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An anelysis of coupled tuned circuits begins
properly with a detalled study of the tuned
circult uncoupled followed by consideration of
the changes brought about as the second tuned
circuit is coupled with it first weakly and then
with gradually increasing strength. We are es-
pecially interested in the steady state char-
acteristics involving current amplitude, phase
and frequency as they are affected by the dif-
ferent degrees of coupling. We shall see that
there are no abrupt changes in these character-
istics during the process and by emphasizing
this viewpoint we obtain the more satisfying
mental picture bf the characteristics exhibited
by coupled tuned circuits which relates them
closely to those shown by uncoupled tuned cir-
cults instead of keeping them in separate water-
tight mental compartments.

Our plen willbe to simplify the problem by mak-
ing certain assumptlions and approximations. We
shall, for example, take the usual expressions
for the current in terms of the impressed e.m.f.,
resistance, inductance and capacitance and con-
vert them into expressions which donot involve
the particular values of resistance, inductance
and capaclitance. We shall also assume in the
case of coupled circuits that the power factor
of the primary circuit 1is .equal to the power
factor of the secondary circuit. From these
derived expressions we shall plot a serles of
curves, inspection of which will show clearly
how the characteristics of coupled tuned cir-
cuits may be evolved from those of the uncoupled
circuits. Finally, we shall give a graphical
method of obtaining the same characteristics.

THE UNCOUPLED TUNED CIRCUIT:

The magnitude of the alternating current which
flows in a series tuned circuit when an alter-
nating e.m.f. is impressed is gilven by the ex-
pression, I- E (1)

R+ j(wb - 2:‘6)

# Consulting Engineer, New York City

I9

the impressed alternating e.m.f.

where, E =
R = the resistance
L = the inductance
C = the capacitance
and w = 210 times the frequency of the im=-

pressed e.m.T,

ThewL in the reactahce term in the denominator
of equation (1) may be factored out and the
reactance term rewritten as follows, .
S I R I |
('*’L wC) wl. (' w"LC)
Substituting for 1/LC its value in the express-

jon for resonance, namely, wd = 1/LC, the re-
actance term may again be rewritten,

e A N e O s

In the last expression, f, is the frequency of
resonance and f is any frequency which the im-
pressed e.m.f. may have, Substituting (2) in--
to (1) and dividing both numerator and denom-
inator by R, equation (1) may be transformed .
to, I= E 1
e
R ol [y - £
Sl 'f")

The frequency f may be expressed in terms of -
the resonant frequency f, by,

£ f+0f,

where Af, 1s the difference between f and f,.

Thus, if the resonant frequency is 1000 KC and

the frequency in which we are interested 1s

1001 KC we may express it as f,+ 1 KC. Sub-

stitut:h%g equation (4) in the expression
(‘ _,{-,/r) there results,

- o) aE ) ®)
(1 Y IX R R t+£$i‘--b‘§l-

When the reactance of the tuning coil wpl at
the resonant frequency is. very large in com-
parison with the effective resistance R we
find that we need consider only a relatively
small range of frequencies to obtain a select-
ivity curve which is sufficiently complete for



September, 1935

practical purposes. This is especially true
at radio frequencies where the ratio of react-
ance to resistance, or the Q of the coil as it
is sometimes called, of a tuning coil may
reasonably be 200, for example. Assuming the
value of 200 it may be shown that the amplitude
of the current drops to 1/5 of the amplitude at
resonance when the frequency of the lmpressed

e,m.fe deviates from the resonant frequency by

slightly over one percent.. Consequently, the
ma jor portion of the sélectivity curve does not
require consideration of frequencles which de-~
viate more than a few percent from the resonant
frequency. Confining our attention to the fre-
quency range comprised in deviations of only a
few percent from the resonant frequency is the
same as saying that Aﬁ,/f will be always very
o

small as compared with unity. Therefore, in
the  right hand‘expression of equation (55 we

may neglect A%"'which is much smaller still.
o

Then if we carry out the operation of division

indicated in the expression

1
results, 1+ %—- fo there
. ,
A XA :
1- Lﬂ,j' + (-%!) etc -=-=(6)

. z ) .
- where (_Z‘Q_Lﬁ) and all the remaining terms

are, of course, also negligible., The right
hand expression of equation (5) becomes by the
substitution of (6),

(- Bt - (-9 -5

Making use of these appreximations, equation
(3) may be written,

a ) 1 i
S S E— (®)
.wb (2A%
1+ % ( %o )
gégzgzr, if we plaqe ‘ﬁ'%:(&_%f’) equal to v, we
& 4 *
I R i+jv (9)

which -is equation (1) greatly simplified by

the foregoing approximations.

Equation (9) expresses the current as two fac-
tors of which E/R 1s the amplitude of the cur-

: 1
rent at the resonant frequency, and 1.,.—.,‘,‘ is

a function of v, v being defined in the pre-
ceding paragraph. Since E/R has a fixed value
in any particular case, the whole story of
resonance is contained in the second factor

-1 : .
W which does not explicitly involve the

particular values of R, L and C which compose
the tuned circuit. Therefore, assigning val-
ues to v and plotting various curves for the
second factor provides a set of curves which
1s applicable to any series tuned circuit. To
interpret the curves in the light of a partic-
ular tuned circuit involves merely the trans-
lation of the v scale into a frequency scale,
as will be explained in a later paragraph.

