure. It is the interesting case of a lenslike
medium or a gas lens with periodically spaced irises as shown. For irises
of equal diameter (@, = a: = a) the above expressions simplify, and
we obtain for the Fresnel number of the system

2a*
Nm—,

B #in2 (129)

| =~

and

G1= G2: 0052%. (130)
This system is confocal for I = (r/4)b. When the value of 2I/b ap-
proaches a multiple of =, N gets very large and we have a case where the
effective distance between the mirrors is very small [compare (115)].
As discussed before, the theory of Fresnel diffraction is no longer expected
to apply under these circumstances.

. Fig. 16 — Resonator with flat mirrors and an internal lenslike medium, and
its transmission line dual, a gas lens with periodically spaced irises.
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In high-gain lasers the parameter I/b can become rather large for
certain frequencies.”” For frequencies where the laser medium is focusing
we have b* > 0, while for frequencies where the medium is defocusing
B < 0 and b is imaginary. It is interesting to study the stability* of a
resonator with an internal lenslike medium allowing for positive and
negative values of b*. For simplicity we assume that the radii of curvature
of the two resonator mirrors are equal and put B, = R, = 2f. With
(127) and (128) we obtain

@6 = 6 = (cos 2L — P anal) (131)
S N b
and write the stability condition (116) in the form
—1EF=1L (132)

One can plot a stability diagram in which each resonator with given
parameters [, f, and b is represented by a point. Such a diagram is shown
in Fig. 17, where 1/f is plotted as ordinate and I/b and jl/b are plotted
as abscissae. Resonators with b° > 0 are represented by points to the

10p

STABLE

STABLE

—Hl

-4

w2 w/2

-— L L,
b

Fig. 17 — Stability diagram for a resonator with an internal lenslike medium.
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right of the I/f axis, and resonators with b* < 0 are represented by points
to the left. Points in the shaded regions correspond to unstable reso-
nators, and resonators represented by points in the unshaded regions
are stable. The boundaries between the stable and unstable regions
follow from (131) and (132). They are described by the equations

% = 7—;, v integer, (133)
;_= 4%00‘!}%, (134)
f—c= —4%tan%. (135)

For b* < 0, where b is imaginary, the trigonometric functions of (134)
and (135) become hyperbolic functions as in (48) and (49). For * > 0
one gets periodically stable and unstable regions as I/b is increased.

We have not discussed in detail cases where the lenslike medium
occupies only a part of the space between the resonator mirrors. How-
ever, one can compute easily the basic parameters for resonators of this
kind with the help of the matrix elements of (44), and the formulae
(123), (124), and (125).

5.5 Resonalors with One Very Large Mirror

Let us return to the case of an empty resonator. In some practical
arrangements the diameter of one of the two mirrors, say 2a., is so
large that diffraction by its aperture can be neglected. The resonator
modes are then more or less controlled by the aperture a; of the other
mirror. This statement is not true for resonators of the degenerate
confocal type where the diffraction losses at each mirror are equal® for
any aperture ratio a./a; . We exclude resonators of this type from our
present discussion.

The properties of the resonator modes are generally determined by
the three basic parameters given in (104), (105), and (106). But for
an infinitely large a, the Fresnel number N and the parameter G: be-
come infinitely large, and ; = 0. The resonator parameters are now
quite meaningless. It is, however, possible to construct an equivalent
resonator with parameters of finite value, as we will show below.

Consider Fig. 18. An empty resonator with one mirror of large diameter
is shown schematically at the top. Below it we have drawn its transmis-
sion line dual. It consists of a sequence of lenses where an apertured lens
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fo=Rp/2 fa

=
|
£

Fig. 18 — Empty resonator with one very large mirror, its transmission line
dual, and its equivalent internal lens resonator.

follows an unapertured lens of large diameter. But this transmission
line is also the dual of the resonator shown at the bottom of the figure.
This is a resonator formed by apertured mirrors of finite diameter 2a,
with an internal lens of focal length f = R»/2. The lens is unapertured.
Internal lens resonators of this type have been considered before. We
can compute the Fresnel number of this system from (112) and obtain

v
N _day (136)
2Md (1 Ez)
Equations (113) and (114) are used to caleulate the G parameters with
the result

4 1 1 d
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These parameters determine the properties of the modes of the internal
lens resonator shown in Fig. 18, The mode patterns at the apertured
mirrors of this resonator are, of course, equal to the mode pattern at the
apertured mirror of the empty resonator. The one-trip diffraction loss
of a mode of the internal lens resonator is equal to the return-trip diffrae-
tion loss of an empty resonator mode, as there are no diffraction losses
at the infinitely large mirror.

Tor the special case where the large mirror is flat (B, = =) the above
discussed equivalences are well known. They follow from symmetry
considerations.
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APPENDIX A

Imaging for Fresnel Diffraction

The purpose of this appendix is to show how the imaging relation (6)
of the main text is derived within the formalism of scalar Fresnel diffrac-
tion theory. Assume a light wave traveling in z direction and refer to
Fig. 19. Call the object field ¥, (x;, 3:1) and the image field F. (2. , ).
The distances d; and d» between the lens and the object and image
planes, respectively, are related by

(1/dr) + (1/dy) = 1/f. (138)

OBJECT PLANE IMAGE PLANE

T h

f
Eq(®y341) Eo(%oi Yo) Ea(ZaiYo) Ea(Ta142)

Fig. 19 — Dimensions of interest for Fresnel diffraction theory of imaging.
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The field immediately to the left of the lens is denoted Eo(vo, %) and
the field to the right of the lens is Ey(x, 30). According to (1) of the
main text we have for a large, ideal lens

2 =
E_(} = En exp (—ji\' .$) (139)

where & = 2x/\ is the propagation constant in the mediunm. With the
help of the Tresnel diffraction formula the fields £y and E: can be ex-
pressed as

Ky = rj—ﬁ dridyy exp (—7kp1) (140)
.411'(]1 A
and
LI
E: = . f drodyeEy exp (—jkps) (141)
Z'H'dﬂ —n0
where
1
= di + le (-T-l = -TD) + i—d‘; ( yu) (14’2')—
and
= ds + — (7 — 30)® + o (g — ) (143)
p2 2] o, Ty To o, Y2 Yo) .

The integration in (140) is performed over the aperture area A, of the
object field, and the integration limits in (141) are extended to infinity
with the assumption that the lens is so large that no additional aperture
diffraction effects are introduced.

Combining (139), (140}, and (141) we obtain by interchanging the
order of integration

i +o
i f dxydy By f dodijo

4a?didy 4,
2
. ———

o= 20 + Y. (145)

Now the expressions (142) and (143) 101 p1 and p» am insérted. One
finds that in the exponential the terms proportional to 7 * cancel because
of (138). The integration with respect to xo and y, can be performed by
noting that

E;a T
(144)

where
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-+
[ daxy exp I:ﬂ\ Lo ((Tl + :"2)] = b (A |:- + ‘;i:l) (146)

where 6 is the Dirac delta function.” With this (144) becomes
k*
E, = =il exp [ —jk (d1 + ds + §d_):|
.'/;1 dadiyn 5y exp ( '21(1) (147)

(e[ +g]) o[+ %))

This simplifies immediately with the help of the formalism of the delta
function™ to

d d
Bulan, 1) = — D B, (— b gy = gy)

(148)
*exp [—ﬂf (aH s + 2 = dg (1 + ))]
Multiplying (138) by d./d. one finds that
1 1d
1 = - = 149
8- o

which is used to write (148) in the form of (6} of the main text.
APPENDIX B

Principle of Equal Optical Path Leading lo Additional Phase Shift in
Image Plane

The process of imaging the field distribution in the object plane into
the image plane can be understood in terms of the rays leaving each
point (say P;) in the object plane at various angles as shown in Fig. 20.
All rays originating from P, are collected at a corresponding point P,
in the image plane. A form of the principle of equal optical path® says
that the optical path lengths from P, to P, are the same for all rays
regardless of initial slope.

To obtain an image which is an exact reproduction of the original
amplitude and phase distribution it would be necessary for the various
optical paths which connect corresponding points, say P, and P» or
Q. and Q. , to be equally long for all points regardless of their distance
from the optic axis. That these path lengths are not the same for all
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OBJECT PLANE IMAGE PLANE
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Fig. 20 — Rays emerging from a point of the object collected at the image.

points but increase with increasing distance between the imaged point
and the optic axis can be seen from the simple example of an ideal plane
wave coming in from the left. This case furnishes an expression for the-
path length difference as a function of the distance between the imaged
point and the axis. As the path length is independent of the field distribu-
tion imaged, this expression is valid for the general case. To derive it
we recall that an ideal plane wave is transformed by an ideal lens into
an ideal spherical wave with the focal point of the lens as its center.
The rays connecting points which lie on corresponding wave fronts are
equally long for all points on the wave front.?s Therefore all path lengths
measured from the object plane to the spherical wave front which touches
the image plane are equal. Paraxial rays (which are practically parallel
to the optic axis) need an additional length equal to r*/2f to reach a
point (Ps) in the image plane which is a distance r» away from the axis.
This additional ray length accounts for the additional phase shift given
in (6) in the main text.
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Geometrical Optics of Magnetoelastic
Wave Propagation in a Nonuniform

Magnetic Field

By B. A. AULD
(Manuseript received July 21, 1964)

The propagation of magnetoelastic waves in a magnelic insulator having a
nonuniform internal magnetic field is examined in the geomeirical optics
approximation. Hamillon’s ray path equations are obtained from the
slowness relation for the medium, and 1t is shown that for YIG there is a
substantial focusing action in the rod configuration commonly used for
magnetic delay line experiments. When external field shaping is used lo
produce a minimum internal field ot the midpoint of the rod it is found
that divergence of the magnetoelastic waves is to be expected.

