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Foreword 

The flrst American edition of Reference Data for Radio Engineers was 
published by Federal Telephone and Radio Corporation in 1943. It was 
suggested by a 60-page brochure of that title issued in 1942 by Standard 
Telephones and Cables Limited, an English subsidiary of the International 
Telephone and Telegraph Corporation. 

Expanded American editions published in 1946 and 1949 were stimulated 
by the widespread acceptance of the book by practicing engineers and 
by universities, technical schools, and colleges, in many of which it has 
become an accepted text. This fourth edition is sponsored by the Inter
national Telephone and Telegraph Corporation in behalf of its research, 
engineering, and manufacturing companies throughout the world. 

Federal Telecommunication Laboratories Division of International Telephone 
and Telegraph Corporation has continued its major role of directing and 
approving the technical contents of all the editions published in the United 
States. 

While dominantly the cooperative efforts of engineers in the International 
System, some of the material was obtained from other sources. Acknowl
edgement is made of contributions to the third and fourth editions by J. G. 
Truxal of the Polytechnic Institute of Brooklyn; J. R. Ragazzini and L. A. 
Zadeh of Columbia University; C. L. Hogan and H. R. Mimno of Harvard 
University; P. T. Demos, E. J. Eppling, A. G. Hill, and L. D. Smullin of Massa
chusetts Institute of Technology, and by A. Abbot, M. S. Buyer, J. J. Caldwell, 
Jr., M. J. DiToro, S. F. Frankel, G. H. Gray, R. E. Houston, H. P. lskenderian, 
R. W. Kosley, George Lewis, R. F. Lewis, E. S. Mclarn, S. Moskowitz, J. J. Nail, 
E. M. Ostlund, 8. Parzen, Haraden Pratt, A. M. Stevens, and A. R. Vallarino. 

Special credit is due to W. L McPherson, who compiled the original British 
editions, and to H. T. Kohlhaas and F. J. Mann, editors of the flrst two and 
the third American editions, respectively. The present members of the Inter
national System who contributed to the fourth edition ore listed on the 
following page. 

Editorial Board 

A. G. Kandoian, chairman 
L.A. deRosa 
G. A. Deschamps 
M. Dishal 

H.P. Westman, editor 

R. E. Gray 
W.W. Mocolpine 
R. Mcsweeny 

W. Sichok 
H.P. Westman 
A. K. Wing, Jr. 

J. E. Schlaikjer, assistant editor 
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CHAPTER 1 1 
• Frequency data 

Wavelength-frequency conversion 

The graph given below permits conversion between frequency and wave
length; by use of multiplying factors such as those at the bottom of the page, 
this graph will cover any portion of the electromagnetic-wave spectrum. 

A/1 = wavelength in feet 
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Wavelength-frequency conversion continued 

Conversion formulas 

Propagation velocity c = 3 X 108 meters/second 

Wavelength in meters >..,. = 300,000 
f in kilocycles 

300 
f in megacycles 

984,000 984 
Wavelength in feet >..1, = ------ = ------

{ in kilocycles f in megacycles 

I Angstrom unit A 3.937 X 10-9 inch 
I X I 0-10 meter 

= 1 X 104 micron 

I micron µ, = 3.937 X 10-5 inch 
= l X 10-a meter 
= I X 104 Angstrom units 

Nomenclature of frequency bands 

In accordance with the Atlantic City Radio Convention of 1947, frequencies 
should be expressed in kilocycles/second at and below 30,000 kilocycles, 
and in megacycles/second above this frequency. The bond designations as 
decided upon at Atlantic City and as later modified by Comite Consultotif 
lnternational Radio Recommendation No. 142 in 1953 ore as follows 

bond I frequency metric Atlontlc City 
number range subdivlsian frequency subdivision 

4 3- 30 kc Myriametric waves VLF Very-low frequency 
5 30--- 300 kc Kilometric waves lF low frequency 
6 300- 3,000 kc Hectometric waves MF Medium frequency 
7 3,000-- 30,000 kc Decametric waves HF High frequency 
8 30--- 300 me Metric waves VHF Very-high frequency 
9 300- 3,000 me Decimetric waves UHF Ultra-high frequency 

10 3,000-- 30,000 me Centimetric waves SHF Super-high frequency 
11 30,000- 300,000 me Millimetric waves EHF Extremely-high frequenc y 
12 300,000-3,000,000 me Decimillimetric waves - -

Note that bond "N" extends from 0.3 X 10N to 3 X JON cy; thus bond 4 
designates the frequency range 0.3 X 104 to 3 X 104 cy. The upper limit 
is included in each bond; the lower limit is excluded. 

Description of bonds by means of adjectives is arbitrary and the CCIR 
recommends that it be discontinued, e.g., "ultra-high frequency" should not 
be used to describe the range 300 to 3000 me. 



FREQUENCY DAT A 9 
Nomenclature of frequency bands continued 

Letter designations for frequency bands: Letters such as X have been 
employed in the past to indicate certain bonds. These terms were originally 
used for military secrecy, but they were later mentioned in general technical 
literature. Those most often used ore shown in Fig. 4 of the chapter "Radar 
fundamentals." 

The letter designations hove no official standing and the limits of the bond 
associated with each letter are not accurately defined. 

Frequency allocations by international treaty 

for purposes of frequency allocations, the world has been divided into 
regions as shown in the figure. 

Regions defined In table of frequency allocations. Shaded area is the tropical xones 

The following table of frequency allocations pertains to the western 
hemisphere (region 2). This allocation was adopted by the International 
Telecommunications Conference at Atlantic City in 1947 and was confirmed 
by the similar conference in Buenos Aires in 1952. 

An asterisk (*) following a service designation indicates that the allocation 
has been mode on a world-wide basis. All explanatory notes covering 
region 2 as welt as other regions hove been omitted. For these explanatory 
notes consult the texts of the Atlantic City and Buenos Aires Conventions 
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Frequency allocations by international treaty continued 

which may be purchased from the Secretary General, International Tele
communications Union, Palais Wilson, Geneva, Switzerland. 

Frequency assignments in the U.S.A. below 25 me are in general accord 
with the following table. Above 25 me, the U.S.A. assignments comply with 
the table, but the various bands have been subdivided among many services 
as shown in the listings on pages 12 to 15. 

Assignments of frequencies in each country are subject to many special 
conditions. For the U.S.A. consult the Rules and Regulations of the Federal 
Communications Commission, which may be purchased from the Superin
tendent of Documents, Government Printing Office, Washington 25, D.C 

kilocycles 

10- 14 
14- 70 
70- 90 
90- 110 

110- 160 
160- 200 
200- 285 

285- 325 

325- 405 

405- 415 

415- 490 
490- 510 
510- 535 
535- 1605 

1605- 1800 

1800- 2000 

2000- 2065 
2065- 2105 
2105- 2300 
2300- 2495 
2495- 2505 
2505- 2850 
285o- 3155 
3155- 3200 

service 

Rodie navigation* 
Fixed,* Maritime mobile* 
Fixed, Maritime mobile 
Fixed,* Maritime mobile,* Ra
dio navigation* 
Fixed, Maritime mobile 
Fixed 
Aeronautical mobile, Aero
nautical navigation 
Maritime navigation !radio 
beacons) 
Aeronautical mobile,* Aero
nautical navigolion* 
Aeronautical mobile, Aero
nautical navigation, Maritime 
navigation (radio direction 
finding) 
Maritime mobile* 
Mobile !distress and calling)* 
Mobile 
Broadcasting* 
Aeronautical navigation, 
Fixed, Mobile 
Amateur, Fixed, Mobile ex
cept aeronautical, Radio nav
igation 
Fixed, Mobile 
Maritime mobile 
Fixed, Mobile 
Broadcasting, Fixed, Mobile 
Standard frequency 
Fixed, Mobile 
Aeronautical mobile* 
Fixed,* Mobile except aero
nauticar mobile* 

kilocycles 

3200- 3400 

3400- 3500 
3500- 4000 

4000- 4063 
4063-- 4438 
4438- 4650 

4650- 4750 
4750- 4850 
4850- 4995 

4995- 5005 
5oos- sooo 
50oo- 5250 
5250- 5450 
5450- 5480 
5480- 5730 
5730- 5950 
5950- 6200 
6200- 6525 
6525- 6765 
6765- 7000 
7000- 7100 
7100- 7300 
7300- 8195 
8195- 8815 
8815- 9040 
9040- 9500 
9500- 9775 
9775- 9995 
9995-10005 

service 

Broadcasting,* Fixed,* Mo
bile except aeronautical mo
bile* 

Aeronautical mobile* 

Amateur, Fixed, Mobile ex
cept aeronautical 

Fixed* 
Maritime mobile* 
Fixed, Mobile except aero
nautical 
Aeronautical mobile* 
Broadcasting, Fixed 
Broadcasting,* Fixed,* land 
mobile* 
Standard frequency* 
Broadcasting,* Fixed* 
Fixed* 
Fixed, Land mobile 
Aeronautical mobile 
Aeronautical mobile* 
Fixed* 
Broadcasting* 
Maritime mobile* 
Aeronautical mobile* 
Fixed* 
Amateur* 
Amateur 
Fixed* 
Maritime mobile* 
Aeronautical mobile* 
Fixed* 
Broadcasting* 
Fixed* 
Standard frequency .. 
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Frequency allocations by international treaty continued 

kilocycles 

10005-10100 
10100-11175 
11175-11400 
11400-11700 
11700-11975 
11975-12330 
12330-13200 
13200-13360 
1336o-14000 
14000-14350 
1435Q-14990 
14990-15010 
15010-15100 
15100-15450 
15450-16460 
16460-17360 
1736o-17700 
17700-17900 
17900-18030 
18030-19990 
1999Q-20010 
20010-21000 
21000-21450 
2145o-21750 
2175o-21850 
2185Q-22000 

22000-22720 
2272D-23200 
23200-23350 

2335Q-24990 
24990-25010 
25010-25600 

25600-26100 
26100-27500 

27500-28000 
28000-29700 

megacycles 

29.7- 44 
44 - 50 
50 - 54 
54 - 72 
72 76 

76 - 88 

stll'vlce 

Aeronautical mobile* 
Fixed* 
Aeronautical mobile* 
Fixed* 
Broadcasting* 
Fixed* 
Maritime mobile* 
Aeronautical mobile* 
Fixed* 
Amateur* 
Fixed* 
Standard frequency* 
Aeronautical mobile* 
Broadcasting* 
Fixed* 
Maritime mobile* 
Fixed* 
Broadcasting* 
Aeronautical mobile* 
Fixed* 
Standard frequency* 
fixed* 
Amateur* 
Broadcasting* 
Fixed* 
Aeronautical fixed, Aero. 
nautical rnobile* 
Maritime mobile* 
fixed* 
Aeronautical fixed,* Aero
nautical mobile* 
Fixed,* land mobile* 
Standard frequency* 
Fixed,* Mobile except aero
nautical* 
Broadcasting* 
Fixed,* Mobile except aero
nautical* 
Fixed, Mobile 
Amateur* 

stll'vica 

Fixed, Mobile 
Broadcasting, fixed, Mobile 
Amateur 
Broadcasting, Fixed, Mobile 
Fixed, Mobile 
Broadcasting, Fixed, Mo
bile 

megacycles 

88 - 100 
100 - 108 
108 118 
118 132 
132 - 144 
144 146 
146 - 148 
148 - 174 
174 - 216 

216 220 
220 225 
225 235 
235 - 328.6 
328.6- 335.4 
335.4- 420 
420 - 450 

450 - 460 

460 470 
470 - 585 
585 610 
610 940 
940 - 960 
960 - 1215 

1215 1300 
1300 - 1660 
1660 1700 

1700 - 2300 
2300 - 2450 
2450 - 2700 
2700 - 2900 
2900 - 3300 
3300 3500 
3500 - 3900 
3900 4200 
4200 - 4400 
4400 - 5000 
5000 - 5250 
5250 - 5650 
5650 - 5850 
5850 5925 
5925 - 8500 
8500 9800 
9800 -10000 

10000 -10500 
Above 10500 

service 

Broadcasting* 
Broadcasting 
Aeronautical navigation* 
Aeronautical mobile* 
Fixed, Mobile 
Amateur* 
Amateur 
Fixed, Mobile 
Broadcasting, Fixed, Mo
bile. 
Fixed, Mobile 
Amateur 
Fixed, Mobile 
Fixed,* Mobile* 
Aeronautical navigation* 
Fixed,* Mobile* 
Aeronautical navigation,* 
Amateur* 
Aeronautical navigation, 
Fixed, Mobile 
Fixed,* Mobile* 
Broadcasting* 
Broadcasting 
Broadcasting* 
Fixed 
Aeronautical navigation* 
Amateur* 
Aeronautical navigation 
Meteorological aids !radio
sonde) 
Fixed,* Mobile* 
Amateur* 
Fixed,* Mobile* 
Aeronautical navigation* 
Radio navigation* 
Amateur 
Fixed, Mobile 
Fixed,* Mobile* 
Aeronautical navigation* 
Fixed,* Mobile* 
Aeronautical navigation* 
Radio navigation* 
Amateur* 
Amateur 
Fixed,* Mobile* 
Radio navigation* 
Fixed,* Radio navigation* 
Amateur* 
Not allocated by Atlantic 
City Convention 
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Frequency allocations above 25 me in U.S.A. 

The following listings show the frequency bonds above 25 me ollocoted to 
various services in the U.S.A. as of 21 November 1956.* Note thal mony of 
these bands are shared by more than one service. 

Government 

Armed forces and other deportments of the national government. 

24.99 - 25.01 
25.33 - 25.85 
26.48 - 26.95 
27.54 - 28.00 
29.89 - 29.91 
30.00 30.56 
32.00 - 33.00 

Public safety 

34.00 35.00 
36.00 - 37.00 
38.00 - 39.00 
40.00 - 42.00 

132.00 - 144.00 
148.00 - 15200 
157.05 - 157.25 

162.00 - 174.00 
216.00 - 220.00 
225.00 - 328.60 
335.40 - 400.00 
406.00 - 420.00 

1700 -1850 
2200 -2300 

Police, flre, forestry, highway, and emergency services. 

27.23 - 27.2B 
30.84 - 32.00 
33.00 - 33.12 
33.40 - 34.00 
37.00 37.44 
37.88 38.00 
39.00 - 40.00 

Industrial 

42.00 42.96 
44.60 - 47.68 
72.00 - 76.00 

153.74 - 154.46 
154.61 - 157.50 
I 58.70 - 162.00 
166.00 172.40 

453 454 
458 459 
890 - 940 
952 - 960 

1850 - 1990 
2110 - 2200 
2450 - 2700 

4400 - 5000 
7125 - 8500 
9800 - 10000 

13225 - 16000 
18000 - 21000 
22000 - 26000 
above 30000 

3500 - 3700 
6425 - 6875 

10550 - 10700 
11700 - 12700 
13200 - 13225 
16000 - 18000 
26000 - 30000 

Power, petroleum, pipe line, forest products, motion picture, press relay, 
builders, ranchers, factories, etc. 

25.01 25.33 42.96 - 43.20 
27.255 47.68 - 50.00 
27.28 - 27.54 72.00 - 76.00 
29.70 - 29.80 152.84 - 153.74 
30.56 - 30.84 154.46 - 154.61 
33. 12 - 33.40 158.10 - 158.46 
35.00 - 35.20 169.40 - 169.60 
35.72 - 35.96 170.20 - 170.40 
37.44 - 37.88 171.00 - 171.20 

Land transportation 

Taxicabs, rail roods, buses, trucks. 

27.255 
30.64 -
35.68 
35.96 -
43.68 -
72.00 -

31.16 
35.72 
36.00 
44.60 
76.00 

152.24 - 152.48 
157.45 - 157.74 
159.48 - 161.85 
452 - 453 
457 - 458 
890 - 940 

171.80 - 172.00 
173.20 - 173.40 
406.00 - 406.40 
412.40 - 412.80 
451.00 - 452.00 
456.00 - 457.00 
890 - 940 
952 - 960 

1850 -1990 

952 960 
1850 - 1990 
2110 - 2200 
2450 - 2700 
3500 - 3700 

2110 - 2200 
2450 - 2700 
3500 - 3700 
6425 - 6875 

10550 - 10700 
11700 - 12700 
13200 - 13225 
16000 - 18000 
26000 - 30000 

6425 - 6875 
10550 - 10700 
11700 - 12700 
13200 - 13225 
16000 - 18000 
26000 30000 

* These allocations ore revised at frequent intervals. Specific information con be obtained 
from the Frequency Allocation and Treaty Division of the federal Communicotions Commission; 
Washington 25, D. C 



FREQUENCY DATA 13 
Frequency allocations above 25 me In U.S.A. continued 

Domestic public 

Message or paging services to persons and to individual stations, primarily 
mobile. 

35.20 - 35.68 
43.20 - 43.68 

152.00 152.24 
152.48 - 152.84 

157.74 - 158.10 
158.46 158.70 
454 - 455 
459 - 460 

Citizens radio 

Personal radio services. 

27.255 

460 - 470 

Common carrier fixed 

2450 2500 
3500 - 3700 
6425 - 6575 

10550 -10700 

11700 - 12200 
13200 - 13225 
16000 - 18000 
26000 - 30000 

Point-to-point telephone, telegraph, and program transmission for public 
use. 

26.955 
29.80 29.89 
29.91 - 30.00 
72.00 - 76.00 

•16.00 88.00 
tea - 100 
t98 - 108 
716 940 

• T errltories of Alaska and Howaii only. 
t T erri!ory of Alaska only. 
t Territory of Hawaii only. 

International control 

2450 - 2500 
3700 - 4200 
5925 - 6425 

10550 -10700 

10700 - 11700 
13200 13225 
16000 - 18000 
26000 - 30000 

links between stations used for international communication and their 
associated control centers. 

952 960 
1850 - 1990 

2100 2200 
2500 - 2700 

Television broadcasting 

54 - 72 76 - 88 

Frequency-modulation broadcasting 

88 - 108 

6575 - 6875 
12200 - 12700 

174 216 

Television pickup, links, and intercity relay 

Studio-to-transmitter links, etc, 

!190 - 940 !Sound only) 1990 - 2110 6875 - 7125 

470 - 890 

12700 - 13200 
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Frequency allocations above 25 me in U.S.A. continued 

FM and standard broadcasting links and intercity relay 

Studio.to.transmitter links, etc. 

890 - 952 

Standard broadcasting remote pickup 

25.85 26.48 
152.84 153.38 

Aeronautical flxed 

29.80 - 29.89 
29.91 - 30.00 
72.00 - 76.00 
2450 - 2500 

166.0 - 170.2 
450.0 451.0 

2500 - 2700 
6575 - 6875 

10550 10700 

Aeronautical, air-to-ground 

108 - 132 
2450 - 2500 
3500 - 3700 

6425 - 6575 
10550 - 10700 
11700 - 12200 

Flight-test telemetering 

217.4 - 217.7 219.3 219.6 

Aeronautical radio navigation 

455 - 456 

12200 - 12700 
13200 - 13225 
16000 18000 
26000 - 30000 

13200 - 13225 
16000 - 18000 
26000 - 30000 

Instrument landing systems, ground control of approach, very.high-frequency 
omnidirectional range, tacan, etc. 

75.0 
108.0 118.0 
328.6 - 335.4 

960 1215 
1300 - 1660 

Radio navigation and radio location 

Civilian radar, racon, etc. 

2900 - 3300 

Meteorological aids 

Radiosondes, etc. 

400 - 406 

5250 - 5650 

1660 - 1700 

2700 - 3300 
4200 - 4400 

8500 - 9800 

2700 - 2900 

5000 5650 
8500 9800 
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Frequency allocations above 25 me in U.S.A. continued 

Maritime 

Communication between ships and/ or coastal stations. 

27.255 
35.04 - 35.20 

* For point-to~point use only. 

Amateur 

26.96 - 27.23 
28.00 29.70 
50.00 - 54.00 

144.00 - 148.00 

43.0 43.2 

220 - 225 
420 - 450 

1215 1300 

•12.0 - 76.0 

2300 2450. 
3300 3500 
5650 - 5925 

156.25 157.45 
161.85 - 162.00 

10000 10500 
21000 22000 
Above 30000 

Industrial, scientific, and medical equipment 

27.12 915 5850 18000 
40.68 2450 

International call-sign prefixes 

AAA-ALZ United States of America ETA-ETZ Ethiopia 
AMA-AOZ Spain EUA-"EZZ Union of Soviet Socialist 
APA-ASZ Pakistan Repu!>lics 
ATA-AWZ Indio FAA-FZZ Fronce and Colonies and 
AXA-AXZ Commonwealth of Australia Protectorates 
AYA-AZZ Republic of Argentina GAA-GZZ Great Britain 
BAA-BZZ China HAA-HAZ Hungary 
CAA-CEZ Chile HBA-HBZ Switzerland 
CFA-CKZ Conada HCA-HDZ Ecuador 
CLA-CMZ Cuba HEA-HEZ Switzerland 
CNA-CNZ Morocco HFA-HFZ Poland 
COA-COZ Cuba HGA-HGZ Hungary 
CPA-CPZ Bolivia HHA-HHZ Republic of Haiti 
CQA-CRZ Portuguese Colonies HIA-HIZ Dominican Republic 
CSA-CUZ Portugal HJA-HKZ Republic of Colombia 
CVA-CXZ Uruguay HLA-HMZ Korea 
CYA-CZZ Canada HNA-HNZ Iraq 
DAA-DMZ Germany HOA-HPZ Republic of Panama 
DNA-DOZ Belgian Congo - Ruando-Urundi HQA-HRZ Republic of Honduras 
DRA-DTZ Byelorussian Soviet Socialist HSA-HSZ Siam 

Republic HTA-HTZ Nicaragua 
DUA-DZZ Republic of the Pliilippines HUA-HUZ Republic of El Salvador 
EAA-EHZ Spain HVA-HVZ Vatican City State 
EIA-EJZ Ireland HWA-HYZ France and Colonies and 
EKA-EKZ Union of Soviet Socialist Protedorotes 

Republics HZA-HZZ Kingdom of Saudi Arabia 
ELA-ELZ Republic of Liberia IAA-IZZ Italy and Colonies 
EMA-EOZ Union of Soviet Socialist JAA-JSZ Japan 

Republics JTA-JVZ Mongolian People's Republic 
EPA-EQZ Iran JWA-JXZ Norway 
ERA-ERZ Union of Soviet Socialist JYA-JYZ Hoshimite Kingdom of Jordan 

Republics JZA-JZZ Netherlands New Guinea 
ESA-ESZ Estonia KAA-KZZ United States of America 
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International call-sign prefixes 'continued 

LAA-LNZ Norway XVA-XVZ Viet-Nam 
LOA-lWZ Argentine Republic XWA-XWZ Laos 
LXA-LXZ Luxembourg XXA-XXZ Portuguese Colonies 
LYA-LYZ Lithuania XYA-XZZ Burma 
LZA-LZZ Bulgorio YAA-YAZ Afghanistan 
MAA-MZZ Great Britain YBA-YHZ Indonesia 
NAA-NZZ United Stoles of America YIA-YIZ lroq 
OAA-OCZ Peru YJA-YJZ New Hebrides 
ODA-ODZ Republic of Lebanon YKA-YKZ Syria 
OEA-OEZ Austria YLA-YLZ Latvia 
OFA-OJZ Finland YMA-YMZ Turkey 
OKA-OMZ Czechoslovakio YNA-YNZ Nicaragua 
ONA-OTZ Belgium ond Colonies YOA-YRZ Roumonio 
OUA-OZZ Denmork YSA-YSZ Republic of El Solvodor 
PAA-PIZ Netherlands YTA-YUZ Yugoslovio 
PJA-PJZ Netherlands Antilles YVA-YYZ Venezuela 
PKA-POZ Republic of Indonesia YZA-YZZ Yugoslavia 
PPA-PYZ Brozil ZAA-ZAZ Albania 
PZA-PZZ Surinam ZBA-ZJZ British Colonies and 
QAA-QZZ (Service obbreviationsl Protectorotes 
RAA-RZZ Union of Soviet Sociolist ZKA-ZMZ New Zealond 

Republics ZNA-ZOZ British Colonies ond 
SAA-SMZ Sweden Protectorates 
SNA-SRZ Polond ZPA-ZPZ Paraguay 
SSA-SUZ Egypt ZQA-ZQZ British Colonies and 
SVA-SZZ Greece Protectorates 
TAA-TCZ Turkey ZRA-ZUZ Union of South Africa 
TDA-TDZ Guotemolo ZVA-ZZZ Brazil 
TEA-TEZ Costa Rico 2AA-2ZZ Great Britain 
TFA-TFZ lcelond 3AA-3AZ Principality of Monaco 
TGA-TGZ Guotemolo 3BA-3FZ Conodo 
THA-THZ Fronce and Colonies and 3GA-3GZ Chile 

Protectorates 3HA-3UZ Chino 
TIA-TIZ Costa Rico 3VA-3VZ Tunisia 
TJA-TZZ Fronce ond Colonies and 3WA-3WZ Viet-Nam 

Protectorotes 3YA-3YZ Norway 
UAA-UQZ Union of Soviet Socialist 3ZA-3ZZ Poland 

Republics 4AA-4CZ Mexico 
URA-UTZ Ukronian Soviet Socialist 4DA-41Z Republic of the Philippines 

Republic 4JA-4lZ Union of Soviet Sociolist 
UUA-UZZ Union of Soviet Socialist Republics 

Republics 4MA-4MZ Venezuelo 
VAA-VGZ Canada 4NA-40Z Yugoslavia 
VHA-VNZ Commonwealth of Australia 4PA-4SZ Ceylon 
VOA-VOZ Canedo 4TA-4TZ Peru 
VPA-VSZ British Colonies and 4UA-4UZ United Nations 

Protectorates 4VA-4VZ Republic of Haiti 
VTA-VWZ Indio 4WA-4WZ Yemen 
VXA-VYZ Canada 4XA-4XZ Israel 
VZA-VZZ Commonwealth of Australia 4YA-4YZ International Civil Aviation 
WAA-WZZ United States of Americo Organization 
XAA-XIZ Mexico 5AA-5AZ Libya 
XJA-XOZ Conoda 5CA-5CZ Morocco 
XPA-XPZ Denmark 6AA-6ZZ (Not ollocotedl 
XQA-XRZ Chile 7AA-7ZZ INot allocated) 
XSA-XSZ Chino BAA-822 INot allocotedl 
XTA-XTZ Fronce and Colonies and 9AA-9AZ Son Morino 

Protectorates 9NA-9NZ Nepal 
XUA-XUZ Cambodia 9SA-9SZ Soar 



Frequency tolerances Atlantic City, 1947 

frequency band J type of service and power 

I 
10---535 kc I Fixed,stations 

535--1605 kc 

1605--4000 kc 

· 10-50 kc I 50 kc-end of band 

land stations 
Coast stations 

Power > 200 watts 
Power < 200 watts 

Aeronauiica I stations 

Mobile stations 
Ship stations 
Aircraft stations 
Emergency (reserve) ship trcmsmillers, and 

lifeboat, lifecraft, and survival-croft 
transmitters 

Radionavigation stations 

/ Broadcasting stations 

I Broadcasting stations 

Fixed stations 
Power > 200 watts 
Power < 200 walls 

I land stations 
Coast stations 

Power > 200 walls 
Power < 200 watts 

Aeronautical stations 
Power > 200 watts 
Power < 200 watts 

Base stations 
Power > 200 watts 
Power < 200 watts 

Mobile stations 
Ship stations 
Aircraft stations 
land mobile stations 

Radionavigation st9tions 
Power > 200 watts 
Power < 200 watts 

Broadcasting stations 

fREQUENCY DA.TA. 17 

tolerance In percent 

0.1 
0.02 

0.02 
0.05 
0.02 

0.1 
0.05 

0.5 

0.02 

20 cydes 

20 cycles 

0.005 
0.Ql 

0.005 
0.01 

0.005 
0.0l 

0.005 
O.ol 

0.02 
0.02 
0.02 

0.005 
O.ol 

0.005 



18 CHAPTER. t 

Frequency tolerances continued 

fre11u•ncy band type of ttrvlct and power 

4000-30,000 kc Fixed stations 

30-100 me 

100-500 me 

S00-10,500 me 

Power > 500 watts 
Power < 500 watts 

Land stations 
Coast stations 
Aeronautical stations 

Power > 500 watts 
Power < 500 watts 

Base stations 
Power > 500 watts 
Power < 500 watts 

Mobile stations 
Ship stations 
Aircraft stations 
Land mobile stations 
Transmitters in lifeboats, lifecraft, and sur• 

vival craft 

I Broadcasting stations 

Fixed stations 
Land stations 
Mobile stations 
Radionavigation stations 
Broadcasting stations 

Fixed stations 
Land stations 
Mobile stations 
Radionovigation stations 
Broadcasting stations 

tollfflRCI In ptlltnt 

0.003 
0.01 

0.005 

0.005 
0.01 

0.005 
0.01 

0.02 
0.02 
0.02 

0.02 

0.003 

0.02 
0.02 
0.02 
0.02 
0.003 

0.01 
0.01 
0.01 
0,02 
0.003 

0.75 

Nofe: Requirements in the U.S.A. with respect to frequency tolerances are in all cases at 
least as restrictive !and for some services more restrictive! than the tolerances specified by 
the Atlantic City Convention. For details consult the Rules and Regulations of the Fede.rel 
Communications Commission. 

Intensity of harmonics Atlantic Ory, 1947 

In the bond 10-30,000 kilocycles, the power of a harmonic or a parasitic 
emission supplied to the antenna must bEf'<:it least 40 decibels below the 
power of the fundamental. In no case shall it exceed 200 milliwatts !mean 
powerl. For mobile stations, endeavor will be made, as far as it is practicable, 
to reach the above figures. 
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Designation of emissions 

Emissions are designated according to their classification and the width of 
the frequency band occupied by them. Classification is according to type of 
modulation, type of transmission, and supplementary characteristics. 

type of I supplementary I symbol modulation type of tran1mi11lon characterl1tlc1 

Amplitude Absence of any modulation --- AO 
modulation 

Telegraphy without the use of modulating 
audio frequency !on-off keying) --- Al 

Telegraphy by the keying of o modulating 
audio frequency or audio frequencies, or by 
the keying of the mod,uloted ·emission !Spe• , 
ciol case: An unkeyed ·111oduloted emissionJ --- A2 

Telephony Double sideband, full 
carrier A3 

Single sideband, re-
duced carrier A3o 

Two independent 
sidebands, reduced 
carrier A3b 

focsimile --- A4 

Television --- AS 

Composite transmissions and coses not cov-
ered by the above --- A9 

Composite transmissions Reduced carrier A9c 

frequency Absence of any modulation --- fO 
(or phase) 
modulation Telegraphy without the use of modulating 

audio frequency !frequency-shift keying! 

I 
--- fl 

T elegrophy by the keying of a modulating 
audio frequency or audio frequencies, or by 
the keying of the modulated emission !Spe-
cial case: An unkeyed emission modulated by 
audio frequency.I --- f2 

Telephony --- f3 

facsimile --- f4 

Television --- f5 

Composite tronsmissions and cases not cov-
ered by the above --- f9 
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Designation of emissions continued 

type of I 
modulation 

Pulse 
modulation 

type of transmission 

Absence of ony modulation intended to carry 
info rmotion 

Telegraphy without the use of modulating 
audio frequency 

Telegraphy by the keying of a modulating 
audio frequency or audio frequencies, or by 
the keying of the modulated pulse (Special 
case, An unkeyed modulated pulse.I 

Telephony 

Composite transmission and coses not cov-
ered by the above 

supplementary 
characteristics 

---

---
Audio frequency or 
audio frequencies 
modulating the pulse 
in ompUtude 

Audio frequency or 
audio frequencies 
modulating the width 
of the pulse 

Audio frequency or 
audio frequend es 
modulating the phase 
!or position) of the 
pulse 

Amplitude modulated 

Width modulated 

Phase lor position) 
modulated 

---

I symbol 

PO 

Pl 

P2d 

P2e 

P2f 

P3d 

P3e 

P3f 

P9 

Note: As an exception to the above principles, damped waves are designated by B. 

Wherever the full designation of on emission is necessary, the symbol for 
that doss of emission, os given above, is prefixed by o number indicating 
the necessary bandwidth in kilocycles occupied by it. Bandwidths of 10 
kilocycles or less shall be expressed to o maximum of two significant figures 
after the decimal. 

The necessary bandwidth is that required in the over-oil system, including 
both the transmitter and the receiver, for the proper reproduction ot the 
receiver of the desired information ond does not necessarily indicate the 
interfering chorocteristics of on emission. 

The following tables present some examples of the designation of emissions 
OS a guide to the principles involved. 
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Designation of emissions continu.id 

description 

Telegraphy 25 words/minute, international Morse code, carrier 
modulated by keying only 

Telegraphy, 525-cycle tone, 25 words/minute, international Morse 
code, carrier and tone keyed or tone keyed only 

Amplitude-modulated telephony, 3000-cycle maximum modulation, 
double sideband, lull carrier 

Amplitude-modulated telephony, 3000-cycle maximum modulation, 
single sideband, reduced carrier 

Amplitude-modulated telephony, 3000-cycle maximum modulation, 
two independent sidebands, reduced carrier 

Vestigial-sideband television (one sideband partially suppressed], full 
carrier !including a frequency-modulated sound channell 

Frequency-modulated telephony, 3000-cycle modulation frequency, 
20,000-cycle deviation 

Frequency-modulated telephony, 15,000-cycle modulation frequency, 
75,000-cycle deviation 

One-microsecond pulses, unmodulated, assuming a value of K = 5 

Determination of bandwidth Atlantic City, 1947 

designation 

O.JAI 

l.15A2 

6A3 

3A3a 

6A3b 

6000A5, F3 

46F3 

180F3 

10000PO 

21 

For the determination of the necessary bandwidth, the following table may 
be considered as a guide. In the formulation of the table, the following 
working terms hove been employed: 

B = telegraph speed in bouds (see pp. 541 and 846) 

N/T = 

M 

D= 

maximum possible number of block+white elements to be trans
mitted per second, in facsimile and television 

maximum modulation frequency expressed in cycles/second 

half the difference between the maximum and minimum values of the 
instantaneous frequencies; D being greater than 2M, greater than 
N/T, or greater than B, as the case may be. Instantaneous frequency 
is the rote of change of phase 

t = pulse length expressed in seconds 

K = over-all numerical factor that differs according to the emission and 
depends upon the allowable signal distortion ond, in television, the 
time lost from the inclusion of a synchronizing signal 
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Determination of bandwidth continued 

Amplitude modulation 
examples 

description I 
o:nd clo:u neceno:ry bo:ndwldlh In I designation 

of emission cycles/second delo:ils of emission 

Continuous- Bandwidth = BK Morse code at 25 words/minute, 
wave B = 20; 
telegraphy where 

Al K 5 for fading circuits bandwidth = 100 cycles O.IAI 
= 3 for nonfading circuits 

' Four-channel multiplex with 7-
unit code, 60 words/minute/ chon-
nel, B = 170, K = 5; 

bandwidth = 850 cycles 0.85Al 

Telegraphy Bandwidth = BK +2M Morse code at 25 words/minute, 
modulated 1000-cycle tone, B = 20; 
at audio where 
frequency K = 5 for fading circuits bandwidth = 2100 cycles 2.1A2 

A2 = 3 for nonfading circuits 

Commercial Bandwidth M for single For ordinary single-sideband 
telephony sideband telephony, 

A3 = 2M for dou-
ble sideband M = 3000 3A3a 

For high-quality single-sideband 
telephony, 

M = 4000 4A3a 

Broadcasting Bandwidth = 2M Mis between 4000 ond 10,000 de-
A3 pending upon the quality desired 8A3 to 20A3 

Facsimile, KN Total number of picture elements 
carrier mod- Bandwidth= T + 2M (black+white) transmitted per sec-
ulated by ond = circumference of cylinder 
tone ond by where !height of picture) X lines/unit 
keying K = 1.5 length X speed of cylinder rota-

A4 lion !revolutions/second). If diam-
eter of cylinder = 70 millimeters, 
lines/millimeter 3.77, speed of 
rotation = 1/second, frequency 
of modulation = 1800 cycles; 

bandwidth = 3600 + 1242 
= 4842 cycles 4.84A4 

Television Bandwidth KN/T Total picture elements lblock+ 
AS white) transmitted per second = 

where number liniu forming each image 
K 1.5 IThis allows for .X elements/line X pictures Irons-

synchronization ond mitted/second. If lines = 500, ele-
filler shaping.) ments/line = ·500, pictures/second 

Nole, This bond con be re- = 25; 
duced when osymmetricol 
transmission is employed bandwidth ::=::: 9 megacycles 9000A5 
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Determination of bandwidth continued 

Frequency modulation 
I examples 

description I 
and clan I necenary bandwidth in I designation 

of emiulon cycles/second details of emission 

Frequency. I Bandwidth = BK + 20 
I 

code at JOO words/ I Morse min-
shift ute. B = 80, K = 5, D 425; 
telegraphy* where 

Fl I( 5 for fading circuits bandwidth = 1250 cycles 1.25Fl 
= 3 for nonfading circuits 

four-channel multiplex with 7-unit 
code, 60 words/minute/ channel. 
Then, B 170, K = 5, D = 425; 

bandwidth 1700 cycles l.7FI 

Commercial Bandwidth 2M + 2DK For an average case of commercial 
lelephony telephony, with D = 15,000 and 
.Jnd brood- For commercial telephony, M = 3000; 
casting I( = l. For high-fidelity 

F3 transmission, higher values bandwidth = 36,000 cycles 36F3 
of K may be necessary 

Facsimile Bandwidth ISee facsimile, amplitude modula-
F4 KN tlon.J Cylinder diameter 70 milli-= 7 +2M+2D meters, lines/millimeter = 3.77, 

cylinder rotation speed = 1 /sec-

where ond, modulation tone = 1800 cy-

K= l.5 des, D = 10,000 cycles; 

bandwidth= 25,000 cycles 25F4 

Unmodulated Bandwidth 2K/t t = 3 X w-• and K = 6; 
pulse I where I( varies from 1 to 1 O 

PO , according lo the permissible bandwidth = 4 X Jo& cycles 4000?0 
j deviatlon in each particular 

case from a rectangular 
pulse shape. In many cases 
the value of K need not ex-
ceed 6 

Modulated Bandwidth depends upon 
pulse the particular types of mod-

P2 or P3 ulation used --- ---
* CCIR Recommendation No. 87 (London, 1953) for fl emission was 
Bandwidth 0.58 + 2.5D for 2.5 < 2D/B < 8 
Bandwidth = 2.58 + 2.0D for 8 < 20/8 < 20 
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Standard frequencies and time signals 

WWV and WWVH* os of Morch, 1956 

The National Bureau of Standards operates radio stations WWV (near 
Washington, D.C.I and WWVH (Maui, Hawaiil which transmit standard 
radio frequencies, standard time intervals, time announcements, standard 
musical pitch, standard audio frequencies, and radio propagation notices. 

Standard frequencies are transmitted continuously day and night except as 
follows: 

WWV is silent for approximately 4 minutes beginning at 45 minutes ± 
15 seconds after each hour. 

WWVH is silent for 4 minutes following each hour and each half hour. 

WWVH is silent for 34 minutes each day beginning at 1900 UT IUniversa I 
Time!. 

Vertical dipole antennas are employed and JOO-percent amplitude double
sideband modulation is used for second pulses and announcements. The audio 
tones on WWV are transmitted as a single upper sideband with full carrier. 
Power output from the sideband transmitter is about one-third of the carrier 
power. 

standard 
frequency In me 

2.5 
5 

10 
15 
20 
25 

wwv 
power in kw 

0.7 
8.0 
9.0 
9.0 
1.0 
G.l 

WWVH 
power in kw 

2.0 
2.0 
2.0 

Audio frequencies and musical pitch: Two standard audio frequencies, 440 
and 600 cycles per second, are broadcast on all carrier frequencies. The 
audio frequencies ore given alternately, starting with 600 cycles on the hour 
for 3 minutes, interrupted 2 minutes, followed by 440 cycles for 3 minutes, 

• Based on U.S. Dept. of Commerce, National Bureau of-Standards, Letter Circular LC 1009 
with corrections. Information on these services may be obtained from the Radio Standards 
Division, Notional Bureau of Standards; Boulder, Colorado. 
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Standard frequencies and time signals continued 

and interrupted 2 minutes. Each 10-minute period is the same. The 440-
cycle tone is the standard musical pitch A above middle C. 

Time signals and standard time intervals: The audio frequencies ore in
terrupted for intervals of precisely 2 minutes. They ore resumed precisely 
on the hour and each 5 minutes thereafter. They ore in agreement with 
the basic time service of the U.S. Naval Observatory so that they mark 
accurately the hour and the successive 5-minute periods. 

Universal Time (Greenwich Civil Time or Greenwich Mean Time) is an
nounced in international Morse code each five minutes starting with 0000 
!midnight!. Time announcements in Morse code are given just prior to and 
refer to the moment of return of the audio frequencies. 

A voice announcement of Eastern Standard Time is given each 5 minutes 
from station WWV; this precedes and follows each telegraphic-code 
announcement. 

A pulse or tick, of 0.005-second duration, occurs at intervals of precisely 
1 second. Each pulse on WWV consists of 5 cycles of 1000-cycle tone and 
each pulse on WWVH consists of 6 cycles of 1200-cycle tone. 

The tones of WWV ore interrupted precisely 40 milliseconds each second 
except at the beginning and end of each 3-minute tone interval. The time 
pulse commences precisely 10 milliseconds ofter commencement of the 40-
millisecond interruption. An additional pulse, 0.1 second later, is transmitted 
to identify the beginning of each minute. No pulse is transmitted at the 
beginning of the lost second of each minute. 

Accuracy: Frequencies transmitted from WWV and WWVH ore accurate 
to within 1 port in 108; this is with reference to the mean solar second, 
100-day interval, as determined by the U.S. Naval Observatory with a 
precision of better than 3 ports in 109• Time intervals, as transmitted, are 
accurate within ± 2 parts in 108 + 1 microsecond. 

Frequencies received may be as accurate as those transmitted for several 
hours per day during total light or total darkness over the transmission path 
at locations in the service range. During the course of the day, errors in 
the received frequencies may vary approximately between -3 to +3 



26 CHAPTER 1 

Standard frequencies and time signals continued 

0 

each hour 
45 

{WWVH silent 1900-1934 UT) 

* One-minute onnouncement lntervols, 

I{ stort onnouncement lntervol 

wwv 

30 

propoootion 
notice 

15 

end onnouncement intervot }j 
1 voice I code Ivoice 
I coll and EST ~ UT I EST 

I cod•• code 
WWVH~-....:.:.;;.::__...,_ __ ......;=:----1---------------i 

propooation UT and colt letters 
notice 

0 
lime in seconds 

30 

t North Atlantic propoootion notice ot 19.5 and 49.5 minutes post each hour. 

• North Pacific propagation notice ot 9 and 39 minutes past each hour. 

Audio frequencies and announcements of WWV and WWVH. 

60 
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Standard frequencies and time signals continved 

parts in 107• During ionospheric storms, transient conditions in the propa
gating medium may cause momentary change as large as 1 part in 106. 

Time intervals, as received, are normally accurate within ± 2 parts in 
108 + 1 millisecond. Transient conditions in the ionosphere at times cause 
received pulses to scatter by several milliseconds. 

Radio propagation notices:* WWV broadcasts for the North Atlantic path 
at 19½ and 49½ minutes past every hour. The forecasts are changed daily 
at 0500, 1200, 1700, or 2300 Universal Time and remain unchanged for the 
following 6 hours. The letter-digit combination is sent as a modulated tone 
in international Morse code, the letter indicating conditions at 0500, 1200, 
1700, or 2300 UT, respectively, and the digit the conditions forecast for the 
following 6-hour period. On WWVH, the forecasts as broadcast are changed 
at 0200 and 1800 UT and are for the next 9-hour period, these WWVH 
forecasts being broadcast at 9 and 39 minutes past each hour for the North 
Pacific path. 

The letters and digits signify radio propagation quality as follows: 

condition at 0500, 1200, propagotion 
1700, or 2300 UT forecast conditions 

~l 1 Useless 

Disturbed 2 Very poor 
3 Poor 
4 Poor to fair 

u Unsettled 5 Fair 
N 

l 
6 Fair to good 

N 
Normal 

7 Good 
N 8 Very good 
N 9 Excellent 

* Abstracted from, "Narth Atlantic Radio Warning Service," CRPL-RWS-31, March 19, 1956, 
National Bureau of Standards; Box 178, Fort Belvoir, Virginia and "North Pacific Radio Warning 
Service," CRPL-RWS-30, Morch 19, 1956, Notional Bureau of Standards; Box 1119,Anchoroge, 
Alaska. The latest issues of these bulletins should be consulted for further information. 
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Standard frequencies and time signals continued 

Other standard-frequency stations as of August, 1954 

Rugby Tokyo Torino I Johannesburg 

Country England Japan Italy 

Coll si9n MSF JJY IBF 

Carrier power in kw 0.5 I 0.3 

Days per week 7 7-2 Tuesday 

Hours per day 

i 
24• 24 6b 

Carriers In me 2.5, 5, 10" 2.5•, fl, 1011 d 5 ! 

Modulotions in c/s lh, 1000 Ji, 1000 Jh, 440, 1000 

Duration of tone i 

modulation in minutes 5 in each 15 9 in each 20 5 in each l0i 

Duration of time 
signals in minutes 5 in each 15 continuous 5 in each 10 

• Total interruption of transmission from minute 15 to minute 20 of each hour. 
b From 0800 to 1100 and from 1300 to 1600 UT. 
• Transmissions ore also made on 60 kc. 
d Transmissions ore also mode on 4 and 8 me. 
e Daily from 0700 to 2300 UT. 
f Mondoys. 
11 Wednesdays. 
h 5 cycles of 100-c/ s modulation pulses. 
1 Interruptions for 20 milliseconds. 
i 440- and 1000-c/s tones alternately. 
• 100 cycles of 1000-c/s modulation pulses. 

South Africa 

zuo 

0.1 

7 

24 

5 

1t 

-

continuous 

See also list of foreign radio time signals in "Radio Navigational Aids," U. S. Novy Hydro
graphic Office publication 205 for sole by the Hydrogrophic Office, Washington 25, D. C. 
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• Units, constants, and conversion factors 

Conversion fadors 

conversely, 
lo convert into multiply by multiply by 

Acres· Square feet 4.356 X 10' 2.296 X 10-& 
Acres Square meters 4047 2.471 X 10-, 

Ampere-hours Coulombs 3600 2.778 X 10-• 
Amperes per sq cm Amperes per sq inch 6.452 0.1550 

Ampere-turns Gilberts 1.257 0.7958 
Ampere-turns per cm Ampere-turns per inch 2.540 0.3937 
Atmospheres Mm of mercury@ 0° C 760 1.316 X 10-3 

Atmospheres Feet of water @ 4° C 33.90 2. 950 X IO-,i 
Atmospheres Inches mercury @ 0° C 29.92 3.342 X H,2 

Atmospheres Kg per sq meter l.033 X ID' 9.678 X 10-• 
Atmospheres Newtons per sq meter l.0133 X 106 0.9869XJO-• 
Atmospheres Pounds per sq inch 14.70 6.804 X 10-2 
Btu Foot-pounds 778.3 1.285 X 10-3 

Btu Joules 1054.8 9.480 X 10-• 
Btu Kilogram-calories 0.2520 3.969 
Btu Horsepower-hours 3.929 X 10-4 2545 
Bushels Cubic feel 1.2445 0.8036 

Centigrade !Celsius) Fahrenheit 
C 0 X 9/5 = F

0 -32 
{C

0 + 40l X 9/5 = (F0 + 401 
Chains (surveyor's) Feet 66 1.515 X 10-2 

Circular mils Square centimeters 5.067 X 10-5 1.973 X 105 
Circular mils Square mils 0.7854 1.273 
Cubic feet Cords 7.8125 X 10-3 128 
Cubic feet Gallons Uiq USI 7.481 0.1337 
Cubic feel liters 28.32 3.531 X 10-2 
Cubic inches Cubic centimeters 16.39 6.102 X 10-2 
Cubic inches Cubic feet 5.787 X 10--. 1728 
Cubic inches Cubic meters l.639 X J0-5 6.102 X 104 

Cubic inches Gallons !liq USI 4.329 X 10-3 231 
Cubic meters Cubic feet 35.31 2.832 X JO"""'.! 

Cubic meters Cubic yards 1.308 0.7646 
Degrees !angle) Radians 1.745 X 10-,i 57.30 
Dynes Pounds 2.248 X 10-11 4.448 X 105 
Ergs Foot-pounds 7.376 X 10-a 1.356 X 101 

Fathoms Feel 6 0.16667 
Feet Centimeters 30.48 3.281 X 10...,, 

Feet Voros 0.3594 2.782 
Feet of water @ 4° C lncnes of mercury @ ov C 0.8826 1.133 
feet of water @ 4° C Kg per sq meter 304.8 3.281 X w-• 
Feet of water @ 4° C Pounds per sq foot 62.43 l.602 X 10-,, 

Foot-pounds Horsepower-hours 5.050 X 10-1 1.98 X HJ" 
foot-pounds Kilogram-meters 0.1383 7.233 

Foot-pounds Kilowatt-hours 3.766 X 10-1 2.655 X 106 

Gallons Uiq USl Cubic meters 3.785 X 10-• 264.2 

Gallons !liq USl Gallons !liq Br Imp) (Conodol 0.8327 1,201 

Gausses lines per sq inch 6.452 0.1550 
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Conversion factors continued 

conversely, 
to convert Into multiply by multiply by 

Grains !for humidity Pounds !avoirdupois) 1.429 X 10-4 7000 
calculations! 

Grams Dynes 980.7 1.020 X 10-3 

Grams Grains 15.43 6.481 X 10--\l 
Grams Ounces (avoirdupois! 3.527 X 10--t 28.35 
Grams Poundals 7.093 X 1Q--\l 14.10 
Grams per cm Pounds per inch 5.600 X H,3 178.6 
Grams per cu cm Pounds per cu inch 3.613 X lQ---\1 27.68 
Grams per sq cm Pounds per sq foot 2.0481 0.4883 
Hectares Acres 2.471 0.4047 
Horsl!Opower (boiler! Stu per hour 3.347 X 10• 2.986 X 10• 

Horsepower lmetricl Stu per minute 41.83 2.390 X 10-t 
1542.5 ft-lb per secl 

Horsepower lme!ricl Foot-lb per minute 3.255 X 104 3.072 X 10• 
(542.5 ft-lb per secl 

Horsepower (metric! Kg-calories per minute 10.54 9 .485 X 1 Q---\1 
(542.5 ft-lb per secl 

Horsepower Btu per minute 42.41 2.357 X 10-2 

(550 ft-lb per secl 
Horsepower Foot-lb per minute 3.3 X 104 3.030 X 1 o• 

(550 ft-lb per secl 
Horsepower Kilowatts 0.745 1.342 

(550 ft-lb per secl 
Horsepower !metric) Horsepower 0.9863 1.014 

(542.5 ft-lb per sec! 1550 ft-lb per sec! 
Horsepower Kg-calories per minute 10.69 9.355 X 1 o--t 

1550 ft-lb per secl 
Inches Centimeters 2.540 0.3937 
Inches Feet 8.333 X 10--t 12 
Inches Miles 1.578 X 10• 6.336 X 104 

Inches Mils 1000 0,001 
Inches Yards 2.778 X 10--t 36 
Inches of mercury @ 0° C lbs per sq inch 0.4912 2.036 
Inches of water @ 4° C Kg per sq meter 25.40 3.937 X 10-t 
Inches of water @ 4° C Ounces per sq inch 0.5782 1.729 
Inches of water @ 4° C Pounds per sq foot 5.202 0.1922 
Inches of water @ 4° C In of mercury 7.355 X 10-t 13.60 
Joules Foot-pounds 0.7376 1.356 
Joules Ergs 107 lo--7 
Kilogram-calories Kilogram-meters 426.9 :f.343 X 1(,3 

Kilogram-calories Kilojoules 4.186 0.2389 
Kilograms Tons, long !avdp 2240 lbl 9.482 X 10-4 1016 
Kilograms Tons, short !avdp 2000 !bl 1.102 X 10-3 907.2 
Kilograms Pounds !avoirdupois) 2.205 0.4536 
Kilograms per kilometer Pounds (avdp) per mile (stall 3.548 0.2818 
Kg per sq meter Pounds per sq foot 0.2048 4.882 
Kilometers Feet 3281 3.048 X 10...,. 
Kilowatt-hours Btu 3413 2.930 X 10""' 
Kilowatt-hours Foot-pounds 2.655 X 10• 3.766 X 10-1 

Kilowatt-hours Joules 3.6 X 106 2.778 X 10-7 
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Conversion fadors continued 

conversely, 
to convert into multiply by multiply by 

Kilowott-hours Kilogram-calories 860 1.163 X H,3 

Kilowatt-hours Kilogram-meters 3.671 X 106 2.724 X 10-11 
Kilowatt-hours Pounds carbon oxydized 0.235 4.26 
Kilowatt-hours Pounds water evaporated 3.53 0.283 

from and at 212° F 
Kilowatt-hours Pounds water raised 22.75 4.395 X JO--ll 

from 62° to 212° F 
Knots* lnaut mi per hour) Feet per second 1.688 0.5925 
Knots Meters per minute 30.87 0.03240 
Knots Miles (stat) per hour 1.1508 0.8690 
Lamber!s Candles per sq cm 0.3183 3.142 
lamberts Candles per sq inch 2.054 0.4869 
Leagues Miles (approximately) 3 0.33 
links Chains 0.01 100 
Links (surveyor's) Inches 7.92 0.1263 
liters Bushels !dry USl 2.838 X JO--ll 35.24 
liters Cubic centimeters 1000 0.001 
liters Cubic meters 0.001 1000 
Liters Cubic inches 61.02 1.639 X JO--ll 
liters Gallons lliq US) 0.2642 3.785 
Liters Pints Uiq USl 2.113 0.4732 
log, Nor In N Log,o N 0.4343 2.303 
lumens per sq foot Foot-candles 1 
lox Foot-candles 0.0929 10.764 
Meiers Yards 1.094 0.9144 
Meters Varas 1.179 0.848 
Meters per min Feel per minute 3.281 0.3048 
Meters per min Kilometers per hour 0.06 16.67 
Microhms per cm cube Microhms per inch cube 0.3937 2.540 
Microhms per cm cube Ohms per mil foot 6.015 0.1662 
Miles lnouticall * f<,el 6076.1 1.646 X 10-< 
·Miles lnauticall Meters 1852 5.400 X 10--< 
Miles lnauticoll Miles (statute) 1.1508 0.8690 
Miles lstotutel Kilometers 1.609 0.6214 
Miles !statute) Feet 5280 1.894 X w---1 
Miles per hour Kilometers per minute 2.682 X 10--ll 37.28 
Miles per hour Feet per minute 88 1.136 X 10-2 

Miles per hour Kilometers per hour 1.609 0.6214 
Millibars Inches mercury 132° fl 0.02953 33.86 
Millibars Pounds per sq foot 2.089 0.4788 

1103 dynes per sq cm} 
Nepers Decibels 8.686 0.1151 
Newtons Dynes 100 lQ-li 

Newtons Kilograms 0.1020 9.807 
Newtons Poundals 7.233 0.1383 
Newtons Pounds lavdpl 0.2248 4.448 
Ounces lfluidl Quarts 3.125 X 10--ll 32 
Ounces !avoirdupois) Pounds 6.25 X lQ--ll 16 
Pints Quarts !liq US) 0.50 2 
Pounds of water (dist) Cubic feet 1.603 X 10--ll 62.38 
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Conversion factors continued 

conversely, 
lo convert into multiply by multiply by 

Pounds of woter ldistl Gallons 0.1198 8.347 
Pounds per inch Kg per meter 17.86 0.05600 
Pounds per foot Kg per meter 1.488 0.6720 
Pounds per mile !statute! Kg per kilometer 0.2818 3.548 
Pounds per cu foot Kg per cu meter 16.02 6.243 X 10...,, 
Pounds per cu inch Pounds per cu fool 1728 5.787 X 10-< 
Pounds per sq foot Pounds per sq inch 6.944 X 10-3 144 
Pounds per sq foot Kg per sq meter 4.882 0.2048 
Pounds per sq inch Kg per sq meter 703.1 1.422 X 10-3 

Poundols Dynes 1.383 X 10• 7.233 X 10-. 
Poundals Pounds (ovoirdupoisl 3.108 X 10...,, 32.17 
Quarts Gollons (liq US) 0.25 4 
Rods Feel 16.5 6.061 X 10-• 
Slugs (mossl Pounds lavoirdupoisl 32.174 3.108 X 10...,, 
Sq inches Circular mils 1.273 X 108 7.854 X 10· 1 

Sq inches Sq centimeters 6.452 0.1550 
Sq feel Sq meters 9.290 X 10...,, 10.76 
Sq miles Sq yards 3.098 X 10" 3.228 X 10-1 

Sq miles Acres 640 1.562 X 10--a 
Sq miles Sq kilometers 2.590 0.3861 
Sq millimeters Circulor mils 1973 5.067 X 10-• 
!Temp rise, °CI X (U.S. Wolls 264 3.79 X 10-3 

gal water!/ minute 
Tons, short lavoir 2000 lb) Tonnes ( 1000 kgl 0.9072 1.102 
Tons, long (ovoir 2240 lb) Tonnes 11000 kg) 1.016 0.9842 
Tons, long lavoir 2240 lbl Tons, short (ovoir 2000 !bl 1.120 0.8929 
Tons (US shipping! Cubic feet 40 O.Q25 
Wolls Btu per minute 5.689 X 10-,, 17.58 
Watts Ergs per second 10' 10-7 

Walls Foot-lb per minute 44.26 2.260 X lo-t 
Watts Horsepower 1550 ft-lb per 1.341 X 10-3 745.7 

secl 
Wotts Horsepower !metricl 1.360 X 10-• 735.5 

1542.5 ft-lb per secl 
Wolls Kg-calories per minute 1.433 X 10...,, 69.77 
Wall-seconds {joules! Grom-calories lmeonl 0.2389 4.186 
Webers per sq meter Gausses 104 JO-< 
Yards Feel 3 0.3333 

* Conversion factors for the nautical mile and, hence, for the knot, ore based on the Inter
national Nautical Mile, which was adopted by the U.S. Department of Defense and the U.S. 
Deportment of Commerce, effective 1 July 1954. See, "Adoption of International Naulica I 
Mile," National Bureau of Standards Technical News Bulletin, vol. 38, p. 122; August, 1954. The 
International Nautical Mile has been in use by many countries for various lengths of time. 

Note: Pounds °'" avoirdupois in every entry except where otherwise indicated. 

Example, 

a. Required, the conversion factor for pounds !avoirdupois] to grams. Duplication of entries 
in the table hos been reduced to the minimum. An entry will be found for kilograms to pounds, 
from which the required factor is obviously 453.6. 

b. Convert inches per pound lo meters per kilogram. A number of conversions hove been 
collected under the name, pounds. The desired factor appears under pounds per inch. Since 
the reciprocal is tabulated, the factors must be interchanged, so the desired one is 0.05600. 
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Centigrade-to-fahrenheit conversion chart 
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Principal physical atomic constants* 

Centimeter-gram-second units 

vsucd symbol denomination vofue and unffs 

F' = Ne/c Forodoy•s constant (physical scale) ! 9652. \9 ± 0.11 emu (g mo!ei-1 

N Avogadro's constant !physical scolel 16.02486 ± 0.000161 X 1023 Cg mole1-1 

i Planck's constant 16.62517 ± 0.000231 X 10-n erg sec 

I ! Electron rest moss 19.1083 ± 0.00031 X 10-z g 

-------
_______ ! Electronic charge 

14.80286 ± 0.000091 X 10-1° esu 

e' = e/c 11.60206 ± 0JlOOC31 X 1 o- 20 emu 

e/m 15.27305 ± 0.000071 X 10" esu g-1 

-------, Charge~to~moss ratio of electron 

e'/m e/lmd J it75890 ± 0.000021 X 107 emu g-1 

Velocity of light in vocuumt 299,793.0 ± 0.3 km ,.,-, 

'1/lmd Compton wavelength of electron (24.2626 ± 0.00021 X 10-11 cm 

_o•_=_"_'_f_14_.-_'m_e_'l_, First Bohr electron-orbit rodius 

a = 60 : Stefon-Bo!tzmonn constant 

-Am_o_x_T _____ , Wien displacement low constant 

15.29172 ± 0.000021 X ]O• cm 

(0.56687 ± 0.000101 X 10-• erg cm-• deg-• seC1 

10 289782 ± 0 0000131 cm deg 

~o he/14.-md Bohr mogneton 10.92731 ± 0.000021 X 10-20 erg gouss~l 

Nm Atomic moss of the electron 15.48763 ± 0.000061 X w-• 
lphyslcol scolel 

Mp/Nm Rotio1 proton moss to electron moss l 836.l 2 ± 0.02 

fo = e · 10'/c Energy ossocioted with 1 ev 11.60206 ± 0.000031 X 10-12 erg 

!mc>/Eol X 10-• j Energy equivolent of electron moss 10.510976 ± 0.000007) Mev 

k = Ro/N Boltzmorm1s constant (l.38044 ± 0.000071 X 10--16 erg deg-• 

Rm Rydberg wave number for infinite moss 1109,737.309 ± 0.0121 cm-1 

H Hydr0gen atomic moss (physical scolel 1.008142 ± 0.000003 

Ro Gos constont per mole {physical sco1eJ 18.31696 ± 0.00034) X 107 erg mole-1 deg-1 

Vo Standard volume of perfe<:I gos 122,420.7 ± 0.61 cm• otmos mole-• 
lphyskol scolel 

* Extracted from, E. R. Cohen, J. W. M. DuMond, T. W. Layton, and J. S. Rollett, "Analysis of 
Variance of the 1952 Doto on the Atomic Constants and a New Adjustment, 1955," Reviews 
of Modern Physics, vol. 27, pp. 363-380; October, 1955. 

t Where c appears in the equations for other constants, it is the numerical value of the velocity 
in centimeters per second~ 
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Principal physical atomic constants continued 

Meter-kilogram-second rationalized units 

The following lable is derived from that on p. 34; for further details regarding 
symbols and probable errors, refer to that table. 

vsvol symbol I denomlnotlon value ond units 

F foraday's constant 9.652 X 101 coulomb !kg-molel-1 

N Avogadro's constant 6.025 X 10" !kg-mole!-• 

h Pland.'s constant 6.625 X 10-" joule sec 

m Electron rest mass 19.108 X 10-" kg 

e Electronk charge 1.602 X 10-10 coulomb 

elm Electron charge/mass 1.759 X 1011 coulomb kg-• 

C Velocity of light fn vacuum 2.998 X 1()1 meters sec-1 

h/roc Compton wavelength of electron 2.426 X IQ- 12 meter 

00 first 80hr electron-orbit radius 5.292 X 10-11 meter 

.. Stefan-Boltzmann constant 5.669 X 10-• watt mete,-• !deg KJ-• 

XmaxT Wien displacement-law constant 2.898 X JO-• meter ldeg Kl 

"" Bohr mogneton 9.273 X 10-2, joule meter2 weber-1 

Nm Aromlc moss of the electron 5.488 X 10-• 

M,/Nm Rotio, proton mass to electron moss 1836 

VO Speed of 1.ev electron 5.932 X I Q5 meter sec-1 

Fo Energy ossocioted with 1 ev 1.602 X 10-1• joule 

mc'/Eo Energy equivalent of electron moss 0.5110 X 10• ev 

k Boltzmann's constant 1.380 X 10-21 joule ldeg KJ-1 

R'T' Rydberg wove number for infinite mass 1.097 X 107 mete,-• 

H Hydrogen otomlc moss 1.008 

Ro PV/MT Gos constant 8.317 X 10' joule lkg-molel-1 !deg K1-1 
Nole: joule = [newton/meter2) mefer 11 

Vo Standard volume of perfect gos ot 0° C 22.42 meter3 lxg-mole)-1 
and I atmosphere Ip, 291 

Properties of free space 

Velocity of light = c = l / (µ,€,l ,.., 2.998 X 108 meters per second 

186,280 miles per second 

= 984 X 106 feet per second. 

Permeability µ, = 41r X J0-'1 = 1.257 X J0-6 henry per meter. 

Permittivity = E. = 8.85 X 10-12 ,;::, [361r X 109)-1 farad per meter. 

Characteristic impedance = Z0 = lµ,/E,J½ = 376.7 <:; 1201r ohms. 

-
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Unit conversion table 

equaHon equlvalenf number of 
In mb(r) 

I I 
mb(nr) 

iym- mb(r) (rationalized) mb(nr) I pracl 81U emu (nonraflonal-
quanllly bal unit• unit vnlf• unlf1 ized) unit 

length I meter (m) 1 10• 10' 10, meter (m) - ----
mau "' kilogram 1 IO• IQ! IQ! kilogram .- ---- ----
time t second 1 I I 1 second ----
force F F 

"'· 
newton 1 10• 10' 10' newton ,- ----

wortc,en•gY w w Fl joule ,- 1 1 10' 10' joule 

po- p P-W/1 watt 1 1 107 107 watt 

eleclrlc charge q coulomb 1 1 3Xl0' 10-1 coulomb 

vorume charge density -,,-1p-qf, coulomb/m1 I 10-• 3XIO' IQ-7 eoulomb/m• ., I .. -q/A coulomb/ml 3X10' 
-----

1urface charge den,lty I 10-• 10-• eoulomb/m> 

ooulomb--meter 3X101' 
---· 

electric dipole moment p p qi 1 10• 10 coulom b--mete. 

polarization p p p/• ooulombjm• I 10-• 3XIO' 10-• coulomb/ml 

electric Reid inten,lty E - E = F/q volt/m I 10-2 10-•;3 IQ! volt/m 

pe,mlHlvlty • F = q'/4 .. .P farad/m 4.- 4.-XIO• 36rX10' 4.-XJO-U --
dl1placernenl D D-•E coulomb/m' 4,r 4.-XIO..., 12.-XIO' 4.-XID-' ·---- ----
dl1placernenl Rux -ii' 11< DA coulomb 4.- 4.- 12.-XIO' 4.-XJQ-l ----
emf, eleclrlc poleftlial V V El volt I 1 10-2/3 IQ! volt -·--
current l l q/1 ampere 1 1 3X10' 10-1 ampere --
volume current density J J = l/A ampere/m' 1 10-• 3Xl0' 10-• ampere/m• 

surface current density K K l/1 ampere/m 1 10-' 3X10' 10-1 ampere/m 

re-1-i1-tance R R V/1 ohm I I 10-ll/9 10' ohm 

conducta nee G G = 1/R mho 1 l 9X10ll 10• mho ,_ 
resi,tivity p ,, RA/I ohm-meter I 102 lO-t/9 JOU ohm-meter ,_ 
conducllvlly 'Y 'I l/p mho/meter l lo-> 9Xl01 10-u mho/mcter ,-
capacitance C C-q/V farad 1 I 9XJ()11 10-• farad ..... _ .. 

elastance 8 B= 1/C daraf I I 10--11/9 10" daraf - ----
magnetic charge "' weber IQl/4.- l!ri/12.- 108/4.-- ,_ 
magnetic dipole moment m m tnl weber-meter 1/4.- JQl0/4.- 1/12.- 10'•/4.--- ----
magnetlz:atlon M M ml• weber/m• 1/4.- 10'/4.- 10• /12.- 10'/4.--
magnetic Reid Intensity H H = nl/1 ampere-turn/m 4.- 4.-Xl0-1 12.-x101 4.-Xl0--1 ,- ----
permeablllty ,. F=tn2/4.-,.12 henry/m 1/b- 10' /b- 10-11/36,,. 10'/b--- ----
Induction B B=,.H wcber/m1 l 10' 10-8/3 10• weber/m2 

-- ,- ----
I nducllon ftux 4> 4> BA weber 1 10• 10-•1a !QI weber 

---
mmf, magnetic potential M M HI ampere-tum 4.- 4.-XIO-I 12.-x10• 4.-XJO-I 

-- ,_ 
reludance 1(. 1<..- M/4> ami;,-turn/weber 4.-Xlo• 36rX1011 4.-XlO-' -- ,-
permeance p P - I/~ weber/ami;,-turn 10'/4.- 10-11/36,,. 10'/4.-- ,-
tndudance L L = 4>/1 heory 1 l 10-1119 10' henry 

Compiled by J. R. Rogazzini and l. A. Zadeh, Columbia University, New York. 
The velocity of light was token os 3 X 1010 centimeters/second in computing the conversion factors. 
Equations in the second column ore for dimensional purposes only. 
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I 
,tq11lvalent 

equivalent number of number of equlvalent 
I 

I 
pradicol 

I 
.. v number of emu 

pract I esv emu (cgs) I ""' emv emu 
unlit unit vnH, 

102 10• 10' centimeter (cm) 
! 1 I centimeter (cm) (G) 1 centimeter (cm) 

--- - 1- -
10• Ill' 10• gram 1 1 gram (G) l gram -
l l l second l 1 second (GJ 1 second 

--- ,-
10• 1()11 1()11 dyne 1 l dyne (G) 1 dyne 
--- ,-

1 10' 10' joule 10' 107 erg (G) 1 erg 
--- ---- ,_ 

1 10' 107 watt 107 107 erg/second (G) 1 erg/seeond 
---

1 3Xl00 10-• coulomb 3Xl0' 10-1 statooulomb (G) 10-10/3 abcoulomb 
---

10-• 3X10• 10-7 coulomb/cm• 3X100 10-1 statcoulomb/cm1 (G) 10-1•/3 abooulomb/cm1 

----
10-• 3Xlil' 10-• coulomb/cm• 3X10' 10-1 atateoulomb/cm' (G) 10-"'/3 abcoulomb/cm' 
--- 1-

10• 3X10" 10 coulomb-cm 3X100 10-1 statooulomb-cm (G) 10-1•13 abcoulomb-cm 
--- - --- I-

10-• 3XIO' 10-• coulomb/cm• 3X10' 10--1 statcoulomb/cm• (G) 10-10/3 abcoulamb/cm' --- - -
10-• 1()8 volt/cm 10-2/3 1()8 statvolt/cm (G) 3Xll)lD abvolt/cm -- - ---
10-0 9Xl0' 10-11 9Xl0" 10-• (Gl 10-.0/9 --- - ,_ 
10-• 3X10' 10-• 3Xl0' 10-1 (G) 1(1--l'/3 ---
1 3Xl0' 10-1 3Xl0t 10-1 (G) 10--10/3 ---
I 10-•13 IOI volt 10--/3 10" statvolt (G) 3X1()1• abvolt -
l 3X10' 10-1 ampere 3Xl0' 10-1 statampere (G) lO-lD/3 abampere 

-
10-• 3X10' 10-• ampere/cm' 3X10' 10-1 statampere/cm• (Gl 10-10;3 ab&mpere/ cm• 

10-- 3Xl01 10-• ampere/cm 3Xl0' 10-1 statampere/ cm (G) 10-lD/3 abatnpere/cm ---
1 10-11/9 10' ohm 10-11/9 100 statohm (G) 9Xl()!I) abohm - .-
l 9X10ll 10-• mho 9Xl()l> 10-• ,tatmho (G) 10-.0/9 abmbo - ---- -

10' 10-•10 1011 ohm-<:m 10-1119 10• etatohm-<:m (G) 9Xl0" abobm-.:m - ,_ 
10-• 9XlO• 10-u mho/cm 9Xl0ll 10--0 statmho/cm (G) 10-.0/9 abmho/cm - - ---
1 9X10>I 10-• farad 9Xl0ll 10-" statfarad (cm) <G) 10-20;9 abfamd - - ,-
1 10-u/9 10' daraf 10-11/9 10• statdaraf (G) 9X1020 abdaraf - ,_ 

1()1 10-"/3 1()8 10-1•/3 1 3XlO>• unit pole (G) -
1()1• 1/3 101• 10-10/3 1 3Xl0" pole-cm (G) -
lo< 10-6/3 10' 10-10/3 l 3Xl01• pole/cm' (G) 
~ 

10-• 3Xl01 10-• Oersted 3x101• l 10-10;3 Oersted (Gl -
101 10-"/9 101 gauss/oersled ' 10-.. /9 1 9Xl02• gauso/oersted (G) - '~---I-
10' 10-•/3 lo< gauss l 10-,•13 l 3Xlo•• gau,. (G) -
10• 10-•/3 10• maxwell (line) i 10-••/3 l 3Xl01• maxwell (line) (G) -- ,- 1-
10-1 3Xl0' 10-' gilbert I 3Xl01• l 10-10/3 gilbert (G) -- I-
10-, 9Xlou to-• gilbert/maxwell 9X10"' 1 10-20/9 gilbert/maxwell (G) -- ,- 1-,_ 

100 10-11;9 10' ma&well/gilbert 10-.0/9 l 9Xl020 maxwell/ gilbert (G) -
1 10-11/9 10' henry 10-11/9 10' stathenry (G) 9Xl020 ab henry ( cm) (G) 

G = Gaussian unit. 
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Metric multiplier prefixes 

Multiples and submultiples of fundamental units such as: meter, gram, liter, 

second, ohm, farad, henry, volt, ampere, and watt may be indicated by the 

following prefixes. 

prefix I abbreviation I multiplier prefix I abbreviation multiplier 

tera T 1012 deci d 10-1 

giga G 109 centi C 10__,, 
mega M 106 milli m 10-• 
myria ma 104 micro µ. 10--<1 
kilo k 103 nano n 10• 

hecto h 102 pico p 10-12 

deco da 10 

Fractions of an inch with metric equivalents 

fractions of I decl~alshof I millimeters I fractions of I decimals of I 1111 t 
an inch an inc an inch an Inch m me ers 

!,(. 0.0156 0.397 3¾4 0.5156 13.097 
¼.i 0.0313 0.794 l½:i 0.5313 13.494 

¾4 0.0469 1.191 39' 0.5469 13.891 

½'6 0.0625 1.588 ¾'6 0.5625 14.288 

9M 0.0781 1.984 33' 0.5781 14.684 

¾.i 0.0938 2.381 1¾2 0.5938 15.081 

3' 0.1094 2.778 aYM 0.6094 15.478 
½ 0.1250 3.175 % 0.6250 15.875 

YM 0.1406 3.572 4),(. 0.6406 16.272 
§{i 0.1563 3.969 2¼,i 0.6563 16.669 

1),(. 0.1719 4.366 '¾4 0.6719 17.066 

¾'6 0.1875 4.763 1½'6 0.6875 17.463 
1¾4 0.2031 5.159 '9' 0.7031 17.859 

¼:i 0.2188 5.556 2¾.i 0.7188 18.256 
19' 0.2344 5.953 '¼ 0.7344 18.653 

¼ 0.2500 6.350 ¾ 0.7500 19.050 
13' 0.2656 6.747 '¾ 0.7656 19.447 

¾2 0.2813 7.144 2¾'2 0.7813 19.844 
lYM 0.2969 7.541 5),(. 0.7969 20.241 

¾'6 0.3125 7.938 1¾'6 0.8125 20.638 
2),(. 0.3281 8.334 5¾4 0.8281 21.034 

1½'2 0.3438 8.731 2½:i 0.8438 21.431 
2¾4 0.3594 9.128 59' 0.8594 21.828 

¾ 0.3750 9.525 ½ 0.8750 22.225 
29' 0.3906 9.922 53' 0.8906 22.622 

l¾.i 0.4063 10.319 2¾:i 0.9063 23.019 
23' 0.4219 10.716 5YM 0.9219 23.416 

:H'6 0.4375 11.113 1¾'6 0.9375 23.813 
2¾ 0.4531 11.509 6),(. 0.9531 24.209 

1¼'2 0.4688 11.906 3¼,i 0.9688 24.606 

•w. 0.4844 12.303 6~ 0.9844 25.003 
½ 0.5000 12.700 - 1.0000 25.400 
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Greek alphabet 

name 

ALPHA 

BETA 

GAMMA 

DELTA 

EPSILON 

ZETA 

ETA 

THETA 

IOTA 

KAPPA 

LAMBDA 

MU 

NU 

XI 

capital small cammanly used ta designate 

A a Angles, coefficients, attenuation constant, absorption factor, 

B 

r 

E 

z 
H 

e 

K 

A 

M 

N 

{3 6 

'Y 

Ii 

E 

r 
7/ 

area 

Angles, coefficients, phase constant 

Complex propagation constant (capl, specific gravity, angles, 
electrical conductivity, propagation constant 

Increment or decrement !cap or smalll, determinant (capl 
permittivity (capl, density, angles 

Dielectric constant, permittivity, base of natural logarithms, 
electric intensity 

Coordinates, coefficients 

Intrinsic impedonce, efficiency, surface charge density, 
hysteresis, coordinotes 

{} I} Angular phase displacement, time constant, reluctance, angles 

Unit vector 

IC 

µ 

V 

Susceptibility, coupling coefficient 

Permeance lcapl, wavelength, attenuation constont 

Permeability, amplification factor, prefix micro 

Reluctivity, frequency 

Coordinates 

OMICRON O o 

Pl 

RHO 

SIGMA 

TAU 

UPSILON 

PHI 

CHI 

PSI 

OMEGA 

II 

p 

T 

T 

X 

p 

(J' 

r 

V 

3.1416 

Resistivity, volume charge density, coordinates 

Summation leap), surface charge density, complex propagation 
constant, electrical conductivity, leakoge coefficient 

Time constant, volume resistivity, time-phase displacement, 
transmission factor, density 

cf> <P Scalar potential lcapl, magnetic flux, angles 

X Electric susceptibility, angles 

if; Dielectric Aux, phase difference, coordinates, angles 

w Resistance in ohms leap), solid angle (cap), angulor velocity 

Small letter is used except where capital (cap) Is Indicated. 
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Decibels and power, voltage, and current ratios 

The decibel, abbreviated db, is a unit used to express the ratio befween fwo 
amounts of power, P1 and P2, existing at fwo points. By definition, 

number of db 
P1 = 10 10910 -
P2 

It is also used to express voltage one! current ratios; 

Vi 
number of db = 20 10910 -

V2 

Strictly, it con be used to express voltage and current ratios only when the 
voltages or currents in question ore measured al places having identical 
impedances. 

power 
ratio 

1.0233 
1.0471 
1.0715 
J.0965 

1.1220 
l.1482 
1.1749 
1.:2(123 

1.2303 
J.2589 
1.3183 
1.3804 

1.4454 
l.5136 
1.5849 
1.6595 

1.7378 
1.8197 
1.9055 
1.9953 

2.2387 
25119 
2.8184 
3.1623 

3.5481 
3.9811 
5.0119 
6.3096 

7.9433 
10.0000 
12.589 
15.849 

To convert 

vol"'9• 
and current 

raffo 

1.0116 
1.0233 
1.0351 
1.0471 

1.0593 
1.0715 
l.o839 
1.0965 

1.1092 
1.1220 
1.1482 
1.1749 

1.2023 
1.2303 
1.2589 
1.2882 

1.3183 
1.3490 
1.3804 
1.4125 

1.4962 
1.5849 
1.6788 
1.7783 

1.8836 
1.9953 
22387 
25119 

2.8184 
3.1623 
3.5481 
3.9811 

doclbolt 

0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 

0.9 
J.O 
1.2 
1.4 

1.6 
1.8 
20 
22 

24 
2.6 
2.8 
3.0 

3.5 
4.0 
4.5 
5.0 

5.5 
6.0 
7.0 
8.0 

9.0 
!0.0 
11.0 
12.0 

Decibels to nepers multiply by 0.1151 
Nepers to decibels multiply by 8.686 

power 
ratio 

19.953 
25.119 
31.623 
39.811 

50.119 
63.096 
79.433 

100.00 

158.49 
251.19 
398.11 
630.96 

1000.0 
1584.9 
2511.9 
3981.1 

6309.6 
10' 

10' X 1.5849 
10' X 25119 

10' X 3.9811 
10' X 6.3096 

JOO 
10' X 1.5849 

100 X 2.5119 
10' X 3.9811 
10" X 6.3096 

10" 

JO' 
10' 
10' 
JOJO 

vallage 
and Cunenl 

rollo 

4.46611 
5.0119 
5.6234 
6.3096 

7.0795 
7.9433 
8.9125 

l0.0000 

12.589 
15.849 
19.953 
25.119 

31.623 
39.811 
50.119 
63.096 

79.433 
100.000 
125.89 
158.49 

199.53 
251.19 
316.23 
398.11 

501.19 
630.96 
794.33 

1,000.00 

3,162.3 
10,000.0 
31,623 

100,000 

decibel• 

13.0 
14.0 
15.0 
16.0 

17.0 
18.0 
19.0 
20.0 

22.0 
24.0 
26.0 
28.0 

30.0 
32.0 
34.0 
36.0 

38.0 
40.0 
420 
44.0 

46.0 
48.0 
50.0 
52.0 

54.0 
56.0 
58.0 
60.0 

70.0 
80.0 
90.0 

100.0 

Where the power ratio is less than unity, it is usual lo Invert the fraction and express the answer 
as o decibel loss, 



CHAPTER 3 41 

• Properties of materials 

Atomic weights* 

element symbol atomic atomic element symbol atomic atomic 
number weight number weight 

Actinium Ac 89 227 Lead Pb 82 207.21 
Aluminum Al 13 26.98 lithium Li 3 6.940 
Americium Am 95 =241 Lutetium Lu 71 174.99 
Antimony Sb 51 121.76 Magnesium Mg 12 24.32 
Argon A 18 39.944 Manganese Mn 25 54.93 

Arsenic As 33 74.91 Mercury Hg 80 200.61 
Astatine At 85 211 Molybdenum Mo 42 95.95 
Barium Ba 56 137.36 Neodymium Nd 60 144.27 
Berklinium Bk 97 =243 Neon Ne 10 20.183 
Beryllium Be 4 9.013 Neptunium Np 93 =239 

Bismuth Bl 83 209.00 Nickel Ni 28 58.69 
Boron B 5 10.82 Niobium Nb 41 92.91 
Bromine Br 35 79.916 Nitrogen N 7 14.008 
Cadmium Cd 48 112.41 Osmium Os 76 190.2 
Calcium Ca 20 40.08 Oxygen 0 8 16.0000 

Californium Cf 98 =244 Palladium Pd 46 106.7 
Carbon C 6 12.010 Phosphorus p 15 30.975 
Cerium Ce 58 140.13 Platinum Pt 78 195.23 
Cesium Cs 55 132.91 Plutonium Pu 94 =238 
Chlorine Cl 17 35.457 Polonium Po 84 210.0 

Chromium Cr 24 52.01 Potassium K 19 39.100 
Cobalt Co 27 58.94 Praseodymium Pr 59 140.92 
Copper Cu 29 63.54 Promethium Pm 61 147 
Curium Cm 96 =242 Protactinium Pa 91 231 
Dysprosium Dy 66 162.46 Radium Ra 88 226.05 

Erbium Er 68 167.2 Radon Rn 86 222 
Europium Eu 63 152.0 Rhenium Re 75 186.31 
Fluorine F 9 19.00 Rhodium Rh 45 102.91 
Francium Fr 87 223 Rubidium Rb 37 85.48 
Gadolinium Gd 64 156.9 Ruthenium Ru 44 101.7 

Gallium Ga 31 69.72 Samarium Sm 62 150.43 
Germanium Ge 32 72.60 Scandium Sc 21 44.96 
Gold Au 79 197.2 Selenium Se 34 78.96 
Hafnium Hf 72 178.6 Silicon Si 14 28.09 
Helium He 2 4.003 Silver Ag 47 107.880 

Holmium Ho 67 164.94 Sodium No 11 22.997 
Hydrogen H 1 1.0080 Strontium Sr 38 87.63 
Indium In 49 114.76 Sulfur s 16 32.06 
Iodine i 53 126.91 Tantalum To 73 180.88 
Iridium Ir 77 193.1 Technet1um Te 43 98 

Iron Fe 26 55.85 Tellurium Te 52 127.61 
Krypton Kr 36 83.80 Terbium Tb 65 159.2 
lanthanum La 57 138.92 TholUum Tl 81 204,39 

• From "Handbook of Chemistry and Physics," 34th editlon, Chemical Rubber Publishing Com~ 
pony; Cleveland, Ohio. 
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Atomic weights continued 

atomic atomic element symbol number weight element 

Thorium Th 90 232.12 Vonadium 
Thulium Tm 69 169.4 Xenon 
Tin Sn 50 118.70 Ytterbium 

Titanium Ti 22 47.90 Yttrium 
Tungsten w 74 183.92 Zinc 
Uranium u 92 238.07 Zirconium 

Electromotive force 

Series of the elements 
elamenl volts ion element 

lithium 2.9595 u+ Tin 
Rubidium 2.9259 Rb+ lead 
Potassium 2.9241 K+ Iron 
Strontium 2.92 sr++ Hydrogen 
Barium 2.90 Ba++ Antimony 
Calcium 2.87 ca++ Bismuth 
Sodium 2.7146 Na+ Arsenic 
Mognesium 2.40 Mg++ Copper 
Aluminum 1.70 Al+++ Oxygen 
Beryllium 1.69 Be++ Polonium 
Uranium 1.40 u++++ Copper 
Manganese 1.10 Mn++ Iodine 
Tellurium 0.827 Te-- Tellurium 
Zinc 0.7618 Zn++ Silver 
Chromium 0.557 cr++ Mercury 
Sulphur 0.51 s- lead 
Gallium 0.50 Ga+++ Palladium 
Iron 0.441 fe++ Platinum 
Cadmium 0.401 Cd++ Bromine 
Indium 0.336 In+++ Chlorine 
Thallium 0.330 r1+ Gold 
Cobalt 0.278 ca++ Gold 
Nickel 0.231 Ni++ Fluorine 

Position of metals in the galvanic series 

Corroded end ( anodic, 
or least noble) 
Magnesium 
Magnesium alloys 

Zinc 

A,uminum 2S 

Cadmium 

A 1uminum 17ST 

18-8 Stainless !active) 
18-8-3 Stainless !active) 

lead-tin solders 
lead 
Tin 

Nickel (active! 
lnconel !active) 

Brasses 
Copper 

atomic atomic symbol number weight 

V 23 50.95 
Xe 54 131.3 
Yb 70 173.04 

y 39 88.92 
Zn 30 65.38 
Zr 40 91.22 

volts Ion 

0.136 Sn++ 
0.122 Pb++ 
0.045 fe+++ 
0.000 H+ 

-0.lO Sb+++ 
-0.226 B;+++ 
-0.30 As+++ 
-0.344 cu++ 
-0.397 o-
-0.40 Pa++++ 
-0.470 cu+ 
-0.5345 1-
-0.558 Te++++ 
-0.7978 Ag+ 
-0.7986 Hg++ 
-0.80 Pb++++ 
-0.820 Pd++ 
-0.863 Pt 
-1.0648 Br-
-1.3583 o-
-J.360 Au+++ 

1.50 Au+ 
-1.90 r 

Silver solder 

Nickel (passive) 
lncone I (passive) 

Chromium-iron (passive) 
18-8 Stainless lpassivel 
18-8-3 Stainless (passive) 

Silver 

Graphite 
Gold 

Steel or Iron 
Cast Iron 

Bronzes Platinum 
Chromium-iron loctivel C . . opper-nickel alloys Protected end (cathodic, 
Ni-Resist Mone! or most noble) 
Note, Groups of metals indicate they ore closely similar in properties. 
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Electromotive force continued 

Periodic chart of work functions* 

pwlodl I J II I Ill I IV lgroupv I VI I VII 
AIB Afll!AfBtAfB AllllA!ll AfB 

VIII 

2 : ~.39 __ f.37
1
_ !.s ' .. -1· f39 ~f.;J-'.-

1

[ ____ 1_ 
3 Na Mg Al i I Si P I S . 

__ 2.27 ____ 3.46 __ 3.74 I __ , 4.1 __ . - __ l __ l _________ _ 

4 K Sc ' Ti I V i , Cr I Mn Fe Co Ni 

=,----1--·--·--~---~i __ ,·~--=--.~~~ 
' Cu Zn I Ga j Ge ' I As , Se \ •1 

4.47 3.74 3.96 I 4.56 . 5.11 I 4.72 j 
---- -------- ,--i----,----------

5 Rb Sr . Y Zr I Cb I I Mo I Tc Ru Rh Pd 
2.13 -- 2.35 i ______ 3.84 -- 3.99 I __ 4.27 -- - -- 4.52 4.65 4.82 

Ag , Cd In I Sn : 1 Sb I Te 
4.2s I 3.92 - 4. n , 14.oo . 4.73 i 

6 Cs , 1· Ba la Hf Ta 

1

1
1 

W I Re Os Ir Pt 1.891' , 2.29 3.3 3.53 4. \2 , 4,50 I 5.1 4.55 4.57 5.29 

' Au Hg Tl Pb Bi ' Po ,~ ~ ~ ~ ~- -
7 Fa , Ra Ac ! I~l 'Pa j ~

74 
,--i---1------

Rare Ce Pr Nd Sm I I ' '1 

earths 27 2.7 3.3 3.2 1 i i 

• Mean of published dota, 1924-1949. From, H.B. Michaelson, "Work Functions of the Elements," 
Journal of Applied Physics, vol, 21, pp. 536-540; June, 1950, 

Temperature-emf characteristics of thermocouples* 
• 100 
i 
:! 90 
e 80 
.5 

I 

I 
(J 

e 70 
• 

60 

50 

40 

30 

20 

10 

,.._ - St ./ 

I .,/ ~ 
1:-... , ((le\ :;,CZ ,,.. ~,,~ -I ~ I I ...-~ - Rh/92Rh8Re ./ .... z>'1s?-~ ~ 

I ..... ~~ -- ~ Ir/60Rh401r 

C,\l 4':l~e':l?-I'< IW/!Fe9911Ao 

~ ~ i>l/gO'!i~t/90P110Rh - 11 ----
=-' -- -- -- - -0 - Ir/90lr10Ru 

I I I 
0 200 400 600 800 1000 1200 1400 1600 1800 2000 

degrees eentigrode 

* From R. l. Weber, "Temperature Measurement ond Control," 
Blokiston Co., Philadelphia, Pennsylvania; 1941: see pp. 68-71. 
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1000 1400 

deg C 



continued Electromotive force 

Thermocouples and their characteristics 
type I copper/con1lanlanl lron/con1lanlan j chromel/conilanlanl_ chrornel/alumel j_P_ la-linum/pla_llnumj plot_i_num/plalinumj carbora/111icon __ _ __ __ ___ ::J ___ ___ _ ___ rhodium (10) _rhodium (13) carbide 

Composition, percent l1~c-:--60C;:;;;; I 100f:· 60Cu40~;;;~, 1~~~Ni 10Cr 94Ni 2AI 3Mn \Sir;-- 90ft 10Rh I ft 87ft 13Rh I C SIC 

*Rangeolopplication, 0 Cj_.-200to +300 l=-200to_+1382 !Oto +1100 ___ 1-200!0_ +1200 ____ !Oto +1450 IOto +1450 Ito +2000 
Resistivity,micro-ohm:e,n IT:75-__ ·.w-- - rro· 49 l70 --- 49- l76- - 29.4 ---flO 21 I I 
Temperature coefficient ofj I I I I I I 
resistivity, per ° C 0.0039 0.00001 ,0.005 0.00001 0.00035 0.0002 0.00035 0.000125 0.0030 0.0018 
Meltin9_ temperature,° C f1085 1190--rI535 ___l_l'1Q_ ~O 1190 IJ400 1430 _ _J1755 _ 1700 I 13000 2700 

100°c 5.28mv 100°C 6.3mv 100°C 4.1 mv 
200 10.78 200 13.3 200 8.13 
400 21.82 400 28.5 400 16.39 
600 33.16 600 44.3 600 24.90 

100°C 0.643mv 100°c 0.646mT 2 l 00 C 353.6mv 
200 1.436 200 1.464 1300 385.2 
400 3.251 400 3.398 1360 403.2 
600 5.222 600 5.561 1450 424.9 

800 45.48 800 33.31 800 7.330 800 7.927 
1000 58.16 1000 41.31 1000 9.569 1000 10.470 

1200 48.85 1200 11.924 1200 13.181 
1400 55.81 1400 14.312 1400 15.940 

1600 16.674 1600 18.680 

1nflvence of temperotvre 
and gas atmo1phere 

Subject to oxidation Oxidizing ond re- Chrome! attacked by Resistance to oxidizing otmos
ond alteration above dudng atmosphere sulphurous atmosphere. phere very good. Resistance to 
400° C due Cu, above hove little effect on Resistance to oxida. redudng atmosphere poor. 
600° due constantan accuracy. Best vsed tion good. Resistance Affected by sulphur, reducing 
wire, Ni-plating of in dry atmosphere. to reducing otmO$- or sulphurous gos, SO, and 

Resistance to oxidizing atmosphere very 
good. Resistance to reducing atmosphere 
poor. Susceptible to chemical alteration 
by k, Sl, P vapor in reducing gos (CO2, 
H2, H2S, S02L Pt corrodes easily above 
1000°. Used In gos~tight protecting tube. 

Used os tube ele
Corbon 

chemically 

Cu tube gives protec- Resistance to oxido- phere poor. H2S. 
tion, in acid-contofn- tion good to 400° C. 
ing gas. Contomina- R.esistonce to reduc-
tion of Cu affects Ing otmosphere 
calibration greot!y. good. Protect from 
Resistance to oxid. oxygen~ moisture, 
otm. good. Resistance sulphur. 
to reducing otm. 
good. Requires pro-
tection from ocid 
fumes. 

Porticulor opplicotrons I low temperature, in• low temperature$ in. 
dustriol. tnternal com- duttriol. Steel an• 
bustion engine. Used neo!ing, boller flues, 
as o tube element tube stillt. Used in 
for measurements in reducing or neutral 
steam line. atmosphere. 

* For prolonged usage; can be used ot higher temperature for short periods. 

Industrial. Ceromlc kilns, tube ard 630 to 1065° C. but has higher emf. ladle temperatures. 
Used In oxidizing atmosphere.llnternational Stond-1S!milor to Pt/PtRhllOl,Steel furnace and 

sU!ls, electric furnaces. taborotory meas
uraments. 

=== 
@ 
~ 

= w 
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Physical constants of various metals and alloys 

avg coeff 
relative temp specific coeff of thermal melting 

material resist• coeff of gravity thermal expan point 
once* resistivity cond (XIO-<l) oc 

Advance (55 Cu, 45 Ni) see Constonton 

I Aluminum 1.64 0.0039 2.70 2.03 28.7 660 
Antimony 24.21 0.0036 6.7 0.187 10.9 630 
Arsenic 19.33 0.0042 5.73 - 3.86 sublimes 
Bismuth 69.8 0.004 9.8 0.0755 13.4 271 
Brass 166 Cu, 34 Znl 3.9 0.002 8.47 1.2 20.2 920 
Cadmium 4.4 0.0038 8.64 0.92 31.6 321 
Carbon, gas 2900 -0.0005 - 3500 
Chromax 1)5 Cr, 35 Ni, 

balance fe) 58.0 0.00031 7.95 0.130 - 1380 
Cobalt 5.6 0.0033 8.9 - 12.4 1495 
Columbium see Niobium 
Constantan 155 Cu, 45 Ni) 28.45 ±0.0002 8.9 0.218 14.8 1210 
Copper-annealed 1.00* 0.00393 8.89 3.88 16.l 1083 

hard drawn 1.03 0.00382 8.94 1083 
Duralumin 3.34 0.002 2.7 1.603 500-637 
Eureka 155 Cu, 45 Nil see Constonton 

0.07-0.091 Gallium 56.8 5.903-6.093 18.0 29.78 
German silver 16.9 0.00027 8.7 0.32 i 18.4 lllO 
Germanium =65.0 - 5.35 - - 958.5 
Gold 1.416 0.0034 19.32 2.96 14.3 1063 
Ideal (55 Cu, 45 Nil see Constantan 
Indium 9.0 0.00498 7.30 0.057 33.0 156.4 
Iron, pure 5.6 0,0052--0.0062 7.86 0.67 12.1 1535 
Kovar A 129 Ni, 17 Co, 

0.3 Mn, balance fel 28.4 8.2 0.193 6.2 1450 
lead 12.78 0,0039 11.34 0.344 29.4 327 
Magnesium 2.67 0.004 1.74 1.58 29.8 651 
Mangonin 184 Cu, 12 Mn, i 

4 Nil 26 ±0.00002 8.5 I 0.63 - 910 
Mercury 55.6 0.00089 13.55 i 0.063 - -38.87 
Molybdenum, drawn 3.3 0.0045 10.2 I 1.46 6.0 I 2630 
Mone! metal (67 Ni, 30 

Cu, 1.4 Fe, 1 Mn) 27.8 0.002 8.8 0.25 16.3 1300-13 50 
Nichrome I !65 Ni, 12 

Cr, 23 Fel 65.0 0.00017 8.25 0.132 - 1350 
Nickel 5.05 

I 
0.0047 8.9 0.6 15.5 1455 

Nickel silver 164 Cu, 18 
Zn, 18 Nil 16.0 0.00026 8.72 0.33 - 1110 

Niobium 13.2 0.00395 ass - 7.1 2500 
Palladium 6.2 0.0033 12.0 0.7 11.0 1549' 
Phosphor-bronze 14 Sn, 

0.5 P, balance Cul 5.45 0.003 8.9 0.82 16.8 105(} 
Platinum 6.16 0.003 21.4 0.695 9.0 1774 
Silicon - 2.4 0.020 4.68 1420 
Silver 0.95 0.0038 10.5 4.19 18.8 960.5 
Steel, manganese f13Mn, 

1 C, 86 Fel 41.1 - 7.81 0.113 - 1510 
Steel, SAE 1045 t0.4-0.5 

C, balance Fel 7.6-12.7 7.8 0.59 15.0 1480 
Steel, 18-8stainless !0.1 C, I 

18 Cr, 8 Ni, balance Fel 52.8 I 7.9 I 0.163 19.l 1410 

* Resistivity of copper = 1.7241 X 10-4 ohm-centimeters. 
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Physical constants of various metals and alloys continued 

material 

antalum T 
T 
T 
T 
T 
T 
u 
z 
z 

horium 
in 
itonium 
ophet A (80 NI, 20 Cr) 
ungsten 
ronium 
inc 
irconium 

relative 
resist-
ance* 

9.0 
18.6 
6.7 

47.8 
62.5 
3.25 

32-40 
3.4 
2.38 

temp 
coelf of 

resistivity 

0.003 
0.0021 
0.0042 

-
0.00014 
0.0045 
0.0021 
0.0037 
0.0044 

I avg eoelf 
specific I coelf of thermal 
gravity thermal expan 

cond cx10-&) 

16.6 0.545 6.6 
11.2 - 12.3 
7.3 0.64 26.9 
4.5 0.41 8.5 
8.4 0.136 -

19.3 1.6 4.6 
18.7 1.5 -
7.14 1.12 26.3 
6.4 - 5.0 

melting 
point 
oc 

2900 
1845 
231.9 

1800 
1400 
3370 

=1150 
419 

1900 

Relative resistance: The table of relative resistances gives the ratio of the 
resistance of any material to the resistance of a piece of annealed copper 
of identical physical dimensions and temperature. The resistance of any 
substance of uniform cross-section is proportional to the length and inversely 
proportional to the cross-sectional area. 

R = pL/A 

where 

p = resistivity, the proportionality constant 
L = length 
A = cross-sectional area 
R = resistance in ohms 

If Land A are measured in centimeters, pis in ohm-centimeters. If Lis measured 
in feet, and A in circular mils, pis in ohm-circular-mils/foot. 

Relative resistance = p divided by the resistivity of copper (1.7241 X JQ- 6 

ohm-centimeters) 

Temperature coefficient of resistivity gives the ratio of the change in re
sistivity due to a change in temperature of I degree centigrade relative to 
the resistivity at 20 degrees centigrade. The dimensions of this quantity are 
ohms/ degree centigrade/ ohm, or I /degree centigrade. 

The resistance at any temperature is 

R a:20 !T - 20)] 

where 

R20 = resistance in ohms at 20 degrees centigrade 
T = temperature in degrees centigrade 
a 20 = temperature coefficient of resistivity/ degree centigrade at 20 de

grees centigrade 



PROPERTIES OF MATERIALS 47 

Physical constants of various metals and alloys continued 

Specific gravity of a substance is defined as the ratio of the weight of a 
given volume of the substance to the weight of on equal volume of water. 
In the cgs system, the specific gravity of a substance is exactly equal to the 
weight in grams of one cubic centimeter of the substance. 

Coefficient of thermal conductivity is defined as the time rote of heat trans
fer through unit thickness, across unit area, for a unit difference in tempera
ture. Expressing rate of heat transfer in watts, the coefficient of thermal 

conductivity 

K = WL/ A!J.T 

where 

W = watts 
L thickness in centimeters 

A = area in centimeters2 

!J.T = temperature difference in degrees centigrade 

Coefficient of thermal expansion: The coefficient of linear thermal expansion 
is the ratio of the change in length per degree to the length at 0° C. It is 
usually given as an average value over a range of temperatures and is 
then called the average coefficient of thermal expansion. 

Temperature charts of metals 

On the following two pages are given centigrade and fahrenheit tempera
tures relating to the processing of metals and alloys. 

Soldering, brazing, and welding: This chart has been prepared to provide, 
in a convenient form, the melting points and components of various common 
soldering and brazing alloys. The temperature limits of various joining 
processes are indicated with the type and composition of the flux best suited 
for the process. The chart is a compilation of present good practice and 
does not indicate that the processes and materials cannot be used in other 
ways under special conditions. 

Melting points: The melting-point chart is a thermometer-type graph upon 
which are placed the melting points of metals, alloys, and ceramics most com
monly used in electron tubes and other components in the electronics industry. 
Pure metals are shown opposite their respective melting points on the right 
side of the thermometer. Ceramic materials and metal alloys are similarly 
shown on the left. The melting temperature shown for ceramic bodies is that 
temperature above which no crystalline phase normally exists. No attempt 
has been mode to indicate their progressive softening characteristic. 
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Temperature charts of metals continued 

Soldering, brazing, and welding processes* 

alloys for soldering ond brazing 

t&mp operation flux temp components remarks name 

" " " " " " " ~F •c 
2400 

2200 1200 
weldinq 

2000 

.,, •c 
1800 

1000 ~~eoo 982 
hlgh• 

temperoture dry b11raa 
brazing 

1600 
potta 

16()0 871 

10 borax+ 
boric acid 

800 • wcter 142 774 
1400 

hord solder handy flux 1340 727 tilwr IOlder 1300 704 

54Cu 46 Zn 1 1pell1r t I bn1Zin9 
50 Ag,34Cu, 9eneral 

alloy 

16 Zn purpote ETX 
45AQ,30Cu, 

25Zn silver solder 
15AD.:>0CIL!i Pb only for Sil Fos 

non-ftrl'OU$ 

1200 
1175 635 

600 ' 1100 593 

general Eosy-flo 
-j50ACJ.16C~r purpoM: 

18Cd 16Zn iron,1toin-
IHI,, •• ,. 
brats, 

1000 coPper,etc. 

intermediate 

800 
solderl' 

(ol 
400 poste 750 399 

t 90 
petralotum, 

600 
IONf\CI 

(bl 545 285 rosin In 

intermedioll 
-j~OAg,3 Cul solder 

2Zn 75Snl 

30 Sn TO Pb 

olcohol 
464 240 (cl 

50Sn SOPb holf and half 

400 200 soft solder 40Zn Cit, 
361 183 201n•4c1, 

40Ha0 
(dl 

63Sn 37Pb freeze& I eutectic 
and melts 
ot some 

ternp. 

200 
rosin 

142 61 -j50Bi 13Cdl Woots metol 
25Pbl2Sn1 

100 

• By R. C. Hitchcock, Research laboratories, Westinghouse Electric Corp., East Pittsburgh, Po. 
Reprinted by permission from Product Engineering, vol. 18, p. 171; October, 1947. 
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Temperature charts of metals continued 

Melting points of metals, alloys, and ceramics* 
alloys 

eeromies 
lemperoture 

metals OF oc 
'f' I 'f 

7,000 r 4,ooo 
'f 'f 

Thorio (ThOtl---------- 1 ======:::;------Grophllt 
I 3,000 Tungsten 

Colcio (Co 0) S 000 r Tontolllm 

eer}'llio (ee Ol~I 3,600 l 2,000 Mol~::~: 
Slrontio Sr 0-----· 
Alumina Al1 o,-----' 3,SOO 
eario ea o------ 3,400 

3,300 

3,200 
Ouorti s,0,.---------3,100 

3,000 

2,900 

2,800 

l)uroloy 18·8-----;=====~•'.'.,;7~0~0 
llovar _____ _.., 2,600 

Nichrome IV ----Irl ===='ii2ci,5;';0.i<o 
lnconel ------- I 
Tophel A-------'· 2,400 

2,300 
Nickel Coinage,Pre·War U.S.A.---2,200 
Platinum Solder --------.,.2-,1,..,0,..,,0 

2,000 
Au 37,5, Cu 62,S-_j--,-----1,900 
Bross Cu 85, 15 Zn t,800 

Au 80, Cu 20 --------~
1 

-
70

-
0 

1,600 

eT-------------""'•~s~o~o 
1,400 

1,300 
Easy-Flo 3----------1,200 
Eosy-Flo45 t,IOO 

Gold 80, Indium 20 l,OOO 

900 
Sn 60, Ag 40 ----------

8
-
0

-
0 

700 

600 
30·70 Soll Sotder---------==-=-
~0·50 Soft Solder--------5-'0~0 

400 
83·37 Soft Solder--' 300 

200 

100 

1,900----------Zirconlum 

-------------Thorium 
1,aoo-----------Titonium 
-'-------'1------Platinum 

1,700 

1
,..,6,,.0,..0.,-----------Chromium 

------------Poll odium 

1,500 Iron 

------------- Nickel 
•1,:.:11onno-----'------Silicon 

------------Beryllium 

1,300 

1,200 
------------Uranium 

'.'.:'::::0:::0::::::====:;::======-:c~opper 
Gold 

1,000 
========,-----Silver 

900 
,.._----Germanium 

-------------Barium 
800=====:::::;------Calcium 

,__----Strontium 

700 

========,:=====-;Aluminum Magnesium 
600 

500 

' 4=0"0------------"-Zinc 

300 
Mercury (boils) 

Lead 

--------------Tin 
200 
-------------Indium 
100 

-------------Gallium 
0 

* By K. H. McPhee. Reprinted by permluion from Electronics, vol. 21, p. ll8; December, 1948. 

•. 
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Wire tables• 

Solid copper-comparison of gauges 

Amer- Blrmlng• British diameter area weight 

lean ham stand• 
(B& S) (Stubs') ard mllll- clrcular 

square 
per I per Iron (NBS) mll1 mllli• square 1000 feel kilometer wire 

wire wire meters mil• meters Inch•• In In gauge 
gauge gauge pound• kilograms 

0 - 340.0 8.636 115600 58.58 0.09079 350 521 
0 - - 324.9 8.251 105500 53.48 0.08289 319 475 
- - 0 324.0 8.230 105000 53.19 0.08245 318 472 
- 1 J 300.0 7.6ZJ 90000 45.60 0.07069 273 405 
J - - 289.3 7.348 83690 4241 0.06573 253 377 
- 2 - 284.0 7.214 80660 40.87 0.06335 244 363 
- - - 283.0 7.188 80090 40.58 0.06290 242 361 
- - 2 276.0 7.010 76180 38.60 0.05963 23! 343 
- 3 - 259.0 6.579 67080 33.99 0.05269 203 302 
2 - - 257.6 6.544 66370 33.63 0.05213 201 299 

- - 3 252.0 6.401 63500 32.18 0.04988 193 286 

- 4 - 238.0 6.045 56640 26.70 0.04449 173 255 

- - 4 232.0 5.893 53820 27.27 0.04227 163 242 
3 - - 229.4 5.627 52630 26.67 0.04134 159 237 
- 5 - 220.0 5.586 48400 24.52 0.03801 147 217 

- - 5 212.0 5.385 44940 Zl.77 0.03530 136 202 
4 - - 204.3 5.189 41740 21.16 0.03276 126 188 
- 6 - 203.0 5.156 41210 20.86 0.03237 125 166 

- - 6 1920 1,.677 36660 18.68 0.02895 112 166 
5 - - 181.9 4.621 33100 16.77 0.02600 100 149 

- 7 - 160.0 4.572 32400 16.42 0.02545 98.0 146 
- - 7 176.0 4.470 30980 15.70 0.02433 93.6 139 

- 8 - 165.0 4.191 27220 13.86 0.02138 86.2 123 
6 - 162.0 4.ll6 26250 13.30 0.02062 79.5 ll8 

- 8 160.0 4.064 25600 12.97 0.02011 77.5 115 
- 9 - 148.0 3.759 21900 11.10 0.01720 66.3 98.6 
7 - - 144.3 3.665 20820 10.55 0.01635 63.0 93.7 
- - 9 144.0 3.658 20740 10.51 0.01629 62.8 93.4 
- 10 - 134.0 3.404 17960 9.098 0.01410 54.3 80.8 
8 - - 128.8 3.264 16510 8,366 0.01297 50.0 74.4 
- - 10 128.0 3.251 16380 8.302 0.01267 49.6 73.8 
- 11 120.0 3.048 14400 7.297 0.01131 43.6 64.8 
- - II 116.0 2946 13460 6.818 0.01057 40.8 60.5 
9 - - 114.4 2.906 13090 6.634 0.01026 39.6 58.9 
- 12 - 109.0 2.769 11880 6.020 0.009331 35.9 53.5 

12 104.0 2642 10820 5.461 0.008495 32.7 48.7 
10 - - 101.9 2588 10380 5.261 0.008155 31.4 46.8 

- 13 - 95.00 2.413 9025 4,573 0.007088 27.3 40.6 
- - 13 9200 2.337 8464 4.289 0.006646 25.6 38.1 

11 - - 90.74 2.305 8234 4,172 0.006467 24.9 37.1 
- 14 - 83.00 2.108 6889 3.491 0.005411 20.8 31.0 

12 - - 80.81 2053 6530 3.309 0.005129 19.8 29.4 
- - 14 80.00 2.032 6400 3.243 0.005027 19.4 28.8 
- 15 15 72.00 l.829 5184 2.627 0.004072 16.1 23.4 

13 - 71.96 1.828 5178 2624 0.004067 15.7 23.3 
- 16 65.00 1.651 4225 2141 0.003318 12.8 19.0 

14 - - 64.08 1.628 4107 2081 0.003225 124 18.5 
- 16 64.00 1.626 4096 2.075 0.003217 12.3 18.4 

17 - 56.00 l,473 3364 1.705 0.002642 10.2 15.1 
15 - - 57.07 1.450 3257 1.650 0.002558 9.86 14.7 

- 17 56.00 1.422 3136 1.589 0.002463 9.52 14.1 
16 - - 50.62 1.291 2583 1.309 0.002028 7.82 11.6 
- 18 - 49.00 1.245 2401 1.217 0.001886 7.27 10.8 
- - 18 48.00 1.219 2304 1.167 0.001810 6.98 10.4 

17 - - 45.26 1.150 2048 1.038 0.001609 6.20 9.23 
- 19 - 4200 1.067 1764 o.8938 0.001385 5.34 7.94 

18 - - 40.30 1.024 1624 0.8231 0.001276 4.92 7.32 
- 19 40.00 1.016 1600 0.8107 0.001257 4.84 7.21 

- I 
20 36.00 0.9144 1296 0.6567 0.001018 3.93 5.84 

19 35.89 0.9116 1288 0.6527 0.001012 3.90 5.80 
20 

I 
35.00 0,8890 1225 0.6207 0.0009621 3.71 5.52 

- 21 21 3200 0.8128 1024 0.5189 0.0008042 3.11 4.62 
20 - - 31.96 0.8118 1022 0.5176 0.0008023 3.09 4.60 

* For information on insulated wire for inductor windings, see pp. 114 and 278. 
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Wire tables continued 

Annealed copper (AWG) 

II 

AWGI diam-

I 
CfOII sedlon ohms per I 

I 
I fl,.., ohm ohms per lb 

B&S elerln 

I 
1000 fl lbs per fl pe, lb at 20" C at 20" C 

auge mils circular squore at 20° C 1000 ft (68° F) (68° Fl mils inches (680 F) 

0000 460.0 211,600 0,1662 0,04901 640.5 1.561 20,400 0.00007652 
000 409.6 167,800 0.1318 0.06180 507.9 1.968 16,180 0.0001217 
00 364.8 133,100 0.1045 0.07793 402.8 2.482 12,830 0.0001935 

0 324.9 105,500 0.08289 0.09827 319.~ 3.130 10,180 0.0003076 
1 289.3 83,690 0.06573 0.1239 253.3 3.947 8,070 0.0004891 
2 257.6 66,370 0.05213 0.1563 200.9 4.977 6,400 0.0007778 

3 229.4 52,640 0.04134 0.1970 159.3 6.276 5,075 0.001237 
4 204.3 41,740 0.03278 0.2485 126.4 7.914 4,025 0.001966 
5 181.9 33,100 0.02600 0.3133 100.2 9.980 3,192 0.003127 

6 162.0 26,250 0.02062 0.3951 79.46 12.58 2,531 0.004972 
7 144.3 20,820 0.01635 0.4982 63.02 15.87 2,007 0.007905 
8 128.5 16,510 0.01297 0.6282 49.98 20.01 1,592 0.01257 

9 114.4 13,090 0.01028 0.7921 39.63 25.23 1,262 0.01999 
10 101.9 10,380 0.008155 0.9989 31.43 31.82 1,001 0.03178 
11 90.74 8,234 0.006467 1.260 24.92 40.12 794 0.05053 

12 BO.Bl 6,530 0.005129 1.588 19J7 50.59 629.6 0.08035 
13 71.96 5,178 0.004067 2.003 15.68 63.80 499.3 0.1278 
14 64.08 4,107 0.003225 2.525 12.43 80.44 396.0 0.2032 

15 57.07 3,257 0.002558 3.184 9.858 101.4 314.0 0.3230 
16 50.82 2,583 0.002028 4.016 7.818 127.9 249.0 0.5136 
17 45.26 2,048 0.001609 5.064 6,200 161.3 197.5 0.8167 

18 40.30 1,624 0.001276 6.385 4.917 203.4 156.6 1.299 
19 35.89 1,288 0.001012 8.051 3.899 256.5 124.2 2.065 
20 31,96 1,022 0.0008023 10.15 3.092 323.4 98.50 3.283 

21 28.46 810.1 0.0006363 12.80 2.452 407.8 78.l l 5.221 
22 25.35 642.4 0.0005046 16.14 1.945 514.2 61.95 8.301 
23 22.57 509.5 0.0004002 20.36 l.542 648.4 49.13 13.20 

24 20.10 404.0 0.0003173 25.67 1.223 817.7 38.96 20.99 
25 17.90 320.4 0.0002517 32.37 0.9699 1,031.0 30.90 33.37 
26 15.94 254.1 0.0001996 40.81 0.7692 1,300 24.50 53.06 

27 14.20 201.5 0.0001583 51.47 0.6100 1,639 19.43 84.37 
28 12.64 159.8 0.0001255 64.90 0.4837 2,067 15.41 134.2 
29 ll.26 126.7 0.00009953 81.83 0,3836 2,607 12.22 213.3 

30 10.03 100.5 0.00007894 103.2 0.3042 3,287 9.691 339.2 
31 8.928 79.70 0.00006260 130.l 0.2413 4,145 7.685 539.3 
32 7.950 63.21 0.00004964 164.1 0.1913 5,227 6.095 857.6 

33 7.080 50.13 0.00003937 206.9 0.1517 6,591 4.833 1,364 
34 6.305 39.75 0.00003122 260.9 0.1203 8,310 3.833 2,168 
35 5.615 31.52 0.00002476 329.0 0.09542 10,480 3.040 3,448 

36 5.000 25.00 0.00001964 414.8 0.07568 13,210 2.411 5,482 
37 4.453 19,83 0.00001557 523.1 0.06001 16,660 1.912 8,717 
38 3,965 15.72 0.00001235 659.6 0.04759 21,010 l.516 13,860 

39 3.531 12.47 0.000009793 831.8 0.03774 26,500 1.202 22,040 
40 3.145 9.888 0.000007766 1049.0 0.02993 33,410 0,9534 35,040 

Temperature coefficient of resistance: The resistonce of a conductor at temperature Tin de
grees centigrade is given by 
R = R,o [1 + a20 (T- 20I] 
where R20 is the resistance at 20 degrees centigrode ond a20 is lhe temperature coefflcient of 
resistance at 20 degrees centigrade. For copper, a20 0.00393. That is, the resistance of a 
copper conductor increases opproximately 4/10 of 1 percent per degree centigrade rise jr, 
temperature. 
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Wire tables continued 

Hard-drawn copper (AWG)* 
weight maximum cross-sectlonal 

AWG wire breaking len1lle resistance area 
strength 8&$ diameter laad In {ohms per 

I In inches pounds In pounds l pounds 1000 feel gauge lbs/In' per per al 68° F) circular square 
1000 feel mite mlls Inches 

4/0 0.4600 8143 49,000 640.5 3382 0.05045 211,600 0.1662 
3/0 0.4096 67Z2 51,000 507,9 2682 0.06361 167,800 0.1318 
2/0 0.3648 5519 52,800 402.8 2127 0.08021 133,100 0.1045 
1/0 0.3249 4517 54,500 319.5 1687 0.1011 105,500 0.08289 

1 0.2893 3688 56,100 253.3 1338 0.1287 83,690 0.06573 
2 0.2576 3003 57,600 200.9 1061 0.1625 66,370 0.05213 
3 0.2294 2439 59,000 159.3 841.2 0.2049 52,630 0.04134 
4 0,2043 1970 60,100 126.4 667.1 0.2584 41,740 0,03278 
5 0.1819 1591 61,200 100.2 529.1 0.3258 33,100 0.02600 

- 0,1650 1326 62,000 82.41 435.1 0.3961 27,225 O.Q2138 
6 0.1620 1280 62,100 79.46 419.6 0.4108 26,250 0.02062 
7 0.1443 1030 63,000 63.02 3327 0.5181 20,820 0,01635 

- 0.1340 894.0 63,400 54.35 287.0 0.6006 17,956 0.01410 
8 0.1285 826.0 63,700 49.97 263.9 0.6533 16,510 0.01297 
9 0.1144 661.2 64,300 39.63 209.3 0.8238 13,090 0.01028 

- 0.1040 550.4 64,800 3274 1729 0.9971 10,816 0.008495 
10 0.1019 529.2 64,900 31.43 16.5.9 1.039 10,380 0.008155 
11 0.09074 422.9 65,400 24.92 131.6 l.310 8,234 0.006467 
12 0.08081 337.0 65,700 19,77 1C4.4 1.652 6,530 0.005129 
13 0.07196 268.0 65,900 15.68 8277 2.083 5,178 0.004067 
14 0.06408 213.5 66,200 12.43 65.64 2.626 4,107 0.003225 
15 0.05707 I 169.8 66,400 9.858 5205 3.312 3,257 I 0.002558 
16 0.050B2 135.1 66,600 7.81B 41.28 4.176 2,583 0.002028 
17 0.04526 I 107.5 66,800 6.200 32.74 5.266 2,048 I 0.001609 
18 0.04030 I 85.47 67,000 4.917 25.96 6.640 1,624 0.001276 

•courtesy of Copperweld Steel Co., Glassport, Pa. Based on ASA Speciflcotion H-4.2 and 
ASTM Speciflcation B-1. 