It will be instructive to rationalize the de-

nominator of by multiplying both num-

‘1’]\1’

erator and denominator by 1 - jv, whieh gives,

1 i v
1+jv *Tror dTeez - (10)

. .
Of thid$ result, g is the term in phase

)
th, and —j—L

with, an' "H— ppec S
the impressed e.,m.f. The two terms are shown
plotted in figs. la and 1lb, respectively. The
real term, in phase with the ilmpressed e.m.f.,
is symmetrical about v = 0, 1.e., has equal
values for equal positive and negative values
assigned to v, and is always positive in sign.
The imaginary term, in quadrature with the im-
pressed e.m.f., has values of opposite sign
but equal magnitude for equal positive and
negative values assigned to ve. On comparing
the curves, it will be seen that for v = -1
both terms have the same magnitude and sign
and for v =+1 they have the same magnitude
but opposite signs, the magnitude in each case
being one half the value of the real term for
v = O, The phase angle of the resultant cur-
rent with respect to the impressed e.m.f. id,
of course, the angle whose tangent 1is the im~
aginary term divided by the real term. For
negative values of v the tangent 1is positive,
Indicating a leading current, or capacitive
effect, while for positive values of v the tan-
gent 1s negative, indicatinga lagging current,
or Inductive effect. This accords, as it should,
with the customary reactance diagram for a ser-
ies tuned circuit, the net reactance being cap-
acitive below resonance and inductive above.

the term in quadrature with,

We may plot equation (10) in still a different
way. We may consider the real and imaginary
terms to be the co-ordinates of a point corres-
ponding to a value of v in which the real term
is the ‘distance along the x-axis and the imag-
inary term along the y-axis in locating the
point. Such a plot is shown in fig. 1lc and will
be recognized as the Tamiliar circle diagram.
We needn't have gone to the trouble of plotting
a series of points, as just stated, except,
perhaps, to label the points so found with the
corresponding value of v, We may determine the
construction of the ¢ircle by considering equa-
tion (10) written ina slightly different form,

1 _ firvE a4 .
Trge = e Laly = s ftagty ()

It is easy to see that the cosine of the angle
: 1

whose tangent 1s minus v is equal to Fﬁ

so that, Vet !

-—1—,_‘3-‘-;* Cos (tan"-v)[tan“-\r ------ (2)

This is the equation of a circle with a radius
of 1/2 and center on the x-axis at a distance
of 1/2 to the right of the origin, the. angle
designation indicating that positively increas-
ing values of v succeed one another in a clock-
wise direction.

Finally, we have plotted in (fi « 14 the abso~
lute magnitudes of equation (10), 1.0., .t

agalnst v, This 1s the current response curve
of a series resonant circuit, and corresponds
to the characteristic which would be obtained
by measurement of the current flowing in the
circuit as the e.m.f. of constant amplitude is
varied in frequency according to ve.

We turn now to the practical question of how
to interpret the variable v, which has been de-

fined as equal to “’T-L &féfh) « This definition

#* An alternative derivation leading to the same result as equation (9) may. be found in Dr. A. E.
Guillemin, 'Communication Networks', Vol. I, page 117.et seq.
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was made t6 simplify equation (8), throwing it
into the form of equation (9), and, therefore,
appears arbitrary and without any practical
significance; let us see if this is so. We have
already hinted that the v scale in figs, la,
1b, lc and 1d may be translated into a frequency
scale, and we proceed to show how this may be
done. The factor u_%., or the Q@ of the tun:Lng’

coll, 1s known to be nearly constant over its,
useful frequency range as a tuning inductance,
and 1s certainly constant enough over the small
range of frequency involved in resonance to be
considered constant in the definition of v, It

goes without saying that the resonant frequency

f, is constant in any particular case, as it 1s
the frequency at which the inductance and cap-
acitance of the circuilt resonate. Therefore,
the only variable in the definition of v is
Af,, so that we may say v 1is proportional to
the number of cycles per second off resonance.
In view of this, we can convert the v scale in-
to a frequency scale which shows the frequency
departure from resonance merely by substituting
the value of wk and f, for the individual case.

For example, let %—: 200 and f, = 1000 KG.

Substituting these values, we find thatAf, =
245v KC, 80 that for v & 1 on the v scale we
put 2.5 KC, for v = 2, 5,0 KC, etc., the minus
values of v giving the frequency departure be-
low resonance.

Before leaving the subject, we call attention
to the relative unimportance of the larger val-
ues of v in describing resonance. What corres-
pondftoour v = =1 and v =41 have been called
quadrantal values by Prof. A. E. Kennelly, the
frequency values between which the phenomenon
of resonance may be said to occur. These are
the frequencies above and below resonance at
which the reactance 1s numericdally equal to the
resistance, the phase angle of the current be~
ing minus or plus 459, respectively. Referring
to the circle diagr‘am of fig. lc, it will be
seen that In going fromv =-1 to v #+1 one
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half the circumference 1is traversed. In cover-
ing the range of v from =5 to+ 5 nearly 7/8 of
the circumference 1s passed over, so that very
little room 1s left for larger values of v.
Reference to the other figures will show that
the current amplitudes at these values of v are
very small compared with ~the magnitude of the
current at resonance, or v = O, This is our
justification for making the approximations
employed in deriving equation (8) from (3),
along with the assumption that wk 1is reasonably
large. R

We could have avoided the approximations noted
. :
by letting v equal m'-lz-‘(l-%,) in equation

(3), but that would have necessitated a more
complicated procedure in converting the v scale
to a frequency scale in a particular case. We
prefer not todo that because it merely obscures
the problemat hand, which is to obtain a simple
mental picture of the manner in which the char-
acteristics of the simple tuned circuit are
ré\odified as a second tuned circuit 1s coupled
o it.