I. INTRODUCTION

In a number of experiments,!** propagation of magnetoelastic waves
has been observed in dises and rods of yttrium iron garnet. Coupling is
provided through an internal field variation along the direction of
propagation, radially in a disc and axially in a rod. This permits excita-
tion of the wave in a region of small wave vector,*:® where the magnetic
field can couple to the magnetization, with subsequent tapering into the
magnetoelastic erossover region. The demagnetizing field also varies in
magnitude and in orientation across the direction of propagation. In
regions where the wave vector is large it is appropriate to consider the
effects of this field inhomogeneity in terms of geometrical optics, and it
is to be expected that refraction of the magnetoelastic waves will occur.

II. THE SLOWNESS RELATION AND GROUP VELOCITY

In a cubic crystal with a dec magnetic field applied along a [100] axis
a3 and, for simplicity, assumed elastically isotropie propagation of mag-
netoelastic waves is governed by the set of equations®

405
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1wM,, + wg Mz, — tybk cos 6 Ry = 0
(wn, + wasin® )M ,, — dwM ., — tybk(cos 20 R, + sin 20 R;) = 0
(&* — ¢’k*)R, — i (bk/pM) cos 20 M., = 0 (1)
(' — e'k*)Ry — i(bk/pM) cos 6§ M., = 0
(' — e/K)Ry — 1(bk/pM ) sin 26 M., = 0,
where
wn, = v(H + Hexd'k")
wy = virM.

The wave vector k is assumed to lie in a (100) plane at an angle 6
with the de field. M., , M., are transverse components of the magnetic
moment referred to axes along [100] directions, and R, , R,, R; are
transverse and longitudinal components of elastic displacement. The
saturation magnetization is denoted by M and the mass density by p.
Transverse and longitudinal elastic wave velocities are represented by
¢, and ¢; respectively, and b is the second magnetoelastic constant,
generally designated by b, . H is the internal de magnetic field, H. is the
exchange ficld, and a the lattice constant. In what follows it will be
assumed that the erystal has sufficient magnetoelastic isotropy (b = by)
that (1) is valid for a magnetic field applied at a small angle to the [100]
axis and for propagation in any azimuthal direction.

Upon elimination of variables in (1), the secular equation is found to

be
(bk)*
Q(w,fc,ﬂ) = (m,ﬂ - wz) = p—ﬂm
2 2 2 2 . 2 (2)
Jw cos @ 4 @m, €08 20 | wg, sin” 26| 0
Wit — o Wl — W W — w? - ‘
where
@ = wﬂk(“’ﬂ'k —+ wa sin’® g)

g bk)*?
Wi = m.z - p(MI)I;, cos” 8

2 272
we =C¢k

2 272
wp = cu’c.
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This equation relates the wave vector k or the wave slowness vector
k/w = k/kv,u to w and 6, a relation which may be displayed graphically
by a dispersion diagram (see Fig. 1). In coordinates ki , ko, ks the slow-
ness relation (2) defines a “wave vector” " or “slowness” ® surface for
each value of w. Since the magnetoelastic dispersion curves (see Fig. 1)
have four branches and the dispersion relation is independent of azi-
muthal angle, the wave veetor surface is a surface of revolution about x4
and comprises four sheets. For example, a vertical section through the
sheet of the wave veetor surface corresponding to branch III appears,
at w & wy , as shown in Fig. 2. The group velocity vector’

¥, = Vi = —'3—;%’ (3)
is proportional to the gradient of © and is therefore normal to the wave
vector surface, as shown in Tig. 2, the sense of the normal being de-
termined by the requirement that the angle between V, and k be less
than /2. This means that except in the special cases 8 = 0 or =/2, the
group velocity vector is not exactly parallel to the wave vector; and a
wave packet does not move in a direction normal to its phase fronts, a

phenomenon which is characteristic of anisotropic media.

ACLK
/
/ w=Cyk
Vi t
//
Yo (wy+w / == —
_____ H{ _H___M_}___.,.:._ - = - e
/ o
r /
/
w ,/
-~
N7 w27 1
yH o
g=0
—— =0
—_———g=m/2
W —

Fig. 1 — Magnetoelastic dispersion diagram.
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——— PURE ELASTIC WAVES

MAGNETOELASTIC WAVES

Fig. 2 — Wave vector surface for braneh III of the dispersion diagram, at
W= wy .

III. THE EIKONAL EQUATION AND THE RAY EQUATIONS

It is assumed that the magnetic field varies in both magnitude and
direction from point to point in the medium, but is sufficiently strong at
all points to saturate the magnetization. The geometrical optics ap-
proximation is appropriate when the magnetic field is almost constant
over regions comparable with a wavelength in dimension, so that a solu-
tion to the magnetoelastic equations having the form

M (r)el'w(r)
R (r)e*®

appears over a small region as a plane wave with relatively slowly vary-
ing amplitude. If the assumed solutions are introduced into the equations
of motion and spatial derivatives of R and M are neglected, equations
(1) are obtained with | Vi | substituted for | k |, and the angle between
the “local” wave vector V¢ and the local magnetic field is substituted
for 8. With the same substitutions, the slowness relation (2) reduces to a
first-order partial differential equation for the phase function ¢,
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g(m:pi:xi) = 0
i - (4)
pi = Pyl 1=1,2 3

This is the eikonal equation or equation of geometrical opties. In the
neighborhood of a singularity of the medium the approximations made
in deriving the eikonal equation sometimes break down.’ For the case
of electromagnetic propagation in a ferrite, Seidel” has shown that
singularities of this kind occur Lecause of the appearance of logarithmie
derivate coefficients in the field equation. It is not clear whether similar
singularities exist for the magnetoelastic equations, and no attempt will
be made to justify rigorously the use here of the geometrical optics ap-
proximation.

The standard method of solving (4) is by means of the characteristic
or ray equations'

dz;/dw = Q/dp; (5a)
dp;/dw = —oQ/dx; , (5b)

where w is a parameter. For any set of initial values of p;, 2, satisfying
(4) these equations, which form the basis of Hamiltonian optics,*" de-
fine a unique curve in the space x,, 2y, r;. The significance of this
curve becomes clear when the equivalence of p; to the component k;
of the “local” wave vector is recalled. This shows [from (3)] that the
tangent,

(dayidasidry) = (@aﬁ‘ﬂ) ,
dpi; dp: Aps

to any curve defined by (4) and a set of initial conditions is always col-
linear with the group velocity vector. Therefore the curve, or ray path,
obtained by integrating (5) describes the trajectory of a wave packet
launched at a specified point x; with a specified ‘“local” wave vector
k; = p:. The value of the phase function y at any point on the ray path
is obtained implicitly from

dy a0 o0

¥ = s - 6
dw p16p+ '6'p+m (6)
where [from (5a)] dw is related to the increment in ray path length ds
through the relation

_[fea\ | (o2 | (9
s = {(6_101) ¥ (sz) + (31?3)} .
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When the wave vector surface has more than one sheet there are
several initial group velocities corresponding to the same initial wave
vector direction. These are distinguished by the magnitude of the initial
wave vector, and a wave packet will therefore trace out different ray
paths according to the magnitude of the initial wave vector, each path
corresponding in a local sense to propagation in a mode associated with a
particular branch of the dispersion diagram. When there is only a slow
gpatial variation of the magnetic field there will be little coupling between
modes and the different ray paths will maintain their distinet identities.

The present discussion will be concerned with ray paths corresponding
to branches T and TIT of the dispersion diagram. In this case Schlomann®
has shown that, in the region where the uncoupled magnetic and trans-
verse elastic waves cross, the slowness relation can be written ap-
proximately as

(Cﬂ — w) (w — ek) — (0'/2)(.0“)"(6) =0,

where ¢ = vb*/aM, w,, is the crossover frequency for the uncoupled
waves, a is the elastic stiffness ¢4, and

£(8) = (2 — 5sin® 0 + 4sin’ 0) (1 + } wu'w, " sin* §)*
+ 1 wyw, 'sin' (3 — 4 sin® 0))]-

At the lower mierowave frequencies it can be shown that the & depend-
ence of w, due to exchange has a very much smaller effect on the slope
of the dispersion curves than does the magnetoelastic coupling. If
exchange is neglected

Wor = Wy = wg(l -|—tgsi.n23) ;
wr
in which wy = vH and the eikonal equation takes the form

Q(w, Di, .L':‘) = (pf + P22 + Paz)% + —d- w.f(ﬂ) B 8— = 0, (7)

2c, w — wy c;

where 6 is the angle between the vector (pi:ps:ps) and the local magnetic
field.

In the following section attention will be directed toward rotationally
symmetric systems, with rays travelling in meridian planes. It is ap-
propriate, then, to use a cylindrical coordinate system, and (5) and (7),
which are written in Cartesian coordinates, must be transformed. Since
the ¢ component of Vi is zero, (7) becomes
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2 2.3 o w,[(6) @
(pr+pz)+27‘w_w. C_|_0 (8)

Qw,pr, e, 12)

g=n—¢
where 7 = tan™' p./p. and £ is the polar angle of the local de magnetic

field (see Fig. 3). In a rotationally symmetric system the ray equations
(5) transform into

dr/dw = a8}/ dpr, dz/dw = 3Q/dp. (9a)

dp,/dw = —aQ/or, ap./dw = —0Q/dz (9b)

IV. PARAXIAL RAY EQUATIONS AND REFRACTION IN CONVERGING AND
DIVERGING MAGNETIC FIELDS

The discussion will now be restricted to the paraxial case; that is, only
rays lying close to the symmetry axis and traveling almost parallel to it
will be considered. Then

1R P/Ps.

