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Schedule Method of Harmonic Analysis

By the Engineering Department of Aerovox Corporation

When no wave analyzer
a  harmonic

is available,
analysis may be made of
any wave trom the latter’s osdillogram
obtained either from an  oscilluscope
sareen or recorder chart. The basic tech-
nique is a solution ot the Fourier series:

(1-1)

y=A + Awos wt 4 Aqcos 2wt 4 Aycos wit
3wt 4+ Acos 4wt 4 Agcos Hwt 4 Agcos bwt
+ Bsin wt 4 B,sin wt 4 Bysin 3wt

+ B,sin 4wt 4 Bgsin 5wt

and the

A and B terms are a-¢ components:

Here, A, is the d-c compouncent,

21 21
Ao=t/mf Ty dx. A =1/,
v
217
and Bn_—_l/nfu y sin ny dx.

If the technician knows no calculus,
he quickly abandons the desire to tind
the harmonic content from  the  wave
pattern he sees on the oscilloscope screen.
But he need not do this, tor the Schedule
Method permits evaluation of the Fourier
series,  using  simple  arithmetic.  This
method has been known for some time
(it was described in the Burean of Stand-
ards Bulletin in 1913 and is discussed in
several current radio and elecironic hand-
books) ; nevertheless, no great number of

y cos nx dx,

technicians scem to have tried to apply
it. While the method does involve a
number of calculations, they all are
simple and the mcthod provides an ex-
tremely  usetul tool. This article des-
cribes the Schedule Method and  gives
a step-by-step  iHustrative example. The
version  detailed here has been  sim-
plified by consolidating the ftirst two
series of calculations of the original me-
thod into the third series, and  pre-
senting this combined operation as our
first series of walculations. he  techni-
(ian may use this method o analyze any
periodic wave (sine, distorted audio,
square,  pulse. sawtooth, etc) that he
can display on the oscilloscope screen
or recorder chart.
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PROCEDURE FOR ANALYSIS

The version of the Schedule Method
described here involves 6 steps, in the

last three of which there are several
simple calculations.
STEP 1. ODbtain a workable sized pat-

tern. of the waveform of interest. Do this
by (a) directly viewing an oscilloscope
screen, (b) photographing the pattern
from the screen, or (¢) taking the traced
chart from a recorder.

STEP 2. See Figure 1. Along the x-axis,
divide 1 complete period of the wave-
form into 12 equal parts (as between
O and X in Figure 1): Start shortly to
the right of the beginning of the period.
From each of the 11 points which lie
within the half-cycles of the pattemn,
carefully measure the vertical distance
from the point to the pattern (vertical
lines — ordinates — may be drawn up
to the positive hall-cycle and down to
the negative half-cycle, as shown in Fig-
ure 1), and lapel these heights v, to yn
as shown. The lengths of these ordinates
may be ineasured in any consistent units
(inches, centimeters, millimeters. oscillo-
scope screen divisions, recorder chart di-
visions), provided that tenths can be
measured. Upgoing ordinates {c.g., y, to
ys) are positive values; downgoing ordi-
nates (e.g., y» to y,,) are negative.

STEP 3. Record these y-values in a table
(see Figure 2).

STEP 4. Using thesc y-values, calculate
the sums (S-values) and differences (D-
values) , according to Equations (1-2) to
(1-17), below.

(1-2)  So=Yo + Ye

(1-3)  Si=Yo+ Y¥s + Y1+ ¥ua

(1) Sa=Ys + Yo+ Yo +F Yro

(1-5)  Ss=ya + ¥s

(I-6) Sie=Y1+4Ys—Y:i—V¥n

(I-7)  Se=Y2 + Ye— Ys — Y10

(1-8)  Se=Ya—ys

(1-9) S:=Yo+ Yo+ Ye+ Yo+ Vs
=+ Y10

(1-10) Ss=Y1+Ys+ Yo+ Yu1

(1-11) De=Yo — Ye

(1-12) Di=Y1—Ys —¥s + ¥na

(1-13) Dy=y —Y.—Ys + V1o

(I-14) Dy=yi—Ys + Y1 = Yu

(1-15) Dy=Y: = ¥s + Yo — Y10

(1-16) Ds=y,—Ys + ¥s — Y1+ Yo — ¥na

(1-17) Da=Yo— Yz + Yo — Ys + ¥s —¥1°

Y7

Ys Ys Yo Y1

/:Yo ).’1 Y2 ¥s Y¢ Y5 Ye

o)

[<€——— 1 PERIOD
]

FIGURE 1.

