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REVIEW SUPPLEMENT AND TRANS-
MISSION LINE CALCULATIONS 

The REVIEW this month publishes a supple-
ment in which the method of calculating 
transmission line problems by the use of 
hyperbolic functions is explained; two numer-
ical examples being given to illustrate the 
method of working; i.e., a 300 mile line opera-
ting at 60 cycles, using three No. 000 wires 
triangularly spaced 10 ft. apart; and a line 
100 miles long operating at 2.5 cycles, using 
three No. 0 wires equally spaced in a plane 
with 8 ft. between centers. In the latter 
case, approximate formulae arc used which 
have been derived from the hyperbolic equa-
tions. The formulœ are given in the supple-
ment with explanatory notes as to their use. 
The constants and hyperbolic functions neces-
sary for the evaluation of numerical results 
are also tabulated. No references need there-
fore be made to other publications or tables, 
and the supplement is complete and self-
contained. 
As noted in the first part of Mr. W. 

E. Miller's article, the method followed is 
Kennelly's, as given in McMahon's Hyper-
bolic Functions. Thc work was undertaken 
in consequence of the discussion on Mr. 
Thomas's paper, at Frontenac, reported in 
the A.I.E.E. Proceedings for November, 1009, 
where more than one speaker referred to the 
hyperbolic method as that best adapted to 
transmission calculations, though there 
was considerable divergence of opinion on 
this question. Reference to the supplement 
ought to remove any doubt as to the sim-
plicity of the hyperbolic method, and to 
convince engineers of its ready application to 
the solution of transmission problems when 
the constants and hyperbolic functions arc 
properly tabulated. 
The second part of the ankle discusses at 

some length the physical aspc-t of corona 
viewed in accordance with one of the modern 
theories of electricity the contrast between 

corona and capacity current being empha-
sized. The law connecting the no load loss 
with the length of short transmission lines 
is also given. 

It must be understood that the formulœ 
and constants given can be directly applied 
to transmission line problems only if the 
generator current and voltage follow a simple 
harmonic law; that is to say, only if harmonics 
of considerable magnitude are absent. The 
latter is generally the case, but occasionally 
the capacity or even the load current intro-
duces harmonies into the generator waves._ 
From oscillograph records these waves can 
be analyzed into their harmonics, and the 
fonnulœ can then be applied to the funda-
mental wave and each harmonic separately. 
The constants, of course, apply only to the 
fundamental wave, and new constants ;nust 
be calculated for each harmonic. 

In the present state of knowledge, it is 
impossible to include corona effect in the 
equations. Where the corona current is con-
siderable, the no load loss cannot be obtained 
from the equations, but they arc sufficiently 
reliable in such eases for calculating the elec-
trical conditions along lines under load. 
The equations and discussions refer to the 

electrical characteristics of transmission linee 
after the normal state has been reached, and 
the transient phenomena which occur when 
the electrical conditions are suddenly changed 
are ignored. The method for calculating 
these is given in Steinmetz's " Transient 
Phenomena." These phenomena are under 
certain circumstances extremely important 
and it would be well worth while if numerical 
results were computed for, say, two cases as 
examples; i.e., a long line on open circuit 
operating at 60 cycles whcn the generator is 
connected to the line at maximum voltage, 
and when it is connected at zero voltage. 
The volts and current should be plotted for 
each case for different points along the line at 
the moment Pf closing the switch and after 
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successive time intervals, until the normal 
state is reached. The advance of the voltage 
and current wat-es and their reflection when 
they reach the end of the line would then be 
graphically shown. 

If the calculations were made at many 
points along the line and at sufficiently close 
intervals of time, and each curve were photo-
graphed, the series so obtained could be run 
through a cinematograph machine and show 
a continuous record of the phenomena by 
projection on a screen. This would be ex-
tremelv valuable from an educational point 
of view, since such visual presentations help 
towards a physical understanding of the chief 
phenomena underlying the problem. Were 
more of the abstruse, and for that matter 
the simpler, problems which enter into elec-
trical engineering treated in this manner, 
much clearer ideas would be formed 
than can be obtained from discussions of 
or calculations from formulre. The labor 
and expense involved in the preparation of 
these curves and their photographic reproduc-
tion are far from prohibitive, so that there 
L: no reason why such methods should not be 
used occasionally as an auxiliary for college 
training or lecture work. 

THE SINGLE•PHASE INDUCTION MOTOR 

The Review is fortunate in being able to 
present with the present issue the first part 
of an article on the single-phase motor, by 
Professors Morecroft and Arendt of Columbia 
University. This article, which the authors 
have kindly given us permission to print, 
was written to form part of a treatise on the 
subject of electrical motors. The book, 
which will appear later, will include the 
articles on the synchronous a.c. motor and 
the d.c. series motor that were published 
respectively in the May and June issues and 
the August and September issues of last 
year. 

Coining from this source, the editors have 
not presumed to pass upon the accuracy of 
the statements in the article, which, consider-
ing the high authority of the authors, has 
been left entirely with them. 
As with the articles on the synchronous 

a.c. and the d.c. series motor, our readers 
will find this discussion of the single-phase 

motor of much interest and value. While the 
mathematics employed is not difficult, the 
authors have also presented their conclusions 
and much of the reasoning in simple non-
mathematical language. 
The article begins with a description of the 

interaction between the impressed and in-
duced magnetic fluxes, which is followed by a 
lucid explanation of how the revolving field 
is developed and the torque produced. 
The first part of the article closes with the 

torque equations and a clear statement of the 
conclusions to be deduced from their analysis. 
The second part, which will be published 

in the next issue, opens with the subject of 
the characteristic curves. A circle diagram 
for plotting the curves is described and the 
results in a specific case are tabulated and 
discussed. The various methods of starting 
are then taken up and concisely but amply 
treated. This second portion of the article is 
wholly free from mathematics. 

UNDERGROUND ELECTRICAL. SYSTEMS 

Under the title Underground Electrical 
Systems, Mr. W. E. Hazeltine has contribut-
ed a remarkably succinct article covering the 
choice of conduits and cables for various 
classes of work; the subject being treated in 
an entirely practical way, without theoretical 
discussion. 
The conditions to be met in underground 

systems are described; the material used for 
conduits are then given, and the advantages 
and disadvantages briefly stated. 
The relative utility of single and double 

ducts, of single and double manhole covers, 
the construction of manholes and the methods 
of supporting the cables within them, are 
given briefly as arc also the size of cables and 
the several kinds of insulation employed 
in different cases. The essentials to be 
considered in drawing in the cables and other-
wise installing the systems are also treated. 

In short, the article forms a very complete 
and practical summary of the subject of 
underground electric systems. 
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THE SINGLE-PHASE INDUCTION MOTOR* 

PART I 

BY YROFS. J. H. MORECROFT AND M. ARENDT 

COLUMBIA UNIVERSITY 

In small single-phase alternating current 
plants, the constant speed motor that is 
most extensively used is of the induction type. 
Structurally it is very similar to the correspond-
ing polyphase machine; t in fact any polyphase 
induction motor will operate as a single-phase 
machine of somewhat smaller capacity and 
lower power factor, if it is at first caused to 
rotate at nearly synchronous speed by some 
starting arrangement. The necessity of 
providing some such auxiliary device arises 
from the fact that the single-phase motor, 
per se, has no starting torque. That such is 
the case may be readily seen without the N 
introduction of mathematical proof. 

Absence of Starting Torque 

Consider a bi-polar single-phase motor, 
provided with a squirrel-cage rotor. The 
distribution of current in the secondary 
at standstill is as indicated in Fig. 1. The 
current in bars ea' is zero, because these 
are equivalent to a closed loop the plane of 

Pit. I. DIStributten ar Current in St•tionsery Rotor 
of Simile-Phase Induct ion Motor 

which is located parallel Lo the flux. The 
maximum current is set up in bars Lb'. 
However, this equivalent loop, if it moves at 
all, must move parallel to the directinn of the 
lines of force; hence it exerts no turning effort. 

*To appea7later as part of a book. 
tTbe grst surressful motor of this type was built by C. E. L. 

Brown. See London Eleorortun, Vol. XXX. pages 35g. 1003. 

The bar ni, carrying current as indicated, 
will exert a torque upon the rotor, as shown 
by the arrow alongside it. However, owing 
to the symmetry of the secondary winding, 
for every bar on there is another nt' having 
a current of equal amplitude but of opposite 

Fig. 2. Shor<IfCeitgoi;Z:lined to Axis 

sign. This latter bar being in a field of the 
same strength and direction as that in which 
on is located, will exert a torque equal to that 
developed by m, but in the reverse direction, 
as indicated by the corresponding arrow. 
In the same way the effort exerted due to the 
current in any bar of the winding will be 
neutralized by that of another bar symmetric-
ally located with respect to the axis of the 
primary field; consequently at standstill no 
turning effort is developed and the motor 
fails to accelerate. 
The above fact may be proved as follows: 

Assume the rotor winding as composed of 
symmetrically placed short-circuited coils, 
and consider one having its plane at any angle 
a to the axis of the field XS, as illustrated in 
Fig. 2. Further suppose the flux distribution 
to be a cosine function of a; this is approxi-
mately the case with actual motors provided 
with distributed stator windings: then let 
B represent the maximum flux density at 

11,05 pr is the instantaneous flux density at 

B ros pi cos a is the corresponding value at 
the inductors selected, and with .1 as the arca 
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of the coil the flux passing through it becomes 

4' FAB cos pi cos 0e0,— BA cos pi sin a. 
(1) 

The e.m.f. induced in the selected coil is 

e= --= BA p sin pt sin «. (2) 

Pig. 3. Main anatuttrilratuon zzfelda, Single-Ph.« 

The instantaneous value of the corresponding 
current is 

i= BA p sin(pi— e)sin (3) 
Naturally in the case of a single coil this 
current will react upon the stator field and 
produce flux distortion; but as we arc going 
to sum up the effects of all the rotor coils the 
individual reactions balance and the field 
distortion becomes negligible. It is to be 
noted that the impedance of a coil will be 
modified by the action of the neighboring 
coils, consequently z' in equation 46 represents 
the effective impedance. The angle o..ros-, 

r), wherein r' is the effective resistance 
of the coil and Z' the impedance as above 
defined. 

If there are n coils on the rotor equally 
spaced from. one another, the effort of the 
Iith coil will be 

I.,001B2/1Pfsin(2 pi- 0)+ sin *Ix 
2K r+2 Z', (4) 

wherein 1 is the length of one coil. 
The instantaneous torque exerted by the 

whole rotor is 

T..11...1.1PAP[tin(2 pt— o)+sin e] x 
o 2 K 

1, sin -71-1-4-2 Z' oo O.* (5) 

Development of Revolving Field 

We have just shown that when we have an 
oscillating magnetic field the rotor • placed 
therein fails to exert any starting torque. 
Therefore, if a single-phase induction motor 
does develop a turning effort after it is caused 
to revolve, it must be because it has, by some 
reactions of the rotor currents upon the 
stator flux, provided for itself e rotating 
magnetic field. That such is the case may be 
shown non-mathematically. Assume a two-
pole motor (Fig. 3) the stator winding of 
which is supplied with a single-phase alter-
nating current, producing an oscillating field 
between the poles AA'. The rotor currents 
produce a field at right angles to the main 
field, and for convenience we will assume this 
to be represented by the poles BY. In 
commercial machines no such empty pole 
spaces exist, as practically all of the stator is 
covered with coils. 
The inductors of the revolving rotor have 

ean.Cs., induced in them due to two actions; 
namely, by motion through the field and by 
the time rate of change of the flux threading 
the coils. The first we shall designate as a 
'Weiland e.m.f. and the second as a leans-

•fornier e.m.f. 
The inductors ca' will always have a 

rotational e.m.f. set up in them except when 
the stator field passes through zero value. 
The amplitude of this e.m.f. for any given 
speed will be proportional to the instantaneous 
value of the stator flux. Conductors act' may 
be considered equivalent to closed coils, and 
the current flowing in them will produce a 
field in direction BB'. Neglecting tempor-
arily the IR drop in the rotor, the c.m.f. 

induced in oie may be placed equal to 7 .11 , 

where e, denotes the cross field developed by 
the currents due to the motion of the rotor 
in the main field. The rotational e.m.f. is in 
time phase with the main field, hence the 
cross field 4,, will be in time quadrature with 
it. The direction of the main field and the 
motion of the rotor inductors are such that 
the e.m.f. generated in ad is positive.l. The 
rotor currents are in such direction that when 
pole .4 is of north polarity and decreasing, 
pole B will be of like sign but increasing, 
*This same result he obtained from enalrsotol rqoa. IS. 
tCurrents cowing away from the reader into the plane of the 

paper are rallied positive. 
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reaching its maximum strength one quarter of 
a period later. The strength of pole B 
decreases after a similar lapse of time, the 
main field reverses and a north pole begins to 
build up at A'. That is, the main field and 
quadrature field so combine that a north pole 
travels around the stator in the direction . 1B.1'B' 
at synchronous speed. Hence, there exists a 
rotating field produced by the combined 
action of stator and rotor- currents. This 
simple explanation gives an idea of the 
production of the rotating field in the single-
phase induction motor, but it does .not 
consider all the reactions which occur. 

The inductors bb' moving in the quadrature 
field have a rotational e.m.f. induced in them, 
in the same manner as those passing through 
the main field, and this is of maximum positive 
value when the north pole at B attains its 
highest value. In addition to these two 
rotational e.m.fs., the varying fields . 1.1' and 
BB' set up transformer e.m.fs., in coil groups 
bb' and ea' respectively. Consequently, 
there are four e.m.fs., to be considered before 
the actual rotor currents which produce the 
quadrature field can be determined. 
The rotational e.m.f. induced in inductors 

as' is of maximum positive value when the 
pole A is at its greatest north polarity, but 
the transformer e.m.f. set up in these bars 
by the quadrature field is at the same moment 
of maximum negative value. Hence the 
actual e.m.f. (Ea) existing in AA' is the 
algebraic sum of these two voltages. The 
rotational e.m.f. due to the main field must 
be greater than the transformer e.m.f. of 
the quadrature field; in fact the latter is of 
such strength that the actual e.m.f., Ea, will 
be just enough to establish the current which 
produces the field BB'. Since this quadrature 
field is at right angles to the main field, its 
m.m.f. cannot be furnished directly by the 
stator magnetizing current, so we must 
investigate further to see how it is taken, as 
it must be, from the line. It insist be re-
membered that the impedance of the rotor 
coils is here assumed to be such that the /Z 
drop is negligible; if this is not the case, the 
rotational and transformer e.m.fs. will not 
be in time opposition and their vector sum 
instead of algebraic sum, must be considered. 
The main field, by transformer action, 

induces an e.m.f. in bars bb', and this is 
opposed to the e.m.f. developed in the saine 
inductors by their motion t' ,ough the 
quadrature field. The resultant e.m.f. Eh 
in these conductors sets up a current affecting 

the main field and, consequently, the current 
drawn from the line. The current flowing 
in inductors bb' due to Et' is equal to 
that existing in bars ea', which is that 
producing the cross m.m.f. Moreover, the 

Fig. 4. Iron« of Rotating Field at Various 

Rotor ttadedr 

current bb' is in such direction that it in-
creases the magnetizing current taken from 
the line, the increment being that which 
would be necessary to directly magnetize the 
quadrature field. The reluctance of the cross 
field's magnetic circuit is substantially the 
saine as that of the main field, consequently 
the m.m.f. required for both will be the sainé, 
and obviously, therefore, a two-phase motor 
run on one phase will draw twice its normal 
magnetizing current. This conclusion is 
borne out by actual practice, tests showing 
that the magnetizing current of a single-phase 
motor is double that taken per phase by a 
two-phase and three times that required bv it three-
phase ,,, achine, the potential difference, frequency 
and turns per phase winding being the same. 
At synchronous speeds the two component 

fields arc of equal strength; acconlinvly they 
combine to give a circularly rotating field. 
Below synchronous speed the rotating c.m.f. 
in the bars ea' is reduced in inverse propor-
tion to the slip, and thus the quadrature 
field diminishes, while the main field remains 
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constant. Consequently the rotating field 
developed below synchronous speed is of an 
elliptical form, the shorter axis being in the 
direction of the quadrature field BB'. When 
driven above synchronous speed the field is 
also of elliptical form, the major axis, however, 
being in the direction of the cross field. The 
field forms for different speeds are as illus-
trated in Fig. 4, a, b, c, respectively, corres-
ponding to synchronous, sub-synchronous and 
super-synchronous speeds. 
The maximum torque which a motor is 

capable of exerting, other things being equal, 
depends upon the average value of the 
magnetic field in which the rotor moves. 
This mean value, neglecting IR drop and 
leakage, is in the polyphase induction motor 
independent of the slip, while for the corres-
ponding single-phase machine the average 
value of the field decreases as the slip in-
creases; thus the pull-out torque of a poly-
phase machine connected single-phase will be 
less than when normally operated. 
Many interesting facts concerning the 

rotor currents as well as the development of 
the rotating field may be derived through a 
simple mathematical analysis. Let us con-
sider the elementary bipolar single-phase 
induction motor represented in Fig. 5 with a 
coil at an angle « to the main polar axis. 
Assume as before that the flux distribution 
is a cosine function of time, and adopt the 
following notation: 

A = area of coil. 
angular velocity of the coil, or 

A sin n === sin = projected area of coil 
on plane CC' perpendicular to the flux NS. 

D — maximum flux density, its instan-
taneous value being B cos pt. 

Instantaneous flux interlinking coil « is 
4,— AB ros pt sin .t 

.1 B(sin (p+):— si n (p— ..) t); (G) 

the e.m.f, induced in coil is 
d 

e = --=¡ A B ((p— .)cos(p— .): — 
di 

(p- .) ros(p+ .)1.) (7) 

Let r, and L, represent respectively the 
effective resistance and inductance of the 
coils; the values of these constants being based 
not only upon the character of an individual 
coil but also to some extent upon the action 
of neighboring coils. With this notation the 
current in any secondary coil can be considered 
as resulting from the e.m.f. of equation 57, or 

1=0.5 AB( (r?-1-(Pp-- '0'14')I x 

cos[(p— (re-i-(p+.),Le)i x 
cost(p+.41— 0,1): (s) 

wherein 

and 

ea = ros-'  
(n2+ (p — 

= oos-1 
(re+ (p+ .)2Lit)i• 

The flux produced by one rotor coil and the 
main field will so react upon each other that 
the value of the secondary current, if but a 
single coil be considered, can only be ex-
pressed by an infinite series. It has been 
experimentally shown, however, that the 
flux-distorting reactions between primary and 
secondary do not exist with a rotor winding 
composed of a number of coils which are 
divisible into pairs, the members of which are 
placed at 90 degrees (electrical) to each other. 
The rotor winding of a commercial machine 
substantially satisfies this condition; con-
sequently the higher harmonics of the rotor 
current disappear and the current is correctly 
represented by equa. given above. This 
equation indicates that the rotor current 
• consists of two parts having different fre-
quencies and amplitudes. 

At standstill, any coil spaced an angle y 
from the axis of the magnetic field will have 
a current of the following form: 

I ( standstill) — A-BP c-(n(P141— e") (9) 
' 

which shows that the secondary current at 
standstill is of line frequency. The current 
component with frequency (p •.,) decreases 
in value as the rotor speed rises toward 
synchronism, being zero at that limit, and 
the secondary current then becomes 

/ (syn) — A Bp cos(2 pi + y syn) (10) 
(el-2 ptc)i 

which is of double-line frequency. 
These variations of rotor current frequen-

cies as well as the presence of the differential 
(p— .A and additive (p+ components may 
be conveniently observed by the application 
of a reed frequency meter. Connect such an 
instrument across the slip rings of the wound 
rotor of a polyphase motor, excite the stator 
with single-phase current and then start 
the machine. As the speed of the rotor 
increases the frequency meter will indicate 

1 
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the presence of two currents, one increasing 
and the other diminishing from the line 
frequency. 

Let us now select a coil on the rotor dis-
placed any angle a from the loop we have 
just considered, Pig. 3. The flux through 
this new coil at synchronous speed (e.....d= pl) 

N 

Fig. 5. 

will be, from equa. 6, 
AB cos pi sin (1)1+13), 

—2Isin(2 ifs, ( 11) 
AB 

e.m.f. coil 0.= r= —-= — ABp(cos 
di 

2 p:+ p), (12) 
ABp  

current coil 0=i= 
v 

sos(2 pl-Fis— 0), (13) 
Kicos(2 pi+ a — 1)• (14) 

The total magneto-motive force of all the 
coils on the rotor may be expressed as Kiri. 
The maximum m.m.f. exists in the plane of 
the coil in which the current is equal to zero, 
and hence the poles of the rotor will be in the 
same plane. Let 8' be the angle of that 
particular coil; then 

Kicos(2 es' — s)• 
But since i is equal to zero, 

Kicos(2 pi+ ,s' — .)— 0, 
whence 

2 — 

This means that the angle h"tween the 
reference coil and the magnetic pole of the 
rotor changes at the rate of —2 pi. It also 

and 

indicates that the pole rotates backwards on 
the rotor. The latter, however, is turning 
forward at a rate pi, consequently the rotor 
poles revolve backward in space at a rate pi, 
and the equation of this pole in space is 

Coils Inclined to Axis of Oscillating Field 

If the equation for the current in the general 
coil is referred to the magnetic axis instead of 
to the reference coil, we have 

i Kirosi (2 pi+ a— 6) +C . + 1-2 p1)1 

= K 

That is, referred to the magnetic axis of the 
rotor the current distribution is constant; 
hence the m.m.f. of these currents is constant 
and rotates backward at synchronous speed, 
as above proved. 
The relative value of the stator and 

rotor m.m.fs. may be derived as follows: 
Assume the rotor stationary; this corresponds 
to considering it as the short-circuited 
secondary of a transformer. Thus the 
relations existing between primary and sec-
ondary mini's. of a transformer apply or, 
neglecting resistance and leakage, the second-
ary m.m.f. is equal and opposite to that of 
the primary. The current distribution in the 
bars on the rotor on the basis of the above 
assumption is expressed by equation (31 as 

 N, + sin(m—e)sin 0, 

which upon neglecting r makes a= ,and 

reduces to 
Bp 
- 00.1 pi sin ci; 

pL 
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This, if 1=0, becomes 
AB. 

s ----silt p c,— . (lb') 

It is to be noticed that when 1=0, the equa-
tion of the rotor currents at synchronous 
speed equation ( 13) reduces to 

ABp 
cos 

which can be still further simplified, if r is 
negligibly small with respect to pL, to the 
following form 

i, 1ssn AB (16) [1. 

Comparing these values of i„ and i, we see 
that these currents have the same distribution 
in the rotor, but that amplitude of the latter is 
only one half that of the former. Consequent-
ly, since the m.m.rs. of the stationary rotor 
and of the stator are equal, the m.m.f. of the 
synchronously revolving rotor is one-half 
that of the stator winding. 
The magneto-motive force effective in 

developing the flux B ros pt. when the two fields 
coincide, may be expressed as l'— X, wherein 
Y represents the maximum m.m.f. developed 
by the stator and X that due to the rotor. 
But, as above shown, X= Y4-2, hence the 
excitation necessary to produce the flux 
B cos pi throughout the magnetic circuit of the 

machine is or X. 

The two magneto-motive forces acting al 
any instant in this type of machine are: 
Y cos pi, stationary in space, 
X, constant in value, but rotating back-

ward at synchronous speed. Since X rotates 
backwards it. may be written X= X cos pi 
— X sin pi, and consequently I-- X, the total 
magneto-motive force acting at any instant, 
becomes 

Y cos pi— X cos pf F X sin pt= X CO3 pl + 
X sin pt. 

This means that the total In.m.f. acting at any 
instant is of constant sabre and rotates forward 
at synchronous speed. 
The magnetic reluctance of commercial 

single-phase motors, due to the use of uni-
formly distributed windings, is practically the 
same: whatever the axis of the field; con-
sequently the reactions existing between 
stator and rotor currents produce at or near 
synchronous speed a circular rotating field, 
and the formuke which apply to polyphase 
motors may be utilized. The effect of leakage 
and rotor resistance will modify this rotating 

field somewhat, changing it from circular to 
elliptical form. 

Torque Equations 

It has been shown in the derivation of 
equa. S that, when the secondary of a single-
phase induction motor is caused to rotate at 
any rate its current may be expressed as 

/-- AB(  (P—"")   X 
2 Vr,'-t(P — 

"'RP N7,,,,-(15(71-p-:-.) ) 2r.‘7 
cos[(p+.)1— 

Inspection of this equation shows that the 
rotor current is composed of two parts, one 
of a lower and the other of a higher frequency 
than the rotating field. We may consequently 
consider that this current is set up through 
the action of two synchronously rotating 
fields, one revolving in the same direction as 
the rotor and the other oppositely.* The 
frequency of the rotor current component, 
due to the suppositional field revolving in the 
same direction as the rotor, is naturally less 
(by the velocity of the rotor) than synchronous 
value or it is (p—.). The component due to 
the oppositely rotating field has a frequency 
higher than that of the line, its value being 

The per cent, slip of the rotor with respect 

to the field first is (P-7  "'-) 100, and referred 

to the second field it is (P+ ') 100. 

The effective turning effort of the motor is 
the resultant of the interaction between the 
rotor current and two oppositely rotating 
fields. But, since the rotor and one field turn 
in the sanie direction, the torque due to this 
latter field must be greater than that set up 
by the other. The torque developed by a 
polyphase induction motor may be expressed 
by the following equation: 

Xer2.1r, 
T — 

.1(s22-Fexe) 
wherein s is the per cent, slip between rotating 
field and rotor core; X, inductors in series per 
phase of the rotor; e, volts per turn; rt, resist-
ance; x,, reactance at standstill per motor 
phase, and = p, the angular velocity of 
the revolving field. We may accordingly 

•G   Reale Acad. dn Sobro, Torino. Series 11. 
Vol. X1.1%'. December. 1893. bleirrica.m. Vol. 33. oases 110. 
129. 132. 1.144. London. 1004. 
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write the two component torques existing in 
the single-phase motor as 

Neese, 

.ntri-t sr J' 
Nee's,r, 

wherein 
.1(rset re x22). 

 w and 
‘,1 

NI+ cd . 

P 
The 'total effective torque 

) 

(17) 
wherein se —si is positive for speeds below 
synchronism, while sis: is variable but never 
greater than unity. 

Analysis of this equation brings out the 
following facts: 

r, 

50 25 — 

than its resistance. Unless such is the case 
so,. :le— re will have a negative value, which 
means that the machine would tend to 
develop a negative torque or act as a gener-
ator. Fig. 6 indicates how the speed-torque 
curves of a single-phase induction motor are 
affected by change in the value of rotor 
resistances. Curves A and B may be con-
sidered as representative of standard ma-
chines. Curves C and D indicate the effects 
produced by inserting relatively large resist-
ances into the rotor winding. It is apparent 
from these curves that the introduction of 
resistance into the rotor circuit for purposes 
of speed regulation is attended by a marked 
reduction of the overload capacity of the 
motor, and cannot be used as conveniently 
or advantageously as with polyphase motors. 
It is, however, employed to limit the starting 
current. 

e 

ipe 
/1 t' 

o ÷ 23 so 75 160 

••• 

- 
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A. 
B. 
C. 

D. 

A 

r2=-.2 
rt“..5 

r5-

125—  150 
Percent Rated Torque 

Fig. 6. Speed-Torque Curves of Single-Phase Induction Motor, with Different Values of Rotor Resistance 

1. That the torque of the single-phase 
machine varies as the square of the impressed 
voltage, this being the same relation as 
obtains in polyphase induction motors. 

2. That the motor exerts no torque at 
standstill because st — si then equals zero, which 
fact makes the numerator of the same value.' 

3. The motor cannot operate at synchro-
nous speed, because this makes st zero, in 
which case the torque developed is of negative 
value (sis, x,S_p,i reducing to — re). and the 
machine tends to act as a generator. Con-
sequently the single-phase induction motor 
must rotate at less than synchronous speed. 

4. Tha fact that the maximum valne of sir, is 
unity indicates that the single-phase induction 
motor cannot operate unless te reactance 
of its rotor winding at standstill is greater 
—• See equattons (3) and (6). 

The torque developed by a polyphase 
motor operated as a single-phase machine is 
less than that produced when normally 
connected, because of the presence of the 
counter torque 

G. If we take the first differential cocfri-
dent of equation ( 17) with respect to r, and 
place it equal to zero, we find that the maxi-
mum torque developed for any rotor speed 

exists when 

(x2sis2) + (s,s, + 2) 
and that the maximum torque 

iVeris,(hi — si1)÷ (IS) 

This equation shows that the torque at any 
selected speed is greater the less the value of rs. 

41 co k eonitkoel.) 
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COMMERCIAL ELECTRICAL TESTING 

PART VII 

By E. F. CottAxs 

ROTARY CONVERTER— (Cont'd 

The field strength of each machine is then 
reduced until both machines run at normal 

Next connect a number of incandes-
cent lamps in series, the rated voltage 
of which is equal to the sum of the 
machine voltages across rings A A ; i.e., 
across switches located on the dyna-
mometer board. Two sets of lamps 
should be provided, one being con-
nected across one of the switches while 
the other is stepped across each of the 
other snitches in turn. Should one 
set show a rise and fall in voltage 
displaced in time with relation to that 
of the other, the two phases arc re-
versed and must be corrected. When 
all phases show a simultaneous rise 
and fall, the machines may be phased 
together and their speeds brought to 
the same value by changing the field 
on one of them. When the time be-
tween rise and fall of voltage, as shown 
by the lamps, decreases to a period of 
five seconds or longer, all switches are 
closed simultaneously and the lamps 
become dark. 

During the period of starting and 
phasing the machines together, the 
fields of the booster should be opened 
and the armature short circuited. 
When the rotaries arc synchronized, 

the switches across the armatures of the 
boosters are opened and a weak field applied, 
the line meter on machine No. 1 being 
watched. The reading of this meter should 
reverse from that given on motor load, if 
machine No. I is taking load as a rotary. fly 
reversing the booster field either machine 
can be made to run as a rotary. 

After balancing the current in each phase, 
full load phase characteristics may be taken by 
holding the speed constant by means of the 
field of the inverted machine, and the load 
constant by means of the booster, the shunt 
field of the rotary being varied throughout 
its range and the current input read. Full 
load voltage ratio should next be taken, 
after which the heat runs may be made. 
A line shunt must be used in each side of 

the direct current circuit, otherwise one line 
will have more resistance than the other and 

D.C. Circulating Current 

Fig. 32 shows the connections for two 
three-phase converters wired for a pump back 

\ , 
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Fig.». Connectiont for, Pumping Beck Rotary Converter. 
Without the u., of • Regulator 

heat run without a potential regulator to 
control the load. The core losses and C'12 
losses are supplied from the direct current 
end. The diagram shows, also, the standard 
starting panel, which should always be used 
when two converters are tested. together. 
To start the rotaries, for instance No. I, 

close the shunt field switch and the switch K, 
the latter short circuiting the armature of the 
loss supply. Note that the shunt fields arc 
wired across the core loss .supply, which in 
turn is wired to buses B and C of the starting 
panel, and that the series fields arc left open. 
Throw switch .1 to the left and slowly reduce 
the resistance of the water rheostat until it is 
practically short circuited, when the switch 
S may be closed. The blade of the water 
rheostat is now drawn out of the water and 
the switch .1 thrown to the right. Machine 
No. 2 is then started in a similar manner. 

speed. 
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the currents flowing through them will have 
unequal values, the unbalanced current 
returning through the alternating current 
ends of the machines. The currents in these 
lines can be balanced by decreasing the 
resistance in the low reading line. 
The direct currents should be bal-
anced before attempting to balance 
the alternating current. 