Turthermore, the rotationally symmetric magnetic field will be assumed
to be almost parallel to the axis (¢ < 1). Since # < 1,

f(0) =~ 1 — 25 6
and, when wy/wy < 10,
we X wn + wu(6°/2).
If w &~ w, the denominator of the second term in (8) is small and

d o wf(8) w f(8)  duw, 98

~

6;0.- 20; W — W, 2¢; (w Fo {l-!.)2 af ap,
3 o wfle) _ w, f(8) (3&:, OH | dw, aa)

a
2

a
ar: 20 0 — w, . 26 (w — w,)? \OH ax; a6 ox;

where p; = p,, p: and x; = r,z. Then

-2
a9 Dr gwwy \P:

- = T V- SR 10,
ap. 8 ¥ 2ep- (0 — wg)® ( a)
a0

=1 10b
op. = (10b)

where only terms linear in p,/p. and £ have been retained, in accordance
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z H
!
g
Vo

T —
Fig. 3 — Orientation of the “local’ wave vector Vy relative to the local mag-
netie field.

with the paraxial approximation, and w, & wy has been replaced by w
in the numerator of the second term in (10a). Similarly

oH
0% _ "_“’_.__._T ar (11)
ar 201 (w — w;;)z.

Trom (9), (10) and (11) the paraxial ray equations are

rL; _ %(ﬂr + TWw yr (pr/P; — E)) (12)

z 2¢;, (w — wy)?
and
aH
dp. _ _ow " or (13)
dz 2 (w0 — wg)?’

In the pal'a.xial approximation p. is obtained directly from (8),

w o y
(=g ta) 0

Consider now the case of a composite magnetic rod, the middle and
outer sections having saturation magnetizations M and M " respectively,
which is magnetized along its axis (see Fig. 4). The potential function
for the dipolar field on the center line of the middle section, assuming

M’ 2a [—~Z M M’
¥ r J

z=—1 z=1

Fig. 4 — Composite rod configuration.
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uniform magnetization, is"
Vo) = 20 (M — M)[[( — 2)* + '} — (A +2)" + a)’ + 22]

if the end effects of the outer sections are assumed to be negligible. Close
to the axis the potential function is™
L
Mp(rz) = Vplz) — T 5 Vo(z).
Assuming (a/1)" < 1, this leads to an internal field in the central region
of the middle section

a (2 r?
H~H, — 6a(M — M') i (ﬁ — ﬂ’)

"2 (15)

_H, _6xr(M — M")a zr

TR H, EPE
where only terms up to second order in z/1, /1 have been retained. Equa-
tion (15) shows that the internal field diverges with increasing |z |
when M’ < M and converges when M’ > M. This result has been de-
rived under the assumption of uniform magnetization. Actually the
magnetization in the rod will itself be nonuniform, and nonuniformity of

the field will be greater than is shown in (15).

A plane magnetoelastic wave is assumed to be propagating in the 4z
direction at the midpoint of the rod, z = 0. Since p, is then zero at this
point and ¢ = 0 from (15), it follows from (12) that dr/dz = 0. This
means that the ray paths are parallel to the axis at z = 0. Elimination
of p, and p. from (12), (13) and (14) leads to a second-order differential
equation with variable coefficients for r (2), and the ray path trajectories
are obtained by solving this equation, subject to the assumed initial
conditions. In this case a numerical integration is required for a com-
plete description of the ray paths. If only the direction of refraction is
required, the following simpler procedure may be used.

Substitution of (15) into (13) leads to

r

dp, _ 3ow _ a’ G
il (wa — wn) 3 3 a 2\
@ = on, + 5 (0w —ow) 5 3
where

oy — wa = yadr(M — M)

3 — M) Q“)

W, = 7 (Hn + 1 I
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Over a small range of z close to 2z = 0 the value of r will not change ap-
preciably along a ray path and dp./dz may be integrated directly, giving

_3crw (wM—wur)gfﬁ' (16)

Pr =

to second order in z/l. This shows that the ‘‘local” wave vector deflects
toward the axis with increasing z when M’ < M and away from the axis
when M’ > M. The corresponding slope of the ray path is found by
substituting p. and p, from (14) and (16) into (12). That is

2
dy oWy W |\ a zr

C P (. R L

- 2(w — wg,)

up to terms of second order in 2/l and r/l, where

30(wy — wu)

A= - .
=t . 2
4(1 ~ 3w — wﬂm)) (0 — wr,)

Equation (17) shows that when the field diverges (M’ < M) mag-
netoelastic ray paths which are axial at z = 0 will converge, and vice
versa. This is easily understood in terms of simple physical concepts.
When the internal field decreases with inereasing |z | it increases with
inereasing r, as shown by (15). For a fixed frequency and propagation
angle it is clear from Tig. 1 that the “refractive index” ke;/w decreases
as H increases. If the anisotropy of the dispersion relation is ignored for
the moment, this means that off-axis rays curve toward the region of
higher “refractive index’ closer to the axis. This isotropic effect is
enhanced by anisotropy in the dispersion relation. When the wave vector
is deflected from the magnetic field direction the ray path (defined by
the group velocity) is deflected even further, as shown in Fig. 2, leading
to an increased bending of the ray path.

This enhancement of the refractive effect by anisotropy is represented
in (17) by the second and third terms under the bracket. In order to
estimate the magnitude of these effects consider a YIG rod with o/l =
0.1 and wy, = 27 X 10°. For YIG ¢ = 4 X 10°sec ' and wy = 3.08 X
10". According to Schlémann® one-half the minimum frequency separa-
tion of the transverse magnetoelastic branches is

Wmin = (crw”/g)% ~ (a-wﬂ'{;/g)} = 1.12 X 103

If this value is assumed for @ — wy,, the approximations used in obtain-
ing (16) and (17) are valid when z < 0.1, r < 0.011. At z = 0.1, r =
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0.017 the anisotropic terms in (17) are found to be an order of magnitude
larger than the isotropic term, and the slope of the ray path is

(lr o 4

5 = 7.7 X 10
On the basis of an extrapolation at this slope, the ray path should inter-
sect the axis at z &~ 10l. The actual intersection would be closer than
this because the ray path slope changes continuously with z. When the
signal frequency is shifted closer to wg,, , an increased refraction results.
For example, if

W — Wy, = wluin/?’

the phase velocity of the magnetoelastic wave is, from (8), still within
a few per cent of the acoustic velocity; but the slope of the ray path at
z = 0.1}, r = 0.01] is now

dr . —2
= —-32X 10
and the extrapolated intersection point occurs at z = 0.3[. This large
change in refractive power with decreasing w — wy,, is due to the reso-
nance denominators in (17) and is an indication of the steep slopes of the
wave vector surface, Iig. 2, in the vicinity of 8 = 0. The approximations
used in obtaining (17) are, of course, not valid at resonance but are still
at least marginally valid in the case considered here.

V. CONCLUSIONS

It has been shown that in a uniformly magnetized medium the phase
and group velocities of a magnetoelastic wave are not collinear except

vHs
]
|
1
H, '.1 H,
k ,_L ._Lk

[} f Vg //4/,‘[5
i

— —

Fig. 5 — Beam steering by means of an auxiliary field.
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Fig. 6 — Examples of lens configurations.

when the wave veetor is either parallel or normal to the magnetic field.
This effect might be used for steering or switching an ultrasonic beam by
means of an auxiliary field (see Fig. 5). Since the direction of the wave
vector remains constant, the phase fronts remain parallel to the trans-
ducer faces.

Substantial refraction effects have been shown theoretically to occur
in a nonuniformly magnetized medium. For the case of a magnetized
rod it is found that paraxial magnetoelastic rays at frequency v & wx

[Ho

~
j o P

\
LONGITUDINAL

——— PURE ELASTIC WAVES
MAGNETOELASTIC WAVES

Fig. 7T — Wave vector surface for branch III of the dispersion diagram, at
w = |wylwy + wu)lh
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converge when the dipolar field and the applied field are opposing and
diverge when the fields are aiding. In arriving at these results, the ef-
fects of losses and scattering due to imperfections have been ignored. By
a similar analysis it can be shown that an annular permanent magnet or
a circular coil encireling the rod will act as a converging lens if its field
aids the applied field and as a diverging lens if the fields are opposing
(Fig. 6). Paraplanar ray equations can be derived for radial propagation
in an axially magnetized thin disk at a frequency w & {wa(ws + wu)
In this case the anisotropic refraction effect is found to oppose the iso-
tropic effect and can even cause the net refraction to change sign. The
physical reason for this can be seen by examining the wave vector sur-
face for this case; see Fig. 7. This shows that a deflection of the wave
vector away from 8 = r/2 produces a deflection of the group velocity in
the opposite direction.
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Properties of Random Traffic in
Nonblocking Telephone

Connecting Networks

By V. E. BENES
(Manuscript received November 16, 1964)

Some of the properties of random traffic in nonblocking connecting net-
works are described and proved. Even though nonblocking networks are
rare, they represent an important limiting case, approached as blocking s
reduced by adding switches. For many purposes they provide a useful first
approximalion in the calculation of system parameters. The number of
calls in progress 18 extensively studied in both equilibrium and fransient
regimes, and its properties are used to distinguish between the wide and
strict senses of “nonblocking.”

I. INTRODUCTION

In the continuing effort to understand the nature of congestion in
telephone connecting networks, it is important to have a thorough
knowledge of the special case of no congestion, exemplified by traffic in a
nonblocking network. Such knowledge is useful not merely as a guide to
theoretical investigations, but also in answering questions that are of
immediate practical import in the design of networks with small con-
gestion,

It is the purpose of this paper to describe some results concerning
random traffic in nonblocking connecting networks; these results have
important, applications to traffic in networks that are not nonblocking,.
For although nonblocking networks are rare in present telephone prac-
tice, and are therefore of limited immediate interest to engineers, they
form an important limiting case that is approached as the probability
of blocking is reduced by the addition of links and switches to the net-
work. Moreover, many parameters descriptive of the traffic can be
calculated with ease for a nonblocking network, and only arduously or
not at all for a network that has a nonzero probability of blocking.
Hence for low blocking, certain results pertaining to the nonblocking
case can be used to approximate those in the blocking case.
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In other words, for many purposes the nonblocking case serves as a
useful first approximation, as a guide for intuition and computation,
in the general case. It is important not to misconstrue our claim. We
are not making the banal and useless point that zero is a good first
approximation to the probability of blocking when the blocking is
small. We are making the point that if the blocking is small then various
interesting parameters of the system, other than blocking, are very
nearly related as they would be in the nonblocking case. This point has
direct practical value.