STEP 5. Using the S- and D-values ob-
tained in Step 4, calculate the A and B
Fourier coefficients, according to Equa-

tions (1-18) to (1-29), Dhelow.
(1-18) Ao= (S7 4 Sa) /12

(1-19) A,= (D, + 0.866D, + 0.5D,) /,
(1-20) Ay=(So + 0.58, — 0.58: — 8,) /6
(1-21) A=Dq/6

(1-22) A,= (S, — 0.5, — 0.55, + S,) /6
(1-23) A= (D, — 0.8661, + 0.5D,) /6
(1-24) A= (S5;—S.) /12

(1-25) B,= (0.5S, 4 0.866Ss + S¢) /6
(1-26) B,= (0.866 (Dy 4+ D)) /6

(1-27) By=D;/6

(1-28) B,= (0.866 (D; — D,)) /6

(1-29) By= (0.5S, — 0.866S; 4 Sa) /6
STEP 6. Using the A- and B-values ob-

tained in Step 5, calculate the various
components of the wave, according to
Equations (1-30) to (1-36), below. The
wave contains a d-c component, A, only
when the half-cycles are sufficiently asymn-
metrical to result in a positive or nega-
tive dominance. (For a symmetrical sine
wave, l\ﬂ:O.)

DISTORTED WAVE FOR ANALYSIS

(1-30)  D-C Component. DC=A,

(1-31y  Fundamental. h, = V A? 4 BY
(1-32) 2nd Harmonic. h, _—_ \/ A4 B
(1-33)  3rd Harmonic. hy= V A+ B;
(1-834) 4th Harmonic. h, m
(1-35) 5th Harmonic. hy = V Az 4 B2
(1-36) 6th Harmonic. hy= A

ILLUSTRATIVE EXAMPLE

The following example illustrates ana-
lysis of the distorted wave shown in
Figure 1. The ordinates on the original
pattern were measured in centimeters.

STEP 1. The obtained wave pattern is
shown in Figure 1.

STEP 2. One period of the wave is
divided into 12 x-axis intervals (O to

X in Figure 1). Here, the ordinates are
measured in centimeters.
STEP 3. The y-values arc recorded in

the Table in Figure 2.
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STEP 4. The S-
culated as shown in Equations (2-2) to
(2-17) . below. These calculations apply
the basic equations (1-2) to (1-17), res-
pectively.

(2-2)y  $§,=0.63 4 0.45=1.08

(2-3)  $:=0.63 4 1.78 4 (-0.92 4 (-0.82)
—0.67

(2-4)  $,=3.10 4 2.90 4 (-1.89) 4 (-1.70
= 241

(2-5) $3=3.30 4 (-2.15) =1.16

(2-6) 8$.=195 4 1.78 — (-0.92) — (-0.82)
=547

(2-7)  S5=3.10 4 2.90 — (-1.89) — (-1.70)
=9.59

(2-8)  S¢=3.30 — (-2.14) =541

(2:9)  $,=0.63 + 3.10 4 2.90 4 0.15 4
(-1.89) 4 (-1.70) =349

(2-10) Sy=1.95 4 3.30 4 (-2.1!1) + (-0.82)
=2.29
(2-11) Dy=0.63 —045=0.18
(2-12) D;=1.95—1.78 — (-0.92) — (-0.82)
=0.27
(2-13) D,=3.10 —2.90 — (-1.89) 4 (-1.70)
—=0.39
2-19) Dy,=1.95—1.78 4 (-0.92) — (-0.82)
—=0.07
(2-15) D,=3.10 —2.90 4 (-1.89) — (-1.70)
=0.01
(2-16) Dy=1.95 —3.30 4- 1.78 — (-0.92)
+ (-2.14) — (-0.82) =0.03
(2-17) Dg=0.63 — 3.10 4- 2.90 —0.45 4
(-1.89) — (-1.70y = -0.21
STEP 5. The A- and B-values are cal-

culated from the S-
tained in Step 4), according to Equations
(2-18) to (2-29), below. These calcula-
tions apply the basic equations (1-18) to
(1-29), respectively.
(2-18) A,= (3.49 4 2.29) /12=0.482
(2-19) A= (0.18 4 0.866 (0.27) + 0.5(0.39))
/6= (0.18 4 0.231 4- 0.195) /6
= 0.609/6 =0.1015
(2-20) A.=(1.08 4 0.5 (0.67) —0.5(2.41) —
1.16) /6= (1.08 + 0.335 — 1.205 — 1.16)
/6= —0.95/6=0.158
(2-21) A,=0.21/6=0.035
(2.22) A,=(1.08 — 0.5 (0.67) 4 L16) /6=
(1.08 —0.335 4 1.16) /6=1.905/6=0.3175