In running a pump back test there 
will be a slight difference in the direct 
current voltages of the two machines, 
equal to the CR drop of the set. The 
field of the inverted machine will be 
less than that required for minimum 
input and will carry the additional 
current necessary for supplying the 
core losses. 

This method of supplying the C2R 
losses from a booster requires such a 
large low voltage booster that it is not 
often used, except for small rotaries. 

With a Booster in the A.C. Side 

A second method of pumping back 
rotaries on full load heat runs is to 
use an induction voltage regulator in 
the alternating current sicle of the 
machines, as shown in Figs. 33 and 34. The 
regulator is connected with its secondaries in 
series with the alternating current lines and 
its primaries across the alternating current 
terminals of the inverted machine. It is 
always preferable to connect the regulator 
between the inverted rotary and the dyna-
mometer board. The regulator takes the 
place of the booster used in the previous 
method, and is very satisfactory for supplying 
the OR losses. 

Starting the machines, checking the phase 
rotation, phasing in, and other operations 
already described, are repeated with this 
method. Always see that the regulator is 
set at the no boost point before phasing in, 
otherwise load will be thrown on when the 
switches arc closed. 
Load is increased by turning the core of the 

regulator in the direction of boost, the 
ammeter of machine No. I being watched at 
the same time. If the reading reverses from 
motor load, then No. 1 is running as a rotary; 
if, however, No. 1 does not reverse, the 
regulator should be turned in the opposite 
direction. This shows that the regulator 
is wrongly connected in refer^nce to its 
markings; there is no necessity, however, to 
change connections. 

Using A.C. Loss Sappy 

If, instead of supplying the losses from a 
direct current source of power, an alternator 
is connected across the alternating current 
lines, between the inverted rotary and the 

Pottelie 
Palley Pneikeir 
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alegares 

Pig. 33 Connection. for Pumping Back Rota y Converters 

with Regulator 

regulator as in the preceding method, the 
losses can be supplied at the alternating 
current end. When the alternator is large 
enough to start the rotaries, the wiring on 
the direct current end is greatly simplified. 
The starting panel is omitted and the shunt 
fields are connected according to the print of 
connections for the machine. Load is ob-
tained by means of the regulator as before 
and the test carried out as already de-
scribed. 

If the alternator is too small to start the 
machines, the latter may be started singly 
from the direct current side as before, and 
the two phased together. The alternator is 
then synchronized with the pair. If only one 
machine can be started by the alternator, 
bring it up to speed, open all its circuits, and 
let it run by its own momentum while the 
second machine is quickly started. The 
excitation is then removed from the alternator 
field and the switches on the first machine are 
closed. Excite the alternator field aod bring 
both machines up to speed together. After 
the machines are once started, they can be 
brought up to speed without an excessive 
current from the alternator. 



206 GENERAL ELECTRIC REVIEW 

Alternating Current Generators 

Complete Tests consisting of special tests 
and temperature tests. 

Special tests include saturation and syn-
chronous impedance, and from these the 
regulation of the machine is calculated as 
follows: 

Let normal voltage line, C.-amperes 
line, R=hot resistance between lines. 

For three-phase machines C... V Kw.  oltage 
Kw. 

2 Voltige For two-phase machines C 

,r/ed r-i 
Sieolci>\. 

e iSeeo 

fre/e, 

ñû 5Wita, 

field 
..5s,fen 

Mentor .e.fmfaler Tar f eeelerlektutal 

Fig. 34. Table Connection. (or Rotary Converter Pump Bock 

For three-phase machines, voltage drop in 
•1:i CR 

armature, CiRi - 
2 

For two-phase machines CiRi CR. 
Let a, = amperes field on saturation curve 

corresponding to 1'4- C, R, and ar = amperes 
field on the synchronous impedance curve 
corresponding to C. 
The amperes field required to produce 

normal rated voltage with full load on the 
generator will be a, =   

Let the voltage on the saturation curve 
corresponding to ‘w... l'a. 

Then the per cent. regulation = l, 1, - 

If it is desired to calculate the regulation 
of the machine at any power factor, then C 

becomes r.e.: and  a e. 4. 

when e is the angle of which the per cent. 
power factor is the cosine. 

Input-output efficiency test is made by the 
input-output method. 

Standard efficiency test is made by the 
method of losses. 
The calculation of a standard efficiency 

test is made as follows: 

volts line 
output .= CL for three-
phase and 2 l'L CL, for two-phase 
amperes line RI= hot res, of 
armature between lines 

Ca = amperes field 
Ma...hot res, of field 

II', ... open circuit core loss corres-
ponding to I'L CR on the core 
loss curve 

11-2-- short circuit core loss corres-
ponding to CL on the short 
circuit loss curve 

11',- friction and windage obtained 
from core loss test 

C, is calculated for each load, as in the test 
for regulation. 
CR-the drop in the armature= j CL Ri 

for three-phase machines and CI, Ri for two-
phase. 

-1. //•11.1+ § Irs+11".,+; CL R2 

for three-phase machines 
CLU1-4-CiiRs 

for two-phase machines 
Watts input... 11%,=.11'6-1-111' 

11'6 
Efficiency =-

11',, 

1I'„ need not be considered if the machine is 
furnished without base, shaft or bearings. 
The above method of calculation is used 

when the machine is to operate at unity 
power factor. 

If it is desired to calculate the efficiency at 
any power factor, the following calculations 
must be made. 

Kw. 
CL- , - X% P-. P.•  and 1L X ..' 3  

irà X I'L X CL X % P.F. for three-
phase machines. 

Kw. 
CL- I.LX2X1/4-  - P.P-.  and 

11'0.2 I'L XCL X % P.P. for two-phase 
machines. 

C, should be calculated for various power 
factors as given under regulation. 
The change in the line current will affect 

Ci, 11',, 11'2, and the OR of the annature. 
See Fig. 35 and Table XIII. 
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Non-inductive normal load heat runs con-
sist in running the machine under normal 
load at unity power factor until constant 
temperatures arc reached. These final tem-
peratures are then recorded and readings 
taken of regulation with unity power factor. 
Non-inductive overload heat runs consist 

in bringing the machine to normal load 
temperatures, applying the overload at unity 
power factor for the specified time, and 
recording the overload temperatures. Read-
ings for regulation at unity power factor 
should be taken. 
Normal load and overload power factor 

heat runs are made in the same way as normal 
and overload non-inductive runs, except 
that the machine is operated at a specified 
power factor. Wattmeters should be used 
with the voltmeter and ammeters to deter-
mine the power factor. 

SYNCHRONOUS MOTORS 

The preliminary tests taken on synchronous 
motors consist of drop on spoofs, air gap, 
resistance measurement, balancing of phase 
voltages, phase rotation and running free 
minimum output. 

Complete tests consist of special tests and 
normal and overload heat runs. 

Special tests consist of starting tests, open 
and short circuited core loss, saturation, 
synchronous impedance, no load and full load 
phase characteristics, and wave form. The 
method of taking phase characteristics has 
previously been described. 

Starting tests should be made both with 
and without a compensator, if the motor is of 
a new type and rating and is to be started 
with a compensator when installed. If the 

207 

motor does not form part of a motor-gener-
ator act, it should be belted to a generator 
so that it will have some load at starting. 

JO 40 40 00 NO at me 
eau' 

N 40 

Fig. 35. Efficiency and Lome on a 5000 Kee., 
11000 Vet. 3•Phene A.C. Generator 

TABLE and Loues of a 5000 Kw., 11000 V., 28-Pole, 60-Cycle, 3-Phase Generator 

..,', Load 
Volts Lint I 111f fi' j I 1,11,, 
Amps. Line 

•, Amps. Fld. :  
CR I. 21 
V+CR i liiirir 1:012 11.21 

, 120,11 I 1:;itinr I 1:;11 ril ii 
I Short Cir. Core Loss — • _ 200 380 moo 2300 
C...12 Arm.   0 1330 5320 12000 21:100 31100 
C.R Fld  14500 15000 15600 Inerm 1s4100 IONS/ 
Friction 25000 23000 25000 : 3(1/0 
Total Losses 182500 184330 189220 1417700 2(cd701) 2251011 
Kw. Output U 1250 2500 3750 .11101/ 625(1 
Kw. Input   182.3 1434 2089 3948 .521)1 6473 
% Efficiency 0 87.3 93.0 03.0 96.0 00.3 

Res. Arm. ( Line) . 1927 Ohms 23° C..207 Ohms Hot. 
Res. Fld. .2793 Ohms 25° C..3005 Ohms hot. 
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The motor should first be tested for starting 
without the compensator. The center line of 
• one pole is placed in line with the center line 
of the frame and 180: electrical degrees 

rig. 36 

marked off in a clockwise direction from this 
line on the head end of the motor. The 
total length of this scale should be two-thirds 
of the distance between the center lines of 
adjacent poles for three-phase machines, 
one-half for two-phase machines, and one-
third for six-phase machines. The scale 
should be divided into four equal parts, each 
division line being numbered. On each one of 
these scale divisions, the center line of the 
marked pole should be placed and the motor 
started. Thus five tests are made to insure 
that the motor will not stick in any position. 
Sec Pig. 30. 

With the pole A moved to position No. I 
and the machine at rest, sufficient current 
should be sent through the armature to give a 
reasonable reading of amperes and volts on the 
various phases, and induced volts on the 
field. The induced volts field should be read 
by a potential transformer and alternating 
current voltmeter. These readings are taken 
to determine which phase gives maximum 
readings of current and voltage. 

The voltmeter and ammeter should be 
placed in this phase and the armature current 
increased until the motor starts. Volts 
armature, amperes armature and induced 
volts field should be simultaneously read. 
The starting voltage is now held constant 
until the motor comes to synchronism, and 
the time required to reach this point recorded. 
The machine attains synchronism when the 
induced volts on the field fall to zero. The 
machine is then shut down and the tests 
are repeated for each of the other positions. 

If a motor shows a tendency to remain at 
half speed, the alternating current voltage 
should be increased until the motor breaks 
from half speed and comes up to synchronism, 
the voltage required to accomplish this being 
held until full speed is reached and then 
recorded. 

If the test is required to be made with a 
compensator, the motor should be set with its 
field in the position where greatest starting 
current is taken and allowed to rest in that 
position for at least six hours until the oil is 
well pressed out of the bearings. This is done 
in order to obtain the worst starting condi-
tions likely to occur in normal operation. 
Connections are then made to the lowest 
tap of the compensator, and with normal 
voltage held on the line the starting switch 
of the compensator is closed. If the motor 
fails to start, the voltage must at once be 
switched off and connections made with the 
next higher taps on the compensator, and so 
on until the motor starts. Readings should 
be taken on each of the taps of the compen-
sator in the starting position, with the machine 

TABLE XIV— Starting Test on a 425 Kw., 11000 V., 8-Pole. 25-Cycle, 3.Phase Syn. Motor 

Rest 
Start 
Syn. 
Rest 
Start 
Syn. 
Kest 
Start 
Syn. 
Rest 
Start 
Syn. 
Rest 
Start 
Syn. 

VOLT. List 

1-2 2-3 1-3 1 

1340 1430 1480 15 
2650 

2650 2650 2650 9.2 
125.5 1340 1340 15 

2560 
2560 2360 2560 9.5 
1155 1300 1320 15 

2380 29.5 
2380 2380 2380 10 
1248 1260 1163 13 

2300 33 
2590 2500 2390 9 
1400 1308 1303 13 
2620 
2620 2620 2620 8.9 

Is there any tendency to stick at half speed? No. 

AM,. I 

I.., Spool S;art 

1 

'I 7 

s. 44 
>S0.8 

13.9 16.2 49 5 
:12 57 

66 Sec. 

70 Sec. 

70 Sec. 

68 Sec. 

el Sec .• 
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at rest, to determine the voltage ratio of 
the taps of the compensator. All these tests 
should be made with the field circuit of the 
motor open, and enough time allowed be-

JO 

.45 

40 

J5 

00 

e0 

• 
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30 40 
...7.eicv Lice 

' .. . .. 

°o /0 20 .30 40 .56 60 
LA» 

too 

Ci.. 37. Efliciregx.id sl.oyer oi..,11?1„711,2,011...P.. 13200 7/415. 

tween trials to permit the compensator to 
cool, since it is designed for intermittent 
service only. Table XIV. 

TABLE XV—Eff. and Losses of • 1070 H.P.. 

V sit, 1.í 
Amps. Lim 
Amps. F1d, 
CR . . 
(V — CR) . 
Core Lome 
¡Short Cir. Cor, I. 
C12 Arm. 
C'12 . 
Frieiion 
Trittil Losses 
Kw. Input 
Kw. Output 

output . 

50.1 

t:s2nie 
139(ed 

Input-output efficiency test is made by the 
input-output method. 

Standard efficiency tests arc made by the 
method of losses. In calculating efficiency, 
the same nomenclature is used as that 
employed for alternating current generators. 
C, is either taken from the phase character-
istics or is calculated in the same manner as 
for alternating current generators. 
Watts input 11',, Ci2R2. 
Watts output ::11*. 

Efficiency 

IF =open circuit core loss corresponding 
to FL—CR on the core loss curve. 

11% 
Horse-power output 746 

See Table XV and Fig. 37. 
The non-inductive load heat run is made 

as follows: Run the machine under load at 
unity power factor until it has reached 
constant temperature and record temper-
atures. Take readings of regulation at normal 
and no load and full load phase character-
istics. 
The non-inductive overload heat run con-

sists in bringing the machine to normal load 
temperature, applying the overload for the 
specified time, recording temperatures and 
taking readings of regulation at unity power 
factor. 

Normal load power factor heat run is 
similar to the normal load non-inductive run, 
except that the machine is operated at a 
specified power factor. Wattmeters should 
be used as described for alternating current 
generators. 

Overload power factor heat run is similar 
to the overload non-inductive run, except 
that the power factor is less than unity. 

(T. Or C000limeM1 

13200 V., 6-Pole, 25-Cycle, 3-Phase Syn. Motor 

Res. Arm. ( Line) 3.001 Ohms 23° C. 4.18 Ohms Hot 47. 

100 130 
132:(8(811:171 1:.: ,, , 1317 
. 1 

108 . , (701.1)203 

130:12 lair2:4 
13300 310 134011 12t7a....41:: 

13300 10411 1547111770: :I 

6272 2ifir27(7:12o) 

34172 411013 47442 
870.03 fone.rt 13116.7 
/435.9 1041/.8 

11 12, (1; . 1 12:: i 6:t9 1411:1Mo  

- 
Res. FM. 2.34 Ohm. 23 C. 1.42 I ihms ¡lot 40. 
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A MOTOR OPERATED BILLET MILL. 

BY B. E. SEMPLE 

The Indiana Steel Company, Gary, Indiana, proportions being extremely liberal. The 
started its billet mill in August, li/00. This entire five motors represent a total weight of 
was the second of the several large motor- 15IS tons, and will carry 3!.,e times their 

rated load before dropping 
out of step. 
The method of connect-

ing the motors to the rolls 
in this mill differs consider-
ably from that employed 
in the rail mill, except in 
the case of the two 2000 h.p. 
motors, which differ only 
in that the gearing is 
located in the motor room 
instead of in the mill proper. 
The illustration on page 

194 shows the east half of 
the south motor room, the 
two motors in the distance 
being the 2000 h.p. ma-
chines which drive the 40 
in. blooming rolls. The 

rie. I. Lost To Stand. of 40 in. Blooming Mill Shown Porrgroondl rive motor in the foreground is 
Stands of 32 In Blooming Mill lit Barlignsund a 6000 h.p. machine, and 

operated mills installed by this company for drives the five stands of 32 in. blooming rolls, 
the manufacture of steel, that was put into each of which is connected to the motor driven 
regular operation, shaft through bevel gears. 
The principal work in this 

mill is accomplished by five 
25 cycle, 3 phase, slip ring 
type induction motors, the 
ratings of which are as 
follows: 
2 motors, I-I poles, 2000 

h.p., 214 r.p.m., 0600 
volts. 
3 Motors, 36 poles, G000 

r.p.m., ( iii15) volts. 
These motors are design-

ed to carry full rated kxid 
continuously, with a tem-
perature rise not in excess 
or -10 degrees C.; 25 per cent. 
overload continuously, with 
a temperature rise of not 
more than 50 degrees C.; 
and 50 per cent. overload 
for one hour, with a tem-
perature rise not in excess 
of GO degrees C. 

Like the rail mill motors described in the Fig. lisa view on the other side of the wall, 
REVIEW for Feb., 1910, they were purposely showing in the left foreground the last two 
designed for heavy rolling mill duty, their stands of the 40 in. mill, and in the 

Pig. 0. and Smoodory Control for 6000 H.P. Me« 
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background all five stands of the 32 in. mill; 
the former driven by the 2000 h.p. motors 
and the latter by the 6000 h.p. motor. 
The west half of the motor room contains 

another of the three 11000 h.p. motors. This 
motor operates the 24 in. 
mill, consisting of six stands 
of rolls, each connected 
to the motor driven shaft 
through bevel gears, and 
drives from one end only, 
instead of from both ends, 
as in the case of the first 
mentioned 6000 h.p. motor. 

Fig. 2 shows the primary 
and secondary control for 
the last named motor, the 
WOO volt motor-operated 
primary switch being locat-
ed in the rear and to the 
left, and the secondary con-
tactor panel in the front, 
with the secondary resist-
ance directly behindit. The 
master controller is located 
to the left and in front, 
directly beneath the panel 
containing the instruments. 

In this mill the motors 
are started and stopped by 
the motor attendant rather 
than by the mill operators in the mill proper. 

Fig. 3 is a view of the 18 in. mill, comprising 

211 

connections to the rolls are made through 
bevel gears, as in the cases of the other 6000 
h.p. motors. 
Each of the five motors is equipped with 

a heavy fly wheel to assist in smoothing out the 

4. 0000 H.P. Three•Phge Induction Hot« 

peaks that would be demanded by the motors 
from the generating station if the fly wheels 

were not used. The wheels 
on the two 2000 h.p. 
motors are external, as 
seen in Fig. 0, while in the 
case of the three 6000 h.p. 
motors, the additional 
weight necessary to obtain 
the desired fly wheel effect 
is added directly onto the 
rotor. The fly wheel effect 
of the 0000 .h.p. rotor is 
equal to 10,3314111N) pounds, 
and that of the 2000 11.1). 
rotors, 4,720,000 pounds, 
at a one foot radius. 
The 2000 h.1). motors 

were assembled and tested 
at the works of the Gener-
al Electric Company be-
fore shipment, and the fly-
wheels, which are laminat-

ing. 3. 18 M. Blooming Mill Operated by 6000 11 P. Induction Motor C11, were assembled at the 

five stands of rolls and driven by the third point of installation. The 60IM) 11.1). motors 
0000 h.p. motor, shown in Fig. 4. The motor were entirely too large to ship, even partially 
is located in the north motor room, and the assembled, and consequently were completely 
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assembled at the Gary plant by experts sent 
from the Company's works. 

All of the motors have water-jacketed 
bearings, those for the 6000 h.p. being 30 in. 
in diameter and 70 in. long and those for the 
2000 h.p., 24 in. in diameter and GO in. long. 
However, water is not used on the bearings 
excepting in instances of heating to such an 
extent as to demand it; owing, for instance, 
to the failure of the oiling system. 

This mill was designed to roll 4000 tons 
in twenty-four hours and is the largest 
straightaway billet mill in existence; it is 
strictly modern in every detail and its 
operation throughout has been entirely suc-
cessful. 
The rolling cycle begins with the receipt up-

on the approach table to the first pass, of an 
S000 pound ingot from the reheating furnaces, 
measuring 20 ft. by 24 ins. sq. section. 
Twenty-one passes arc made in reducing 

this ingot to either a 2 in. by 2 in., or a 1.34 in. 
by 13% in. billet. 
The first four passes are made in the 40 in. 

mill, driven by the two 2000 h.p. motors; 
the next five in the 32 in. mill, driven by a 
60(X) hp. motor; the next six in the 24 in. 
mill, driven by a 6000 h.p. motor; and the 
final six in thé IS in. mill, also driven by a 
60(10 h.p. motor. 
The apparatus for controlling the five large 

motors in this mill is almost identical to that 
employed in the rail mill. Reversing switches 
are provided in order that the motors may be 
reversed if necessary, and provision has been 
made to introduce a predetermined amount 
of resistance into the secondary circuit to 
increase the slip and thus allow the fly wheel 
to share the load with the motor. 
The feeder circuits entering this mill are 

protected against lightning and surges by 
aluminum cell arresters. 

THE ELEMENTS OF TRANSFORMER CONSTRUCTION 
PART II 

By W. A. HALL 

As already mentioned, the prime consider-
ation in the lighting transformer is insulation, 
particularly between primary and secondary. 
The material used at this point consists 
principally of a heavy layer of built-up mica, 
augmented by high grade material carrying 
varnished film, which is one of the best insul-
ators. There is thus afforded a certain pro-
tection, not only under normal conditions, but 
also under those of severe overload, short 
circuit, or external fire, which may com-
pletely disintegrate the internal transformer 
before the windings come together and thus 
allow the high potential of the primary to 
pass to the secondary line, with possibly 
serious consequences. While the transformers 
are designed for operation at 2400 volts or 
less, they are regularly tested by the manu-
facturer, between primary and secondary, at 
not less than ten thousand volts, the aver-
age breakdown strength being probably more 
than double that amount. Theotherinsélation 
between turns, layers, sections and coils arc 
generally fibrous, untreated materials, par-
ticularly adapted to receive and retain the 
oil-proof insulating compound which is ap-
plied by high pressure to the coils after they 

E  April Raw. Page 1,2. 2d "Munn. line 14. 
should read Fitri. 3.4 and 3; pege 1M. 2d column. 5th her from 
bottom. should read Fitt 4 

have been subjected to vacuum and which 
permeates the innermost fibres and interstices, 
forming a compact structure. This serves to 
preserve, protect, insulate and conduct away 
the heat generated within during operation. 
The otherwise spongy mass of wire and insu-
lation is thus also made capable of resisting 
the mechanical stresses. Fig. 11 shows a 
group of transformers finished and ready for 
test. An interesting comparison with. the 
design of a quarter of a century may be 
had by referring to Fig. 10, which shows one of 
the first commercial transformers made in 
this country. 

Next in importance arc durability, reliabil-
ity and longevity, to insure continuity of 
service and low rate 
of depreciation. These 
features demand su-
perior insulation and 
mechanical construc-
tion and moderate 
temperatures, the lat-
ter with particular 
reference to an even 
distribution t hereof. 
It is now common 
practice to make the case tight and fill it 
with a specially prepared oil, completely 
submerging the transformer. In operation, 
the heat starts a natural circulation upward 

Fig. 10. Transform« of 
Quarter Century Ma 
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in the center, from the warm transformer 
outward to the sides of the case at the top, and 
thence by contact with the cooler sides of the 
case downward to the bottom, when it is cooled 
ready for return through the transformer. 
In addition to its cooling properties, the oil 
possessi-s a very high insulating quality, and 
in consideration is practically indispensable. 

Small masses of coil must be opened by 
ventilating channels which will direct the oil 
to their innermost parts in the course of its 
circulation; while the larger masses must be 
subdivided into several coils interspersed by 

Fig. II. Group of Small Transformer, Completed and Ready for Test 

generous channels which will give the cooling 
medium access to parts alike, thus main-
taining uniform low temperatures. 
The primary wires of small transformers, 

which are of very small cross-section, arc 
round, all other conductors being of rectan-
gular section. The latter improve the space 
factor and afford ample bearing surfaces to 
resist crushing of insulation through mech-
anical stresses, and operate in conjunction 
with the coil filler to produce a solidity of 
coil of even temperature to prevent unequal 
expansion and contraction. These pre-
cautions, well executed, insure reliability 
and long service. 

Closely following these qualities in impor-
tance comes efficiency. A co: ideration of 
this factor must take account of a somewhat 
unusual condition, which may be summed up 

as follows: These transformers are built 
in sixteen standard sizes ranging from 
0/10 kw. to 30 kw., the average of all trans-
formers built being about 74, although as is 
evident, sizes smaller than this predominate 
in number. These small units are installed 
on lighting circuits in vast numbers, and their 
use is at present increasing at the rate of more 
than 30,0(10 per annum. These circuits are 
excited continuously night and day at normal 
voltage, and since the core loss of the trans-
former is dependent only upon the voltage of 
the system, it is constant for all loads on the 

transformer, including no load. The copper 
loss varies as the square of the load, and for 
ordinary service is considered to be about 
equivalent to that corresponding to full load 
for three hours, for each day. From this 
fact alone, the ratio of these two losses in a 
well-designed transformer might be expected 
to be one to right. In operation, however, 
the cost of supplying the energy for the two 
purposes is not equal. The core lox.; is 
maintained largely during hours of light load, 
when plant efliciéney is at a minimum. On 
the other hand, the copper loss is largely 
carried at a time when the station is werating 
at highest efficiency. but when it is frequently 
taxed to supply the demand for power, and 
the loss then becomes a limitation on the 
output. It would be difficult to fix the exact 
cost of supplying this waste energy, but the 
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mean of a number of values obtained from 
many of the large stations places it at 1 cent 
per kilowatt hour for core loss and 4 cents per 
kilowatt hour for copper loss; whence, in 
consideration of the time during which each 
is maintained, the relative costs are as 2:1. 

In designing the transformer, other factors 
enter to distort this relation. With existing 
materials, cost of labor and present practice, 
it costs more, generally speaking, to produce a 
transformer with low core loss than one with 
low copper loss. Coincident with high core 
loss is likely to be high magnetizing current, 
which is detrimental to satisfactory operation. 
Opposed to this, however, is the (act that the 

sizes having a relation varying along a smooth 
curve between these extremes. The full load 
efficiencies vary from 95 per cent, on the 
smallest to 93.5 per cent, on the largest sizes, 
disclosing the fact that these small pieces of 
apparatus, without moving parts, transform 
energy' at a very high efficiency. 
A multiple transformer must not only 

operate continuously with good efficiency, 
but at the same time must maintain a con-
stant potential on the secondary lines at all 
loads within rating. In other words, 
regulation (defined as the per cent, of second-
ary voltage variation from no load to full 
load) must be very low. The principal 

Fig. It General View of Winding and Clamping Pancake Coils for Luge Shell Type Transformers 

regulation—another measure of merit—varies 
substantially in direct proportion to the cop-
per loss and should be kept low. Likewise, 
the temperature during operation depends 
primarily upon the copper loss and demands 
a small value. Core loss also affects temper-
atures somewhat, although to a less degree 
than the copper loss, owing to more ready 
means of dissipation. 
A compromise between these many depend-

ent variables of manufacture and operation, 
as well as cost of depreciation, interest on 
investment, and other fixed charges, has 
resulted in a design which gives substan-
tially equal losses in the smallest sizes, and 
in the largest sizes a copper loss twice that 
of the core loss; the losses of the intermediate 

factor affecting regulation is the voltage loss 
caused by the ohmic resistance of the copper, 
commonly termed the IR drop. In fact, the 
other principal component, reactive drop, 
nerd not be considered in approximations, 
except under special conditions of load 
involving low power factres. Since the IR 
drop bears the same relation to the normal 
voltage that the copper loss does to the 
transformer capacity, the regulation of a 
transformer may be estimated with a fair 
degree of accuracy by dividing the copper 
loss by the capacity of the transformer, both 
expressed in the same units. The actual 
regulation can never be better than this; 
in fact, it will be usually about 5 per cent. 
higher. 
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Now the evolution from this lighting 
transformer to others in this group consists 
merely in magnitude of figures and the 
accentuation of certain characteristics, due 
to either the physical proportions or a change 
in the demands of service for which it is 
intended. The same fundamental factors 
enter into the design and construction of each, 
although their relative importance is modified. 
For example, the output of transformers is 
approximately proportional to their weights, 
or masses; the losses, therefore, are also 
proportional to this factor. The only means 
of dissipating these losses, however, is in form 
of heat, through the surfaces of the trans. 

Fig. 13. Removing Shell Type Coils from the Baking Oven in Insulation Department 

formers. That is, the losses or heat units to 
be dissipated increase as the cube of the 
linear dimension, whereas the surfaces in-
crease only as the square. Obviously, then, 
if the same temperature of operation is to be 
maintained, a different means to the accom-
plishment of that end mu:st be introduced as 
the unit grows larger. Here, then, is one 
characteristic which, while negligible in a 6/10 
kw. transformer, requires a few oil channels, 
then more, and finally artificial cooling in the 
form of air-blast, forced oil • irculation, or 
water-cooling coils immersed in oil, as the 
size of the unit increases. 

In like manner the mechanical strain, 
which is always exerted in a transformer as 
the resultant of the magnetic forces, and 
which tends to tear asunder turns, coils and 
cores, is quite insignificant in the small 
transformer protected by its relatively large 
surface and compact form; but in the large 
power transformers, this item demands most 
careful consideration from the designer. 
Think for a moment of the possibilities for 
damage when 10,000 kw.—approximately 
13,500 h.p.—is suddenly short circuited on a 
transformer, and it will not be surprising 
to know that solid coils well constructed and 
carefully supported on extensive bearing 

. e = 

surfaces crush under the enormous pressure 
developed. 

Efficiency and regulation, so important in 
the small lighting transformer, become of 
relatively minor importance. This class of 
apparatus operates continuously upon trans-
mission lines, the load upon which varies far 
less than that upon the small lighting trans-
tonner, or one operating a small motor load. 
The regulation drop extends over such a 
comparatively narrow range that it can be 
largely corrected by taps in the winging, by 
means of which the ratio of transformation 
can be changed. 
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Again, the position of these large units on 
long transmission lines, which are subject to 
sudden excessive rises of potential from either 
lightning or line disturbances, makes it neces-
sary to strengthen the ends of the windings 
by supplementary insulation of a very high 
value; while rushes of current from short 
circuits must he minimized be an amount of 
reactance in the design consistent with the 
best interests of all considerations. 

All these requirements, for reasons already 
cited, have led to the almost universal adop-
tion of the shell type for such service. The 
air-blast and water-cooled types arc con-
structed much the same fundamentally, 

Fig. 14. Asaembling Coils for Large Shell Type Transformers 

although they differ materially in details and 
external appearance. The coils, both primary 
and secondary, are wound in the so-called 
pancake type" ( Fig. 121; i.e., they emplo:.• 
flat rectangular wire and are wound one turn 
per layer, in many layers, forming a spiral, 
the insulation between turns consisting 
of paper, mica or varnished cambric, or 
all three together, as conditions demand. 