The present work is, nevertheless, restricted to depicting the proper-
ties of nonblocking systems, and no attempt is made here to apply the
results to systems with low blocking. Such applications are to appear
in later papers, e.g., Ref. 1.

II. THEORETICAL MODEL

Let S be the set of permitted (i.e., physically meaningful) states of
the one-sided connecting network » (of 7 terminals) under study.{ The
set S is partially ordered by inclusion =<, where

T =y

means that state  can be obtained from state y by removing zero or
more calls. If x is a state, the notation | z | will denote the number of
calls in progress in state z, while if X is a set, | X | will denote the num-
ber of elements of X, We also use, for a state 2, the notations

A, = set of states aceessible from & by adding one call
B. = set of states aceessible from x by removing one call.

The following two probabilistic assumptions are made:
(7) Holding times of calls are mutually independent random vari-
ables, each with the negative exponential distribution of unit mean.
(#) If w is an inlet idle in state @ and » # u is any outlet, there is a
probability
M+ o(h), A>0

that w attempt a call to v in the next interval of time of length A, as
h— 0.

The choice of unit mean for the holding times merely means that the
mean holding time is being used as the unit of time, so that only the
one parameter A need be specified.

We can complete the description of the traffic model to be used by

t A given (network) graph can give rise to several networks » depending on what
states are permitted, i.e., belong to S.
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indicating how routes for calls are chosen. or this purpose we introduce
a routing matrix # = (r,), with these properties: For each = ¢ S let
11, be the partition of A, induced by the equivalence relation of ‘‘having
the same callsin progress’’; then, for each YV e I, , ryy is a probability dis-
tribution over i ¢ ¥; in all other cases r,, = 0. As in Ref. 2, the interpre-
tation of R is this: any Y e I, represents all the ways in which some call
¢ not blocked in 2 could be completed when » is in state x; for y ¢ ¥,
7.y 18 the chance that if ¢ is attempted in z, it will be routed through
the network so as to take the system to state y. Evidently,

> 7z = number of calls each of which could actually be put up in
wdy state x
= s(z), (“‘sucecesses” in )

the second equality defining s(-) on S.

A Markov process x; based on the preceding assumptions has been
studied in previous work,? and is used here again as a mathematical
description of an operating connecting network subject to random
traffic.

We restrict attention entirely to the important case of “one-sided”
networks in which all inlets are outlets.? Analogous results are valid for
two-sided, and other, cases.

III. SUMMARY

The wide and strict senses of “nonblocking” are reviewed in Section
IV, where it is also pointed out that for most of our purposes it will not
be necessary to distinguish them. The equilibrium distribution of the
number of calls in progress is calculated in Section V. The terms of the
distribution are proportional to the (corresponding) terms of the
Poisson distribution with parameter A, the factors of proportionality
indicating the “finite source effect” that is present.

In Section VI various relations among the moments of the distribu-
tion of calls in progress are explored. It is noted that the mean deter-
mines the variance, and that, as functions of X, successive moments are
related by a difference-differential equation, and can be obtained by
logarithmic differentiation of the generating function of the number of
assignments of k inlets to & outlets. An extremal property of the dis-
tribution of the number of calls in progress, closely related to the author’s
““thermodynamic’ model® for telephone traffic, is studied in Section VII.
In Section VIII it is shown that the number of calls in progress assumes
a Poisson distribution in the limit as A — 0 and the number T’ of ter-
minals becomes large, with A7T? constant.

The remainder of the paper is concerned with the transient behavior
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of the process x, representing network operation. The principal result
of Section IX is that the past of the process (prior to 0) and the actual
state at 0 are both irrelevant to the number of calls in progress at ¢ > 0,
if it is known how many calls are in progress at { = 0. It follows from
this that the number |z, | of calls in progress at ¢ is actually a Markov
process, indeed, even a birth-and-death process. These results make it
possible to calculate the covariance of |z, | in terms of 1 4 [47] char-
acteristic values rather than the astronomical | S | associated with z.,
and to give natural approximations (Sections X and XT). This eo-
variance, it is to be recalled, is the essential ingredient in estimates of
sampling error in traffic time-averages. In Section XII, finally, we
conclude with characterizations of both the wide and the strict sense of
“nonblocking” in terms of the stochastic properties of | z, | .

1V. WIDE AND STRICT SENSES OF ‘“‘NONBLOCKING”

In a previous paper! we have distinguished between a wide sense and
a strict sense of the word ‘“nonblocking,” as follows: a network » is
nonblocking in the wide sense if there exists a routing matrix B which
confines the trajectory of the operating system to nonblocking states,
i.e., such that use of the rule R makes the system nonblocking; and » is
nonblocking in the strict sense if no call is ever blocked in any of its
states. Topological equivalents of these properties were derived in the
cited paper.

It is apparent that if » is nonblocking in the wide sense, then for each
rule R that makes » nonblocking there exists another network »’ whose
states are exactly those of v that are accessible from the zero state under
R, and »’ is nonblocking. For this reason most of our results can be
(and are) stated for nonblocking networks without specifying whether
the sense is wide or strict. The only excepted results are in Section XII,
where the stochastic properties of | z, | are used to distinguish the wide
sense of “nonblocking” from the strict.

V. THE NUMBER OF CALLS IN PROGRESS

The equation of statistical equilibrium for the stochastic process z; is’

[|$|+7\8($)]P1=;m-l‘lzm?‘w, @ e S (1)

yeB

We let
Pk=ZPz, k=0,1, . ,max|z]|,
Te8
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be the probability that & calls are in progress. Our first result is the
observation that the {p} depend only on A and T, if » is nonblocking.
Let . = number of idle inlet-outlet pairs of state x.

Theorem 1: Let » be nonblocking. For k = 1, ---, max |z | = [3T],
TeS
NS (T — 25
e = pok,I]f( g )
(2)
_ ()" T
Po =51 (T — 2k)1°

Proof: We sum (1) over |z | = k. Since (with the third equality a

definition)
S(.’l,') = 0y = (T -_92 |:r|) = Oz|

if » is nonblocking, we obtain

(k + Naw)pe = Z DoAY D P

1|=k yedr |z]=k yeB.

In the first sum on the right, cach p, gets counted (k + 1) times, be-
cause if |y | = (k + 1), then y € A, for exactly (b + 1) values of x.
Thus this sum has the value

(k+ 1) r |Z Py = (k+ 1)peys .
u

The second sum is

Pitwe = 2 Py 2 Tue

lzi=k |yl=k—1 lyl=k—1 Izl—k

However, by the definition of the routing matrix R,

Z Tyz = Z Tyz

|z|=k zedy
s(y)

= Qlyl,

Il

because » is nonblocking. Hence the second sum is

Pralli—1,

and we have shown that

(k 4+ hap)pe = (k + Dpia + Do,



al4 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1965

with the eonvention p, = 0if £ < 0 or & > [37]. Thus
kpk = Nax—1Pr—1 k=1, -, [%T]
By iteration, the theorem follows.
We remark that the probability p, that no calls are in progress,
determined from the normalization
47
e =1,
k=0
is just
1
Po = 7] (13 \F T .
14+ 3 (3r) T! (3)
=k (T — 2k)!

VI. MOMENTS OF THE NUMBER OF CALLS IN PROGRESS

From the formulas (2) and (3) giving the distribution of the number
of calls in progress, any moment of the distribution of calls in progress
can be caleulated in principle. More important, though, are the several
systematic relationships that obtain among the moments and the
parameters A and T of the system. To these we now turn our attention.

We use the abbreviations

71 "

e =0, -+, 3T
sir — o1 ko % T

%= 1o k> 3T

m; = 2 |z |'p. i=1,2, -,

zeS
= 4th moment of {p:},
B(\) = k; Ny,
o = my — m;" = variance of calls in progress

and m; = m.

First, it has been shown® that whether » is nonblocking or not, a
stochastic process x, based on our assumptions has the property that
the probability Pr {bl} of blocking, the mean m and variance o of the
number of calls in progress, and the parameters A and 7, are all related
by the formula, for one-sided networks »,

E 2m
AMT — 2m)? — T + 2m +46*

1 — Pr {bl} =
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(A similar, but different, formula obtains for two-sided ».) It follows
that when » is nonbloeking, the mean and variance of calls in progress
are related by

(T — 2m)* — T + 2m + 46" = 2m/A, (4)

and thus determine each other uniquely when N and T are specified.
This means that for a nonblocking » the important parameters m and
¢ cannot assume just any values, but must lie on the curve defined by
(4).

Second, it is intuitively obvious that, for many networks », m = m(\)
should be an increasing function of A. The rationale for this claim is, of
course, that if the calling rate per idle pair A increases, the network will
carry a greater (equilibrium) load. For nonblocking networks », the
claim is a consequence of

Theorem 2: For nonblocking »,and ¢ = 1, 2, -+,

d 1
Jx m; = X (Mip1 — mima).

Proof: We have

Z lﬂihkak

my; = ﬂ—__
B(N)
l] (Z ]\3!.+1Rk_lﬂj,-)fp(h) == (Z k,‘?\kﬂk) (Z khk—lak)
o M = k>0 k>0 k>0
dx ®*(N)

1,
= = (Mg — many).

A
In particular

dm _ a(\)

X A (8)

and so m is a strictly increasing funetion of .