THE COUPLED TUNED CIRCUIT PRIMARY:

We now propose to investigate the characteris-
tics of a series tuned circuit when a second
tuned circuit is coupled to 1it, that 1is, we
shall direct our attention to what happens to
the primary current as a secondary tuned cir-
cuit is coupled to it at various strengths of
coupling. We shall assume, for definiteness,
that the coupling 1is magnetic, and, to avoid
too much complication, that the primary and
secondary circuit constants are exactly alike.
The latter assumption applies, of course, to
cases where the primary and secondary constants
are not alike providing the power factor and
resonant frequency of the primary and secondary
are equal, because referring the primary to the
impedance level of the secondary, or vice versa,
reduces the problem to the case where the con-
stants are exactly alike,

# In all figures the Frequency Scale 1s in terms of v and the Current Scale must be multiplied by
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Under these conditions the equation for the
primary current is,

I B

E
e . { 2 M2
Rt ¥ Rej (ot )

in which E, R, L, C and (W have the same signif-
ifcance as in equation (1), R, L and C being the
same for both primary and secondary, and M 1s
the muitual inductance between the primary and
secondary tuning coils.

Equation (13) may be simplified by applying the
same approximations that were used to reduce
equation (1) to equation (9), which 1s equiv-

alent to substituting R(1+jv) ror R+ j(wh-gek

lMaking this substitution in (13), we have,
L

L~ & —— k5 SE—
) ‘(1+J\r) + R? .I—t—“'ju')

We may assume that, for a given value of M,
/R 1s very nearly constant over the frequency
range of interest. Let wM/R = m. Then (14)

becomes, I= E . ____(15)‘

(1+jvo + m?®
J ) i1+ju;
Rationalizing denominators and collecting terms,
we have,
i

E v
I=~%
R( m? ), . (__"L.
1+1+\r= Hvid 1+v2
m) i _._m_f_)
_E (terp5)-iv(1- 1
= . - -—==(16)
R (1+ Ll ) - m?_Y
1+t 1+v2
Equation (16) 1s in the form of two factors,
the first of which is the amplitude of the cur-
rent at resonance of the uncoupled tuned circuit,
the second belng a function not only of v, as

in the case of the single tuned circuit, but
also of m which represents the degree of coup-
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‘critical coupling ( m =

ling. When m = O, equation (16) reduces to (9)
as 1t should, because the primary then becomes
an uncoupled tuned circuit, and the tuning coil
of the secondary is fixed In a position where
none of the magnetic flux from the primary coil
links with the turns of the secondary coil.
When m is increassed from zero, which is equiv=-
alent to altering the position of the secondary
coll so that it links with more and more of the
flux from the primary coil, marked, but gradual,
changes occur in the phase, amplitude and fre-
quency characteristics of the primary current.
In order to show these changes, we have elected
to halt at several arbitrary values of m and
plot characteristics corresponding to those al-
ready gilven for the single tuned circuit. Figs.
2a, 2b, 2¢ and 24 show such curves, each fig-
ure containing a set of curves for m = 0, 1/2,
1l and 2. That 1s, m is substituted in equa-
tion (16) and a series of values gilven to v
for each value of m. Fig. 2a shows the real
term, in phase with the impressed e.m.f., fig.
2b, the imaginary term, in quadrature with the
impressed ee.mef., and fig, 24, the absolute
magnitude, all versus v, which has exactly the
same significance as explained in connection
with the single tuned circuite. Fige 2c 1is
plotted from equation (16) in the same manner
as fige lc, so that a straight line connecting
the originwith any point on the curves, corres-
ponding to some value of v, shows by its length
the amplitude of the current, and, by the angle
it mekes with the x-axis, the phase with re-
spect to the impressed e.m.fe.

The values of m selected, incidentally, also
provide a basis for comparing the curves as to
1 ), less thancritical
{ m = 1/2 ) and greater than critical (m = 2 ).
The significance of critical coupling is treated
in detail inmost text books dealing with coup-
led tunmed circuits, and we need only mention
at this point that 1t represents a borderline
case in the shape of the frequency characteris-
tic of the current in the secondary circult and
will, therefore, be dlscussed more in detaill In
a later paragraph. .