Modulus of ek:tstidty is 17,000,000 lbs/inch2, Coefficient of lineor expansion is 0,0000094/degree Fahrenheit. 
Weights ore bosed on a density of 8.89 g:roms/cm8 at 20 degrees centigrade (equivalent to 0.00302699 lbs/circular 
mil/1000 feet!. 
The resistances are maximum values for hord~drawn copper and ore based on a resistivity of 10.674 ohms/circulcr.mil 
foot at 20 degrees centigrade !97.16 percent conductivity! for sizes 0.325 inch and larger, and 10,785 ohms/circular .. 
mil foot at 20 degrees centigrade (96.16 percent conductivity) for sizes: 0.324 inch and smoller. 

Tensile strength of copper wire (AWG)* 
hard drawn m..ilum-hord drawn soft or annealed 

wire minimum 

I 
breaking minimum 

I 
breaking maximum 

I 
breaking 

AWG diameter tensile lood tensile load tensile load 
B&S i• strength In atrength 

I 
ln atrenglh in 

gause Inch•• lb•/ln• paund1 lbs/In' paunds lbs/In' pounds 

I 0.2893 56,100 3688 46,000 3024 37,000 2432 
2 0.2576 57,600 3003 47,000 2450 37,000 1929 
3 0.2294 59,000 2439 48,000 1984 37,000 1530 
4 0.2043 60,100 1970 48,330 1584 37,000 1213 
5 0.1819 61,200 1591 48,660 1265 37,000 961.9 - 0.1650 62,000 1326 - - - -
6 0.1620 62,100 1280 49,000 1010 37,000 762.9 
7 0.1443 63,000 1030 49,330 806.6 37,000 605.0 - 0.1340 63,400 894,0 - -
8 0.1285 63,700 826.0 49,660 643.9 37,000 479.8 
9 0.1144 64,300 661.2 50,000 514.2 37,000 380.5 
- 0.1040 64,800 550.4 - -

10 0.1019 64,900 529.2 50,330 410.4 38,500 314.0 
11 0.09074 65,400 ~229 50,660 327,6 38,500 249.0 
12 0.08081 65,700 337.0 51,000 261.6 38,500 197.5 

*Courtesy of Copperweld Steel Co., Glassport, Pa. 



cro••·••ctlonal 
area AWGI diam 

B & S Inch I circular I square 
gauge mils Inch 

4 
5 
6 
7 
8 
9 

10 
II 
12 
13 
M 
15 
16 
V 
~ 
19 
20 
~ 
22 
D 
M 
~ 
H 
V 
~ 
29 
00 
~ 
~ 
33 
34 
m 
36 
D 
38 • 40 

.2043 
,1819 
.1620 
.1443 
.1285 
.1144 
.1019 
.0907 
.0808 
.0720 
.0641 
.0571 
.0508 
.0453 
.0403 
.0359 
.0320 
.0285 
.0253 
.0226 
.0201 
.0179 
.0159 
.0142 
.0126 
.0113 
.0100 
.0089 
.0080 
.0071 
.0063 
.005(, 
.0050 
.0045 
.0040 
.0035 
.0031 

41,740 
33,100 
26,250 
20,820 
16,510 
13,090 
10,380 
8,234 
6,530 
5,178 
4,107 
3,257 
2,583 
2,048 
1,624 
1,288 
l,022 

810.1 
642.5 
509.5 
404.0 
320.4 
254.1 
201.5 
159.8 
126.7 
100.5 
79.70 
63.21 
50.13 
39.75 
31.52 
25.00 
19.83 
15.72 
12.47 
9.89 

.03278 
,02600 
.02062 
.01635 
.01297 
.01028 
.008155 
.006467 
.005129 
.004067 
.003225 
.002558 
.002028 
.001609 
.001276 
.001012 
.OOCl'l023 
.0006363 
.0005046 
.0004002 
.0003173 
.0002517 
.0001996 
.0001583 
.0001255 
.0000995 
.0000789 
.0000626 
.0000496 
.0000394 
.0000312 
.0000248 
.0000196 
.000015(, 
.0000123 
.00000979 
.00000777 

poundl I 
per 

1000 
feet 

115.8 
91.86 
72.85 
57.77 
45.81 
36.33 
28.81 
22.85 
18.12 
14.37 
11.40 
9.038 
7.167 
5.684 
4.507 
3.575 
2.835 
2.248 
1.783 
l.414 
l.121 
0.889 
0.705 
0.559 
0.443 
0.352 
0.279 
0.221 
0.175 
0.139 
0.110 
0.087 
0.069 
0.055 
0.044 
0.035 
0.027 

weight 

pound• l =-
611.6 
485.0 
384.6 
305.0 
241.9 
191.8 
152.l 
120.6 
95.68 
75.88 
60.17 
47.72 
37.84 
30.0l 
23.80 
18.87 
14.97 
11.87 
9.413 
7.465 
5.920 
4.695 
3.723 
2.953 
2.342 
1.857 
1.473 
1.168 
0.926 
0.734 
0.582 
0.462 
0.366 
0.290 
0.230 
0.183 
0.145 

feel 
per 

pound 

8.63 
10.89 
13.73 
17.31 
21.83 
27.52 
34.70 
43.76 
55.19 
69.59 
87.75 

110.6 
139.5 
175.9 
221.9 
279.8 
352.8 
444.8 
560.9 
707.3 
891.9 

1,125 
1,418 
1,788 
2,255 
2,843 
3,586 
4,521 
5,701 
7,189 
9,065 

11,430 
14,410 
18,180 
22,920 
28,900 
36,440 

• DP insulators, 12-inch wire spocing of 1000 cycles/second, 

re1lstance 
ohms/1000 fl al 61° F 

40% 
conduct 

0.6337 
0.7990 
1.008 
l.270 
l.602 
2,020 
2.547 
3.212 
4.05 
5.11 
6.44 
8.12 

10.24 
12.91 
16.28 
20.53 
25.89 
32.65 
41.17 
51.92 
65.46 
82.55 

104.l 
131.3 
165.5 
208.7 
263.2 
331.9 
418.5 
527.7 
665.4 
839.0 

1,058 
1,334 
1,682 
2,121 
2,675 

I 30% 
condud 

0.8447 
1.065 
1.343 
1.694 
2.136 
2.693 
3.396 
4.28 
5.40 
6.81 
8.59 

10.83 
13.65 
17.22 
21.71 
27.37 
34.52 
43.52 
54.88 
69.21 
87.27 

110.0 
138.8 
175.0 
220.6 
278.2 
350.8 
442.4 
557.8 
703.4 
887.0 

1,119 
1,410 
1,778 
2,243 
2,828 
3,566 

breaking load, 
pounds 

40% I 30% 
condud conduct 

3,541 
2,938 
2,433 
2,011 
1,660 
1,368 
1,130 

896 
711 
490 
400 
300 
250 
185 
153 
122 
100 
73.2 
58.0 
46.0 
36.5 
28.9 
23.0 
18.2 
14.4 
11.4 
9.08 
7.20 
5.71 
4.53 
3.59 
2.85 
2.26 
J.79 
1.42 
1.13 
0.893 

3,934 
3,250 
2,680 
2,207 
1,815 
1,491 
1,231 

975 
770 
530 
440 
330 
270 
205 
170 
135 
110 
81.1 
64.3 
51.0 
40.4 
32.l 
25.4 
20.l 
15.9 
12.6 
10.0 
7.95 
6.30 
5.00 
3,97 
3.14 
2.49 
1.98 
1.57 
1.24 
0.986 

continued Wire tables 

Solid copperweld (A WG) 
ottenuotionin 
decibels/mile* 

40%cond 

dry I wet 

.078 

.093 

.11 I 

.132 

.156 

.183 
.216 

.086 

.100 

.118 

.138 

.161 

.188 

.220 

I 30% cond 

'!!!_ I wet 

.103 

.122 

.144 

.169 

.196 

.228 

.262 

.109 

.127 
.149 
.174 
.200 
.233 
.266 

charocterlsllc 
Impedance* 

40% 130% 
cond cond 

650 
685 
727 
776 
834 
910 

1,000 

686 
732 
787 
852 
920 

1,013 
1,120 

.. 
;Ill 
0 .. 
'" "' -4 
iii ... 
~ 
iC 
~ 
'" !! 

! 
~ 
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Wire tables continued 

Voltage drop in long circuits 

The table below shows the conductor size IAWG or B&S gauge) necessary to 
limit the voltage drop to 2-percent maximum for various loads and distances. 
The calculations are for alternating-current circuits in conduit. 

..... dl1tonce In f..i dlstonce In feet 
'\': 1----:---,---,---,---,---,---,---,---t----,,----,------.--,------,----,---,-------,--

:::. 2, 150 175 I 100 I 150 I 200 I 300 1-1 500 25150 175 I 100 I 150 I 200 I 300 I-I ,oo 

1 
1.5 
2 
3 
4 
5 
6 
7 
8 
9 

lO 
12 
14 
16 
18 
20 
25 
30 
35 
40 
45 
50 
60 
70 
80 
90 

100 
120 

I 
1.5 
2 
3 
4 
5 
6 
7 
8 
9 

10 
12 
14 
16 
18 
20 
25 
30 
35 
40 
45 
50 
60 
70 
80 
90 

100 
120 

14 
14 
14 
12 
12 
12 
10 
10 
10 
8 
8 
8 
6 
6 
6 
4 
4 
4 

14 
14 
12 
12 
12 
12 
10 
10 
10 
8 
8 
8 

14 12 10 
14 14 12 lO 10 
14 12 10 10 8 

14 14 12 10 8 8 6 
14 12 10 10 8 

14 12 12 10 8 6 
6 6 
6 4 
4 4 14 12 10 8 8 6 

14 12 10 8 8 6 4 2 
12 10 10 8 6 4 2 2 

2 2 
2 2 
l I 

12 10 8 8 6 4 
12108664 
10 I 8 8 6 4 2 
10 8 8 6 4 2 
10 8 6 4 4 2 
8· 8 6 4 2 1 

0 0 
0 00 

00 00 
8 6 6 4 2 1 00 000 

000 0000 8 6 4 2 2 0 
6 4 4 2

2
1 I 00 

: ! !/ b ~ ~ 
4 2 2· 0 000 

~ ~,,6~0000 
2 I 00 0000 
2 0 • 00 
2. 01000 
1 I oo 0000 

14 
14 
14 
12 
12 
12 
10 
10 
10 
8 
8 
8 
6 
6 
6 
6 
4 

14 
14 
14 
14 
12 
12 
12 
10 
10 
10 

r 
:I 
6 
6 
4 
4 
4 
4 
2 

-, 1--114• 11 :~ 
14 12 12 10 

14 14 12 10 10 
14 12 10 10 8 

14 12 12 10 8 8 
14 : 12 10 8 8 6 
14 I 12 10 8 6 6 
12 lO 10 8 6 6 
12 10 10 8 6 6 
12 10 8 6 6 4 
10 8 8 6 4 4 
!088642 
10 8 6 4 4 2 
10 8 6 4 2 2 
8 6 6 4 2 I 
8 6 4 2 2. 0 

: ! ; ~ bl J 
6 4 2 1 0 000 
4 4 21 0 00 000 
4 2 2 0 000 
4 2 I. 000000 

~ ?I gl·om = 2 0 00 - -
2 00000--

14 
14 
14 
14 
12 

14 12 
14 12 
14 10 
12 10 
12 10 
12 8 
10 8 
10 8 
10 6 
10 6 
8 6 
8 4 
8 4 
6. 4 

14 
14 14 
14 14 
14 12 
14 12 
12 12 
12 10 
12 10 
10 10 
10 8 
10 8 
8 8 
8 6 
8 6 
6 6 
6 4 
6 4 
4 4 
4 2 
4 2 
4 2 
2. 2 
2 I 1 

lh....,_pha....-440 vall1 

14 
14 
14 
12 
12 
12 
12 
10 

14 
14 
12 
12 
12 
12 
10 
10 
10 
8 
8 
8 

14 
14 
14 
12 
12 
12 
10 
10 
10 
8 
8 
8 
6 
6 
6 
6 
4 

14 
14 14 12 
14 12 12 

14 14 12 10 10 
14 12 10 10 8 
12 12 10 8 8 
1210886 
1210886 
10 10 8 6 6 
10 8 8 6 4 
10 8 6 6 4 
8 8 6 4 4 
8 8 6 4 2 
8 6 4 4 2 
8 6 4 2 2 
6 6 4 2 I 2 
6 4 2 21 1 
4 4 2 I . 0 
4 2 2 01 00 
4 2 1 000000 
4 2 0 00 .0000 
2 2 0 000 0000 
2 I 00 0000 
2 0 000 
1 00 0000 
0 00 

og1~ 

14 
14 
14 
14 
12 
12 
12 
10 
10 
10 
8 
8 
8 
6 
6 
6 
4 
4 
4 
4 
2 

14 
14 
14 
12 
12 
12 
10 
10 
10 
10 
8 
8 
6 
6 
6 
6 
4 
4 
2 
2 
2 
2 

~41 ~ 
14 14 12 
14 12' 12 
12 12 lO 
12 10 10 
12 10 10 
10 10 8 
10 10 8 
10 8 8 
8 8 6 
8 8 6 
6 6 6 
8 6 6 
6 6 4 
6 6 4 
4 4 4 
4 2 2 
4 2 2 
4 2 I 
2 2 0 
2 I 0 

i1 J ggg 
0 000 0000 
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Wire tables continued 

Fusing currents of wires 

The current I in amperes at which a wire will melt can be calculated from: 

I Kd3l2 

where d is the wire diameter in inches and K is a constant that depends on 
the metal concerned. The table below gives the fusing currents in amperes 
for 5 commonly used types of wire. Owing to the wide variety of factors 
that can influence the rate of heat loss, these figures must be considered as 
only approximations. 

german 
AWG diam copper aluminum silver Iron tin 
B&S din (/( = (/(= (/( = (K= (I(= 

gauge Inches 10,244) 7585) 5230) 3148) 1642) 

40 0.0031 1.77 1.31 0.90 0.54 0.28 
38 0.0039 2.50 1.85 1.27 o:n 0.40 
36 0.0050 3.62 2.68 1.85 I.II 0.58 
34 0.0063 5.12 3.79 2.61 1.57 0.82 

32 0.0079 7.19 5.32 3.67 2.21 1.15 
30 0.0100 10.2 7.58 5.23 3.15 1.64 
28 0.0126 14.4 10.7 7.39 4.45 2.32 
26 0.0159 I 20.5 15.2 10.5 6.31 3.29 

24 0.0201 29.2 

I 
21.6 14.9 8.97 4.68 

22 0.0253 41.2 30.5 21.0 12.7 6.61 
20 0.0319 58.4 43.2 29.8 17.9 9.36 
19 0.0359 69.7 I 51.6 35.5 21.4 11.2 

18 0.0403 82.9 I 61.4 42.3 25.5 13.3 
17 0.0452 98.4 I 72.9 50.2 30.2 15.8 
16 I 0.0508 117 86.8 

I 
59.9 36.0 18.8 

15 0.0571 140 
I 

103 71.4 43.0 22.4 
i ' 
I I 

14 I 0.0641 166 123 84.9 51.1 26.6 
13 0.0719 197 146 I 101 I 60.7 31.7 
12 I 0.0808 235 174 120 72.3 I 37.7 
11 0.0907 280 207 I 143 

I 
86.0 44.9 

I 
10 0.1019 333 247 

I 
170 102 53.4 

9 0.1144 396 293 i 202 122 63.5 
8 0.1285 472 349 i 241 145 75.6 
7 0.1443 561 416 i 287 173 90.0 
6 0.1620 668 495 I 341 205 107 

Courtesy of Automatic Electric Company; Chicago, Ill. 
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Wire tables continued 

Physical properties of various wires* 

I annealed 

Conductivity, Motthlessen's standard In percent 99 to 102 
Ohms/mil-foot al 68°F = 20°C 10.36 
Circulor-mll-ohms/mlle at 68°F = 20°C 5<4,600 

Pounds/mife-ohm ot 68°F - 20°c 875 
Mean temp coefficient of r"-'lstlvity f'F 0.00'233 
Mean temp coefficient of resistivity/°C 0.0042 

Meon specific gravity 8.89 
Pounds/1000 feet/circular mil 0.003021 
Weight in pounds/Inch' 0.320 

Mean specific heat 0.093 
Mean melting point In °F 2,012 
Mean melting paint in °c l,lOO 

Mean coefficient of llnear exponslon/0 f 0.00000950 
Mean coefflcient of linear expanslon/°C 0.0000171 

Solid wrre Ultimate tensile strength 30,000 to 42,000 
Average tensile strength 32,000 

( Values In ) Elastic limit 6,000 10 16,000 
poonds/ini Average elastic limit 15,000 

Modulus of elasticity 7,000,000 10 
17,000,000 

Average modulus of elasticity 12,000,000 

Concentric T enstte strength 29,000 to 37,000 
strand Average tensile strength 35,000 

ElasJic limit 5,800 to 14,800 
( Values In ) Average elastic limit -

pounds/in2 Modulus of elasticity 5,000,000 to 
12,000,000 

96 to 99 
l0.57 

55,700 

896 
0.00233 
0.0042 

8.94 
0.003049 
0.322 

0.093 
2,012 
1,100 

0.00000950 
0.0000171 

45,000 to 68,000 
60,000 

25,000 to 45,000 
30,000 

13,000,000 to 
18,000,000 

16,000,000 

43,000 to 65,000 
54,000 

2:1,000 to 42,000 
27,000 

12,000,000 

I aluminum 
99 percent pure 

61 to 63 
l6.7 

88,200 

424 
0.0022 
0.0040 

2.68 
0,000909 
0JJ967 

0,214 
l,157 

625 

0.00001285 
0.0000231 

20,000 to 35,000 
24,000 
14.,000 
14,000 

8,500,000 to 
ll,500,000 

9,000,000 

25,800 -
13,800 -

Approx 
10,000,000 

• Reprinted by permission from "Transmission Towers,° Americon Bridge Company, Pittsburgh, Pa.; 1925: P~ 169~ 

Stranded copper (AWG)* 

I AWG I n.mfberl lnd!;i':!,ual I 
circular 1· B & S wi- diam In 

mlls gouge lnc.hfl 

2ll,600 4/0 19 0.1055 
167,800 3/0 19 0.0940 
133,lOO 2/0 19 o.0837 
105,500 1/0 19 0.0745 
83,690 1 19 0.0664 
66,370 2 7 0.0974 
52,640 3 7 0.0667 
41,740 4 7 0.0772 
33,lOO 5 7 0.0688 
26,250 6 7 0.0612 
20,820 7 7 0.0545 
16,510 8 7 0.0486 
13,090 9 7 0.0432 
I0,380 l0 7 0.0385 
6,530 12 7 0.0305 
4,107 14 7 0.0242 
2,583 16 7 0.0192 
l,624 18 7 0.0152 
1,022 20 7 0.0121 

cable 
diam 

Inches 

0.528 
0.470 
0.419 
0.373 
0.332 
0.292 
0.260 
0.232 
0.206 
0.184 
0.164 
0.146 
0.130 
0.116 
0.0915 
0.0726 
0.0576 
0.0456 
0.0363 

-ICIVGN 
Inches 

0.1662 
0.1318 
0.1045 
0.08'286 
0.06573 
0.05213 
0.04134 
0.03278 
0.02600 
0.02062 
0.01635 
0.01297 
0.01028 
0.008152 
0.005129 
0.003226 
0.002029 
0.001275 
0.0008027 

653.3 
518.1 
410.9 
325.7 
258.4 
204.9 
162.5 
128.9 
102.2 
81.05 
64.28 
50.98 
40.42 
32.(),5 
20.16 
12.68 
7.975 
5.014 
3.155 

weight 
Iba""' 

mlle 

3,450 
2,736 
2,170 
1,720 
1,364 
l,082 

658.0 
680.5 
539.6 
427.9 
339.4 
269.l 
213.4 
169.2 
106.5 
66.95 
42.11 
26.47 
16.66 

I 
•maxl111vm 
ret,lstanc• 

ohms/1000 fl 
al 20" C 

0.05093 
0.06422 
0.08097 
0.1022 
0.1288 
0.1624 
0.2048 
0.2582 
0.3256 
0.4I05 
0.5176 
0.6526 
0.8233 
1.038 
1.650 
2.624 
4.172 
6.636 

10.54 
* Tha resistance values In this table are trade maxima for soft or annealed copper wire and ore higher than tha 
overage volues for commercial cabl~ The following values for the conductivity and resistivity of-copper at 20 degrees 
centigrade were used: 

Conducfivlty I• terms of lnternatlonal Anftealed Copper Standard, 98.16 percent 
Resistivity in pOunds per mile-ohm: 891.58 

The resistance of hord~drown copper is slightly greater than the volues given, being about 2 percent to 3 percent 
greater for sizes from 4/0 to 20 AWG, 
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I steel cruclbl• 

I 
plew stHI, I 

copp-lad 
rron (Slamen .. steal, high axt,a-hlgh 

(Ex BB} Martin) 1tranalh s!Nlnglh 30% cond 40%cond 

16.8 8.7 - - 29.4 39,0 
6'2,9 119.7 122.5 125.0 35.5 26.6 

332,000 632,000 647,000 660,000 187,000 140,000 

4,700 8,900 9,100 9,300 2.775 2.075 
0.0028 0.00'278 O.OCY278 0.00278 0.0024 -
0.0050 0,00501 0.00501 0.00501 0.0044 0.0041 

7.77 7.85 7£,5 7.85 8.17 a2s 
0.002652 0,002671 - - 0.00281 0.00281 
0,282 0.283 0.283 0.283 0.298 0.298 

0.113 0.117 - - - -
2,975 2,480 - - - -
1,63$ 1,31,0 - - - -

0,00000673 0.00000662 - - 0.0000072 0.0000072 
0.0000120 0.0000118 - 0.0000129 0.0000129 

50,000 to 55,000 70,000 to 80,000 - - -
55,000 75,000 125,000 187,000 60,000 100,000 

25,000 to 30,000 35,000 to 50,000 - - -
30,000 38,000 69,000 130,000 30,000 50,000 

Zl,000,000 to 22,000,000 to - -
27,000,000 29,000,000 

26,000,000 29,000,000 I 30,000,000 30,000,000 19,000,000 21,000,000 

- 74,000 to 98,000 85,000 to 165,000 140,000 to 245,000 70,000 to 97,000 -- 80,000 ! 12s,ooo 180,000 80,000 - 37,000 to 49,000 

I 
- -- 40,000 70,000 110,000 - -- 12,000,000 15,000,000 15,000,000 - -

Machine screws 

Head styles-method of length measurement 

Standard 
flat oval round flllister hexagonal 

ur ur Ur UT UT 
Special 
washer oval 

binding 
ftllister 
binding 

flat-top 
binding 

straight-side 
binding 

UT Ur ID Ur Ur 



continued Machine screws 

Dimensions and other data 

no I dlamet., l round ,~, Hitter I I I 
ft'ICIX max max 111ax max across aero11 thick-

dla no Inches I mm OD I heigh! OD OD I height flat corner nelS . 

screw 

I 
thread• - Inch I cleronce drl~ I 
coarw , llne _ na _L dl.._J 

lop drlHt head l wa,· 
hex nut 1her 

0 0.060 80 52 0.064 56 0.047 1.2 0.113 0,053 0.119 0.096 0.059 0.156 0.171 0.046 - ---,_ ---,_ ---------------------------------------,_ -----
1 0.073 64 72 47 0.079 53 0.060 1.5 0.138 0.061 0.146 0.118 0.070 0.156 0.171 0.046 - ------------------------ ------------------,_ -----
2 0.086 56 64 42 0.094 50 0.070 1.8 0.162 0.070 0.172 0,140 0.083 0,187 0.205 0.062 1/4 0.093 0.032 

------------------------------------
48 - 47 0.079 2.0 

3 0.099 ------ 37 0.104 --------- 0.187 0.078 0.199 0.161 0.095 0,187 0.205 0.062 1/4 0.105 0.020 
- 56 45 0.082 2.1 

----------------------------------------------------------
40 43 0.089 2.3 

4 0.112 ------ 31 0.120 --------- 0.211 0.086 0.225 0.183 0,107 0.250 0.275 0.093 5/16 0.125 0.032 
48 42 0.094 2.4 ----------------------------------------------------------

40 - 38 0,102 2.6 
5 0.125 ------ 29 0.136 --------- 0.236 0.095 0.252 0.205 0.120 0.312 0.344 0.109 3/8 0.140 0.032 

- 44 37 0.104 2.6 -------------- ---,_ --------------------------
32 - 36 0.107 2.7 5/16 0.026 

6 0.138 ,- --- 27 0.144 --------- 0.260 0.103 0.279 0.226 0.132 o.312 0.344 0.109 --- 0.156 --- 40 33 0.113 2.9 3/8 0.046 

----------------------------------------------------------
32 - 29 0.136 3.5 3/8 0.032 

8 0.164 ------ 18 0.170 --------- 0.309 0.119 0.332 0.270 0.156 0,344 0.373 0.125 --- 0.186 --
36 29 0.136 3.5 7/16 0.046 

--------------------------------------------------------,-
24 - 25 0.150 3.8 7 /16 0.036 

10 0.190 ------ 9 0.196 --------- 0.359 0.136 0.385 0.313 0.180 0.375 0.413 0.125 --- 0.218 --
- 32 21 0.159 4.0 1/2 0.063 -------- ------------------------ ---

16 24 - a.in 4.5 1/2 
12 0.216 ------ 2 0,221 --------- 0.408 0.152 0.438 0.357 0.205 0.437 0.488 0.156 ,_ 0.250 0.063 

- 28 14 0.182 4.6 9/16 
----- ------------ ------------------------ -----

20 - 7 0.201 5.1 0.437 0.488 0.203 9/16 0.040 
¼ 0.250 ------ 17/64 --------- 0.472 0.174 0.507 0.414 0.237 ------------ 0.281 --- 28 3 0.213 5.5 0.500 0.577 0.250 5/B 0.063 

All dimensions in Inches except where noted, 
* Cleoronce-drill sizes are practical values for use of the engineer or technician doing his own shop work. 
t Tap-drill sizes ore for use in hand tapping material such as brass or soft steel. For copper, aluminum, Norway iron, cost iron, bokelite, or for very thin 

material, the drill should be a size or two larger diameter than shown. 

CJ"'I 
C0 

Q 

i 
w 
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Drill sizes* 

drill lnchfl clrlll lnchft clrUI lnchfl clrlll lnchfl 

0.10 mm 0.003937 1.30 mm 0.051181 3.10 mm 0.122047 no 4 0.209000 
0.15 mm 0.005905 no 55 0.052000 J/4 in 0.125000 5.40 mm 0,212598 
0,20 mm 0.007874 1.35mm 0.053149 3.20 mm 0.125984 no 3 0.213000 
0.25 mm 0.009842 no 54 0.055000 3.25 mm 0.127952 5.50 mm 0.216535 
0.30 mm O.Oll8ll 1.40 mm 0.055118 no 30 0.128500 ¼,in 0.218750 

no 80 0.013000 1.45mm 0.057006 3.30 mm 0.129921 5.60 mm 0.220472 
no 79½ 0.013500 1.50 mm 0.059055 3.40 mm 0.133858 no 2 0.221000 
0.35 mm 0.013779 no 53 0.059500 no 29 0.136000 5.70 mm 0.224409 

no 79 0.014000 1.55 mm 0.061023 3.50 mm 0.137795 5.75 mm 0.226377 
no 78½ 0.014500 ½,In 0.062500 no 28 0.140500 no l 0.228000 

no 78 0.015000 1.60 mm 0.062992 ~In 0.140625 5.80 mm 0.228346 
~in 0.015625 no 52 0.063500 3.60 mm 0.141732 5.90 mm 0.232283 
0.40mm 0.015748 1.65 mm 0.064960 no 27 0.144000 ltr A 0.234000 

no 77 0.016000 1.70 mm 0.066929 3.70 mm 0.145669 1U. in 0.234375 
0.45mm 0,017716 no 51 0.067000 no 26 0.147000 6.00 mm 0.236220 

no 76 0.018000 1.75 mm 0.068897 3,75 mm 0.147637 ltr B 0.238000 
0.50 mm 0.019685 no 50 0.070000 no 25 0.149500 6.10 mm 0.240157 

no 75 0.020000 1.80 mm 0.070866 3.80 mm 0.149606 ltr C 0.242000 
no 74½ 0.021000 1.85 mm 0.072834 no 24 0.152000 6.20 mm 0.244094 
0.55 mm 0.021653 no 49 0.073000 3.90 mm 0.153543 ltrD 0.246000 

no 74 0.022000 1.90 mm 0.074803 no 23 0.154000 6.25 mm 0.246062 
no 73½ 0.022500 no 48 0.076000 !,u in 

I 
0.156250 6.30 mm 0.248031 

no 73 0.023000 1.95 mm 0.076771 no 22 0.157000 ltr E } 0,250000 0.60 mm 0.023622 "In 0.078125 4,00 mm 0.157480 ¾ In 
no 72 0.024000 no 47 0.078500 no 21 I 0.159000 6.40 mm 0.251968 

no 71½ 0.025000 2.00 mm 0.078740 no 20 0.161000 6.50 mm 0.255905 
0.65 mm 0.025590 2.05 mm 0.080708 4.10 mm 0.161417 ltr F 0.257000 

no 71 0.026000 no 46 0.081000 4.20 mm 0.165354 6.60 mm 0.259842 
no 70 0.027000 no 45 0.082000 no 19 0.166000 ltrG 0.261000 
0.70 mm 0.027559 2.10 mm 0.082677 4.25 mm 0.167322 6.70 mm o.263779 

no 69½ 0.028000 2.15 mm 0.084645 4.30 mm 0.169291 11' in 0.265625 
no 69 0.029000 no 44 0.086000 no 18 0.169500 6.75 mm 0.265747 
no 68½ 0.029250 2.20 mm 0.086614 •~in 0.171875 lrrH 0.266000 
0.75 mm 0.029527 2.25 mm 0.088582 no 17 0.173000 6.80 mm 0.267716 

no 68 0.030000 no 43 0.089000 4.40 mm 0.173228 6.90 mm 0.271653 

no 67 0.031000 2.30 mm 0.090551 no 16 0.177000 Itri 0.272000 
~-f.i in 0.031250 2.35 mm 0.092519 4.50 mm 0.177165 7.00 mm 0.275590 
0.80 mm 0.031496 no 42 0.093500 no 15 0.180000 ltrJ 0.277000 

no 66 0.032000 ~in 0.093750 4.60 mm 0.181102 7.10 mm 0.279527 
no 65 0.033000 2.40 mm 0.094488 no 14 0.182000 hr K 0.281000 

0.85 mm 0.033464 no 4l 0.096000 no 13 0.185000 ¾,in 0.281250 
no 64 0.035000 2.45 mm 0.096456 4.70 mm 0.185039 7.20 mm 0.283464 
0.90 mm 0.035433 no 40 0.098000 4.75 mm 0.187007 7.25 mm 0.285432 

no 63 0.036000 2.50 mm 0.098425 ¼sin 0.187500 7.30 mm 0.287401 
no 62 0.037000 no 39 0.099500 4.80 mm 0.188976 lrrl 0.290000 

0.95 mm 0.037401 no 38 0.101500 no 12 0.189000 7.40 mm 0.291338 
no 61 0.038000 2.60 mm 0.102362 no 11 0.191000 ltrM 0.295000 
no 60½ 0.039000 no 37 0.104000 4.90 mm 0.192913 7.50 mm 0.295275 

1.00 mm 0.039370 2.70 mm 0.106299 no lO 0.193500 1~in 0.296875 
no 60 0.040000 no 36 0.106500 no 9 0.196000 7.60 mm 0.299212 

no 59 0.041000 2.75 mm 0.108267 5.00 mm 0.196850 ltr N 0.302000 
l.05 mm 0.041338 '-' in 0.109375 no 8 0.199000 7.70 mm 0.303149 

no 58 0.042000 no 35 0.110000 5.lOmm 0.200787 7.75 mm 0.305117 
no 57 0.043000 2.80 mm 0.110236 no 7 0.201000 7.80 mm 0.307086 

1.10mm 0.043307 no 34 0.111000 1¼, in 0.203125 7.90 mm 0.311023 

1.15mm 0.045275 no 33 0.113000 no 6 0.204000 ¾in 0.312500 
no 56 0.046500 2.90 mm 0.114173 5.20 mm 0.204724 8.00 mm 0.314960 
¼. in 0.046875 no 32 0.116000 no 5 0.205500 ltrO 

i 
0.316000 

1.20mm 0.047244 3.00 mm 0.118110 5.25 mm 0.206692 8.10mm 0.318897 
1.25 mm 0.049212 no 31 0.120000 5.30 mm 0.208661 8.20 mm 0.322834 

* From New Departure Handbook. 



60 CHAPTER 3 

Drill sizes continued 

drlll inches drlll Inches drlll Inches drill Inches 

ltr P 0.323000 9.60 mm 0.377952 ''-' in 0.546875 '¾Jin 0.781250 
8.25 mm 0.324802 9.70 mm 0.381889 14.00 mm 0.551180 20.00 mm 0.787400 
8.30 mm 0.326771 9.75 mm 0.383857 ¾,In 0.562500 '!£. In 0.796875 

"¼. in 0.328125 9.80 mm 0.385826 14.50 mm 0.570065 20.50 mm 0.807085 
8.40mm 0.331.l708 ltrW 0.386000 '¼, In 0.578125 1'¼'t1 in I 0.812500 

ltrQ 0.332000 9.90 mm 0.389763 15.00 mm 0.590550 21.00 mm 0.826770 
8.50 mm 0.334645 2¼, in 0.390625 1¾,ln 0.593750 5¼,. in 0.828125 
8.60 mm 0.338582 10.00mm 0.393700 •~ in 0.609375 27A, in 0.843750 

ltr R 0.339000 ltr X 0.397000 15.50 mm 0.610235 21.50 mm 0.846455 
8.70 mm 0.342519 ltrY 0.404000 %In 0.625000 '!ti in 0.859375 

1¼, In 0.343750 1!-s, In 0.406250 16.00 mm 0.629920 22.00 mm 0.866140 
8.75 mm 0.344487 ltrZ 0.413000 'J.i In 0.640625 ½ In 0.875000 
8.80 mm 0.346456 10.50 mm 0.413385 16.50 mm 0.649605 22.50 mm 0.885825 

Jtr S 0.348000 1~ in 0.421875 1¼1n 0,656250 •~ in 0.890625 
8.90 mm 0.350393 ll.00 mm 0.433070 17.00 mm 0.669290 23,00 mm 0.905510 

9.00 mm 0.354330 ¼In 0.437500 '¾ In 0.671875 "Al In 0.906250 
hr T 0.358000 11.50 mm 0.452755 1Ue in 0.687500 5%; le 0.921875 
9.10 mm 0.358267 

""' In 
0.453125 17.50 mm 0.688975 23.50 mm 

I 
0.925195 

'¾ In 0.359375 l¼ln 0.468750 '¾ in 0.703125 1~, In 0.937500 
9.20 mm 0.362204 12.00 mm 0,472440 18.00 mm 0.708660 24.00 mm ! 0.944880 

9.25 mm 0.364172 •i.-. in 0.484375 "Al in 0.718750 •!£. In 0.953125 
9.30 mm 0.366141 12.50 mm 0.492125 18.50 mm o.na345 24.50 mm 0.964565 

ltr U 0.368000 ½in 0.500000 ""'- in 0.734375 '¼In 0.968750 
9.40 mm 0.370078 13.00 mm 0.511810 19.00 mm 0.748030 25.00 mm 0.984250 
9.50 mm 0.374015 1¾4 in 0.515625 ¾in 0.750000 '!£. In 0.984375 

¾In 0.375000 1½, In 0.531250 '%. In 0.765625 1 in 1.000000 
ltr V 0.377000 13.50 mm 0.531495 19.50 mm 0.767715 

Sheet-metal gauges 

Systems in use 

Materials are customarily made to certain gauge systems. While materials 
can usually be had specially in any system, some usual practices are shown 
below. 

material 

Aluminum 
Brass, bronze, sheet 
Copper 
Iron, steel, band and hoop 
Iron, steel, telephone end telegraph wire 
Steel wire, except telephone and telegraph 
Steel sheet 
Tank steel 
Zinc sheet 

sheet 

B&S 
B&S 
B&S 

BWG 

us 
BWG 

"Zinc gauge" 
proprietary 

wire 

AWG IB&SI 

AWG IB&Sl 

BWG 
W&M 
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Sheet-metal gauges continued 

Comparison of gauges* 

The following table gives a comparison of various sheet-metal-gauge 
systems. Thickness is expressed in decimal fractions of on inch. 

Birming• Wa1h. & Brlll1h I UnHed American 
AWG ham ot 1landard London or Sfulfl Standard gauge B&S Slub1 Moen NBS old English standard preferred 

BWG W&M SWG us .lhlckne11t 

0000000 0.490 0.500 0.50000 
000000 0.5800 0.460 0.464 0.46875 
00000 0.5165 0.430 0.~32 0.43750 
0000 0.4600 0.454 0.3936 0.400 0.454 0.40625 
000 0,4096 0.425 0.3625 0,372 0.425 0.37500 
00 0.3648 0.380 0,3310 0.348 0.380 0.34375 
0 0.3249 0.340 0.3065 0.324 0.340 0.31250 

I 0.2893 0.300 0.2830 0.300 0.300 0.28125 
2 0.2576 0.284 0.2625 0.276 0.284 0.265625 
3 0.2294 0.259 0.2437 0.252 0.259 0.250000 0.224 
4 0.2043 0.238 0.2253 0.232 0.238 0.234375 0,200 
5 0.1819 0.220 0.2070 0.212 0.:220 0.218750 0.180 

6 0.1620 0.203 0.1920 0.192 0.203 0.203125 0.160 
7 0.1443 0.180 0.1770 0.176 0.180 0.187500 0.140 
8 0.1285 0.)65 0.1620 0.160 0.165 0.171875 0.125 
9 0.1144 0.148 0,1483 0.144 0.148 0.156250 0.112 

10 0.1019 0.134 0.1350 0.128 0.134 0.140625 0.100 

11 0.09074 0.120 0,1205 0.116 0.120 0.125000 0.090 
12 0.08081 0.109 0.1055 0.104 0.109 0,109375 0.080 
13 0.07196 0.095 0.0915 0.092 0.095 0.093750 0.071 
14 0.06408 0.083 0.0800 0.080 0.083 0.078125 0.063 
15 0.05707 0.072 0.0720 0.072 0.072 0.0703125 0.056 

16 0.05082 0.065 0.0625 0.064 0.065 0.0625000 0.050 
17 0.04526 0.058 0.0540 0.056 0.058 0.0562500 0.045 
18 0.04030 0.049 0,0475 0.048 0.049 0.0500000 0.040 
19 0.03589 0.042 0.0410 0.040 0.040 0.0437500 0.036 
20 0.03196 0.035 0.0348 0.036 0.035 0.0375000 0.032 

21 0.02846 0.032 0.03175 0.032 C.0315 0.0343750 0.028 
22 0.02535 0.028 0.02860 0.028 0.0295 0.0312500 0.025 
23 0.02257 0.025 0.02580 0.024 0.0270 0.0281250 0.022 
24 0.02010 0.022 0.02300 0.022 0.0250 0.0250000 0.020 
25 0.01790 0.020 0.02040 0.020 0.0230 0.0218750 0.018 

26 0.01594 0.018 0.01810 0.018 0.0205 0.0187500 0.016 
27 0.01420 0.016 0.01730 0.0164 0.0187 0.0171875 0.014 
28 0.01264 0.014 0.01620 0.0148 0.0165 0.0156250 0.012 
29 0.01126 0.013 0.01500 0.0136 0.0155 0.0140625 0.01 I 
30 0.01003 0.012 0.01400 0.0124 0.01372 0.0125000 0.010 

31 0,008928 0.010 0.01320 0.0116 0.01220 0.01093750 0.009 
32 0.007950 0.009 0.01280 0.0108 0.01120 0.01015625 0.008 
33 0,007080 0.008 0.01180 0.0100 0.01020 0.00937500 0.007 
34 0.006305 0.007 0.01040 0.0092 0.00950 0.00859375 0.006 
35 0.005615 0.005 0.00950 0.0084 0.00900 0.00781250 

36 0.005000 0.004 0.00900 0.0076 0.00750 0.007031250 
37 0.004453 D.00850 0.0068 0.00650 0.006640625 
38 0.003965 0.00800 0.0060 0.00570 0.006250000 
39 0.003531 0.00750 0.0052 0.00.500 
40 0.003145 0.00700 0.0048 0.00450 

* Courtesy of Whiteheod Metol Products Co., Inc. 
t These thicknesses are intended to express the desired thickness in decimals. They have no 
relation to gouge numbers; they are approximately reloted lo the AWG sizes 3-34. 
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Commercial insulating materials* 

The tables on the following pages give a few of the important electrical 
and physical properties of insulating or dielectric materials. The dielectric 
constant and dissipation factor of most materials depend on the frequency 
and temperature of measurement. For this reason, these properties are 
given at a number of frequencies, but because of limited space, only the 
values at room temperuture ore ·given. The dissipation factor is defined as 
the ratio of the energy dissipated to the energy stored in the dielectric 
per cycle, or as the tangent of the loss angle. For dissipation factors less 
than 0.1, the dissipation factor may be considered equal to the power fac
tor of the dielectric, which is the cosine of the phase angle by which the 
current leads the voltage. 

Many of the materials listed are characterized by a peak dissipation factor 
occurring somewhere in the frequency range, this peak being accompanied 
by a rapid change in the dielectric constant. These effects ore the result 
of a resonance phenomenon occurring in polar materials. The position of 
the dissipation-factor peak in the frequency spectrum is very sensitive to 

* Most of the data listed in these tables hove been token from "Tables of Dielectric Materials," 
vols. HV, prepared by the laboratory for Insulation Research of the Massachusetts Institute 
of Technology, Cambridge, Massachusetts; January, 1953 and from, "Dielectric Materials and 
Applications," A. R. von Hipple, editor; John Wiley & Sons, Inc., New York, N. Y.: 1954. 

moteriot compotftion I I 
dielectric constant at 

(frequency in ieycle1/1econd) 
T ' I ' 3 I 2 5 I oe I 60 I 1oa i 10' I 10' / XH>' xiorn 60 

carom ti 
AISiMag A-35 Magnesium .silicate 

I 
23 

A!SiMag A-196 Magnesium silicate 251 
AISiMag 211 Magnesium ailicate I~' 

I I I I I 1 

6.14 5.96 5.841 5.751 5.60 I 5.36 I O 017 
5.901 ~.88 5.7£1 5.~0' 5A2 5.18 i 0:0022 
6.00

1 
o.os s.9, I s.06 5.oo 

1
. 0.012 

A!SiMag 228 Magnesium silicate 25 
A!SiMag 243 Magnesium silicate 22 
Ceramic NPPT96 - 25 

Ceramic N750T96 - 25 

-1--.---1----
6.41 I MO 6.361 6.20 5.97 .

1
: 5.83 i 0.0013 

6.32, 6.30 6.221 6.10 5.78 5.7S i 0.0015 

__ 129,~ ~129.5 ~1--------
- 83.4 83.4 83.4 83.4 -

reramic N 1400T!I0 25 
Coors Al-200 Aluminum oxide 25 

Crolifo 29 Oxides of aluminum, silicon, magnesium, 
calcium, barium 24 

Magnesium oxide 25 
Poroolain Dry process 25 

Porcelain Wet process 251 
Steatitc 410 I Barium titanatet 

251 
TamTicon B 261 

I 
251 TamTicon MC I M&gnesium titanate 

TamTioon C Calcium titanate 25 
TamTicon S Strontium titanate 251 
Tl-Pure R-200 Titanium dioxide (rutile) 
Zirconium porcelain Zi-4 - ~~I 

130.s 130.2 130.0 - I - -
_ 8.83

1 
8.80 8.80 8.79 I· _ _ 

6.04 6.04 5.90 I 
9.65 9.6.5 9.65 

~I 5.36 s.os,_5_.o_4_
1 
___ 

1 
_______ 

1 
0.03 

6.5 I 6.24 5.so 
5.i7, 5.77 5.77 5.7 

1250 ,~ 600 100 

- I 13.9 13.9 13.9 I 13.8 I 13.7 
168 167.7 167.7 167.7, 165 . 0.006 
_ 233 232 232 , I _ 
-=-~~~1---------

6.40 6.32 6.aol 6.23 -

0.03 

0.056 

t Dielectric constant and dissipation factor ore dependent on electrical field strength. 



temperature. An increase in the tem
perature increases the frequency at 
which the peak occurs, as illustrated 
qualitatively in the sketch at the right. 
Nonpolar materials have very low 
losses without a noticeable peak; the 
dielectric constant remains essentially 
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unchanged over the frequency range. logarithmic frequency 
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Another effect that contributes to dielectric losses is that of ionic or elec• 
tronic conduction. This loss, if present, is important usually at the lower end 
of the frequency range only, and is distinguished by the fact that the dis
sipation factor varies inversely with frequency. Increase in temperature in
creases the loss due to ionic conduction because of increased ionic mobility. 

The data given on dielectric strength are accompanied by the thickness of the 
specimen tested because the dielectric strength, expressed in volts/mil, 
varies inversely with the square root of thickness, approximately. 

The direct-current volume resistivity of many materials is influenced by 
changes in temperature or humidity. The values given in the table may be 
reduced several decades by raising the temperature toward the higher end 
of the working range of the material, or by raising the relative humidity of 
the air surrounding the material to above 90 percent. 

dlulpalion factor cat I dlelec:trlc I de volume I lhwmal ex I I mol1tu,e 
(frequency In cyclas/ ... ond) 1trength In re1l11ivlty In pan1lon • absorp. 

I I I 3 I 2 !I volll/mtl at ohm-cm cat (llneat) In 1oltenlng point tlon In 
IOS 10" 10" XlO' xio10 25° C 25° C parll/°C In° C percent 

I I 

0.00371 
0.0016 
0.0004 . 

0.0041 
0.0018 
0.0012 I

I 0.0058 I 
0.0038 

225 (¼') 
240 (¼') 

8.7XIO-O 
8.9XIO"" 
9.2Xl0-< 

1450 
1450 
1350 

I <0.1 
<O.l 

0.1-1 

0.0100 I o.ooos 1· 

0.0059 0.0031 , 
0.0034 j 0.0005 

---1------t----1---l•------1----1----11------1---·-
Q.0020 ,· 0.0012 0.0010 0.0013 0.0042 
0.00(145, 0.00037 0.0003 0.0006 0.0012 200 (¼') >10" 
0.00049 j 0.00016 0.0002 

~;4~i 0.00022 -0.-000_4_6,I--_--I 

0.00055 i 0.00030 0.00070 - - -

--l-----1---11---1----1----

<0.0003 . <0.0003 <0.0003 - - -

6-8Xl0-0 
10.5Xl0--

1450 
1450 

1325 

<0.05 
<0.1 

0.00057\ 0.00033 0.00030 0.0010 _ _ _ E-
0.00191 0.0011 --·-·l-0-.00-24-·l----l~----l------, 7.7X=lo-6 i, 0.0140 I o.0075 0.001s - - - _______ 1 __ _ 

0.0150 ' 0.0090 0.0135 - - I I 
_g:o_'Xf_~8_

1
~ _::_

1
_g __ :'_

89
-1

1
_0_.6ii __ ___ i_s __ l __ 1_0

1
_"-_1oa __ ~i - i HOIH.430 [ o.i 

0.0011 0.0004 I 0.0005 1· 0.0017 0 0065 - - Ii I 
0.00044 0.00021' - 0.0023 - i 100 1Q1LjQI< -~--- I 1510 <0.1 
0.0011 --~2 ... 0.0001 ! - --=-

1 

__ 1_00 __ ,1-_10:,,.._·_1_01_•_ , ____ 15_10 __ 
1

_0_.1_. _ 

0.0015 0.0003 I 0.000251 - - I - - ! -
0.0040 0.0023 0.0025 0.0045 - -
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Commercial insulating materials continued 

(frequency In cycl&1/second) 
material compo,lllon I I 

dielectric constant at 

-~ 60 I 1e,, I 1ot I ICI" I x~ot I x~t, 
,, ....... 
Corning 0010 
Corning 0120 
Corning 1990 

Corning 1991 
Corning 7040 
Corning 7050 

Corning 7060 (Pyrex) 
Corning 7070 
Corning 7720 

Corning 7750 
Corning 7900 
Fused silica 91/ie 

Quartz {fw,ed) 

plastic• 
Alkyd resin 
Araldite CN-501 
Araldite CN-504 

Sod•-POtalJh-lead silicate -20% lead oxide 
Soda-pot.ash-lead silicate 
Iron-eealing gla88 

-
~~:=i::;;:ffi:'[~ilicate 

Soda-borosilicate 
Low-alkali, potaah-lithiaboroeilicate 
Soda-lead borosilicate 

Soda..borosilicate.., 80% silicon dioxide 
96% silicon dioxide 
Silicon dioxide 

100% silicon dioxide 

Foamed diisocynate 
Epoxy resin 
Epoxy resin 

24 
23 
24 

24 
25 
25 

-
25 
23 
24 

25 
20 
25 

21 

25 
25 
25 

6.70 
6.76 
8.41 

8.10 
4.85 
4.90 
--
-
4.00 
4.75 
--
-
3.85 ---
3.78 

6.63 6.43 6.33 6.10 
6.70 6.65 6.65 6.64 
8.38 8.30 8.20 7.99 

8.10 8.08 8.00 7.92 
4.82 4.73 4.68 4.67 
4.84 4.78 4.75 4.74 

4.97 4.84 4.84 4.82 
4.00 4.00 4.00 4.00 
4.70 4.62 4.60 

4.42 4.38 4.381' 
3.85 3.85 3.85 
3.78 3.78 3.78 

-;;-;; 3.781 

8 1.223 1.21 
3.67 3.6 
3.99 3.6 

2 
9 

1.20 
3.35 
3.39 

4.38 
3.84 
3.78 

3.78 

1.20 
3.09 
3.15 

I 5.87 
6.51 
7.84 

-
U2 
4.64 

4.65 
3.9 -
3.82 -
3.78 

---

1-
1 60 

0.00~4 
0.0050 

0.0027 
0.0055 
0.0093 

-
0.0006 
0.0093 

-
0.0006 

0.0009 

---
----------1---------------1-------------------
Bakelite BM120 
Bakelite BM250 

Phenol-formaldehyde 25 4.90 4.74 4.3 
Phenol-formaldehyde, 66% asbestos fiber, 

preformed and preheated 25 - 22 5.3 

6 3.95 

Bakelite BM262 PbenoJ...,niline-formaldehyde, 62% mica 25 4.87 4.80 4.6 
I s.o 

71 4.65 

Bakelite BT--4~6 
Beetle resin 
Bureau of Standards casting 

resin 

100% phenol-formaldehyde 
Urea-formeldehyde, cellulnee 
32.5% polystyrene, 53.5% poly-2,5-<li

chlorostyrene, 13% hydrogenated ter
phenyl, 0,5% divinyl-ben•ene 

24 8.6 7.15 5.4 
27 6.6 6.2 5.65 

2.62 2.6 2 

----------1---------------1--------
Ca talin 200 !&e 
Chemelec MI-405 
Chemelec Ml-407 

Chemelec MI-411 
Chemelec MI-422 
Cilmnite 

DC 996 

DC 2104 laminate XL-269 

Dilectene--100 

Dilecto (Mecoboard) 

Dilecto (Teflon laminate 
GB-112T) 

Dur .. 1601 natural 

Phenol-formaldehyde 
75~ Tefton, 25% calcillI!l fluoride 
88o/o TeJlon, 12% ooramic 

siloxaneresin, 

45% cresol-phenolrormaldehyde, 15% tung 
oil, 15% nylon 

65-68% Tefton, 32--35% continuous
I filament glass base ! Phenol-formaldehyde, 67% mica 

22 8.8 
25 
25 

8.2 7.0 
2.50 2.5 
3.02 2.7 

25 2.14 2.1 
25 - 2.72 :u 
25 3.00 3.58 3.4 

25 :?.90 2.9 

0 
l 

4 
2 
2 

0 

25 4.14 4.13 
25 3.70 3.68 3.5 8 

25 3.98 3.4 6 

2.5 2.74 2.73 
26 5.1 4.94 4.60 

-------------------------------
i Phenol-formaldehyde, 65% mica, Durite 500 

Epon resin RN--48 
Formica ~'F--41 

lubricants 
Epoxy resin 
Melamine-formaldehyde, 55% filler 

4% 
24 5.1 
25 -
26 -

5.03 4.78 
3.!13 3.52 
6.00 5.75 

----------1---------------1---1------
Formica XX 
Formvar E 

Phenol-formaldehyde. 50% p&per laminate 
Polyvinyl formal 

--
4.4 
5.1 

2.62 
--
-
2.50 
2.63 

-
2.14 
2.72 
3.40 

-
2.90 

4.JO 
3.50 
--
3.28 

2.73 
4.51 
--

4..721 3.32 
5.5 

4.04, 
2.80 

3.70 3.55 0.08 

5.0 5.0 -
- 4.5 0.010 

----------
3.64 - 0.15 
4.57 - 0.032 

2.59 - -
----------

4.89 - 0.05 
2.50 - -- - -

- -
- - -
3.40 - 0.0030 

- -
4.07 -
3.44 - 0.0033 

---------
3.11 -

- -
4.48 - 0.03 

'-71 - 0.015 
3.04 - - -

3.57 - 0025 
2.76 2.7 0.003 



dissipation fador al 
(frequency in cycles/second) 

111' I ,os I 1oa I x:oo I 
0.00535 0.0016.51 0.0023 ! 0.0060 I 
0.0030 0.00121 0.001s I 0.0041 ' 
0.0004 0.0005 0.0009 I 0.001991 

---
o.ooos i 0.001;1 ~ I 0.0009 

0.0034 0.0019 I 0.0027 0.0044 

"·""' """" o.ooa; "'"" I 
0.0055 0.0036 0.0030 0.0054 
0.0005 0.0008 0.0012 0.0012 
0.0042 0.0020 - . 

-i----1 
0.0033 0,0018 - 0.0043 l 

0.0006 0.0006 0.0006 I 0.000681 0.00026 0.00001 0.00003 0.0001 • 

--1 
0.00075 0.0001 0.0002 I 0.000001 

0.00147 
0.0024 
0.0104 

0.0220 

0.370 
0.0082 

0.082 
0.024 

0.00156 

0.0290 
0.0005 
0.070 

1 

0.0041 
0.019 

I 0,027 

0.0280 l 

0.125 
0.0055 

0.060 
0.027 

0.00047 
---

0.050 
0.0005 
O.D15 

---
0.0009 
0.0007 
0.0041 

6: 0.0007 ' 
7! 0.00020 

0.0015 

0.0029 
0.0032 

0.0044 

0.0006 
0.021 

I 0.0078 

I 

I 
0.0018 

0.0022 
0.0061 

I ·---
I 0.0263 

ti 0.00058 

1~ 

0.0038 0.0034 
0.004 0.027 
0.030 0.001 

0.0380 0.0438 

- -
0.0057 -
0.077 0.052 
0.050 0.0555 

0.0011 0.0005 
------

0.108 
0.0009 0.00068 
0.0158 -

---
0.0010 -
0.00024 
0.0039 0.0029 

0.00166' -
0.0034 0.0071 
0.0033 0.0026 

-------
0.0216 0.0220 

0.00118 -
0.0064 0.0062 

0.0104 
0.0038 
0.0119 

I 
0.0082 
0.0142 

0.01151 0.0126 
0.0264 0.021 

0.0165 
0.0100 

0.0115 . 0.020 

~1~1 0.019 0.013 

-
0.060 
0.0113 

2.5 
XIO" 

0.0110 
0.0127 
0.0112 

0.0073 
0.0083 

0.0090 
0.0031 

0.0013 

0.0002s 

-
-

0.0090 

0.002 
0.0089 

--

-
---
---

-
--

-
-

--
-

0.0115 

dleleclrlc 
otrength In 

volts/mil al 
2s•c 

---
-
-

-
-

---
410 (l'l 

-
405 (t") 

-

300 (t') 

-
325--375 (i') 

277 (l') 
375 /0.0851 ) 

-
200 (t') 

-

--
600 (t') 

-
-

810 (0.068') 

--

---
-

860 (0.0341 ) 

I 

' 
I 
I 

: 
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de volume 
re1lotlvlly In 
ohm-cm ot 

25° C 

10" at 250° 
1010 at 250° 
1()1• nt 250° 

4XIO" at 250° 
5X10' at 25()0 

10" at 250° 

7X107 at 250° 
1011 at 250° 

6Xl08 at 250° 

3X10'at 250" 
5Xl0" at 250" 

>1@• 

-
>3.8Xl0' 

-

1()11 

-
2XUl" 

--
-
---
--

-
>H)"' 

. 

-

--

-
>5Xl@' 

I 
thermal ex-1 

pan1ion 
(llnear) in 
port,/°C 

90Xl<r1 
87Xlo-> 

132XI0-7 

12sx10-, 
49X10-7 

46X10-1 

50XI0-7 

31Xl0-, 
36Xl<r1 

42XlO-' 
SX!o-> -

5.7Xl0-7 

-
4.77Xlo-' 

-

30-40 X 10--

10-20Xl0-. 

8.3-13Xlo-, 
2.6Xlo-< 

-

7.5-15Xlo-< 

-

-
6.49Xlo-< 

-
5.4Xlo-< 

-
-

--
1.1x10-• 

7.7Xlo-< 

tollenlng point 
ln°C 

626 
6isO 
484 

527 
697 
703 

693 
746 
756 

701 
1450 

16li7 

-
109 (distortion) 

< 135 (distortion) 

145 (dlst-0rtion) 

j mol,ture 
' ab,orp. 

I lion In 
percent 

l 

j Poor 

\-
1 -

1~~ 

I 
1---
1 

-
O.H 

·-
<0.6 

-
100-115 (distortion), 0.3 

----
50 (distortion) 0.42 
152 (distortion) 2 

-
40-60 (distortion) - -

- -

- -
I -

126 0.05--0 08 

I - -

I 125 0.06--0.08 

- -
- -- -

- --- 0.6 

--
- -
190 1.3 
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Commercial insulating materials continued 

motedol composllion 

pfa,tics-ronliriued 
Gooli 2046 59% polyvinyl-chloride, 30% dioetyl 

phosphate, 6% etabiliser, 5% filler 
Hardman 5 l Permo potting 

eornponnd Alkyd resin 
Hydrogenated polystyrene Polyvinylcyclohexane 

Jlysol 0020 Epoxy resin 
Hysol 0030, flexible potting 

c·ompound Epoxy resin 
Kel-F Polychlorotrifluoroethylene 

Kel-F, grade 300P25 Plasticized polychlorotrifiuoroethylene 
Koroeeal SCS-243 63.7% polyvinyl-chloride, 33.1 % di-2-

ethylhexyl-phthalate, lead silicate 
Lumarith 22361 Ethylcellulose, 13% plasticizer 

Marco resin MR-25C Unsaturated polyester 
Mel mac molding compound Melamine-formaldehyde, 40% wood flour, 

!500 18% plasticizer 
Melrnac resin 592 Melamine-formaldehyde, mineral filler 

Micar!a 254 Cre,ylie acid-formaldehyde, 50% 
a..celJulose 

~ylon 610 
Pmnafil 3256 

Polyhexarnethylene-adipamide 
Cross-linked addition polymer 

Pla.skon alkyd special 
electriral granular Alkyd resin 

P!askon melamine Melamine•forrnaldehyde,a-cellulose 
P!a.skon 911 Unsaturated polyester 

I 

Plastieell : Expanded polyvinyl chloride 
Plastic CY-8 9i% poly-2,5-dichlorostyrene 
?lexig!ass Polyrnethyl methaerylate 

Polyethylene DE-3401 0.1% antio,idant 

Polyethylmethacrylate -
Polyillobutylene -
?olyatyrene -
Polystyrene fibers Q-107 1-micron-dirun fibers 
l'olyviny I chloride W-17 4 65% Geon 101, 35% Paraplex G-25 

Pyralin Cellulose nitrate, 25% camphor 
Red Glyptal 1201 Alkyd resin 
Rexolil;e 1422 -· 

Saran B-115 Vinylidene-vinyl chloride copolymer 
ltyraloy 22 Copolymer of botadiene, styrene 
ltyrofoam 103.7 Foamed polystyrene, 0.25% filler 

Teflon Polytetraftuoroethylene 

renite I (008A, H.) CellulO!e acetate, plalltieized 
fenite I1 (205A, H.) Celluloee acetate-butyrate, plasticized 

Vibron 140 Cross-linked polyst~ene 
Vinylite ~YNA 100% polyvinyl-ch oride 
Vinylite G590I 62.5% polyvi11yl--chloride-aeetate, 29% 

plasticize,, 8.5% misc 

I I 
dlelllctrlc tonslanl al 

(fr~uency In cycles/second) 
T I I I 3 I 2.5 'C 60 10' 10' IOI XIO" XI01• 

23 7.5 6.10 

25 2.95 
24 - 2.25 

--;-
25 - 3.90 

25 - 6.15 
25 2.72 2.63 
----

25 - 2.75 

27 6.2 5.65 
24 3.12 3.06 

----
25 - 3.24 

25 - 6.31 
27 8.0 6.25 

----

3.55 3.00 2.89 0.08 

2.70 2.59 2.53 
2.25 2.25 2.25 

3.54 3.29 3.01 

4.74 3.61. 3.20 
2.421 2.32! 2.29 2.28 0.015 

-'-l--1---+---
2.51 2.37 2.31 

3.60 2.9 2.73 O.Q7 
2.92 2.80 2.74 2.65 

3.10 2.90 2.77 

5.85 5.10 4.20 
5.20 4.70 4.67 0.08 

I I 

25 5.45 4.951 25 3.7 3.50 
24 4.22 

4.51 3.85 3.43 
3.14 3.0 2.84 
3.86 3.5 

3.21 ! 0.008 
2.73 I O.o18 
3.0 ,_ ---1 

25 - 5.10 
24 - 7.57 
24 3.81 
,_ --

25 - 1.04 
24 - 2.61 
27 3.45 3.12 

----
25 2.26 2.261 

22 -12.n1 

25~~ 

25 2.56! 2.56 
26 - I 2.14 
25 I 4.77 
----

27111.4 8.4 
25 - 4.5 
25 2.55 ----
23 5.0 4.651 
23 2.4 2.4 
25; 1.03. 1.031 

--'--1 
22 2.1 2.1 

26 4.59 4.48 
26 3.00 3.48 

--,-
25 2.59 2.59 
201 3.20 3.10 

2sl - 6.5 

_[ _________ _ 
4.76 4.55 4.50 
7.00 6.0 4.93 
3.56 3.25 3.07 

1.04 1.04 1.04 
2.60 2.00 I 2.60 2.59 
2.76 - I 2.00 0.064 

--1--------
2.26 2.261 2.26 2.26 1<0.0002 

I I ' 

2.23 2.23, 2.23 0.0004 
2.s. 2.s21 2.s1 I 2.s 

----•---i----+---
2.56 2.ss! 2.ss i 2.M <:o.oooos 
2.14 2.141 2.IJ I I 
3.52 3.00. - 1 - I -

-1-1--:------
6.6 ! 5.2 1 3.74 1 2.0 
3.9 I - 1 ; 
2.55: 2.55; 2,54 ! 
--i--,----,---- ----

3.181 2.821 2. 71 : 0.042 
U 2.4 I 2.4 1 2.40 0.001 
1.03/ - I 1.03 I 1.03 <:0.0002 
--,-'---'------

2.1 I 2.1 i 2.1 1 2.08 <:0.0005 
I I 

3.90 3.401 3.25 I 3.11 
3.30 3.08 2.91 

:;.~s 2.ss 
2.88 2.85 

3.4 3.0 

2.M 
2.84 

2.88 

0.0075 
0.0045 

0.0004 
0.011., 



dissipation facto, al 

10' 

(frequency In cyclu/second) 

I 10" I 1os I x:OI' I 

0.110 0.089 0.030 0.0116 

0.041 0.0124 I 0.0120 0.012s 
0.0002 <0,0002 , <0.0002 0.00018 

0.0113 0.0272 0.0299 0.0274 

0.048 0.084 0.090 0.038 

2.5 
X1010 

dlelectrlc 
11tenglh In 
volt1/mll at 

2,0 c 

400 (0.075') 
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\ 

de volume 
,e,istivity in 
ohm-cm at 

25° C 

SXlO" 

I 
thermal ex-1 I mol1ture pon1ion absorp"' 
(linear} 111 taftenlng point tlon In 
parls/°C In ° C percent 

60 (stable) 0.5 

0.0028 ~i----- __ 1_0_" _______ , ______ , 

o.01sa o.0093 • I 
0.0270 0.0082 

0.0207 0.0175 

0.100 0.093 0.030 0.0112 
0.0048 0.0115 0.0160 0.0196 0.6.'!0 522 (i') 5Xl010 51 (distortion) I 1.50 

-0.-00-72- --0.-01-38- --0.-01-90-I---O-.O-l-30-L-----I------I------ -----l•------i---

0.0173 0.032 0.050 0.052 1· 

0.0470 0.0347 0.0360 0.0410 450 (Pl 3Xl0" 3.5XIO--• 125 (distortion) , 0.1 _I____ 1-
0.0.'ls i 0.036 0.055 0.051 0.038 1020 (0 033') 3Xl0" 3Xl()--5 > 125 1.2 
0.0186 I 0.0218 0.0200 0.0117 0.010/i 400 \¼') 8Xl0" l0.3Xl0... 65 (distortion) 1.5 
0.0120 . 0.030 0.034 0.029 600 (0.060•) 10--13X 10--' > 150 (distortion) 0.07 
--1----

1 
0.0236 i 0.0149 
0.01221 0.041 
0.0125 0.0240 

0.0138 
0.085 
0.0220 

0.0108 
0.103 
0.0175 

~I 0.0010 -;;:;;;;; -- 0.0055 
<0.0002 . <0.0002 0.00025 0.00031 0.0029 ~I 0.0140 ___ 0.0057 -

<0.0002 I <0.0002 0.0002 o.00031 o.0006 

0.0294 . 0.0090 0.0075 0.0083 
0.0001 0.0001 0.0003 0.00047 

0.0012 

300--400 

9\lO (0.030') >5X10" 

1200 (0.033') 1()17 

8-9Xl0 ... 

19X10"" 
(varys) 

99 (stable) 0.4---0.6 

70--75 (distortion) 1 0.3---0.6 

195-105 {distortion)\--;;:;;;;-

1 60° (distortion) I Low 
600 (0.010') I 25 (distortion) Low 

500-700 (l') l(Jlll 6-8X10 ... I 82 (diatortion) !~ 
·1------l------1-----i 70--80° (distortion) I Slight 

9.8Xl0... 2.0 

0.063 0.057 0.0180 0.0072 300 (!') 10''-101• 15.8X10"" 150 
0.0006 0.0012 0.0052 0.0032 0.0018 1070 (0.030') 6Xl014 5.9X1()--5 125 

<0.1 
0.2---0.4 
Low <0.0001 i <0.0002 0.0001 85 

<0.0003 -<-0.-00_0_2 -<-0.-000-2- --0.-000-1-5 -0-.000-6-l--1-000--_2_00_0_
11 

___ 101-,--·1-9-.0-X-10-•-166 (distortion, 

/0.005'---0.012') stable to 300) 
0.0li5 0.039 0.038 0.031 0.030 200-600 (t'l 8-!6X10-. 60--121 
0.0097 O.o18 0.017 0.028 25D--400 (l') 11-17Xl()--5 60--121 
----------------1------1-----Ji----i------1 

i::m~ 8:g'?~ i i:&Z~? 1 i::ii 
0.118 \ 0.074 I 0.028 i 0.0106 

400 (t') 101' 6.9X10-. 54 (distortion) 

0.00 

2.9 
2.3 

0.05-0.15 
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Commercial insulating materials continved 

pla1Hcs-(.;o;tinued 
Vinylite VG5004 

Vinylite VYNW 

organic llqulds 
Aroolor 1254 
A ,;ation gasoline 
Bayol-D 

Benzone 
Cable oil 5314 
Carbon tetrachloride 

DC-5.50 
DC-710 
Ethyl alcohol 

Ethylene glycol 
Fraetol A 
Halowaxoil 1000 

Ignition-sealing compound 4 
IN--420 
Jet fuel JP-3 

Kel-F grease, grade 40 
Kel-F oil, grade 1 
Mareol 

Methyl alcohol 
Primol-D 
Pyranol 1467 

Pyranol 1476 
Pr.ranol 1478 
Silicone fluid SF9H0 

Silicone fluid SF91i-J000 
Silicone fluid SC200 
Silicone fluid SC500 

Styrene dimer 
Styrene N-100 
Transil oil lOC 

Vaseline 

waxes 
Acrawax C 
Beeswax, yellow 
Ceresin, white 

Halowax 11-314 
Halowax 1001, cold-molded 
Kel-F -wax 150 

compo1Hlon I 
' dielectric constant at I 
!---,-(f,--,eq-.u-en-cy-ln-,-

1
-,-lu~/,-e-co_n_d_) __ ---

0~ 160 I 10• ! 1oe I 103 x1o> i x~t10 60 

'I 54% polyvinyl-ehlorid..,.eetate, 41 % I I I I I I plasticizer, 5% miso I 25 - 7 5 4 3 3 3 2.94 
Polymer of 95% vinyl-chloride, 5% . · · · 

vinyl-acetate I 20/ 3.15 2.90! 2.8 : 2.74 

Pentaehlorobiphenyl 25 
100 octane 25 
77.6% paraffin•, 22.4% naphtheneo 24 

Chemically pure, dried 25 
Aliphatic, aromatic hydroearbon.s 25 - 25 

5.05\ 5.05

1 
•. 70

1 
2.75! 2.70 I 0.0002 

- - t.94 1.94 1.92 -
2.06 2.06, 2.061 2.06 2.06 - 0.0001 
--1-1---1------

1 · I I 2.28 2.28 2.28, 2.28 2.28 2.28 <0.0001 
2.25 2.25 2.25 2.25 2.22 0.0006 
2.17 2.17 2.17 2.17 2.17 0.007 

---- ---1-----1 

Methyl and methyl-phenyl polysiloxane 

I 
25 

Methyl and methyl-phenyl poiylliloxane 25 
Absolute 25 

2.90 2.90 2.88 2.77 
2.98 2.98 2.95 2.79 
- 24.5 23.7 6.5 

- -;1 
57.4% paraffins, 42.6% naphthenes 26, 
60% mon-, 40% di-, triehloronaphthalenes 251 

Organo-ailoxane polymer 25 
Chlorinated Indan 24 

25 

----1------
- - u /41 I 12 - -
2.11 2.11 2.11

1 
2.11 2.11 I 2.12 <0.0001 

uo 4.77 4.74
1 

- I a.s2 . - o.so 
---,-1-------

2,75 2.75 2.7.51 2.741 2.65 0.002 
5.77 5.71 - - 0.00004 
- - 2.osl 2.os1 2.04 

- ----1--------
Polychlorotrifluoroethylene 25 
Polychlorotrifluoroethylene 25 
72.4% paraffins, 27.6% naphtheneo 24 

2.88 2. 78 i 2.20 
2,61 2.61 2.58• 2.34 

2.14 2.14 2.14 2.14 2.14 <0.002 

Abeolute analytical grade 25 
49.4% paraffins, 50.6% naphtheneo 24 
Chlorinated henzeneo, diphenyle 25 

- 31. 31.0 23.9 
2.17 2.17 2.17 2.17 2.17 <0.002 
4.40 4.40 4.40 4.08 2.84 

Isomeric pentaehlorodiphenyle 26 
Isomeric triehlorobensenes 26 

---,-.---1------
5.04 5.041 3.85' - 2.70 - -
4.55 4.53 4.531 3.80 - O.Q2 

25/ 
I 

- 251 Methyl or ethyl eiloxane polymer (1000 cs) 22 
Methyl or ethyl eiloxane polymer (0.65 cs) 22 

- 25 
Monomeric styrene 22 

I Aliphatic, aromatic bydrocarbona I 26 

I I 

- I 25 

2.71 2.il 2.70 

-----'--'--1-
2.73 2.73 2.73 2.71 I 

2.78 2.78 2.78 2.74 0.0001 
2.20 2.20 2.20 2.20 2.20 2.13 <0.001 

-----;;- 2.7 2.5 1---
2 40 2.40 2.40 2.40 2.40 _ I 0.01 

_:_:: 2.22 2.22 2.20 ~1-----~ 
2.161 2.16 2.16 2.16 2.16 - 0.0004 

I 241 2.60i 2.581 2.54 2.52 2.48 I 2.44 
I 2a1 2.761 2.60 2.53 2.45 2.39 

1 
1 2s1-=./ 2.3 I 2.a 2.3 2.20 o.0009 

----------1- 314-1----------
Dichloronapbthalenes I 23 

5
-
45

1 3.04. 2.98 2.93 2.89 - 0.10 

Cetyl».eetamide 

V eget&ble and mineral waxeo 

O.D25 

Tri- and tetrachloronaphthaleneo I 26 · I 5.451

1 

5.40/ 4.2 2.92 2.84 0.002 
Polychlorotritluoroethylene 25 - I 2.97 2.521 2.25 2.23 - -

O-pa-lw_a_x _______ ,_M_a_i_nly_1_2-_hy_d_ro_x_ys_t_ea_ri_n _____ l~ ;z;l;.;-J--;;-1--;;---;:;---2.-5-i~ 
Poraffin wax, 132• ASTM Mainly Cu to c., aliphatic, &aturated I I 

hydrocarbons 25 2
2

.
3
25 2.25 2.251

1 

2.25 2.25 U l<0.0002 
Vi!lt&wax Polybutene 25 • 4 2.34 2.34 2.30 2.27 - 0.0002 
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_____ d:c.is'--s_.lp_a___:fion factor at 
(frequency In cycles/second) pansion 

! moisture 

I 10' I 111' I X ~O' I 2.5 
x1O10 

dleledric 
strength In 

volll/mll at 

de volume 
resistivity In 
ohm-cm at I thermal 8X• 1 

(linear) In 
I parts/0 C: 

soflenln11 point tlon In I
, ob1orp-

in ° C percent 10• 25° C: 25° C: 

0.071 j 0.140 I 0.067 II 0.034 I 
0.0165 I 0.0150 o.ooso o.00511 

0.00035 0.238 
0.0001 ' 0.0014 - - - -

<0.0001 <0.0003 0.0005 0.00133 - 300 (0.1001 ) - 1X10""1 I -26 (pour pornt) Slight 

0.0170 1 0.0044 - I - - ,I -_ . 

----------1-----1----1--------
<0.0001 <0.0001 <0.0001 <0.0001 <0.0001 i, _

40 
,.-:-u, po'int) 

<0.00004 0.0008 - 0.0018 300 (0,1001 ) WU 

0.0008 <0.00004 <0.0002 0.0004 

0.021 -
0.014 
0.250 

1.00 -

I 
0.030 -I 0.045 

<0.0001 <0.0003 0.0004 0.00072 0.0019 300 (0.100') 7.06X10-' <-15 (pour point) Slight 
0.0050 , <0.0002 

0.0006 ·1 0.0004 
0.00IO -

0.0001 

0.25 

0.0015 0.0092 

0.0055 , 

500 (0.010') lXlOU 
1014 

--- ----------1----1------1-----

2.1x10-• -38 (melto) 

i i 10 (po~ point) 
, ___ _ 

0.00038 0.043 - 0.014 ' - -
0.00023 0.00020: 0.014 o.os1 I - - ·1 

_<_o._000_1_ :o_.0_00_2_• __ - ___ o._000_11_11 __ -__ 
1
_3_oo_co_.1_00_•_>_, ___ -___ 

1 
__ 1_.s_x_1_o-<_ -12 (po--;;, point) 

- 0,20 0.038 

Slight 

<0.0001 <0.0002 -
0.0003 0,0025 0.13 

0.64 
O.OC077 
0.12 300 (0.ltlO') 

6.91Xto·• <-15 (pour point) Slight 

: 0.0006 0.25 
0.0014 0.0002 0.014 

<0.000003 <0.0001 

0.0042 
0.23 
0.0095 

10 (pour point) 

----------------1------1------1-----------•---
<0.000003 <0.0001 I - 0.0106 

0.00008 <0.0003 - 0.0096 
<0.00004 <0.0003 , 0.00014 0.00145 0.0060 250-300 (0.100') l.59SXJO·• -68 (melt.) Nil 
-_-- --0.-000-3-1-0.0_0_18- --0.-01_1_ -----!-----i,:-----I---- ---_---l---_-

0.005 <0.00031 - 0.0020 
<0.00001 <0.0005 0.0048 0.0028 

300 (0.100') 
300 (0.100') 

3X1012 

0.0002 ·\ <0.0001 -<-o-.o-00_4_
1--o-.ooo·-6-61-----i------i------i---_--

0.0068 I_ 0.0020 I 0.00121 0.0015 I 0.0021 I - I 
0.0006 i 0.0004 0.0004 0.000461 ~,~I~~ = = 

-40 (pour point) 

137-139 (melt.) 
45-64 (melts) 

57 

0.0011 o.0045 , 0.2, I o.o5s 0.020 - - 91-94 
0.0093 o.054 · 0.021 

1 
o.om I - -

0.06 

Nil 
Low 

-0.-01-10-'.-o.-ooo-a ;-0.-00-11-j-o.-00_3_7 ,

1

i---·!-----i-----1~-3-5-_6_3-(m_e_lto_)_
1 

-;;:;-~-;;:;;-:

1 

0.0167 ·1 0.0160 - - 86--88 (melt.) I -
<0.0002 <0.0002 <0.0002 0.0002 <0.0003 1060 (0.027') >5_X101< '113.0X_lo-t 36 Very low 

0.0003 i 0.00133 0.00133 0.0009 - -
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Commercial insulating materials continued 

material 

rubbers 
G R-1 (butyl rubber) 

GR-I compound 

GR-S (Buna S) cured 

G R-S (Buna S) uncured 
Gutta-percha 
Heve,; rubber 

Hevea rubber, vuleaniled 
Hy car OR Cell-tite 
Kralastie D Natural 

Neoprene compound 
Royalite 149-11 

SE-4/i0 

SE-972 
Silastic 120 

Silastic 152 

Silastic 181 
Silastie 6167 

Thiokol FA 

woods• 
Balsawood 
Douglas Fir 
Dou~las Fir, plywood 

Mahogany 
Yellow Birch 
Yellow Poplar 

mi1eeUoneou1 
Amber 
Cencq Seal,tix 
Plicene cement 

compo1Ulon 

• 1 I dlelemit con,tanl at 
(I uency In cycle1/18CGnd) 

.~ 60 11=i 10' I 10" I X~O' I li~,. 
1-
1 60 

C~polymer of 98-99% isobutylene, 1-2% 
1soprene 

100 pts polymer, 5 pill 1ine oxide, 1 pt 
tuadt,, 1.5 pill sulfur 

Styrene-butadiene copolymer, fillers, lubri-
cants, etc. 

Copolymer of 75% butadiene, 25% otyrene 
-

Pale crepe 

100 pts pale crepe, 6 pt,, sulfur 
Based on butad1ene polymer 
Nitrile rubber 

38~GN 
Po ystyrene...,.rylonitrile and 

polybutadiene.....,ylonitrile 
Silicone-rubber compound 

Silicone-rubber compound 
50:fr siloxane elastomer; 50% titanium 

ioxide 
Siloxane elastomer 

45% siloxaneelastomer,55% silicon dioxide 
33Jf siloxa.ne elastomer, 67% titanium 

ioxide 
Organic polysulfide, fillers 

25 2.39 2.38 2.35 2.351 2.35 l 0.0034 

25 2.4:l 2.42 2.40 2.391 2.38 - 0.005 

25 ~ 2.96 2.90 ~I~ - ~ 
26 2.5 2.5 2.50 2.451 2.45 I 0.0005 
25 2.61 2.60 2.53 2.47, 2.40 f 0.0005 
25 2.4 2.4 2.4 2.4 I 2.15 1 0.0030 __________ , ___ , _______ _ 
27 2.94 2.94 2.74 2.42 2.36 : 0.005 
25 - 1.40 1.38 1.38 1.38 I 
25 - 3.54 3.20 2. 78 2.66 l 
24 

25 
25 

25 

25 
25 

25 

25 
23 

--
6.7 

-
---

5.78 

---------,_ ___ , 
6.60 6.26 4.5 HlO 4.0 

5.20 4.41 - 3.13 
3.08 3.o7 3.05 2.97 
-------------

3.35 3.20 3.16 3.13 
I 

5.76 5.75 5.75 5.73 
2.95 2.95 2.95 2.90 --___ , ___ _, 
3.30 3.20 3.18 3.11 

10 
16 13.6 

0.018 

---
0.056 

25 2.05 2.00 ua1 1.ssj 1.s2 I 1.78 o.004 
26 U I 1.4 I 1.371 1.301 1.22 I - 0.058 

25 ..:::.,...:.1..!~i--1---1--1.-6_ ~ 
25 2.42, 2.401 2.25

1

2.071 1.88 I 1.6 0.008 
25 2.9 I 2.ss1 2.10 u11 2.1a 1.81 0.001 
25 1.85, 1.79 1.75 - 1.50 1.4 0.004 

I Fossil resin 251 2.7 , 2.7 I 2,651 - I 2.6 0.0010 

I 
De~hotiusky cement 23i 3.95 1 3.751 3.231 - I 2.96 0.049 

25i 2.48 2.48f 2.481 2.471 2.40 0.005 ----------,, ' --1--.--,----------
Gilsonitc I 99.9% natural bitumen 26f 2.69 2.66! 2.58 2.56! - - 0.006 
Shellac (natural XL) I Containll ~ 3.5% wax 281 3.87 3.811 3.47 3.!0i 2.86 0.006 

Mycalex 400 Mica, glass 25 - 7.45f 7.39 - I - - -
_M_y_c.-1-•• -K-l_O _____ I Mica, glass, titanium dioxide 24 --=:--19.3:-9.o -=-!--=------:-----
!'.lykroy, grade 8 I Mica, glass 25 - 6.8116.73 1 6.721 6.68 6.66 
Ruby mica I Muscovite 1 26 5.4 5.4 5.4 I 5.4 I 5.4 0.005 ----------1--------------1------------ ---->· 
Paper, Royalgrey I - 1 25 3.30 3 29f 2 99' 2.nl 2.70 I 0.010 
Relenium Amorphous ' 25 6.00 6.00 6.001 6.00 I 6.00 
Q_ui_n_te_rra _______ f Asbestos fiber, chrysotile j 25 -

1 
4.801 3 l 1 - I - '----i-

Quinorgo 3000 I 85% chr_ysotilc .. besto., 15% organic [-- --, --; ---,• ---

1

;---

1

, 

I material I 25 

1

, 6.4 I 3.3 
Sodium chloride I Fresh crystals I 25I - 5 90 5.90 - I 5.90 
s_m_·1_._••_n_d_y_d_rY _____ I_____________ J 25, , 2.91 "2.59 2.55, 2.55 

Soil. loamy dry I -- I 251-12-831 2.53/ 2.48j 2.44 I - -
lee From pure distilled water , -12 - - r t.151 3.45f 3.20 i - -
S_n_o_w ________ ! Freshly fallen snow 1-20, __ ,~ ~!~f~'----------

Snow ! Hard-packed snow followed by light rain I -6
1

1 -

1
, - 1.55j I 1.5 I - -

Water i Diatilled 25 - - 78.21 78 ! 76.7 34 -

• Field perpendicular to groin. 



diHipation factor al 
(frequency in cycle1/second) 

10• I 10• 
I I 3 I ~, 

10' XIO• XI011 

0.0035 0.0010 0.0010 1 0.0009 -
0.0060 0.0022 0.0010 0.00093 -
0.0024 0.0120 0.0080 0.0057 -
0.0009 

IJ~_/ 
0.0071 0.0044 -

0.0004 0.0120 0.0060 
0.0018 0.0050 0.0030 -
0.0024 0.0446 0.0180 0.0047 i -
0.0058 0.0056 0.0047 0.0039 
0.0052 0.05:l 0.027 0.0093 ----

0.034 I 0.011 0.038 0.090 0.025 

0.0165 0.108 - 0.020 
0.00072 0.0011 0.0030 0.0158 -------· ---
0.0067 0.0030 0.0032 0.0097 

0.0030 0.0008 0.0027 0.0254 -
0.00052 0.00054 0.0020 0.0100 -

o.0037 I 0.0029 
---

0.0067 0.0100 -
0.0026 o.00005\ 0.0027 0.045 -
1.29 0.39 I 0.28 0.22 0.10 

0.0040 0.0120 0.0135 0.100 
0.0080 0.026 0.033 0.027 0.032 
0.0105 0.0230 0.0220 ------
0.0120 0.025 0.032 0.025 0.020 
0.0090 0.029 0.040 0.033 0.026 
0.0054 0.019 0.015 0.017 

0.0018 · 0.0056 I 0.0090 
0.0336 I 0.024 1 0.021 
0.00355 0.002551 0.0015 0.00078 
--1--,----

&:ll&~: : &:zg: 6 I &:ggi1 
0.0254 I , 

0.0019 0.0013 

-I 
0.0125 
0.0066 
0.0006 

0.0026 
0.0026 
0.0003 

0.0025 
0.0002 

0.0040 1· 

0.0038 0.0081 
0.0003 ___ , __ _ 

0.0011 o.o3s . 0.000 0.056 I 
0.0004 <o.oooa I <0.0002 0.0001s, 0.0013 
0.15 0.025 1' ---1--,--

• I 

0.231 0.087 
1
. - I -

<0.0001 .<0.0002 - '<0.0005 
~-I 0.017 _:_-__ ]~I __ -__ 

0.05 1 0.018 I - 1 0.0011 
1 

- 1 0.12 I 0.035 
1
, 0.0009 • 

~j 0.0215 ,---1 0.00029i 

I 0.29 I - I 0.0009 I 
I 0.040 0.005 0.157 (),265() 

dleledrle 
1trenf;,h In 

voltl mil al 
25° C 

-
-

870 (0.0401 ) 

-
-
-
-

300 (i') 

-
-

-
350(¼") 

450 (l") 

--

2300 (i') --
--
-

-
3800-5600(.040') 

i 202 (i') 
-

I -
I -
I -
I -
I 

I --
i -

l --
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! devolu- J thermal ex- ! lmol1hmt 
: resistivity In pan•ion r abaorp,, 

ohm-cm at I (linear) In I 111ftenlng point tion in 
25° C i partl/°C In° C percent 

- - -
- - -

2x1011 -

- - -
!OIi - I - -

- -
- - -

! -
8Xl1Jl' - I - Nil 

- -I -I 

' 
I - - ' -

I i - I -- ! - I 
-

I 
- i 

-

- I - - -

Very high -
I 

200 -- 9.8X10-- 80-85 -- - 60-65 -
- - I 155 (melts) -
tl)l• I 80 Low aft.er 

i 
baking 

- -
-

I 
- 400 <0.5 - -

5Xl0" I - -
I - -I - -- i - \_-- -I 

! I - I - -- - I -- I - - -
-

I 
- - -- - -

I 
- -

- - - -
1()11 - -
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Ferrites 

Ferrite is the common term that has come to be applied to a wide range of 
different ceramic ferromagnetic materials. Specifically, the term applies to 
those materials with the spinel crystal structures having the general formula 
XFe 20 41 where X is any divalent metallic ion having the proper ionic radius 
to fit in the spin el structure. To date, ferrites have been prepared in which 
the divalent ion has been manganese, iron, cobalt, nickel, copper, cadmium, 
zinc, and magnesium. All of the known ferrites are mutually soluble in each 
other without limit; a wide range of magnetic and electrical properties can 
be obtained from specially formulated mixed ferrites that can be thought 
of as solid solutions of any two of the simple ferrites described above. Thus 
nickel-zinc ferrite can be prepared with the composition Nii-0Znie20 4, 

where li can take any value from zero to unity. 

Several ceramic ferromagnetic materials have been prepared that do not 
have the basic formula XFe 204 but common usage has included them in the 
family of ferrite materials. Thus, "lithium ferrite" has been prepared; the 
chemical formula of this material can be written as (Li0•5Fe 0•5) Fe204. It can 
be seen that in this compound, the divalent X ion has been replaced by 
equal amounts of monovalent lithium and trivalent iron. Certain microwave 
applications have made it important to obtain ferrites with high Curie 
temperatures and lower saturation moments than can be obtained from any 
of the mixed ferrites discussed above. This has been accomplished by 
replacing part of the trivalent iron by some other trivalent ion such as 
aluminum. Thus a typical composition might be NiAl.,Fe2-.,04, where x 
could, in principle, vary from zero to two. Strictly speaking, these materials 
are not ferrites, but common usage includes them in the ever-growing list 
of ferrite materials. This substance can be thought of as a solid solution of 
nickel aluminate in nickel ferrite. Both materials have the spinel crystal 
structure and like all spinels, are completely soluble in each other. 

The spine! crystal structure consists of a cubic dose-packed oxygen lattice 
throughout which the metallic ions are distributed.* Two types of interstices 
exist in the oxygen lattice that will accommodate the metallic ions. In one 
of these interstices, the metallic ion is surrounded by four oxygen ions 
that occur at the corners of a regular tetrahedron. In the other, the metallic 
ion is surrounded by six oxygen ions occurring at the corners of a regular 
octahedron. The tetrahedral positions are commonly referred to as the 
A positions and the octahedral as the B positions, following the notation 
of Neel who developed the first satisfactory theoryt explaining the mag-

* For o very clear and concise description of the spinel structure see, A. F. Wells, "Structural 
inorganic Chemistry," Oxford University Press, London, England; 1946: pp. 85-87 and 379-385. 

t l. Nee~ "Magnetic Properties of Ferrites: Ferromognetism and Antiferromognetism," Anno/es 
de Physique, volume 3, pp. 137-198; 1948. 
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netic properties of these materials. There are twice as many B positions 
occupied in the spine! lattice as there are A positions; a spinel is known 
as a normal or inverse spinel depending upon how the metallic ions are 
distributed between the A and B positions. Thus, if both trivalent ions in 
the molecule are in the B positions and the divalent ion is in the A position, 
the spine! is normal. Many ferrites, however, ar-e inverse spinels, and in 
these the trivalent iron ions are equcilly divided between the A and B 
positions, and the divalent metallic ion is in the B position. The distribution 
of ions can be inferred from magnetic data, but neutron-diffraction experi
ments give the most direct and unequivocal evidence available today for 
determining the ionic distribution. Evidence from both sources indicates 
that zinc, cadmium, and manganese ferrites are normal spinels, while all 
other known ferrites except magnesium are inverse. Magnesium is partially 
inverse and partially normal, the exact distribution of ions between the two 
sites depending upon the exact heat treatment of a particular sample. 

The presently accepted theory of ferrites, verified to some extent by neutron• 
diffraction experiments, indicates that the magnetic moment of the ions in 
the A sites is aligned antiparollel to the magnetic moment of the ions in the 
B sites. Thus, basically, ferrites belong to the doss of antiferromagnetic 
rather than ferromagnetic materials. However, they constitute a special 
class of antiferromagnetic substances, since the magnetic moment in one 
site normally is larger than that in the other site and hence there is a net 
magnetic moment ·in one direction. Thus, even though ferrites are funda
mentally antiferromagnetic, macroscopically they exhibit the properties of 
ferromagnetism. Neel has suggested that materials that exhibit this property 
of uncompensated antiferromagnetism constitute a special class of materials 
and has proposed the name of ferrimagnetism to describe the phenomenon. 
In most of their important macroscopic properties, however, ferrites can 
be treated as ordinary ferromagnetic materials. 

This theory quite accurately accounts for the saturation moment of most 
ferrites, and in addition, it explains how it is possible to add a diamagnetic 
ion such as divalent zinc to nickel ferrite and to increase the saturation 
moment of the material. Thus in pure nickel ferrite, half of the trivalent iron 
ions are in the A sites and half are in the B sites, while all of the divalent 
nickel is in the B sites. Since the magnetic moment of the ions in the A sites 
is aligned antiporallel to the moments in the B sites, the magnetic moments 
of the iron ions effectively cancel each other and the net saturation moment 
of nickel ferrite is due to the nickel ions alone. Since divalent nickel has two 
unpaired electrons, it is expected that the saturation moment of nickel 
ferrite should be 2 Bohr magnetons per molecule. It is experimentally 
measured to be 2.3 Bohr magnetons. When zinc is added to nickel ferrite 
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-s-

saturation I I 
I 

Saturation Curle moment first-order I saturation 
ferrite moment temperature in Bohr X-ray I lattice anisotropy . magnetostriction I 

In gausses in °C magnetons density constant constant K, 
I 

X, X 106 

ns 

2 

i 
w 

Ni Fe2 O, 
I 
I 3400 585 2.3 5.38 8.34 -0.06 -22 

Nio.s Zno.2 Fe, O, 4600 460 3.5 - - - -18.5 
Nio.• Zno., Fe• O, 5800 360 4.8 - - - -15.0 

Nlo., Zno., Fe, O, 5500 290 5.0 - - - 8.3 
Nio.3 Zno. 6 Fe, O, 2600 85 4.0 - - -0.004 - 1.0 
Mn Fe, O, 5200 300 .o 5.00 8.50 -0.04 -14 

Mno., Zno. 6 Fe, O, - 100 6.0 - -0.004 -
Fe Fe, O, 6000 585 4.1 5.24 8.39 -0.135 +41 
Co Fe, O, 5000 520 3.8 5.29 8.38 +2000 -250 

Cu Fe, O, 1700 455 1.3 5.35 {" 8.24 - -• = 8.68 
Lio., Fe2., O, 3900 670 2.6 4.75 8.33 - -
Mg Fe, O, 1400 440 l. l 4.52 8.36 -0.05 -
Mg Al Fe O, - - 0.3 - - - -
Ni Alo.,, Fe1.1, O, 1300 506 1.30 - 8.31 - -
NI Alo ... Fe,.,, O, 900 465 0.61 - 8.28 - -
Ni Alo.e, Fe1 ... O, 0 360 0 - 8.25 - -
Ni Al Fe O, 900 I 198 0.64 5.00 8.20 - i -
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to form the mixed ferrite, Ni1_0Zn,iFe204, the zinc enters the A site and 
displaces o ions of trivalent iron, forcing them over to the B sites. Thus in 
this material, the A sites are occupied by o ions of zinc and (1 - ol ions of 
iron per molecule and the B sites are occupied by (I + ol ions of iron and 
(1 o) ions of nickel. Since trivalent iron has 5 unpaired electrons, giving 
it a magnetic moment of 5 Bohr magnetons, it is to be expected that the 
saturation moment of nickel-zinc ferrite will be {2 + 80) Bohr magnetons 
per molecule. It is found experimentally that the moment of nickel-zinc 
ferrite follows this formula approximately until about half the nickel has 
been replaced by zinc !i.e., o 0.51. On further additions of zinc, the 
exchange fields that account for the ferromagnetic property become so 
greatly weakened that the material rapidly becomes paramagnetic at room 
temperature. 

The behavior of the conductivity and dielectric constant of ferrites is not 
well understood. They behave as if they consisted of large regions of 
fairly low-resistance material separated by thin layers of a relatively poor 
conductor. Therefore, the dielectric constant and conductivity show a 
relaxation as a function of frequency with the relaxation frequency varying 
from 1000 cycles/second to several megacycles/second. Most ferrites 
appear to have relatively high resistivities I""' 106 ohm-centimeters) if 
they are prepared carefully so as to avoid the presence of any divalent 
iron in the material. However, if the ferrite is prepared with an appreciable 
amount of divalent iron, then both the conductivity and dielectric constant 
are very high. Relative dielectric constants as high as 100,000 and resistivi
ties less than 1 ohm-centimeter have been measured in several ferrites 
having a small amount of divalent iron in their composition. 

The accompanying table lists some of the pertinent information with respect 
to the more-important ferrites. Properties such as electrical conductivity 
and dielectric constant, which are extremely structure-sensitive, are not 
listed since slight changes in method of preparation can cause these prop
erties to change by several orders of magnitude. Also not included in the 
table is the initial permeability of ferrite materials since this is also a 
structure-sensitive property. The initial permeability of most ferrites lies 
between 100 and 2000. In general, the ferrites listed in the table have the 
following properties in common. 

Thermal conductivity = 1.5 X 10-2 calorie/second/centimeter2/degree C 

Specific heat = 0.2 calorie/gram/degree C 

Young's modulus 1.5 X 1012 dynes/centimeter2 
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• Components 

Standards in general 

Standardization of electronic components or parts is handled by several 
cooperating agencies. The Radio-Electronics-Television Manufacturers' 
Association (RETMAl and the American Standards Association (ASA) are 
active in the commercial field. Electron-tube standardization is handled by 
the Joint Electron Tube Engineering Council UETECl, a cooperative effort 
of RETMA and the Nafional Electrical Manufacturers Association INEMAl. 

Military (MIU standards are issued by the U. S. Department of Defense or 
one of its agencies such as the Armed Services Electro-Standards Agency 
!ASESAl. 

These organizations establish standards for electronic components or parts 
land in some cases, for equiomentsl for the purpose of providing, inter
changeability among different manufacturers' products as to size, per
formance, and identification; minimum number of sizes and designs; uniform 
testing of products for acceptance; and minimum manufacturing costs. In 
this chapter is presented a brief outline of the requirements, characteristics, 
and designations for the major types of component parts used in electronic 
equipment. 

Color coding 

The color code of Fig. I is used for marking electronic components. 

Fig. 1-Standard electronics-industry color code. 

significant decimal tolerance voltage character-
color figure multiplier In percent* rating lstic 

Black 0 1 ±20 !Ml A 
Brown 1 10 ±1 100 B 
Red 2 100 ±2 !Gl 200 C 
Orange 3 1,000 ±3 300 D 
Yellow 4 10,000 GMVf 400 E 
Green 5 100,000 ±st 500 F 
Blue 6 1,000,000 ±6 600 G 
Violet 7 10,000,000 ±12.5 700 
Gray B o.01t ±30 800 
White 9 O.lt ±lOt 900 
Gold 0.1 ±5 Ul 1000 
Silver 0.01 ±10 !Kl 2000 
No color ±20 500 

• Letter symbol is used at end of type designations in RETMA standards and MIL speci/1cations 
lo indicate tolerance. ±3, ±6, ± 12.5, and ±30 percent are tolerances for ASA 40- 20-
10-, and 5-step series. ' ' 
t Optional coding where metallic pigments are undesirable. 
i GMV is -0-to-+ JOO-percent tolerance or Guaranteed Minimum Value. 
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Tolerance 

The maximum deviation allowed from the specified nominal value is known 
as the tolerance. It is usually given as a percentage of the nominal value, 
though for very small capacitors, the tolerance may be specified in micro
microfarads (µµfi. For critical applications it is important to specify the 
permissible tolerance; where no tolerance is specified, components are 
likely to vary by ±20 percent from the nominal value. 

Preferred values 

To maintain an orderly progression of sizes, preferred numbers are fre
quently used for the nomina( values. A further advantage is that all com
ponents manufactured are salable as one or another of the preferred values. 
Each preferred value differs from its predecessor by a constant multiplier, 
and the final result is conveniently rounded to two signifkant figures. 

The ASA has adopted as on "American Standard" a series of preferred 
5,- 10 -

numbers based on v· 10 and VlO as listed in Fig. 2. This series has been 
widely used for fixed wire-wound power-type resistors and for time-delay 
fuses. 

Because of the established practice of ±20-, ± 10-, and ±5-percent 
tolerances in the electronics-component industry, a series of values based on 

6 - 12 - 24 -
v!O, VIO, and vlO has been adopted by the RETMA and is widely used 
for small electronics components, as fixed composition resistors and fixed 
ceramic, mica, and molded paper capacitors. These values are listed in 
Fig. 2. 

Voltage rating 

Distinction must be mode between the breakdown-voltage rating (test volts) 
and the working-voltage rating. The maximum voltage that may be applied 
(usually continuously) over a long period of time without causing failure 
of the component determines the working-voltage rating. Application of the 
test voltage for more than a very few minutes, or even repeated applications 
of short duration, may result in permanent damage or failure of the com
ponent. 

Characteristic 

This term is frequently used to include various qualities of a component 
such as temperature coefficient of capacitance or resistance, Q value, 
maximum permissible operating termperature, stability when subjected to 
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repeated cycles of high and low temperature, and deterioration experienced 
when the component is subjected to moisture either as humidity or water 
immersion. One or two letters are assigned in RETMA or MIL type designa
tions, and the characteristic may be indicated by color coding on the 
component. An explanation of the characteristics applicable to a component 
will be found in the following sections covering that componenf. 

Fig. 2-ASA and RETMA preferred values. The RETMA series Is standard in the electronics 
Industry. 

American Standard RETMA standard* 

Nome of series 05" 
I 
I 
I 

"10" ±20% ±10% 
I ±5% 

Percent step size 60 25 ""40 20 10 

Step multiplier ~io = 1.58 ~io = 1.26 ,v'io = 1.46 ~io = 1.21 \1/10 = 1.10 

Values in the 
series 10 JO 10 10 10 

- 12.5} - - 11 
- 02) - 12 12 
- - - - 13 
- - 15 15 15 

16 16 - - 16 
- - - 18 18 
- 20 - - 20 
- - 22 22 22 
- - - - 24 

25 25 - - -
- - - 27 27 
- 31.5} - - 30 
- 132) - - -
- - 33 33 33 
- - - - 36 
- - 39 39 

40 40 - - -- - - - 43 
- - 47 41 41 
- 50 - - -
- - - - 51 
- - - 56 56 
- - - - 62 

63 63 - - -- - 68 68 68 
- - - - 75 
- 80 - - -- - - 82 82 
- - - - 91 

100 100 I 100 100 100 

* Use decimal multipliers for smaller and larger values. Associate the tolerance ±20%, ± 10%, 
or ±5% only with the values listed in the corresponding column, Thus, 1200 ohms may be 
either ± 10 or ±5, but not ±20 percent; 750 ohms may be ±5, but neither ±20 nor ± 10 
percent. 
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Color code 

RETMA-standard and Mil-specification requirements for color coding of 
fixed composition resistors are identical (Fig. 31. The exterior body color 
of insulated axial-lead composition resistors is usually tan, but other colors, 
except black, are permitted. Noninsulated, axial-lead composition resistors 
have a black body color. Radial-lead composition resistors may have a body 
color representing the first significant figure of the resistance value. 

11n ~ I I ~1 I t 

j~ 

D •• ' 
axlal I I radial 
leads color 

' 
leads 

Band.A I Indicates first significant figure of resistance value in ohms I Body A 

Band B ) Indicates second significant figure I End B 

Band C j 1ndicates decimal multiplier I Band C or dot 

Band D I If any, indicates tolerance in percent about nominal resistance I Band D 
value. If no color appears here, tolerance is ± 20% 

Fig. 3-Resistor color coding. Colors of Fig, 1 determine values. 

Examples: Code of Fig. 1 determines resistor values. Examples are 

band designation 
resistance In ohms 

and tolerance A B C D 

3300 ± 20% Orange Orange Red Black or no bond 

510 ±5% Green Brown Brown Gold 

l.8 megohms ± 10% Brown Gray Green Sliver 

Tolerance 

Standard resistors are furnished in ±20-, ± 10-, and ±5-percent tolerances, 
and in the preferred-value series previously tabulated. "Even" values, such 
as 50,000 ohms, may be found in old equipment, but they are seldom used 
in new designs. 
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Resistors-fixed composition continued 

Temperature and voltage coefficients 

Resistors are rated for maximum wattage at an ambient temperature of 
40 or 70 degrees centigrade; above these temperatures it is necessary to 
operate at reduced wattage ratings. Resistance values are found to be a 
function of voltage as well as temperature; current MIL specifications allow 
a maximum voltage coefficient of 0.035 percent/volt for ¼- and ½-watt 
ratings, and 0.02 percent/volt for larger ratings. Specification MIL-R-11A 
permits a resistance-temperature characteristic as in fig. 4. 

Fig. 4-Tamparatura coefficient of resistance. 

1

1 

charac• J 

lerlstlc 1 

percent maximum allowable change hom resistance 
al 25 degrees centigrade 

l 
I I 

I 
Nominal 

I 
0 I 

>1000 >J0,000 I >0.J meg >J meg > 10 meg I 
resistance to 

I 
to to to to "IO 

in ohms 1000 10,000 0.1 meg 1.0 meg 10 meg 100 me(J 
I I At -55 deg I 

cent ambient F j±6.5 I ±10 ±13 ±20 ±26 ±35 
I 
I 
! 

At -+-105 deg I 

cent ambient I F ±5 I ±6 ±7.5 ±10 ±18 ±22 
I 

The separate effects of exposure to high humidity, salt-water immersion 
{applied to immersion-proof resistors only), and a l000-hour roted-load 
life test should not exceed a JO-percent change in the resistance value. 
Soldering the resistor in place may cause a maximum resistance change of 
±3 percent. Simple temperature cycling between -55 and +85 degrees 
centigrade for 5 cycles should not change the resistance value as measured 
at 25 degrees centigrade by more than 2 percent. The above summary of 
composition-resistor performance indicates that tolerances closer than 
±5 percent may not be satisfactorily maintained in service; for a critical 
application, other types of small resistors should be employed. 

Resistors-fixed wire wound low power types 

Color coding 

Small wire-wound resistors in½-, J., or 2-wott ratings may be color coded as 
described in Fig. 3 for insulated composition resistors, but bond A will be 
twice the width of the other bonds. 
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Maximum resistance 

For reliable continuous operation, it is recommended thot the resistance 
wire used in the manufacture of these resistors ·qe not less than 0.0015 inch 
in diameter. This limits the,maximum resistance avoilable in a given physical 
size or wattoge rating as follows: 

½-watt, 470 ohms 1-wott: 2200 ohms 2-watt: 3300 ohms 

Wattage 

Wattage ratings are determined for a temperature rise of 70 degrees in 
free air at a 40-degree-centigrade ambient. If the resistor is mounted in a 
confined area, or may be required to operate in higher ambient tempera
tures, the allowable dissipation must be reduced. 

Temperature coefflcient 

The temperature coefflcient of resistance over the range -55 to + 110 de
grees, referred to 25 degrees centigrade, may have maximums as follows, 

value RETMA MIL 

Above 10 ohms ± 0.025 percent/°C ± 0.030 percent/°C 

JO ohms or less ± 0.15 percent/°C 
I 
i ± 0.065 percent/°C 

Stability of these resistors is somewhat better than that of composition 
resistors, and they may be preferred except where a noninductive resistor 
is required. 

'Resistors-fixed film 

Film-type resistors employ a thin layer of resistive material deposited on on 
insulating core. The low-power types are more stable than the usual 
composition resistors. Except for high-precision requirements, film-type 
resistors are a good alternative for accurate wire-wound resistors, being 
:both smaller and less expensive. 

The power types are similar in size and performonce to conventional wire
wound power resistors. While their 200-degree-centigrade maximum 
operating temperature limits the power rating, the maximum resistance value 
available for a given physical size is much higher than that of the corre
sponding wire-wound resistor. 
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Construction 

For low-resistance values, o continuous film is applied to the core, o range 
of values being obtained by varying the film thickness. Higher resistances 
ore achieved by the use of o spiral pattern, o coarse spiral for intermediate 
values and o fine spiral for high resistance. Thus, the inductance is greater 
in high values, but it is likely to be far less than in wire-wound resistors. 
Special high-frequency units having greatly reduced inductance ore 
ovoiloble. 

Resistive fllms 

Resistive-material films currently used ore microcrystalline carbon, boron
corbon, and various metallic oxides or precious metals. 

Deposited-carbon resistors have a negative temperature coefficient of 
0.01 to 0.05 percent/degree centigrade for low-resistance values and 
somewhat larger for higher values. Cumulative·permanent resistance changes 
of 1 to 5 percent may result from soldering, overload, low-temperature 
exposure, and aging. Additional changes up to 5 percent are possible from 
moisture penetration and cyclic temperatures. 

The introduction of a small percentage of boron in the deposited-carbon 
film results in o more stable unit. A negative temperature coefficient of 
0.005 to 0.02 percent/degree centigrade is typical. Similarly, o metallic 
dispersion in the carbon film provides a negative coefficient of 0.015 to 
0.03 percent/degree centigrade. In other respects, these materials ore 
similar to standard deposited carbon. Carbon and boron-carbon resistive 
elements have the highest random noise of the film-type resistors. 

Metallic oxide and precious-metol-olloy films permit higher operating 
temperatures. Their noise characteristics ore excellent. Temperature 
coefficients ore predominantly positive, varying from 0.03 to as little as 
0.0025 percent/degree centigrade. 

Applications 

Power ratings of film resistors are based on continuous direct-current or 
on root-mean-square operation. Power deroting is necessary for the 
standard units above 40 degrees centigrade; for hermetically-sealed 
resistors, above 70 degrees centigrade. In pulse applications, the power 
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dissipated during each pulse and the pulse duration are more significant 
than average power conditions. Short high-power pulses may cause instan
taneous local heating sufficient to alter or destfOy the film. Excessive peak 
voltages may result in flashover between turns of the film element. Derating 
under these conditions must be determined experimentally. 

Film resistors are fairly stable up to about 10 megacycles. Because of the 
extremely thin resistive film, skin effect is small. At frequencies above 10 
megacycles, it is advisable to use only unspiraled units if inductive effects 
are to be minimized (these are available in low resistance values only). 

Under extreme exposure, deposited-carbon resistors deteriorate rapidly 
unless the element is protected. Encapsulated or hermetically sealed units are 
preferred for such applications. Open-circuiting in storage as the result 
of corrosion under the end-caps is frequently reported in all types of film 
resistors. Silver-plated caps and core-ends effectively overcome this 
problem. 

Capacitors-fixed ceramic 

Ceramic-dielectric capacitors of one grade are used for temperature com
pensation of tuned circuits and have many other applications. In certain 
styles, if the temperature coefficient is unimportant (i.e., general-purpose 
applications), they are competitive with mica capacitors. Another grade of 
ceramic capacitors offers the advantage of very high capacitance in a small 
physical volume; unfortunately this grade has other properties that limit its 
use to noncritical applications such as bypassing. 

Color code 

lf the capacitance tolerance and temperature coefficient are not printed 
on the capacitor body (Fig. 51, the color code of Fig. 6 may be used. 

RI CC 20 C H 100K 

"™'"·· __J J J n r--"'·'"" o, wpo,;,o," . L__ number of %eros } .
1 cen:11mc capacitor significant figures capac, once 

tolerance on temperature coefficient 
style lease size) temperature coefficient 

Fig. 5-Type designation for ceramic capacitors. RETMA class Is omitted on MIL. 
specification capacitors. 
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tc~,emnpt-erabtaunred c0oredfA0 -1 :: l ,,---------- first significant figure .---------- second significant figure 

end ~ capacitance tolerance 
at inner-electrode ' decimal multiplier 

..• ,,... ;. d J-
alternate radial lead .,U U 

~::;,;~ I 
capacitance tolerance 

I 
temperature 

significant In percent In µ,µ,f coefficient In 
color figure (C > 10 µ,µ,f) (C ~ 10µ,µ,f) parts/ mlllion/°C 

Blad: 0 1 ±20 lMl 2.0 IG) 0 lCl 
Brown I JO ±1 IF) ±0.1 IB) -30 lHl 
Red 2 100 ±2 IGI -80 lLl 

Orange 3 1,000 -- -150 lPl 
Yellow 4 10,000 -- -220 IRI 
Green 5 - ±5 Ul ±0.S lDl -330 ISi 

Blue 6 - -- -410 m 
Violet 7 -- -750 lUl 
Gray 8 0.01 -- ±0.25 lCl +so 
White 9 0.1 ±10 lKI 1.0 !Fl +JOO lo -750 

IRETMA general 
purpose! 