These thin coils are treated with coil filler 
and wound with a number of lavers of tape, 
depending upon the voltage for which they 
arc designed. each layer being g,ivcn several 
coats of insulating varnish, baked on i Fig. 1:1t. 
These coils are then assembled into groups 
(Fig. 111 and the groups into complete wind-

ings, the primary and secondary being inter-
mixed and the whole interspersed by suitable 
barriers of insulating collars. The various 
groups are effectively encased in a box-like 
structure which, while serving as an electrical 
and mechanical protection, is so arranged that 
it will nót obstruct the oil channels which are 
found adjacent to every coil. 
These windings are then set up vertically 

in the bottom frame and the magnetic circuit 
built around them in the form of rectangular 
sheets of steel (Fig. 15). The top frame is 
next added and securely clamped to the bot-
tom, compressing and securing the core. After 
connection board, leads, etc., are added, the 

transformer is ready for its casing. If of an 
air-blast design, the casing is arranged to form 
a blower, receiving air at its base through 
a conduit in the floor. The circulation is 
through channels about the coils and iron, 
the air gaining access to all parts and convey-
ing heat out through the discharge at top of 
casing. 

If the transformer is designed for water-
cooling, it is hung to a heavy cast-iron cover 
or Cap fitting on a tank of boiler steel, and a 
coil of water pipe placed around it near the 
top. The whole is then lowered into position 
in the tank. In operation, these water coils, 
which are located in the upper or warmer 
strata of oil, cool the oil so that it falls along 
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the outside, near the walls of the tank, aiding 
the natural circulation to the extent that all 
parts are kept at a substantially uniform 
temperature. 
The air-blast type is used for moderate 

voltages where cooling water is expensive or 
unavailable, and has been built for voltages 
up to 35,000, in sizes up to 5000 kw. The 
water-cooled type, which is better adapted 
for high potentials by reason of its superior 
facilities for insulation afforded by oil im-
mersion, has been constructed for voltages up 
to 140,000 and capacities up to 10,000 kw. 
The general construction of this interesting 
class of apparatus is shown in Fig. 10. 

Between these two divisions of the multiple 
transformers, falls a class of moderate capacity 
and wide range in voltage. This class demands 
many turns of small wire and generally follows 
the core type in design. The units of this 
class are nearly always installed in buildings 
or sub-stations where power is generated or 
received and transformed for testing, for mill 
work, or for supplying rotary converters for 

Fle. It. flodline lip the Core of s Large 
Shell Type Transformer 

railway work. They differ from the lighting 
transformer only in that, because of capacity 
and voltage, they require a greater sub-
division of coils, the proper supporting of 
which demands a more compliented mechan-
ical structure. Fig. 17 shows a representative 
type of this division. 

This class of multiple transformers is 
completed by a multiplicity of miscellaneous 
styles to which this paper can only briefly 
refer, such as sign-lighting, individual incan-
descent lamp, telephone line insulating, bell-

Fie. 14. Traimpvent Vivo of 3000 IC«. 
Weise cooled Traesformer 

ringing, wireless telegraph, signal, instrument 
or switchboard, and railway transformers. 
The wireless and signal transformers are 
examples of designs employing active ele-
ments other than steel and copper; the former, 
intended for very high frequencies, substitu-
ting air for steel in the core, while the latter, 
for certain reasons, is wound with high 
resistance wire. 
The prime function of the multiple trans-

formers so far described, is to transform 
electrical energy at a fixed ratio of voltages; 
and that of the series transformer now to be 
considered is to make the transformation at a 
fixed ratio of currents. These two classes, as 
a matter of fact, perform both of these 
functions simultaneously, the essential differ-
ence being that the relative importance of 
certain characteristics differs in the two cases. 
For example, in the multiple transformer, any 
loss of current in magnetizing the core is 
important only so far as it affects the voltage 
regulation or the power factor of the circuit 
upon which it operates. On the other hand, 
a considerable loss of this nature in a series 
transformer is prohibitive. Conversely, the 
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voltage loss in a series transformer is of 
importance only so far as it affects the 
current regulation, while in the multiple 
transformer, it is of the greatest moment. 

Ina. U. Illtlye.ltetateigyzertzformet for 

By far the most common form of the series 
class of apparatus is that generally styled 
"current transformers." These transformers 
arc mounted on the framework of switch-
boards and introduced into a main bus or 
feeder as a multiplier and insulator for the 
instruments that measure the current or 
power in the feeder, or to operate the pro-
tective devices which open the switches in 
emergencies. Their use with meters measur-
ing large amounts of power delivered to a 
distributing company or large consumer im-
mediately suggests the necessity of a refinement 
in accuracy, not required or attainable in the 
ordinary transformer. 
They arc called upon to deliver but a 

fraction of a horse-power; yet, controlling 
the protective devices, they are by far 
the most important elements in the struc-
ture, assuming a prominence out of all 
proportion to size or cost. The ratio of test 
to operating voltage is, on this account, gener-
ally three instead of two as in other trans-
formers. Considering the remarks made in 
the early part of this paper concerning space 
factor and its effect upon efficiency, it may 
be rightly inferred that the additional insu-

lation necessary imposes a serious obstacle to 
accuracy, especially in those transformers 
that have been built for circuits of 110,000 
volts. Fig. 18, which shows a transformer 
constructed for this voltage, is impressive 
when the 40 watt output is contrasted with 
the total height of about 0 feet. 
Up to the present time, the best trans-

formers of this class have been made on 
either a ring core without joints, or of a shell. 
type design, with joints in the magnetic 
circuit. The former economizes material at 
the expense of labor, particularly in winding, 
where the wire is threaded through the center 
of the ring—a laborious process for skilled 
labor. The latter design, necessarily demand-
ing lower magnetic densities and consequently 
more material to compensate for the detri-

Fit Is. Current Transformer for 110.000 Volt Circuit 

mental effect of the joint in the circuit upon 
accuracy, is less expensive in labor as the 
coils may be machine wound and subse • 
quently assembled. 
The only other examples of this class of 

transformers requiring mention here are those 
used in compounding self-excited generators, 
and those inserted in series lighting circuits 



ELEMENTS OF TRANSFORMER CONSTRUCTION 219 

carrying arc or incandescent lamps of a certain 
current rating, for the purpose of operating 
a local circuit carrying series lamps of the 
same or different type but of different current 
capacity. The first of these is inserted in the 
line from the generator and transforms a 
portion of the current, which is then rectified 
to direct current and sent through the field 
coils of the machine. Neither requires the 
extreme accuracy of the switchboard or 
current transformer, although the capacities 
are much larger and operating voltages 
moderately high. In construction and ap-
pearance, they resemble small multiple trans-
formers. 
Thus far we have considered transformers 

with stationary parts and fixed character-
istics. We now come to the third general 
class of apparatus, in which, by means of 
moving parts, a combination of the properties 
of the two previous groups is acquired. The 
constant current transformer, by which 
naine this third class is usually known, is 
made upon a long slender shell-type core with 
pancake coils. In the simplest form, there 
is one primary and one secondary coil, 
occupying not more than a quarter of the 
length of the core window. The primary is 
fixed at the lower end of this space by means 
of a suitable clamping device attached to the 
core clamps e The secondary is hung by 
flexible cables to rocker arms and counter-
balanced by weights, so that it is free to move 
throughout the length of the window; al-
though it naturally rests upon the secondary 
because heavier than the counter weight. 
The primary is connected in multiple with 
the line supplying energy, and the secondary 
in series with the lighting line of series arc or 
incandescent lamps. 

If the coils are separated as far as possible 
and the circuit closed, the magnetic field 
established by the primary is opposed by 
that of the secondary, and the coils arc 
forced apart by this electromagnetic force. 
Most of the lines of force arc driven back and 
cross the windows, or " leak" to the outer 
legs, while a small portion threads the 
secondary, producing voltage and current 
in the line. Now, if the counter weight is 
lessened, the weight of the coil causes it to 
overcome the repulsion and to settle nearer the 
primary, embracing more flux awl therefore 
developing more current and voltage and re-
ducing the reactive or leakage Ext. By a suit-
able adjustment of the weights, any current 
value within the limits of the design may bc 

obtained. The number of lamps on the line 
may vary at will, demanding more or less 
voltage, but the coil will always float upon 
the leakage flux, threading enough to give 
the voltage necessary to maintain constant 
current on the secondary lines. This action is 
not unlike that of a floating body, which 
always displaces its own weight, regardless 
of the specific gravity or density of the 
supporting medium. 
The fourth or final group, as we have 

classified them, broadly designated regu-
lators, performs a function quite similar to 
that of the apparatus just considered, but in 
a different manner. The secondary voltage 
rather than the current is the factor regu-
lated, although the same apparatus may be 
adjusted to control current under certain 
special conditions of load. 
The principal purpose of these devices is to 

receive a voltage which, although nominally 
of constant value, nevertheless varies exces-
sively, due to poor regulation of generating 
and distributing apparatus under heavy or 
changing loads, and convert this into one of 
constant value. They are generally installed 
in a generating or sub-station, on feeders 
supplying energy to the centers of heaviest 
load upon the system, that the proper vol-
tage may be maintained at these important 
points. 
These " feeder regulators," as they arc 

commonly called, are designed in two general 
types, both of which are made for either hand 
or automatic control. The simpler form of 
this device consists of either a core-type or 
shell-type transformer, the secondary of 
which is subdivided into several equal coils 
successively cut in or out of circuit by means 
of a switch. The other, or induction type, is 
in reality a generator of special design, in 
which the rotor is connected in multiple with 
the primary line, and the stator in series with 
the feeder. 

In conclusion, it should be observed that 
this paper presents only a very general view 
of transforming apparatus, dwelling relatively 
upon the salient points of the prevalent type, 
the multiple transformer. Again let it be 
pointed out that all of the other classes, types 
and forms possess inherently the same char-
acteristics of design and operation, which 
differ only in relative importance, depending 
upon the requirements of the service for which 
they arc intended. 

•Ne;r11. — bescnptinn•of thrle regulator: x111 be found in the 
1.11Ifl el Mt Review. for July. lees. and June. Igoe, —Mil*. 
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HYPERBOLIC FUNCTIONS AND THEIR APPLICATION 

TO TRANSMISSION LINE PROBLEMS 
PART II 

fly W . E. MILLER 

Sign Convention 

The positive direction of rotation has been 
taken as contra-clockwise, as this is the 
convention usually employed in mathematics 
including trigonometry. Steinmetz uses the 

à 
opposite notation which has advantages also. 
In the clockwise rotation impedance is 
written r-jx; in the contra-clockwise rotation 
it is written r-I-jr. 
A leading current is represented in the 

contra-clockwise notation, i = a-1-jb; a -jb 
representing a lagging current, jb being drawn 
downwards as shown in Fig. 3. 

vie. 
; Jr a vector is multiplied by j, it rotates it 
contra-clockwise through one right angle. 
For instance, if the vector a ±jb is multiplied 
by j, the result is ja T b, which means that a 
has twisted forward through one right angle 
and b also, which now lies in the opposite 
direction to the original direction of a. If a 
further multiplication by j is performed, the 
result is -aTjb and the vector has been 
rotated into the third quadrant, and so on. 
Similarly, multiplying by -1 rotates the 
vector clockwise or in the negative direction. 
See Fig. G. 

Forms Used for Complex 

The complex a -Fjb is often written Niie b' 
h 

lb where 0- tan -1 (-). Another form in which a 
the complex is written is 'a' + + jsinili 
this form being immediately obtained from 
inspection of Fig. 5. This method of writing 

the complex is very useful in many cases, 
for instance, when it is required to write down 
the complex of a current which lags or leads a 
voltage taken as the standard phase, and the 
power factor is given. In this case, I - ,Va' + 13' 
(PF j Vi-PP). For example, if the power 
factor is .00 lagging and the R.M.S. current 
is 120 amperes, then i - 120 (.90 -jV :if)) 
- los- 52.3j. 

Meaning of N.4 -f-jb 
The value of this quantity is required later, 

hence, the following method is given to show 
how to extract its square root: 

Let NRi ---Fjb=c-I-jd then a +lb.. -d1+21cd 
Then, since the real parts must be equal to 

one another, and also the unreal, 
a =c*—P and bco2rd, hence r*-1-d. •tfa1-t•L•1 

Now c+jd» (cos O' tj sin 0.) where 

tair '-e1) 

And a +jb (cos 0+j six I) where 

lag (b;) or tan el 7, • 

d 
b 2cd 27 2 lam 

But lax 8.• — d, = Ï.7 „, d, 
I — 

.,fart 2 0' 
Therefore O.. -I hence, as c-i-jdN/Ci-4-d. 

tait1±) 
and r.-1-d1 ‘'n1-1-0 and 11 .«,i; or   

it farms thatN/a+ji=41-1-6111 an a  
2 

or ‘ ,/ii.jto 

cos 2 n 4-j son -2 9)) ( 16) 
lan -r 

•••(411.4-0)- 

Hence, the rule is as follows: Find the 
fourth root of the sum of the squares of a and 
b. Find the value of the angle whose tangent 

is -b' then halve it and find the cosine and sine 
a 

of half the angle. If this angle is çb the 
resulting complex can be written 

(a1+0) 1 lees 0+1 Six 01 
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If the original complex was N/31=71, the 

angle whose tangent is (—b--(7) lies in the second 

quadrant, halving it, however, brings it back 
into the first quadrant, where the sine and 
cosine are both positive. Hence, No/0—a 
must have the positive sign placed between 
its components. Similar rules apply for any 
root, and in general 

b 
(- 15)) 

a (e'+b*) cos ion a) ron 1 

Division by Complex 

If the value of a is required, multiply both 
c+jd 

numerator and denominator by c —jd: then 
a +jb (a +jb)(c —jd) ac+bd +j(bc — ad)  
+jd (c+jd)(c—jd) c.+d. 

which eliminattes the j term from the denom-
inator and brings the result into the form 
P-i-jg. If the denominator had been c—jd, 
the multiplier should, of course, be c+jd in 
order to clear the denominator of terms 
involving j. 
The following example is given here show-

ing the application of this rule. Take the 
ordinary equation connecting volts and amp-
eres in an inductive circuit 

i being equal to / sin pt where p et 

Then this equation can be written te.ri+jLpi or 
r—jLp 

r+j•Lp e+L p 
which immediately solves the problem and shows 
that the current lags behind the e.m.f. by an angle 

lan-7 • 

Hyperbolic Complex 

These functions are involved in the solution 
of transmission line problems (with distrib-
uted capacity, self induction and leakage). 
They appear in the form cosh (x+jy) and 
sinh 
By the addition and subtraction formule 

(14 and 15) which must apply generally, the 
following formulœ arc at once obtained: 

cosh (x±jy)•=cosh x cosjy*sinh x sinjy 
sink (x±jy).sinls covy ±cosh x stnjy 

Now cosjy=l+ (i;)s+ (')'1;+ 

— etc...cosy 

Proceeding in a similar manner sinjy =jiiny (see 
formule 12 and 13). 

Therefore cosh (x±jy)= cosh x cos yi (17) 
j sinh x sin y 

and sinh (x±jy)=sinh s cos y±j cosh x sin y ( 18) 

from which formule the hyperbolic complexes have 
been calculated. 

Thus if cosh (x+jy).a +jb and sinh (a +jy) 
=r -l-id 

Then a .• casks cosy and b = sinks slay 
c = sinks cosy and d = coshx siny 

Equations ( 17 and 18) show that COSilli and sinhic 
are periodic with an imaginar,/ period of 2e,i. since 
cosh ( u+2sj).=coshu cos 2.r+.1 sinhu sin 2s = cosh u 

Similarly sinh (u+2e,j).. sink u. These functions 
change sign when u is increased by je whence 
cosh (u+11r)= — coshu, and similarly for sink,,. 

Again by substitution in the addition formula. 
the following holds 

cosh (u+ii)=jsinhu and sinh (u+iir)..jcoshu 

also cosh (t.+%2I)= —j sinks, and sinh (u +3-e) 

—jcoshu. 

If it is necessary, as in long telephone lines, 
to calculate the hyperbolic functions in which 

the j term is greater than a great saving in 

labor can be effected by using the above 
results. For example, 

cosh (u +2.57 j)=j sink[u 

.j rink (u + 1.0 j) 

cosh (it +3.42 j) —cosh (u+13.42 — el j] 
= — cosh (s, +.28 j) 

cosh (Is + 0.00 j) —j sink[u 

—j 1(7.1.(s+1.29 j) 

rash ( es +7.0D j)=cosk (u +(7.00 —2r) ji 
=cosh (n +.72 j) 

Similar formule hold for sinh +jr) 

The real part of the complex cannot, how-
ever, be reduced, only the unreal or j term. 
Hence, if large values of the real term x or 
are required, they must be calculated from a 
series, if no tables are available, or from the 
exponential values of the hyperbolics. 

Transmission Line Equations 

Let r resistance per mite, L«, self induction 
per mile measured between line and neutral, 
C =, capacity per mile measured between line 
and neutral, and g =-•• coefficient of dielectric 
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conductance per mile. Let x be the distance 
to any point of the line measured from the 
receiving end in miles, e the voltage at any 
point, and i the current. Then the following 
equations give the relations between "e" 
and " i": 

di de 

provided that the value of g is independent of the 
voltage e. which is not true of corona effect: or pro-
vided that the voltage is practically constant along 
the line. 
And 

di di 
(20) 

That is to say, the increment of current at 
any point per infinitely small length equals 
the vector sum of the leakage current (or the 
leakage conductance multiplied by the volts 

at that point) and the capacity current, which 
is at right angles to the leakage current. In 
the same way, the increment of voltage at 
any point per infinitely small length, equals 
the volts consumed in resistance added 
vectorially to the inductive volts at right 
angles to the resistance volts. 

Now C — —1pCe, since is at right angles to e 
dt 

di di 
And L. 7i since --di is at right angles to i 

Where p 

di de 
Therefore, — w(g+jp0e and —= (r+jpL)i 

dx dx 

Whence. -- (ri-iPL) 4-iPC)e 

And (r+jpL)(g+jp0i 
dx. 

I knee, the solution is hyperbolic, because 
in both equations, the second dilTerential is 
proportional to the quantity itself, a law 
which sinhu and coshu both follow. 

Therefore, the solution is: 
• cosh nix+ II sink ens 

And: rash pox + D sink Ina, of which only 
two of the constants are arbitrary. 

And es' w (r+jp1.) le +jP0 

if the receiving end terminal values of r and i be 
E, and 1, respectively, the general solution is 

e E, cask mx+rei. 1, sink 'ex (23) 

E, 
i es!, cask nix + sink ms (24) 

Where x - distance in miles, measured from the 
receiving end, and 

and I . 
ise 

If E, and 1, are given at the sending end, and 
the line is measured from that point towards the 
receiving end. equations 23 and 24 become 

e Es cosh nix— en, 1, sink mr (25) 

i— to cask mx sink nix (26) 
m. 

Where x is the distance in miles measured from the 
sending end. 

Calculation of Constants 

As already stated, se, -Fj(sL) (2+:1PC) 

In the majority of lines, except those 
using wires of small diameter at very high 
voltage, where corona effect is noticeable, g, 
the leakage conductance, can be neglected. 

Then. et, = (r+JpL) jpC— pC (je—PLI 
, 

Therefore, m (r,+p,L,)i Ian  
2 

N/FC +POI <ostan 2L -1) 

faniL 
-PL  

+j am 2 ) (27) 

The above is, of course, of the form a +A.. re 

(21) Since m m 4 +ib.)(Z1).,b --1a 
pe pC 

(22) osd 1 pC +jo) 
ex, b—ja +a. 

The tables for m, in, and in the 
m,' 

Supplement have been calculated from these 
formule, C being given in farads per mile 
and L in henrys per mile. 

(23) 

(29) 

Volt and Current Phase Shift and Power 

Propagation Velocity 

Equations 23 and 24 prove that when 
there is no load current, there is a complete 
reversal of phase in volts and amperes along 

a transmission line in a distance x = --r; where 

(a -FP) en because both sink'« and cosh= 
change sign every half period ej. In a distance 
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T. the amperes and volts are in the same 

phase respectively as they are at the 
receiving end. Hence, if the frequency 
be f, then the velocity of propagation of the 
voltage or current wave along the line will be 

271 
v 

This must not be taken as the velocity of 
the power wave along the line, as the apparent 
velocity of the current and volt wave vary at 
different points from the receiving end and 
the shift of phase does not vary uniformly 
along the line, owing to capacity current, 
the current leading the volt wave 90 degrees 
at the receiving end. If a lagging load 
current, however, is taken at the receiving 
end, the power factor can be approximately 
unity along the line, in which case the volts 
and current are nearly in phase at every point 
and the velocity of either gives the velocity 
of the power wave along the line. In the 
majority of lines used for long distance work, 
the resistance is not large enough to affect 
the velocity and in such cases the velocity 
of power propagation is practically equal to 
the velocity of light. For r..o, the velocity 
is 

I:I 1 

PVLC %/LC 

or independent of the frequency. From this 
formula, the formula for the natural period of 
a transmission line can be derived equal to 
1 1 

41ViZ where 1 is the length of the line; --
%/L C 

being the velocity of light nearly, the ex-
pression only representing the velocity of 
light when the self induction inside the wires 
is negligible, which is true of very high 
frequencies, practically perfect conductors, 
etc. The natural frequency of the funda-
mental wave, for a transmission line 400 miles 
long is about 115, the velocity of power 
propagation being approximately, 1.S per 
cent, less than the velocity of light. The closer 
the wires are together or the larger they are, 
the slower does the power travel, and the 
velocity can be taken as lying between 
1.5 and 2.5 per cent, less than the velocity 
of light. For transmission lines, 184,000 
miles per second can be taken, as an average 
velocity. 

It must be remembered that cower is a 
double frequency quantity and cannot, there-
fore, be represented vectorially in the same 
plane as a vector of different frequency; 

hence, if the power wave is obtained by 
multiplying the complexes of current and 
volts together, difficulties are encountered. 
The best way to obtain the electric power is 
to plot the instantaneous values of the 
current and volts along the line, the values 
of which are inunediately given by equations 
23 and 24. Then multiply the instantaneous 
values together and plot the power curve 
from the result. The distance between the 
maxima, minima, or corresponding points 
on this curve multiplied by double the line 
frequency gives the velocity of power propa-
gation along the line; the distance between 
the maxima on this curve will, of course, 
be half that between the maxima on the 
current or volt curve, provided that practi-
cally unity power factor obtains through 
the distance taken. 
The shift of phase of volts or amperes 

along commercial transmission lines is not 
large, since the maximum frequency used is 
only 60 cycles and with this frequency the 
half period length is about 1500 miles. In 
long telephone lines, on the contrary, shift 
of phase is very large and will amount to a 
number of complete reversals along the line 
owing to the necessarily high frequency used 
in speech, SOO per second being a represen-
tative frequency. 
Approximate Formula for Short Lines 

Since cosh a vi 1 4+N+ 

for small values of u 

CO.ti + ill nearly 

Similarly sink u ssai nearly. 
Hence for short lines. if mx xfp +JO 

efe—e) --+jx.pq)+m,1,(p+ig)123) 

r,(i+ÉS 27e +ix,pq (P+ iq) (21) 

and 

E,(1+ + ix.pq)—ind,(p+ig) (251 

+x": ix'Pv )-- (P +hi (21)) 

These forrnulx are accurate to 1 per cent. 
for lines, 120 miles long at GO cycles and 130 
miles long at 23 cycles, greater accuracy 
being obtained for shorter lines. 

Corona Effect 

The escape of electricity through the 
atmosphere from one wire of a transmission 
line to another is an example of the increase 
of conductivity of a gas due to high dielectric 
stress. The conductivity of gases is enor-
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mously augmented under special conditions; 
such as, when subjected to radio activity, 
when the temperature is raised above a 
certain value, when drawn from the neighbor-
hood of flames or electric arcs, or after being 
in contact with incandescent metals or carbon, 
etc. A gas through which an electric dis-
charge is passing is also affected in a similar 
manner, this being the cause of the increase 
in conductivity of the air between trans-
mission lines when the voltage rises above a 
certain critical value. The physical aspect 
of these phenomena has been studied by 
many scientists, notably by Kelvin, J. J. 
Thomson, Rutherford, Hittorf, etc., and a 
very full discussion of the whole matter has 
been given in Thomson 's work "Conduction 
of Electricity Through Gases." 

According to one of the modem theories of 
matter, each atom or molecule is composed of 
or associated with negative and positive ions 
or minute electrified particles, the negative 
ion possessing a mass small compared to 
that of the hydrogen atom, and the positive 
ion a larger mass than that of the negative 
ion. The electric charge of these ions is a 
constant. On this assumption, the following 
discussion may help to picture what happens 
when the voltage stress is increased in 
the dielectric between two conductors, beyond 
the dielectric strength and the gas becomes 
ionized. It can, however, only be regarded 
as a rough approximation to the phenomena. 

Capacity Current 
Suppose that a potential difference is 

applied to two electrodes separated by 
an air space, the potential being gradually 
increased. At first, the current passing 
across the air, which completes the electric 
circuit, is exceedingly small and consists of a 
displacement or charging current in the sur-
rounding dielectric. The greater part of this 
current is due to an ether displacement, 
hut part is caused by a displacement of 
the ions, which are elastically attached to 
the gas molecules. The strain or displace-
ment of the ions in each molecule is greatest 
when the voltage stress is at a maximum, 
the ions then being at rest and the current 
zero. If the voltage is alternating, at the 
moment the voltage passes through zero, the 
ions in the molecule are in midswing and 
move at their highest velocity; and the dis-
placement current is then maximum. Thus 
the elastically controlled displacement current 
in the air constitutes a small part of the ca-
pacity current between thc electrodes and is in 

quadrature with the voltage. This is, of 
course, also true of the ether displacement 
current. As practically no friction enters 
into the motion which beats rhythmically 
with the voltage, no energy loss occurs in 
the dielectric, the energy being alternately 
potentially stored in the dielectric and 
kinetically released in the moving ions. 

Corona Current 
If now the voltage is further increased, the 

electric stress at a certain critical point be-
comes sufficiently great to tear off some of the 
ions attached to the gas molecules. This 
disruption occurs first, in a layer of air a 
short distance from the surface of the elec-
trode or conductor, since although the elec-
tric stress is greatest at the surface of the 
conductor, it has been found that the die-
lectric strength of the air immediately 
surrounding the conductor is considerably 
higher than that further off. For small 
conductors, the breakdown point is approxi-
mately .07 inches distant from the surface. 
Here the ions are first released and are then 
free to move under the force of the electric 
field in the same way as an electrically 
charged pith ball moves in an electrostatic 
field. At the moment of release, the inertia 
of these ions is small and, therefore, their 
speed is rapidly accelerated until they are 
stopped by collision with other gas molecules 
or ions. If, at the moment of collision, the 
kinetic energy of the ion is above a certain 
value, it may shake off other ions, and in 
this manner the whole space between the 
electrodes becomes filled with electrified 
particles or ions, the positive, on the average, 
all moving in one direction, and the negative 
in the opposite direction. Of these collisions, 
some may cause ionic recombinations and a 
neutralization of the electric charge, the 
number of recombinations increasing if the 
gas pressure is raised. Hence, a transfer of 
electricity occurs from one conductor to 
another, the carriers being the ions torn off 
the molecules, either by the electric stress or 
by collision, the current at any point being 
proportional to the number of ions passing 
per second. At every collision molecular 
vibration is started and part of the electric 
energy is transformed into heat. If the 
voltage is still further increased, a larger 
number of ions arc released which attain a 
greater velocity between molecules and cause 
more heat waste and current. It follows, 
that this current is independent of frequency, 
and has, therefore, the saine value at a given 
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voltage, whether the voltage alternates or is 
held constant. 

Directly the voltage falls below the critical 
value for ionization, all action ceases, only 
to begin again when the voltage rises to its 
proper value in the opposite direction. This 
is practically true, except that a minute time 
lag exists, which is short compared to the 
period of commercial frequencies. It will 
be readily seen from the above that the 
current is a true convection current and is 
in phase with the voltage. It is, therefore, 
at right angles to the capacity current. 

If the pressure of the gas be diminished, 
the number of gas molecules between the 
conductors is proportionally decreased, and 
therefore the distance between the gas 
molecules is correspondingly increased. Under 
such circumstances, the ions have, on the 
average, a longer path to travel before 
collisions occur and, therefore, their speed 
and kinetic energy are greater at collision. 
Hence, each collision is more likely to tear 
off other ions from the molecules, and as 
the number of recombinations producing 
neutral ions is diminished, the current is 
increased. If the gas pressure be further de-
creased, the :onization current, for a given 
voltage stress, increases until at a certain 
critical pressure where the number of mole-
cules per unit volume has been very much 
reduced, the current becomes maximum, 
that is, the space is saturated with ions and 
on a further decrease of pressure, the current 
falls. 
Under the conditions which exist in high 

voltage transmission lines, it is found that a 
decrease of pressure near the atmospheric 
pressure causes a distinct increase of corona 
loss, and when pressures as low as 20 in. 
are encountered, the loss is considerable. As 
the height of many transmission lines exceeds 
8,000 ft., the highest point reached by the 
Central Colorado Power Line being 13,700 ft., 
it is abundantly evident that the relation of 
pressure to corona loss isof the first importance. 

Since the critical voltage for No. 2 wire 
is in the neighborhood of 00,000 volts effective 
or 126,000 volts maximum, only a small part 
of the cycle is effective in producing corona 
current at ordinary transmission voltages. 
If very much higher voltages were employed, 
not only would the corona current be enor-
mously increased (so long as the saturation 
point is not reached between the eonductors), 
but also the loss would last during the greater 
part of the period. If the no load current 

oscillograph record is taken, a kick in the 
curve at maximum voltage is very apparent 
at high voltages when corona is present and 
the shape of the current wave is considerably 
altered. 
When ionization takes place, a brush dis-

charge can be observed near the surface of the 
wire, where the greatest number of ions per 
unit volume occur and the current density is 
at a maximum. The resistance, therefore, of 
the air lavers surrounding the wire is consider-
ably decreased, and the effective conductor 
diameter can, therefore, be regarded as greater 
than that bounded by its metallic surface. 
This increase in conductor diameter increases 
the capacity between the conductors and, 
therefore, the capacity current. Thus, if 
the loss at no load be measured on a trans-
mission line subject to a large corona loss, the 
capacity loss cannot well be calculated from 
formule and oscillograph records should be 
taken if the corona and capacity loss require 
separating. The high inductive capacity of 
insulator material increases the voltage stress 
near the wires where they arc fastened to 
the insulators, and hence the corona loss is 
increased at these points as well as the 
capacity loss 

Mr. H. J. Ryan considers these matters 
in his paper before the American Institute 
of Electrical Engineers, February 26, 1004, 
and a considerable amount of work has been 
done by Messrs. C. F. Scott, R. D. Mershon 
and others, especially in connection with the 
effect of the barometric pressure on corona 
loss. Many more experiments are, however, 
needed, before the phenomena can be con-
sidered as subject to calculation. The varia-
tion of corona loss with voltage, size of wire, 
spacing between conductors, atmospheric 
pressure, state of atmopshere and wire 
surface, and many other conditions must be 
determined before equations can be formed 
to give reliable results. 
Capacity Loss 
The extra current carried by the conductor 

due to corona is exceedingly small and can 
be neglected; in consequence, the it r loss in 
the conductor is negligible. The loss all 
occurs in the dielectric between the conduct-
ors. Thus, for constant voltage along the 
line, which will obtain at no load in lines up 
to 200 miles long at 25 cycles, the corona 
loss per mile is constant along the line; it 
being, independent of frequency. The ca-
pacity current loss, on the other hand, all 
occurs in the conductor, the current varying 
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directly as the voltage and frequency. In this 
case, practically no loss takes place in the 
dielectric between the wires. 

