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PREFACE TO THE FOURTH EDITION

Since the last revision of this volume, in 1934, there have been
many important developments in the field of electrical engineering, a
great number being stimulated by war. In addition, the great impor-
tance of science in our present-day life and economy has increased
greatly the number of those studying in the field of electrical engineer-
ing. These factors not only have made essential a broader foundation
in the education of the electrical engineer, but also have made it
necessary to raise the level of the electrical-engineering curriculum.
In the present revision the author has attempted to meet these require-
ments by expanding the fundamental material and by showing in
more detail its application to the study of electrical machinery and
apparatus.

For example, the scope of the properties of alternating-current
circuits has been expanded to include further developments in series
and parallel resonance, harmonics, power as related to circuit param-
eters, and conjugate method of computing watts and vars; and the
application of subsecript notation and complex operators to polyphase
circuits has been extended further than in prior editions.

In the field of instruments, there have been added the thermal and
rectifier types of voltmeter and ammeter and the cathode-ray oscillo-
scope, all of which are now in common use. Also, late improvements
in instrument design have been described.

The illustrations showing the design and construction of apparatus
such as alternators, transformers, induction motors, and rectifiers are
representative of modern practice. For example, in the chapter on
Transformers the development of cold-rolled high-reduction trans-
former steel and its effect in making a radical change in the construc-
tion of transformer cores from the method of using flat iron punchings
to that of using rolled and bent iron are discussed in some detail.

In the analysis of alternator testing and operation there are now
included single-phase pulsating armature reaction, the Potier method,
and its development into the American Standards Association method
for determining alternator regulation.

The operation of the synchronous motor is studied in greater
detail, and in view of the wide use of selsyns, and the application of
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synchronous motors to electric ship propulsion, these also have been
added. The large number of long, very high-voltage transmission
lines, such as those at Boulder Dam, has led to the inclusion of line
calculations that take into consideration their distributed capacitance.
Likewise, the rapid expansion of the low-voltage three-phase networks
has prompted the addition of these in the text.

In the chapter on Electron Tubes, the discussion of the theory of
emission and vacuum-tube operation has been expanded, together
with the measurements of amplification and the dynamic characteris-
tics of tubes. The methods of measuring transconductance, amplifi-
cation, and plate resistance have been given in greater detail,
particularly in the matter of dynamic measurements. Frequency
modulation and frequency-modulation detection have been added.
New developments in rectifier practice, such as the selenium rectifier,
the ignitron, and the electronic control of motors have also been added
to the chapter on Rectifiers.

All the problems are entirely new and, as in former editions, they
follow closely the analyses developed in the text.

The author is indebted to so many who have made helpful sugges-
tions, or who have assisted him in other ways in this revision, that he
can hope to include the names of only a limited number.

Chapter XIV on Electron Tubes was written by R. F. Field and
A. G. Bousquet, both of the General Radio Company of Cambridge,
Mass.

The author has been helped by R. T. Gibbs, Dr. E. C. Easton, and
John P. Newton of the Graduate School of Engineering at Harvard
University, and by A. L. Russell of the Franklin Technical Institute
of Boston, who contributed to the preparation and solution of the
problems.

The author is indebted also to the Department of Chemistry and
Electricity of the United States Military Academy at West Point,
formerly in charge of Col. C. L. Fenton and now in charge of Col. B.
W. Bartlett. The members of the instructing staff have contributed
much useful material and have reviewed parts of the manuscript
during its preparation. The names of Lt. Col. R. I. Heinlein, Jr.,
Associate Professor of Electricity, Lt. Col. C. R. Nichols, Assistant
Professor of Electricity, and Lt. Col. L. E. Johnson, Assistant Professor
of Electricity, should be mentioned particularly.

Helpful suggestions were received from Professor C. V. O. Ter-
williger of the United States Naval Academy and from Comdr. W. E.
Creeden and Lt. E. P. Rivard of the United States Coast Guard
Academy.
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The author is indebted to Professor R. W. Ahlquist of Iowa State
College, Professor Harry Baum of the College of the City of New
York, Professor Paul C. Cromwell of New York University, Professor
Segismundo Gerszonowicz of the University of Montevideo, Professor
J. Hugo Johnson of the University of Idaho, Dean J. H. Lampe of
North Carolina State College, Professor T. C. Seidell of the Georgia
School of Technology, Professor F. N. Tompkins of Brown University,
and Professor Gordon F. Tracy of the University of Wisconsin.

Also, the assistance of the several manufacturers who contributed
data and illustrations is acknowledged.

The author must express his deep appreciation and gratitude to
Professor H. E. Clifford, Consulting Editor, formerly Dean of the
Graduate School of Engineering, Harvard University, for his valuable
collaboration and assistance throughout the preparation of this
revision,

ChaesTER L. Dawgks.

CAMBRIDGE, Mass.,
December, 1946.







PREFACE TO THE FIRST EDITION

This volume is intended for those who have such a knowledge
of direet currents as is given by Volume I. It presupposes no knowl-
edge of alternating currents. The first two chapters are devoted to
the development of the fundamental laws of alternating currents and
alternating-current circuits.  Subsequent chapters consider the appli-
cation of these fundamental laws to alternating-current measurements,
to polyphase circuits, to alternating-current machinery, and to power
transmission. A\ chapter on illumination and photometry has been
included, as a brief discussion of the underlying principles of light and
of light measurements is important in a general course in electrical
engincering.

The development of the various alternating-current formulas and
of the operation of various types of machinery, transmission lines, etc.,
are based on the fundamental laws of electricity and magnetism as set
forth in Volume I. Mlathematical developments are occasionally
introduced, as supplementary to the descriptive matter. As in
Volume I, numerous illustrative problems and methods of making
laboratory tests are given throughout the text.

This volume is intended to be elementary in character and to act
as a stepping stone to the more advanced texts of this series.  In many
cases rigorous and detailed analysis is not given, particularly in the
chapter on alternating-current measurements and in the discussion of
certain types of alternating-current apparatus. A thorough analysis
of these subjects is found in ‘FElectrical Measurements” by F. A.
Laws, and “Principles of Alternating-current Machinery” by R. R.
Lawrence, both of which volumes are included in this series of Electrical
“ngineering Texts.

The author is indebted to various manufacturing companies for
their cooperation in supplying material and illustrations for the text;
to Professor R. R. Lawrence of the Massachusetts Institute of Tech-
nology, for his careful review of the manuseript and his many helpful
suggestions given during its preparation; and particularly to Professor
1. E. Clifford of The Harvard Engineering School, for his helpful
advice during the preparation of the manuseript and for the thorough
manner in which he has edited the material contained in this volume.

CHEsTER L. Dawes.
CAMBRIDGE, MaAss,,
January, 1922,
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ELECTRICAL ENGINEERING

VOLUME 11
ALTERNATING CURRENTS

CHAPTER |
ALTERNATING CURRENT AND VOLTAGE

1. General Field of Use of Alternating Current.—At the present
time over 90 per cent of the electrical energy used for commercial
purposes is generated as alternating current. This is not due primarily
to any superiority of alternating over direct current so far as appli-
cability to industrial and domestic uses is concerned. In fact, there
are many instances where direct current is absolutely necessary for

industrial purposes, such as munieipal-traetion, electrolvtic processes,
and certain txges of arc lamps; also, direct-current motors are superior
for elevators, pri ntmg presses, and many variable-speed drives. How-
ever, for these various purposes the energy is generated and trans-
mitted almost always as alternating current and then converted to
direct current.

