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HP/CAI
Th i s co m pufer-assisted-i nstruct io n, or CAl, sysfem m akesi m pressiv e contr i b uti ons
to the sfafe of the art of CAl.lt's a combinationof field-provenhardware,
a standard computer language,and well tested curricula.
The f irst curriculum is an elementarymathematicsdrill and practice program.
By William G. Ansley and Samuel D. Edwards

Tser a NEw pRoDUcr sHouLD contribute substantially
to the state of the art has long been a philosophical tenet
at Hewlett-Packard. It's somewhat paradoxical, therefore, that one of the major contributions of HP's computer-assisted-instructionsystem is that it is deliberately
designed to have as few hardware and software innovations as possible.
At present the HP/CAI system consists of a mathematics drill and practice program running on the HP
2000B general-purpose BASlC-language time-shared
computer system.The mathematical concepts covered are
those normally encountered in grades one through six.
'Drill and practice'
means t[at the concepts are presented
by the teacher in the classroom and the CAI system gives
the pupils practice in using the concepts.
The drill and practice program is written in BASIC
and runs like any other program on the time-shared system. As it happens, the idea of a CAI program written in
a high-level language and running on a general-purpose
system is very unusual; before the HP system came along,
the trend was toward special hardware and software.
fn fact, HP's use of. standard teleprinters as terminals
was also quite unusual at the time the system was
introduced.
The advantages of standard general-purpose hardware and software are many. To name a few, reliability
is generally much better, spare parts are readily available, and the system can be used for purposesother than
CAL Reliability is, of course, a concern of major importance to the school. The system simply must work and
keep working with minimal maintenance.
Even more important than reliability, however, is the
question of whether the curriculum is valid--do the stu-

dents learn? The HP/CAI mathematics curriculum is
based on that originally developedby Dr. Patrick Suppes
and his associatesat the Institute for Mathematical Studies in the Social Sciencesat Stanford University.* There
exists a great deal of field test data which clearly demonstrates that children receiving 5 to 10 minutes a day
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of CAI drill basedon the Stanfordcurriculum show substantially better scoreson standardizedmath tests than
incontrol groups not receiving the computer-assisted
struction.
Although basedon this well validatedcurriculum, the
HP curriculum has someextensionsand is implemented
quite differently. Students'placementin the curriculum
and their progressionthrough it have been made more
flexible and individualized.Reportsfor teachers'usehave
beensimplified.Problemsaregeneratedby the program,
rather than storedas they are in other systems;this technique reducesthe amount of data storagerequired to
one-fiftiethof what it originally was and makesit possible to implementthe Stanfordcurriculumon a smalllowcost computer systemthat smaller school districts can
afford.
Structureof the Curriculum
Mathematicalconceptscoveredby the HPICAI program are:

HP /CAI-In the Beginning
Hewlett-Packard has a history of involvement in education.
Long a supplier of laboratoryinstrumentsto high schools'
colleges,and universities,the company built its first computer in late 1966 and shortly thereafter produced its first
educationalcomputer product, the HP EducationalBASIC
System. A later system, the HP2000ATime-SharedBASIC
System, has also proven useful in schools. Both systems
allow many students to share the same computer and therefore minimizelhe per-studentcost of computer equipment.
Neither of these systems,however, is a computer-assisted
instruction (CAl) system. Both are intended primarily for
computer-scienceeducationand scientific problem-solving.
And while it may seem to be a logical extensionof the company's previous efforts in education, the HP/CAI system
didn't really come about that way. Instead, it grew out of
the personal commitments of a few people. Had they not
been associated with a company already heavily committed
to the educationalfield ihe whole thing probably wouldn't
have happened,of course. But they were. And it did.
In 1967 a techniciannamed Kemp Miller joined the solidstate group in the Hewlett-Packard research laboratories'
Soon Kemp had interested several other HP employees, including Bill Ansley, in an organizationcalled Counterpart,
which he had organized.* As a Counterpart activity, Bill
brought various data processingequipment to the Hoover
Boys Club in East Palo Alto, Galifornia one evening per
week. He observed the interest generated and the boys'
enthusiasm.
In the early summer of 1968 Kemp called Bill and suggested he might be able io assist the local Ravenswood
City School District in their CAI project in a voluntary,advisory capacity.
Bill met William Rybensky, the district's CAI project
leader, and studied and observed the CAI activities for
several months. By then he was hooked. He was convinced
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The structure of the curriculum is designed to achieve
several objectives:
I to allow individualized student placement
r to provide material that is automatically adjusted to
each student's achievement level so that every student
I

can have successfullearning experiences
to allow an individualizedrate of progression through
the material to match each student's learning rate