In lines, up to about 200 miles long at 2.5 
cycles, and in slightly shorter lines at 60 
cycles, the capacity current along the line 
follows practically a straight line law, being 
a maximum at the generator end and zero 
at the receiving end. Hence, if r is the 
resistance per mile of wire, I* the capacity 
current per wire at the generator end, and 
/ is the length of line, the current per mile 

=constant, and the loss for a line! miles 

in length is 3 rri,/,d1=i2r/2. The total 

the current at the generating end, and pre-
vents it decreasing as fast as it does near the 
receiving end. The total loss, however, 
with a given voltage at the receiving end, 
does not vary • as rapidly as the cube of the 
distance of the line length, since the drop in 
voltage. at the generator end reduces the 
capacity current correspondingly, which more 
than compensates for the slower drop of 
current along the line. See Fig. 7. 
Calculation of Dielectric Conductance Constant 
The curves, Fig. S, showing corona and 

capacity loss, have been obtained by substitu-
ting a value for g in the transmission line 
equations. This value was derived from the 
observed loss along a 50 mile line operating 

0o  '  50 ri 
LV ode zoo zoo egu 350 100 

earratoreari glee kiativinpend 
Fie. 7. Ceent.ty Current et 16: f et. llte 17ererifolzejete.iLiwn.:.40,114.1,:lejiie7.7érve,111. yee T.. No. 0000 Wino Seated 

loss is therefore . I/' where Pr, which is 
a constant at a given frequency, for a definite 
size of wire and given line capacity. Hence, 
the capacity loss for a given transmission 
line varies as the cube of its length up to 
the limits of length just given. Above this 
length, the voltage rises from the generator 
end toward the receiving end, and the 
capacity current does not fall off uniformly 
from the generator end but more gradually; 
that is, the curve of capacity current along 
the line is concave towards the abscissa 
representing line length, provided the line 
resistance is not too high. The reason for 
this is that the increase of voltage holds up 

under similar conditions and using the same 
size of wire and spacing. As, therefore, the 
voltage is nearly constant, the corona loss 
may be regarded as approximating the real 
value provided the capacity current is not 
seriously altered by the corona loss and that 
no appreciable insulator loss exists. Note 
the change in phase at generator and receiv-
ing ends duc to corona indicated on Fig. 0. 
The dielectric conductance coefficient was 

calculated as follows: The total loss of a 
50 mile line at no load was experimentally 
found to be 25 kw., of which 3 kw. was 
calculated as capacity loss, and the remainder 
assumed as corona loss. The voltage was 
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110,000 volts between wires. Then the loss 

per mile equals .2-20?-9 - 43S watts per mile. 
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j: The ungainly appearance and danger of 
! overhead electrical wires have in a large 

k measure been accountable fur the adoption 
' -Ts'ï of the underground system of distribution. 

• - • 

11 While the first cost of an underground 
system exceeds that of an overhead, security 
of operation tends to counter-balance this woo .1 
difference, for underground conductors are 

o-----   "- entirely free from the effects of storms and 
40 00 /20 /00 200 

&we,. vtiad /14. flee ....on, weather conditions. 
One of the earliest attempts at placing 

wires underground was over fifty years ago 
n•hen Professor Morse of Boston undertook 
to install a telegraph line between Washington 
and Baltimore. His method of laying was 
by means of a large plow drawn by sixteen 
yoke of oxen, the cable being placed on a reel 
secured to the plow and played out in the 
furrow as the plow advanced. It is well 
known that this attempt proved unsuccessful. 

Several years after, the so-called " pump 
log" was brought into use. This consisted 
of eight-foot lengths with a 3-inch bore, the 
ends butting together with socket joints and 
laid directly in the trench. Logs were 
sometimes of plain wood and, again, treated 
with tar or creosote as a preservative. 
The cement-lined iron pipe was also used 

to a considerable extent, but this type of 
.02   conduit proved unsatisfactory, one disad-

vantage being that the pipe was affected by 
electrolysis and that the inside coating of 
cement sometimes caused corrosion. Both 
types proved inadequate to the requirements 
of an underground conduit. 
The theoretical conduit should be one that 

in itself possesses high insulating properties; 
one upon which the action of water, gas and 
chemical elements have no effect, and one 
which is permanent and practically Miles-
tructible. These requirements arc found in 
the vitrified clay conduit, which is best 
adapted to the purpose and in addition is 
comparatively low in first cost and in expense 
of installing. 
Another type of conduit, which is at present 

used to some extent, is the fibre conduit. It 
is made from wood fibre treated with an asphalt 
compound which the makers claim renders 
it water , acid and al kalinc proof. The standard 

Fiai. Ampo Volt, and Power Loeses Capacitv and Corona) 

l'ea:271,2.02  MileJ,—"eennez 
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Then since the dielectric conductance is 

- where r is the dielectric resistance per mile 

'i 
between wires, and since-l- .., the loss per mile, 
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Corona effect is less masked by capacity 
loss at 25 cycles than at 60 cycles, and the 
example was, therefore, chosen at the lower 
frequency. The constant ni in the trans-
mission line equations, where g is included is 

on-4 \i(e+ p2L2)(g2+ piCs) [cosi--2— +j sinlani 

where tarrie.,P(L8 C') 
rg-p2LC 

From these values mi and --1 can be readily 
Alt 

calculated. (To be Conn.ed) 
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length is about five feet, with a 3 in. bore and 
is smooth inside; therefore, cables are safe 
from injury when being drawn in. This type 
of conduit is usually laid in concrete and 
lengths are joined by a butt joint which 
keeps them in alignment. 
To return to the vitrified clay conduit, this 

is without doubt the most popular type in use. 
Duct sections are supplied with one, two, 
three, four, six, nine and twelve holes, the 
standard single duct being IS in. in length 
and 3 in. internal diameter. Sections of more 
than six ducts arc difficult to handle and are 
not made to a great extent on account of the 
liability to warp during manufacture. 
The flexibility of this system allows ob-

structions such as gas, water and sewer pipes, 
to be overcome by laying the duct line over 
or under them, and in some cases to split the 
duct line, placing part above and part under-
neath. In any case, ducts should be laid with 
such a gradual grade as to permit cables to be 
pulled in without injury to the lead sheath. 
Also, the use of short lengths permits the 
laying of curves of long radius, oftentimes 
doing away with additional manholes. The 
duct is generally laid on a bed of concrete, 
usually :3 in. thick, surrounded by walls and 
covered with concrete of the same thickness. 

In laying single duct, a mandrel about 
30 in. long, slightly smaller than the internal 
diameter of the hole and having a rubber 
gasket on the end slightly larger than the 
diameter of the hole, is drawn through the 
duct as it is being laid. This removes all 
loose particles of cement and stones and 
makes sure that there arc no obstructions to 
injure the cables; further, care should be taken 
to insure that ducts are perfectly aligned. 

In laying a section of conduit the engineer 
in charge should lay out his grades so that 
all the ducts in each section drain into one 
manhole, or else break the grade so as to 
drain into two adjacent manholes, thus 
preventing injury to the cables after they are 
installed, from the freezing of water which 
may find its way into the duct line and settle 
in any pocket there may be. 

For long straight runs, when there are no 
obstructions, the multiple forms of duct are 
usually used. These are laid in practically 
the same manner as the single ducts, except 
that joints are aligned by the use of dowel 
pins. 
One objection to multiple duct is, that 

between any two duct sections there is only 
one wall and it is impossible to break joint's 

as with single duct; therefore, there is a 
possibility of a burnout in one duct finding 
its way to a neighboring one. 

With single conduit, where there are two 
thicknesses of wall between any two ducts 
and where joints can be staggered, this 
danger is practically eliminated. Single 
duct, however, requires experienced labor in 
installing, while multiple duct may be laid 
by ordinary laborers. 

Manholes are necessary in order to facili-
tate the drawing in or out of cables in the 
system and are generally located at street 
intersections or at sharp bends in the duct 
line. The maximum distance between holes 
should not exceed 500 feet, for at greater 
distances the cable is liable to break or 
stretch from the excessive strain during the 
process of pulling. 
The general manhole construction is of brick, 

although the present tendency is towards 
concrete holes whenever possible, as the aver-
age cost of concrete manholes is approxi-
mately two-thirds that of first class brick. 
Concrete holes are usually made from wooden 
forms of take-down design which may be used 
indefinitely. Bottoms of manholes arc usually 
of concrete, with a hollow in the center which 
allows water to gather. When possible, 
connection with the sewer through a trap 
should be provided to remove any surface 
water which may work in around the cover. 

Referring to manhole covers, authorities 
do not agree as to whether a single or double 
cover should be used. The single cover 
simply fits in a cast iron frame at street level. 
Inside of this there is sometimes another 
cover resting on a rubber gasket, bolted and 
secured so as to prevent water entering. The 
main disadvantage of this inner cover is that, 
in case sewer gas or illuminating gas escaping 
from leaky mains finds its way into the hole. 
there is no way of escape and this accounts 
for the majority of manhole explosions which 
OCCUr. 

It is believed by many authorities that the 
single cover is preferable and this should be 
supplied with several air holes to allow gas 
to escape. Theoretically these vent holes 
should be conical in sha- pc with the small 
opening on top to prevent them from becom-
ing clogged. It is true that surface water 
finds its way through these vents into the 
hole, but this is taken care of by the sewer 
connection. It is well known that, with a . 
large number of cables carrying heavy loads, 
considerable heat is generated and a large 
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percentage of this is dissipated through the sur-
rounding earth, but by using perforated man-
hole covers, it may be got rid of more easily. 

In order to support the cables which must 
necessarily pass through the manhole it is 
customary to provide some sort of a device 
on which they may rest. In brick holes. 
brick shelves are built into the sides at 
suitable distances apart upon which cables 
are placed. Also with concrete manholes the 
wooden forms may be so designed as to pro-
vide for concrete shelves. The use of shelves 
for cable-supports is especially desirable, for in 
case of trouble occurring on one cable, the 
neighboring cables are protected to a certain 
extent from injury. Oftentimes with brick or 
concrete manholes, iron cable racks, provided 
with arms adjustable at will, are built in. 
A conduit line composed of a large number 

of ducts is undesirable, one reason for this 
being that it is almost impossible to support a 
large number of cables in one manhole. It is 
advisable, therefore, to divide the under-
ground lines from the generating station, in-
stalling a portion through two or more streets, 
if possible; but if the station is so situated that 
the entire output must pass through one 
street, a single conduit line with twin man-
holes may be used. 
With a single duct line entering the station 

it is rather difficult to dispose of the cables 
satisfactorily. 
Coming to the question of cable, the size 

of duct determines in a way the site of cable 
to be used. For the standard 3 in. duct for 
working pressures of 1500 volts or less, the 
largest single conductor that should be in-
stalled is a 2,500,000 cir. mil., or a concentric 
1,000,000 cir. mil, cable, while the largest 
three-conductor cable is one of 400,000 
cir. mils. From 1500 to 3000 volts, the 
largest single conductor should be a 2,000,000 
cir. mil, cable or a concentric cable of 750,000 
cir. mils.; and the largest three-conductor 
cable, one of 400,000 cir. mils. For 6000 
volts (usually three-phase delta connected), 
the largest three-conductor cable is one of 
250,000 cir. mils.; for 13,000 volts, :3-conductor 
4/0; and for 20,000 volts, :3-conductor I/ 0. 
As the cost of the duct line is independent 

of the cable cost, it is advisable to choose such 
cable as will reasonably fill the duct area, 
thereby cutting down the conduit investment 
to a minimum for the amount of energy 
transmitted. In laying out an underground 
system, it is advisable to provide extra ducts 
to take care of future requirements. 

For underground work, three types of 
insulation are used; ris., paper, varnished 
cambric and rubber; paper being the cheapest, 
varnished cambric intermediate und rubber 
the most expensive. For dry ducts, where 
there is no danger from corrosion of the lead 
sheath or where electrolysis is absent or may 
be guarded against, paper cables may be used. 
Paper is also used to a great extent for trunk 
lines. Paper cable must not be used without a 
lead sheath, for the life of a paper cable is 
dependent upon the sheath, the presence of 
moisture causing the insulation to break down 
almost immediately. Electrolysis, therefore, 
proves disastrous to paper cables. 

Varnished cambric cables have all the 
good qualities of paper cables and may be 
used in almost any place where rubber cables 
could be used. These cables are built up of 
successive layers of lapped, varnished cambric 
tape, with plastic compound between layers, 
this compound permitting the layers to slide 
on themselves when the cable is bent, without 
reducing the thickness of insulation between 
conductor and lead. This type of insulation 
is waterproof, and the ends. of the cable do 
not necessarily have to be sealed to prevent 
moisture entering, as with paper cable. This 
is also true of rubber insulated cable. Since 
varnished cambric tape is used in insulating, 
the copper core must be in the center of the 
cable, while with rubber insulation for heavy 
copper cores, used for horizontal runs at high 
temperature, there is a tendency for the rubber 
to soften, thus allowing the core to drop and 
reduce the thickness of insulation between 
copper core and lead sheath. 

Varnished cambric cables with a braided 
finish may be used for inside work, as the 
insulation does not absorb moisture. These 
cables, unlike paper insulated ones, are not 
seriously affected by electrolysis. 
Rubber insulated cables are used where 

there is constant moisture and almost in-
variably for submarine use. 
Paper cables may be bent to a radius equal 

to eight times the outside diameter of the 
cable, while rubber and varnished cambric 
may be bent to a radius of six times this 
value. 
For direct current low tension and railway 

feeders, single conductor cables arc generally 
used. In some cases where two or three small 
feeders run parallel for any considerable 
distance, it is frequently desirable to combine 
them into one large cable running to the sta-
tion. 
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For the grounded side of street railway 
feeders, or the neutral of three-wire Edison 
systems, a bare wire may be used, but this 
should not be run in the same duct with leaded 
cables. An ordinary weatherproof finished 
wire is often substituted for this bare wire. 
Low tension feeder cables are frequently of 

the two-conductor concentric type with pres-
sure wires in the outer conductor. The carry-
ing capacity is slightly less than that of a two-
conductor cable leaded flat as there is less 
chance of radiation; but the concentric type is 
easier to install and is much more economic of 
duct space. 

For alternating current single-phase two-
wire systems, the duplex type is preferable 
unless many taps arc called for, and if so, 
single conductors are sometimes used on 
account of the greater ease in making joints. 
The largest solid conductor recommended 

is 4; larger conductors are too stiff to handle 
and should be made stranded. 

Duplex or figure S cables larger than 230,000 
cir, mils. are liable to kink in handling and 
arc not used to any great extent. For larger 
cables the two conductors may be stranded up 
with fillers to make them round, and the lead 
applied. Any size of duplex ( Fig. S) cable must 
have special care in installing to prevent 
kinking. 

For three-phase work, it is advisable to use 
three-conductor cables; for, with this con-
struction, there is no loss theoretically in 
the lead sheath, and, if necessary, telephone 
cable may be run in the same duct system 
without disturbance. 
On low tension systems, single conductors 

arc frequently used. on account of the ease 
in making service taps. 
The chief advantages in using three-

conductor rabic are: cost of installing is less 
and installation is easier, while the first cost of 
a three-conductor is approximately the same 
as that of three single conductor cables. 

Three-phase cables are more economical of 
duct space than either single or two-con-
ductor cables. Three-phase I' connected 
cables are generally run with grounded 
neutral and the thickness of insulation be-
tween conductor and ground need only be 
seven-tenths the insulation between con-
ductors, thereby allowing a slightly larger 
cable to be installed in conduit than a three-
phase delta connected, where insulation be-
tween conductors and between conductor 
and ground is the same. 
The general practice in three-phase cable 

work is to use the so-called split type of 
insulation, placing half of the total thickness 
required on each conductor, stranding the 
three conductors up with jute fillers to make 
round, wrapping the three conductors with 
the second half of insulation, and applying 
the lead finish. This makes a more compact 
cable than when applying all the insulation on 
each conductor and is somewhat cheaper. 
For arc circuits, single-conductor and also 

duplex cables are in general use. Where 
several circuits run parallel for any distance, 
they are sometimes combined into a multiple-
conductor cable, for if several single conduct-
ors are run in one duct the lead sheath is 
liable to be injured in installing, and if one 
cable burns out, it is likely to injure one or 
more conductors. 
One danger in underground cables which 

should be guarded against is electrolysis, 
for no manufacturer will guarantee his 
product against electrolytic action. The 
amount of electrolysis depends primarily on 
how near the cables are to electric railway 
lines, the distance they run parallel, and the 
condition of the return circuit of the railway, 
also the proximity of water pipes and gas 
mains. Electrolytic action occurs at the point 
where current leaves the lead sheath; there-
fore, with leaded cables, it is customary 
where this danger exists to provide suitable 
grounds at intervals along the system. 
Sometimes this is accomplished by driving 

an iron pipe into the earth at each manhole. 
This can be tested out with an electric 
current of about 110 volts, connecting one 
side of circuit to pipe and other side to an 
adjacent hydrant, and then driving in pipe 
until sufficient current passes to make sure 
that a good ground is obtained. It may be 
necessary to drive as much as thirty feet of 
pipe or more in dry soil before a good ground 
is reached. It is sometimes customary to 
provide grounds by burying large copper 
plates in the earth, embedded in coke. In any 
case all lead sheaths in the manhole should 
then be connected to ground. 
With railway systems, the negative side of 

the generator is usually grounded and the 
lead sheath of the return circuit should be 
connected to the negative side of generator 
by suitable copper cable. If precautions are 
taken, the danger from electrolysis may be 
reduced to a minimum. 

After the duct line is installed it is good" 
practice to pass a mandrel through each 
duct, thus removing all obstacles and making 
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sure that ducts align. This is sometimes ac-
complished with rods about three feet long, 
provided with a coupling device, and as many 
rods as are required to reach from one manhole 
to another are successively joined. 
At the same time that the mandrel is pulled 

through, an iron " fish" wire is also drawn in 
and left until it is desired to install cables 
in that particular duct, when the fish wire 
serves to pull through the heavy rope which 
is fastened to cable by a cable grip. 
There are several methods of pulling cable. 

Short runs of light cable arc sometimes pulled 
in by hand, but for heavy cable it is necessary 
to use some form of winch or manhole cap-
stan. Both electric and gasoline-driven 
winches are being used with success. 

It is advantageous in drawing in cable to 
have a man in the manhole where he can 
watch cable and make sure that it is not 
being pulled in faster than it is unreeled, thus 
preventing sharp bends which might prove 
injurious. He can also smear the sheath 
with a cheap grade of vaseline, which in the 
case of heavy cables makes them slide 
easier. 

All cables to be installed in one duct 
should be drawn in at the same time, for if a 
cable is pulled in afterwards, it is almost sure 
to injure the lead of cables already installed. 
It is also poor practice to draw out one cable 
from among one or more others. 
Enough slack should be allowed to permit 

cables being passed around the sides of 
manhole, and also to permit jointing, for 
occasionally cable ends are injured during the 
process of drawing in, necessitating cutting 
back far enough to remove injured por-
tion. 
With single conductor cables, where a butt 

joint is used, the ends in the manhole should 
overlap slightly, and for multiple conductor 
cables, where joints are staggered, the overlap 
should be enough to take care of this. 
Ends of duct should be provided with lead 

collars on which the cable rests, thus prevent-
ing sharp corners of duct from injuring the 
lead sheaths. It is also good practice to use 
rubber bushings made of old hose between 
iron hangers and cable, which prevent leakage 
of stray current from one cable to another. 

Cables in manholes are often protected by 
asbestos listing or by enclosing them in 
split duct, thus preventing the danger of a 
burnout on one cable from affec' ing another. 
This also protects cables against injury from 
careless workmen and prevents their being 

used for steps in descending into a manhole. 
All sharp bends should be avoided. 
With high voltage leaded cables of 2500 

volts and over, there is a tendency to puncture 
the insulation at the ends of lead sheath; 
therefore end bells are required at the station 
end of system, and also at the farther end 
where cables change from the leaded under-
ground type to the braided overhead. These 
are generally of spun brass wiped to the lead 
sheath, their object being tu flare out the 
lead, thus preventing a breakdown at the 
ends. 
With paper insulated cables, the bells are 

made long so as to allow of the joint being 
made inside the bell. A cap is provided, 
through which the overhead cable end passes, 
and after the joint is completed, the bell is 
filled with a compound which prevents 
moisture entering and also acts as an in-
sulator. 

Underground systems when connected to 
overhead should be protected from lightning 
discharges by suitable arresters placed on 
second or third pole from the end of the 
cable. 

It is desirable, after cables are installed and 
connected, to test them for five minutes with 
about twice the working pressure to make 
sure that there are no weak points duc to 
imperfect jointing, or injury during installa-
tion. 
Junction boxes are a necessity on low 

voltage systems and are installed in manholes 
at feeding points or street intersections so 
that in case of local trouble the feeders and 
mains may be disconnected. 

Services are usually run from manholes or 
from service boxes located between man-
holes at street surface. Iron pipe is frequently 
used, so laid as to drain into manhole. For 
long services, cable with band iron armor 
finish is laid directly in the earth. The band 
iron protects the cable from injury, but it is 
customary to place a heavy plank over the 
cable so that in future excavations workmen 
will not injure the cable with a pick. 

Service cables are sometimes connected to 
mains through service boxes placed in man-
holes. This arrangement is inconvenient 
in case of trouble; therefore it is customary 
to place service boxes on customers' premises. 
There are several installations of so-called 

Edison tube systems still in use, but at 
present the popular drawing-in system which 
this article deals with is used almost exclusive-
ly throughout the country. 
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MOTIVE EQUIPMENT FOR ELECTRIC AUTOMOBILES 

By H. S. B4LDWIN 

Since the introduction of the electric auto-
mobile manufacturers of electrical apparatus 
have been active in the development of auto-
mobile equipments, consisting of motors, 
controllers and resistances designed to give 
the most efficient and economical service and 
to conserve the battery. 

In the earlier automobiles, designers gener-
ally employed two low-speed motors, each of 
which operated the driving wheels by means 
of single reduction spur gears. Of late years, 
however, this practice has been largely aban-

I 

Fig. I. Diagram of Connection. of Electric Automobile Equipment 

cloned in favor of the single motor and counter-
shaf t with double reduction chain transmission. 
The advantages claimed for the single motor 

drive may he briefly summed up as follows: 
I. It affords a material saving in weight, 

cost and space occupied, as against two 
motors of practically the santo capacity. 

2. By the use of double reduction gear-
ing with countershaft, it is possible to 
design the motor for higher speed, which 
tends to lessen weight and insure electrical 
efficiency. 

3. It further permits the motor to be 
mounted on the chassis, well up from the 
ground, which arrangement was not possible 

with the single reduction gear drive of the past. 
It was realized by the General Electric 

Company that the high-speed single motor 
drive represented the simplest,' most prac-
tical and efficient form of equipment that 
could be offered, and as a result they pro-
ceeded with the development of the so-called 
GE-1020 line of motors, of uniform:mechanical 
construction throughout. 

In addition to motive equipment, this Com-
pany supplies specially designed; :charging 
equipments, comprising rectifiers, motor gener-
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ator sets, switch boards, rheostats complete 
with controlling panels, and many other 
useful and desirable appliances. 

Iii order to meet the requirements of auto-
mobile manufacturers, the motors have been 
made in six different sizes, each of which can 
be supplied in several electrical ratings. It will 
readily be seen that this line is the most complete 
ever offered, and that a motor can be selected 
for any vehicle, from the smallest runabout 
to the heavy 5-ton truck. 
The motors are of unique mechanical de-

sign ( Fig. 21, the frame and one head being 
made from a single piece cylindrical steel 
casting, machined from end to end. By this 
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construction the minimum of weight and 
maximum of strength arc combined. This 
feature is original with these motors and is 
not to be found in those of other make. 

It is of paramount importance to protect 
thc storage battery, and all of the motors 
under consideration are de-
signed with this object in view. 
They have a steep torque curve 
and give about five times the 
torque for two-and-a-half times 
the current, throughout the 
limits of their capacitv. It 
might be well to add a wore' of ex-
planation as to this statement. 
To obtain long life and efficient 
operation, the storage battery 
should not be discharged more 
rapidly than at the one hour rate. 
To start and accelerate an elec-
tric automobile requires approx-
imately five times the running torque. Again, 
the average maximum grade encountered in 
cities is about 7.6 per cent., to climb which 
also requires about five times normal torque. 
It will, therefore, readily be seen that a prop-
erly designed electric automobile motor, 
having the above characteristics, will accel-
erate the vehicle and climb any ordinary grade 
without exceeding the one hour discharge rate 
of the battery. 
The standard motors have cast iron heads 

fitted with the most improved annular ball 
bearings, which somewhat increase the effi-
ciency, reduce the overall length of the frame 
and require only occasional lubrication. All 
electrical factors are liberal, permitting these 
motors to be run at high overloads for con-
siderable periods of time without injury. The 
commutators are composed of a large number 
of bars, and observations covering several 
years' use of motors in service indicate that 
the commutation is practically perfect, great 
care having been taken to secure this result. 
Special graphite brushes of large area are 

GE- 0 e• 
GE-1020 
GE-M25 
GE-1026 
GE 1029 
GE- 1027 

used and the current per square inch of 
brush contact is lower than usually obtains 
in electric motor practice. 
Two motors, namely the GE-1022 and the 

GE- 1027, have only recently been added to 
the line, the former being suitable for 3-ton 

R...bout Tyro; Weight 150 Lb. 5-Ton 'truck Type Weight 664) Lb. 

Pig. 2. General Electric Automobile Motors 

and the latter for 3-ton single motor trucks. 
All motors are of the 4-pole type, and with 
the exception of the smaller sizes for run-
abouts arc designed to operate at S3 volts, 
experience indicating this voltage to be most 
advantageous when the lead battery is 
employed. The runabout motors are built 
to operate at 4S or 60 volts, as desired. 

Special attention is called to the fact that 
all motors are constructed so that the shaft 
can be removed without disturbing the 
commutator or winding. This feature affords 
great flexibility and permits a change of shaft 
at small expense, to accommodate special 
conditions or when worn. 

In the manufacture of the field coils, 
railway practice is closely followed, especially 
as regards insulation and treatment; thus 
the coils arc adapted to withstand severe 
service conditions. Copper is used liberally 
throughout in the complete line of motors. 
This is especially true as regards the field 
coils, a feature which, together with high grade 
brushes, ball bearings, and commutators of 

STANDARD AUTOMOBILE MOTORS 



234 GENERAL ELECTRIC REVIEW 

small diameter, insures the highest possible 
electrical efficiency, so important when the 
storage battery is the source of power. 

It will readily be seen that the General 
Electric automobile motors are practically 
universal in form, and can be adapted 
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aceuralely machined motor frame, it 
possible te meet all practical require-
ments of automobile Inanufacturer 
as to mounting, since suppertitG, 
brackets or cradle eall be attached 
ilirectly to the steel easting by 
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of screws. This results in quicker deliveries 
and lower costs, for the reason that a large 
amount of engineering and developmental 
expense is eliminated. 
A good controller is scarcely less important 

than a good motor, and it is essential that 
each be selected with reference to the other 
and the nature of the service to which the 
automobile is to be put. All General Electric 
automobile controllers embody the continuous 
torque principle, which insures freedom from 
jolts duc to opening of circuit when passing 
from series to multiple connection of field 
coils. This is an important feature, which 
adds much to the pleasure of operating small 
cars and to the life of large trucks. With the 
single motor equipment, series parallel ar-
rangement of fields is the standard form of 
control, resistance being used on intermediate 
steps. In the case of controllers for pleasure 
vehicles, it is customary to have a com-
paratively large number of points, to permit 
of slow operation in cities where the traffic is 
congested, and higher speed over park and 
country roads. Commercial trucks as a 
rule do not require this fine gradation of 
speed and, therefore, have only sufficient 

notches to safe-guard the chain or gearing of 
the transmission. 
A new controller has recently been designed 

(Fig. 3), which contains all the good points of 
the several types heretofore offered, with the 
additional advantage that many of the same 
parts can be used for different systems of 
connection, thereby insuring uniformity of 
construction. The new controller is of the 
cylindrical drum type and is operated by a 
pinion and sector at one end. The sector is 
mounted on a countershaft which carries 
the operating hand lever. Drum contacts 
arc made from drawn copper tubing, screwed 
in place on a treated wood drum, and horn 
fibre spacers are inserted to insure smoothness 
of operation and to prevent sparking. Con-
tact fingers are of rolled copper stock, se-
cured to phosphor bronze springs. The 
controller is designed throughout with a view 
to withstanding rough usage. 

An operating handle of new design has been 
provided, made from drop-forged steel and 
having the advantage that it can be formed 
to suit the automobile manufacturer. This 
is very desirable, since there is a great 
diversity of opinion as to shape of scat and 
body outline. 
To make the equipment complete, a light 

cast iron grid resistance is employed (Fig. 4). 
This again is of sturdy construction and 
heavily insulated with mica. All terminals 
are drop-forged. 

An important point in connection with 
these motive equipments is that the term-
inals, leads and contacts of each component 

Fig. 4. Cast Iron Orid Rbeciet4t 

part are marked with letters in accordance 
with the wiring diagram, so that the neces-
sary connections in an electric automobile • 
can be made by those not having special 
electrical knowledge. 
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APPARENT CHANGE OF RATIO OF TRANSFORMATION 

IN THREE-PHASE TRANSFORMERS 

BY G. Facctott 

Sometime ago three single-phase trans-
formers were installed to operate a rotary 
converter. The primaries of the three trans-
formers were connected " Y", and the second-
aries " Y" diametrical. The difference of 
potential between primary lines was 11,000 
volts, and the normal voltage of each second-
ary winding 210 volts. 
The three transformers were connected to 

the high tension feeders (11,000 volts) and 
the voltage across each secondary winding 
was measured at no load. This voltage 
resulted to be 233 volts instead of 210. 
The leg voltage corresponding to 11,000 

volts " Y" is 6360 volts and the ratio of the 
transformer windings was exactly 6300:210; 
therefore there was no apparent reason 
for the higher secondary voltage. An 
investigation of the trouble immediately 
disclosed the fact that the secondary 
voltage was increased at no load from 210 
to 235 volts by a triple frequency com-
ponent of the voltage. 
A brief review of the phenomena in-

volved in the case will probably prove 
of some interest. 

It is known that if a single-phase 
transformer is excited by a sinusoidal 
electromotive force, the magnetizing 
current is considerably distorted, owing 
to the characteristics of the iron in the 
core. 