Some of the reasons for generating electrical energy as alternating
current are the following:

Alternating current can be generate

awmﬁm@umu@mwcf
statie—transformers, . This permits the economical transmission of

alternating-current energy over con&derable dls’c.mces by using hlgh
transmission voltages, since v

varies inversely as the square of the transmission _Q_t.a.ge,. when the
power, distance, and loss are fixed (Vol. I, Chap. XV), and high trans-
mission voltages can be reduced efficiently at the receiving end of the
transmission line. So far (1946) no practical method has been devised
for raising and lowering direct-current voltage involving large amounts
of power. Rotating commutators can be used to raise and lower the
voltage, but both voltage and power are limited.! There are experi-

' ALEXANDERSON, E. F. W. and E. L. PaiLLip1, ““Electronic Power Converters,
Their History and Development,” Gen. Elec. Rev., September, 1944, p. 41.
1
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mental lines in which high-voltage alternating current is rectified by
vapor-type electronic rectifiers for transmission as direct current.
At the receiving end of the transmission line the direct-current power
is inverted by electronic inverters to alternating-current power for com-
mercial uses (see Chap. AV). However, this system thus far has not
been applied on a large scale.

It is possible to build alternating-current generators in large units
to run at high speeds so that the construction and operating costs per
kilowatt are low, and such generators are admirably adapted to high-
speed turbine drive. The largest alternators operating today (1946)
have a rating of 200,000 kva.! Owing to commutation difficulties,
direct-current generators cannot be designed in large units, particularly
for high speeds. At 1,000 rpm, it is difficult to design a direct-current
generator having a rating of even 1,000 kw. On the other hand, alter-
nators with ratings as high as 81,250 kva now (1946) operate at 3,600
rpm, and a 100,000-kva 0.85-power-factor 3,600-rpm unit is under
construction.

For constant-speed work, the alternating-current induction motor
is more efficient than the direct-current motor and is less in first cost
and in n.aintenance, owing in part to the fact that the induction motor
has no commutator. 1t is occasionally desirable, therefore, to generate
power as alternating current in order to be able to use induction
motors.

The high transmission efficiencies obtainable with alternating cur-
rent make it economical to generate electrical energy in large quan-
tities in a single station and to distribute it over a large territory.
The large boilers, automatic stokers, superheaters, recording instru-
ments, etc., that are possible in large stations result in high boiler-
room efficiency. Large turbines have an economy which may be three
or four times as good as that of the steam units in a small plant. The
alternating-current generator in the larger sizes has an efficiency of 96
to 98.5 per cent (see pp. 231, 232). Then, again, as the boilers and large
turbine units require few attendants per kilowatt, the labor and super-
vision charges per kilowatt-hour are small.

For these reasons, it is often more economical to generate electrical
energy with large units, to transmit it long distances, and even to
convert it into direct current rather than to generate direct current at
the place where it is to be utilized.

! There are two 200,000-kva 0.8-power-factor 4-pole 60-cycle 1,800-rpm 16,500-
volt single-shaft turbine alternators in operation at the Iludson Avenue Station
of the Consolidated Edison Company, New York. They were manufactured by
the General Electric Company.
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It must be remembered, however, that the reduced generating costs
are balanced in part at least by distribution costs resulting from
investment charges in lines, cables, substations, machinery, etc., in
addition to the labor and maintenance costs of the distribution system.

Fi1a. 1.—Coil rotating in uniform field.

Alternating current owes its importance to the fact that it can be
generated economically with large units; its voltage can be readily
raised and lowered, so that energy can be transmitted economically
for considerable distances. Alternating-current motors for constant-
speed work are usually preferable to direct-current motors.

2. Sine Waves.—It is shown in Vol. I, Chap. XI, that when a single
coil rotates at constant speed in a uniform field, Fig. 1, an alternating

Induced

emf

T ]
ol s |1

(%)

I14. 2,— Coil inducing sine-wave emf.

emf is generated. The successive values of the emf may be represented
by a smooth curve called a sine wave, Fig. 2(b), since the values of the
emf are proportional to the sine of the angle x that the coil makes with
a plane through its axis and perpendicular to the direction of the
magnetic field, Fig. 1. This may be shown as follows:

The emf induced in a single conductor that cuts a magnetic field
(Vol. I, Chap. XI) is given by

e = Bly-10-8 volts, 1)

where B. I, v are mutually perpendicular. However, when the
conductor is in the position with respect to the flux shown in Fig.
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2(a), the velocity v is not perpendicular to the direction of the flux.
It may be resolved, however, into two components, v’ parallel to the
direction of the flux and v’ perpendicular to this direction. Since
the component v’ is parallel to the direction of the flux, it cannot cause
an induced emf. The component »* = v sin x, being perpendicular to
the flux, does produce an emf. Hence, from (1), the induced emf is
given by

e = Blvsin z - 10~% volts, (2)
where z is the angle through which the conductor has moved from
position 1. Thus the emf induced in such a conductor may be repre-
sented by a sine wave. When the top of the coil, Fig. 2(a), is at

Em¢t
wave

T Radians

ol \I80° Degrees-Z 360°
k—Altemtion—»: l
t
—>

: Cycle \/

Fis. 3.—Sine-wave induced emf.

position 1, the emf is zero; when at position 2, the emf is a positive
maximum; when at position 3, the emf is zero; when at position 4,
the emf is a negative maximum, Fig. 2(b). When a periodic wave, such
as a sine wave, has gone through one complete set of positive or of
negative values, Figs. 2(b) and 3, it is said to have completed an
alternation, Fig. 3. If it has gone through one complete set of positive
and one complete set of negative values, it is said to have completed a
cycle.

The emf waves of some commercial alternators, particularly the
older ones, may differ materially from a sine wave, but with most
commercial alternators the emf wave is sufficiently near to a sine wave
to warrant its being treated as such. (For wave shapes in alternators,
see Sec. 115, p. 179.)

Alternating-current theory and analysis are based on sine (or
cosine) waves of voltage, current, and power. This is due to the fact
that the sine and cosine functions are simple and accordingly are
readily expressed mathematically. Also, sine and cosine waves of
voltage and current are the only types of waves that can pass through
all types of linear circuits (that is, circuits whose parameters such as
resistance and inductance do not change) without distortion.
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If a periodic wave is not a sine wave, it may be resolved into a
series of sine waves of fundamental and higher frequencies. Each
one of these sinusoidal components, or harmonics, then may be treated
as a sine wave at its particular frequency (see Sec. 40, p. 67). Unless
otherwise specified, the methods of analysis and the equations that
follow apply to sine waves of voltage and current.

pod Y

]
1
I
f
I
f
|
|
< :Cycle :

180° 360°

F1a. 4.—Graphical construction of sine wave.

The sine wave may be produced graphically as follows: Draw a
circle, Fig. 4, whose radius 4 is equal to the maximum value of the
sine wave. Divide the circumference of this circle into any number of
equal parts, in this case 12, and number them 1,2, . . . 12. Draw a
horizontal line ab that, if extended, would pass through the center of
the circle. Divide ab into the same number of equal parts as there are

40 __ §
L] |
2 J 2 LN _
LV /
0 160 120 180 240 300 50 150 Hagzi0 30’
30 90 160 210 270 pegrm%
—0.5 Dez{ees -20 o §
-1.0 -40}—
(a) (b)

F1a. 5,—Numerical values of ordinates of sine waves for definite angles.

on the circumference of the circle, and give the points corresponding
numbers. FErect a perpendicular ordinate at each point. Project
the points on the circle horizontally to intersect perpendiculars having
corresponding numbers. A smooth curve drawn through the inter-
sections will be a sine wave.

The sine wave may also be plotted from a table of sines (Appen-
dix E, p. 606). Mark a horizontal axis, Fig. 5(a), in degrees. At
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each point erect an ordinate equal to the sine of the corresponding
angle. Thus, at 30° the ordinate ab is 0.5; at 60° the ordinate cd is
0.866; at 90° it is 1.0; etc. The wave passes through zero at 180°,
because the sine of 180° is zero. When the angle becomes greater than
180°, the sine becomes negative and the wave falls below the line, as
the sine is negative between 180° and 360° (see p. 604). The above is
equivalent to plotting the sine of the angle z, Fig. 2(a).