that CAt was an exciting technique which combined the
children'senthusiasmfor equipmentwith sound psychological and pedagogical principles to offer a real solution to
some serious educationalproblems.
Bill enlisted the unofficial support of Jim Rudolph and
John Lazier of Hewlett-PackardLaboratories.Together they
built a small, special-purposecomputer terminal which
seemed to offer a substantial, badly needed cost reduction
for CAl.
It was at this time, in December 1968, that Bill decided
to switch careers.He had been a computer user since he
had lirst learned FORTRANat Bell TelephoneLaboratories
in 1960, but hadn't previouslyconsideredleaving semiconductor device physicsfor a computer career.
Paul Stoft. a director of HP laboratories, offered Bill a
chance to continue his investigationin CAI full time as a
member of his section. During the spring of 1969,the original idea of a specialterminalwas shelved,and the concept
of using standard terminalson an essentiallystandard HP
time-sharingsystem was decided upon. Roy Clay, manager
of software at HP's Cupertino division, was interested by the
idea and offered Bill a transferto Cupertinowhere the project has been carried on since June 1969. Sam Edwards
joined the project in August 1969and did most of the actual
programming. A prototype system was installed at the
'1969, and
Ravenswood City School District in November
the first production system was delivered in September of
1970.
'Many people helped in getting
Comments Bill Ansley:
Everyone
approached for help reactivity
started.
the CAI
acted with enthusiasmand interest.They saw an opportunity to make a personal contribution to a vital human and
social need in educationby using their particulartechnical
skills.'
'The August
hasan articleby Wallace
REVIEW
1,1970issue0f SATURDAY
partin it. Thetitle:'East
Miller's
andKemp
describes
Counterpart
which
Stegner
Palo Alto'.

The HP/CAl mathematics drill and practice cuniculum is divided into six years.
In each yeat are 24 concept
blocks, each of which presents
students with practice problems in a specilic mathematical
concept. A block consists ol a
pretest, f ive main /essons, and
a post-test. Initially any student
can be placed in any block by
the teacher and therealter he
progresses sequentially ttom
block to block.
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A studenl scoring 8!i% or above
will move directly to the post test
for that concept block.
The teacher is automatically notified of
continued poor periormance (score (60% at level l)
so that remedial instruction can be given

Each main /esson is available at live levets of ditticulty. Levet 5 is the most ditticult, level 1 the least ditticult. A student moves up or down one ditticulty level depending
upon his score on the previous main lesson. lf he gets 100/" on the pretest he sklps
the entirc block. Every student works independently and progresses at hls own rate.

to provide individualized review material to fit each
student's needs
to allow automatic skipping of material in which the
student demonstratescompetence.
The HP structure closely parallels the Stanford structure, but removes certain limitations of the original
version. Skipping of material was not allowed in the
Stanford system,and student placement and rates of progressionwere not completely independentas they are in
the HP system.
The curriculum structure is illustrated in Figs. I and 2.
Each year is divided into 24 blocks of material. Each
block is one or a few specific types of math problems.
Any student may initially be placed in any block chosen
by the teacher.Thereafter the student progressessequentially from block to block.
Each block consistsof a pretest,five main lessons,and
post-test.
Each main lesson is available at five levels
a
of difficulty. Fig. 2 shows how a student may progress
through a block.
The student first receives the pretest. This has problems from all of the five levels of difficulty available in
the main lessons.Depending on his score on the pretest,
the student takes one of six possible paths.
If he gets l00Vo on the pretest, he has demonstrated
competence in the material contained in this block and
he skips to the pretest in the next block. This avoids unnecessarydrill.
If he gets a score of less than lOOVo,the student takes
main lesson 1 at an appropriate difficulty level, depending on his pretest score. When he completesmain lesson
I, his score on it determineswhether his next main lesson
will be at the same difficulty level, or one level higher,
or one level lower. This branching continues after main
lessons1 through 4.
After main lesson 5, all students are given a post-test
very similar to the pretest.The pretest and post-testcombination provides a check of whether the students are
showing improvement. The post-test scoresfor each student are also used to determine that student's review lesSONS.

What about studentsat level 1 (the easiest)and level 5
(the hardest)? How can they be moved down or up, as
appropriate? In the first case, the teacher is notified on
her daily report of any student who is performing poorly
at level 1, so she may take remedial action. In the second
situation, the student who achieves 85% or higher at
level 5 is branched immediately to the post-test,skipping
any further main lessonsin that block. All main lessons
contain essentiallythe same material, so if a student mas-
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Typical HP/CAl lesson dealing with horizontal
addition and subtraction. Student responses are inwhite'
Since the systern genetates problems with random numbers, no two students evet get exactly the same /esson.
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Daity report to teacher is a concise summary ot
only the unusual cases ln a c/ass-