Corollary 1: The mean number m of calls in progress as a function of A
satisfies the differential equation

dm _ m _ (T — 2m)* — T + 2m
dn 23 4\

2

with the initial conditions m(0) = 0, m"(0) = (T) :
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Proof: We substitute (5) in (4) with Pr {bl} = 0. The initial conditions
follow from

m(\) = A (g) + o(x), as A —0.

It ean be verified that Theorem 2 can be rephrased as saying that all
the moments of {p:} ean be obtained from the logarithmic derivatives
of the generating function ®(-) of the numbers {a,}. Thus for example

d
— = —_— ¢
m = m )\d)\ log @,
d* d
2 .2 2 @
a = A d—AQIOg‘I’-I-)\ d}\logfb.

Indeed, it now becomes apparent that {p:} has the same relationship
to the funetion ®(-) as the distribution of calls in progress in the
“thermodynamic’” model of Ref. 3 had to the generating function of
the number of ways of having £ calls in progress. It will turn out in the
next section that @ (- ) is actually the generating function of the number
of assignments of & inlets to & outlets, without reference to how many
states of v, if any, actually realize a given assignment.

VII. AN EXTREMAL PROPERTY OF THE DISTRIBUTION OF CALLS IN PROGRESS

With X the set of T terminals of the network », let us consider the
set. A of all fixed-point free maps of X into itself, together with all sub-
maps thereof. The physical significance of A is that it consists of all the
possible “‘assignments” of & inlets to & outlets with 0 = k& = [3T]. The
fixed-point, free restriction reflects the physically realistic circumstance
that no customer will request connection to himself. It is readily seen
that the set A of assignments is partially ordered by inclusion, and in
fact forms a semilattice. Also there is a natural map of S onto 4, the
map v (- ) of Ref. 4, which takes every state of » into the assignment it
realizes. It can be seen that v (- ) preserves order and intersections, so
that v (- ) is a semilattice homomorphism of S onto 4.

Let us now pose the problem of finding a probability distribution
{Pa,a e A} which maximizes the entropy functional

H(p) = — 2_ palog pa

aeAd

subject to the condition that

2 |a|pa=m,

aed
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where m is a given positive number with 0 < m < [37], and |a |, the
norm of a, is the number of inlets mapped into outlets by «, i.e., the num-
ber of “intended calls in progress” called for by the assignment a. It fol-
lows from Lemma 1 of Ref. 3 that this maximum is achieved by

Alal
Pa = 3~ \ial
aed
i.e., the “canonical” distribution of thermodynamies, with | - | playing

the role of energy (see Ref. 3), and A > 0 determined uniquely by

_, 4 lal
n—)\ﬁlogZ?\ ‘

aed

It follows that the probability assigned by {pa , @ € A} to the set of assign-
ments with & “intended calls in progress’ 1s just

I |

lal=k __
Z )\|,,| = Pr,
Ted
since there are exactly
T ,
I£k1=mm Oélﬂé[%q]

fixed-point free maps of k elements out of a set of 7' into k others from
the set, so that ®(A) = > A"\,

aeA

Thus the distribution {p:] of the number of calls in progress in a non-
blocking network arises naturally from maximizing the entropy fune-
tional for a probability distribution over the set A of assignments sub-
ject to a given average value for | a |, and then calculating the probability
of the set of assignments of & calls.

In a similar way, it can be shown that {p,}] maximizes the entropy
functional —; . log pi , subject to

m = Z kpe ,

over all distributions having the form b.ay .

VIIT. A POISSON LIMIT THEOREM

It is intuitively reasonable to expect that a nonblocking network
with a very large number T of inlets (= outlets, here) and a very small
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calling rate A per idle inlet pair will behave roughly like Palm’s “infinite
trunk” model for telephone traffic.® In particular, if A becomes small
and 7 becomes large in the right way, the distribution of the number of
calls in progress in equilibrium should become Poisson. That this occurs
is the content of

Theorem 3: Let a be a positive number, and let A\ — 0 and 7' — o« in
such a way that

a = \T%/2.
Then
e — e (a*/k!), k=10,1,2, ---.

Proof: We have

(?\TE k
_ 7) _ 1y 2% —1
e/ Po = S (1 T) (1 = )

Since

[37]

P =14 ; P/ po

the result follows.

The reason why AT%, and not, e.g., AT, must be of the order of the
average carried load, is that A is the calling rate per pair of idle inlets
(= outlets, here), so that if all are idle, this calling rate is just

T
(2)
omitting attempts by a customer to himself. Indeed, the load carried by
one customer’s line is
g= @m/T) =T ((1 — )" = T (1 — ¢) + T"'4s")).
It is easily seen that ¢ and T 7¢" are bounded independently of A and
T, so that
g~AN"—0

in the limit taken.
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IX. TIME-DEPENDENT BEHAVIOR OF THE NUMBER OF CALLS IN PROGRESS

So far all our results have concerned only the equilibrium behavior
of the process x, representing the operation of a nonblocking connecting
network. We now turn to the transient or time-dependent behavior.

The matrix @ = (gq.,) of transition rates of x, is given by

1, red,
Moy, x e B,

o = —|a| — As(2), r=y
0 otherwise.

The matrices P(t) = (»,(t)), ¢ real, of transition probabilities, i.e.,
such that

Pay(t) = Priz: = y|x = 1,
satisfy the Kolmogorov equations
P'(t) = QP(t) = P(1)Q, P(0) =1
We let
pii(t) = Pr (| =j[la] =1
pes(t) = Pri|a| = 7|2 = a.

Intuitively, if » is nonblocking and | z, | = 7, then the (conditional)
probabilities of the possible changes in the number of calls in progress
in the next interval of time of length £ are

jh + a(h), for a hangup,
— 95
A(T 9 ‘J) + olh), for a new call,

as h — 0. Indeed, one expects that these evaluations remain true even
if information about z, for s < ¢ is added to what is known at time ¢,
for the reason that only the fact that |2,| = j is relevant to what
happens to | z, | for s > ¢. In other words it is natural to expect that for
nonblocking v,

B

is itsell a Markov process, indeed, a birth-and-death proecess. Tt will be
shown that these conjectures are true, and that they have important
practical consequences.
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Theorem 4: If v is nonblocking, then knowledge of the actual state ay
is irrelevant to | ;| if | 2, | is known, i.e.,

P (L) = Pz (L), for all 2.

Proof : The backward Kolmogorov equation for the process is

%sz = —[|x| 4 rs(2)] poy + 3 byt A D TPy -

uwel uedy
Summing on |y | = % gives

;_ltpzk = —[|z| + As(@)]pa + 2= pur + A FzuPuk -

uelBy uedy
Since u € B, for exactly ( |z | — 1) values of u, and since
E Yeuw = S(:ﬂ) = (T - 2|:L|)s
TeAy 2

it is enough to show that the result is true in a neighborhood of ¢ = 0.
Bvidently, though,

{1 x| =k
Pa(0) =
0 I.‘lﬁ l # k
R E PRI
a p.rlc(o) =
0 x| # k
and
- [I:vl + a(T A ')] P (0) + 3 pu®(0)
P (0) = A rapa®V0), x| =k

Fry
0 [2] = k.
Since p. (- ) is analytic in a neighborhood of ¢ = 0, the theorem follows.
Theorem 5: If » is nonblocking, then
EA
is a Markov stochastic process.

Proof: Bet y, = |, |. Since x; is a Markov process, for &y < & <--- <
t, < t we have a.e.
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Pr{y! = 'T\:Jxl,'rq:= 1) ,?’L} = Pr{y* = klz‘n}!
= Pr{y: = k|ys)
by Theorem 4.

X. TRANSITION PROBABILITIES OF |23;|

It follows from Theorem 5 and the forward Kolmogorov equation for
for . that the transition probabilities p;;(-) of y: = | x.| satisfy the
equations

d . T — 2j )
i pij = I:J e )\( 9 )] Pij

(6)
. 2 T—27+2
+ (7 + Dpigsn + ?\( 21 T )piu_n y
with obvious conventions at the (reflecting) boundaries 7 = 0 and
j = [3T]. These are the equations of a birth-and-death process on a

finite number of states, and so the known results of Karlin and Me-
Gregor’ can be carried over at once, as summarized below.
The matrix A (T',\) governing the system (6) is given by

0 i —7]>1
i Gt L=
ay =4 =i 5% i=j (7)
)\(T:%) i+1=3
With
1l'k=hkak k=0: 11 "':[%T']l
and
Qﬂ(r) - 1’
T
~20,@) = (3 ) +3(3 e,

@ = K@ = [k 5 ) Jew

’[‘ - 2]:' -
("5 F e, 1<k < BT,

there is a unique®’ positive regular measure ¢ on 0 £ 2 < « such
that
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- bs »
[ @) =% ij= 01,07
2
The transition probabilities of | z, | are represented by the formula

palt) = m; [ " 0u(2)Q;(x)dv (2) 8)

XI. THE COVARIANCE OF ||

As has been pointed out,*# the covariance function of the number of
calls in progress is of great practical interest in connection with esti-
mates of sampling error in telephone traffic averages. This covariance is
defined as

R@) = Bl |2ea | |2 |} — B |2},

and does not depend on s, since it is understood that z, has its equilib-
rium distribution. The variance of the continuous time-average

1 T
?,j.; |ZT||(H

2T‘3fT(7‘— t)R(t)dt,
0

is then

while that of the periodic scanned average

1"
_Elwffla T>O:

N =1

with seanning interval r is

3 = 7RG

Jj=—n

It is easily seen from the integral representation (8) that the covariance
of |z, | is

w

> i [ QD@ () —

i,7=1

R(t)

w = [T] = max |z |

Te8

The orthogonality of the Q;(-) with respect to ¥ (-) allows the simpli-
fication of this formula to

R(t) = j: e I:Zw; 'irr.-Q.-(:v):I- dy(z) — m*.
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It is easily verified that for & > 0
Q:(0) =1
and that

=0

Y(O0+) —y(0-) = (f vr,-)".