If the wave has a maximum value B, Fig. 5(b), the value of the
ordinate at any point may be found by multiplying B into the sine of
the corresponding angle. That is,

= Bsin z, )
where z is expressed in degrees.

Ezample.—Find the ordinates of a sine wave at points corresponding to 63°
and 210° the maximum ordinate being 40 units, Fig. 5(b).
From p. 607, sin 65° = 0.906.

40 -0.906 = 36.24. Ans.

sin 210° = —(gin 210° — 180°) = — 8in 30° = —0.5 [(31), p. GO4|.
40 - (—0.5) = —20. Auns.
These values are shown in Fig. 5(b).
3. Cycle; Frequency.—W d 1 revo-

lution, Fig. 2(a), it has gone through an angle of 360° or 2r radians.
“The emf wave then hax gone through an angle of 360°, Fig. 2(0), or
2r radians, Fig. 3. If the speed in revolutions per second (rps) is s,
the frequency of the emf wave in cycles per second f is equal to s, since
for each revolution the emf induced in the conductor goes through one
complete set of positive and one complete set of negative values. If
the conductor has been rotating for a time ¢ sec from position 1, it will
have gone through st revolutions, or ft ecycles. Hence,

= 2wxst = 2xft radians, or 360f¢ deg. I

Since at constant speed or frequency, 2xf or 360f is constant, alternat-
ing-current waves may be plotted with time as abscissas as well as with
radians or degrees.

If the angular velocity is » (in radians per second), then from

(D,
= 2xf radians per sec, (I1)
or 360f deg per sec (I11)

since 2rf is the radians per second through which the wave goes and 360f
is the degrees per second through which the wave goes.
If the alternator is a multipolar machine, for example, 4 poles,



ALTERNATING CURRENT AND VOLTAGE 7

Fig. 6(a), as soon as the conductor a has passed a north and a south
pole, that is, has gone from 1 to 5, the emf wave has completed 1 cycle,
or 360 electrical time degrees. Thus a cycle is completed every time
the conductor passes one pair of poles. Therefore the frequency in

(a) )

F16. 6.—Two cycles per revolution in 4-pole alternator.
cycles per second is equal to the number of pairs of poles passed per
second. That is,

f= % cycles per sec  (4)

where 8 »= rps, 8 = revolutions per minute (rpm), and P = number of

poles. ‘:,Thus 1f the speed of a 2-pole alternator is 60 rps or 3 600 rpm,

the fre :ycles §
The followmg table shows the relation of speed, frequency, and
number of poles for a few typical cases.

P
f—-§ 8, or

Speed, rpm
Poles | ——
60 cycles : 25 cycles

2 | 3,600 | 1,50
4+ 1,800 750
6 | 1,200 500
8 900 375

40 180 75

Ezxample.—A 60-cycle engine-driven alternator has a speed of 120 rpm. How
many poles has it?
Using (4) and solving for P,

120f 12060

P==5 =%

= 60 poles, Ans.

This example may be solved also without using (4) directly. A 2-pole 60-cycle
alternator rotates at 3,600 rpm. Therefore the alternator must have
3,600
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In practice, nearly all alternators have stationary armatures and
rotating fields, and the above relations apply.

When the conductor ¢ has gone from 1 to 5, Fig. 6(a), that is,
through 180 space degrees, the emf has gone through 360 electrical
degrees, Fig. 6(b). When the coil has completed 1 revolution, it has
gone through 360 space degrees and the emf has gone through 720
electrical degrees, Fig. 6(b). [With a 4-pole m.uhinL 1 space degree

equals 2 electrical degrees- With 6 poles, 1 space degree equals 3
electrical degrees, ete.

4. Commercial Frequencies.—In the United States, frequencies
are standardized at 60 cycles and at 25 cycles per sec, although other
frequencies are used. In California, for example, and also in Mexico,
50 cycles is used on some of the large transmission systems. In the
early days of alternating-current development 133 cycles was common,
but few if any plants now generate at this frequency. The principal
advantage of higher frequencies is that transformers require less iron
and copper and so are lighter and cheaper. The flicker of lamps is not
perceptible at 60 cycles, but at 25 cycles it is evident. On the other
hand, the voltage drop in transmission lines and in apparatus varies

almost directly as the frequencwl 50 that better voltage regulation

throughout the system is obtained with low frequency. Power appa-
ratus, such as induction motors, synchronous converters, and alternat-
ing-current commutator motors, operates better at low frequencies.
With one or two exceptions, however, the operation is satisfactory at
60 cycles per sec. A power and lighting company would operate
ordinarily at 60 cycles per sec, because the flicker of lamps at 25 cycles
per sec is objectionable and the transformers at this lower frequency are
heavier and more costly than they are at the higher frequency. On the
other hand, an electric utility generating strictly for power purposes
may use 25 cycles. This frequency is used by the New York, New
Haven & Hartford Railroad for its electric locomotives; by the Norfolk
and Western Railway for operating electric locomotives; and by the
Boston Elevated Railway Company for transmitting high-voltage
power to its direct-current substations. In Europe, frequencies as
low as 1624, 15, and even 1214 cycles per sec are common.

6. Equation of Sine Wave of Current.—If 2r ft [Eq. (I), p. 6] is
substituted in Eq. (3) or if w = 2xf [Eq. (II)] is used. the equation of a
sine wave of alternating current may be written

1 = Ipsin 2rft = I, sin wt, (5)
—_—

where 7 is the value of the current at any time ¢, I,, is the maximum
value of the current, and w = 2xf. The quantity w is equal to 2x times
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the frequency f and is the angular velocity in radians per second of the
rotating vector that may be used to construct the sine wave (Appendix,
p. 601).

For example, if the vector A, Fig. 4, be considered as rotating in a
counterclockwise direction and taking successive positions 1, 2, 3, ete.,
it will produce 1 eycle for each revolution. In each revolution, it goes
an angular distance of 2r radians. If it rotates 60 times a second, its
-angular velocity is 2x60, or 377, radians per sec. The sine wave pro-
duced from this rotating vector has a frequency of 60 cycles per sec.
Hence, for a 60-cycle wave, w = 377. For a 25-cycle wave, w = 2725,
or 157, radians per sec.

Similarly the equation of a sine wave of emf will be given by

e = E, sin wf [see (ba), p. 16]. (6)
—

Ezxample—What is the equation of a 25-cyele-current sine wave, having an
rmns value of 30 amp, and what is the value of the current when the time is 0.005
sec? Assume that the wave erosses the time axis in a positive direetion when
the time is equal to zero.

[, =30 V2 =424 amp.
2725 = 157 = w.
i = 42,4 8in 1571, Ans,
i = 42,4 sin 157 - 0.005
= 42.4 sin 0.785 radian
2x = 6.28 radians = 360° (p. 6).

(0.785/6.28) - 360° = 45°. Also, as the wave completes 360° in 135, or 0.04 sec,
in 0.005 sec, it will have completed 0.005/0.040 = g eycle.

@82 = 45° (check).

i = 42,4 sin 45° = 42,4 - 0.707 = 30 amp. Ans.

6. Alternating-current Ampere.—Figure 7(a¢) shows an alter-
nating-current sine wave, having a maximum value of 1.414 amp.
At first thought it might seem that the value in amperes of such a
wave should be based on the average value. If the wave is considered
over one complete cycle, the average value is zero, as there is just as
much negative as positive current. A direct-current ammeter,if con-

nected to measure this current, would indicate zero, as such an instru-
ment_measures average values, ,

The value of an alternating current is based not on its average value
but on its }watmg effect and may be defined as follows
wg-current_am; 18 . ) 3 h

a git 1 stance, will roduce he rect-cur-

rent ampere.
AALUSC 11 AT

’
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Assume that a resistance unit is immersed in a calorimeter and that
when a direct-current ampere is sent through this resistance the tem-
perature of the water is raised 20° in 10 min. An alternating-current
ampere, if sent through this same resistance unit, will raise the tem-
perature of the water by the same amount in the same time, other
conditions such as radiation, for example, being the same; that is, both
currents produce heat at the same rate.