teacher.Also, the studentis assuredof having successful
experiencesbecausethe difficulty level of his problems
is adjustedautomatically.These qualities are especially
important for studentswho have had past histories of
failures in school.
Reports
Three reports inform the teacherof studentprogress
and assisther in her classroomwork.
The daily report gives the teacher a conciselist of
only the unusualcasesin her class,and presentsthis in
sentenceform rather than cryptic tables.The samplereport in Fig. 4 showssomeof the situationsthat are reported including a 'new concept' coming up for Mary
Yancy. This alertsthe teacherthat Mary will be meeting
a particular conceptfor the first time in the courseand
may require some assistanceif it has not already been
Fig. 5. Weekly c/ass report shows positio ns and rates ot
discussedin class.Thus the reportshelp the teacherdeal
progless tor all students in the c/ass. An individual pupil
in the classroomwith the spreadsin achievementlevels
report is available at the teachet's reguest.
which the CAI systemis treating in drill and practice.
ters one main lessonat the highestlevel of difficulty he
Fig. 5 showsa sampleclassreport which is typically
has masteredthat conceptblock.
furnished weekly to teachers.This showsthe positions
Review lessonswith essentiallythe samefeaturesare
and ratesof progressfor all studentsin the class.
automatically intermixed with main lessonswhen they
An individual pupil report is also available at the
are neededby a student.The CAI systemexamineseach teacher's request. This gives the post-test scores and
student'spost-testscoresfor blocks already completed, other data on all blocks completedby that student.
and schedulesreviews.Blocks havingthe lowestpost-test
Another report, the curriculum report, givesthe numscores are reviewed first. Blocks with post-test scores ber of studentsin the school who have completedeach
over 85Vo are not reviewed.Skippingof material is not
block to date, alongwith the meansand standarddeviaallowedin reviewlessons.
tions of the pretest scoresand post-testscores,and the
After completing a group of review lessonsthe stupre-to-post-testdifferences.This informationis necessary
dentis againgivena post-test,and the new post-testscore for continuingimprovementof the curriculum.
replacesthe former post-testscorefor that block in that
Considerableeftort went into making these reports
student'sfile. Checks are built in to prevent repetitive concise,readable,and availableon-line, at any terminal,
review in any one block and to omit reviewson blocks
wheneverand wherever requested.By contrast, previwherepost-testscoresare85Voor higher.
ous systems'reports to school personnelwere voluminous tables with cryptic headings.For efficiency,beSampleLesson
causeof their number and size,they were produced on
Fig. 3 showsa samplelessonas it appearson the telea line printer at a central location and distributedto the
printer. The studentimmediatelylearns whether his anteachersand staff, who usually glanced at them with
swer is right or wrong. If wrong, he is given another dismay and then quickly depositedthem in
the circular
chanceto determinethe correct answer,but for internal
file. On the other hand, the HP reports have proved to
scoring purposesonly initially correct answersare conbe well suited to the schools'interestsand needs,and
sideredright. Although not shown in this example,the
have played an important role in the acceptanceand use
studentis told the correct answerafter a secondmistake of the system.
on any problem and is askedto enterthat correct rulswer
for reinforcement.
HP/CAl Hardware
Each student works independently,and all the stuThe HPlCAf hardware consistsof the Hp 20008
dent's work takes place privately without risking the
Time-SharedComputer System,shown in Fig. 6, along
ridicule of classmatesor the possibledispleasureof the
with a maximumof 32 teleprinters,which are the student

The HP/CAt program runson the HP 20008 Time-sharedcomputer system.The
system handtes32 studenfsatatime.The centralprocessor,shownhere,is small enough
to be tocated right in the elementaty schoot, so telephone charges are minimized'

terminals. The central processorconsistsof standard HP
hardware which has proven its reliability. It is a generalpurpose system rather than a system dedicated to CAI.
The capacity of the system fits the needs of most
schools quite well. Class scheduling considerationsindicatethat about 16 or about 32 terminalsshould be available, to allow handling a half class or a full class at one
time. The averageelementary school with an enrollment
of 400 to 500 can get along with 16 terminals for one
CAI curriculum. Larger schoolswould require 32 terminals. The usual rule of thumb is 30 to 40 students per
day per terminal.
In a typical installation, the central processor and 32
terminals might be located in one school, or the processor
and 16 terminals might be in one school and the other
16 terminals in a nearby school. This means communication costs are either zero or fairly low.
The student terminals are Model 33 Teletvpes@.The

keyboards are standard with the sole exception that the
ampersand (&) has been replaced by an underline. This
modification is accomplishedby changing the small print
wheel on the Teletype, a three-minute job.
HP's use of standard terminals ran counter to a trend
'CAI' features on the students'
toward putting special
keyboards. These features were generally of little value,
and to get them one had to accept many disadvantages,
such as:
lack of several common punctuation marks, a real
drawback to languageprograms
special characterswhich were so small that they were
unreadable
the need for relearning keyboards when going from
CAI terminals to standard units for problem-solving
or vice versa
. problems in the availability of servicingand parts
@R e g i s t e r e tdr a d e m a r kT, e l e t y p eC o r p o r a t i 0 n .