Silver - - -- -- See fig. 7, 
IRETMA class 4l 

Note: letters in parentheses ore used in type designations described in Fig. 5. 

Fig. 6-Color code for fixed ceramic capacitors. 

Capacitance and capacitance tolerance 

Preferred-number values on RETMA and MIL specifications ore standard for 
capacitors above 10 micromicroforads (µµfl. The physical size of o capacitor 
is determined by its capacitance, its temperature coefficient, and its class. 
Note that the capacitance tolerance is expressed in µµf for nominal 
capacitance values below IOµµf and in percent for nominal capacitance 
values of 10 µµf and larger. 

Temperature coefficient 

The change in capacitance per unit capacitance per degree centigrade 
is the temperature coefficient, usually expressed in ports per million ports 
per degree centigrade (ppm/°Cl. Preferred temperature coefficients ore 
those listed in Fig. 6. 
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Temperature-coefficient tolerance: Because of the nonlinear nature of the 
temperature coefficient, specification of the tolerance requires a statement 
of the temperature range over which it is to be measured (usually - 55 to 
+85 degrees centigrade, or +25 to +85 degrees centigrade), and a 

fig. 7-Quallty of fixed ceramic capacitors. Summary of teal requirements. 

Minimum initial insulation re-
sistance in megohms 

Minimum Q for C > 30µµ1 
ISee Fig. 8 for smaller Cl 

Maximum allowable capaci• 
lance drift with tempera• 
ture cycling !percent or 
µµf, whichever is greater) 

Moxlmum capocitance change 
in percent over range 55 
to+a5C 

Working voltage = sum of 
de and peak ac 

Humidity test 

life test at 85°C 

Minimum Q 
After (C > 30µµfl 

humidity 
test or Minimum insula-
life test tion resistance 

in megohms 

After life Maximum 
capacitance 

test change 

Application 

Volume efficiency lµµf/inch 81 

I specification I 
MIL-C-20 

>7500 

>1000 

0.2% 
or 

0.25 µµf 

-

-

RETMA class 

2 3 4 

7500 

1-1-1 
1000 

1 
500\ 350' 250 : ______ I 

0.3% or 0.25 µµI -
\ 

---
- I - - ±25 

I __ 

500 i 350 

100 hours exposure at 40°C, 95% relative humidity 

1000 hours. 
750 vdc plus 

1000 hours, 250 voe at 1000 hours, 1000 volts 
100 cycles 750 volts 

or less 

1 

> ½ initial limits 350 I 170 50 

>1000 1000 100 

1% 1% or 0.5 µµf 

Temperature compen- Intermediate High-capacitance 
sation; stable, general- quality general-purpose, 
purpose uses noncritical uses 

only 

low low High 
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statement of the measuring procedure to be employed. Standard tolerances 
based on +25 to +85 degrees centigrade are symmetrical: 

Tolerance in ppm!°C ±15 ±30 ±60 ±120 ±250 ±500 
Code !Fl IGI !HI UI !Kl Ill 

The smaller tolerances can be supplied only for capacitors of 10 µµf or 
larger, and only for the smaller temperature coefficients. 

Quality 

Insulation resistance, internal loss 
!conveniently expressed in terms 
of Q), capacitance drift with tem
perature cycling, together with 
the permissible effects of humidity 
and accelerated life tests, ore 
summarized in Fig. 7. These data 
will be o guide to the proba
ble performance under favorable 
or moderately severe ambient 
conditions. 

() 1000 
e e aoo 
·a ·e eoo 

400 

200 

-------

,_.,,, CIO$S I - l 

I 
l 

class 2 ~- clou 3 

class 4 
I 
I 

O 0 5 10 15 20 25 30 35 40 

nominal copocitonce in s,s,f 

Fig. 8-Minimum Q requirements for ceramic 
capacitors where capacitance < 30 µ,µ,f. 

General-purpose ceramic capacitors 

Ceramic materials suitable for temperature-compensating capacitors must 
have nearly linear temperature characteristics in the operating tem
perature range and high dielectric properties. Only low- and medium-K 
!dielectric-constant) ceramics meet these limitations. 

For many circuit applications, nonlinear capacitance-temperature char· 
acteristics and power factors of l to 2 percent are not objectionable. 
Capacitors having high-K ceramic bodies !up to K = 6000) fall in this class. 
The high dielectric constant results in an extremely small unit. Generally, 
the higher the K, the greater the nonlinearity and the greater the power 
factor. 

Six basic styles are manufactured. In lead-mounted types, tubular and disc 
configurations are available. Feedthrough and standoff types are made in 
both tubular and discoidal constructions. 

Inductance in the leads and element causes parallel resonance in the 
megacycle region. The user is c,dvised to exercise care in their application 
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above about 50 megacycles for tubular styles and about 500 megacycles 
for disc types. Precise frequency limits cannot be cited because of the inde
terminate inductive effects of lead length, lead dress, and variations in 
construction. 

Capacitors-molded mica dielectric 

Type designation 

Small fixed mica capacitors in molded plastic cases are manufactured to 
performance standards established by the RETMA or in accordance with 
a MIL specification. A comprehensive numbering system, the type designation, 
is used to identify the component. The mica-capacitor type designations 
are of the. form shown in Fig 9. 

R CM 20 A 050 M 

//!\~~ 
RETMA 
prefix 

component ca,e RETMA doss or capacitance 
MIL choroderistic 

Fig. 9-Type designation for mica-dielectric capacllon. 

tolerance 

Component designation: Fixed mica-dielectric capacitors are identified by 
the symbol CM for MIL specification, or RCM for RETMA standard. 

Case designation: The case designation is a two-digit symbol that identifies 
a particular case size and shape. 

Characteristic: The MIL characteristic or RETMA class is indicated by a single 
letter in accordance with Fig. 10. 

Capacitance value: The nominal capacitance value in micromicrofarads is 
indicated by a 3-digit number. Tile first two digits ore the first two digits of 
the capacitonca value in micromicroforads. The final digit specifies the 
number of zeros that follow the first two digits. If more than two significant 
figures ore required, additional digits may be used, the lost digit always indi
cating the number of zeros. 
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Capacitance tolerance: 'The srmmetrical capacitance tolerance in percent 
is designated by a letter ·as sHown in Fig. 1. 

Color coding 

The signifkance of the various colored dots for RETMA-standard and MIL. 
specification mica capacitors is explained by Fig. 12. The meaning of each 
color may be interpreted from Fig. 1. 

Fig. 10--Flxed-mlca-capacitor requirements by MIL characteristic and RETMA class.* 

Mll-spedRcallon requirementst 'RETMA-sta11du;d requltemenh 

maximum maximum minimum 
MIL char maximum range of ran .. of lntukdton' 

ar capacitance hmtperature maximum temperature resistance 
RETMA drift In coefficient minimum capacitance coefficient In minimum 
class P•<an! (ppm/°CH Q drift (ppm/"C)t megohm• Q 

30%ol 
A - - =15%·+ .""IOOO 3000 RETMA 

1 )u.fl value 
in Fig. 11, 

B ~ ~.,, a>al3%+ =500 
.E ! I µµfl 1 

C :±0.5 "'200 i·f.t =C0.5% + a,,20Q ..,~g 
0 - 0.5 µµfl "o >-0 0 ~ .2-

I - - = c:..._ 
=10.3% + -50to g2 ~~ii 

=-3 5 0.2 µµII +1so 6000 ~ g-
D =0.3 =100 tis ±l0.3%+ "'100 ~~ 

-0.l pµfl .o 
UV ;: ~ 

J ; ±{0.2% + -50 to £} 0.-2 µµfl +wo ea. 
:± 10.1% + ml0.1% + "Cl. 

E -2010 +mo -20 to .,, 0 

O.l µµfl 
. 

0.1 µµfl +100 

F :± 10.05% + 0 to +70 - - -
0.1 µµII 

* Where no data are given, such characteristics ore not included in that particular standard. 

t Insulation resistance of all MIL capa
citors must exceed 7500 megohms. 

f ppm/°C = parts/million/degree centi
grade. 

Fig. 1 I-Minimum Q versus capacitance 
for MIL mica capacitors (Q measured at 
1.0 megacycle), and for RETMA mica 
capacitors (Q moasured at 0.5 to 1.5 
megacycles). 

IO 15 10 100 1.000 10,000 47,000 
capacitan~ in p.p.f 
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Mil mica-black flnt significant figure 
RETMA mica-white second significant figure 

MIL characteristic decimal multiplier 
or RETMA class tolerance 

Fig. 12--Standard code for fixed mica capacitors. See color code, Fig. 1. 

Examples 
111Prow I bottom row I 
.... "" I tight I /1o1eronce I multiplier 

type left lefl c..,lar rlghl description 

RCM20A:22JM white red I red I block I block I brown I 220 µ,µf = 20%, RETMA class A 
CM30C681J black blue gray red gold brown 680 µ.µ,J * 5%, choracteri•tic C 

Capacitance 

Measured at 500 kilocycles for capacitors of 1000 µµf or smaller; larger 
capacitors are measured at l kilocycle. 

Temperature coefficient 

Measurements to determine the temperature coefficient of capacitance and 
the capacitance drift are based on one cycle over the following temperature 
values !all in degrees centigrade), 

Mil, +25, -40, -10, +25, +45, +65, +85, +25 

RETMA: +25, -20, +25, +85, +25 

Dielectric strength 

Molded-mica capacitors are subjected to a test potential of twice their 
direct-current voltage rating. 

Humidity and thermal-shock resistance 

RETMA-standard capacitors must withstand a 120-hour humidity test: Five 
cycles of 16 hours at 40 degrees centigrade, 90-percent relative humidity, 
and 8 hours at standard ambient. Units must pass capacitance and dielectric
strength tests, but insulation resistance may be as low as 1000 megohms for 
class A, and 2000 megohms for other classes. 
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MIL specification capacitors must withstand 5 cycles of +25, +as, +25, 
-55, +25 degree-centigrade thermal shock followed by 2 cycles of water 

immersion at +65 and +20 degrees centigrade. Units must poss capacitance 
and dielectric-strength tests, but insulation resistance may be as low as 
3000 megohms. 

Life 

Capacitors ore given accelerated life tests at 85 degrees centigrade with 
150 percent of roted voltage applied. No failures ore permitted before: 
1000 hours for MIL specification; or 500 hours for RETMA standard. 

Capacitors-fixed mica dielectric button style 

Color code 

"Button" mica capacitors ore color coded in several different ways, of 
which the two most widely used methods ore shown in Fig. 13. 

third figure ,---- multiplier 

o/o tolerance 

first figure 

Commercial method MIL method 

Fig. 13-Color coding of button-mica capacitors. See Fig. t for color code. Commercial 
color code for charocleristlc not standardized; varies with manufacturer. 

Characteristic 

The table of characteristics for button-style mica capacitors is given in 
Fig. 14. Insulation resistance ofter moisture-resistance test should be at 
least 100 megohms for characteristic X capacitors; at least 500 megohms 
for oil other MIL or commercial characteristics. 
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Initial Q values should exceed 500 for capacitors 5 to 50 µ.µ.f; 700 for capac
itors 51 to 100 µµf; and 1000 for capacitors 101 to 5000 µµ.f. Initial insulation 
resistance should exceed 10,000 megohms. Dielectric-strength tests should 
be made at twice rated voltage. 

Fig. 14-Requlremenls for button-style mica capacitors. 

characteristic 

Mil I commercial 
j max range of temp coelf I maximum capacitance 
I (ppm/°C) drift 

l 
- C i ±200 ±0.5% 

D orX 
: 

±100 ±0.3% or 0.3 µ,µ,I, - I 
' whichever is greater ' I 

- D ± 100 + 0.05 µ,µ,I ± !0.3% + 0.05 µ,µ,f) 

- E 1-20 to +1001 + 0.05 µ,µ,I ± 10.1% + 0.05 µ,µ,fl 

- F 10 to + 70] + 0.05 µ,µ,f I ± (0.05% + 0.05 µ,µ,fl 

Thermal-shock and humidity tests 

These are commercial requirements. After 5 cycles of +25, -55, +85, 
+25 degrees centigrade, followed by 96 hours at 40 degrees centigrade 
and 95-percent relative humidity, capacitors should have an insulation 
resistance of at least 500 megohms; a Q of at least 70 percent of initial 
minimum requirements; a capacitance change of not more than 2 percent 
of initial value; and should pass the dielectric-strength test. 

Capacitors-impregnated paper dieledric 

The proper application of paper capacitors is a complex problem requiring 
consideration of the equipment duty cycle, desired capacitor life, ambient 
temperature, applied voltage and waveform, and the capacitor-impregnant 
characteristics. From the data below, a suitable capacitor rating may be 
determined for a specified life under normal use. 

Life-voltage and ambient temperature 

Normal paper-dielectric-capacitor voltage ratings are for an ambient 
temperature of 40 degrees centigrade, and provide a life expectancy of 
approximately 1 year continuous service. For ambient temperatures outside 
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E 100 100 g' 
'lllii1 ~ ...... r'III .._ 7 e I'-.. ~ .. ~ ~ 5 ...... ' "-t< .. ,.,. 80 

~\ \I so I !! ' 0 0 
> \' l\\ 6 H '\ > 
I I 

'u 60 60 ~ e I- • .\'~ \ :;;; :,; 
0 ' ,,, 0 

.~ 40 \, \+ 4 
40 i 

<t 2·-
'o 

3 ----4' 'l5 
'E 20 20 'E .. 

~ i 8. 
0 0 

-40 20 40 60 80 100 120 140 40 60 80 

ambient temperature in de9rees eenti9rade 

Mil speclftcatlon RETMA standard 

Mil I watt-second I voltage I curve 
watt-second I voltage I curve char rating rating rating rating 

I I 

I I I 
>50 

1 All 1 >50 1500 and I 

I All 
over I I 5-50 2 6 I I 2000 and I I 

D ! 0.5-5 I All, plus those ex- below 
I i eluded from group 3 5-50 E 
' of curve 4 2500 and 

F I ' above I 
I 0-0.5 ; 1500 v and below- I 

7 

I i small cosed tubular 0-5 AH 

I 
styles; 4 

I 1000 v and below-
other styles 

0-0.8 600 v and below-

K 
small cosed tubular i 

5 I styles; i 

I 400 v and below- I 
other styles I 

Fig. 1 $-life-expeclancy rating for paper capacitors as a function of ambient tem• 
perature. 
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the range Oto +40 degrees centigrade, the applied voltage must be reduced 
in accordance with fig. 15. 

The energy content of a capacitor may be found from 

W = CE2/2 watt-seconds 

where 

C = capacitance in farads 

E = applied voltage in volts 

In multiple-section capacitors, the sum of the watt-second ratings should be 
used lo determine the proper derating of the unit. 

Longer life in continuous service may be secured by operating at voltages 
lower than those determined from Fig. 15. Experiment hos shown that 
the life of paper-dielectric capacitors having the usual oil or wax impreg
nants is approximately inversely proportional to the 5th power of the applied 
voltage: 

desired life in years (at ambient "" 45°C) 2 5 10 20 
applied voltage in percent of rated voltage 100 85 70 60 53 

The above life derating is to be applied together with the ambient-tempera
ture derating to determine the adjusted-voltage rating of the paper capacitor 
for o specific application. 

Waveform 

Normal filter capacitors are rated for use with direct current. Where 
alternating voltages are present, the adjusted-voltage rating of the capacitor 
should be calculated as the sum of the direct voltage and the peak value 
of the alternating voltage. The alternating component must not exceed 
20 percent of the roting at 60 cycles, 15 percent at 120 cycles, 6 percent at 
1000 cycles, or 1 percent at 10,000 cycles. 

Where alternating-current rather than direct-current conditions govern, this 
fact must be included in the capacitor specification, and capacitors specially 
designed for alternating-current service should be procured. 

Where heavy transient or pulse currents ore present, standard capacitors 
may not give satisfactory service unless on allowance is made for the 
unusual conditions. 



~ig. 16--Charaderlstics of impregnants for paper capacitors. 

property 

from Specification 
MIL-C-25A D 

Characteristic 
from RETMA standard 

Measure- Megohms X Nominal 
ments at microforodst 
'25°C Specification minimum 
ambient 

Minimum insulation resistance in megohms 

Power factor 60 c/s 
in percent 

1000 c/s 

Measure- High-ambient test temperature in degrees 
ments al centigrade 
high-
ambient Megohms X Nominal 
tempera- microforadst 
ture Specification minimum 

Minimum insulation resistance in megohms 

Power factor in percent 

Percent capacitance change from value 
at 25 degrees centigrade 

continued Capacitors - impregnated paper dielectric 

castor 
oil 

I 

mineral 
oil 

I 
' Et \-=-

C A _____ ; ___ 
1500 7000 

500 2000! 3000 
1500 6000 

<0.'2 0.3 

=1 

85 85 

10 40 

5 20 i 30 

150 600 

2 lo 6 0.3 lo 1.6 

±5 ±5 

aslcarels* 
(chlorinated 

synthetic) 

Ft -
B 

6000 
---

1500 1000 

I 4soo 1500 

<0.3 

-

85 

30 

15 10 

450 150 
----

I lo 5 

±5 

Halowax I 
(chlorinated 
naphthalene .

1

. 
synthetic) 

-
-

3000 

2000 
6000 

0.5 to 3 

=2 

55 

100 

100 

1000 

1 to 3 

-4.5 to 0 

mineral 
wax 

-
-

15,000 

-
-

0.5 lo 1.5 

-

85 

50 

-
-

0.2 to 1.5 

-10 to -6 

' 

polylsobutenes, 
silicone fluids, 
or polyesters 

K 

'20,000 

4000 

12,000 

=0.5 

=l 

125 

'20 

10 

150 

1.5 

+1 to +s 

5e 

£ 
§ 
Ill 
.... 



Measure- low-ambient test temperature in 

-55 I -55, -40 -551-40 ments ot degrees centigrade 40 
low-
ambient 
tempera, 

Power factor in percent 1.5 to 4 0,5 to 3 0.8 to 3 
ture 

-· 

Percent coped- Nominal -20 to +4 -10 to +2 -30 to -20 
lance change 
from value ot ,-------
25 degrees 

+5 +5 centigrade I Specification maximum -30 lo -15 ±5 -30 to 

I 
-30 -30 

Application Recommended ambient temperature 
data range in degree$ centigrade -5510 +as -55 to +as -55 to +as 

Relative capacitor volume !for units 
of equal capacitance) 100 135 100 

-----
Recommended uses General- General- General-

purpose de. purpose de purpose de 
Also oc if and oc; and oc. 
temperature high-temp. Non-
range is applications. I inflammable 
imited High- , 

stability re- I 
quiremenls 

Bold figures in tabulation ore Specification Mll-C-25A or RETMA-standard limits for that property. 
• Trade names Aroclor, Pyranol, Dykanol A, lnerteen etc. 

-20 -55 -55 

·-

0.5 to 4 3 to 4 =3 

-10 to -5 -6 to -2 -5 to -2 

10 - -10 

-2010 +ss 10 +as -55 to +125 

100 135 135 

General- General- General-
purpose de purpose de purpose de; 
over limited over wider high-temp. 
lempero- temp. range applications 
ture range than Halo-

wax units 
allow 

f:Mll-C-25A characteristics A ond B !not tabulated above! ore essentially long-life versions of Mil characteristics E and F, respectively. 
rAt 25 degrees centigrade, applies to capacitors of approximately ½ microfarad or larger. At any lest temperature, capacitors are not expected to show· 
megohm X microfarad products in excess of the insulation-resistance requirements. 

I z 

I 
c..c:, 
_c.r, 
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Capacitor impregnants 

Fig. 16 lists the various impregnating moteriols in common use together 
with their distinguishing properties. At the bottom will be found recommenda
tions for opplicotion of copocitors according to their impregnating moteriol. 

Insulation resistance 

For ordinary electronic circuits, the exact value of copocitor insulation 
resistance is unimportant. In mony circuits little difference in performance is 
observed when the capacitor is shunted by o resistance os low as 5 megohms. 
In the very few applications where insulation resistance is important (e.g., 
some RC-coupled omplifiersl, the copocitor value is usually small ond 
megohm X microforod products of 10 to 20 ore odequote. 

The insulation resistance of o capacitor is o function of the impregnont; 
its departure from maximum value is on indication of the core taken in 
monufocture to ovoid' undesirable contominotion of the impregnont. For 
example, if on oskarel-impregnoted capacitor hos the same insulation 
resistance os a good costor-oil-impregnoted capacitor of equal roting, the 
askorel impregnant is strongly contominoted, and the copocitor life will be 
considerably reduced. 

Measurements ore mode with potentials between 100 and 500 volts, ond a 
maximum charging time of 2 minutes. 

Power factor 

This is o function of the copocitor impregnont. In most filter opplicotions 
where o specified maximum copocitor impedance at a known frequency 
moy not be exceeded, the determining factor is the copocitor reoctance 
and not the power factor. A power factor of 14 percent will increase the 
impedance only 1 percent, o negligible amount. 

For olternoting-current opplicotions, however, the power factor determines 
the capacitor internal heating. Consideration must be given to the alternating 
voltage ond the operating temperature. Power factor is a function of the 
voltage applied to the capacitor; any specification should include actual 
copocitor operating conditions, rather than orbitrory bridge-measurement 
conditions. 

For manufacturing purposes, power factor is measured at room temperature 
(=25 degrees centigrade), with 1000 cycles applied to capacitors of I 1,1f 
or less, rated 3000 volts or less; ond with 60 cycles applied to capacitors 
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larger than 1 µf, or rated higher than 3000 volts. Under these conditions 
the power factor should not exceod 1 percent. 

Temperature coefficient of capacitance 

Depending upon the impregnant characteristics, low temperature may cause 
an appreciable drop in capacitance. Due allowance for this must be made 
if low-temperature operation of the equipment is to be satisfactory. This 
temperature effect is nonlinear. 

Life tests 

Accelerated life tests run on paper capacitors are based on 250-hour 
operation at the high-ambient-temperature limit shown in Fig. 16 with an 
applied direct voltage determined by the watt-second and 40-degree
centigrade voltage ratings. 

Capacitors-metalized paper 

When dielectric breakdown occurs in conventional paper-foil capacitors, 
conducting particles or carbonized areas in the paper establish conduction 
between the foils. Since the foils are capable of carrying substantial current, 
sustained conduction results, carbonizing a large area of paper, and 
permanently short-circuiting the capacitor. 

In the metalized-paper capacitor !construction shown in Fig. 17), the metallic 
film is extremely thin. On breakdown, this film immediately burns away, 
leaving the capacitor operable, but with slightly reduced capacitance. This 
phenomena results in 5elf-healing capacito~s. 

Minor defects (pin holes, thin 
spots, and conducting particles) 
are unavoidably present in all 
capacitor papers. Therefore, con
ventional paper capacitors em
ploy not less than two layers of 
paper. Since the metalized-paper 
types are self healing, a single 
layer may be used. Metalized
paper capacitors designed to 
operate just below the dielectric
breakdown potential are appre
ciably smaller than conventional
construction paper capacitors. 

Conventionol paper 

impregnont 

i nterteaved 
poper for 

higher 
voltages 

metollic· film 

Metallized pa per 

Fig. 17-Construdlon of conventlonol ond 
melolized-type poper copocitors. 
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Characteristics 

Characteristics of metalized-paper capacitors may best be illustrated by 
comparing them with conventional paper capacitors. 

The space saving possible with metalized-paper capacitors is their out
standing characteristic. At 200-volts roting they are one-quarter the volume 
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50 
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g +20 

1 +10 .. 
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conventional 
char K 

polyester r~'!,.. 
I I. ..-i,,,-..,- I -- mineral oil -~ ...... 

i-- -~- -wox 

I 
~ ,------------~~----. 

+120 
temperature In deorees centlorode 

Fig. 18--From top to bottom, 
voltage deratlng, capacitance 
change, and power factor as a 
function of temperature for 
metalized-paper capacitors. 

of conventional paper construction; at 600-volts roting, the ratio increases 
to 0.8. Above 600-volts rating, metalized-paper capacitors provide no size 
advantages. 

Electrical performance, including temperature characteristics, depends 
largely on the impregnant. Since on occasional orcover is normal, the 
impregnant must be one that does not break down as the result of arcing. 
This limits impregnants to mineral waxes and oils and, for high-temperature 
use, certain polyester resins. Except for upper-temperature operation, these 
impregnants give similar results. 
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The insulation resistance is significantly lower than that of paper-foil 
construction, being in the order of 500 megohm-microfarads, compared to 
6000 for paper-foil. Capacitance change at high- and low-temperature 
limits normally does not exceed 5 to 6 percent for mineral-wax• or oil
impregnated capacitors and JO to ::;!l percent for polyester-resin-impregnated 
capacitors. The power factor at 1000 cycles/second is about 0.03 at low 
temperature and 0.01 to 0.02 at room temperature and above. For operation 
at elevated temperatures, voltage deroting is recommended; see fig. 18. 
The variation of capacitance and power factor is also indicated in fig. 18. 

Applications 

Internal noise is probably the greatest deterrent to the general use of 
metalized-paper capacitors. This characteristic limits their use to bypassing 
and filtering. When operated at 75 percent of roted voltage, random 
arcing is negligible, but space advantage is less significant. 

To be sure that faults will burn out, it is important that sufficient volt-amperes 
be available in the circuit. Similarly, it is necessary to limit the resistance in 
series with the capacitor. Most faults hove a resistance of between 1 and 
100 ohms. While a voltage of about 4 volts or a current of JO milliamperes 
will eventually clear the capacitor, higher values ore recommended for 
reliable performance. 

Capacitors-plastic ftlm 

Where extreme-stability, low-loss, high-temperature, or high-frequency 
operation is required, paper capacitors offer, at best, marginal performance. 
Mica capacitors in high-capacitance values ore large and expensive. One 
or more of these operating characteristics are obtainable in a superior 
degree, in certain of the plastic-film capacitors. Other plastic-film capacitors 
ore practical for general use, because of space factor, price, and per
formance under moderate conditions. 

fig. 19 shows capacitance-temperature and voltoge-deroting curves, while 
Fig. ::;!l lists general characteristics of the various film types. Since some 
conflict exists between sources, the information is conservatively stated. 
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Fig. 20--C'haracterlstlcs of hermetically sealed plastic-fllm capacitors. 

property 
: cellulose I poly• I poly- I 
I acetate ethylene I styrene Mylar Teflon 

Operating temperature -60 -60 -90 I -60 I -60 
range in °C to lo to lo to 

+105 +75 +as +140 +200 

Relatlve Below 1.25 2.50 4.50to 6.50 0.75 1.70 to 2.10 
size 1000 V 
compared 

0.30 to 0.35 , 0.70 to l.60 to paper Above 0.80 to 0.85 0.5010 0.75 -
1000 V 

' I Voltage range in volts 600 to 

I 
1000 to JOO to 300 to 200 to 

30,000 30,000 1000 8000 30,000 

Insulation 25°C 4000 106 3,5 X 107 I 106 i 2.5 X 106 
resistance in I megohms X High 10 10' 4 X J05 6.5 X 103 105 
microfarads temp 

! 
low 0.02 0.0003 0.0002 I O.Dl5 0.0005 
temp I 

Power factor i 

I at 25°c 0.ol 

~I 
0.0002 I 0.005 0.0005 

oO cycles/ 
second High 0.01 I 0.00075 0.0l5 0.002 

temp 

Dielectric low 6 0.0 I to 0.02 · 0.05 0.6 0.01 to 0.05 
absorption temp 
In percent 

High - 0.3 0.3510 I.I 8 -
temp 

Normal life al 10,000 hrs 10,000 hrs I 2000 hrs 2000 hrs 10,000 hrs 
rated voltage at 85°C al 65°C al 76°C at 125°C at 150°C 

Capacitors-electrolytic. 

The electrolytic capacitor consists essentially of two electrodes immersed 
in an electrolyte with a chemical film that constitutes the dielectric on one 
!Fig. 211 or both electrodes. Extremely thin dielectric films are practical 
because of the substantial dielectric properties and the uniformity of this 
chemical layer. Since the electrolyte is conductive, the effective electrode 
spacing is small and the capacitance correspondingly large. An electrolytic 
capacitor is characterized by a very-high volume efficiency. 
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Construction 

The dielectric film, which is formed by applying a potential between 
electrodes, is unidirectional, having high resistance in one direction and 
being conductive in the other. Thus, when only one plate is "formed," the 
capacitor is polarized and must be operated with one electrode positive 
with respect to the other. By forming both plates, a nonpolar unit results. 
This unit, because of the double film, has half the capacitance of the equiva
lent polar type. 

For a given case size, the capaci
tance can be increased by a factor 
of 2 to 4 by etching the formed 
electrode prior to assembly. By 
substituting metalized cloth gauze 
or a porous slug for the conven
tional foil electrode, similar results 
are obtained. These units are elec
trically inferior to plain foil (un
etchedl, having larger power factors, 
higher low-temperature impedances, 
and greater capacitance change 
with temperature. 

Types 

R, 
-1tries reaiatonce 

(leoda, electrodes, R 
and electrolite) 2 

= leakage re1itlonce 
of dielectric Ii Im 

Fig. 21-Baslc cell and 11implifled equiva
lent circuit for polar electrolytic capacitor. 

The ideal electrode metal is one whose dielectric film provides perfect 
"valve" action; that is, has zero direct-current resistance in one direction 
and infinite resistance in the other. This metal must also be completely 
insoluble in the electrolyte and have high conductivity. While not ideal, 
aluminum and tantalum approach these requirements, with tantalum being 
superior to aluminum. 

Aluminum-foil electrolytic capacitors hove a space factor of approximately 
1/6 that of paper capacitors. For low voltages !under JOO volts), this space 
advantage is even greater. Single aluminum e ectrolytic cells are practical 
up to 450 direct volts, above which cells must be used in series and the space 
factor then approaches that of paper capacitors. 

By using tantalum in place of aluminum, further size reduction is achieved, 
the space factor being only 1 /20 that of paper capacitors. The performance 
of these exceeds the aluminum type in such characteristics as film stability, 
temperature range, leakage current, power factor, and life. 
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In one type of tantalum capacitor, foil construction and a neutral electrolyte 
are employed. These units will operate at temperatures up to 125 degrees 
centigrade and are available in polar and nonpolar types. A single cell is 
not practical above 150 volts. Their outstanding feature is the reduced 
possibility of leakage and danger of corrosion. 

Another type of tantalum electrolytic capacitor employs a porous slug of 
tantalum as the anode (formed electrode), the cathode being the silver
plated can. In these, sulphuric acid is the electrolyte. Only polar construction 
is feasible, with single-cell voltages up to about 80 volts. Because of the 
type of electrolyte, operation up to 175 degrees centigrade is possible, 
provided voltage is derated and a 
substantial life reduction can be 
tolerated. 

A third type of tantalum capacitor 
has a coiled tantalum wire as the 
anode. It is a low-voltage, polar 
device being useful primarily for 
microminiature assemblies where 
temperature fluctuations are small 
and operating conditions mode
rate. 

Performance 

Electrolytic capacitors have defi
nite limitations. Compared to 
other types of capacitors, losses 
are large Uarge leakage currents 
and high power factorl. The 
capacitance change with temper
ature is large. With increasing 
frequency, the capacitance de
creases, while power factor be
comes greater. 

At subzero temperatures, the series 
resistance increases sharply, while 
capacitance falls off. (See figs. 22 
and 23.) Thus, at low temperatures, 

g 5 ~ 
o ~ Al, -40"C 

} 4 1---1-~r@="~o~,-~55~•-c_,1-,.--1--

2 3 4 50 
equivalent series resistance 

~ ~ 
Al,25°C Al,85°C 

~. ~ 
To,25"C To,85°C 

2 0 2 
eauivolent series resistance 

Fig. 22-Typical 120-cycle / second Impedance 
diagrams for alvmlnum (Al) and tanlalvm 
(Ta) plain-foil polar eledrolytlc capacitors of 
l~volt rating al low, high, and room tem
peratvres. Resistance and reaclance are 
drawn lo same arbitrary scale for all charts. 
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the impedance !Fig. 23) is substantially larger than at room temperature. Aside 
from electrical considerations, the freezing and boiling temperatures of 
the electrolyte determine absolute temperature limits. 

Referring to Fig. 21, R1 represents th., lumped series resistance of leads, 
electrodes, and electrolyte. In a well-constructed unit, only the resistance 
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of the electrolyte is significant. Resistance R2, which is many times greater 
than Rt, represents the leakage path through the imperfect dielectric. 

With direct voltage impressed on the capacitor, leakage current through 
R2 accounts for practically all the internal heating. However, when an 
alternating-current component is present, the resultant charging current 
flowing through R1 generates additional heat in the electrolyte. The effect 
of ripple heating, therefore, is determined by the ripple current. Heat 
tolerance and heat dissipation (the latter, largely a factor of case size) 
determine ripple-current limits 

Applications 

Space factor and price account for the extensive use of electrolytic 
capacitors. Electrical performance usually limits electrolytic capacitors to 
circuit applications such as bypassing at power and audio frequencies where 
circuit requirements are satisfied by minimum rather than precise capacitance 
values. 

For the polar type, when operated within max'mum ripple-current limits, the 
large power factor and associated losses generally present no problem. 
Except for some reduction in maximum operating temperature, the resultant 
internal heating is not serious However, for the nonpolar unit, internal 
heating, when operated in alternating-current circuits, limits the capacitor 
to an intermittant cycle. A duty cycle of twenty 3-second periods/hour is 
typical. 

The dielectric film is not completely stable, particularly in aluminum electro
lytics. Therefore, some film deterioration occurs in storage. When voltage 
is applied, the film reforms; but, while reforming, high leakage current 
flows. In extreme cases, the resultant heating may generate vapor and 
burst the case. 

Because of the film instability, extensive voltage derating of electrolyfcs 
is impractical. A 450-volt capacitor operated on 300 volts eventually becomes 
a 300-volt capacitor. Surge-voltage limitations must also be observed, since 
high leakage (and heating) will occur during surges. Where such limits may 
be exceeded, protective circuitry must be provided or another type of 
capacitor substituted. 

When these capacitors are used in series, it is imperative that equalizing 
resistors be provided. An equalizing resistor, shunted across each capacitor, 
prevents unequal voltage distribution across the capacitor chain. 
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Since the case is in contact with the electrolyte, there is a conducting path 
between the case and the element. This condition makes necessary external 
insulation between the case and the chassis, whenever the chassis and the 
negative terminal are not of the same potential. 

IF transformer frequenciest 

Recognized standard frequencies for receiver intermediate-frequency 
transformers are 

Standard broadcast !540 to 1600 kilocyclesl .•.•... . 455, 260 kilocycles 

Standard broodcost (vehicular! ............••.... 262.5 kilocycles 

Very-high-frequency broadcast .......•••...•.... 10.7 megacycles 

Very-, ultra-, and super-high-frequency equipment .... 30, 60, 100 megacycles !common practice! 

Television: sound carrier .•...•.•.•••.•.••••••. . 41.25 megacycles 

picture carrier .••••••.•.••.•••••••• . 45.75 megacycles 

Color codes for transformer leads 

Radio power transformers2 

Primary Black 
If topped, 

Common Block 

Top Blad:-Yellow 

finish Black-Red 

Redifter 

Plate Red 

Center tap Red-Yellow 

Filament Yellow 

Center tap Yellow-Blue 

Intermediate-frequency transformers3 

Primary 

Plate Blue 

B+ Red 

Secondary 

Grid or diode Green 

Grid return White 

1 RETMA Standard REC-109-C. 
2 Old RMA Standard M4-505. 
3 RETMA Standard REC-114. 
• Old RMA Standard M4-506. 

General Use 

Filament No. 

Center top 

Filament No. 2 

Center top 

flloment No. 3 

Center tap 

Green 

Green-Yellow 
Brown 

Brown-Yellow 

Slate 

Slate-Yellow 

For full-wove transformer: 

Second diode Violet 

Old standard• is some as above, except: 

Grid return Black 

Second diode Green-Block 
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A printed circuit consists of a conductive circuit pattern applied to one or 
both sides of an insulating base. Printed circuits have several advantages 
over conventional methods of assembly using chassis and wiring harnesses. 

Soldering is done in one operation instead of connection-by-connection. 

Uniformity: A more uniform product is produced because wiring errors are 
eliminated and because distributed capacitances are constant from one 
production unit to another. 

Automation: The printed-circuit method of construction lends itself to auto
matic assembly and testing machinery. 

Flexibility: The printed circuit consists of printed wiring but may also 
include printed components such as capacitors and inductors. Capacitors 
may be produced by printing conducting areas on opposite sides of the 
wiring board, using the board material as the dielectric. Spiral-type in
ductors may also be printed. Both types of components are illustrated in 
Fig. 24. 

Printed-circuit copoeitor Printed-circuit inductor 

Fig. 24-Formatlon of reactive elements by printed-circuit methods. 

Printed-circuit base materials 

Printed-circuit base materials are available in thicknesses varying from 1/64 
to 1 /2 inch. The important properties of the usual materials are tabulated 
in Fig. 25. For special applications, other laminates are available having basfl 
insulation of, 

a. Glass-cloth Teflon (polytetrafluoroethylenel. 

b. Kel-F (polymonochlorotrifluoroethylenel. 

c. Silicone rubber lflexible). 

d. Glass-mat-polyester-resin. 

The most widely used base material is NEMA-XXXP paper-base phenolic. 
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Fig. 25-Propertles of typical printed-circuit dielectric base materials. 

material punch
ability 

I mols
me- I lure 

chanica11· resist
strength ance 

insula• 
tion 

arc 
resist
ance 

NEMA type-P I J I j 

abra
sive 

odion 
on 

tools 

No 

maxi
mum 

temper
ature 

In degC 

paper-base 
I 

Good Good : Poor Fair 1
1
, Poor j 

phenolic · 
-------l----1----l---~----'----:l----;----

1 I ! NEMA type-XXXP 
paper-base 
phenolic 

I Fair Good I Good Good I Fair No 125 

I I 
-N-EM-A-ty_p_e--G-s--1----1----1--Po_o_r_*_,,. -G-oo_d_j,1----11----1:---~ 

glass-cloth 
1
1 Fair Excellent 1 11 

Good Yes ! 135 
melamine 

-------1----1----:l I 1----1----:---
NEMA type-G6 I I I I 

200 glass-cloth J Fair Good I, Good Excellent I Good Yes I 
silicone I 

_______ 1 ___ , ____ , ____ , ____ 1 1---

NEMA type-G7 J ~ ' I 
_~_ii°_i;_~--nce_1o_t_h __ f __ Fo_1_, -1 -P-oo_,_._:_E_xc_e_ll_en_t l_G_o_o_d-1--Y-e_•_+,1· _z_o_o_ 

Glass-cloth I i : I 
epoxy I - Excellent 

1
1, Excellent 1

1 
Good Yes j 

resin 
160 

* Along glass fibers. 

Conductor materials 

Conductor materials available are silver, brass, aluminum, and copper; 
copper is the most widely used. Laminates are available with copper foil 
on one or both sides and are furnished in the thicknesses of foil listed in 
Fig. 26. The current-carrying capacity in amperes for copper conductors 
l / 16-inch wide are also listed in Fig. 26. 

Fig. 26--Weight of foll and current-carrying capacfty. 

inches thickness 

0.0013 
0.0027 

weight in 
ounces/footl 

1 
2 

current-carrying capacity in amperes 

for 10°C rise I for 20°C rise I for 40°C rise 

2 
3.5 

4 
6 

6 
8 
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Manufacturing processes 

The most widely used production methods are: 

Etching process, wherein the desired circuit is printed on the metal-clod 
laminate by photographic, silk-screen, photo-offset, or other means, using 
on ink or lacquer resistant to the etching both. The board is then placed in 
on etching bath that removes oil of the unprotected metal !ferric chloride 
is a commonly used mordant for copper-clod laminates!. After the etching 
is completed, the ink or lacquer is removed to leave the conducting pattern 
exposed. 

Plating process, wherein the designed circuit pattern is printed on the unclad 
base material using on electrically conductive ink and, by electroplating, 
the conductor is built up to the desired thickness. This method lends itself 
to plating through punched holes in the board for the purpose of making 
connections from one side of the board to the other. 

Other processes, including metal spraying and die stomping. 

Circuit-board finishes 

Conductor protedive finishes ore required on the circuit pattern to improve 
shelf-storage life of the circuit boards and to facilitate soldering. Some of 
the most w'dely used finishes ore: 

a. Hot-solder coating (done by dip-soldering in a solder both) is a low-cost 
method and gives good results where coating thickness is n0t critical. 

b. Silver plating is used as a soldering aid but is subject to tarnishing and 
hos a limited shelf life. 

c. Hot-rolled or plated solder coat gives good solderobil:ty and uniform 
coating thickness. 

d. Other finishes for special purposes ore: Gold plate for corrosion re
sistance and solderobility and electroplated rhodium over nickel for wear 
resistance. Nonmetallic finishes, such as acrylic sprays and epoxy and 
silicone-resin coatings, are sometimes applied to circuit boards to improve 
moisture resistance. On two-sided circuit boards, where the possibility of 
components shorting out the circuit patterns exists, a thin sheet of insulating 
material is sometimes laminated over the circuit before the ports ore 
inserted. 
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Design considerations 

Diameter of punched holes in circuit boards should not be less than 2/3 the 
lhickness of the base material. 

Distance between punched holes or between holes and the edge of the 
material should not be less than the material thickness. 

Punched-hole tolerance should not be less than ±0.005 inch on the 
diameters. 

Hole sizes should be approximately 0.010 inch larger than the diameter of 
the wire to be inserted in the hole. 

Tolerances on fractional dimensions under 12 inches should not be less 
than ± 1 / 64 inch; over 12 inches, not less than ± I /32 inch. Copper
conductor widths should not be less than l /16 inch unless absolutely 
necessary. 

Conductor spacing should not be less than I /16 inch unless absolutely 
necessary. In spacing conductors carrying high voltages, a good rule of 
thumb is to allow 5000 volts/inch for XXXP phenolic. 

Preparation of art work 

Workmanship: In preparing the master art work for printed circuits, careful 
workmanship and accuracy are important. When circuits are reproduced 
by photographic means, considerable retouching time is saved if care is 
taken with the original art work. 

Materials: Art work should be prepared on a dimensionally stable glass
doth tracing cloth using a good grade of permanent black ink. Where 
tolerances will permit, a less stable material such as good-quality tracing 
paper or high-grade bristol board may be used for the art work. 

:Scale: Art work should be prepared to a 
:scale that is two to five times oversize. 
ll'hotographic reduction to final negative 
size should be possible, however, in one 
step. 

Bends: Avoid the use of sharp corners when 
laying out the circuit. See Fig. 27. 

LL 
good poor 

Fig. 27-Proper design of bends 
for printed-circuit conductors. 
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Holes to be drilled or punched in the circuit board should have their centers 
indicated by a circle of I /32-inch diameter tfinal size after reduction). See 
Fig. 28. 

0 
Fig. 28--lndication for hole. 

Registration of reverse side: When drawing the second side of a printed 
circuit board, corresponding centers should be taken directly from the 
back of the drawing of the first side. 

Reference marks: In addition to the illustration of the circuit pattern, the 
trim line, registration marks, and two scale dimensions at right angles should 
be shown. Nomenclature, reference designations, operating instructions, 
and other information may also be added. 

Assembly 

All components should be inserted on one side of the board if practicable. 
In the case of boards with the circuit on one side only, the components 
should be inserted on the side opposite the circuit. This allows all connec
tions to be soldered simultaneously by dip-soldering. 

Dip-soldering consists of applying a flux, usually a rosin-alcohol mixture, 
to the circuit pattern and then placing the board in contact with molten 
solder. Slight agitation of the board will insure good fillets around the wire 
leads. A five-second dip in a 60/40 tin-lead solder bath maintained at a 
temperature of 450 degrees fahrenheit will give satisfactory results. 

After solder-dipping, the residual flux should be removed by a suitable 
solvent. 
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• Fundamentals of networks 

Inductance of single-layer 1olenoid1* 

The approximate value of the low-frequency inductance of a single-layer 
solenoid ist 

L = Fn 2d microhenries 

where 

F = form factor, a function of the ratio d/ l. Value of F may be read from 

the accompanying chart, Fig. 1. 

n = number of turns 

d = diameter of coil !inches}, between centers of conductors 

] = length of coil {inches! 

· = n times the distance between centers of adjacent turns. 

The formula is based on the assumption of a uniform current sheet, but the 
correction due to the use of spaced round wires is usually negligible for 
practical purposes. For higher frequencies, skin effect alters the inductance 
slightly. This effect is not readily calculated, but is often negligibly small. 
However, it must be borne in mind that the formula gives approximately the 
true value of inductance. In contrast, the apparent value is affected by the 
shunting effect of the distributed capacitance of the coil. 

Example: Required a coil of 100 microhenries inductance, wound on a 
form 2 inches diameter by 2 inches winding length. Then d/1 = 1.00, and 
F = 0.0173 in Fig. 1. 

n = ✓ L = ✓ JOO = 54 turns 
Fd 0.0173 X 2 

Reference to magnet-wire data, Fig. 2, will assist in choosing a desirable 
size of wire, allowing for a suitable spacing between turns according to the 
application of the coil. A slight correction may then be made for the in
creased diameter (diameter of form plus two times radius of wire}, if this 
small correction seems iustifted. 

Approximate formula 
For single-layer solenoids of the proportions normally used in radio work, 
the inductance is given to an accuracy of about I percent by 

L = n2 
: !) microhenries 

, 9r 10 
where r = d/2. 

* Calculation of copper losses in single-layer solenoids is treated in f. E. Terman, "Radio 
Engineers Handbook," 1st edition, McGraw-Hill Book Company, Inc., New York, N. Y.; 1943: 
pp. 77-80. 
t Formulas and chart (fig. II derived from equations and tables in Bureau of Standards Circula• 
No. C74. 
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For solenoids where the 
diameter/length is less than 
0.02, use the formula 

F = 0_0250 diameter 
length 

Fig. t-lnductance of a slngle-layer solenoid, form factor = F. 
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lndudance of single-layer solenoids continued 

General remarks 

In the use of various charts, tables, and calculators for designing inductors, 
the following relationships are useful in extending the range of the devices. 
They apply to coils of any type or design. 

a. If all dimensions are held constant, inductance is proportional to n2• 

b. If the proportions of the coil remain unchanged, then for a given number 
of turns the inductance is proportional to the dimensions of the coil. A 

Fig. 2-Magnet-wire data. 

A WG ~::: 1 •n':'.:' I SCC" B & S diam diam diam 
SICIU99 in In In 

lnchea 1nchea inches 

10 
11 
12 

13 
14 
15 

16 
17 
18 

19 
20 
21 

22 
23 
24 

25 
26 
27 

28 
29 
30 

31 
32 
33 

34 
35 
36 

37 
38 
39 

40 
41 
42 

,1019 
.rYXJ7 
.0808 

,0720 
.0641 
,0571 

.0508 

.0453 

.0403 

.0359 
.0320 
.Q285 

.0253 

.(1226 

.0201 

.0179 

.0159 
,0142 

.0126 

.0113 

.0100 

.0089 

.0080 

.0071 

.0063 

.0056 

.0050 

,0045 
.0040 
,0035 

.0031 
,0028 
,0025 

.1039 

.0927 

.0827 

.0738 

.0659 

.0588 

.0524 

.0469 

.0418 

.0374 

.0334 

.0299 

.0266 

.0238 

.0213 

.0190 

.0169 

.0152 

.0135 

.0122 

.0108 

.0097 

.0088 

.0078 

.0069 

.0061 

.0055 

.0049 

.0044 
,0038 

.0034 

.0031 

.0028 

43 .00'22 .0025 
44 .0020 .0023 

.1079 
,0957 
.0858 

.ono 

.0691 

.0621 

.0558 
,0503 
.0453 

.0409 
.0370 
.0335 

.0303 

.0276 

.0251 

.0224 

.0204 

.0187 

.0171 

.0158 
,0145 

,0134 
.0125 
.0116 

.0108 

.0!01 

.0090 

.0085 

.0080 
lXJ75 

.0071 

DCC" SCI" 
diam diam 

In In 
Inches Inches 

.1129 

.1002 

.0903 

.0815 

.0736 

.()666 

.0603 

.0548 

.0498 

.0454 

.0415 

.0380 

.o343 

.0316 

.0291 

.0264 

.0244 

.0227 

.0211 

.0198 

.0185 

.0174 

.0165 

.0156 

,0148 
.0141 
.0130 

.0125 

.0120 

.0115 

.Olll 

.1104 

.0982 

.0882 

.0793 

.0714 

.0643 

.0579 

.0523 

.0472 

.()428 

.0388 

.0353 

.0320 

.0292 
,0266 

.0238 

.0217 

.0200 

.0183 

.0170 

.0156 

.0144 

.0135 

.0125 

.0116 

.0108 

.0097 

.0091 

.0086 

.0080 

.0076 

SSC" I DSC" diam diam 
In In 

inches Inches 

.0591 

.0528 

.0473 

.0423 

.0379 

.0340 

.0305 

.0273 

.0246 

.0'221 

.0199 

.0179 

.0162 

,0146 
.0133 
.0120 

.0109 

.0100 

.0091 

.0083 
,0076 
.0070 

.0065 

.0060 

.0055 

.0051 

.0611 

.0548 

.0493 

.0443 

.0399 

.0360 

.0325 

.0293 

.0266 

.0241 

.0219 

.0199 

.0182 

.0166 

.0153 

.0140 

,0129 
.0120 
.Olll 

.0103 

.0096 

.0090 

.0085 

.0080 

.0075 

.0071 

* Nominal bare diameter plus maximum additions. 

SSE" 

I 
bare I enameled 

diam min max min diam" 

lnthe• lnthe• I Inch•• I lnchH I Inch•• 
In diam diam diam In 

.0613 

.0549 

.0493 

.0442 

.0398 

.0358 

.0323 

.0290 

.0'262 

.0236 

.0213 

.0192 

.0175 

.0158 

.0145 

.0131 

.0119 

.0110 
,0100 

.0091 

.0083 

.oon 

.0071 

.0066 

.0060 

.0056 

.1009 

.0898 

.0800 

.0712 

.0634 

.0565 

.0503 

.0448 

.0399 

.0355 

.0316 
,0282 

.0'251 

.0223 

.0199 

.0177 

.0158 

.0141 

,0125 
.0112 
.0099 

.0088 
,0079 
.0070 

.0062 

.0055 

.0049 

.004-4 

.0039 

.0034 

.0030 

.0027 

.0024 

.1029 

.0917 

.0816 

.0727 

.0647 

.0576 

.0513 

.0457 

.0407 

.0363 
.0323 
.0267 

.0'256 

.0228 

.0203 

.0181 

.0161 

.0144 

.0128 

.0114 

.0101 

.0090 

.0081 

.0072 

.0064 

.0057 
.0051 

.0046 

.0041 

.oo36 

.0032 

.0029 

.0026 

.1024 

.0913 

.()814 

.0726 

.0648 
,0576 

.0515 

.0460 
.0410 

.0366 

.0326 

.0'292 

.0261 

.0'232 

.0208 

.0186 

.0166 

.0149 

.0132 

.0119 

.0105 

.0094 

.0085 

.0075 

.0067 

.0059 

.0053 

,0047 
.0042 
.0036 

.0032 

.0029 

.0026 

.1044 

.0932 

.0832 

.0743 

.0664 

.0593 

.0529 

.0473 

.0422 

.0378 

.0338 

.0303 

.0270 

.0'242 

.0216 

.0193 

.0172 

.0155 

.0138 

.0125 

.Olli 

.0099 

.0090 

.0080 

.0071 

.0063 
0057 

,0051 
.0046 
.0040 

.0036 

.0032 

.0029 

- .0021 .0023 .0023 .0026 
- .0019 .0021 .oo21 .oo24 

For additional data on copper wire, see pp, 50-57 and p. 278. 
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Inductance of single-layer solenoids confinued 

coil with all dimensions m times those of a given coil (having the same num
ber of turns! has m times the inductance of the given coil. That is, inductance 
has the dimensions of length. 

Decrease of solenoid inductance by shielding* 

When a solenoid is enclosed in a cylindrical shield, the inductance is re

* RCA Application Note No, 48; June 12, 1935, 
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Inductance of single-layer solenoids continued 

duced by a factor given in the accompanying chart, Fig. 3. This effect has 
been evaluated by considering the shield to be a short-circuited single-turn 
secondary. The curves in Fig. 3 ore reasonably accurate provided the 
clearance between each end of the coil winding and the corresponding 
end of the shield is at least equal to the radius of the coil. For square shield 
cons, toke the equivalent shield diameter !for Fig. 3l as being 1.2 times 
the width of one side of the square. 

Example: Let the coil winding length be 1.5 inches and its diameter 0.75 
inch, while the shield diameter is 1.25 inches. What is the reduction of 
inductance due to the shield? The proportions ore 

!winding length I/ (winding diometerl = 2.0 

!winding diameter)/ !shield diameter) = 0.6 

Referring to Fig. 3, the actual inductance in the shield is 72 percent of 
the inductance of the coil in free space. 

Reactance charts 

Figs. 4, 5, and 6 give the relationships of capacitance, inductance, reactonce, 
and frequency. Any one value may be determined in terms of two others by 
use of a straight edge laid across the correct chart for the frequency 
under consideration. 

Example: Given o capacitance of 0.001 µf, find the reoctonce at 50 kilo
cycles and inductance required to resonate. Place o straight edge through 
these values and read the intersections on the other scales, giving 3180 
ohms and 10. l millihenries. See Fig. 5. 
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reactonce XL or XC • 
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capac1tance C 

• 
50 -S 
100 !! 

J! 
200 1 
500 J 
1000 
0.001 
0.002 
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0.02 

o.os 
0.1 
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0.5 -a 
!! 

J! 
2 ·::s. 
5 

10 

20 

50 
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200 

500 
1000 

''"1 , 0.002 

0,005 

0.01 

0.02 

0.05 

0.1 -a 
0.2 !! 

J! 

0.5 

frequency f . ... 

Fig. 4-Chart covering I cycle to 1000 cycles. 
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Reactance charts conlinued 

reoclcnc• XI. 0t XC copodtonce C .. ... ... . fr•q,.,tncy f ... 
10 
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Fig. 5-Chart covering 1 kllocycl• to 1000 kllocycl••• 
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. c0pocitonce e frequency f ... ... 
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Fig. 6-Chart covllt'lng I megacycle to 1000 megacycles. 
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Impedance formulas 

Parallel and series circuits and their equivalent relationships 

Parallel circuit 

E 

1 
Conductance G = -

Rp 

1 
Susceptance B = - x,, 

1 = wCp - -
wLp 

w = 2w-f 

I 1 
Admittance Y = = - = G + jB 

E Z 

=YG2 +e2 L-<1>= !YI L-ct> 

E 1 
Impedance Z = - = 

I y 

B 
Phase angle - cj> = tan-1 -

G 

I•YE 
parallel circuit 
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Impedance formulas continued 

Series circuit 

I R1I 

Resistance = R, 
equivalent series circuit 

I 
Reoctonce X, = wL, - -

wC, 

mpedonce Z = ~ = R. + jX, = v'R.2 + X,2 L <f, = I Z I L <I> 
I I 

Phose ongle q, = ton-1 ~ = cos-1 -~ 
R, I z I 

For both circuits 

Vectors E ond 1, phose ongle q,, ond Z, Y ore identical for the porollel 
circuit and its equivalent series circuit 

IX I Rp I BI 
0 = I ton <I> I = -• - -

R, - I Xp I - G 

lpfl = cos <1> = I ~ I = ~ G 
y 

R 2x 2 
Z2 = R 2 + X 2 = 11 11 = R R X,X~ • • Ri + X:i,2 • p V 

y2 = G2 + s2 = _1 + _!_ = G 
Ri X/ R, 

Z2 G X 2 

R. = R11 = Y2 = R11 R/ + X/ = R11 02 + 1 

z2 x. = - = 
Xp 

lkwl 
(kvol 
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{mpedance formulas conlinued 

Rp = 1 = z2 = R.2 + x.2 = R. (Q2 + 11 
G R, R, 

Xp = - I = ~ = R.2 + x.2 = x. (1 
B X, X, 

Approximate formulas 

_l_) = R,Rp = == R ✓ R. . 
Q2 X, P Rp - R, 

Reactor R, 
x2 

and X = X, = XP !See Note 1, p. 1231 
Rp 

R2 
Resistor R = R, = RP and X, = (See Note 2, p. 123) 

Xp 

Simplifled parallel and series circuits 

1 
B= -

wL,, 

wL. Rp 
tan <f> = = -

R, wLp 

lpfl = R, 
VR,2 + w2L,2 

I - L 1 
... - p 1 + 1/02 

X, = wL, 

RP= R, IQ2 + 11 

1 1 -jQ 
Y=R,1+02 
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Impedance formulas continued 

-1 
X =-

P wCp 
B = wCp 

-1 
ton <j, = -- = -wC~p 

wC,R, 

(pf) 
1 

=-
Q 

!See Note 31 

-1 x. = -
wC, 

R,, = R, 102 + 11 

C, = Cp ( 1 + ~2) 

Z=R l-jQ 
Pl+ 02 

Approximate formulas 

C = C · l 
" '1+1/02 

lnducror R, = w2L2/R,, and L = L,, = L, (See Note 11 

Resistor R = R, = Rp and L,, = R2/w 2L, !See Note 21 

Capacitor R, = 1/w2C2Rp and C = C,, = C, (See Note 11 

Resistor R = R, = R,, and C, = l/w2C,,R2 (See Note 21 

Note 1: (Small resistive component) Error in percent = - I00/O2 

(for Q = 10, error = 1 percent lowl 

Note 2: (Small reactive component} Error in percent = - 100 0 2 

(for Q = 0.1, error = 1 percent low) 

Note 3: Error in percent = + f:JJ/O2 approximately 
!for Q = 7, error = 1 percent high) 

123 



diagram -
~ 

~ 

0 cit 0 

M 
L1 ~L2 
~ 

~f--f P-o 
~ 

~~ 

~(-2--o 

~fb 

continued Impedance formulas 

Impedance Z = R + jX ohms 

magnitude IZ\ = [R' + X 2]1 ohms 

Impedance Z 

R 

JwL 

1 -,-wC 

Jw 111 + L2 ± 2Ml 

_,!(-!-+I) 
w Ct C, 

R + J"1L 

R - ,J... 
wC 

' 
I (wL - w~) 

- X phase angle ,P = tan 1 R 
1 

admittance Y "" z mhos 

magnitude LZ\ __ J phase angle q, 

R 0 

+! wL 
2 

1 ,r 

wC 2 

u1fl1 + L, ± 2Ml +! 
2 

1 (1 + 1) 
,r 

w Ct c, -2 
[R2 + w2l 2]i tan-I~ 

R 

..!_ [ 1 + w2C2R2Ji 
wC 

-lon-t -
1
-

wCR 

(wL-w~) 
,r 

±-
2 

R + J (wt - w~) [R• + (wt - w~) 'T (u11- ~) 
tan-1 R 

I 
I I 

admittance V 

1 

R -I -,-wL 

JwC 

1 -, 
"' IL1 + L, ± 2MI 

C1 C, 
Jw C1 + C2 

R - JwL 
R2 + w2L2 

1 
R+i-

wC 

R' + _1_ 
w'C• 

..,c ,---
1 -w2LC 

R - I ( wl - ..,~) 

R' + ( wL - "'~) 
2 

__. 
~ 

i 
i 
Cit 



~ R1 R2 R1 R2 
R1 + R2 R1 + R, 

L, 

~ jw[ L1 L2 - M
2 

] 
L1 + L2 =i= 2M 

[ L1 L, - M
2 ] 

w L1 + L2 =F 2M 

Lz 

~~ -j 
1 1 

w lei+ e,1 w 1e1+e2l 
Cz 

~ wL{ wL + iR] wLR 
[R2 + w2L2)l R2 + w2L2 

~ Rll - jweRl R 
1 + w2e 2R2 [ 1 + w2e 2R2) l 

~ wL wL 
J 1 - w2Le 1 - w2Le 

~ 
!-{we-_!__) 1 
R wL 

[G)' + (we-di)'J G)' +(we-di)' 

L 

~ 
R/ilR1 + R,l + w2L 2 + jwLR, [ R1 2 

+ w
2
L 
2 J l 

IR1 + R,1 2 + w2L2 R, IR1 + R,1 2 + w2L2 

Rz 

' 

0 

+~ 
2 

,r 

2 

tan-1 _! 
wL 

- tan-1weR 

,r 
±-

2 

tan-1 R(di - we) 

tan-I wLR, 
R1 IR1 + R,l + w2L1 

( 1 + 1) 
R1 R2 

_ j~[L1 + L2 =F 2M] 
w L1 L, - M2 

jwle1 + e,l 

1 1 
- -j-
R wL 

1 
R + Jwe 

1(we-di) 

!+{we-_!_) 
R wL 

Ri!R1 + R,l + w2L 2 - JwLR2 

R,IR12 + w2L2l 

... 
C z 
C 

~ 

! ,-

"' 0 .,, 
z 
i 
0 
:,a 
:ii: 

"' -r-..:, 
c.r, 



Impedance Z R + jX ohms 

magnitude = (R2 + x•J1 ohms 

I 
Impedance Z 

~ 
magnitude IZI 

phase angle q, 

admittance Y 

impedance Z 

~ 
magnitude IZI 

Re ~ phase angle q, 
X2 

admittance Y 

I 

- X phase angle q, = tan 1 i 
1 

admittance Y = Z mhos 

continued Impedance formulas 

R + Jw[L!I - w1La - CR2] 

II - w2LCl 2 + w'C'R' 

[ R
2 + w'L' J1 

11 - w2LCl 2 + w2C2R2 

tan-t w[Ul - w'LCI - CR') 
R 

R - Jw[W - w2LCl - CR2] 
R' + w2L2 

Xi X1 R, + J[R,2 + X2 1X1 + X,l] 
R22 + IX1 + X2l 2 

X [ R,
2 + X22 J 1 

R,2 + IX1 + X2) 2 

lan-1 R2 2 + X2IX1 + X2l 
X1R2 

R~~J(R,2 + X2
2 + X1X21 

Xi !R, 2 + X2
21 

__. 
~ 
c::::r., 

£ 
> 
~ 
~ 

Ill 



I 

Impedance Z 

Ri •L magnitude !Z! 

~ 
phase angle ,t, 

admittance Y 

Impedance Z 
-

~ magnitude !ZI 

Rz ~ phase angle ,t, 
Xz 

admittance Y I 

RR(R +Rl+w'L2R +_&_ wLR•-Rt
2 _!:_( L-_!_) Note,WhenR1=R2=VL/( 

1 2 I 2 2 w•c• 2 wC C W wC then Z = R1 = R2, a pure rE 
( l r + / ( --1--J sistance at any frequency wher 

IR1 + R:i) 2 + wL - - IR1 + R:i) 2 + wL - - the given conditions ho!( 
wC wC Compare Cose 3o, p. 156. 

["•' +•'" ( ,,, + )c,) J 
CR1 + R:il 2 + ( wL ~r 
[ •.. '( ')] wLR22 - - - wL - -

1 wCC wC ton-

R,R2!R1 + R2l + w2L2R2 + w~~2 

R1 + w2C2R1R2!R1 + 1?21 + w4L 2C2R2 + [CR12 
- L + w2LC(L - CR221] 

!R12 + w2L21 l1 + w2C2R221 /W IR12 + w2L21 11 + w2C2R22I 

(R1R2 - X1X2l + JIR1X2 + R2X1l 
(R1 + R2I + ilX1 + X,l 

[ !R12 + x,211R22 + x,21 ]' 
IR1 + R21 2 + IX1 + X21 2 

fan-1 !! + ton-I~ - ton-! Xi + X, 
R1 R2 R1 + R2 

I 1 --+--
R1 + JX1 R2 + JX2 

El 

i!! z 
Cl ; 
I 
:;; 
0 ... 
z 
'" 
~ 
= VI 

-r-...:::, __, 
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Skin effect 

Symbols 

A = correction coefficient 

D = diameter of conductor in inches 

f = frequency in cydes/secona 

Rae = resistance at frequency f 

Rde = direct-current resistance 

R,q = resistance per square 

T = thickness of tubular conductor in inches 

Ti = depth of penetration of current 

8 = skin depth 

X = free-space wavelength in meters 

µ., = relative permeability of conductor material (µ., = 1 for copper and 
other nonmagnetic materials) 

p = resistivity of conductor material at any temperature 

Pc = resistivity of copper at 20 degrees centigrade 
= 1.724 microhm-centimeter 

Skin depth 

The skin depth is that distance below the surface of a conductor where 
the current density has diminished to 1/e of its value at the surface. The 
thickness of the conductor is assumed to be several !perhaps at least threel 
times the skin depth. Imagine the conductor replaced by a cylindrical shell 
of the same surface shape but of thickness equal to the skin depth; with 
uniform current density equal to that which exists at the surface of the actual 
conductor. Then the total current in the shell and its resistance are equal 
to the corresponding values in the actual conductor. 

The skin depth and the resistance per square (of any size), in meter
kilogram-second !rationalized) units, are 

8 = IX/iruµ.clH meter 

R,q = 1/ou ohm 

where 

c = velocity of light in vacuo = 2.998 X 108 meters/second 

µ. = 41r X 10-7 µ., henry /meter 

l / O' = 1.724 X JO-S pf Pe ohm-meter 
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For numerical computations: 

o = (3.82 X 10-4 >,½) k1 = (6.6l/f½)k1 centimeter 

o = (1.50 X 10-4 >,½) k1 !2.60/f½Jk1 inch 

o.., (2.60/f,,.0½) k1 mils 

R.q = (4.52 X 10-8/>.½1 k2 12.61 X J0-'1 f½J k2 ohm 

where 

k1 = [11/µ,l p/p.J½ 

k2 lµ,p/ Pel½ 

k1, k2 = unity for copper 

Example: What is the resistance/foot of a cylindrical copper conductor of 
diameter D inches? 

12 12 
R = - R,q = - X 2.61 X 10-1 (fl½ 

1rD 1rD 

= 0.996 X J0-6 (fl½/D ohm/foot 

If 

D = 1.00 inch 

f = 100 X 106 cycles/second, 

R = 0.996 X lQ-6 X 104 ~ I X 10-2 ohm/foot. 

General considerations 

Fig. 7 shows the relationship of R,.0 /Rdc versus DVf for copper, or versus 

DVf v;:;:{p for any conductor material, for an isolated straight solid con
ductor of circular cross section. Negligible error in the formulas for R,.0 

results when the conductor is spaced at least 10D from adjacent conductors. 
When the spacing between oxes of parallel conductors carrying the same 
current is 4D, the resistance Rae is increased about 3 percent, when the 
depth of penetration is small. The formulas are accurate for concentric lines 
due to their circular symmetry. 

For values of DVf v;:;:{p greater than 40, 

R,.. = 0.0960 DVF v;:;:{p + 0.26 
Rde 

m 
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The high-frequency resistance of on isolated straight conductor, either solid 
or tubular for T < D/8 or T1 < D/8; is given in equation 121. If the current 
flow is along the inside surface of a tubular conductor, D is the inside 
diameter. 

vi J-; -s I R..., = A- '\Jµ,-X 10 ohm foot 
D Pc 

12) 

The values of the correction coefficient A for solid conductors and for 
tubular conductors ore shown in Fig. 8. 

Fig. 8-Skin-effect correctlo n coefficient A for solid and lubular conductors. 

solid conductors tubulor conductors 

1-· TVf~I o 0 ~ µ,; l A A I R../R.i. 

> 370 1.000 = B where} 1.00 0.384 B 
220 l.005 B > 3.5 
160 1.010 3.5 1.00 1.35 

3.15 1.01 1.23 
98 1.02 2.85 l.05 1.15 
48 1.05 
26 1.10 2.60 1.10 1.10 

2.29 1.20 1.06 
13 1.20 2.08 1.30 1.04 
9.6 1.30 
5.3 2.00 1.77 1.50 1.02 

< 3.0 R., z R.i. J.31 2.00 1.00 

10.37 p = 8 where} 2.60 1.00 R.i.=-- - X 10-6 ohm/loot 8 0 2 Pe B < 1.3 

The value of rviv;;;;;r;, that just makes A = 1 indicates the penetration of 
the currents below the surface of the conductor. Thus, approximately, 

3.s r;-. 
T1 = _ r v- mches. 

V f µ,p0 

131 

When T1 < D/8 the value of R..., as given by equation 121 (but not the value 
of Rae/Rao in Fig. 8, "tubular conductors") is correct for any value T ~ Ti. 

Under the limitation that the radius of curvature of all ports of the cross 
section is appreciably greater than T1, equations 121 and 131 hold for isolated 



132 CHAPTER 5 

Skin effect continued 

straight conductors of any shape. In this case the term D = lperimeter of 
cross section)/ 71". 

Examples 

a. At 100 megacycles, o copper conductor has a depth of penetration 
T 1 = 0.00035 inch. 

b. A steel shield with 0.005-inch copper plate, which is practically equiva
lent in Rae to on isolated copper conductor 0.005-inch thick, has o value of 
A = 1.23 at 200 kilocycles. This 23-percent increase in resistance over that 
of a thick copper sheet is satisfactorily low as regards its effect on the losses 
of the components within the shield. By comparison, a thick aluminum sheet 

hos a resistance V p/ Pc = 1.28 times that of copper. 

Network theorems 

Reciprocity theorem 

If an emf of any character whatsoever located at one point in a linear net
work produces a current at any other point in the network, the same emf acting 
at the second point will produce the same current at the first point. 

Corollary: If o given current flowing at one point of a linear network 
produces a certain open-circuit voltage at a second point of the network, 
the same current flowing at the second point will produce a like open
circuit voltage at the first point. 

Thevenin's theorem 

If an impedance Z is connected between two points of a linear network, the 
resulting steady-state current l through this impedance is the ratio of the 
potential difference V between the two points prior to the connection of Z, 
and the sum of the values of m the connected impedance Z, and {2) the 
impedance Z1 of the network measured between the two points, when all 
generators in the network ore replaced by their internal impedances: 

V 
l=--

z + Z1 

Corollary: When the admittance of a linear network is Yu measured be-
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tween two points with all gene rotors in the network replaced by their internal 
impedances, and the current which would flow between the points if they 
were short-circuited is I,., the voltage between the points is Va = I,c/Y12. 

Principle of superposition 

The current that flows at any point in a network composed of constant 
resistances, inductances, and capacitances, or the potential difference that 
exists between any two points in such a network, due to the simultaneous 
oction of a number of emf's distributed in any manner throughout the network, 
is the sum of the component currents at the first point, or the potential differ
ences between the two points, that would be caused by the individual emf's 
acting alone. !Applicable to emf's of any character.I 

In the application of this theorem, it is to be noted that for any impedance 
element Z through which flows a current I, there may be substituted a virtual 
source of voltage of value - Z I. 

Formulas for simple R, L, and C networks* 

1. Self-inductance of circular ring of round wire at radio fre
quencies, for nonmagnetic materials 

L = _<::__ [7.353 log1o 
16

a - 6.386] microhenries 
100 d 

where 

a = mean radius of ring in inches 
d diameter of wire in inches 

a 
d > 2.5 

2. Capacitance 

a. For parallel-plate capacitor 

IN - 1l A IN - ll A" . 
C = 0.0885e, ---- = 0.225 E, 

11 
microm1croforads 

t t 

* Many formulas for computing capacitance, inductance, and mutual inductance will be found 
, 1n Bureau of Standards Circular No. C74, obtainable from the Superintendent of Documents, 

Government Printing Office, Washington 25, D.C. 
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where 

A = area of one side of one plate in square centimeters 
A" = area in square inches 
N = number of plates 

t = thickness of dielectric in centimeters 
t" = thickness in inches 
Er = dielectric constant relative to air 

This formula neglects "fringing" at the edges of the plates. 

b. For coaxial cylindrical capacitor. Per unit axial length, 

C = 211"ErE• 

log. lb/al 

5X106 E, = ----- farad/meter 
c2 log. tb/al 

where 

c = velocity of light in vacuo, meters per second !see pp. 34-35) 

Er = dielectric constant relative to air 

E• = permittivity of free space in farad/meter (seep. 35) 

C 0.2416E, .. f d/ . = / m1crom1cro ora centimeter 
10910 lb al 

0.614 Er • • ;· = / m1crom1croforad mch 
10910 lb al 

7.36 Er / = micromicrofarad foot 
10910 !b/al 

When 1.0 < tb/ al < 1.4, then with accuracy of one percent or better, 

C = 8.50 Er {b;al + 1 
micromicroforad/foot 

lb al - 1 

3. Reactance of an inductor 

X = 21rfL ohms 
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where 

f = frequency in cycles/second 
L = inductance in henries 

135 

or fin kilocycles and l in millihenries; or fin megacycles and l in microhenries; 

At 159.2 megacycles, 1.00 microhenry has 
X = 1000 ohms 

At 60 cycles, 1.00 henry hos 
X = 377.0 ohms 

4. Reactance of a capacitor 
1 

X = - -- ohms 
211-fC 

where 

f = frequency in cycles/second 
C = capacitance in farads 

This may be written 
159.2 

X = - -- ohms 
fC 

where 

f = frequency in kilocycles/second 
C = capacitance in microfarads 
or fin megacycles and C in millimicrofarads 10.00lµfl. 

At 159.2 megacycles, 1.00 micromicrofarad has 
X = - 1000 ohms 

At 60 cycles, 1.00 microfarad has 
X = - 2653 ohms 

5. Resonant frequency of a series-tuned circuit 
I 

f = . 1- cycles/second 
2-irV LC 

where 

L = inductance in henries 
C = capacitance in farads 
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Th. b . LC 25,330 
1s may e written = -f-

2
-

f = frequency in kilocycles 
L = inductance in millihenries 

C = capacitance in millimicrofarads 10.001µ.fl 
or f in megacycles, L in microhenries, and C in micromicrofarads; 
or f in cycles, L in henries, and C in microforods. 

At 60 cycles 
LC = 7.036 henries X microforads 

6. Dynamic resistance of a parallel-tuned circuit at resonance 

X2 L 
r = - = ohms 

R CR 

where 

X wL = 1/wC 
R = r1 + r2 

= resistance in ohms 
L = inductance in henries 

C = capacitance in farads 

The formula is accurate for engineering 
purposes provided X/R > 10. 

7. Parallel impedances 

If Z1 and Z2 are the two impedances that are connected in parallel, then 
the resultant impedance is 

Refer also to page 127. 

Given one impedance Z1 and the desired resultant impedance Z, the other 
impedance is 
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8. Input impedance of a 4-terminal network* 

Zu =Ru+ jXu 

137 

is the impedance of the first circuit, measured at terminals I - I with 
terminals 2 - 2 open-circuited. 

Z22 = R22 + jX22 

is the impedance of the second circuit, measured at terminals 2 - 2 with 
load Z2 removed and terminals 1 - 1 open-circuited. 

Zu =Ru+ jXu 

is the transfer impedance between the two pairs 
of terminals, i.e., the open-circuit voltage appear
ing at either pair when unit current flows at the 4 
other pair. 

Then the impedance looking into terminals 
1 - 1 with load Z2 across terminals 2 - 2 is 

Zit· 
equivalent circuit 

z 1 _ R t + 'X t _ z _ Z212 _ R + 'X _ R212 X212 + 2jR12X12 
1 

- l J l - 1l Z22 + Z2 - ll J ll R22 + R2 + j(X22 + X2l 

When 

Ru= 0 

R '+;x, = z + X212 
l l ll Z22 + Z2 

Example: A transformer with tuned secondary and negligible primary 
resistance. 

Zn= jwL1 

Z12 jwM 

* Scope and limitations: The formulas for 4-terminal networks, given in paragraphs 8 to 12 
inclusive, ore applicable to any such network composed of linear passive elements. The elements 
may be either lumped or distributed, or a combination of both kinds. 
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9. Input admiffance of a 4-terminal network* 

Yu = admittance measured at terminals 1, v,. 
l - 1 with terminals 2 -2 short- o--... -J\N\r--+--o--. 
circuited. 

i' Y22 = admittance measured at terminals • 
2 - 2 with load Y 2 disconnected, 
and terminals 1 - 1 short
circuited. 

v, 

I 

equivalent circuit 

Y12 = transfer admittcmce, i.e., the short-circuit current that would flow at 
one pair of terminals when unit voltage is impressed across the other 
pair. 

Then the admittance looking into terminals 1 - 1 with load Y2 connected 
across 2 - 2 is 

Y I G 1 + 'B I y Y
2

12 
1 = l } 1 = ll - -Y,-2-+_Y_2 

10. 4-terminal network with loads equal to image impedances* 

When Z1 and Z2 are such that Z' = Z1 

and Z" = Z2 they ore called the image 
impedances. Let the input impedance 
measured at terminals I - I with ter
minals 2 - 2 open-circuited be Z'oc 
and with 2 - 2 short-circuted be Z' ••. 
Similarly Z" oc and Z",c measured at 
terminals 2 - 2. Then 

z· z• - ~ 
z,, 

equivalent circuit 

Z' [Z' 1 ]½ [z ( Z212)]½ [ ( Y212)]- ½ (AB)½ = ocl •• = 11 Zu - z
22 

= Yu Yu - v-;;; = CD 

Z" [Z" 711 ]½ [z ( Z212)]½ [ ( Y212)]-½ (Bo)½ = OCL •• = 22 Z22- Zu = Y22 Y22- Yu = AC 

tonh la+ j~l = ± r:::J½ = ± [~:::]½ = ± I I 
[ Y212 ]½ ( BC)½ = ± J - Y11Y211 = ± AO 

* See footnote on p. 137. 
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The quantities Z11, Z22, and Zu are defined in paragraph 8, above, while 
Y11, Y22, and Y12 are defined in paragraph 9. 

la + j/31 is called the image transfer constant, defined by 

(
complex volt-amperes into load from 2-2) = v2i2 = ~22Z1 = i22Z2 
complex volt-amperes into network at 1-1 v1h v12Z2 i12Z1 

= E - 2 (a+ /J:l) = E - 2m / _ 2{3 

when the load is equal to the image impedance. The quantities a and /j 
are the same irrespective of the direction in which the network is working. 

When Z1 and Z2 have the same phase angle, a is the attenuation in nepers 
and {3 is the angle of lag of i2 behind i1, 

11. Currents in a 4-terminal network* 

12. Voltages in a 4-terminal network* 

Let 

ii,, = current that would flow between 
terminals 1-l when they are 
short-circuited. 

Yu= admittance measured across termi
nals 1 - 1 with generator re· 
placed by its internal impedance, 
and with terminals 2 - 2 short
circuited. 

• See footnote on p. 137. 

11 I 

i1 z., •• 
equivalent clrcu1f 

•• 

equivalent circuit 
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Y22 = admittance measured across terminals 2 - 2 with load connected 
and terminals 1 - 1 short-circuited. 

Y12 = transfer admittance between terminals 1 - I and 2 - 2 !defined in 
paragraph 9 abovel. 

Then the voltage across terminals I - 1, which are on the end of the net
work nearest the generator, is 

The voltage across terminals 2 - 2, which ore on the load end of the 
network is 

13. Power transfer between two impedances connected directly 

let Z1 = R1 + jX1 be the impedance of the source, and Z2 = R2 + jX2 be 
the impedance of the load. 

The maximum power transfer occurs when 

P = power delivered to the load when the impedances are connected 
directly. 

Pm = power that would be delivered to the load were the two impedances 
connected through a perfect impedance-matching network. 

14. Power transfer between two meshes coupled reactively 

In the general case, Xu and X22 are not 
equal to zero and X12 may be any re
active coupling. When only one of the 
quantities Xu, X22, and X12 can be varied, 
the best power transfer under the cir
cumstances is given by: 
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For X22 variable 

X 
_ X212X11 

22 - ---- !zero reactance looking into load circuit) 
R2

11 + X\1 

For X11 variable 

X 
_ X212X22 

11 - ---- (zero reactance looking into source circuit) 
R222 + X2

22 

For X12 variable 

X212 = 'V (R 2n + X211l (R222 + X2
22l 

When two of the three quantities can be varied, a perfect impedance match 
is attained and maximum power is transferred when 

X2
12 = V (R2u + X2ul IR2

22 + X2
22l 

and 

Xu X22 

Ru R22 
(both circuits of same Q or phase angle) 

For perfect impedance match the current is 

i2 = ei L tan-1 Rn 
2VR11R22 Xn 

In the most common case, the circuits are tuned to resonance Xn = 0 and 
X22 = 0. Then X212 = R11R22 for perfect impedance match. 

15. Optimum coupling between two circuits tuned to the same 
frequency 

From the lost result in paragraph 14, maximum power transfer (or on im
pedance match) is obtained for ,v2M2 = R1R2 where M is the mutual in
ductance between the circuits, and R1 and R2 are the resistances of the 
two circuits. 

16. Coefficient of coupling-geometrical consideration 

By definition, coefficient of coupling k is 

k=~ 
VL1L2 

where M = mutual inductance, and L1 and b are the inductances of the 
two coupled circuits. 
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Coefficient of coupling of two coils is a geometrical property, being a 
function of the proportions of the configuration of coils, including their 
relationship to any nearby objects that affect the field of the system. As 
long as these proportions remain unchanged, the coefficient of coupling is 
independent of the physical size of the system, and of the number of turns 
of either coil. 

17. T - 1r or Y - t:. transformation 

The two networks are equivalent, as far as conditions at the terminals ore 
concerned, provided the following equations are satisfied. Either the impe
dance equations or the admittance equations may be used: 

Y1 = 1 /Z1, Y. = 1 /Z., etc. 

Tor Y network ,r or a network 

Impedance equations 

Zc = Z1Z2 + Z1Za + Z~a 
Za 

z,. = Z1l2 + Z1Za + Z2Zi 
Z2 

lb = Z1l2 + Z1Za + Z2Za 
Z1 

Z 
_ Zale 

l -
Z,. +lb+ le 

l
2 

= lbZ. 
Z,. +lb+ Z,. 

Za = Zal• 
la+ lb+ l, 

AdmittaAce equations 

Y. = Y1Y2 
Y1 + Y2 + Ya 

y _ Y1Ya 
" - Y1 + Y2 + Ya 

Yb= Y2Ya 
Y1 + Y2 + Ya 

Yi= YaYb + Y,.Y. + YbYc 
Yb 

y
2 

= YaYb + Yo.Ye + YbYc 
Ya 

Ya= YaYb + Y,.Y. + Y0Y~ 
Ye 
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These relationships can be written as six equations in matrix form. Included 
are the transformations between the open-circuit impedances and short
circuit admittances, paragraphs 8, 9, and 19. 

Y,. Y.] 
+Iv I 

Y,.,. Ya1, 

and I Y I = 1/ I Z I 
where the determinants I Y I and I Z I ore given in the tabulations of 
T and 'II' sections, paragraph 19. 

18. General circuit parameters 

linear passive four-terminal network with source and load. 

{

V1 = AV2 + B/2 

11 = CV2 + D12 

V1 = E1 - Z10 11 

V2 = Zw Ii 

(V2 = DV1 + B 1-111 

~ 
l1 121 CV1 + A 1-111 

11 12 ,....o-.... 

V,r A,8,C,D ~ 

The determinant of the matrix of the general circuit parameters is equal to 
unity 

AD - BC= 1 

When a network is symmetrical 

A=D 
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Two two-terminal-pair networks in coscode 

The expansion of this product and other operations of matrix algebra 
are given in the section, "Matrix algebra", of chapter "Mothemotical for
mulas", pp. 1090-1097. 

I, 

V. A,8,C,D 

19. Tabulation of matrixes 

description 

Series 
impedance 

Shunt 
admittance 

Ideal 
transformer 

n = turns ratio 

I 

I 

I 

diagram 

I z 
lo---1\./V\r----
1 

[_~_, ~i 
I 

I 

z ... 

matrix 
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description 

Inductively 
coupled 
elements 

Symmetrical 
lattice 
or bridge 
section 

T section 

,. 

2 

diagrom 

Zm 2' 

z"' 2 

I' 

2' 

f V, Zul, + Z12!-I,il 

l V2 = Z,111 + Z.,!-I,il 

Determinant of 
the impedances, 

,[Ij 
I Z I ZuZ22 - Z122 

= z,z. + z,z. + z,z. 
Zu = Z1 + Zs = A/C 

= IY1+Y2+Y31/Y1Y,Ya 
Z22 = Z2 + Zs D/C 

= 1/ I YI B/C 
Z12 = Z21 = Za 1/C 

matrix 

[Z.+4 2M.] Z,. Z,,. Z,.-Zm 

2 z,.+z,,. 
Z,.-Zm Z,.-Zm 

[

ll+Z,/Zal IZI/Za] 

1/Za II +z,/Zal 

= [Z1i/Z12 

I/Z12 
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description diagram 

'Jl"section 

{ 

11 = YaaV1 + Yo1i(-V2' 

12 = Y1>cV1 + Yllbl-V2I V, 

I, 

Determinant of 
the admittances: 

I Y [ = YaaY/Jb Ya1,2 

= Ya Yo+ YaYc + YbYc Y00 = Y., + Ye = D/8 

IZa+Zo+Z.1/Z.ZbZ, Yoil Yb +Ye= A/8 

= 1/ [ Z [ C/8 

Tronsmisslon 
line 

Yao = Yba = Ye = 1/8 

matrix 

I ""' ,,_ ,ss ... ss, 
Example 1: Determine the ABCD parameters for a T section. 

Method 1: Consider the section under open- or short-circuit conditions at 
either pair of terminals. The parameters in the equations for V1 and / 1 at 
the beginning of paragraph 18 can then be found by inspection. 

With output open-circuited, / 2 = 0 and 

A = V1/V2 = IZ1 + Zal/Za 

C = /1/V2 = 1/Za 

With input open-circuited, / 1 = 0 and 

D = CV2/l-l2l = IZ2 + Zal/Za 

With input short-circuited, V1 = 0 and 

B =AV2/l-l2l =Z1+Za(z2+ Z1Za) 
Za Z1 Za 

= IZ1Z2 + Z~a + Z1Zal/Za 

Method 2: Start with the impedance equations for V1 and V2 in terms of 
/1 and /2. Translate into the ABCD form for V1 and /1 in terms of V2 and /2. 

Method 3, Combine the individual series-impedance and shunt-admittance 
elements by multiplication of the matrixes. 
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Example 2: Determine the ABCD parameters for a symmetrical lattice 
section. Refer to the diagrams of the lattice in the tabulation of matrixes. 
In accordance with the definitions in paragraph 8, page 137, the open• 
circuit input and transfer impedances are 

Z11=Z22= IZ.,.+ZJ/2 

Zu = IZ,. - Z,,.>/2 

When these are substituted in the ABCD matrix for the T section, the matrix 
for the lattice results. 

20. Elementary R-C, R-L, and L-C fllters and equalizers 

Simple attenuating sections of broad frequency-discriminating characteris
tics, as used in power supplies, grid-bias feed, etc. are shown in Figs. 9 and 10. 
The output load impedance is assumed to be high compared to the impedance 
of the shunt element of the filter. The phase angle cf> is that of Eout with 
respect to E1n, 

The relationships for low-pass filters are plotted in Ags. 11 and 12. 

R-C Section 
[Figs. 1 OA and 8) 

R-L Section 
(Figs. l OC ond D) 

Fig. 9-Circle diagram• for R-L and ,R-C ftllw sections~ 

Examples of low-pass R-C filters 

a. R 100,000 ohms 

C = 0.1 X 10-u 10.1 µfl 

Then T = RC = 0.01 second 

At f = 100 cps: Eovi/E.., = 0.16-

At f = 30,000 cps: E-/E,,. = 0.00053 
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Fig. 10-Slmple fiber sections contahting R, L, and C. See also Fig. 9. 

diagram I !
time constant! 

type o, 
resonant freq 

formula and approximation 

~ A 
E.,., 1 1 
-= -:.:s-

Ein CI Eout low-pass T = RC E,,. v'1 + "''T' wT 

R-C 
1/>A = -ta,1-1 {RwCI 0 0 

:;. ~ ·I :~• E.,., 1 
..swT 

B E.,. = 
✓1+..,,1rs high-pass T = RC 

R-C 
1/>B = ton-1 11/RwCJ 

::I· C E.,.., = 1 I 

T=~ 
,,._ 

low-poss E,,. v'1 + "''T2 wT 
R-l R 

<lie = -ton-1 lwl./RI 

::IM E.,., 1 = wT D 
T=~ 

E;,. = 
✓1 + )r1 high-pass 

R-L R 

</in = tan-1 IR/wLI 

Eou, 1 I 

~ E 
E;,. = 1 - c:.rLC 1 - f2/fo2 

low-poss 
lo= 0.1592 1 fo2 

E;n CI Eout L-C v'LC "" - c:.PLC = -p 
0 0 

I/> 0 for I< lo; If> = 1r for f > fo 

o-}: 1 1 

1> 
- = 

1 - 1/c:.rLC = 1 - fo1/f2 
C F 

E'in Li fo 
0.1592 

= -crLC = _!:_ Eout high-poss 
v'ic ) L-C fo2 

j - ,J, = 0 for I > f., 1rforf <fo -. q, 

R in ohms; Lin henries; C in farads !lµf = 10- 6 faradl. 

T = time constant (seconds}, fo = resonant frequency !cps), w = 21rf, 

2,r = 6.28, 1/2~· = 0.1592, 4,r2 = 39.5. 1/4,r-2 = 0.0253. 
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cvrves inte~I thil__,:" '- , '- , 

hneat f= lTO. "- • ,: ""- "- '-. '-r-, 
•eo D8 •40 DB "- '\ i "- '\ ~· ."' -• < :, 
11 '" ,, 