The heating effect varies as the square of the current, that is, at any
instant it is proportional to ¢212.,

2o T T

'-‘.-/‘\\_‘A_'-'_- ]
1,0‘21.';:..‘;1
NARE

I 11

-1.0

@ ®

Maximum a v s of sinc-wa wlternating current.
Max m and rims values of sinc-wave alternating current

-

e, 7.
Figure 7(b) shows the current wave of Fig. 7(a), together with its
squared values. That is, each ordinate of the 7 wave is squared, and
these values are plotted to give the 72 wave shown. The maximum
value of this new wave will be 2.0 (=1.4142), since the maximum value

of the original current wave is 1.414, or /2. The squared wave also
lies entirely above the zero axis, because the square of a negative value
is positive.

L’IES_&;WMa frequency twice that of the original wave ¢
(Sec. 7) and has its horizontal axis of symmetry ab at a distance of 1.0
unit above the zero axis, as shown in Fig. 7(b).

The ordinate of the 22 wave, I'ig. 7(b), when multiplied by the
resistance gives the instantaneous power. However, in practice, the
average power, rather than the instantaneous power, is usually desired.
The average value of power will be equal to the average value of the
72 wave multiplied by the resistance. The average value of this
squared wave is 1.0 amp, as shown by the dashed line ab, because the
areas above the dashed line will just fit into the shaded valleys below
the dashed line. 1f, therefore, an equivalent rectangle were made from
this wave, its height would be 1.0 unit. This value, 1.0, is the average
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of the squares of the current wave. Average heating varies as the
average of the squares of the current. The squared current represented
by the dashed line, therefore, is equivalent to the square of a direct
current that would produce the same heating effect as this alternating
current.

Hence, to obtain in amperes the value of the current given by the
wave of Fig. 7, the square root of the average square must be taken.

That is, I (in amperes) = +/1.0 = 1.0 amp. This value of the current
is called the root-mean-square (rms) or effective value of the current.

An alternating-current-ampere sine wave, which produces heat at
the same rate as a direct-current ampere, has therefore a mazimum

value of 1.414 (= 4/2) amp. In fact, for any sine-wave current, the

ratio of maxrimum to rms value is equal to v/2, or 1.414. The ratio of
rms to maximum value is 1/1.414 = 0.707.

To obtain the rms value of any current wave, not necessarily a sine
wave:

a. Plot a wave whose ordinates are equal to the squares of the
ordinates of the given current wave.

b. Find the average value of this squared wave by obtaining the
area of its loops, as with a planimeter, and dividing this area by the base.

¢. Find the square root of the average in (b).

The same result may be obtained by erecting equidistant ordinates
on the original wave. This divides the area under the wave into small
areas having equal bases. "The ordinates at the centers of these small
areas are measured, their squares are averaged, and the square root of
this average then is obtained. This will give the rms value of the
wave. The rms value may also be found by integration (Sec. 7).

7. Current-squared Wave; Average Current.—Let the equation

of a current wave be
T = I sin wt. hH

Let it be required to find the equation of the current-squared wave,
2 = ] 8in? wf. (I1)

cos (z 4+ y) = cos z cos y — sin z sin y [(38), p. 605).
Letting z = y = wt,

€08 (wl + wl) = o8 wl cos wl — 8in wl sin W,

c08 2wl = cos? wl — sin? wi, (111)
cos? wl = 1 — gin? wt [(34), p. 603]. (IV)
From (I11) and (IV),
co8 2wt = 1 — 2 8in? wl. V)
Hence,
sint ot = €08 2l vI)

2
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Hence, from (I1) and (VI),

i1 e 2 sin? wl = [;Losz"’t

5 . "

This is a eosine wave having a frequency 2f, where f is the frequency of the
current given by f = w/2x. Whent = 0, i* = 0; whent¢ = n/4w = »/8zf = 1/8f,
1t = 1%/2, Fig. 8. 1% is a maximum when 2w¢ = » radians = 180°. The cor-
responding value of time,

Under these conditions, 72 = [2,. It follows that the axis of the cur-
rent-squared wave is at a distance I%/2 above the axis of reference.

I3 sin®wl

0 :H i Time —=

1
=T ]
7 T

I'1g. 8.—Current and current-squared sine waves.

From (7) the rms value is determined readily.
The area of the differential strip at time ¢, Fig. 8, is 42 df, and the total area

T
under the 72 wave is /; 12 dt.

The average of the i* wave is its area divided by its base, the time T being
chosen as the time of one cycle. That is,

T T
Average it = 71/ 2di = Tlﬁ) I, sin? i dt. (VD
Substituting (VI) in (VII) and taking the square root,
i—7_7' I 1 co8 2wt 1 2
\1 Tdt 2T (l-eos2wt)dt

2’; [ - -21; sin 2wt]I;T = \«2T (r -0 - (0 0))

since sin 2wf = 0 when ¢{ = 0, and when ¢ = T,

I = \/ 7 IT) = Q.E.D. (8)
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It is frequently desirable to know the arcrage value of a sine wave for
one half-cycle. This average value has limited uses—rectifier-type
instruments (p. 105), eclectroplating, battery charging, where the
results are proportional to the number of coulombs flowing in the
circuit rather than to the power, being typical applications. Under these
conditions the a-c wave must be rectified (Chap. XV). The average
value, which is applicable to full-sine-wave rectification, Fig. 9(a), is
equal to 2/x, or 0.637 times the maximum value. This may be proved
as follows:

In————

,Max.=1414 V,.
=100

o %‘ Time—>» T
(2) (d)

Fic. 9.—Maximum, rms, and average values of sine wave.

The equation of the first positive half-cycle of the current wave, Fig. 9(a), is
i = I sin wf where ¢ varies between 0 and 7'/2 and the area of a differential strip

. . . . T/2 .
at time ¢ is ¢ dt. The area under the positive loop is L i dt, and the average

value is given by this area divided by the base T/2. Hence,
1 T/2 .
l.v = T[Qﬁ) I 8in wt dt

[m 1 T/2 — 21”‘ —_ r »
- T/é [ B w o8 ‘l’t:”() - ;Z-Wf_T [ e (2) oo (0)-|

In 2 N
= wa‘I_(_l) + (D) =21 = 0.6371.. . ®

[cos "»’2—T =cosx = (—1); fI" = 1,since T =
t.The ratio of rms to average value is then 0.707,/0.637 = 1.11, and the
ratio of average to rms value is 0.9., The ratio of rms to average value
enters into computations of induced emfs in alternators, transformers,
and other types of alternating-current machinery.

The ratio of rms to average value-iscalled the form factor of the
wave, The form factor of a sine wave is 1.11. The maximum, rms,
and average values for a sine wave of voltage whose rms value is 100
volts are shown in Fig. 9(b).

The Gverage values of voltages and currents should  not be used in com-
puling power. B

|-
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8. Scalars and Vectors.—Quantities, in general, are divided into
two classes, scalars and vectors.

A scalar is a quantity that is completely determined by its magni-
tude alone. Examples of scalar quantities are energy, gallons, mass,
temperature, etc. Such quantities are added algebraically. For
example, 2 gal of water plus 5 gal of water equals 7 gal of water.