r inability to use programsdevelopedon standardsystemswithout reprogramming
f inability to use newer terminals such as TeletypecompatibleCRT's as they becomeavailable.
HPlCAl Software
The systemsoftwareis the sameextendedBASIC languageusedby commercialand scientificusers.When the
20008 system was developed,severalfeatures were
addedto BASIC primarily for CAL
The ENTER statementwas addedto allow timed student entriesand certain other features.With this statement the teacher can specify a maximum number of
seconds(up to 255) for a studentto answereachproblem. If the student doesn't enter an answerwithin the
specifiedtime the systemproceedswith the lesson.Different timescan be specffiedfor eachstudent.
The TIM (time) function is includedso the systemcan
read the real-time clock to determinewhen a student's
sessionat a terminalis completed.
Three other featuresaddedfor CAI also have use in
other fields. The CHAIN statementallows a program to
call a followingprogramautomatically.This allows,in ef-

fect, infinite program size.The COM statementprovides
an area of common storagebetweenchainedprograms
so data can be transferred quickly betweenprograms.
The CSAVE commandallows programsto be savedin
semi-compiledform; this eliminatesabout 9OVoof the
compilationtime when a new programis broughtin with
a CHAIN statement.
All the CAI programsare written in BASIC. BASIC
has many operational advantagesover either assembly
languageor specialpurpose 'author languageslAmong
theseadvantages
are:
I easeof programming.Programdevelopmentis expedited becauseof the interactivenature of time-shared
BASIC.
I improved reliability becauseof extensivedebugging
in previousapplications
I the possibility of using the systemfor other things,
such as solvingproblemsor teachingstudentsto program in BASIC. BASIC is a general-purposelanguageand it runs on a general-purpose
system.
I the possibilityof sharingCAI packagesamongusers.
BASIC is a more-or-lessstandardlanguagewhich will
run on many systems,whereasassemblylanguageis

Fig. z. Sludenfsa/most univers a l l y a r e e n t h u s i a s t i ca b o u t
CAl, regardless
ot what syslem
it is.

specificto a given system.When changingfrom one
manufacturer'sBASIC to another's,somereprogramming may be necessary,but it will typically be very
little.

HP /CAI-The Future
AdditionalCAI activitiesare now going on at HP in the areas
of hardware, system software, applicationsprogramming,
and support. Applications programming projects include:
I lmplementationof an elementaryEnglish curriculum on
HP 2000 systems. This program, covering material normally taught in grades four through six, is scheduledfor
releasein early 1971.
I revision of the math program to make it even more effective and to make it availableon both the 20008 and the

Generationlnsteadof Storage
In the HPICAI systemthe Stanfordcurriculum is implementedquite differentlyfrom the original. In the original Stanford version the computer systemstored every
problem and its answer.This was an aid in gatheringre2000c
I developmentof a numberof generalCAI packageswhich
searchdata, but it took an enonnousamountof storage.
will assistuniversity-level
people in developingtheir own
In the HP systemproblemsand answersaregenerated
materials
as needed,subject to the constraintsspecifiedfor each
I studies of possible efforts in higher-level mathematics
and in initial reading.
lessonin the Stanfordcurriculum. As a result. the storHardware and system programming efforts are aimed at
ageneededfor the math programhas beenreducedby a
implementingpresent CAI programson the 2000C system.
factor of 50, making it feasibleto run the program on a
New support activities include recent establishmentof
small,low-costsystem.
an advisory council to assist in planning and in development of an educationalusers' group to assist in information
What generationmeanscan best be explainedby an
exchangeamong the more than 250 educationalinstitutions
example.Supposethe lessondealswith horizontal addiusing HP computer systems.
tion problemswith sumsbetween10 and 14. Insteadof
storing a large numberof problemssuch as 5 f 5 : 10,
some types of problems, but the HP/CAI math package
5+91 4 , 8 * 3 = 1 1 , a n ds o o n , t h e H P s y s t e m
has settled that question.
inserts random integersfor A and C into the equation
Generation rather than storage
problems
A*B:C
subjectto the constraintthat C must be between10 and
14. The systemthen computesB and presentsthe problem to the studentas

A+B--.
The BASIC programming required to do this is as
follows:
C=INT(SxRND(X))+10
A = INT( (C + 1)x RND(X) )
B:C-A.
The first statementgeneratesa number C between 10
and 14. RND(X) givesa random number between0 and
0.999999, and the expressionINf( ) takes the integer
part of the quantity within the parentheses.The second
statementgeneratesa new integerA betweenzeroand the
sum C. The third statementsimply subtractsA from C.
Although in this examplethe algorithm for generating
the requiredproblem is relatively simple,the algorithms
for most lessonsare considerablymore complex.Many
more requirementsmust be satisfied,such as limits on
valuesof addends,carrying or borrowing in specificcolumns, and avoiding ambiguous problems in units of
time (e.g.- DAYS = I MONTH). Considerable
doubt
was expressedby severalpeople in the CAI field as to
whether it was possibleto write suitable algorithmsfor

of
provides
other advantages, too. The lesson specifications are
stored compactly in files, so it's easy to revise and update
the curriculum by simply updating those brief specifications. There is no need of manually revising and editing
a data base of 4.5 million characters. Generation also
means that the lessons are essentially cheatproof, because no two students ever get exactly the same lesson.