«n

.4%
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in terms of v and the Current Scale must be multiplied by
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Referring to fig. 24y it will be seen that the
most repid changes accompanying an increase in
m occur at and close to v = O, the frequency
of resonance of the uncoupled tuned circuite.
As m goes from zero to 1/2, the peak of the
m.= O curve is flattened out while scarcely any
changes occur in the legs-of the curve, In go=-
ing to m = 1, the rapid decrease in the ampli-
tude at v = O, with the legs of the curve chang=-
ing but little, causes two pesks to form, one
above v = 0 and one an equal amount below. Fur-
ther increase In the coupling, tom = 2, causes
a deeper depressionatv = O and two peaks with
wider separation than in the case of m = 1,

We can throw more light on these peaks by re-
sorting to an explanation which 1is somewhat
academic, but, nevertheless, affords a simple
way of comprehending them. Let us suppose that
we increase m to Indefinitely large values and
see what happens, A word of caution should be
Inserted here to the effect that there is an
upper limit to the value of m in any practical
case because the coefficient of coupling cannot
be greater than 100%. However, we are dealing
with radlo frequency tuned circuits where the
coefficient of coupling is not more than a few
percent, so there 1s ample room for increasing
m to values large enough to approximate the
conditions assumed in this explanation. Now
let us go back to the first expression for Ij
given in equation (16). If we place the react-
ance term equal to zero. we find that w*=wm*- 1

and, since we are assuming m to be large, vm?
or vy=tm, In other words, the primary current
resonates at v =+m and -m when m is large.
With this hint, let us replace v by w where
v & méw, that 1s, so that w = O when v = m and
w varies about min the same manner that v var-
les about zero. Now let us make this change of

’y .
variable in the expression —“"—vi e In the first -
+

place, assuming w to have only small values as
we did in the case of v,

vZz{ma+ w)z" m?+ 2mw (approximately) (17)

So that, -1-;"—‘51 = 1——7':?"— (approximately) (18)

Therefore,{ + ’:“:z = 2 (approximately) (19)

and, )

m? 2w
v(i- 1+v’)=(m4-w)(1—1+';—)= 2w (approx.) (z0)
Substituting (19) and (20) into the second ex-
pression of equation (16),

=E.2-g2w _E t-jw _____ 21
TR "G AWE T 2R fvw?

We note that the second factor in (21) is ex-
actly the same as (10) except that it is in
terms of w instead of v. Upon comparing it with
(9), the second factor of which is rationalized
in (10), we observe that the current at reson-
ance factor isE/R in (9) and E/2R in (21), that
is, the current at resonance in (21) is 1/2 the
amplitude of the current at resonance in the un-
coupled tuned circuite. If we had placed v =
-m+ W, 80 that w = O when v = =m and w varies
about -m 1n the same manner that v varies about
zero, we should arrive at the same equation (21),
and In this case 1t would apply to the resonance
conditions about v ® -m. We may conclude, there-
fore, that for large values of m, the primary
current resonates at two frequencies, v =4n
and -m, the expansion of the frequency scale
about these resonant frequencies being in terms
of a new variable w.

‘How shall we go about expanding the frequency

scale in terms of the new variable w? Taking

the resonant frequency v = m as an example, we
see, first of all, that we ought not assume the
approximations which hold only when v is small
because now we assume m to be large. We go
back, therefore, to equation (3) and let v =

wl - o . wl 2 M
R 1%1’) . Sincev.?-(1-%).m§wf%+w

2
we solve for w s—‘“‘%l- &-_R‘:.% Y )

Next we replace the resonant frequency f, with
the new resonant frequency fw which, of course,

. _ 2
is equal to f whenw= O, or,Os-""(—L-—'ﬁ- wb fo

R R &’
, o _L-M £ _f2 £2
from which, T == + Since ?!" _'f 2z we

may substitute it in (22), which gives,

Now we may apply the same method of approxima-

tion as we did with v and obtain, w(L-M)‘ZAf,)'

It 1is clear that we gre in a position to in-
terpret w in exactly the same manner as explained
for v merely by substituting fy, for fo . The

.expression (L-M) in place of L simply means that

the decreased Inductance brings about resonance
at a higher frequency.

We are now better able to interpret the trend of
the cur'ves plotted by substituting numerical
valuesin equation (16) for successive increas-
ing values of m. Returning to fig. 2a, for ex-
ample, it 1is easy to see what is happening as
m increases, The curves intermediate m = O and
m equals a large magnitude represent a smooth
transition from a single tuned circuit of res-
istance R to what is the equivalent of two sep-
arate single tuned circuits of resistance 2R,
the resonant frequencies of the latter being
at v S¢m and -m. The m = 2 curve in fig. 2a
already shows a close approach to the large m
condition., The peaks occur at v =2 =% m, the
moaximum amplitudes are slightly greater -than
1/2 the maximum smplitude for m = O, and the
shape of the two resonance curves is very nearly
the same as the m = O curve with the ordinates
all reduced in proportion. Turning next to
fige 2b, which shows the curves for the second,
or imaginary, term of .equation (16), we observe
that the curve form = O crosses the horizontal
axis only once, going from positive tonegative
at v = 0, As m Increases, it continues to cross
the axis, but at a less steep angle, and is
accompanied by a flattening effect near v = O,
Curve m = 1 represents a boundary condition
(critical coupling) where the curve flattens
out sufficiently to follow along the axis for
an appreciable distance oneither side of v = O,
Further Increase inm brings about three cross-
ings of the horizontal axis, positive to neg-
ative at a negative value of v, negative to
positive at v = O, and finally positive to neg-
ative at a positive value of v. The important
tHing i1s that 1t is crossing the axis from pos-
itive to negative twice, once above and once
below v = 0 and if m is made large, according
to our analysis, the crossing points will then
be at v m4m and -m, the curve in the neighbor-
hood of the crossing points being exact duplic-
ates of the m = O curve with all of the ordin-
ates at half value. This tendency 1s clearly
borne out by the m = 2 curve where the cross-
ing points are at £1.75. or slightly less than
*2. In view of what has been said already, the
absolute magnitude curves of fig. 2d are self-
explanastory. -