-
2

(a) Sum of Two Vectors (b) Sum of Two Vectors

by Parallelogram Method by Triangle Method

Fg=F,-F, F
N

B Fo=Fi~F,

F

(d) Difference of Two Vectors
by Triangle Method

Fy
{c) Difference of Two Vectors
by Parallelogram Method

(e) Sum and Difference of Two Vectors

FiG. 10.—Sum and difference of two vectors.

A vector has direction as well as magnitude. A common example
of a vector is force. When a force is under consideration, not only its
magnitude but its direction as well must be considered. When two or
more forces are added, they are not necessarily added algebraically but
must be combined in such a way as to take into consideration their
directions as well as their magnitudes.

Figure 10(a) shows two forces acting at the point O and repre-
sented by the vectors F1and Fs. The length of each of these vectors,
to scale, is equal to the magnitude of the force that it represents. The
direction of each of these vectors shows the direction in which the force
acts. @ is the angle between Fy and F,. Their sum F,, or the single
force that would have the same effect at their point of application O as
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F; and F, acting in conjunction, is called their resultant. F, is one
diagonal of the parallelogram having F, and F, as adjacent sides.

Figure 10(b) shows a triangle having F, and F, as two of its sides,
F1and F, being parallel to and acting in the same directions as F, and
F»of Fig. 10(a). The exterior angle between F, and F, in Fig. 10(b) is,
therefore, equal to 8. The third side of the triangle F, is equal in
magnitude to and in the same direction as F, of Fig. 10(a). The result-
ant of two vectors, therefore, may be found by means of a triangle
properly constructed, of which two sides are the two component vectors
and the third side is their sum. Such a triangle is called a triangle of
vectors or a vector polygon, It is usually simpler to use the vector
polygon rather than the parallelo-
gram of vectors,

To subtract one vector from an-
other, reverse the first vector and
add it vectorially to the second
vector. For example, in Fig. 10(c),
it is desired to subtract Fs from F,.
F, isreversed, giving —F,. F}, the
vector sum of F; and —F,, found
by completing the parallelogram,
is equal to F; — Fs, Vectors may be subtracted by the triangle
method, as shown in Fig. 10(d). The vector F}, connecting the ends
of the two vectors F, and F, whose difference is desired, is their vector
difference.

If a parallelogram, Fig. 10(e), having vectors F, and F, as adjacent
sides, be completed, one diagonal F, of the parallelogram is the vector
sum of Fy and F,. The other diagonal F§ of the parallelogram is the
vector difference of F, and F,.

A vector is often indicated by placing a dot under its symbol.
For example, in Figs. 10(a) and 10(b).

Fo=Fi+F.

shows that F is the vector sum of F'y and F, and not their algebraic sum.
When more than two vectors are added, the resultant of two is
first found, and this resultant is combined with a third vector, etec.
This is illustrated in Fig. 11, in which three vectors Fy, Fy, F3, are added.
Fi and F; are first combined, and their resultant F’ is found. Then
F’ is combined with Fj;, giving Fy as the sum of all three vectors,
F,, F,, Fs. That is,

I1G. 11.—=um of three vectors.

Fo=Fi+F:+Fa (10)

F’ is an intermediate vector and does not appear in the ultimate result,
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9. Ohm; Volt.—If a resistance of 1 ohm, as measured with direct
current, has no inductance or capacitance and is so designed that
alternating current in flowing through it does not produce any second-
ary effects, such as eddy currents or skin effect, it offers a resistance
of 1 ohm to alternating current.

When an alternating-current ampere flows through such a resist-
ance, the drop across its terminals is equal to 1 alternating-current volt.

If the eurrent in a pure resistanee R be given by ¢ = /. sin «f, the voltage across
the resistanee is given by

e = iR = IR sin ot = E, sin wl. (6a)
This is similar to (6), p. 9 and is a sine funetion like Eq. (5) (p. 8) for eurrent.

Hence, the relation between marimum and rms volts is the same
as the relation between maximum and rms amperes. For a sine wave,
the maximum voltage is /2, or 1.414, times the rms voltage.

T -}--—-—7‘- 12 Amp
12 Amp g 517/~ VA
SA1 /- = 3 /4 8 Am
5o 8 Amp _l ki
J_;_ T 200 \ — Time
—> Time :
|
'J
=2
(@) ()

Fic. 12.—Phase relations of alternating currents.

10. Phase Relations.—The current and voltage in the ordinary
alternating-current system have the same fundamental frequency
under normal operating conditions, although they do not necessarily
pass through their corresponding zero values at the same instant of
time. Figure 12(a) shows two sine-wave currents, one having the
rms value of 8 and the other of 12 amp. Their maximum values are,
accordingly, 8 v/2, or 11.3, amp and 12 V2, or 17.0, amp. Both cur-
rents go through zero, increasing positively, at the same instant and,
therefore, are said to be ¢n phase with each other.

Figure 12(b) shows two sine-wave currents having rms values of 8
and 12 amp, but not passing through zero at the same instant. The
8-amp current passes through zero, increasing positively, later than
does the 12-amp current. It must be remembered that time is increas-
ing from left to right. If the 12-amp current is passing through its
zero value at 2.00 o’clock, the 8-amp current is passing through its
corresponding zero value some time later, for any value of time to the
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right of 2.00 is later than 2.00 o’clock. The 8-amp current, therefore,
lags the 12-amp current.

The time of lag shown in Fig. 12(b) corresponds to 60° and is repre-
sented by the angle . The 8-amp current, therefore, lags the 12-amp
current by an angle 6, or by 60°. Or the
12-amp current leads the 8-amp current by
an angle 8, or by 60°. If, the frequency is
60 cycles, the time corresponding to 60° is

604:0)(Y60), or 14g0 sec. Hence in time I,=8 Amp
the 8-amp current lags the 12-amp current  1'1o. 13.—Alternating currents
by %60 To0 meeting at junction.

In Fig. 12(a), the two currents are in phase. In Fig. 12(b), the
two currents have a phase difference of 60°.

These phase differences may exist between currents and voltages,
between two or more voltages, or between two or more currents.

11= 12 Amp
I
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Fi6. 14.—Addition of two currents in phase.

11. Addition of Currents.—Figure 13 shows two currents, having
rms values of 8 and 12 amp uniting to flow in a common wire. If these
two currents were direct currents, then, by Kirchhoff’s first law (Vol. I,
Chap. 11I), the current Is could have only two possible numerical
values, 12 + 8 = 20 amp, if the two currents flow in the same direc-
tion, and 12 — 8 = 4 amp, if they flow in opposite directions.

If the two currents, Fig. 13, are alternating, their sum Iy may be
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equal numerically to any value from 20 amp to 4 amp, depending on
the phase relation existing between I, and [,

Figure 14 shows these two currents plotted in phase. “Their sum /,
is found by adding their ordinates at each instant. The resulting cur-
rent obtained in this manner will be a sine wave and will have a mari-
mum value of 28.28 amp corresponding to an rms value of

28.28

V2
That is, when two currents are in phase, their sum is found
arithmetically.

Figure 17 (p. 20) corresponds to the condition of Fig. 12(h), where
the two currents differ in phase by 60°.  Their sum is found in the same

20 amp.

16, 15.—Instantaueous values of current from rotating radius-veetor.

manner as in Fig. 14 by adding the two, point by point, and obtaining
the resulting current I5. The resultant I3 will not have a maximum
value of 28.28 amp as it did when the currents were in phase, but its
maximum value will be less, actually being 24.7 amp. This corre-
sponds to a rms value of 17.45 amp for the sum of the two, rather than
of 20 amp as before. Therefore, the sum of any number of alternating
currents or voltages depends on their phase relations as well as on their
magnitudes.
If voltages rather than currents he added, it follows that their
sum depends on their phase relations as well as on their magnitudes.
12. Vector Representation of Alternating Quantities.— It is shown
in Fig. 4 (p. 5) that a sine wave can be drawn by projecting a rotating
radius, in its successive positions, to meet corresponding equally
spaced ordinates. The value of the current or voltage may be found
at any instant by projecting the radius upon a vertical line.
This is illustrated in Fig. 15. A current has a maximum value
1. This value I, is laid off as a radius, and this radius rotates at a
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speed in rps cqual to the frequency of the current. The angular
velocity will be w radians per sec, where w = 2xf. For example, if
the current has a frequency of 60 cycles, the radius /,, must make 60
complete rps or 2r60 = 377 radians per see, in a counterclockwise
direction. Counterclockwise rotation has been adopted internation-
ally as the positive direction of rotation.