~ ' " 
•GOOB I'\.. ' \, 

~~~X~N----'sca~,~re~A_._...._.......,,IO~D~X~N--'--L--'---'--'~100'-;!+0~X~N-,_.,._..,__,u..~l~':!-:!0
11
XN 

1000 X N acale II I0,000 XII 100,000X II ..,-,. 

frequency in cycles/ second 

Fig. 11-Low-pau R-C and R-l filters. N Is any convenient factor, usually taken as an 
Integral power of 10. 

b. R = ltOOO ohms 

C = 0.001 X 10- 5 farad 

T l X 10- 5 second = 0.1/N, where N = 105 

At f = 10 megacycles= 100 X N: E0ui/E,,. = 0.016-

Example of low-pass l-C filter 

At f = 120 cps, required Eow/E;,. = 0.03 

Then from curves: LC = 6 X 10- 5 approximately. 

Whence, for C = 4 µJ, we require L = 15 henries. 
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Formulas for simple R, l, and C networks continlled 

1.0 

. . . . 
\ 1 \ 1 \ 

1 \ 1 

\ \ \ 

\1 \\ \\ ,1, 
11 \\' 

\ \' I -2009 
0. I 

~-1-_,.. ~~~,,. ,,. . ., ~,t·~ vaueoflC, 

'"4009 
0.0 I 

•8009 
0.00 I 

~ f\. o"' f\! ~- B;I' m f_il..\.. :•. \ 
\\\ ,, 

curvet interj.'this \ \ , 1 ,\ r.n•otP == ic \ \ 
. . . 

,. ,. 
'\ '\ \ ' 
' ' \ ' 

\ ' ' \\ 
' ~\' 

IOXN IOOXN IOO0XN 

frequency in cydes/ second 

'\ 
1 

\ \ 

' \ \ \ 
t0,0OOJCN 

fig. 12-Low-pass l•C fllten. N is any convenient factor, vsually taken as an Integral 
power of 10. 

Effective and average values of alternating current 

!Similar equations apply to ac voltages) 

i = I sin wt 

Average value la, = 3 I 
7l" 

which is the direct current that would be obtained were the original current 
fully rectified, or approximately proportional to the reading of a rectifier
type meter. 

I 
Effective or root-mean-square lrmsl value I.,,, = -

V2 
which represents the heating or power effectiveness of the current, and is 
proportional to the reading of a dynamometer or thermal-type meter. 
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Effective and average values of alternating current continued 

When 

i = lo + 11 sin c..>it + 12 sin W<Jf + .... 
l,n = V lo2 + ½ (112 + 122 + .... ) 

151 

Note: The average value of a complex current is not equal to the sum of the 
average values of the components. 

Power -
The power at a point in an alternating-current network is 

P = lreall V r = (real! V* I 

the first form of which is the real part of the product of the root-mean
square complex sinusoidal voltage by the conjugate of the corresponding 
current. This expression is useful in analytical work. 

Example: Let V = V/q, and I= If,/, 

Then 

r = I/-t 

and 

P = lreall V I / </> - if, = V I cos 6 

Transients-elementary cases 

1 

I* 

The complete transient in a linear network is, by the principle of superposi
tion, the sum of the individual transients due to the store of energy in each 
inductor and capacitor and to each external source of energy connected to 
the network. To this is added the steady-state condition due to each ex
ternal source of energy. The transient may be computed as starting from any 
arbitrary time t = 0 when the initial conditions of the energy of the network 
~re known. 

Time constant (designated T): Of the discharge of a capacitor through a 
resistor is the time t2 - t1 required for the voltage or current to decay to 
1 / E of its value at time ti. For the charge of a capacitor the some definition 
applies, the voltage "decaying" toward its steady-state value. The time con
stant of discharge or charge of the current in an inductor through a resistor 
follows on analogous definition. 
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Transients-elementary cases continued 

Energy stored in a capacitor = ½ CE2 joules (watt-seconds) 

Energy stored in an inductor = ½ Ll2 joules (watt-seconds) 

1: = 2.718 I/ 1: = 0.3679 109101: = 0.4343 T and t in seconds 

R in ohms L in henries C in farads E in volts I in amperes 

Capacitor charge and discharge 

Closing of switch occurs at time t = 0 
Initial conditions (at t = OJ: Battery = Eb; 
Steady state lat t = o:, I: O; 

Transient: 

. Eb - Eo -1/BC I, .,-1/BC 
1=---E = 0" 

R 

log10 (fo) = 
0.4343 

---t 
RC 

Time constant: T = RC 

Fig. 13 shows current: '/i, _ -1/T 
I O - E 

Fig. 13 shows discharge !for Eb = OI: e,/Eo e-tlT 

fig. 14 shows charge (for Eo = Ol: IE I -1/T e, b = - E 

These curves are plotted on a larger scale in Fig. 15. 

, .. ,,. l•f!•t/T 

1.01-------..... 
l-(11Ef 1------•-----,:ao1 

0 1.0 2.0 t/T 

Fig. 13-Ca"acltor discharge. Fig. 14-Capacltor charge. 
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Transients-elementary cases continued 

Two capacitors 

Closing of switch occurs at time t = 0 

Initial conditions !at t = OJ: 

e1 = E1; e2 = E2, 
Steady state lat I = ex,): 

e1 Eli e2 = - Eli i = 0. 

Transient: 

exponential • -t/T 

0.OIO 0.020 0,030 0.050 0.070 0.100 0.20 0.30 0.50 0.70 1,0 
ffg 0 
.:,~ 

]! 8 
I . • I • ~ ... 

-(¾t (¾t (¼}2 (¼ L.-~ 
a.1· ., 
·L! ,,/ 

.,. 

2 -, ... ~ 

,~ ... .,,. 
3 

I~ ~ ,..........,. 

4 
/ 

~ 

5 
0.99 0.98 0.97 0.95 0.93 0.90 0.80 0.70 0.50 ().30 o.oo 

exponential 1 -,-UT 

Use exponential ,-1/T for charge or 
dischorge of capacitor or discharge of 
inductor, 

(current at time t) 

(initial current) 
Discharge of capacitor: 

(voltage ot time t) 
(initial voltage) 

Use exponential I - E-t/T for charge of 
capocitor: 

[voltage at time t) 
(battery or final voltage) 

Charge of inductor: 
(current at time t) 

(final current) 

Fig. 15-1:xponentlal functions • -t/T and 1-• -I/T applied to transients In R-C and 
L-R circuits. 
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Transients-elementary cases continued 

E + (E E I -I/RC' E + C' -I/RC') 
e1 = I 1 - / E = E1 - { 1 E2l - {I - E 

C1 

~ = - E, + (f2 + E,1 E-I/RC' = E2 - (E1 + E2I ~ 11 - E-I/RC'I 

Original energy = ½ (C1E12 + C2E2
21 joules 

Final energy = ½ (C1 + C2l E,2 joules 

Loss of energy = J:i2 Rdt = ½ C' IE1 + E21 2 joules 

(loss is independent of the value of R.I 

Inductor charge and discharge 

iniHal conditions lot t = Oh 
Battery = E1,; i = lo 

Steady state (at t = 0:, 11 i = r, = Eb/R 

Transient, plus steady state: 

j = /1 (l - E-RI/L) + Jo E-RI/L 

eL= -Ldi/dt= -{Eb-RlolE-m;L 

Time constant: T = L/R 

Fig. 13 shows discharge (for Eb = OJ: i/10 = e-,IT 

Fig. 14 shows charge lfor /0 = Oh i/11 = 11 - E-IITI 

These curves ore plotted on a larger scale in Fig. 15. 

Series R-L-C circuit charge and discharge 

Initial conditions (at t = OJ, 
Battery = E1,; e, = fo; i = Jo 
Steady state (at t = a:> l, i = O; e0 = E~ 

Differential equation: 

E1 - Eo - _! f' idt - Ri - L '!_! = 0 C o dt 

0 b 

• ;'. e~T µ 
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Transients-elementary cases continued 

d2i di ; 
when L - + R - + - = 0 

dt2 dt C 

Solution of equation: 

. -Rl/2L[21Eo - Eol - Rio • h Rt - r=.D + T h Rt - ro] , = E R VD sm 2i_ v u ,o cos 
2
L v 

4L 
where D = 1 - -

R2C 

Case 1: When _!_ is small 
R2C 

i = ------ --- - 10 IA + A2l e Re 
1 {[Eo - Eo ] _.1._. u+A+M•> 

11 - 2A - 2A2l R 

+ loll - A - A2l - --- e L [ 
Eo - Eo] - !!! o- A - A'>} 

R 
L 

where A= -
R2C 

For practical purposes, the terms A2 can be neglected when A<0.1. The 
terms A may be neglected when A <0.01. 

Case 2: When R~~ < 1 for which v'i5 is real 

Case 3: When D is a small positive or negutive quantity 

i = e-Rt/2L {21Eo - Eol [Rt+! (Rt)3o] 
R 2L 62L 

+ 1.[ 1 - : + ~(~YD _ 1 (::r DJ} 
This formula may be used for values of D up to 2:Q.25, at which values the 
error in the computed current i is approximately 1 percent of lo or of 

fa - Eo. 
R 
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Transients-elementary cases continued 

Case 3a: When 4L/R2C = 1 for which D = 0, the formula reduces to 

+1.0 ....---.---.---..-........ --. 

i = E -Rl/2L [ Eb ~ Eo r + Io ( I - tD] +M Ht'--t----'N:-;--"1--f 

or i = i1 + i2, plotted in Fig. 16. For prac-
0 11':::t:::;==r:~-, 

tical purposes, this formula may be used 2 3 4 5 

when 4L/R2C = 1 = 0.05 with errors of I Rt/2l 

percent or less. Fig. 16--Translents for 4L/ll2C = I. 

Cose 4: When ~
2
!::. > I for which VD is imaginary 

RC 

. -m12L{[Eb - Eo Rio] . ) , = E - - sin wot + lo cos wotf 
woL 2woL 

= lmE-Rt/2L sin (wof + v,l 

.,, 1 wol Io .,, = tan-

The envelope of the voltage wove across the inductor is: 

-Rl/2L J ✓( R/o) 2 

=E V fa- fo - - + wo2L2102 
wo LC 2 

Example: Relay with transient-suppressing capacitor. 

Switch closed till time f = 0, then opened. 

Let L = 0.10 henry, R1 = JOO ohms, 

E = 10 volts 

Suppose we choose 

C = JQ- 6 farads 

R2 = 100 ohms 

RI, 
fa- fo - -

2 
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Transients-elementary cases continued 

Then 

R = 200 ohms 
10 = 0.10 ampere 
fo 10 volts 
wo=3Xl03 

f0 = 480 cps 

Maximum peak voltage across L !envelope at t = Ol is approximately 30 volts. 
Time constant of decay of envelope is 0.001 second. 

It is preferable that the circuit be just nonoscil!ating !Case 3a) and that it 
present a pure resistance at the switch terminals for any frequency !see 
note on p. 1271. 

R2 = R1 = R/2 = 100 ohms 

4L/R2C = 1 

C 10-5 farad = 10 microfarads 

At the instant of opening the switch, the voltage across the parallel circuit 
is fo - R2lo = 0. 

Series R-L-C circuit with sinusoidal applied voltage 

By the principle of superposition, the transient 
and steady-state conditions are the same for the 
actual circuit and the equivalent circuit shown in 
the accompanying illustrations, the closing of the 
switch occurring at time f 0. In the equivalent 
circuit, the steady state is due to the source e 
acting continuously from time f = - o::i, while 
the transient is due to short-circuiting the source 
- e at time f = 0. 

Source, e = f sin !wt + al 

Steady state: i = .: L -</) = E sin (wt + a - cpl z z 
where 

Z = ✓R2 + ( wL - ~y 
w2LC - 1 

tan <p = ---
wCR 

The transient is found by determining current i = lo 

actual circuit 

R 

equivalent circuit 
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Transients---elementary cases continued 

and capacitor voltage e, = Eo at time t = 0, due to the source -e. These 
values of Io and Eo are then substituted in the equations of Cose I, 2, 3, or 
4, above, according to the values of R, L, and C. 

At time t = 0, due to the source -e: 

i = Io = - E. sin la - q,I z 
E 

ec = Eo = -- cos la - q,) 
wCZ 

This form of analysis may be used for any periodic applied voltage e. The 
steady-state current and the capacitor voltage for an applied voltage - e 
are determined, the periodic voltage being resolved into its harmonic com
ponents for this purpose, if necessary. Then the instantaneous values 
i = Io and e, = Eo at the time of closing the switch are easily found, from 
which the transient is determined. It is evident, from this method of analysis, 
that the waveform of the transient need bear no relationship to that of 
the applied voltage, depending only on the constants of the circuit and the 
hypothetical initial conditions Io and E0• 

Transients-operational calculus and Laplace transforms 

Among the various methods of operational calculus used to solve transient 
problems, one of the most efficient makes use of the Laplace transform. 

If we have a function v = f(tl, then by definition the Laplace transform is 
.([Ht)] f Ip), where 

Flpl = f cP
1 flt) dt 141 

The inverse transform of f(pl is flt). Most of the mathematical functions en
countered in practical work fall in the class for which Laplace transforms 
exist. Transforms of functions are given on pages 1081 to 1083. 

In the following, an abbreviated symbol such as .([i] is used instead of 
.([i It)] to indicate the Laplace transform of the function dtl. 

The electrical lor other) system for which a solution of the differential 
equation is required, is considered only in the time domain I ~ 0. Any 
currents or voltages existing at t = 0, before the driving force is applied, 
constitute initial conditions. Driving force is assumed to be O when t < 0. 
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Transients--operational calculus and Laplace transforms continued 

Example 

Take the circuit of Fig. 17, in which the switch is closed at time t = 0. 
Prior to the closing of the switch, suppose the capacitor is charged; then 
at I = 0, we have v V0• It is required to find the voltage v across capac
itor C as a function of time. 

Writing the differential equation of the circuit in 
terms of voltage, and since i = dq/dt = Cldv/dtl, 
the equation is 

e(tl = v + Ri = v + RC(dv/dtl 

where e (t) = Eb 

(5) n 
Fig. 17. 

Referring to the table of transforms, the applied voltage is Eb multiplied by 
unit step, or EbS_1 (tl; the transform for this is Eb/p. The transform of vis ..([v]. 
That of RC(dv/dt) is RC(p..([v] - v!Ol], where vlO) = V0 = value of v 
at I = 0. Then the transform of 151 is 

Eb = ..([v] + RC[p..([v] - Vo] 
p 

Rearranging, and resolving into partial fractions, 

r[v] _ Eb + RCVo _ E ( 1 _ 1 ) + Vo I I 
..., - pll + RCpl 1 + RCp -

0 p p + 1/RC p + 1/RC 
6 

Now we must determine the equation that would transform into (61. The 
inverse transform of ..([v] is v, and those of the terms on the right-hand side 
are found in the table of transforms. Then, in the time domain t ~ 0, 

v = Eo!l - E-11Rc) + Vo E-11Rc (7) 

This solution is also well known by classical methods. However, the advan
tages of the Laplace-transform method become more and more apparent 
in reducing the labor of solution as the equations become more involved. 

Circuit response related to unit impulse 

Unit impulse is defined on page 1081. It has the dimensions of time-1• For 
example, suppose a capacitor of one microfarad is suddenly connected to 
a battery of 100 volts, with the circuit inductance and resistance negligibly 
small. Then the current flow is 10-4 coulombs multiplied by unit impulse. 

The general transformed equation of a circuit or system may be written 

..([i] = ip(pl ..([e] + ip(pl {8) 

Here ..C[i] is the transform of the required current lor other quantity!, ..C[e] is 
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Transients-operational calculus and Laplace transforms continued 

the transform of the applied voltage or driving force e(ll. The transform 
of the initial conditions, at I = 0, is included in VI (pl. 

First considering the case when the system is initially at rest, tip) = 0. 
Writing ;,, for the current in this case, 

.([i,.J = q,(p) .([ej (9) 

Now apply unit impulse Soll) (multiplied by one volt-second!, and designate 
the circuit current in this case by B (t) and its transform by .([B]. By pair 13, 
page 1083, the transform of Soltl is 1, so 

.([BJ = ¢Ip) (10) 

Equation (9) becomes, for any driving force 

.([i.,] = .([B] .([e] (11) 

Applying pair 4, page 1082, 

i,. = J: Bit - Xl e!Xl dX = J: BIXI elt - Xl d>.. (12) 

To this there must be added the current io due to any initial conditions that 
exist. From (8), 

.f(io] = tlpl (13) 

Then io is the inverse transform of tlpl. 

Circuit response related to unit step 

Unit step is defined and designated S-1 !ti = 0 for I < 0 and equals unity 
for I > 0. It has no dimensions. Its transform is 1 / p as given in pair 12, 
page 1083. Let the circuit current be designated A!tl when the applied 
voltage is e = S-dll X 11 voltl. Then, the current i,. for the case when 
the system is initially at rest, and for any applied voltage e (tl, is given by 
any of the following formulas: 

i,. = AW e(0J + J: Alt - X) e'fXI dX 

= AW e(0J + J: AIXI e'(t- XI dX 

= AIOl eltl + J: A'lt- XI e!Xl dX 

= A!Ol e(tl + J: A'IXJ elt - Xl dX 

where A' is the first derivative of A and similarly for e' of e. 

114) 
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Transients-operational calculus and Laplace transforms continued 

As an example, consider the problem of Fig. 17 and (5) to (7) above. Sup
pose V0 = 0, and that the battery is replaced by a linear source 

e(tl = Et/Ti 

where Ti is the duration of the voltage rise in seconds. By (71, setting Eb = 1, 
Alt) = 1 - E-I/RC 

Then using the first equation in (14) and noting that e (0) = 0, and e' (t) 

= E/Ti when O ~ t ~ Ti, the solution is 

V = ~ - ERC 11 - E-1/RC) 

Ti Ti 

This result can, of course, be found readily by direct application of the 
Laplace transform to (5) with e(tl = Et/Ti. 

Heaviside expansion theorem 

When the system is initially at rest, the transformed equation is given by (9) 
and may be written 

.([ia] = ~::: .([e] (15) 

M (pl and Gip) are rational functions of p. In the following, M (pl must be 
of lower degree than G (pl, as is usually the case. The roots of G (pl = 0 
are p,, where r = 1, 2, .... n, and there must be no repeated roots. The 
response may be found by application of the Heaviside expansion theorem. 

For a force e = Emax e1"'
1 applied at time t = 0, 

ialt) = M(~w) EJwt + ± M(~,) eP,: 
Emax G(jw) r-1 (p, - Jw) G (p,) 

Ejwl n ePrt 

= Z(jwl +,~Ip, - jwl Z'(p,l 

(16al 

(166) 

The first term on the right-hand side of either form of (16) gives the 

steady-state response, and the second term gives the transient. When 
e = Emax cos wt, take the real part of (16), and similarly for sin wt and the 
imaginary part. Zip) is defined in (19) below. If the applied force is the 
unit step, set w = 0 in 116). 

Application to linear networks 

The equation for a single mesh is of the form 

An - + .... + Ai - + Aoi + 8 idt = e (tl ~i ~ I 
dtn dt 

(17) 
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Transients--operotional calculus and Laplace transforms continued 

System initially at rest: Then, 1171 transforms into 

!A,.p" + .... + A1p + Ao + Bp-1) .([i] .([e] !181 

where the expression in parenthesis is the operational impedance, equal 
to the alternating-current impedance when we set p = jw. 

lf there are m meshes in the system, we get m simultaneous equations like !171 
with m unknowns ii, i2, •••• , im, The m algebraic equations like {18) are 
solved for .([i1], etc., by means of determinants, yielding on equation of the 
form of (15) for each unknown, with a term on the right-hand side for each 
mesh in which there is a driving force. Each such driving force may of 
course be treated separately and the responses added. 

Designating any two meshes by the letters hand k, the driving force elfl being 
in either mesh and the mesh current iltl in the other, then the fraction 
M(pl/G(pl in !151 becomes 

Mulpl = _l _ = Yulpl {191 
G!pl z,.k!pl 

where Y hk (pl is the operational transfer admittance between the two 
meshes. The determinant of the system is Gip), and M,.k(pl is the cofactor 
of the row and column that represent e It) and i (tl. 

System not initially at rest: The transient due to the initial conditions is 
solved separately and added to the above solution. The driving force is 
set equal to zero in !171, eW = 0, and each term is transformed according to 

[dn;] " [d,._1 i] .( -;; = pn.([i] - 1: p"-, ~ 
dt r=l di 1-0 

(20a) 

..c[J: idt] = ; .([i] + ~[J idt 1-o (206) 

where the last term in each equation represents the initial conditions. 
For example, in (2061 the last term would represent, in an electrical circuit, 
the quantity of electricity existing on a capacitor at time t = 0, the instant 
when the driving force elf! commences to act. 

Resolution into partial fractions: The solution of the operational form of the 
equations of a system involves rational fractions that must be simplifled 
before finding the inverse transform. let the fraction be h{pl/g(p) where 
h Ip) is of lower degree than g (pl, for example (3p + 21 / (p2 + Sp + 81. 
If h {pl is of equal or higher degree than g (pl, it can be reduced by division. 

The reduced fraction can be expanded into partial fractions. let the factors 
of the denominator be (p - Prl for the n nonrepeated roots Pr of the 
equation g Ip) = 0, and Ip - p.J for a root p~ repeated m times. 
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Transients-operational calculus and Laplace transforms conlinued 

h(pl 

g{pl 
i, A, + i-, B, 
~ p - p ~ (p - p J•-•+l r-1 r r-1 a 

1210) 

There is o summation term for each root that is repeated. The constant 
coefficients A, and B, con be evaluated by reforming the fraction with o 
common denominator. Then the coefficients of each power of p in h (pl 
and the reformed numerator ore equated and the resulting equations 
solved for the constants. More formally, they may be evaluated by 

A = !!_lprl = [ hlpl ] 
r g'lp,l g(pl/(p - p,l 11-IJ, 

B 1 f(r-1) I J 
r = Ir - ll! Pa 

where 

h(pl 
flp) = Ip- p.Jm

glpl 

12lbl 

12lcl 

and ,,,-iJ !pal indicates that the Ir - 11th derivative of f(p) is to be found, 
after which we set p = p,.. 

. A1p + A2 
Fractions of the form 

2 
or, more generally, 

P + w2 

A1p + A2 A Ip + al + Bw 

p 2 + 2ap + b (p + ol 2 + w2 
(22ol 

where b > a2 and w2 = b - o2, need not be reduced further. By pairs 8 
23, and 24 of the table on pages 1082 and 1083, the inverse transform of 
(22a) is 

E-at (A cos wt + B sin wt) 

where 

A = h(-o + jw) + h{-a - jwl 
g'(-a + jw) g'l-a - jwl 

B = ·[h(-o + jwl _ hi-a -jw)] 
J g'l-a + jwl g'(-o - jw) 

S. ·1 I h . f f h f . A Ip + ol + Ba 1m1 or y, t e mverse trans orm o t e ract1on ------
Ip+ a)2 - a2 

122bl 

122d 

122dl 

is cat (A cosh at + B sinh at), where A and B ore found by {22d and 122d), 
except that jw is replaced by a and the coefficient j is omitted in the expres
sion for B. 
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• Filters, image-parameter design 

General 

The basic filter half section and the full sections derived from it are shown 
in fig. I. The fundamental filter equations follow, with filter characteristics 
and design formulas next. Also given is the method of building up a composite 
filter and the effect of the design parameter m on the image-impedance 
characteristic. An example of the design of a low-pass filter completes the 
chapter. It is to be noted that while the impedance characteristics and design 
formulas are given for the half sections as shown, the attenuation and phase 
characteristics are for full sections, either T or 1r. 

Fundamental filter equations 

Image impedances ZT and z. 

The element-value design equa
tions to be given a re derived by 
assuming that the network is 
terminated with impedances that 
change with frequency in accord
ance with the following image
impedance equations. Unfortu
nately, this assumption can be 
only approximately satisfied. 

ZT = mid-series image impedance 
= impedance looking into 

1-2 (Fig. !Al with Z,, con
nected across 3-4. 

z. mid-shunt image impedance 
= impedance looking into 

3----4 (fig. I Al with ZT con
nected across 1-2. 

2 

A- Half section 

B-Full T·sectlon 

-+ z,, 

C- Full ,r-seclion 

Fig. 1-Baslc tilter sections. 

3 

4 



Fundamental fllter equations continued 

Formulas for the above ore 

v'z1z2 Zi2/4 

v'z1z2 VJ + Zi/4Z2 ohms 

Image transfer constant (J 

FILTERS 
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The transfer constant (J = a + j(3 of a network is defined as one-half the 
natural logarithm of the complex ratio of the steady-state volt-amperes 
entering and leaving the network when the latter is terminated in its image 
impedance. The real part a of the transfer constant is called the image 
attenuation constant, and the imaginary part (3 is called the image phase 
constant. 

Formulas in terms of full sections are 

cosh () = 1 + Zi/2Z2 

Pass band 

a = 0, for frequencies making -1 ~ Zi/4Z2 ~ 0 

(3 cos-1 (1 + Zi/2Z2l = ±2 sin-1 V-Zi/4Z2 radians 

Image impedance = pure resistance 

Stop band 

{
, a = cosh-1 j1 + Zi/2Z2! = 2 sinh-1 VZi/4Z2 nepers 
(3 = 0 radians 

{
a cosh-1 /1 + Zi/2Z2! 
(3 = ±1r radians 

2 cosh-1 v' - Z1/ 4Z2 nepers for Zi/ 4Z2 < - I 

Image impedance = pure reactance 

The above formulas are based on the assumption that the impedance Arms 
are pure reactances with zero loss. 
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Low-pass fllter design 

type and 
half section 

Constant-le 

Lk 
o-----J", •• 

J~ -+ Zrk IZ:k 
0 

Series m-derlved 

Shunt m-derived 

Notations: 

t a, 

z 
R 

0 

- a, 

-m 

Z in ohms, a in nepers, and {J in radians 

w, = 21rf, = angular cutoff frequency 

= 1/VLkCk 

Impedance characteristics 

"'•I • 
I. I ; 
,;·!~' 
IZnW"· 
:~• ✓-z ,,. V Tl 

Zn = RV! - w2/w,2 

R 
Z1rk = -----;;;==== 

VJ - w2/w,2 

R 11 - w2/w 21 
Zr1 = co 

VJ - w2/w,2 

R[l-~l1-m2l] 
·v1 - w2/w,2 

RV] - w2/w.2 
ZT2= ---~-

1 - w2/w,,, 2 

R-v'1 - w2/w,• 

1-"'°11-m2l w,• 

= R'/Z,,1 

Z,n = Zrk 

R = nominal terminating resistance 

= VLk/Ck 

w,,, = 2..-F,,, = angular frequency of peak 
attenuation 

= VZTkZrk 



full-sectlo n 
attenuation a and phase /3 characteristics 

ta)~ • I I 
I I 

o I w---+ 

"'c ""• • 

When O :S w ~ "'• 
a=O 

('J = 2 sin-I W 

"'• 

When"'•< w <"' 
{3 1r 

a= 2 cosh-1 ~ 
"'• 

When O ~ w ~ w,, a = 0 and 

[ 
1/w 2 

- 1/w2] 
{J = cos-, I - 2 1/w:2- 1/J 

cos-1 [1 2 m
2 

] 
w.2/w2 (1- m2l 

When w., < w < cc, {J = 0 and 

_ _ 1 [ 1/w.,2 
- 1/w.2] 

a - cosh 1 - 2 l/w., 2 _ l/w2 

cosh-1 [1 - 2 w,s/w2 m
2

11 _ mt!] 

FILTERS 
IMAGE-PARAMmR DESIGN 

design formulas 
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half-section 
series arm 

half-section 
shunt arm 

L, = 1 

For constont-k type 

R2 = Zulu k2 

For m-derived type 

Curves drown for m ::::::Q.6 

R2 = ZT2 Z-r1 
= Z1(series-m) Z2(shuot-m) 

= Z 1 (shunt,.m) Z2(seriM-m) 



168 CHAPTER 6 

High-pass fllter design 

type and 
half section Impedance characteristics 

Constant-le 

t 
Cl 

z R 

0 
/!We 

/1 , 
I 

1-'z,k I - I 

Series m-derived 

t 
., 

c, 

~ 
z 

R 

La 0 - i;. Zn 

0 
Czr 

0 
•«> 

Shunt m-derived 

L1 t z R 

I c, - l2 - ! 
Zrt 2112 

Notations, 

Z In ohms, a In nepers, and fJ in radians 

"'• = 21rfc = angular cutoff frequency 

== l/VLi,C1, 

c.i.., == 21rf"' = angular frequency of peak 
attenuation 

Zn R ✓I -:t 
R z.-. 
~ w 

ZTt = ZT1, 

R ( 1 wu?2) 111--. 
Z.-1 = ., V'J-w.2fw2 

=·R [1 We2 

m2l] ;-.1 (1 

,11 w}/w2 

R'Vl - wc'/w2 

ZT2 = 
1 Wro

2/w2 

RVJ - wc2/w2 
w-+- we' II m2l co w' 

= R2/Z,n 

z,,, z .. ~ 

m = Vl - w"' 2/we2 

R = nominal terminating resistance 



full-section 
attenuation a and phase {j characteristics 

t When O < w < We 

a 

a = 2 cosh-1 ="" 
w-t- w o .._ ___ w._c _____ _.o; fJ = -1r 
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design formulas 
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half-section half-section 
series arm shunt arm 

When We < w < oo 

h=R 
"'• 

0 

t.,L a I I 
I I 

o I I ..,-,. 
W• We CO 

When 

W00 < W < We 

fJ -..-and 

When 
0 < w <w00 

fJ O and 

When 
w,<w< 00 

a= 0 and 

a h-1 [ 2 w.2 - w"' 2 
cos (.fl_ Wo:,2 

[ m2 = cosh-1 2 
w1 - II 

-1] 

m2) '] 

L2 
Lt 
m 

C1 
Ck 
m 

C2 = 

L1 = __'_rl__ t, 
I m' 

Lk 
t, = -

c, = ~ 
m 

m 

For constant•k type 

R2 ZaZu k' 

For m•derived type 

Curves drawn for m""' 0.6 

R2 = ZTu.-1 

= Z1(serie&--m) Z2{shunt,.t11l 

Z 1 (ahunt-m) Z ii .. --..> 
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Band-pass fllter design 

Notations: 
The following notations apply to !he charts on band-poss fllter design tho! oppeor on pp. 
170-179. 

Z in ohms, a in nepers, and fJ in radians 

lower cutoff angular frequency 

w2 21rf2 upper cutoff angular frequency 

W-0 = V w1w, midband angular frequency.. 

w,-w1 = width of poss band 

R nominal terminating resistance 

lower angular frequency of peolc o!tenuotion 

w,., = 2,rf ''° = upper angular frequency of peak attenuation 

type and 
half section 

Constant-Ir 

Impedance characteristics 

t 
z R 

Zn RVW - w21 (w'- w1
1) 

wlw, - w1) 



g= 

h 

R' = t,. = tu 
C2~ Cu 

= Zula k' 

= lTk ld 

= Z2(seri~s-m) Z1(shunt-m) 

Zn-(shunt-m) z7fk 

full-section 

FILTERS 
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l f o, o ,, o,o oof, of m-d o,f,od O off -~<ff o • 

design formules 

171 

attenuation a and phase fj characteristics \ 

frequen-1 
cies of 
peak a 

half-section 
series arm 

half-section 
shunt arm 

When w2 < w < oo, fl = 11" and 

a= 2 cosh-1 [ w2 - wo' ,] 
w(w2 - w, 

When O < w < w,, fj = -1r and 

When w1 < w < w 2, a = 0 and 

fj = 2 sin-1 [ "'

2 

- ""'

2 

] 
w(wi w1l 

,w,,,=0 
R 

Lu=--
tu2- WI 
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Band-pass fllter design* continued 

type and 
half section Impedance characteristics 

3-element series I 

t 
z R 

t IO 

z R 

3-element series II 

3-element shunt II 

* See notations on pp. 170-171. 

' I 
I / 
I • 

: ./z .. , 
l/ 

J 
I 

/2,. ,_. 

Zn Zn 

Rlw, + w 1l ✓,.; - w1
2 

Z,n = ---- ----w w,•-ur 

Zn 
Rw /w,J _·-;;; 

lw2 + w,l \, ur w,2 

= R'/Z,,, 

z,,, = Z1rc 

Zn= ZT1 

R'/Z,ra 



r 
t ,r 

full-section 
attenuation a and 

phase fJ characteristics 

fJ O 1--~,r...;,,,--....;.. 

_.,, 
When O < w < w1, fJ 

a= cosh-1 [1 
0 and 

When wt < w < w2, a= 0 and 

fJ = cos-I [1 - 2-c,l-_-_w_t_2] 
w-2'· - w12 

When w2 < w < ro, fJ 1r and 

When w1 < w < w2, a = 0 and 

[ 
w12!w,2 - c,l-i] fJ cos-1 1 - 2 -----
c,l-(w22 - w12l 

When w2 < w < ro, fJ O and 

a= cosh-t [1 - 2 "'--=-,2_lw_.2_-_c,l-~l] 
c,l-(w22 - w11l 
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design formulas frequen• ____________ _ 

condi- cies of half-section 
series arm 

half-sedlon 
shunt arm tions peak a 

m1 = 1 

W1 

w, 
w1., =O 

Lt 

C1= 

Llk 

m: 

1+m1 
---Cu 
l-m1 

c. l-m2 --c .. 
1+mt 
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Band-pass filter design* continued 

type and 
half sedion ;mpedanco charactorlstlu 

4-elemenl series I 

4-elen,ent shunt I 

4-elemenl series II 

4-element shunt II 

-Zv2 

-211'4 

t 
z R 

t Q) 

z 

-· 
* See notations on pp. 170-171. 

I 
I /1 
I I 
I /zr• 
I/ I w __.. 

ZT1 = Zn 

X (!wll w1
2) 

+ m121w.2 - w"l] 

Z.-2 = Z,,i 

ZT3 = ZTk 

R ,c,; - wi2 

Z.-a = w(w, w1I '\J w.2 - wz 

= R'J/Z.-a 

Z ... 4 = Z,rt 



t G) 

a 

-,r 

full-section 
ottenualion a and 

phose /3 chorocteristlcs 

When w 1 < w < w2, a = 0 and 

f3 = cos-1 A 

When O < w < w1o0, f3 = 0 and 

a cosh-1 A 

When wIo0 < w < wI, f3 - 1r and 

a = cosh-1 I- Al 

When w, < w < o:,, f3 = 0 and 

a cosh-, A 

! 

"It ti.\, "t2 
I 1 

-11' I I 

When w, < w < w~, {3 = 1r and 

a cosh-1 I- Bi 

When O < w < w1, fl = 0 and 

a= cosh-1 8 

When w, < w < w:, a O and 

f3 = cos-1 8 

When w200 < w < m, f3 = 0 and 

a = cosh-1 8 
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condi
tions 

ala 
II 

els 

at .. _l gl .... Oh•n 3 ~,.. 3 
31 3 

I I - -
e 

or. ;; 
3 I 
I ..., 

N "3 i 
- e 
+ 

ala 
H 

ile 

I 
fre- I design formulas 

quency half-section II holf-section 
of peak a, series arm shunt arm 

8 .. 
3 

L1 = 

1-m,2 

--L11, 
m, 

c. 

Lw= 
1-m 1

2 
--Lie 

mt 

c, = 

m, 
1-mr L,k L2 Lu 

C1 = 
1-m,2 

--Cu 
m1 

m, 
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Bond-poss filter design* continued 

type and 
half section 

5-elemenl series I 

5-element shunt I 

L, 

5-element series II 

5-element shunt II 

-Z,r2 

t. 
z 

R 

-• 
• SE'e notations on pp. 170-171. 

impedance characteristics 

Z,r1 = 
R [w21<.,22+w12-2wo2m2l +wo*lm22- 11] 

wlw2-w,Jv'(wr-w'l lur-w12l 

ZT2 = rtt/Z,ri 

Zn= ZTk 

z .. , = wR 
lw2 - w1l 

w,r+w12-2wo2m1+w21m12- 1l 
X ....;_~===========v' lw22-w2l lw2-w12l 



t a 

0 

! 
11' 

0 

_.,, 

full-section 
attenuation a and 

phase /3 ~haracteristlu 

'° 

w-. 
co When 

Wt< W < W2 

a= 0 ond 

a same formula os for O < w < W1<0 

t co 

a 

When 

W2 < W < W2<0 

f3 = 1r ond 
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I I fr•• I 
condi- quency 
lions 1of peak a 

,....._, 
81N "a a 
I 

-...::..,. ft! ,....._, 
3 

"~!"- <" 

3 3 ".r I 

I I "-
3 

-...::..,. + 
"r 

+ 
"!i"r "r 9 

- 3 " II 
0 8 

ii e 3 a 

design formulas 

holf.section I half-section 
series arm , shunt arm 

T·T -;. -... 
S ., E "' 
I E I E 

= ::: 
I 

3 JI E 
NI '!.I 
1-I §'I" 
i l"a i~i a 

.,. 
(J 

.:i u ... ~ \N.r 3: L.J w -, €, I 
.... : O"' -;; 1-..:,1 E u 

..:: u 0' 

Jle J 
II II 

u 

s "" 
€ u 

II 

..s u 
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Band-pass fllter design* continued 

typo and 
half section Impedance characteristics 

6-element series 

-\ijl 
- I -Zn L2 Z'ITI 

c' -z'.t.o 0 

-• 

6-elemenl shunt 

L1 Ct t 
z 

R 

ZT2 R2/Z .. 1 
0 

Z.-2 Zd 

full-section affel'luatlon be and phase f3 characteristics 

When O < w < w1"'• fJ = 0 ond t 7T 

a B o ~:p:...,.1..~r.....,1,.-.,,_..,. 

When w1., < w < w1. fJ = -..- and -v 

a cosh-1 [ 2(w21111 Wo2111212 ] 
!w'm1 - w,,211121 2 + lw22 w2l tw2 - w12l -

1 
, 

When w2«> < w < "'. fJ = 0 and 

a some formulo as for O < w < c.1a. 

* See notations on pp. 170-171. 
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design formulas 

half-section series arm 

C,= 

mi Lu 
Li = !w2 - wil 2 !mi - m2l 2 

wo2 m1 m2 

Li'= __!ll!._ Lu 
1 - m,?-

g-wir-+h 
w2fu 

mt = ---W-lco-2 -

1 - -w,-t-

conditions 

Band-stop filter design 

Notations 

Z in ohms, a in nepers, and f3 in radians 
w, = lower cutoff angular fre

quency 
w2 = upper cutoff angular fre. 

quency 

WO=~ 1/VL11:C1i 
= 1/v1LuCu 

wa - "'1 = width of stop hand 
w1"' = lower angular frequency 

of peak attenuation 

half-section shunt arm 

L, 

L
I 1 -

2 = m, 

m,c,. 
c. = !w, - w1)2 lm1 - m2l1 

frequency of peak a 

w2ro = upper angu.lar frequency of 
peal< attenuation 

R = nominal terminating.resistance 

l(l = L1k = Lu 
Cu Cu 

= ZaZa = ZTkld = k2 

::= Z1(eerie&-m) Z2{ehunt-m) 

= Z 2(serles,.m) Z I (ahnnt-m) 

= ZT1Zr1 
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Band-stop fllter design* continued 

type and 
half secllon Impedance characteristics 

Constant-fr 

0 

SeriH m-derlved 

t 
I! 

-· 
curves drown for m = 0.6 

Shun! m•derlved 

1., t 
z I! 

Lt er L2 - -Z12 Z,rz 

0 
c,lo -· 

curves drawn for m = 0.6 

* See notations on preceding page. 

For the pass bands, use / Wo2 I#' I 
in the above formulas 

Z.-1 = 

R 

I - (I - m'l [w(w, - w1)]!1 
'-"<>' - w2 

✓ 1 _ [w(w, - wil]' 
wo2 - w2 



full-section 
attenuation a and 

phase {J characteristics 

When w = wo 
a= oo 

When w,, < w < w2 w-. 1 w(w2- w,1 
o--"""'ll'l'--,:t-,,!1---..,"' a 2cosh- ,..,. _ ..,.,• 

i ,r 

fJ O t""'!:~-tr----1:i-b~...,;.., 
Cl) 

•11 

"' 
0 ---"° 

t 
11 

fl 0 
Cl) 

_,, 

When w2 < w < co, a = 0 and 

{3 

When w~ < w < "' a=O 
{3 = 2 sin-• w(w, ..,.,. 

When O < w < w1 

a 0 

w1l 

"" 

., _ 
2 

. _1 w(w2 - w1I 
,.,- sin Wo•-,..;,. 

curves drawn 
form..; 0.6 

{J = same formula as for O < w < w1 

When w,,., < w < w2, {3 = -1r and 
a same formula as for w1 < w < w1,., 
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freq 
of 

condi- peak 
lions a 

i 

8 
3 

~ .. 8 
3 1 
I I 

.Li a' ~ 

l! 
3 
8 
3 

E 

design formulas 
half-section half-section 
series arm 

La= 
Rlw:-w,1 

W1W'2 

Cu=--
1
--

Rlw,-w,1 

L1 = mLu 

C1= 
m 

l1 = mLu 

Ca 
m 

shunt arm 

R 
Lzk 

'..:>2 - w1 

C,k = 
w, 

L2 = l-m
1 

La 
m 

C2 
m 

1-m• C,i 

L.' 
L:k 
m 

Cl= mCu 

m 

Li' =-m-Lu 
1-m2 C: = mCu 

1-m• 
Ci'= --C21 

m 
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Building up a composite filter 

z,, z, z, ZT z,, 

ttcc····:m 
terminal I I terminal 
hall·T --------intermediate T ·sections ______ _., holf·T 
section I section 

terminal 
hall•'II' 
MIC!lon 

14--------intermediote .,, sections------...,. 
terminal 
half•.,, 
eectloll 

Fig. 2-Method of building up a composite Riter. 

~ 
N ....___ .. 1.4 .. 
0 .. 

1.2 ....___ 

i!. 
1.0 

l~L---
,, .., 

J 

..,:~ 
..... ::::--: ~---:P' ", 

.-::::: ~ --::::: ;.,... 
,.... .o.5 

' • ~- I --- •0,6 ' ... , 
r::j 

~0.1 .......... ' - \. 

0.8 
- ...... .::: - -- •o.a -...... ' \ - -...... ---:P.g"' -- .... , " 

~ 
..... .f!4:..lo....,. ......... ........ ' \ 

.............. ........ .......... \ 
0,4 ' " "' I,.\.' ... 

' 
,, 

0.2 " ~ 
0 

0 ·0.1 -0.!I. ·0.3 •0.4 -0.5 -0.6 •0.7 ·0.8 ·0.9 ·LO 

Zi/4Z2 

fig. 3-Effect of design parameter m on the Image-impedance characteristies in the 
pass band. ' · 
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The intermediate sections !Fig. 2) are matched on an image-impedance basis, 

but the attenuation characteristics of the sections may be varied by suitably 
choosing the infinite attenuation frequencies of each section. Thus, the 
frequencies attenuated only slightly by one section may be strongly attenu
ated by other sections. However, the image impedance will be far from 

constant in the passband and therefore the use of true resistors for ter
minations will change the attenuation shape. 

Some improvement in the uniformity of the image impedance is obtained 
by using suitably designed terminating half sections. For these terminating 

sections, a value of m ""' 0.6 is usually used tFig. 31. 

Example of low-pass image-parameter design 

To cut off at 15 kilocycles/second; to give peak attenuation at 30 kilocycles; 
with a load resistance of 600 ohms; and using a constant-k midsection and an 
m-derived midsection. Full T-sections will be used. 

Constant-le midsection 

R 
Lk = - = 

We (6.28) (15 X 103) 
600 

6.37 X 10-3 henry 

= 0.0177 X 10-6 farad 
(6.28) (15 X 1031 (6001 

a = 2 cosh-1 ~ = 2 cosh-1 .!._ 
We 15 

. - w . - f 
{3 = 2 Sin 1 - = 2 Sin 1 -

We 15 

where a is in nepers, {3 in radians, and fin kilocycles. 

m-derived midsection 

m = Vl - we2/w., 2 = Vl - 152/302 

= vo.75 = o.866 

Li = mLk = 0.866 (6.37 X 10-31 

= 5.52 X 10-3 henry 
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Example of low-pass image-parameter design conrinved 

L, = I - m2 Lk = [I - !0.866)2] (6.37 X 10-3) = l.84 X 10-3 henry 
· m 0.866 

C2 = mCk 0.866 (0.0177 X 10-•) = 0.0153 X JQ-5 farad 

a = cosh-1 [I -- 2
m

2 -J = cosh-1 [I -_1._
5 

] 
_w_c 2 - [I - m 2) _22_5 - 0.25 
w2 f2 

[ 
2m

2 

] [ 1.5 ] fJ = cos-1 I - w 
2 

= cos-1 I -
225 

_<:_ - fl - m2l · - - 0.25 
w2 P 

End sections m = 0.6 

L1 = mLk = 0.6 16.37 X J0--3) 

= 3.82 X 10-3 henry 

= [ 1 
-

10
·
612

] (6.37 X JQ-3) = 6.80 X 10-a henry 
0.6 

C2 = mC,, = 0.6 10.0177 X JQ-6J = 0.0106 X 10-s farad 

Frequency of peak attenuation f.,, 

!15 X 10312 __ 18.75 kilocycles 
I - 10.6) 2 

Filter showing individual sections 

3.82 mh 6.37mh 

I 
I 

6,80mh I 
I 0.0111µ.1 

I 0,0106"'1 I 

6,37mh 5.52 mh 

I 
I 

o.omµ.1 t 
I 
I 0.0153 µ.t 

5,52 mll 3.82 mh 
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Example of low-pass image-parameter design continued 

Filter after combining elements 

Image-terminated attenu
ation of each section. 
Solid line = constant-le 
midsection. Dashed= 
m-derived midsection. 
Dash-dot = m-derlved 
ends. 

Image attenuation 
and phase 
characteristics 

10 20 30 

Given at the right 
and on the following 
page are the image
terminated attenua-

f = frequency in kilocycleo/second 

tion and phase char- .. 10 
acteristics. These ! 

! 
shapes are not ob- ·= 

8 tainable when 600- ~ 

ohm resistors are 
used in place of the 
terminating Zo. 

Image-terminated attenu
ation of composite fllter, 

6 

4 

2 

00 

f 

I I~ 
,l/ 
I 
I 

I 
I 
1 

I 
I 
I 
I 
I 
I 
I 

10 20 30 
frequency in kilocycles/ second 

40 

40 

50 

50 

185 

60 

60 
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Example of low-pass Image-parameter design confinued 

Image-terminated phase 
tharaderlstic of each sec
tion. Solid line = con-
11 tan t-lr midsedlon. 
Dashed = M-derived mid
section. Dash - dat = m
derived ends, f = frequency in kilocycles/ second 

Image-terminated phase 
charaderistlc of compo-

j 10 
-g 3v .. 
.5 

8 

site flltar. 4 

.,,. 

2 

~ 

. 

I 
I 

I 
10 

- I 
I 
I 

I 
I 

I 
I 
I 
I 
I 
I I 
I 

I I 

I I 
I I 
I I 
20 30 

f = frequency In kllocycles/ second 

Impedance required for proper termination 

Zo = 
R [ I - ;c: {1 - m2)] 

VJ - w2/wc2 

600 [I - 0.64 (f/151 2) 

v1 - !f/151 2 

e aoo 
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CHAPTER 7 187 
• Filters, modern-network-theory design 

The design information in this chapter results from the application of modem 
network theory to electric wave filters. Only design results are supplied 
and a careful study of the references cited will be required for an under
standing of the synthesis procedures that underlie these results. 

limitations of image-parameter theory 

Consider the simple low-pass ladder network of fig. JA. Two simultaneous 
design equations, (ll and (21, ore provided by classical image-parameter 
theory Ip. 165). 

- 1 and 0 111 

(21 

2 1 and 2 21 the full series- ond shunt-arm impedances, respectively, must be 
suitably related to make (II true at the desired cutoff frequencies and 
the generator and load impedance must satisfy 12). Under the imoge
porometer theory, the resulting attenuation for the low-pass case is 

V,,/V = 1.0, 
= exp [In - ll cosh-1 lw/w0)]1 

131 

A 

8 

Fig. 1-A 7-element low-pass ftlter considered on the basis of image-parameter theory at 
A and of modern network theory at B. 
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limitations of image-parameter theory continued 

where n is the number of arms in the network of Fig. 1 and VP/V and w ore 
as in fig. 3. It is this attenuation shape that is plotted in the tabulations of 
chapter 6. 

Equation Ill offers no problems. The application of 121 to Fig. I demands 
terminating impedances tnat are pnysically impassible wit/, o finite number of 
elements. The generator and load impedances for Fig. IA must be pure 
resistances of IL/Cl 112 ohms at zero frequency. As frequency increases, 
the value of resistance must decrease to a short-circuit at the cutoff fre
quency, and with further increase in frequency must behave like a pure 
inductance starting at zero value at the cutoff frequency and increasing 
to L/2 at infinite frequency. 

The physical impracticability of devising such terminating impedances is 
why element values obtained by (JI cannot simultaneously satisfy 12). The 
relative attenuation indicated by (3) is similarly incorrect and cannot be 
realized in practice. 

Lattice-configuration filters also require impractical terminating impedances 
when designed by image-parameter theory. (Constant-resistance lattices 
are an exception but are seldom used for filtering.I The practical use of 
resistive terminations automatically makes element values computed on 
the basis of ideal impedance terminations incorrect. 

For more than three decades, filters have been designed according to the 
image-parameter theory. Their commercial acceptance is due in no small 
part to the highly approximate requirements for most filters. Where more
exact characteristics are required, shifting of element values in the actual 
filter hos usually resulted in an acceptable design. For precise amplitude 
and phase response in the pass band, the simple and approximate solutions 
obtained through image-parameter theory must give way to equations based 
on modern network theory. 

Modern-network-theory design 

Relative attenuation 

A typical low-pass filter with resistive generator and load is shown in Fig. 18. 
It is composed of lumped inductors, capacitors, and the resistive elements 
unavoidably associated therewith. The circuit equations for the complete 
network can be written by the application of Kirchhoff's laws. Modern 
network theory does just this and then solves the equations to find the net
work parameters that wil/ produce optimum performance in some desired 
respect. 
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Modern-network-theory design continued 

189 

A block diagram of a generalized filter is illustrated in Fig. 2. This may be of 
low-pass, high-pass, band-pass, band-rejection, phase-compensating, or 
other type. The elements of the filter include resistors, capacitors, self- and 
mutual-inductors, and possibly coupling elements such as electron tubes 
or transistors, all according to the design. The terminations shown are a 
constant-voltage generator tthe 
same voltage at all frequencies) 
with a series resistor at the input 
and a resistive load. ffrequently it 
is preferable to stipulate a con
stant-current generator with a 
shunt conductance.I The generator 
and load resistors need not be 

filler V 

equal and they con be assigned 
fig. 2-Bloc:k diogram of a filter with gener

o ny value between zero and in- ator and_load. 
f1nity. Characteristic impedance 
plays no part in the modern network theory of 111ters. 

Either or both the generator or load con be reactive, in which case the 
reoctances are absorbed inside the block of Fig. 2 as specil1ed parts of the 
filter. Either, but not both, R,, or Rb can be zero or inl1nite. 

The term bandwidth as used herein has two different meanings, according 
to the type of 111ter. For low- or high-poss 111ters, it is synonymous with the 
actual frequency of the point in question, or equivalent to the number of 
cycles per second in a bond terminated on one side by zero frequency 
and on the other by the actual frequency. The actual frequency can be 
anywhere in the pass or the reject region. For symmetrical band-pass 
ffig. 41 and bond-reject filters, it is the difference in cycles per second 
between two particular frequencies (anywhere in the pass or reject regions) 
with the requirement that their geometrical mean be equal to the geometrical 
midfrequency fo of the poss or reject band. 

A typical 111ter characteristics is plotted in Fig. 3 for a low-pass 111ter. In 
Fig. 3A, the magnitude of the output voltage V is plotted against radian 
bandwidth w. Several speciflc points are indicated on the diagram. VP is 
the peak voltage output, while V,,. is the maximum voltage that could be 
developed across the load were it matched to the generator through on 
ideal network. Symbol WfJ designates a specil1ed frequency or bandwidth 
where some particular characteristic is exhibited by the 111ter, such as the 
point where the response is 3 decibels down from the peak, for example. 
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Modern-network-theory design continued 

The characteristic of major interest to the filter engineer is the plot, shown 
in Fig. 38, of relative attenuation versus relative bandwidth. Relative 
attenuation is defined as the ratio of the peak output voltage V:;, to the 
voltage output V at the frequency being considered. Relative bandwidth is 
defined as the ratio of the bandwidth being considered to a clearly specified 
reference bandwidth (e.g., the 3-decibel-down bandwidth). 

It should be noted that the elements of a filter are not uniquely fixed if only 
a certain relative attenuation shape is specified; in general it is possible 
also to demand that at one frequency the absolute magnitude of some 
transfer function be optimized. 

The complex relative attenuation 
of a complete filter !including 
generator and load) composed of 
lumped linear passive elements is 
always equal to a constant mul
tiplied by the ratio of two 
polynomials in (jwl. Modern filter 
theory has derived various ex
pressions for optimum relative 
attenuation shapes that can be 
physically realized from these 
complex expressions. The shapes 
are optimum in that they give the 
maximum possible rate of cutoff 
between the accept and reject 
bands for a given number of filter 
components, with a specified 
allowable equal ripple in the 
accept band, and a specified re
quired equal ripple in the reject 
band. See Fig. 4 for typical 
shapes of attenuation character
istic for band-pass filters. 

The phase and transient response, 
in a majority of filter applica
tions, a re not as important as the 
amplitude response. Most of the 
following treatment refers to this 
latter type of problem. 

A ,.,-a,. 

------;-(R )'k 
Vm•- _!., 

2 Ro 

Fig. 3-low-poss-flller output voltage versus 
frequency al A; attenuation versus normalized 
frequency at 8. A Is the actual voltage across 
the load as a function of frequency and is for 
the low-poss case. 8 uses the Information in A 
lo produce a plot of relative attenuation against 
relative bandwidth. 



FILTERS 
MODERN-NETWORK-THEORY DESIGN 191 

Chebishev and Butterworth performance with constant-K and 

equivalent configurations 

The attenuation-curve shapes illustrated in Figs. 4A and 4B ore termed 
Chebishev and that in Fig. 4C is termed Butterworth. The equations for these 

J\) 

A 

(bw), 

v,, 
V. 

B 

(bw), 

E 

(bw)h"'{bw), 

(bw)0 

(bw), 

I 
\f, 
v; 

~ 
Vo 

C 
(bw), 

(bwl0 

Fig. 4-A, B, C, are the optimum relative attenuation shapes of (4) and (5) that can be pro
duced by constant-K-type networks. D, E, F, are the optimum relative attenuation 11hcrpes 
of (8), (12), (13), (16) that can be derived by M-derived-type network11. 

shapes ore 14) and (5), respectively. The Butterworth shape is the some as 
the limiting case of the Chebishev shape when we set Vr,/Vv 1.0. 

Chebishev: 

(~ )2 = 1 + [ (:.)2- 1] cosh2 (n cosh-1 
;) 14) 

Butterworth: 

(VP)2 ( x )2n - =1+ -
V X3db 

(51 

where 

V = output voltage at point x 

V JI = peak output voltage in pass band 
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... 
Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 
( 

~. 

V. = valley output voltage in pass band 

n = number of poles, equal to the number of arms in the ladder network 
f ,. ·being used. For low-pass and high-pass filters, n number of re
,, • octances in the filter. For band-pass and band-reject, n = total 

· number of resonators in the filter. 

x = a variable found in the following tabulations. 

Xy = value of x at point on skirt where attenuation equuls valley attenua-
tion. 

x3db = value of x at point on skirt where attenuation is 3 decibels below V11• 

Significance of x 

low-pass filters: 

X = W = 21rf 

High-pass filters: 

X = - ] / W = - 1 /21rf 

Symmetrical band-pass filters: 

x = lw/wo - wo/wl = lf2 fil/fo = (bwl/fo 

Symmetrical band-reject filters: 

x = -1/lw/wo - wo/wl = -fo/lbwl 

where 

fo = lfi f2l112 = midfrequency of the pass or reject band 

f1, f2 = two frequencies where the characteristic exhibits the same attenua-
tion. 

Working charts for these filters, derived from (4) and 151 ore presented in 
Figs. 5 to lO for value of n from 2 to 7, respectively. 

These curves give 

IVp/Vldb = 20 log10 IVp/VI 

versus x/xadb 

For low-poss and band-pass filters, 

x/ X3db lbwl / lbw! 3db 
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Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 
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Chebishev and Butterworth performance with constanf..K and 

equivalent configurations continued 
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Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 

J ao 
> 
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Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 
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Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 
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Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 
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Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 

for high-poss and bond-reject filters, the scale of the abscissa gives 

lbw) 3db/ (bw) 

On each chart, Figs. 5 to 10, the family of curves toward the right side 
gives the attenuation shape for points where it is less than 3 decibels, while 
those toward the left are for the reject bond (greater than 3 decibels). 
Each curve of the former family hos been stopped where the attenuation 
is equal to that of the peak-to-valley ratio. 

Thus, in Fig. 5, curve 3 has been stopped at 0.3 decibel, which is the value 
of (Vp/V~ldb for which the curve was computed. (See table on chart, Fig. 5). 

The curves give actual optimum attenuation characteristics based on 
rigorous computation of the ladder network. In contrast, the commonly 
used attenuation curves based on "image-parameter theory" are approxi
mations that are actually unattainable in practice. 

Low- and band-pass fllters-required unloaded Q 

Constont-K and equivalent filters con be constructed that will actually give 
the attenuation shapes predicted by modern network theory. To attain this 
result, it is required that the unloaded Q of each element be greater than a 
certain minimum value*. The qm1n column on each chart is used in the fol
lowing manner to obtain this minimum allowable value: For the internal 
reactonces of low-pass circuits, 

For the internal resonators of bond-pass circuits, 

Omtn = Qmln [fo/ (bwl 3db] 

* S. Dorlington, "Synthesis of Reoclonce 4-Poles," Journal of Mathematics and Physics, vol. 18, 
pp. 257-353; September, 1939. Also, M. Dishol, "Design of Dissipotive Bond-Poss Filters Pro
ducing Desired Exoct Amplitude-frequency Chorocteristics," Proceedings of the IRE, vol. 37, pp. 
1050-1069; September, 1949: olso, Eleclricaf Communicolion, vol. 27, pp. 56-81: Morch, 1950. 
Also, M. Dishol, "Concerning the Minimum Number of Resonators and the Minimum Unloaded 
Q Needed in o Filter," Transactions of the IRE Professional Group on Vehicular Communication, 
vol. PGVC-3, pp. 85-117; June, 1953: also, Electrical Communicalion, vol. 31, pp. 257-277; 
December, 1954. 
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Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 

Examples 

a. In a low-pass filter without any peaks of infinite attenuation at a finite 
frequency, how few elements are required to satisfy the following 
specifications, and what minimum Q must they have? Response to be 1 
decibel down at 30 kilocycles, and 50 decibels down at not more than 75 
kilocycles, compared to the peak response. 

The allowable ripple is 1 decibel in the pass band. 

Then, 

(bw) 60db/ (bw) ldb < 75/30 = 2.5 

(Vp/V,)db~ 1.0 decibel 

Since (bw) ldb will be slightly less than (bw) 3db, we must have (bw) 50db/ lbw) 3db 
a little less than 2.5 when (Vp/V)db = 50 decibels. Consulting the charts, 
Figs. 5 to 10, and examining curves for (Vp/V,)db = 1.0, it is found thaf a 
5-pole network (Fig. 8) is the least !hat will meet the requirements. Here, 
curve 6 gives 

(bw) sodb/ (bwl 3db = 2.14 

while 

(bwl ldb/ (bwl 3db = 0.97. 

Then 

(bw) sodb/ (bw) ldb = 2.14 /0.97 = 2.20 

The 3-decibel frequency will be 

30 (bw) 3db/ lbwlidb = 30/0.97 = 31 kilocycles 

At this frequency, the Q of each capacitor and inductor must be at least 
equal to Omtn = 11.8 as shown in the table on Fig. 8. 

b. Consider a band-pass filter with requirements similar to the above: 
bandwidth I-decibel down to be 30 kilocycles, 50 decibels down at 75 
kilocycles bandwidth, and I-decibel allowable ripple. Further, lei !he 
midfrequency be fo = 500 kilocycles. The solution at first is the same as 
above, and a 5-pole network is required. 
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Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 

The 3-decibel bandwidth is 31 kilocycles and the Q of each resonator 
must be at least 

11.8 fo/ (bwl Bdb = 11.8 X 500/31 = 190 

where 11.8 is qm1n as read from the table on Fig. 8. If a Q of 190 is not 
practical to attain, a greater number of resonators can be used. Suppose 
7 resonators or poles are tried, per Fig. 10. Then curve 2 gives 

lbwloOdb/(bwlidb = 2.10/0.93 = 2.26. 

The table shows the peak-to-valley ratio of 10-• decibel and qm1n = 5.9. 
The 3-decibel bandwidth is 30/0.93 = 32.2 kilocycles. Then, the minimum 0 
of each resonator can be 5.9 X 500/32.2 = 92, which is less than half 
that required if 5 resonators are used. 

c. In the band-pass filter, suppose the filter is subdivided into N identical 
stages in cascade, isolated by electron tubes or decoupling capacitors 
or resistors. For each stage the response requirements are the original 
number of decibels divided by N. For N = 2 stages, 

lbwl 25db/ (bwl o,Sdb < 2.5 

IVp/V,)db ~ 0.5 decibel 

Proceeding as before, it is found that a 3-pole network ffig. 6) for each 
stage will just suffice, curve 4 giving 

IVi,/V.ldb = 0.3 

and 

(bwl 25db/ (bwl 0·5db = 2.1 /0.84 = 2.5 

To flnd the required minimum Q of each of the 6 resonators, the 3-decibel 
bandwidth of each stage is 

30/0.84 = 35.8 kilocycles 

For curve 4, qm1n 3.4, so the minimum allowable Q for each resonator is 

3.4 X 500/35.8 = 47.5 

Maximally linear phase response 

In the design of filters where the linearity of .the phase characteristic inside 
the pass band is important, certain changes in desi!;in are necessary compared 
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Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 

to the previously considered cases. For constant-K-type filters, rate of change 
of phase with frequency becomes more-and-more linear as the number of 
arms is increased, provided the design produces a complex relative attenua
tion characteristic given by the polynomical of 16*1. 

V-" n! i, '2! (2n - rl ! ( . x )' -- .'-'--- J
V - (2nl r=o r! In - rl! Xp 

161 

where r is a series of integers and the other symbols are described under (51. 
The magnitude of 161 is plotted in Figs. 11 and 12 for several values of n. 

The former is for the relative attenuation inside the 3-decibel points and 
the latter for the response outside these points. The curves for n co are 
plotted from 17), which is the Gaussian shape that the attenuation charac
teristic approaches as n approaches infinity. 

10 log !Vp/Vl 2 = 3 (x/xadbl 2 171 

'With a constant-K-configuration network that produces only poles, a 
maximally linear phase response can be produced only at the limitation of a 
rounded attenuation shape in the pass band as illustrated in Figs. 11 and 12. 

The column labeled Qmin on Fig. 11 gives the minimum allowable Q, measured 
at the 3-decibel-down frequency, of the inductors and capacitors of a 
low-pass filter. For band-pass filters, the minimum allowable unloaded Q 
at the mid frequency fo is Qmin fo/ (bwl 3db· For the phase response figures 
on Fig. 11, the symbols are as follows. 

Low-pass filter 

to= d0/dw 
= slope of phase characteristic at zero frequency in radians per radian 

per second. 

tadb = slope at fadb 

fadb = frequency of 3-decibel-down response 

Band-pass filter 

to = slope at midfrequency 

tado = slope at 3-decibel-down bandwidth 

fadb ½ lbwl Mh 

= one-half the total 3-decibel bandwidth 

* W. E. Thomson, "Networks with Maximally Flat Delay," Wireless Engineer, vol. 29, pp. 256-
263; October, 1952. 
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Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 

The column Ito - tadbl fadb shows the group-delay distortion over the pass 
band. It shows numerically that the phase slope becomes much more constant 
as the number of elements is increased, in a filter designed for this purpose . 
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Chebishev and Butterworth performance with constant-K and 

equivalent configurations continued 
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M-derived and equivalent filters 

Typical attenuation curves for M-der ved filters are shown in Figs. 4D, E, F. 
The modern network theory of these lters has been treated by Norton and 
Darlington.* The attenuation shapes roduced may be called elliptic and 
inverse-hyperbolic and are optimum in the sense that the rate of cutoff 
between the accept and reject band is a maximum. Equation (8) gives the 
elliptic-function shape. 

(;)2 = 1 + [(~:)2 - 1] cd.2[n ~; cd,-
1
(:)] 

(8) 

where I 
cd = kn/ dnl, the ratio of the two elliptic functions en and dnt 

n = number of poles, or arms in Jhe A1-derived configuration 

x a bandwidth variable descri~ed under (51 

Kw K, = complete elliptic integrals ~f the first kind, evaluated for the 
modulus value given by the respective subscript. 

Referring to the symbols on Fig. 4, the ntioduli v and ( are given in {9) and (lOl. 

= ['Vp/V.)2 ]]l/2 
V (Vp/Vh)2 1 191 

( = x./xn = lbwl»/lbw),. (10) 

These are not independent, but must sptisfy the equation 

log Qv = n log q, (1 H 

where q, is called the modular const<pnt of the modulus value k, the lotter 
being equal to v or f, respectively. A tabulation of log q is available in, 
the literature. t 
In the limit, when V1,/V. = 1.0 or zerb decibels !Fig. 4F), the ripples in the 
accept band vanish. Then (8) redu¢es to the inverse hyperbolic shape, 
of !12). 

1121' 

Curves plotted from (8) and 1121 or~ presented in Figs. 13 to 18. Those 
labeled Vp/V. 0 decibels, for n poles, m zeros, are plotted from 112) 

* S. Darlington, "Synthesis of Reactance 4-Poli,s" Journal of Mathematics ond Physics, vol. 18, 
pp. 257-353; September, 1939. 

t G. W. and R. M. Spencely, "Smithsonian Elliptic Function Tables," (Publication 3863), 
Smithsonian Institution; Washington, D. C., 1947, 

t E. Johnke and F. Emde, "Tobie of Functions f.vith Formulas and Curves," 4th Edition, Dover 
Publications; New York, N. Y., 1945: see pp. 49-51. 
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~\1-derived and equivalent Alters continued 
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M-derived and equivalent ftlter, continued 

while the others ore from 18). For the M-derived shapes, n = the number 
of poles = the number of arms in the ladder network. When n is an even 
number, the number of zeros m = n. When n is odd, m = n - 1. The 
following description of Fig. 13 can be extended to cover the entire group 
of figures mentioned above. 

The maximum rotes of cutoff obtainable with 2-pole no-zero and 2-pole 
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M-derived and equivalent fitters continued 

209 

2-zero networks are plotted in Fig. 13 for several ratios of Vr/Vv. Two 
insert sketches drawn in the figure show typical shapes of the attenuation 
curves for these two cases. The main curves give the relative coordinates of 
only two points on the skirt of the attenuation curve. These two points are 
the 3-decibel-down bandwidth and the "hill bandwidth" !where the response 
first equals that of the "response hills", where occur the uniform minimum 
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M-derived and equivalent fllters continued 

attenuation in the reject band). Thus each point specifies a different relative 

attenuation shape. 

Comparison of the curves for 2-poles no-zero with those for 2 poles 
2 zeros shows the improvement in cutoff rate that is obtainable when zeros 
are correctly added to the network. More complete attenuation information 

on the 2-pole no-zero configuration has been presented on Fig. 5. Again, it 
is stressed that data of Figs. 5 and 13 represent the actual attenuation 
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M-derived and equivalent filters continued 

shapes and rate of cutoff attainable with filters using finite-O elements 
(except for a rounding off of the infinite attenuation peaks). In contrast, 

the rates of cutoff and the attenuation shapes predicted by the simple 
"image" theory are unobtainable in physically realizable networks. 

The rates of cutoff shown are the best that are possible of attainment with 
the specified number of poles and zeros, and with equal-ripple-type 

behavior. 
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M-derived and equivalent Biters continued 

Resistive terminations and n even 

It is evident from the attenuation shapes of Figs. 13, 15, and 17 that for an 
M-derived network having an even number of arms, the optimum shape 
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M-derived and equivalent fllters continued 

given by (8) produces a finite attenuation at an infinite frequency. This 
requires a completely reactive termination at one end of the network. 
If resistive terminations must be used, then the optimum shape that is prac
tically realizable with an even number of arms is given by 

(~)2 I + [ (;;.)2 - 1] cd/ (n K;,u) 113) 

~ 
q 
0, 

j 
8 q 

<I) 

C: 
2 0 
0 r,.: , 
C 

' 
.. = 0 

~ e e .. ., I .. .. 
0 

..,. 
C 

~ 0 
a. '° J, 

qp(A/dA) D 0 .., 
II) .; 

.. .. 
e Ii 
= • c;: 
v 
~ :;! 0 
., Ii 
& l 
<D 

1 
.! 
0 
CL 

"' u 'II 
C .. a .. ·-

0 ~ f 'i N 9- .J, CL 'O C 

"' 6 _g 
D 'O .. 
.., C: J! 
C: 0 

II: 0 .. .... ! 

"l & ' 
:, .. 

- I .C ... 
3' .'i?!! 0 
R .c 

'i ~ 2 
..... .A_ .... 

.. 
iA E 

:, 

!'- E 

" t 
·;i .... G 

qJ l I ~ g 0 0 
- ........ 

IX> 
0 ,n IQ N 

QP(',VlfA) ~ ... 



214 CHAPTER 7 

M-derived and equivalent fllters continued 

where 

_ _ 1 {[(x»)2 
]

1
'
2 

dn1 IK1/nl} U-SCf -J 1 
X f 

The modulus v is given by 19) and the modulus f by (10). 

Solving 113) then gives the ratio of hill-to-valley bandwidth as 

x,. 
f cd, IK,/n) 

!14) 

(15) 

This optimum attenuation shape 1131 produces two fewer points of infinite 
rejection, or response zeros than response poles. In contrast, (8) requires an 
equal number of zeros and poles. 

If the ripples in the poss bond approach zero decibels !V p/V~ = 1J then, as 
a limit, 113) becomes 

(V1,jV,.l 2 - I 
1 + cosh2 In cosh-1 yl 

(16) 

where 

[( 

Xh 90)2 90]1/2 
y = -;; cos -;; + sin2 

-;; 

Based on 113) and (16), the rotes of cutoff hove been plotted in Figs. 19 
and 20 for 4-pole 2-zero and for 6-pole 4-zero filters. Fig. 5 already hos 
presented the data for o 2-pole no-zero network, the simplest case. An 
increase in rate of cutoff results when n -2 response zeros ore suitably 
added to n response poles as shown by the dotted curves in Figs. 19 and 
20; the data being derived from figs. 7 and 9. 

Circuit-element values 

This section concerns the values of the circuit elements required to produce 
the optimum relative-attenuation shapes of constant-K-configuration filters. 
There are two convenient ways of expressing the element values for these 
ladder networks. 

a. The reactive and resistive components of each element may be related 
to one of the terminating resistances (or to a completely arbitrary normalizing 
resistance R0l and also to o definite bandwidth, usually the 3-decibels-down 



Circuit-element values continued 

FILTERS 
MODERN-NETWORK-THEORY DESIGN 215 

value. The numerical results are called ladder-network coefficients or singly 
loaded Q's. 

b. The reactive component of each element may be related to the reactive 
part of the immediately preceding element, and to a definite bandwidth 
such as the 3-decibel-down value. These numerical results ore called the 
normalized coefficients of coupling. The resistive component of each ele
ment is related to its reactive part and the numerical values are called nor
malized decrements or, when inverted, normalized Q's, 

The latter form of normalized coefficients of coupling k and normalized 
O's I= qi will be used because the numerical values may be applied 
directly to the adiustment and checking of actual filters. 

Figs. 21-24 relate the normalized k and q to the inductance, capacitance, 
and resistance values for various types of filters. 

For low-pass filters, Fig. 21 shows that k gives the ratio of resonant frequency 

Ra ... j 
G, c, G, or 

Rn 

A 

R1 ···1 G2 G4 c. or 
Gn 

... 
B 

fig. 21-Relations among normalized le and q and values of Inductance, capacitance, and 
resistance for low-pau and large-percentage-band-pass circuits. 
A-Shunt arm at one end. l/(C1L2)' 12 =lc1,w,db, l/(L2C,)112=lc2,w,db, 1/(C,L;)112=1c,,w3<1b, etc. 
G1/C1=(1/q1)w3db, qz = (W3db L,)/Rz, q, = (wadb C,)/G,, q, (w3db L,)/R,, etc. 

B-Series arm at one end, l/(L1C,)'i2 = lc12Wadb, 1/(C,L,)112 = lcZJWadb, l/(L,C4)112 = lca;w3db, 
etc. 11/L1 = (1/q1)w3db, qz (wadb C2)/G2, q, (wadb L,)/R,, q; (W3db C,)/G,, etc. 

To design a bandpass circuit, the total required 3-declbel-down bandwidth should replace 
Wsdb, an inductor should be connected across each shunt capacitor, and a capacitor put in 
series with each series inductor; each such circuit being resonated to the geometric mean 
frequency fo (f1 fz) 112 



216 CHAPTER 7 

Circuit-element values continued 

of two immediately adjacent elements to the over-oil 3-decibels-down 
frequency. The resonant frequency of C1 and b in this example must be 
k12 times the required over-all 3-decibels-down bandwidth. 

A B 

Fig. 22-Relalions among normalb:ed le and q and values of Inductance, capacitance, and 
resistance for high-pass and large-percentage-bancl-rejed circuits. 

A-Shunt arm at one end. 1/(l1C,)112 = (I /lcu)w3,u,, (1/C,L,)1/2 = (1/lc23)wwb, 1/(l:, C,)112 

= (1/lr34lwwb, etc. (RJl1) q1wadb· All reactances are assumed to be lossless. 

I-Serles arm at one end. 1/(C1lz)112 = (1/lr12)w3db, l/(l2Ca)1/2 = (1/lr,a)w,db, 1/(Cal,)112 

(1/lc,Jwadb, etc. (Gi/C1) = q1Wadb• All reactances are assumed lo be lossless. To design 
a band-relect circuit, the total required 3-declbel-down bandwidth should replace Wadb, 
a capacitor should be placed In series with each shunt inductor, and an Inductor in shunt of 
each series capacitor; each such circuit being resonated to the geometric mean frequency 

fo = <f1 M'''· 

A 

B 

Fig. 23-Relations among normalized le and q and values of inductance, eapacltonce, and 
resistance for small-percentage-bancl-paH circuits. 

A-Parallel-re1anant circuits. C,./(C1C2)112 :::: lc12[(bwladb/fo],(L2 L,)112/L» :::: lc»ffbw)3<1b/foJ. 
M34/(l3L4)1/2:::: lc34[(bw)3db/fo], etc. Q 1 q1 [fo/(bw)3db], q2 = Q,/[fo/(bw)mb], eta -= Q,/[fo 
/(bw)rob], q4 = Q4/(f0/(bwladbl, etc. Any adiacent pair of resonators may be coupled by 
any of the three methods shown. Each node must resonate at fo with all olhu nodtts 
short-circuited. 
I-Series-resonant circuits. L12/(L1L2)1i2 == lc1,[(bw)3db/fo], (C2C,)1h/C,. == /c»{(bw)3<1b/lo], 
Mu/(L,L.)112 :::: lca,[(bwladb/fo], etc. Q, q1[fo/(bw)3db], q, = Q,/[lo/(bw):ldb!, qi = Q,/ 
[f0/(bw)3db], q4 = Q4[fo/(bw)adb]. Any adlacent pair or resonators may be c-plecf by any 
of the three methods shown. Each mesh mvsl resonote al fo with 1111 other ........ open
clrculled. 
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Fig. 21 also gives as the inverse of q, the ratio of the 3-decibels-down 
bandwidth of a single element resulting from the resistive load and losses 
associated with it, to the required 3-decibels-down bandwidth of the over
all filter. Thus, l /R1C1 is the 3-decibels-down radian bandwidth of C1 and 
the conductance G1 that must be shunted across it. If C1 and G1 are properly 
chosen, the measured bandwidth of these elements at their 3-decibels-down 
point will be 1 / q1 times the required over-all 3-decibels-down bandwidth 
of the filter. 

The legend of Fig. 21 shows how it is applicable also to large-percentage 
band-pass filters. 

fig. 22 gives the required information for high-pass and large-percentage 
band-reject filters. 

Similar data are give.n in Fig. 23 for small-percentage bandpass filters. It 
should be noted that the required actual coefficient of coupling between 
resonant circuits, Ma1,/ !LaL0l1i2 for example, may be obtained by multiplying 
the required over-all fractional 3-decibels-down bandwidth by the nor-

A 

rCtJ-... j 
Bu 8 

Bu 
3 

Gn 

... 
8 

Fig, 24-Relations among normalized /r and q and values of inductance, copacltance, and 
resistance for small-percentage-band-reject circuits. 

A-Series-resonant circuits. X12/(X1X2)112 = (1/fra)[(bwhdb/fo], X23/(X.X3) 1/ 2 = (1/lr23) 

[(bw)S<Ib/fo], etc. X1/R1 = (1/q,) [fo(bw)adb], X./Rn = (1/q,,) [fo/(bwlsdb). All resonant 
circuits are assumed to ba lossless. Any adjacent pair of re10n11tors m11y ba coupled by 
either of the two ,r (or their dual T) couplings shown. The reactances X are measured 111 
the mldfraquancy of the reject band. 

B-Par11llal-resonant circuits. B12/(B1B2)112 (1//r1.)[(bw)adb/fo], B23/(B,83)112 = (1/ /r23) 

[lbw)adb/fo], ate. BJG, (1/q,) [fo/(bwladb), Ba/Gn = (1/q,,l [fo/0,w)adb], 

All resonant circuits are assumed to be loaslan. Any adjacent pair of resonators may be 
coupled by either of the two T (or their dual ,r) couplings shown. The susceplancas B are 
measured at the midfrequency of the reject band, 
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malized coerncient of coupling. The required oduol resonant-circuit Q 
results from multiplying the fractional midfrequency by q. An experimental 
procedure for checking k and q values is available.* Fractional midfrequency 
fo/ (bwl Sdb reciprocal of fractional 3-decibels-down bandwidth. 

Fig. 24 supplies the data for small-percentage band-reject filters. 

Butterworth, Chebishev, and maximally linear phase designs 

Elegant closed-form equations for k and q values producing optimum 
Chebishev and Butterworth response shapes for filters having any number 
of total arms may be obtained if lossless reactances are used.t The design 
data in Figs. 25-30 are based on such equations. The k and q values for the 
maximally linear phase shape result from the Darlington synthesis procedure 
applied to {6). The tables provide data for two limiting cases of ter
minations; equal resistive loading at the two ends of the filter and resistive 
loading at only one end. 

For Figs. 25--30, the (V P/V.I db column gives the ripple in decibels in the 
passband, and the corresponding curves on Figs. 5--10 give the complete 
attenuation shape. 

For low-pass circuits, 
Q2,3,4 ••• is the required 
unloaded Q, measured at 
the required 3-decibel
down frequency, of the 
internal inductors and ca
pacitors to be used. For 
band-pas~ circuits, the un
loaded resonator Q re
quired in the internal 
resonators is obtained by 
multiplying the required 
3-decibel fractional mid
frequency [fo/ lbwl Sdll] by 
q2,3,4 • • • 

Fig. 25-2-pole no-zero filter 3-decibel-down Ir and q 
values. 

(Vp/V,)dll Cf! lr12 Cf2 

Equal resistive terminations 

Linear phase 0.576 0.899 2.15 
0 1.414 0.707 1.414 
0.3 1.82 0.717 1.82 
1.0 2.21 0.739 2.21 
3,0 3.13 0.779 3.13 

Resistive termination al only one end 

lineor phase 0.455 1.27 >JO 
0 0.707 1.00 >14 
0.3 0.910 0.904 >18 
1.0 1.11 0.866 >23 
3.0 1.56 0.840 >32 

* M. Dishal, "Alignment and Adjustment of Synchronously Tuned Multiple-Resonant-Circuit 
Filters," Proceedings of the IRE, vol. 39, pp. 1448-1455; November, 1951: Also, Electrical Com
:nunicolion, vol. 29, pp. 154-164; June, 1952. 

t V. Belevitch, "Tchebyshev Filters ond Amplifier Networks," Wireless Engineer, vol, 29, 
pp. 106-110; April, 1952: H. J. Orchard, "Formulae for Ladder Filters," Wireless Engineer, voi. 
30, pp. 3--5; January, 1953. E. Green, "Exact Amplitude-Frequency Characteristics of ladder 
Networks," Marconi Review, vol. 16, no. 108, pp. 25--68; 1953. M. Dishal, "Two New Equations 
fo~ the Design of Filters," ElecJrical Communication, vol. 30, pp. 324-337; December, 1952. 
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It should be realized thot designs con be mode thot coll for unloaded Q's 
thot are one-tenth of those coiled for in these designs. 

for the detailed woy in which the q ond k columns fix the required element 
values see Figs. 21, 22, 23, and 24 and related discussion. 

The first column of the tables gives the peak-to-valley rotio within the 
pass band. 

Except for Fig. 25, the second column gives the unloaded q of the elements 
on which the remaining design values ore bosed. Proceeding across the 
toble, figuratively from the left end of the filter, the next column gives q1 

Fig. 26--3-pole no-zero fllter 3-decibel-down Ir and q values. 

Equal resistive terminations 

linear phase 
0 
0.1 
1.0 
3.0 

>TO 
>20 
>29 
>45 
>67 

lfl 

0.338 
1.00 
1.43 
2.21 
3.36 

Resistive termination at only one end 

linear phose 
0 
0.1 
1.0 
3.0 

>JO 
>20 
>29 
>45 
>67 

0.293 
0.500 
0.714 
1.11 
1.68 

1.74 
0.707 
0.665 
0.645 
0.647 

2.01 
1.22 
0.961 
0.785 
0.714 

0.682 
0.707 
0.665 
0.645 
0.647 

0.899 
0.707 
0.661 
0.645 
0.649 

Fig. 27-4-pole no-zero fllter 3-decibel-down le and q values. 

112 3 

Equal resistive terminations 

linear phase 
0 
0.Dl 
0.1 
1.0 
3.0 

>JO I 
>26 
>36 
>46 
>76 
>118 

2.24 
0.766 
1.05 
1.34 
2.21 
3.45 

Resistive termination at only one end 

linear phose 
0 
0.01 
0.1 
1.0 
3.0 

>10 
>26 
>36 
>46 
>76 
>118 

0.211 
0.383 
0.524 
0.667 
1.10 
1.72 

0.644 
0.840 
0.737 
0.690 
0.638 
0.624 

2.78 
1.56 
1.20 
1.01 
0.781 
0.692 

1.175 
0.542 
0.541 
0.542 
0.546 
0.555 

1.29 
0.765 
0.666 
0.626 
0.578 
0.567 

2.21 
1.00 
1.43 
2.21 
3.36 

>10 
>20 
>29 
>45 
>67 

2.53 
0.840 
0.737 
0.690 
0.638 
0.624 

0.828 
0.644 
0.621 
0.618 
0.614 
0.609 

0.233 
0.766 
1.05 
1.34 
2.21 
3.45 

>JO 
>26 
>36 
>46 
>76 
>118 
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Circuit-element values continued 

from which with the aid of figs. 21-24 the relation between the terminating 
resistance R1 and the first reactance element is obtained. The next column 
for k12 with Figs. 21-24 provides for the relation between the first and second 
reactances. Continuing across the table, all relations between adjacent 
elements will be obtained including that of the right-hand terminating 
resistance. 

Example 

Reverting to the previous example, a filter is required having (bwl 6odb/ (bwl ldb 

fig. 28-5-pole no-zero fllter 3-decibel-down le and q values. 

I q2.a., 

Equal resistive terminations 

0 
0.001 
0.1 
1.0 
3.0 

>32 
>43 
>68 
>118 
>182 

0.618 
0.822 
1.29 
2.21 
3.47 

ResisHve termination at only one end 

Linear phase 
0 
0.001 
0.1 
1.0 
3.0 

>10 
>32 
>43 
>68 
> 118 
>182 

0.162 
0.309 
0.412 
0.649 
1.105 
1.74 

1.0 
0.845 
0.703 
0.633 
0.614 

3.62 
1.90 
1.48 
1.044 
0.779 
0.679 

0.556 
0.545 
0.535 
0.535 
0.538 

1.68 
0.900 
0.760 
0.634 
0.570 
0.554 

fig. 29-6-pole no-zero filter 3-deelbel-down le and q values. 

Equal resistive terminations 

o >39 I 0.518 
0.001 >51 I 0.679 
0.01 >69 I 0.936 
0.1 >95 i 1.27 
1.0 > 168 ! 2.25 
3.0 >261 i 3.51 

1.17 
0.967 
0.810 
0.716 
0.631 
0.610 

ResisHve lerminaHon at only one end 

Linear phase 
0 
0.001 
O.Ql 
0.1 
1.0 
3.0 

>11 
>39 
>51 
>69 
>95 
>168 
>261 

0.129 
0.259 
0.340 
0.468 
0.637 
1.12 
1.75 

4.55 
2.26 
1.76 
1.34 
1.06 
0.771 
0.673 

0.606 
0.573 
0.550 
0.539 
0.531 
0.582 

2.09 
1.05 
0.689 
0.725 
0.642 
0.566 
0.546 

0.518 
0.518 
0.518 
0.518 
0.510 
0.524 

1.42 
0.732 
0.650 
0.591 
0.560 
0.533 
0.529 

0.556 
0.545 
0.535 
0.538 
0.538 

1.14 
0.655 
0.603 
0.560 
0.544 
0.542 

0.606 
0.573 
0.550 
0.539 
0.531 
0.582 

1.09 
0.606 
0.573 
0.550 
0.539 
0.531 
0.531 

1.0 
0.845 
0.703 
0.633 
0.614 

0.804 
0.619 
0.606 
0.595 
0.595 
0.597 

1.17 
0.967 
0.810 
0.716 
0.631 
0.610 

0.803 
0.606 
0.596 
0.591 
0.589 
0.589 
0.591 

0.618 
0.822 
1.29 
2.21 
3.47 

>IO 
>32 
>43 
>68 
>118 
>182 

0.518 
0.679 
0.936 
1.27 
2.25 
3.51 

>11 
>39 
>51 
>69 
>95 
>168 
>261 
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Circuit-element values continued 

= 2.5 and Vp/V.< 1 decibel. The 5-pole no-zero response with a pass
band peak-to-valley ratio of 1 decibel in Fig. 8 satisfied the requirement. 

Fig. 28 is for 5-pole networks and if the terminations ore to be equal 
resistive loads, the upper port of the table should be used. If a shunt capaci
tance is to appear at one end of the low-pass filter, Fig. 21 A will apply. 

Reading along the fourth row for (Vp/V.ldb 1, the second column requires 
normalized unloaded Q's of at least 118 at the over-all 3-decibels-down 
frequency, which for this example is 31 kilocycles. Realize that much-lower 
unloaded-Q designs can be accomplished. 

The required value of q 1 2.21 is found in the third column. From Fig. 
21A, l/R1C1 = 0.45lw3db from which R1 or C1 may be obtained. Experi
mentally, the 3-decibels-down bandwidth of R1C1 must measure 0.451 times 
the required 3-decibels-down bandwidth or 31 X 0.451 = 14 kilocycles. 

From the table, a value of 0.633 is obtained for k12 and from Fig. 21 A it is 
found that 1 / (C1L2) 112 = 0.633wadb· This means that o resonant circuit 
made up of C1 and L2 must tune to 0.633 times the required 3-decibels-down 
bandwidth or 31 X 0.633 19.7 kilocycles. 

In this fashion, all the remaining elements are determined. Any one of them 
may be set arbitrarily [for instance, the input load resistance R1), but once 
it hos been set, all other values ore rigidly determined by the k and q 

factors. 

Fig. 30--7-pole no-zero fllter 3-decibel-down Ir and q values. 

(Vp/Vv)db I '12,3,4,5,6 J qi J lr12 I lei, I /c34 I lr45 I lrs, J lr57 I q7 

Equal resistive termination 

0 
0.00001 
0.001 
0.01 
0.1 
l.O 
3.0 

>45 
>59 
>75 
>93 
>127 
>223 
>353 

I 
0.445 1.34 0.669 
0.580 1. 10 0.611 
0.741 0,930 0,579 
0.912 0.830 0.560 
1.26 0.723 0,541 
2.25 0.631 0.530 
3.52 0,607 0.529 

0.528 0.528 
0.521 0.521 
0.519 0.519 
0.519 0.519 
0.517 Ii 0.517 
0.517 0.517 
0.519 0.519 

Resistive termination at only one end 

linear phase 
0 
0.00001 
0.001 
0,01 
0.1 
1.0 
3.0 

>11 
>45 
>59 
>75 
>93 
>127 
>223 
>353 

0.105 
0.223 
0.290 
0.370 
0.456 
0.629 
1.12 
1.76 

5.53 
2.62 
2.05 
1.64 
1.38 
1.08 
0.770 
0.669 

I 2.53 I 1.72 1.33 
I 1.20 0.824 0.659 

0. 981 0.710 0.60 l 
0.830 • 0.642 0.570 
0.744 0.602 0.551 
0.648 0.560 0.531 
0.564 0.530 0.521 
0.542 0.523 I 0.520 

0.669 
0.611 
0.579 
0.560 
0.541 
0.530 
0.529 

1.08 
0.579 
0.552 
0.541 
0.538 
0.530 
0.527 
0.528 

1.34 0.445 
1.10 0.580 
0.930 0.741 
0.830 0.912 
0.723 '11.26 
0.631 2.25 
0.607 3.52 

0.804 
0.598 
0.589 
0.588 
0.588 
0,587 
0.587 
0.588 

>11 
>45 
>58 
>75 
>93 
>127 
>223 
>353 
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Circuit-element values continued 

Elements of lower Q 

Designs may be based on elements having unloaded Q's of only I/10th 
those given in Figs. 25-30. These designs are necessary for small-percentage 
band-pass filters. As is evident from Fig. 23, the Q of the internal resonators 
measured at the midfrequency must be the normalized q multiplied by the 
fractional midfrequency fo/ (bwl 3db• If the bandwidth percentage is small, the 
fractional midfrequency and therefore the actually required Q will be large. 

Practical values of end q's and all k's will result if the internal elements 
have finite q's above the minimum values given in Figs. 5-10. For a required 
response shape, such as for 0.1-decibel pass-band ripple, the resulting data 
can be expressed as in Figs. 31-36. These curves are for zero-decibel 
ripple {Butterworth! and for the maximally linear phase shape. 

1.5 

1.0 
0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.25 

0.2 

0.15 

0.1 

--"\. ..--
' ..... , ,. .,.. 

·, ..... -::- I✓ 

/ - -,..._ 
, 

~ ------' I 
I 

2.0 2.5 3 4 5 6 7 8 9 10 

q2,$ 

k" . 
1.22 
I 

ku -Tr.. -----
q, 

0.500..., --- -

15 20 25 30 40 50 

Fig. 31-3-pole fllter of flnile-Q elements producing a maximally flat amplitude shape. See 
curve 1 of Fig. 5. 
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Circuit-element vak,es continued 

Example 

a, The filter to be designed must hove o relotive ottenuotion of (bw) 70db/ 

lbw) 3db 5 ond there must be no ripple in the poss bond. Curve I of Fig. 8 
sotisfies these conditions ond coils for a 5-pole network. 

b. The specified froctionol midfrequency is 20 (poss bond = 5 percent of the 
midfrequency), the Omtn from Fig. 8 becomes 3.24 X 20 = 65. Assume 
further thot resonotors with unloaded midfrequency O's of 100 ore ovoiloble. 
As the normolized unlooded q is the octual unloaded Q divided by the 
fractional midfrequency, the filter must produce a Butterworth shape with 
5 resonators having normalized unloaded q's of 100/20 5. 

c. There are three possible generntor and load conditions. 

2.5 

2 

1.5 

1.0 
0.9 
o.s 
0.7 

0.6 

0.5 

0.4 

0.3 

0.25 

02 

0,15 

0.1 

/ 
/ 

'-/ ,..... 
Y... ,, 
~ 

,_ k,z l.-- i-----
V 

,.,,.. 

k,, 

.... -r--. - q, 

-
2.01 

0.899 

0,293 
~ 

I 1.5 2 2,5 3 4 5 678910 15 20 25 30 40 

q,,& 

Fig. 32-3-pole fllter of flnile-Q elements producing a maximally linear phase shape. SH 
Figs. 11 and 12. 
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Circuit-element values continued 

1. Resistive generator and resistive load. It is usually desirable to maximize 
the ratio of the power delivered to the load to that available from the 
generator. The generator resistance and the load resistances will have to be 
tapped onto their associated resonators to obtain the required q1 and qn. 

2. Resistive generator and reactive load or vice versa. The function to be 
considered here is the transfer impedance or admittance. Again the resistive 
impedance must be transformed by tapping it onto the associated resonator. 

3. Reactive generator and load. The transfer impedance or admittance is 
the significant factor and a loading resistance must be added to either or 
both end resonators. 

2 

1.5 

-- kli ~ 

1.0 

0.9 
0.8 

./ 
'/ 

0.7 

0.6 

0.5 

0.4 

0.3 

0.25 

0.2 

0.15 

'-, 

/ 

" 

/ 
i 
I 

o., 
2.61 

/ 
/ 

.......... •-,._ 

"-.... k~ ' 
// 

4 

qt,5,4 

k,,, - ---·-_.,,.,. - k,_ 

---r-. -·-,_ Q, --

:i 6 78910 

. -1.55 

0,765 _ 

---- - ---- I 
_]_.., - -- -- --- 0.642 

·- -- ·---- -'--lo 
0.383 

15 20 25 30 40 50 60 

Fig. 33-4-pole filter of flnite-Q elements producing a maximally flat amplitude shape, See 
curve 1 of Fig. 6. 
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MODERN-NETWORK-THEORY DESIGN 

Figs. 31-36 provide optimum design data for cases 121 and (31. 

225 

Assuming a high-impedance filter to be required, the network of Fig. 37 
might well be used. High-side capacitance coupling will be employed and 
the element values will be obtained from Fig. 35. 

a. The q1 curve of Fig. 35 intersects the abscissa value of 5 at 0.405. By 
topping a resistive generator or load onto it, or placing a resistor across it, 
the resonator C1L1 must be loaded to produce an actual Q of 
0.405 fo/ (bwl Mb = 8.1 (see Fig. 23Al. 

b. As a convenience, the same size of inductor may be used for resonating 
each node, soy 4 millihenries. For a required midfrequency of 80 kilocycles 

3 

2.5 

2 

1.5 

1.0 
0.9 
0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.25 
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0.15 

0.1 

/ 
I/ 

\ I 
,I ~ 
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/ -

II. 

'\. 
" ~ 

1.004 1.5 

k,. --- 2.78 

L--
V 

ka, -
1.29 --

k,. ~ 

0.828 

---r---,.. r--.. 
q, 0.24 . 

2 2.5 3 4 5678910 15 20 25 30 

Fig. 34--4-pole Blier of ftnite-Q elements producln9 a maximally linear phase shape. Sea 
Figs. 11 and 12. 
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Circuit-element values continued 

for this example, each node total copocilance will be 1000 micromicro
forads. 

c. Again from Fig. 35, we get k12 of 1.35 for an abscissa value of 5. From 
Fig. 23, C12 = 1.35 [(bwladb/fo] IC1C2Jll2 = 1.35 X 0.05 X 1000 67.5 
micromicrofarads. At the midfrequency of 80 kilocycles, node 1 must be 
resonant when oil other nodes are short-circuited. To produce the required 
capacitance in shunt of Li, C,. must be 1000 - 67.5 = 933 micromicrofarads. 

d. From Fig. 35, a value of 0.67 is obtained for k2a, and C23 = 0.67 X 0.05 X 
1000 = 33.5 micromicrofarads. To resonate node 2 at the midfrequency 
with all other nodes short-circuited Cb = 1000 - 33.5 - 67.5 = 899 micro
microfarads. 

2 

1.5 

1.0 
0.9 
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Fig. 35-5-pole Riter of ftnite-Q elements producing o maximally Rot amplitude shape. See 
curve I of Fig. 7. 
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Circuit-element values continued 

4 

3 

2.5 

2 

1.5 

1.0 
0.9 
0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.25 
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/ 

I/ 
I 
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/ 

I \. .F 
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1.5 2 2.5 3 

k,t -3.62 

ku 1.68 
I -- I 

k_. 1.14 

K40 0.804 

,_ q, 0.162 

15 20 25 30 

Fig. 36-5-pole filter of flnite-Q elements producing a maximally linear phase shape. See 
Figs. 11 and 12. 

R, C0 

Fig. 37-5-resonalor fll!er with high-side capacitance .coupling. 
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Circuit-element values continued 

e. Additional computations give values for ( 34 of 0.53 X 0.05 X 1000 = 
26.5 micromicrofarads, C. = 1000 33.5 - 26.5 = 940, C45 0.73 X 
0.05 X 1000 = 36.5, Cd 1000 - 36.5 - 26.5 = 937, and c. = 1000 -
36.5 = 963.5 micromicrofarads. 

All inductances will be identical and of 4 millihenries and there will be no 
inductive coupling among them. 

Stagger tuning of single-tuned interstages 

Butterworth response /figs. 4 ond 381 

The required Q's are given by 

Q,.. 
(bwlp/f0 sin (2m - I 900) 

-to/(V11/Vpl 2 - I n 

The required stagger tuning is given by 

(bwl13 (2m - I o) 
If.,- f.),.. = [IV11/Vp)2- l]t/2,.cos --n-90 

If,. + f,,J.,. = 2fo 

···ill 'l IB 
~ I ~ 

··•ill lill 
0 1 I 01 

mma,: = : l In odd} ml 
mm,u = 2 (n even) 

n = total number of 
tuned circuits 

Fig. 38-$togger-tuned Interstage• for 
response shape B. Each circuit coupled 
to the next only by the tube. 
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Stagger tuning of single-tuned interstages continued 

The amplitude response is given by 

Vp/V = {l + [IVp/V1:1! 2 - 1] [!bwl/!bwl1:1]2"}
1i2 

(bwl = [(Vp/VJ2 - J ]1/2n 
(bwl1:1 IVp/V1:11 2 - I 

lo [1Vp/VJ2 - I ] 
g IVp/V1:11 2 - I n=---~~--

2 log [ (bwl / (bwl 1:1l 

Stage gain = 

or 

where 

g,,. = geometric-mean transconductance of n tubes 
C = geometric-mean copocitonce 

Chebishev response /Figs. 4 and 391 

The required Q's ore given by 

1 _ lbwl1:1 S . [2m - I 900] - -- ,,sin ---
Q,,. lo n 

S - • h {l . h-1 I } 
" - Sin - Sin { 1 2 ] / 

n (V p/ V 1:11 - l 1 2 

The required stagger tuning is given by 

(fa + fblm = 2fo 

C = cosh {! sinh-1 1 
} 

" n [(Vp/V1:1l2 - 1] 112 

229 
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Stagger tuning of single-tuned interstages continued 

Shape outside pass band is 

~P = { I + [ (~;)2 - l ]{ cosh
2 

[ n cosh-1 ,':::J} }1'2 

lbwl = cosh {! cosh-1 [ IV p/Vl 2 - I ] i12 l 
lbwl., n 1Vp/V.,l 2 - I j 

cosh-1 [ (V p/VI z - I ] i12 

n = !V;,/Vpl 2 
- 1 

cosh-1 [ (bwl / lbw) al 

Shape inside pass band is 

~p = {1 + [(~;)2- 1]{cos
2 

[ncos-
1 (~::J} }1 12 

lbwlcrest _ (2m - 1 900) --~- cos ---
lbw}p n 

(bw) trough (2m o) = cos -n 90 
lbw)p 

··JJJ 'i m'•:u 
~ ; ~ 

.. ,J]) !ill 
Q1 I 

n + 1 I 
fflmu = 

11

~ (n odd) ill 
mm••= 

2 
(11 even) 

n = total number of 
tuned circuits 

o, 

Fig. 39-Sfagger-tuned lnterstages for 
responH shape C. Each circuit coupled 
to the next only by the tube, 
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Stagger tuning of single-tuned interstages continued 

Stage gain = g,.. [IV /V1;)2 - I] 112n 
211"1rlbwJpC P 

1 [ (total gain) ] 
og ½ [!VplVi,lz i] i12 

n = 

log [1rlb~l0C] 

where 

g,,. = geometric-mer.in transconductance of n tubes 

C = geometric-mean capacitance 

Quartz-crystal band-pass filters 

231 

When a filter requires a small-percentage bandwidth as well as a high rate 
of cutoff, it is not practical to obtain sufficiently high unloaded Qin ordinary 
L-C resonators. Such filters can be constructed utilizing piezoelectric quartz 
crystals or mechanically resonant rods of some low-mechanical-loss material 
such as NiSpan-C. 

The design information presented in Figs. 25-31 can be applied to filters 
of the constant-K type using rods. However, frequent use is made of quartz 
crystals in a lattice structure, to which the following design information is 
applicable. 

High-impedance lattice filters 

An "open-circuited" lattice is shown in Fig. 40. The arrangements of the 
impedance arms ZA and Zn ore shown in Fig. 41. In each arm there is an 
L-C parallel-resonant circuit shunted by (n/21 - I quartz crystals. The 
number of complex poles in the 
transfer function is equal the n. The 
L-C circuit is loaded by Rp to give 
the required Oi, woCpRp. Its 
capacitance includes those of the 
crystal holders and it is resonant to 

1 
t 

(fo + Mpl as shown in the dia
grams. The motional capacitance 
Ci, C2, Cs, etc., must have a par
ticular value, and each crystal must 
be resonant to a particular fre- Fig. 40-Hlgh-lmpedance lattice section. 

quency, Uo ± Mil, (fo ± Lif2l, etc. 
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Quartz-crystal band-pass fllters continued 

Frequently, divided-electrode crystals ore used so one crystal con be used 
for the identical resonators in the two series arms, and likewise in the 

lattice arms. 

The structure con be modified 
by converting the lattice to its 
equivalent in accordance with 
fig. 42. The elements Z that ore 
lifted out of the arms and 
shunted across the terminals 

Design information z.-+ L,, 

The data of Fig. 43 is for the 
Chebishev and Butterworth 
response shapes of 4-pole 
no-zero networks for which the 
relative attenuation is plotted 

Fig. 41-Detalled structure of the lattice arms 
indicated In Fig, 40. 

in Fig. 7. Similarly, Fig. 44 is for 6-pole no-zero networks, plotted in Fig. 9. 

Examination of the tables shows that the required QP of the L-C parallel
resonant circuit is roughly the same as the fractional midfrequency. This 

Fig. 42-Equivalent lattices. 

limits the practical design to fo/ (bw) Sdb less than about 250. A lower limit 
to the fo/ lbwl Mb is of the order of 10 due to the foci that Cp/C1 is roughly 
equal to the square of fo/ (bw) Sdb, and Cp includes those of the crystal 
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Quartz-crystal band-pass fllters continued 

233 

holders and coif .and stray distributed capacitances, so cannot be reduced 
indefinitely. 

The impedance Z in (Fig. 42), must include the equivalent-generator and 
equivalent-load impedances. Since RP often comes to some hundreds of 

Op Op 

c, c, 
Z,--+ Lp Cp ZA-+ Lp Cp 

-t.tp"'o +ot, +t.fp=O -t.t. 

(Vp/V,ldb M1/Madb 
I Cp/C1 Qp 
[fo/(bwhdb]2 fo/(bw)sdb 

0 0.542 I 1.414 I 0.766 
0.001 0.541 1.66 0.912 
0.01 0.540 1.84 1.05 
0.1 0.541 2.10 1.34 
1.0 0.546 2.46 2.21 
3.0 0.552 2.57 3.44 

fig. 43-4-pole no-zero lattice-filter design for Chebishev rHponse. Note that ilfadb is 
one-half the total 3-decibel bandwith, or, 2.:lfadb = {bw)adb· 

Op Op 

c, c, 

Z~-+ Lp Cp z.-+ Lp c, 

+t.fp=O -t.f, +t.f2 -t.f,•O +t.f, -t.f2 

{V,,/Vv)db M1/M3db I C,/C2 M2/M2db 
I c,,/c, I Qp 
[fo/(bw)adb]2 fo/(bw)adb 

0 0.400 I 2.30 0.920 I 1.05 I 0.518 
0.0001 0.370 2.40 0.889 I 1.51 0.680 
0.01 0.350 2.47 0.869 2.14 0.936 
0.1 0.339 2.53 0.859 

I 
2.73 1.28 

1.0 0.330 2.57 0.850 3.49 2.25 
3.0 0.332 2.58 0.858 3.72 3.51 

Fig. 44-6-pole no-zero lattlce-fllter design for Chebl1hev response. Note lhat t,.f3db is 
one-half the total 3-cleclbel bandwith, or, 2.:lfadb = (bw)adb• 
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Quartz-crystal band-pass filters continued 

thousands of ohms, it is obvious that this type of filter requires a very-high
impedance equivalent generator and load. 

Example 

Required, a filter for f0 = 175 kilocycles, (bwl 3db = 2.0 kilocycles, 
lbwl 60db < 5.0 kilocycles, !Vp/V.ldb < 0.3. 

Then, f0/ (bwl adb = 87.5 and (bwl 6odb/ (bwl 3db < 2.5. The latter require
ment is satisfied by the curve for !Vp/V.l db = 0.1-decibel ripple on Fig. 9 
with a 6-pole, no-zero network. The internal resonators must have 
Qmtn f0/ lbw) 3db = 9.5 X 87.5 831. This is far beyond L-C possibilities, 
but crystal unloaded Q usually exceeds 25,000. 

In Fig. 44, let C1 0.020 micromicrofarads, which can be obtained. lower 
values for C2 can also be realized. 

C2 = Ci/2.53 = 0.00800 micromicrofarads. 

Af1 = 0.339Afactb 0.339 X 1000 339 cycles 

Then the first crystal in arm A is series-resonant at 175 kilocycles minus 339 
cycles. In arm 8, it is plus 339 cycles. 

Similarly, Af2 = 0.859 X 1000 = 859 cycles. 

In the parallel-resonant circuits, 

Cp = 2.73 C1 [f0/ (bwl adb]2 = 2.73 X 0.020 X (87.5) 2 = 422 micromicrofarads 

Since F11 = 0, they are parallel-resonant at 175 kilocycles. The loaded 
QP = 1.28 x 87.5 = 112. The equivalent 

RP Q11/21r f CP = 112/21r X 175 X 422 X J07l = 240,000 ohms 

If the unloaded Q of the inductor L11 is 200, the added loading due to 
generator or load must be in excess of one-half megohm. 

Low-impedance generator and load 

A low-impedance generator and/ or load may be used with above filter 
design by the following procedure: 

After the arms of Fig. 41 hove been designed, convert the resulting lattice 
of fig. 40 to the configuration of Fig. 42 so that the Z across each end of the 
filter consists of L11, R11, and most of Cp, Then use either of the following two 
steps: 
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Quartz-crystal band-pass fllters continued 
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a. Couple the generator to one Lp and load to the other LP via mutual 
inductance, with on effective turns ratio that transforms the low impedance 
to the value required to produce the proper Rp across each Z. 

b. In each Z, across the filter ends, open the inductor Lp at its midpoint and 
connect directly in series with L11 a generator and load of the proper 
resistance R. to produce the required Op. The required terminal resistances 
R, con be calculated from the simple relationship that, with series loading, 
Op = Xp/R •. 

With practical crystals, the value of R, is some tens of ohms for percentage 
bandwidths around 1 percent, onq some hundreds of ohms for bandwidths 
around 5 percent. 

Lattice equivalent* 

An important lattice equivalent (Fig. 45) halves the number of crystals 
required for the full-lattice filter. After the full-lattice design is completed, 
it is merely necessary to double the reoctonces of one L-C resonator and 
to center-top it; halve the reoctonces of the second L-C resonator and 
ground its bottom side; and then, as shown in Fig. 45B, two arms of the full 
lattice may be omitted. This equivalence is valid when dealing with small
percentage bandwidths and with high L-C-resonotor loaded Q's (Oi,l. 

For large-percentage bandwidths and/ or low loaded Q's, it is necessary 
to use on inductive center top with a coupling coefficient between the 
two sides of the coil (Li,I approaching unity. The use of a capacitive center 
top greatly simplifies the problem of "trimming-in" the tap point, which is 
always necessary in practice. 

A. Full-lallice crystal filter. B. Modified equivalent crystal filter. 

Fig. 45-Modiflcafion of l-C resonators to halve the required number of crystals. 

* This late development was added in the fourth printing of "Reference Data for 
Radio Engineers," fourth edition. It also appears in a paper by M. Dishal, "Practical Modern 
Network Theory Design Data for Crystal filters," /RE 1957 National Convention Record, Part 8. 
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• Filters, simple bandpass design 

Coefficient of coupling* 

Several types of coupled circuits are shown in Figs. I B to F, together with 
formulas for the coefficient of coupling in each case. Also shown is the 
dependence of bandwidth on resonance frequency. This dependence is 
only a rough approximation to show the trend and may be altered radicatly 
ff L,,., M, or Cm are adjusted as the circuits are tuned to various frequencies. 

k = X120/VX1oX20 = coefficient of coupling 

X120 = coupling reactance at resonance frequency fo 

X10 = reactance of inductor (or capacitor) of first circuit at f0 

X20 = reactance of similar element of second circuit at f0 

lbw) 0 = bandwidth with capacitive tuning 

lbw) L bandwidth with inductive tuning 

Gain at resonance 

Single circuit 

In Fig. IA, 

Eo f = -g,,. /X10! Q 
Q 

where 

Eo = output volts at resonance frequency fo 

E0 = input volts to grid of driving tube 

g,,.. transconductance of driving tube 

Pair of coupled circuits /Figs. 2 and 31 

In any figure-Figs. J B to F, 

Eo _. V- kQ 
Eo - 19m X10X20 Q l + k2Q2 

This is maximum at critical coupling, where kQ = 1. 

Q = V 01~ = geometric-mean Q for the two circuits, as loaded with the 
tube grid and plate impedances 

• Se" al,o "Coefficient of coupling-geometrical consideration," pp. 141-142. 



fig. •-Several types of coupled circuits, showing coefficient of coupling and selectivity formula.. In each case. 
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Fig. I-continued 
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C 
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For circuits with critical coupling and over coupling, the approximate gain is 

l
fol 0.1 9m 

Ea"'"~ (bwl 

where (bwl is the useful pass band in megacycles, 9m is in micromhos, and 

C is in micromicrofarads. 

B p F G 

Fig. 2-Connection wherein lem op
poses le.,. (le, may be due to stray 
capacitance.) Peak of attenuation 11 at 
f = fo v'=im/lc,. Reversing connec
tions or winding direction of one coil 
causes lem ta aid le,. 

Selectivity far from resonance 

+ p B F G 

Fig. 3-Connection wherein lem aids 
le.. If mutual-inductance coupling ii 
reversed, lem will oppose le, and there 
will be a transfer minimum at 

f= foV-lem/lr.,. 

The selectivity curves of Fig. 4 are based on the presence of only a single 
type of coupling between the circuits. The curves are useful beyond the 
peak region treated on pp. 241-246. 

In the equations for selectivity in Fig. I 

E = output volts at signal frequency f for same value of Eu as that pro
ducing Eo 

For inductive coupling 

A Q
2 

(' f0)

2 

I + k20 2 fo f 

For capacitive coupling 

A is defined by a similar equation, except that the neglected term is 
-k21f0/fl 2• The 180-degree phase shift far from resonance is indicated by 
the minus sign in the expression for fol E. 
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Selectivity far from resonance continued 
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'";.:;-
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41 
""Q -100 

-120 

-140 
IO .. 
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f/fo 

Fig. 4-Selectivity for frequencies for from resonance. Q = 100 and lkl Q 1.0. 

Example: The use of the curves, Figs. 4, 5, and 6, is indicated by the following 
example. Given the circuit of Fig. IC with input to PB, across capacitor C1• 

Let O = 50, kQ = 1.50, and fo 16.0 megacydes. Required is the response 
at f 8.0 megacycles. 

Here f/fo 0.50 and curve C, Fig. 4, gives -75 decibels. Then applying 
the corrections from Figs. 5 and 6 for Q and kO, we flnd 

Response -75 + 12 + 4 -59 decibels 

i +10 
C: ... 
l o '--1-1---1---1--1 .. 
ll 
~ -10 1---1-'--~4~4-~ 

-3 
-20 

Q 

ID O O 2 
N V> 2 cl', 

+401 

+20 :I 
5 

""Q 
0 ... .e 

.l!! 
41 

-20 ,!! 
¥ 

""Q 

., +20 -. 
.tJ 
·o 
41 

""Q +to 

0 

-10 

,V -
0 

Iii Q 

V 
V 

/ 

l/ 

2 3 

Fig. 5-Corractlon for Q ;,if 100. f'9. 6-CorHcllon for lk!Q ,;,I. 1.0. 
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Selectivity of single- and double-tuned circuits near resonance 

Formulas and curves ore presented for the selectivity and phase shift: 

Of n single-tuned circuits 
Of m pairs of coupled tuned circuits 

The conditions assumed ore 

a. All circuits ore tuned to the some frequency fo. 

241 

b. All circuits hove the some 0, or each pair of circuits includes one circuit 
having 01 and the other having 02. 

c. Otherwise the circuits need not be identical. 

d. Each successive circuit or pair of circuits is isolated from the preceding 
and following ones by tubes, with no regeneration around the system. 

Certain approximations hove been mode in order to simplify the formulas. 
In most actual applications of the types of circuits treated, the error involved 
is negligible from o practical standpoint. Over the narrow frequency bond 
in question, it is assumed that 

a. The reoctonce around each circuit is equal to 2Xo tlf /fo. 
b. The resistance of each circuit is constant and equal to Xo/0. 

c. The coupling between two circuits of a pair is reactive and constant. 
(When on untuned link is used to couple the two circuits, this condition fre
quently is far from satisfied, resulting in a lopsided selectivity curve.I 

d. The equivalent input voltage, token as being in series with the tuned 
circuit (or the first of a pair!, is assumed to bear a constant proportionality 
to the grid voltage of the input tube or other driving source, at all frequen
cies in the bond. 

e. Likewise, the output voltage across fhe circuit {or the final circuit of a 
poirl is assumed to be proportional only to the current in the circuit. 

The following symbols ore used in the formulas in addition to those defined 
on pages 236 and 239. 

tlf f - fo 

fo fo 

(deviation from resonance frequency) 

(resonance frequency) 

(bwl = bandwidth = 26.f 
Xo = reactance at fo of inductor in tuned circuit 
n number of single-tuned circuits 
m number of pairs of coupled circuits 
If, = phase shift of signal at f relotive to shift at f11 

as signal posses through cascade of circuits 
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Selectivity of single- and double-tuned circuits 

near resonance continued 

p k202 or p k20102, a parameter determining the form of the 
selectivity curve of coupled circuits 

B p 

Selectivity and phase shift of single-tuned circuits 

E 

[✓, +(2a~)'r • 
Eo 

M = 
2
~ ✓ (!o)~ _ J 

fo slngle-tunec:I 
circuit 

Decibel response = 20 10910 (fo) 
(db response of n circuits) = n X {db response of single circuit) 

¢ n tan- 1 
( -20 ~:) 

These equations are plotted in Figs. 7 and 8, following. 

Q determination by 3-decibel points 

For a single-tuned circuit, when 

E/Eo 0.707 13 decibels down) 

0 
21.\f 

(resonance frequency) 

(bandwidthl3<.lb 

Selectivity and phase shift of pairs of coupled tuned circuits 

Cose 1: When 01 = 02 = 0 

These formulas can be used with reasonable 
accuracy when 0 1 and 02 differ by ratios up to 
1.5 or even 2 to 1. In such cases use the value 

0 

E 

Eo 
[ 

p+l 

✓[ (20~')2 - Ip - one of severed types 
of coupling 
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Selectivity of single- and double-tuned circuits 

near resonance continued 

.. 
ii 
..0 
·;:; 

" .,, 
.!: 

" .. 
C 
0 
Q. 

~ 

+20 

• 1.0 

0 

-5 

-10 

[\ \. ~\\ 

-25 !\.\I\, ,, 
\ \

i\. ,, '. 
-~._...._...._.._._...._._..........,_.._._._._...........,__ _ _.__....__.............,'-'" .................... ~ ...................... 

0.2 0.30.4 0.6 LO 1.4 2.0 3 4 6 10 14 20 

0
2M 

fo 
0

(bwl 

fo 
The selectivity curves are symmetrical about the 

axis Q To = 0 for practical purposes. 

Extrapolation beyond lower limits of chart: 

useful limit 

at (bw) I error 

Fig. 7- Selectivity curves 
showing response of o single 
circuit n = 1, ond a pair of 
coupled circuits m 1. 

6 response 
for 

doubling .if circuit fo ibecomes 

6 db +-single-,. __ 0_6 __ 1-1J<:.~b 
___ 1_2_d_b __ 1 +- pair -,. 0.4 3 to 4 db 

Example: Of the use of Figs. 7 and 8. Suppose there are three single-tuned 
circuits In = 3). Each circuit has a Q = 200 and is tuned to 1000 kilocycles. The re
sults are shown in the following table: 

abscissa \ ordinate decibels .,,. .,, . 
Q (bw) bandwidth db response response 
Tl kilocycles for n = 1 for n = 3 

for n = for n = 3 

1.0 5.0 -3.0 -9 =F45° =F 135° 
3.0 15 -10.0 -30 =F7l½o =F215° 

10.0 50 -20.2 -61 =F840 =F252° 

• 4> is negative for f > fo, and vice versa. 
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Selectivity of single- and double-tuned circuits 

near resonance continued 
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Ffg. 8-Phaae-shift curves for a 
single circuit n = I and a pair of 
coupled circuits m = I. 

for f > lo, <f, is negative, while for f < fo, 
ef, is positive. The nu mericol value is idenlica I 
in either case for the some If - fol. 
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Selectivity of single- and double-tuned circuits 

near resonance continued 

For very small values of E/Eo the formulas reduce to 

:. -[(24.~J 
Decibel response = 20 10910 fE/Eol 

(db response of m pairs of circuits) = m X (db response of one pair) 

245 

As p approaches zero, the selectivity and phase shift approach the values 
for n single circuits, where n = 2m (gain also approaches zero!. 

The above equations are plotted in Figs. 7 and 8. 

For overcoupled circuits (p > 1) 

Location of peaks: 
foeak - fo I _ ;--

1 ~--= ::1::-Vp-
fo 2Q 

Amplitude of peaks: 

Phase shift at peaks, 

Approximate pass bond (where E/Eo = II is 

funlty - fo = V'.2 fpeak - fo = :I: .!_ ✓ P - 1 
fo fo Q 2 

Case 2: General formula for any 0 1 and 02 

f.-[ ✓[ ( 2at;')' :B ], ~ ~ + U' _ 8' r lfo,Ss,e topolp 242.1 
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Selectivity of single- and double-tuned circuits 

near resonance continued 

For overcoupled circuits 

Location of peaks: 

Amplitude of peaks: 
Epeak _ 

Eo - [ 
p + J ]m 

V{p + 1)2 - B2 

Cose 3: Peaks just converged to a single peak 

E [ 2 ]m 
Eo = ✓( 2o'f)'+ 4 

The curves of Figs. 7 and 8 may be applied to this case, using the value 
p = 1, and substituting Q' for Q. • 
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• Attenuators 

Definitions 

An attenuator is a network designed to introduce a known loss when work
ing between resistive impedances Z1 and Z2 to which the input and output 
impedances of the attenuator are matched. Either Z1 or Z2 may be the source 
and the other the load. The attenuation of such networks expressed as a 
power ratio is the same regardless of the direction of working. 

Three forms of resistance network that may be conveniently used to realize 
these conditions ore shown on page 252. These ore the T section, the 1r 

section, and the bridged-T section. Equivalent balanced sections also are 
shown. Methods ore given for the computation of attenuator networks, the 
hyperbolic expressions giving rapid solutions with the aid of tables of hyper
bolic functions on pages 1103-1105. Tables of the various types of atten
uators are given on pages 255 to 262. 

Ladder attenuator 

Ladder attenuator, Fig. 1, input switch points Po, P1, P2, Pa at shunt arms. 
Also intermediate point Pm tapped on series arm. May be either unbalanced, 
as shown, or balanced. 

~ 
.5 

Fig. I-Ladder attenuator. 

-::, 
0. 
;; 
0 

Ladder, for design purposes, Fig. 2, is resolved into a cascade of 1r section~ 
by imagining each shunt arm split into two resistors. Last section matches Z2 

to 2Z1. All other sections are symmetrical, matching impedances 2Z1, with a 
terminating resistor 2Z1 on the first section. Each section is designed for the 
loss required between the switch points at the ends of that section. 

Input to P0: Loss in decibels 

I . d z t Z2 nput 1mpe once 1 = -
2 
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Ladder attenuator continued 

Input to P1, P2, or P3: loss in decibels = 3 + !sum of losses oi ,r sections 

between input and outputl. Input impedance Z1' = Z1 

Fig. 2-Ladder attenuator resolved Into a cascade of ,r sections. 

Input to P,,, (on a symmetrical 1r section): 

_::0 = ! m!l - ml !K - 1) 2 + 2K 
e,,, 2 K - m (K - 1 l 

where 
eo = output voltage when m = 0 !switch on P1l 

em = output voltage with switch on P.,, 

K = current ratio of the section !from P1 to P2l K > I 

[ 
IK - ll 2 

] 
Input impedance Zi' = Z1 m II - ml K + I 

Maximum [ 
!K - Jl 2 

] Z1' = Z1 
4
K + I for m = 0.5. 

The unsymmetrical last section may be treated as a system of voltage-divid
ing resistors. Solve for the resistance R from Po to the tap, for each value of 

(
output voltage with input on Po ) 

output voltage with input on tap 

A useful case 

When Z1 = Z2 = 500 ohms. 

Then loss on Po is 3.52 decibels. 

let the last section be designed for loss of 12.51 decibels. Then 



Ladder attenuator continued 

R1a 2444 ohms (shunted by 1000 ohms) 
R2a = 654 ohms (shunted by 500 ohms) 
R12 = 1409 ohms 
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The table shows the location of the tap and the input and output impedances 
for several values of loss, relative to the loss on Po: 

relative 
loss in 

decibels 

0 
2 
4 

6 
8 

JO 
12 

tap 
R 

ohms 

0 
170 
375 

615 
882 

1157 
1409 

input 
lmp6dance 

ohms 

250 
368 
478 

562 
600 
517 
500 

Input to Po, Output impedance = 0.6 Z ISee Fig. 3.1 

output 
Impedance 

ohms 

250 
304 
353 

394 
428 
454 
473 

Input to Po, P1, P2, or Pa: Loss in decibels = 6 + !sum of losses of 7T sections 
between input and output). Input impedance Z 

Input to Pm: 

eo = ~ m (1 ml IK - 1) 2 + 4K 
e,,. 4 K - m IK - 1 l 

Input impedance, 

Z' = Z [ m t1 - m~/K - I J2 + 1 ] 

Maximum Z' Z [ IK ; 
112 + I ] for m = 0.5 

Z/2 

lood 
z 

Fig. 3-A variation of the ladder attenuator, useful when Z1 = Z, = Z. Simpler In 
design, with Improved Impedance characteristics, but having minimum Insertion loss 
2.5 decibels higher than attenuator of Pig. 2. All 71" s6ctlons are symmetrical. 
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Load impedance 

Effect of incorrect load impedance on operation of an attenuator 

In the applications of attenuators, the question frequently arises as to the 
effect upon the input impedance and the attenuation by the use of a load 
impedance which is different from that for which the network was designed. 
The following results apply to all resistive networks that, when operated 
between resistive impedances Z1 and Z2, present matching terminal impe• 
dances Z1 and Z2, respectively. The results may be derived in the general 
case by the application of the network theorems and may be readily con• 
firmed mathematically for simple specific cases such as the T section. 

For the designed use of the network, let 

Z1 = input impedance of properly terminated network 

Z2 = load impedance that properly terminates the network 

N = power ratio from input to output 

K = current ratio from input to output 

K = j = /NZ2 !different in the two directions except when Z2 = Z1l 
i2 '\J Z1 

For the actual conditions of operation, let 

IZ2 + 6Z21 = z{ 1 + ~~2
) = actual load impedance 

IZ1 + 6Z1l = z{ 1 + 6;1) = resulting input impedance 

!K + 6K) = K ( I + 6t) = resulting current ratio 

While Z1, Z2, and Kare restricted to real quantities by the assumed nature of 
the network, 6Z2 is not so restricted, e.g., 

As a consequence, 6Z1 and 6K can become imaginary or complex. Further
more, 6Z2 is not restricted to small values. 



Load impedance continued 

The results for the octuol conditions ore 

2N + (N - ll AZ2 
Z2 

ond 

Certain special cases may be cited 

AZ1 1 AZ2 1 
- - - or AZ1 = AZ2 
Z1 N Z2 K2 

Ai2 1 AZ2 -- -
i2 2 Z2 
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but the error in insertion power loss of the ottenuotor is negligibly smoll. 

Case 2: Short-circuited output 

AZ1 = --=3-
Z1 N + 1 

or input impedance --- Z1 = Z1 tonh 0 (
N - 1) 
N + 1 

where O is the designed attenuation in nepers. 

Case 3: Open-circuited output 

AZ1 2 
Z1 N - 1 

or input impedance = (N + 1) Z1 = Z1 coth 0 
N-1 

Case 4: For N = 1 (possible only when Z1 Z2 ond directly connected) 

0 

Case 5: For large N 

AK 1 AZ2 = 
K 2 Z2 
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Attenuator network design see page 254 for symbols 

description 

Unbolonced T 
ond 
balanced H 
(see Fig. 8) 

Symmetrical 
T ond H 
(Z1 = Z2= Z) 
{see Fig. 4) 

Minimum-loss 
pod matching 
Z1 ond Z2 
(Z1 > Z2l 
(see Fig. 7) 

Unbalanced 1r 

and 
balanced 0 

Symmetrical 
,rand 0 
(Z1 = Z2 = Z) 
(see Fig. 5) 

Bridged T 
ond 
bridged H 
(see Fig. 6) 

configuration 

unbalanced 

~ =-c 

R, 

~ =--x 

~ 
I-1: 

balanced 

Z, -
z, -
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design equations 

hyperbolic 

R,= VZ1Z, 
sinh 0 

R1=~-R, 
tanh 0 

z 
Ra= sinh 8 

R1 =Z tanh ~ 
2 

arithmetical checking equations 

2ZVN 2ZK Z2 2K 
Ra= N-1 = K'-1 RiR,= H-cosh 0=Z21K+11• 

2Z ~ =cosh 0-1 =2 sinh 2 ~ 
= K:... 1/K Ra (K-11' 2 

v'FJ-1 K-1 =-~ 
R1=Z---=Z--

VN+1 K+l I~ 
Z=R1'\Jl+2~ ___________ =_Z___,[_1 _-_2..c.../_(K_+-'---ll--'-]_

1 
_______ R1 ____ _ 

cosh 0=~ 

cosh 20=2~-l 
Z2 

Ra=YZ1Z, sinh 0 

1 1 l 

Z1 !anh 0 

l 1 1 
~= Z, lanh 8-Rs 

Ra=Z sinh 8 

z 

lanh 2 

✓ Z2 R1=Z1 l--
Z1 

Ra=_z_,_ 

~ Z1 

R1 =R,=Z 

R4=ZIK-ll 

Ra=-3:.._ 
1(-1 

R,Ra=Z1Z2 

~l=~-1 
R, Z, 

!K+ll' 
R1Ra=Z2 n+cosh 8l=Z2

~ 

Ra !K-112 
-=cosh 0-1=--
Ri 2K 

Z=--R1_ 

✓1+2~ 
Ra 

R,R.=Z2 

~=!K-11 2 

Ra 

Four-terminal networks: The hyperbolic equations above are valid for passive linear four-terminal 
networks in general, working between input and output unpedances matching the respective image 
impedances. In this case: Z1 and z, are !he image impedances; R1, R, and Ra become complex 
impedances; and 0 is the image transfer constant. 8 = a + jfJ, where a is 11)e image allenuation 
constant and fJ is the image phase constant . 

.. 
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Attenuator network design continved 

Symbols 

2 1 and Z2 are the terminal impedances {resistive) to which the attenuator ir 
matched. 

N is the ratio of the power absorbed by the attenuator from the source to 
the power delivered to the load. 

K is the ratio of the attenuator input current to the output current into the 

load. When 21 = Z2, K = -VN. Otherwise K is different in the two direc
tions. 

Attenuation in decibels = 10 10910 N 

Attenuation in nepers 0 = ! log. N 

For a table of decibels versus power and voltage or current ratio, see page 40. 
Factors for converting decibels to nepers, and nepers to decibels, are given 
at the foot of that table. 

Notes on error formulas 

The formulas and figures for errors, given in Figs. 4 to 8, are based on 
the assumption that the attenuator is terminated approximately by its proper 
terminal impedances Z1 and Z2• They hold for deviations of the attenuator 
arms and load impedances up to ± 20 percent or somewhat more. The error 
due to each element is proportional to the deviation of the element, and the 
total error of the attenuator is the sum of the errors due to each of the sev
eral elements. 

When any element or arm R has a reactive component LlX in addition to a 
resistive error LlR, the errors in input impedance and output current are 

LlZ = A ILlR + jLlXl 

~; = B ( LlR ~ jLlX) 

where A and B are constants of proportionality for the elements in question. 
These constants can be determined in each case from the figures given for 
errors due to a resistive deviation LlR. 

The reactive component LlX produces a quadrature component in the output 
current, resulting in a phase shift. However, for small values of LlX, the error 
in insertion loss is negligibly small. 

For the errors produced by mismatched terminal load impedance, refer to 
Case 1, page 251. 

• 



ATTENUATORS 255 
Symmetrical T or H attenuators 

Interpolation of symmetrical T or H attenuators tFig. 41 

Column R1 may be interpolated linearly. Do not interpolate R3 column. For 0 
to 6 decibels interpolate the 1000/R3 column. Above 6 decibels, interpolate 
the column log10 Rs and determine Rs from the result. 

fig. 4-Symmetrical T and H attenuator values. Z = 500 ohms resistive (diagram on 
page 252). 

attenuation series arm R1 shunt arm Ra 
1000/Ra logrn Ra in decibels ohmi. ohms 

0.0 0.0 inf 0.0000 
0.2 5.8 21,700 0.0461 
0.4 ll.5 10,850 0.0921 

0.6 17.3 7,230 0.1383 
0.8 23.0 5,420 0.1845 
1.0 28.8 4,330 0.2308 

2.0 57.3 2,152 0.465 
3.0 85.5 1,419 0.705 
4.0 113. I 1,048 0.954 

5.0 140.1 822 1.216 
6.0 166.I 669 1.494 2.826 
7.0 191.2 558 2.747 

8.0 215.3 473.1 2.675 
9.0 238.1 405.9 2.608 

10.0 259.7 351.4 2.546 

12.0 299.2 268.1 2.428 
14.0 333.7 207.8 2.318 
16.0 363.2 162.6 2.211 

18.0 388.2 127.9 2.107 
20.0 409.1 101.0 2.004 
22.0 426.4 79.94 l.903 

24.0 440.7 63.35 1.802 
26.0 452.3 50.24 1.701 
28.0 461.8 39.87 1.601 

30.0 469.3 31.65 1.500 
35.0 482.5 17.79 1.250 
40.0 490.1 10.00 1.000 

50.0 496.8 3.162 0.500 
60.0 499.0 1.000 0.000 
80.0 499.9 0.1000 -1.000 

100.0 500.0 0.01000 -2.000 
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Symmetrical T or H attenuators continued 

Errors in symmetrical T or H attenuators 

Series arms R1 and R2 in error: Error in 
input impedonces: 

I 
AZ1 = AR1 + K2 AR2 

ond 
I 

AZ2 = AR2 + K2 AR1 

Error in insertion loss, in decibels, 

db = 4 - + - opproximotely (
AR1 AR2) 
Z1 Z2 

Shunt arm Ra in error ( 10 percent high) 

designed loss, 
in decibels 

0.2 
1 
6 

12 
20 
40 

JOO 

Error in input impedonce: 

AZ= 2 K - I ARa 
Z K(K + Jl R3 

Error in output current: 

Ai K 

K + 1 Ra 

See notes on poge 254. 

error in insertion 
loss, in decibels 

-0.oJ 
-0.05 
-0.3 
-0.5 
-0.7 
-0.8 
-0.8 

nominally R, = R, 
Z1 = z, 

error In input 
Impedance 

AZ 
100 z percent 

0.2 
1.0 
3.3 
3.0 
1.6 
0.2 
0.0 
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Symmetrical 1r and O attenuators 

Interpolation of symmetrical 1r and O attenuators /Fig. SI. 

Column R1 may be interpolated linearly above 16 decibels, and Ra up to 
20 decibels. Otherwise interpolate the IOOO/R1 and log10 Rs columns, re
spectively. 

Fig. 5-Symmelrlcal ,r and 0 attenuator. Z = 500 ohms re1l1tive (diagram, page 252). 

attenuation shunt arm R1 
1000/ R1 

series arm Ra 
101110 Ii In decibels ohms ohms 

0.0 (X) 0.000 0.0 
0.2 43,400 0.023 11.5 
0.4 21,700 0.046 23.0 

0.6 14,500 0.069 34.6 
0.8 10,870 0.092 46.l 
1.0 8,700 0.115 57.7 

2.0 4,362 0.229 116.I 
3.0 2,924 0.342 176.l 
4.0 2,210 0.453 238.5 

5.0 1,785 0.560 304.0 
6.0 1,505 0.665 373.5 
7.0 1,307 0.765 448.0 

8.0 1,161.4 0.861 528.4 
9.0 1,049.9 0.952 615.9 

10.0 962.5 1.039 711.5 

12.0 835.4 l.l97 932.5 
14.0 749.3 1.335 1,203.1 
16.0 688.3 1.453 1,538 

18.0 644.0 1,954 
20.0 611.1 2,475 3.394 
22.0 586.3 3,127 3.495 

24.0 567.3 3,946 3.596 
26.0 552.8 4,976 3.697 
28.0 541.5 6,270 3.797 

30.0 532.7 7,900 3.898 
35.0 518.1 14,050 4.148 
40.0 510.1 25,000 4.398 

50.0 503.2 79,100 4.898 
60.0 501.0 2.50 X 106 5.398 
80.0 500.1 2.50 X 106 6.398 

100.0 500.0 2.50 X 107 7.398 
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Symmetrical 1r and O attenuators continued 

Errors in symmetrical 1r and O attenuators 
Error in input impedance: 

!:i.Z' = K - 1 (!:i.R1 + I !:i.R2 + 2 /:i.R3) 
K 1 R1 K2 R2 K R3 , 

!.,. 
Error in insertion loss, 

laod 
z 

b I 8 !:i.i2 f • I I deci e s = - -:- approximate y 
12 nomlnally Rt = R, and Z' = Z 

See notes on page 254. 

Bridged T or H attenuators 

Interpolation of bridged T or H attenuators /Fig. 6! 

Bridge arm R4: Use the formula log1b (R4 + 5001 = 2.699 + decibels/20 for 
Z = 500 ohms. However, if preferred, the tabular values of R4 may be inter
polated linearly, between O and 10 decibels only. 

Fig. 6-Values for bridged T or H attenuators. Z = 500 ohms resistive, R1 = R2 
500 ohms (diagram on page 252). 

atten uatlon I bridge 

I 
shunt I attenuation I 

bridge shunt 

In decibels arm R, arm Rs In decibels arm R, arm Ra 
ohms ohms ohms ohms 

0.0 0.0 "" 12.0 1,491 167.7 
0.2 11.6 21,500 14.0 2,006 124.6 
0.4 23.6 10,610 16.0 2,655 94.2 

0.6 35.8 6,990 18.0 3,472 72.0 
0.8 48.2 5,180 20.0 4,500 55.6 
1.0 61.0 4,100 25.0 8,390 29.8 

2.0 129.5 1,931 30.0 15,310 16.33 
3.0 206.3 1,212 40.0 49,500 5.05 
4.0 292.4 855 50.0 157,600 1.586 

5.0 389.1 642 60.0 499,500 0.501 
6.0 498 502 80.0 5.00 X 108 0.0500 
7.0 619 404 100.0 50.0 X 108 0.00500 

8.0 

j 
756 331 -- -- --

9.0 909 275.0 -- -- --
10.0 1,081 ' 231.2 -- -- --



ATIENUATORS 259 
Bridged T or H attenuators continued 

Shunt arm Ra: Do not interpolate Ra coltJmn. Compute R3 by the formula 
R3 = 106 / 4R4 for Z = 500 ohms. 

Note: For attenuators of 60 db and over, the bridge arm R4 may be omitted 
provided a shunt arm is used having twice the resistance tabulated in the R 
column. !This makes the input impedance 0.1 of I percent high at 60 db.l 

Errors in bridged T or H attenuators 

Resistance of any one arm 10 percent higher than correct value 

designed loss 
decibels 

0.2 
l 
6 

12 
20 
40 

100 

• Refer to following tabulation~ 

element in error 
(10 percent high) 

A decibels* 

O.Ol 
0.05 
0.2 
0.3 
0.4 
0.4 
0.4 

error In 
lou 

B percent* 

0.005 
0.1 
2.5 
5.6 
8.1 

10 
10 

I error In terminal 
Impedance 

C percent* 

0.2 
1.0 
2.5 
1.9 
0.9 
0.1 
0.0 

remarks 

Series arm R1 (analogous Zero B, for odjacenl Error in impedance at op• 
for arm Ra! terminals posite terminals is zero 

Shunt arm R1 -A C loss is lower 
signed loss 

Bridge arm R4 A C loss is higher 
signed loss 

Error in input impedance: 

az1 = (K - 1)2 aR1 + K - 1 (aRa + aR4) 
Z1 K R1 Ra Rt 

For az2/Z2 use subscript 2 in formula in place of subscript 1. 

Error in output current: 

See notes on page 254. 

than 

than 

de, 

de• 
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Minimum-loss pads 

Interpolation of minimum-Ion pads 11=;9. 7/ 

This table may be interpolated linearly with respect to Z1, Z2, or Zi/Z2 except 
when Z1/Z2 is between 1.0 and 1.2. The accuracy of the interpolated value 
becomes poorer as Zi/Z2 passes below 2.0 toward 1.2, especially for R3• 

For other terminations 

lf the terminating resistances are to be ZA and Zs instead of Z1 and Z2, 

respectively, the procedure is as follows. 
Z1 ZA 

Enter the table at - = - and 
Z2 Zs 

Fig. 7-Value• for minimum-loll pads matching Z1 and Zz, both resistive (diagram 
on page 252), 

Z1 ~ Z1/Z2 1011 in series arm R1 shunt arm R, 
ohm• ohms decibels ohms ohms 

10,000 500 20.00 18.92 9,747 513.0 

8,000 500 16.00 17.92 7,746 516.4 
6,000 500 12.00 16.63 5,745 522.2 
5,000 500 10.00 15.79 4,743 527.0 

4,000 500 8.00 14.77 3,742 534.5 
3,000 500 6.00 13.42 2,739 547.7 
2,500 500 5.00 12.54 2,236 559.0 

2,000 500 4.00 11.44 1,732 577.4 
1,500 500 3.00 9.96 1,224.7 612.4 
1,200 500 2.40 8.73 916.5 654.7 

1,000 500 2.00 7.66 707.1 707.1 
800 500 1.60 6.19 489.9 816.5 
600 500 1.20 3.77 244.9 1,224.7 

500 400 1.25 4.18 223.6 894.4 
500 300 1.667 6.48 316.2 474.3 
500 250 2.00 7.66 353.6 353.6 

500 200 2.50 8.96 387.3 258.2 
500 160 3.125 10.17 412.3 194.0 
500 125 4.00 11.44 433.0 144.3 

500 100 5.00 12.54 447.2 111.80 
500 80 6.25 13.61 458.3 87.29 
500 65 7.692 14.58 466.4 69.69 

500 50 10.00 15.79 474.3 52.70 
500 40 12.50 16.81 479.6 41.70 
500 30 16.67 18.11 484.8 30.94 

500 25 20.00 18.92 487.3 25.65 
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Minimum-loss pads continued 

read the loss and the tabular values of R1 and R3. Then the series and shunt 
ZA ZB 

arms ore, respectively, MR1 and MR3, where M = -- = - · 
Z1 Z2 

Errors in minimum-loss pads 

impedance ratio 
Z1/Z2 

* Notes 

1.2 
2.0 
4.0 

10.0 
20.0 

D decibels* 

0.2 
0.3 
0.35 

0.4 
0.4 

E percent* 

+4.1 
7.1 
8.6 

9.5 
9.7 

F percent* 

+1.1 
1.2 
0.6 

0.25 
0.12 

Series arm R1 10 percent high: Loss is increased by D decibels from above 
table. Input impedance Z1 is increased by E percent. Input impedance Z2 is 
increased by F percent. 

Shunt arm R3 10 percent high: Loss is decreased by D decibels from above 
table. Input impedance Z 2 is increased by E percent. Input impedance Z1 is 
increased by F percent. 

Errors in input impedance 

Error in output current, working either direction 

See notes on page 254. 
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Miscellaneous T and H pads /Fig. Bl 

Fig. 8-Valuoc for mlaeollanoouc T and H pad, {diagram on page 252). 

resistive terminations I I loss 
z, I z, decibels series R1 

ohms ohms ohms 

5,000 2,000 10 3,889 
5,000 2,000 15 4,165 
5,000 2,000 20 4,462 
5,000 500 20 4,782 

2,000 500 15 1,763 
2,000 500 20 1,838 
2,000 200 20 1,913 

500 200 10 388.9 
500 200 15 416.5 
500 200 20 446.2 
500 50 20 478.2 

200 50 15 176.3 
200 50 20 183.8 

Errors in T and H pads 

attenuator arms 
series R2 

ohms 

222 
969 

1,402 
190.7 

165.4 
308.1 

76.3 

22.2 
96.9 

140.2 
19.07 

16.54 
30.81 

Series arms R1 and R2 in error: Errors in input impedances ore 

shunt Ra 
ohms 

2,222 
1,161 

639 
319.4 

367.3 
202.0 
127.8 

222.2 
116.l 
63.9 
31.94 

36.73 
20.20 

E . . . I . d 'b I 4 (LlR1 + LlR2) . t I rror in insertion oss, in ec1 e s = - -- opprox1ma e y 
Z1 Z2 

Shunt arm R3 in error (10 percent high} 
error in input impedance 

I designed lo.a I error in Ion 

I 100 LiZ, I 100 LiZ2 
Z1/Z2 I decibels decibels Z1 Z2 

2.5 10 -0.4 1.1% 7.1% 
2.5 15 -0.6 1.2 4.6 
2.5 20 -0.7 0.9 2.8 

4.0 15 -0.5 0.8 6.0 
4.0 20 -0.65 0.6 3.6 

10 20 -0.6 0.3 6.1 

_2_( /NZ2 + {z; _ 2)LlRa {for LlZ2Z2 interchange sub-. 
N - 1 '\J Z1 '\JNt Ra scripts 1 and 2 

Lli N + 1 - VN ( ✓ t + J) LlRa .. 
----------'-------"- -- {where 1 1s the output current. 

N - 1 R3 
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• Bridges and impedance measurements 

In the diagrams of bridges below, the source is shown as a generator, and 
the detector as a pair of headphones. The positions of these two elements 
may be interchanged as dictated by detailed requirements in any individual 
case, such as location of grounds, etc. For oil but the lowest frequencies, o 
shielded transformer is required at either the input or output (but not usually 
at both) terminals of the bridge. This is shown in some of the following 
diagrams. The detector is chosen according to the frequency of the source. 
When insensitivity of the ear makes direct use of headphones impractical, 
a simple radio receiver or its equivalent is essential. Some selectivity is 
desirable to discriminate against harmonics, for the bridge is often frequency 
sensitive. The source may be modulated in order to obtain on audible 
signal, but greater sensitivity and discrimination against interference ore 
obtained by the use of a continuous-wove source and a heterodyne 
detector. An amplifier and oscilloscope or on output meter ore sometimes 
preferred for observing nulls. In this case it is convenient to hove on audible 
output signal available for the preliminary setup and for locating trouble, 
since much con be deduced from the quality of the audible signal that 
would not be apparent from observation of amplitude only. 
Fundame'!tal alternating-current or 

Wheatstone bridge 

Balance condition is Z,. = Z,Za/Z0 

Maximum sensitivity when Zd is the 
conjugate of the bridge output im
pedance and Z0 the conjugate of its 

Zg 
'-------<'\,, J-----' 

generofor 
input impedance. Greatest sensitivity 
when bridge arms ore equal, e.g., for 
resistive arms, 

l,1 =la= l& = Z,, = z. = Z0 

Bridge with double-shielded transformer 

Shield on secondary may be float
ing, connected to either end, or to 
center of secondary winding. It may 
be in two equal ports and connected 
to opposite ends of the winding. In 
any case, its capacitance to ground 
must be kept to a minimum. 

;---.., 
._ ___ .J 
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Wagner earth connection 

None of the bridge elements ore 
grounded directly. First balance 
bridge with switch to B. Throw switch 
to G and rebalance by means of R 
and C. Recheck bridge balance and 
repeal as required. The capacitor 
balance C is necessary only when the 

frequency i~ above the audio range. 
The transformer may have only a 
single shield as shown, with the ca
pacitance of the secondary to the 
shield kept to a minimum. 

Capacitor balance 

Useful when one point of bridge 
must be grounded directly and only 
a simple shielded transformer is used. 
Balance bridge, then open the two 
arms at P and Q. Rebalance by 

auxiliary capacitor C. Close P and 
Q and check balance. 

Serles-resistance-capacitance bridge 

-----l l'\I -----, 

c,, = c. Rb/R. 
R,, = R. R./Rb 

Wien bridge 

c,, Rb R. -=---
C, Ra R,, 

C,C,, = 1 / w2R,R,, 
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Wien bridge continued 

For measurement of frequency, or in 
a frequency-selective application, if 

-----'"\,i------

we make C., = c., R., = R., and 
Rb = 2Ra, then 

f = 
211"C,R. 

Owen bridge 

L,, CbRaRd 

CbRa 
R,, = - Re 

Ca 

I'\, 

Resonance bridge 

w2 LC= 1 

R,. = R,R0 /Rb 

-----''Vl-----. 

= 
Maxwell bridge 

R., 
R,, Rb 

R, 

Q., 
L,, 

wC.R, w-
R., 

"" 

265 
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Hay bridge Substitution method for high Impedances 

For measurement of large inductance. Initial balance (unknown terminals 

x-x open!: 
-----I'\, I------, 

Q., 
wL., 
-= 
R., wC,R, 

Sc:herlng bridge 

C., = c. R;/R,. 

I /Q., wC.,R., = wCoRb 

-----I /'\It-----. 

= 

Final balance (unknown connected 
to x-x): 

C'; and R'; 

Then when R., > 10/ wC~, there re
sults, with error < I percent, 

C., = C! - c'; 

The parallel resistance is 

If unknown is on inductor, 

T 
L., = - 2c 

w ,. 
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Measurement with capacitor in series Measurement of direct capacitance 

with unknown 
Connection of N to N' places C,.11 

Initial balance !unknown terminals across phones, and C,.,, across Ro 
x-x short-circuited): which requires only a small re

adjustment of R •• 

final balance (x- x un-shortedl: 

C'; and R'; 
Then the series resistance is 

Ro C' ( c; ) = R,, ' c; - C'; - l 

----• -u-----. 

Lx) ·x 

V. 
When C'; > c:, 

1 R,,( c;) 
L., = w2 Roe: I - C'; 

----1 ""-----

Initial balance: Lead from P discon
nected from X1 but lying as close to 
connected position as practical. 

Final balance: Lead connected to X1. 

By the substitution method above, 
C,,0 = c; - c': 

Fellci mutual-Inductance balance 

At the null: 

M., = -M. 

Useful ot lower frequencies where 
capacitive reactances associated 
with windings are negligibly small. 



268 CHAPTER 10 

Mutual-Inductance capacitance balance Q•meter (Boonton Radio Type 160A) 

Using low-loss capacitor. At the null 

M,. = l/w2C, 

Hybrid-coll method 

At null: 

Z1 = Z2 

The transformer secondaries must be 
accurately matched and balanced to 

ground. Useful at audio and carrier 
frequencies. 

Q of resonant circuit by bandwidth 

R1 = 0.04 ohm 

R2 = 100 megohms 

V = vacuum-tube voltmeter 

I = thermal milliammeter 

L,R,,Co = unknown coil plugged info 
COIL terminals for measure
ment. 

Correction of Q reading 

For distributed capacitance Co of coil 

c+ 
Qtrue = Q---

where 

Q = reading of 0-meter !corrected 
for internal resistors R1 and Rz 
if necessary) 

for 3-decibel or half-power points. C = capacitance reading of Q. 
Source loosely coupled to circuit. meter 
Adjust frequency to each side of 
resonance, noting bandwidth when Measurement of Co and true L. 

v = 0.71 X (v at resonance) 

Q = !resonance frequency) 

!bandwidth) 

C plotted vs l / (2 is a straight line. 
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Measurement of Co and true L, continued Measurement of Impedances lower than 

L., = true inductance 

l/f22 - 1/f\ 
41r2 IC2 - C1! 

Co = negative intercept 

fo = natural frequency of coil 

When only two readings ore taken 
and Fi/ f2 = 2.00, 

Co = IC2 - 4C1l /3 

Using µh, me, and µµf, 

L,, = 19,000/f22 IC2 - C1l 

Measurement of admittance 

Initial readings C'Q' (LR" is any suit
able coill 

La c· 
" 

Final readings C" Q" 

o' 
"' 0 

" 

1/Z = Y = G + JB = 1/R,, + jwC 

Then 

C = C' - C" 

1/Q = G/wC 

= C' (1000 _ 1000) X 10_3 

C Q" Q' 

If Z is inductive, C" > C' 

those directly measurable 

For the initial reading, C'Q', COND 

terminals are open. 

L '4 
0 .. 

On second reading, C"Q", a ca
pacitive divider CaCb is connected 
to the COND terminals. 

Ya ca )( 

0 I( 1b 0 

y" 
-+ !b o ..;: X 

Final reading, C111Q' 11
, unknown con

nected to x-x. 

)( 

Ya= Ga+ jwCa 

Ga and Gb not shown in diagrams. 

Then the unknown impedance is 

---ohms 
Ya+ Yb 

where, with capacitance in micro
microfarods and w = 21r X (fre
quency in megacycles/second): 
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Measurement of Impedances lower than 

those directly measurable continued 

Y"' - Y" 

C' (lOOO - IOOO) X 10-1 + ·1c" - C'"I 
Q"' Q" J 

Usually G., and Gb may be neglected, 
when there results 

z (i + ~b/c,J Y'" - Y" 
106 

+/----ohms 
wlC,. + Cbl 

For many measurements, C,. may be 
100 micromicrofarads. Cb = 0 for 
very low values of Z and for highly 
reactive values of Z. For unknowns 
that are principally resistive and of 
low or medium value, Cb may take 
sizes up to 300 to 500 micromicro
farads. When Cb = 0 

I . 106 

Z = Y"' _ Y" + J - ohms wC., 
and the "second" reading above be
comes the "initial", with C' = C" 
in the formulas. 

Porallel•T (symmetrical) 

Conditions for zero transfer are 

w2C1C2 = 2/R22 

w2C12 = 1 /2R1R2 
C2R2 4 C1R1 

Rz Rz 

When used as a frequency-selective 
network, if we make R2 = 2R1 and 

C2 = 2C1 then 

f = 1 /21rC1R2 = I /27rC2R1 

For additional information, see G. E. Valley, 
Jr. and H. W oilman, "Vacuum Tube Ampli
fiers," McGraw-Hill Book Company, Inc., 
New York, N. Y.; 1948: pp. 387-389. 

Twln-T admittance-measuring circuit 

(General Radio Co. Type 821-A) 

This circuit may be used for measur
ing admittances in the range some
what exceeding 400 kilocycles to 
40 megacycles. It is applicable to the 
special measuring techniques de
scribed above for the 0-meter. 

Conditions for null in output 

G + G1 = Rw2C1C21l C0 /Cal 
C +Cb= l/w 2L 

- C1C2 (_I_ + _I_ + _I_) 
C1 C2 Ca 

With the unknown disconnected, call 
the initial balance c; and c;. 
With unknown connected, flnal bal
ance is C't and C';. 

Then the components of the unknown 
Y = G + jwC are 

c = c~ c': 
G = Rw2C1C2 IC" - C'I 

Ca O 
' 
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• Iron-core transformers and readors 

Iron-core transformers are, with few exceptions, closely coupled circuits 
for transmitting alternating-current energy and matching impedances. The 
equivalent circuit of a generalized transformer is shown in Fig. 1. 

a = turns ratio = N,,/N, 
C,, = primary equivalent shunt capaci

tance 
C, = secondary equivalent shunt capaci

tance 
Ea = root-mean-square generator volt• 

age 
E0 u, = root-mean-square output voltage 

k coefficient of coupling 

Fig. I-Equivalent network of a transformer. 

Lp primary inductance 
J,, = primary leakage inductance 
/, secondary leakage inductance 

Re = core-loss equivalent !lihunt 
resistance 

Ra = generator impedance 
Ri = load impedance 
R,, = primary-winding resistance 
R, = $econdary-winding resistance 

Maior transformer types used in electronics 

Power transformers 

Power transformers operate from o source of nearly zero impedance at 
a single low frequency, primarily to transfer power at convenient voltages. 

Rectifier plate and/or filament: Power rectifiers and tube heaters. 

Vibrator power supply: Permit the operation of radio receivers from direct
current sources, such as automobile batteries, when used in conjunction 
with vibrator inverters. 

Scott connection: Serve to transmit power from 2-phase to 3-phase sys
tems, or vice versa. 

Autotransformer: Is a special case of the usual isolation type in that a part 
of the primary and secondary windings are physically common. The size, 
voltage regulation, and leakage inductance are, for o given rating, less 
thon those for an isolation-type transformer handling the some power. 
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Major transformer types used in electronics continued 

Audio-frequency transformers 

Match impedances and transmit audio frequencies. 

Output: Couple the plate(sl of an amplifier to on output load. 

Input or interstage: Couple a magnetic pickup, microphone, or plate of a 
tube to the grid of another tube. 

Driver: Couple the plate (s) of a driver stage (preamplifier) to the grid !s) 
of on amplifier stage where grid current is drawn. 

Modulation: Couple the plate(s) of an audio-output stage to the grid or 
plate of a modulated amplifier. 

High-frequency transformers 

Match impedances and tr<Jnsmit a band of frequencies in the carrier or 
higher-frequency ranges. 

Power-line carrier-amplifier: Couple different stages, or couple input and 
output stages to the line. 

Intermediate-frequency: Are coupled tuned circuits used in receiver inter
mediate-frequency amplifiers to pass o bond of frequencies (these units may, 
or may not hove magnetic cores). 

Pulse: Transform energy from a pulse generator to the impedance level of 
o load with, or without, phase inversion. Also serve as interstage coupling 
or inverting devices in pulse amplifiers. Pulse transformers may be used to 
obtain low-level pulses of a certain repetition rate in regenerative-pulse. 
generating circuits (blocking oscillators). 

Sawtooth-amplifier: Provide a linear sweep to the horizontal plates of o 
cathode-ray oscilloscope. 

Major reactor types used in electronics 

Filter: Smooth out ripple voltage in direct-current supplies. Here, swinging 
chokes ore the most economical design in providing adequate filtering, in 
most coses, with but a single filtering section. 

Audio-frequency: Supply plate current to a vacuum tube in parallel with 
the output circuit. 

Radio-frequency: Poss direct current and present high impedance at the 
high frequencies. 

Wave-tilter: Used as filter components to aid in the selection or rejection 
of certain frequencies. 
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Special nonlinear transformers and reactors 

These make use of nonlinear properties of magnetic cores by operating 
near the knee of the magnetization curve. See pp. 323-326. 

Peaking transformers: Produce steeply peaked waveforms, for firing 
thyrotrons. 

Saturable-reactor elements: Used in tuned circuits; generate pulses by 
virtue of their saturation during a fraction of each half cycle. 

Saturable reactors: Serve to regulate voltage, current, or phase in conjunc
tion with glow-discharge tubes of the thyratron type. Used os voltage
regulating devices with dry-type rectifiers. Also used in mechanical vibrator 
rectifiers and magnetic amplifiers. 

Design of power transformers for rectifiers 

The equivalent circuit of a power 
transformer is shown in Fig. 2. 

a. Determine total output volt-am
peres, and compute the primary 
and secondary currents from 

/, = K'/dc 

Fig. 2-Equivalenl network of a power trans
former. lp and l, may be negleded when there 
are no strict requirements on voltage regulation. 

where the numeric 0.9 is the power factor, and the efficiency 71 and the 
K, K' factors are listed in Figs. 3 and 4. £pip is the input volt-amperes, 
lac refers to the total direct-current component drown by the supply; and 

Fig. 3-Factors K and K' for singla-phaH• 
redlflar supplies. See pp. 306-307 for more 
complex circuits. 

fllter K K' 

Full-wave, 
Capacitor input 0.717 1.06 
Reactor input 0.5 0.707 

Half-wave, 
Capacitor input 1.4 2.2 
Reactor input 1.06 1.4 

Fig. 4-Efflclency of varlotJS sizes of 
power supplies.* 

approximate 
walls efficiency In 
output percent 

20 70 
30 75 
40 80 

80 85 
100 86 
200 90 

* From "Radio Component$ Handbook," Technical Advertising Assoc1alll$; Cheltenham, Pa,, 
May, 194&. p. 92. 
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Design of power transformers for rectifiers continued 

the $Ubscripts pl and n/ refer to the volt-ampere$ drawn from the plate
supply and filament-supply !if present) windings, respectively. E. is the total 
voltage across the secondary of the transformer. 

E. = 2.35 Ede 

for single-phase full-wove rectifier. 

Ede is the direct-current output voltage of the rectifier. Factor 2.35 is twice 
the ratio of root-mean-square to average values plus an allowance for 
5-percent regulation. 

Where o transformer is operated at different loads according to a regular 
duty cycle, the equivalent volt-ampere !VAi eq roting is computed as follows: 

IVAleq = [IVA121t1 + IVAl22t2 + IVAl 2
ata + ... IVAIVn]½ 

t1 + t2 + ta + . . . tn 

where IVA)i = output during time (ft), etc. 

Example: 5 kilovolt-ampere output, I minute on, I minute off. 

[
(50()())2 (11 + (QJ2 (1)]½ [(50QOJ2]½ 

IVAleq = ------- = --
1 + 1 2 

= 5000/(2)½ = 3535 volt-amperes 

b. Compute the size of wire of each winding, on the basis of current 
densities given by 

For 60-cyde sealed units, 

amperes/inch2 = 2470 - 585 log Wout 

. . [ I !in amperes! ]½ 
or, inches d1ameter = 1.13 

2470 - 585 log W out 

For 60-cyde open units, uncased, 

amperes/inch2 = 2920 610 log Wout 

. . [ J lin amperes) ]½ 
or, inches diameter = 1.13 

2920 - 610 log Wout 

c. Compute, roughly, the net core area 

A - VW::✓60 c - --- - inches2 

5.58 I 
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Design of power transformers for rectifiers continued 

where f is in cycles (see also Fig. 51. Select a lamination and core size from 
the manufacturer's data book that will nearly meet the space requirements, 
and provide core area for a flux density Bm not to exceed the values shown 
in Fig. 10. Further information on available core materials is given in Fig. 6. 

d. Compute the primary turns Np from the transformer equation 

with Ac in square centimeters and Bm in gausses. Then the secondary turns 

!this allows 5 percent for IR drop of windings). 

e. Calculate the number of turns per layer that con be placed in the 
lamination window space, deducting from the latter the margin space 
given in Fig. 7 !see also Fig. 81. 

Fig. 5-Equivalent LIZ and EI ratings of power transformers: B., flux density in 
gausses: EI = volt-amperes. This table gives the maximum values of LIZ and EI ratings 
at 60 and 400 cycles for various size cores. Ratings are based on a 50.degree
centlgrade rise above ambient. These valuas can be reduced to obtain a smaller 
temperature rise. EI ratings are based an a two-winding transformer with normal 
operating voltage. When three or more windings are required, the EI ratings should 
be decreased slightly. 

al 60 cyclas at 400 cycles 
tongue 
width stack amperas 

I 
El-type of E height per 

L(2 El a .. • El Bm* punchings In inches in Inches Inch' 

0.0195 3.9 
i 

14,000 9.5 I 5000 21 ½ ½ 3200 
0.0288 5.8 14,000 15.0 I 4900 62.5 ! i 2700 
0.067 13.0 14,000 30.0 4700 75 ¾ i 2560 
0.088 17.0 14,000 38.0 , 4600 75 ,l 1 2560 • 
0.111 24.0 13,500 50.0 4500 11 l ¼ 2330 
0.200 37.0 13,000 80.0 4200 12 1 J 2130 
0.300 54.0 13,000 110.0 4000 12 1 1½ 2030 
0.480 82.0 12,500 180.0 3900 12.5 1¼ 1¼ 1800 

0.675 110.0 12,000 230.0 3900 12.5 1¼ 1¾ 1770 
0.850 145.0 12,000 325.0 3700 13 1½ 1½ 1600 
1.37 195.0 11,000 420.0 3500 13 I½ 2 1500 
3.70 525.0 10,500 1100.0 3200 19 1¾ 1¾ 1220 

From "Radio Components Handbook," Technical Advertising Associoles1 Cheltenham, Pa,1 
Moy, 1948, seep, 92. 

* 8., refers to 29-gavge silicon steel, 14 mils thick. 



fig. 6--Dala on metalllc care materials.• 

composition In characteristic permeablllty 
metal or material or percent properly or I ma:;:~m alloy trade name (remainder Is Iron) application initial 

Silicon-Iron 4 Si Transformer 400 7,000 

Hypersil 

Grain 
Trancor 3X 3.5 Si 

oriented 
1,500 35,000 

Silicon-iron 
Silectron 

High-
Sendust 9.5 Si, 5.5 Al freauency 30,000 120,000 

powder 

Hyperco 35 Co, 0.5 Cr 
High 650 10,000 

Cobalt-iron 
Permendur 2V 49 Co, 2 V saturation 

800 4,500 

Perminvar 45-25 45 Ni, 25 Co 400 2,000 

Perminvar 7-70 70 Ni, 7 Co 
11Constont'• 

850 4,000 
permeability 

Conpernik 50 Ni 1,500 2,000 
-·-

Nickel-iron lsoperm 36 36 Ni, 9 Cu 
High 

60 65 

lsoperm 50 50 Ni frequency 
90 100 

Permalloy 45 45 Ni 2,700 23,000 

Allegheny 4750 47 to 50 Ni 9,000 50,000 
Combine 

Armco 48 48 Ni good -
permeability 

Nicaloi and 0ux - -
49 Ni density 

High Perm 49 5,000 50,000 

: Hipernlk 50 Ni, Si, Mn 4,000 100,000 

direct-
current residual 
salura- lnduc• 
lion In tion in 

kilo- kilo-
gausses gausses 

20 12 

20 13.7 

10 5 

>13 
24 

14 

15.5 3.3 

12.5 2.4 

16 

- -

16 

16.5 a 

6.2t 

16 -

6.5 

at 

resls-
tlvity In 

coercive mlcrohm-
force in centi-
oersteds meters 

0.5 60 

0.1 
to 50 
0.3 

0.05 80 

>1 28 

2 25 

1.2 20 

0.6 15 

- 45 

- 70 

40 

0.3 45 

a.oat 52 

- -
- -

0.03 43 

0.03t 45 

curie 
temper-
alure in 
degrees 

centi-
grade 

690 

750 

-

970 

980 

715 

650 

-

300 

500 

440 

430 

-

-
47!; 

500 

r-...::> __, 
c::r.> 

~ 
= ;ID --



Nickel-iron 
cont. 

I Monimax 

Sinimax 

Permenorm SOOOZ 

Permenite 

Deltomax 

Hypernik V 

Orthonik 

Orthonol 

Permalloy 65 

Alloy 1040 

Mumetal 

Permalloy 78 

Mo-Permalloy 4-79 

Su permalloy 

Hymu 80 

47 Ni, 3 Mo 

42 Ni, 3 Si 

45 to so Ni 

65 to 68 Ni 

72 Ni, 14 Cu, 3 Mo 

77 Ni, 5 Cu, 2 Cr 

78 Ni, 0.6 Mn 

79 Ni, 4 Mo 

79 Ni, 5 Mo 

80 Ni 

High 
2,000 

resistivity 3,500 

400 
to 

Rectangular 1,700 
hysteresis 

loop 

1,500 

40,000 

20,000 

Highest 9,000 
permea-

bility, 20,000 
low 

saturation 55,000 
to 

150,000 

10,000 

38,000 15 - 0.06 80 390 

30,000 11 O.l 90 290 

40,000 15.5 13 0.2 40 450 
to to to I to to to 

100,000 16 15 0.4 50 500 

250,000 
to 13 13 0.03 20 600 

600,000 

6 2.5 0.02 55 290 

100,000 8 6 60 400 

10.7 6 0.05 16 580 

75,000 8 5.5 55 

500,000 6.8 0.002 
to to - to 65 400 

1,000,000 7.8 0.05 

100,000 8 - 0.06 5A 460 

* Reprinted by permission from an article by S. R. Hoh, "Evaluation of High-Performance Magnetic Core Materials IPart ll ," Tele-Tech and Electronic Indus
tries, vol. 12, pp. 86-89, 154-156; October, 1953. 
t Bmax 10,000 gausses. 
Nole I-The table shows characteristics as listed by the manufacturers. The parameters of different lots of material may vary considerably from the above 
values. In the cases of residual induction and coercive force, the difference may amount to 50 percent. 
Note 2-For information on ferrite materials, see page 74. 
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continued Design of power transformers for rectifiers 

234.5 + T 
l'lg. 7-Wlre table for transformer design. The resistance Rr at any temperature T Is given by Rr = 

2 
+ X r, where t = reference 

temperature of winding, and r = resistance of winding al temperature t, all in degrees centigrade, 34•5 t 

diam- In Inches 
AWG I I B&S single double 
gauge bCll"e forn,yr fo,mvar 

10 0.1019 0.1039 0.1055 
II 0.fJ9fJl 0.0927 0.0942 
12 O.Ol!OS 0.0827 0.0842 
13 0.0719 0.0738 0.0753 
14 0,0641 0.0659 0.0673 

15 0.0571 0.0588 0.0602 
16 0.0508 0.0524 0.0538 
17 0.0453 0.0469 0.0482 
18 0.0403 0.0418 0.0431 
19 0.0359 0.0074 0.0086 

20 0.0020 0.0334 0.0346 
21 0.0285 0.0299 0.0310 
22 0.0253 0.0266 0.02n 
23 0.0226 0.0239 0.0249 
24 0.0201 0.0213 0.0223 

25 0,0179 0.0190 0.0200 
26 0.0159 0.0169 0.0179 
27 0.0142 0.0152 0.0161 
28 0.0126 0.0135 0.0145 
29 0.0113 0.0122 0.0131 

30 0.0100 0.0109 0.0116 
31 0.0089 0.0097 0.0104 
32 0.0080 0.0088 0.:::094 
33 0.0071 0.0079 0.0084 
34 0.0063 0,0070 0,0075 

35 0.0056 0.0062 0.0067 
36 0.0050 0.0056 0.0060 
37 0.0045 0.0050 0.0054 
38 0.0040 0.0045 0.0048 
39 0.0035 0.0040 0.0042 
40 0.0031 0.0036 0.0038 

*Dimensions very nearly the some as for enamelled wire. 
tValues ore at 20 degrees centigrade. 
tK = kraft paper, G = glossine, 

turns 

I I -Inch space 
(formvar) f«ctor 

8 90 
9 90 

JO 90 
12 90 
13 90 

15 90 
17 90 
19 90 
21 90 
23 90 

26 90 
30 90 
33 90 
37 90 
42 90 
47 90 
52 89 
57 89 
64 89 
71 89 

80 89 
88 88 
98 88 

110 88 
124 88 
140 88 
155 87 
170 87 
193 87 
215 86 
239 86 

I 

ohms per I 1000 flt 
0.9989 
1.260 
1.588 
2.003 
2.525 

3.184 
4.016 
5.064 
6.385 
8.051 

10.15 
12.80 
16.14 
20.36 
25.67 

32.37 
40.81 
51.47 
64.90 
81.83 

103.2 
130.l 
164.l 
206.9 
260.9 

329.0 
414.8 
523.1 
659.6 
831.8 

1049 

pounds 

I 
margin 

I 
•-lay• I AWG - min lnsulatlont B&S 

1000 ft Inches I gauge 

31.43 0.25 0.0101( 10 
24.92 0.25 O.OIOK 11 
19.71 0.25 0.0101( 12 
15.68 0.25 0.0101( 13 
12.43 0.25 0.0101( 14 

9.858 0,25 0.010K 15 
7.818 0.1875 0,0101( 16 
6.200 0.1875 0.007K 17 
4.917 0.1875 0.007K 18 
3.899 0.1562 0.0071( 19 

3,092 0.1562 0.0051( 20 
2.452 0.1562 0.005K 21 
1,945 0.125 0.003K 22 
1.542 0.125 O.OOOK 23 
l.223 0.125 0.002G 24 

0.9699 0.125 0.002G 2S 
0.7692 0.125 0.002G 26 
0.6100 0.125 0.002G 27 
0.4837 0.125 0.0015G 28 
0.3836 0.125 0.0015G 29 

0.3042 0.125 0.0015G 30 
0.2413 0.125 0.0015G 31 
0.1913 0.0937 0.0013G 32 
0.1517 0.0937 0.0013G 33 
0.1200 0.0937 0.001G 34 
0,0954 0.0937 O.OOIG 35 
0.0757 0.0937 0.001G 36 
0.0600 0.0937 O.OOIG 37 
0.0476 0.0625 O.OOIG 38 
o.03n 0.0625 0.0007G 39 
0.0299 0.0625 0.0007G 40 

Additional data on wire will be found on pp. 50-57 
and p, 114. 

........::, 
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IRON-CORE TRANSFORMERS AND REACTORS 

Design of power transformers for rectifiers continued 

A,= core area = lgp)k 

a = height of coll 

= coil-build · 

b = coil width 

g width of lamination tongue 

le = overage length of magnetic-flux path 

k = stocking factor 
,as 0,90 for 14-mil lominotlon 
= 0.80 for 2-mil lamination or ribbon

wound core 

m = marginal space given in fig. 7 

p = height of lamination stock 

t thickness of interlayer insulation 

w = width of core window 

T = window length tolerance 
= 1/16 inch, total 

Fig. a-Dimensions relating lo Iha design of a transformer coil-build and core. 

279 

f. From Id) and !el compute the number of layers n1 for each winding. 
Use interlayer insulation of thickness t as given in Fig. 7, except that the 
voltage stress should be limited to 40 volts/mil. 

g. Calculate the coil-build a: 

a = l.1[n1!D + ti - I+ 1.] 
for each winding from (bl and (fl, where D = diameter of insulated wire 
and 10 = thickness of insulation under and over the winding; the numeric l. l 
allows for a 10-percent bulge factor. The total coil-build should not exceed 
85-90 percent of the window width. !Note: Insulation over the core may 
vary from 0.025 to 0.050 inches for core-builds of ½ to 2 inches.I 

h. Compute the mean length per turn (MLTI, of each winding, from the 
geometry of core and windings as shown in Fig. 9. Compute length of each 
winding NIMLTI. 

IMLTli = 21r + JI + 21s + JI + 1ra1 
IMLTh = 2!r + JI + 21s + Jl + 1rl201 + 021 

where 

01 = build of first winding 
02 = build of second winding 

J = thickness of winding form 
r,s = winding-form dimensions 
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Design of power transformers for redifters continued 

i. Calculate the resistance of each winding from (hl and Fig. 7, and deter
mine IR drop and I2R loss for each winding. 

j. Make corrections, if required, in 

the number of turns of the windings 

to allow for the IR drops, so as to 

have the required f,: 

k. Compute core losses from weight 

of core and the table on core mate

rials, Fig. 10, or the graph, Fig. I 1. 

~-

(MLTl, coil I 

Fig. 9--Dimensions relating to coil mean 
I. Determine the percent efficiency length af turn (MLTI. • 

'1 and voltage regulation !vrl from 

Wout X 100 T)=---------------
Wout + !core loss! + !copper loss) 

{vrl 
E, 

m. For a more accurate evaluation of voltage regulation, determine 
leakage-reactance drop = Id.wl.J21r, and add to the above (vr) the 
value of !Id,wl,01 /21rEdc• Here, l,0 leakage inductance viewed from the> 
secondary; see "Methods of winding transformers", p. '299 to evaluate l,0 • 

Fig. 10--Typical operating conditions for care materials at various frequendes. 

J 1amlnatlon 
approxi- approxi-

core flux mate core mate 
frequency thickness core density Bmo, loss in exciting 
in cycles I In inches material In gausses watts/lb (VA)/lb 

25 0.D25 2.S.percent silicon 14,000 0.65 4.0 
60 0.014 4-percent silicon 12,000 0.80 6.0 

60 0.014 Groin-orient. silicon 15,000 1.0 6.0 
400 0.004 Groin-orient. silicon 10,000 4.5 lO.O 

800 0.004 Groin-orient. silicon 6,000 4.5 10.0 
16,000 Ferrite 1,000 5.0 
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Design of power transformers for rectifters continued 

Fig. 11-Typical 
core lo11es. 
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Design of power transformers for rectifJers continued 

n. Bring out all terminal leads using the wire of the coil, insuloted with 
suitable sleevings, for all sizes of wire heavier than 21; and by using 7-30 
stranded and insulated wire for smaller sizes. 

Effect of power frequency on design: Design procedure is similar to that 
described above for 60-cycle transformers except for the flux density at 
which the core is operated. Operation at lower frequencies requires a 
larger core (see equation in paragraph (cl obovel although reduction of 
core loss partially compensates the size increase. As on example, a 25-cycle 
transformer is approximately twice as large as its 60-cycle equivalent. 

High-frequency operation !fig. 10) normally results in size and weight 
reduction and is used primarily in aircraft applications where power-supply 
frequencies are usually 400 or 800 cycles. A smaller core results from in
creased frequency; but greatly increased losses IFig. 11) prevent propor
tional size decrease from 60-cycle equivalent. Use of thinner laminations par
tially compensates the effects of losses permitting further reduction in size. 
Voltage drop due to leakage reactance has greater effect than at 60 cycles 
and may require interleaved winding. 

Television flyback transformers supply power at 16 kilocycles, where normal 
core materials are not satisfactory since extremely thin, (0.001- to 0.002-
inchl and expensive laminations are required. Molded ferrite cores are 
normally used due to their excellent loss characteristics at these frequencies. 

Design of Riter readors for rectifiers and plate-current supply 

These reactors carry direct current and are provided with suitable air-gaps. 
Optimum design data may be obtained from Hanna curves, Fig. 12. These 
curves relate direct-current energy stored in core per unit volume, Lld0

2/V 
to magnetizing field Nld./1. (where le = average length of flux path in 
core), for an appropriate air-gap. Heating is seldom a factor, but direct
current-resistance requirements affect the design; however, the transformer 
equivalent volt-ampere ratings of chokes lfig. 51 should be useful in deter
mining their sizes. This is based on the empirical relationship (VAl eq = lBBLldl· 

As an example, take the design of a choke that is to have an inductance of 
10 henries with a superimposed direct current of 0.225 amperes, and a 
direct-current resistance ~ 125 ohms. This reactor shall be used for sup
pressing harmonics of 60 cycles, where the alternating-current ripple 
voltage (2nd harmonicl is about 35 volts. 
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a. U2 = 0.51. Based on data of Fig. 5, try 4-percent silicon-steel core, 
type El-12.5 punchings, with a core-build of 1.5 inches. From manufacturer's 
data, volume = 13.7 inches3

; }, = 7.5 inches; A. 1.69 inches2
• 

b. Compute lldHV = 0.037; from Fig. 12, Nlctc!l, 85; hence, by substitu-
tion, N 2840 turns. Also, gap ratio Juf 10 = 0.003, or, total gap lu = 22 mils. 

E X 108 . 
Alternating-current flux density B,,. = --- = 210 gausses, where A, 1s 

4.44fNA0 

in square centimeters. 

c. Calculate from the geometry of the core, the mean length/turn, (MLTI 
= 0.65 feet, and the length of coil N(MLTl 1840 feet, which is to 
have a maximum direct-current resistance of 125 ohms. Hence, Rd./ N (ML Tl 
= 0.068 ohms/foot. From Fig. 7, the nearest size is No. 28. 

0.01 n ,n.n1 ffi II 1,/1 " ,, 
,I ,, 

/I/,. , 
l/1, 1, .. , 

m (; 
••••• A I Ill/ scoleC ~~ • 

i .,, ;; 
I [JI ., 

,& .. 

0.001 

- I, V ,, € 
I 1- - ,d, ,;:>< 

-:o r: ~~ ~ V ~v el£ 

1/2 I/~ ji it ,i,!! 1/ v.;~ ~~ ·a i I.I. -e , ,,. r/ ,, 
u• . , , /. ,,,, , 

:ff> ~ , ,I ,,; r,,; ,I// 

A \ I 1/,; /J. 
~ " 

... , /./,; / ~ 
h ;I(_ \ 

seole 8 //; 
B=lOOOgousses 

'/ff ~ '-8 • 100 goUSSH h\\ /2 1/ - B = 10 gausses 
; \\) 71/ 

0.0001 o_o1 ll'l()OI 

~7 

I 2 10 2 5 100 

0.387 X (ampere-turns/inch) 

Fig. 12-Hanna curvH for 4-percenl silicon-steel core material. 
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d. Now see ii 2840 turns of No. 28 single-Formex wire will flt in the window 
space of the core. (Determine turns per layer, number of layers, and coil
build, as explained in the design of power transformers.I 

e. This is an actual coil design; in case lamination window space is too small 
lor too large) change stack of laminations, or size of lamination, so that the 
coil meets the electrical requirements, and the total coil-build "" 0.85 to 
0.90 X !window width). 

Note: To allow for manufacturing variations in permeability of cores and 
resistance of wires, use at least 10-percent tolerance. 

Swinging reactors: Used where direct current in rectifier circuit varies. 
Reactor is designed to saturate under full-load current while providing 
adequate inductance for filtering. At light-load current, higher inductance 
is available to perform proper filtering and prevent "capacitor effect." 
Equivalent size to 60-cycle power transformer is approximated as 

(VAleq = 188(Lmax X Lm1nl½ f2dc (max) 

Design is similar to normal reactor and is based on meeting both L and Ide 
extremes. Typical swing in inductance is 4: l for a current swing of 10: l. 

Design of wave-filter reactors 

Wave-filter reactors must have high Q to provide attenuation ot frequencies 
immediately off the poss band. Materials listed in Fig. 6 having both high 
initial permeability and high resistivity are generally suitable. Additional 
data on a few materials is given in Fig. 13. 

Cores are usually molded from powdered materials or wound from very thin 
strips to reduce eddy-current losses. They are usually of toroidal or "pot" 
form to minimize leakage flux. Maximum Q is obtained when: 

(copper loss) = !core loss) 

The inductance is given by 

L = 1 
·
25

N
2
Ac 10-s henries 

/ 0 + 1./ /J,o 

where dimensions ore in centimeters and µ.0 = initial permeability. This ~ela
tionship is valid primarily where the air-gap /0 is small. Where large gaps 
are encountered, the effects of fringing flux at the gaps must be considered 
since the effective gap is generally smaller than the physical gap.* 

* P. K. McElroy, "Those Iron-Cored Coils Again", Genera/ Radio Experimenter, vol. 21, pp. 2-81 
January, 1947. 
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Fig. 13-Charaderlstics of some core materials for wave-fllter readors.* Re/IL µ 0(a8., + c) + µoef, where 10 = ohms resistance due to core loss• 
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*Additional dota on metallic core materials will be found on p. 276. Ferrite materials are listed on p. 74. 
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tDoto on molybdenum-permalloy dust and definition of constants o, c, and e ore from on article by V. E. Legg, and F. J. Given, "Compressed Powdered 
Molybdenum-Permalloy for High-Quality Inductance Coils," Bell System Technico/ Journol, v. 19, pp. 385-406; July, 1940, 
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Design of wave-filter reactors continued 

When using molybdenum-permalloy-dust toroidal cores, the inductance is 
given by 

L = l.25N2A X 10-s f 125 le fl.et or µ., = 

L = 0.85 l.
25t2

A µ.1 X 10-s for µe1 = 65 

Ferrite cores may be used, but many ferrites have high temperature co
efficients of resistance and low curie temperatures (see page 741. 

Small gaps in filter cores will reduce losses, improve Q, stabilize constants 
for varying alternating voltage, and reduce the effects of temperature 
changes in the case of ferrite cores. 

Design of audio-frequency transformers 

Important parameters are: generator and load impedances R0, Ri, respectively, 
generator voltage E,;, frequency band to be transmitted, efficiency (output 
transformers only), harmonic distortion, and operating voltages (for ade
quate insulation). 

At mid-frequencies: The rela
tive low- and high-frequency 
responses are taken with re
ference to mid-frequencies, 
where 

aEout = _______ _ 
E0 11 + R,/Rzl + R1/ a2R1 

At low frequencies: The equiv
alent unity-ratio network of a 
transformer becomes approx
imately as shown in Fig. 14: 

Amplitude 

Phase angle 

where 

1 

VJ + (R'varfXm1 2 

R' = tan-1 -~ x,,. 

Fig. 14-Equlvalent network of an audio-frequency 
transformer al low frequencies. R1 = R0 + ll11 and 
R2 = ll, + ll1. In a good output transformer, R,., ll., 
and R, may be neglected. In Input or interstage 
transformers, R, may be omitted. 
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At high frequencies: Neglecting the effect of winding and other capacitances 
{as in low-impedance-level output transformers), the equivalent unity-ratio 

network becomes approximately as in Fig. 15: 

Amplitude 
1 R9"Rp+a

1
Rs 

-V1 + IXi/R',.,1 2 

Xi 
Phase angle = tan-1 -,-

R.., 

where 

R' 
"" Fig, IS-Equivalent network of an audio-fre

quency fl'ansformer at high frequencies, negledlng 
Xi 2rf l .,,r, the effect of the winding shunt capacitances. 

l..,r, = inductance measured across primary with secondary short-circuited 

= JP+ a2J, 
0 1.0 

E ., 
"' 0.9 
~ 
0 
> 

" > 0.8 s: 
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Courtesy of McGraw·Hi/1 Publishing Company 

Fig. 16-Universal frequency and phase response of output transformers. 
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These low- and high-frequency responses are shown on the curves of 
Fig. 16. 

Jf at high frequencies, the effect 
of winding and other capaci
tances is appreciable, the equiv
alent network on a I :l-turns
ratio basis becomes as shown 
in Fig. 17. The relative high
frequency response of this net
work is given by 

(R1 + R2l/R2 

1(~+~)2 + (~ -~ -1)2 \J Xe R1 Xe R1 

,_ 
·+2 " C 

~ 
:, 
O" 
~ 

,l: 0 
C 

" 'ti 
~ 

E -2 
E 
l 
C 

~ -4 

.!:! 
l; 
• 
-.; -6 
.Jl 
·.:; 
~ .,, 

-8 

-10 

-12 
0.1 0.2 

c, 

Fig. 17-Equivalent network of o 1:1-turns-ratio 
audio-frequency transformer at high frequencies 
when effect of winding shunt capacitances is appre
ciable. In c, step-up transformer, C2 = equivalent 
shunt capc,citances of both windings. In c, step
down trc,nsformer, C2 shunts bath leakage in
ductances and R2• 

M ~ LO 

f/fr R, X1 
Reprinted from "Electronic Transformers and Circuits," (\,,--t'YY'I""'--~.,___, 
by R. lee, 2nd ed., p. 151, 1955; by permission, John 
w;/ey & Son,, N. Y. 

Fig. 1 a-Transformer chc,rocleristlcs at 
high frequencies for matched imped
ances. At frequency f,, Xi = Xe and 
8 = Xc/R1• 
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This high-frequency response is plotted in figs. 18 and 19 for R1 = R2 
(matched impedances), and R2 = ro (input and interstage transformersl 
based on simplified equivalent networks as indicated. 

Harmonic distortion requirements may constitute a deciding factor in the 
design of transformers. Such distortion is caused by either variations in 
load impedance or nonlinearity of magnetizing current. The percent har
monic voltage appearing in the output of a loaded transformer is given by* 

{percent harmonics) = ~ ~ R' par (1 - R' par) 
Er fr X,,. 4Xm 

where JOO In/fr = percent of harmonic current measured with zero
impedance source (values in Fig. 20 ore for 4-percent silicon-steel core!. 

*N. Portridge, "Hormonic Distortion in Audio-Frequency Tronsformers," Wireless Engineer, 
v. 19; September, October, and November, 1942. 

Q.05 

f/f, 
OJ 0.2 

Reprinted from 11Electronic; Transformers and Circuils/' 
by R. lee, 2nd ed., p. 153, 1955, by permission, John 
Wiley & Sons, N. Y. 

fig. 19-lnput- or Interstage-transformer 
characteristics at high frequencies. At fr, 
X, = Xe and 8 X,/R1• 0-

2.0 



290 CHAPTER 11 

Design of audio-frequency transformers conlirrued 

Fig. 20-Harmonics produced by varlaus flux densities 8.,. In a 4-percenl 1lllcon-1teel
care audio transformer. 

B.,. percent 3rd harmonic percent 5th harmonic 

lOO 4 1.0 
500 1 1.5 

1,000 9 2.0 

3,000 15 2.5 
5,000 20 3.0 

10,000 30 5.0 

Insertion loss: loss introduced in circuit by addition of transformer. At 
midband, loss is caused by winding resistance and core loss. Frequency 
discrimination odds to this at low and high frequencies. Insertion loss is 
input divided by output expressed in decibels or, in terms of measured 
voltages and impedance: 

!db insertion loss) = JO I Ei Ri 
og 4 Ei R

0 

Impedance match: For maximum power transfer, the reflected load impe
dance should equal generator impedance. Winding resistance should be 
included in this calculation: For matching, 

Ru = o2 U?1 + R,l + Rp 

Also, in properly matched transformer, 

Ru = a2 Rz = IZ.,. X Zscl½ 

where 

Z00 = transformer primary open-circuit 
impedance. 

Z.,, = transformer primary impedance 
with secondary winding short
circuited. 

Where more than one secondary is 
used, the turns ratio to match im
pedances properly depends on the 
power delivered from each winding. 

R1 =GOO ohms 

5 
Fig. 21-Mullisecondary audio trans
former. 
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Example:. Using Fig. 21, 

N2 ( 10 lO)''i --- = - X - = 0 102 
Np 600 16 . 

Ns 
(6: X ~Yi 0.161 

Np 

N4 (100 1 )½ - X - = 0102 
Np 600 16 . 

Example of audio-output-transformer design 

This transformer is to operate from a 4000-ohm impedance; to deliver 
5 watts to a matched load of 10 ohms; to transmit frequencies of 60 to 
15,000 cycles with a V0 ut/V10 ratio of 7l percent of that at mid-frequencies 
1400 cycles!; and the harmonic distortion is to be less than 2 percent. 
(See Figs. 14 and 15.1 

a. We have: E, = (WoutRil½ = 7.1 volts 

I. = Wout/E. 0.7 amperes 

Then 

JP = l.1 J,/a = 0.039 amperes, and EP = 1.1 aE, = 156 

b. To evaluate the required primary inductance to transmit the lowest 

frequency of 60 cycles, determine R'se = R1 + a2R2 and R' var 

where R1 R9 + Rp and R2 = R1 + R,. We choose winding resistances 
R. = Rp/a2 = 0.05Ri = 0.5 

R1a2 X 100 
(for a copper efficiency = + 

2 
= 91 percent!. Then, 

IR1 R,la + Rp 

R'se = 2R1 = 8400 ohms, and R'par = Ri/2 = 2100 ohms. 

c. In order to meet the frequency-response requirements, we must have 

d • f' 16 Wtowlp Wi,tgh]••P h' h • Id accor mg to 1g. , -,- = = --,- , w 1c y1e 
Rpar Rse 

LP = 5.6 henries and J •• 0 = 0.089 henries 
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d. Harmonic distortion is usually a more important factor in determining 
the minimum inductance of output transformers than is the attenuation 
requirement at low frequencies. Compute now the number of turns and 
inductance for an assumed Bm = 5000 for 4-percent silicon-steel core with 
type El-12 punchings in square stack. From manufacturer's catalog, Ao 
(netl 5.8 centimeters2, le = 15.25 centimeters. From Fig. 22, µac "" 5000. 

Np = Ep X 10s = 2020 
4.44fA,Bm 

N. = 1.IN11/a 111 

lp = 1.25Np
2
µa0A, X 10_8 

le 
97 henries 

At 60 cycles, Xm = wlp = 36,600 and R' par/X,.. = 0.06. 

From values of lh/11 for 4-percent silicon-steel (See Fig. 201: 

~ R' par ( I R' par) = 0.0 I 2 or 1.2 percent 
Er l, X,.. 4X,.. 

e. Now see if core window is large enough to fit windings. Assuming a 
simple method of winding !secondary over the primary), compute from 
geometry of core the approximate (MLTl, for each winding IFig. 9l. 

~ 5000 
:ii 
0 ., 
E 
i 2000 

o 
c _, 1000 
~ 800 

-~ 600 

400 

200 

100 

t l I 
II~ 

.... 
I 11 .-( · I I 

=lli m~- ~ ... 
- __,,,,.- .... 

,_,. ..... ~ ~ .- .. ______..- ....- i,,' ... \ -i-,.- ~ Ho•I - --~ 

H0 •2 . 
~ - -· :--- H0 •5 - _jl+ ' H0 •IO \ 

I 
10 50 100 500 1000 5000 10,000 

8., = alternating flux density in gausses Ccwrtosy of Allegheny-Ludlum Corp., Pittsburgh, Pa. 

Fig, 22-lncremental permeability µ,00 characteristics of Allegheny audio-transformer 
"A" sheet steel at 60 cycles/second. No. 29 U.S. gauge, L-7 standard lamina
tions stacked 100 percent, interleaved. This is 4-percent slllcon-1teel core mate
rial. Ho = moqnelizlng fteld in oersteds. 
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Example of audio-output-transformer design continued 

For the primary, (MLTl = 0.42 feet and Np(MLTl = 850 feet. 

For the secondary, (MLTI = 0.58 feet and N,IMLTI = 65 feet. 

For the primary, then, the size of wire is obtained from 
Rp/NJJIMLT) = 0.236 ohms/foot; and from Fig. 7, use No. 33. 
For the secondary, R,/N,(MLTI = 0.008, and size of wire is No. 18. 

293 

f. Compute the turns/layer, number of layers, and total coil-build, as for 
power transformers. For an efficient design, (total coil-built) = 10.85 to 
0.90! X (window width! 

g, To determine if leakage inductance is within the required limit of le} 

above, evaluate 

l I0.6Nl!MLTJ 12nc + al 0 
036 

h . 
scP = 2 9 = . enries 

n b X 10 

which is less than the limit 0.089 henries of !cl. The symbols of this equation 
are defined in Fig. 28. If leakage inductance is high, interleave windings as 
indicated under "Methods of winding transformers", p. 298. 

Example of audio-input-transformer design 

This transformer must couple a 500-ohm line to the grids of 2 tubes in doss-A 
push-pull. Attenuation to be flat to 0.5 decibel over 100 to 15,000 cycles; 
step-up = 1: 10; and input to primary is 2 volts. 

a. Due to low input power, use core material of high permeability, such as 
4750 in Fig. 6. To allow for possible variation from manufacturer's stated 
value of 9000, assume µ 0 = 4000. Interleave primary between halves of 
secondary. Use No. 40 wire for secondary. For interwinding insulation use 
0.010 paper. Use winding-space tolerance of 10 percent. 

. , a2R1R2 
b. Total secondary load resistance = R par = ---- = a2R1 

o2R1 + R2 
= 500 X 102 = 50,000 ohms 

From universal-frequency-response curves of Fig. 16 for 0.5 decibel down 
at 100 cycles !voltage ratio 0.95), 

Wtowl, = 3 or L, = 240 henries 
R'par , 

c. Try Allegheny type El-68 punchings, square stock. From manufacturer's 
catalog, Ac = 3.05 centimeters, le = 10.5 centimeters, and window 
dimensions = ½½ X I* inches, interleaved singly: lu = 0.0005. 
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Example of audio-input-transformer design continued 

From formula L = 1.2SN
2

Ae X 10- 8 and above constants, compute 
lo + 1,/ p.o 

N, = 4400 
Np = N,/a = 440 

d. Choose size of wire for primary winding, so that RP= 0.1R0 = 50 ohms. 
From geometry of core, {Ml Tl = 0.29 feet; also, Rp/ Np (Ml Tl = 0.392, 
or No. 35 wire fD = 0.0062 for No. 35F). 

e. Turns per layer of primary= 0.9b/d = 110; number of layers np 
= Np/110 = 4; turns per layer of secondary 0.9b/d = 200; number of 
layers n, = N,/200 = 22. 

f. Secondary leakage inductance 

l _ 10.6N2,tMlTl (2nc + al X 10-9 
_ 

035 
h . 

•cs - n2b - . ennes 

g. Secondary effective layer-to-layer capacitance 

C. = 4C1 ( 1 _ ]._) 
3n1 n1 

(see p. 2991 where Ci 0.225A,Jt 1770 micromicrofarads. Substituting 
this value of Ci into above expression of C., we find 

C. = 107 micromicrofarads 

h. Winding-to-core capacitance = 0.225AE/t = 63 micromicrofarads (using 
0.030-inch insulation between winding and core!. Assuming tube and stray 
capacitances total 30 micromicrofarads, total secondary capacitance 

C, = 200 micromicrofarads 

i. Series-resonance frequency of l.0 and C, is 

1 
f, = ...J = 19,200 cycles, 

271" ]BOC. 

At fr, B = Xc/R1 = l/21rfrC,R1 = 0.83; at 15,000 cycles, f/Fr = 0.78. 

From Fig. 18, decibels variation from median frequency is seen to be less 
than 0.5. 

If it is required to extend the frequency range, use Mumetal core material 
for its higher µ0 120,0001. This will reduce the primary turns, the leakage 
inductance, and the winding shunt capocitance. 
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Considerations in audio-transformer design 

Output transformers 

These ore step-down low-impedance transformers in which the high
frequency response is governed mainly by leakage inductance since dis
tributed capacitance hos little effect on the low load impedance. Commonly 
used in the plate circuit of vacuum-tube amplifiers and thus hos direct current 
in the primary unless shunt feeding or push-pull operation is employed. 
Usually employ silicon steel with gapped construction. Since transmission of 
power is concerned, the efficiency should be high. 

Input and interstage transformers 

Such transformers ore usually step-up type to obtain as much voltage gain 
as possible to drive the grid of the following tube. The secondary works 
into a high impedance represented either by a shunt resistor or the grid 
itself. High-frequency response is analyzed in Fig. 19. 

When direct current is present in the primary, the incremental permeability 
is reduced as indicated in Fig. 22. This increases the number of winding turns 
required and the resulting increase in shunt capacitance makes it difficult to 
obtain good high-frequency response. When direct current is not present, 
high-permeability core material should be 
used. Since no power is transferred, the 
secondary wire size is limited only by 
winding techniques and is as small as 
possible. Low-frequency response con be 
manipulated where a coupling capacitor 
exists by applying filter theory to the 
coupling capacitance and to the induc
tances of the choke and primary winding 
as indicated in Fig. 23. 

fig, 23-Equlvalent Riter "* In de
termining th• low-frequency response 
of shunt-fed Interstage transformers. 

Interstage transformers usually hove ratios of 1 , 1 or slightly higher. Both 
primary and secondary impedances are rather high and are thus susceptible 
to shunt capacitances. 

Modulation transformers 

These transformers ore treated similarly to output transformers except 
that high power and low distortion must be given special consideration. 
This transformer usually works from a closs-B push-pull amplifier and it 
is essential that the load impedance remain fairly constant with a power 
factor near unity. Such a condition can be obtained in the normal modulation 
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Considerations in audio-transformer design continued 

circuit by treating the inductance of the transformer secondary, the coupling 
capacitance, and the inductance of the modulation choke as a high-pass 
filter with a cutoff frequency of ½ to ½ of the lowest frequency to be passed 
as indicated in Fig. 24A. 

C 

L 

A- ot low frequencies B- ot high frequencies 

Fig. 24-Equlvalent filters used In determining the low- and high-frequency responses of 
modulation transformers. 

For the high-frequency end, the transformer primary capacitance, leakage 
inductance, and secondary capacitance are treated as a low-pass filter 
with cutoff frequency from 2 
to 3 times the highest fre
quency to be transmitted !Fig. 
248). Modulation transformers 
commonly used in low-power 
circuits dispense with the 
modulation choke and coup
ling capacitor as indicated in 
Fig. 25. 

Driver transformers 

to screen 

E grid 

to screen 
supply 

E toplate} 
R - Vp 

to plate I Id• 
supply 

Fig. 25-Typical low-power modulation circuit. 

These transformers are used to drive high-power class-B amplifiers where 
the grids draw current over part of a cycle and thus require some power. 
Good regulation is a requirement to prevent poor waveform. The best way 
to do this is to employ a step-down ratio that will supply the necessary grid 
swing with adequate margin of safety. low winding resistances and low 
leakage inductance in each half of the secondary are required to maintain 
good regulation. 
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Considerations in audio-transformer design continued 

Class-A-amplifler transformers 

These transformers are used in common single-tube amplifier stages coupled 
by transformers. Since the tube is operated over the linear portion of its 
characteristic, minimum distortion is experienced, provided the transformer 
reflects the proper load to the tube. Unless shunt feed is used, the primary 
winding of the transformer carries the direct plate current. The alternating
current output consists of variations in the plate direct current. Input trans
formers ore essentially unloaded except for tube capacitance or shunt 
resistance since the grid never draws current. 

Class-8-amplifier transformers 

Closs-B amplifiers operate over o greater range of the tube characteristic 
than in class A and distortion is greater since port of the characteristic 
is nonlinear. Plate current flows essentially ½ cycle at o time since negative 
swings of the grid cutoff plate current resulting in slightly lower overage 
current than in the class-A case. The primary of transformer-coupled 
amplifiers carries direct current. The internal tube resistance varies greatly 
with grid voltage, thus the high-frequency response is difficult to predict. 
Input transformers hove to supply some grid power and driver-transformer 
theory applies to them. 

Push-pull-ampllfler transformers 

Class-A: Both tubes draw plate current at all times and thus contribute to 
output. For this reason, primary balance or coupling of the transformer is not 
too important and one-half of the winding may be placed over the other. 
Turns ratio of entire primary winding to secondary is equal to the square 
root of the impedance· ratio ffig. 261. Average direct current of primary 
is balanced out due to center feeding, although generally 5-percent un
balance should be allowable to toke core of tube variations. 

Class-8: In contrast to class-A operation, only one tube conducts at a 
time since the other is biased off. Good coupling between primary halves 
and the entire secondary is o requirement. Primary-to-primary leakage 
inductance causes nicks in output wove becous~ of transients as operation 
switches from one tube to the other. Since only one tube operates at o 
time, the turns ratio of each half of the primary to the whole secondary, 
equals the square root of one tube impedance to the secondary impedance 
(fig. 271. Variations in tube impedance, which may become quite large, 
affect the high-frequency response. 
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Considerations in audio-transformer design continued 

Class-A81: An intermediate case where the bias voltage is slightly higher 
than class A but the grids draw no current. Coupling transformers are 
similar to doss A 

Class-A82: The tubes are biased near cutoff but not as far as class 8. Grid 
current is drawn and for a portion of each cycle the tubes act independently. 
Class B transformer design applies. 

..f. • 3000 .., 14 N (- )'It 
N, 1500 . 

½Np - ( 1500 )''2 .. I (for9l!Ch half 
N, 1500 of primary) 

Np/N, • 2 

Fig. 26-Push-pull class-A ampllfler with a Fig. 27-Push-pUII class-I amplifier with a 
1.4: I turns ratio. 2: 1 turns ratio. 

Methods of winding transformers 

Most common methods of winding transformers are shown in Fig. 28. Leakage 

1 
Q 

primary j 
l.--1>-J 

A B C D 

Fig, 28-Methods of winding transformers. 
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Methods of winding transformers continued 

inductance is reduced by interleaving, i.e., by dividing the primary or 
secondary coil in two sections, and placing the other winding between the 
two sections. Interleaving may be accomplished by concentric and by 
coaxial windings, as shown on Figs. 28B ond C; reduction of leakage in
ductance is computed from the equation 

J _ 10.6N2!MLTl (2nc + al h . 
sc - n2b X ]09 ennes 

(dimensions in inches) to be the some for both Figs. 28B and C. 

Means of reducing leakage inductance are 

a. Minimize turns by using high-permeability core. 

b. Reduce build of coil. 

c. Increase winding width. 

d. Minimize spacing between windings. 

e. Use bifllar windings. 

Means of minimizing capacitance are 

a. Increase dielectric thickness {tl. 

b. Reduce winding width b and thus area A. 

c. Increase number of layers. 

d. Avoid large potential differences between winding sections as the 
effect of capacitance is proportional to applied potential. 

Note: leakage inductance and capacitance requirements must be com
promised in practice since corrective measures are opposites. 

Effective interlayer capacitance of a winding may be reduced by sectionaliz
ing it as shown in D. This can be seen from the formula 

C, = 4
Ci (1 - .!..) micromicrofarods 

3ni ni 

where 

n1 = number of layers 
C1 capacitance of one layer to another 

0.225AE . f = micromrcro arads 
t 

where 
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Methods of winding transformers continued 

A = area of winding layer 
= IMLTlb inches2 

t = thickness of interlayer insulation in inches 
t = dielectric constant 
= 3 for paper 

Pulse transformers 

Pulse transformers are designedto transmit square waves or trains of pulses 
as described in Fig. 7, page 538, while maintaining as closely as possible 
the original shape. Fourier _.._1 __ ,_ 
analysis shows that such pulse 
waveforms consist of o wide 
range of frequency com
ponents. Thus the trans
former must hove suitable 
bandwidth tq maintain fidel
ity. 

Pulse transformers con be 
analyzed by considering the 
leading edge, top, and trail
ing edge of the pulse sepa
rately. Fig. '29 portrays a 
typical transformer output 
pulse compared to input 
pulse. Refer to page 541 for 

bock 
swing 

Fig. 29--0utput pulse shape. In the strictest sense, 
pulse rise and decay limes are measured between the 
10- and 90-percent values; width between the 50-per
cent ,vaJun . . 

pulse terminology. Fig. 30 shows the fundamental circuit and Fig. 31 illustrates 
equivalent circuits for the various transient conditions. 

Leading-edge reproduction requires transmission of a wide band of fre
quencies and is controlled by leakage inductance lup and winding capaci
tances Cp and C, as indicated in Fig. 31A, B, and C. Analysis for step-up 
and step-down transformers varies slightly as shown. leakage inductance 
and winding capacitance must be mini
mized to achieve a sharp rise; however, 
output voltage may overshoot input 
voltage and oscillation may be encoun
tered where very abrupt rise times are 
involved. Fig. 30--Pulse-transformer circuit. 
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Pulse transformers conlinued 

Pulse-top response is dependent on the magnitude of the open-circuit 
inductance of the transformer as indicated in Fig. 31D. The greater the 
inductance Lp, the smaller the droop from input voltage level. 

f~.f~H 
B 

Fig. 31-P!ilae-transformers equivalent circuits. 
A-leading-edge equivalent circuit, 8-1.eading• 
edge equivalent circuit for step-up-ratio trans• 
former. C-leadlng edge equivalent circuit shtp
down-rallo transformer. 0--Top-of-pulae equiva
lent circuit. £-Trailing-edge equivalent circuit. 

f~4
}11 ··~ [ 

D 

!.____11

4 _~t_··H 
E 

Control of the trailing edge of the pulse is dependent on the open-circuit 
inductance and secondary winding capacitance as shown in Fig. 31E. The 
lower the capacitance, the foster the rote of voltage decoy. Negative 
bockswing depends on the magnitude of the transformer magnetizing 
current. The greater the magnetizing current, the greater the bockswing. 

Pulse-transformer design involves analysis of transient effects and thus 
direct solution is complex. Empirical or graphical solution* is usually used. 

low-loss core materials such as grain-oriented silicon-steel loop cores 
or nickel-iron alloys in 2-mil thickness ore normally used. Small air gaps 
are commonly' used to reduce remonent magnetism in core due to uni
directional pulses. Windings ore normally interleaved to reduce leakage 
reactance. Where load impedance is high, single-layer primary and 
secondary windings ore best; where low, interleaved windings are best. 

*R. Lee, "Electronic Transformers and Circuits," 2nd edition, John Wiley & Sons, Inc., New 
York; New York; 1955: chapter 10, p. 292. 
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Pulse transformers continued 

Special winding techniques may be required to reduce winding capacitances. 
Construction is normally of core type, single or double coil, since capa
citance may be more easily controlled. 

Temperature and humidity 

Fig. 32-Claulflcation of electrical insulating materials,* 

I 
permissible rise in °C 

limiting above 40°C ambient 
Insulation i ______ 

1 

_____ _ 

temperature I by resistance 
(hottest spot) by ther• or lmbedded 

in °C mometer detector 
class insulating material 

90 35 45 
0 JI Cotton, silk, paper and similar organic 

, materials when neither impregnated nor 
j immersed in a liquid dielectric 

---,-----------------;------'------,------
1 Ill Cotton, sill:, paper, and similar organic I 

, materials when either impregnated or im-
A 

1 mersed in o liquid dielectric; or 121 molded 
, and laminated materials with cellulose 

filler, phenolic resins and other resins of 
similar properties;or [3} fllms and sheets of 
cellulose acetate and other cellulose de-
rivatives of similar properties; or (4) var-
nishes !enamel! as applied lo conductors 

105 50 60 

---1-----------------+-------j------t------
B Mica, gloss fiber, asbestos, etc., with 

suitable binding substances. Other ma
terials or combinations of materials, not 

I necessarily inorganic, may be included 

I 
in this class if by experience or accept
ance tests they con be shown to be 
capable of operation at closs-B tem
perature limits 

130 

l 

I 

l 
i 70 80 

i -·--1-----------------~----- ------1------

1 

H 

180 

Silicone elastomer, mica, gloss fiber, 
asbestos, etc., with suitable binding 
substances such as appropriate silicone 
resins. Other materials or combinations 
of materials may be included in this 
doss if by experience or acceptance 
tests they can be shown to be capable i 
of operation at closs-H temperature J' I 

100 120 

limits 
1 

' 

-C--r--E-nt-,-re_l_y_m-,c-a-,-p-o_r_c_e_la_in_,_g_l_as-,-, _q_u_a,-t-z,_a_n_d--1; 1. __ N_o_li_m_,t-i------1------

similar inorganic materials I selected 

* Abridged from, "General Principles Upon Which T emperoture limits Are Based In the Roting 
of Electrical Machines and Other Equipment," American Institute of Electrical Engineers Standard 
No. 1, with revisions proposed in a paper, "Problems of Revising AIEE Standard No. l," 
Elecfrical Engineering, vol. 75, pp. 344-348; April, 1956. 
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Temperature and humidity continued 

Standard classes of insulating materials and their limiting operating tempera
tures are listed in Fig. 32. A comparison of the properties of five high
temperature wire insulating coatings is shown in Fig. 33. 

fig. 33-Comparlson of five high-temperature wire-insulating materials.* 

silicone forrnvar 
characteristic modified tefton enamel (vinyl plain 

teflon DC1360 acetal) enamel 

Upper temp. limit +250°C +250°C +1ao0 c +1os0 c +ao•c 
lower temp. limit -100°c -100°c -40°c -40°c -4o•c 
Dielectric strength Excellent Very good Very good Good Good 

Dielectric constant 2.0-2.ost 2.0-2.ost Inferior Inferior Inferior 
l60cy--30,000mcl 
Power factor o.0002t o.0002t Inferior, Inferior Inferior 
t60cy--10,000mcl obout 

0.006-0.007 
Spoce factor Excellent Excellent Excellent Excellent Excellent 
Solvent resistance Excellent Excellent Fair Fair Poor 
Abrasion resistance Good Fair Very good Excellent Good 

Thermoplastic flow Good Fair Excellent Excellent Good 
Crazing resistonce Excellent Very good Fair Fair Fair 
Flame resistance Excellent Excollent Fair Poor Poor 

Fungus rosistance Excellent Excellent Good Good Poor 
Moisture resistance Excellent Excellent Good Good Good 
Continuity o I insul. Excellent Excellent Good Good Good 

Arc resistance Excellent Excellent Good Good Good 
Flexibility Excellent Very good Good Good Good 

* Token from~ J. Ho.lland, "Choosing Wire lnsuloti.on For Hlgn Temperatures," Electronic De5ign I vo!. 21 p. l4; July, 1954 
t Stobie at tempemtures up to 250° C. 

Open-type constructions generally permit greater cooling than enclosed 
types, thus allowing smaller sizes for the same power ratings. Moderate 
humidity protection moy be obtained by impregnating ond dip-coating or 
molding transformers in polyester or epoxy resins; these units provide good 
heat dissipation but are not os good in this respect os completely open 
transformers. 

Protection against the detrimental effects of humidity is commonly obtained 
by enclosing transformers in hermetically sealed metallic cases. This is 
particularly important if very-fine wire, high output voltage, or direct. 
current potentials ore involved. Heat conductivity to the case exterior moy 
be improved by the use of asphalt or thermosetting resins as fllling materials. 
Best conductivity is obtained with high-melting-point silica-filled asphalts 
or resins of the polyester or epoxy types. Coils impregnated with these 
resins dissipate heat best since voids in the heat path may be eliminated. 
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Temperature and humidity continued 

Immersion in oil is on excellent means of removing heat from transformers. 
An air space or bellows must be provided to accommodate expansion of oil 
when heated. 

Dielectric insulation and corona 

For class-A, a maximum dielectric strength of 40 volts/mil is considered safe 
for small thicknesses of insulation. At high operating voltages, due regard 
must be paid to corona that occurs prior to dielectric breakdown and will 
in time deteriorate insulation and cause dielectric failure. Best practice 
is to operate insulation at least 25 percent below the corona starting 
voltage. Approximate 60-cycle root-mean-square corona voltage V is: 

I V lin volts) = 2 1 !lOO l 
og 800 309 I 

where t = total insulation thickness in inches. This may be used as a guide 
in determining the thickness of insulation. With the use of varnishes that 
require no solvents, but solidify by polymerization, the bubbles present 
in the usual varnishes are eliminated, and much higher operating voltages 
and, hence, reduction in the size of high-voltage units may be obtained. 
Fosterite, and some polyesters, such as the fntelin 211 compound, belong in 
this group. In the design of high-voltage transformers, the creepage distance 
required between wire and core may necessitate the use of insulating 
channels covering the high-voltage coil, or taping of the latter. For units 
operating at 10 kilovolts or higher, oil insulation will greatly reduce creepage 
and, hence, size of the transformer. 
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• Rectifiers and filters 

Rectifier basic circuits 

Half-wave rectifier (Fig. 1): Most applications are for low-power direct 
conversion of the type necessary in small ac-dc radio receivers {without 
an intermediary transformer), and 

often with the use of a metallic ~ • E1cycl 
rectifier. Not generally used in 

high-power circuits due to the low "' II R 

frequency of the ripple voltage and . . 
1 

a large direct-current polarization 

effect in the transformer, if used. ' Fl 1 H If 1 •, h I e•t'fler 9. - a -wave I ng e•p a e r ~ 1 • 

Full-wave rectifier (Fig. 2): Exten
sively used due to higher frequency 
of ripple voltage and absence of 

zotion of transformer core because ". II 
transformer-secondary ho Ives ore •., >--,---t--". 

balanced. 

Bridge rectifier (Fig. 3): Transformer 
utilization better than in circuit of 
Fig. 2. Extensively used with semi
conductor rectifiers (p. 311). Not 

Fig. 2 - Full
wave single• 
phase rectifier. 

often used with tube rectifiers: re- i} 
quiring 4 tubes and 3 well-insulated ". 

11 
filament- transformer secondaries. . ... 
Peak inverse voltage is half that of 
Fig. 2, but rectifier voltage drop is 
doubled {for some tu.be type!. _____ ·fili 
Voltage multiplier (Fig. 4): May be 
used with or without a line trans
former. Without the transformer, it 
develops sufficiently high output 
voltage for low-power equipment; 
however, lack of electrical insula
tion from the power line may be ob
jectionable. Moy also be used for 
Obtaining high voltages from o 
transformer having relatively low 
step-up ratio. 

Fig. a-Bridge rectifier. 

0--------.... + ...... 
0~ 

_; ! -. 
C: 

~;o------

Fig. +-Voltage-doubler rectifier. 
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Typical power rectifier circuit connections and circuit data 

recllfter 1ln9le-pha1e 

I 
single-phase I 3-phaN I 3-phaN 

full-wave full-wave I half-• heH-wave 
type (bridge) 
of 

1 I circuit single.phase 
lransformllf center-lap single-phase delta-wye del-lg:rag 

I 

~ 
I 

-ondary rn ~ :@ 1-.,., 
circuit 

~ 
.. 
-~ 

primary r7 l1 
' 

Number of phase, of 
.. 

,upply 1 1 3 3 
Number of rectifier,- 2 4 3 3 

Ripple volt09e 0.48 0.'18 0.18 0.18 
Ripple !requer,cy '}J 2f 3f 31 

line voltage 1.ll 1.11 0.855 0.855 
Une current 1 1 0.8'16 0.816 
line power lac!or t 0.90 0.90 0.826 0.826 

Transformer pr1mory 
vol11 per leg I.II 1.11 0.855 0.855 

Transformer primary 
amperes per leg l l 0.471 0.471 

Tronsformer primary 
kilovolt--<imperes 1.11 1.11 1.21 1.21 

T ronsformer overoge 
kllovolH:impereo 1.34 I.II 1.35 1.46 

Transformer secOftd~ 
ory volts per leg l,IIA 1.11 0.855 0,493/l 

Transformer second~ 
ory omperes per leg 0.707 I 0.577 0.577 

T ronsformer second-
ory kilovolt~omperes 1.57 I.ti 1.48 1.71 

Peak inverse voltoge 
per rectifier 3.14 1.57 2.09 2.09 

P eok current per rec-
tifier l I I 1 

Average curre-nt per 
rectifier 0.5 0.5 . ,0.333 0.333 

Unless otherwise stoled, factors shown express the ratio of the root-mean-square value of the 
circuit quonlilies designated lo the average direct-current-output values of the rectifier. 
Foctors ore based on o sine-wove voltage input, infinite-inductance choke, and no transformer 
or rectifier loues. 
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~1 
~ l 

j 
3 I 
6 

I 
' I 0.042 I 
l 

61 

I 0.740 I 
0.816 
0.955 

0.740 

0.577 

1.28 

l.55 

0.740A 

0.408 

I 
1.81 ! 

2.09 

0.167 

I 
6-phaH 3-phaoe I 

(double 3-phaH) full•-• 
half-wove 

I delta-double- I I del--phaH wye with 
fork balance coil delta-wye . 

I 

I 
3 I 
6 I 

0.042 
61 

0.428 
l.41 
0.955 

0.428 

0.816 

1.05 

1.42 
I 

0.428A 

f 0.5778} 
l 0.408C 

1.79 

2.09 

0.167 

3 
6 

0.042 
61 

0.85-'i 
0.707 
0.955 

0.855 

0.408 

1.05 

L26 

0.85-'iA 

0.289 

1.48 

2.42 

0.5 

0.167 

·~ 

0.042 
61 

0.428 
1.41 
0.955 

0.428 

0.816 

1.05 

1.05 

0.428 

0.816 

1.05 

l.05 

0.333 

3-phaH 
full-wave 

dello-dello 

3 
6 

0.042 

61 

0.740 
0.816 
0.955 

0.740 

0.471 

1.05 

1.05 

0,740 

0.471 

1.05 

1.05 

0.333 

• These circuit factors are equally applicable to electron-tube or metallic-plate rectifiers. 

f CUne power factorJ = ldirect-cunent output wattsl / Uine volt-amperes.I 

-. 
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Semiconductor rectifiers 

Applications 

Foremost in the category of semiconductor- or dry-type rectifiers are 
selenium, germanium, silicon, and copper-oxide rectifiers. The various fields 
of application for the different types are governed by their basic voltage 
and current characteristics, environmental conditions, size and weight 
considerations, and cost. 

The uses of semiconductor rectifiers cover a wide range of applications 
that include battery chargers; radio, television, and miscellaneous direct
current power supplies; magnetic amplifiers; servomechanism circuits; and 
many special applications such as arc suppression, polarization of alter
nating-current circuits !direct-current restorers), drainage rectifiers (for 
cathodic protection), and many others. 

Equivalent circuit 

Semiconductor rectifiers may be regarded as resistive devices having low 
electrical resistance in the forward direction and high resistance in the 
reverse direction. (For high-impedance circuits, the capacitance across the 
rectifying layer may become important.I The voltage drop in the forward 
direction must be taken into account when the alternating-current input 
voltage of o rectifier is to be determined. 

Aging 

Some semiconductor rectifiers exhibit a phenomenon known as aging, 
which manifests itself in an increase of forward as well as reverse resistance 
with usage. The degree of aging is different for the various types. Depending 
on the application, means for compensating for the aging effect may or 
may not be required. 

Rating of a rectifier cell 

It is common practice to rate a rectifier cell on the basis of the root-meon
square sinusoidal voltage that it con withstand in the reverse direction and 
on the average forward current that it will pass at a certain current density. 
For selenium-rectifier cells, typical ratings at 35 degrees centigrade ambient 
are: 

26 root-mean-square volts per cell 

320 direct-current milliamperes per square inch of active rectifying area 

The cell voltage ratings for copper-oxide rectifiers are lower than for 
selenium; such rectif1ers are used mostly in low-voltage circuits. 
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Semiconductor rectifiers continued 

Voltage ratings of germanium and silicon rectifiers are higher than for 
selenium, so such rectifiers can be employed more advantageously in high
voltage circuits. 

Forward voltage drop 

Typical dynamic forward voltage-drop characteristics for selenium rectifiers 
are shown in Fig. 5. The forward voltage drop per rectifying element or 
plate is highest for battery-charging and capacitive load applications, due 
to the high ratio of root-mean-square current to average direct current. 

; 3.0 
u 2.8 
i 2.6 
~ "' 2.4 
3- 2.2 
E 
~ 2.0 

! 1.8 
g 
SJ 1.6 
C 1.4 

' 1.2 
~ 1.0 
• 0.8 
1 ·;. 0.6 
e 
§ 

,.,. 
..,.i, -~ 

.,, --A ...,. .,,., 
'/ 

/ 

/ 
/ 

V 
/ 

_.,/ --~/ -.--
__ ..... 

.J.,, -........... --..J, 
8 -

.-- _:,...-...--
, 

----- 1..--,..... -- _.- C -~ 
l!Offf11jllood 

• 
0.4 

0.2 
0 

0 0.2 0.4 0.6 O.S 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 
multiple of normol lood direct current 

Fig. 5-Typlcal dynamic forward vollage-drap curves for selenium-redifler cells, at 65-
degree-centigrade cell temperature. A-Banery or capacitive loads: Single-phase half-wave, 
bridge, or center-tap. ·s-Reslstive or inductive loads: Single-phase half-wave, bridge, 
or center-tap1 and 3-phase half-wave. C-AII types of loads: 3-phase bridge or center-tap. 

Rating of a selenium rectifter stack 

Stacks are operated at a given temperature that is a safe value with 
allowance for aging. Catalog rating is in most cases based on an ambient 
temperature of 35 degrees centigrade. Ratings for higher temperatures 
than that {Fig. 6) are based on reduction in forward current to reduce 
forward-current losses, reduction in reverse voltage to reduce reverse
current losses, or a combination of both forward-current and reverse-voltage 
reductions to obtain the desired operating temperature with good electrical 
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Semiconductor rectifiers continued 

efficiency. The forward voltage drop and consequent heating depend to a 
small degree on the temperature of the rectifier cell, as does also the reverse 
current. 

The 35-deg ree-centigrade rating 
of o rectifier is based on a current 
density for o cell of about 320 
milliamperes per square inch of 
active rectifying area. While each 
cell has this basic roting, it is 
common practice to increase the 
current density for the same tem
perature rise by increasing the 
space between cells or by using 
forced-air or oil cooling. The in• 
crease in spacing allows for cur
rent density increases from 20 to 
50 percent; the higher percentage 
applies to smaller-size cells. This 
causes some reduction in effr. 
ciency due to higher voltage drop. 

~100 

~ 
0 901---'i.--+--+-,.i--.::1---tr--t 
e 
g 801--+---'lr--t--+--t---1_,-I 
'l; t 701--+--+-"'r---'--i---tr--t 

l 60 l---+---+-+--11<--t--t---l 

40 45 50 55 60 65 70 
ambient tempen:iture in degrees centigrade 

Fig. 6--Selenlum-redifler temperature de
rating curvn (approximate), for root-mean
square alternatlng input voltage and average 
direct output current baaed on 35-degree
centigrade ambient. 

The cells at each end of a stack have the lowest temperature due to greatest 
cooling there. Cell temperatures rise successively from each end toward the 
center of the stack. In a long stack, the temperatures of a number of the 
central cells are practically identical. As a consequence, some manufacturers 
raise the rating of stacks of l to 8 cells as much as 50 percent, and of stacks 
of 9 to 16 cells as much as 25 percent. These increases apply only to the 
normal-spaced convection-cooled ratings and not to the wide-spaced or 
forced-air- or oil-cooled ratings. 

Past practice for forced-air- or oil-cooled rectifiers has been to rote them 
up to 2.5-times normal rating with adequate cooling. Experience shows that 
up to 2-times normal is a better design figure- to use when long life and good 
efficiency and voltage regulation are factors. 

Development of new techniques in selenium-rectifier manufacture permit 
operating at higher reverse voltages, higher current densities, and higher 
cell temperatures. This is in addition to ratings that may be given to regular 
production stacks, which permit greater output or increased-temperature 
operation coincident with a reduction in life expectancy. New processes 
may also carry a reduction in life expectancy subject to further experience 
in use and in the laboratory. 
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Circuit design for semiconductor power rectifiers 

For most applications, particularly with single-phase input, full-wave 
bridge circuits are used, although half-wove and center-tap rectifiers are 
frequently used where low direct voltage is required. However, when direct
voltage requirements exceed the output of a single series rectifier element, 
use of the full-wave bridge circuit is preferred, since the same number of 
rectifier plates ore then required for holf-wove or center-tap connections 
as for a full-wave bridge connection. A half-wove rectifier has o relatively 
poor power factor, high ripple content in the output, and requires o larger 
transformer ttic:m a full-wove bridge circuit. A center-top rectifier requires 
o somewhat larger transformer than on equivalent full-wave bridge rectifier, 
with the added complication of bringing out the center tap. 

The table on pages 306 and 307 for typical power-rectifier circuit connec
tions and circuit data show the theoretical values of direct and alternating 
voltages, current, and power for the basic rectifier and transformer ele
ments of single-phase and polyphase conversion circuits, based on perfect 
rectifiers and transformers. 

The information in figs. 7 and 8 con be used to determine the input values of 
alternating voltages and output direct currents and the number of rectifier 
cells for various basic rectifier circuits. 

The formulas and the values of the constants K and la,; ore approximate, but 
ore sufficiently accurate for practical design purposes. 

Symbols for Figs. 7 and 8 

la,; = transformer secondary current in root-mean-square amperes 

lt1.. = average load direct current in amperes 

K = circuit form factor 

n = number of cells in series in each arm of rectifier 

Va,; = alternating root-mean-square input voltage per secondary winding 
(see diagrams) , 

V a,;t. = phase-to-phase alternating input voltage for 3-phase full-wove 
bridge 

V'"' = average value of direct-current output voltage 

V11 = reverse root-mean-square voltage per plate !rating of rectifier celll 

tN = root-mean-square voltage drop per cell at lt1.. (see fig. 5) 
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Semiconductor rectifiers continued 

Fig. 7-Single-phase-recllfler circuits, formulas, and design constants. 

constant half-wave I full-wave canter tap j full-wave bridge 

Circuit 

v ... l<Vac + n.:lV l<VJe + 2n.:lV 

I 
I I 

n l<Vac/Wp - AVI 21<Vac/1Vp - 2AVl : l<Vdc/lV,, - 2AVl 

I 

Resistive 
v,, v.,/n 2Vac/n v.,/n 

and 
inductive 

foods 
K 2.26 1.13 1.13 

f~.rma 1.57 lac.av, 0.785 fdc,avq l.l l Ide.a"• 

n 21<VJe/(Vp 2AVI I 21<Vdc/fVp - 2AVI KVJe/(Vp 2AVl I 
I 

Battery Vp 2Vaeln 2v •• /n v .. /n 
and 

copacitive 
loads I 

I( I LO 0.85 0.85 

I ,-,,-

I I 
far.,rm6 I 2.3 lk,aP{I 1.15 !,,,,:,.,,. 

I 
1.65 lde.a•q 

I 
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Semiconductor rectifiers continued 

Fig. a-Three-phase-rectifier circuits, formulos, and design constants. For all loads. 

constant half.wave full-wave bridge 

v...-------
Circuit 

Input V0 , = KV,1< + nt.V Va,A = KV,1< + 2nt.V 

~ 
1.73 KV de/ (V p l.73t.VI KVd,!!V, - 2l>V! 

Vp I l.73 v .. /n VocA/n 

K 0.855 0.74 

Ioc.,,1m 0.577 J de.a•·• 0.816 lde,a»o 
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Semiconductor rectiflen continued 

Rectifiers for magnetic ampliflers 

Rectifiers used in conjunction with magnetic amplifiers (chapter 13] must 
have low reverse leakage currents to obtain as high a gain as possible with 
a given set of components. Rectifier leakage current behaves like negative 
feedback, thus reducing amplification. Changes in the rectifier operating 
temperature, which result in changes in the reverse leakage current, may 
also result in objectionable unbalances between associated amplifiers. For 
best amplifier performance the reverse leakage of rectifiers for magnetic
amplifier applications should be held to opproximotely 0.2 percent of the 
required forward current. This can be achieved by reducing the operating 
voltage per plate below the normal value. 

Grid-controlled gaseous rectifiers 

Grid-controlled rectlflers are used to obtain closely controlled voltages 
and currents. They are commonly used in the power supplies of high-power 
radio transmitters. For low voltages, gas-filled tubes, 
such as argon (those that are unaffected by tem
perature changes) are used. For higher voltages, 
mercury-vapor tubes are used to avoid flash-back 
!conduction of current when plate is negative). 
These circuits permit large power to be handled, 
with smooth and stable control of voltage, and 
permit the control of short-circuit currents through 
the load by automatic interruption of the rectifier 
output for a period sufficient to permit short-circuit 
arcs to clear, followed by immediate reapplication 
of voltage. 

plate voltage 

critical grid voltage 

Fig. 9-Crlllcal grid 
voltage versus plate 
voltage. 

In a thyratron, the grid has a one
way control of conduction, and 
serves to fire the tube at the instant 
that it acquires a critical voltage. 
Relationship of the critical voltage to 
the plate voltage is shown in Fig. 9. 
Once the tube is fired, current flow 
is generally determined by the ex
ternal circuit conditions; the grid 
then has no control, and plate cur
rent can be stopped only when the 
plate voltage drops to zero. 

Fig. 10-Bosic thyratron circuit. The grid 
voltage has direct- and alternating
current components. 
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Grid-controlled gaseous rectifiers continued 

+ fp 
supply 

tube fires 

plate valtage 

variable direct grid 
voltage 

critical grid voltage 

fixed alternating 
grid voltage 

Fig. 11-Control of plate-current conductlan period by means of variable direct grid 
voltage. E, lags fp by 90 degrees. 

Basic circuit 

The basic circuit of a thyratron with alternating-current plate and grid 
excitation is shown in Fig. 10. The average plate current may be controlled 
by maintaining 

a. A variable direct grid voltage plus a fixed alternating grid voltage that 
lags the plate voltage by 90 degrees (Fig. 111. 

b. A fixed direct grid voltage plus an alternating grid voltage of variable 
phase !Fig. 12). 

,------ tube fires 
plate voltage 

fixed direct grid 
voltage 

critical grid voltage 

----- variable-phase grid 
voltage 

Fig. 12-Control of plute-current conduction period by fixed direct grid voltage {not 
Indicated In schematic) and alternating grid voltage of variable phase. Either induc• 
lance-resistance or capacitance-resistance phase-shift networks (A and 8, respectively) 
may be UHd. 1 may be a variable Inductor of the •aturable-reactor type. 
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Grid-controlled gaseous rectifiers continued 

Phase shifting 
The phase of the grid voltage may be shifted with respect to the plate voltage 
by: 

a, Varying the indicated resistor in Fig. 12. 

b. Variation of the inductance of the soturoble reactor in Fig. 12. 

c. Varying the capacitor in Fig. 13. 

On multiphase circuits, a phase-shifting transformer may be used. 

Fig. 13-Full-wan thyratron 
redifler. The capacitor 11 lhe 
variable element in the pha1e-
1hifting network, and hence 
gives control of output volt
age. 

phase-shilling network -------

For a stable output with good voltage regulation, it is necessary to use an 
inductor-input filter in the load circuit. The value of the inductance is critical, 
increasing with the firing angle. The design of the plate-supply transformer 
of a full-wave circuit (fig. 13) is the some as that of an ordinary full.wave 
rectifier, to which the circuit of Fig. 13 is closely similar. Grid-controlled 
rectifiers yield larger harmonic output than ordinary rectifier circuits. 

Filter, fi;u:, rectifier circuits 

Rectifier filters may be classified into three types: 

Inductor input (Fig. 14): Hove good voltage regulation, high transformer
utilization factor, and low rectifier peak currents, but also give relatively 
low output voltage. 



Filters for rectifier circuits continued 

1•t section 

L, 

c, 

2nd section 

fig. 14-lnductor-lnput filter. 

RECTIFIERS AND FILTERS'. 

current for infinite inductance 

current for finite Inductance 

rectifier output vollo9e 

voltoge wave current wove 

317 

Capacitor input (fig. 15): Hove high output voltage, but poor regulation, 
poor transformer-utilization factor, and high peak currents. Used mostly in 
radio receivers. 

R R L la effective tronsformer 

