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ELEMENTARY BINARY ARITHMETIC

By the Engineering Department, Aerovox Corporation

WITH the growing presence of

digital electronic computers
among us, more and more radio tech-
nicians are beginning to hear oblique-
ly about the binary number system
and wonder why they have learned
nothing about it before. There is
good excuse for the perplexity, since
surprisingly little has appeared on the
subject in the books and magazines
customarily read by radio men. Many
technicians who have prided them-
selves on being reasonably well
grounded have thumbed through
mathematics textbooks, old and new,
and found no reference whatever to
the binary system!

A glance into the dictionary reveals
the word binary to mean “character-
ized by two things or parts.” From
this, we may infer, correctly, that bin-
ary arithmetic is in some way asso-

ciated with the figure 2. Indeed, the
binary system uses only two digits.
Now, let us see how this differs from
the method of counting we have em-
ployed most of our lives.

Our old standby is the decimal sys-
tem. Its base is 10 and its digits are
0,1,2 3,4,5,6,7 8, and 9. This
is very handy because we have ten
fingers on which to count. In our
civilization, we have gotten along
famously with the base 10. It is pos-
sible to express any number by the
proper combination of the digits 0
to 9. MHowever, when we attempt to
set up some forms of electrical count-
ing equipment in strict accordance
with the decimal system, we find our-
selves in need of a multitude of com-
ponents.

Here, the binary method comes to
our rescue. It is a base 2 system and

requires only two digits: 0 and 1.
In the binary system, all numbers
can be expressed by combinations of
zeros and ones. Just why should
this be handier than the decimal sys-
tem? Simply because it is an easy
matter to express the binary digits
themselves with a simple electrical
device which is either ON (1) or
OFF (0). Thus, an open switch or
relay denotes zero, while a closed
switch signifies 1. The same is true
of a tube conducting or cut off, a
crystal diode conducting or blocking,
a neon lamp ignited or extinguished,
etc., etc. A voltage or current like-
wise can denote 1 when high or posi-
tive, and zero when low, negative, or
off. The binary system operates
with fewer and simpler components.

Although a certain piece of equip-
ment, such as a counter, might op-
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erate by the binary method, it still
can be made to give indications (such
as total count) in the easily-recog-
nized decimal notation.

In explaining the elements of bin-
ary arithmetic in this article, frequent
comparisons will be made with the
decimal system for the sake of clarity
or proof.

Rudiments of the System

Suppose that you have four sep-
arate on-off components (switches,
tubes, etc.), each of which is assum-
ed to indicate zero when OFF and 1
when ON. Table I shows how the
two states of these same four de-
vices can be employed to express
various decimal numbers.

In order better to understand this
table, let us consider the basic rules
of binary addition which may be stat-
ed as follows: 0+ 0 =0,0 + 1 =1,
1+ 0=1 and 1 4 1 = 10. This
last sum means simply that every
time 1 is added to 1, we write down
zero and carry the 1 to the next col-
umn to the left. An illustration will
serve to clarify binary addition. Ior
example, from Table I add 0101
(binary 5) and 0011 (binary 3):

BINARY DECIMAL
0101 5
4+ 0011 + 3
1000 8

First, the two 1's in the right-hand
column are added. This equals 10,
so we write 0 and carry 1 to the next
column to the left. This 1 must be
added to the 1 already in that column,
Again, this equals 10, so we write
0 and carry 1 to the next column to
the left. Adding this carried 1 to the
1 already in that column gives an-
other 10, so we write another zero
and carry 1 to the left-most column.
Now, this 1 is added to the zero in
that column, giving 1 which is writ-
ten. The answer is 1000, which by
reference to Table I is found to be
binary 8.

A careful examination of Table I
now reveals that each higher binary
number is obtained by adding binary
1 (0001) to the preceding number.
Try this out by starting with 1010
(binary 10) and successively adding
0001 (binary 1). You will obtain
1011 from 11, 1100 for 12, 1101 for
13, 1110 for 14, and 1111 for 15. If
you make another addition, you will
obtain 10000 (binary 16) which re-
quires five on-off devices for its ex-
pression — and we agreed at the be-
ginning that we have only four. So
binary 15 is as high as a 4-device sys-
tem will count. However, the econ-
omy and efficiency of the system is
realized when it is considered that
only four elements are needed to dis-
play from 0 to 15 events.

Any number may be expressed in
the binary system by choice and posi-
tion of the two digits repeated as
coefficients of powers of 2, just as
any number can be expressed in the
decimal system by choice and posi-
tion of the ten digits of that sys-
tem as coefficients of powers of 10.
For example: The decimal number
2548 means 2 X 103 4+ 5 X 102 + 4
X 101 + 8 X 100. Similarly, the
binary number 011010 means 0 X 25
4+ 1X244+1xX2%+0x22+1X
21 + 0 x 20, Table II lists the pow-
ers of 2 up to 225, and you can ob-
tain from this Table the decimal
numbers corresponding to the pow-
ers of 2 given in the preceding ex-
ample. Adding these discloses that
011010 equals 26:

25

24 = 1
23 =

22 =

21 =

0 X 20 =

+ o+ o+
QO -

X X X X X

o N O 0O O O

011010 = 26

You can prove this sum by return-
ing to Table I and adding binary 1
(0001) successively to binary 10 un-

til you reach 011010 which you will
find equal to 26.