When the radius I, is at the right-hand horizontal position, the
-alue of the current is zero. When I, has advanced 30°, the point b
on the current wave has been reached. The value of the current at
this instant is ab, or, which is the same thing, the current value is
given by the distance a’d’, the projection of the rotating radius [, on
the vertical axis. At this particular instant, the distance

ab = 'V = 1,/2,
since sin 30° = 0.5,
Consider two currents [y, and Iqn, Fig. 16, having rms valuex of
12.0 and 8.0 amp. The current /s, whose maximum value is 11.3

_ llm

Fro. 16.—Current waves produced by two current radins-veetors differing in phase
hy 60°,

amp, lags current [, whose maximum value is 17.0 amp, by 60°.
When the radius /1, is in the horizontal position, the value of 1, is
zero at this instant. At this same instant, the radius I, will not have
reached its horizontal position, the value of the current being repre-
sented by cd. In fact, the radius /s, does not reach its horizontal
or zero position, corresponding to point e on its current wave, until
I has advanced 60° bevond the horizontal.  Further, the horizontal
distance ce is 60°, the same as the phase angle between the two rotating
radius veotors.

These two current waves, therefore. can be constructed in their
proper phase relation by means of two rotating radii, or radius vectors,
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having lengths of 17.0 and 11.3 amp, having equal angular velocities,
and differing in phase by 60°.

13. Vector Addition of Sine Waves.—Assume that it is desired to
add the two currents of Fig. 16. This may be done by adding the
ordinates of the two curves at each point, Fig. 17, and plotting a new
curve I5. This new curve is the sum of the two currents whose maxi-
mum values are 17.0 and 11.3 amp and rms values 12 and 8 amp,

S Y S

T

T
|
|

Fig. 17.—Relation of vector addition of vectors to scalar addition of ordinates.

and whose phase difference is 60°. The maximum value of this result-
ant, if measured accurately, is 24.7 amp. This corresponds to an rms
value of 17.45 amp. The sum, therefore, of two sine-wave alternating
currents having rms values of 12 and 8 amp, and differing in phase by
60°, is 17.45 rms amp.

If the rotating vectors, Fig. 17, be added vectorially by completing
the parallelogram, a third vector Is, results. This vector I3, is found
to be 24.7 amp, the value of the maximum of the resultant current
wave I3 as just found. If a sine wave be plotted using I3, as the rotat-
ing vector, projecting horizontally as before, it will coincide with I
as obtained by the addition of the ordinates for the 12- and 8-amp
(rms) waves. The angle 9 by which the radius vector I, leads I,
equals the angle § by which the current wave I, leads the current
wave I;.

Hence, this problem can be solved without going through the
somewhat lengthy process of plotting the waves and adding their
ordinates. It is necessary merely to lay off the maximum values of
the waves 60° apart and add them vectorially, just as forces are com-
bined. The resulting vector will be the maximum value of the wave
as obtained also by adding the waves of I, and I,.

In practice, one generally has to do with rms rather than maximum
values. 1f the rms values of the waves be added in this same manner,
their vector sum is the sum of the two alternating currents in rms
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amperes. This is illustrated in Fig. 18, where the 12- and 8-amp
vectors are laid off 60° apart, the 12-amp vector leading. By com-
pleting the parallelogram, the resultant current Oc is obtained. This
has a value of 17.45amp. Its value is readily found as follows:

Project ac upon Ob, where ac = 8.

ab = ac cos 60° = 4.00.
bc = acsin 60° = 6.93.
Oc = V(12 + 1.00)2 + (6.93)? = 17.45 amp. Ans.

The angle 8 can be readily de- 4 I,=12a a<—4—>b
termined. =
6.93
tan 0 = = 0.433.
g4 0438
0 = 23.4°.
Emmplc‘_‘l“a(:h of t\\'(? alternator coils Fis. 18.—Vector addition of currents,
Oa and Ob, Ihg. 19(a), is generating an using rms values.

emf of 160 volts. These voltages differ in
phase by 90°. Determine the voltage across their open ends if they are connected
together at O s shown.

Let Eo. and kg, Fig. 19(b), represent the voltages across coils Oa and 0b. Let
the voltage across the open ends a and b he denoted by Ea,.  To obtain the voltage
E.a, it is necessary to use E.,, displaced 180° from E.. (C‘hap. V). Then, vectori-
ally, Ea = Eao + Eon Combining F., and Eg vectonally, the voltage Ea is

—160 V.—! 150 V. 160 V.

L

(a) Eab (b) Eob

kEod

Fia. 19.—Vector addition of two equal voltages having 90° phase difference.

obtained. As Ea, and E. are at nght angles, their resultant, which is the hypot-
enuse of a nght triangle, is

Ew = VEL + B, = V160t + 160 = 226 volts. Ans.

It must be kept constantly in mind that alternating voltages and cur-
rents must be combined veclorially.

The only occasions when arithmetical addition is permissible are
when the voltages or the currents are in phase.

14. Addition of Sine Waves.—Although the resultant of two or
more sine waves may be found by the use of vectors, by the method
described in Sec. 13, it is often useful to combine sine waves directly.
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First consider the addition of a sine and a cosine wave or of two sine
waves differing in phase by 90°. Let the waves be given hy A sin x
and B cos z, Fig. 20. Their sum, {ound by adding the ordinates of the
two waves, is given by C sin (x + 6) having 2 maximum value C.
and the phase with respect to the Y-axis of reference is 6°.  In order to

180 z 360°

Fra. 200 —Addition of sine and cosine waves.

determine the resultant wave the parameters (
mined as follows:

and @ may be deter-

Asinz + Bcosr = ("sin (r + 6. (60
Expanding the right-hand side of the equation by (36) p. 605,
Asiner + Beosr = Csinrcos 8 4 ( cosrsin 6. (1n

Fiquating the coefficients of sin 2 and of cos x on the two sides of the equation,

A = cos 6; (i)
B = (Csin 6. (v

Squaring (ITH and (I'V) and adding,
A% 4+ B? = C?%eos? 6 + sin? ) W)

Since cos? 8 +sin?2 9 =1,
C =+/A" 4 B2
Dividing (1V) by (H1),

B O sin 0
A Crost tan 6.
Hence,
Asinz + Beosz = /A2 + B2 ain (:r + tan! I:) (1n

lirample.—A 60-cycle current 9 sin ol is added to a 60-cyele current
8 eos wl, where w = 2x60.
Determine the resultant enrrent 75, From (11),

ir = V9% + 8sin (wl + 6),
tan 0 = 8¢ = 0.888 0 = 46.1°.
i3 = 12.05 sin (wf + 46.1°). Ans.
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Waves Differing in Phase by Angles Other Than 90°.—I1f waves
differ in phase by angles other than 90°, their sum may be found by
means of (11), it being necessary first to apply the equation in reverse.

Ezample.—Two 25-cycle emfs differing in phase by 60° are given by
ey = 120 sin (0! — 30°) and er = 100 xin (ol — 90°),

where 0 = 223, Fig. 21.