Hence the contribution of ¢ (-) at the origin (to the first term on the
right of R(t)) gives precisely m*, and we have proved the important
result that

R() =z 0.

We note next that the matrix A (T,\) of the differential equations
for p;;(+) is symmetrizable, and so has real nonpositive characteristic
values. In a standard way’® it is deduced that one of these is zero,
and that the dominant characteristic value r, satisfies

—(m/d’) £ <0, "
.R(i) g aﬂgrld. ( )

As in the theory® of the finite trunk group, it is expected that this
upper bound for R (-) will be a good approximation for low to mod-
erate traffic levels. Together, the two inequalities suggest the alterna-
tive estimate

R(t) ~ o" exp —(”—Z t) ;
a
also used in Ref. 8.

Since the equilibrium distribution {p:} of the number of calls in
progress approaches Poisson’s as A — 0 and T — « with A\T” constant,
it is to be expected that the characteristic values of the matrix 4 (T',\)
of the system (6) will concentrate at the nonpositive integers in this
same limit. In this connection it is instructive to see how the lower
bound —m/s® to 7, behaves in the above limit. With AT* = 2a > 0,
we find

5(T—2m)2+)lT—2m

=9
-A+2 a? 2 a?

%8

. . (10)
- & e 1 m
= 1+2)\T-|—)\[2A+02(1+T)+2R(cr)]'

Since the variance of a Poisson distribution equals its mean, «* — a,
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and it is easily vorified that ¢’/a depends only on 7" and not on X\ so
that

dfa =14 o0(1)
with o (1) depending only on 7. It follows that for any a > 0,
liminfr, = — 1,
A0
T+
A T2=2a
i.e., the lower limit of the dominant characteristic value is at least —1.
If we retain only terms of order AT in (10) we obtain

4a — 1
T
as an approximate lower bound for r;, indicating that r, actually ap-
proaches —1 from above or below according as & < } or a > i, the
latter case being overwhelmingly prevalent in practice.
Actually it is not necessary that T — « in order that the lower

bound in (9) approach —1. It suffices that A be small, for with 7'
fixed, as A — 0,

T
m__omo_ 7\(2)+o()\)
< At T AT — 2
e A(z) - m-( 3 ) + o(\)
- 14 A(T S 2) + o(h).

We note that the correction term is quite different from that in (11).

=] =

(11)

XII. STOCHASTIC CHARACTERIZATION OF WIDE AND STRICT SENSES OF
““NONBLOCKING”

In the following, we regard the process z; defined in Section IT as a
funetion of », A and the routing matrix R, T = T (»), ete.

Theorem 6: » is nonblocking in the wide sense if and only if for some
routing matrix R, | x| is a birth-and-death process whose semigroup of
transition probabilities is generated by A (T\).

Proof: The necessity follows from Theorem 5. For the sufficiency we
argue that if » is not nonblocking in the wide sense then any choice of
R gives rise to a nonzero probability of blocking. Thus by the basic
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formula (4)

1 2m

X(T—zm)ﬂ—T+2m+4u2<l

for any R, which contradicts the condition that for some R, p = {ps}
satisfies

with the convention (Ap); = Z,-a; ips - In a similar way we ean prove
Theorem 7: v is nonblocking in the strict sense if and only if for every
R, |x;| is a birth-and-death process whose semigroup of transition
probabilities is generated by A (7',\).

The proof is a minor modification of that of Theorem 6, and is
omitted.
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Gain of Electromagnetic Horns

By T. S. CHU and R. A, SEMPLAK
(Manuscript received December 11, 1964)

The absolule gain of a standard horn is often measured by defermining
the transmission loss versus separation between two identical standard horns.
Correction ratios are needed because the usual eriterion for separation
(2a2/\) may not justify the use of the far-zone power transmission formula.
Using the near-field power transmission formula, the ralio belween the
Fraunhofer and Fresnel gain of a pyramidal electromagnetic horn has been
computed as a function of horn dimensions and separation distance.

The calculated corrections have been applied in the absolute gain measure-
ment of a standard horn which was used as a calibration reference in a
recent 4080-me gain measurement of a large horn-reflector anlenna. The
measured gain of the standard horn at 4080 me is 20.11 db with an accuracy
of 20.035 db. The calculated gain is 20.15 db.

I. INTRODUCTION

Recently, a standard horn was used as a calibration reference in meas-
uring the gain of a 400-square foot aperture horn-reflector antenna at
4080 mes.! Since the horn-reflector antenna is eurrently being used for
precision measurement of the absolute flux of stellar radio sources, it is
desirable that the gain of the standard horn be known as accurately as
possible. From previous work,” the calculated gain? of a standard horn
was believed to be within 4-0.1 db of its true gain. Our purpose was to
measure the absolute gain of the standard horn to an accuracy better
than that previously achieved.

The gain of a standard horn can be determined by measuring the
transmission loss versus separation between two identical standard
horns. In the technique of measurement commonly used, the separation
distance is not large, and it is well known that the far-zone power trans-
mission formula

PR/PT = (GP\/41rr)2 (1)
is not valid if the separation r between the apertures of the two horns
527
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is not great enough. Thercfore the gain formula

_imr

R%mm (2)

G
may introduce considerable error when the far-zone gain of pyramidal
electromagnetic horns is measured at relatively short distances. Even an
aperture-to-aperture separation r of about 2a2/\ between two optimum
horns, where a is the large dimension of the aperture, introduces an error
of the order of 1 db. Jakes? suggested the junction of the horn with
the feeding waveguide as the reference point for optimum horns. He
demonstrated empirically that the error in gain may be reduced to
about 0.1 db if » is measured between the reference points of two optimum
horns. Braun?® calculated the error in the gain of electromagnetic horns
measured at short distances. However, his assumptions about the re-
ceived power are questionable, since the power in the transmitted wave
was averaged over the receiving aperture. Although the near-field power
transmission formula appeared in the literature,* to our knowledge it has
not been applied to the gain measurement of electromagnetic horns. With
the aid of the digital computer, the near-field power transmission
formula easily yields the required correction ratios for the far-zone gain
of pyramidal electromagnetic horns measured at relatively short dis-
tances,

II. CALCULATION OF THE CORRECTIONS

Using the Lorentz reciprocity theorem, it has been shown* that the
ratio of the received to transmitted power between two antennas at
any separation is
2

Py 1/4| [ (B X By + B X B s

- (3)
Pr {Ref<E1xrwww@§{3ef(m><nrymd%

where E;, H; are the fields when antenna 1 is transmitting, E, , H, are
the fields when antenna 2 is transmitting; and 7, %, and 7. are the unit
normals of the surfaces. The surface .S can be either one of the two an-
tenna apertures. Equation (3) is an exact formula if all the field quanti-
ties are evaluated with both antennas in place and under matched condi-
tions. In the following calculation the reflections between the antennas
will be neglected; that is, in evaluating E,, H, antenna 2 will be re-
moved, and in evaluating E,, H: antenna 1 will be removed. We also
neglect any mismatch between antennas and their transmission lines.
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Furthermore, we assume that the tangential components of E and H
are related by the free-space impedance at each point:

i X E = ,‘/5' H
€

With these approximations, we can write down the power transmission
formula between two electromagnetic horns at any separation.

2

—jkr
ffE,'(P)e E.' (P")ds ds'

r

Py

R 5
Pr )

N [ 18P Pas [ | BAP) [
L5 a3

where P and P’ are points on the aperture surfaces S; and S, respectively.
Assuming the field at the aperture of the transmitting horn is the same
as though the horn were continued (i.e., the usual Kirchhoff approxima-
tion), the tangential electric fields in the aperture are given by

2 2

0t = 10 cos ™ exp —| k(& + ¥
I E; cos - oxp [Jk (21g+ 213)] (6)
Et _ E" ) . - -k §'2 + 1’12 (7)

et EAR O TS

where [y and {y are the £- and H-plane slant heights respectively. The
distance r may be approximated by

r=R+ @-=0"+ @y -nT

=+ (y—n) (8)

~ R + 5p

All pertinent dimensions are illustrated in Fig. 1. Since the gain measure-
ments usually involve two identical horns, S; = S., and substituting
(6), (7), and (8) into (5), (2) reduces to the near-field gain in the
Fresnel approximation:

2
, my om [+
4 j:_/:’ €OS - © €S —_* exp I:_;A{ 3,
2 2 2 a2
+ ¥ + 7 i (— §) n Y = 2DV gg e’
y 2y 2R 2R
Gy = (9)

A fc032 Y ds
s a

while the Fraunhofer gain is
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Fig. 1 — Physical dimensions for transmission between two electromagnetic

horns.

cos’—rycosu

! (4] a
I +& v+
exp [Jk( T, + o,

)]ds ds’
A f cos’ Y ds
i a

Dividing (10) by (9) yields the required correction ratio. It is convenient
to split this ratio into the E-plane correction and the H-plane correction

G = (10)

C = ((/Gy) = CxCy (11)
where
b2 pbl2 2 2
[ f exp — I:j]c (’c ¢ )] dx d;‘
iz J—bi2 2l (12)

b2 b/2

L L [ (0]

-exp
2
f coq——cosa? Xp — [Jk( ;")]dydn‘
—012 ; + . (13)
_ 7
os;exp l:ﬂc( oy ):I

-exp — [jk(i';_’lf dy d
2R K

b/2 0!2

— I:jk (Z;Rf)z] dx d;‘

and

fm'i
‘ —af2
af2
[ f COS
—a/2

a/2
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The numerators in the above expressions may be identified as Fresnel
integrals. After normalizing the parameters, we have

. [ () + #(a)] "
T oo (T8 + =0 a4 ]

11 S+ e (0= ) T.&,
-}-[[‘-Lsm?fr( i + i )dwdf

and

NS

{le(r) = CleF + [S(f) — ()}

Cn = T 1 2 7 2 5 (15)
™ ™ o (¥ + v (u — v) ) :I
{l:fchos2u coszv cos _n-( + 2 du dv

N
L T . w4 (w—0)? ir }
+ [[llicosgu cos-évsm%r( N - 5 )du dv

where

M = 8\g/b* H = 8\R/V*
N = 8\au/d* P = 8\R/d’
1/ /N, 1 _ 1/ /N __1_
f=\f2(1/8:+4/ﬁ) 9‘«/5(4/% 1/@)
8 8

The Fresnel integrals are defined as

Clu) = f cos = &£ dt and S(u) = f sin T £ dt
0 2 0 2

Equations (14) and (15) have been programmed for a digital computer;

the results are summarized in Tables I and II.