Trade-offs
When a different approach to a task is used, there are
usually trade-offs involved. In the case of the math package, there were two primary trade-ofts. On-line generation of problems is not very attractive for word problems,
such as 'If I have two apples and four oranges, how
many pieces of fruit do I have?' Although word problems
could have been provided, either by storage or by a
quasi-random selection among sentenceelements, they
were not included in the package. After careful study,
it was decided that the long printing time for word problems, the common reading dfficulties of students, and
the need for more human interaction in teaching word
problems made it unwise to include them.
The only other major change, compared with some
older CAI systems,was the deletion of student response
records. Some systems have recorded every student responseon every part of every question for 'possiblelater
analysisl Since this information is primarily of interest

to researchworkersand not to the typical schoolsystem,
the reductionin systemcost more than justifiedeliminating theserecords.
GratifyingResponse
The prototype HP/CAI systemhas now been in use
by approximately500 studentsat Willow Schoolin East
Palo Alto, California for more than a year. So far, the
responsehas beengratifying.Studentshave almostwithout exceptionbeenextremelyenthusiasticabout the system. HP cannot claim any specialcredit for this since
CAI seemsto be a very powerful motivating factor regardlessof the details of the system.Teachersand administratorshave alsobeenvery pleasedwith the system.
Its reliability and the nature of the reports it produces
have pleasantlysurprisedmost of the staff involved. In
the CAI field, the HP ideas of a higher-levellanguage
system,standardterminals,use of
on a general-purpose
generationtechniques,small systemstailored to meet
schoolneeds,and others,seemto be gainingacceptance'

Candlin were and still are responsiblefor many supporting activitiesvitally necessaryto the system'sdevelopment and delivery as a useful product. Dick Moley, Lee
Johnson, and Waldy Haccou all helped guide us in
getting the job done. Carol Berte, SteveStoft, and Bill
Greenhelpedget the ball rolling as summeremployees.
Paul Stoft and Roy Clay helpedus keepthe faith.6
WilliamG. Ansley
Bill Ansley receivedhis BS
degree in engineeringPhYsics
from the Universityof Toledo in
1954.He embarkedon a career
with Bell TelephoneLaboratories,
only to have it interruptedbY a
notice from his draft board.He
was inductedinto the army in
September1955 and was
assignedto Aberdeen Proving
Groundsas an engineerevaluating radar-controlledantiaircraft
weapons.After his discharge,Bill
did graduatework and servedas
a teaching assistant in the physics department of the
Universityof lllinois.In 1959he resumedhis careerat Bell
Labs,working in semiconductordevicedesign.He joined
the solid-statesectionof Hewlett-PackardLaboratoriesin
1965.The story of how he abandonedsemiconductor
device physicsand becamea seniorsystemsanalyst
workingon CAI is told on page 3.
Bill is a memberof IEEE.He holds patentson a semiconductorpressuretransducerand on an opticalf ilter
used with solid-statelight sources.

SynergisticDevelopment
Worthy of special mention are the proceduresthat
were usedin developingthe HPICAI package.The universal practicein CAI had been to have the effort segmentedinto curriculum, systemanalysis,programming,
coding,and so on. Too often, this procedureled to communicationsproblemsbetweenmembersof the team.
By contrast,the HP/CAI packagewas developedby
a small number of people who were involved across
the complete spectrum of the task. In particular, the
opportunity for those doing programming in BASIC
directly to observestudentsand teachersusing the system, coupledwith theseprogrammers'deepinvolvement
in the analysisof the curriculum for developingalgorithms, resultedin a powerful synergisticeffect.Difficulties that studentsexperiencedwere directly observedand
corrected,often within a few minutesby a programmer
working on-line at the site.

SamuelD. Edwards
Sam Edwardsreceivedhis BS
degree in mathematicsfrom
StanfordUniversityin 1964.After
a year of graduatework in
mathematics.also at Stanford, he
ioined the PeaceCorps and was
sent to Malaysia,where he served
three years as a mathematics
instructorat the Victoria Institution and the Universityof MalaYa,
both in Kuala LumPur.On his way
home from Malaysia,Sam
stoppedoff for three monthsin
Nepal,where he realizeda longtime ambitionby climbingto the base camp of Mt. Everest,
20,000feet abovesea level.In August 1969he ended up
at HP's CupertinoDivisionas the principalprogrammer
for the HPlCAl mathematicsprogram.Currentlyhe is
finishingthe programmingfor a soon-to-be-released
elementaryEnglishCAI program.
Sam will receivehis MS degreein mathematicsfrom
Stanfordas soon as he completesone more course.He
speaksGermanand Malayas well as English.He likes
backpacking,skiing,and scuba diving,and has a peculiar
penchantfor climbingvolcanoes-he has eight to his
credit so far.
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Distortionin Gomplementary-Pair
Class-BAmplifiers
ln which the authordevelops,
amongother things,a new treatment
of crossover di stortion
By B. M. Oliver