200
1

120 .
100 |-~

i Radiuns | wt 2T

=100

<57

e— 24

=200
Fig. 21.-—Addition of <ine waves differing in phase by 60°,

Determine their sum e,

ez = 120 sin (wl — 30°) 4 100 sin (wf — 90°), ()
Expanding () [(37). p. 6035,
ez = 120 (sin wl cos 30° — cos ol sin 30°) 4+ 100 (sin wl cos W — cos wl 8in 90°), (11)

cos 30° = 0.866; sin 30° = 0.5 cos 90° = 0; 8in 90° = i,
ez = 1M 8in wl — 60 cos w4+ 0 — 100 cos wt (n
104 sin wt — 160 cos wf. V)

Using (11),

€3

V1012 4 1602 sin (wl + tan! —“1)1;0)

191 sin (ot — 57.0°),

=57.0° = tan"! (—160/104) = tan ' (— 1.538). Since the numerator is negative
and the denominator positive. 8 must be negative and in the fourth quadrant
(see p. 603). The angle between the 120-volt. wave e, and the resultant wave e; is
57.0° — 30.0° = 27.0°,



CHAPTER 11
ALTERNATING-CURRENT CIRCUITS

16. Alternating-current Power; Voltage and Current in Phase.—
The power in a direct-current circuit under steady conditions is given
by the product of the volts across the circuit and the current in
amperes in the circuit. This same rule applies to alternating-
current circuits, provided that instantaneous values of volts and
amperes are considered. The product of volts and amperes at any
instant does give the instantaneous power in watts. The average

— 2800
E2%41;n|= ; ' \ /i\ % 2400
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Fic. 22.—Power curve; voltage and eurrent in phase.
P

power, however, is not necessarily given by the product of the rms
volts and rms amperes, the values of which are ordinarily determined
with instruments.

Figure 22 shows a voltage wave e and a current wave? in phase.
This condition occurs when there is only resistance in thecircuit. Thus,
in Sec. 9 (p. 16) it is shown that the relation between instantaneous
voltage and current is e = iR. That is, the voltage at any instant is
equal to the current at that instant times a constant, so that the voltage

wave must be in phase with the current wave.
24
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The voltage has an rms value of E volts and the current an rms
value of I amp; hence their maximum values are En = V2 E and
I. = \/2 1. To obtain the instantaneous power p, the amperes and
volts at the particular instant are multiplied together. Hence, the
ordinates, obtained by multiplying together instantaneous values of
e and 1, give a power curve p. The curve p gives the power in the
circuit at any instant. The ordinates of this power curve will always
be positive when e and ¢ are in phase. During the entire first half-
cycle the voltage and current are both positive. During the entire
second half-cycle the voltage and current are both negative, and the
product of two negative quantities is positive. Quite apart from this
mathematical reason, it is true that the sign of the power does not
change if both current and voltage are reversed. For example, if a
direct-current voltage impressed across a resistance be reversed, the
current also reverses. The power dissipated in the resistance does not
change, for it is well known that the power dissipated in a constant
resistance with fixed voltage is constant, irrespective of the polarity.
That is, the power is positive so long as the voltage and current act
in the same direction.

Under the conditions shown in Fig. 22 the current and the voltage
act in conjunction throughout the cycle, and the ordinates of the power
curve are always positive.

It will be noted that this power curve is a sine wave having double
the frequency of either the voltage or the current. In fact, this power
wave is identical in character with the current-squared waves (:?) of
Figs. 7(b) and 8.

Its equation is

p = (Em sin ol)(Im sin wf)
= (\/§ E sin w)(\/2 I sin _wt) = 2FI sin? ot

= 2EI 1—‘%’8—2“" [sce Eq. (VI), p. 11]. 12)

For every cycle of either voltage or current, the power wave touches
the zero axis twice, so that in such a circuit the power is zero twice
during each cycle. Since the maximum values of the voltage and cur-
rent waves occur at the same instant, the corresponding maximum
value of the power curve is

(V2 E)(v21) = 2El,

where E and I are the rms values of voltage and current.
In Fig. 22 the maximum value P, of the power curve occurs when
cos 2wt in (12) equals —1 so that 2w = 7 and wt = x/2, or 90°. The
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maximum value £, of the voltage is 180 volts, and the maximum value
I, of the current is 15 amp, so that the maximum value of the power is
180 - 15 = 2,700 watts.

Even though the power may vary over wide limits during the cycle,
its effect will be determined usually by its average value. That is,
the energy over a complete cycle is equal to the average power (or
average ordinate of the power curve) multiplied by the time required
to complete a cycle. The average power is determined as follows:

The horizontzal axis of symmetry of the power curve is at a distance

N

“ulm/2 = EI above the zero axis, Iig. 22. Consequently, EI = P
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Fic. 23. —Power curve; voltage and current in quadrature, current lagging.

must be the avercge value of the power, since areas A, B, C of the upper
half-waves will just fill the corresponding areas A’, B’, ' in the valleys
below the axis of symmetry P of the power curve. Hence, when the
current and the voltage are in phase, the average power is their product,
just as with direct currents.

KEzxample—An incandescent-lamp load takes 30 amp from 115-volt 60-cycle
mains. (In this type of load, the eurrent and voltage are substantially in phase.)
Determine (a) maximum value P, of power eurve; (b) average power P,

(@) Pn = 4/2-115-4/2-30 =2-115- 30 = 6,900 watts. Ans.

(b) P =El =115-30 = 3,450 watts. .Ans.

16. Alternating-current Power; Voltage and Current in Quadra-
ture.—Figure 23 shows the voltage wave e and the current wave 7
90° out of phase, or in quadrature, the voltage wave leading. Let it be
required to determine the power curve for this condition. At points

a. b, ¢, d, e, either the voltage or the current is zero, and the power
therefore must he zero at each of these points. Between a and b the
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voltage is positive, and the current is negative. The product of a
positive and a negative quantity is negative. Also, the voltage and
the current are acting in opposition. Hence the power between points
« and b must be negative. This means that the circuit is giving power
to the source of supply. Between points b and ¢ both voltage and
current are positive and, therefore, are acting in conjunction. Hence
the power between these two points must be positive. Between ¢
and d the current is positive, but the voltage is negative. The power is
again negative, therefore, between these two points.  Between d
and e both the current and the voltage are negative, and the power is
positive,

The resulting power curve p is a sine wave having double the
frequency of either the voltage or the current. Its axis of symmetry
coincides with the axis of voltage and current. Hence, there must be ax
much of the power curve above the zero axis as there is below that axis, or
the positive energy above the axis must be equal to the negative energy
below the axis. That is, 2ll the positive energy received from the source
of supply is returned to that source. The net power (and energy also),
therefore, is zero. \When voltage and current differ in phase by 90°,
or are in quadrature, the average power is zero. If the current leads
the voltage by 90°, the average power is zero, as is shown in Fig. 34
(p. 38).

In Fig. 23, the equations of the voltage and current waves are
E,, sin wt and I, sin (wt — 90°) or — [, cos wt so that the equation of the
power curve

p = — Il sin wf cos ol
But since sin 2r = 2 sin x cos & [(42), p. 603]

p= - -1—9"—;'" sin 2wl. (13)

Thus, Fig. 23, E. = 180 volts, and [, = 15 amp, =0 that the
maximum value P, of the power curve pis (180 - 15)/2 = 1,350 watts.
17. Alternating-current Power; Voltage and Current Differ in
Phase by Angle 8.—If voltage and current differ in phase by an angle 0
that lies between +90° and —90° and is greater than 0, which occurs
with resistance together with inductance or capacitance in the cireuit
(Secs. 21 and 23), the average power is neither EJ nor zero but is given

by !
P = EI cos 0. (14)

In Fig. 24, the current wave 7 lags the voltage wave e by an angle 6.
The power curve p is obtained by multiplying the ordinates of the two
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waves at each instant. At points a, b, ¢, d, ¢, either the voltage or the
current is zero, and the power is zero at each of these points. Between
a and b, and between ¢ and d, the current and voltage are in opposition,
and the power is negative. Between b and ¢ and between d and e,
they are in conjunction and the power is positive. It will be noted
that the positive areas A4 under the power curve are greater than
the negative areas BB shown shaded. Therefore the average power P
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Fiu. 24.—Power curve; current lags voltage by angle 6.

is positive, and its value is obtained by dividing the net area under the
power curve by its base.