~~~I} 'dri:~:ltage I supply 
A J_ V; v ~across ... C1 cycle 

I \I \I \ 
c,I c. R 

I \I \I \ 
0 f f f I 

voltage wovts current wave 

R, = ½ X (secondary-winding resistance) 
L • = leakage inductance viewed from ½ secon• 

dary winding 
R, equivalent resistance of tube /R drop 

Fig. 15-Capocllor-lnput filter. C, Is the Input capacitor. 

Resistor input (Fig. 16): Used for low-current applications. 

Design of inductor-input filters 

The constants of the first section 
(Fig. 14) are determined from the 
following considerations: 

a. There must be sufficient induc-

through rectifier 

tance to insure continuous . opera- fig. 16-Reslstor-input filter. 
tion of rectifiers and good voltage 
regulation. Increasing this critical value of inductance by a 25-percent 
safety factor, the minimum value becomes 
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Filters for rectifier circuits continued 

Lmiu = ~ R1 henries Ill ,. 
where 

f, = frequency of source in cycles/second 

R1 maximum value of total load resistance in ohms 

K = 0.060 for full.wave single-phase circuits 

= 0.0057 for full-wave two-phase circuits 

= 0.0017 for full-wave three-phase circuits 

At 60 cycles, single-phase full-wave, 

Lmin = Ri/1000 henries IIAI 

b. The LC product must exceed a certain minimum, to insure a required 
ripple factor 

E, vi' 
r -=------

where, except for single.phase half-wave, 

p = effective number of phases of rectifier 

E, = root-mean-square ripple voltage appearing across C1 

Ede direct-current voltage on C1 

L1 is in henries and C1 in microfarads. 

r 

For single-phase full-wave, p = 2 and 

0.83 (60)
2 

L1C1 f, 

For three-phase, full-wave, p = 6 and 

12) 

(2A) 

(281 

Equations (1} and 121 deflne the constants L1 and C1 of the fllter, in terms 
of the load resistor R1 and allowable ripple factor r. 
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Filters for rectifier circuits continued 

Swinging chokes: Swinging chokes hove inductances that vary with the 
load current. When the load resistance varies through a wide range, a 
swinging choke, with a bleeder resistor Rb 110,000 to 20,000 ohms) connected 
across the filter output, is used to guarantee efficient operation; i.e., 
tm,n = Rl /1000 for all loads, where Ri' = (RiRb) / (Ri + Rb). Swinging 
chokes are economical due to their smaller relative size, and result in 
adequate f11tering in many cases. 

Second section: For further reduction of ripple voltage E,1, a smoothing 
section !Fig. 14) may be added, and will result in output ripple voltage E,2, 

131 

where f, = ripple frequency 

Design of capacitor-input filters 

The constants of the input capacitor (Fig. 151 are determined from, 

a. Degree of filtering required. 

(4) 

where C1Rz is in microforads X megohms, or farads X ohms. 

b. A maximum-allowable C1 so as not to exceed the maximum allowable 
peak-current rating of the rectifier. 

Unlike the inductor-input filter, the source impedance !transformer and 
rectifier! affects output direct-current and ripple voltages, and the peak 
currents. The equivalent network is shown in Fig. 15. 

Neglecting leakage inductance, the peak output ripple voltage E,1 (across 
the capacitor! and the peak plate current for varying effective load re
sistance ore given in Fig. 17. If the load current is small, there may be no need 
to odd the l-section consisting of an inductor and a second capacitor. 
Otherwise, with the completion of an [ 2C2 or RC2 section !Fig. 151, greater 
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Filters for rectifier circuits continued 

filtering is obtained, the peak output-ripple voltage Er2 being given by 131 
or 

E,2/E,1 = 1/wRC2 (5) 

respectively. 

1: 
1: 

8 

i ~ :, 

! " T 
0 "O 

Q. 0 
..!! 

.Y. 
0 't 6 ., "O 
Q. 

II 

JI~ 5 

4 

3 

2 

., 
<I> 0.5 

"' 0 "' il .2 
> 0 

> 0.4 ., -s Q. 
.g- Q. 

8 
<I> "!: 0.3 u ,... 
i V 

0 
~ tl 0.2 

"ii ~ 
b 'ii 

OJ 
~I& 

effective load resistance = actual load resistance plus Alter-choke resistance in ohms 

Reprinted from "Radio Engineers Handbook" by F, E. Termon, 
Isl ed., p. 672, 1943; by permi,.ion, McGraw·Hi/1 Boak Co., N. Y. R II,. + Rr (see Fig. 15) 

Fig. 17-Performance of capacitor-Input fllter 
for 60-cycle full-wave rectifier, assuming 
negllgible leakage-Inductance effect. 

--.- input capacitance = o:i 

= 8p.f 

= 4p.f 
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Surge suppreHion and contacrptotection * 

When the current in an inductive circuit is suddenly interrupted, the resulting 
surge can have several undesirable effects: 

a. Contact arcing, producing deterioration that eventually results in circuit 
failure due to mechanical locking or snagging, or to high contact resistance. 

b. High-voltage transients resulting in insulation breakdown. 

c. Wide-band electrical interference. 

One method of suppressing surges is to shunt a selenium rectifier across 
the inductor as shown in Figs. 18 and 19. 

A 

Fig. 18-Conventlonal method of using 
the selenium reclifler as a spark sup
preHor. 

A 

2 .1 

Fig. 19-Melhod of improving the re
lease lime by adcltng a second rectifier. 

The rectifier in Fig. 18 appreciably lengthens the release time las when the 
electromagnet is a relay coill. By connecting the rectifier across the contact 
A instead of across the coil, a release time only slightly lengthened is secured. 
This, however, is usually a less desirable connection, especially when there 
are several contacts controlling the same coil. Also, when contact A is 
open, a small reverse current flows, of the order of 0.5 milliampere. The 
system of Fig. 18 is applicable to direct-current circuits only. 

The system of Fig. 19 gives good protection with only a small lengthening 
of the release time over that when no protection is used. It is applicable to 
both alternating and direct-current circuits. When contact A is closed, 
rectifier I blocks current flow from the battery. Upon opening contact A, 
the reverse-resistance characteristic of rectifier 2 comes into play. It is 
high at low voltages and decreases as the voltage is increased. The voltage 
rise due to the inductive surge is thus limited to a value insufficient to 

* H. F. Herbig and J, D. Winters, "Investigation of the Selenium Rectifier for Contact Pro
tection," Transacl;ons of the American Institute of f/edricaf Engineers, vol. 70, part 2, pp. 1919-
1923; 1951: Also, Electrical Communication, vol. 30, pp. 96-105; June, 1953. 
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Surge suppression and contad protection continued 

cause arcing at the contact. However, the inductor is not immediately 
short-circuited, so the current decays rapidly. 

Typical performance data are shown in fig. 20. For comparison, data are 
included for cases where a capacitor with series resistor is shunted across 
the coil; also for a silicon-carbide varistor in place of the rectifier shown in 
Fig. 18. 

Fig. 20--Peak voltages and release times for electromagnets with different con tad protections.* 

contact protection 

Three 9/32-inch-diameter cells !Figure 18} 
Two 9 /32-inch-diameter cells ffigure 19) t 
Three 1-inch square cells lFigure l9lt 
Silicon-carbide varistor 
0.5 microfarad + 510 ohms 
0.1 microfarad + 510 ohms 
Unprotected 

* Courtesy of Transactions of the A/EE. 
t For each rectifier, 1 and 2. 

telephone clutch magnet I telephone relay 
L 0.485 henry t. = 3.45 henries 
R = 164 ohrns R = 1650 ohrns 
I= 0.293 ampere I = 0:029 ampere 1,---~~-

release peak J 

tlrne In voltage 1

1 rnllll• at 

release peak 
tirne in voltage 
mllll- at 

seconds contact I seconds contact 

4.0 83 55.0 57 
1.3 180 12.0 150 
1.3 192 10.9 169 
1.3 210 12.8 140 

arcing 10.9 160 
arcing 7.9 259 

1.0 400 to 900 7.6 , 450 to 750 
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• Magnetic amplifiers 

Elementary theory 

The simple magnetic amplifiers of Figs. 1A and lB consist of an iron-core 
reactor T with windings 1-2 and 3-4, an inductor L, and a load resistor 
R1. E11 is the power supply, which must be an alternating voltage; Ee,de is the 
control voltage; lc,dc is the control current; and !1 is the load current. In 
Fig. I B, rectifier RE permits unidirectional / 1 to flow only during half-cycles 
of E11• The practical magnetic amplifier of Fig. IC uses two separate reactors 
T 1 and T2 to secure fullwave Ii. The intermittent flow of /1 induces voltages 
in the control windings and the inductor restricts flow of resulting alternating 
current in the control circuit. Amplification occurs because relatively small 
variations in Ee.de or le,dc cause larger changes of E1 or 11. 

_ Ec,dc+ _ Ec,dc + 

A, Straight soh1roting. 8. Half-wave se!f-soluroling. 

1c,dc 

C. Ful!-wove self-saturoling. 

Fig. 1-Simple magnetic-amplifier circuits. In A and 8, symbol N = number of turns on 
the reactors. In the circulhl, arrows and ± signs indicate Instantaneous directions. 

Referring to Fig. IA, when Ee.de is zero, the inductive impedance of winding 
1-2 is much greater than R1 and most of E11 appears across 1-2. When 
Ec,de increases until le.de magnetically saturates the core, no further change 
of flux can occur. Since an inductive voltage drop occurs only where 
there is change in flux, only a small voltage drop then occurs across the 
resistance of l-2 and practically all of E11 appears across R1• 
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Elementary theory continued 

In Fig. 1 B, assume E,,,,,, to be zero and assume the core material of T to 
hove a hysteresis loop similar to Fig. 2A. During part of each positive 
half-cycle of Ev, current flows in 1-2 and the flux density in T rises to 
+8-.:. Winding 1-2 now offers only a low impedance and 11 is limited 
only by Rz. During the negative half-cycle, the flux density returns to +B,. 

+8," 

I rr-I 
I I 

-Hmin'\ l I 
I 

-Hmax. ~I I 

I +Hmoa 
I 
I 

_l) 
-B, 

magnetizing force= H magnetizing force,. H 

A. Conventional core material. 8, Magnetic-amplifier core. 

Fig. 2-Hysteresis loops for magnetic core materials. 

If now some value of E,,tk is applied in Fig. 18, resulting in sufficient ampere
turns to produce +Hma.,, the core becomes saturated. During negative 
half-cycles, current in 1-2 is blocked byRE and the iron remains saturated. 
Thus, no change in flux can occur and winding 1-2 absorbs only a small 
voltage due to its resistance. Maximum possible ]z flows through Rz. 

If Ic,dc is in the direction of and of a magnitude corresponding to -H_., 
while the flow of ]z in 1-2 during positive half-cycles is sufficient to over
come this and to saturate the core in the opposite direction, then flux 
density varies from -8_., to +B_.,. Then maximum voltage drop occurs 
across T and minimum current flows through Rz. 

The ampere-turns needed for control depend on the 8-H characteristic 
of the iron, assuming an ideal rectifier. Smaller H,,_ values require less 
control current. Hma:i: is usually made as small as possible by employing 
gopless toroidal cores wound of thin tape made from high-nickel-content 
alloys or from grain-oriented steels. Hysteresis loops of such cores have 
quasirectangular shapes as in Fig. 2B. In reactors using these materials, 
maximum lz will flow even when Ee.de is zero. To secure control, lc,dc must 
produce magnetizing forces between - Hm;,. and - H,na.,. In practice, 
rectifier RE has some reverse leakage and an increase in the ideal contro: 
current is needed to overcome this. 
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Elementary theory continued 

When le.de is such that it produces a magnetizing force in the control range 
between -H,,.,,., and Hmin in fig. 2B, a rapid transition of the magnetic 
state of the iron from partial desaturation to saturation occurs during each 
positive half-cycle of E11• The reactor ceases lo provide counter-electro
motive force very suddenly, since the change in flux stops abruptly as B,,.,..., 
is reached. At this instant, the full voltage and current appear on the load 
and continue for the remaining portion of the half-cycle. The action is 
similar to that of a thyratron tube. The time at which the transition occurs is 
called the firing point or firing angle and is expressed in degrees of a cycle. 
The firing point depends upon 10,a,,. 

In straight saturating amplifiers, illustrated in their simplest form by fig. lA, 
the ampere-turns of the control winding must be equal to the ampere-turns 
of the output winding. Such amplifiers act as constant-current generators 
and the voltage across the load depends on its impedance. Output current 
is controlled by Ic,dc• 

The more-common self-saturating amplifiers, illustrated by Figs. lB and 1 C 
act as constant-voltage generators. Voltage across the load is virtually 
independent of load impedance. Output voltage is controlled by Ic,dc· 

Control curves 

A typical curve of output load voltage E1 against signal current Ic,d• for 
a self-saturating magnetic amplifier using nickel-alloy cores is shown in 
fig. 3A. The solid curve is for an amplifier with ideal rectifiers while the 

1c,dc I,,dc 
A 0 B 

A. For nickel-iron alloy. 8. For lransformer-lype steel. 

Fig. 3-Typical control curves for cliff-nl core materials, 

dashed curves are for practical amplifiers using rectifiers having appreciable 
leakage. 

Control generally occurs when Ic,dc has a value between AO and BO on 
this curve. The difference AB should be as small as possible for maximum 
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Control curves continued 

sensitivity. Values of OB and AB for typical cores are listed in Fig. 4. The 
values are nearly independent of core dimensions for toroidal cores smaller 
than 2 to 3 inches outside diameter. 

To obtain control in the region AB, the relative directions of the mag
netizing forces due to the control and load windings must be as indicated 
by the arrows in Fig. IC. 

To the left of point A, the control curve for amplifiers operating at low 
frequencies, such as 60 cycles/second, slopes slightly upward as shown in 
Fig. 3. At higher frequencies such as 400 cycles/second, there is a greater 
upward slope to the left. 

fig. 4-Characteristics of cores for magnetic amplifiers. For toroidal cores up to 3 inchH 
outside diameter for groups A and 8 and up to 2 inches for groups C and D materials.* 

control range 
and flux 

OB lbiasl in 
milliampere-turns 
!Fig. 3AI 

AB (signal) in 
milliampere-turns 
!Fig. 3AI 

Saturation flux 
density 
in gausses 

group A group 8 group C group D 

Hypersll 
Magnesil 
Sllectron 

l,000 to 2,500 

750 to 1,500 

Deffamax 
Hipernik V 
Orthonic 
Orthonol 
Permeron 

500 to 1,500 

500 to 1,000 

HY-MU-BO 
4-79Mo 

Permalloy 
Squaremu 

100 to 150 

80 to 200 

Supermalloy 

50 to 80 

50 to 80 

______ I ______ , ___________ _ 

I 18,000 to 20,000 I 13,500 to 15,500 I 7,000 to 8,000 6,800 to 7,800 

* See pp. 276•277 for other similar moteriols. 

To the right of point A, the voltage across the load is practically independent 
of load impedance and is determined by signal ampere-turns and the core 
material. It is generally not desirable to operate self-saturating amplifiers 
in the region to the left of point A, since their characteristics then become 
similar to straight saturating amplifiers, i.e., ampere-turns of the output 
winding approximates the ampere-turns of the control winding on this 
portion of the curve. 

Fig. 3B is a typical control curve for a magnetic amplifier using cores of 
grain-oriented or transformer-grade steel laminations. When using reactors 
of transformer steel, rectifier leakage usually may be disregarded. In large 
magnetic-amplifier cores including gaps, AB is about 5 ampere-turns/inch 
of magnetic path for grain-oriented steels and up to 10 ampere-turns/inch 
for lower grades of transformer steel. 
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Bias winding 

When the control curve of the magnetic amplifier is similar to the full line 
of Fig. 3A, energy required from the control source can be reduced by 
biasing the amplifier to point B; The full signal can then be used to produce 
changes in lc,dc from point B to point A in the control region. A separate 
direct-current bias winding capable of producing the OB ampere-turns 
(listed in Fig. 4 for small cores) is used for this purpose. 

Due to rectifier leakage or due to the shape of the hysteresis loop of the 
core material, point B may fall on the zero axis or to the right of zero as 
shown by the lower dashed line in Fig. 3A. In such cases, the bias winding 

may be omitted, or it may be retained if available lc,dc or Ec,dc does not have 
the magnitude and polarity needed for operation at the desired initial 
point on the hysteresis loop. 

Control inductor 

Referring to Fig. 1 C, while one core is firing, the other is desaturating due 
to the action of the control current. The voltages induced in the control 
windings by these two actions oppose each other. Theoretically, the voltages 
would be equal and opposite if the signal source had zero impedance and 
the cores and rectifiers were perfectly matched. In practice, the net voltage 
induced in the control windings is a function of the impedance of the signal 
source, of the control point at which the amplifier is operating, and of the 
mismatch of cores and rectifiers. 

For design purposes, it may be assumed that the maximum total induced 
voltage will not exceed the voltage that would be induced in one core 
alone. The frequency of this voltage is equal to the power-supply frequency 
for half-wave amplifiers like Fig. 1 Band to twice the power-supply frequency 
for full-wave amplifiers like Fig. lC and Fig. 5. 

It is good practice to put an inductor L in series with the control winding. 
If this choke is omitted, additional control ampere-turns may be required 
to offset alternating current circulating in the control circuit. 

Direct-current loads 

The circuits of Figs. 5A, B, or C may be used for direct-current loads. If 
E1,dc is the required voltage across the load, the required Ep will depend 
partially on the forward voltage drop through the rectifiers. Power-supply 
voltage may be approximated for design purposes as in Fig. 6. 
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Direct-cunent loads continued 

The peak inverse voltage across the rectifiers is also given in Fig. 6. The 
lower reverse leakage of Fig. 5C permits higher gains with this circuit, but 
the speed of response of Fig. 5C is less than that of Fig. 5A 

A. Full-wave bridge circuit. 

+ 

8. Center-tapped full-wave circuit. 

Fig. 5--Practlcol mognetlc-ompllfler circuits for dlreckurrenl output. Polarity of Ee.de 

depends on volue of I,,..,.. 



MAGNmc AMPLIFIERS 329 
Direct-current loads continued 

_f:e,de+ 

II 

C. Like Fig. IC, with bridge rectifier RE,. 

Fig. S--Continued. 

Fig. 6-Requlred supply voltage and inverse rectifier voltage for circuits of fig. 5. 

circuit, E,, using E,, using germanium peak inverse voltage 
Fig. 5 selenium rectifiers or silicon diodes across rectifiers tE1,2 

A 1.6 E1,de I .4 E1,ac 1.4 Ep 
B 3.2 E1,de 2.9 Eu, lA Ep 
C 1 .7 Ei.ac 1.6 E1,de 0.5 Ep 

Fig. 7 is a 3-phase amplifier with direct-current output. Six separate reactors 
are used. The bias windings have been omitted in the figure. This circuit 
may produce ripple E1,ae across the load as high as 0.3 E1,<tc, Frequency of 
the induced voltage across inductor L is 6 times the supply frequency. 
Output turns required on each reactor can be calculated by assuming a 
voltage across the reactor of E,,/ (3)1 12• Control ampere-turns required hi 
a 3-phase amplifier are higher than in a single-phase amplifier portly 
because the inverse voltage across the rectifiers is higher for a longer 
portion of each cycle and the effect of rectifier leakage is thus more pro
nounced. The control curve of the Fig. 7 amplifier with selenium rectifiers is 
similar to that of Fig. 3B. Using cores of group-8 materials Fig. 4, AO would 
be approximately 2 to 3 ampere-turns and OB would be between 1 and 7 
ampere-turns. 
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Dired-current loads continued 

_ Ec,dc + 

Fig. 7-Three-phase bridge magnetic amplifier. 

Two-stage amplifiers 

to 3-phose 
tronsformtr 

Fig. 8 shows a two-stage amplifier with direct-current output. This circuit 
is useful where small control signals are available and high outputs are 
required. Cores of the first stage may be made of materials listed under 

+ Ec,dc _ 

fig. 1-Tw-tage magnetic ampllfler. The bias circuit Is omlned for slmpllclty, 



Two-stage amplitlers continued 

groups C or D in Fig. 4, while -ff 

cores of the second stage are tu" 

generally of group-A or -B * 
materials. Inductor L2 has the 
same function as L1 and, in addi
tion, it prevents alternating cur
rents induced in control wind-
ings of the second stage from 
flowing through rectifiers RE1 to 
RE 41 thereby causing unwanted 
direct currents in the control 
windings of the second stage 
and the output windings of the 
fast stage. 

fig. 9 is a push-pull amplifier 
driving a single stage. If well 
designed and if the preampli
f1er push-pull stage uses group
D core material, the power 
stage con be driven to full 
output with the application of 
10 milliampere-turns of signal 
at the preamplifier. In this 
balanced circuit, Ee.de may 
assume either polarity. 

MAGNETIC AMPLIFIERS 
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AC control signal 

control voltage • E.c,ac and 
control current • lc"ac 

+ Ce,11,_ 
(-1 (+) 

+le :.t<-1 i,ac (+) 

Fig. 10-Magnetlc amplifier controlled by alternating-current signal. The operating char
aderlstic of the circuit Is also given. 

+ Ec,oc_ 
H <+l 

Fig. 10 is the basic circuit of 
o magnetic amplifier con
trolled by on olternating
current signal. Control and 
supply voltages are of the 
some frequency ond their 
phose relationship must be 
as shown in the figure. The 
+ and - signs indicate rela
tive instantaneous polarities 
of the two waves. A. Bridge rectification of output. 

The relationship between the 
output voltage E1,ac, control t:::J 
voltage Ec,ac, and control 
current le.a,, is shown in Fig. !+l 

10. With no voltage applied 
to the control winding, the 
amplifier operates at maxi
mum output. When a signal 
is applied, the output is re-
duced as indicated. 

i 

Fig, 11-Ampllflers with allernot
lng-current control and dlrect-cur
renl output ore shown at the right. 8, Centor-tap rectification of output. 

I 

' + 
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AC control signal continued 

The basic circuit of Fig. 10 can be modified for direct-current output as 
shown in Figs. l lA and B. The response times r of the three amplifiers are, 
For Fig. 10, l ~ r ~ 4 cycles, for Fig. l lA, 0.5 ~ r ~ 2 cycles, and for 
Fig. 11 B, 0.5 ~ T ~ l cycle. 

The poor response time of Fig. lO is due to circulating currents that may 
occur in the reactors-and-rectifiers circuit indicated by the dashed oval. 
Any circulating currents in Figs. llA and B must flow through the load 
impedance and they are thus minimized. 

Combination transistor-magnetic amplifiers 

To control a magnetic amplifier with an alternating-current signal, the signal 
must be strong enough to change the flux of the core completely during a 
half-cycle of the power-supply voltage. When the available signal is too 
small, a transistor preamplifier may be used. 

Figs. 12 and 13 show two methods of coupling transistors to magnetic 
amplifiers. Instead of the single-stage transistor amplifiers shown, there may 
be several transistor stages in cascade. 

In Fig. 12, an Ec,ac of power-line frequency is impressed on a single-ended 
transistor circuit. The transistor is biased on the emitter electrode to act 
as a class-A amplifier and its output is coupled to the magnetic amplifier 
by the inductor Land capacitor C. The control signal of the magnetic amplifier 
is then the amplified version of the E,,ac signal received by the transistor. 

+ t 

+ 

Fig. 12-Translstor coupled to alternating-current-conlrolled magnetic ampllfler. 
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Combination transistor-magnetic ampliflers continued 

Output of the magnetic ampli
fier is dependent on phase 
and amplitude of the output of 
the transistor and thus of the 
initial signal. 

In Fig. 13, the transistor stage 
has a push-pull output that 
feeds a double-ended diode 
phase discriminator (demodu
lator!. Alternatively, conven
tional ring demodulators or 
transistor demodulators* might 
be used to secure control 
direct current for this type of 
magnetic amplifier. Output of 
the magnetic amplifier will de
pend on both the phase and 
amplitude of the initial signal. 

When very-low-level direct
current signals have to be 
used, a mechanical vibrator or 
diode chopper or transistor 
choppert may be employed to 
convert the direct into alter
nating current. The resulting 
Ec,ac is passed through a tran
sistor stage to drive the mag

netic amplifier. 

*R. 0. Decker, "Trqnsistor Demodu
lotor for High-Performance Magnetic 
Ampliners in A-C Servo Applications," 
Communication and Electronics, no. 17, 
pp. 121-123; March, 1955. 

t A. P. Kruper, "Switching Transistors 
Used as a Substitute for Mechanical 
low-level Choppers," Communication 
and Electronics, no, 17, pp. 141-144; 
March, 1955. 
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Feedback 

Control curves of standard 
generally not linear. If a 
linear relationship be
tween signal current and 
load current or voltage is 
desired, negative feed
back must be used. Fig. 14 
shows typical feedback 
circuits. It is desirable to 
use an inductor in series 
with the feedback winding 
as indicated. 