The polar curves of fige. 2c reveal the trend
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from g single tuned circuit of resistance R to
two separate tuned circuits of resistance 2R in
a novel and striking manner. The m = O curve
is, of course, a duplicatlién of the circle
diagram of the uncoupled tuned circuit, As m
is made to increase, the circle flattens slight-
ly in the right hand portion where the small
values of v occur. The flattened part takes on
a decided depression at v = 0 as m is further
increased until at m = 1 the curve has assumed
a distinet cardioidal shape. This is the case
of critical coupling and again we note that it
is a borderline case because a greater value of
m is accompanied by the formation of a loop in
the place of the depression. According to our
analysis, this loop should grow in size along
with a contraction in the remaining part of the
curve until, when m is large, 1t becomes one of
two coincident circles, the remaining portion
of the curve forming the other cilrcle, the diam-
eter of which is exactly 1/2 the diameter of
the m = 0 circles ZExamination of the m = 2
curve indicates that this result is well on the
waye

THE COUPLED TUNED CIRCUIT SECONDARY:

It is highly important that we should also in-
vestigate what goes on in the secondary of a
coupled tuned circuit, because the load, or
energy recelver, 1s located in the secondary
circult, and the primary purpose in using a
coupled tuned circuilt is to utilize the peculiar
characteristics assoclated with the transfer of
energy from a source of oscillations connected
to the primery circuit to a load connected to
the secondary circult. That brings us to the
main difference between the primary and second-

ary clrcuit problems, namely, that in the prim--

ary circuit, the lmpressed e.m.f. and the re-
sulting current are in the same circuit, while
in the secondary circuit, the impressed e.m.f.
and the resulting current are in different cir-
cultss The current flowing in the secondary
circuit with an impressed e.m.f. of value E in
the primary circult is given by;

1 JwME

© T TR (o) wiet
[ J(w wC)] w
where R, L, C, M and«w have the same signific-
ance as previously. Upon comparing this with
equation (13) for the primary current we observe
the following relation,
I,= —JwML, (25)
+ 4 -
R J(“’L mC)
Equation (25) leads to .the conclusion that we
may regard the secondary circuilt as a single
tuned clrcuilt with an impressed voltage equal
to jwMl, . We see that the secondary is fed by
the voltage developed by the primary current
flowing through the mutual reactance, a poten=
tiometer effect. Let us follow up this ides,
but first let us apply to equation (25) the
simplifications already developed, 1.6., R(1+J\,-)

= R*J(wL—-‘J‘E) and m= &’Rﬂ, so that,

im jm (- ) B
L =T, = AR, oot
We now follow out the multiplication indicated
in (26), using the value of I in equation (16),

and obtain, E m E"* '(1*’m’-v’ﬂ
L * R 4uz+ (1*ml-v1)"-“(27)

If the simplifications are applied directly to
equation (24), the result may be put in the
same form as (27).

The curves shown in figs. 3a, 3b, 3¢, and 3d
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are plotted from equation (27) for the same

values of m and the same range of v in each
case as in figs. 2a, 2b, 2c and 2d, which were
plotted from equation (16) for the primary cir-
cuit. We have employed a uniform system of
designating the figures in which the numbers .1l
refers toa single tuned circuit, 2 to the prim-
ary of a coupled tuned circuit, and now 3 to the
secondary of a coupled tuned circuilt, and of the
letters following the numbers, a refers to the
real part of the current, b to the imaginary
part, ¢ to the polar diagram in which the mag-
nitude versus angle 1s plotted, and 4 to the
absolute magnitude, or the square root of the
sum of the squares of the real and imaginary
terms, 'plottefi against v. o :

Before proceding with a detalled.examination
of the last set of curves, let us make a general
analysis of the effect of giving extreme values
to me« In order to make use of our previous
similar discussion in connection with the prim-
ary current, let us keep in mind equation (26)
which expresses the secondary current 1in the
form of two factors, one of which 1s the primary
current. If m = O, the secondary current 1is,
obviously, zero for all values. of v. If, how-
ever, m 1s greater than zero, but still quilte
small, we have already seen that the primary
behaves like a gimple tuned circuit and (26)
shows that, under this condition, the net re-
sult is the same as two simple tuned circuits
in tandem, without any complicated reactions
being perceptible., Referring again to the dias-
cudsion of the primary case, we determined that
when mis large there are two distinct frequen-
cles of resonance at v =+m and -m, respective-
1y, and now, on account of the relation in (26),
we -conclude that the same 1s true for the sec-
ondary current. -Let us replace the variable v
by w such that v = m + w, where m is large and

w small, and substitute - into equation (27).
Neglecting quantities which are relatively
small, we obtain, E 1-jw :
L=—e o o (29)

2R 1+ w2 »

which 1s exactly the same as equation (21) for
the primary current. This is the equation show=-
ing resonance about the frequency v =4m in
terms of the frequency variable w. On the other
hand; if we define w such that v = -m+w and
substitute into (27), we find,

E 1-jw
W 0 ——1 .y ——— -
L 2R 1+ w? (e9)
which 1s the same as (21) and (28) with the sign
reversed. It will be remembered that the prime-
ary current for this case, 1.e.,, resonance about
the frequency v = -m, is also expressed by (21)
without a change in sign. This signifies that
for resonance about v =4 mthe primary and sec-
ondary currents are -equal and in phase, while
for resonance about thé frequency v = -m they
are equal but in opposition. The conversion of
w into a frequency scale about the resonant fre-
quencies is, of course, the same as explained
for the primary circuite. With these general
remarks we now pass to a consideration of the

plots for the secondary current.