Tnn,ne ARE Two pRINcrpALTypEs oF otstontroN in
class-Bamplifiersusing complementarypairs of transistors. One is causedby B difterencebetween the two
transistors;the other, known as crossoverdistortion, is
causedby differencesin the slope of the transfer characteristicnear the operatingpoint as comparedwith the
slopeat high current levels.We shall considerboth types
using a generalapproachapplicableto a wide variety of
particular circuit configurationsand shall studythe effectivenessof negativefeedbackin suppressingthe distortion. In all caseswe assumea sinusoidalinput and take
as the measureof distortion the ratio of total harmonic
power to fundamentalpower in the output.
B-DilferenceDislortion
Considerthe circuit of Fig. 1, in which two transistors
having difierent B's are biasedby an appropriatemeans
and havetheir commonemitter nodeconnectedto a load
resistor,Rr. The sourceis assumedto have an internal
resistance,Rr. There are, of course,little resistances
like
R6, the baseohmic resistance,and R,, the emitter resistance,but for the moment we shall considertheseto be
includedin R, and Rr. Sincewe shall be consideringlarge

signalshere, we shall neglectthe junction-law distortion
and assumethe junction resistanceto be zero for forward
bias and infinite for reversebias.
For e, positive,the transmissionis givenby
€z
R,
,
FtR^

r':a:

(t -dJR,+& :;3fffitla)

where a, is the a of the upper transistor. Similarly for
negative er,
,
*':

€z

t:

{:--

11- or; R, * R,

-

FrR,
' (tul
czRr* BoR,

The ratio of these transmissions is
k, _ F, azRt * FzR,
'
k"
F" a'R' f B1R,

(2)

If R, is infinite(currentsourceof magnitude trcn
ft)
k, a,B, B,
while if R, is much lessthan BR,, then
;:;E=E
k,/k" = 1. The ratio of R"/R, determinesthe amountof
local feedbackor degenerationand affectsthe ratio of
the transmissionfor positive signalsto that for negative
signals.B-differencedistortionthus dependsupon the circuit configurationand will in generalbe low if the pair is
voltagedriven and high if the pair is current driven. The
point is that, for any configuration,one can alwaysfind
the appropriatek, and k, and from thesecomputetwo
normalizedslopes
k,.k,

mt:Tt,

m ' :Tk;k,W
a *iPand

( 3a)

which have the properties

m'!m"_
2

-

l and

tnt_:!z
flt2-

kr'

(3b)

We are now in a position to representthe actual amplifier, whateverits configuration,by a linear amplifier
followed by a non-lineardevicehavingthe transfercharacteristicshownin Fig. 2, wherew is the input amplitude
and v the output amplitude.We neglectall curvatureat
the origin, presentin actual devices,electinginsteadto

Fig, 1. flvo transisfors of dilterent B teed common load.
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simplify the analysisand obtain a slightly pessimisticresult.
In the feedbackamplifierof Fig. 3, which incorporates
our non-lineardevice,we havefor positivesiglals
ffit$

,*--

-r*

-1-m*B

(4)

is zero, the feedback is useless. On the other hand, if
m1 : | * a and m2 : I - a where a << 1, then
ftttftrz: 1. - a' = l, and we can consider the normal
feedback as being effective. We note that, for the sharpcornered transfer characteristic we have assumed, the
B-difference distortion is independent of amplitude.

and similar$, for negativesigrtals:

(s)

v-: T:#,"p s-'

p.Bis the loop gain if v - u (unity slope).This B is the
traditionalfeedbackratio. Nothing to do with transistors!
lf mwere unity and we wishedan output
(6)
Y:4sind'
we would need an input

w-

r-t'Fasin6;

with this input and the actual transfer characteristic, the
output will be
! : QSrsin 6, Y)0
(8)
! : aszsin 4, y(0
where
B
s i : f _7f -fpi m
t,

i:1.,2.

(9)

J1 and J2 rr€1 of course, the transfer characteristic slopes
as modified by the feedback. Both approach unity as pp
-> oo unless rrhot ntz is zero.
The amplitude of the fundamental component in the
output is:

ysin4d4
-n:

J'

-F Jc

2

(10)

The mean square departure from the fundamental is

J',<,
aa'=

inputw vs.outFig.2. Amplitiertranslercharacteristic,
Putv.