Note that the direction of 
/ 0 has been reversed; 
since the feedback has a 
polarity such that it tends 
to reduce the output. 

To illustrate the design of 
a feedback circuit, as
sume that the control curve 
of an amplifier without 
feedback is shown by the 
solid curve of fig. 3A and 
that 1 ampere-turn of 
control current is needed 
for full output. Further, as
sume that the maximum 
departure of this control 
curve from a straight line 
is 0.5 ampere-turn while 
the desired linearity should 
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magnetic amplifiers as shown in Fig. 3 ore 

+Ee,d~-

A. Current feedback. 

Ee de 
+ ' -

II 

"' Ep :I: 

be better than 10 percent. 8. Voltooe feeclbock. 

The intrinsic nonlinearity 
cannot be changed since 
it is dependent principally 

Fig. 14-Clrcuits employing negative feedback for 
improving linearity of control curve. 

on the core material. However, if control ampere-turns can be increased 
to 5 while keeping the nonlinearity at 0.5 ampere-turn, the desired result 
will be achieved. The feedback winding in this case would be designed to 
produce 5 ampere-turns in the negative direction when the amplifier give! 
full output. Since these negative ampere-turns must be counteracted by 
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Feedback continued 

the control current, a signal of opproximote!y 5 ampere-turns is now 
required for full output. 

Volts per turn 

Voltage/turn of winding is a function of Bmu and the cross-sectional area 
of the core. It may be expressed os follows for toroidal cores: 

Millivolts/turn 

where 

1D0 - D;I H K1 K2 

= 2 A; K1 K2 

= 0.4 Ac K1 K2 

Ac cross-sectional area* of core in centimeters2 

A; cross-sectional area of core in inches2 

* In the equations there is an apparent discrepancy between areas in square inches and square 
centimeters, Cross-sectional areas in square inches are [ID. D;l/2J X H. The housing is ex• 
eluded but the space occupied by insulating coatings between lllrns of the iron tape is included in 
square-inch areas. Cross-sectional areas in square centimeters ore actual net iron areas and 
include a stacking factor of approximately 80 percent. This different method of computing 
square inches and square centimeters Is followed in most commercial catalogs of cores. 
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fig. 15-Approximate induced volta9e/wlndin9-turn for toroidal cores. 
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Volts per tum continued 

D, = inside diameter in inches of core having a rectangular section 

D0 = outside diameter in inches of core having a rectangular section 

H = height in inches of core having a rectangular section 

K1 136 for group-A core materials (Fig. 41 

= 111 for group-8 core materials (Fig. 41 

= SJ for group-C core materials (Fig. 41 

= 40 for group-D core materials !Fig. 4l 

K2 1.0 for 60 cycles/second 

= 6.7 for 400 cycles/second 

The relationships are plotted in fig. 15. 

Design procedure 

337 

The following pertains to a single-stage full-wave self-saturating magnetic 
amplifier using toroidal cores in circuits similar to Fig. lC for alternating
current output or to Fig. 5A for direct-current output. The some procedures 
can be used to design each part of more-complex circuits. 

a. Choose a supply voltage approximately 1.2 E1,ae or from 1.4 to 1.6 Eu. 
see "Direct-current loads" above. 

If there is any choice of frequency, choose the highest available power
supply frequency. 

b. Make a preliminary selection of core material. If P, is the power available 
from the signal source, materials listed in Fig. 4 may be chosen for toroidal 
cores as follows: 

for P. > 100 milliwatts, use group-A materials 

For 100 milliwatts > Pc > 1 milliwatt, use group-8 materials 

for 1 milliwatt > P. > 0.01 milliwatt, use group-C materials 

For 0.Dl milliwatt > Pc use group-D materials 

The choice will depend to some extent on the required response time. For 
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Design procedure continued 

equal gains and outputs, the response time becomes progressively shorter 
from group-A to group-D materials. 

c. Determine the P1 that the load will absorb and the power range over 
which the load will hove to be controlled. Use these data to make a pre
liminary choice of core size. The following empirical relationship is on aid 
to choice . 

.2 0.5 X Pi X 105 

0• X A; ~ Bmaz X f 

where 

D, = inside diameter of toroidal core in inches 

A; cross-sectional area of core in inches2 

P1 load in watts 

B..,,.., saturation flux density in gausses !Fig. 41 

f supply frequency in cycles/second 

Another aid is the fact that a core with D, = 2 inches, D0 = 2.5 inches, 
and H 0.5 inch, of group-8 material, is good for 8-watts output at 60 
cycles/ second. Output is approximately proportional to volume of the 
core, to frequency, and to 8,,...,,. 

These relationships ore rough guides only and final selection may be a 
core differing by a factor of as much as 2 or 3 from these rules. If the 
designer hos experience with amplifiers somewhat similar to the one to be 
designed, it is preferable to rely on the experience rather than on these 
empirical rules in selecting core sizes. 

d. T oroidol cores for magnetic amplifiers are a commercial product. If 
ready-mode cores ore to be used, consult manufacturers catalogs and 
choose a core with parameters close to those estimated in (bl and Id. 
Most commercial cores hove molded housings. Note the inside diameter 
and clear inside area of the housing. 

e. From the table on p. 51 select a wire size for the output winding on the 
basis of 1 circular mil/milliampere. In full-wove circuits, toke the root
meon-square current in the output winding of each reactor as 0.707 X (aver
age lil. 
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Design procedure continued 

f. Determine millivolts/turn from Fig. 15 and calculate the number of output 
turns. Increase the calculated turns by JO percent for safety. 

g, From the tables on p. 114 and p. 'll8, calculate cross-sectional area of 
output winding. Increase this area by 75 percent to provide for control 
and bias windings, insulation, winding clearances, etc. To the estimated 
area of all windings, add the clearance hole for the shuttle of the winding 
machine. (Shuttle rings vary in thickness from 1/4 inch for small cores with 
small wire to 1 inch for the larger core and wire sizesJ 

The total required area obtained in this way should be checked against 
the clear inside area of the core. If there is not sufficient space, select 
another core. 

h. Select rectifiers on the basis of load current, forward voltage drop, 
reverse leakage, and mechanical mounting arrangements. 

i. Rectifier reverse leakage current in percent of 11 may be estimated as 
follows: 

0.25 to 1.0 percent for selenium rectifiers operating at their full rated inverse 
voltage (26 to 36 volts/plate, depending on type of platel. 

0.10 to 0.25 percent for selenium rectifiers with extra plates or at reduced 
voltage so that inverse voltage does not exceed 10 to 15 volts/plate. 

0.1 to 0.5 percent for germanium diodes, depending on type and inverse 
voltage. 

0.Dl to 0.10 percent for silicon diodes. 

i, Calculate leakage ampere-turns due to the output winding by multiplying 
the leakage current of (i) by the turns of !fl. From Fig. 4, obtain the control 
ampere-turns AB required on the assumption of perfect rectifiers. Add the 
two figures to obtain total control ampere·-turns required (AB in Fig. 3). 

k, Knowing the Ic,dc that the signal source is capable of supplying, calculate 
the turns on the control winding and select the wire size. 

I. Calculate the resistance of the control winding and check that the signal 
source can produce the required control current through both reactors 
in series. If not, select a core requiring less control ampere-turns or 
secure rectifiers of lower leakage. 

m. Design the bias winding. It should be capable of at least the OB ampere
turns shown in Fig. 4. Number of turns will depend on the current rhat 
the bias source is capable of delivering. 
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Design procedure continued 

n. Calculate the voltages induced in the control and bias windings by 
multiplying the number of turns of the respective windings by the volts/turn 
of Fig. 15. 

o. Calculate the maximum alternating-current component to be permitted in 
the control and bias circuits as 30 percent of the respective direct currents. 

p. On the assumption that control and bias sources and windings offer 
negligible impedance to the induced voltage, compute the inductance of 
chokes to be used in series with the signal and bias windings to limit the 
current to the value of (ol above when an assumed voltage of one coil 
per (nl above is applied at twice the supply frequency. 

Sample design 

An Ei,de is to be controlled from zero to 18 volts with an Ii.de between 
0 and 30 milliamperes. The available Ee,dc varies from zero to 0.25 volt at 
zero to 400 microamperes. Power supply of 60 cycles/second is available. 

A circuit similar to Fig. 5A is chosen and E,, of 1.4 X 18 = 25 volts is assumed. 
Maximum available Pc is 0.1 milliwatt and group-C core material is selected. 
Cores with D; = I, Do = It and H ¼ 1inch} are selected from a manu
facturers catalog. Iron cross-sectional area of each core is 0.047 inch. 
From Fig. 15, induced voltage is approximately 4.7 millivolts/turn. The 
catalog shows the inside diameter of the housing of these cores as 0.93 
inch, which provides a winding space of 0.67 inch2• 

Effective load current in each reactor is 0.707 X 30 = 21 milliamperes. A 
suitable wire size for the output winding is 37 AWG with a copper cross
section of 19.8 circular mils. The output windings require 25/0.0047 = 5300 
turns. 

Peak inverse voltage across the rectifiers is 1.4 X 25 = 35 and forward 
current is 21 milliamperes/rectifier. Germanium diodes type IN54 are 
specified for the rectifiers. Reverse leakage current is estimated at approxi
mately (0.1 percent! X (21 milliamperes) "" 20 microamperes. 

Leakage ampere-turns = 20 X J0-6 X 5300 "" 100 milliampere-turns. 

Fig. 4 indicates that the reactor can be controlled with about 140 milli
ampere-turns. Control windings of 100 + 140 = 240 milliampere-turns are 
therefore required. Since 400 microamperes are available from the source, 
600 turns are needed on each control winding. 
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Estimating l½ inches of wire/turn, total length of each control winding is 
75 feet. Permissible resistance of the control winding on each reactor is 
I0.51 X 10.25/4001 X 10-6 = 310 ohms. Since 75 feet of 37 AWG wire hos 
o resistance of only 39 ohms, this size may be used for both control and 
output windings. 

The leakage of 100 milliampere-turns is about the some as the value OB 
for group-C cores shown in Fig. 4. Therefore, o bias winding will be omitted. 
llf o bias winding were used, 150 turns with a current of 1 milliampere 
would be sufficient.I 

Using 37 AWG wire for both windings, we hove 5900 turns on each core. 
Double-formvor-insuloted 37 A WG wire hos a diameter 0.0054 inch and o 
space factor of 0.87 as shown on p. 278. Inside diameter 0.93 inch of the 
core housing will permit approximately 'll" X 0.93 X I0.87 /0.00541 = 500 
dose-wound turns on the flrst layer and less on the remaining layers. There 
will be at least 12 layers of winding having o total thickness of about 
12 X 10.0054/0.87), soy, 0.10 inch. Area remaining for the shuttle of the 
winding machine is hr/41 (0.93-2 X 0.10! 2 = 0.42 inch2 which is sufflcient. 

The induced voltage in each control winding will be (600 turns] X 14.7 milli
volts) = 2.8 volts. This voltage at 120 cycles/second will be applied across 
the inductor in series with the control supply. Permissible alternating current 
in the control circuit is 0.3 X 400 = 120 microomperes. Impedance required 
in the inductor is 2.8/1120 X 10-6 = 23,500 ohms. At 120 cycles/second, 
the inductor should hove o reoctonce of 31 henries. 

Calculation of response time 

Speed of response r is deflned as the time necessary for a magnetic 
amplifier to reach 63 percent of ultimate output upon application of a step 
signal voltage in the control circuit. ft includes the time required to change 
the flux in the control-circuit inductor. Response is fairly independent of the 
number of turns on the output windings. It depends only upon the number of 
turns Ne of the control winding, the type and cross-section of the core, and 
the voltage f 0 available from the signal source. 

Response time in cycles con be approximated from the following empirical 
formula. ft yields results which may be in error by ±50 percent. 

Ne X (volts/turn) 
T ,::, 

2f, 

Volts/turn may be obtained from Fig. 15. 
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Calculation of response time continued 

for example, the response time of the amplifier in the above sample design 
would be: 

600 X 4.7 X 10-3 

T ~ 
2 

X 
0

_
25 

6 cycles 

With 60-cycle/second supply, this would be 0.10 second. 

Practical considerations 

In amplifiers using two or more cores and rectifiers, the components should 
be carefully matched. If this is not done, le requirements may be 50-percent 
higher than estimated. 

For high-sensitivity amplifiers with moderate output, toroidal cores should 
not be larger than D. = 2 to 3 inches. If selenium rectifiers are used, the 
number of turns on the output winding should be held to a maximum of 3500 
and the rectifiers should hove enough plates so that inverse voltage/plate 
will not exceed 10 to 15 volts. If germanium diodes with high leakage 
resistance such as types 1N54, lN67, or lN8 l ore used, the number of 
output turns may be increased to 7000. 

For highest sensitivity, amplifiers should be equipped with cores of group-C 
or group-D materials listed in Fig. 4. Silicon-diode rectifiers having a reverse 
leakage of a few microomperes and relatively high inverse-voltage ratings 
should be used with such cores. The number of turns on the output winding 
should not exceed 10,000 in this case for 60-cycle operation or 2500 for 
400-cycle operation because of intrawinding capacitance effects. 

E1/ le of high-sensitivity amplifiers may change by from 2 to 10 percent 
during their lifetime. This should be anticipated in the design. 

For alternating-current-controlled amplifiers, optimum design usually con
sists in employing as thin and narrow a core as possible because the smaller 
the core cross-section, the lower the required signal. 

Triggering 

This phenomena occurs quite often in high-performance amplifiers having 
very-low-leakage rectifiers. Referring to the control curve in Fig. 16A, the 
action is as follows: when le increases in the negative direction, the amplifier 
cuts off at point A; then when le decreases, the amplifier remains at cutoff 
up to point R, where the output suddenly shoots up to point S. The amplifier 
con be cut off again along the line SA. The area enclosed by SAR is the 
triggering region. 
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Practical considerations continued 

Triggering may be used to advantage in certain bistable switching circuits, 
but it is usually undesirable. The simplest way to minimize the phenomena 
is to use rectifiers with more leakage or to shunt a resistor across the 

Ee de . + 

i 

signal current" Ic 

A. Chorocteristic showing triggering 8. Capacitor C added 

fig. 16--The eff•d of lrlggerlng on magnetic ampllfter output, Capacitor C acrOH th• r•c
tift•r• prevent• triggering. 

rectifiers, but both these cures reduce the gain of the amplifier. Triggering 
can be eliminated without diminishing amplifier gain by placing o capacitor 
C across RE1 and RE2 as shown in fig. 16B. In general, the size of C cannot 
be predetermined. Minimum C is desirable for least response time and the 
value can be determined experimentally by starting with about 1 microfarad 
and substituting smaller values until triggering starts. 
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• Feedback control systems 

Introduction* 

A feedback control system {fig. ll is one in which the difference between o 
reference input and some function of the controlled variable is used to 
supply on actuating error signal to the control elements and the controlled 
system. The amplified actuating error signal is applied j:n a manner tending 
to reduce this difference to zero. A supplemental source of power is avail
able in such systems to provide ompliflcotion al one or more points. 

The two most common types of feedback control systems ore regulators and 
servomechanisms. Fundamentally, the systems ore similar, the difference in 
names arising from the different natures of the types of reference inputs, the 
disturbances to which the control is subjected, and the number of integrating 
elements in the control. Thus, regulators ore de$igned primarily to maintain 
the controlled variable or system output very nearly equal to a desired 
value in the presence of output disturbances. Generally, a regulator does 
not contain any integrating elements. 

A servomechanism is a feedback control system in which the controlled 
variable is a position (or velocity). Ordinarily in o servomechanism, the 
reference input ls the inpvt signal of prima·ry importance; food disturbances, 
while they may be present, are of secondary importance. Generally, one or 
more integrating elements ore contained in the forward transfer function of 
a servomechanism. 

Types of systems 

The various types of feedback control systems con be described most 
effectively in terms of the simple closed-loop direct feedback system. Fig. 2 
shows such a system. R!s), Clsl, and E!s) are the Laplace transforms of the 
reference input, controlled variable, and error signal, respectively. 

Note: The complex variable s instead of p will be employed in this chapter 
to conform with the general practice in the literature on feedback control 
systems. 

* H. Chestnut and R. W. Moyer, "Servomechanisms and Regulating System Design," John• 
Wiley & Sons, Inc., New York, N. Y.; 1951 and 1955: vols. I and 2. Also, W.R. Evans, "Control 
System Dynamics," McGraw-Hill Book Company, Inc., New York, N. Y. 1 1954. Also, J. G. 
Truxal, "Automatic feedback Control System Synthesis," McGraw-Hill Book Company, Inc .. 
New Yori<, N. Y.; 1955. Also, H. S. Tsien, "Engineering Cybernetics," McGraw-Hill Book. 
Company, Inc., New York, N. Y.; 1954. 
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For a typical linear system, Gfsl might 
appear as 

Cfsl = G!sl 
E!sl 

KIT1s + 11 fTss + 1) 
s"IT2s + ll ff4s + ll 

The value of the exponent n, an integer, 
designates the type of the system. This 
in turn reveals the nature of the steady-
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as outlined below. 
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Types of systems continued 

Type-0 system: A constant value of the controlled variable requires a 
constant error signal under steady-state conditions. A feedback control 
system of this type is generally referred to as a regulator system. 

Type-1 system: A constant rate of change of the controlled variable re
quires a constant error signal under steady-state conditions. A type-1 feed
back control system is generally referred to as a servomechanism system. 
For reference inputs that change with time at a constant rate, a constant 
error is required to produce the same steady-state rate of the controlled 
variable. When applied to position control, type- I systems may also be 
referred to as a "zero-displacement-error" system. Under steady-state con
ditions, it is possible for the reference signal to have any desired constant 
position or displacement and the feedback signal or controlled variable to 
have the same displacement. 

Type-2 system: A constant acceleration of the controlled variable requires 
a constant error under steady-state conditions for a type-2 system. Since 
these systems con maintain a constant value of controlled variable and a 
constant controlled variable speed with no actuating error, they are some
times referred to as "zero-velocity-error" systems. 

Stability of systems 

A linear control system is unstable when its response to any aperiodic, 
bounded signal increases without bound. Mathematically, instability may be 
investigated by analysis of the closed-loop response of the system shown 
in Fig. 2. 

C Gisi 
-Isl = 
R 1 + Glsl 

s = u + jw 

The stability of the system depends upon the location of the poles of 
Cls) /Risi or the zeros of [1 + Gisi] in the complex s plane. Several 
methods of stability determination can be employed. 

Routh's criterion 

A method due to Routh is constructed as follows. Let D = numerator poly
nomial of 1 + Glsl. Then form 

(=II 

D = L a,s' 
(=O 
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Stability of systems continued 

where o,.>0. 

a. Construct the table shown below, with the first two rows formed directly 

from the coefficients and succeeding rows found as indicated. 

On 0,._2 o,._4 On-6 

0,....1 a,,_3 a,._5 On-7 

b1 b2 bi 64 

C1 C2 Cg C4 

di d2 ds 

e1 e2 

f1 

where 

b2 = 

ba = 

C1 = 

C2 = 

On-1 o,._2 - On-3 On 

On-1 

On-1 On-4 - On-6 On 

0 ...... 1 

On-1 On-6 - 0,._7 On 

a,,_1 

b1 a,._a - b2 On-1 

b1 

b1 o,._s - ba 0,....1 

b1 
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Stability of systems continued 

C3 = b1 a,._7 - b4 o,,_1 
b1 

di = C1 b2 - b1 C2 

C1 

The table will consist of n rows. 

b. The system is stable; i.e., the polynomial has no right-half-plane zeros if 
every entry in the first column of the table is positive. If any complete row is 
zero, the rest of the table cannot be formed. In such a case the polynomial 
always has zeros in the right-half-plane or on the imaginary axis. 

Nyquist stability criterion 

A second method for determining stability is known as Nyquist stability 
criterion. This method consists in obtaining the locus of the transfer function 
G (sl in the complex G plane for values of s = jw for w from - co to + co. 
For single-loop systems, if the locus thus described encloses the point 
- 1 + jO, the system is unstable; otherwise it is stable. Since the locus is 

always symmetrical about the real axis, it is sufficient to draw the locus for 
positive values of w only. Fig. 3 shows loci for several simple systems. 
Curves A and C represent stable systems and are typical of the type-1 
system; curve Bis an unstable system. Curve Dis conditionally stable; that is, 
for a particular range of values of gain K it is unstable. The system is stable 
both for larger and smaller values of gain. Note: it is unstable as shown. 

Phase margin 811 and gain margin g are also illustrated in Fig. 3A. The former 
is the angle between the negative real axis and G !jwl at the point where 
the locus intersects the unit-gain circle. It is positive when measured as shown. 

Gain margin g is the negative db value of G!jwl corresponding to the 
frequency at which the phase angle is 180 degrees !i.e., where Gljwl inter
sects the negative real axis}. The gain margin is often expressed in decibels, 
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Fig, 3-Typical Nyquist loci. 
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so that g -20 log10 G(jwl. Typical satisfactory values ore - JO db for g 
and an angle of 30° for Op, These values are selected on the basis of a good 
compromise between speed of response and reasonable overshoot. Note 
that for conditionally stable systems, the terms gain margin and phase margin 
are without their usual significance. 

logarithmic plots 

The transfer function of a feedback control system can be described by 
separate plots of attenuation and phase versus frequency. This provides a 
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very simple method for constructing a Nyquist diagram from a given transfer 
function. Use of logarithmic frequency scale permits simple straight-line 
!asymptotic! approximations for each curve. Fig. 4 illustrates the method for 
a transfer function with a single time constant. A comparison between 
approximate and actual values is included . 

• 30.,..,_. __ -,,_.._.__-=--,,....._c--'-="c-....., ___ _.__ ........ _...__._-..._.._.,.,,-100 
0.1 0.2 0.4 0.6 0.8 1.0 2 4 6 8 10 
tuT in radians/second 

Fig. 4-Transfer-functlon plot. G(jw) = l /( l + jwT) 

Transfer functions of the form G = (1 + jw Tl have similar approximations 
except that the attenuation curve slope is inverted upward !+ 20 db/ decade) 
and the values of phase shift are positive. 

The transfer function of feedback control systems can often be expressed as 
a fraction with the numerator and denominator each composed of linear 
factors of the form !Ts + ll. Certain types of control systems such as 
hydraulic motors where compressibility of the oil in the pipes is appreciable 
or some steering problems where the viscous damping is small give rise to 
transfer functions in which quadratic factors occur in addition to the linear 
factors. The process of taking logarithms (as in making a db plot) facilitates 
computation because only the addition of product terms is involved. The 
associated phase angles are directly additive. 

For example 

GI ·wl = K!l + jwT2l 
1 

[T2(jwJ 2 + 2/;T!jwl + 1] 11 + jwT1l 11 + jwTal 

where s = jw. The exact magnitude of G in decibels is 

2010910 I G I 20 log10K + 2010910 I l + jwT2 I 2010910 I 1 + jwT1 I 
- 20 10910 I l + jwTa I - 2010910 I T2 (jwl 2 + 2 /; T !jw) + 1 I 
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Plots of attenuation and phase for quadratic factors as a function of the 
relative damping ratio f are given in Fig. 5. The low-frequency asymptote is 
0 db, but the high-frequency asymptote has a slope of ± 40 db/decade 
(the positive slope applies to zero quadratic factors), twice the slope of the 
simple pole or zero case. The two asymptotes intersect at 
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w = 1/T 
The difference between the asymptotic plot and the actual curves depends 
on the value of r with a variety of shapes realizable for the actual curve. 
Regardless of the value of r, the actual curve approaches the asymptotes 
at both low and high frequencies. In addition, the error between the 
asymptotic plot and the actual curve is geometrically symmetrical about the 
break frequency w = 1 /T. As a result of this symmetry, the curves of Fig. SA 
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are plotted only for wT~ I. The error for w = a/Tis identical with the error 

at w = 1/aT. 

Log plots applied to transfer functions 

Nyquist's method, although yielding satisfactory results, has undesirable 
limitations when applied to system synthesis because the quantitative effect 
of parameter changes is not readily apparent. The use of attenuation-phase 
plots yields a more direct approach to the problem. The method* is based 
upon the relation between phase and the rate of change of gain with fre. 
quency of networks. As a first approximation, which is valid for simple 
systems, a gain rate of change of 20 db/decade corresponds to a phase 
shift of 90°. Since the stability of a system can be determined from its phase 
margin al unity gain (0 dbl, simple criteria for the slope of the attenuation 
curve can be established. Thus it is obvious that to avoid instability, the slope 

* A theorem due to Bode shows !hot the phase angle of a network at any desired frequency is 
dependent on the rate of change of gain with frequency, where the rate of change of gain at the 
desired frequency has the major inAuence on the value of the phase angle at that frequency. 
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of the attenuation curve at unity gain must be appreciably less than -40 
db/decode !commonly about -33 db/decade). 

The design procedure is to construct asymptotic attenuation-phase curves 
as a first approximation. From this it can be determined whether the sta
bility requirements ore met. Refinements can be mode by using the actual 
instead of asymptotic values for the curve as outlined in Fig. 4. 

Figs. 6 and 7 are examples of transfer functions plotted in this manner. In Fig. 6 
a positive phase margin exists and the system is stable. Associated with the 
first-order pole at the origin is o uniform Uow-frequencyl slope of -20 
db/decode and -90° phase shift. This may be considered characteristic of 
the integrating action of o type-1 control system. Fig. 7 is an unstable system. 
It has o negative phase margin (as a result of the steep slope of the attenua
tion curve!. The former is stable, the lotter is unstable. 

Root-locus method 

Root-locus is o method of design due to Evans, based upon the relation 
between the poles and zeros of the closed-loop system function and those 
of the open-loop transfer function. The rapidity and ease with which the 
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loci can be constructed form the basis for the success of root-locus design 
methods, in much the same way that the simplicity of the gain and phase 
plots lBode diagrams) makes design in the frequency domain so attractive. 
The root-locus plots can be used to adjust system gain, guide the design of 
compensation networks, or study the effects of changes in system parameters. 

In the usual feedback control system, G(sl is a rational algebraic function, 
the ratio of two polynomials in s; thus, 

G (s) m (s) / n Isl 

From Fig. 2 

C (sl = G(sl 
R 1 + Glsl 

m(sl/n(s) = ------ = ----
1 + [m(sl/n(sl] mis) + n(sl 

mlsl 

The zeros of the closed-loop system are identical with those of the open
loop system function. 

The closed-loop poles are the values 
of sat which m(sl/n(sl = - l. The 
root-locus method is a graphical 
technique for determination of the 
zeros of m Isl + n Isl from the zeros 
of m Isl and n (sl. Root loci are plots 
in the complex s plane of the varia
tions of the poles of the closed
loop-system function with changes in 
the open-loop gain. For the single
loop system of Fig. 2, the root loci 
constitute all s-plane points at which 

Fig. I-Graphical interpretation of G(t). 

G(s) = K(AB/CDEF) 

= /A + /8 . 

/G(s) = 180° + n 360° 

where n is any integer including zero. For a 
type-1 feedback control system 

G(s) 

A graphical interpretation is given in Fig. 8. 
Examples are given in Figs. 9 and 10. 

t 
t 

¼ 
,\ ¼ ¼ 

-I ·0.5 

.!. 

.} 

• . , 
• 

s plane 

Fig. 9-Root loci for 

G(sl = K /{th + I]) 

.,._ 

Values of K as indicated by 
fractions. 
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K~ -i"'c 
\ ~· 

s plone 

.,._ 

Gain K1, Fig. 10, produces 
the cose of critical damp
ing. An increase in goin 
somewhat beyond this value 
causes o damped oscilla
tion to oppeor. The lotter 
increases in frequency (ond 
decreases in damping) with 
further increase in goin. At 
goin Ka o sustained oscilla
tion will result. Instability 
exists for goin greater thon 
Ka, os ol K4• This corre
sponds lo poles in the right 
holf of the s plane for the 
closed-loop transfer func
tion. Fig. 10-Rool loci for G(1) = K/[1IT11 + 1 l (T2s + 1 )]. 

Aids in sketching root-locus plots 

a. The simplest portions of the plot to establish ore the intervals along the 
negative real ( - ul axis, because then oil angles ore either 0° or 180°. 

Complex pairs of zeros or poles contribute no net angle for points along 
the real axis. 

Along the real axis, the locus will exist for intervals that hove on odd number 
of zeros and poles to the right of the interval !Fig. 11 l. 

s plone s plone 

.,._ 

"lg. 11-Root-locus Intervals along the real axis 

b. For very large values of s, oil angles ore essentially equal. The locus will 
thus finally approach asymptotes at the angles !Fig. 121, given by 
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180° + n 360° 

!number of poles) - !number of zeros) 

These asymptotes meet at a point s1 Ion the negative real axis) given by 

1: !poles) - 2: !zeros) 
St = --------'-------------

(number of finite poles) - !number of finite zeros) 

jw /111 
I ',+135° /~5' ~· ' 

s plane s pion• 

180" X 

IT <T 
lC 

\-60" 
/ti35° 

',-4~ \ 

' ' 
Fig. 12-Final asymptotes for root loci. left, 60° asymptotes for system having 3 poles. 
Right, 45° asymptotes for system having an excess of 4 poles over zeros. 

c. Breakaway points from the real axis occur 
where the net change in angle caused by a 
small vertical displacement is zero. In Fig. 13 
the point p satisfies this condition at 1/xo = 
O/x1l + ll/x2l. 

d. Intersections with jw axis. Routh's test 
applied to the polynomial m Isl + n (sJ fre
quently permits rapid determination of the 

JIii 

s plone 

points at which the loci cross the jw axis and Fig. 13-Breakaway points. 

the value of gain at these intersections. 

e. Angles of departure and arrival. The angles at which the loci leave the 
poles and arrive at the zeros are readily evaluated from the following 
equation 

2;/vectors from zeros to s - 2;/vectors from poles to s = 180° + n360°. 

For example, consider Fig. 14. The angle of departure of the locus from the 
pole at 1- l + jll is desired. Ha test point is assumed only slightly displaced 
from the pole, the angles contributed by all critical frequencies (except the 
pole in question) are determined approximately by the vectors from these. 
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poles and zeros to 1-1 + jll. The angle contributed by the pole at 
( - 1 jl) is then just sufficient to make the total angle 180°. In the example 
shown in the figure the departure angle is found from the relation: 

1135° + 90° + 26.6° + 81 = 180° + n 360° - ~ ,,....,.____ ~ , + 1 + jl • + 3 , + 1 jl 

Hence IJ = -26.6°, the angle at which the locus leaves 1-1 jll. 

Fig. 14-Loci for 

G(s) 
KC.+ 2) 

1(1 + 3)(-2 + 21 + 2) 
-3 

Methods of stabilization 

fT 

Methods of stabilization for improving feedback-control-system response 
foll into the following basic categories: 

a. Series lcoscodel compensation. 

b. Feedback (porollefl compensation. 

c. Load compensation. 

In many cases any one of the above methods may be used to advantage 
and it is largely a question of practical considerations as to which is selected. 
Fig. 15 illustrates the three methods. 

Networks for series stabilization 

Common networks for stabilization ore shown in Fig. 16 with the transfer 
functions. The bridged-T network con be used for stabilization of ac 
systems although it hos the disadvantage of requiring close control of the 
carrier frequency. Asymptotic attenuation ond iifiose Cl!rves for the first 
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control elements 
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Series compensation. 

Feedback compensation. 

controlled 
system 

Load compensation. 

Fig. IS-Simple schemes for compensation. 

Phase-log network 

where 

T2 R,C2 

T, = !R1 + R2l C2 

Phase-lead network 

where 

E; 

controlled 
system 

controlled 
system 

feedback 
compensation 

network 

c(tl 

c(t) 

cit) 

load 
modification 

l
e, 

0------------0 

c, 

R, 

E; 

Fig. 16-Networks for series stobilizotion. Continved on next page. 
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lead-lag netwark 

E0 tT1s + ll tT,s + 1l 

E, = T1T2s• + tT1 + r. + Tul S + 1 
'C, 

where 

R, 

1::, R• Eo 

0 
J:c• 

0 

Bridged-T network 

Eo T1T,.s2 + 2T1s + 1 
E; = T1Tas2 + 12T1 + T,ls + I 
where 

Fig. 16-Netwarks for series compensation. Conlinved 

three networks are shown in Figs. 17 and 18. The positive values of phase 
angle are to be associated with the phase-lead network whereas the nega
tive values are to be applied to the phase-lag network. Fig. 19 is a plot of 
the maximum phase shift for log and lead networks as a function of the 
time-constant ratio. 

Fig. 17-Phase and atlanuatlon for phase-lead and pha11&-lag networks. T1 = 10T2• 
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Instead of direct feedback, the feedback connection may contain frequency
sensitive elements. Typical of such frequency-sensitive elements are tach
ometers or other rate- or acceleration-sen~itive devices that may be fed 
back directly or through suitable stabilizing means. 

Load stabilization 

The commonest form of load stabilization involves the addition of an 
oscillation damper (tuned o, untunedl to change the apparent character
istics of the load. Oscillation dampers can be used to obtain the equivalent 
of tachometric feedback. The primary advantages of load stabilization are 
the simplicity of instrumentation and the fact that the compensating action is 
independent of drift of the carrier frequency in ac systems. 

Error coefficients 

Of major importance in feedback control systems, along with stability, is 
system accuracy. Static accuracy refers to the accuracy of a system after the 
steady state is reached and is ordinarily measured with the system input 
constant or slowly varying. Dynamic accuracy refers to the ability of the 
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system to follow rapid changes of the input. The following refers to a system 
such as Fig. 2. 

Static-error coefficients 

Position error constant: 

K = Lim Clsl = Lim G!sl 
P HO E(sl •-+O 

!controlled variable) 

(actuating error) 

for a constant value of controlled variable. 

Velocity error constant: 

K. = Lim sC(sl = Lim sGlsl 
•-+O Els) HO 

(velocity of controlled variable) 

(actuating error) 

for a constant velocity of controlled variable. 

Acceleration error constant: 

s2C(sl !acceleration of controlled variable) Ka = Lim -- = Lim s2G (sl = --------------
1• 0 Els) HO (actuating error! 

for constant acceleration of the controlled variable. 

Multiple inputs and load disturbances 

Frequently systems are subjected to unwanted signals entering the system at 
points other than the input. Examples ore load-torque disturbances, noise 
generated at a point within the system, etc. These may be represented as 
additional inputs to the system. Fig. 20 is a block diagram of such a condition. 

For linear operation, 

C 
a. 

R 

Combining !al and (bl, 

D = ~l (~) 
Fig. 20--Multiple-input control system. 
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If it is desired that the sum of R and U be reproduced in the output kon
tro lled variable), then G1 should be equal to unity. If U is a disturbance to be 
minimized, then G1 should be as large as possible. An example of such a 
disturbance is the torque produced on a radar antenna by wind forces. 

Practical application 

An example of a common application is the positioning-type servomechanism 
shown in fig. 21. Such a system ordinarily includes the following components: 
a comparator to measure the error, an amplifier, a second comparator or 
mixer to measure lf1 -Bl, a motor, and a tachometer. 

for this system, 

C Isl Gilsl G2 Isl 
--= ------
f(s) 1 + H!sl G2lsl 

Cls) G1lsl G2lsl = ------------
Risi 1 + H!sl G2!sl + G1lsl G 2 (sl 

R(s) 

------7- B(s) 

I t main servo loop I 
I I 
I I 
l _______ ~:l 

Fig. 21-Posilionlng-type servo. 

Control-system components 

amplifier, motor, and Cls) 
load cnaracteristics l--+--

G2( s) 

---------. 
auxiliary loop I 

...,._ _____ J 

tachometer element 
H(s)=Ks 

Error-measuring systems: potentiometers, synchros 

Commonly used error-measuring systems or comparators are shown in 
fig. 22. 

For synchros whose primary excitation is 115 volts, the error sensitivity is 
approximately 1 volt/ degree for a load resistance of 10,000 ohms across 
the control-transformer rotor. 
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reference controlled 
input variable 

,------, c(t) _ _!.!!,! differential 

voltage 
source 

, !ill reference input 

' 
e(tl 

voltage 
/ source 

L_ - controlled variable c(r) 

Potentiometer systems. 

Fig. 22-Error-measurlng systems. 

synchro synchro control 
generator transformer 

Cx .-------~Ct 
s, 

:-7l 
~ 

I 
Lreference 

input 
r(I l 

I 

RJ/L2 
I ac error 

/ voltage 

L controlled 
variable 

c(r) 

Synchro system. 

The static error of a synchro transmitter and control transformer com
bination is of the order of 18 minutes maximum and is a function of the rotor 
position. In some precision units, this error may be reduced to a few minutes 
of arc. In synchro-control transformers, a very undesirable characteristic is 
the presence of residual voltages at the null position. In well-designed units 
this voltage will be less than 30 millivolts. 

Synchro errors can be materially reduced by the utilization of double-speed 
systems. Such systems consist of a dual set of synchro units whose shafts ore 
geared in such a manner as to provide a "fine" and a "coarse" control. The 
synchro error can be effectively reduced by the factor of the gear ratio em
ployed. Synchronizing networks ore employed to provide for proper 
switching between the two sets of synchros. 

Linear motor and load charaderistics 

In the following, subscript m refers to motor, 1 refers to load, and O refers 
to combined motor and load. 
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0 = angular position in radians 
r = angular velocity in radians/sec = d0/dt 

Tm = motor-developed torque in pound-feet 
Jm = motor moment of inertia in slug-feet2 

Em = impressed volts 
k1 = motor stalled-torque constant in pound-feet/volt 

= [M ml LlEm],m 

365 

fm = motor internal-damping characteristic in pound-feet-seconds/radian 

= - [LlT m/ Llrm]Em 
rm = motor torque-inertia constant in 1 / second 

= Tm/Jm 
Jz = load inertia in slug-feet2 

fz = load viscous-friction coefficient in pound-feet-seconds/radian 
F1 = load coulomb friction in pound-feet 
N = motor-to-load gear ratio 

Bm/61 
{0 = over-all viscous-friction coefficient referred to load shaft 

= fz + N2fm 
J0 = over-all inertia referred to load shaft 

= Jz + N2Jm 
T0 = over-all time constant in seconds 

= Jo/fo 

The ideal motor characteristics of Fig. 23 are quite representative of de 
shunt motors. For alternating-current two-phase servomotors, one phase of 

shunt de motor 

Fig. 23-ldeal motor curves. 

]J ('(;>,.. 2-phose 
\<)) servomotor 

control 0 winding reference 
winding 

£= 
constant ~· 

which is excited from a constant-voltage source (the reference winding), 
the curves are approximately valid up to about 40-percent of synchronous 
speed. 

The speed and load-transfer characteristics are given by 
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Oo(sl 
k1N f,,.lsl - Fils) 

Jo52 + fos 

When the coulomb friction Fi can be neglected, 

Oo(sl k1N 
G(sl =-- =-----

fo5 (T os 1) 

Rate generators 

A rate generator (or tachometer generator! is a precision electromechanical 
component resembling a small motor and having an output voltage propor
tional to its shaft rotational speed. Rate generators have extensive applica
tions both as computing instruments and as stabilizing components of feed
back control systems. An example of the latter is illustrated in Fig. 21. The 
use of the rate generator produces an effective viscous damping and also 
tends to linearize the servomechanism by inserting damping of a linear 
nature and of such magnitude that it swamps out the rather large nonlinear 
damping of the motor. To eliminate the backlash between rate generators 
and servomotors, they are often constructed as integral units having a 
common shaft. These units are available for de or ac (either 400- or 60-cyclel 
operation. 

linearity considerations 

The preceding material applies strictly to linear systems. Actually all systems 
are nonlinear to some extent. This nonlinearity may cause serious deteriora
tion in performance. Common sources of nonlinearity are: 

a. Nonlinear motor characteristics. 

b. Overloading of amplifiers by noise. 

c. Static friction. 

d. Backlash in gears, potentiometers, etc. For good performance it is 
recommended that the total backlash should not exceed 20 percent of the 
expected static error. 

e. Low-efficiency gear or worm drives that cause locking action. 
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• Electron tubes 

General data* 

Cathode emission 
The cathode of an electron tube is the primary source of the electron 
stream. Available emission from the cathode must be at least equal to the 
sum of the instantaneous peak currents drawn by all of the electrodes. 
Maximum current of which a cathode is capable at the operating tempera
ture is known as the saturation current and is normally taken as the 
value at which the current first fails to increase as the three-halves power 
of the voltage causing the current to flow. Thoriated-tungsten filaments 
for continuous-wave operation are usually assigned an available emission 
of approximately one-half the saturation value; oxide-coated emitters do 
not have a well-defined saturation point and are designed empirically. In 
Fig. 1, the values refer to the saturation current. 

Fig. 1-Cammonly used cathode materials. 

specific 
operating I ratio efficiency In emission 

milliamperes/ !, In emissivity temp in , hot/ cold 
type watt amp/cm2 in watts/ cm2 deg K I resistance 

Bright 
tungsten IWl 5-10 0.25-0.7 70-84 250Q-2600 14/1 

Thoriated tung-
sten ffh-WI 40-100 0.5-3.0 26-28 1950-2000 10/1 

Tantalum ITol 10-20 0.5-1.2 48-60 238Q-2480 6/1 

Oxide coated 
!Bo-Co-Sri 50-150 0.5-2.5 5-10 1100-1250 2.5 to 5.5/1 

Operation of cathodes: Thoriated-tungsten and oxide-coated emitters should 
be operated close to specified temperature. A customary allowable heating
voltage deviation is ±5 percent. Bright-tungsten emitters may be operated 
at the minimum temperature that will supply required emission as determined 
by power-output and distortion measurements. life of a bright-tungsten 
emitter is lengthened by lowering the operating temperature. Fig. 2 shows 
a typical relationship between filament voltage and temperature, life, and 
emission. 

Mechanical stresses in filaments due to the magnetic field of the heating 
current are proportional to Ii. Current flow through a cold filament should 
be limited to 150 percent of the normal operating value for large tubes, and 

* J. Millman, and S. Seely, "Electronics," 1st ed., McGraw-Hill Book Company, New York' 
New York; 1941. K. R. Spangenberg, "Vacuum Tubes," 1st ed., McGraw-Hill Book Com
pany, New York, New York; 1948. A. H. W. Beck, "Thermionic Valves, Their Theory and 
Design-," Cambridge University Press, London, England; 1953. "Standards on Electron Tubes, 
Definitions of Terms, 1950," Institute of Radio Engineers, New York, New York. 
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2.50 percent for medium types. Excessive starting current may easily warp 
or break a filament. 

Thoriated-tungsten filaments may sometimes be restored to useful activity 
by applying filament voltage lonlyl in accordance with one of the following 
schedules, 

a. Normal filament voltage for several hours or overnight. 

b. If the emission fails to respond; at 30 percent above nonmal for JO minutes, 
then at normal for 20 to 30 minutes. 

c. In extreme cases, when a and b have failed to give results, and at 
the risk of burning out the filament; at 75 percent above normal for 3 min
utes followed by schedule b. 
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fig. 2-Effect of change in fllament voltage on the temperature, life, and emission of 
n brls;ht-tung1ten filament (baHd on 2575-degree-Kelvln normal temperature). 
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Electrode dissipation 

In computing cooling-medium flow, a minimum velocity sufficient to insure 
turbulent flow at the dissipating surface must be maintained. The figures for 
specific dissipation (Fig. 3) apply to clean cooling surfaces and may be 
reduced to a small fraction of the values shown by heat-insulating coatings 
such as scale or dust. 

Fig. 3-Typical operating data for common types of cooling. 

I 
average cooling- I specific dissipation 

surface temperature in watts/centimeter2 
In degrees centigrade of cooling surface type 

Rodiotion 400-1000 4-10 

coollng• 
medium 
supply 

Woter 30-150 30-110 0.25-0.5 gallons/minute/ 
kilowatt 

Forced-air lS0-200 0.5-1 50--150 feet3/minute/ 
kilowatt 

Operation temperature of a radiation-cooled surface for a given dis
sipation is determined by the relative total emissivity of the anode material. 
Temperature and dissipation are related by the expression, 

P = Et u(T4 - To41 

where 

P = radiated power in watts/centimeter2 

Et = total thermal emissivity of the surface 

u = Stefan-Boltzmann constant 

= 5.67 X 10-12 watt-centimeters-2 X degrees Kelvin-• 

T = temperature of radiating surface in degrees Kelvin 

To = temperature of surroundings in degrees Kelvin 

Total thermal emissivity varies with the degree of roughness of the surface of 
the material, and the temperature. Values for typical surfaces are in Fig. 4. 

Fig. 4-Total thermal emissivity E, of electron-tube materials. 

material 

Aluminum 
Anode graphite 
Copper 
Molybdenum 

temp. !thermal 
in deg. emis
Kelvin sivity material 

450 0.1 Molybdenum, quartz-blasted 
1000 0.9 Nickel 
300 0.07 Tantalum 

1300 0.13 Tungsten 

hcept where noted, the surface of the metals is as normally produced. 

I 
temp. thermal 

in deg. emis
Kelvln sivity 

1300 0.5 
600 0.09 

1400 0.18 
2600 0.30 
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Dissipation and temperature rise 

for water cooling 

where 

P = power in watts 

Ow = flow in gallons/minute 

outlet and inlet water 

temperatures in degrees 

Kelvin, respectively 

Dissipation and temperature rise 

for forced-air cooling 

where QA =air flow in feet3/minute, 

other quantities as above. Fig. 5 

shows the method of measuring air 

flow and temperature rise in forced

air-cooled systems. A water man

ometer is used to determine the 

static pressure against which the 

blower must deliver the required 

air flow. Air velocity and outlet air 

temperature must be weighted over 

the cross-section of the air stream. 

outi.t air· temper~] 

-· ij 
forced .. oir cooler 
on o"ode 

1tatlc ·pressure 
water ----1.i,11 11,-,::==t===
IIIGftOffl.eter 

0 
fig. 5-Measurement of air flow and 
temperature rise in a forced-air-cooled 
~y•tem is shown at the right. 

Grid temperature: Operation of grids at excessive temperatures will 

result in one or more harmful effects: liberation of gas, high primary (thermall 

emission, contamination of the other electrodes by deposition of grid 

material, and melting of the grid may occur. Grid-current ratings should not 

be exceeded, even for short periods. 



Nomenclature 

Application of the standard nomen
clature* to a typical electron-tube 
circuit is shown in Fig. 6. A typical os
cillogram is given in Fig. 7 to illustrate 
the designation of the various compo
nents of a current. By logical extension 
of these principles, any tube, circuit, or 
electrical quantity may be covered. 

ee instantaneous total grid voltage 
eb instantaneous total plate voltage 
ie instantaneous total grid current 

Ee average or quiescent value of 
grid voltage 
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t 

Eb = average or quiescent value of Fig. 6 -Typical electran-tube circuit. 

plate voltage 
le = average or quiescent value of grid current 

e0 = instantaneous value of varying component of grid voltage 

ep = instantaneous value of varying component of plate voltage 

• "Standards an Abbreviations, Graphical Symbols, letter Symbols, and Mathematical Signs," 
The Institute of Radio Engineers; 1948. 
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Fig. 7-Namenclature of the various components af a current. 
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i0 = instantaneous value of varying component of grid current 
Eu = effective or maximum value of varying component of grid voltage 

Ep = effective or maximum value of varying component of plate voltage 

lg effective or maximum value of varying component of grid current 

It = filament or heater current 

I, = total electron emission from cathode 

C11v = grid-plate direct capacitance 

Cuk = grid-cathode direct capacitance 

Cpk = plate-cathode direct capacitance 

01> = plate-current conduction angle 

r, = external plate load resistance 

rp = variational lad plate resistance 

Noise in tubes* 

There ore several sources of noise in electron tubes, some associated with 
the nature of electron emission and some caused by other effects in the 
tube. 

Shot effect 

The electric current emitted from o cathode consists of a large number of 
electrons and consequently exhibits fluctuations that produce tube noise 
and set o limitation to the minimum sign,ol voltage that con be amplified. 

Shot effect in temperature-limited case: The root-mean-square value J,, of 
the fluctuating !noise) component of the plate current is given in amperes by 

where 

I = plate direct current in amperes 

e = electronic charge 1.6 X 10-19 coulombs 

t:.f = bandwidth in cycles/ second 

* B. J, Thompson, D. 0. North, and W. A. Harris, "fluctuations in Space-Charge-limited 
Currents al Moderately High frequencies," RCA Review, Port I-January, 1940; Port II-July, 
1940; Port HI-October, 1940; Part IV-January, 1941; Port V-April, 1941. J. L Lawson and 
G. f. Uhlenbeck, "Threshold Signals," McGraw-Hill Book Company, Inc., New York, New York; 
1950: see Chapter 4, H. Goldberg, "Some Notes on Noise figures," Proceedings of the IRE, 
vol. 36, pp. 1025-'1214; October, 1948, also, vol. 37, p. 40; January, 1949. 
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Shot effect in space-charge-controlled region: The space charge tends to 
eliminate a certain amount of the fluctuations in the plate current. The 
following equations are generally found to give good approximations of 
the plate-current root-mean-square noise component in amperes. 

For diodes: 

1,.2 = 4 k X 0.64 Tc g • fl.I 

For negative-grid triodes: 

I 2 0.64 f ,. = 4 k X - Tc 9m • Ii 
11 

where 

k = Boltzmann's constant 1.38 X 10-23 joules/degree Kelvin 

Tc cathode temperature in degrees Kelvin 

g = diode plate conductance 

g,,. = triode transconductance 

u tube parameter varying between 0.5 and 1.0 

/if bandwidth in cycles/second 

Partition noise 

Excess noise appears in multicollector tubes due to fluctuations in the division 
of the current between the different electrodes. Let a pentode be considered, 
for instance, and let e0 be the root-mean-square noise voltage that, if 
applied on the grid, would produce the same noise component in the plate 
current. let et be the same quantity when the tube is operated as a triode. 
North has given 

2 - (1 + 8 7 Ic2 1000) 2 e0 - • 11 - -- e, 
9m Tc 

where 

lc2 = screen current in amperes 

Qm pentode transconductance 

11, T0 = as above 
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Evaluation of tube performance 

Equivalent noise input-resistance values: A common way of expressing the 
properties of electron tubes with respect to noise is to determine the 
equivalent noise input resistance; that is to say, the value of a resistance that, 
if considered as a source of thermal noise applied to the driving grid, would 
produce the same noise component in the anode circuit. 

The information below has been given by Harris,* and is found to give 
practical approximations. 

For triode amplifiers: 

Rea 2.5/gm 

For pentode amplifiers: 

R,a = _l_b -(2.5 + 201;2) 
lb+ lc2 9m 9m 

For triode mixers: 

R.11 = 4/g. 

For pentode mixers: 

R = _l_b -(i + 20102) 
eq lb + lc2 9c 9c2 

For multigrid converters and mixers, 

where 

Rea = equivalent grid noise resistance in ohms 

g.,. transconductance in mhos 

lb = average plate current in amperes 

lei = average screen-grid current in amperes 

* W. A. Horris, "Fluctuations in Space-Charge-limited Currents at Moderately High Fre
quencies, Port V-Fluctuotions in Vacuum-Tube Amplifiers and Input Systems," RCA Review 
vol. 5, pp. 505-524; April, 1941, and vol. 6, pp. 114-124, July, 1941. 
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Noise in tubes continued 

9c = conversion conductance in mhos 

la = sum of currents from cathode to oll other electrodes in amperes 

The cathode temperature is assumed to be 1000 degrees Kelvin in the 
foregoing formulas, ond the equivalent-noise-resistance temperature is 
assumed to be 293 degrees Kelvin. 

low-noise triode amplifiers hove noise resistances of the order of 200 ohms; 
low-noise pentode amplifiers, 700 ohms; pentode mixers, 3000 ohms. 
Frequency converters hove much higher noise resistances, of the order 
of 200,000 ohms. 

Noise factor or noise figure: Another common way of expressing the proper
ties of electron tubes with respect to noise is by means of noise factor. 
This quantity is defined as the ratio of the available signal-to-noise ratio 
at the signal-generator !input) terminals to the available signal-to-noise 
ratio at the output terminals. 

Other sources of eledron-tube noise 

Flicker effect due to variations in the activity of the cathode, is mosl 
common in oxide-coated emitters. It varies as r 1 and is thus important only 
at low frequencies. 

Collision ionization causes noise when ionized gos atoms or molecules 
liberate bursts of electrons on striking the cathode. 

Induced noise: At ultra-high frequencies it is not necessary for electrons to 
reach an electrode for induced current to flow in the electrode leads. 
Noise due to fluctuations in this induced current is called induced noise. 

Miscellaneous noises due to microphonics, hum, leakage, charges on insu
lators, and poor contacts. 

low- and medium-frequency tubes 

This section applies particularly to triodes and multigrid tubes operated at 
frequencies where electron-inertia effects are negligible. The construction 
illustrated in Fig. 8 is typical of that used in small transmitting tubes at these 
frequencies. 
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Low- and medium-frequency tubes continued 

Coefflcients 

Amplification factor, µ,: Ratio of incremental plate voltage to control
electrode voltage change at o fixed plate current with constant voltage on 
other electrodes 

µ, = [ oeb] 
Oec1 f~ ... E,.} constant 

,, C: 0 

Transconductance, Sm: Ratio of incremental plate current to control-electrode 
voltage change at constant voltage on other electrodes 

s,,. [ oiv] 
Oecl Eb, E,. ••. E.,. constant 

~ =O 

Fig. a-Electrode arrongement of a small 
external-anode triode. Overall length is 
4 \{6 Inches. A-filament, B-ftloment central• 
support rod, C-grid wires, D-anode, &-grid
support sleeve, F-fllament-leg support rods, 
G-metol-to-glass seol, H-91011 envelope, 
1-tlloment and grid terminals, J-exhaust 
lubulatlon. 
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When electrodes are plate and control grid, the ratio is the mutual conduct
ance, g,,. 

Variational (ac) plate resistance, rp: Ratio of incremental plate voltage to 
current change at constant voltage on other electrodes 

rp = [oeb] 
Oib Ec1 ••• E,.. constont 

,, -o 

Total (de) plate resistance, Rp: Ratio of total plate voltage to current for 
constant voltage on other electrodes 

Rp = [E] Ec1 .•• E .. constant 
,, :I::; 0 

Amplifkation factor µ. 

i 
ti 

Mutual conductance g.,. = .S 
ee2 - ect .If/ 

T otol plate resistance R,, = :'2 

lb2 

Variational plate resistance rp = ~ - ~bl 
lb2 - fbl 

9b in volts 

Fig. 9-Graphlcal method of determining coefficients. 

A useful approximation of these coefficients may be obtained from a family 
of anode characteristics, Fig. 9. Relationships between the actual geometry 
of a tube and its coefficients are roughly illustrated by fig. 10. 
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Fig. 10--Tube charaderl,tlc• for unipolentiol cathode and negligible .aluratlon of cathode 
eminion. 

I 
parallel-plane cathode cylindrical cathode 

function and anode and anode 

Diode anode current 
G1eJ G1eb¾ 

(amperes) 

Triode anode current G (eb+µec)i G (eb + µea)½ 
(amperes) 2 J+µ 2 1 + µ 

Diode perveance G1 2.3 X 10-6Ab 
db2 

2.3 X 10- 5~ 
f:J2rb2 

Triode perveance G2 2.3 X 10- 5~ 
dbdc 

2.3 X 10- 5~ 
{3 2rbrc 

2.7 de (t- 1) 
db 

2'1fdc 
log -

Amplification factor µ 
de --

P I og _!!___ 
p 

log 
27rrg 2'1frg 

Mutual conductance g.,. 
µ ..;- µ ..;-l.5G2 -- E't1 l.SG2 -- E't1 

µ+I µ.+I 

E't1 = Eb+ µEe E' _Eb+ µEe 
I+µ /I - 1 + µ 

where 

Ab effective anode area in square centimeters 

db anode-cathode distance in centimeters 

de = grid-cathode distance in centimeters 

{3 = geometrical constant, a function of ratio of anode-to-cathode radius; 
{.12 = I for rb/rk > 10 (see curve, Fig. Ill 

p = pitch of grid wires in centimeters 

rg = grid-wire radius in centimeters 

rb = anode radius in centimeters 

r,. = cathode radius in centimeters 

re = grid radius in centimeters 

Mote, These formulas ore based on theoretical considerations and do not provide accurate 
results for practical structures; however, they give o fair idea of the relationship between the 
tube geometry and the constants of the tube. 
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High-frequency triodes and multigrid tubes* 

When the operating frequency is 
increased, the operation of triodes 
and multigrid tubes is affected by 
electron-inertia effects. The design 
features that distinguish the high
frequency tube shown in Fig. 12 from 
the lower-frequency tube !Fig. 8) 
are, reduced cathode-to-grid and 
grid-to-anode spacings, high emis
sion density, high power density, 

• D. R. Hamilton, J. K. Knipp, and J. B, Kuper, 
"Klystrons and Microwave Triodes," 1st ed., 
McGraw-Hill Book Company, New York, 
New York; 1948. 

Fig. 12-Electrode arrangement of ex
ternal-anode ultra-high-frequency triode. 
Overall length Is 4\1{6 Inches. A-filament, 
B-fllament central-support rod, C-grld 
wires, 0-anode, E-grid-support cone, 
F-grld terminal flange, G-fllament-leg 
support rods, H-glass envelope, l-flla
ment terminals, 
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High-frequency triodes and muhigrid tubes continued 

small active and inactive capacitances, heavy terminals, short support 
leads, and adaptability to a cavity circuit. 

Factors affecting ultra-high-frequency operation 

Electron inertia: The theory of electron-inertia effects in small-signal tubes 
has been formulated;* no comparable complete theory is now available for 
large-signal tubes. 

When the transit time of the electrons from cathode to anode is an appre
ciable fraction of one radio.frequency cycle: 

a. Input conductance due to reaction of electrons with the varying field 
from the grid becomes appreciable. This conductance, which increases as 
the square of the frequency, results in lowered gain, an increase in driving
power requirement, and loading of the input circuit. 

b. Grid-anode transit time introduces a phase lag between grid voltage 
and anode current. ln oscillators, the problem of compensating for the 
phase lag by design and adjustment of a feedback circuit becomes difficult. 
Efficiency is reduced in both oscillators and amplifiers. 

c, Distortion of the current pulse in the grid-anode space increases the 
anode-current conduction angle and lowers the efficiency. 

Electrode admittances: In amplifiers, the effect of cathode-lead inductance 
is to introduce a conductance component in the grid circuit. This effect is 
serious in small-signal amplifiers because the loading of the input circuit 
by the conductance current limits the gain of the stage. Cathode-grid and 
grid-anode capacitive reactances are of small magnitude at ultra-high 
frequencies. Heavy currents Aow as a result of these reactances and tubes 
must be designed to carry the currents without serious loss. Coaxial cavities 
are often used in the circuits to resonate with the tube reactances and to 
minimize resistive and radiation losses. Two circuit difficu I ties arise as 
operating frequencies increase: 

a. The cavities become physically impossible as they tend to take the 
dimensions of the tube itself. 

b. Cavity Q varies inversely as the square root of the frequency, which 
makes the attainment of an optimum Q a limiting factor. 

•A.G. Clavier, "Effect of Electron Transit-Time in Valves," L'Onde Electrique, v. 16, pp. 145--
149; March, 1937: also, A. G. Clavier, "The Influence of Time of Transit of Electrons in Ther
mionic Valves," Bulletin de lo Sociele Froncoi$e de$ Electriciens, v. 19, pp. 79-91; January, 1939. 
F. B. Llewellyn, "Electron-Inertia Effects," 1st ed., Cambridge Universitv p,,...._ 1ondcn, 194J. 
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Scaling factors: For a family of similar tubes, the dimensionless magnitudes 
such as efficiency ore constant when the parameter 

1 

</> fd/V' 

is constant, where 

f frequency in megacycles 

d = cathode-to-anode distance in centimeters 

V anode voltage in volts 

Based upon this relationship and similar considerations, it is possible to 
derive a series of fo..:tors that determine how operating conditions will 
vary as the op€irating frequency or the physical dimensions are varied (see 
table, Fig. 131. If the tube is to be scaled exactly, all dimensions will be 
reduced inversely as the frequency is increased, and operating conditions 
will be as given in the "size-frequency scaling" column. If the dimensions 
of the tube are to be changed, but the operating frequency is to be main
tained, operation will be as in the "size scaling" column. If the dimensions 
are to be maintained, but the operating frequency changed, operating 
conditions will be as in the "frequency scaling" column. These factors apply 
in general to all types of tubes. 

Fig. 13-Scaling fadors for uhra-hlgh-frequency tubes. 

size-
frequency size frequency 

quantity ratio scaling seating scaling 

Voltage V2/V1 1 dz f" 
Field E1/E1 f d f" 
Current 12/Ii l ds ,. 
Current density JdJi F d ,. 
Power P2/P1 1 d' r 
Power density h2/h1 p d3 p 
Conductance G2/G1 1 d 
Magnetic-flux density B2/B1 f 1 

d ratio of scaled to original dimensions 
f ratio of original to scaled frequency 

With present knowledge and techniques, it has been possible to reach 
certain values of power with conventional tubes in the ultra- and super
high-frequency regions. The approximate maximum values that have been 
obtained are plotted in Fig. 14. 
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fig. 14-Maximum ultra-high-frequency continuous-wave power obtainable from a 
single triode or tetrode. These data are based on 1956 knowledge and techniques. 

Microwave tubes 

The reduced performance of triodes and multigrid tubes in the microwave 
region hos fostered the development of other types of tubes for use as 
oscillators and amplifiers at microwave frequencies. The three principal 
varieties ore the magnetron, the klystron, and the traveling-wove amplifier. 

Terminology 

Anode strap: Metallic connector between selected anode segments of a 
multicovity magnetron. 
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Beam-coupling coefficient: Ratio of the amplitude of the velocity modulation 
produced by a gap, expressed in volts, to the radio-frequency gap voltage. 

Bunching: Any process that introduces a radio-frequency conduction
current component into a velocity-modulated electron stream as a direct 
result of the variation in electron transit time that the velocity modulation 
produces. 

Cavity impedance: The impedance of the cavity that appears across the 
gap. 

Cavity resonator: Any region bounded by conducting walls within which 
resonant electromagnetic fields may be excited. 

Circuit efficiency: The ratio of {al the power of the desired frequency 
delivered to the output terminals of the circuit of an oscillator or amplifier 
to (bl the power of the desired frequency delivered by the electron stream 
to the circuit. 

Coherent-pulse operation: Method of pulse operation in which the phase 
of the radio-frequency wave is maintained through successive pulses. 

Conduction-current modulation: Periodic variation in the conduction current 
passing any one point, or the process of producing such a variation. 

Drift space: In an electron tube, a region substantially free of externally 
applied alternating fields in which a relative repositioning of the electrons 
is determined by their velocity distributions and the space-charge forces. 

Duty: The product of the pulse duration and the pulse-repetition rate. 

Electronic efficiency: The ratio of (al the power of the desired frequency 
delivered by the electron stream to the circuit in an oscillator or amplifier 
to (bl the direct power supplied to the stream. 

End shields limit the interaction space in the direction of the magnetic 
field. 

End spaces: In a multicovity magnetron, the two cavities at either end of 
the anode block terminating all of the anode-block cavity resonators. 

External Q: The reciprocal of the difference between the reciprocals of 
the loaded and unloaded Q's. For a magnetron it is equal to 

0..,i.,rnal = !total stored energy)/ !output energy) 
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Microwave tubes conrinued 

Frequency pulling: Of on oscillator, is the change in the generated fre
quency caused by a change of the load impedance. 

Frequency pushing: Of an oscillator, is the change in frequency due to 
change in anode current (or in anode voltage!. 

Input gap: Gap in which the initial velocity modulation of the electron 
stream is produced. This gap is also known as the buncher gap. 

Interaction gap: Region between electrodes in which the electron stream 
interacts with a radio-frequency field. 

Interaction space: Region between anode and cathode. 

Loaded Q: Of a specific mode of resonance of a system, is the Q when there 
is external coupling to that mode. Note: When the system is connected to 
the load by means of a transmission line, the loaded Q is customarily deter
mined when the line is terminated in its characteristic impedance. For a 
magnetron it is equal to 

Oioaded = (total stored energy)/ (output + cavity-dissipation energies) 

Magnet gap: Space between the pole faces of a magnet. 

Mode: One of the components of a general configuration of a vibrating 
system. A mode is characterized by a particular geometrical pattern and 
a resonant frequency (or propagation constant). 

Mode number (klystron): Number of whole cycles that a mean-speed 
electron remains in the drift space of a reflex klystron. 

Mode number n (magnetron): The number of radians of phase shift in going 
once around the anode, divided by 21r. Thus, n can have integral values 1, 
2, 3 ... N/2, where N is the number of anode segments. 

Output gap: Gap in which variations in the conduction current of the 
electron stream ore subjected to opposing electric fields in such a manner 
as to extract usable radio-frequency power from the electron beam. This 
gap is also known as the catcher gap. 

1r mode: Of a multicavity magnetron, is the mode of resonance for which 
the phase difference between any two adjacent anode segments is 1r radians. 
For an N-covity magnetron, the r mode hos the mode number N/2. 
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Pulling figure: Of an oscillator, is the difference in megacycles/ second 
between the maximum and minimum frequencies of oscillation obtained when 
the phase angle of the load-impedance reflection coefficient varies through 
360 degrees, while the absolute value of this coefficient is constant and 
is normally equal to 0.20. 

Pulse: Momentary flow of energy of such short time duration that it may be 
considered as an isolated phenomenon. 

Pulse operation: Method of operation in which the energy is delivered in 
pulses. 

Pushing figure: Of an oscillator, is the rate of frequency pushing in mega
cycles/ second/ ampere (or megacycles/ second/volt). 

Q: Of a specific mode of resonance of a system, is 2-ir times the ratio of 
the stored electromagnetic energy to the energy dissipated per cycle 
when the system is excited in this mode. 

RF pulse duration: Time interval between the points at which the amplitude 
of the envelope of the radio-frequency pulse is 70.7 percent of the maximum 
amplitude of the envelope. 

Reflector: Electrode whose primary function is to reverse the direction of 
an electron stream. It is also called a repeller. 

Reflex bunching: Type of bunching that occurs when the velocity-modulated 
electron stream is made to reverse its direction by means of an opposing 
direct-current field. 

Space-charge debunching: Any process in which the mutual interactions 
between electrons in the stream disperses the bunched electrons. 

Transit angle: The product of angular frequency and time taken for an 
electron to traverse the region under consideration. This time is known as 
the transit time. 

Unloaded Q: Of a specific mode of resonance of a system, is the Q of 
the mode when there is no external coupling to it. For a magnetron it is 
equal to 

0,.,.zoaaed = (total stored energy)/ !cavity-dissipation energy! 

Velocity modulation: Process whereby a periodic time variation in velocity 
is impressed on an electron stream; also, the condition existing in the stream 
subsequent to such a process. 
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A. Strapped vane type. 

9. Strapped hole-and-slot ty~. 

Fig. 15-Basic anode structures of typical multicavity microwave magnetrons. 
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C. Rising-sun type. 

Fig. 15-Continued. 

Magnetrons* 

A magnetron is a high-vacuum tube containing a cathode and an anode, 
the latter usually divided into two or more segments, in which tube a constant 
magnetic field modifies the space-charge distribution and the current
voltage relations. In modern usage, the term "magnetron" refers to the 
magnetron oscillator in which the interaction of the electronic space 
charge with the resonant system converts direct-current power into alter
nating-current power, usually of microwave frequencies. 

Many forms of magnetrons have been made in the past and several kinds of 
operation have been employed. The type of tube that is now almost 
universally employed is the multicavity magnetron generating traveling
wave oscillations. It possesses the advantages of good efficiency at high 
frequencies, capability of high outputs either in pulsed or continuous-wave 
operation, moderate magnetic-field requirements, and good stability of 
operation. A section through the basic anode structure of a typical magnetron 
is shown in Fig. 15A. 

* G. B. Collins, "Microwove Magnetrons," vol. 6, Radiation Laboratory Series_ 1st ed., McGraw• 
Hill Book Company, New York, New York; 1948. J.B. Fisk, H. D. Hogstrum, ond P. l. Hartman, 
"The Magnetron as o Generator of Centimeter Waves," Bell System Technical Journal, v. 25, pp. 
167-348; April, 1946. 
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In magnetrons, the operating frequency is determined by the resonant 
frequency of the separate cavities arranged around the central cylindrical 
cathode and parallel to it. A high direct-current potential is placed between 
the cathode and the cavities and radio-frequency output is brought out 
through a suitable transmission line or waveguide usually coupled to one of 
the resonator cavities. Under the action of the radio-frequency voltages 
across these resonators and the axial magnetic field, the electrons from the 
cathode form a bunched space-charge cloud that rotates around the tube 
axis, exciting the cavities and maintaining their radio-frequency voltages. 
Most efficient operation occurs in the 1r mode; that is, in such a fashion 
that the phase difference between the voltages across each adjacent 
resonator is 180 degrees. Since other modes of operation are possible, it 
is often desirable to provide means for suppressing them. A common method 
is to strap alternating anode segments together conductively so that large 
circulating currents now in the unwanted modes of operation, thus damping 
them. This is illustrated in Figs. 15A and B. Fig. l5C shows another example 
of a resonant multicavity system that is known as a rising-sun type. It should 
be noted that the anode segments are not strapped and mode suppression 
is accomplished by maintaining the proper size ratio between the large and 
small cavities. One definite advantage of this type of resonant system is 
its application for very-high microwave frequency operation where the 
physical size of the cavity is small and its fabrication becomes increasingly 
difficult. 

Magnetron performance data 

The performance data for a magnetron is 
usually given in terms of two diagrams, the 
performance chart and the Rieke diagram. 

Performance chart: Is a plot of anode 
current along the abscissa and anode 
voltage a 1ong the ordinate of rectangular
coordinate ;1aper. For a fixed typical 
tube load, pulse duration, pulse-repetition 
rate, and setting of the tuner of tunable 
tubes, lines of constant magnetic field, 
power output, efficiency, and frequency, 
may be plotted over the complete op
erating range of the tube. Regions of 
unsatisfactory operation are indicated 
by cross hatching. For tunable tubes, 
it is customary to show performance 
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Fig. 16-Performance chart for 
pulsed magnetron. 



ELECTRON TUBES 389 

Microwave tubes continued 

charts for more than one setting of the tuner. In the case of magnetrons with 
attached magnets, curves showing the variation of anode voltage, efficiency, 
frequency, and power output with change in anode current are given. A 
typical chart for a magnetron having eight resonators is given in Fig. 16. 

Rieke diagram: Shows the variation of power output, anode voltage, 
efficiency, and frequency with changes in the voltage standing-wave ratio 
and phase angle of the load for fixed 
typical operating conditions such as mag
netic field, anode current, pulse duration, 
pulse-repetition rate, and the setting of 
the tuner for tunable tubes. The Rieke 
diagram is plotted on polar coordinates, 
the radial coordinate being the reflection 
coefficient measured in the line joining 
the tube to the load and the angular 
coordinate being the angular distance of 
the voltage standing-wave minimum from 
a suitable reference plane on the output 
terminal. On the Rieke diagram, lines of 
constant frequency, anode voltage, effi
ciency, and output may be drawn (Fig. 171. 

Magnetron design data 

Courtesy of Bell System Tech. !our. 

--constant power output 
--- constant frequency 

fig. 17-Rleke diagram. 

The design of o new magnetron is usually begun by scaling from on existing 
magnetron having similar characteristics. Normalized operating parameters 
have been defined in such a way that a family of magnetrons scaled from 
the some parent have the same electronic efficiency for like values of 
I/JJ, V/'U, and 8/IB, 

where the normalized parameters JJ, 'U, and IB for the 71' mode ore 

------.-------- - - ra2 Eoh ~ -- 271'01 m (471'c)
3 

" (I - u2l2 11/u + ll e NX 

(1 
844001 (471'r a)3 h 

o-21 n/u + II NX ra amperes 

l m (471'c)
2 • (471'r ")2 'U = 2 e NX ra· = 253,000 NX volts 
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CB_ 2m (41rc) _l_ 
e N>.. 11 - o-21 

where 

42,400 
_

2 
gausses 

N>..11 ..... cd 

01 = o slowly varying function of r,./r. approximately equal to one in the 
range of interest 

ra = radius of ,:mode in meters 

r0 = radius of cathode in meters 

h anode height in meters 

N = number of resonators 

n mode number 

>.. = wavelength in meters 

m = moss of on electron in kilograms 

e = charge on on electron in coulombs 

c = velocity of light in free space in meters/second 

Eo = permittivity of free space 

and !, V, and B ore the operating conditions. Scaling may be done in any 
direction or in several directions ot the some time. For reasonable per
formance it hos been found empirically that 

B 
- ~ 4, and 
(B 

The minimum voltage required for oscillation hos been named the "Hortree" 
voltage and is given by 

VH='0(2~ 1) 
Slater's rule gives the relation between cathode and anode radius as 

r, N 4 
a=-,:;;:---

r,. N + 4 

Magnetrons for pulsed operation have been built to deliver peak powers 
varying from 3 megawatts at 3000 megacycles to 100 kilowatts at 30,000 
megacycles. Continuous-wave magnetrons having outputs ranging from one 
kilowatt at 3000 megacycles to o few watts at 30,000 megacycles hove been 
produced. Operation efficiencies up to 60 percent at 3000 megacycles ore 
obtained, falling to 30 percent ot 30,000 megacycles. 
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Klystrons* 

A klystron is an electron tube in which the following processes may be 
distinguished. 

a. Periodic variations of the longitudinal velocities of the electrons forming 
the beam in a region confining a radio-frequency field. 

b. Conversion of the velocity variation into conduction-current modulation 
by motion in a region free from .radio-frequency fields. 

c. Extraction of the radio-frequency energy from the beam in another 
confined radio-frequency fie:ld. 

The transit angles in the confined fields are made short 16 : 1r /2) so that 
there is no appreciable conduction-currenl variation while traversing them. 

Several variations of the basic klystron exist. Of these, the simplest is the 
two-cavity amplifier or oscillator. The most important is the reflex klystron 
that is used as a low-power oscillator. The multicavity high-power amplifier 
is now also becoming important. 

Two-cavity klystron amplifiers 

An electron beam is formed in an electron gun and passed through the gaps 
associated with the two cavities (Fig. 181. After emerging from the second 
gap, the electrons pass to a collector designed to dissipate the remaining 
beam power without the production of secondary electrons. In the first 
gap, the electron beam is alternately accelerated and decelerated in 
succeeding half-periods of the radio-frequency cycle, the magnitude of 
the change in speed depending upon the magnitude of the alternating 
voltage impressed upon the cavity. The electrons then move in a drift space 
where there are no radio-frequency fields. Here, the electrons that were 
accelerated in the input gap catch up with those that were decelerated in 
the preceding half-cycle and a local increase of current density occurs in 
the beam. Analysis shows that the maximum of the current-density wave 
occurs at the position, in time and space, of those electrons that passed 
the center of the input gap as the field changed from negative to positive. 
There is therefore a phase difference of 1r/2 between the current wave 
and the voltage wave that produced it. Thus at the end of the drift space, 

* D. R. Hamilton, J. K. Knipp, and J. B. H. Kuper, "Klystrons and Microwave Triodes," 
McGraw-Hill Sook Company,New York, New York; 1948. A.H. W. Seek, "Velocity-Modulated 
Thermionic Valves," Cambridge University Press, London, England; 1948. A. H. W. Beck, 
"Thermionic Valves, Their Theory and Design," Cambridge University Press, london, England; 
1953. 



392 CHAPTER 15 

Microwave tubes continued 

the initially uniform electron beam has been altered into a beam showing 
periodic density variations. This beam now traverses the output gap and 
the variations in density induce an amplified voltage wave in the output 
circuit, phased so that the negative maximum corresponds with the phase 
of the bunch center. The increased radio-frequency energy hos been gained 
by conversion from the direct-current beam energy. 

resonator 
grids 

output 
res011Gtor 
(catcher) 

input 
resonator 
(buncherl 

resonator 
Orid• 

tuning 
flange 

flexible 
.---- --diophrogm 

drift 
apace 

tunino 
flanlJIIS 

smoother 
orid 

control 
grid 

Covrte.sy of Sperry Gyrsocope Co. cathode 

fig. 18-Diagram 11>f a i-cavity klystron. 

smoother 
grid 

tuning 
flange, 

Fig. 19-Diagram of a reflex klystron. 

The two-cavity amplifier can be made to oscillate by providing a feedback 
loop from the output to the input cavity, but a much simpler structure results 
if the electron beam direction is reversed by o negative electrode, termed 
the reflector. 

Reflex klystrons* 

A representative reflex klystron is shown schematically in Fig. 19. The 
velocity-modulation process takes place as before, but analysis shows 
that in the retarding field used to reverse the direction of electron motion, 
the phase of the current wave is exactly opposite to that in the two-cavity 
klystron. When the bunched beam returns to the cavity gap, a positive field 
extracts maximum energy from the beam, since the direction of electron 
motion has now been reversed. Consideration of the phase conditions 
shows that for o fixed cavity potential, the reflex klystron will oscillate only 
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near certain discrete values of rafiector voltage for which the transit time 
measured from the gap center to the refiection point and back is given by 

WT = 21J"IN + 3/4) 

where N is an integer called the mode number. 

By varying the refiector voltage around the value corresponding with the 
mode center, it is possible to vary the oscillation frequency by a small 
percentage and this fact is made use of in providing automatic frequency 
control or in frequency-modulation transmission. 

Reflex klystron performance data 

The performance data for a refiex klystron are usually given in the form of 
a refiector-characteristic chart. This chart displays power output and 
frequency deviation as a function of refiector voltage. Several modes are 
often displayed on the same chart. A typical chart is shown in Fig. 20. 

There are two rather distinct classes of reflex klystron in current large-scale 
manufacture !Fig. 211. 

a. Tubes for local oscillators 
in radar systems. These have 
power outputs designed to 
operate crystal mixers with the 
necessary degree of isolation, 
i.e., 10-100 milliwatts. The elec
tronic tuning range required is 
about 50 megacycles inde
pendent of center frequency, 
but the linearity of the /if 
versus Ii V, characteristic is rel
atively unimportant. 

b. Tubes as frequency modu
lators in microwave links. These 
usually requ re considerably 
greater power, up to about 10 
watts, and the linearity of /if 

* J. R. Pierce and W. G. Shepherd, "Re
flex Oscillators" Bell System Technical 
Journal, vol. 26, pp. 460-681; July, 1947. 
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versus A.Vr characteristic over a limited le.g., 10-megacyclel excursion is 
of primary importance as this parameter determines the harmonic margins 
in the system. Second-harmonic margins of -96 decibels for deviations 
of 125 kilocycles hove been observed; the third-harmonic margins are 
about -120 decibels. 

Fig, 21-Typical reflex klystrons. 

frequency 
in 

megacycles 
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More recently, multicavity klystrons hove been perfected for use in two 
rather different fields of application: applications requiring extremely high 
pulse powers* and continuous-wove systems in which moderate powerst 
{tens of kilowatts) ore required. An example of the first application is a 
power source for nuclear-particle acceleration, while ultra-high-frequency 
television is an example of the latter. 

A multicavity klystron amplifier is 
shown schematically in Fig. 22. 
The example shown has three 
cavities all coupled to the same 
beam. The radio-frequency input 
modulates the beam as before. 
The bunched beam induces an 

'"M. Chodorow, E. L Ginzton, I. R. Neilson• 
<1nd S. Sonkin, "Design and Performance 
of a High-Power Pulsed Klystron." Proceed
ings of the IRE, vol. 41, pp. 1584-1602; 
November, 1953. 

t D. H. Priest, C. E. Murdock, and J. J. 
Woerner, "High-Power Klystrons otU.H.F." 
Proceedings of fhe IRE, vol. 41, pp. 2o-25; 
January, 1953. 

radio-frequency input 
beam-focusing system 

Fig. 22--Three-cavlty klystron. 
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omplified voltage across the second cavity, which is tuned to the operating 
frequency. This amplified voltage remodulates the beam with o certain phase
shift and the now more-strongly bunched beam excites o highly amplified 
wove in the output circuit. It is found that the optimum power output is ob
tained when the second cavity is slightly detuned. Moreover, when increased 
bandwidth is required, the second cavity may be loaded with a resultant 
lowering in overall gain. Modern multicovity klystrons use magneticoUy 
focused, high-perveance beams and under these conditions, high gains, 
large power outputs, and reasonable values of efficiency ore readily 
obtained. 

Continuous-wove multicovity klystrons ore available with outputs of around 
JO kilowatts at frequencies up to 2400 megacycles. The efficiencies ore of 
the order of 30 percent and the gains vary between 20 and 40 decibels, 
according to the number of cavities, bandwidth, etc. Pulsed tubes hove 
been designed for outputs of 30 megawatts and with efficiencies of over 
40 percent at frequencies near 3000 megacycles. 

Traveling-wave tubes* 

The traveling-wove tube is a relatively new type of microwave tube in 
which a longitudinal electron beam interacts continuously with the field 
of a wove traveling along a wove-propagating structure. In its most common 
form it is an amplifier, although there are reJoted types of tubes that are 
basically oscillators. 

* J. R. Pierce, "Traveling-Wave Tubes," D. Van Nostrand Co., Inc., New York, New York; 1950. 
R. Kompfner, "Reports on Progress in Physics," vol. 15, pp. 275-327, The Physical Society, 
London, England; 1952. R. G. E. Hutter, "Traveling-Wave Tubes," Advances in Electronics and 
Electron Physics, vol. 6, Academic Press, inc., New York, New York; 1954. A bibliography 
is given in a survey paper by J. R. Pierce, "Some Recent Advances in Microwave Tubes," 
Proceedings of the IRE, vol. 42, pp. 1735-1747; December, 1954. 

Fig. 23-Basic helical traveling-wave tube. The magnetic beam-focusing system between 
Input and output cavities is not shown h81'9. 
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The principle of operation may be understood by reference to the schematic 
diagram representing a typical tube, Fig. 23. An electron stream is produced 
by an electron gun, travels along the axis of the tube, and is finally col
lected by a suitable electrode. Spaced closely around the beam is a circuit, 
in this case a helix, capable of propagating a slow wave. The circuit is 
proportioned so that the phase velocity of the wave is small with respect 
to the velocity of light. In typical low-power tubes, a value of the order of 
one-tenth of the velocity of light is used; for higher-power tubes the phase 
velocity may be two or three times higher. Suitable means are provided 
to couple an external radio-frequency circuit lo the slow-wave structure 
at the input and output. The velocity of the electron stream is adjusted to be 
approximately the same as the phase velocity of the wave on the circuit. 

When a wave is launched on the circuit, the longitudinal component of 
its field interacts with the electrons traveling along in approximate syn
chronism with it. Some electrons will be accelerated and some decelerated, 
resulting in a progressive rearrangement in phase of the electrons with 
respect to the wave. The electron stream, thus modulated, in turn induces 
additional waves on the helix. This process of mutual interaction continues 
along the length of the tube with the net result that direct-current energy 
is given up by the electron stream to the circuit as radio-frequency energy, 
and the wave is thus amplified. 

By virtue of the .continuous interaction between a wave traveling on o 
broadband circuit and an electron stream, traveling-wave tubes do not 
suffer the gain-bandwidth limitation of ordinary types of electron tubes. 
By proper circuit design, such tubes are made to have bandwidths of an 
octave in frequency, and even more in special cases. 

The helix* is an extremely useful form of slow-wave circuit because the 
impedance that it presents to the wave is relatively high and because when 
properly prop0rtioned, its phase velocity is almost indE:ipendent of frequency 
over a wide range. 

An essential feature of this type of tube is the approximate synchronism 
between the electron stream and the wave. for this reason, the traveling
wave tube will operate correctly only over a limited range in voltage. 
Practical considerations require that the operating voltages be kept as low 
as is consistent with obtaining the necessary beam input power; the voltage, 
in turn, dictates the phase velocity of the circuit. The electron velocity v in 

*.S. Sensiper, "Electromognetic Wove Propagation on Helical Structures," Proceedings of the 
IRE, vol. 43, pp. 149-161; February, 1955. 
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centimeters/second is determined by the accelerating voltage Vin accord
ance with the relationship 

v = 5.93 X 107 y½ 

Fig. 24 shows a typical relation
ship between gain and beam 
voltage. 

The gain of a traveling-wave tube 
is given approximately by 

G =A+ BCN 

in decibels where 

!':I I I I RI I e o 500 1000 1500 
l beom volloge 

Fig, 24-Traveling-wan-tvbe gain versus 
accelerallng voltage. 

A = the initial loss due to the establishment of the modes on the helix and 
lies in the range from -6 to -9 decibels. 

B = a gain coelflcient that accounts for the effect of circuit attenuation 
and space charge. 

C a gain parameter that depends upon the impedances of the circuit 
and the electron stream 

/ 0 = beam current 

Vo beam voltage 

N number of active wavelengths in tube 

U/Xol le/vi 

l= axial length of the helix 

Xo = free-space wavelength 

v = phase velocity of wove along tube 

c = velocity of light 

The term f2 / !w/vl 2P is a normalized wove impedance that may be defined 
in a number of ways. 

In practice, the attenuation of the circuit will vary along the tube and the 
gain per unit length will consequently not be constant. The total gain will be 
a summation of the gains of various sections of the tube. 
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Commonly, C is of the order of 0.02 to 0.2 in helix traveling-wove tubes. 
The gain of low- ond medium-power tubes varies from 20 to 50 decibels 
with 30 decibels being o common value. The gain in o tube designed to 
produce appreciable power will vary somewhat with signal level when 
the beam voltage is adjusted for optimt1m operation. Frg. 25 shows a typical 
characteristic. 

relative power input 

Fig. 25-Gain of traveling-wave lube as a function of input level and beam voltage. 
E~i < Eo2 < EM. 

To restrain the physical size of the electron stream as it travels along the 
tube, it is necessary to provide a longitudinal magnetic field of a strength 
appropriate to overcome the space-charge forces that would otherwise 
cause the beam to spread. In most cases, an electromagnet is used to provide 
the fleld, but permanent-magnet structures hove been used experimentally. 

Other types of slow-wave circuit in addition to the helix are possible, 
including o number of periodic structures. In general, such designs are 
capable of operation at higher power levels but at the expense of band
width. 

Traveling-wave-tube performance data 

Traveling-wave tubes are designed to emphasize particular inherent 
char::icteristics for specific applications. Three general classes ore dis
tinguished. 

Low-noise amplifiers: Tubes of this class are intended for the first stage of 
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a receiver and ore proportioned to have the best possible nobe figure. 
This requires that the random variations in the electron stream be mini
mized and that steps be taken also to minimize partition noise. Tubes have 
been made with noise figures of around 7 decibels in the frequency range 
from 3000 to 11,000 megacycles. Goins of the order of 20 to 25 decibels 
ore customary. The maximum output power will be of the order of a few 
milliwatts. 

Intermediate power amplifiers: These tubes are intended to provide power 
gain under conditions where neither noise nor large values of power 
output are of importance. Goins of 30 or more decibels are customary and 
the maximum output power is usually in the range from JOO milliwatts to 
1 watt. 

Power amplifiers: For this class of tubes, the application is usually the output 
stoge of a transmitter; the power output, either continuous-wave or pulsed, 
is of primary importance. Much active development continues in this area 
and the values of power that can be obtained ore expected to change. 
At this writing, continuous-wave powers range from a few kilowatts in the 
ultra-high-frequency region to approximately 10 watts at 9000 megacycles. 
Tubes especially designed for pulsed operation provide considerably higher 
powers. Efflciencies in excess of 30 percent have been obtained, with 20 
percent being a usual value. Power gains of 30 or more decibels ore usual. 

Backward-wave oscillators* 

Although the traveling-wave tube con be mode to oscillate by the pro
vision of a suitable feedback circuit from output to input, a new type of 
tube that is designed for this purpose gives improved performance for 
many applications. The backward-wove oscillator resembles closely the 
traveling-wove tube except for the fundamental difference that the electron. 
stream interacts with a wave whose phase and group velocities ore ini 
opposite directions. 

The backward-wave oscillator has a number of useful properties: it may 
be tuned electronically over a wide range of frequencies, on octave or 
more; its frequency is relatively unaffected by the load; and it is stable. 
In the first two respects, it is superior to the reflex klystron. 

* R. Komplner ond N. T. Williams, ''Bockword•Wove Tubes," Proceedings of the IRE, vol. 41, 
pp. 1602-1611; November, 1953. H. R. Johnson, "Backward-Wove Oscillators," Proceedings of 
•.lie IRE, vol. 43, pp. 684-697; June, 1955. R. R. Warnecke, P. Guenord, 0. Daehler, and B. 
Epsztein, "The 'M'-type Corcinolron Tube," Proceedings of the IRE, vol. 43, pp. 41H24; April, 
1955. 
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Backward-wove oscillator tubes ore of two general types: low-power 
types suitable for local-oscillator or signal-generator use, having a wide 
tuning range and a power output of from one to tens of milliwatts; and 
high-power types, generally of the transverse-magnetic-field type, having 
power outputs of a hundred watts or more. 

Photometry 

Photometric units 

Light flux is the quantity of light transmitted through a given area/unit 
time. It is expressed in lumens. 

Light intensity I = cp/w, or better, I dcp/dw light flux emitted into 
unit solid angle. It is expressed in candles. Experimentally, the candle is 
defined (since 1948) by specifying the brightness of a black body at the 
temperature of freezing platinum (2042 degrees kelvin) as 60 stilb. In German 
literature, the Hefner-candle (HK) is used; 1 !HK) = 0.92 candle. 

Illumination E = light flux incident/unit proiected area, expressed in 
lumens/foot2, or lux = lumens/ meter2, or phots = lumens/ centimeter2• 

These are commonly called foot-candles, meter-candles, etc., but the word 
candle must here be regarded as a misnomer. 

Brightness B light intensity/unit proiected area, equivalent to light 
flux/unit projected areo/sterodion. Expressed in (al candles/foot2 or 
stilbs = candles/ centimeter2• Also expressed in (bl 1 lamber! (1 /1rl stilb, 
or l foot-lamber! (1 /1rl candle/foot2, or 1 apostilb 10-4 lam be rt, 
etc. Various derived units as 1 candle/meter2, or 1 milli- or microlambert 
( = 10-3 or JO""il lamber!) occur in the literature. The units under (bl are 
so chosen that they assume the value 1 for a diffuse emitting surface radiating 
1 lumen/unit area. 

Photometric relations 

Illumination! A point light source of intensity 1 candle illuminating per
pendicularly a screen at a distance of r feet causes on illumination of 
l/r2 foot-candles on it. 

Lambert's low: !Not always valid.! A diffusely radiating plane surface 
radiates into a direction forming an angle () with its normal, a flux propor
tional to cos fJ. A surface obeying Lambert's law hos the same brightness 
when viewed from any direction. 
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Brightness of illuminated surfaces: If a diffusely reflecting area of A feet2 

is illuminated from any direction with E foot-candles, it reradiates REA 
lumens into a hemisphere: R is the reflection factor; R = I for an ideal white 
area. Its brightness then is RE/ 1r candles/foot2 or RE foot-lamberts. 

Optical imaging: In an optical system of light-gathering diameter D and 
focal length f, the ratio f/D = n1 is called the f-number. If a surface of 
brightness B candles/foot2 is imaged by the system with a linear magnifko
tion m, the image is illuminated by 

E =~ ___ B __ 
4 nl' !m + 11 2 

foot-candles, disregarding lens losses. For an object at infinity, the same 
formula applies with m = 0. Thus, while the amount of flux intercepted by 
the system depends on D, the illumination and brightness depend only 
on n1. 

The brightness of an image can never exceed that of the object; it becomes 
equal to it if the system has no losses and is sharply focussed. This applies 
to the case where obiect and image lie in the same optical medium; other
wise, if no and n; are the refractive indices of the object and image space, 

General data 

Spectral response of the eye: The 
relative visibility of different wave
lengths as experienced by the eye in 
bright light {cone vision) is given in 
Fig. 26. 

Mechanical equivalent of light: A 
light source having a spectral dis
tribution as given by Fig. 26 and 
emitting I lumen, radiates 0.00147 
watts. 

111umination at Earth's surface: 

Sun at zenith = 10,000 foot-candles wavelength in angstrom unils 

Full moon = 0.03 foot-candles Fig. 26-Spectral rHpons• of human •Y.• 
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Approximate brightness values: 

Highlights, 35-millimeter movie 
Page brightness for reading fine print 
November football field 
Surface of moon seen from Earth 
Summer baseball field 
Surface of 40-watt vacuum bulb, frosted 
Crater of carbon arc 
Sun seen from Earth 

0.004 lamberts 
0.011 lamberts 
0.054 lamberts 
1.6 lamberts 
3 lamberts 
8 lamberts 

45,000 lamberts 
520,000 lamberts 

Colorimetry: This subject is treated with special emphasis on color-television 
requirements in the literature. Two books and three papers ore of particular 
interest.* 

Cathode-ray tubest 

A cathode-ray tube is o vacuum tube in which on electron beam, deflected 
by applied electric and/ or magnetic fields, indicates by a trace on a 
fluorescent screen the instantaneous value of the actuating voltages 

A I C D e • 0 " J It l M 

Fig, 27-Electrode arrangemenl of typical electrostatic focus and deflection cathode
ray tube. A-heater, 8-cathade, C-control electrode, D-screen grid .or pre-ucceleralor, 
E-focusing electrode, F-acceleraling electrode, G-defleclion-plate pair, H-deflection
plate pair, J-conductive coating connected to accelerating electrode, K-intensifter
electrode terminal, 1-intensifler electrode (conductive coaling on •glau), M-fluoreacent 
screen .. 

* D. G. Fink, ''Television Engineering," 2nd edition, McGraw-Hill Book Company, Inc., New 
York, New York; 1952. M. S. Kiver, "Color Television Fundamentals," McGraw-Hill Book 
Company, Inc., New York, New York; 1955. F. J. Bingley, "Colorimetry in Television," Pra
ceeclings of the IRE, vol. 4,1, pp. 83&-851; July, 1953: vol. 42, pp. 48-51 and 51-57; January, 1954. 

t K. R. Spangenberg, "Vacuum Tubes," 1st ed., McGraw-Hill Book Company, Inc., New York, 
New York; 1948,, 
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end/ or currents. A typical high-intensity cathode-ray tube with post
deflection acceleration is shown in Fig. 27. 

Formulas for defledion 

Electric-field deflection: Is proportional to the deflection voltage, inversely 
proportional to the accelerating voltage, and deflection is in the direction of 
the applied field !fig. 281. For structures using straight and parallel deflection 
plates, it is given by 

D = E,M 
2E.,A 

where 

D = deflection in centimeters 

Ea = accelerating voltage Fig. 28-Electrostotlc clefteclian. 
Ea deflection voltage 

1 length of deflecting plates or deflecting field in centimeters 
L length from center of deflecting field to screen in centimeters 

A = separation of plates 

Magnetic-field deflection: Is proportional to the flux or the current in the 
coil, inversely proportional to the square 
root of the accelerating voltage, end de
flection is at right angles to the direction 
of the applied field lFig. 291. 

Deflection is given by 

0.3UH 
D 

VE,. 

where H = flux density in gausses 
fig. 29-Magnellc deflectlo11. 

1 = length of deflecting field in centimeters 

Deflection sensitivity: Is linear up to frequency where the phase of the de
flecting voltage begins to reverse before an electron has reached the end of 
the deflecting field. Beyond this frequency, sensitivity drops off, reaching 
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zero and then passing through a series of maxima and minima as n = I, 2, 
3, ..•• Each succeeding maximum is of smaller magnitude. 

D,ero nA v/c 

A V 
Dmax = 12n - II -

2 C 

where 

D deflection in centimeters 

v electron velocity in centimeters/second 

c speed of light (3 X 1010 centimeters/second) 

A = free-space wavelength in centimeters 

Magnetic focusing: There is more than one value of current that will focus. 
Best focus is at minimum value. For an average coil 

IN = 220 (V0d/fl 1l2 

IN ampere turns 

Vo = accelerating voltage in kilovolts 

d mean diameter of coil 

f = focal length 

d and f ore in the some units. A well-de
signed, shielded coil will require fewer 
ampere turns. 

Example of good shield design (Fig. 301: 

fig. 30-Magnetic focusing. 
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Cathode-ray tube phosphors* 

dfflgnalion I 
spedrol ronge I color between 10% 

points in 
fluorescent lphosphore1cent angstrom units 

Pl Green 

I 
Green 4900-5800 

P2 Blve.green Green 4500-6400 

P3 Yellow Yellow 5040-7000 

P4 White White 390Q-6630 

P4, silicate White Blue 3260-7040 

P4, silicate-sulfide White I Yellow 330Q-6990 I 

I 
PS Blue Blue 34/J0-57 50 

P6 White White 4160-6950 

Pl Blue.white Yellow 390Q-6500 

PIO Dork.trace: color depends on ab~ 
sorplion chorocteristlcs1 type of 

4000-5500 

Illumination 

PII Blue Blue 4000-5500 

P12 Orange Orange 545()-6800 

Pl4 Purple Orange 3900-7100 

PIS Blue.green Blue-green 3700-6050 

PIO Violet and near Violet and near 3350-4370 
ultraviolet ultraviolet 

P17 Greenish~yellow Yellow 3f!(J(H350 

P18 White Blue 3260-7040 

P19 Orange Orange 5450-6650 

P20 Yellow~green Yellow-green 4600-6490 

P21 Yellow i Yellow 5540-6500 

P22 Tricolor 390Q-6800 

P23 White White 4000-7200 

P24 Blue-green Blue-green 4260-6400 

P25 Orange Oronge 530Q-7100 I 
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speclral peok 
in an;stron 

units 

5250 

5430 

6020 

2 components: 
5650, 4400 

2 components: 
5400, 4100 

2 components: 
5400, 4350 

4300 

2 componenttt 
5630, 4600 

2 components: 
5580, 4400 

4600 

5900 

2 components: 
6010, 4400 

2 components: 
5040, 3910 

3700 

2 components: 
4500, 5540 

2 components: 
5400,4100 

5950 

5550 

6060 

I 
penlstance 

(approximate 
time to clecay 

lo l 0% of peak) 

I 20 mllllseconds 

long 

13 milliseconds 

Not over 7% of 
peak in 33 mfl-
Ii.seconds 

18 microseconds 

800 microseconds 

One long, one 
short 

Very long 

2 mill!seconds 

Medium long 

One short, one 
medium long 

3 microseconds 

5 microseconds 

One !ong1 one 
extremely short 

13 milliseconds 

Very long 

2 milliseconds 

Very long 

' 
3 components: I One short, two 

6430,5260,4500 medium 

2 components: ! Short 
5750, 4600 

i 
5070 i 1.5 microseconds 

6100 I Very long 

• Source: Joint Electron Tube Engineering Council, Committee 6 on Cathode-Ray Tubes. 
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Photoemisslon 

If monochromatic light impinges on a cathode, electrons are emitted. Such 
electrons are known as photoelectrons. Their number is proportional to 
the incoming light flux, while their energy is independent of it. The energy 
expressed in volts V depends on the wavelength }. according to Einstein's 
law: 

e (V + rf>l = he/>. 

where 

e = electronic charge 

= 1.6 X 10-19 coulomb 

q, = work function in volts 

h = Planck's constant 

= 6.6 X 10-34 joule-seconds 

c = velocity of light 

= 3 X 1010 centimeters/second 

If a threshold wavelength Ao is defined by 

erf> hc/>.o 

V is seen to be zero (except for thermal velocities) at the wavelength >. 0; 

for }. > >.0, there is no electron emission. 

The photosurfaces most in use are 

SI {silver-cesium): Ao = 12,000 angstrom units 

yield 

S4 (antimony-cesium): Ao 

20 microamperes/lumen 

6,000 angstrom units 

yield = 50 microamperes/lumen 

where the yield data give the representative response to white light 
12870-degree-Kelvin tungsten filament!. Another way of specifying the 
yield, applicable only for monochromatic light, is the quantum equivalent 
0; i.e., the number of electrons emitted/incoming photon (hc/>.J. For the 
SI surface, Q is approximately l.5 percent at 4000 angstrom units and 

* Only photoemissive electron tubes are considered here. Photoconductive and photovoltaic 
devices ere usually not built in the form of tubes. 
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0.8 percent at 8000 angstrom units. S4 layers have a peak response near 
4500 angstrom units, with Q 16 percent. The quantum equivalent decreases, 
in all surfaces, to very low values at the threshold wavelength. Pure metals 
are photoemissive in the ultraviolet and all substances will emit electrons 

under X-ray irradiation. 

Vacuum phototubes 

The cathode is a solid metal plate or a translucent layer on the glass wall. 
The anode may be a plate, rod, or wire screen. Except for very-strong 
light or unfavorable circuit conditions, o few volts 
suffice to saturate the photocurrent. The battery 
E, Fig. 31, has to provide, besides this accelerating R, 

potential, the voltage drop across resistor Ri. The 
familiar graphical load-line method applies in this 
case. Fig. 31-Phototube circuit. 

The saturation current is proportional to the incoming light flux. Exceptions 
may occur at the very-lowest light levels !dark current from thermionic 
emission at room temperature, important only in SI surfaces) and at the 
highest ones, where space charge may prevent saturation or, in translucent 
cathodes, the conductivity of the cathode may not suffice to provide the 
full photocurrent. The most important noise source (other than light fluctua
tions or background illuminotionl is the shot effect accompanying the photo
current. 

Gas phototubes 

In tubes not containirag a high vacuum, ionization by collision of electrons 
with neutral molecules may occur so that more than one electron reaches 
the anode for each originally emitted photoelectron. This "gos amplifica
tion factor" has a value of between 3 and 5; a higher factor causes instabili
ties. Gos tubes operation is restricted to frequencies below 10,000 cycles/ 
second. 

Secondary eledron emission from metals 

If o metal is bombarded with electrons of V volts velocity, it reemits electrons 
that can be detected if the field near the surface is such as to accelerate 
these electrons away from the metoL This is the process of secondary 
emission and the electrons are termed secondary electrons. The returning 
electrons form two groups: one with velocities equal or almost equal to 
that of the primaries (reflected electr.onsl and one with o velocity of 2-10 
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volts for 20 < V < 1000 volts ltrue secondaries!. The two groups cannot 
be distinguished at V < 20 volts. 

The secondary-emission factor K is defined as the ratio !true secondaries)/ 
(primaries!. Factor K hos o maximum at V = Vm (400-1000 volts, depending 
on the material). This maximum may range from < 1 (for carbon) to < 2 for 
most pure metals, but in some alloys, K rises to as much as 12. At higher 
values of V, factor K decreases and goes below 1 at a few thousand volts. 
At V < Vm, there is a decrease again and K reaches the value 1 at about 
25-50 volts for good secondary-emitting alloys. 

Where high secondary emission is desired, one of the following alloys is 
commonly used: silver-cesium, antimony-cesium, silver-magnesium, beryl
lium-copper. These show at JOO volts, values of K from 2.5 to 4. 

Multiplier phototubes 

Secondary-emission multiplication is used to provide amplification of weak 
currents in multiplier phototubes. A typical structure is shown in Fig. 32. 
Photoelectrons from the photocathode are focussed electrostatically onto 
the first secondary-emitting dynode, I. The resulting secondary electrons 
are then focussed on dynode 2, and so on. With each successive dynode, 
the current is amplified by the secondary emission factor, K, or a total of Kn 
times for n stages. The current is finally collected on an output electrode, 
usually called the collector. 

Multiplier circuits: The voltage steps 
from stage to stage ore usually made 
equal. Occasionally, the first or last step 
(cathode to 1st dynode or last dynode 
to collector} is made larger; the former 
has the effect of increasing the first
stage gain which reduces the noise, 
while the latter is done to relieve space
charge limitations at the output. 

The electrons hitting stage j !Fig. 331 
constitute a current I; leaving stage 
j, while /;+1 = Kl1 flows into stage j. 

multiplier 

It is seen from the figure thot these fig. 32-Slx-slage mulllpller phototube, 
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currents ore completed through the divider. It is common practice to make 
the divider current at least lO times the output signal, or in on n-stoge 
multiplier, 

Rd < E/10 (n + 11 i, 

The load resistor R1 is determined by bandwidth considerations. It is poral
lelled by the output capacitance of the multiplier (3-5 micromicrofaradsl 
and the input capacitance of the following stage. 

cathode collector 

2 I j+I _ _,,,,~~~~~~~~~ 
E 

------------1_111-,,+----------
Fig. 33-Circuil of multiplier phototube. 

Multiplier signal and noise: The upper frequency limit of a multiplier 
(usually about 30 megacycles) is determined by the transit-time spread, i.e., 
the differences in transit times between the individual electrons. 

If the photocothode receives L lumens and emits S amperes/lumen, then 
LS amperes flow into the first stage and the output current at the collector 
is LSK'\ Even if the light flux is free of fluctuations, the cathode current LS 
will carry shot-effect noise, with a root-mean-square value of 

le,. = 12 LS efl½ 

where 

e = electronic charge 

F bandwidth in cycles/second 

The output noise current is then 

I,.= kK"l,,. 

where the factor k arises from the fact that secondary emission is itself a 
random process. Approximately, 

k [Kj(K - II]½ 

This assumes that no other noise sources ore present, such as leakage, 
positive ions, or a ripple in the applied voltage. In the neighborhood of 
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V. = 100 V / stage, factor /( is proportional to v.a, where a lies between 
0.5 and 0.7; hence p-percent ripple on the applied voltage E would give 
nap-percent ripple in the collector current. 

Image dissector 

The image dissector is a television camera tube having a continuous photo
cathode on which is formed a photoelectric emission pattern that is scanned 
by moving its electron-optical image over an aperture. 

Principle of dissector operation: From the optical image focused on the 
photocathode (Fig. 34), on electro-optical image is derived that is focused in 
the plane containing the aperture. Two sets of scanning coils sweep this 
image over the aperture. At any instant, only the electrons entering the 
electron multiplier th rough the aperture are utilized. The output signal is 
taken from the multiplier collector. 

translucent 
pholocothode 

~focusing coil 

!XX XXXXX XX XXXXXXXX XX XX XJl,t---- vertical Ldeflecting coils 
t,<xxxxxx x xxxxxxxxxxx xxx5s},t-horizonto1J 

- - (+) 

multiplier output 

mul!iplier 

operature 

anode 

Fig. 34-lmoge disseclor. 

No storage means are used, and therefore, the dissector ls not suitable 
at very-low light levels. But the output signal is proportional to the light, 
free from shading, and, within reasonable limits, independent of tempera
ture. 

With a long focus coil (as in fig. 341, the electron-optical magnification 
from cathode to aperture is unity. With a short focus coil it is possible to 
obtain a magnification m with ½ < m < 3. If a is the aperture area, a picture 
element on the cathode has a size a/m2; this determines the resolution. 

SI or S4 photocathodes may be used. 

Dissector focusing and scanning fields: If the aperture is distant from the 
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cathode by d centimeters ond hos a voltage of V volts above cathode 
potential, o focusing field of 

Ho= c V½/d 

oersteds is needed; c = 15 lopproximotelyl for first focus. 

To bring into the aperture electrons that originate of a point on the cathode 
r centimeters from center, the instantaneous transverse scanning field hos 
to be 

H1 = Hor/d 

Dissector signal and noise: Let 

S sensitivity of cathode in amperes/lumen 

E = illumination on cathode in foot-candles 

e = electronic charge 

= 1 .6 X 10-19 coulomb 

F = bandwidth in cycles/second 

k = noise contribution of multiplier (see "Multiplier phototubes", p. 4091 

= 1 .25 lopproximotefyl 

G = multiplier gain 

o = aperture area in feet2 

m magnification 

Then, signal output current 

!, = SE lo/m2I G 

and the noise output current 

!,. k[2 SEe lo/m2'J F]½ G 

To toke account of the dork noise, E should be replaced by E + Eo in the 
noise formula, where Eo is about 0.01 footcondtes for on SI photocothode 
and about 5 X 10-s footcondles for S4. 

for o frame of oreo A, ond a frame time T1, containing N picture elements, 

a A1m2/N 

F = N/2T1 
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Image orthicon 

The image orthicon is a television camera tube having a sensitivity and 
spectral response approaching that of the eye. Commercially acceptable 
pictures can be obtained with incident illumination levels ~ 10 foot-candles. 

As shown in Fig. 35, the tube comprises three sections, an image section, a 
scanning section, and a multiplier section. 

translucent 
photocothode 

target horizontal and vertical focusing 
deflecting coils coit 

grid 4 

Fig. 35-lmoge orthicon. 

electron 5-stoge 
gun multiplier 

mul!ipli9r 
outp11f 

By Permission of RCA, copyright proprietor. 

Principle of orthicon operation: From the light image focused on the photo
cathode, an electron image is derived that is accelerated to and mag• 
netical/y focused in the plane of the target. These primary electrons striking 
the glass target (thickness of the order of a ten-thousandth of an inch and 
a lateral electrical resistivity of between 3 X 1011 and 1012 ohm-centimeter! 
cause the emission of secondary electrons that are collected by an adjacent 
mesh screen held at a small positive potential with respect to target-voltage 
cutoff. The photocathode side of the target thus has a pattern of positive 
charges that corresponds to the light pattern from the scene being televised; 
since the glass target is very thin, the charges set up a similar potential 
pattern on the opposite or scanned side of the glass. 

In the scanning section, the target is scanned by a low-velocity electron 
beam produced by an electron gun. The beam is focused at the target by 
means of the axial magnetic field of the external focusing coil and the electro
static field of grid 4. The decelerating field between grids 4 and 5 is shaped 
such that the electron beam always approaches normal to the plane of the 
target and is at a low velocity. If the elemental area on the target is positive, 
then electrons from the scanning beam deposit until the charge is neutralized; 
if the elemental area is at cathode potential li.e., corresponding to a black 
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picture area), no electrons ore deposited. In both coses the excess beam 
electrons ore turned bock ond focused into o 5-stoge signal multiplier. The 
charges existing on either side of the target gloss will by conductivity 
neutralize each other in less than one frame time. Electrons turned bock 
ot the target form o return beam that hos been amplitude-modulated in 
accordance with the charge pattern of the target. 

Alignment of the electron beam is accomplished by the transverse magnetic 
field of the external alignment coil. Deflection of the beam is produced by 
the transverse magnetic fields of the external horizontal ond vertical 
deflecting coils. 

In the multiplier section, the return beam is directed to the first stage of 
the electrostotically focused, 5-stage multiplier where secondary electrons 
are emitted in quantities greater than the striking primary electrons. Grid 3 
facilitates a more complete collection by dynode 2 of the secondary 
electrons from dynode l. The gain of the multiplier is high enough that the 
limiting noise in the use of the tube is the random noise of the electron 
beam rather than the input noise of the video amplifier. 

For highlights in the scene, the grid of the first video-amplifier stage will 
swing positive. 

Orthicon operating considerations: The temperature of the entire bulb 
should be held between 45 and 60 degrees centigrade since low target 
temperatures are characterized by a rapidly disappearing "sticking picture" 
of opposite polarity from the original when the picture is moved; high 
temperatures will cause loss of resolution and damage ·to the tube. 

An over-all potential of 1750 volts is necessary to operate the tube I+ 1250 
volts at 1 milliampere, -500 volts at 1 milliampere, and +330 volts at 90 
milliamperes for the voltage divider and typical focusing and alignment 
coils). 

The video amplifier should be designed to accept a range of alternating
current signal voltages corresponding to signal-output currents of 1 to 30 
microamperes !depending on the tube type! in the load resistor. Resolution 
of 300 lines at 70-percent modulation and 600 lines at 15 percent can be 
produced when the photocathode highlight illumination from a Radio
Electronics-T elevision Manufacturers Association Standard Test Chart is 
above the knee of the output-current versus photocathode-illumination 
curve. 

The maximum band pass of the amplifier con be determined* as follows: 

* D. G. Fink, "Television Engineering," 2nd edition, McGraw-Hill Book Company, Inc., New 
York, New York; 1952. 
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fmu = ½ kmn2f lw/hl lk./hl 

where 

fmax = amplifier bond poss in cycles/second 

k = vertical resolution factor, representing the effect of random 
positioning of the picture elements with respect to the transmitter 
scanning lines, usually 70.7 percent 

m horizontal resolution divided by the vertical resolution 

n = number of lines in the picture 

f = number of picture frames/second 

w/h = aspect ratio 
= (picture width)/ (picture heightl 

k,, fraction of total field time devoted to scanning picture elements 

k,. = fraction of line-scanning time during which the scanning lines ore 
active 

Full-size scanning of the target should always be used during operation. 
The blanking signal, a series of negat1ve-voltage pulses, should be supplied 
to the target to prevent the electron beam from striking the target during 
retrace. In the event of scanning failure, the beam must not reach the target. 

~ 10 
.. 8 
t 6 

~ u 4 ·e 
·'= 
:, 2 
0. 

] 
g 1.0 
."i! 1.8 = 1.6 
0 
u 
·~ 1.4 

1.2 

I/ 0.1 
0.0001 

/ 

lliffi 
5820 

/ 
i, 

/ / 

/ / , 

/II 

0.001 

II" , / 
i/ / 

/ '5826 

,/ 
I 

I 

0.01 
highlight illumination on photocothode in foot-candles 

m ,, , 

0.1 1.0 

Fig. 36-Bosic light-transfer charcrcteristic for types 5820 and 5826 Image orthlcon1. The 
curves are for small-area highlights Illuminated by tungsten light, white fluorescent 
light, or daylight. By Permi,sion of RCA, copy,ight propdetor. 
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It is necessary to add a shading-correction signal, of sawtooth shape and 
of horizontal-scan frequency, to the video signal after it has been clamped 
to obtain a uniformly shaded picture. 

The illumination on the photocathode is related to the scene illumination 
by the formula for optical imaging given on p. 401. 

Orthicon signal and noise: Typical signal ootput current for the types 5820 
and 5826 are shown in fig. 36. 

The tubes should be operated so that the highlights on the photocathode 
bring the signal output slightly over the knee of the signal-output curve. 

The spectral response of 
the types 5820 and 5826 
is shown in fig. 37. It will be 
noted that when a Wrotten 
6 filter is used with the 
tube, 
closely 
of the 
tained. 

a spectral curve 
approximating that 
human eye is ob-

From the standpoint of 
noise, the total television 
system can be represented 
as shown in Fig. 38 where 
the following definitions 
hold, 

F = bandwidth in cycles/ 
second 

I. = signal current 

I,. = total image-orthicon 
noise current 

e = electronic charge 

= 1.6 X 10-19 cou
lombs 

I = image-orthicon 
beam current 

E,.1 = thermal noise in R1 

shot' noise in the in
put amplifier tube 
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l"ig. 37-Spectral sensitivity of imag• orthicon. 



416 CHAPTER 19 

Photosensitive tubes continued 

R1 = input load 

C1 = total input shunt capacitance 

R1 = shot-noise equivalent resistance of the input amplifier 

= 2.5/ 9m for triode or cascade input 

Jb (2.5 20fe2) = 
1
-

1 
- + ~-

2 
for pentode input 

b+c9m 9m 

9m = transconductance of input tube or cascade combination 

from 
orthicon c, 

video 
amplifier 

Fig. 38-Equivalent circuit for noise in orihicon and flrst amplifler stage. 