Fige. 3a shows the real component of the second-
ary current as given by (27) for values of m
equal to 1/2, 1 and 2. The first thing that
strikes us 1s the resemblence between these
curves and those of fig. 2b for the imaginary
component of the primary current, the main dif-
ference being that where fige. 2b 1is positive
fig. 3a 1s negative and vice versa. The multip-
lier jm in (26) accounts for this because, when
the multiplication is carried out the imaginary
term of the primary current is made real and
the sign reversed by the product of the two j's.
The resemblance applies only to the general

(,_,
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outlines of the curves, the numerical values
being substantially different. A horizontal
line coinciding with the x-ax1s would represent
the m = O curve, As m 1s made to increase, the
characteristic shape of the curves appears, a
positive peak above v = 0 and a negative peak
below, with thé crossing point at v = 0, the
peaks Increasing in magnitude and spreading
away from v = Oat equal and opposite values of
Ve -Our analysis tells us that at large values
of m we should approach rescnance about the
frequencies v = +m where the primary and sec-
ondary currents are equal and in phase and v =
-m where the currents are equal but in opposi-
This tendency 1is ‘quite apparent in the
trend of the curves as m takes on the values
of 1/2, 1 and 2 progressively. How well advan-
ced it is by the time m = 2 may be seen by com-
paring the m = 2 curves in fig, 3a and fig. 2a,
where the peaks occur at v m&m =22, As pre-
dicted, they are in phase at v =42 and in op-
position at v = -2, the peak magnitudes in fig.
2a being slightly above, and in fig. 3a slightly
below, the limiting value of 1/2 the value at
resonance of the single tuned circuit. Notice,
too, in fig. 3a the curvature developing in the
line crossing at v = O as m increases, accomo-
dating 1ts shape to that which it must assume
at large values of m, the same as fig. la at
half amplitude.

The curves of fig. 3b, showing the imaginary
component of the secondary current as given by
equation (27), have a suggestion of the appear-
ance of those of fig. 2a, the reason being clear
from (26). Here, as before, a horizontal line
coinciding with the x-axis would correspond to
the m = O curve. W1ith Increasing m a positive
peak rises up at v = 0, see m = 1/2 curve,
reaching a maximum value of 1/2 for m = 1 (crit-
icdl coupling), then receding back towards zero
again for m larger than unity, the legs spread-
ing out all the while and crossing to negative
values at values of v approaching+m and -m.
Eventually, as m 1s still further increased,
the righthand portion of the curve becomes the
same as fig. 1b for the single tuned circuit

in
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at half amplitude, the crossing being at v =+m,
while the lefthand portion becomes the negative
of fige. 1b at half amplitude, the crossing be-
ing at v & -m,

The absolute magnitude curves plotted from (27)
in fig. 34 show the tendency to be expected
from the consideration given the curves of figs.
3a and 3b. They also show the m = 1 curve in
relation to curves in which m is less than or
greater than unity, namely, m = 1/2 or_ 2, The
m =1 (critical coupling) curve 1s of great
importance iIn the practical use of coupled tuned
circuits because the current amplitude is nearly
constant for an apprecisble range of frequencies
above and below v = O, "It is the borderline
case between a curve having a single maximum,
as in the m = 1/2 curve, anda curve having two
maxime, as In the m = 2 curve. Once the two
maxima appear, the peak values remain constant
at 1/2. This is to be. compared with the double
peaks which develop in fig. 24 as m increases,
where the peak values are greater than 1/2 when
the peaks first appear, decreasing asmptotically
to 1/2, and, eventually, coinciding with the
curves of fig. 3d at large values of m.

Now let us examline the polar curves in fig. 3c.
A point at the intersection of the coordinate
axes . 1s sufficient to represent the case of
m = 0. We notice, first of all, that the axis
of symmetry of these curves 1is the vertical
axis, while it was the horizontal axis for fig.
2c. As m 1s ‘assigned increasing values, the
curves take ona cardioidal shape which is rem-
iniscent of the m = 1 curve of fig. 2c. Indeed,
the m = 1 curves of figs. 2c and 3c have exactly
the same dimensions, so that if the m = 1 curve
of fige. 3c were rotated in -the plane of the
paper 90° counterclockwise with the center at
the origin of axes, then slid bodily to the
right along the horizontal axis a distance of
1/2, and finally rotated 1800 about the horiz-
ontal axis, it would then coincide in every
respect with the m = 1 curve of fig. 2c. After
the cardioidal curve expands to & maximum ver-
tical distance of 1/2 for m = 1, a depression

5
a
3
2 m=2
m=

-

CURRENT

# In all figures the Frequency Scale 1s in terms of v and the Current Scale must be miltiplied by

E/R.
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appears about the vertical exls where v = 0O
which deepens with further increase inm until,
finally, at large values of m the curve evolves
into two tangent circles of equal diameter, the
vertical axls forming the tangent to them at
the origin of axes, the horizontal axis from O
to+1/2 and from O to -1/2 being thelr diam-
eters. The righthand circle coincides with the
coincident circles of fig. 2¢c for large m. One
of the primary circles 1s for resonance about.
v +4+m and should be paired with the righthand
sécondary circle which is also for resonance
about v =+m, and with which it coincides ex~-
actly, the other primary circle is for reson-
ance gbout v = -m and should be paired with the
lefthand secondary circle with which it 1is in
opposition.