(7)

p

CrossoverDistortion
Fig. 4 showsa typical emitter follower class-Boutput
stage.The transistorsare forward biasedby a current 1
flowing through two diodesand a resistor.R, is the total
resistanceof this diode string.We includea resistorR" in
the base lead of the upper transistor to keep the circuit symmetrical.Each emitter is coupledto the output
througha resistorR".
We will first analyzethis circuit exactlyto seeif there
is an optimum value of R" so far as crossoverdistortion
is concerned.Assumingthe transistorsto be identicalso
that there is no B-difierencedistortion, all distortion will
arise from the non-linearityof the emitter-basejunction
law. To flnd an optimum R", we needonly minimize the
vqriationin output resistancewith signalcurrent.Accordingly, we groundthe input to the stageand apply a voltage
to the outputasshownin Fig. 5.
Let R be one-half the ohmic resistancearound the
emitterbase-biasloop, referredto the emitter:

- a,siE
n )2dE

=f; tr,- s,),.

J--u

(11)

The distortion,d, is givenby
*O _

t:
rms 4epq.rture -t/6a' _ | s, -s, |
rms fundamental er
s, * J,

(n)
\ - -/

\E

-r
-r-

,tlh-tnc,

1

| l-mrmrp?'
2
The distortion is reducedby feedbackbut the effective
loop gain is not pB brutm,m2pB.Thus, if eitherfl\ ot r/t2

Fig.3. Feedbackamplifier incoryorcting nonlinear element.
R-
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(1 -o)(R"*Ru)

*R"*R".

(13)

If 1, is the operating current and i, and i. are the signal
currents produced by the voltage e, we then have

[-

(14)

l:Iz-lt

Rl

and

| + 4_.) - o e" i,\-- v,, e rr5)
9,"(
s\'/s/
kr
q

n
" ' \('l +'

/"

i1 "

i')
/

a,

e2
R2

r R r t " + i - )- v " I e . t t 6 )

1" is the saturation current of each transistor, i and e
the output current and voltage.When i : 0, i, : i: : 0
ande: 0, so
/
' \
kT
rt // 6
,li)
/n{t+,
I
'/ )+Rr,.
S
\
Substitutionof this expressioninto ( 15) and ( I 6) gives,
after multiplication throughout by !
q
in the result:

Typical emitter tollower C/ass-Bslage.

ana neglecting1"

^(*)* s,R(+):-n
^(;) * g,R(il:n

(l8)

( te)

-ffi
'qI
where go and is the emitter conductanceat the ope r a t i n gp o i n t .
If we assumea value forr. we can easilycomputethe
t h e nt o f i n d f f r o m ( 1 8 )
#.But
involves the solution of a transcendentaleqlation. No
c o r r e s p o n d i nvga l u e o f

way being known to rewrite (18) explicitly in

the
fr.
9100A Calculator was programmed to find this quantity
by successive
approximations.
Having- L found
,
f , it is then a simple matter to compute
the output resistanceR,, or rather the normalized quantity g"R",which consistsof the two normalized resistances

BoRt:g"R +

;m

llzll
-I

rI o

ro

(23)

rI o

The resultsare shownin Fig. 6.
We seethat for goRo:0, the resistancefalls with increasingsignal currents,while for goR ) I, the resistance
rises.With g,R :

I

the resistancefalls monotonically as
;,
with g,R : 0, but by only half as much. With goR: l,
the initial and final values.of goRoare the same but there

(2r)

is a bump in betweenat

in parallel.
I'
^ i, - r.
Ot
n,
Thus goR, + B,R, + BuR.
,,
tThe difference, AgoR,, between goR,, and its limiting
value for large signal currents is therefore
(22)
AgoRo g, (R, - R).
T h e 9 1 0 0 A w a s u s e d n o t o n l y t o s o l v et o r f .

of

(20)

and

g,Rr-gnR I t-rh

To tind optimum R. input is grounded, voltage
applied to output.

Uut to

compute and plot the 9125A plotter,\g,Ro as a function
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I=

4. Thus a value of R some-

w h e r eb e t w e . n- L u n . lf i , o p t i m u m .
zg"
.(,
However, the drop acrossthis resistanceproduced by

theoperating
isonly - iT.
current
+

*

=

+

or from 13 to 26 millivolts. Over the temperatureranges
from OoC to l00oC, the junction drop of a silicon
transistorwill change typically by 250 millivolts. Thus,
unlessthe biasing diodes (see Fig. 4) track this change
within a few percent, 1o will be very unstable. If the

With the diode closedand the oppositetransistornot
yet open, the resistanceof the path through the diode
(1 - o) (R" + R, + R", is paralleledby the resistance
of the path through the other transistor(1 - ") (R, +
Ru)* R, f R". Sincethe latter is ordinarily much larger,
we will neglectthis intermediateconditionand assumethe
oppositetransistoris alwaysopenwhen a diodeis closed.
The transmissionis then

biasingdiode were integratedon the samechip with the
transistor,accurateenoughtracking might be achieved,
in which casetheseresultswould be of practicalinterest.
At presentthe most practical solutionto the temperature stability problem appearsto be to make R" many
times larger
- g o than ] and to rely on negativefeedbackto
reducethe resultingdistortion.