The power eurve
P = (Kn sin wt)[Im sin (ot — 8],

whieh on expanding heeomes

p = Enln (8in? wt cos 8 — sin wt cos wt sin )

E"' = [(1 = cos 2wt) cos 8 — sin 2wt sin 6].
The average power
1 (T E.l sin 2wt cos 20t . T
P——T—,L pdt——T—-[tcosa— 5 8 8 + ——— snnﬂ”
Enln g En Inm
P = oT T cos 6 = V3 V3 cos 8 = EI cos 8. Q.E.D.

(sin 2wt = O whent =0and ¢ = T;cos 2wt = 1 whent = Oand ¢ = T)

cos ¢ is the power factor of the circuit. P is the true watts and E/
the apparent watts, or volt-amperes (va).
The power factor
watts _ P

P.F. = cos 6 = va —E

(15)

N-
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The power factor never can be greater than unity. It should be noted
that, when 6 is zero (current and voltage in phase), (14) reduces to
P = EI -1 = EI as shown in Sec. 15. (This is always the case with
reststance only in the circuit.) When 6 is 90° (cur-

rent and voltage in quadrature), (14) becomes I
P = EI -0 = 0 as shown in Sec. 16. !
18. Circuit with Resistance Only.—Figure 25
shows an alternating-current circuit containing re- E R
sistance only in which is a current i
i = Insin of, =
where w is the angular velocity of the rotating vector Fig. 25.—Cir-

cuit with resistance

in radians per second [see Sec. (5), p. 8]. Asone .

revolution of the rotating vector corresponds to 2

radians, the vector must complete 2xf radians per sec, where f is the
frequency. Hence, w = 2af. (For 60 cycles, w = 377; for 25 cycles,
w = 157.)

150/
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Fig. 26.—Voltage and current waves in phase, with vector diagram.

Let it be required to determine the impressed emf having an instan-
taneous value ¢ and an rms value E. From the definition of an alter-
nating-current volt (Sec. 9),

e = Rt = RI,, sin wt = E,, sin wt, (16)

where E,, is the maximum value of the wave.

The current and the voltage have the same frequency w/2r. They
are also in phase; for when ¢ = 0, sin wf = 0 and both the voltage and
current waves are crossing the zero axis and increasing positively, as
shown in Fig. 26(a). To illustrate with numerical values, the voltage
wave has a maximum value of 150 volts, and the current wave a maxi-
mum value of 20 amp, so that the rms values are 106.0 volts and 14.14
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amp. From (16),

En=lut; Znodnp
V2 V2
That is, if rms values are used, £ = IR. Figure 26(b) shows the vector
diagram for this circuit, using rms values, the scale being larger than
that of (¢). The IR drop is in phase with the current I and is equal
to the voltage E, since no other voltage exists in the circuit. For
convenience, the positions of the voltage and cwrrent vectors are taken
along the X-axis. They may have any position in the coordinate
plane, it being merely necessary that they be in phase and have their
proper magnitudes. They may be considered as the rotating vectors,

rf—]

or E = IR. (17)

=% 2 [ NN i
_J Time — Time——>
(@) (b)

Fig. 27.—Increase and decrease of current in inductive circuit.

Figs. 16 and 17 (pp. 19 and 20), divided by 4/2 and photographed
at the desired position by a high-speed camera.
As voltage and current are in phase, the power

P =FEI (18)
as is shown in Fig. 22.  Also,
P = IR, (19)

Note that, with resistance only, the alternating-current circuit
follows the same laws as the direct-current circuit in regard to the
relations existing among voltage, current, resistance, and power.

19. Circuit with Inductance.—It is shown in Vol. I, Chap. VIII,
that inductance always opposes any change in the current. For
example, when the current starts to increase in a circuit with induct-
ance, the emf of self-induction opposes this increase. This is illus-
trated in Fig. 27(a), which shows the rise of current in a direct-current
circuit containing resistance and inductance, when a steady voltage is
impressed. The current rises gradually to its ultimate value.

On the other hand, when the current starts to decrease in the
circuit, the inductance tends to prevent this decrease, as is shown in
Fig. 27(b). In other words, if inductance is present in a circuit, it
always opposes any change in the current. With a steady direct cur-
rent, however, the inductance has no effect,
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If, in Fig. 27(a), the voltage across the circuit be lowered when the
current reaches point g, the current will not reach its Ohm’s-law value.

An effect similar to the foregoing occurs in an a-¢ circuit containing
resistance R and inductance L in series. For example, when the
voltage is increasing positively, the current tends to increase also in
the same direction. However, the emf of self-induction —1 di/dt
causes the current to lag; and before the current can attain its Ohm’s-
law value of E/R, the voltage begins to decrease in a manner similar
to that at a, Fig. 27.  Hence the current cannot reach the value E/R.

E=LwI
€= Line Voltage
2% -4
/ N
2000 e 20
/ N/
l’,3_100 ; |. /1 .lod‘ 90°
+4-2 0 ¢ 0 e ) §
;;>909 )f 00°~; :br 8 I E (¢) Vector diagram
1 - LA 0
wol/ N\ K
- | /|
e /ENYEN
7" Ve Emf of Self-Induction | ©
| H |
0 0.01 0.02 (a) Circuit

Second
(b) Voltage and current waves
I16. 28,—Waves and vector diagram with inductance only.

Consider a circuit with inductance only, such as is shown in Fig
28(a), in which there is a sinusoidal current Z. Starting at a, Fig.
28(b), the current is changing at its maximum rate in a positive direc-
tion. At this instant, therefore, the emf of self-induction ¢’ must be at
its negative maximum. At instant b, the current is at its maximum
value so that its rate of change is zero. Hence, at this instant the emf
of self-induction is zero. At ¢ the current is changing at its maximum
rate negatively, and the emf of self-induction must be at its positive
maximum because of the negative sign in —L di/di. Continuing in
this way, the induced-emf curve a’b’c’ is obtained. This curve is a
sine wave and lags the current by 90°.

This is the only emf in the circuit, and it opposes change in the cur-
rent. It is somewhat similar in effect to the counter emf in a motor.
The line, in the case of the motor, must supply a voltage opposite
and equal to the counter emf before any current can flow to the arma-
ture. The same condition exists in the alternating-current circuit
Before any current can flow to a circuit containing inductance only,
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a voltage opposite and equal to the emf of self-induction must be
supplied.

In Fig. 28(b), therefore, the voltage e, which is the line voltage,
is opposite and equal to the emf of self-induction ¢’. In Fig. 28(c)
is shown the vector diagram in which the voltage vector E leads the
current vector I by 90°, the vectors representing rms values, the scale
being different from that in (a).

Note that the impressed voltage leads the current by 90°, or the
current lags this voltage by 90°. With inductance only in the circuit,
the current lags the impressed voltage by 90°. (In practice, it is
impossible to obtain a pure inductance, as inductance must necessarily
be accompanied by a certain amount of resistance.)

The foregoing also may be proved as follows: Let the current be given by
i = I, sin wl. The emf of gelf-induction

e = —L‘;—; = —Lwl, cos wl ¢}
= Ll sin (0t — 90°) (11

is a cosine or sine wave lagging 90° with respect to [ sin wf and is shown by —e’,
Fig. 28(b).
The line voltage that balances this emf,

e = Lol n sin (wt + 90°) = E, sin (wt + 90°) (111)
= Ll cos <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>