Fig. 1 shows the curve of exciting 
current of a 25 kw. transformer at normal 
excitation. The electromotive force 
applied across the exciting winding was a 
perfect sine wave, and its effective value 
460 volts. The analysis of the complex 
wave of current gives the following 
results: If the maximum value of the 
complex wave is assumed to be 100, the 
fundamental component will have a 
maximum value of 57.3, the third har-
monic a maximum value of 30.2, the 5th 
harmonic a maximum value of 10.6, and 
the 7th harmonic a maximum value of 
2.96. The predominant overtune of this 
wave is, therefore, the third harmonic, 
and this is generally the case with every 
transformer. 
Now let us take three of tIcse 25 kw. 

transformers and connect their exciting wind-
ings in " Y", leaving the secondary windings 
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disconnected, then apply across the lines 
795 volts, which corresponds to a leg voltage 
of 460 volts. Each of the three transformers 
requires for its magnetization a triple fre-
quency current, and since the electromotive 
forces across each transformer are 120 
degrees apart, it is evident that the magnet-
izing currents and their high frequency 
components will have the same phase dis-
placement. The triple harmonics of the 
magnetizing currents will then be displaced 
120 degrees; but 120 degrees constitutes 
exactly one wave length of the triple harmonic, 
and therefore the three triple frequency 
components of the magnetizing current in the 
three transformers will be in phase with each 
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other. The arrows in Fig. 2 represent the 
directions of the three triple frequency 
currents in the legs of thc " Y" at any in-
stant. It is obvious that under these con-
ditions such currents cannot flow, and 
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therefore the flux in each core can no longer 
be a sinusoidal flux and the electromotive 
force across each individual transformer 
cannot be a sine wave. In other words, 
although a sinusoidal e.m.f. is applied be-

4. 

Fla. 2 

twecn AB, BC, and CA, the electromotive 
forces across AN, BN and CN must contain 
some high frequency .components which are 
necessary to restore the equilibrium. 

793 volts were applied across the lines 
of the " Y" system, giving a leg voltage of 
460 volts, and the electromotive force 
across AN, BN and CN was measured 
and resulted to be 323 volts instead of 
460. The secondary windings of the 
transformers were not connected to-
gether. Fig. 3 gives the curve of this 
electromotive force and its analysis. If 
the maximum value of the complex wave 
is taken as 100, the maximum values of 
the fundamental and the 3rd and 5th 
harmonics arc respectively 61.5, 33.3 and 
2.2. The wave of the line current was 
taken at the same time and is given in 
Fig. 4. The analysis of this current 
wave gives 100 maximum complex, 84.2 
maximum fundamental, 21.8 maximum 
5th, and 3.3 maximum 7th. This current 
is then free from third harmonics, as we 
had anticipated: but the triple frequency 
distortion, which could not appear in 
the wave of current, appears in the wave 
of electromotive force. If we neglect 
the 5th harmonic, which is comparatively 
small, and assume that the electromotive 
force across each transformer is com-
posed of a fundamental and third har-
monic, we can immediately deduce the 
value of this third harmonic. 
The fundamental is equal to 460 volts 

(the normal leg voltage corresponding to 795 
volts across lines) and the third harmonic is 

equal to N/52.31;74651 230. 

In fact, it is well known that the effective 
value of the sum of two effective vectors of 

different frequency is equal to the square root 
of the sum of their squares. We see then that 
the " Y" connection on the exciting side does 
not allow the flow of any triple frequency 
currents, and that, in consequence, the vol-
tage across each transformer is composed of 
a fundamental wave of 460 volts plus a 
triple frequency component of 230 volts. 
This latter component is equal in all three 
transformers and affects equally the three 
voltages AN, BN and CN. Furthermore, the 
difference of potential between the point N 
and the neutral of the generating system 
is evidently equal to 250 volts, and has a 
frequency three times the fundamental. 
To remedy this distortion of the voltages, 

two methods can be followed: First, the 
neutral N of the " Y" can be connected to the 
neutral of the generating system; and second, 

0 ' 10 40 60 80 kV le WO lie ea ea 
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the secondary windings of the three trans-
formers can be delta connected. 

In the first case, the three triple frequency 
currents of each leg will flow in the neutral 
wire and the magnetizing current of each 
transformer will have the saine value and 
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shape of wave as in the case of single-phase 
connection. If follows that the electromotive 
force across each transformer will be a sine 
wave and equal to 460 volts. In the second 
case, the triple frequency currents which 
cannot flow in the primary winding circulate 
in the closed secondary delta because the 
direction of these currents is the same in the 
three sides of the triangle. 

This can easily be seen by remembering 
that the secondary electromotive force of each 
transformer must be an exact reproduction of 
its primary electromotive force. Then, if the 
primary electromotive force has a triple 
frequency component, the electromotive force 
induced across each side of the secondary delta 
must also have a triple frequency component. 
These triple frequency electromotive forces 
induced across each side of the delta'assist 
each other, as shown in Fig. 5, and produce 
in the closed delta a triple frequency current 
which s magnetizing in character and excites 
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the triple frequency flux necessary to give a 
sine wave of flux in the transformer. The 
final result is that across each :•;de of the 
delta there will be only a small triple fre-
quency electromotive force, active in sending 

the triple frequency magnetizing current 
through the resistance and leakage reactance 
of the windings, and that the voltage across 
each transformer will be practically a sine 
wave. 

But if the secondary delta is open and the 

Fie. 5 

primary neutral not connected to the neutral 
of the generating system, each leg of the "Y" 
has a triple frequency component of th'  

electromotive force across its tenuMals, 
which is also present at the terminals of 
each secondary minding. 
The common method of deducing the 

voltage across the secondary windings 
of a three-phase system, the primary of 
which is " Y" connected, consists in 
dividing the voltage between primary 
lines by 7 This gives the voltage 
across each leg of the primary, and this 
voltage multiplied by the ratio of turns 
gives the secondary voltage. In the case 
just mentioned, this method of calcu-
lation is incorrect, because, as we have 
seen, the leg voltage of the primary and 
the voltage across the secondary wind-
ings are considerably increased by the 
presence of a triple harmonic. 

This is the reason for the apparent 
discrepancy in the ratio voltages referred 
to at the beginning of this article. In 
that case 11,000 volts were impressed 
across the primary lines, giving 6360 as 
the corresponding leg voltage. Since, 
however, the neutral was not connected 
to the neutral of the generating system, 
and the secondary windings were open 
(diametrical. " Y "), a triple frequency 
component of the voltage was active 
across each leg of the "Y". This com-
ponent was reproduced across the ter-

minals of the secondary and increased the 
secondary voltage from ill) to 23.1 volts. The 
value of this component is 

‘'2351--:21"ill...1In volts on the secondary 
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side. This means that the triple frequency 
component of the e.m.f. on the primary side 
must be 6360 

105 X —21-0 3190 volts. 

This is the difference of potential between 
the neutral of the "" and the neutral of the 
generating system, and the potential across 
each primary leg is 

‘/63602 + 3190' ... 7100 
, 6360 7100 
Now , that is to say, the ratio of 

voltage measured across primary and second-
ary windings of each transformer is equal to 
the ratio 9f the turns; but it is impossible to 
deduce the leg voltage from the voltage across 
lines by dividing it by the coefficient 1.73. 
Conditions of this nature are very frequent 
in three-phase systems. 

If the transformers are loaded, the apparent 
change in the ratio of voltages disappears at 
once. Therefore, the presence of the triple 
frequency e.m.f. in this case has practically 
no effect on the operation of the transformers. 

FURNACE ECONOMY 

By F. W. CALDM ELL 

Many power stations are operated uneco-
nomically, due to indifference or ignorance 
in regard to the operation of the boiler plant. 
• Although there has been a great deal of 
discussion concerning the value of determining 
the quantity of CO, (and neglecting other 
gases) in boiler furnaces, the opinion seems 
to be very definite that some form of indica-
ting apparatus is of great advantage to the 
firemen as well as to the plant operator, but 
that there is no apparatus which can entirely 
replace the trained eye in determining the 
best kind of fire. 

Perfect combustion, high furnace tempera-
ture, high velocity of gases over heating 
surfaces, and low stack temperature are all 
advantageous, and the best efficiency of 
evaporation is attained when all of these are 
a simultaneous maximum. Gas analy-
sis is influenced by the first two 
conditions, slightly by the third, not 
at all by the fourth, and is itself a 
perfect measure of none. 

If there are holes in the fire bed, 
the oxygen content will rise and the 
amount of carbonic acid will fall in 
proportion. Gas analysis will reveal 
the presence of such boles, and so will 
the eye coupled with an examination 
of the fire bed with the usual fire tools. 

If a fire is thin and is passing too 
much air, gas analysis will give the 
same indication that is given when 
a fire bed contains holes, and it will 
not determine which of these troubles exists. 
The usual draft gauge and fire tool are the 
final instruments and might have been used 
in the first place. Again, leaks in the setting 
give this same oxygen indication and must be 

determined separately, independently of gas 
analysis. 
The most common errors are the admission 

of too much air to the furnace, uneven fires 
and poor methods of firing. An analysis of 
the flue gases is naturally the best evidence 
of what is taking place in the furnaces. 
The flue gases consist principally of nitro-

gen (N), carbon dioxide (CO,), oxygen (O,), 
and carbon monoxide (CO), the proportions 
depending upon the amount of air admitted 
to the furnace, the completeness of combus-
tion and the quality of the coal used. 

Generally speaking, a low percentage of 
CO, indicates the admission of too much air 
to the furnaces and a low boiler efficiency. 
A high percentage of CO always indicates 
incomplete combustion and a low boi er 

efficiency. The correct percentage of CO, 
has always been subject to more or less 
discussion, the estimate varying from 9 to 
14 per cent. Certain boilers which are of 
the water- tube, internally-fired type, have 

Curve Showing Percentage of CO, fn Flue Otwee 
for Dirrereet Seiler Ellteienriee 
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given the best results where CO, was 13 per 
cent., although in some types of water-tube 
boilers, when attempting to run at high 
values of CO,, the arches and side walls have 
been burned out. The correct percentage 
undoubtedly varies for different boiler settings, 
the quality of coal burned, etc., but a per-
centage of 10 to 12 per cent, usually indicates 
the most economical operation. The attached 
curve was taken from the Government 
Boiler Testing Plant at St. Louis. Mo., 
Bulletin No. 323 of the U. S. Geological 
Survey. This curve indicates that CO, 
should have in general a value of about 10 
per cent. The upward slope of the curve 
indicates that a higher efficiency is obtained 
by raising the percentage of CO,. 
The improvement in boiler efficiency effect-

ed by increasing the percentage of CO, in 
flue gases from 0 to 11 per cent., as shown in 
this curve, is 11.S per cent., and corresponds 
to a saving of 20 per cent, in the coal burned. 
This curve probably shows the improvement 
that could be expected in the average boiler 
plant. The percentage of CO, in the flue gases 
can be almost entirely regulated by proper 
damper control, careful firing, etc. 

In order to act intelligently, the boiler 
plant operators must have an analysis of 
the flue gases as often as possible. Due to the 
small percentage of CO compared with the 
total volume of flue gas, the usual gas analysis 
does not give reliable figures on this content. 
The usual practice, therefore, is to obtain 
the percentage of CO, only. The oldest 
method of obtaining this analysis is with 
the Orsat apparatus, which is very reliable 
but not automatic. With this apparatus, one 
man who does nothing else analyzes a 
sample of the flue gases about every twenty 
to thirty minutes. Today there are several 
fairly reliable devices on the market which 
record the percentage of CO, automatically, 
giving the operator a continuous record to 
work by. 

A very satisfactory method is to have an 
automatic device before each fireman. This 
device need not have great accuracy, as 
anything that makes a mark varying with 
the firing will constantly urge the man to 
his best endeavours. lf, in addition to this, 
supervision is exercised by one well trained 
in the fircroom and the results for the slay 
are accurately summated, a good degree of 
economy should be secured. 

It would appear that the curve can be 
taken to represent general values, although 

there isIno doubt that a few boiler tests on 
each type of boiler would indicate that the 
best results could be obtained by very slightly 
raising or lowering this curve. There can, 
however, be no question but that a percentage 
as low as (3 makes a tremendous difference in 
the economy of the boiler. 

BOOK REVIEWS 

THEORY AND CALCULATION OF TRAN• 

SIENT ELECTRICAL PHENOMENA 

AND OSCILLATION 

By Charles Proteus Steinmetz 

McGraw Publishing Co. 556 Pages Price Not $5.00 

The increasing use of the alternating current 
within the past few years has rendered the subject 
of transient phenomena of vital importance: there 
has been, however, no work available which treated 
the subject in a thorough and consistent manner. 
With the publication of Dr. Steinmetz's book, a 
treatise has been placed in the hands of engineers 
which, for the first time, adequately discusses these 
complex phenomena. The book is therefore a 
pioneer work; it is, in fact, epoch making. 
An exact physical definition of the expression 

"transient phenomena," one which shall be suffic-
iently inclusive and at the same time non- mathe-
matical and easily understood, is rather difficult to 
frame. In his preface, the author defines the term 
by giving the common characteristic of the phen-
omena. Ile says: " the characteristic of all tran-
sient phenomena is that they are transient functions 
of the independent variable time or distance." 
Transient phenomena may be described as all those 
phenomena that are episodial in character; i.e.. that 
begin at a certain moment or place and vary continu-
ously either gradually or in an oscillatory manner 
with the time or the distance, finally becoming 
constant at a maximum or zero value. The building 
up of a dynamo is a transient phenomena, the rise 
of current in a cire-ut upon closing the switch, the 
discharge of a condenser, the surge in a trans-
mis .on line, etc., cte. 
While the inherent nature of the subject absolute-

ly necessitates the employment of higher mathe-
matics, the author wherever possible has used the 
simpler algebraic forms: furthermore. after develop-
ing the various theories, he has applied them practi-
cally to working conditions, and has given concrete 
numerical examples. This is an especially valuable 
feature of the work, as it renders the conclusion of 
the theoretical discussions available to all classes of 
readers, and than does not limit the book's usefulness 
merely to those whose mathematical training 
enables them to follow the discussions in their 
entirety. 
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From such a mass of uniformly valuable material, 
it is difficult to make selections for special comment. 
The book covers the subject thoroughly, and con-
siders transient phenomena as involved in gener-
ation, transformation, rectification and transmission 
under both normal and abnormal conditions. A 
beautifully lucid presentation of the subject of 
artificial leakage and loading is also included. 
Skin effect and other properties of wires and cables 
are fully discussed, as is also the theory of lighting 
and lightning protection. 

THE ELECTRIC SOLICITORS' HANDBOOK 

This book is issued by the National Electric 
Light Association under an editorial committee 
with Mr. Arthur Williams as chairman, and as 
might therefore be expected is a thoroughly prac-
tical and useful production. It is written for the use 
of central station solicitors and all others directly 
interested in the applications of electricity. The 
book is divided into three chief sections, entitled, 
"Illuminating Engineering, Heating Engineering 
and Power Engineering." The three sections are 
prefaced by some valuable information on business 
getting and talking points. A complete index is 
provided which shows a very wide range of subjects 
dealt with. The use of very concise and simple 
methods and round numbers. etc., is of course, 
necessary in a book of this type, but it forms the 
most valuable addition to the library of the central 
station man that we have had for a long time. 
The range of the book can possibly be best illus-

trated by a few examples. The following, for instance, 
are extracts taken at random: 

Cost of Central Station Service Compared with 
Isolated Plants; Horse- Power Required to Drive 
Various Machines: Load Factors for Different 
Classes of Service; Data on High Pressure Exhaust 
Pans; Application of Motors to Machine Tools; 
Electric Heating Calculations; Power Taken by 
Different Heating Devices; Estimation of Illum-
ination; The Lighting of Factories; Power Con-
sumption of Various Forms of Lamps; Table of 
Reflection Coefficients; The Electric Motor in the 
Household; The Electric Motor Compared with the 
Gas and Gasolene Engine; The Electric Motor 
Compared with an Isolated Steam Plant: Electric 
Light Advertising: Specific Advantages of Electric 
Light; The Relation of the Company to the Con-
sumer; Methods of Keeping Records, Etc.; How to 
Meet Opposition and Competition. 

This book would have been still more valuable 
if it could have been published at the time the 
manuscripts were completed by the different 
competitors—now more than two years ago— 
since it now contains a large amount of matter 
either not available elsewhere or difficult to find. 
At the time referred to, it must have been a still 
more exceptional production. We note with 
pleasure that a large share of the credit of this 
production belongs to one old employee and one 
present employee of the General Electric Company. 

OBITUARY 

James J. Mahony, who had been connected with 
the General Electric Company since its organ-
ization, died on March Itilth at Holyoke. Mass., 
at the home of his sister, Mrs. A. J. McDonald. 

Mr. Mahony was born at Worcester, Mass., 
June 16, 186.1 His parents were Maurice and Mary 
White Mahony, both of Ireland. 

He received his education in the Public Schools of 
Worcester, entering the High School in 1876. where 
he stood well in all his classes, and in particular 
showed marked ability in mathematics. 

At the end of his third high school year he left 
school to accept employment at Forehand & 
Wadsworth's pistol factory, where his father had 
been employed for some years. He remained with 
this concern a year or more and then served an 
apprenticeship as machinist with the .MeMahone 
& Carver Tool Company. During this time he 
also took up the study of engineering and mechan-
ical drawing. 

In the spring of 1888 Mr. Mahony entered the 
employment of the Thomson-Houston Company 
at Lynn. where for the first six months he worked 
as a machinist under Mr. John Riddell, and was then 
transferred to the expert corps. A few months 
later he was sent to take charge of the installation 
of car equipments and to supervise the operation of 
street railway apparatus during their trial period. 
While in this position he had charge of a number of 
important railway installations, among others the 
street railways of Albany and the original West 
End power station of Boston. 

In 1891 the Foreign Department of the Company 
sent him to Australia to take charge of a number of 
installations, one of importance bring the Sydney 
Tramways. 
• Returning about two years later, he was placed 
in charge of similar work in and about New York 
City. Ile erected the electrical machinery in the 
Kent Avenue power station in Brooklyn and built 
the first large direct connected generators in both 
Brooklyn and Boston. He also accomplished a 
great deal of important inspection work throughout 
the United States and Canada. 
About twelve years ago Mr. Mahony became 

connected with the Commercial Department of the 
New York Office; and here, by reason of his tact-
fulness, diplomacy and unfailing courtesy, he made 
one of his greatest successes. 

In 1110m, at the Company's request, he made a 
trip to South America, from which, after a few 
months, he returned to his duties at the New York 
Office, where lie remained until the time of his death. 
Through his inherent ability and bv his own unaided 

efforts Mr. Mahony rose to a high position in the 
electrical profession, his sterling character and 
perseverance commanding the respect and admi-
ration of his associates. Ile possessed a personal 
charm that was exceptional. 
From his boyhood, he was very fond of outdoor 

sports, being particularly interested in baseball and 
golf; he was also an exceptionally expert sailor i.nd 
was the winner of a number of cups. He was a 
member of the Engineer's Marine and Field, Dyker 
Meadow, and Scarsdale Golf and Country Clubs. 
The funeral services, which were very largely 

attended, were held in St. Paul's church, Worcester, 
and the interment was made at St. John's cemetery. 
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FORMUL/E, CONSTANTS AND HYPERBOLIC FUNCTIONS 

FOR 

TRANSMISSION LINE PROBLEMS 

NOTE. In using the forrnulœ given below, the following points should be noted: 
All voltages given in the formulœ must be those between wire and neutral. That is, the line 

voltage for three-phase lines must be divided by Vti before substituting in the equations, and 
must be divided by 2 for single-phase lines. The currents are given in amperes per wire. Hence, 
the power lost,delivered or generated, calculated from the equations, only refers to one phase and 
must be multiplied by 3 to obtain the total power in three-phase lines, and by 2 in the case of 
single-phase lines. 

Phase Convention 

When the voltage is given at some point, as at the receiving or generating end, it is usually 
taken as the standard phase, and all other voltages or currents, calculated or given, refer to this 
phase. Thus, according to the sign convention adopted throughout riz, contra clockwise rotation, 
the given voltage ti (say at the receiving end) is wrnten e without any j term. If the voltage or 
current at any point is a+jb, the -1- sign indicates that the voltage or current leads the 

•ib 
voltage le by the angle tan -a; a negative sign would show that they lag behind the voltage v by 

the same angle. The form -a-i-jb indicates that the current or voltage at the point considered 
b 

leads the voltage s, at the receiving end, by the angle tan --à), that is, by an angle ,greater 

than O0°. 

A current or voltage a+jb means that a amperes or volts are in phase with the standard voltage 
phhse and b amperes or volts are in quadrature with the standard phase. The prefix jis equal 

to V- 1, therefore, jXj.. - 1. The resultant value of voltage or current a ± ib 

The product (a -I-jb)(c+jd)=ac - bd-f-j(bc-1-ad) and so on. For division +lib -aa,-+ibb, and so on. 

The cosine of the angle that the current leads or lags the voltage at any point is the power 
factor at that point. Hence, if the power factor is given fat the receiving end say) the current 

- a ±jb at this end can he obtained from the formula Vie (PF ±j %/1.0 - Pr). Thus if the 

resultant effective current is 100 amperes at P.F. lagging, i..100(.80 - j%11.0 - .04) 
- SO - 00j and must be substituted in the equations, in this form. 

1 
Constants m, es, and—. Tables II and III, Pages 6 and 7 

These arc calculated to include the capacity and self-induction between wire and neutral, 
and the resistance per mile of single wire, whether for three-phase or single-phase lines. 

When calculating single-phase lines, the constants determined for the wire spacings lying in 
a plane must not be used, but only those for triangular spacings. The constants for spacings in a 
plane must only be used for three-phase lines, when a sufficient number of transpositions has been 
made to produce balanced electrical conditions along the line. 

The constants for any wire spacings between those given can be readily determined by 
• 1 

interpolation. As noted in the tables, the values for in and a-ri must be divided by 1000. The 

values of m, arc correct as they stand. 

Resistance 

The resistances included in the constants refer to hard drawn stranded copper wires, the 
value of the resistance used being given in the tables. If the resistance of a given line is slightly 
greater or less than that for which t'.c tables have been calculated, the proper percentage increase 
or decrease in the constants can be obtained from Table I, page 5. 
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Hyperbolic Tables. Tables IV to XIII, Pages 8 to 17 inclusive 

The values of cosh (x+jy), where x is given in the top row and y in the extreme left or right 
hand column will be found in the columns headed a and b, and the values of 
(xi-jy) in the columns headed c and d. Hence, the value of cosh (x-Fjy) will be a -Fjb, awl 
(xl-jy)=c-Fjel. The values of these functions lying between those tabulated can be readily 

obtained by interpolation, see example A. 

Equation% 
The accurate equations for transmission lines are given below, provided the gen.x.tt,r 

voltages and currents arc simple harmonic functions of the time, and there is no corona t t. 
When the electrical conditions are given at the receiving end and E,=. volts at receiviig end 

between wire and neutral, the current per wire, e, the voltage at any point 1, and i, the turein 
at the same point. The distance 1 is given in miles and is measured from the receiving Cr,'!, tben 

e,= &cosh ml+ Idn isinh ml 

I,coshml-Fsieshml 
mi 

If the conditions are determined at the generator end and E, and I, are the voltz.t and 
current respectively at this end, then the voltage and current at any point 1 along the line 
obtained from equations (3) and (4) following, 1 being measured from the generator end. 
e,= E,coshml- I ,sinli in! 

mi 

Approximate Forrnulre for Short Lines 

These forrnulte can be used with an accuracy of 1 per cent. for lines using No. 2 wire up 
120 miles long at 60 cycles and 150 miles at 25 cycles. Greater accuracy will be obtained 
larger wires than No. 2 are used, though the difference is immaterial. See example B. 

If in p+jq and the conditions are given at the receiving end, then 

e,= E.(1+ Mr - 42) jpq12)+1,md(b+jq) •5) 

iP9P) -F l(P+fq) 

If the conditions are given at the generator end 

e,.= 41+ — JP9P) -- 1 one(P-Fig) 
P( . 

P( -e) . E, . 
i,=1,(1 - • + JP4P - - l(P +JO 

A. Example of Accurate Solution 

Three-phase line, 300 miles long using hard drawn stranded copper wire No. 000 11.&S. 
triangularly spaced, with wires 10 It. apart. Frequency GO cycles. 

1 2.44+.485j 
From the tables in '421+2.1Ij 1000 ,= 302 - 78.0j 1000 • 

Suppose the following conditions arc determined at the receiving end. Line voltage lol»m 
volts, or 60,000 volts between wire and neutral. Load current 100 amperes at receiving end at 

.90 power factor lagging. Then, E,- G0,000 and I,= 100(.90 -j%/1.0" - -43.5j. If I he 

power factor had been unity I, = 100, or if .9 leading I,= 00+43.5j. 

At the sending or generating end, (.421+,20.0011j) 300 126 +.633j. 

Then by interpolation from the tables of hyperbolics, the following values are ol.taiiied: 
cosh nil cosh(.126+ .633j) ...812+ .075), 

sin k = s i eth (. 126 + .633j) .102+.507j 
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The interpolation can be obtained as follows: 
From the table.s 

cosit(.12+.62j)=.820+.070j 
cosh(.12+ .64D= .80S+ .072) 

Therefore, cosh(.12+ .633j) =.812 +.072j 
From tables 

cosh(. 14+.62i)=.822+.0Sli 
cosh(.14+.64j) = .810+ .083j • 

Therefore, cosh(.14+ .033j) = .814 + .082j 
But cosh(.12+.6.33j) =.812+.072j 
Therefore, cosh(.126-1-.633j)=.812+.073j 

By the same method sinh(.120+.03.3j) can be determined. The above steps, for obtaining 
the interpolations, were given more for the purpose of showing how to use the tables than for 
determining the values of the functions; since with a little practice, it will be found that practically 
all values can be immediately obtained from the tables by inspection. 

Substituting in equation (1) the voltage at the generator end is given as follows: 
= 60,000(.812+ .075j) + (90 — 43.5j) (392 — 78j)(.102+.307.i) 
= 48,700+4500j+ 17,500  + 16,500j 66,200+21,000j 

Hence eg= V662002+21000' = 09,7)00 volts at generator end, between wire and neutral. 

The generator voltage leads the receiving voltage by the angle t a ni â!).i.:- = tan 1.318=17°30'. 

To find the current of the generator end, substitute in (2), then 

= (90 — 43.5j) (.812+ .0 3j) + 
1000 

=76.3 — 28.3j- 1.7+90.2j= 74.6+01.9i 

Therefore, generator current = %1740+61e= 06.8 amperes per wire. 

The generator current, therefore, leads the voltage at the receiving end by the angle tun .' ?I: 

=Mai .83=39° 42'. 

Therefore, the current at the generator end leads the voltage at the generator end by the 
angle (39° 429—angle(17° 391 = 22° 03'. 

The power factor at the generator end is, therefore, cos(22° 03') = .927 leading. 
60,000 X 100 X .90 Transmission efficiency is thus 
W,?;007W6.83-aii *a' 

The total power delivered by the transmission line is 3 X60,000 X90 = 16,200 kw., the total 
power lost in transmission being 2,400 kw. 

To obtain the regulation, find the voltage at the generator end with no load current, that is, 
since I, =. 0. 

e,= 60,000(.312 +.073j) = 48,700 +4,300j= 48,900 volts between wire and neutral. 

Hence, a voltage rise occurs between wires of 20,000 X ‘ri volts = 33,500 volts at the generator 
end when the load is increased from nothing to 100 amperes at .90 power factor lagging at the 
receiving end, with constant voltage at the receiving end. 

Since 1, -0 at no load, the capacity current is 
60,_000(2.44 +.483j) (. 102 +.597j) • - • 

1000 •4 9 amperes per : rt. 

At no load, the voltage at the generator end leads the voltage at the receiving end l'y the 

angle la n 1(4-45f.)7)..tan ., .093 = 5°19'; and the current at the generator end leads the voltage at the 
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receiving end by the angle tan 1(0-0ij = tan( - 53.1) = 91° 04. 

Hence, the current at the generator end leads the voltage at the generator end by the angle 
(91° 04') - (5* 19') = 85° 45'; hence, the power factor at no load is cos(85° 45') = .074 leading; 
and the total no load transmission loss due to capacity current is .074 X3 X48,900 X90.2 = 930 kw. 

B. Example of Solution by Approximate Formulae 
Three-phase line 100 miles long, using hard drawn stranded copper wires No. 0 B.&S. wires 

equally spaced in a plane and S ft. between wires. Frequency 25 cycles. 
In this case, suppose that the generator conditions are determined, being 50,000 volts 

between wire and neutral, and 100 amperes per wire at unity power factor. 

1 I .65 + .88j 
j From the tables m = '555+1.025/ m, = 470-254 

1000 mi 1000 

Therefore, mi at the receiving end is .0535+.1025) and since ntl=p1-Fiql 

therefore, pi -.0535 and ql = .1025. 
By substituting these values in formula (7), the received voltage is obtained 

e,- 50,000 ( 1 - +.0037f)- 100(470- 254j)(.0555 +. 1025j) 

= 49,800 + 2S0j --5,200 - 3.420f= 44,600- 3,140j. 

Therefore, the received voltage is 44,6002+3,140' - 44,800 volts between wire and neutral, and 
.C 4.3116(1) 

this voltage lags behind the voltage at the generator end by the angle tan • 

=ton .,(-.0704)= - 4° 02'. 

The current at the receiving end is given by substituting in equation (S) 
100(.996+ .0057 j) 50,000 ( 1.65 + .S8j) (.0555+ . I023j) 

1000 

= 99.6+.57j- . 10 - 10.9) = 99.5- 10.3j= 100 amperes per wire. 

Therefore,:the:current received is 100 amperes which lags behind the voltage at the generator 

end by the angle ian'U:n = tan - .1035) = -5° 55'. 

Hence' this current lags behind the voltage at the receiving end by the angle (5°53 ') - (4°02') 
=1 ° 33' and the power factor at the receiving end is cos(1 ° 53') = .0995 lagging. 

Since the received current at no load is 0, the capacity current is given by the equation 

1,(14-ne«÷e)+jpgi)---Edi(p+ig) 
10 + 10.9) (. 10 + 10.9j)(.996 - .0037j) 

therefore, capacity current / .996 + .0057j .9962+.00572 

that is, capacity current or /, at no load = .164+10.9j' 
hence, the capacity current is 10.9 amperes per wire and leads the voltage at the sending end by 

10.9 the angle Inn :164 =10)1 160.5=SW' OS'. Thus the power factor at the sending end at no load is 

cos(SO° OS') = .0151. 

By substituting the capacity current or f , at no load in equation (7), the voltage at the 
receiving end at no load can be obtained, and therefore the regulation at the receiving end between 
no load and 100 amperes. Substituting the values 
e, 49,300+280j- (. 164+10.9j)(470 - 254j)(.0555 + . 1025j) 

-= 49,90 + 2S0j+ 363 - 572j= 50,200-292j. 
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Thus the received voltage is 50,200 volts, lagging by a small angle behind the generator 
voltage. 