It is interesting to notice that there exists substantial diserepancy
between our correction ratios and those in Braun’s article,? especially at
short separations. In addition to the approximations made here, Braun
employed an averaging process in which the power of the transmitted
wave is integrated over the effective receiving aperture area (A?/4r)G.
Therefore the correction ratios presented here are expected to be much
more accurate than Braun’s data and they should be useful for precision
gain measurement of pyramidal electromagnetic horns.
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TasLe I — E-Prane Corrections (db)

\ g 8 16 32 61 128 256
o \\

2.0 1.740 0.997 0.520 0.263 0.132 0. 066
2.5 1.5856 0.856 0.426 0.210 0.104 0.051
3.0 1.490 0.757 0.362 0.175 0.085 0.042
.8 1.418 0.684 0.317 0.150 0.073 0.036
4.0 1.359 0.627 0.284 0.133 0.064 0.031
5.0 1.26G8 0.547 0.237 0.108 0.051 0.025
6.0 1.201 0.492 0.207 0.092 0.043 0.021
8.0 1.109 0.423 0.168 0.072 0.033 0.016
10.0 1.050 0.381 0.145 0.060 0.027 0.013
32.0 0.870 0.261 0.081 0.028 0.011 0.005
0 0.779 0.205 0.0562 0.010 0.003 0.001

M = 8\g/b? H = SAR/b?

II1. MEASUREMENT TECHNIQUE

The standard horn was mounted in a wooden structure suitably cov-
ered with hairflex absorber; a sketch of the horn and its physical di-
mensions are shown in Fig. 1. A level monorail track was installed along
the center line of the floor of an anechoic chamber. A stable, wooden
equipment cart was designed to move smoothly along the monorail.
One of two identical standard horns with hairflex baffle was mounted
on the equipment eart (Fig. 2), the other being mounted in the end wall
of the chamber. The equipment set-up is quite conventional and is
shown schematically in Fig. 3.

The following procedure was used in the measurements: a reference
level was set by removing the standard horns and connecting the wave-
guides directly (Tig. 3). With the standard horns in place and separated
by r = 2a?/A, a series of measurements of received power versus increas-

TasLe II — H-Prane Correcrions (db)

P
\.—N—\ 8 16 32 64 128 256

2.0 0.833 0.422 0.209 0.104 0.052 0.026
2.5 0.772 0.376 0.181 0.089 0.044 0.022
3.0 0.717 0.336 0.159 0.077 0.038 0.019
3.5 0.671 0.304 0.141 0.067 0.033 0.016
4.0 0.633 0.2719 | 0.127 0.060 | . 0.029 0.014
5.0 0.575 | 0.242 | 0.107 0.049 | 0.024 0.012
6.0 0.533 0.216 0.093 0.042 0.020 0.010
8.0 0.478 0.183 0.075 0.033 0.015 0.007
10.0 0.443 0.162 0.064 0.027 0.013 0.006
32.0 0.340 | 0.103 0.033 0.012 0.005 0.002
® 0.291 0.071 0.019 0.005 0.001 0.0002

N = 8\ly/a® P = 8\R/a?
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Fig. 2 — Standard horn mounted on equipment cart.

ing () were made. After completion of such a series, the reference level
was rechecked by removing the standard horns and connecting the
waveguides together. The above procedure was repeated several times
for vertical and horizontal polarizations.

IV, RESULTS OF MEASUREMENT

The distribution of all of the measured gains at 4080 mc has been
plotted as a histogram in Fig. 4. The near-field correction discussed above
has been applied to these data. It should be pointed out that occurrences
falling on the boundary lines of the columns have been evenly divided
between the two neighboring columns; this accounts for the half occur-
rences which appear in the heights of some of the columns. The mean
value of this sample distribution is 20.11 db, and its standard deviation
is 0.05 db. The central limit theorem of probability theory indicates a
99.7 per cent confidence interval of X + (3¢/ \v/n) for the true mean,
where X is the sample mean, n is the sample size, and o is the population
standard deviation.s Since the present sample size is 90, the population
standard deviation should be close to the above sample standard devia-
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Fig. 3 — Equipment set-up.

tion, 0.05 db; therefore the random error in the mean value 20.11 db is
of the order of +0.016 db (3 X 0.05/+/90).
The spread in the measured gain may be attributed to the following

factors:

1. measuring system stability +0.01 db
2. precision attenuator readings +0.015 db
3. repeatability of electrical connections +0.015 db
4, imperfection of the anechoic chamber +0.02 db
5. interaction between the transmitting horn and the

receiving horn +0.04 db.

The figures for the above factors are the estimates for one horn; they
are half the probable random errors in the transmission between two
horn antennas. Half of the measured gains were obtained when the
horn apertures were vertically polarized, and half when horizontally
polarized ; when compared, the difference between the means of the two
gamples is only 0.01 db. This comparison implies only small errors due
to the anechoic chamber.

The interaction effect is clearly demonstrated by the measured (A/2)-
period oscillation versus separation shown in Figs. 5(a) and 5(b). The
amplitude of the oscillation is of the order of 0.05 db, and agrees fairly
well with the qualitative calculation of Silver.®
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Fig. 4 — Histogram for the measured gains.

In addition to the random errors discussed above, the calibrated pre-
¢ision attenuators hide an absolute error which is constant for all
measured gains. The probable value of this error is 4+0.04 db in the
power transmission measurement, which contributes +0.02 db to the
gain error. It follows that the total possible error of the measured gain
(which includes the random error and the absolute attenuator error)
is about +0.035 db. The calculated gain? of the standard horn is 20.15
db at 4080 me. The discrepancy between the caleulated value and the
measured gain (20.11 db) is 0.04 db.

It should be pointed out that both transmitting and receiving horns
in this gain measurement are isolated by 10-db fixed attenuators. How-
ever the mismatch at the horn-waveguide junction is not tuned out,
because this same mismatch was not tuned out when the standard horn
was used as a calibration reference for the gain measurement of the
large horn-reflector antenna. A VSWR measurement revealed a reflec-
tion coefficient of —25 db, which represents a transmission loss of 0.015
db.

V. SUMMARY AND CONCLUSIONS

Using the near-field power transmission formula, the ratio between
the Fraunhofer and Fresnel gain of a pyramidal electromagnetic horn
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Tig. 5 — Measuied gain variation due to interaclion.

has been computed as a function of horn dimensions and separation
distance. Our computations are expected to be much more accurate than
previous data and should be very useful for precision gain measurement
of pyramidal electromagnetic horns.

An application of the calculated corrections was made in the absolute
gain measurement of a standard horn. The measured gain of the stand-
ard horn at 4080 me is 20.11 db with an accuracy of 40.035 db; the
caleulated gain is 20.15 db. The interaction between two standard horns
may introduce an error of the order of 0.05 db in the gain measurement
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at a separation distance of 2a?/\; however, it is reduced considerably
by taking the average of several measurements. The averaging procedure
can also reduce other random errors due to environment, measuring
system stability, attenuator readings, ete. Using the corrections pre-
sented above, together with other careful considerations, it is possible
to achieve an accuracy well below 0.1 db in the gain measurement of
pyramidal electromagnetic horns.

V1. ACKNOWLEDGMENT

The authors are indebted to Mrs. C. L. Beattie for programming the
computations.

REFERENCES

1. Hogg, D. C., and Wilson, R. W., A Precise Measurement of the Gain of a
Large Horn-Reflector Antenna, to be published.
2. Jakes, W. C., Gain of Electromagnetic Horns, Proc. IRE, 39, Feb., 1951, pp.

160-162.
3. Braun, E. H., Gain of Electromagnetic Horns, Proe. IRE, 41, Jan., 1953, pp.
109-115

4. Hu, M. I{., Near-Zone Power Transmission Formulas, IRE National Conven-
tion Record, 6, Pt. 8, 1958, })]). 128-135. )

5. Anderson, R. L., and Baneroft, T A., Statistical Theory in Research, MeGraw-
Hill, p. 71.

6. Nilver, S., Microwave Antenna Theory and Design, MeGraw-Hill, p. 592.

7. Sehelkunoff, 8. A, Electromagnetie Waves, 1. Van Nostrand, p. 364.






Contributors to This Issue

B. A. AuLp, B.A.Sc. (EE), 1946, University of British Columbia;
MS, 1949, an Phd.D. (EE), 1952, Stanford University; Electrical and
Musieal Industries Ltd., London, 1953-1955; staff, University of British
Clolumbia, 1955-1958; research staff, Stanford University, 1958—; Visit-
ing Fellow, Bell Telephone Laboratories, 1963-1964. His work has related
to the theory of microwave circuits and interactions of microwave fields
with spin waves and acoustic waves.

Vacrav E. BengS, A.B., 1950, Harvard College; M.A. and Ph.D.,
1953, Princeton University; Bell Telephone Laboratories, 1953—. Mr.
Bene# has been engaged in mathematical research on stochastic processes,
traffic theory, and servomechanisms. In 1959-60 he was visiting lecturer
in mathematies at Dartmouth College. He is the author of General
Stochastic Processes in the Theory of Queues {(Addison-Wesley, 1963).
Member, American Mathematical Society, Association for Symbolie
Logic, Institute of Mathematical Statistics, STAM, Mind Association
and Phi Beta Kappa.