R2

de"l
lrr: derl:
closed

.
(25)

In all theseexpressions,we have neglectedthe diode
Dividing QD by (25), we
transistorjunction resistances.
find
(1 -*) (R, * R" * Ra)* R, f R,
.
-:
(26)
One diode or the other closeswhen the signalvoltage
at the emittershasthe absolutevalue
/
?R^\
(27)
(Va- I"R").
eo:ll + +
^ " , /|
\

distot'
on crcssovet
Fig.6. Ettectof emitterres,slance
tion,

For higher voltages,the conductingemitter and the
output voltagediffer by V6, the diode drop'
Thus we can representthe entire non-linear stageby
a linear amplifier of gain prr,followed by a non-linear
transfer characteristicof slope m ttp to the breakpoint
and slope 1 thereafter.Further, if we agreeto normalize
all voltagesby dividing by eo,this breakpoint will have
1, asshownin Fig. 8.
the abscissa
In Fig. 9, we show this equivalentstageas part of a
feedback amplifier whose loop gain (above the breakpoint) is pB. In Figs. 8 and 9

To avoid wasting sigral power in R", theseresistors
may be shuntedby diodesasshownin Fig. 7. If the operating current, /,, producesa voltage drop in R" greater
than half the diode drop requiredto conductcurrentson
the order of /o, thenthe diodeon eithersideconductsand
shuntsout its R" before the oppositetransistorcuts off.
As a result, the output resistancenever rises as in the
curveson Fig. 6 for g"R ) 1. Rather,neglectingthe forward resistanceof the diode,it dropsby an amount
R"-R"-(1

-a)(Ro*R')
2

w:-

at large signal currents,insteadof rising by an amount
R"*R,*(1

=c)(Rr*RJ.

€in
eo
llz€t

eo

Contrary to what one might expect,thesepower saving
diodesdo not increasedistortion; they may actually reduce it slightly.
When the diodeis open,the transmissionof the stage,
which we will call rur2, is

-e"
.

v:

-€o

(2e)
(30)

A similar normalization is possiblefor other.circuit
configurations,so what follows is generallyapplicable.
Supposewe wish an outPut
y-asin{.

^r,: ?l
lopen
R,

(1- o)* (^,*&+&) *Y

(28)

*r|^;

(31)

If the transfer characteristichad unity slopethroughout, this would require an input
l-Pl3csin{.
(32)
,_
p

With the actual characteristic,the output up to the
14

(w - w").
(Y - Y") :
(36)
T: ,fi
Using(32) and (33), thismaybewritten
y : a [sin.l - (1 - s) sin Q,], 6 )> 6".
e7)
The fundamentalcomponentof the wavedescribedby
(33) and (37) is

J:"''
Ul

dq
Y stnE

:'lL-(r-r"]

(38)

- (+"+sin+,cosf,).

(3e)

-

a6
.f''/" "ir"4,
.-.2
where
Diodes shunt R.to avoid wastingpower in resis-

K-

The mean square difference between the actual wave
a n d t h e f u n d a m e n t ails :

042 :

- a,)"
d#
I"'' r,

(1 - s)'a'

J)"''or

ti*,'* (t - +) sin'so
- *,,1,

Finally, the distortion is
Transter characteristic of entite nonlinear staae.

- ?Y),,,'+"
- *rx + t
\P + z(t

,,.,| #

/
4r/

l'=-'l

( 4r )

Expressions(38) through (41) are valid only if s5,<
;
.. , nt
l-m"B
,m
For a -(, t -. there is no
;, i.e., il' a )--.
-.5

4-

Z

l-ttlJ

distortionalthoughthe gain is reduced.Of course,if m :
Equivalent stage shown as part ol an amplitier
whose loop gain, above break point, is pp

r-

ftll'

|I

-/rp

nals) and as d,o->
-tdSlnd.4<4"

;'il:

(3 3 )

where
s : m . t - r -t ? ^
I

^ and in a sensethe

distortionis large.
We note from (41) that d --->0 as @o-+ 0 (large sig-

breakpoint is then given by:
,, -

0, the output is zero for a ( ,--:

mjLlJ

(34)

and
Jn
Po = 5in-r SA '

(35)

The quantity s will be recognizedas thc effectiveslope.
as modified by the feedback. Beyond the breakpoint
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(unlessJ : 0, in which case d-+ m ).
i
There is thus some intermediate value of ,p, at which the
distortion is worst. However, it is not convenientto find
this maximum by differentiating(41). Instead,the 9100A
Calculator was programmed to plot d as a function of y
for various values of m and ,.,.8.
Fig. 10 showsthe distortionwith no feedbackand various values of ze, while Figs. 11, 12 and 13 show the
same valuesof zr, but with 20 dB, 40 dB and 60 dB of
feedback, respectively.The importance of having m ) O
is evident,for with z :0 the distortion becomesinfinite

F

as a =

-

1, regardlessof the amount of feedback.

V;

Fig. 14 showsthe maximum distortion (expressedin
dB) as a function of m for the same values of feedback.
Note that for m : 0.6 the maximum distortion is less
than the fundamental bv 20 dB I the feedback.
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