The regulation at the receiving end is, therefore, 50,200 - 44,800=5,400 volts between wire 
and neutral, or betcven wires= VT3 X 5,400..0,300 volts drop between no load and 100 amperes 
load at the receiving end, when the generator voltage is kept constant. 

Example of how to use Table No. I 

Assume that the No. 00 wire used in a transmission line operating at 25 cycles has a resistance 
of .423 ohms per mile, instead of .417 ohms as given in the tables for in, etc. Then, in this case, 
the increase of resistance is 1.4% nearly. Hence, the following changes must be made in on, m, 

and 1  in accordance with Table No. I. 
m 

The real term of ni must be increased 1.4 X .0%..1.3% nearly 
The j term of m must be increased 1.4 X .4% =, OA% nearly 

The real term of mi must be increased 0.0% ind the j term 1.3% nearly 

The real term of-!  must be decreased 1.4X 0.2% ,.. 0.3% nearly 
en' 

The j term of must be increased 1.4 X 0.3%.. 0.4% nearly. 

If the resistance were 1.4% less instead of greater, the values must be decreased where they 
were increased in the above example and rice versa. 

TABLE I 

Percentage change of constants m, m, and -I- for change in resistance 
m, 

l'or every I% variation in resistance, change the real and j terms in the constants by the percentage 
amounts given in the table. If the resistance is increased, the + sign means, increase the term and - sign 
decrease the term. The opposite rule holds when the resistance is decreased. This table covers both 
methods of spacing and any distance between wires. 

_. ..._ 
GO cyci.cs f 2.1 CYCLES 

lilre 1 k in 
i (lin,, p.:- ..• m . 1 1 n. 4.1 4 --BAG. in-, . ra, 

Re-al j Term Real j Term, Real j Term Real . j Te;:ii Rosi i -Term 
.• 4 % + % ' - e 4 % r 4 % 4 % + % 4 % • -% 4 % 

210.001) .222 75 None +.78 , None +.70 +.85 +.08 +.05 +.88 -.10 +.711 
MOO .54,7 7; None +.70 None +.70 I +.1110 +.10 +.20 +.50 -.10 +.85 
000 .3:11. • + TO None .70 None +.70 ' +JO +.30 +.10 +.80 -.11 +.38 
01) . 417 None +.70 -.00 +.115' +.10 +.40 +.40 +.10 -.80 +.80 
1, 9V, . 75 .16 +.05 +.70 -.01 +.115 • +.50 +.60 +AO +.10 -.00 +.18 

.60i • .08 • 10 +.10 +.85 -.10 +.80 +.70 +.80 +.20 +.70 -III +.18 
, . - 90 10 +JO +.00 -.18 +.55 +JO 4.10 +.50 +MO -.20 +.15  
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* TABLE II 

Values of m. m j and _L per mile for triangular spacing at 25 and 60 cycles 

- - 

- - - - 60 ere. 487 gee 23 Mtn ... 
- - - - - - - • 

Spacing ! Spacing Mena b -7- -- i I etween Mires m m. I _ ni I et irli - betneeen Inches 
Inches . 

' Divide by 1000 Divieliy 1000 Diside by 1000 ' , Divide by 1000 

230.000 BAS. R .222 ohm per milt 290.00,3 HAS. R olmm Fmk _ 

72 .US +1 111 11411 - 81 ti 3 82 +61 388 +.2181 342 -1201 1181+. 71 
96 .3011+11103 SU -51 519 +.314 »I +.111 177 -1011 1 41+, 96 
120 111111+114114 1/11-111 8 1 80+346 .113 +607 220 - 115j 11.22 +53 120 
144 .187 +1 016 381 -U.1 81 4 .147 276 +.1104j 401 - 1210 L17 +.8111 144 

No. 0000 B&B. R .2313 ohm, per oule No. WOO & RS. R .2(1/1 ohms per mile 

72 .2174 + 1.11j 312 - 81 3.76 +.41141 +.5321 171 -141j 1 II 4-1H 72 
1,6 , 461 +2 101 361 - 61 tj 263 +.446j .321+ 9171 3112 - 1411 Id+ 221 De • 
120 .244 +1 101 382 - 62 7 101 +AM 216 + 911j 401 - 1411 111 +.71101 120 
141 I .114 + 2 091 311 - 51 7, 241+ 31151 5/6+ 118) 411 -UM 117+.141 144 

No. 000 B-41-12R44.33 ohm, per mile No. CO') DAIS. R ne 23 ohms per mile 

72 .487 +1 121 360 - 78 01 1 64 + 11631 610+ Oil 321 - 171) 3 14 + 131 71 
lie .431 +1 1111 371 -780, 163 +621i .421+523 404 - 171j 2 09 +.2211 06 
we .411 +1 11 292 - 78 Oj 2 44 + .480j .121 +.1148 410 - 1711 204 +5 120 
144 I .406 +2 1 402 -78 01 238 + 44111 261 +.64 430 - 1741 200 + 5041 144 

1 No.00 13 &S. R...417 ohms per mile 

206 • 2 16, 
126 2 141 
417 2 13, 
504 2 13, 

172 - 97 0. 
391 97.111 
406 - 98 
414 .. 90.2) 

232 631 , 
240 600, 
2 31 660. 
229 646 

N9. 00 B iS. R- 417 eahme prr rn-le 

.417 + 01181 
481 + 11115 
.488 + 180 
.400+87* 

114 - 1077 
434 911j 
444 - 113j 
411 - 213i 

1 93 i la 
166 + 607 
1 83 1- 1701 • 
1 81 + 880 

_ 
No 0 B is. R 323 ohm per mile 

120 
144 

, 

e78 2 1.11) 381 •• 1201 126 - 717i ' -5711 +1 011 441 -180 171 +.960,1 72 
663 1 II, 403 - 1311 6.28.., 11115) 8111+/ Oilj 481 - I53 , 1 57 -i- 914j 96 
639 2 161 411 • 1.11i 111 ,.11411 Ali +1 01, 470 -251 • 1 64 +.892j 120 
410 2 151 414 -- 121i 2.17... 8211 .641 +1 01J 471 -158 ' 163 + 0665 144 

I' è. 0 h Ii.,.; Ne. 1 0.58. R 1363 ohms per mile 

822 2 21 , 408.• 142i 217 803i .4111 +1 10 476 - 300j I 1 01+ 141 72 
.791 531, 418 • 1491 0.11 .• 71111 510+1 01 19 6 - 1011 1 41 +.901 96 
766 • 2.10j 410 1004 2 07 .,-. 7134 818+1.081 007 - 207} • 1 84+ ' 120 

.1i 741 • 11) 441 - 1811 2 01 , 590) .610+1 07 115 309/ 141+111 144 

2 11 No. 2 11 &S. R 4,833 ohms per mile 

1119 e I 19i 421 - 1111; 2 00 ... 880i .800 + 1 111 III - 3541 111 +. 1114j 72 
646 -2 271 438 -- in,' 114 - 810, .772 + 1 16j 536 - 360i 1. te + 1161, 96 
110 . 2 261 160 , 183, 1 90 . 776; .764 + 1 141 648 - 162) 1 27 ... 840) 120 
1108 e. 2 26j 110 - 141, 188 • 7511 544 + 1.111 109 - 064, 1 16 + 1121) 144 

. . ..•- • 
* This table can also be used for single-phase lines. 
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* TABLE ILI 

Values 01 ni. in, und L. F/t equally t paced wiles lying in a plant it 

La)   • • • 23 cYcl.lot • • • 
_ . . Spatine 

between ves betwern W1r., 
belies , in on, j. . to in, __ I. !ochre 

  Divide by 1040 ._, __ _. • Diride •ben.y 1000 Divide by 1009 • _ Dividelir 10110 _ 

230.000 13..22.- R •v .222 ohm. pee mile 230.000 2.05. It •• .222 ohms per mile 

72 .310 +1.11) 140- Its 

120 .386 +3.10 
144 

06 

478 +2.09 39/ -41.9 1.47 +014 

.397 + 2.111 874 - 8 388 -819 3.81 4.84 2.8 
.1 .210 +410 

4411 +.109 416 - 1314 212 +. 

2.71 +.891 .296 4.11/1 
210 +.344 .144 +.213 110 - 121 41 2.34 +.729 

316 - 1213 

441 - 1321 err +.561 , 120 
614 144 

2.41 4-.181 72 
90 

No. 0000 -19 :RS. 11-;..-2413 ohms per mile No. 0000 4 &S. R 'veal ohms per mile 
. _ .. _. . ..... . _  

77 .341+411 SU - 111.81 

144 

120 .331 +1.96 .344 +1. 8410 -MI 
14 3114 - 83.5 

.334+1.09 4011 -62.6 1.13 +.483 .840 4.9211 341-141j . 129 4.11411j I 147 +.421 .324 4.024 . 441 - 1421 ' 341 +.7861 
247 +4 .310 4.834 ' 410 - 14.1.111 3.14 4-.141 129 

rs 
on 

1.41 4.171 .3044411 426 - 1431 210 4.1061 , 144 

. ' - - - • - - - - I,  
. No. 000 2.01. R .; 43 ohm ,,, s .• !,,,,le - 

.I 189+5.121 174 -17.43 3.50 +.530; .406 4.911 , 406 - 171; 3 10 4.8941 l 72 
421 48.111 390 - n.6i 1.47 y 4915 .3114.1140 . 420 -1733 1.05 .1-.6411j O6 
.404 42.11! 105 - 71.91 1.38 - . 457) .379 +.148 434 -- 174 1.40 +.191. 120 
.32442.111 416 - 70.0j 2.32 4.434! .170 4431 , 111 - 1761 

i j i 

1.94 +.7642 144 

so. goo LOS R-23 ohms per mile 

No 00 RAS. ...117 ohms per mile No. 00 8 &S. R 417 ohms per mile 

72 .840+2111 881 - 117.0j 843 +4041 .484 4.95411 414 -ses 1.89 4.1121j4 72 
11 40 96 .019+93 -97 13 101 4.841/j 469 4.11114.1 413 -211 1.64 +.817 90 

120 ' 40041.13 418 -97.5 437 4.421! .4444.277j 461 -314 1.794.834 120 
114 .487 +11.111 435 - 97.51 238 44111 441 4.0731 46/ -814 1.74 +4 144 

_ 
No 0 B.&S. R ohms per ado 

- - - - - - 

7.; 661 . 2 up 198 52003 220 • 690. .473 41.0181 466 -141 1.111 4. 
114 .630 - 1 171 413 110 6, 211 . 444j .614 41.0311 470 -1104 

.609 •• 2 111j 181 121.0. 2 ts . 011, .141 + 1.020! US -187 1.41 +.864 

.616 -540 439 tat 0; 211 eSe: .054 +1.011i 494 - 11101 1 63 +II 
12V 
uil 

1.114 4.840 ID) 144 

2 

No.1 BAS. R o AO ohms prr rode 

72 802 -1 23; 418 - 160 O. 212 7b0 071 +1 0114j • 442 -203j 1.445 +.so13 73 
96 TN . 3 Hi 442.- 108.9; 1 00 110, .6ss + t as) NO -S071 1. 446 4.111, fe 
120 .744 - 2.30 445 •• 140 6, 201 462, .838 41.070j 880 -1091 1.420 4.844, 120 
141 .716 • 1.19j 496 let 01 125 G54, .020 + 1.0443 051 -21.11 1.398 4.11103 144 

No. 2 RAS. R . 633 <duns Pe, not. 

00 
71 .ess +1.ss us -1121141 .9314347 111+.110 .780 41.140l 032 - IMO 1.4114 .1:Ire • 'firi. 

148 +.7/0 .749 41.1801 860 -383 
120 .81442.98 VINI:184) 144 4.739 .741 41.1301 063 -186 1.8064.814! ' 1211 
144 i 481 +2.1111 Sri -1811 141 4.718 : .729 41.117j 470 -3811 1184 4.1100i I 141 

i 
_ - - - 

* This table may be used for three-phase lines, only when a sufficient number of transpositions has been 
made to obtain balanced electrical conditions along the line. In no case must the table be used for single-
phase lines. The table can be used, whether the plane in which the wires lie is vertical nr horizontal, 



TABLE IV 

Values a cosh (s jy) • + jh und 610h (It + kr) C id 

Y 

000 

1/4 
00 
.110 

.10 
a2 
14 
.10 
.18 

.20 
23 
a4 
.26 
.25 

30 
.32 
.34 
.34 
.30 

.40 

.43 

.44 

.40 

.15 

MO 
4.2 
04 
.30 
.48 

AO 
.82 
.64 
.00 
.85 

yo 0.02 

a 

1.000 0.00 omo .000 1.000 000 
1.000 0.00 000 .000 1.000 .000 
1 000 0.00 000 .000 I 000 000 
.958 0.00 000 .060 .998 .001 
.917 000 0.00 .080 .991 .003 

.916 000 000 .100 

.990 000 0.00 .120 

.390 000 000 .140 
MIT 000 0 00 169 
.984 000 0 00 .119 

.980 0.00 o 00 .110 

.916 0.00 0.00 .218 

.971 0.00 000 334 
966 0.00 0 on .247 
.911 0.00 000 .277 

e 

5.4.01 • .0.011 

- J a a 6 d 

.020 .000 1 001 000 

.020 020 1 000 001 
020 040 1 000 001 
.020 .060 .999 001 
020 450 .910 003 

995 000 020 100 996 .004 
993 .003 020 .120 .994 000 
220 003 070 .100 .911 006 
.957 003 010 au Ins .006 
.951 001 020 111 .900 007 

.980 .004 090 .199 981 .008 

.176 404 .020 .218 .977 .009 

.171 .005 .019 .238 971 510 
MO .005 .019 .161 967 030 

.941 006 019 .277 162 911 

.9s• 000 00 894 .956 006 .019 .294 951 011 

.949 000 0.00 .318 .119 .006 .045 419 940 .013 

.913 000 0 00 .331 r .911 007 011 .884 .944 .013 

.936 000 000 861 .936 .00/ .439 .212 .137 .014 

.919 0.00 8.00 .171 .923 .007 .041 .371 .130 .018 

.911 000 000 .359 

.913 o 00 o 00 .404 

.904 0 uo 000 .434 

.894 000 0.00 .144 

.887 000 o 00 .462 

.519 000 000 479 

.860 000 0.00 .491 

.807 00 8.00 .814 

.847 900 . 0.00 .1111 

.876 000 1.8111 .1148 

.825 0.00 SAO 

.814 000 aeo 

.0132 o 00 500 

.790 o 09 5.00 

.777 0.00 : 5.00 

.921 008 018 .319 .922 014 
913 000 Old 406 .914 017 
905 009 .011 .414 908 .010 
.1194 009 018 .404 197 au 
487 009 018 .141 I .688 .011 

.1178 .010 
MR 010 
.801 .010 
Aft .011 
476 .011 

.664 .815 .011 
081 .114 .413 
.69/ .801 .011 
.613 .190 1112 
.0.11 .777 .413 

.70 .143 090 0.00 .014 .740 .613 

.72 .702 000 0.00 .640 .718 .513 

.74 .731 000 0.00 .474 .518 .013 

.76 .728 o 00 o 00 .681 .716 .011 

.78 .711 000 0.00 .703 .711 .011 

.310 .497 000 00 .117 .611 .014 

.02 .682 0 00 0 Oa .731 .482 .016 

.04 .647 0.00 000 .744 .667 .016 

.06 .632 0 00 000 .768 .162 015 

.20 .637 0.00 0.00 .171 .631 .015 

80 
.92 
.54 
.96 
.94 

.018 .471 

.017 .491 

.011 .614 

.417 931 

.017 AM 

.040 000 1 001 000 ,,00 000 1.003 .000 .060 000 UNI 

.040 020 u I 003 001 0an .020 1 003 .007 .08. 020 43 
040 .040 1 001 002 000 .010 1.002 .003 .050 040 04 
040 060 1 000 .004 , 000 040 1.001 .006 .030 060 06 
.040 .080 .999 .006 1 010 1.000 .006 .080 080 .43 

.040 .100 I .197 .006 009 100 .998 .005 .080 100 

.040 .110 .994 .007 aGa 120 .996 010 .080 . 110 

.040 .140 .111 . 009 '449 140 .911 011 071 140 

.000 . 159 .989 .010 159 159 .990 .013 .07t 169 

.019 .179 .986 .011 459 170 .901 014 .011 .179 

.039 .109 .911 .011 "59 099 .987 .016 .075 . 119 

.079 .018 .978 .013 159 018 .079 .017 .018 .018 

.019 .238 I .913 .014 335 .914 019 .0/8 .239 

.839 .167 .948 .015 .15 212 .969 .011 011 .260 

.038 .277 .043 .017 .136 707 .964 .022 .077 .278 

.035 .198 .157 013 01,1 311 .950 014 .016 .117 

.034 .314 441 .019 057 315 .942 .021 .016 .310 

.008 .334 .945 .010 007 334 446 .027 .016 .356 

.437 .055 .918 021 051, 351 .939 011 076 .364 

.531 .371 .931 .022 056 372 .032 .030 074 In 

.017 .089 .123 .023 

.537 .404 .914 .024 

.914 .414 .001 .028 

.034 .116 994 .027 

.035 .641 .8119 .071 

.879 .019 .036 .411 
569 .020 .035 .497 
.1155 .021 . .034 .411 
.448 .022 ' .014 .831 
.417 .020 .033 .544 

.018 .114 .805 413 .033 .514 

.016 .181 .815 .011 .033 .681 

.014 .197 801 024 031 .017 

.011 .617 .791 .055 .032 .613 

.414 .109 .778 .025 .031 .639 

.518 .444 .744 .026 .031 .543 .747 .031 .0411 .615 .167 .051 061 . 644 

.016 .169 .753 926 .030 MO .764 .040 .014 .660 .754 .053 .060 .661 

.510 .874 739 117 .030 .676 .710 .041 .914 676 740 .064 .059 616 

.014 .726 .027 029 690 .717 .040 .044 690 .757 .035 008 .691 

.011 .783 .713 .015 031 .70t .712 .047 .043 .104 .113 .056 .067 .106 

414 .711 696 .029 .028 .718 .699 .042 I .542 .118 
.014 .731 .682 .029 027 .730 .484 .044 .041 MI 
.013 .144 .647 .030 .021 .041 .569 .018 .040 .744 
.013 .718 .607 .030 .026 .759 .443 .044 .039 854 
.011 .771 .637 .031 .026 .711 .633 .0114 .038 .772 

.580 .029 

.070 .030 

.009 .031 

.449 .031 
434 .033 

.127 .031 

.815 .03I 
901 .038 
.792 .031 
.779 .038 

056 390 .924 .031 074 890 
055 409 116 .031 073 .409 
054 437 .008 .034 073 .411 
.064 445 .899 .030 .012 .145 
033 163 .090 .027 011 .410 

.10 

.12 

Jo 
A6 

. 25 

.30 

.42 

.38 

.40 

.4 I 

.10 
4a 

063 450 .881 Olt .070 Ate .10 
051 495 .871 040 070 .111 A2 
052 516 .860 .041 .061 .515 .04 
061 632 .860 .042 060 .631 .50 
060 5.19 .839 044 067 .550 .33 

.049 .141 .825 .045 061 . 566 I .8U 

.049 481 .817 .046 065 . 583 M2 

.048 595 .005 .045 .ofit .691 .64 

.047 614 193 04/ .063 . 616 611 
947 . 630 .780 .060 063 .631 .68 

.699 .067 006 .719 

.684 050 465 .131 

.661 .060 403 841 

.154 061 452 .760 

.639 .062 .001 .713 

.622 000 000 .783 .622 016 .011 .703 .612 .031 036 8811 .423 .047 .037 .731 .614 .002 

.004 o 00 000 .796 .606 01( Oil .790 .604 032 .024 .787 .407 945 .030 .797 .608 064 

.190 000 000 408 .090 016 .012 .808 .490 .033 .024 .809 .411 .041 I .036 .809 .692 .065 
NM 000 000 611 .614 .016 .011 .819 .674 .013 .021 .820 .875 .048 .031 .820 .676 .066 
407 0 011 000 830 501 .017 011 .430 .557 013 .013 931 .6511 .050 .073 .531 .649 444 

.640 000 0.00 .841 .040 .017 .011 Alt1 r . 610 .004 .021 .041 MI .030 .032. 848 .848 Art 

940 .786 
.041 .119 
047 .311 
.046 .820 
044 .533 

.043 .444 

.70 

.73 

.74 

.70 

.78 

.30 

.84 

00 

.94 

.96 
MO 

150 

lu
eu
t 
ai
d 

ns
• 



TABLE V 

Values or cosh (14 + jy) 00 a + jb •nd sinh (30 .0- 0y) •.• o + jd 

4 

1 005 000 100 .000 1.007 000 Ito 000 010 000 140 000 1 013 000 161 000 1.016 000 . 131 000 
1.005 00: 100 IMO 1.007 .002 . 120 020 1 010 003 140 010 LOIS 003 . 161 000 1 016 003 .181 030 
19949 004 100 010 1.006 005 . 120 040 1 009 .006 140 040 1 Oil .00i . 160 040 018 007 . 180 041 
I 003 006 100 060 1005 007 110 060 1.000 008 140 .061 011 010 .110 .061 1 014 011 150 061 
001 0011 100 .080 I 004 010 020 000 1 007 .011 110 Oil 1 010 013 . 100 .031 1613 014 .100 .081 

I 000 010 Id0 .100 1 001 012 120 . 101 I 005 .014 . 140 101 1.008 016 . 060 101 1 011 014 130 lne 
996 012 099 . 121 1 000 Olt . 110 111 1.003 .017 .139 131 1 004 011 160 1731 1.009 073 100 . 122 
995 014 099 111 097 017 119 .141 1.000 .090 .039 III 1 003 021 119 .142 1 006 025 .179 . 142 
992 066 .099 .160 194 019 /19 160 917 .921 128 161 I 000 026 .159 . 161 1 003 029 . 109 162 
989 018 090 100 991 022 119 100 .994 .020 .138 . 151 997 029 III .181 I 000 032 170 102 

905 020 098 .700 987 021 . 118 200 .990 .028 131 101 .902 032 156 302 996 096 177 .201 
961 032 090 219 .983 026 118 .120 .986 031 .137 .300 sae 034 167 121 992 039 177 III 
976 024 097 239 976 018 . 117 240 941 .033.125 .240 .993 035 146 041 0707 043 I76, 242 
971 036 .097 238 973 .031 . 116 269 .976 036 .236 159 979 041 156 260 981 046 in .261 
.986 020 096 278 968 033 .110 .079 970 039 .115 .280 .973 014 150 201 976 050 174 281 

960 030 095 297 902 036 116 .293 .164 041 .134 .299 967 048 . 154 299 971 053 1,3 .301 
154 031 005 316 906 038 . 116 317 968 .044 .123 .019 .101 051 160 319 964 037 . 411. 120 
948 013 .094 .139 950 040 114 314 952 0417 . 132 .337 955 011 . 151 .339 939 060 171 319 
141 035 094 294 943 042 113 .356 940 049 .131 .306 940 057 130 357 951 064 169 251 
934 037 .093 373 916 040 112 374 .910 .002 . 130 373 .041 009 .149 376 . 944 067 168 .377 

926 039 092 391 916 017 .111 .392 .930 065 .04S .393 .082 .012 . 140 314 .984 070 166 .395 
918 041 .091 410 410 041 . 110 411 122 057 . 108 41e 925 065 147 112 .1109 073 . 106 . 414 
910 043 091 427 91: 051 .109 499 .914 .060 .127 .030 .016 DU .140 . 431 .919 077 . 164 400 
901 044 090 146 902 093 .1011 417 901 060 .136 418 .907 .071 . 114 449 9/0 eso .100 .401 
691 044 099 444 913 055 11t7 415 .899 045 125 .467 .1110 074 .142 . 168 101 063 . 160 .469 

462 015 083 482 684 .057 106 432 $4? .067 .123 .441 .889 .077 Ill 486 .0,2 087 I SA .487 
.1121 050 .087 600 874 .060 104 501 .377 019 .1221 1402 479 080 . 110 111 0901 147 .503 
861 Obl 006 517 863 062 103 .510 .805 072 .121 .619 568 .062 136 020 .871 095 164 .537 
.801 033 .095 134 563 004 102 635 564 .074 .119 . 036 115/1 005 136 .317 161 390 358 . 040 
840 006 014 131 .341 .065, IWO .543 .344 .077 .118 .I54 .317 007 134 433 850 099 II/ 581 

829 .064 492 067 631 098 099 814 833 .079 116 670 116 .091 132 .571 .132 102 199 573 
.818 .054 041 504 .890 .070 .308 .585 .812 081 lit 187 074 093 130 330 827 106 147 800 
406 010 460 600 008 073 097 602 610 063 113 .603 .812 096 1 as 601 816 108 140 607 
794 .061 .0/9 416 .794 .074 0,5 ;18 790 .086 110 119 .800 090 127 .520 .802 Ill 143 623 
781 069 Oil 631 753 076 991 .634 785 .069 .109 .435 .757 .101 . 125 436 .790 114 140 639 

.769 .061 .076 447 .771 .0/a 092 649 773 .090 .106 .660 .770 103 123 .652 777 114 135 664 
766 06.1 Ott 140 T38 079 091 .464 TIN 000 .106 .666 762 102 111 G47 364 136 136 670 
742 057 074 .027 743 081 099 679 .743 .094 .104 .601 .741 308 119 .663 750 102 134 185 
.719 .069 072 in .730 .093 041 691 .732 .094 303 .690 734 .111 117 691 777 124 131 TOO 
111 070 071 .704 716 035 006 703 710 0031 .100 .710 TOO .113 . 110 102 722 117 123 .714 

700 .071 070 720 .102 005 084 731 .704 . 101 098 724 706 .115 112 .726 703 100 . 126 710 
6145 073 068 .714 547 049 002 730 sal .102 .0116 .738 511 110 110 7404 692 132 123 .743 
.674 070 .067 .717 511 093 030 749 176 .104 194 .711 .670 120 307 .753 .676 131 .120 .756 
635 075 956 761 ese on 079 .760 108 .106 .011 .764 .06e 122 101. . 740 660 137 .118 .779 
540 077 .064 .776 441 020 071 777 643 .103 .610% 179 54; . 121 102 Tat 647 139 .115 .783 

.0•00 .070 063 747 125 094 073 751 .690 . 110 087 .711 . 430 116 .100 .190 032 141 . 112 0/16 00 
149 0110 .061 AM .610 096 .073 .803 .013 .112 .086 .404 644 .198 .095 006 114 143 .101 109 9:2 
633 .031 069 .812 .144 037 071 014 . 516 111 083 711: .$04 . 130 098 418 .600 116 .100 .621 51 
.677 903 067 .522 678 090 009 .525 .250 .114 .061 .1111? 181 139 .093 119 .533 148 .104 .832 000 
100 .043 006 .824 561 110 .547 .830 .643 116 .078 .538 .554 .134 .090 141 .566 150 .101 .343 00; 

10 .11•43 044 064 046 544 101 063 .847 .546 .118 016 .84S .147 130 .067 302 149 III .098 165 I er 
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TABLE VI 

Vs1076 of cosh + jy) a + jb ons1 sinh (at + jy) C + jd 

Y 

OM) 
me 
.01 

me 
.10 
.12 
.11 

.18 

.2.0 

.24 

.36 
111 

.20 

.32 

.34 
30 
28 

.40 

.42 

.41 

.411 

.05 

AO 
.63 
.64 
.06 
.28 

.70 

.72 

.74 

.76 

.70 

mo 
.412 
.04 
.80 
.02 

mo 
.92 
.94 
me 
.98 

1.00 

-10 44 23 

_ 

• • el a ô 4 • 6 c 4 a à o 

1 020 000 201 000 1 021 000 .291 000 
1 020 004 201 020 1 024 004 .231 020 
1 019 0011 201 041 1 023 009 231 041 
1 018 013 201 061 1 021 013 110 061 
1 017 016 • 200 082 1 121 0111 .220 002 

016 020 200 193 1 019 021 .110 102 
1 013 014 120 . 112 1 017 021 220 113 
1 030 .020 . 199 143 1 014 011 .220 143 
1 007 032 .199 162 1 011 030 211 163 
1 004 .035 .198 . 193 1 008 010 218 183 

1 /00 040 197 203 t 004 040 211 261 I 050 048 331 2118 1 011 062 167 206 I 029 087 I SP 13011, 
996 244 . 197 231 1 ODO 045 .315 223 1 004 083 236 231 1 019 058 .206 223 I 014 0111 YU .214 
990 045 196 243 .915 002 215 244 999 0611 226 345 1 0811 061 256 216 1 009 061 Mt .847 
986 061 .195 262 .1/111 067 914 203 991 061 224 261 .999 067 244 265 1 004 078 174 147 
.182 055 114 .252 .954 .041 .213 284 909 066 230 006 .994 072 202 266 999 078 .273 .223 

029 000 te no. 1 031 000 163 000 I 039 000 
019 006 341 02 1 034 005 143 011 1 039 005 
Ole 010 242 041 1 033 010 .262 041 1 038 011 
027 014 141 061 1 033 016 292 062 1 037 017 
126 019 241 062 1.031 021 263 053 I 036 013 

024 024 240 103 1009 026 261 103 1 034 028 501 .104 
an 099 240 133 1 007 031 261 III 1 032 034 101 .2U 
019 034 239 144 1.024 037 260 . 142 1 029 040 ISO .110 
011 030 239 164 1 011 012 269 165 1 026 041 171 .165 
023 047 234 184 1 017 047 .218 150 r 1 023 001 Mt .2114 

274 069 .192 301 
960 043 191 221 
.962 .067 r . 190 311 
.986 .071 r 188 360 
.948 075 III 278 

.931 078 186 111 

.931 081 .184 . 618 

.023 044 102 130 
114 .089 280 167 
.900 093 .172 .171 

894 096 .177 465 
866 .100 .176 507 
.871 .103 .172 021 
.564 105 .170 .541 
11113 110 .168 .551 

243 .114 .161 .575 
.030 117 .161 293 
.8211 120 .162 .609 
804 .123 .109 636 
113 .106 .156 613 

.101 

.181 
.000 
1111 

.1144 .041 
PS 011 
.1118 Pi .08 

' 000 

04 
.022 

24) 
.22 

.20 

.241 

.975 .064 .212 303 903 071 231 300 .187 077 241 306 993 Ind I 570 JO. .31/ 
VII 0/0 211 323 916 076 930 325 981 083 260 335 986 089 149 337 .32 
.946 .071 I 109 341 870 011 018 301 .916 105 115 340 980 094 1 241 .141 .34 
.959 078 .207 362 961 002 126 142 .1165 099 346 365 873 .100 $66 .341 .36 
.982 082 206 350 906 080 326 387 .961 097 244 384 966 103 .263 .334 .29 

1141 084 I 325 395 911 094 123 400 .t82 .102 .142 402 .117 .110 
.935 090 203 415 939 099 311 420 214 .107 .540 422 .949 .1111 
.927 094 201 436 922 103 219 MI 238 112 238 440 941 .120 
9111 096 199 468 921 107 016 457 926 116 135 .469 .931 .111 
.1109 103 . 197 473 911 112 114 476 .117 .131 .233 477 .922 .171 