GRAPHICAL METHOD FOR CONSTRUCTING THE POLAR
DIAGRANMS:

As we have seen, the polar dlagrams, figs. lc,
2c and 3c, contain all the information provided
by the remaining figures, providing the values
of v are marked along the polar curves. By
drawing straight lines connecting the origin
with successive values of v along the polar
curves, the horizontal projections of these
lines with the corresponding values of v are
all the data we need to plot the (a) curves,
the vertical projections and the lengths of the
lines against v for the (b) and (d) curves re-
spectively. Therefore, let us see if we cannot
construct the polar curves graphically.

The circle diagram for the single resonance cire-
cult 1s so well known that we shall proceed .
directly to the problem of the coupled tuned
circult. For this purpose, it will be conven-
lent to alter the formof equation (15) by mul-
tiplying the numerator and denominator by 1+ jv,
giving the result E i
L= — -(30)
R (1+jv)*+m?
Noting that m?=(-jm)* we can factor the denom-

Inator of the second factor.

1 -E. 1+ jv

CTR e mii S e
Now expand the second factor into partial frac-
tions, '

---={(31)

1+¢jv - A - +
[t+j(v-m)][t+j(vsm)]  1+j(v-m)
in which A and B are constants as yet undeter-

mined. In order to determine them, clear (32)
of fractionse.

Ajv -A[1+_'|(wm)]+a[1+3(v-m)] (33)
Next equate the coefficients of the j terms,
v*A(w+tm)+B(v-m) - ------- (34)

If we let m = v in (34), we find that A = 1/2,
and, similarly, ifwe let m = -v, B = 1/2. Con=

sequently, E 4 1 .
[ Ty - 09

B (32)

t+j(v+m)

L 27| Tojle=my *

We shall now derive a similar expression for
Io. Using the first expression in (26), and
the value of Ij given in (31), we obtain the
following expression for I,

E jm

L =R 7o - ------ (36

*R (- m[sj(eyml}
Expanding the second factor into partial frac-
tions, jm - c R D
[i+jlr-m)I[t +j (vem)] 1+4j(v-m)  1ej(rem)
Where C and D are constants to be determined.
Clear (37) of fractions and equate the j terms,

m = C (vem) +D(v-m) ---- - - - ~(39)

(37)
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When v = m, C is found to be 1/2, and when v

-m, D is found to be -1/2. Therefore,
E[ 1 { ;
L=x [+jlv-m) 1+j(\r+m)] """ (?‘9)
We may consolidate (35) and (39) into one ex:
pression, ‘
E[ 1 i
Ii L} II 2R l-1 bj(ur-m) 1 +j (V+m)] (4

in which the + sign is used for I; and. the
- sign for Ig.

Equation (40) suggests the graphical method be
cause each of the terms in the brackets may

represented by a circle diagram, the. ciréles,
of which coincide, the scales being different.
Referring to fig. 4, the construction consists

Femed)

(vemet) Emat)
FIG. 4

first in laying out a cirecle of radius 1/2 with
the center on the x-axis at a distance of 1/2
to the right of the origin, The 1line for the -
scales of v is next drawn perpendicular to the
x-axls at a distance of 1 to the right of the
origin, i.e., tangent to the circle. For con=
venlence, let us call the first term in the
brackets A and the second term B, As a start-
ing point in marking the A scale, we observe
that the phase angle of A is zero when v =+m,
so we mark the scale where it touches the ex-
tremity of the diameter with the value of +m.
Then we mark off the A scale in both directions
from the starting point, the units divisions of
which upward from the starting point are (m~l1),"
(m-2), etc., and downward from the starting
point, (m¢l), (me2), etc., each unit being the
length of the diameter of the circle. We find,
similarly, that the starting point for the B
scale should be labeled with v equal to -m, the
units divisions upwards from this starting point
being marked with (-m-1), (-m-2), etc., and
downward with (-m4l), (-m#2), etc., the length
of each unit being, as before, the length of
the diameter. The point on the A scale corres-
ponding to a value of v =0 is (m-m), or m
units above the starting point, while on the B
scale v 2 O corresponds to (-mem), or m units
below the starting point on the B scale. In
going from v = 0 to v =41, we move down one
unit on each scale, and so forth, so that the
distance between points on the A and B scales
for corresponding values of v remains constant
for a given value of m and equal to 2m, the
point on the A scale always beingabove that on
the B scale.