16 amplifier direct plate current 

10 = amplifier direct screen-grid current 

6N = electron-multiplier noise factor referred to multiplier input 

m = multiplier gain 

k,,. = electron-multiplier noise factor, referred to multiplier output 

= m6N 

<1 stage gain in the multiplier 

k = Boltzmann's constant 

= 1.38 X 10-23 joules/degree Kelvin 

T = absolute temperature in degrees Kelvin 

The noise added per stage is 

6n = [<1/l<1 - l)J½ 

output 

For a total multiplier noiie figure to be directly usable, it must be referred 
to the first-dynode current, therefore, for 5 multiplier stages, 
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- .1n2 
.1N = .1n2 + -<r 
After combining all noise sources, 

s 
N 

1, 

ELECTRON TUBES 417 

The signal current is an alternating-current signal superimposed on a larger 
direct beam current. This can be thought of as a modulation of the beam 
current. Properly adjusted tubes obtain as much as 30-percent modulation. 

I.= mMI 

where M is the percentage modulation. 

If S/N is now rewritten, 

s 
N 

[
4k Tf(2el.m .1N2 

4KTM 

1. 

In typical television operation, the thermal noise of the load resistor and 
the shot noise of the first amplifier can be neglected. 

Orthicon focusing and scanning fields: The electron optics of the scanning 
section of the tube are quite complicated and space does not permit the 

target IXXXXXXXXXXXXXXXXXXXXXXXXXXl deflection coil T --J2_____________ ..-J 
H -----•~------~--- eleetrongun: 

1 -- L--, 

I
• ...... .,......-z- .. 1 t _____ ..:,.--__ 

1xxxxxxxxxxxxxxxxxxxxxxxxX) 
Fig. 39-0efledlon in Image or1hicon. 

inclusion of the complete formulas. A simple relationship between the 
strength of the magnetic focusing field and the magnetic deflection field 
is given below. It should be noted that the electron beam does not reach 
first focus at the target but rather considerably before it reaches the target; 
thus the beam is working at a higher-order focus. This means that the radii 
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of the focus helixes are kept small and all of the electrons in the beam 
approach the target perpendicular to its surface, thereby avoiding shading 
in the output video signal. Working at a higher-order focus not only 
demands more focus current but also more deflection current. Note the 
deflection path in Fig. 39. Let 

H = horizontal dimension of scanned area or target 

L = effective length of horizontal deflection field 

Hd = horizontal deflection field (peak-to-peak value! 

Hi = focusing field 

then 

For the image orthicon, 

H "" 1.25 inches 

L"" 4 inches 

Hi "" 75 gausses 

then 

Hd ""' 23 gausses 

Vidicon 

The vidicon is a small television camera tube that is used primarily in in
dustrial television and studio fllm pickup because of its 600-line resolution, 
small size, simplicity, and spectral response approaching that of the human 

foeusing coil 

horizontal and vertical 
deflecting coils 

glass faceplate 
grid 4 ---4!<~ 
signal electrode 

and photo
conductive layer 

tiWiol-electrode 
output 

1xxxxxxxxxxxxX1 

Fig. 40-Vldfcon constrvdlon. 

grid 1 

~ Permlworr ol RCA, cop'frigl,t prop,iek>r. 
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eye. As shown in Fig. 40, the tube consists of a signal electrode composed 
of a transparent conducting film on the inner surface of the faceplate; a 
thin layer la few microns) of photoconductive material deposited on the 

signal electrode; a fine mesh screen, grid 4, located adiacent to the photo

conductive layer; a focusing electrode, grid 3, connected to grid 4; and 
an electron gun. 

Principle of vidicon operation: Each elemental area of the photoconductor 
can be likened to a leaky capacitor with one plate electricalty connected 

to the signal electrode that is at some positive voltage (usually about 20 
volts) with respect to the thermionic cathode of the electron gun and the 

other plate floating except when commutated by the electron beam. 
Initially, the gun side of the photoconductive surface is charged to cathode 

potential by the electron gun, thus leaving a charge on each elemental 
capacitor. During the frame time, these capacitors discharge in accordance 

with the value of their leakage resistance, which is determined by the amount 
of light falling on that elemental area. Hence, there appears on the gun 
side of the photoconductive surface a positive-potential pattern corre

sponding to the pattern of light from the scene imaged on the opposite 
surface of the layer. Even those areas that are dark discharge slightly, since 
the dark resistivity of the material is not infinite. 

f 

The electron beam is focused at the surface of the photoconductive layer 
by the combined action of the uniform magnetic field and the electrostatic 
fie(d of grid 3. Grid 4 serves to provide a uniform decelerating field 
between itself and the photoconductive layer such that the electron beam 
always approaches the surface normally and at a low velocity. When the 

beam scans the surface, it deposits electrons where th~,JlOtential of the 
elemental area is more positive than that of the electron,gun cathode and 

at this momentthe electrical circuit is completed through tire sfgnal-electrode 
circuit to ground. The amount of signal current flowing at this moment 
depends upon the amount of discharge in the elemental capacitor, which in 

turn depends upon the amount of light falling on this area. T~e signal 
polarity is such that highlights in the scene swing the first video-amplifier
tube grid negative. 

Alignment of the beam is accomplished by a transverse magnetic field 
produced by external coils located at the base end of the focusing coil. 

Deflection of the beam is accomplished by the transverse magnetic fields 
produced by external deflecting coils. 
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Vidicon operating considerations: The temperature of the faceplate of the 
tube should never exceed 60 degrees centigrade in either operation or 
storage. As the temperature increases, both the signal output current and the 
dark current (current that flows when the photoconductive surface receives 
no light) increase; however, the dark current increases faster and shading 
(unequalness of dork current at different points on the surface) in the output 
signal current becomes a serious problem. Further, as the signal-electrode 
voltage is increased, the signal output-current-to-dork-current ratio 
decreases, thus increasing the shading problem. 

Shielding of both the signal electrode and signal lead from external fields 
is highly important. 

A blanking signal should be furnished to grid I or to the cathode to prevent 
the electron beam from striking the photoconductive surface during retrace 
of the horizontal and vertical sweeps. Failure of scanning for a few minutes 
may permanently damage the photoconductive surface. Full-size scanning 
of the surface should always be used. 

The video amplifier should be capahle of handling input signals of from 0.02 
to 0.4 microampere through the signal-electrode load resistor. Typical 
signal output current versus illumination on the tube face is shown in Fig. 41. 

Fig. 41-Typlcal vidicon sig
nal output for 2870-degree
Kelvln light uniformly dis
tributed over photoconduc
tive layer. Scanned area was 
1/:a by 3/a Inches. 

Sy PermissffJn of RCA 
copyright propriefor. 

e o.3 
t 0.2 

-I 0.1 
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V 

0.1 0.2 0.4 0.6 1.0 2.0 4.0 6.0 10 20 
illuminolion on tube foce in foot-candles 

It will be noted from the curve that the gamma of the tube is less than one. 
The illumination falling on the tube face can be computed from the formula 
for optical imaging given on p. 401. 

Vidicon signal and noise: Since the vidicon acts as a constant-current 
generator as far as signal current is concerned, the value of the load 
resistor is determined by band-pass and noise considerations in the input 
circuit of the video amplifier. The bond pass is determined the same as for 
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the image orthicon on p. 413. Where the signal current is less than I micro
ampere and the band pass is relatively wide, the principal noise in the 
system is contributed by the input circuit and first tube of the video amplifier. 
To minimize the thermal noise of the load resistor, its resistance is made 
much higher than the Oat-band-pass consideratlons would indicate, since 
the signal voltage increases directly and the noise voltage increases as 
the square root. To correct for the attenuation of the signal with increasing 
frequency, the amplitude response of the video amplifier must have the 
following form: 

11 + 41r2f2Ci2Ri21½ 
G Go------

R1 

where Go = unequalized amplifier gain, fig. 42. 

from 
vidic:on c, 

Fig. 42-lnput circuit for first-stage amplifier In vldlcon circuit. 

The signal-to-noise ratio is 

s 
N 

where 

I. = vidicon signal current 

l,1 = vidicon dark current 

E,,1 = thermal noise in input resistor 

E,,, shot noise of input amplifier tube 

R1 = input load 

C1 = total input shunt capacitance 

video 
omplifier 

R, = shot-noise equivalent resistance of input amplifier 

For triode or cascode input, 

R1 = 2.5/g,,. 

output 
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and for pentode input, 

Re = _1_0 -(2.5 + '2Dfc2) 
f.t, + I.2 g,,. g,,.2 

where 

g,.. = transconductance 

10 = direct plate current 

I.2 direct screen current 

e = electronic charge 

= 1.6 X 10-19 coulombs 

It will be noted from the signal-to
noise equation that the shot noise 
of the first amplifier tube is ampli
fied in a frequency-selective man
ner, whereas the thermal noise of 
the load resistor has a flat fre
quency distribution. For a given 
bandwidth, as the load resistor is 
increased in value, the frequency at 
which equalization starts becomes 
lower and thus the shot-noise power 
increases in proportion to the ther
mal-noise power. Finally, a point is 

0 .___.._ _ _.__...._ _ _._ _ _._......,.._, 
0 200 400 600 
number of television lines 

By Permission of RCA copyright proprietor~ 

Fig. 43-Vidicon resolution, showing un
compensated and compensated horizontal 
responses and equivalent amplitude re
sponse. Highlight signal-electrode micro• 
amperes 0.35; test pattern = tn:lnsparent 
square-wave resolution wedge; 80 tele-
vision llnes I-megacycle bandwidth. 

reached where the required equalization ratio is physically difficult to 
achieve (about 50-to- l is maximum for o typical industrial television appli-
cations). 

The resolution of o typical tube is shown in Fig. 43. The equivalent amplitude 
response, which is shown, is expressed by the equation, 

!Equivalent amplitude response) = IR.R,.) ½ 

where R. and R,. = vertical and horizontal amplitude responses, respectively. 

The vidicon hos such o high inherent signal-to-noise ratio that aperture 
equalization for the scanning beam con be used when high incident illumina
tion is available. An expression of the form: 
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Fig. 44-Vldicon persistence characteristic. 
Scanned area of photoconductlve layer 

1/2 by % inch; initial output 0.2 
mlcroampere. 

By Permission of RCA, 
copyright proprietor. 

may be used to approximate the 
equivalent admittance of the tube. 
Since the scanning beam is symmet
rical 11 + cos xi, no phase dis
tortion accompanies the reduction 
in amplitude of the higher-fre
quency components of the signal. 
In practice, the function is very 
nearly 

'Y = 1/(1 + k1w2l 

.!: 
C 

~ 60 
" ::, 
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\ 

' ......... i--...... and the correction circuit must then 
have the inverse response = I + 
k1w-'l. If the curve in Fig. 43 is fitted 
with asymptotes, one of which has a 
zero slope and the other a 12-
decibels-per- octave slope, then ki 
is found to be 0.0064 X 1Q""'12. 

-

Aperture equalization 
amplifies high-frequency 
noise; the equation is 

S Ri3J.3 
N !4kTXJ½ 

where 

Fig. 45-Vidicon spectral re
sponse. Response with 2870. 
degree-Kelvin tungsten light 
compores to eye response. 
Scanned area of ½ by 3/a 
inch gives 0.02-microampere 
output. 

By Permission of RCA, 
copyright proprietor. 
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}. = IR1 + RJ F + IP/31 l8t'C22R13 + 81r2C2
2R12R1 + ,h2C12R12R,I 

+ (f5/51 (167r4C24Ri5 + 167r4C2%4R1 + 327r4C12C22R14R1) 

+ (f'l /71 !64,r6C12C2
4R16RJ 

Persistence or lag of the photoconductive surface is shown in Fig. 44. More 
incident illumination and less signal-electrode voltage are helpful in reducing 
this effect. Fig. 45 shows the spectral response of the vidicon. 

Gas tubes* 

Ionization 

A gas tube is an electron tube in which the pressure of the contained gas 
is such as to affect substantially the electrical characteristics of the tube. 
Such effects are caused by collisions between moving electrons and gas 
atoms. These collisions, if of sufficient energy, may dislodge an electron 
from tl1e atom, thereby leaving the atom as a positive ion. The electronic 
space charge is effectively neutralized by these positive ions and com
paratively high free-electron densities are easily created. 

Fig. 46-lonlzatlon propenles of gases. 

ionization collislon 
energy probability t 

gas In volts P, 

Helium 24.5 12.7 
Neon 21.5 17.5 
Nitrogen 16.7 37.0 

Hydrogen IH21 15.9 20.0 
Argon 15.7 34.5 
Carbon monoxide 14.2 23.8 

Oxygen 13.5 34.5 
Krypton 13.3 45.4 
Water vapor 13.2 55.2 

Xenon 11.5 62.5 
Mercury 10.4 67.0 

* J. D. Cobine, "Gaseous Conductors" 1st edition, McGraw-Hill Book Company, Inc., New 
York, New York; 1941. 

t From, E. H. Kennard, "Kinetic Theory of Gases," McGraw-HIii Book Company, Inc., New 
York, New York; 1938: seep. 149. 
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Fig. 46 gives the energy in 

electron-volts necessary to 

produce ionization. The 

column Pc is the kinetic. 

theory collision probability/ 

centimeter of path length 

for an electron in a gas at 

15 degrees centigrade at a 

pressure of 1 millimeter of 

mercury. The collision fre. 

quency is given by the ex

pression 

fc = V Pc P 

where 

fc = collisions/second 

P. = collision probability in 

collisions/ centimeter/ milli

meter pressure 

p = gas pressure in milli

meters of mercury 
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(gas pressure) X (electrode spacing) 

Fig. 47-Effect of gas pressure and tube geometry on 
gap voltage required for breakdown. 

gas-discharge conduction 

cathode distance anode 

Fig. 48-Voltage distribution between plane parallel 
electrodes showing effed of space-charge neutral
lxatlan. 

Characteristics of gas tubes 

The more-important parameters that determine the effect gas will have on 

tube operation are qualitatively described in Figs. 47-49. 

Cathodes of gas tubes 

Cold-cathode gas tubes require several hundreds of volts tube drop and 
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operate with currents of 
tens of milliamperes. The 
discharge reflects the en
tire characteristic of Fig. 
49. The advantages ore 
simplicity of construction 
and circuit, long life, and 
reliability. 

Fig. 49--Typicol volt-ampere 
charocteristlc of goseous dis
charge. 
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I 
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maintaining 
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I 

I 
I 
I 
I 

ore 
m 

,~ 
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Hot-cathode gas tubes require several tens of volts tube drop and conduct 
currents that depend primarily on the cathode emission capabilities. In 
general, the discharge does not exhibit the characteristic of region I of 
Fig. 49. The advantages are high tube currents with low power losses. 

Mercury-pool cathodes provide an electron supply from on arc spot on 
a pool of mercury. The discharge operates in region Ill of Fig. 49. The 
mercury vapor is ionized and can conduct hundreds of amperes at tube 
voltages of approximately 10 volts. 

Fig. So-Gos-tube regulator 
circuit ol right ond regulator
tube chorocterlstics below. 

unre<,iulaled 
direct

voltage 
input 

tube regulotlon 
I regulatlon current 

limits In 
type level in volts milliamperes 

OA2 150 5-30 
OA3/VR75 75 5-40 
0B2 105 5-30 

OC3/VRI05 105 5-40 
OD3/VRl50 150 5-40 
874 90 10-50 

991 60 0.4-2.0 
5651 87 1.5-3.5 

Applications of gas tubes 

regulated 
direct-. 

voltage 
output 

Relaxation oscillators, trigger tubes, and step switching tubes (see p. 4761 
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all make use of the wide difference between the breakdown and main
taining voltages of a glow-discharge device. 

Voltage-regulator tubes take advantage of the tube-current independence 
of tube voltage in the glow-discharge region of a cold-cathode tube (Fig. 501. 

low-impedance switching tubes ore a new class under development. These 
tubes ore glow-discharge devices that hove static impedance levels of 
perhaps 10,000 ohms but have zero or even negative dynamic impedances. 
Thus the tube performs as a relay and transmits information with negligible 
loss as well. 

Power rectifier end control tubes: Mercury-vapor rectifiers, thyratrons 
(see p. 314}, and ignitrons employ the very-high current-carrying capacity of 
gas discharge tubes with low power losses for rectification and control in 
high-power equipment. The operation of mercury-vapor tubes is dependent 
on temperature insofar as tube voltage drop and peak inverse voltages are 
concerned (Fig. 51 l. 

Fluorescent lamps employ the high efficiency of gas discharges in con
junction with fluorescent coatings, to produce radiation in varying 
ports of the visible spectrum. 

~ 40,000 
1 , 

Noise generators: These gos dis
charge tubes produce white noise 
throughout a large port of the .,. 

; 
.E 

microwave spectrum and are use
ful as standard noise sources for 
measurement purposes. 

TR tubes: Transit-receive tubes 
ore gas discharge devices de
signed to isolate the receiver 
section of radar equipment from 
the transmitter during the period 
of high power output. A typical tr 
tube and its circuit are illustrated 
in Fig. 52. The cones in the wave
guide form a transmission cavity 
tuned to the transmitter frequency 
and the tube conducts received 
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Courtesy of McGraw·Hi/1 Book Co 

Fig. 51-Tube drop and arcback voltages 
as a function of the condensed mercury 
temperature In a hat-cathode mercury
vapor tube. 
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lronsmitler 1------41..=•:-----i r 
receiver Ir tube 

antenna 

keep-ollve 
eteetrc<le 

waveg11idt 

low-power-level signals from the 
antenna to the receiver. When the 
transmitter is operated, however, the 
high-power signal causes gas ioni
zation between the cone tips, which 
detunes the structure and reflects 
all the transmitter power to the 
antenna. The receiver is protected 
from the destructively high level of 
power and all of the available 
transmitter power is useful output. Fig. 52-Diagram of a tr tube and circuit. 

Microwave gas discharge circuit elements: A new class of gas discharge 
devices under current development are microwave circuit control elements. 
The plasmas of gos discharges are capable, because of the high free-electron 
density, of strong interaction with electromagnetic waves in the microwave 
region. In general, microwave phase shift and/ or absorption results. If vsed 
in conjunction with a magnetic field, these effects can be increased and made 
nonreciprocal. Phase shift is o result of the change in dielectric constant 
caused by the plasma according to the following equation. 

:!..= I 
Eo 

where 

Ep dielectric constant in plasma 

to = dielectric constant in free space 

N0 = electron density in electrons/centimeter3 

f, = signal frequency in megacycles 

Absorption of microwave energy results when electrons, having gained 
energy from the electric field of the signal, lose this energy in collisions 
with the tube envelope or neutral gas molecules. This absorption is a maxi
mum when the frequency of collisions is equal to the signal frequency and 
the absolute magnitude is proportional to the free-electron density. 



Armed Services list of standard electron tubes* 

R-lvlng 
penlodu mixers I power output 

I twin and I I --··· - diodes lrlodet lrlode1 reinale 1harp converters penlode1 lriodH recllllera 

1.25 t1A3 tJA5 ~1AD4 - t3B4 -- j;~GT ond IAH4 3V4 
1.4 n5672 

6088 

5.0 - - - - - - t5R4WGA 
t5Y3WGTA 

6.3 2822 !2C40 !12AT7WA t5749 /68A6W t6AH6 t5636 t2E30 5686 t5687 t6X4W 
t5726/6AL5W t6C4W t5670 lt5899 tMU6WA pn5/MS6W 6AG7 tt5902 6080 lt5641 
5829WA t5703WA !5751 t5654/6AK5W S750/6BE6W 68G6G !6005/6AQ5W 

tts896 ns718 15814A J5639 t5784W !6L6WG8 
• 5719 6021 5702WA 
f5744WA tom 5840 

t6112 
Transmitting 

I I 
rectillert 

I 
11a1 switching 

twin pul• I trlodu lelrod!II tet,ode1 modulation magnetron• vacuum gos grid control clip-• "" " 
t2C39A )4021 !8298 )3C45 2130--34 4178 )2X2A OZ 4A /1003 8578 tCIK 3829 1835A 1853 1823 
)2C43 t4-65A t832A tJD21A 2142 5126 t3B24WA 3B 8698 t884 4B31 1836 1B56 1826 
tl00TH t4Xl50A tJE29 2151 5586 3718 )3828 1005 )5684 /C31 I A 719A 1837A 1857 1B27 
)250TH )5D22 )4C35 216IA-62A 5607 836 !4826 1006 t5685/C61 1B44 5792 1B50 
450TL 5933 )4PR60A 4150 5657 1616 t4832 5517 t5696 1B51 5793 1858 
811 

I 
t5C22 4152 )8020 6C !5727 /202/ W 1B52 /B63A 

880 1258 4154-59 168 5853 
5667 5948/1754 
5794 5949/1907 

Mlsc:elloneous 
cathode ray I crytlab I kly-ns I phototube1 I voltage "'l!.11lalor1 

2BPI 5FP 17A, 14/ 7MP7 

I 
IN21B IN32 2K22 21(45 IP2I 

I 
)0A2 

31P II, 7, 12/ 51P1A I0KP7 IN23B IN53 21(25 2K54 t082 
3WPI 5RP 17A, IIAJ 12SP7 IN25 IN69 2K26 2K55 tS644 
SCP /IA, 7A, 121 5SP /IA, 7AJ IN26 1N8l 2K28 6BL6 t5651 

1N31 lNl26 21(29 726 A, B, C t5783WA 
2K41 

! 
0 z 
-4 
C 
u, 

m 
• From Specification Mll-STD-200B, Armed Servkes E!ectro-Stondords Agency; Fort Monmouth, New Jersey~ 2 February, 1955. This stondord ls revised ct intervols; the latest Issue should olwoys -,::... 

be consulted. .......-..:, 
t Subminiature type. c.,c: 
t Also United States tubes on North Atlontrc Treaty Orgonizotion priority list of electronic tubes lvolvesl. 



reliable IY_!>_• lower-quali_t_y ~o~terpart 

0A2WA 0A2, 6073 
0B2WA 0B2, 6074 
6AK5WA 6AK5, 6AK5W 

t6AU6WA 6AU6 
6SK7WA 6SK7, 6SK7W 

tl2AT7WA 12AT7 
t5636 -
t5639 -
t5641 -
t5644 -

5647 -
t5654/6AK5W 6AK5, 6AK5W, 6AK5WA 
5654/6AK5W /6096 6AK5,6AK5W,6AK5WA 

t5670 2C51 
5670WA 2C51 

t56B6 -
t5702WA 5702 
l5703WA 5703 

571B -
t5719 -
t5725/6AS6W 6AS6, 6AS6W 
5725/6AS6W /6187, 6AS6, 6AS6W 

t5726/6AL5W 6AL5, 6AL5W 
5726/6AL5W /6097 6AL5, 6AL5W 

t5727 /2D21W 2021 

t5744WA 5744 
t5749/6BA6W 6BA6 
t5750/6BE6W 6BE6 
t5751 12AX7 
5751WA 12AX7 

t5783WA 5783 
57B4WA -
5787WA -

t5814A 12AU7, 5B14 
5814WA 12AU7, 5814 

t5829WA 5829 
5839 26-volt-verslon 6X5GT, 6X5WGT 

t5840 -

description 

Miniature voltage regulator 
Miniature voltage regulator 
Miniature sharp-cutoff pentode 
Miniature rf sharp-cutoff pentode 
Octal rf remote-cutoff pentode 

Miniature high-mu twin triode 
Subminioture pentode mixer 
Subminioture video-amplifier pentode 
Subminioture half-wove rectifier 
Subminioture vollage regulator 

Subminioture diode 
Miniature sharp-cutoff rf pentode 
Miniature sharp-cutoff rf pentode 
Miniature medium-mu twin triode 
Miniature medium-mu twin triode 

Miniature rf beam-power pentode 
Subminiature rf sharp-cutoff pentode 
Subminiature medium-mu triode 
Subminiature medium-mu triode 
Subminiature high-mu triode 

Miniature dual-control rf pentode 
Miniature dual-control rf pentode 

Miniature double diode 
Miniature double diode 
Miniature thyratron gas tetrode 

Subminiature high-mu triode 
Miniature rf remote-cutoff pentode 
Miniature pentagrid converter 
Miniature high-mu twin triode 
Miniature high-mu twin triode 

Subminiature voltage-reference tube 
Subminiature dual-control rf pentode 
Subminiature voltage regulator 
Miniature medium-mu twin triode 
Miniature medium-mu twin triode 

Subminiature double diode 
Octal, full-wave rectifier 
Subminiature rf sharp-cutoff pentode 

Armed Services list of reliable eletcron tubes* 

comments on use 

-
-
-
-
-

-
-
-
-
-

-
Higher input copocitonce 
Higher input copocitonce 
5670 draws 1/6 more heater current than 2C5I 
5670WA draws 1 /6 more heater current than 2C51 

-
-
-
-
-

--
5725/6AS6W has 10% lower plate and screen dissipation than 6AS6, 6AS6W 
5725/6AS6W /6187 has different transconductances and dissipation ratings 

than 6AS6, 6AS6W 
-
-
-
-
-
-

5751 draws 1 /6 more heater current and has lower mu than l2AX7 
5751WA draws l /6 more heater current and has lower mu than 12AX7 

5783WA hos shorter bulb than 57B3 
-
-

5814A draws I /6 more heater current than J2AU7 
5Bl4WA draws 1 /6 more heater current than 12AU7 

5829WA has different interelectrode capacitance than 5829 
5839 has 26.5-volt filament and has longer envelope than 6X5GT, 6X5WGT 

-

-c:....:, = 
n 
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• .,, ... 
m 
:,0 

"' 



5852 6X5GT, 6X5WGT Octal, full-wave rectlfler 5852 draws twice the heater current of 6X5GT and 6X5WGT ond hos longer 
envelope 

t5896 Subminlature double diode -
--"- .. _, 

t5899 Subminioture semiremote~cutoff pentode -
t5902 Subminiature audio beam-power pentode -
5903 Subminlature double diode -
5904 Submlniature medium-mu triode -
5905 Submlnioture rf shorp~cutoff pentode -
5906 Subminloture rf sharp-cutoff pentode -
5907 Submtnioture rf semiremote~cutoff pentode -
5908 Subminioture pentode mixer -
5916 Subminloture pentode mixer -
5977 Submlnioture low~mu triode -
59Q2 6V6GT, 6V6GTY, 6V6Y Octot beam-power pentode 5992 drows 1 /3 more heater current than 6V6GT family and ha,; higher trans~ 

conductance 
5QQ3 6X4, 6X4W Miniature full-wave rectifier 5993 draws l /3 more heater current and has different base and larger envelope 

thon 6X4, 6X4 W 
t6005/6AQ5W 6AQ5, 6AQSW Miniature beam.power amplifier -
6005 /6AQ5W /6095 6AQ5, 6AQSW Miniature beom,power amplifier 

f6021 6BF7, 6BF7W Submrnioture medium-mu twrn triode 6021 Is slightly shorter and hos 14% higher transconductance than 6Bf7, 6Bf7W 
·~·· -·---- ••--•••----• a• 

6072 Miniature medium~mu low.noise twin trlode 6072 draws 1 /6 more heoter current than l2AY7 
60Q4 6AQSW Miniature beom~power ampllfier 6094 hos a 9-pin bose1 forger envelope and draws J /3 more heater current 

than 6AQS, 6AQSW 
60Q8/6AR6WA 6AR6 beam-power amplifier -
60Q9 616, 616W medium~mu twln triode 60Q9 hos sllghtly higher lronsconductonce than 616, 616W 
6100/6C4WA 6C4, 6C4W medium.mu triode 6100/6C4WA envelope Is 3/8-inch longer than 6C4W 

6101/6J6WA 6J6, 6J6W Miniature medium-mu twin triode 610l/616WA has a slightly higher transconductance tho• 616, 6J6W 
6106 5Y3GT,SY3WGT,5Y3WGTA Octol fufl~wave rectifier 6!06 draws 5% less hooter current thon SYJGT family. 6106 ls a heater-cathode 

type 
6110 - Subminioture double diode -

tom - Sobminiatore medium-mu twin triode -
t6112 Submlnlature high.mu twin trtode -

6135 6C4, 6C4W Miniature medium~mu triode 6135 draws 1 /6 more heater current than 6C4, 6C4W and hos 3/8-inch longer 
envelope than 6C4 W 

6184 Submlnloture double diode -
6186/6AG5WA 6AG5 Miniature sharp-cutoff pentode -
6l88/6SU7WGT 6SU7GT, 6SU7GTY, 6Sl7GT, 6SL7WGT Octal high-mu twin triode 6!88/6SU7WGT envelope has larger maximum height 
6189/12AIJ7WA 12AU7 Miniature medium~mu twin triode -
6205 - SubmlnTature rf sharp.cutoff pentode -
6200 - Submlniature semiremote-cutoff pentode -

• From Specification MIL-E~ 1 S, Armed Services Electro~Stondards Agency; fort Monmouth, New Jersey: 28 October 1954. This list is revised at intervals: the lotest issue should olwoys be 

con.suited. Nate: In many instances, the reliabilized version differs somewhat physically and electricolly~ from its lowerfquality counterpart. This list is not to be confused wTth an interchange

ability list. lndlvidual spedflcation sheets should be refened to when substitution ls contemp1ated. 

t These types me Included in Mft.STD-2008. 
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• Electron-tube circuits 
Classiflcation 

It is common practice to differentiate between types of vacuum-tube circuits, 
particularly amplifiers, on the basis of the operating regime of the tube. 

Class-A: Grid bias and alternating grid voltages such that plate current flows 
continuously throughout electrical cycle (OP = 360 degrees!. 

Class-AB: Grid bias and alternating grid voltages such that plate current 
flows appreciably more than half but less than entire electrical cycle 
(360° > op > 180°1. 

Class-8: Grid bias close to cut-off such that plate current flows only during 
approximately half of electrical cycle (OP = 180°). 

Class-C: Grid bias appreciably greater than cut-off so that plate current flows 
for appreciably less than half of electrical cycle !Op < 180°1. 

A further classification between circuits in which positive grid current is 
conducted during some portion of the cycle, and those in which it is not, is 
denoted by subscripts 2 and I, respectively. Thus a class-AB2 amplifier op
erates with a positive swing of the alternating grid voltage such that positive 
electronic current is conducted and accordingly in-phase power is required 
to drive the tube. 

General design 

For quickly estimating the performance of a tube from catalog data, or for 
predicting the characteristics needed for a given application, the ratios 
given below may be used. 

The table gives correlating data for typical operation of tubes in the various 
amplifier classifications. From the table, knowing the maximum ratings of a 
tube, the maximum power output, currents, voltages, and corresponding load 

Typical amplifier operating data. Maximum •ignal conditions-per tube. 

clan 8 clan 8 clan C 
function clan A a-f (p•pl r-f r-f 

Plate efllciency 'I !percent) 20-30 35-65 60-70 65-85 
Peak instantaneous to d-c plate 

current ratio M;b/ lb 1.~2 3.1 3.1 3.1--4.5 
RMS alternating to d-c plate 

current ratio I,,/16 0.5-0.7 1.1 1.1 1.1-1.2 
RMS alternating to d-c plate 

voltage ratio f,,./ Eb 0.3-0.5 0.5-0.6 0.5-0.6 0.5-0.6 
D-C to peak instantaneous grid 

current 10/M;0 0.25-0.J 0.25-0.1 0.15-0.1 
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General design continued 

impedance may be estimated. Thus, taking for example, a type F-124-A 
water-cooled transmitting tube as a class-C radio-frequency power amplifier 
and oscillator-the constant-current characteristics of which are shown in 
Fig. ]-published maximum ratings are as follows: 

D-C plate voltage Eb = 20,000 volts 
D-C grid voltage Ee = 3,000 volts 
D-C plate current h = 7 amperes 
R-F grid current 10 = 50 amperes 
Plate input P; = 135,000 watts 
Plate dissipation Pp = 40,000 watts 

Maximum conditions may be estimated as follows: 

For 1/ = 75 percent P; = 135,000 watts Eb = 20,000 volts 

Power output Po = 11P; = 100,000 watts 

Average d-c plate current h = P;/Eb = 6.7 amperes 

From tabulated typical ratio Mib/h = 4, instantaneous peak plate current 
M;b = 4h = 27 amperes* 

The rms alternating plate-current component, taking ratio Ip/lb = 1.2' 

Ip= 1.2 h = 8 amperes 

The rms value of the alternating plate-voltage component from the ratio 
Ep/Eb = 0.6 is Ep = 0.6 Eb = 12,000 volts. 

The approximate operating load resistance RI is now found from 

R1 = Ep/lp = 1500 ohms 

An estimate of the-gri~:j; drive power required may be obtained by reference 
to the constant-current characteristics of the tube and determination of the 
peak instantaneous positive grid current M;e and the corresponding instan
taneous total grid voltage Mee. Taking the value of grid bias Ee for the given 
operating condition, the peak alternating grid drive voltage is 

ME0 = (Mee - Eel 

from which the peak instantaneous grid drive power is 

Mpe = 1'4,Eo M;e 

• In this discussion, the superscript M indicates the use of the maximum or peak value of the 
varying component, I.e., M;b = maximum or peak value of the alternating component of the 
plate current 
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General design continued 

An appro)(imotion to the average grid drive power P,, necessarily rough due 
to neglect of negative grid current, is obtained from the !ypical ratio 

le 
0.2 

of d-c to peak value of grid current, giving 

P0 IcEo = 0.2 Mi,E 0 watts 

Plate dissipation PP may be checked with published values since 

Pp P, Po 

grid amperes i, 
0 

1600 
6. 5 4 3 ., 

¥! 
0 
> 

1400 
3! 
ii, 

1200 

1000 

eoo 

eoo 

400 

.+200 

0 

-200 

400 

600 

800 

IOOO 

0 
plate kilovolts eb 

Fig. I-Constant-current characteristics with typical load llnes AB-class C, CD-· 
Ian B, EFG-class A, and HJK-class AB. 
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It should be borne in mind that combinations of published maximum ratings as 
well as each individual maximum rating must be observed. Thus, for example in 
this case, the maximum d-c plate operating voltage of 20,000 volts does 
not permit operation at the maximum d-c plate current of 7 amperes since 
this exceeds the maximum plate input rating of 135,000 watts. 

Plate load resistance R1 may be connected directly in the tube plate circuit, 
as in the resistance-coupled amplifier, through impedance-matching elements 
as in audio-frequency transformer coupling, or effectively represented by a 
loaded parallel-resonant circuit as in most radio-frequency amplifiers. In 
any case, calculated values apply only to effectively resistive loads, such as 
are normally closely approximated in radio-frequency amplifiers. With 
appreciably reactive .loads, operating currents and voltages will in general 
be quite different and their precise calculation is quite difficult. 

The physical load resistance present in any given set-up may be measured by 
audio-frequency or radio-frequency bridge methods. In many cases, the 
proper value of R1 is ascertained experimentally as in radio-frequency ampli
fiers that are tuned ·ta the proper minimum d-c plate current. Conversely, if 
the circuit is to be matched to the tube, Ri is determined directly as in a 
resistance-coupled arriplifler or as 

R1 = N2R. 

in the case of a transformer-coupled stage, where N is the primary-to
secondary voltage transformation ratio. In a parallel-resonant circuit in which 
the output resistance R, is connected directly in one of the reactance legs, 

L 
-=QX 
Cr, 

where Xis the leg reactonce at resonance ldhmsl, and Land Core leg induc
tance in henries and capacitance in farads, respectively; 

X 
Q= 

R, 

Graphical design methods 

When accurate operating data are required, more precise methods must be 
used. Because of the nonlinear nature of tube characteristics, graphical 
methods usually are most convenient and rapid. Examples of such methods 
are given below. 

A comparison of the operating regimes of class A, AB, B, and C amplifiers is 
given in the constant-current characteristics graph of Fig. 1. The lines 
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corresponding to the different classes of operation ore each the locus 
of instantaneous grid e. ond plate eb voltages, corresponding to their re
spective load impedances. 

For radio-frequency ompliflers ond oscillators having tuned circuits giving on 
effectively resistive load, plate and grid tube ond load alternating voltages 
are sinusoidal ond in phase (disregarding transit time), ond the loci become 
straight lines. 

For amplifiers having nonresonont resistive loads, the loci are in general 
nonlinear except in the distortionless case of linear tube characteristics 
!constant rpl, for which they are again straight lines. 

Thus, for determination of radio-frequency performance, the constant
current chart is convenient. For solution of audio-frequency problems, how
ever, it is more convenient to use the (ib - e,l transfer characteristics of 
Fig. 2 on which a dynamic load line may be constructed. 

Methods for calculation of the most important coses ore given below. 

Class-C radio-frequency ampl:fier or oscillator 

Drow straight line from A to B !Fig. ll corresponding to chosen d-c operating 
plate and grid voltages, ond to desired peak alternating plate and grid 
voltage excursions. The projection of AB on the horizontal axis thus corre
sponds to Mfp, Using Chaf'fee's 11-point method of harmonic analysis, loy 
out on AB points: . 

to each of which correspond instantaneous plate currents ib', ib" and 
ib'" and instantaneous g'rfctJ:urrents i/, i," ond ;.'". The operating currents 
are obtained frdm the following expressions: 

1 C ' + 2 · " + 2 · "'] 
12 

lb lb lb 

Ml - l [' ' + 1 73 · " + · "'] p - 6 lb . lb lb 

[, = ]_ [i I + 2 j II + 2 j II 
1] • 

12 
C C .C 

Miu = I [i/ + 1.73 i.'' + ic'"] 
6 

Substitution of the above in the following give the desired operating data. 

Mfp M/p 
Power output Po = -"---'-

2 
Power input P, = Ea h 

Average grid excitation power 
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Peok grid excitation power = MEu i'. 

Plate load resistance 

Grid bias resistance 

Plate efficiency 

Plate dissipation 

Po 
'11 = -

P, 

The above procedure may also be applied to plate-modulated class-C 
amplifiers. Taking the above data as applying to carrier conditions, the 
analysis is repeated for crestfb = 2Eb and er•stPo = 4Po keeping Ri constant. 
After a cut-and-try method has given a peak solution, it will often be found 
that combination fixed and self grid biasing as well as grid modulation is 
indicated to obtain linear operation. 

To illustrate the preceding exposition, a typical amplifier calculation is 
given below: 

Operating requirements !carrier condition) 

Eb = 12,000 volts Po = 25,000 watts '11 = 75 percent 

Preliminary calculation {refer to table below) 

Clau-C r-f amplifier data far 100.percent plate modulation. 

preliminary detailed 
symbol 

carrier carrier I crest 

E0 !volts} l2,000 12,000 24,000 
Mf,, [volts! 10,000 10,000 20,000 

E, lvoltsl -1,000 -700 
Mfa lvoltsl 1,740 1,740 

/0 lamp) 2.9 2.8 6.4 
Mfp (ompl 4.9 5.1 10.2 

I, !ompl 0.125 0.083 
M1, lamp! 0.255 0.183 

P, (watts! 35,000 33,600 154,000 
Po lwottsl 25,000 25,5,:0 102,000 
P0 (watts! 220 160 
'I (percent) 75 76 66 

Rz (ohms! 2,060 1,960 1,960 
R. (ohms) 7,100 7,100 
f,. (volts! -llO -110 



Graphical design methods continued 

~ 0.6 
Eb 

= 0.6 X 12,000 7200 volts 
MEP = 1.41 X 7200 = 10,000 volts 

Ip= 
Ep 
25,000 

Ip - -7200 3.48 amperes 

Mlp = 4.9 amperes 

~ = 1.2 
h 

3.48 
9 - = 2. amperes 

1.2 
P, 12,000 X 2.9 = 35,000 watts 

M· 
lb= 4.5 

lo 
M;b = 4.5 X 2.9 13.0 amperes 

7200 
R = = = 2060 ohms 1 Ip 3.48 

Complete calculation 

ELECTRON-TUBE CIRCUITS 439 

Lay out carrier operating line, AB on constant-current graph, Fig. I, using 
values of Eb, MEp, and Mib from preliminary calculated data. Operating 
carrier bias voltage, Ee, is chosen somewhat greater than twice cutoff value, 
1000 volts, to locate point A. 

The following data ore taken along AB: 

io' = 13 amp ic' = 1.7 amp Ee = -1000 volts 
ib" = l0amp i/' -0.l amp ec' 740 volts 

ib"' = 0.3 amp i/" = 0 amp MEP = 10,000 volts 

From the formulas, complete carrier data as follows are calculated, 

~ [13 + l.73 X 10 + 0.3] 
6 

Po = lO,OOO X 5· 1 = 25,500 watts 
2 

5.1 amp 

1 
lb = 12 [13 + 2 X 10 + 2 X 0.3] = _2.8 amp 

P, = 12,000 X 2.8 = 33,600 watts 
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Graphical design methods continued 

T/ = 25,500 X 100 76 percent 
33,600 

R = 10,000 
I 5.1 

1960 ohms 

1 
le= 

12 
[1.7 + 2 (-0.11} = 0.125 amp 

![1.7+ 1.7 (-0.11} = 0.255amp 
6 

1740 X 0.255 
220 ----- = watts 

2 

Operating data at 100-percent positive modulation crests are now calcu
lated knowing that here 

Eb = 24,000 volts R
1 

= 1960 ohms 

and for undistorted operation 

Po 4 X 25,500 102,000 watts M.Ev = 20,000 volts 

The crest operating line A'B 1 is now located by trial so as to satisfy the above 
conditions, using the same formulas and method as for the carrier condition. 

It is seen that in order to obtain full-crest power output, in addition to 
doubling the alternating plate voltage, the peak plate current must be in
creased. This is accomplished by reducing the crest bias voltage with re
sultant increase of current conduction period, b.ut lower plate efficiency. 

The effect of grid secondary emission to lower the crest grid current is taken 
advantage of to obtain the reduced grid-resistance voltage drop required. 
By use of combination fixed and grid resistance bias proper variation of the 
total bias is obtained. The value of grid resistance required is given by 

R = - [Ee - crestfc] 
e le - creet/c 

and the value of fixed bias by 

= Ee - u. Rel 

Calculations at carrier and positive crest together with the condition of 
zero output at negative crest give sufficiently complete data for most 
purposes. If accurate calculation of audio-frequency harmonic distortion is 
necessary. the above method may be applied to the additional points re
quired. 
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Class-B radio-frequency amplifiers 
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A rapid approximate method is to determine by inspection from the tube 
(ib - e0J characteristics the instantaneous current, i

1
b and voltage e'b cor

responding to peak alternating voltage swing from operating voltage Eb. 

A-C plate current MIP 
•I 
I b 

2 
• I 

D-C plate current h = ~ 
7r 

A-C plate voltage MEP = Eb - e'b 

e'bl i'b 
Power output Po 

4 

Power input 

Plate efficiency 

Thus 11 ""' 0.6 for the usual crest value of MEP ""' 0.8 Eb, 

The same method of analysis used for the class-C amplifier may also be used 
in this case. The carrier and crest condition calculations, however, are now 
made from the same Ea, the carrier condition corresponding to an alter
nating-voltage amplitude of MEP/2 such as to give the desired carrier 
power output. 

For greater accuracy than the simple check of carrier and crest conditions, 
the radio-frequency plate currents MI/, MI/', MI/", Mip 

0
, - MI/", 

- MI/', and - MI/ may be calculated for seven corresponding selected 
points of the audio-frequency modulation envelope + Mfg, + 0.707 ME 11 , 

0.5 ME11, 0, 0.5ME11, 0.707ME0, and ME11, where the negative signs 
denote values in the negative half of the modulation cycle. Designating 

S' = MI1p I- MI'pl 
D' = MI'p + (- MI'pl-2Mipo 

the fundamental and harmonic components of the output audio-frequency 
current are obtained as 

S' S11 

M I,,,1 = + __ ;- lfundamentall 
4 'LY 2 

5 D1 D11 

Mlp2 = - +-
24 4 

D"' 
3 
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Graphical design methods continued 

M S' sm 
Ia=---

P 6 3 

S' S" S'" 
M/s = - -- +-

P 12 2V2 3 

D' 
MI 4 = -

P B 
D" 
4 

D' D" D111 

Ml&=---+-
P 24 4 3 

This detailed method of calculation of audio-frequency harmonic distortion 
may, of course, also be applied to calculation of the class-C modulated 
amplifier, as well as to the class-A modulated amplifier. 

Class-A and AB audio-frequency amplifiers 

Approximate formulas assuming linear tube characteristics: 

ME MI 
Maximum undistorted power output Mp0 __ P __ P 

2 

when plate load resistance R1 = r p [M Ee - l] 

~-E. 
p. 

and 

negative grid bias Ee= MEP (Ri + rp) 
µ. R1 + 2rp 

giving 

maximum plate efficiency 71 

Maximum maximum undistorted power output MMp0 = MpP 
16 rp 

when 

R1 = 2 r,, E = ~ MEp 
C 4 µ 

An exact analysis may be obtained by use of a dynamic load line laid out on 
the transfer characteristics of the tube. Such a line is CKF of fig. 2 which is 
constructed about operating point K for a given load resistance n from the 
following relation: 

where 

R, S, etc., are successive conveniently spaced construction points. 
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Using the seven-point method of harmonic analysis, plot instantaneous plate 
currents i0', /0

11
, ib'", ib, - i/", - i/', and - ib' corresponding to 

+ ME11, + 0.707ME11, + 0.5Mf11, 0,-0.5Mfg,-0.707Mf11, and-Mf11, where 
0 corresponds to the operating point K. In addition to the formulas given 
under dass-B radio-frequency amplifiers: 

D' D" 
lo average = lb + 8 + 4 
from which complete data may be calculated. 

Class-AB and B audio-frequency amplifiers 

Approximate formulas assuming linear tube characteristics give {referring to 
Fig. 1, line CD) for a dass-8 audio-frequency amplifier: 

P, 
2 Eb Mlp 
'II' 

7/ 
'II' Mfp 

4 Eb 

Again an exact solution may be derived by use of the dynamic load line 
JKl on the !i1, e.,I characteristic of Fig. 2. This line is calculated about the 
~perating point K for the given R1 !in the same way as for the class-A easel. 
However, since two tubes operate in phase opposition in this case, an iden
tical dynamic load line MNO represents the other half cycle, laid out about 
the operating bias abscissa point but in the opposite direction !see Fig. 21. 

Algebraic addition of instantaneous current values of the two tubes at each 
value of ec gives the composite dynamic characteristic for the two tubes 
OPL Inasmuch as thls curve is symmetrical about point P, it may be analyzed 
for harmonics along a single half-curve Pl by the Mouromtseff 5-point 
method. A straight line is drown from P to land ordinate plate-current differ
ences a, b, c, d, f between this line and curve, corresponding to e/', e/", 
a,/v, e0v, and e11v

1
, are measured. Ordinate distances measured upward from 

curve Pl are taken positive. 
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fundamental and harmonic current amplitudes and power ore found from 
the following formulas: 

M1,,1 = i'b - Mlpa + M1,,5 - MI111 + M1119 Mr,,11 

MI,,a = 0.4475 (b + fl + ~ 0.578 d - ~ Mlpo 

Mlp6 = 0.4 la fl 

Mlp1 = 0.4475 lb + fl M/11a + 0.5 Mlpo 

M M 2 
lp9 = l,,a -

3 
d 

Mlpn = 0.707c - M/p3 + M/115. 

Even harmonics are not present due to dynamic characteristic symmetry. 
The direct-current and power-input values ore found by the 7-point analysis 
from curve PL ond doubled for two tubes. 

Classification of amplifier circuits 

The classification of amplifiers in classes A, B, and C is based on the operat
ing condition.s of the tube. 

Another classification can be used, based on the type of circuits associated 
with the tube. 

A tube can be considered as a four-terminal network with two input termi
nals and two output terminals. One of the input terminals ond one of the out
put terminals ore usually common; this common junction or point is usually 
called "ground". 

When the common point is connected to the flloment or cathode of the tube, 
we can speak of a grounded-cathode circuit: the most-conventional type 
of vacuum-tube circuit. When the common point is the grid, we con speak of a 
grounded-grid circuit, ond when the common point is the plate or anode, we 
con speak of the grounded-anode circuit. 

This last type of circuit is most commonly known by the name of cafhode
follower. 

A fourth and most-general class of circuit is obtained when the common point 
or ground is not directly connected to any of the three electrodes of the 
tube. This is the condition encountered at uhf where the series impedances 
of the internal tube leads make it impossible to ground any of them. It is also 
encountered in such special types of circuits os the phase-splitter, in which 
the impedance from plate to ground and the impedance from cathode to 
ground ore made equal in order to obtain an output between plate and 
cathode balanced with respect to ground. 
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Classiflcation of amplifler circuits continued 

Circuit 
schematic 

Equivalent cir
cuit, alternating 
current compo
nent, tlass-A op
eration 

Voltage gain, A 
for output load 
impedonce=Z2 

Input admit-

grounded
cathode 

neglecting Cup 

IZ2 includes Cpkl 

tance Y1 = jw(Cok+ 11-AIC0p] 

Ii 
Y1=Ei 

grounded
grid 

neglecting Cpk 

(Zi includes c0,,1 

I 

grounded-plate 
or 

cathode·follower 

neglecting c. k 

IZ2 includes Cpkl 

Y1=iw[Cok+ I Y1=iw[C.,,+ll-AICuk] 
Hµ! 

O=-:.AlCpk]+-+ I 
rp Z2 

-----J---------1--------1---------

Equivalent gen-I 
erator seen byl output 
load al output\ 
terminals I 

neglecting Cup 

i 

output I, 

(HµlE, 

neglecting Cpk 

output 

t 
neglecting C: • 
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Classitlcation of amplitler circuits continued 

Design information for the first three classifications is given in the table on 
page 445, where 

Z2 = load impedance to which output terminals of amplifier are connected 

E1 = phasor input voltage to amplifier 

E2 = phasor output voltage across load impedance Z2 

A = voltage gain of amplifier = EdE1 

Yi = input admittance to input terminals of amplifier 

w = 21r X !frequency of excitation voltage E1l 

j= 1-Jl½ 

and the remaining notation is in accordance with the nomenclature of 
pages 371 and 372. 

Amplitler pairs 

The basic amplifier classes are often used in pairs, or combination forms' 
for special characteristics. The availability of dual triodes makes these 
combined forms especially useful. 

Grou nded-cath ode-grounded-plate 

This pairing provides the gain and 180-degree phase reversal of a grounded
plate stage with a low source impedance at the output terminals. It is 
especially useful in feedback circuits s+ 
or for amplifiers driving a low or 
unknown load impedance. In tuned 
amplifiers, the possibility of oscil
lation must be considered {see note 
on cathode-followers with reactive 
source and load!. Direct coupling is 
useful for pulse work, permitting Input 

large posifive input and negative E, 
output excursions. 

Grounded-plate-grounded-grid (cathode-coupled) 

output 
Ea 

Direct coupling is usual, making a very simple structure. Several modified 
forms are possible with special characteristics. 
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Amplifier pairs continued 

Cathode-coupled amplifier: As a simple amplifier, Ra and input Ei are short. 
circuited. Output E2 is in phase with 
input E1. Gain (with R1» l / 9ml is QUlput 

given by A ""' g.,.R2/2. Even-harmonic 
distortion is reduced by symmetry, as 
in a push-pull stage. Due to the in
phase input and output relations, 
this circuit forms the basis for various 
R-C oscillators and the class of 
cathode-coupled multivibrators. 

Symmetrical dipper: With suitable 
bias adjustment, symmetrical clipping 

output 

E, 

Input 

e:; 

or limiting occurs b_etween V1 cutoff and V2 cutoff, without drawing 
grid current. 

Differential amplifier: With input supplied to E1 and Ei, the output E2 

responds (approximately) to the difference E1 - Ei. Balance is improved 
by constant-current supply to the cathode !long-tailed pair) such as a 
high value of R1 (preferably connected from a highly negative supply! or 
a constant-current pentode. The signal to Ei should be slightly attenuated 
for precise adjustment of balance. 

Phase inverter: With Ra and R2 both used, approximately balanced (push
pulll outputs (E2 and E~l are obtained from either input Ei or E1. As a phase 
inverter !para phase), one input !E1l is used, the other being grounded, 
and R3 is made slightly less than R2 to provide exact balance. 

G rou nded-c:athode-grou nded-grid { c:asc:ode} 

This circuit has characteristics somewhat resembling the pentode, with the 
advantage that no screen current is required. V2 serves to isolate V1 from 
the output load R1, giving voltage gain equation 

A 

For Ri << µr11, 

For R1 >> µr11, 
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Amplifier pairs continued 

As an rf amplif1er, the grounded-grid stage V2 drastically reduces capacitive 
feedback from output to input, without introducing partition noise las 
produced by the screen current of a pentodel. Shot noise contributed by 
V2 is negligible due to the highly degenerative effect of rp 1 in series with 
the cathode. The noise figure thus approaches the theoretical noise of V1 

used as a triode, without the undesirable effects of triode plate-grid 
capacitance. 

Because of the 180° phase relation of input and output, this circuit is also 
valuable in audio feedback circuits, replacing a single stage with consider
able increase in gain Hor high values of Ril. 

B++-------o+--,.---, 
fhe grid of V2 provides a second input 
connection Ef useful for feedback or 
for gating. The voltage gain from Ei 
to the output is considerably reduced, 
being given by 

For Ri << µrp, 

Cathode-follower data 

General characteristics 

Input 
E, 

a. High-impedance input, low-impedance oc1tput. 

b. Input and output have one side grounded. 

c. Good wide-band frequency and phase response. 

d. Output is in phase with input. 

e. Voltage gain or transfer is always less than one. 

f. A power gain can be obtained. 

g. Input capacitance is reduced. 

General case 

T f foul 9m Rz 
rans er = = -------

E;,. 9m R1 + 1 + R1/rp 

output 
E2 

c, 
:, 
Q. 
C: 
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Cathode-follower data continued 

R""' = output resistance 8+ 

= ~ or approximately 
µ, + 1 9m 

9m = transconductance in mhos 
11000 micromhos = 0.001 mhos) 

input 7 
: .... • -::!.:•_J---+----.Rovt-0 :_s R1 

R1 = total load resistance 

Input capacitance - C + Cok 
- OP ] + 9m Ri 

Specific cases 

a. To match the characteristic imped
ance of the transmission line, R""' 
must equal Z0• 

input 
E, 

B+ 

c. If Rovt is greater than Zo, odd 
resistor R0 in parallel so that 

Re = Zo Rom 
Ro"' - Zo 

b. If Rout is less than Zo, add resistor 
Re' in series so that Re' = Zo - Row• 

8+ 

B+ 

Note 1: Normal operating bias must be provided. For coupling o high imped-
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Cathode-follower data continued 

once into o low-impedance transmission line, for maximum transfer choose 
a tube with o high 9m• 

Note 2: Oscillation may occur in o cathode-follower if the source becomes 
inductive and load capacitive at high frequencies. The general expression 
for voltage gain of o cathode-follower !including C0k) is given (see p. 445) by 

A 

The input admittance 

Y1 = jw[C011 + 11 

may contain negative-resistance terms causing oscillation ot the frequency 
where on inductive grid circuit resonates the capacitive Y 1 component. 

The use of a simple triode (or pentodel grounded-cathode circuit with c 
load resistor equal to Z 0 provides an equally good match with slightly higher 
gain lgmR1l, but will overload at a lower maximum voltage. The anode
follower !see "Special applications of feedback") provides output approx
im,:i+\ng the cathode-follower without the risk of oscillation. 

Resistance-coupled audio-amplifler design 

Stage gain A* 

Medium frequencies 

High frequencies 

Low frequencies* 

,. The low-frequency stoge goin also is affected by the values of the cath:>:ls bypass capacitor 
and the screen bypass capacitor. 
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Resistance-coupled audio-amplifier design continued 

where 

R 

r= 

p 

R + rv 

R2 + ~ 
R1 + rv 

µ ampliflcation foctor of tube 

w = 21r X frequency 

R1 = plate-load resistance in ohms 

R2 = grid-leak resistance in ohms 

rp = a-c plate resistance in ohms 

C1 total shunt capacitance in forads 

C2 = coupling capacitance in farads 

Given C1, C2, Ri, and X = fractional response required. 

At highest frequency 

vi - X2 

r= ---- R= r 

wC1X r 

At lowest frequency 

X 

wp'Vl-X2 

Cascaded stages 

451 

The 3-decibel-down frequencies for n cascaded identical R-C-amplifler 
stages 

F 1211n _ l J 112 

where 

n = number of identical stages 
f = 3-db-down frequency for n stages 
f1 = ower 3-db-down frequency of one stage 
f2 = upper 3-db-down frequency of one stage 
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Resistance-coupled audio-ampllfter design continued 

n 

2 
3 

F 

1 
0.643 
0.51 

1/F 

1 
1.555 
1.96 

Example: n = 3, f1 = 51 cycles, f2 = 100 kilocycles: 

Lower f = 11 /Fl f1 = 1.96 X 151 l = 200 cycles 

Upper f = ff2 = 0.51 X fl00kcl = 51 kilocycles 

110 Cb'" +90 -I 
... 9 !!:: l;. +45 
2 i.g 
I 8 !-= 0 -0 .c: 
C: CL 
0 7 -45 .._o 
V 6 -90 ... 
2 5 

I?.. 1.0 

I IN ... !f"~k11 : 4 
I! 
"' 3 ., 
'O ,, fo '• ·= 2 Cb frequency 

Phase shift in the vicinity of 10 as a function of the ratio of the upper 3-decibel frequency f, 
to the lower 3-decibel frequency f1, 

Negative feedback 

The following quantities are functions of frequency with respect to magnitude 
and phase: 

E, N, D = signal, noise, and distortion output voltage with feedback 

e, n, d = signal, noise, and distortion output voltage without feedback 

A = voltage amplification magnitude of amplifier at a given frequency 

A = amplification including phase angle !complex quantity! -{:J fraction of output voltage fed back !complex quantity); for usual -negative feedback, {1 is negative 

phase shift of amplifier and feedback circuit at a given frequency 
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Negative feedback continued 

Reduction in gain caused by feedback 
original amplifier 

gain (deciools) 
original 
amplifier gain 

percent feedbt:idc 
y10 

50 

40 

20 

10 

s 

I 

0.5 

o.s 

0.2 

0.1 

-a 

change in gain 

..... 0.001 

o.oos 

0.01 

o.os 

0.1 

o.s 

o.s 

0.7 

0.8 

0.9 

0.95 

0.98 

0.99 

0.99S 
G' 

additional goin 
needed to ;,..,intain 
~rlginal 90in 
(d;~ih$1$) . 

60 ..... 

40 

llO 

20 

10 

$ 

I! 

0.$ 

AG 

Fig. 3-ln negative-feedback ampllRer consider--atlons {J, expressed as a percenlaga, has a negative 
value. A line across the fJ and A scales Intersects 
Iha canter scale to Indicate change In gain. It also 
Indicates the amount, in decibels, the Input must be 
increased to maintain original output. 

..... 80 

70 

60 

$0 

40 

so 

IIO 

10 

1ooooy 

5000 

3000 

2000 

1000 

500 

300 

200 

100 

50 
40 

30 

20 

10 

$ 

4 

ll 

fi •• 2 
gain.A 

gain A 
Ovlpvl 

flledbad.-~ 



454 CMAPTER 16 

Negative feedback continued 

The total output voltage with feedback is 
n d E+N+D=e+ _+ _ (1l 

1-A/1 1-A/1 

It is assumed that the input signal to the amplifier is increased when negative 
feedback is applied, keeping E = e. -11 A {11 is a measure of the amount of feedback. By definition, the amount 
of feedback expressed in decibels is -20 10910 11 A fj I 

A 
Voltage gain with feedback = _ 

1 -A f3 

and change of gain = -----
1 -A /1 -If the amount of feedback is large, i.e., - A fj » I, -voltage gain becomes - 1 //1 and so is independent of A. 

In the general case when cf, is not restricted to O or 11' 

. A 
the voltage gain = -✓---.====-=====-=== 

1 + I A /1 12 
- 2 I A /1 I cos cf> 

and change of gain = 1 

✓ - -1 + I A 111 2 
- 2 I A 11 I cos cf> -Hence if IA /11 » 1, the expression is substantially independent of cf,. -

121 

(3) 

141 

151 

(61 

!71 

On the polar diagram relating (A {11 and cf, !Nyquist diagram!, the system is 
unstable if the point (1, Ol is enclosed by the curve. Examples of Nyquist 
diagrams for feedback amplifiers will be found in the chapter on "Feed
back control systems". 

Feedback amplifier with single beam-power tube 

The use of rhe foregoing negative feedback formulas is illustrated by the 
amplifier circuit shown in Fig. 4. 

The amplifier consists of an output stage using a 6V6-G beam-power tet
rode with feedback, driven by a resistance-coupled stage using a 6J7-G 
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Negative feedback continued 

in a pentode connection. Except for resistors R1 and R2 which supply the 
feedback voltage, the circuit constants and tube characteristics are taken 
from published data. 

The fraction of the output voltage to be fed back is determined by specifying 
that the total harmonic distortion is not to exceed 4 percent. The plate 
supply voltage is taken as 250 volts. At this voltage, the 6V6-G has 8-percent 

"' 
6J7G 

IIC 

S+ 
fig. 4-Feedback amplifier with single beam-power lube. 

total harmonic distortion. From equation (1), it is seen that the distortion 
output voltage with feedback is 

d D= -1 - A/1 
This may be written as 

- d A/1 = D 

-1-A/1 2 -/1 = 
l 

A 

and where A = the voltage amplification of the amplifier without feedback. 

The peak a-f voltage output of the 6V6-G under the assumed conditions is 

Ea = v' 4.5 X 5000 X 2 = 212 volts 

This voltage is obtained with a peak a-f grid voltage of 12.5 volts so that the 
voltage gain of this stage without feedback is 

A= 212 = 17 
12.5 
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Negative feedback continued 

-Hence f3 = 
A 17 

- 0.0589 or 5.9 percent, approximately. 

The voltage gain of the output stage with feedback is computed from equa
tion 131 as follows 

A' A -1 - A f3 
17 = 8.5 
2 

and the change of gain due to feedback by equation 141 is thus 

1 
----- = 0.5 
1 - A /3 
The required amount of feedbad: voltage is obtained by choosing suitable 
values for R1 and R2• The feedback voltage on the grid of the 6V6-G is 
reduced by the effect of R9, Ri and the plate resistance of the 6J7-G. The 
effective grid resistance is 

R , - Ro rp 
Q -

Rg + rp 

where R0 = 0.5 megohm. 

This is the maximum allowable resistance in the grid circuit of the 6V6-G 
with cathode bias. 

rp = 4 megohms = the plate resistance of the 6J7-G tube 

R ' -
4 

X 
0
·
5 

0.445 megohm 0 
- 4 + 0.5 

The fraction of the feedback voltage across R2 that appears at the· grid 
of the 6V6-G is 

Rg' 
R/ + Ri 

__ 0._44_5_ = 0.64 
0.445 + 0.25 

where R1 = 0.25 megohm. 

Thus the voltage across R2 to give the required feedback must be 

~ = 9.2 percent of the output voltage. 
0.64 

This voltage will be obtained if R1 50,000 ohms and R2 = 5000 ohms. This 
resistance combination gives a feedback voltage ratio of 

5000 
X JOO = 9.1 percent of the output voltage 

50,000 + 5000 
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In a transformer-coupled output stage, the effect of phase shift on the gain 
with feedback does not become appreciable until a noticeable decrease in 
gain without feedback also occurs. In the high-frequency range, a phase 
shift of 25 degrees logging is accompanied by a JO-percent decrease in gain. 
For this frequency, the gain with feedback is computed from 16). 

A'=-;=====A====== V 1 + I A {:I l 2 - 2 I A {:I l cos <f, 

where A = 15.3, <f, = 155°, cos <f, = - 0.906, {:I = 0.059. 

A' = 15.3 

VJ+ 0.92 + 2 X 0.9 X 0.906 

15.3 15.3 

--J3.44 = 1.85 
8.27 

The change of gain with feedback is computed from 171. 

l 
-----;========== = - = 0.541 
V 1 + ! A {:I 12 - 2 ! A {:I l cos <f, 1.85 

if this gain with feedback is compared with the value of 8.5 for the case of no 
phase shift, it is seen that the effect of frequency on the gain is only 2.7 per
cent with feedback compared to 10 percent without feedback. 

The change of gain with feedback is 0.541 times the gain without feedback 
whereas in the frequency range where there is no phase shift, the corre
sponding value is 0.5. This quantity is 0.511 when there is phase shift but no 
decrease of gain without feedback. 

Special applications of feedback (anode follower) 

For the basic circuit shown at the right, Z1 includes the plate capacitance, 
plate resistance rp, load resistance R11 and any external load coupled to the 
output terminals; Z 1 includes the source capacitance, Z2 includes the plate
grid capacitance; the grid-ground capacitance is ignored; and the de 
circuits ore omitted for clarity. Then, 

so long as 

and 

s+ 

Y..,1 
output 

E'a 
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Negative feedback continued 

The two inequalities shown above must be satisfied if the circuits shown in 
this section are to give satisfactory performance. 

Integrator (Miller type) 

Ei 

Oiffe rentiator 

Adding network 

Ei Ei E'i E2 
Z1 + ~ + Z'i + ... ""' Z2 

Phase inverter 

Z2 ""'Z1 

r 
Input 

E, 

z, z. 
E, 

E~'"---"" "\,--<11---4-

inputs 

output 

Ez 

output 

E, 

- iu&. I 
~ II 
:, .. 
0 lu 



Negative feedback continued 

Selective amplifier 

C l/21rfoR 
R1 » R 
R1 « R 
{bw)3db = 4fo/lgainl 
(gain) [E2/E1] fo 

Phase shifter 

8 ""' 2 arctan 12'1rfRsC1J 

R1 R2 « Ra 

Distortion 

ELECTRON-TUBE CIRCUITS 459 

A rapid indication of the harmonic content of an alternating source is given 
by the distortion factor which is expressed as a percentage. 

(
Distortion) 

factor 
:sum of squares of amplitudes of harmonics) X l00 

percent 
(square of amplitude of fundamental) 

If his factor is reasonably small, say less than 10 percent, the error involved 
in measuring it, 

✓ !sum of squares of amplitudes of harmonics) X lO0 
percent 

!sum of squares of amplitudes of fundamental and harmonics! 

is also small. This latter is measured by the distortion-factor meter. 
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Capacitive-differentiation amplifiers 

Capacitive-differentiation systems employ a series-RC circuit (Fig. 5) with 
the output voltage e:i taken across R2. The latter includes the resistance 
of the load, which is assumed to have a negligible reactive component 
compared to R2. In many applications the circuit time constant RC « T, 
where T is the period of the input pulse e1. Thus, transients constitute a 
minor part of the response, which is essentially a steady-state phenomenon 
within the time domain of the pulse. 

Differential equation 

e1 = ee + RC dee 
dt 

where R Ri + R2• Then Fig. 5-Capacitlve differentiation. 

de, R2 
82 = R2C dt = R !e1 - eel 

When the rise and decay times of the pulse are each »RC 

de1 
82 "" R2C 

dt 

Trapezoidal input pulse 

When Ti, T 2, and T3 are each much greater than RC, 
the output response e2 is approximately rectangular, 
as shown in Fig. 6. 

E21 E1R2C/T1 

E2a - E1R2C/Ta 

More accurately, for any value of T, but for widely 
spaced input pulses, 

Jf 

Fig. 6-Trapezoidal 
Input pulse and prin
cipal response. 

[exp (R~)- 1] exp (- R~) 
Note: 

- t/RC 
E 
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Capacitive-differentiation amplitlers continued 

_ E1R2C {i _ f~ [exp ( Ti)- 1] 
T3 lT1 RC 

+ exp (71 ~ T2
)} exp (- R~)} 

t > T: e2x = E1R2C {T3 [exp (~) _ l] 
T3 T1 RC 

+ exp (Ti~ T2
)- exp (R~)} exp (- R~) 

= A exp (- R~) 

For a long train of identical pulses repeated at regular 
intervals of T, between starting points of adiacent pulses, 
add to each of the above (e21, ezi, e23, and ~.,) a term 

where A is defined in the expression for e2x above. 

Rectangular input pulse 

Fig. 7 is a special case of Fig. 6, with T1 = T3 = 0. 

where E2a 

Fig. 7-Single rec
tangular pulse and 
respons" for T much 
shorler tha" in Fig. 6. 
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Capacitive-differentiation amplifiers continued 

Triangular input pulse 

Fig. 8 is a special case of the trape
zoidal pulse, with T2 = 0. The total 
output amplitude is approximately 

which is a maximum 

when T1 = Ta. 
fig. 9-Capacitlve-differentlation clrcull 
with cathode-follower source. 

8+ 

C 

e, ,R1 

'II--

fig. 8 - Triangular 
pule-special case 
of fig. 6. 

fig. 10-Capacilive-differentiation circuit with plate
circuit source. 

Schematic diagrams 

Two capacitive-differentiation circuits using vacuum tubes as driving sources 
are given in Figs. 9 and 10. 

Capacitive-integration ampliflers 

Capacitive-integration circuits employ a series-RC circuit !Fig. Ill with 
the output voltage e2 token across capacitor C. The load admittance is 
accounted for by including its capacitance in C; while its shunt resistance 
is combined with R1 and R2 to form a voltage divider treated by Thevenin's 
theorem. In contrast with capacitive differentiation, time constant RC>> T 
in many applications. Thus, the output voltage is composed mostly of the 
early part of a transient response to the input voltage wove. For a long 
repeated train of identical input pulses, this repeated transient response 
becomes steady-state. 
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Capacitive-integration amplifters continued 

where R = R1 I Fig. 11-Capacllive integration. 

When t « RC and f20 is very small compared to the amplitude of e1, 

~ ""' f20 + J_ I e1 dt 
RC J0 

where f20 value of ~ at time t = 0. 

Rectangular input-wave train 

See Fig. 12. 

E,.v = - e1 dt 1 IT 
T o 

., 
T. 

ta. _t._ 
E,a 

463 

Then 
Fig. 12-Rectangular input
wave train at top Below, out
put wave on an exaggeroled 
voltage scale. 

After equilibrium or steady-state has been established, 

e21 fu [ 1 - exp ( - ·:~)] + E21 exp ( - :~) 

822 = fav + f12 [ I - exp ( - ;~)] E22 exp (- ;~) 

If the steady-state has not been established at time 11 =0, add to e2 the term 

(f20 - f,.v - f21l exp ( - ;~) 

When Ti = T2 = T /2, then 

fu -f12 = f1 

E2 = f22 = - E21 = E1 tanh fT / 4RCl 
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Capacitive-integration ampliflers continued 

Approximately, for any T1 and h provided T « RC, 

0 < ti < T1: e21 = E .. v - E2 (1 - 2ti/T1l 

0 < t2 < T2: e22 = Eav + E2 11 - 2t2/T2l 

where E2 E22 = -E21 = E11Ti/2RC 
= -E12Td2RC 

Error due to assuming a linear output
voltage wove !Fig. 13) is 

E1i/E2 = T /BRC 

when T1 = T2 = T /2. The error in E2 
due to setting tonh (T /4RCl = T /4RC 
is comparatively negligible. When 
T /RC 0.7, the approximate error in 
E2 is only 1 percent. However, the 

T 
E, 

error is 1 percent of E2 when 
T/RC 0.08. 

Biased rectangular input wave 

Fig. 13-Error EA from assum• 
ing a linear output (dashed 
line). 

In Fig. 14, when ff1 + T2) « RC, and 
E20 = 0 at t = 0, the output voltage 
approximates a series of steps. Fig. 14-Rectangular lnpul wave 

gives slepped outpul. 

E2 = E1Ti/RC 

Triangular input wave 

In Fig. 15, when IT1 + T2l << RC, and a·fter the steady-state hos been 
established, then, approximately, 

0 < t1 < Ti: e, _i._ 

~I = E20 + E21 - 4E21 (~ - l) 2 

T1 2 

E20 E1 IT2 - T1l/6RC 

E21 = E1Ti/4RC 

E:22 = - E1 T2/ 4RC 
Fig. 15-Triangular Input wave al top. 
Below, parabolic output wave on an 
exaggerated voltage scale, 



Capacitive-integration amplifiers 

Schematic diagrams 

Two capacitive-integration cir
cuits using vacuum tubes as 
sources are given in Figs. 16 
and 17. 

Fig. 16 (right)-Capacltive-inte• 
gratlon circuit with cothode-fol• 
lower 1ovrce. 

Fig. 17 (rlght)-
Cop oc iti v e - 1 nte - •in 
gratlon circuit with 
plate-circuit source. 

Cn >> C and R' » R 

Relaxation oscillators 

ELECTRON-TUBE CIRCUITS 

continued 

Cp 

•• ,R -

C 

C 

465 

•• 

R' et 

Relaxation oscillators are a doss of oscillator characterized by a large 
excess of positive feedback, causing the circuit to operate in abrupt 
transitions between two blocked or overloaded end-states. These end
states may be stable, the circuit remaining in such condition until externally 
disturbed; or quosistab/e, recovering lofter o period determined by coup
ling time-constants and bias) and switching back to the opposite state. 
Relaxation oscillators are classified as bistable, monostable, or astab/e 
according to the number of stable end-states. Most circuits ore adoptable 
to all three forms. Multistote devices are also possible. A wide variety of 
circuit arrangements is possible, including multivibrators, blocking oscillators, 
trigger circuits, counters, and circuits of the phantostron, sanotron, and 
sanophant class. Relaxation oscillators ore often used for counting and 
frequency division, and to generate nonsinusoidal waveforms for timing, 
triggering, and similar applications. 

Multivibrators 

A number of multivibrator circuits are formed from three basic two-stage am
plifiers !grounded-cathode-grounded-cathode, grounded-plate-grounded-
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Relaxation oscillators continued 

grid, and grounded-cathode-grounded-grid or combinations of these 
types), that readily provide the needed positive feedback with simple 
resistance or resistance-capacitance coupling. End-states may be any two 
of the four "blocked" conditions corresponding to cutoff or saturation in 
either stage. In general, the duration of a quasistable state will be determined 
by the exponential decay of charge stored in a coupling-circuit time
constant (the circuit switching back to the opposite state when the saturated 
or the cutoff tube recovers gain) while stable states are produced by direct 
coupling with bias sufficient to hold one tube inoperative. The memory 
effect of charge storage also operates in the case of stable end-states to 
ensure completion of transfer across the unstable region. The timing accuracy 
of an astable or quasistable multivibrator is considerably improved by 
supplying the grid resistors from a high positive voltage IB+ l. The recovery 
from a cutoff condition thereby becomes an exponential towards a voltage 
much higher than the operating point, terminating in switch-over when the 
cutoff tube conducts. Grid conduction serves to clamp the capacitor voltage 
during the conducting state, erasing residual charge from the previous 
state. The starting condition for the next transition is thus more precisely 
determined and the linearity of the exponential recovery is improved by 
the more nearly constant-current discharge (since the range from cutoff 
to zero bias represents a smaller fraction of total charge!. The grid
circuit time-constant must be appropriately increased to obtain the same 
dwell time. 

Bistable circuits 

Bistable circuits are especially suited for binary counters and frequency 
dividers and as trigger circuits to produce a step or pulse when an input 
signal passes above or below a selected amplitude. 

Symmetrical bistable multivibrator: The circuit is shown in Fig. 18. Trigger 
signal may be applied to both plates, both grids, or if pentodes are used, 
to both suppressor grids. 

Binary counter stage: An adaptation of the symmetrical bistable multi
vibrator is shown in Fig. 19. Alternative trigger inputs are shown with 
corresponding outputs to drive a following stage. The use of coupling 
diodes (V3, V4) reduces the tendency of C1, C2 in the circuit of Fig. 18 to 
cause misfiring by unbalanced stored charge. Tubes V5 and V6 illustrate 
the application of clamping diodes, especially useful in high-speed circuits, 
to flx critical operating voltages. Pentodes with plate and grid clamping 
are suitable for very-high speeds. 
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Relaxation oscillators continued 

Schmitt trigger: The circuit of Fig. 20 hos the property thot on output of 
constant peak value fa flat-topped pulse) is obtained for the period that 
the input waveform exceeds a specific voltage. 

11r-o 8+ 

I, 

Fig. 20-Baslc Schmitt trigger. 

Monostable circuits 

Monostable multivibrators are useful for driven-sweep, pulse, and timing
wave generators. The absence of time-constants and residual charge 
"memory" in the stable state reduces jitter when driven with irregularly 
spaced timing signals. Monostable versions may be derived from all of the 
foregoing bistable multivibrators by elimination of the direct (dcl coupling 
to one or the other grid. The circuit of Figure 21 with R omitted is commonly 
used for pulse generation. 

Most astable circuits can be made monostable by sufficient inequality of 
bias. The circuit of Fig. 24 is an example. 

Sweep waveforms can be produced by integration of pulse outputs. The 
phantastron class of Miller sweep generators are also particularly useful 
for this purpose. 

Driven (one-shot} multivibrator: Circuit is given in Fig. 22. Equations are 
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•Ito s+ 

R 

Fig. 21-Regeneratlve clipper (medifled Schmlff trlgge,). 

, .... = ,. 

f,,., = multivibrotor frequency in cycles/second 

f, = synchronizing frequency in cycles/second 

Conditions of operation are 

f, > f,. or ::i, < ::i,. 

{

"l.J7.j 
negotive 

pulse 
synChronlzln9 ,.;,.___J 

llignals ""7 

JUL 
positive 

pulse 

Fig, 22-Drlven (one-shot) multlvlbrotor schematic and waveforms, 
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Relaxation oscillators continued 

where 

f,. = free-running frequency in cycles/second 

3, = synchronizing period in seconds 

3n free-running period in seconds 

,., _ R C I (fb1 - f,,.1 + fc2) 
un2 - u2 og. E + E 

c2 z2 

Regenerative dipper: Bias on the first grid places the circuit of Fig. 21 in 
the center of the unstable region, giving regenerative clipping. 

Phantastron: The phantastron circuit is a form of monostable multivibrator 
with similarities to the Miller sweep circuit. It is useful for generating very
short pulses and linear sweeps. It uses a characteristic of pentodes, that 

4.7K!l 
IW 

..t. 
40V 11 

oppro•J L_ 
T 

.i.. <>---it---.-,..-,-
3V l 10,..,._f 

min ..I\._ 
T 

trigger 

~ 

Fig. 23-Cathade-coupled phantastron. 

while cathode current is determined mainly by control-grid potential, the 
screen-grid, suppressor-grid and plate potentials determine the division of 
current between plate and screen. In certain tubes, such as the 6AS6, the 
transconductance from suppressor grid to plate is sufficiently high so that 
the plate current may be cut off completely with a small negative bias on 
the suppressor. 

A typical phantastron circuit is shown in Figure 23. During operation it 
switches between two states of interest. 
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a. Stable, the control grid is slightly positive and draws current. Cathode 
current is maximum and the suppressor is biased negatively to plate-current 
cutoff by the cathode current in Rk. The plate is at a high potential determined 
by the clomping diode and the screen potential is low. 

b. Unstable, when a positive trigger is applied to the suppressor grid lor 
a negative trigger to the control grid, cathode, or plate! the plate conducts, 
driving the control grid negative, reducing the cathode current, and toking 
most of the screen current. The plate potential then runs down linearly 
as in the Miller circuit. 

The end of this period comes when the control grid goes positive again, 
resulting in increase of cathode current, suppressor cutoff, and heavy screen 
current. 

In the circuit shown, the pulse length is variable from 0.3 to 0.6 microseconds" 
For longer pulses, it is possible to get a wide range of control both by 
varying R and C and by varying the plate-clamping potential. 

Decreasing Rk results in astable operation. 

Astable circuits 

The operating principles of the multivibrotor and the exponential recovery 
from quasistoble states are illustrated by the analysis of the free-running 
multivibrator. 

Free-running zero-bias symmetrical multivibrator: Exact equation for semi
period (Figs. 24 and 25): 

:J = (R + R12r P ) C I Eb - Em 
1 ui R + 1 og. 

12 rp E,. 

Fig. 24-Schematlc dlogrom of symmetrical multivibrator and voltoge 
waveforms on tube elements. 
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where 

:J = :J1 + :J2 = 1/f, :J1 = :J2, Ra1 = Ra2, C1 = C2. 

f = repetition frequency in cycles/second 

:J = period in seconds 

:J1 = semiperiod in seconds 

rp = plate resistance of tube in ohms 

Eb = plate-supply voltage 

-C 

t 
:, 
0 

! 
0 

'ii 

0 

I 
Em Eb 

plote voltage 

~ .. 

E,.. minimum alternating voltage on plate 

cutoff voltage corresponding to Eb 

Fig. 25-Mullivibrator potentials 
011 plate-characteristic curve. 

C = capacitance in farads 

Approximate equation for semiperiod, where R111 >> Ri2fp , is 
R12 + r11 

( Eb Em) 
R111C1 log. E., 

Equation for buildup time is 

:ln = 41R1 + rplC 
peak value 

98 percent of 

Free-running zero-bias unsymmet
rical multivibrator: See symmetrical 
multivibrator for circuit and termi
nology; the wave forms ore given 
in Fig. 26. 

Equations for fractional periods ore 

:J = :J1 + :J2 = 1/f 

grid of r, 

plate of T1 

grid af T2 

plate of T2 

Fig. 26- Un,ymmetrleal multivlbrator 
waveforms. 
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Free-running positive-bias multivibrator: Equations for fractional period 
!Fig. 271 are 

:Ji = (Rot + R12r11 ) Ci log. (Eb2 - E,,.2 + Ec1) 
R12 r11 Ec1 + E:z:1 

where 

Ee = positive bias voltage 

Re = bias control 

-------1----.---------.... ~R• 

Fig. 27-Free-running po1ltive-bio1 multivibrolor. 

Blocking oscillators 

The blocking oscillator is a single-tube relaxation oscillator using a close
coupled (current) transformer that imposes a fixed current ratio between 
grid current and plate current, while also providing the polarity reversal for 
positive feedback. There ore, therefore, two end-states that satisfy the 
requirement ip/i0 = turns ratio: one in the positive-grid region, with large 
grid current, and one at cutoff, with both currents zero. Astable and mono
stable forms are illustrated in the following discussion. 
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Astable blacking oscillator: Conditions for blocking are 

fi/fo < I - E 1/uf-B 

where 

Eo peak grid volts 

E1 positive portion of grid swing in 
volts 

Ee = grid bias in volts 

f = frequency in cycles/second 

a = grid time constant in seconds 

E 

0 

2.718 = base of natural logs 

decrement of wave 

a. Use strong feedback 
= Eo is high 

b. Use large grid time constant 
= a is large 

c. Use high decrement {high losses) 
0 is high 

Pulse width is 31 ""' 2-V LC 

where 

31 = pulse width in seconds 

B+ 
Fig. 28-Free-runnlng block
ing oscillator-schematic and 
waveforms. 

Fig. 29-Blocklng-oscillator grid volklga. 

L = magnetizing inductance of transformer in henries 

C = interwinding capacitance of transformer in farads 

where 

M = mutual inductance between 
windings 

ni/ n2 = turns ratio of transformer Fig. 30--Blocking oscillator pulse 
waveform. 



Relaxation oscillators continued 

Repetition frequency 

where 

J2 )> :J1 

r = repetition frequency in cycles/second 

Eb = plate-supply voltage 

Eu maximum negative grid voltage 

E,, = grid cutoff in volts 

Astable positive-bias wide-frequency-range 
blocking oscillator: Typical circuit values 
ffig. 3 ll are 

R = 0.5 to 5 megohms 

C 50 micromicroforads to 

0.1 microforods 

Rt = 10 to 200 ohms 

Rb 50,000 to 250,000 ohms 

L1f = 100 cycles to 100 kilocycles 

Monostable blocking oscillator: Opera
ting conditions ffig. 32) are 

a. Tube off unless positive voltage is ap-
plied to grid. 

b. Signal input controls repetition fre
quency. 

8+ 
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8+ 

-!-
Fig. 31 - Free-running positive 
bias blocking oscillator. 

~. . -= 
&1gna1 ,n Ee 

c. E, is a high negative bias. 
Fig. 32-Driven blocklng oscll• 
lator. 
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Synchronized astable blocking oscillator: Operating conditions !Fig. 33) are 

f,. < f. or T,. > T. 

where 

f,. = free-running frequency in cycles/ 
second 

f0 = synchronizing frequency in cycles/ 
second 

T,. = free-running period in seconds 

T, synchronizing period in seconds 

Gas-tube oscillators 

Fig. 33-Synchronlzed blocking 
oscillator. 

A simple relaxation oscillator is based on the negative-resistance charac
teristic of a glow discharge, the two end-states corresponding to ignition 
and extinction potential of the discharge. Two astable forms are discussed. 
The circuit of Fig. 34 may also be used with a simple diode (neon lamp), 
omitting the grid resistor and bias. The circuit of Fig. 35 may be made 
monostable if the supply voltage is less than the ignition voltage at the: 
selected bias. 

Astable gas-tube oscillator: This circuit is often used as a simple generator 
of the sawtooth waveform necessary for the horizontal deflection of a 
cathode-ray oscilloscope beam. Equation for period IFig. 34) 

:; = a RC 11 + a/21 

where 

:; = period in cycles/second 

E,- E., 
a=---

E- E., 

E,. = ignition voltage 

E., extinction voltage 

E = plate-supply voltage 

Ee 

IW1 
,I I I 

1.?" I 

R 

Fig. 34--Free-runnlng 9as-tub1o 
oscillator. 
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Velocity error = change in velocity of cathode-ray-tube spot over troce
period. 

Maximum percentage error = a X 100 

if a« 1. 

Position error = deviation of cathode-ray-tube trace from linearity. 

M · a-XlOO ox1mum percentage error = 
8 

if a « 1. 

Synchronized astable gos-tube oscillator: Conditions for synchronization 
fFig. 35) ore 

f. = Nfn 

where 

f,. = free-running frequency in 
cycles/ second 

f. = synchronizing frequency in 
cycles/ second 

N = on integer 

For f, ~ Nf,., the maximum of,. 
before slipping is given by 

Eo of,. 
E, f. 

where 

of,. = f,. - f, 

Eo = free-running ignition voltage 

R 

1 
fig. 35-Synchronized gas-tube 01cillalor. 

E. = synchronizing voltage referred to plate circuit 
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• Semiconductors and transistors 

Deflnitions 

Acceptor impurity: An impurity that may induce hole conduction. 

Base region: The interelectrode region of a transistor into which minority 
carriers a re injected. 

Bias: The quiescent direct emitter current or collector voltage of a tran
sistor. 

Breakdown voltage: The reverse voltage at which a pn junction draws a 
large current. 

Carrier: In a semiconductor, a mobile conduction electron or hole. 

Collector: An electrode through which a flow of minority carriers leaves the 
interelectrode region. 

Conduction band: A range of states in the energy spectrum of a solid in 
which electrons can move freely. 

Depletion layer, space-charge layer: A region in which the mobile carrier 
charge density is insufficient to neutralize the net fixed charge density of 
donors and acceptors. 

Donor impurity, An impurity that may induce electronic conduction. 

Doping: Addition of impurities to a semiconductor or production of o 
deviation from stoichiometric composition, to achieve a desired character
istic. 

Electron: The electrons in the conduction bond of a solid, which are free to 
move under the influence of an electric field. 

Emitter: An electrode from which a flow of minority carriers enters the in
terelectrode region. 

Energy gap: The energy range between the bottom of the conduction band 
and the top of the valence band. 
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Hole: A mobile vacancy in the electronic valence structure of a semi
conductor that acts like a positive electronic charge with a positive mass. 

lnterbase current: In a junction tetrode transistor, the current that flows 
from one base connection to the other through the base region. 

i-type or intrinsic semiconductor: A semiconductor in which the electrical 
properties are essentially not modified by impurities or imperfections within 
the crystal. 

Junction: See pn junction. 

Lifetime of minority carriers: The average time interval between the 
generation and recombination of minority carriers in a homogeneous semi
conductor. 

Majority carriers: The type of carrier constituting more than half of the 
total number of carriers. 

Minority carriers: The type of carrier constituting less than half of the 
total number of carriers. 

Mobility: The overage drift velocity of carriers per unit electric field. 

n-type semiconductor: An extrinsic semiconductor in which the conduction
electron density exceeds the hole density. 

Ohmic contact: A contact between two materials, possessing the property that 
the potential difference across it is proportional to the current passing 
through it. 

Photodiode: A two-electrode semiconductor device sensitive to light. 
Photoconductive cells ore photodiodes in which the resistance decreases 
when illuminated. Photoelectric cells ore self-generating photodiodes. 

Phototransistors: Photoconductive cells that have current-multiplying col
lectors. 

pn junction: A region of transition between p- and n-type semiconducting 
material. 

p•type semiconductor: An extrinsic semiconductor in which the hole density 
exceeds the conduction-electron density. 
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Definitions continued 

Punch-through: At sufficiently high collector voltage in a junction transistor 
with very narrow base region, the space-charge layer may extend com
pletely across the base region, causing an emitter-to-collector breakdown 
that is called punch-through (see Fig. 21). 

Saturation current: In a reverse-biased junction, the current due to thermally 
generated electrons or holes. 

Semiconductor: An electronic conductor, with resistivity in the range between 
metals and insulators, in which the electrical charge carrier concentration 
increases with increasing temperature over some temperature range. 
Certain semiconductors possess 2 types of carriers, namely, negative 
electrons and positive ho/es. 

Semiconductor device: An electronic device in which the characteristic 
distinguishing electronic conduction takes place within a semiconductor. 

Semiconductor, extrinsic: A semiconductor with electrical properties 
dependent upon impurities. 

Thermistor: An electronic device that makes use of the change of resistivity 
of a semiconductor with change in temperature. 

Transistor: An active semiconductor device with 3 or more electrodes. 

Valence band: The ranQe of energy states in the spectrum of a solid crystal 
in which lie the energies of the valence electrons that bind the crystal 
together. 

Varistor: A 2-electrode semiconductor device having a voltage-dependent 
nonlinear resistance. 

Semiconductors 

Semiconductor materials and applications 

device I semiconductor I tyP9 appllcatlons 

T ransistors Germanium Junction General-purpose to 75° C 

Germanium Point-contact Compulors 

Silicon Junction High-temperature use 
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device I semiconductor I type applications 

Rectifiers Germanium Point-contact diode Economical, useful to vhf 

Germanium Junction diode High-rectiflcation-ratio diode 

Germanium Junction diode i Power rectifier 

Silicon Point-conlacl diode ! Microwave detector, mixer i 
Silicon Junction diode Very-high- rectifkati on-ratio diode, 

voltage control or reference 

Silicon Junction diode Power rectifier 

Selenium Dry-disk Power-supply rectifier,. low-fre-
quency diode 

Copper oxide Dry-disk Meter rectifier, ring modulator 

Copper sulfide Dry-disk Low-voltage power rectifier 
I 

Varlstors Silicon carbide I Fired Voltage surge suppressor, voltage 
limiter 

Selenium Dry-disk I Contact protector 

Copper QJ(ide Dry-disk Voltage surge suppressor 

Thermistors Mixed metallic Fired Temperature sensing, current surge 
oxides suppressor, temperature com-

pensotion 

Photoconductlve Germanium Junction I General-purpose 
i cells 
I 

Germanium Point-contact I Phototronsistor 
I 

lead sulfide - t Infrared detector 

lead telluride - Infrared detector 

Photoelectric Silicon Junction Power source for transistors 
cells 

Cadmium sulfide Junction Power source for transistors 

Selenium Dry-disk light meter 

Diodes, photodiodes, varistors, and thermistors 

Diodes as discussed here denote rectifiers for rated currents of less than 
i ampere. These can be divided into three general classes, 

a. Point-contact diodes are better for high frequencies than junction diodes 
due to reduced minority-carrier storage effects and smaller rectifying areas. 
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b. Junction diodes have better rectifying characteristics than point-contact 
types, especially in the reverse direction, and they are generally less noisy. 

c. Selenium diodes are small-area selenium rectifiers that hove character
istics similar to selenium power rectifiers. 

Photodiodes are junction germanium diodes constructed so that light con be 
directed onto the crystal surface at the pn junction. The diode is reverse
biased, the saturation current comprising the dork current. Incident light 
causes photo-generated hole-electron pairs, some of which ore "collected" 
through the junction, adding to the current. Phototronsistors ore similar 
except that the diode hos either a point-contact collector or a junction
hook collector, either of which "multiplies" collected current. 

Varistors, or voltage-sensitive resistors, made of silicon carbide, hove 
voltage-current characteristics that con be approximated by 

I= AV" 

for V > 5 volts. Units are available for values of n between about 3.5 
and 7.0. 

Characteristics somewhat similar to this ore obtained with pairs of dry-disk 
rectifiers wired in series, bock-to-bock !Fig. 1). Selenium rectifiers ore used 
in this way for contact protection* in which service they offer a low re
sistance to high induced voltages but a high resistance to normal voltages. 
With this connection, the characteristic is essentially that of the reverse of 
one of the cells but is symmetrical in either direction. In the parallel front
to-bock connection, the charac-
teristic is like that of the forward o •I I• o 
of the individual cell, but symmet
rical. Copper-oxide rectifiers ore 
used in the lotter way as symmet
rical limiters for low voltages. 

Sorin bock-to-bock. Parallel front-to-bock. 

Fig. 1-Connections for rectifier-type vari
stors. 

Silicon junction diodes have very-sharp reverse voltqge breakdown char
acteristics and hence ore also useful as voltage limiters. {Nonsymmetricol 
unless two ore used in series bock-to-bock.I They are available with 
breakdown voltages in 20-percent-ronge steps from 6.8 to 470 volts. They 
con be used in a way similar to gas discharge voltage-regulator tubes to 
give a constant-voltage supply with varying input voltage or varying load 
current. 

* H. F. Herbig and J. D. Winters, "Investigation of the Selenium Rectifier for Contact Protec
tion," Tronsoctions of rhe American fnsritute of Electrical Engineers, vol. 70, po,t 2, pp. 1919-1923; 
1951: also, Electrical Communication, vol. 30, pp. 96-105; June, 1953. 
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Thermistors, or thermally sensitive resistors, ore mode of complex metallic
oxide compounds using oxides of manganese, nickel, copper, cobalt, and 
sometimes other metals. They ore useful for temperature measurement and 
control, to compensate for positive temperature coefficient of resistance of 
metallic conductors, and for current surge suppression.* 

Vacuum or gos-filled sealed units ore usable up to about 300° centigrade 
and air-exposed units to about 120° centigrade. The resistance decreases 
with increasing temperature, varying approximately exponentially with 
inverse absolute temperature. Cold resistances ore between 500 and 500,000 
ohms. 

pn junctionst 

Single-crystal semiconductors like germanium and silicon have little con
ductivity when pure, such conductivity being called intrinsic. Intrinsic con
ductivity increases exponentially with absolute temperature T, being, t for 
germanium, 

u; = 4.3 X 104 exp ( -4350/TI ohm-1 centimeter-1 

ond for silicon, 

= 3.4 X 104 exp ( -6450/TI ohm-1 centimeter-1 

If very-small amounts of impurities are built into the crystal, substitutionolly 
replacing some atoms of the semiconductor in the crystal lattice, such impuri
ties may increase the conductivity. One atom of impurity for 109 to 106 atoms 
of semiconductor is used for practical purposes to bring the conductivity 
within the range of about 0.2 to 2000 ohm-1 centimeters-1 (5 to 0.0005 ohm
centimeters resistivity!. Pentovolent elements like antimony and arsenic 
(donors) make the semiconductor n-type and trivalent elements like indium 
and aluminum (acceptors) make the semiconductor p-type. When donor and 
acceptor impurities ore both present in the same part of a single crystal, 
the effects tend to cancel. The conductivity becomes n- or p-type depending 
on whether the donors or acceptors, respectively, are present in excess. 

* J. W. Howes, "Characteristics and Applications of Thermally Sensitive Resistors, or Thermis
tors," Proceedings of the lnslilution of Radio Engineers, Australia, vol. 13, pp. 123--131; Moy, 
1952: also Ele.;tricol Communication, vol. 32, pp. 98-111; June, 1955. 

t W. Shockley, "Electrons and Holes in Semiconductors," D. Van Nostrand Company, Inc., 
New York, N. Y.; 1950. 

t E. M. Conwell, "Properties of Silicon and Germanium," Proceedings of the IRE, vol. 40, pp. 
1327-1337; November, 1952. 
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A single crystal of semiconductor may be n-type in one region and p-type 
in another region due to impurity density variation, the surface separating 
the two regions being called a pn junction. Nearly all of the interesting 
properties of semiconductors are associated with the electrical char
acteristics of pn junctions. 

These pn junctions have rectifying properties. At room temperature, the 
current through such a junction is related to the voltage across it, as 

I = I. [!exp 40VI - I] 

where 

I. = saturation current. 

r,+v-~ 
~ 

Fig. 2-Polarity for forward 
current in a pn !unction. 

When a pn junction is biased in the forward direction !Fig. 2J making the p 
region positive with respect to the n region, holes are readily emitted from 
the p region (where they are plentiful and are called majority carriersl 
into the n region (where they ore referred to as minority carriers) and 
conversely, electrons are emitted into the p region to become minority 
carriers there. These minority carriers, the electrons in the p region and 
holes in the n region, will recombine with some of the larger number of 
opposite-type-charge carriers, but not instantaneously; the time required for 
the number injected to decay to 1/e of its original value is called the life
time of minority carriers. This lifetime is a characteristic of a particular 
crystal and is generally between a fraction of a microsecond and a few 
milliseconds, more perfect crystals giving the longer lifetimes. In the forward 
conducting direction, the charge carriers are practically unimpeded in their 
flow across the junction. 

When a pn junction is reverse-biased, the holes in the p region and the 
electrons in the n region are withdrawn away from the junction leaving a 
depletion layer that becomes wider as the voltage is increased. The only 
current that can flow arises from thermally generated electron-hole pairs 
that form in or near the junction. Electrons from such thermally generated 
pairs are drawn into the n region and holes into the p region. This reverse 
current is called the saturation current since it saturates at a very-low voltage 
and increases little with higher voltage (surface defects may cause reverse 
current to increase substantially with increase in voltage, but well-made 
semiconductor devices have junctions in which the current increases only 
slowly as the voltage is raised from about 0.1 to 40 volts). Being due to 
thermally generated electron-hole pairs, the saturation current increases 
exponentially with temperature. 
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The theoretical breakdown voltage of a pn junction is approximately 
inversely proportional to the donor or acceptor density near the junction. 
Significant departures from this inverse relationship hove been found. 
Nevertheless, on empirical relationship sometimes used os a guide is, for 
germanium, 

Vb r:::: 96p,. + 45pp 

and for silicon, 

r:::: 39p,. 8pp 

where 

p,., pp = resistivity of n, p, regions in ohm-centimeters 

Surface leakage may cause breakdown ot o considerably lower voltage. 

Properties of germanium and silicon* 

property leermanium al°C silicon a1 •c 

Atomic number 32 14 

Atomic weight 72.60 28.08 

Density in grams centimeter--S 5.323 2.328 

Energy gap in electron-volts 0.72 25 1.12 25 
T emperoture coefficient of energy 

gap in electron-volts 0c-1 -0.0001 -0.0003 
Mobility of electrons in centimeters2 

volt-1 second-1 3600 25 1200 25 
Mobility of holes in centimeters2 volt-1 

second-1 1700 25 250 25 

Melting point in °C 936 1420 
linear thermal expansion coefficient 

in °c-1 6.1 X 10"'"1! 0-300 4.2x 10-11 10-&l 
Thermal conductivity in calories sec-

ond-1 centimeter-1 0c-1 0.14 25 0.20 20 

Specific heat in calories grom-1 0c-1 0.074 0-100 0.181 20-90 

Dielectric constant 16 12 

* E. M. Conwell, "Properties of Silicon and Germanium," Proceedings of the IRE, vol. 40, pp. 
1327-1337; November, 1952. 
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Transistors 

List of symbols 

Ve collector voltage (quiescent value relative to base) 

V. = emitter voltage (quiescent value relative to base) 

le collector current !quiescent value) 

I. = emitter current !quiescent value) 

leo = collector cutoff current !le with I. = OI 
r, = emitter resistance (see fig. 3) 
ro = base resistance (see fig. 3) 

r, 

re collector resistoncelsee fig. 31 
r/ = high-frequency (or extrinsic! 

base resistance (see fig. 18) 
ro'' = low-frequency component of 

base resistance (see fig. 18) 

y 
b 

r, 
C 

b a = alpha (current multiplication 
factor! 

= [di,/di,] V 

Fig. 3-Equivalent circuit for definition of 
r., ri,, and r0 • 

C 

ao = low-frequency alpha 

fJ = beta 

= a/ 11 - al 
Cc = collector capacitance (see Fig. 31 

fa = alpha cutoff frequency (at which a ao / (2) J"') 

£13 = beta cutoff frequency lot which fJ = ao / 12)½ 11 - aoll 

Point-contact transistors 

Point-contact transistors hove two sharp pointed metal wires or whiskers 
pressed against the surface of a semiconductor, the contact points being in 
close juxtaposition. The whiskers ore the emitter and collector connections 
and a soldered ohmic connection to the semiconductor is the base connec
tion. The construction is shown in 
Fig. 4. The semiconductor is generally 
n-type germanium that requires bias
ing polarities the some as for pnp
junction types. They ore less useful 
than junction types because they ore 

y 
b 

more noisy ( "'" 50-decibel noise Symbol 
figure I, give less power gain al low tpnpl 

emitter collector 

Construction 

frequencies, have higher collector Fig. 4-Polnt-conlact transistor. 



SEMICONDUCTORS AND TRANSISTORS 487 
Transistors continued 

cutoff current, and tend to be unstable as amplifiers in common-emitter 
circuits because a is greater than unity. They ore used principally in com
puter circuits where the lotter characteristic and the high cutoff frequency 
ore advantageous. 

Junction transistors 

Junction transistors are mode in several different types, most of the differ
ences arising out of the methods of manufacture. The basic type is the triode, 
which may be either pnp or npn. 

pnp triode: The most-common junction transistor; mode either by alloying 
(fusing) or by etching and electroplating (surface-barrier technique). Al
loyed transistors are made by placing a thin wafer cut from a semiconductor 
crystal, usually n-type germanium, between two small pieces of a suitable 
metal such as indium; this assembly is heated until the wafers melt and alloy 
with the semiconductor. Wires are attached to the metal dots to serve as 
emitter and collector connections and a soldered ohmic contact to the 
semiconductor serves as the base connection. The collector is made larger 
than the emitter to improve the collector efficiency. Such a unit is shown 
diagrammatically in fig. 5. Surface-barrier transistors are made by elec
trolytically etching a semiconductor wafer with two jet streams and immed-

iately thereafter plating two me- [:] ·emitter o•rmanium 
tollic spots thereon. The appear-
ance is similar to the alloyed type eye 
except that the dimensions, espe-
cially of the base thickness and the b solder indium 

thickness of the metal spots, is base 
Symbol 

much smaller in the surface-barrier (pnpl Con1truction 

type. Fig. 5-Alloyed-lunction tronslstor. 

Power transistors are made by the alloying process. In this case the base 
connection is mode in the form of a ring around the emitter and close to it 
and the collector is soldered to a heat-conducting stud. 

Grown-junction npn triodes: Mode 
with germanium and with silicon. 
Mode by growing a single crystal, 
which is mainly n-type but hos one or 
more thin layers that ore p-type, 
cutting this into a number of small 
bars, each of which includes one p
layer separating two n-regions, and 

Y. ~~"'" ----
Symbol I base 
(11pn) Constuctlon 

Fig. 6-Grown-luncllon npn tronsistor. 
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making welded or soldered connections to each of the three regions. 
Such a unit is shown diagrammatically in Fig. 6. 

Tetrodes: Germanium high-frequency tetrodes ore 
except that a second base connection is mode 

mode in the some way 

to the some p-layer (Fig.7l. lnterbase current 
lowers the base resistance to allow opera-
tion at considerably higher frequency than 
con be obtained with the same crystal used 
as a triode. Audio-frequency gain-control 
tetrodes also mode in this way utilize the 
dependence of current gain a on interbase 
current for gain-control purposes. 

Special transistors 

Fig. 7-Junctlon tetrode transis
tor symbol. (Construction of Fig. 
6 with second connection to 
base.) 

Several kinds of experimental junction transistors have been devised 
either for operation at higher frequencies or for negative-resistance 
characteristics useful in switching and pulse circuits. 

Intrinsic-barrier transistor: (pnip or npinl functions in the some way as the 
pnp or npn transistor, except that the intrinsic layer between the p and n 
regions of the collector junction reduces collector capacitance and allows 
the use of a low-resistivity base region, and therefore low base resistance, 
without lowering the collector breakdown voltage. The high-frequency 
limit for oscillation hos been esti
mated to be about 1500 megacycles. 
In Fig. 8, a germanium ni crystal is 
grown by pulling from o melt and the 
p-type emitter and collector ore 
formed by alloying indium into the 
n and i regions. 

emitter base 

Fig. 8-lnlrinsic-barrier transislor. 

solder 

germOllium 

Unipolar transistor is so-called because its operation depends on the action 
of only one type of charge carrier, either electrons or holes, but not both, 
as does that of other junction transistors. Two ohmic connections called 
the source and drain are made to, say, n-type germanium, and these ore 
connected in series with a direct-current power supply and load impedance. 
A p region coiled the gate surrounds the current path between source and 
drain where this path is very narrowly constricted, as shown in Fig. 9. 
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The gate-to-sou.rce pn junction is biased in the reverse direction causing a 
depletion layer between them that still further constricts the current path 
from source to drain. The input signal voltage is superimposed on the gate bias. 
The varying gate voltage causes the cross-sectional area of the undepleted 
current path from source to drain to change, causing, in turn, a variation 

in output current. More like o drain 

vacuum tube than other transistors, ,----==-------. 
indium 

with input voltage controlling out- {annular ring) 

put current, unipolar transistor gain 
is expressed os transconductance. 
The input impedance is high and 
output impedance is relatively tow. 
Operation at high frequencies is 
possible because charge carriers 
move by drifting in an electric field, 
rather than by diffusion. 

9cte 

Fig. 9--Unlpolar transistor. 

Hook-collector transistors hove an extra pn junction in the collector. The 
hook refers to the potential trap for electrons or holes caused by the pn 
junction, which results in current multiplication and an alpha greater than 
one. In one type of hook-collector transistor the n-type base region and 
the pn collector regions are grown emitter 

into a crystal that is cut into small 
bars. The p-type emitter is formed base 

9ermonium 

by alloying a gold-gallium wire into 
the base region os shown in Fig. 10. 
Holes are emitted from the p-type 

Fig. 1 o-Hook-collector transistor. 
emitter, diffuse through the n-type 

ollector 

base, are collected in he p-type hook region, and (since they change 
the potential of this region with respect to the n-type collector), cause 
electrons to be emitted in the opposite direction. These electrons diffuse 
through the p-type hook region and are collected into the base region. 
Alpha increases with emitter current and reaches 20 or 30 before collector 
dissipation becomes excessive. Very-simple switching circuits are possible 
with this transistor since only one transistor is needed for o bistable flip-flop. 

Double-base diode: Not usually referred to os o transistor, but is described 
briefly here because it exhibits negative-resistance effects similar to the 
hook-collector and point-contact transistors. Two ohmic base connections 
are made to an n-type crystal os shown in fig. 11. A p region is formed 
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by alloying with indium, for example. A bias voltage is applied between 
the base connections. Since the potential in the base region now variet 
with position, the p region con be biased positive with respect to a port of 
the base region in contact with it, but negative with respect to another port. 
The p region then emits holes in the former port bose 2 
and collects holes in the lotter. This effect, and 
modulation of the conductivity of the n-region by 

injected holes, results in a negative-resistance indium __________ ....... ..J-tra.l!I 

region in the voltage-current characteristic p-region 

between the p-region connection and one of connection 

the base-region connections. Simple switching 
circuits con be made with the double-base diode 
with the further possibility of relatively high 
power-dissipation capabilities*. 

Amplification in transistors 

boae I 
fig. 11-Doubla-bose diode. 

The npn junction-triode transistor consists of two pn junction diodes (as 
described above) within a single crystal, the middle, or base region being 

Fig. 12-Tronsistor amplitlcation procHs. 

common to both diodes !Fig. 12l. The emitter-to-base junction is biased in 
the forward (highly conducting) direction and the collector-to-base junction 
is biased in the reverse (poorly conducting) direction. 

Crossing the junction, the emitter-to-base current is composed of two parts, 
electrons emitted into the base region and holes- into the emitter region. 

* R. F. Shea, "Principles of Transistor Circuits," John Wiley & Sons, Inc., New York, N. Y.; 1953. 
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Electrons in the base region wander randomly while repelling one another 
(diffusion!, rapidly spreading throughout that region. Those that wander 
to the collector junction are attracted across that junction by the strong 
electric field there. If the base region is narrow, only a few reach the base 
connection and the rest are collected. Collected electrons comprise emitter
to-collector current, whereas those not collected comprise undesired 
emitter-lo-base current. 

Another source of undesired emitter-to-base current results from holes 
emitted from the base region into the emitter region. These would leave 
the base region negatively charged except that an equal number of electrons 
are forced out through the base lead to prevent such a charge buildup. 

The ratio of the desired emitted electron current to the total emitter current 
(emitter efficiency! con be made nearly one by more-heavily doping the 
emitter than the base so that the emitter region is strongly n-type with a 
high density of electrons whereas the base region is weakly p-type with 
only few holes. 

It can be seen that by proper design, the collector current can be nearly 
equal lo the emitter current; small variations in emitter current (signal 
input) will then cause nearly equal variations in collector current. 

The signal power required for any given signal current is small because the 
emitter-to-base voltage variations ore small, being of the order of milli
volts. The output power, however, is high since the load voltage variations 
can be large (of the order of volts). In this way, power amplification of 
the order of 30 decibels is obtained. 

The action is the same in pnp transistors except that bias polarities are 
reversed and holes and electrons ore interchanged. 

In point-contact transistors, the action is believed to be similar to that in 
the pnp-junction type, but is not as well understood. Holes ore emitted 
from the emitter point into the n-type germanium, diffuse through it and are 
collected by the collector point. The collector current, however, is larger 
than the emitter current, possibly due to a hook mechanism (as described 
above). 

Typical transistor characteristic curves 

The curves given in Figs. 13-17 are typical of the results obtained with 
various present-day transistors. 
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Fig. 13-Collector-family curvea for point
contact-type transistor In common-base 
circuit,. 

Fig. 14-Collector-family curves for ger
manium junction-type transistor in com• 
mon-base (top} and common-emitter 
(below) circuits. 
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Fig. 15-Emilter-family curves far ger- :,,. .. 0.2 
maniurn junction transistor. Vc=9 volt• 

Fig. 16--Callectar-famlly curves far ger
manium junction lranslslar in common
base circuit al high temperature (85° C). 

Fig. 17-Colleclor-family curves for silicon 
grown-junction-type transistor In com• 
mon-base (top) and common-emitter 
(below) circuits. 
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Variation of characteristics for junction transistors 

Emitter resistance 

r. ~ c/ I. 

in ohms, where c is a constant. If I. is in milliamperes, useful empirical values 
for core 

c = 12 for low-power germanium alloyed types 

= 25 for germanium grown types 

= 35 for silicon grown types 

The other variations of r, ore either unimportant or unpredictable. 

Base resistance: Base resistance decreases with increasing I •. The variation 
of base resistance with frequency can best be described by separating rb 
into two parts, rb' and rb" as shown in Fig. 18. 

low-frequency base resistance 

f 

fb high-frequency base resistance l"extrinsic base resistance"). 

r,, 1 = generally rb
11/4 to r,, 11/10 

r/ is an important criterion for 
high-frequency performance, rank
ing with f"' and Cc in this respect. 
For example, the maximum fre
quency at which oscillation con be 
obtained with alloyed transistors is 

Fig. 18-Separation of two components of 
transistor base resistance. 

The product r/Cc also enters into the denominator of calculated power 
gain for band-poss amplifiers at high frequencies.* 

Collector resistance: r, decreases 'to half its 25-degree-centigrode value at 
about 85 degrees centigrade in most germanium types. ln silicon the change 
is small. r, decreases with increasing I •. 

* J. B. Angell and F. P. Keiper, "Circuit Applications of Surface-Barrier Transistors," Proceedings 
of the IRE, vol. 41, pp. 1709-1712; December, 1953. 
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Current gain*: a and f3 increase to a maximum at I. between 1 and 10 
milliamperes, the increase ot low currents being generally small. At high 
le, the decrease is more rapid, which is important when high output power 
is desired, especially ot low Ve, Power transistors ore designed to minimize 
this effect. 

The magnitude of a decreases with increasing frequency ond o phase shift 
is introduced. Magnitude ond phase can be computed from the opproximote 
formula 

a""'-----
1 + j lf/fal 

which is fairly occurote up to f = fa• As an example of the application of 
this formula, in a transistor with a = 0.95 and f,. 2 megacycles, the a 
at I megacycle ond the phase shift between collector and emitter currents 
is 

o.95 = 0.76 - . 0.38 = 0.85 - 26.6° + j 11/2) J 

The cutoff frequency for f3 1£11 = 0.767 of low-frequency /31 is approxi
mately 

f11 ""' 11 - aol fa 

which is much lower than fa. In the example above, it is approximately 

f11 "= 11 - 0.95) 2 

and 

/3 = 0.95 (0.707) 
1 - 0.95 

0.1 megacycle 

19 I0.707) = 13.4 ot 100 kilocycles 

Current goin varies little with Ve os long os Ve is greater than 1 volt. Current 
goin generally increases with increasing temperature. In grown-junction 
silicon ond germanium, f3 increases about 0.6 percent/degree centigrade 
between -40 ond + 150 degrees centigrade for silicon ond between 
-40 ond +50 degrees centigrade for germanium. At higher temperatures, 

f3 tends to increase more rapidly ond a may exceed I. In alloyed germanium 
above room temperature, f3 may rise slightly, remain constant, or fall, 
depending on the manufacturing process used, but a generally does not 
go above 1 at ony temperature. 

* R. t. Pritchard, "Frequency Variations of Current-Amplification Factor for Junction Transis
tors," Proceedings of the IRE, vol. 40, pp, 1476-1481; November, 1952. 
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Collector cutoff current! J.., 
increases exponentially with 
temperature (see Fig. 191. In 
silicon at room temperature, 
it is about 2 decades lower 
than in germanium. It also in
creases with collector vottage, 
generally because of minute 
surface contamination. 

Noise: Noise figure increases 
with emitter bias current and 
with collector bias voltages 
above about one volt and 
therefore low-noise amplifier 
stages should have Ve <-"' 1 
volt and I, should be as low 
as l,0 and stability consider
ations will permit. Noise figure 
is a minimum when the signal 
source resistance is approx
imately 1000 ohms, but the 
minimum is broad, so that re
sistances between 300 and 
3000 ohms are usually satis
factory. Noise figure tends to 
decrease with increasing fre
quency as shown in fig. 20. At 
low frequencies, the noise 
figure is inversely proportional 
to frequency ( 1 / f noise} and 
differences between units be
comes more pronounced. 
Quoted figures are usually 
measured at 

V. = 1.5 to 2.5 volts 

I. 0.5 milliampere 

f = 1 kilocycle 
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Collector capacitance: 

Cc <:x: v.-n 
where 

n = 1 /2 for step junctions !al
loyed) 

= 1 /3 for graded junctions 
lgrownl 

---1emiller 

bast 

Fig. 21-Deplallon layer and affective base
region width. 