and D-values ob-

/6= (0.18 — 0.234 4 .195) /6=0.141/6
—0.023%5
(2-21) A= (349 —229) /12=1.20/12
=0.10
(2-25) By= (0.5 (5.17) + 0.866 (9.59) + 5.44)
/6= (2735 + 8.305 4 5.14) /6=16.48/6
=275
(2-26) B,— (0.866 (0.07 4 0.01) ) /6= (0.866
(0.08) ) /6=0.0693/6=0.0115
(2-27) B;=0.03/6=0.005
(2-28) B,=0.866 (0.07 — 0.01)) /6=
(0.866 (0.06) ) /6=0.05196/6=0.00866
(2:29) By (0.5 (5.47) — 0.866 (9.59) + 5.44)
/6= (2.735 — 8.305 4 5.44) /6= — 0.13/6
=0.0217

STEP 6. Finally, using the A- and B-
values obtained in Step 5, calculate the
value of each component in the wave, ac-
cording to Equations (2-30) to (2-36),
below. These calculations apply the basic
equations (1-30) to (1-36), respectively.

(2-30) D.-C Component.
DC=A,=0.482
(2-81) Fundamental.

h, ="V 0.1015% 275 =

~V0.0108 4 7.56 = "\[ 757 = 2.75

(2-32)

h,="V 0.158% 4 0.0115* =
—v 0.02964 4 0.00013 —= V 0.0208

= 0.173

2nd Harmonic.

$rd Harmonic.

(2-38)
h,— V 0.035* 4 0.005%

~V/ 0.00i22 4 0.000025 —

V 0.00124 =

4th Harmonic.

0.0352

(2-34)

he= "\ 03175* 4 000866: —

V 0.10 + 0.000075 =—

= 0.317

0.10

ORDINATE Yo Yt Y2 Ys Y4 Ys Ye Y7 Ys Yo Y10 Yy
HEIGHT 0.6311.95]3.10} 3.30|2.90] 1.78 ] 0.45}-0.921-1.89}-2.141-1.70]-0.82
FIGURE 2. TABLE OF Y-VALUES
and D-values are cal- (2-283) As=(0.18 — 0.866 (0 27) + 0.5 (0.39) (2-35) 5th Harmonic

hs= "V 002852 4 002172 =

—V 0.0552 + 000047 = "Voo587

—0.236
(2-36) 6th Harmonic. o—=-1
If desired, an individual percentage

may be determined in terms of the fun-
damental amplitude: 100(h /h;), where
h is the amplitude of the harmonic
component of interest (determined by
means of the appropriate one of Equa-
tions 2-80 to 2-36) and h, is the fun-
damental amplitude. Example: In the
wave analyzed in the foregoing sections,
what is the percentage of 2nd harmonic?
Here, from Equation (2-31) the funda-
mental amplitude is 2.75, and the 2nd
harmonic amplitude is 0.173 (from Equa-
iton 2-32). 2nd harmonic=100 (0.173/
2.75) =100 (0.0629) =6.299,.

Similarly, the total harmonic distortion
(NDY%) of the wave may be determined:

(2-37)

Do — Vhi 4 b3 4 b 4 b2 4 hi
0—
h,

X100

From this equation and the component
values obtained in Equations (2-30) to
(2-36) , the total harmonic distortion of

the wave analyzed in the preceding sec-
tions is

DY, =

=V 0.178% 4 0.03522 4 0.317 4 0.236240.12
2.75

X 100=

—\/ 0.0208 4-0.000124 4 0.10 4 0.0557 4+ 0.01

2195
X 100=
Vo167 y g0 o 04435 100
2.75 2.75
(0.1613) 100 = 16.139,
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coated precision metal film resistors. Hundreds of val-
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Distributor...ready for IMMEDIATE DELIVERY!

But best of all, if he happens to be out of the particular
value you need, go no further. Aerovox inventories mil-
lions of pieces to insure satisfaction of your requirements.

Projects and production lines need never be stilled for
lack of product. Aerovox promises to produce...and
has the products to back up the promisel

RANGE OF VALUES—AEROMET? 1% PRECISION RESISTORS
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T 1
CPFX1/10| 100 | 281 | 499 | 100000 250 | RNss | cE| F | anssno. | Call

i jl 3
X1 | 115 | 320 | 499 | 499000 | 250 | RNeo | CE | £ | Rnsome, | YOUT Aufhorlzed.
. R e R Aerovox Industrial

Sl il sl I ] et 30 RNGS | CELF st | Distributor for fast,
GRRs | 260 | 750 | 249 boooooo 350 RN70 | CE | F | RNZONo. courfeous service.