499 106 110 412 923 116 212 193 .908 .120 210 495 .913 .114 
tom .110 193 509 893 130 509 III .197 .180 220 513 .901 .111 
1175 114 110 626 912 110 2117 665 186 125 225 830 .891 .146 
868 118 188 411 172 12e 208 044 .0/8 .110 323 .049 1181 . 1100 
.464 .122 156 641 060 132 801 643 .844 .111 HS 841 670 181 

.840 .110 .183 678 919 127 191 680 061 .148 .114 163 .664 140 
134 .111 181 692 SU 141 1/7 598 ' 212 151 .213 .601 548 1114 
.821 .132 175 411 414 111 114 411 .019 .187 .210 617 033 .109 
809 136 176 620 013 118 191 631 811 161 207 634 SRI 174 
.194 ito 372 .stt 799 tbt 558 se »03 .zot too 000 178 

.750 .130 .154 66/ .744 .143 170 .660 791 lie 141 461 .791 .110 I .201 664 

.147 .132 .162 SU .770 .144 .147 475 17$ 140 1111 699 775 .113 195 681 

.753 138 AU .754 .140 164 .690 159 US 111 993 .163 .177 .114 696 

.750 .110 .144 .903 .743 .183 161 .704 746 186 173 701 1011 .141 .191 712 
726 .1111 .11.1 .71/ 1133 .1116 155 730 711 170 172 733 .156 1.17 716 

.711 .144 .140 .735 .724 .109 .166 .731 717 173 169 7311 .751 181 .152 .741 

.606 .147 .137 .744 .6119 .102 153 741 701 176 165 762 .7011 .192 .179 766 
660 ISO 134 .7141 .4113 .160 148 782 514 140 861 748 »a .1911 .170 .760 
645 .163 .131 772 .4U .164 .144 776 671 lei MI 780 .474 .111 .783 
660 .140 .1211 .186 1113 .171 .141 790 695 184 164 791 .213 .147 .798 

631 AU AU .791 
615 .100 .111 812 
601 .163 .111 .114 
.686 .101 .110 536 
.066 .107 .111 .647 

.541 .159 I .109 .898 

.137 .174 .138 801 650 390 111 504 .645 .206 .112 410 

.611 .177 .131 516 624 113 147 019 .417 209 .169 013 

.604 .179 .131 828 6110 118 143 SU SID 211 .116 818 

.588 SP .137 839 391 197 189 143 .594 .218 .181 .447 
me 1st I .123 850 173 200 136 084 eels J10 me 145 

SU me I ato 581 694 tot 321 965 141 J31 ! .178 

116 .162 
.711 186 
.768 190 
304 196 
931 300 

.241 .464 40 

.100 .420 .42 

.166 44I .44/ 
351 461 .46 
.151 430 .45 

.249 .441 
146 417 
142 634 
.239 Pt 
.135 .670 

SU .118 
.111 ANN 
Sit III 
tet .837 
281 

.21 

.62 

.64 

.13 

.61 

J11 
.02 

.00 

.08 

III PP .70 
312 .72 
In .701 .74 
PI 314 .75 
961 .7111 .78 

.704 .103 197 .746 a0 
706 aos 193 750 .02 
.093 210 189 .713 ./61 
677 .116 Ali .788 .00 
.683 .fis .180 .801 23 

247 222 171 .811 
230 213 .17I .U7 
613 228 147 440 
.697 .831 .163 401 
.679 .135 1611 AU 

.661 135 .102 014 

.92 

.94 

.911 

.98 

200 

i
i
r
m
e
d
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n
s
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TABLE VII 

Values of cosh + jy) a jb sod slob + jy) e + jd 

000 
.02 
.04 
.ue 
.03 

8,30 

• • d a d 

r 

1.046 .000 .204 .000 1.052 000 .118 000 1.068 000 247 000 1063 000 364 .000 1073 .000 .389 000 0011 
1.046 406 .304 .021 1 051 006 .226 011 1.028 007 .346 .021 2165 007 367 .021 1 078 008 389 021 .02 
1.044 .011 104 . 042 1 051 013 315 041 1.052 014 . 346 041 1061 015 367 .012 1.072 416 .369 193 All 
1.043 .018 103 .063 1 050 019 .324 063 1026 021 .346 .064 1.043 022 366 .064 1011 .022 386 064 06 
1.041 .024 103 084 1 046 096 124 064 1 055 028 346 .066 1062 .29 366 .065 1 020 .031 347 0116 .08 

10 1.640 .030 103 . 104 1146 031 
.12 1.438 .096 402 126 1044 039 
.14 1.026 .042 401 . 146 1.041 045 
.16 1.031 .048 100 . 164 1.038 .061 
.1. 1.028 056 119 187 1215 .058 

.p 
.22 
.24 
.26 
.23 

.30 

.32 

.34 

.36 
3$ 

AO .963 418 .280 107 ' .940 .126 
.12 .554 .124 .277 .426 .100 .133 
.41 .945 .130 .278 .445 .942 .138 
ad .934 .136 .273 .464 .942 .144 
as .855 .110 .270 .483 .913 440 

.30 .917 .141 .267 .801 .928 .184 
Xi .908 .181 .343 .6111 .913 .184 
.31 .598 .154 .260 .537 .161 .147 
.36 .887 141 .267 166 .391 .171 
.52 115 .166 .264 472 171 .178 

60 142 172 .261 .659 .847 ./83 
.62 .541 .177 1141 .607 AU MO 
Al .139 .181 244 .654 .443 .1114 
AG 126 .156 .240 141 131 ass 
AS 113 .191 .236 257 117 104 

1.021 .061 198 .208 1.031 .064 
2.019 .066 .297 .228 1.026 071 
1.814 .072 .296 .249 1.021 .077 
2081 .078 .294 169 1116 .083 
1.001 .064 1 493 .269 1.011 290 

499 .090 .291 109 1004 .016 
.891 .096 .281 129 .918 .100 
467 102 .187 .349 .992 .1011 
.950 . 107 i .256 .369 .164 MS 
112 .113 .283 188 am ass 

.324 105 1 081 035 314 106 1060 .27 366 .107 1041 039 347 107 
123 126 1.051 041 344 117 1.058 044 165 .128 1 066 .047 356 129 
322 142 1 048 048 143 148 1.066 061 361 .149 1.062 .064 385 160 
.321 . 147 1045 066 312 16$ 1.062 069 101 .169 1 069 062 254 171 
.310 I.. 1962 069 341 205 104R 166 191 1 066 02. 682 192 

.219 109 1027 049 .340 211 1.014 art 36. .212 1052 575 380 214 

.317 .229 1 023 .076 338 .131 1120 0110 .358 .231 1047 .065 278 .234 

.316 . 261 1 024 042 136 .211 1.034 067 236 164 1042 193 377 266 
414 .2/1 1 022 069 334 173 1029 015 154 .274 1637 100 376 276 
.312 .293 1017 016 232 294 1.024 053 . 163 195 1031 . 1011 313 297 

.310 .311 1 011 10! .331 313 1017 166 151 114 1 012 115 171 318 .30 

.306 131 1304 109 329 333 1.411 Ili :349 .331 I OIS 122 269 338 22 

.306 461 We 116 .307 263 1001 123 347 .353 1 011 130 364 368 24 

.104 371 991 112 334 373 997 130 343 .376 1 034 138 763 379 36 

.302 .391 983 118 301 113 910 131 141 133 997 016 161 398 000 

.10 

.12 

.14 

.10 

.10 

.20 

.22 

.24 

.26 
18 

.300 .409 976 134 .111 41! 981 113 . 279 414 101.6 . 121 256 417 AO 

.291 .428 166 141 117 431 971 160 .236 428 940 . 148 366 436 42 
/94 . 447 928 118 .211 460 .164 156 123 .453 971 166 331 457 44 
191 . 466 948 .164 310 169 932 163 . 321 173 961 171 348 476 .46 
.288 A65 931 160 .307 .438 .145 170 .325 A92 940 .172 .244 . 495 AS 

./85 . 604 919 166 304 .607 .936 176 .422 210 917 166 341 . 514 .741 

.282 . 822 919 172 300 426 925 141 312 530 000.3 16 173 .:.2 

.275 540 907 178 214 643 913 181 316 208 ,o .12 24 

.276 . 669 696 164 193 661 903 794 311 .566 ',/, .76 
Ja2 576 185 . 190 290 .590 811 201 302 454 197 112 125 .681 .38 

.211 693 173 . 195 286 .697 479 .707 203 .601 188 .219 121 .605 AU 

.264 . 611 962 201 .182 610 .867 214 289 119 .874 126 317 .613 62 
160 228 819 101 279 .633 624 119 113 .436 .661 .233 212 .641 14 
.256 . 645 636 212 174 649 441 213 .2/0 .453 844 .239 207 .668 .66 
162 .661 422 11. 261 166 625 131 382 .470 .834 145 202 610 AM 

70 800 196 233 .673 104 101 149 .677 810 323 160 662 S1S 237 261 .666 .821 151 197 691 .211 
.72 7117 200 219 .659 701 114 A44 .693 794 225 861 .691 901 /41 976 .702 807 .266 213 777 12 
7) 773 205 114 766 776 119 140 709 nee 214 253 714 /86 247 271 .718 791 962 268 723 J4 
J6 738 /10 121 .720 .762 .224 .116 714 767 239 211 .229 772 254 262 .734 777 .265 282 739 .74 
.76 .741 214 216 .735 .718 .229 .231 739 753 213 246 /41 lea 239 761 .749 .763 .274 214 731 .78 

No .728 118 .212 750 .733 .223 .226 .764 735 . 245 241 /59 743 164 .286 .764 748 .279 .271 762 SU 
.02 .714 422 107 7.4 .717 137 .222 769 712 754 134 774 727 269 231 .779 732 .264 265 784 ,C 
64 497 127 202 778 701 141 .217 .782 706 257 231 2.7 c.ei 245 .793 714 .260 169 .795 14.4 
>4 282 130 198 .792 .666 146 .212 .797 690 364 126 602 203 140 108 700 195 /14 . 814 06 
.66 666 231 .114 .806 .670 .250 .207 .011 .674 .266 .110 .817 .671 844 .234 121 .661 .380 .148 .827 .704 

661 600 .234 .109 .219 .654 .256 .201 813 .668 .271 815 .821 .661 .288 .229 .831 . 668 025 .242 .540 .00 
92 .611 .141 .184 132 137 .259 117 .837 .641 .275 110 143 613 193 123 .848 .631 309 .235 851 S2 
.04 .617 .248 .179 446 .610 162 . 192 849 .626 160 .104 .661 .629 .297 216 .661 .634 .314 229 867 04 
66 .600 .241 . 116 116 .604 166 .188 161 605 184 .191 .467 .619 100 211 173 617 319 123 875 16 
.95 .682 461 169 168 .186 .120 .181 .873 589 187 123 .871 .513 105 105 .884 .698 .223 .216 .91 65 

IU0 .646 186 . 174 000 .560 .274 .176 . 884 072 .291 187 . 890 .570 410 1119 .490 .640 .317 .210 003 leo 

cueral 
Electric 
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TABLE VIII 

Values of cosh (a + jy) a + jb and sinb + jy I .... jd 

non 
.o2 
.01 
.116 
.014 

.10 

.12 

.14 

.16 
AA 

.34 

.36 

.38 

.40 

.43 

.44 

.40 

.46 

50 
.52 
.54 
.56 
.58 

50 
.62 
.44 
.66 
.614 

:72 
.74 

.78 

.110 

.82 

.84 

.96 

.08 

3. 42 42 

a b d 

1481 000 .411 000 1 089 .000 .432 .400 1 071 .070 414 001 
1 081 008 .411 022 1 089 .009 432 .021 1.0119 .009 414 039 
1.080 016 .410 043 1 088 011 all 141 1.017 Olt .4611 .044 
1 071 018 .410 .065 1 081 .026 .611 .660 1 096 417 403 .066 
1.078 033 .109 .086 1.086 030 .430 .041 1 096 .036 .401 .0» 

1 076 041 408 . 108 1 004 043 .4130 . 1» 1390 045 .401 . 110 

1.073 049 .408 .119 1 082 .041 A» . 130 Lent 441 .400 632 
1.070 .055 .401 .181 1.019 0» .418 .113 1 015 .043 449 . 164 
1 047 066 .405 172 1.075 069 .117 . 174 1.011 .071 .448 .170 
1164 .074 .404 . 114 1.072 071 .426 .156 1.061 011 .444 .117 

1 059 062 .403 .210 1.048 064 .414 .017 
1 056 .090 .101 .234 1.043 094 .422 .2» 
1 060 1318 .399 167 1.008 103 .420 .111 
1 044 .106 • 317 278 1.083 . 111 .410 »I 
1 039 114 .394 299 1.047 .1» .415 .stra 

1 032 Ill .312 .311 1.640 . 123 1 .412 .313 
1 024 . 121 , 289 .340 1.034 . 136 .4011 .343 
1.019 .128 .346 .360 1.027 144 .406 .364 
1 012 145 • .383 .381 1.090 112 I .101 .261 
10» 162 .981 .401 1011 160 I .481 .404 

.196 . 110 I .278 .411 1.003 158 , .318 .424 

.987 148 .374 141 .918 176 .196 .444 

.978 . 175 .372 .186 . 144 392 .464 

.968 . 152 .318 .471 .976 . 111 • .360 Mt 

.159 .110 .354 .450 I .966 200 I .154 A« 

.141 .117 .360 .111 .907 .301 I .37.3 .1112 

.938 .204 .356 . 137 046 115 .378 SU 

.927 313 , 281 .565 .034 .221 .271 .560 

.114 211 .348 .574 .933 .130 .367 . 1178 

.904 .121 .114 .892 .911 .234 362 151 

.892 .932 .331 .610 .519 .244 367 414 

.880 .221 .334 .628 .817 .210 .362 413 

.887 141 119 .640 .174 .158 34/ 550 
A» .261 .314 .661 .541 .161 342 .667 
.840 .168 .311 .679 .11111 . 272 337 .434 

.827 265 .314 496 .832 .271 .331 .701 

.1113 270 .201 .712 .1105 180 .225 117 

.115 .271 .304 .713 .104 .292 .219 .733 

.784 283 798 746 f .110 298 • .313 .749 

.769 261 .222 .760 .T16 .304 .801 .744 

.763 .29f 936 .776 .181 .310 .301 .7111 

.737 .300 .280 .790 .743 .310 ! .195 .714 

.791 .305 .274 800 .727 .328 .189 .611 

.700 .311 .248 .811 .120 .314 . .142 .8211 

.689 .316 .262 .813 .694 .324 .216 .539 

.90 .612 .121 

.92 .605 223 

.94 .434 .333 

.96 .411 .336 
98 .402 .341 

1.00 .5114 .145 

.114 .647 

.149 1» 

.243 .873 

.236 .883 

.929 .887 

.122 .910 

.0711 .235 .269 .16.1 

.640 .243 .262 .164 

.441 449 I .21. .471 

.sas .sts .891 

.601 .11119 • .241 .904 

.488 .1101 .234 .914 

1 076 010 444 319 
1 071 099 441 .241 
I 047 1041 440 1« 
I 463 117 138 4111 
I 064 124 433 804 

1.044 134 432 1» 
1 041 143 60,4 346 
1 036 162 414 457 
¡.025 140 123 367 
1 021 169 410 107 

012 176 411 427 
I 003 185 411 44/ 
914 113 411 467 
»6 101. 407 887 
973 701 410 «a 

NM 217 set sat 
964 215 »6 346 
/13 233 390 1144 
930 211 40 1112 
011 219 330 601 

906 166 311 419 
013 164 349 587 
3» 171 365 666 
447 275 351 583 
504 WI 303 690 

$40 291 34/ 07 
826 319 341 21 
811 304 336 40 
710 113 339 706 
781 III 325 772 

756 328 366 788 
760 531 309 SIM 
744 387 302 818 
717 313 »5 382 
750 149 238 846 

883 SIN »1 8110 
6» 141 214 373 
6111 344 267 834 
010 211 260 311 
5111 816 543 912 

.»3 .341 116 9» 

, 

• . 2 

1 I I . 0 c ri 
. _-

2.108 000 .114 0» 1.117 .000 .491 000 0.1» 
1.108 009 .476 .022 1.117 .0111 .498 .012 .I/2 
1.107 019 .4» AU 1.114 .0211 .418 041 .111 
1.106 029 .474 AN 1.114 .020 .198 067 .111 
1.105 038 .424 A» 1.113 .010 .417 089 , .c., 

1.106 048 1 .411 ./.11 1./08 .040 .495 134 
.473 .1/1 1.110 000 .43 5 .162 .10 
067 .12 

10".0190: 067 .411 .101 1.101 .070 .494 .166 .14 
5.093 074 .470 .174 1.102 .079 .493 . 178 .76 
1.091 081 .418 . 1115 1.098 .019 .491 .200 .18 

1.086 090 .164 .230 1013 .099 .4» .222 .20 
1.081 104 .464 .213 1.019 .101 .401 .204 .72 
1.015 112 .662 .264 1.083 .115 .404 .266 .24 
1.071 121 .160 .134 1-077 .1» .483 .181 .26 
1.066 /31 .467 .004 1.071 .130 .171 .309 .2% 

1.019 
1.551 
L1144 
1.087 
1.029 

1.020 
1.011 
1.003 
.191 
153 

171 
.953 
.180 
.938 
.526 

111 
.901 
.000 
.174 
.441 

.847 

.433 
SI 8 
.302 
.787 

.112 

.756 

.710 

.713 

.T06 

141 
150 
119 
158 
177 

189 
194 
2.113 
111 
220 

126 
136 
214 
202 
060 

264 
276 
184 
192 
200 

307 
324 
221 
321 
338 

341 
348 
004 
360 
3» 

.465 .371 
171 .371 
463 .284 
.635 .390 
.617 .390 

.608 .400 

.4» 

.161 

.448 

.640 

.442 

.4110 

.414 

.411 

.417 

.403 

.414 

.1/8 

.4411 

.403 
ASS 

.302 

.387 

.352 

.376 

.310 

.144 
JIM 
.11511 
.14i 
.231 

.227 

.346 

.370 

.210 

.410 

LOU .147 
L141 .157 
1401 .144 
1.014 .174 
1.101 .1116 

.410 1.021 .1114 

.410 1.811 .203 

.470 1.010 .212 

.4110 1.000 221 
410 .991 .230 

.1/10 

.14.1 

.14111 
An/ 
.404 

151 .239 
170 .244 
.1/60 .357 
.1116 . 265 
.124 .276 

.614 .922 .233 

.641 .5011 .290 
460 .996 .218 
.675 1112 .306 
.6114 r .869 .314 

.713 .858 .321 

.730 . .841 129 
746 .835 137 
.762 .801 .344 
.778 .794 .361 

.3» .194 .779 .306 

.125 .809 .763 1» 

.318 8» .747 .371 

.311 .839 .729 .316 

.304 .183 .712 .384 

.196 .847 i M. 

.329 .836 .6711 496 
XII 893 ASO .4112 
.272 .906 .441 .460 
.266 .911 .423 .411 

.217 .931 .604 .436 

.4» .230 

.472 .351 

.470 .371 

.487 .313 

.464 111 

.460 .438 

.466 .440 

.402 .476 

.416 .4» 

.141 .011 

.476 4111 

.433 .054 

.125 173 

.423 Mt 

.418 .511 

.411 .6» 

.406 .446 

.400 .144 

.294 .1144 

.283 .702 

152 .719 
.376 .736 
.241 .753 
162 .169 
.360 .786 

.348 .301 

.341 .816 

.234 .831 

.326 .446 

.318 .861 

.010 .875 

.202 a$1 

.294 .301 

.286 .910 

.179 .928 

.30 

.37 

.31 

.31 

.38 

.40 

.42 

.44 

.46 

.48 

.511 

.58 

.60 

.84 

.68 
63 

.70 

.72 

.74 

.76 

.78 

.80 

.62 

.84 

.68 

.et 

.90 

94 
00 
.98 

.270 .940 1.00 



TABLE IX 

Values 01 cosh (8 4- jy) a. a jb and 8130 (31 + - C + jd 

0. no 

• b 

000 I 3.11.6 see 
.02 1.137 016 
.04 1.130 .011 
.06 1.121 .031 
.014 1.104 .043 

a ,121 ..54 0,50 .7 - Ali 

7 
• 6 I I o s d • c • 6 /1  

,, 
.011 .000 1.138 000 .444 .000 1.149 .000 .0411 000 1.141 .000 .5to .000 1473 .••• / .613 .100 • 0.00 
.5U .031 1.137 11 .644 .023 1.149 011 r .541 .003 1.161 .012 .090 .013 1.171 311 .411 .611 . 01 
,411 .045 . 1.196 082 .543 .045 1.148 021 .044 046 1.160 .014 .509 .046 1.1111 AU .413 .16611 .04 
.0111 .011 1.131 .73 .541 .061 1.146 014 .504 069 1.109 .031 485 070 , 1.171 .037 ; .411 .170 .06 
.019 .090 1 133 43 .641 .091 1.144 045 .1184 093 1.108 .047 .537 .093 IA» .411 394 .08 

.10 ' 1.101 1341 .111 .113 1.131 ,154 -641 .114 1447 .067 .561 115 1.157 .059 .596 .116 1.109 .041 .610 . 117 

.12 1.119 .141 .017 .166 1.129 ,..45 .540 .136 1.139 .063 .141 134 1.163 .071 485 . 139 1.167 .074 I 438 . 141 

.14 1.114 .015 .816 .138 1.116 779 .539 . 139 1.136 .079 .060 .161 1.142 .083 .514 .163 1.164 .046 .606 .164 

.16 1.113 .081 .010 .180 1.121 346 .537 301 , 1.133 .090 r .444 199 1.149 .091 .052 .115 1.360 .091 .504 .187 

.16 i 1.101 .091 .413 102 1.118 797 .630 .204 1.119 .101 .454 206 1.145 .104 .550 4011 1.151 .110 .603 .211 

30 1.105 . 101 .811 .224 1.114 ins .633 .117 ' 1.116 .111 .614 229 1.140 .118 .578 .231 1.150 .1111 .600 .134 
.2? : 1 100 .113 301 .145 1 109 119 .531 .349 1.110 .154 .11111 .250 1.135 . 119 371 .233 145 .134 I .490 .164 
.24 1.015 .113 407 .268 1 204 130 331 371 1.115 .1U .049 273 1.109 .161 .671 .276 ' 1.140 .145 395 370 
1.11 1.089 .134 .604 090 5.099 141 014 .193 1.110 .144 .446 295 1.133 .103 .410 .219 1.134 .106 .491 4011 
233 1.083 .144 .501 .312 I 073 131 .323 .315 1.101 .107 .11411 . 315 1.117 .143 .657 .331 0.132 .170 .001 .110 

.33 ¡ 1 077 .154 .104 .333 1.087 , 61 .520 .337 1.098 . 1411 046 .340 1.110 .174 
; 1 070 .114 093 .353 Logo 172 .416 . 359 1.091 .179 .637 367 1.103 .104 

24 1.063 .174 .482 376 0.073 133 .512 .350 1.083 . 190 .034 384 1.015 .198 
.36 1.053 .104 I Mt .397 1.064 :97 .508 .405 1.075 .200 .630 .401 4087 .308 
.38 , 1.047 .154 .404 .418 1.056 101 604 . 122 1.047 .210 Jet 426 1.079 .315 

.40 1.031 .503 .650 MS 1.043 , I 7 .600 .443 1.03/1 .310 .011 446 1.070 .120 .043 .452 1 081 .1.39 .563 .407 .411 
42 1.030 .111 .474 .460 1.039 7,2 .491 .464 1.041 .131 .616 446 1.061 .141 355 .474 1.475 MO .510 371 .42 
.44 1.011 .1111 , .471 .441 1.079 / ‘1 .492 .483 1 040 241 411 493 1.051 331 .553 .415 1.062 .261 555 300 .14 
.46 1011 331 ' .467 .601 1.051 '41 .448 .60, 1.030 .151 .604 Sin 1.041 .163 Also 416 1.042 .272 .660 .621 .46 
Ad . 1.001 .341 .481 .521 1.008 95 .413 .520 1 019 .161 .541 531 1.031 .273 .523 .537 1.042 433 .545 542 .414 

.311 .990 250 .107 541 .997 ,4,2 AU .545 1.008 371 .490 

..%„2 .979 259 .451 361 956 ' i o .473 .643 .997 281 .491 

.34 967 268 .447 580 976 219 .46/ .585 .985 .211 .486 

.36 .901 377 .441 599 963 91 .461 .604 .973 .301 .479 

.555 943 256 .434 619 .931 395 065 .653 .961 310 473 

.60 .931 .294 .434 .437 939 777 .648 .412 .948 .319 .467 

.62 919 303 .426 .456 .926 . 06 .441 .661 .935 159 .461 

.64 906 311 .464 .574 .912 375 .154 .470 .023 .338 .400 
me .891 .330 .412 .612 .890 334 .430 .657 .000 .347 .147 
.0.9 .877 336 .406 .701 .584 .343 .424 .715 .894 .366 .410 

70 861 .336 .319 726 870 351 417 .733 .879 365 .433 
.72 .047 344 .393 743 .855 .359 410 750 .844 374 .436 
.74 .832 .311 .383 .760 .840 367 .405 .767 .549 .382 .410 
.76 817 .340 375 .777 825 .375 .394 .784 .833 390 .416 
.78 802 367 171 793 809 .383 386 801 .817 398 .401 

00 .786 .374 .363 .809 .793 .390 .374 .017 .000 405 .31/4 AU .111 .423 
.02 .770 .201 .356 MU .776 .305 .571 .533 .783 413 .354 SU .111 431 
94 .753 .085 .345 039 .769 4100 .363 848 .746 620 Me .165 317 .439 
0.4 .736 Au .340 .534 .742 .41.1 .365 .883 .749 .425 .370 .871 .710 447 
88 .719 .407 .332 .069 .725 .419 .347 .877 .732 435 .561 .854 .1111 .4511 

.1.141 

.92 
01 
.96 
.99 

.10 

.13 

.14 

.16 

.18 

20 
.32 
.24 
2)7 
.Le 

.551 .344 , 1.110 .111 .685 .144 .311 

.660 .366 1 111 .104 .051 .311 .33 

.016 .194 1.104 304 .477 .312 .34 

.5111 .410 1.190 .117 .573 -411 .36 

.541 .431 . 1.010 .335 .569 .434 .3e5 

100 1.020 383 .618 .437 1.031 494 .539 563 .342 
/ 071 1.009 .293 .511 .577 1.011 305 .533 583 .52 

690 .997 .303 .554 .59 / 1.007 .310 .526 .603 .34 
810 .983 .311 .600 .417 .910 .317 .519 629 .56 
430 .973 .323 .494 .627 .983 .037 .611 643 .38 

4411 .960 .333 .487 .635 .970 .241 .605 663 .(141 
667 .947 343 .403 .67i 937 .547 .490 .681 .62 
684 .933 213 .472 .494 .942 .341 .491 701 64 
704 .919 362 .456 .713 .939 .377 .184 .700 .66 
TIS .905 .371 .451 .731 914 .334 .471 .731 .04 

739 .890 .380 .451 .749 .899 300 .469 .756 70 
737 .070 .389 .447 .766 .850 .404 .461 .T14 .72 
714 .860 398 .435 .784 863 .413 .453 .712 .74 
711 .844 .404 .457 .801 852 .421 .446 /09 78 
UN SU .414 411 815 836 411 436 821 .70 

100 

.411 334 .819 .440 

.403 .850 .802 419 

.314 .861 . 704 457 

.355 .880 . 066 444 

.376 .895 .748 .473 

.701 . 405 .325 .U3 .707 .436 .339 .691 .714 442 .357 .900 ./23 .46I .367 .910 .720 .481 

.603 411 .316 .517 .689 .433 .738 .903 .696 445 .343 .914 .704 .441 .317 .924 .711 .185 

.665 .420 .358 -910 .671 .431 .211 .918 .671 156 .334 .925 AM .416 .348 .935 .693 .4911 

.647 .426 399 12. .653 .445 .211 .931 .609 . 462 331 .940 .044 .481 I .331 .952 .674 . 102 

.628 .437 .390 .934 .634 .451 .303 .944 .640 .449 .315 .954 .447 441 .329 .965 .635 .509 

.609 .458 .481 .949 .415 .417 .293 .987 .470 .475 .305 .966 .627 .498 .319 .977 .814 .514 

.427 .843 .80 

.410 .401 .82 

.401 .870 .84 

.400 .810 .80 

.311 .106 .411 

.341 .110 r .90 

.371 .1116 r .92 

.361 444 .94 

.111 .441 .96 

.341 .979 39 

.031 .0115 1.00 



TABLE X 

Value& of cosh (x + jy) = 00 + jb sne sinh ( x + jy) e jd 

e. 