A binary point is used in binary
notation just as a decimal point is
used in decimal notation. An ex-
ample is 100101.01 with six digits on
the left and two on the right of the
binary point. although the digits
might increase in number without
limit on both sides of the point. We
have seen already that the digits on
the left of the point are coeflicients
of increasing positive powers of 2
with 20 adjacent to the binary point.
The digits on the right are coefficients
of increasing mnegative powers of 2
with 2-1 adjacent to the point. The
example just given (100101.01) be-
comes:

1 X% 25 == 32
+ 0 x 24 = 0
+ 0 x 23 E 0
+ 1 x 22 = 4
4+ 0 X 21 = 0
+ 1 X 20 = 1
4 0 X 2-1 = 1
+ 1 % 2-2 = 0.25
100101.01 = 38.25

Binary Addition

The addition of positive numbers
in the binary system already has
been explained in the preceding para-
graphs. While the addition of two
numbers has been given in each il-
lustration, the system is by no means
restricted to 2-number groups. Any
series of binary numbers can be
summed.

The only remaining case is the
addition of a positive and a negative
number. Consider, for example, the
addition of 0101 and -0010.

DECIMAL BINARY
5 0101
—2 —0010




The technique is to change the sign
of the negative number, then comple-
ment this number, and add the result
to the positive number. To comple-
ment the number, change each of its
1I's to 0’'s and each of its 0's to 1's
and add 1. Thus, -0010 becomes:
1101 — 1 = 1119. Now if we add:

0101
-+ 1110

10011

Here, the left-most digit in the an-
swer is discarded. If it is 1, the sign
of the answer is positive, as in the
above case. The answer thus is
+ 0011, or binary 3 which satisfies
the condition of 52 —= 3.

If the left-most digit is zero, the
sign of the answer is negative and
the result must be recomplemented
(the same process as the original
complementing) to give the correct
answer. This always happens when
a negative number is added to a small-
er positive number. Thus: Add
—1000 (binary 8) to 0011 (binary 3):

0011 4 (—1000) = 0011
+ 1000 —= 01011
—10G0

complemented

Dropping the left-most 0 in the an-
swer (which merely indicates the
negative sign), and recomplementing
changes 1011 to -—0101 (binary 5),
which is the correct answer. —8 +
3 = —5.

Binary Subtraction

Subtraction is the same as the ad-
dition of positive and negative binary
numbers, as just described. For ex-
ample: Subtract 0100 (binary 4) from
1010 (binary 10). 1010—0100 be-
comes 1010+110G0 when the negative
number (subtrahend) is complement-
ed and its sign changed. This equals

10110. The left-most digit, being a
1, indicates that the sign of the an-
swer is positive and is discarded,
making the answer +0110 (binary 6)
which is correct.

Binary Multiplication

Binary multiplication is carried
out in very much the same manner
as decimal multiplication, obtaining
partial products in the conventional
manner, but adding the latter in bin-
ary fashion. In binary multiplica-
tion, 0 ¥ 0 =0,0x1 =01 X 0
=0,and 1 X 1 = 1.

As an example, multiply 0101 (bin-
ary 3) by 0010 (binary 2):

0101 - 5
%0010 — X2
0000 10
0101
0000
0000
0001010 = 1010 = 10

Binary Division

Binary division is carried out in a
manner similar to decimal division,
as the following example will show:
Divide 1001 (binary 9) by 0100 (bin-
ary 4):

10.01 = ans.

0100 ) 1001

100

000100
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TABLE I.
DECIMAL BINARY
NUMBER NUMBER
0 0000
1 0001
2 0010
3 0011
4 0100
5 0101
6 0110
7 0111
8 1000
9 1001
10 1010
Conclusion

After studying the rudiments of
binary arithmetic presented here, the
reader should be able, by setting up
for himself a number of practice ex-
amples for drill, to acquire consider-
able proficiency in manipulating this
invaluable new tool. A good work-
ing knowledge of the binary system
is essential to comprehending the
operation of digital electronic com-
puters and of other instruments, such
as counters, which utilize the digital
techniques. Such devices will be de-
scribed in future issues of the Re-
search Worker.

Binary Notation in 4-Device System

TABLE Il

20 1 213, ...8192
21 .2 214, ... 16,384
22 ... 4 215, .. .32,768
23 . ..8 216, .. .65,536
24 .16 217 ...131,072
25 .. ..32 218 .. 262,144
26 ... .64 219, .. .524,288
27 . ..128 220, .. 1,048,576
28 .. .256 221... 2,097,152
2% .. ..512 222. . 4,194,304
210, ...1024 223 .. 8,388,608
211, ..2048 224....16,7717,216
212 .. 4096 225 .. 33,554,432

Positive Powers of 2.
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