Ta-Saine Cru, B.S., 1955, National Taiwan University; M.S., 1957,
Ph.D., 1960, Ohio State University; Bell Telephone Laboratories,
1963—. He has worked in the field of electromagneties with emphasis
on surface waves and microwave antennas. At present he is working on
optical and infrared wave propagation through the atmosphere. Mem-
ber, IEEE, American Physical Society, Sigma Xi, and Pi Mu Epsilon.

Harowp S. Epwarps, B.S.E.E., 1925, Yale University; The Southern
New England Telephone Company, 1925-1946; American Telephone
and Telegraph Company, 1946—. At the Southern New England Tele-
phone Company he was concerned with various assignments in the Plant
and Engineering Departments. At the present time he is Plant Facilities
Design Engineer, with responsibilities for the design of the outside plant
subseriber network as well as methods and administration of the outside
plant engineering job.

539



540 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1865

Warrer J. C. Grant, A.B., 1951, M.A., 1952, Boston College; B.S.,
1958, Ph.D., 1962, Massachusetts Institute of Technology; Bell Tele-
phone Laboratories, 1962—. He has been engaged in theoretical study
of paramagnetic and electro-optic solid-state devices. Member, American
Physical Society and Sigma Xi.

Henry Z. HArpawaY, B.S.M.E., 1940, University of Iowa; Southern
Bell Telephone and Telegraph Company, 1940-42; Bell Telephone
Laboratories, 1942—. He was first engaged in military equipment design
work on airborne and submarine radar and navigational equipment. He
is eurrently directing systems engineering studies which involve basic
design concepts of the outside plant exchange eable network and which
have important interfaces with transmission and switching equipment.
Also, he is involved in the application of operations analysis techniques
to the Associated Companies’ operating and engineering problems.

Herwie Koaernig, Dipl.-Ing., 1955, Dr. techn., 1958, Technische
Hoschschule Wien, Austria; D.Phil., 1960, Oxford University, England;
Bell Telephone Laboratories, 1961—. He is engaged in optical maser re-
search. Member, American Physical Society, IEEE, Elektrotechnischer
Verein Osterreichs (Austria).

Irwin W. SanpBERG, B.E.E., 1955, M.E.E., 1956, and D.E.E., 1958,
Polytechnic Institute of Brooklyn; Bell Telephone Laboratories, 1958—.
He has been concerned with analysis of military systems, particularly
radar systems, and with synthesis and analysis of active and time-
varying networks. He is currently involved in a study of the signal-
theoretic properties of nonlinear systems. Member, IEEE, SIAM, Eta
Kappa Nu, Sigma Xi and Tau Beta Pi.

R. A. Semprrak, B.S., 1961, Monmouth College; Bell Telephone Lab-
oratories, 1955—. He has been engaged in beyond-the-horizon radio
propagation and three satellite communications projects: Project Echo,
Telstar I and Telstar IT. He has also participated in studies of the ef-
feets of rain on sky noise temperatures at 6-ge frequency and has re-
cently completed an experimental study of the near-field Cassegrainian
antenna. He is currently engaged in measuring the scattered radiation
from various surfaces at 0.6-micron wavelength.

Tzay Y. Youna, B.S., 1955, National Taiwan University; M.S.,
1959, University of Vermont; D.E.E., 1962, John Hopkins University;



CONTRIBUTORS TO THIS ISSUR Hal

Bell Telephone Laboratories, 1963—. He has been engaged in the in-
vestigation of the statistical extraction and detection of signals over-
lapping in time. Currently he is on leave from Bell Laboratories, teach-
ing as an Assistant Professor at the Carnegie Institute of Technology.
Member, IEEE, AAAS and Sigma Xi.






B.S.T.J. BRIEFS

Modulation of Laser Beams by Atmospheric Turbulence
By M. SUBRAMANIAN and J. A. COLLINSON

(Manuseript received January 11, 1965)

When laser beams are propagated through the air, they are modulated
with a noise-like spectrum!? having a baseband width the order of
hundreds of cycles and a nearly exponential frequency distribution.!
Hogg! used a 2.6-km path; Hinchman and Buck?® used paths of 9 and 90
miles. In each case the opties and range were such that the receiver col-
lected a small fraction of the total beam. Since atmospheric refraction
causes twinkling and tearing of the beam, one would expect amplitude
modulation of the signal received under these conditions even for con-
stant intensity of the total beam.

We report here that the shape of the noise spectrum is unchanged when
all of the detectable beam is received. Moreover, the spectrum is unaf-
fected by changes in the diameter or geometrical divergence of the
transmitted beam, by whether the receiver is in the near or far field of
the transmitter, or by a threefold change in transmission distance. The
general spectrum characteristics appear to be determined by atmospherie
conditions. .

We have transmitted a horizontally polarized 6G328-A laser beam over
a 120-meter path 8 meters above black-top pavement. The beam was
detected through a 3A-wide interference filter by an RCA 7265 photo-
multiplier tube. The frequency spectrum of the signal was analyzed and
displayed on a CRT by a Singer Metrics TA-2 spectrum analyzer. The
resolution of the analyzer was 70 cycles, and its low frequency limit was
20 cycles. Each spectral analysis took one second. Generally, 120 suc-
cessive spectral patterns were recorded, and thus averaged, in a single
photograph of the CRT screen. The laser? oscillated in a single transverse
and axial mode and provided about one milliwatt of power in a diffrac-
tion-limited Gaussian beam one millimeter in diameter. Measurements
were taken with the direct beam, so that the receiver was very much in
the far field of the transmitter. Telescopes of 9, 20, and 38 powers were
used to enlarge the diameter of the transmitted beam, reduce diffraction
spreading, and put the receiver in the near field. The telescopes were
focused to vary the geometrical beam divergence, or convergence, thus
greatly varying the size of the received beam. With the 38-power tele-
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scope focused on the receiver, the beam diameter was 4 em as trans-
mitted, about 1 em as received. The fraction of the total beam collected
varied from one to much less than one with these variations in the trans-
mitter. In no case did any of these changes produce a detectable change
in the spectrum.

To investigate more carefully the effect of collecting part of the beam,
the beam was transmitted plane parallel and 2 em in diameter, diverging
to 3 em as received. (No signal above shot noise could be found beyond
a 3-cm diameter.) An iris was placed before the receiver, and its diameter
was adjusted from 4 to 1 em, again with no effect on the spectrum.

To assess the possibility that the noise spectrum is produced by the
product of the sensitivity profile of the photocathode by the time-vary-
ing intensity profile of the beam, a 4-inch, diffraction-limited lens was
used at the receiver to focus the beam to a spot about one millimeter in
diameter. (One millimeter is smaller than the scale of the structure of
the photoeathode sensitivity.) The spectrum was unchanged from that
with no lens.

The effect of transmission distance was observed by splitting the beam
at the receiving station, returning (with a corner reflector) part to the
transmitting station and (with a flat mirror) reflecting that part again
to the receiving station. Thus there were available to the receiver two
heams, otherwise similar, which had traversed 120 m and 360 m of air.
When the beams were switched on the receiver alternately with successive
one-second scans by the analyzer, no change in the spectrum was seen.
This was true at different times and under different conditions. Table I
summarizes only the single most extensive run, lasting 5 hours and in-
cluding thousands of individual spectra, The data entered are the widths,
in eycles per second, from the maximum (at the 20-eycle cutoff of the
analyzer) to the reduction from maximum shown. It is readily seen that
there is no significant effect of distance on spectral width. Indeed, the
agreement seems surprisingly good in view of the errors listed. The reason
is that the errors are mean deviations of spectra which changed steadily
over 5 hours, the spectra for the two distances changing together.

TaBLE I — SHAPE OF SPECTRUM AT Two DISTANCES

Width of Spectrum
Distance Power level below 20-cycle peak by
—214db —5db I —714db | —10db
120 meters ] 30 + 8 (‘;)s—“ 84 + 14 eps 126 = 19 eps 176 + 25 eps
360 meters 38 & 10 82 + 22 124 + 29 168 + 40
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This change in spectra correlated with changes in atmospherie condi-
tions. As conditions changed in a pronounced way from one day to the
next, so too did the spectra change in a pronounced way. Noise spectra
obtained under five widely different weather conditions are plotted in
Fig. 1. The curves are of the form P(f) = const exp (—«f),and the value
of e accompanies each eurve. P(f) is relative modulated power in the
beam, and [ is frequency. The data for curve A were obtained at 6:30 a.m.
under an overcast sky. Thus the ground had cooled overnight and had
not, yet been warmed by the morning sun. Although a steady 10-mph
wind was blowing, this was by far the narrowest spectrum observed. For
B, the wind was steady, and there was sun on the pavement. For C, the
wind was gusty, but there was no sun. For D, the wind was gusty, and
there was sun. For E, the wind was violently gusty and there was heavy
rain. The departure from exponential dependence probably was caused
by the rain,

It appears that the spectrum is broadened to the extent that at-
mospheric conditions produce refractive gradients along the path. While
the other variables may have affected the amplitude of the spectrum,
they did not alter the shape. We are further investigating the effect of
range, since at zero distance the amplitude is known to reduce to zero.
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Fig. 1 — Dependence of the modulation spectrum on weather conditions. Re-
fractive gradients increase from curve A to curve E as deseribed in text.
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The dependence of both spectral width and per cent modulation on range
are of particular interest from a theoretical point of view. Spectral width
should be independent of distance in the single-scatter regime, and per
cent modulation should be small. The extent of the single-seatter regime
depends upon the scale size of the refractive structure and upon the
amplitude of variations in the refractive index. More extensive measure-
ments are being made to allow a definitive eomparison of theoretical
expectations with the ohservations.
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