140 .000 .431 .040 1.1116 .000 664 000 1 414 000 .06 010 1 326 000 709 504 5 140 000 .734 .000 
196 .013 .437 .020 3.196 .011 660 074 1 212 .014 686 . 034 1 22« O. .709 4114 1.240 .016 .734 .025 
114 026 617 . 047 1.197 036 . 401 540 3 Ill .027 144 019 1124 018 .7:: 649 1 239 114 .731 .030 
163 036 .626 .071 1 1..010 669 072 310 Oil 613 .073 I 2. 041 7 474 I 339 044 .712 .014 
111 .061 .634 .095 I 103 .031 665 OM Le. 034 632 013 1 322 002 706 0114 I 237 .019 .731 .099 

171 .061 .133 110 1.111 060 604 120 1 207 .064 .641 121 1 120 07f .700 113 I 135 .013 .37.1 . 1124 
1/6 076 .431 .142 1.186 .079 461 144 1104 082 1/1 144 I 217 nes .204 14/ I 232 .0. .737 .119 
17] 019 430 . 1.46 1 113 .090 624 116 t 101 O. .67/ 130 1 213 0. 101 172 L 223 III .711 . 174 
149 101 4. .1011 1.181 206 652 1/0 1. 101 475 193 I 109 113 619 194 1351 Ili /13 .197 
166 . 111 6. Its tan its • 630 .314 194 122 673 217 I 103 127 .617 219 I 220 III 72; 153 

163 . 116 .1114 130 1.173 101 . 446 1311 .0 .1/4 .675 211 1 200 141 .614 244 I 216 . 144 719 .317 
151 .139 .605 1.1. .141 045 .161 . 185 149 .467 541 1.192 134 691 1142 1 2111 . 141 T. .270 
III .111 .201 I let 157 647 255 ISO .143 664 .1 1 110 141 In 192 1204 174 713 .295 
147 .114 .416 .3. 149 . 170 439 309 174 . 174 661 313 1.114 . 141 .644 310 2 254 . 541 709 .319 
110 .176 SU .111 1.141 113 636 .332 . 167 .190 .468 336 1.277 . 194 160 341 I 113 .2.03 743 .344 

132 .1. MA .0 1 113 . 194 .631 554 159 .143 634 3. 1.170 .21. 674 343 L34 217 200 .967 
116 100 .444 371 135 .106 527 377 131 .230 650 303 1 143 334 .671 306 1.17/ .231 616 151 
5*1 .211 640 3116 1 117 200 623 . 403 143 2111 .645 405 1 141 .234 .1147 4411 1 1611 145 610 .414 
141 MI6 III 1.119 .233 III 421 135 .141 640 428 1 147 210 .3 431 5360 159 6. .431 
101 .234 .611 440 I III .245 Mil 444 .164 .633 420 IA. .103 .657 10.9 1.141 .070 .1U .460 

093 .1411 me 063 I. WI 257 609 446 . 117 266 630 471 1 179 376 .421 .477 141 .0175 .616 153 
.0111 160 .661 414 1.013 iTO 604 408 104 .371 0211 470 1.111 .2119 646 .120 1,121 399 .461 .604 
072 .2172 174 512 1 063 012 113 Sin 287 192 411 614 1 509 302 4.40 .601 L11 312 643 .525 
012 .283 671 .336 1.070 251 491 532 047 .106 413 419 1 016 .316 .434 .513 1.110 323 .141 130 

061 114 062 647 1061 301 636 353 .0/6 .117 .601 664 1007 581 626 . 566 1 011 .108 .6110 .672 

040 .503 159 5. I 049 .116 100 570 066 64.1 1 076 .331 412 .617 LOSS .3. 143 194 
414 .314 133 .111 I 030 328 073 311 443 .341 511 603 1 064 . 111 411 .309 I 076 311 681 .616 
014 .317 546 610 1.4136 .340 566 .613 .040 353 486 624 I 0.61 .143 6041 .621 I 063 377 .431 .636 
.001 136 529 410 1.014 .311 564 In .027 Mt 131 144 1.031 .3. 601 . 440 1.040 3519 .U1 .467 

311 132 .660 1 041 . 312 552 615 014 .373 .473 666 1 024 .347 513 171 1 034 tot 613 .673 

lit .3. 626 469 104 .333 540 671 .000 186 .644 . 6116 1 010 .391 646 .411 1 023 413 106 .699 
.164 370 014 UM .174 .341 537 MS .996 .297 537 706 .6 .411 677 .711 1.1011 415 .697 .711 
.960 11130 611 .707 940 354 .529 316 572 .404 .549 125 933 .423 .519 Tal 995 410 ten .731 
936 390 604 126 .944 .405 221 .734 .911f . 411 241 743 940 . 434 560 .711 100 141 .119 .761 
142 400 411 745 931 .416 543 753 .044 430 632 .744 ad 331 .771 010 461 .6/0 .779 

.507 410 . 107 .764 116 436 . 505 771 949 .440 521 7. 231 .4. 542 700 .953 .471 .660 .1. 

.411 .420 4. 101 101 434 . 197 789 912 III .315 100 913 .467 533 .609 . 134 103 .6111 MAP 
070 130 .471 11,9 415 445 484 008 454 441 504 819 be .475 524 .327 117 404 .841 .036 
.049 139 .1111 116 161 435 477 825 879 471 .117 437 890 A. 514 .446 .103 505 .631 .854 
143 449 .413 1133 863 464 170 841 963 401 .447 464 a. 490 .4 .2143 .493 524 481 .672 

.480 .467 .4411 .816 .436 474 460 355 546 473 .471 .171 060 .1011 494 .360 .065 226 .1111 .890 

.401 .444 .455 1166 618 183 451 874 819 500 .467 438 437 .511 434 1. .947 3116 .101 .907 

.nt .471 .414 141 411 441 190 052 405 .467 904 619 .517 04 .943 .9 514 4110 . 921 

.773 463 411 .4. .782 501 431 100 794 III 44/ .931 501 . 436 111 .911 . 610 396 .4. 140 

.765 .451 .406 .014 .704 slo 421 912 774 027 437 914 782 645 432 144 711 WI .443 .136 

.737 .4. 104 .146 414 411 MI 756 436 .4. .951 203 .054 441 .960 .112 571 .416 .973 

.718 .407 I. .144 .734 526 401 .153 734 142 .413 966 713 6. 130 .914 .731 363 .444 187 

.419 114 .376 1611 .707 .633 310 ICI 116 113 .404 eel 723 522 810 .11110 7311 112 .481 1.001 

.464 .11112 164 .072 5417 . 641 379 981 615 .611 .203 916 701 sbo 4714 1.461 112 640 .430 1.015 

.641 .1. . 6 .944 .667 11410 .3. 994 .671 .4 .310 à 009 693 à. 394 1.017 Mel 441 .406 1.021 

.641 436 .344 918 .414 564 .517 1 000 .436 .570 .370 * 020 412 293 399 1.011 .679 411 .314 3043 
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TABLE XI 

Value. of cosh + jy) a + jb 91.1 rinh + jy)..c+jd 

o 9 : r d 1 • le 1 . a o e I ! « i, el b e d 
. _ 

Lt511 .000 
. 

.769 .000 1.271 MO .704 .000 1.281 .000 .809 000 1 t.fig 030 .835 .000 5.220 .001! .561 000 
1 251 .014 .761 .011 1.5111 .014 734 055 1.136 016 801 .028. 0/7 .835 .026 1.319 .017 811 .028 
1.214 .030 .768 .060 1810 .031 731 .041 1.286 032 .808 .051 1.302 .033 .434 .052 3318 .034 .840 .143 
1.263 .045 .707 .075 2.569 047 731 076 1.231 049 .804 .077 1.201 .050 .513 .075 1 317 .052 851 .011 
1.531 .041 .754 .100 1.267 043 751 .1011 1.282 065 I .806 . 103 1 1.300 087 .832 .104 1.314 .069 .868 .104 

76 

001 
.43 
.441 
ye 
MO 

o no 

04 
00 
1.01 

.10 1.249 .074 .754 . 116 1.34.5 . 073 730 . 127 1.250 .001 .806 .1111 1.5118 .053 .831 .130 ' 1.314 .084 .557 .122 .70 
1 .13 1.246 .091 .753 . 150 LIM .094 771 163 1177 097 .603 .114 1815 .100 .429 .156 ' 1.111 . 103 .553 .181 .13 

.14 1.142 .104 .761 . 174 1.2111 . 110 776 . 178 1.374 . 112 .801 .180 1.211 .117 , .827 .133 1.307 . 131 .553 .114 .14 

.16 1.231 . 121 .741 200 1.111.3 . 126 772 301 1.270 .139 .798 .204 1.185 . 133 ' . 833 .207 1.303 .137 .851 .110 .141 

.19 1.235 .134 .714 .224 1.1111 . 140 270 .238 1.145 .145 .7115 .230 ! 1.544 . 145 .533 834 1.199 .154 .848 .238 .18 

. 1.230 .161 .743 .345 1.247 . 114 767 253 1.260 .141 .792 .236 1.279 . 166 .519 .360 1 294 .171 .845 .263 .28 
..à2 1 118 .111 .740 874 1.242 .172 704 .578 1.165 . 176 .788 .280 1 113 .151 .511 .201 1.288 .188 .841 .288 el 
24 1.311 .180 .717 .564 1.234 .187 740 303 1.249 . 192 784 .304 1.547 .129 .511 .310 1.282 .205 .537 .314 .21 
.26 1.212 .155 .733 .523 1.221 .202 756 328 1.143 200 .789 .331 I 530 .315 .807 .331 1.275 .251 .533 .335 .20 
.26 1804 .215 .751 .343 1822 .217 .751 .2413 1.236 .224 .776 .386 ! 1.233 .231 .802 .361 1 288 .219 .825 3114 .2.'s 

I 

.311 1.199 .524 .726 .371 1.211 .212 .718 .277 1.229 839 .772 .381 I 1.145 .247 .717 .384 1.261 .235 .813 .361 .38 

.12 1.191 .139 .720 .395 1.206 .247 .743 .407 1.225 .255 .787 .603 ' 1.221 .243 .722 .411 1.262 .271 .818 .414 03 

.34 1.182 .284 .711 .415 1.138 .241 .738 .420 1.212 .270 .762 .430 1.223 .111 .737 .433 1.243 .237 .311 .440 I 

.54 1.174 .548 .710 .46 1.182 .277 .733 .449 1.503 155 .707 .434 1.111 .193 .753 .180 1.211 203 .506 .444 16 

.39 1.168 .141 .704 .444 1.1410 .141 .717 871 1.153 .300 .722 .477 1.1211 .510 .776 MI 1.823 .319 .303 .490 16 

.48 1.154 .395 .4911 .481 1.171 .361 .721 .4I8 1.183 .215 .746 .200 1.200 .323 .773 .608 1 315 .332 .7114 .414 .411 

.42 1.1411 .3111 .413 ALI 1.31111 .31f .715 .515 1.172 .330 .339 .524 1.113 .340 /61 .633 1.204 .351 .737 .535 .43 
44 5.154 .323 .487 .828 1.182 .312 .751 .641 1.162 .313 .711 .547 1 180 .335 .754 .454 1.103 .367 ! .780 .543 .44 
.46 1.115 .325 .680 .468 1.141 .247 .701 .064 1.161 .349 .721 .670 1.169 .370 .715 .480 1.182 .383 .772 .684 .48 
.19 1.114 .2411 873 .4110 1.121 .361 .696 807 1.140 .373 .713 . 293 1.135 .355 .741 .403 1.171 .338 .764 .509 .18 

:4/ 1.102 .344 .118 .401 1.117 .375 Ulf 609 1.122 .387 /10 .616 1.146 .319 .733 .625 1.149 .413 .766 .632 .50 
.22 1.090 .277 858 824 1.104 309 680 631 1 116 .401 .703 .698 1 133 .111 .725 . 6411 1.146 .423 .747 886 52 
.54 1.077 .185 860 .444 1811 .402 .672 .653 1.103 .415 .494 .660 1.120 . 428 .714 .470 1.131 . 443 .734 .475 .:01 
:rn 1.014 .402 .4411 . 667 1.078 415 .661 . 875 1.090 .411 .683 682 1.106 .443 .707 .112 1.118 .107 .721 .750 

.7.9 1.040 .415 . 634 455 1.044 125 .653 .457 1.076 .113 .476 .704 1 092 .117 .498 .714 1.104 . 471 .725 .722 re 

.00 0.230 .417 .626 .709 1.060 .411 .446 .718 1.041 .454 867 .725 I 077 .471 .689 .735 1.090 .451 .711 .744 1101 

.62 1.019 .441 .617 .729 1.021 . 444 .637 .722 1.541 .461 .658 .746 t 062 .484 .680 .758 1.075 . 491 .701 .764 (17 

.61 1.002 .463 .60. 741 1.020 447 628 765 1 031 481 .649 767 1 047 494 670 .779 1 039 .512 .691 .787 .6-1 
101 .385 368 .599 .749 1 003 .400 419 .779 1.016 .495 .633 .788 1 031 511 .660 800 1.043 527 .681 804 04 
614 .178 .477 .690 759 .990 .492 .609 . 799 1.001 .502 .629 808 1 015 .524 .650 .820 1.027 .041 .670 .1151 as 

70 .25a 489 .680 579 974 504 599 519 .958 .511 .619 518 999 537 639 .810 1.011 .535 .439 .1130 .211 
.- 843 .601 .570 .538 .327 .615 .529 .831 .963 .533 .601 .645 . 982 550 . 625 860 .1194 Sit .645 .570 .33 
71 .924 .515 .040 .846 .940 .628 .579 .837 .961 .515 .818 .867 .965 562 61/ .880 .176 .581 .637 .510 7.1 
76 .902 .521 .584 824 .123 .540 .665 .574 .933 .157 887 .856 .947 474 601 899 .934 094 .625 .101 .76 
75 .592 .634 .539 883 .903 451 .557 891 .915 841 .174 .906 ! .929 336 891 918 .910 .606 .613 .928 3 /8 

641 .874 .144 .529 .9oo .537 .642 .446 .112 .517 .580 .864 .922 .910 .338 .381 .536 .921 .618 .601 .507 
554 .544 .617 .917 .569 .573 .636 .950 .878 .891 .632 .941 .891 610 .570 .931 .913 .430 .641 . 9611 

s 337 .664. .106 .934 .8110 .683 .523 .947 .551 .602 . 510 958 .871 621 . 655 971 .882 611 .176 AU 
.1,6 .815 .471 .494 .950 .831 .613 .311 .964 .540 .613 An .978 .432 .432 4146 .903 .562 .623 .563 1.000 

129 .111 .453 .967 .512 .603 .495 .980 .820 .423 .616 .991 ! .811 .643 .533 Loot .842 .663 .650 1.015 

1 
.90 .780 .591 .472 .983 .712 .613 .457 .996 .800 .633 .001 1.007 , .812 .614 520 1 020 824 .674 . 134 1824 
.92 .769 .643 .460 995 .771 .423 .475 1 013 .780 .043 . 190 1.023 1 .1111 .664 .507 1.036 . 800 .185 .522 5.060 
94 .740 .152 .447 5 013 .760 .432 .642 1 025 .769 .653 .477 1.0313 .770 .674 .413 1.061 .779 .695 .608 1.060 
96 .710 .621 .435 I 025 .719 .611 .449 1.042 .738 .663 .464 1.013 .749 .684 .479 I 064 .758 .703 .191 1081 
96 .619 .630 .422 5042 /55 .450 .434 1 067 .717 .672 .440 1.068 .717 .693 .461 1 081 .736 .713 .410 5.014 

LOU 570 .630 810 1.554 .6117 .449 .423 1.075 .196 .681 .436 1.052 .704 .702 . 411 1.096 .714 .734 .466 1505 

NO 
302 
.241 
.66 

.90 

.92 

.94 

.90 

.9+1 

1.00 



TABLE XII 

Values of cosh (It + - +0 ead dab (it e + IA 

0 110 
172 
.111 
(81 
aim 

.10 

.12 

.14 

.10 

.18 

24 
.20 
.231 

211 

.34 

.•• 

.40 
.40 
.44 
.46 
.48 

.32 

.74 

.56 

.58 

1 317 .000 818 
I 337 OIS 988 
1 336 031 187 
335 033 886 

1 333 071 416 

I 331 089 584 
1 125 106 562 
1 314 I t4 450 
I 320 la I 2, 
1 316 1511 914 

Ill 03‘ 870 
1 104 . 193 UT 
1 301 /II 861 
I 213 124 859 
1 285 114 844 

1 274 243 1144 
I 370 479 843 
I 262 196 837 
I 161 319 451 
1.141 .330 .824 

1.121 144 .815 .611 1.748 .161 143 .638 
1.121 .361 .811 116 1.2.17 .371 114 .134 
1.1010 TM .670 1.336 .390 .824 . 1111 
1114 .394 .116 .194 1.1114 Mt .820 .601 
1.114 .4/0 1 .787 .614 1.383 .423 .511 .617 

1.114 .464 .779 .641 1.189 .430 .003 .650 
1.161 .441 .770 .664 7176 .446 .794 614 
1.147 .461 .741 • .687 1.181 .471 .786 .697 
LL13 .491 .161 .710 1 147 AU .174 .721 
1119 .486 .743 .737 1.182 .601 711 .741 

z,121 e 8..10 

• • 

It4024 

• 0 dt 

000 1 388 .000 111 .000 1.374 .000 • .942 .060 3453 .000 
037 1.365 .018 .915 .017 1.374 .015 .149 028 1.393 019 
551 1.364 . 037 114 .014 1.372 028 .941 056 1.112 039 
000 1.3111 .053 .911 .0111 1.372 .068 .940 .013 1.591 .568 
.107 1.351 .073 .113 .108 1.171 .075 .131 . 110 1..310 .078 

134 2.319 .091 118 .116 
160 1.146 .110 .905 .643 
187 1.341 .118 .906 .190 
910 1.330 .146 .903 .214 
039 2.334 .164 .108 .243 

266 1.329 .182 .896 .1170 
392 1.313 .199 .193 .194 
311 1.317 .216 469 AU 
.344 1.315 .028 181 .549 
.870 1.301 .363 .81111 176 

316 2.194 .271 .574 .401 
.411 1.236 .258 169 .427 
146 1.177 .104 .667 168 
472. 1.765 313 .867 179 
.498 1.253 .139 .510 104 

1.164 .801 .733 .766 1.216 114 
1.069 .614 .723 .727 1103 .630 
1.411 .132 .712 .199 1185 .146 
1.6161 .648 .701 .620 1.071 .641 
1.044 .6811 .690 .111 1.016 .576 

1.623 .172 .679 .812 1 007 .185 .700 .674 1.081 .601 .730 .815 
1.004 .666 .647 .882 1 020 .441 .688 .894 1.031 .621 .701 .904 
.9811 .591 .644 .902 1.003 .617 476 .914 1.015 .635 .696 .927 
.170 .611 .643 .911 .985 .630 .664 .936 .997 .649 .683 147 
.951 .624 .431 .940 .166 .643 .661 .914 .978 .663 .670 .947 

.766 .766 

.145 .731 

.7111 .810 

.724 .832 

.717 .663 

1 369 .094 .927 .137 1.338 .097 
1.364 .113 .434 .168 2.305 114 
1.341 .121 131 .193 2.331 184 
1.334 .110 110 .t19 1.377 .114 
2.111 .169 127 346 1.313 .173 

1.348 .187 923 174 
1.341 .336 920 .300 
1.326 .114 916 an 
1.311 .142 911 364 
1.111 .341 906 341 

L311 .571 903 .437 
111811 .197 8« 434 
1.296 .314 AIN 460 
1.218 .333 III 444 
1.174 .345 474 Ann 

1.348 SIM 
1.344 .354 
1.243 .401 
1.221 126 
1.130 .416 

167 116 
.660 .862 
461 .664 
.844 .610 
.686 .634 

1./07 .461 .677 .061 
1.113 .467 .618 .664 
1.179 .183 .608 701 
1.144 .4111 .798 .731 
1.141 616 .746 .704 

1.134 .83/ .777 .7711 
1.111 644 .764 .707 
1.108 .641 .736 .119 
1.085 .578 .744 .841 
1.058 191 .791 .863 

.970 .000 

.970 .051 

.963 .064 

.968 .064 

.967 .111 

.968 .239 

.963 .141 

.961 .196 

.959 MI 

.954 .250 

1148 .193 .950 .378 
1.312 .611 .906 .304 
1.165 .221 941 .331 
1.348 .249 937 .169 
1.340 .260 .932 .384 

1.331 trt .916 .413 
1.822 .306 .910 .440 
1.813 .924 .914 .464 
1.303 .345 .938 .413 
2.193 .340 .901 .616 

1.151 .377 694 .611 
1.371 .396 .556 MO 
1.561 .313 .878 190 
1.749 130 .607 110 
1187 .447 I .880 .448 

1.324 664 861 .141 
1.110 481 .941 .612 
2.166 .498 .831 .710 
1.101 .614 .811 .740 
1.166 .1130 / II .763 

1.160 .546 .600 .768 1.165 .563 923 .711 .00 
1.156 562 .789 .809 1.161 690 .817 832 .42 
1.111 .570 .778 .831 1.134 .596 .800 .144 .64 
1102 .594 .766 164 1.117 .811 .788 .867 .56 
1.850 .609 .761 .876 1 099 .628 .775 .879 .58 

1L1167 .434 .742 .898 1 081 .811 .763 .911 .70 
1.4146 439 .730 .910 1 063 .654 .750 332 .70 

1.031 . 654 .717 .940 1 045 .673 .736 .963 11 
1.012 .668 .704 .961 1436 .686 .714 .972 .76 
.593 682 .690 .981 1.007 .702 MO .993 .78 

2.412 .000 198 .000 
1.412 .020 .968 .028 
1.412 040 .997 .067 
1.411 .060 .996 .068 
1110 .050 995 .113 

1106 .100 .993 .141 
1.406 .120 .191 .175 
1.401 .140 986 .195 
1.317 . 189 . 985 .151 
1.391 .179 .682 .862 

1.887 .191 .978 .282 
1.880 118 .974 .309 
1 373 238 961 .337 
1.364 .267 961 .364 
1.338 .176 .959 .292 

1.250 .295 .953 .419 
1.341 .311 .947 .444 
1.311 .323 .141 .470 
1 321 .353 .934 .100 
1.311 .370 .527 .821 

1.201 .388 .919 .650 
1.390 .407 .911 .677 
1179 135 .903 .603 
1167 .442 .894 118 
1.256 .461 .558 .463 

1.241 .478 .876 .471 
1.228 .494 .866 .703 
1.214 .612 .805 .727 
1.109 .530 .845 .741 
1.164 .541 .664 .778 

0.00 
.02 
.191 

.00 

.10 

.12 

.11 

.16 

.16 

.30 
22 
.24 
.24 
.28 

.32 

.34 

.30 

.38 

.40 

.42 

.41 

.40 

.48 

.50 

.b2 

.94 

.55 

.5ft 

.932 .417 I .619 .959 .946 .655 .638 .973 .959 .676 .657 .167 .179 .696 .676 1.001 .957 .716 .698 1113 .80 

.903 .449 .408 .978 .916 .669 -615 .991 .919 .689 .641 1.004 .153 .709 662 1.010 .966 .710 .481 I 032 tt.: 
i .618 MI 1 .6113 .996 .906 .681 611 1.009 .9111 .702 .530 1.014 . .722 .648 1.059 .916 .743 .666 1.001 .84 

.473 . 673 ' .480 1.016 .886 .693 .591 1.027 . 617 .714 616 1.6471 .112 .731 .633 1.617 .924 .787 .651 1.070 .110 

.331 . 61111 1 .664 1.031 .564 .706 .603 1.014 .876 .726 141 1.064 .690 .747 .618 1.078 .901 .769 .436 1.084 .64 

.131 .6111 • .563 1.046 

.819 .797 .418 1.064 

.765 .717 .514 1 090 

.767 .717 . .510 1.095 

.745 .737 110 1.110 

.733 .767 I .4311 L128 

.843 .717 

.821 .728 

.719 .739 

.777 .750 

.716 .760 

.733 .770 

.669 1.061 .815 .738 .686 1.071 

.054 1.078 .883 .749 171 1.094 

.539 1.094 .811 .760 .556 1110 

.524 1.110 I .789 .171 .441 1.151 

.609 1.116 .764 .762 435 1.141 

494 1 140 .743 .792 .509 1.1116 

-   

.664 .759 .603 1.013 ' .881 .781 .611 1.106 .eo 

.866 .7/1 .668 1.109 .859 .794 : .600 1.124 .92 

.124 .789 .572 1.126 .836 506 : . 5119 1 111 74 

.805 .794 .156 1.141 .813 .811 .573 1.10. .90 

.778 .306 .610 1.107 .789 838 . 656 1.174 .114 

.761 .818 .521 1.173 j .7156 .631 ! .439 1.190 i 1.00 
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TABLE XIII 

Values of cosh (lc + jy) a + jb 4a4 shah (x+ jy) c + jd 

Y - - r-
• 3 1 4 

0.00 1.413 .000 1.004 .000 
.03 1.433 .011 LOU .019 
.04 1.421 .041 LON .481 
uts 1.431 .041 1.024 .044 
.09 1.419 .082 1.021 .1/4 

.10 1 424 .102 1.021 .143 

.12 1.422 .123 1.019 172 

.14 1.413 .144 1.017 .201 

.13 1.414 .111 1.014 321 

.13 1.401 .186 1.010 156 

.20 1.404 .104 1.006 104 
22 , 1.398 .294 1.002 .313 
24 1.391 .144 997 341 
26 1 386 .164 .993 .361 
20 1.377 .284 .937 .398 

30 1.119 .303 .981 .424 
32 1.310 .323 .974 .481 
.34 1.351 .342 .967 .174 
06 1.241 .312 .960 .104 
.39 1.331 .381 .955 .512 

• d 

1.454 .000 1 055 .000 
1.464 021 1.055 .029 
1.453 .042 1 054 .059 
1453 .063 1.053 .087 
1.410 .084 1 052 . 116 

1.447 . 105 1.050 .165 
1.443 .137 1 048 .170 
1.439 .118 1 046 .204 
1.436 . 1113 1 043 .231 
1.430 .159 1730 760 

1.425 .210 1.034 .290 
1.419 .230 1.030 .317 
1.413 .251 1 025 .146 
1.406 .271 1.020 .3/4 
1.398 292 1.014 .403 

1.390 312 1.008 .431 
1.381 .333 1.002 .468 
1.371 .362 .996 .406 
1.362 .973 .938 .614 
1.345 .391 .980 . 640 

-74 

o b 

1.471 AN 
1.431 .018 
1.4711 441 
1.470 .046 
1.471 .087 

1.449 .104 
1.664 .130 
1.462 .202 
1.467 .273 
1.482 .194 

1.444 .118 
1.439 .224 
1.1123 YU 
1.428 .271 
1.018 .100 

0.410 .221 
1.482 .841 
1.802 .502 
2.302 .283 
1.371 .4011 

.40 1720 .400 .945 .658 1.341 .410 .973 . 666 1.3119 .452 

.43 1709 .419 .937 584 1 329 .131 .964 . 631 1.347 AU 

.44 1.297 .438 739 610 1 317 .450 .965 .618 1.336 .462 

.46 1.280 .456 .930 . 635 1.304 .469 .9116 .646 1.321 .451 

.4.8 1.272 .474 .911 .663 1.290 . 487 .935 .670 1.3011 .500 

.20 1 158 .491 . 901 687 1.176 . 505 . 927 686 I 1.294 .518 

.12 1.244 .610 .890 . 711 I 1.161 .523 .916 .721 1.179 .413 

.34 1739 .523 881 . 727 1.147 .905 .746 2.502 .N7 

..".0 1.214 .646 .870 .761 1.132 .559 .891 .771 1.149 .0711 

.36 1.199 .663 .859 780 1.216 .677 .853 .796 7133 .119.1 

60 2.183 780 .817 .809 1.100 .695 .871 .821 1.21/ .412 
.62 1.163 .597 .835 .833 1.184 .613 .819 .845 14100 .830 
.61 1.149 AU .823 866 1.167 .630 .547 .868 1 182 .644 
.60 1.132 735 .811 071 1.149 .647 .834 .891 1.164 .044 
.00 1.114 .444 .798 901 1.131 .664 .021 .911 1.541 .681 

.70 1.096 .661 .785 .923 Lilt .680 .808 .937 1.128 . 818 

.7.. I 076 .6/6 .7/2 748 1.003 .696 734 .159 1.109 .714 

.74 1.050 .632 .768 .964 1.073 .712 .780 .981 1.090 .730 

.76 1.039 .706 .744 .987 1.053 .727 .766 1.002 1.070 -716 

.7S 1010 .721 .730 1.001 1.033 .742 .751 1.023 1.060 .761 

/.085 000 1 497 000 
1.086 .030 I 497 071 
1.084 051 I 196 045 
1.083 .081 1 406 067 
1.031 .118 t 493 009 

1.079 .147 
1.077 .177 
1.075 .306 
1.071 .134 
L•68 .264 

1_861 .814 
1.11811 .1121 
2.8113 .241 
1.048 .110 
1.442 .451 

1.434 MO 
1.059 .484 
1.1112 .494 
1.811 .551 
1.111 .064 

.999 .576 

.990 .001 

.381 .654 

.972 .466 

.042 .680 

.963 .704 

.941 .731 

.010 .763 

.110 .713 

.907 703 

1 490 III 
1 486 134 
1 482 156 
412 177 

1 472 100 

446 933 
1 459 213 
I 453 166 
1.445 307 
1 437 309 

1 429 110 
1 410 .331 
1 411 173 
1 061 363 
1 390 .411 

1 376 431 
1.366 .455 
1 353 450 
1 340 493 
1 337 615 

111 000 
114 030 
113 060 
112 Oeu 
III 120 

109 130 
107 180 
106 210 
102 738 
090 268 

092 598 
097 316 
082 316 
076 .386 
.070 115 

.061 443 

.057 171 
050 500 
042 529 
034 556 

.682 
.010 600 
003 637 
999 644 
949 691 

1 313 531 979 717 
1 298 603 168 743 
1 282 572 .966 769 
266 191 114 796 
250 610 902 820 

.893 .833 1 234 639 .970 845 
MS .507 I 7.16 647 909 860 
.870 .891 1 199 666 .493 693 
.847 .914 1 181 483 887 917 
.544 .937 1.167 701 .868 941 

.020 .950 I 143 718 654 

.806 .971 1 124 733 832 

.803 .894 1 105 752 814 

.737 1.016 I 080 765 813 

.779 1.037 045 781 753 

.201 .938 .736 .716 1.028 1.013 .757 .736 1.044 1.029 .778 .706 LON 

.61 .977 .710 .700 1 040 .992 .772 .721 1.064 1.008 .793 .740 1.078 

.14 1 756 .764 .686 1 067 .971 .756 .705 1 083 . 081 7 .724 08 1.098I 
_66 .934 .778 .670 1 006 .950 .800 .681 1.107 .964 .023 Ms 3.110 
.108 013 .791 .664 1 106 .328 .813 .673 1.111 . 911 .a3s .411 1431 

.00 .891 .804 738 1 123 . 906 036 .656 1.139 91% .849 .470 1.184 

.92 NB .817 .629 1.140 .583 .1139 .639 1.167 . 815 .862 • .658 1774 
004 .845 839 .606 1 157 .140 .851 .622 1 175 .871 .476 .641 1.191 
.96 721 .441 .689 1.174 . 836 .854 .605 1.192 .847 .888 .153 1.858 
.99 .798 751 .573 1.190 . 111 876 585 1 209 822 asa .606 LISS 

1.00 .774 .864 .561 1.106 .736 .888 .570 1.374 .797 AU .044 1.541 

I 044 800 777 
I 027 813 7E4 
I MU 010 715 
978 816 .724 
955 639 .711 

932 873 694 
MI 287 876 
144 100 658 
639 913 .640 
824 131 621 

809 917 .602 

.530 000 1.14/ 000 
359 023 I 114 030 
518 046 I 144 061 
617 049 1 143 091 
616 097 I 142 122 

.312 111 1.139 . 152 
603 . 137 1 137 182 
304 160 1 134 .213 
500 182 I 191 . 212 
495 000 1.157 272 

419 228 1 122 103 
482 150 1 117 332 
172 273 1 113 .362 
417 291 1.106 .191 
469 317 1 100 421 

451 339 1 093 410 
441. 461 1 086 419 
432 383 1 079 808 
413 405 1 071 636 
421 425 1 063 551 

299 . 446 1 064 591 
386 467 1 045 620 
373 483 1 036 648 
300 5129 1 026 651 
317 529 1 016 703 

313 349 1 0005 710 
315 869 994 756 
303 509 989 78, 
287 6011 970 1107 
270 617 018 8.15 

053 616 942 851 
332 . 665 .992 .883 
.217 . 684 919 902 
199 292 .986 .93: 
140 728 091 986 

964 161 719 876 
152 141 .733 861 
009 127 773 616 
091 102 709 330 
052 081 922 854 

027 060 801. 798 
094 030 017 7311 
114 016 852 764 
134 993 4157 743 
142 970 491 730 

173 946 827 712 
590 931 911 691 
.208 697 924 673 
226 671 937 .631 
242 .847 .950 617 

256 631 960 616 

079 
002 
620 
9747 
069 

094 
Ill 
131 
181 
010 

194 
209 
221 
248 
267 

270 
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