To find I, assuming the scales to be laid out
for a given value of m, locate points. D and F,
flg. 4, corresponding to the chosen value of Vv
on the A and B scales, respectively. Connect:
O and D by a straight 1line intersecting the



g

' circumference of the circle at Ce
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The line OC
is the vector representing the first term in
the brackets of equation %40), its magnitude
being the length of the line in wunits of the
dismeter, and 1ts phase angle being the angle
between OC and 0X. Connect O and F bya straight
line intersecting the circumference at E. The
line OE is the vector representing the second
term in the brackets of (40). Finally, add the
vectors OC and OE by completing the parallelo-~
gram of which they are adjacent sides, and the
diagonal 0G ' is the vector of Ij. If, now, we
wish to find the corresponding vector for Ig,
we merely substract the vector OE fromthe vector
0C by extending OE back through 0 to H such
that OH is equal in magnitude to OE, and then
add the vectors OHand OD getting vector OK for
Io. Repeating this for a whole range of values
o% v we obtain a series of vectors for I; and
Io. Drawinga curve through the extremities of
the primary current vectors results in a curve
such as those in fig, 2c¢, and a similar pro-
cedure for the secondary current vectors results
in a curve such as those in fig. 3c.

It 1is Instructive to consider our reasoning
about extreme values of m in the light of this
graphical construction. When m = 0, for ex-
ample, points D and F coincide; and, likewise,
vectors OC and OE, so that the curve traced out
by the extremities of I; is another circle of
twice the diameter of the circle OCE,
single tuned circuit with the current at reson-
ance equal to E/R. Since the vectors tobe sub-
tracted to obtain I2 are always equal under the

-condition.m = 0, Iz is equal to zero for all

values of v. This is also apparent, of course,
by substituting m = O into equation (40). On
the other hand, when we come to look at the case
where m is large we see that points D and F are
widely separated for corresponding values of v.
Imagine Dand F sliding down from large negative
values of v, keeping a constant but large dis-
tance apart. Line OF will be the first to cut
the circle to any great extent, and it will have
cut nearly all the way around the circumference
before line OD will begin to cut ‘into the circle

or &

MEETING

The meeting held on June 13, 1935 at Col-
umbla University was devoted to papers prepared
by Messrs. D.E. Harnett, M.P. Case, and Walter
Lyons of the Hazeltine Service Corporation, and
demonstrations of two new developments in broad-
cast radlo receiver design, by these gentlemen.
The first of these to be shown was their auto-
matic bass compensation system whereby an aux-
1liary audio-frequency amplifier effective only
in the lower register, is added to the conven-
tional radio receiver, with such automatic con=-
trol as makes it effective only at the lower
output levels, and, in fact, automatically makes
1t increasingly effective as the output level
is lowered.

Operational demonstrations of any kind are
invariably difficult in a large meeting room
such as is used by the Club; and in this case
thé fact that the arrangements were effective
only at low receiver output levels made demon-

27

appreciably. Thus, we have the effect of
two single resonant circuits resonating at the
frequencies v = -m and 4m, the amplitude of the
current at resonance being E/2R. Note that OF
is the first to traverse the circle, of which
the chord OE 1s the second vector in the brack-
ets of (40). Now, this is positive for I and
negative for Ig, so that the primary and second-
ary currents are in opposition when they reson-
ateat v = «m. On the other hand, when OD trav-
erses the circle after OF has practically fin-
ished, the chord OC is the vector representing
the first term in the brackets of (40) and this
is seen to be positive for both I and Ig. There-
fore, the primary currents are in phase when
they resonate at v =4 m. All of the foregoing
checks in an interesting way our previous spec-
ulations on extreme values given to m.

CONCLUSION:

We have .chosen to emphasize the behavior of
coupled tuned circuits in terms of the less
complex phenomena of simple series tuned cir-
cuits. In this view, the coupling is regarded
as Increasing gradually from zero to large val-
ues accompanied, as we have described, in the
primary, by a smooth transition from simple
resonance at one frequency to simple resonance
at two wldely separated frequencies, the cur-
rent amplitude at resonance for each being half
the amplitude of the former, and, in the second-
ary, from zero current at all frequencies to
simple resonance at the same two widely separated
frequencies, the current amplitude at resonance
for each being the same as for the primary, in
phase at one resonant frequency and opposed at
the other. The curves in our figures are snap-
shots on the way. Most practical importance is
attached toa limited range in the midst of the
transition as, for instance, at and near crit-
ical coupling, where certain features of the
current versus frequency curve are found desir-
able, but it is interesting to think of this as
an intermediate stage in the merging of two
cases of simple resonance. o

NOTES

strations unusually difficult; notwithstanding
all of which, the demonstration of the equip-~
ment was thoroughly indicative of its interest-
ing characteristics., It was especlally inter-
esting to note how the tonal picture of the
music remained little unchanged as the general
level was lowered or raised, notwithstanding
the human ear's lack of sensitivity both to the
lower and extreme upper registers.

The second paper concerned itself with the
variable selectivity superheterodyne which was
demonstrated. This system comprises an inter-
mediate frequency-amplifying system in which
the frequency band width is controllable by
means of variation .in the iInter-circuit coup-
lings. This demonstration also was highly suc-
cessful, in that a great change in fidelity

" possible through the variation of I F select=-

ivity, as well as possibilities in the direc-
tion of avoiding adjacent channel interference,
were readily evident. ,
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