This effect is due to space-charge-layer widening !Fig. 211. C. increases 
slowly with increasing /,. 

Cutoff frequency: f,, increases with increasing collector bias voltage be
cause widening of the space-charge fayer* decreases the effective base 
region width !Fig. 21) and for f,, in megacycles, 

f,., = C/W2 

where 

W = width of base region in mils 

C = 5.6 for germanium npn 

1.9 for silicon npn 

= 2.6 for germanium pnp 

= 0.4 for silicon pnp 

Basic principles of biasing 

As in the electron-tube triode, the biasing of transistor triodes is fixed by 
two independent parameters but, whereas in the electron tube the simplest 
description of bias conditions results from considering the cathode electrode 
as common and the independent bias parameters as the grid voltage and 
plate voltage, in transistor triodes it is simplest to consider the base electrode 
as common and the independent bias parameters as the emitter current and 

* J. M. Early, "Effects of Space Charge layer Widening in Junction Transistors," Proceedings 
of the IRE, vol. 40, pp. 1401-1406; November, 1952. 
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collector voltage. Collector voltage biasing of transistors using a constant
voltage source of supply is similar to plate-voltage biasing of tubes. 
Emitter biasing of transistors, however, since it requires a constant bias 
current to be obtained generally from a constant-voltage source, must be 
treated differently than any electron-tube biasing problem. Because the 
emitter-to-base junction is a forward-biased diode, the voltage required 
for any given current is small, generally a few tenths of a volt. For stable 
fixed emitter-current bias, a much· iarger supply voltage should be used 
together with a current-determining series resistor to provide, in effect, 
a constant-current source not seriously affected by transistor character
istics or supply-voltage variations. 

For biasing purposes, the base electrode is considered common, and the 
emitter current and collector-to-base voltage are fixed whether the base 
electrode is common to input and output signals or not, just as in the 
analogous common-grid and common-plate !cathode-follower) operation 
of tubes. Common-emitter operation of junction transistors is used often 
and requires that the direct-current circuit consisting of resistors, inductors, 
and transformer windings hold the average emitter current and collector
to-base voltage substantially constant while the alternating-curr.ent circuit, 
which includes capacitors as well, supplie'sthe· signal alternating-current to 
the base and the output alternating-current is taken from the collector. 
Similar considerations apply for grounded-collector operation. 



CHAPTER 18 499 
• Transistor circuits 

In this chapter are given in condensed form descriptions of the various 
types of circuits in which transistors are operated together with design 
information enabling the determination of the circuit parameters. The 
following symbols are used. 

A, current amplification 

Av= voltage amplification 

a= rm/ re 

eo = signal input voltage 

G power gain 

ico collector current with i, =0 

i1 load current 

rb base resistance 

re= collector resistance 

r. emitter resistance 

r q = generator resistance 

r; = input resistance 

r1 load resistance 

r,,. equivalent emitter-collector transresistance 

ro = output resistance 

Yi = load admittance 

z1 = load impedance 

a = short-circuit current multiplication factor 

A determinant 

Basic circuits * 

The triode transistor is a 3-terminal device and is connected into a 4-
terminal circuit in any of 3 possible methods, as illustrated by the charts 
of figs. 1-3. 

* R. F. Shea el al, "Principles of Transistor Circuits," John Wiley & Sons, Inc., New York, 
N. Y.: 1953. Also, Stoff of Bell Telephone laborotories, "The Transistor, Selected Reference 
Material," Bell Telephone loborotories, New York, N. Y.: 1951. Also, W. H. Duerig, et al, 
"Transistor Physics and Electronics," Applied Physics laboratory of Joh"" Hopkins University, 
Baltimore. Md., 1953. 



Fig. 1-Common-base circuit. 
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Fig. 2-Common-emilter circuit. 

A = 1"!,lr, rm + r, + r1I + r, Ir, + ri) 

Stobility criterion: 

~<I+ __ r,_ + 
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for validity 
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Current 
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exact formula 

r, trm rt) 
r, + l"b + ;, + r, + re - r.,. 

r frm re) 

r,+r, rm+ ;:+~-Fr, 

r1 Ir,,. r,) 
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continued Basic circuits 

Fig. 3-Common-collector circuit. 
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Stability criterion, 
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r,. + ;:- < I + + r, __ ri 
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res.s once = ro - ru + rb· re r0 re 

Voltage __________ r, r1 _____ __,_I__ 
1 

amplification = A. rb (r, - r,. + r, + r1l + r, Ir, + r, + rb II al + re 
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Matrixes for transistor networks 

Fig. 4 gives the properties of properly terminated 4-terminal networks in 
terms of their matrix coefficients, Fig. 5 gives transistor matrixes and Fig. 6 
gives the matrixes of 3-terminal networks. In these figures, 

z1 = load impedance 

Zq = source impedance 

tl = Z11Z22 - Z12Z21 

t:,.V Y11Y22 - Y12Y21 

t:,.h = h11h22 - h12, h21 

""' 1 + h21 for junction transistors 

Note that for junction transistors, 

t:,.h << - h21 

and 

h12« I 
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Matrixes for transistor networks conlinwd 

fig. 4-TraMlalor terminal charaderlalica la terms of 4-ttrminal matrix cotffldonll, 

z 

y 

h 

g 

a 

b 

I input 
, Impedance 

t:,.• + ZuZl 

z22 + z1 

Y22 + YI 

t:,.U + Y11YI 

tJ.4+h1m 

h22 + Yl 

g22 + ZI 

tJ.U +gnz1 

011z1 + 012 

O,rZI + 022 

b22z1 + bu 

b21z1 + bn 

I 
output 

z; impedance 

t:,.• + Z22Zg 

zu +zo 

YII + Yo 
t:,.II + Y22Ya 

hn +z, 
t:,.h + h22z0 

~"-+ g.,y. 
gu + Yu 

022z, + 012 

O,tZg + Ou 

: 

buz• + bu 
b21z0 + b,, 

I \fOltage I current 
z 0 amplillcation = A, ampliflcallon = A; 

Z21Zl Z21 

t:,.• + ZJ1ZI zu+z1 

-ylll -Y•tYl 

Y22 + YI t:i.11 +nm 

-h21z1 -h21Y1 

hu + tJ.hz1 h22 + YI 

i ~ 
g,, 

g22 + ZI tJ.U +gnz1 
i 

~ 
Zl 1 

012 + ouz1 022 + O,rZI 

z1tJ.b t:,.b 

b12 + b22z1 bu+ b12z1 



fig. 5-Translstor matrlxes. 

t:,. = r, r,, + r,[r, + r,, (I - al J 

z 

y 

h 

g 

a 

b 

l 
t:,. 

common emitter 

[

,.+,.,, 

'• - arc 

r, ] 

r, + r,tl - al 

[

r, + r,ll al 

- "• - arc) 

-r ] 

r, +•,.,, 

,, + ,,:1 - al [ _ lr,t:,.- ar,1 ~'] 
r,+ r,, [ 

1 -,] 

r, - ar, t:. • 

f11 - Ofc [
,.+,.,, t:,. ] 

1 r, + r,11 - al 

'• [

r, +r,(1 - al t:. ] 

1 r, + r,, 

t:,. 

I 

fl, '• 

1 
r, r,, 

r,, - Off! 

fl, 

common base 

[

r, + fb 

'b + ar, 

[ 
fl, +re 

- fr,,+ or.) 

[_ lrb

6

+ ar,1 

L~ar, 

['~fl, 

C~'• 

continued Matrixes for transistor networks 

common collector 

,.,,:J [

fb + re 

'• 

r,!1 - al ] 

r, + r,U - al 

-r,,] 

r, + fb 

t:,. [

r, + r,11 - al 

-r, 

,.n - al] 

fb + re 

~] r, + ,,;1 - al [ t:,. 
-,. 

,.n ~ a] 
~fl,] 1 

fl, '• [ -r,(~ -a] 

,.,,:J fc C~'• 
r, + r,:- OJ 

,.:J -al 

['' + r,:1 al fb:J 

~ z 
"' i 
i 
2 
:; 
"' 
c:..n 
c::, 
c:..n 
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Matrixes for transistor networks continued 

Fig. 6-Matrixes of 3-terminal network, exactly expreHed in term, of common-base Ii 
parameters. 

common base common emitter common collector 

e,.h h12 e,.1 l + h21 
h22 h22 h22 h22 h22 

z 

hu t,h + h21 d 1 -h12 d 

h22 hu h22 h22 h22 h22 

-----
h12 d d 

hu hn hu hu h11 

h21 t:.• 
1

_ !l.h +h21 t:.• hu- 1 
hu hu hu hn h11 

hu h12 
!'_!_!_ ~ 
d d 

h 
h21 h22 h22 h12 h., 

d d d 

h22 h12 h22 h,. - !l." h,z - 11 + h21I 
~ - !!,f• ~ ~-

g 

h21 hu h21 + !!,.• hu 1 - h,2 h11 

! - t:.• ~ ~ t,.h 
___ j 

e,.• _!'.!1:. e,.• hu ~ 
- hu h21 ei.• +h21 !!,.• + h., 1-hu 1 -hu 

a 

h22 h., d h22 d 

h21 h21 t:.•+h,1 t:.•+ h-;; hu 

hu d h11 d hll 
hu t:.• - h~ !l.h - h,~ I+ h21 

b 

~ t:.• h22 !!,.• 

"·· h12 h12 t:.1 - hu t:.• - hu I +h21 I+ h21 
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Typical transistor characteristics 

Typical values of impedances and gains for junction-lype and point-contoct
type transistors are given in Fig. 7. 

Fig. 7-Transisfor characteristics (as of 1956). 

common base common emitter common collector --'--------

Maximum voltage am· 
pliflcation = A, with 

'• = 0 and q C0 

Maximum current om-
pliftcation = A, with 
r1 0 

Input resis- I r1 =O 
1 

tonce = r, 
I~=<» in ohms 

Output resis- , ,. = 0 
tonce ,. 

point point 
contact junction contact ju11ctlon 

' 

I 
1.9 X 102 1.7 X 104 1-1.9X JQl11-1.7X JC, 

i 
! 

+2.5 
1 

+o.95 -1.7 -19 

8 
I 

35 -5 750 

200 I 270 200 270 

6 X 102 16.8 X JC, 6 X 102 7 X Hl6 

I 
' 

i 
I 
I 

point 
contact 

J 

+o.67 

-5 

1.5 X 10' 

7.5 

in ohms 
I '• 

<» l.5X J03 i3-2.2X10' 2.5 X 103 •-2.2 X 10' 
! . ! 

Matched input resis· ! I 
i 

lance in ohms 

I 

37 
I 

JOO Unstable 450 i Unstable 

! 
Matched output resis· I I I I !once in ohms 

I 
3000 I 2 X 106 Unstable 4 X Hl6 Unstable 

Typical equivalent \ 
generator resis-

~I tance = r9 in ohms 300 300 300 2 X JO' 

Small-signal power I I 
gain Gwith I ' 

I ' 
t ical r and r 20 I 25 35 40 13 yp 

Cascade, series, and parallel circuits 

junction 

I 

I 

+19 

120 

5 X 10• 

37 

2.5 X 10-' 

6 X 104 

3 X 10' 

2Xl04 

I 12 

Fig. 8 gives the 6 possible forms of equations relating the terminal voltages 
and currents of a 4-terminal network. 

The definitions of the z and h matrix coefficients are also apparent from 
equations in Fig. 8A and C. The definitions of the y, g, a, and b matrix 
coefficients may be found from equations 8, D, E, and f, respectively, of 
Fig. 8. 

The use of matrices will frequently simplify the calculations required when 
combining networks, as indicated in the accompanying diagrams. 
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Cascade, series, and parallel circuits continued 

Fig. 8-Use of matrixas in combining transistor circuits. 

network configuration 

A. Series (add matrixes) 

e, 

B. Parallel {add matrixes) 

C. Series-parallel (add matrixes) 

D. Parallel-series (add matrixes) 

~e, 

E. Cascade (multiply matrixes) 

2 2 e, 

F. Cascade (multiply matrixes) 

2 2 

4-pole equations 

i1 = y11e1 + Y12e2 

i2 = Y21e1 + Y22e2 

ii = gue1 + g12i2 

e2 = g21e1 + g22i2 

e2 = bue1 - b12i1 

i2 = b21e1 - b22i1 
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Duality and electron-tube analogy 

Fig. 9--Curnnt-voltage duals. Courtesy of Bell System Technical Journol. 

vo1ta11e aperatian current operation 

A. Constant-voltage supply, Constant-current supply. 

-tl1f- .,..-1'- .... ,,,,, ", 
E l'•E/r 

s. Series bottery and resisti:inee. Constant-current supply and 
resistance In parallel. 

--1!.. .... 

--111~ ~ 
E: R R' 

I'•E/r R'•r2/R 

c. Series bottery and resistance. Series battery and resistance. {Equivalent to 
constant-current supply 8 above 
by Thevenin's theorem I. 

--111~ -11,1--vvv-
E: R E R 

E:'= (r/RJ R',.r'IR 

0; Resisto nee. Resistance. 

--"Nv- --'VVv--
R R' 

R'=r3/R 

E. Power-sensitive resistance with positive Power-sensitive resistance with negative 
temperature coefficient. temperature coefficient 

·~ ,.lL 
l E' 

I'= E:/r £'= rI 

F. Short-circuit-stable negative resisronce. Open-circui!-stable negative resistance 

·lS 'lS 
I E:' 

l'=E:/r E:'=rl 

G. Copacitance Inductance 

-If- ----FVVV"'\-
,: 

C r.:=,zc 
Ii. Ideal lronsformer of impedance ratio t: az Ideal tronsformer of impedance rotio a2 : I 

=3C =3c 
1,0• a•: 1 
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Duality and electron-tube analogy continued 

Fig. 9--Continued, 

voltage operation 

I. Suitable electron-tube triode. 

J. Any mid-series terminated constant-R 
filter section of design resistance R. 

The transistor is current-operated, 
in circuit design, it is possible to 
replace the constant-voltage source 
of the electron tube with a current 
source. This principle !called dual
ity) may be extended by replacing 
elements with given voltage char
acteristics by elements having 
equivalent current characteristics.* 

Fig. 9 is a list of current-voltage 
duals. 

It is sometimes possible, when con
sideration is given to loading 
effects, to convert electron-tube 
circuits directly to junction-tran
sistor circuits by using the electron
tube analogy shown in Fig. 10. 

* R. l. Wallace, Jr. and G. Raisbeck, 
"Duality as a Guide in Tronsitor Circuit 
Design," Bell System Technical Journal, vol. 
30, pp. 381-417; April, 1951. 

current operation 

Tronsistor plus ideal phase 
reversing transformer. 

The same constant-r filter section mid-shunt 
ternunated but with design resistance 
changed to r 2/R, 

not voltage-operated. As a guide 

Fig. 10-The 3 basic transistor connections 
are al the left and the electron-tube equivalent 
circuits at the right. 

transistor circuit electron-tube equivolent 

Common base. Grounded gnd, 

Common emiller. Grounded cathode. 

Common collector. Cathode-follower. 



Small-signal amplifiers 

General 
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Smoll-signol amplifiers moy be designed using the formulas in the pre
ceeding section. 

It must be remembered that the transistor is o bilateral device; ony change 
in the output circuit will affect oil preceeding stages. 

In the application of point-contact transistors, core must be token to insure 
stability. Junction transistors hove a < l ond, therefore, should not cause 
instability troubles ot low frequencies. 

Biasing 

In both Fig. 1 lA ond B, battery polarity is shown for pnp transistors. The 
polarity is reversed for npn transistors. 

fig. 11-Transistor biasing methods. 

In Fig. 11, 

er = ear2/ (ra + r2l 

e2 = e,ra/ Ira + r2) 

The branch currents in Fig. 118 ore: 

. ico (I + rr/r2 + rr/ral + ae/ra '• = ------- ·-·--·-
1 - a + ri/r2 + r1/r; 

i, = lie - icol / a 

ib = ie 11 - a) - ico 

where ico = collector current when i. = 0. 

r2 e3 r3 

·~---+-111 ... _---~ 
B. One bofler1. 
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Small-signal amplifiers continued 

Coupling circuits 

Transistors may be cascaded in much the some manner as electron tubes. 
The common-base, common-emitter, or common•collector configurations 
may be used. The stages may be coupled by transformers or by R-C net
works. 

Unlike the unilateral electron tube, the transistor is bilateral and essentially a 
current-operated device. In addition, the transistor {except in common
collector circuits) generally hos on input impedance that is comparable to or 
lower than the output impedance. It is important that core be token to match 
impedances between stages. The common-collector stage is a useful 
impedance-matching device and in view of the efficiency of the transistor, 
it con be used for impedance matching in place of a transformer. The 
equations given in Figs. l-3 may be used to determine the interstage trans
formation ratios. 

Any analysis of a transistor amplifier on a stage-by-stage basis is at best 
but a rough approximation. for accurate analysis, the matrix methods 
described above are available. 

Large-signal operation 

Output stage * 
The transistor output stage hos two power limitations: 

a, The maximum voltage that can be applied between the collector and 
base of the transistor. 

b. The temperature rise in the transistor. 

The second limitation is especially important, because it con lead to a "run
away" effect. The higher the temperature, the higher the ico, which, in turn, 
leads to higher temperature and ultimately to failure of the transistor. 

lt is possible to obtain efficiencies of the order of 47 percent with class-A 
transistor amplifiers. However, when transistors are used in power stages, 
it is advisable to use class-B amplification, since the output con approach 
3 times the total dissipated power, which is equivalent to 6 times the allow
able dissapation of each unit. Furthermore, the no-signal standby power is 
negligible in the class-B circuit. 

The output circuit for the class-8 transistor amplifier can be analyzed by 
the same methods used for the conventional electron-tube equivalents. 

* P. I. Richards, "Power Transistors, Circuit Design and Data," Transistor Products, Inc., Waltham, 
Mass. 
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Large-signal operation conlinved 

For o closs-8 transistor ompliller with sinusoidal driving voltage, 

P = e0
2/2r1 

where 

P = power output 

r1 = reflected load resistance 
to one-half the primary A.Tronsistorbronchcurrents. B.Equivalentcircuit. 

1r 
7J = 

4(1 + 1r rzico/ecl 

+v 

-i 

C. Voltage-curTent 
charocteristic. 

.. 
• r, 

D. Forward and reverse 
resistances. 

where 71 is the efficiency at 
maximum power-output levels. 
In actual cases 71 will be 65 
to 75 percent. 

The equivalent circuit for 
large-signal operation is given 
in Fig. 12. 

Fig. 12-1.arge-signal transistor operation. Symbol 
,, is the dynamic resistance of the emitter diode 
biased in the forward conducting direction and r, 
Is the dynamic resistance of the collector diode 
biased in the reverse direction. 

Complementary symmetry 

A closs-8 transistor amplifier can be constructed without the need for o 
separate phase inverter or o push-pull output transformer. This con be done 
by using a pnp and on npn transistor as shown in Fig. 13. 

The pnp unit will amplify the 
negative port of the input signal 
and the npn transistor will amplify 
the positive port. In this manner, 
phase inversion is automatically 
accomplished. 

The positive and negative signals 
ore combined by coupling the two 
outputs. 

Negative resistance 

Trigger circuits 

+ 

+ 

Fig, 13-Complementary symmetry for push
pull stage. 

Point-contact and hook-collector transistors hove on a that is greater than 
unity. 
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Negative resistance continued 

This can give rise to a negative input resistance that can be utilized in 
switching or regenerative circuits. 

fig. 14 illustrates the typical input 
characteristic of a common-base 
amplifier. 

The "N" curve shown in Fig. 14 has 
counterparts for the common
emitter and the common-collector 
configurations. These are all the 
result of equivalent transistor prop
erties and only the common-base 
curve will be considered in this 
discussion. 

cutoff transition saturation ;, 
: 4-reglon-region-region-

Fig. 14-lnpul resistance of a common-base 
lranslslor amplifier. 

Monostable operation is obtained if the load line intersects a positive
resistance portion only once, either in the saturation region or in the cutoff 
region. 

Bistable operation is obtained when the load line intersects a positive-, a 
negative-, and again a positive-resistance region. 

Astable operation is obtained when the load line intersects only the 
negative-resistance part of the characteristic. 

A circuit that may be used as an astable or monostable trigger is shown in 
fig. 15. 

The emitter current is, 

fc ec 
i. = 1 exp 

r1 (r b + re+ r1 

The period of the pulse is: 

t = fbfl C In rc[a (ri + r'bl fb] 
r'b+r1 r1 (r\ + re + rz) 

Fig. 15-Astable or monostable trigger 
circuit. 

C 



Negative resistance continued 

Oscillators 

Oscillators may be grouped into two classes, 

a. Four-terminal or feedback oscillators. 

TRANSISTOI CUI.CWTS 

b, Two-terminal or negative-resistance oscillators. 

515 

The feedback oscillators may be constructed with either point-contact or 
junction transistors. 

The design may be based on electron-tube circuit theory and analogy or 
duality !described earlier!. 

R 

L 

4 

B 

C 

Fig. 16-0scillator circ:uih using nega
tlv..,.nllfan ce characteristic of hanslslor. 

The point-contact and the hook-collector transistor can be used os a two
terminal oscillator by placing o resonant circuit in series with the base lead 
(Fig. 16Al, or in parallel with the emitter resistance !Fig. 16B), or in parallel 
with the collector resistance lfig. 16CI. 
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Video-frequency amplifiers 

low-freq1.1ency compensation 

A transistor amplifier may be compensated to give on improved low
frequency response by splitting the collector load ond bypassing a portion 
of this split load. The condition for constant current flowing in the input 
resistance of the next stage is 

wC 
r, 

where 

r1 = unbypossed portion of collector load 

r2 = bypassed portion of collector load 

Ci bypass capacitor 

C = coupling capacitor to following stage 

r, = input resistance of following stage 

when r 2 ""-' r1 >> 1/wCi, the above equation becomes ri/r,""-' C/C1 

High-frequency compensation 

Transistor video-frequency amplifiers are generally capacitor-coupled 
because of the bandwidth limitations of impedance-matching transformers. 
The common-emitter configuration permits reasonable impedance matching 
and is therefore best suited for this application. 

The input equivalent circuit of a common-emitter stage for high frequencies 
is shown in Fig. 17. 

The input impedance is approximately 

z, = rs+ ra/(1 + j (lOf/f.,ol] 

where, for most transistors currently 
available for use as video amplifiers, 

21r{.,of4 10 

Car4 = 10/21rf.,o 

'• 

Fig. 17-Equivalent circuit. 

High-frequency compensation may be obtained if an inductance L is placed 
in series with the collector lood resistance r1• The value of the compen
sating L may be obtained from the following equations. 
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Video-frequency amplifiers continued 

. - (ri2 + w2 L2)l/2 
IA,! - A2 + 82 X {[ll/aol 1]2 + [II/ aol lw / Waol ]2 } 112 

where 

and 

B = wL + wra 
1 (2c2r1 + C2'"1(10

"')
2 

+ wC2L wlO -~) 
I + (10w/w .. ol 2 Wao Wao Wao 

ao 

1 - ao 

where 

w2 = cutoff frequency of amplifier 

a0 = low-frequency alpha 

C2 capacitance across L and r1 

In addition to the shunt compensation described above, series inductance 
can be used to resonate with the input capacitance. 

Another method of high-frequency compensation is available. The emitter 
resistance may be only partially bypassed, resulting in degeneration at 
lower frequencies. The compensation conditions are similar to that of 
electron-tube cathode compensation. 

! 

Intermediate-frequency amplifiers 

Series-resonant interstages 

For the series-resonant coupling circuit !Fig. 181, the power gain per stage is 

For iterated stages, rn = r,2, and 

For common-base stages, 

G <>::: la 12 r,,i/ru Fig. 18-Serl .. -r .. onont lntentoge circuit. 
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Intermediate-frequency ampliflers continved 

where 

a = common-base current gain 

b a/II-al 

r,1 = input resistance of stage 

r.:2 input resistance of following stage 

Junction transistors give less than unity goin in this circuit for common-base 
or common-collector connection. Point-contact transistors may be used in 
the common-base connection. 

where 

fo = center frequency 

t:.f3db = 3-decibel bandwidth 

Parallel-resonant interstages 

If Q I > 10) includes the effect of the input impedance of the next stage 
for common-base stages !Fig. 191, 

G ~ lal 2 02r,2/r,1 

For common-emitter stages, 

G ~ I b j 2 02r,2/r,1 

The formulas below apply also. 

Parallel-resonant interstage with 
impedance transformation: 

Power gain per stage, 

G Al lr1/rdl X !fraction of out-
put power delivered to load) 

Let: 

r.i input resistance of stage 

r,2 = input resistance of next stage 

A 

C 

R 

Fig. 19--Parallekesonant Interstage circuits. 
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g, = conductance seen at A !Fig. 19) due to r,2 

TRANSISTOR CIRCWTS 

9n = conductance seen at A due to network losses R 

9o = output conductance of transistor 

519 

p = ratio of equivalent series resistance seen at A to input resistance of 
next stage 

= rx/r,2 

z, = r1 + jx1 = total load impedance seen at A 

re 11 - jw r0C.I . 
z. = + 2 2 11 = collector impedance 

1 c., r, C., 

Then, for common-base stages, power gain is, 

G= --- p- ---I o 12 r,.2 ( g, )2 
1 + zi/z. r,:1 91 + 9n 

For common-emitter connection, 

G = I 1 - a: z,/z. r p ;:: c, : 9ny 

For common-collector stages, 

G = I 1 - o ~ z1/z.l2 P ~:: C. t g)
2 

where C is the total C seen ot A (Fig. 191 due to the transistor output, 
the coupling network, ond the following stage. 

]!!_ = Q = ClloC 

f3db 9o + 9n + 9i 

If z1 << Zc and g, >> g,. llood not matched, network losses low) ond successive 
stages ore identical lril = r,-21: 

For common-base stages, 

For common-emitter stages, 

For common-collector stages, 



continued Intermediate-frequency amplifiers ~ 
c::, 

y{l y =vi)ry ~± - ~ 
,._ ,0-lh- ,_,of,,, .... ,, .. •-M '"'" ,_ I -----__...__J~ rv- ~ . ....... LL • 

:tf l =e>---1--ry J ± ~ c~ 
£Cite Y!tli 

fig. 21-Varlovs dovble-tvned lnl<ll'sloge clrcvlt1. 
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Intermediate-frequency amplifiers continued 

Tuned-circuit interstages 

Other configurations of single-tuned interstage ore shown in Fig. 20. Any 
of the 3 transistor configurations may be used in these circuits. 

Double-tuned interstages 

For double-tuned interstoges (Fig. 211, the same gain formulas apply as for 
the single-tuned case. For a given bandwidth, however, p may be made larger 
in the double-tuned case. 

The T and -,r equivalents of the transformers will not always be p':ysically 
realizable. 

For large bandwidth, the condition 0 1 >> 0 2 is desirable, since then loading 
resistors are not required with their accompanying power loss. 

For Q 1 » Q2, for transitional coupling (Fig. 22), 

where k coefficient of coupling. If Zi = ri + jxi = input impedance of 
next stage then, 

Fig. 22-Double-tuned inlenlage. 
Wo 

L2, C2, and Xi are series-resonant at f0• 

C1 includes the transistor output capacitance. 
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Neutralization • 

For neutralization IFig. 231, 

ni'C. r,.C,. 

Either point A or point B may 
be at ground potential. The 
choice will depend on the 
relative ease of isolating the 
source or the load from 
ground. 

,---------, 
I transistor I 
I I 

input 

8 
The effect of neutralization 
is to make the 12 term of the 
matrix equal to zero. Fig. 23-Neutralization of common-base amplifier 

Temperature compensation 

The ;. of a transistor may increase 
appreciably with temperature. This 
is objectionable since it increases 
the power dissipated in fhe transis
tor and so increases its temperature 
rise. Two possible methods for 
stabilizing /0 against temperature 
variations follow. 

The circuit of Fig. 24A depends on 
negative feedback, similar to cath
ode bias in electron tubes, i. 
being stabilized by the degenera
tion produced by R1 at direct cur
rent. Capacitor C must bypass 
R1 at the frequencies to be am
plified. 

fig. 24-Two types of temperature com-

A 

pensation for transistors. B 

R, 

* A. P. Stern, C. A. Aldrich, and W. F. Chou, "Internal Feedback and Neutralization of Transistor 
Amplifiers," Proceedings of the IRE, vol. 43, pp. 838-848; July, 1955. 



TRANSISTOR CIRCU1TS 523 
Temperature compensation continued 

For the circuit of Fig. 24A, with a being assumed constant over the operating 
range, 

. i,o 11 + Ri/R2 + Rt/Rsl + ae/Ra 
le= 

l - a + Rt/R2 + R.i/Ra 

When the variation with frequency of the phase shift resulting from R1 and 
C is objectionable, or where C must be mode inconveniently large, the 
circuit of Fig. 24B may be used. Since re and R3 ore higher resistances than 
R1, a smaller C may be used for the some bypassing effect. Here stabilization 
is obtained by the drop in ie influencing base potential and R1 is mode small 
to minimize degeneration of signal frequencies. 

If Ra» R1 and r. » R1, then 

. i,o[lr./Rsl 11 + Ri/R2I + l + R1/R2 + Ri/Ra] + ae1/Ra 
le = --~---~------'---------

1 a + R1/R2 + R1/Ra + lr./Ral 11 + R1/R2I 

Pulse circuits 

Transistors may be utilized for the generation, amplification, and shaping 
of pulse waveforms. 

The Ebers and Moll* equivalent circuits of Figure 25 give the large-signal 
transient response of a junction transistor. The parameters are defined as 
follows, 

i,0 = saturation current of emitter junction with zero collector current 

•i00 saturation current of collector junction with zero emitter current 

a,. = transistor direct-current gain with the emitter functioning as on emitter 
and the collector functioning as a collector (normal al 

a,; = transistor direct-current gain with the collector functioning as an 
emitter and the emitter functioning as collector !inverted al 

ip• = kT In [- i, ~ a,ic + I] 
q 1,0 

= emitter-to-junction voltage 

il\c= kTln[-i•~a,.i,+l] 
q lco 

= collector-to-junction voltage 

• J. J. Ebers end J. L. Moll, "Lorge-Signal Behavior of Junction fronsistors:'' also, J. L. Moll, 
"Lorge-Signal Transient Response of Junction Transistors," Proceedings of the IRE, vol. 42, 
pages 1761-1772, 1773-1784; December, 1954. 
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Pulse circuits continued 

The switching time can be 
calculated from the small
signal equivalent circuit 
parameters, the turn-on 
time, from cutoff to satura
tion, depends on the fre
quency response of the 
transistor in the active re
gion. The turn-off time, 
from saturation to cutoff 
depends on minority carrier 
storage time and decoy 
time. Carrier storage time 
is that required for the 
operating point to move 
out of the saturation region 
into the active region on 
removal of the drive cur
rent and is o function of 
the frequency response of 

A. Regions I and II 

B. Region m. 
Fig. 25-Low-frequency large-signal equivalent circuit 
of a !unction transistor. 

the transistors in the saturation region. Decay time follows the storage 
time and returns the transistor to cutoff; it depends on the frequency 
response in the active region. Switching time of order 3/ w,. is realized if 
carrier storage is avoided. 

. l 
Turn-on time = -

Wn 

i.2 

i.2 - 0.9 ic/ o:,. 

Storage time 
w,. + w; In i,2 - i,1 

w,.w; !l-a,.a;I ic/ o:,. + i.2 

Decoy time 

where 

w,. = cutoff frequency of normal alpha 

w; = cutoff frequency of inverted alpha 

i,1, i,2 = emitter current before and after switching step is applied 

i, = collector current in the saturation state. 

k = Boltzmann's Constant 
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T absolute temperature 

q = charge on electron 

Measurement of small-signal parameters 

The small-signal parameters may be represented by ratios of small alter
nating voltages and currents if care is taken to keep the magnitudes of these 
signals small compared to direct-current condition. For instance, 

Zn = r. rt, 

= [ av. ] [ Av. ] [ v. ] 
;ii; ic ""' Ai. ic ""' le ic 

Also, 

Zn = e1/i1 when i2 = 0 

z12 ei/i2 when i1 = 0 

0 

and 

hn = ei/h when e2 = 0 

h12 ei/e2 when ii = 0 

hu = i2/i1 when e2 = 0 

fig. 26 indicates the use of matrixes for solution of transistor parameters, 
where 

Z21 
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Measurement of small-signal parameters con1in11ed 

and 

hu = r. + r,, + h21 r,, 

h12 = r0/ Ire + r,,l 
h21 = - Ira + o:rcl / Ir. + rol 

h22 1/lrc+rol 

Fig. 26-Translstor parameters In term• of common-base matrix coefflci•nt•. 

z h 

Z11 - Z12 

I 
h22 

hu h12 
(1 + h21l 

r. Z22 - Z12 il - h12l /h22 

Ii, ZJ2 h12/h22 

rm Z21 - Z12 h21 + h12 -
h22 

a Z21 - z12 h21 - h12 

z22 - Z12 1 - h12 
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• Modulation 

The material in this chapter is divided into two sections on continuous-wove 
(cw) and noncontinuous lpulsel relations. 

Continuous-wave modulation 

The process of continuous-wove modulation of a radio-frequency carrier 
y = A !ti cos 'Y It) is treated under two main headings as follows: 

a. Modiflcotion of its amplitude A(tl 

b. Modification of its phase 'Y !ti 

For a harmonic oscillation, -y{t) is replaced by (wt+ q,l, so that 

y = A!tl cos {wt+ cpl = A!tl cos 1/t(tl 

A is the amplitude. The whole argument of the cosine i}ltl is the phase. 

Amplitude modulation 

In amplitude modulation (fig. 11, w is constant. The signal intelligence flt! 
is mode to control the amplitude parameter of the carrier by the relation 

Alt) = [Ao + a flt)] 

= Ao[l + m,. fftl] 

w•p "' "'+P 

vector or time representation frequency spectrvm 

Fig. I-Vector and 1ldeband repreHntatlon of ampDtude modulation for a 1ln9le 
1lnu1oldat modulation frequency (a co, pt). 
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Continuous-wave modulation continued 

where 

i/,ltl = uit + t/, 
"' = angular carrier frequency 

tj, = carrier phase constant 

Ao = amplitude of the unmodulated carrier 

a = maximum amplitude of modulating function 

flt) = generally, a continuous function of time representing the signal; 
0 ~ fltl ~ 1 

m,. = a/ Ao = degree of amplitude modulation; 0 ~ m,. < 1 

y = Ao [1 + m,. flt)] cos luit + t/,l 
For a signal flt) represented by o sum of sinusoidal components 

K-m 

afltl = Lox cos lpxt + Bxl 
K-l 

where Px is the angular frequency of the kth component of the modulating 
signal and BK is the constant port of its phase. 

Assuming the system is linear, each frequency component PK gives rise to 
o pair of sidebands lui + PK) and lui - Pxl symmetrically located about 
the carrier frequency "'· 

[ 
J K-m ] 

y = Ao 1 + Ao J::
1 

ax cos lpxf + Bxl cos (uit + t/,l 

The constant component of the carrier phase t/, is dropped for simplification 

y = Ao cos luit} + lcos wt) [Kf ax cos lpKt + BK)] 
K-1 

carrier 

'----v--_, 

carrier 

modulation vectors 

upper sideband lower sideband 

+ a; cos [lw + p,,Jt + B.] + °; cos [lw - p..Jt - 8.J 

upper sideband .lower sideband 
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l K-m 
Degree of modulation = - I: ox for p's not harmonically related. 

Ao K-1 

!crest ompll - (trough ompll X 
100 Percent modulation = ----'----~---

!crest ompll + !trough omp1l 

Percent modulation may be measured by means 

of on oscilloscope, the modulated carrier 

wove being applied to the vertical plates and 

the modulating voltage wove to the horizontal 

plates. The resulting trapezoidal pattern and 

o nomogroph for computing percent modu

lation ore shown in Fig. 2. The dimensions A 
and B in that figure ore proportional to the crest amplitude and trough 

amplitude, respectively. 

Peak voltage at crest for p's not harmonically related: 

[ 
l K-m ] 

A cr .. t = Ao, rme 1 + - I: Ox X 12)½ 
Ao K-1 

Effective value of the modulated wove in general: 

[ 

} K-m ]½ 
A.11 = Ao, rma 1 + 2A2 I: o_i 

0 K-1 

In the design of some components of o system, such as capacitors and 
transmission lines, frequently all the signal is considered as being present 
in one pair of sidebands. Then the peak voltage and the kilovolt-amperes 
ore as follows, 

V peal<, erest = I 1 + mol V peak, carrier 

lkvo) = 11 + m,,2/21 lkvol,arrler 

where m0 is the degree of amplitude modulation. For example, if the design 
is for o I-kilowatt carrier, 100-percent modulated, m,. = 1.00 and the power 
at full modulation is 1.50 kilowatts. The effective current is 11.50) 112 = 1.225 
times the root-mean-square carrier current. 



530 QIAPTER 19 

Continuous-wave modulation continued 

-----------

1,5 

'·' 
T T ---~,oo I 
A B 

1 1 A+J 

0.8 I 

0.7 

I 4 ..... 
0.1 

5 

o., _,QO%moc1..-
I 

To determine the modulation percentage from on osclllogrom of type illus
trated opply measurements A ond 8 to scales A and 8 ond read perc<enklge 
from center scole. Any units of measurement moy be used. 

Example, A = 3 inches, 8 = 0.7 inches, modulation = 62 percent, 

Fig. 2-Modulatlot1 percentage from oaclltogram1, 
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Systems of amplitude modulation 

The above analysis shows how two sidebands are generated when the 
amplitude of a carrier signal is controlled by a modulation signal. It is 
apparent that the desired information is contained in the sidebands, and, 
in fact, in either sideband alone. Consequently, there have arisen three 
additional systems of amplitude modulation other than double-sideband 
with full carrier. These ore: suppressed-carrier, single-sideband, and 
vestigial-sideband modulations. 

Suppressed-carrier modulation: It is sufficient to transmit only enough 
carrier so that at the receiver this carrier can be used to control the 
frequency and phase of a locally generated carrier. The locally generated 
carrier may be made suffkiently large to reduce the effective percentage 
of modulation. This will aid in removing the distortion inherent in some 
types of detectors when the modulation percentage approaches or exceeds 
l 00 percent. 

Single-sideband modulation: Single-sideband systems ore used to translate 
the spectrum of a modulation signal to a new space in the frequency 
domain with or without inversion. Substantially no carrier voltage is trans
mitted in this system. The principal advantage is that the effective bandwidth 
required for transmission is half that required for a double-sideband system. 
It is required, in order to demodulate this signal, that a locally generated 
carrier be supplied. This carrier must be very close to the frequency of the 
carrier used in the modulation process at the transmitter to preserve the 
spectral components in the derived modulation signal. 

Vestigial-sideband modulation: Single-sideband systems are at a serious 
disadvantage when the modulation signal contains very-low frequencies. 
It becomes increasingly difficult as the low-frequency limit approaches 
zero frequency to suppress the adjacent portion of the unwonted sideband. 
However, it is not necessary to suppress the unwonted sideband completely. 
If the characteristic that modifies the two sidebands satisfies certain require
ments, then the modulating wove con be recovered without distortion with 
a product demodulator. This is known as a vestigial-sideband system. 
Envelope detectors con also be employed provided that the modulation 
percentage is not too high. Excessive distortion will otherwise result. 
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Continuous-wave modulation contin1.1ed 

Angular modulation 

All sinusoidal angular modulations derived from the harmonic oscillation 
y = A cos lwt + cpl can be .expressed in the form 

y = A cos y,ltl 

= A cos IWQt + !:i.fJ cos ptl 

where the oscillating component !J.(J cos pt of the phase excursion is deter
mined by the type of angular modulation used. In all angular modulations A 
is constant. 

Frequency modulation 

y = Ao cos y,ltl 

The signal intelligence flt) is mode to control the instantaneous frequency 
porometer of the carrier by the relation 

w{tl = wo + !:i.w fill 

where 

w (ti = instontoneous frequency 

= dy,ltl /dt 

y,!tl = f w!tl dt 

w0 = frequency of unmodulated carrier 

!:i.w = maximum instantaneous frequency excursion from wo 

For single-frequency modulation f(tl = cos pt, 

y = A cos (wot+ Apw sin pt) 

!:i.w/ p = !J.(J fin rodionsl is the modulation index. The phase excursion !J.(J is 
inversely proportional to the modulation frequency p. In general for brood
cost applications, !:i.w « Wo ond A(J » l. 

Phase modulation 

y = Ao cos y,ltl 

The signal intelligence flt) is made to control the instantaneous phcs~ 
excursions of the carrier by the relation li(J = !J.(J flt). 



Continuous-wave modulation continved 

!J,ltl = [wot+ 119 fltl] = J: w(tl dt 

y = A cos [wot+ 119 flt)] 

For sinusoidal modulation fltl = cos pt, 

y = A cos !Wot + 119 cos pt) 

MODULATION 533 

Maximum phase excursion is independent of the modulation frequency p. 

The instantaneous frequency of the phase-modulated wave is given by the 
derivative of its total phase: 

w It) = d!J, ltl / dt = IWo - p!J.fJ sin ptl 

llw = wit) - wo = -p/18 sin pt 

Maximum frequency excursion llw = - p/18 is proportional to the modula
tion frequency p. 

rower sideband 

modulo lion 
\ product 

IAB/2lA 

angularly modulated wave (.:!\(I < 0.2) 

amplitude-modulated wave 

A 

(M/2JA 

fig. 3-Sldeband and modulation vector representation of angular modulation for 
AfJ < 0.2 as well as for amplitude modulation. 
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Continuous-wave modulation continQed 

Sideband energy distribution in angular modulation 

y = A cos lwol + t:.8 cos pt) 

for t:.8 < 0.2 and a single sinusoidal modulation. See Fig. 3. 

y = A !cos Wot - t:.8 cos pt sin Woll 
'---v--' '---v------' 
carrier modulation vector 

[ 
t:.8. t:.8. ] = A cos wot - 2 sin lwo + plt - 2 sin lwo - p)t 

'---v-' ---...,,,.---~ ~ 
carrier upper sideband lower sideband 

Frequency spectrum of angular modulation: No restrictions on t:.8. 

y = A cos IWot + t:.8 cos ptl 

= AfJolt:.8l cos w0t - 21i!t:.8l cos pf sin wot 

- 212 (t:.8) cos 2pt cos Wot 

+ 213 !t:.8l cos 3pt sin wot 

+ ............. } 
This gives the carrier modulation vectors. See fig. 4. 

•2Jz(All)X 
COS"'o' X COS 2pt 

vector or time ropresentolion 

Fig. 4-Sldeband and modulation vector 
repr&Hnlatlon of 1tngle-frequency angular 
modulation. frequency spectrum 
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The sideband frequencies are given by 

'I= AIJ0 1A01 cos w0t - Ji!A0l[sin lw0 +pit+ sin lwo - pit] 

- J21A0l[cos IWo + 2plt + cos lwo - 2plt] 

hlAOl[sin IWo + 3plt + sin lwo - 3plt]} 

Here, J,.LMl is the Bessel function of the first kind and nth order with 
argument A0. An expansion of J,. (LlOI in a series is given on page 1085, 
tables of Bessel functions ore on pages 1118 to 1121; and a 3-dimensional 
representation of Bessel functions is given in Fig. 5. The carrier and sideband 
amplitudes ore oscillating functions of l!..0: 

Carrier vanishes for !!,.() radians = 2.40; 5.52; 8.65 mr 

First sideband vanishes for LlO radians = 3.83; 7.02; 10.17; 13.32 + mr 

The property of vanishing carrier is used frequentl\f in the measurement of 
Llw in frequency modulation. This follows from Llw = (!!,.()) (pl. Knowing 
LlO and p, l!..w is computed. 

Fig. 5-Three-dlmenslonal representation of Bessel functions. 



536 CHAPTER 19 
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The approximate number of important sidebands and the corresponding 
bandwidth necessary for transmission are as follows, where f = p/21r and 
ilf = ilw/21r, 

fl(}= 5 fl(} = 10 fl(}= 20 

Signal frequency 0.2 flf 0.1 flf 0.05 flf 

Number of poirs of sidebands 7 13 23 

Bandwidth 14( 26 f 46 f 
2.8 flf 2.6 flf 2.3 flf 

This table is based on neglecting sidebands in the outer regions where all 
amplitudes ore less than 0.02Ao. The amplitude below which the sidebands 
ore neglected, and the resultant bandwidth, will depend on the particular 
application and the quality of transmission desired. 

Interference and noise in am and fm 

Interference rejection in amplitude and frequency modulations: Simplest 
case of interference; two unmodulated carriers: 

eo desired signal 

Eo sin Wol 

e1 = interfering signal 

= E1 sin w1I 

The vectorial addition of these two results in a voltage that hos both 
amplitude and frequency modulation. 

Amplitude-modulation interference 

E1 = resultant voltage 

= E0 [ 1 + :: cos lw1 - wolt] for E1 « Eo 

The interference results in the amplitude modulation of the original carrier 
by a beat frequency equal to lw0 - w11 having a modulation index equal 

to E1/Eo 
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Frequency-modulotion interference 
w(tl = resultont instantaneous frequency 

E1 = wo + - lw1 - wol cos lw1 - wolf for E1 << Eo 
Eo 

E1 
Aw1 = w(tl - Wo = (w1 - wol cos IWI - wolt 

Eo 
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The interference results in frequency modulation of the original carrier 
by a beot frequency equal to lw0 - w11 having a frequency deviation 
ratio to maximum desired deviation equal to E1 (w1 - w0l /EoAw and relative 
interference of 

(
interference amplitude modulation) = Aw 
interference frequency modulation lw1 - wol 

where Aw is the desired frequency deviation. 

Noise reduction in frequency modulation: The noise-suppressing properties 
of frequency modulation apply when the signal carrier level at the frequency 
discriminator is greater thon the noise level. When the noise level exceeds 
the carrier signal level, the noise suppresses the signal. For o given amount 
of noise ot o receiver there is o sharp threshold level of frequency-modula
tion signal above which the noise is suppressed ond below which the signal 
is suppressed. This threshold hos been defined os the improvement threshold. 
For the condition where the threshold level is exceeded: 

Random noise, Assuming the receivers hove uniform goin in the poss bond, 
the resultant noise is proportional to the square of the voltage components 
over the spectrum of noise frequencies: 

(
fm signol/rondom-noise ratio) = 

131
H Aw = 

131
~ , " 

om signal/random-noise ratio p 

Impulse noise, Noise voltages odd directly, 

(
fm signal/impulse-noise ratio) = 

2 
Aw = 

2 
Ml 

om signal/impulse-noise ratio r 
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Continuous-wave modulation continued 

The carrier signal required to reach the improvement threshold depends 
on the frequency deviation of the incoming signal. The greater the devia
tion, the greater the signal required to reach the improvement threshold, 
but the greater the noise suppression, once this level is reached. Fig. 6 
illustrates this characteristic. 

! C 20 g; 
......... 
- > 

0 
;• 

-10 

,-
I , 

I 

-~, i 

i/ 
0 

A8•4 

I I 
f I 

A8•1 _ -

I I 
I I 

10 20 30 

Fig, 6-lmprovement threshold for frequency l t !O 
modulation. Deviation /l/J affects amount of ·;; .! 
signal required lo reach threshold and also i 
amount of noise suppreulon obtained. Solid fine ,g 
shows peak, and dotted line the root-mean• ,: 
square noise In the output. 

decibels am carrier/peak noise Courte,y of M<Grow-Hi/1 Boo~ Company 

In amplitude modulation, the presence of the carrier increases the back
ground noise in a receiver. In frequency modulation, the presence of the 
carrier decreases the background noise, since the carrier effectively 
suppresses it. 

Pulse modulation 

The process of pulse modulation covers methods where either the amplitude 
or time of occurrence of some characteristic of a pulse carrier are con
trolled by instantaneous samples of the modulating wave. 

Sampling 

Instead of transmitting a 
continuous signal, it is 
sufficient to sample the 
signal at regular, dis
crete time intervals and 
to transmit information 
regarding the signal am
plitudes at the sampling 
times only. This infor
mation may be put into 
any one of many differ
ent forms. It may be used 
to amplitude-modulate a 
pulse train (porn), time
modulate a pulse train 

modulation 

pam 

pc:m 
time 

Fig. 7-Pulse trains of slngle channels for various 
pulse systems, showing effect of modulation on am• 
plltude and time-spacing of subcarrler pulses. The 
modulation signal Is at the tap. 
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lptml, etc., as shown in Fig. 7. The original signal can be recovered from 
the pulse-modulated signal provided that the sampling rate is sufficiently 
high. The minimum sampling frequency is given by 

f.,, 2 f,./m 

where 

f.,, sampling frequency 

m largest integer not exceeding 
(,.jw 

w = (fh - (1) = modulation • fre
quency bandwidth 

(,. = highest frequency limit of 
modulation-frequency band 

..... 4,..---r--r--..--..---.---, 
• ,. 
! 3,.. .,.__-1-:,-1---,,1---1---t--~ 
:, 
er e 
~2 ... .,.___,__...,__ ........ _-l"'-_-l"""'--1 
C 

a 
E s , .. .__.,__.,__..__..__...___,J 

0 lw 2w 3w 4w 5w 611' 
fh • highest modulation frequency 

Fig. 8--Minimum sampling frequency var.us 
highest frequency In the modulation-fre
quency band as a function of modulation
frequency bandwidth. 

f1 lowest frequency limit of modulation-frequency band 

A plot of this relation in terms of the quantities f.,,, f,., and w is shown in 
fig. 8. for example, if f,. = 7.5 kilocycles and Ii = 4.5 kilocycles, then 
w =:= 3 kilocycles or (,. = 2.Sw. Then, fp = 2.Sw = 7.5 kilocycles. 

In practice, a value of f.,, IS-percent larger than that given in the above 
formula is utilized. This permits the sampling components to be separated 
from the voice components with a more-economical filter. Inherent spurious 
distortion is introduced by the modulation process in conventional pulse
time modulation (but not in pulse-amplitude modulation! and for distortion 
requirements of less than 1 percent, a factor of 2.5 to 3 in the above 
formula is recommended. 

Basic modulating and encoding methods 

Pulse-time modulation (ptm) in which the values of instantaneous samples of 
the modulating wave control the time of occurrence of some characteristic 
of a pulse carrier; the amplitude of the individual pulses being fixed. 

Pulse-amplitude modulation (porn) in which the values of the instantaneous 
samples of the modulating wave control the amplitude of a pulse carrier; 
the time of occurrence of the individual pulses being fixed. 
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Pulse-code modulation (pcm) in which the modulating wave is sampled, 
quantized, and coded. 

Pulse-time-modulation types 

Pulse-position modulation (ppm) in which each instantaneous sample of a 
modulating wave controls the time position of a pulse in relation to the 
timing of a recurrent reference pulse. 

Pulse-duration modulation (pdm) in which each instantaneous sample of the 
modulating wave controls the time duration of a pulse. Also called pulse
width modulation (pwml. 

Pulse-frequency modulation (pfm) in which the modulating wave is used to 
frequency-modulate a carrier wave consisting of a series of pulses. 

Additional methods that include modified-time-reference and pulse-shape 
modulation. 

Pulse-amplitude-modulation types 

Pulse-amplitude modulation (pam) used when the modulating wave is 
caused to amplitude-modulate a pulse carrier. Forms of this type of modula
tion include single-polarity pam and double-polarity porn. 

Pulse-code-modulation types 

Binary pulse-code modulation (pcm): Pulse-code modulation in which the 
code for each element of information consists of one of two distinct kinds 
or values, such as pulses and spaces. Fig. 9 shows a 32-level binary code 
raster. A level of 21 in decimal notation is represented in this method 

by n_n_n. 
16!llllll!llilllll~ 
al I I I I I I I ~ I I I I I I I ~ 
41111~111~111~111~ 
21 I ~ I ~ I m I ~· ·1 ~ I ~ I @® I ~ 
"®®®®@®®@®®®@@@@® 

0 I 2 3 4 5 6 7 8 9 10 II 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 51 

Fig. 9--Binary code raster for 32 levels. 
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Ternary pulse-code modulation (pcm): Pulse-code modulation in which the 
code for each element of information consists of any one of three distinct 
kinds or values, such as positive pulses, negative pulses, and spaces. 

N-ary pulse-code modulation (pcm): Pulse-code modulation in which the 
code for each element of information consists of any one of N distinct kinds 
or values. 

Terminology 

Baud: The unit of signaling speed equal to one code element per second. 
The signaling speed is sometimes measured in cycles per second. See p. 846. 

Clipper: A device that gives output only when the input exceeds a critical 
value. 

Code: A pion for representing each of a finite number of values as a par
ticular arrangement of discrete events. 

Code character: A particular arrangement of code elements used in a code 
to represent a single value. 

Code element: One of the discrete events in a code. 

Limiter: A device whose output is constant for oil inputs above a critical 
value. 

Noise improvement factor (nif): Ratio of receiver output signal-to-noise 
ratio to the receiver input signal-to-noise ratio. !Receiver is used in the 
brood sense and is token to include pulse demodulators.) 

PCM level: The number by which a given subrange of a quantized signal 
may be identified. 

Pulse decay time: The time required for the instantaneous amplitude to go 
from 90 percent to 10 percent of the peak value. 

Pulse duration: The time required for the instantaneous amplitude to go 
from the SO-percent point of the leading edge through the peak value and 
return to the 50-percent level of the trailing edge. 

Pulse improvement threshold: In constant-amplitude pulse-modulation sys
tems, the condition that exists when the ratio of peak pulse voltage to peak 
noise voltage exceeds 2 ofter selection and before any nonlinear process 
such as amplitude clipping and limiting. The ratio of peak to root-meon
squore noise voltage is ordinarily token to be 4. Therefore, at the improve
ment threshold, the ratio of peak to root-mean-square noise voltage is 
token to be 8 (or 18 db). 

Pulse regeneration: The process of replacing each code element by a new 
element standardized in timing and magnitude. 
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Pulse rise time: The time required for the instantaneous amplitude to go 
from IO percent to 90 percent of the peak value. 

Quantization: A process wherein the complete range of instantaneous 
values of a wave is divided into a finite number of smaller subranges, each 
of which is represented by an assigned or quantized value within the 
subranges. 

Time gate: A device that gives output only during chosen time intervals. 

Quantization distortion: The inherent distortion introduced in the process of 
quantization. This is sometimes referred to as quantization noise. 

Pulse bandwidth 

The bandwidth necessary to transmit a video pulse train is determined by 
the rise and decoy times of the pulse. This bandwidth F, is approximately 
given by 

F. = l/2tr 

where t, is the rise or decoy time, whichever is the smaller. 

The radio-frequency bandwidth FR is then 

FB = 1/t, 

for amplitude-keyed radio-frequency carrier. Bandwidth is 

I 
FB =- Im+ 1) 

t, 

for frequency-keyed radio-frequency carrier where m is the index of 
modulation. 

Time-division multiplex 

Pulse modulation is commonly used in time-division-multiplex systems. Be
cause of the time space available between the modulated pulses, other 
pulses corresponding to other signal channels con be inserted if they ore 

e M 2 , 4 5 e 1 e M 2 

Fig. 10--Time-multlplex train of tubcarrler pulses for 8 channels and marker 
pulse M for synchronization of receiver with transmitter. 
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in frequency synchronism. A multiplex train of pulses is shown in Fig. 10. It 
is common practice to use a channel or a portion of a channel for syn
chronization between the transmitter and the receiver. This pulse is shown 
as M in Fig. 10. This synchronizing pulse may be separated from the signal
carrying pulses by giving it some unique characteristic such as modulation 
at a submultiple of the sampling rate, wider duration, or by using two or 
more pulses with a fixed spacing. 

SignaUo-noise ratio 

The signal/noise improvement factors (nifl for the pulse subcarrier are as 
follows: 

Pulse-amplitude modulation: If the minimum bandwidth is used for trans
mission of pam pulses, the signal/noise ratio at the receiver output is equal 
to that at the input to the receiver. The improvement factor is therefore 
unity. 

Pulse-position modulation: By the use of wider bandwidths, an improve
ment in the signal/noise ratio at the receiver output may be obtained. 
This improvement is similar to that obtained by frequency modulation 
applied to a continuous-wave carrier. Since ppm is a constant-amplitude 
method of transmission, amplitude noise variations may be removed by 
limiting and dipping the pulses in the receiver. An improvement threshold 
is then established at which the signal/noise power ratio s/n at the 
receiver output is closely given in decibels by 

s/n = 18 db + lnifl 
where the noise improvement factor (nifl for pulse-position modulation is 
given by 

(nif in dbl = 20 10910 lll/trl 

where 

ll = peak modulation displacement 

t, = rise time of received pulses 

Pulse-code modulation: The output signal/noise ratio is extremely large after 
the improvement threshold is exceeded. However, because of the random 
nature of noise peaks, the exact threshold is indeterminate. The output 
signal/noise ratio in decibels can be closely given in terms of the input 
power ratio for a binary-pcm system by 

!decibels output s/n) = 2.2 X linput,s/n) 
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For N-ary codes of orders greater than 2, the lnifl is less than that for 
the binary code, and decreases with larger values of N. 

The over-all radio-frequency-transmission signal/noise ratio is determined 
by the product of the transmission and the pulse-subcarrier improvement 
factors. To calculate the over-all output s/ n ratio, the pulse-subcarrier 
signal/noise ratio is first determined using the radio-frequency modulation. 
improvement formula. This value of pulse s/ n is substituted as the input s/ n 
in the above equations. 

Quantization noise 

In generating pulse-code modulation, the process of quantization is intro
duced to enable the transformation of the sampled signal amplitude into 
a pulse code. This process divides the signal amplitude into a number of 
discrete levels. Quantization introduces a type of distortion that, because 
of its random nature, resembles noise. This distortion varies with the number 
of levels used to quantize the signal. The percent distortion D is given by 

D [l/l6J½L] X 100 

where L is the number of levels on one side of the zero axis. 

Cross-talk 

An important characteristic of a multiplex system is the interchannel cross
talk. Such cross-talk can be kept to a low value by preventing excessive 
carryover between channel pulses. 

Pulse-amplitude modulation: The cross-talk is directly proportional to the 
amplitude of the decaying pulse at the time of occurrence of the following 
channel. If the pulse decays over a time T in an exponential manner, such 
as might be caused by transmission through a resistance-capacitance 
network, the cross-talk ratio is then 

[porn cross-talk ratio) = exp 121rf,TI 

where F. is measured at the 3-decibel point. 

Pulse-position modulation: The cross-talk ratio under the same conditions is 

exp (21rf,TI 6 
~~cro~~~ra~l=------

sinh (21rf0ol t, 

Pulse-code-modulation: Cross-talk between channels in a pcm system will 
arise if the carryover from the last pulse of a channel does not decay to one
half or less of the amplitude of the pulse at the time of the next channel. 
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Pulse modulation continued 

Pulse-modulation spedrums 

The approximations J,.(x)""' !x/2}"/n! and sin x::::x used in Figs. ll and 12 
ore valid for small arguments typical of time-division-multiplex equipment. 
When in doubt, use the exact magnitudes that are listed first. 

" following list defines the symbols used in express.ing the spectrums of a 
pied modulating signal. 

A = average amplitude of pulse in peak volts 

Ao = magnitude of the direct-current component in volts 

Ac = peak amplitude of radio-frequency carrier component jn peak 
volts 

A,,.p = Peak magnitude of the mth sampling carrier-frequency harmonic 
component in peak volts 

A,,.p+nq peak magnitude of the nth upper and lower audio sidebands 
about the mth sampling carrier-frequency harmonic component 
in peak volts 

A,.q = peak magnitude of the nth-modulation-frequency harmonic 
component in peak volts 

Ap = peak magnitude of the sampling carrier-frequency component 
in peak volts 

Aq = peak magnitude of the modulation-frequency component in 
peak volts 

A, = peak amplitude of the modulating signal or peak excursions 
from the overage pulse amplitude for pulse-amplitude mod
ulation in peak volts 

A., = peak magnitude of the radio-frequency carrier-frequency 
component in peak volts 

A.,±:q = peak magnitude of the audio-frequency sidebands about the 
radio-frequency carrier-frequency component in peak volts 

A.,±:mp = peak magnitude of the sampling carrier sidebands about the 
radio-frequency carrier-frequency component in peak volts 

A.,±:q±:mp peak magnitude of the mth sampling-carrier sidebands about 
the audio sidebands of the radio-frequency carrier-frequency 
component in peak volts 

J,. lxl = Bessel function of the first kind, of nth order and argument x 

m = harmonic order of the sampling carrier p 

ma = degree of amplitude modulation of radio-frequency carrier 
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Pulse modulation continued 

Fig. 11-Vldeo-frequeney pulse-modulation spedrums. 
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Pulse modulation continued 

n = harmonic order of the modulation frequency q 

p angular sampling carrier or repetition frequency in radians/second 

q angular modulation frequency in radians/second 

T = 21r/p = average interval between samples or repetiton period in 
seconds 

/j peak excursion or deviation of entire ppm pulse or modulated pdm (or 
pwml pulse edge from its average position in seconds 

Li average pulse duration in seconds 

(), arbitrary phase shift of the modulating signal at time t O with respect 
to the sampling pulse in radians 

w = angular radio-frequency carrier frequency in radians/second 

Fig. 12-Radio-frequency pulse-madulation spectrums. 
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• Transmission lines 

General 

The formulas and charts of this chapter are for transmission lines operating 
in the TEM mode.* At the beginning of several of the sections (e.g., "Funda
mental quantities," "Voltage and current," "Impedance and admittance," 
"Reflection coefficient") there are accurate formulas, according to 
conventional transmission-line theory. These are applicable from the lowest 
power and communication frequencies, including direct current, up to the 
frequency where a higher mode begins to appear on the line. 

Following the accurate formulas are others that are specially adapted for 
use in radio-frequency problems. In cases of small attenuation, the terms 
cr.2x2 and higher powers in the expansion of exp ax, etc., are neglected. 
Thus, when ax = la/ (3) () = 0.1 neper I or about one decibel), the error 
in the approximate formulas is of the order of one percent. 

Much of the information is useful also in connection with special lines, such 
as those with spiral (helical! inner conductors, which function in a quasi-TEM 
mode; likewise for microstrip. 

It should be observed that Z 0 and Yo are complex quantities and the 
imaginary part cannot be neglected in the accurate formulas, unless pre• 
liminary examination of the problem indicates the contrary. Even when 
attenuation is small, Z 0 1/Yo must often be taken at its complex value, 
especially when the standing-wave ratio is high. In the first few pages of 
formulas, the symbol Ro is used frequently. However, in later charts and 
special applications, the conventional symbol Zo is used where the context 
indicates that the quadrature component need not be considered for the 
moment. 

Rule of subscripts and sign conventions 

The formulas for voltage, im- z, - z. -
1-- x, 8 --1 

pedance, etc., are generally for 
the quantities at the input ter
minals of the line in terms of those 
at the output terminals !Fig. 11. 
In case it is desired to find the 
quantities at the output in terms 
of those at the input, it is simply 
necessary to interchange the sub
scripts 1 and 2 in the formulas Fig. 1-Transmlsslon line with generator,lood, 

* The information on pp. 549-583 is valid for single-mode waveguides in general, except for 
formulas where the symbols R, l, G, or C per unit length ore involved. 
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General continued 

and to place a minus sign before x or 0. The minus sign moy then be cleared 
through the hyperbolic or circular functions; thus, 

sinh ( - -yx) = - sinh -yx, etc. 

Symbols 

Voltage and current symbols usually represent the alternating-current com
plex sinusoid, with magnitude equal to the root-mean-square value of the 
quantity. 

Certain quantities, namely C, c, f, L, T, v, and ware shown with an optional 
set of units in parentheses. Either the standard units or the optional units 
may be used, provided the same set is used throughout. 

A = 10 10910 (1 /17) = dissipation loss in a length of line in decibels 

Ao = 8.686ax = normal or matched-line attenuation of a length of line 
in decibels. 

8,,. = susceptive component of Y,,. in mhos 

C = capacitance of line in farads/unit length lmicrofarads/unit length} 

c = velocity of light in vacuum in units of length/second (units of 
length/microsecond). See chapter 2 

E = voltage !root-mean-square complex sinusoid) in volts 

1E = voltage of forward wave, traveling toward load 

,E = voltage of reflected wave 

IEn~tl = root-mean-square voltage when standing-wave ratio = 1.0 

!Emu! = root-mean-square voltage at crest of standing wave 

Jfm\nf = root-mean-square voltage at trough of standing wave 

e = instantaneous voltage 

Fp = G/wC = power factor of dielectric 

f = frequency in cycles/second !megacycles/second) 

G = conductance of line in mhos/unit length 

G,,. = conductive component of Y,,. in mhos 
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Symbols continued 

g .. = Ya/Yo = normalized admittance at voltage 
standing-wave moximum 

gb = Yb/Yo = normalized admittance at voltage 
standing-wave minimum 

l = current (root-mean-square complex sinusoid) in amperes 

,I = current of forward wave, traveling toward load 

,l = current of reflected wave 

i = instantaneous current 
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L = inductance of line in henries/unit length lmicrohenries/unit !engthl 

P = power in watts 

R = resistance of line in ohms/unit length 

R,,. = resistive component of Z,,. in ohms 

r., = Z,,/Zo normalized impedance at voltage standing-wave maximum 

rb = Zb/Zo = normalized impedance at voltage standing-wave minimum 

S = I Emax/ Em1n [ = voltage standing-wave ratio 

T = delay of line in seconds/unit length (microseconds/unit length! 

v = phase velocity of propagation ln units of length/second (.units of 
length/ microsecond) 

X,,. = reactive component of Zm in ohms 

x = distance between points l and 2 in units of length !also used for 
normalized reactance = X/Z01 

Yi = G1 + 181 = l/Z1 = admittance in mhos looking towcrci load 
from point 1 

Yo = Go+ 1B0 = 1/Zo = choracteristic admittance of line in mhos 

Z1 = R1 + 1X1 = impedance in ohms looking toward load from point 1 

lo = Ro + !Xo = characteristic impedance of line in ohms 

z0 • = input impedance of a line open-circuited at the for end 

Z00 = input impedance of a line short-circuited at the far end 

a = attenuation constant = nepers/unit length 
= 0.1151 X decibels/unit length 
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Symbols continued 

/3 = phase conslonl in rodions/unit length 

'Y = a + J/3 propagation constant 

E = base of natural logarithms = 2.718; or dielectric constant of 
medium (relative to airl, according to context 

11 = P2/P1 = efficiency (fractional! 

(J = (:Jx = electrical length or angle of line in radians 

(}
0 = 57.30 electrical angle of line in degrees 

). = wavelength in units of length 

).0 = wavelength in free space 

p = Ip I /2y; voltage reflection coefficient 

Pdb = 20 10910 11/ pl = voltage reflection coeffkient in decibels 

q, = time phase angle of complex voltage at voltage standing-wave 
maximum 

y; = half the angle of the reflection coefficient electrical angle to 
nearest voltage standing-wove maximum on the generator side 

w = 21rf = angular velocity in radians/second (radians/microsecond) 

Fundamental quantities and line parameters 

dE/dx = IR+ jwLll 

d2E/dx2 = 7 2f 

dl/dx IG + jwCIE 

d21/dx2 = 7 2
/ 

'Y = a + j(:J = v' (R + jwLI IG + jwCI 

= jw VLC v' 11 - jR/wLI 11 - jG/wCI. 

a= {½[V(R2 + w2L2llG2 + w2C2l + RG - w2LC]\' 

f3 = {½[v' IR2 + w2L211G2 + w2C2l - RG + w2LC] j ½ 

Zo = .!_ = / R + jwl = {f__ X ✓ 1 - jR/ wL Ro (l j ~) 
Yo '\JG+ jwC Ve 1 - jG/wC Ro 

Yo= 1/Zo = Go 11 + j Bo/Gol 
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Fundamental quantities and tine parameters continued 

a = ½ IR/Ro + G/Gol 

{:J Bo/Go = ½ IR/Ro G/Gol 

Ro = [M/21G2 + w2C2JJ½ 

Go = [M/2!R2 + w2L2l]½ 

Bo/Go= - Xo/Ro = (wCR wLGI/M 

where M = [ IR2 + w2L21 IG2 + w2C2l J½ + RG + w2LC 

1/T = v = (}.. w/{:J 

/3 = w/v = wT = 21r/A 

")'X = ax + j{:Jx = j () + j() 

(J = {:Jx = 21r x/X = 21r fTx 

8° = 57.38 = 360 x/A = 360 fTx 
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a. Speciol cose--distortionless line: when R/L = G/C, the quontities Z0 ond 
a ore independent of frequency 

Xo = 0 

a= R/Ro 

Zo=Ro jO=VL/C 

{:J = wVLC 

b. For smoll ottenuotion: R/ wL ond G/ wC ore smoll 

">' = jwVLC [1 - j(~ + ~)] = jfJ (1 - j~) 
2wL 2wC fJ 

fJ wV LC = wL/Ro = wCRo 

T = 1/v = VLC RoC 

~ = ~+ G =~ +F" 
fJ 2wL 2wC 2wL 2 

Rv + F,, . . / d' - = ottenuot1on in nepers ro 10n 
2wl?o 2 

(decibels per 100 feet! (wovelength in line, meters! 

1663 
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Fundamental quantities and line parameters continued 

a = ~ /~ + ~ {1 = _!_ + 7/!! = R + F~ 
2 "\} L 2 "\Jc 2Ro >- 2Ro 2 

where R and G vary with frequency, while L and C are nearly independ
ent of frequency. 

Zo = J.. = {l [1 - j (~ - __9__)] = Ro (1 + jXo) 
Yo Ve 2wL 2wC Ro 

= 1 = _!_ (1 _ j Bo) 
Goll + j Bo/Gol Go Go 

Ro= 1/Go = VLjC 
Bo _ ~ = R _ Fp = ~ _ F 
Go Ro 2wL 2 fJ P 

Xo = - _R ;- + ~ /1 = - R>. + Fp Ro 
2wv LC 2wC \Jc 41r 2 

c. With certain exceptions, the following few equations are for ordinary 
lines !e.g., not spiral delay lines) with the field totally immersed in a uniform 
dielectrk of dielectric constcmt E (relative to air!. The exceptions are all 
the quantities not including the symbol e, these being good also for special 
types such as spiral delay lines, microstrip, etc. 

L = l.016 R0Ve X 10-3 microhenries/foot 

= ½ R0V;-X 10-4 microhenries/centimeter 

Ve 
C = 1.016 X 10-3 microforads/foot 

Ro 

= Ve X 10-4 microforads/centimeter 
3Ro 

v/c = 1016/RoC' = 1/Ve = velocity factor {with capacitance C' in 
micromicroforads/footl 

>. = ho v/c = c/fv'; = >-o/-v'; · 

T = 1/v = RoC' X 101 = l.016 X 10--s/lv/cl = 1.016 X 10-3-v'; 
microseconds/foot (with capacitance C' in micromicroforads/footl 

The line length is 

x/h = xf -v';/984 wavelengths 

(J = 21fx/>. = xf -v';/156.5 radians 

where xf is the product of feet times megacycles. 
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Voltage and current 

+ x + , (Z2 + Zo ,, + Z2 - Zo -Y"') f1 = 1E1 rE1 = 1f2E"Y ,f2E--y = f2 --- E"Y --- E-
2Z2 2Z2 

= E2 + l2Zo E-yx + E2 - l2Zo E--yz 
2 2 

= E2 [cosh -yx + !Z0/Z2l sinh -yx] = E2 cosh -yx + l2Zo sinh -yx 

E2 = --- (E"Y"' + P2E-"Y"'J I+ P2 

11 = tf1 + ,11 = tf2E"Yz + J2E-"Yz = Yol1E21?" - ,EzE--YzJ 

1 (
Zo + Z2 ~,, + Zo - Z2 -"Yx) _ 12 + E2Yo -yx + 12 - E2Yo --Yr 

2 ---E' ---E - E E 
2Zo 2Zo 2 2 

= 12 ( cosh -yx + ~ sinh -yx) 

E1 = AE2 + B12 
11= CE2 + D12 

where the general circuit parameters are 

A= cosh -yx 

8 = Zo sinh -yx 

C = Yo sinh -yx 

D = cosh -yx 

See section on "General circuit parameters" in chapter 5, and that on 
"Matrix algebra" in chapter 37. 

a. When point 2 is at a voltage maximum or minimum; x' is measured from 
voltage maximum and x" from voltage minimum (similarly for currents): 

E1 = Emax [ cosh 'YX
1 + ~ sinh -yx'] 

= Emin [cosh -yx" + S sinh -yx"] 

11 = lmax [ cosh -yx' + ¾ sinh -yx'] 

= Jmln (cosh 'YX11 + s sinh "fX"l 
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Voltage and current continued 

When attenuation is neglected, 

E1 = Emax [ cos 81 + j ½ sin 8
1

] 

= Emm [cos 811 + j S sin 8"] 

b. Letting Z1 impedance of load, l distance from load to point 2, 

and x1 distance from load to point l: 

E 
_ E cosh 'i'X1 + (Z0/Z1l sinh ,.-x1 

l - 2 
cosh ,.-1 + (Zo/Z1l sinh ,.-1 

l l cosh 'i'X1 + (Z1/Z0) sinh ,.-x1 
1 2 

cosh ,.-1 + (Zz/Z ol sinh ,.-1 

c, e1 = V2 l1E2!Eax sin (wt+ 2r ~ - V/2 tf,) 

+ V2 j,E2! E-az sin (wt - 2r; + V/2 + tf,) 

ii= v'2 I tl2 I Eax sin (wt + 2r x - y; 2 + tf, + tan-1 Bo) 
X Go 

+ V2 JJ2Jcax sin (wt - 2r 2 + y; 2 + tf, + tan-1 Bo) 
X Go 

d. For small attenuation: 

E1 = E2 [ ( 1 + ~ax) cos 8 + j (:: + ax) sin 8] 

11 12 [ ( 1 +~;ax) cos 8 + j (¥o + ax) sin 8] 

e. When attenuation is neglected: 

E1 = E2 cos 8 ft2Zo sin 8 
E2 [cos 8 + j(Y2/Yol sin 8] 

= 1E2~ + ,E2E-j6 
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Voltage and current continued 

/1 = 12 cos (} + jE2Yo sin(} 

/2 [cos fJ + j(Z2/Zol sin 0] 

= Yol1E2E19 
- ,E2E--J

9J 

General circuit porometers (see p. 5551 ore: 

A= cos 0 

B = jlo sin(} 

C = jYo sin(} 

D = cos 0 

rE 

E 

position of 
standing-wave Vmo• 

1Ee 
Fig. 2-Dlagram of complex vollages 
and currents al two fixed points on a line 
with considerable attenuation. (Diagram 
rotates counterclockwise with time.) 
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Fig. 3-Vollages and currents alllme 1=0 
al a point ,{, eleclrlcal degrees toward the 
load from a voltage standing-wave 
maximum. 

Fig. 4-Abbrevlated diagram of a line 
with zero attenuation. 
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Impedance and admittance 

Z1 Z2 cosh ,yx + Zo sinh ,yx 
lo lo cosh ,yx + l 2 sinh ,yx 

Y1 Y 2 cosh ,yx + Yo sinh ,yx -=--------
Yo Yo cosh ,yx + Y 2 sinh ,yx 

a. By interchange of subscripts and change of signs (see p. 5491, the load 
impedance is, 

l2 = l1 cosh ,yx - lo sinh ,yx 

lo lo cosh ,yx - l1 sinh ,yx 

b. The input impedance of a line at a position of maximum or minimum 
voltage has the same phase angle as the characteristic impedance: 

lb Yo + jO 1 I . . ( • I - = - = r0 = - at a vo toge minimum current maximum • 
lo Yb S 

Y1 Ya lo I . . . - = - = - = 9a + jO = - at a voltage maximum !current mm1muml. 
Yo Yo la S 

c. When attenuation is small: 

(l2 + a-x) + j (1 + l 2 a-x) tan () 
l1 lo lo 

Zo = ( J + ~: a-x) + j (~: + a-x) tan 0 

For admittances, replace lo, Z1, and l2 by Yo, Y1, and Y2, respectively. 

When A and B are real: 

A ± jB tan O 2AB ± j(B2 - A2) sin 28 
----- = -----------
B ± jA tan O (82 + A2l + 182 - A2l cos 28 

d. When attenuation is neglected: 

l2/lo + jtan 0 

I + jll 2/lol tan 0 

1 - jlldlol cot 0 
l2/lo - j cot() 

and similarly for admittances. 

e. When attenuation ax = fJa/ fJ is small and standing-wove ratio is large 
(say> 101: 
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Impedance and admittance conlfnued 

For 8 measured from a voltage minimum 

Zi = (r1, + ~ 8) 11 + ton2 8) + j tan 8 = (r1, + a 8) _l_ + j ton 8 
Zo fJ fJ cos2 8 

(See Note 1) 

Zo = y 1 = (r6 + ~ 8) (1 + cot2 81 - j cot 8 
Z1 Yo fJ 

= (r1, + ~ 8)-.-1- - j cot 8 
fJ sm2 8 l !Sae Note 2l 

For 8 measured from a voltage maximum 

Zo = y l = (s,. + a e) ll + ton2 8) + j ton 8 
Z1 Yo fJ 

(See Note 1l 

Zi = (s .. + a e) 11 + cot2 81 - j cot 8 
lo fJ 

!See Note 21 

Note 1, Not valid when IJ = ,r/2, 3,r/2, etc., due to approximation in denominator 
1 + In, + 1Ja/{Jl 2 ton2 IJ = 1 lor with g. in place of n,I. 

Note 2, Not valid when IJ = 0, ,,., 2,,-, etc., clue lo approxi!Aation In denominator 
1 + In, + IJa/ {31 2 cot2 ti = 1 (or with g,. in place of ri,I. For open- or short-circuited line, 
valid at (J "" 0. 

f. When xis on integral multiple of >../2 or >../4. For x = n>../2, or 8 = n,r 

Z2 a 
- + tonh n,r -
Zo {3 

Z2 a 
1 + - tonh mr 

Zo fJ 
Zo 

For x = n>../2 + >../4, or 8 = In + ½l1r 

-= 

Z2 . a 
l + tanh In + ½l 1r -

Zo fJ 
Zo Z2 a 

- + tonh In+ ½l1r 
Zo fJ 

g. For small attenuation, with any standing-wove ratio: For x = n>../2, or 
6 = n1r, where n is on integer 
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Impedance and admittance continued 

Z2 + a - mr 
Zo /3 =----

Zo 1 + Z2 a -mr 
Zo /3 

ga2 + anA/2 
g .. 1 = 

1 + 9a2anA/2 S1 

For x = In + ½l)../2, or 8 = In + ½hr, where n is on integer or zero, 

1 + 22 In+ ½la).. 
Zo 2 = 

1 + g,.2ln + ½l "§ 1r 

901 = ------- = S1 

g .. 2 + !n + ½I ; 1r 

Subscript a refers to the voltage-maximum point and b to the voltage 
minimum. In the above formulas, the subscripts a and b may be interchanged, 
and/ or r may be substituted in place of g, except for the relationships to 
standing-wove ratio. 

lines open- or short-circuited at the far end 

Point 2 is the open- or short-circuited erid of the line, from which x and 8 ore 
measured. 

a. Voltages and currents: 

Use formulas of "Voltages and currents" section p. 555 with the following 
conditions 

Open-circuited line: P2 = 1.00 /0° = 1.00; ,E2 = 1E2 = E2/2; 

.J2=-tl2i 12=0; Z2= oo. 

Short-circuited line, P2 = 1.00 /180° = - 1.00; ,E2 = - 1E21 

E2 = O; .J2 = 112 = /2/2; Z2 = 0. 
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lines open- or short-circuited at the far end continued 

b. Impedances and admittances· i 

Z00 = Zo coth ')'X 

Z.., = Zo tonh -yx 

Y00 = Yo tonh ')'X 

Yso = Yo coth -yx 

c. For small attenuation, 

561 

Use formulas for large lswrl in paragraph e, pp. 558-559, with the following 
conditions 

Open-circuited line: g~' = 0 

Short-circuited line: '• = 0 

d. When ott~nuotion is neglected; 

Zoe = -jRo cot 0 

Zso = jRo ton 0 

Yoe = jGo ton 0 

Y.., = -jGo cot 0 

e. Relationships between Z00 ~nd Z80: 

VZ00Z.0 = Zo 

±V Z""/Z0 • = tanh -yx = !...{J~"o 11 + ton2 01 j ton O = ~ + j ton O 
{J cos2 0 

= j ton 6 (1 - j ~ Olton 6 + cot 01] = j ton O (1 - /x _J!__) 
fJ {J sin 26 

Note, Above approximations not valid for 6 "' 1r /2, 31r /2, etc. 

_;-- a ~ 
±v Zoc/Z .. = coth -yx = 611+cot2 01 - jcot O = -- - j cot 6 

{J {J sin2 0 

= - j cot 6 (1 + j~"it{ton O + cot 01] = - j cot O (1 + j a-}!!....-) 
{J {J sin 20 

Note, Above approximations not valid lo r 6 "' ,,-, 21r, etc. 
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lines open- or shod-circuited af the far end a,ntiawcl 

f. When attenuation is small !except for 9 = nr/2, n ""' 1, 2, 3 ... .l: 

± ~ = ± rv: = ± j CT: [1 
Zoe \Jr: \J- C:: • 1 ( Goe Gae )] 12 -----

wCoc wC,. 

Where Yoe = G00 + jwC00 and Y.., = G.e + iwCse· The + sign is to be 
used before the radical when C0 e is positive, and the - sign when Coe is 
negative. 

g. R/IXI component of input impedance of low-attenuation nonresonant line: 

Short-circuited line !except when 8 = 'lf'/2, 3'lf'/2, etc.I 

_&_ = § = l ~ 8(tan 8 + cot 8) + Bo I = I a )8 . + Bo I 
IX1I IB1I /3 Go fJ sin 28 Ga. 

Open-circuited line (except when IJ = 'lf', 2'lf', etc.I 

R1 G1 I a Bo l [ a 28 l3o [ 
IX1I = TBii = ~ 8(tan 8 + cot 8) - Go == I~ sin 28 - Go I 

Voltage reflection coefficient and standing-wave ratio 

Yo - Y =---
Yo+ Y 

I Pl /2f 

where YI is the electrical angle to the nearest voltage maximum on the 
generator side of point where p is measured (Figs. 2, 3, and 41. 

Pl = P2E-2u /-28 

IPil = !P2l/l0Aot10 

Voltage reflection coefficient iri decibels 

Pdb = - 20 10910 11 / p I 
The minus sign is frequently omitted. 

I Pdb ot input I = I Pdb at load I + 2Ao 

These two relationships and standing-wave ratio versus reflection coefflcient 
in decibels are shown in the alignment charts on pages 570-571. 

z = ~ = 1E -f ,E = Zo 1 + P 
I tl+J 1-p 
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Voltage reflection coefficient and standing-wave ratio conffnued 

Z 1 + p -=--= 
Zo 1 - p 

1 + jS cot VI 
S + j cot VI 

S = 1~1 = I /max I = 1E I + I ,E I = I i l + I ,./ l 
Emln /min 1E I - I ,E Ji I - I ,./ 

= 1 + IP! = r,. = _!_ = gb = _!_ 
1 - IP g,. ro 

S - 1 
IPI = s + l 

1/S1 = tanh [ax+ tanh-1 (1/S2I} 

= tanh [0.1151 Ao+ tanh-1 11/S21] 

563 

a. For high standing-wove ratio. When the ratio is greater than 6/1, and 
for one-percent accuracy: 

1/S1 = 1/S2 +ax= 1/S2 0.115 Ao 

IPdbl = 17.4/S 

Subject to the conditions below, the standing-wove ratio is given by one 
Qr the other of these equations: 

S""' 11 x2l/r 

S""' 11 + b2l/g 

where 

r + jx = Z/Zo = 11/Rol [R - !Bo/Gol X + jX] 

g + jb = Y /Yo = n/Go! [G + lBo/Gol B + jB] 

Conditions, for one-percent accuracy: 

r < 0,1 Ix+ 1/xl when lxl > 0.3 

g < 0.1 lb+ 1/bl when lb! > 0.3 

The boundary of the one-percent-error region con be plotted on the Smith 
chart by use of the equation (for ill'lpedancesl 

I cot VI I = 0. l S2 / [$2 - 1l l/2 

The some boundary line on the chart holds when reading admittances. 
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Power and efficiency 

The net power flowing toward the load is 

P = l1El 2 Go [1 - IPl 2 + 2 !Pl !Bo/Gol sin 21J,] 

where IE I is the root-mean-square voltage. 

Example: Derive the power formula. By page 151: 

P = lreall El* 

When the following expressions are substituted in this equation, the power 
formula results: 

E = 1E 11 + pl 

I = 1EY O I I - pl 

!* = 1E*Yo* II - p*I 

Yo*= Go !l - jBo/Gol 

P = I PI exp f21J, 

p* = jpj exp - J21J, 

a. When the angle B0/G0 of the characteristic admittance is negligibly 
small, the net power flowing toward the load is given by 

P = Go!l1El2 
- lrEl21 = l1El 2 Goll - IPl21 = IErnaxEm1nl/Ro 

P1 = !1E2/2 GolE2(11/ti)8 - IP2!2 E-2(11/tl)OJ 

b. Effkiency, when Bo/Go is negligibly small: 

P2 J - IP2!2 
11 = Pi = E2(11/tl}9 _ IP

2
\2E-2(a/tl)9 

1 - IP2!2 I - IP2! 2 
= ----'-=--- 11 - -~~ E-2«X 

l - lp21 2 11!ax max - I - !P1! 2 

_ l/lP2! - IP2I _ S1 - l/S1 
- l/lP1! - !Pd - S2 - 1/S2 

The maximum error in the above expressions is 

± 100 !S2 - l/S21 Bo/Go percent 

± 4.34 1S2 - l/S21 Bo/Go decibels 
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Power and efficiency continued 

When the load matches the line, p2 = 0 and the efficiency is accurately 

?/max = exp [ - 2 (a/ {:JI 8] • exp I - 2axl = 10-Ao/tO 

A - Ao = 10 10910 1?/max/71) 

The alignment chart on p. 573 is drawn from the expressions in this para
graph. 

c. Efficiency, when swr is high: 

R2 (1 + x1
2

) G2 (1 bi2) 11 = Pi = R1 1 + xi = G1 I + bi 

where R is the ohmic resistance while x is the normalized reactance and 
similarly for G and b. It is important that the R's and G's be computed properly, 
using formulas in the section on "Transformation of impedance on lines with 
high swr," page 566. Note the identity of the efficiency formulas with the 
left-hand terms of· the impedance formulas. The conditions for accuracy 
are the some as stated for the impedance formulas for high standing-wove 
ratio. 

Example: Physical significance of formula for efficiency at high standing
wove ratio, Subject to stated conditions, approximately, x = cot ,ft and 
I = lmax sin ,ft. lmax = current standing-wave maximum, practically constant 
along line when standing-Wl:lve ratio > 6. Then 

P = 12R = Imai R/11 xii) 

d, Attenuation in nepers = ½log.~= 0.1151 X (attenuation in decibels) 
P2 

for a matched line, attenuation la/ {:JI 0 = ax nepers. 

Attenuation in decibels = 10 log10 !} = 8.686 X (attenuation in nepersl 
P2 

When 21~/{:JJB is small, 

P1 1 + 2 ~ 8 l + I P2 It and 
P2 /j 1 - I P2 !2 

decibels/wavelength = 10 log10 (1 + 41r ~ 1 + \ P2 
1

1

2

) 
{:J 1 - p2 2 
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Power and efficiency continued 

e. For the same power flowing in a line with standing waves as in a matched, 
or "flat," line, 

P = !Eoatl2/Ro 

!Emaxl = !Enatl 5½ 

iEm1ol = IEnatl Js½ 

I El = jEflatl (s½ + _L) 
,f 2 5½ 

I El = IEnatl (s½ - _!_) 
1
' 2 5½ 

When the loss is small, so that S is nearly ~onstont over the entire length, 
then per half wavelength 

!power loss) ""' !(s + J..) 
!loss for flat line! S 

f. The power dissipation per unit length, for unit/standing-wave ratio, is 

!dissipation in watts/foot! = 2.30 ldecibels/100 feetl 
(line power in kilowatts) 

where the decibels/HlO feet is the normal attenu<:J,tion for a matched line. 

When swr > 1, the dissipation at a current mo!St!Jlum is S times that for 
swr = 1, assuming the attenuation to be due to, conductor loss only. The 
multiplying factor for local heating reaches a minimum value of IS + 1/S) /2 
oil along the line when conductor loss and die.lectric loss ore equal. 

g. Further considerations on power and efficiency ore given in t!;ie section, 
"Mismatch and transducer loss," p. 569. 

Transformation of impedance on lines with high swr• 

When standing-wove ratio is greater than 10 or 20, ~es1stcmce cannot be 
read accurately on the Smith chart, although it is satisfactory for reoctonce. 

*W.W. Mocolpine, "Computation of Impedance and Efficiency of Transmission lines wit.h High 
Standing-Wove Ratio," Transactions of the A/ff, vol. 72, part I, pp. 334-339; July, 1953: also 
Electrical Communication, vol. 30, pp. 238-246; September, 1953. 
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Transformation of impedance on line$ with high swr amlinu,ed 

Use the formula: 

] + X1
2 [OI. R1 = R2 --- + Ro 11 + x12l 7} 

] X22 
/J 

where R = ohmic resistance 

x X/Ro = normalized reactance. 

When admittance is given or re
quired, similar formulas can be 
written with the aid of the follow
ing tabulation. The top row shows 
the terms in the above formula. 

z, 
-+ : , .. 

For transforming R to G or vice verso: 

R Ro2 Glx/bl 

.:!.., 

Zo :] 
8"'2u/>. .. , 

Ro 

1/Ro 

Ro Xl 

1/Ro 

where x and b ore read on the Smith chart in the usual manner for trans
forming impedances to admittances. 

The conditions for roughly one-percent accuracy of the formulas ore: 

Standing-wave ratio greater than 6/ 1 at input; I Bo/Go I < 0.1; r + jx or 
g jb (whichever is used, at each end of line) meet the requirements 
stipulated in paragraph a !"For high standing-wave ratio") on p. 563; 
and the line parameters and given impedance be known to one-percent 
accuracy. 

The formula for resistance tronsformotlon is derived from expressions 
for high swr in paragraph a, iust referred to. 

Example: A !ood of 0.4 - j2000 ohms is fed through a length of RG-17 A/U 
coble at a frequency of, 2.0 megacycles. What are the input impedance 
and the effkiency for a 24:foot length of coble and for a 124-foot length? 
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Transformation of impedance on iines with high swr continued 

For RG-17 A/U, the attenuation at 2.0 megacycles is 0.095 decibel/100 feet 
(see chart, p. 614). The dielectric constant E = 2.26 and fp is negligibly 
small. Then, by formulas in paragraph b and c, pp. 553 and 554, 

Bo/Go= a/fj = (db/100 ft) IAmetersl/1663 

= [0.095 X 150/ 12.26l 112]/1663 = 0.0057 

x/X = xfE112/984 = 24 X 2.0 X 1.5/984 = 0.073 

() = 21rx/X = 0.46 radian for 24-foot length. 

while 

x/X = 0.38 and () = 2.4 for 124-foot length. 

Z2/Zo = (0.4 - 12000)/50 = 0.008 - 140 

For the 24-foot length, by the Smith c'1art, 

x1 = Xi/Zo = - 1.9, or X1 = - 95 ohms 

The conditions for accuracy of the resistance transformation formula are 
satisfied. Now, 

1 + x12 = I + n .91 2 = 4.6 

l + x22 = 1 + (40, 2 = 1600 

R1 = 0.4 (4.6/16001+50X4.6X0.0057 [0.46-ll.9/4.6!+140/16001] 

= 0.0012 + 0.105 = 0.106 ohm 

The efficiency formula in paragraph c, "When swr is high," p. 565, gives 

'YJ = 0.0012/0.106 = 0.0113, or 1.1 percent 

where the 0.0012 figure is taken directly from the first quantity on the right
hand side of the computation of R1. 

Similarly, for the 124-foot length, X1 = 1.1, X1 = 55 ohms, 1 + x12 = 2.21, 
R1 = 0.00055 + 1.83 = 1.83 ohms 

rJ = 0.00055/1.83 = 3.1 X 10-4, or 0,03 percent 

T obviating the results, 

length 
in feet 

input impedance 
In ohms I efficiency I loss 

in percent in decibels 

--~--~-o_.1_06_-_1_~5 __ 1 u I 19.6 

124 1.8 + j55 ~i---;-
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Transformation of impedance on lines with high swr continued 

The considerably greater loss for 124 feet compared to 24 feet is because 
the transmission passes through a current maximum where the loss per unit 
length is much higher than at a current minimum. 

Mismatch and transducer loss 

On the following pages are formulas and three alignment charts enabling 
the calculation of attenuation when impedance mismatch exists in o trans
mission-line system; also change in standing-wove ratio along a line due 
to attenuation. 

One end mismatched 

When either generator or load impedance is mismatched to the Zo of the 
line and the other is matched, 

P,,. 1 
(mismatch loss) = - = --- = 

p 1 - IPl 2 

where 

P = power delivered to load 

P,,. = power that would be de
livered were system matched 

S = standing-wave ratio of mis
matched impedance referred 
to Zo 

(S + 11 2 

4S 
m 

Compared to an ideal transducer !ideal matching network between 
generator and load): 

!transducer loss) = Ao + 10 log10 (P,,./Pl decibels 

where Ao = normal attenuation of line. 

Generator and load mismatched 

IXo/Rol « 1 
R,+iX, R,+ jX1 _,.. 

When mismatches exist at both 
ends of the system: 

E Z.•R,+J>', 

(mismatch loss at input) 
P.,. 

=- = p 

venerator A0 

(Ro + R1l 2 + (X,, + X1l 2 

4 R,,R1 

(2) 

13) 

(transducer loss) = IA - Aol + Ao + 10 10910 IP,,./PI decibels (4) 
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Mismatch and transducer loss continued 

-30 

-20 

-10 

inpu:t ..,, 

T 
1.002 
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1.006 
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I.OIO 

A0 • llne attenuation 
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T 
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20 

leed w 
T 
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0 .. 
1 
i 
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C 

-10 ·? 

i 

0 1.002 -60 

line aHenvalian and voltage reflection coefficient for low 1wr. 

where (A - A 0l = standing-wave loss factor obtained from chart on 
p. 573 for S = standing-wave ratio at load. 

Notes on (3 ): 

a. This equation reduces to Ill when Xu and/or X1 is zero. 

b. In (31, the impedances can be eiJher ohmic or normalized with respect 
to any convenient Zo. 

c. When determining input impedance R1 + jX1 on Smith chart, adjust 
radius arm for S at input, determined from that at output by aid of charts 
on pp. 570 and 571. 
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Mismatch and transducer loss continued 

A0 • line ottenuotlon 
toodswr inpuf swr In decibels 

• .. .. 
-12 100 200 0 .!! 

.!! .I .11 50 
25 

·.; 
¥ • 

-II 
., ... 15 

.5 ·-
11 11 10 ., 

• .!? -10 1.9 ·.; 

l 8 i 
• 2.0 7 0 

8 <> 
6 C: 

C: -9 2.1 5.5 i t 2.~--- 5.0 • 4.5 i ;: 
-8 tlCOmpie4---- 2--------:!! 

2.4 ----.i.o 
3.75 

-1 2,6 3.50 -5 

2.8 3.25 

-6 3.0 0 3.0 -6 

3.25 2.8 

-5 3.50 -7 
3.75 
4.0 

-4 4.5 -e 
5.0 

-3 
5.5 -9 6 
7 

-2 8 -10 
10 

-1 15 -11 
25 

0 
50 100 
200"" -12 

line attenuation and voltage refledlon coefficient for hfvh swr, 

d. For junction of two admittances, use J31 with G and B substituted for 
R and X, respectively. 

e. Equation (3l is valid for o iunction in any linear passive network. likewise 
OJ when ot least one of the impedances concerned is purely resistive. 
Determine S os if one impedance were thot of a line. 

Examples 

Example 1: The swr ot the lood is 1.75 and the line hos on ottenuotion of 
14 decibels. Whot is the input swr? 

Using the alignment chart, p. 510, Sf't o straightedge through the 1.75 
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Mismatch and transducer loss continued 

division on the "load swr" scale and the 14-decibel point on the mlddle 
scale. Read the answer on the "input swr" scale, which the straightedge 
intersects at 1.022. 

Example 2: Readings on a reflectometer show the reflected wove to be 
4.4 decibels below the incident wove. What is the swr? 

Using chart, p. 571, locate the reflection coeffkient 4.4 (or -4.41 decibels 
on either outside scale. Beside it, on the some horizontal line, read 
swr = 4.o+. 
Example 3: A 50-ohm line is terminated with o load of 200 + jO ohms. The 
normal attenuation of the line is 2.00 decibels. What is the loss in the 
line? 

Use alignment chart, p. 573. Align a straightedge through the points Ao = 2.0 
and swr 4.0. Read A - Ao = 1.27 decibels on the left-hand scale. Then 
the transmission loss in the line is: 

A = 1.27 + 2.00 = 3.27 decibels 

This is the dissipation or heat loss as opposed to the mismatch loss at the 
input, for which see example 4. 

Example 4: In the preceding example, suppose the generator impedance 
is JOO + jO ohms, and the line is 5.35 wavelengths long. What is the mis
match loss between the generator and the line? 

According to example 3, the load swr = 4.0 and the line attenuation is 
2.0 decibels. Then, using chart, p. 571, the input swr is found to be 2.22. On 
the Smith chart, locate the point corresponding to 0.35 wavelength toward 
the generator from o voltage maximum, and swr = 2.22. Read the input 
normalized impedance as 0.62 + j0.53 with respect to Zo = 50 ohms. Now 
the mismatch loss at the input can be determined by use of (3). However, 
since the generator impedance is nonreactive, (1l con be used, if desired. 
Refer to notes a and e above and the following paragraph. 

With respect to 100 + jO ohms, the normalized impedance at the line input 
is 0.31 + j0.265 which gives swr = 3.5 according to the Smith chart. Then 
by Ill, Pm/P 1.45, giving a mismatch loss of 1.62 decibels. The transducer 
loss is found by using the results of examples 3 and 4 in (41. This is 

J.27 + 2.00 + 1.62 = 4.9 decibels 
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A-Ao= added IOU 
in decibelt due to 

load mitmotch ... 
5.5 

5.0 

4.5 

4.0 

3.5 

2.5 

2.0 

1.5 

1.0 

0.5 

o.o 
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Ao• 
normal line 
attenuation 
in decibels 
T 
0.0 

1.0 

2.0 

3 

4 
5 
7 
00 

Due to load mismatch, an increase of loss in db as read from this chart must be added to 
normal line attenuation to give total dissipation loss in line. This does not include mismatch 
loss due ta any difference of line input impedance from generator impedance. 

Standing-wave loss factor. 
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Attenuation and resistance of transmission lines 

at ultra-high frequencies 

The normal or matched-line attenuation in decibels/JOO feet is: 

A100 = 4.34 Rt/Zo + 2.78 f E1l2 F11 

where the total line resistance/JOO feet (for perfect surface conditions 
of the conductors) is, for copper coaxial line, 

Rt = 0.1 11/d + 1/Dl f 112 

and for copper two-wire open line, 

= 10.2/ di f 112 

where 

D = diameter of inner surface of outer coaxial conductor in inches 

d = diameter of conductors !coaxial-line center conductor! in inches 

f frequency in megacycles/second 

E = dielectric constant relative to air 

F11 = power factor of dielectric at frequency f. 

For other conductor materials, the resistance of conductor of diameter d 
(and similarly for DI is 

0.1 (l / dl tfµ,p/ Peul 112 ohms/ 100 feet 

See the section on "Skin effect," p. 131. 

Resonant lines 

Symbols 

fo = resonance frequency in megacycles 

G. = conductance load in mhos at voltage standing-wave maximum, 
equivalent to some or all of the actual loads 

k = coefficient of coupling 

n integral number of quarter wavelengths 

p = k2 Q18 0 28 = load transfer coefficient or matching factor 

Pc = power converted into heat in resonator 

Pm = power capability of generator in watts 
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P,, = power transferred when load is directly connected to generator 
(for single resonators!; or an analogous hypothetical power (for two 
coupled resonators) 

Q = figure of merit of a resonator as it exists, whether loaded or unloaded 

Qd = doubly loaded Q loll loads being included) 

Q, = singly loaded Q loll loads included except one). For o pair of 
coupled resonators, 01s is the value for the first resonator when 
isolated from the other. {Similarly for 0 2,I 

Q,.. = unloaded Q 

R. = resistance load in ohms at voltage standing-wove minimum, equivalent 
to some or all of the actual loads 

R,. = resistance similar to R0 except for unloaded resonator 

R1 = generator resistance, referred to short-circuited end 

Rz = load resistance 

S,, = Ri/R2 or RdR1 = mismatch factor between generator and load 

Z10 = characteristic impedance of the first of o pair of resonators 

61 = electrical angle from a voltage standing-wave minimum point 

a. Q of o resonator !electrical, mechanical or any other) is: 

0 
= 

2
71' ___ (e_n_e_rg_y_st_o_r_ed_l __ _ 

!energy dissipated per cycle) 

= 
2

71'f {energy stored) 
(power dissipation) 

In o freely oscillating system, the amplitude decoys exponentially: 

I = Io exp I - 1rft/OI 

b. Unloaded Q of a resonant lil'le: 

0,. = f1/2a. 

the line length being n quarter-wavelengths, where n is a small integer. 
The losses in the line are equivalent to those in a hypothetical resistor at 
the short-circuited end lp. 558, paraaraph el: 

R., = n1rZ0)40,. 
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Resonant lines continued 

c. loaded Q of a resonant line !Fig. 5) 

I = I + 4Rb + 4Ga 
Q 0,.. n1rZo n1rYo 

= (4/n1rZol (R,.. + Rb + Ga/Yo2l 

All external loads can be referred 
to one end and represented by 
either Rb or Ga as on Fig. 6. 

Fig. 5-Quarter-wave line with loadings at 
nominal shod-circuit and open-circuit points. 

The total loading is the sum of all the individual loadings. 

General conditions: 

Rb/Zo = Ga/Yo« 1.0 
or, roughly, Q > 5 

d. Input admittance and impedance: 

The converse of the equations for Fig. 6 con be used at the resonance 
frequency. Then R or G is the input impedance or admittance, while 

l:=e,--i e- ... 12 

ill-,: I•H• 
A. Shunt or lapped lood. 

111 

Rb• CZ~/ RI sin' 81 
0( 

Ga• G t.in2 8, • Rb/z: 

B. Probe couplinQ. 

Ga .. (o.2c'/Gl t.in1 e, 
or 
Rb-z!..,C2R sin1 81 

provided G».rC2 

C. Series lood. 

Rb• Rcos2 81 

•Ir------
~~ 

O. Lllop coupling. 

Rb-(,rM2/R) dB, 
pnwidlld X1oop « R 

Fig. 6--Typlcal loaded quarter-wave sections 
with apparent Ri, equivalent to the loading al 
distance 111 from voltage-minimum point of 
the line. Outer conductor not shown. 
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where Q. = singly loaded Q with the losses and all the loads considered 
except that at the terminals where input R or G is being measured. 

In the vicinity of the resonance frequency, the input admittance when 
looking into a line at a tap point 01 in Fig. 7 is approximately 

y = G + jB = n-irYo (_!_ +j2 f - fo) 
4 sin2 01 O. fo 

Provided 

If - fol/fo « 1.0 

and 

\ 0 f 7
0 

fo cot 01 I « 1.0 

where 0 = n-ir/2 = length of line at fo. It is not valid when 01 ""' 0, rr, 
2rr, etc., except that it is good near the short-circuited end when f - f0 ""' 0. 

Such a resonant line is approximately equivalent to a lumped LCG parallel 
circuit, where 

r--e=nf 
I n is odd 

t 
open Ji 

r,e•nf ~i=; ~seven 

7 i t 
open open 

Fig. 7-Resonant transmission lines and their equivalent lumped circuit. 
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Resonant lines continued 

Admittonce of the equivalent circuit is 

Y G + j (wc1 - _l ) 
wL1 

= woC1 - + j2--( 
1 f - f0) 

Q, fo 

Then, subject to the conditions stoted above, 

4 sin2 01 

mrwoYo 

Ci= nirYo = __ n_Y_o_ 
4wo sin2 01 Bfo sin2 81 

G = mrYo 
40. sin2 /Ji 

a. = woC1 = _1_ 
G woL1G 

Similarly, the input impedance at a point in series with the line !Fig. 6C 
ond Dl is 

I 
, _ fo I 0 -,-

0

- tan 81 « 1.0 

It is not valid when 81 ~ 1r /2, 31r /2, etc. 

The voltage standing-wave ratio at 
resonance, on the generator (fig. 8) is 

S = R2 + R., = IR2/R1l Q,. + Qd 

R1 Q,. - Oa 

)( 

Fig. 8-Equlvalent circuits of a resonant 
line (or a lumped tuned circuit) as seen 
at the short-circuited and apen-circulted 
ends. All the power equations are good 
for either lumped or distributed para
meters. 
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S = 1 + Oa/Ou 
1 - Oa/0,, 

p = Oa/0,. 

e. Insertion loss (Fig. 8) 
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At resonance, for either a distributed or a lumped-constant device: 

(dissipation loss! = 10 log10 !P,,/Poutl 

= 20 log10 [1/11 - Oa/0,.l] 

""' 20 log10 11 + Oa/0,,I 

""'- 8.7 Oa/0,, decibels 

(mismatch loss) = 10 log10 IPm/P,,I 

= 10 log1o [(l + S.,) 2/4S.,] decibels 

The dissipation loss also includes a small additional mismatch loss due to 
the presence of the resonator. The error in the form 20 log10 !1 + Oa/0,,) 
is about twice that of the form 8.7 Oa/0,,. The last expression (8.7 Oa/Q,,) 
is in error compared to the first, 20 log10 [J/11 - Oa/0,.l], by roughly 
- 50 (Oa/0,,) percent for {Qd/Q,,) < 0.2. 

The selectivity is given on page 242, where Q = Oa. That equation is accurate 
over a smaller range of {f - fol for a resonant line than it is for a single 
tuned circuit. 

At resonance: 

The maximum power transfer, for fixed Q,., 0a and Zo occurs when R1 = R2• 

Then 

Pin/ Pout = (Q,. + Oal / (Q,. - Oal 

Pout/Pm (I - Oa/Q,.) 2 

P1n/ Pm = 1 - (0a/Oul 2 

When the generator R1 or G1 is negligibly small (then Q = 0. = Oal: 

lP1n/Poutl, = Ou/IQ,. - Q) 
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Resonant lines continued 

f. Power dissipation I= P,l. 

P, 4 (Qi/0,,I (1 - Oa/0,,) - = --------'--
P,,,. I + R2/R1 

For matched input ond output (R1 = R2l: 

Pc/Pm = 2 !G,i/0,,I II - Qi/0,,I 

,.. 2 Oa/0,, (for Qi « 0,,) 

P,/Pout = 2 Qi/(0,, - 0,1) 

Pc/Pin = 2 Qi/ !Q,. + 0,1) 

When the generator R1 or G1 is negligibly small: 

(P./Poutl, = 0/{Q.,, - QI 

g, Voltage ond current 

At the current-maximum point of on n-quorter-wovelength resonant line: 

L [
PmOd II - Od/Q,.J]½ ~• = 4 / root-mean-square amperes 

!1 + R2 R1l mrZo 

I= I., cos lh 

and 

E = Zofac sin 01 

The voltage and current are in quadrature time phase. 

When R1 = R2 and Qi<< 0,. and n = 1: 

J,. ~ 18 PmOa/ 1rZ0Jl/2 

In o lumped-constant tuned circuit: 

h. Pair of coupled resonators !Fig. 91: 

With inductive coupling near the short-circuited end of o pair of quarter
wave resonant lines: 

k = 14/1rl wM/IZ1oZ2ol112 
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Resonant lines continued 

For coupling through a lossless quarter-wavelength line, inductively coupled 
near the short-circuited ends of the resonators lfig. 9D): 

4w2M1 M2 
k 

1I'lo (Z10 Z20l½ 

Probe coupling near top {fig. 9Cl: 

k = (4/1I'l wC12 IZ1oZ2ol112 sin 81 sin 82 

M 

A. Equivalent circuit with resistances 
os seen ot the short-circuited end. 

B. Equivolent circuit of first resonator 
ot resononce frequency. 

C. Probe-coupled resonotors. 

Z,o 

M, 
Zo 

D. Ouorter-wowelength line eouplino. 

Fig. 9--Two coupled resoriaton. 

For lumped-constant coupled circuits, p and k ore defined on pp. 236 and 242. 

In either lumped or distributed resonators: 

(dissipation loss) = 10 10910 IP,/Poutl 
= 10 10910 [1/11 - 0i./01,..l 11 - 02,/02ul] 
""'20 10910 [J/11 - 0,/0,..1] 
""' 20 10910 n + 0./0,.1 
""' 8.7 0,/0,. decibels 

where 0./Q,. = [!Oi,/011.l (021/02,.)]112 
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Resonant lines continued 

provided (01a/01,.I and (02,/02,,) do not differ by a ratio of more than 
4 to 1, and neither exceeds 0.2. 

!mismatch loss at fol = 10 10910 !Pm/ Pxl = 10 log10 [!1 + pl 2/4p] decibels 

Equations and curves for selectivity ore given on pp. 242, 243, and 245, where 
Q = o •. 
At the peaks, when p ~ 1, the mismatch loss is zero, except for some that 
is included in the dissipation loss. 

Input voltage standing-wave ratio at fo for equal or unequal resonators: 

$ = P + 01,/01u 
l - Oi./01,. 

At the peak frequencies Ip ~ ll for equal or nearly equal resonators: 

S = l + Or./01,, 
l - 01,/01u 

Similarly at the output, using subscript 2 instead of 1. 

When the resonators ore isolated, each one presents to the generator or 
load an swr of 

S = (0,,/0.l 

The power dissipation in either lumped or distributed !quarter-wave) 
devices, where the two resonators are not necessarily identical, but 
0, << 0,, is: 

Pie = I1 •• 2R1u = [4/!l + pl2] Pm01,/01 ... 

P2c [4p/(1 + p} 2] Pm02./02., 

These equations and those below for the currents assume that Pm is con
centrated at fo. 

The currents in quarter-wave resonant lines, when Q, << 0,,: 

fi.c = (4/ fl + pl] IPmOi./,rZ10J 112 

f2ac/fi.c = (pZ1o02a/Z200i.) 112 

Similarly, for a pair of tuned circuits at resonance, when Q, << 0,.: 

/1 = (2/11 + pl} !PmOi./X1l 112 

Id 11 = (pX102a/X201,l112 
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Quarter-wave matching sections 

The accompanying figures show how voltage-reflection coefficient or 
standing-wave ratio {swr) vary with frequency f when quarter-wave 
matching lines are inserted between a line of characteristic impedance Z0 

and a load of resistance R. fo is the frequency for which the matching sections 
are exactly one-quarter wavelength !>./4) long. 

-+---1 (swrl•I.S' 

01 
(swr)•l.l! 

0 lswr)•I.0 
0 0.2 0.4 0.6 0.8 1,0 1.2 1,4 1,6 1,8 2.0 

f/fo for one 'A/4 &ection 

i: 0.1 

" i.->.,/4-t->-/'ll--l ·;:; 
!E: < : l· § 0.6 

C z, z. 
'€ 0.!l " "' z,, y'z~ R f .. 
0> 0.4 
l! 
1! (swrl•2.0 

o.3 

0.2 (&wr)•l.!l 

0.1 (&wr)•l.2 

0 (swr)•I.0 
0 0.2 0,4 o.6 0,8 1.0 1,2 t.4 1.6 1.8 2.0 

f /fo for two 'A/4 nctlon1 
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Impedance matching with shorted stub 

; 90 

"' Q 
.:J 80 

.s 
<] TO 

~ 80 
ti ... 

110 

40 

20 

10 

~ 

"' "' " r,,.._ 

....__ ~ 
r--r---._e. 

2 

ratio p = V,_./Vwln 

" ....._ 

I = length of shorted stub 

....... 

---

A = location of stub measured 
from V min toward load 

--I'---. - i"'--i-~- --· 
Ill 

-

~ 

). 

4 ~ 
a, 

A 

T 

j 
~ 
0 

~ 
<l .,, 

C 
0 

20, 

v ... 

oltornate 
loco'fion 
for stub 

Impedance matching with open stub 

; to 

"' 
: 80 .,, 
.!= 10 
<l 
1 80 
0 .. 

110 

40 

20 

10 

~ / -..., K_ 
/ 

/ 
V 

I!. I 

ratio p V.,,,,,.,/Vm111 

I = length of open stub 

------I---" 
,.....---

,,.,.. 
y V 

-

--~ - c--r---
411678910 15 

0 
20 

.y ... 

A = location of stub measured tronmitter I--""!'"-~,,_ ____ ., 
from V min toward transmitter I · 
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Length of transmission line 

'- wavelength 
Ieng!!, oflil,e 

in centimeters 
(magctycles) kentimeterd 

'-"'""* ltt eJGctrical degree, 

..... 90 

70 

50 

40 

30 

20 

15 

IQ 

8 

6 

5 

• 
g 

I 

1.5 
1• 

..... 30 

20 

10 

0.11 

o.a 

0.2 

0,1 

0,05 

This chart gives the actual length of line in centimeters and inches 
when given the length In electrical degrees and the frequency, provided 
the velocity of propagation on the transmission line ls equal to thot in free 
space. The length ls given on the L-scole intersection by o line between 
1' d O h O 360 L In centimeters 

an 1 'w ere 1 = -1'-in_c_e_n_l_im_e_t_e_rs_ 

Example, f = 600 megacycles, f' ==30, length L= 1.64 lnches or4.2 centimeters. 

3110 ..... 

300 

200 

1.50 

100 

40 

20 

Ill 
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Measurement of impedance with slotted line 

Symbols 

Zo = characteristic impedance 
of line 

Z = impedance of load 
[the unknown) 

Z1 impedance at first Vm1n 

k = velocity factor 

JI. = wavelength on line 

X = distance from load to first V mtn 

(swrl = Vmax/Vmtn 

8° = 180 _!_/ = 0.0120 fx/k 
>. 2 

= (velocity on line)/ [velocity in free space) 

where f is in megacycles and x in centimeters. 

t->i ~( Viox t f;3 
6 9771mmownJ1/J/1/l//'/J/71h1lllm»JmJ/J/1/mm1~~ 

I----- '>..12 ~.. ""• B 
second first 

Measurements on line. Vmln Vmin 

Procedure 

Measure >./2, X, Vmax, and Vm1n 

Determine 

Zi/Zo = 1/lswr) = Vm1n/Vmax 

!wavelengths toward load! = x/>. = 0.5x/ (>./21 

Then Z/Zo may be found on on impedance chart. For example, suppose 

Vm1n/Vmax = 0.60 and x/>. 0.40 

Refer to the chart, such as the Smith chart reproduced in port here. lay off 
with slider or dividers the distance on the vertical axis from the center point 
(marked 1.0l to 0.60. Pass around the circumference of the chart in a counter
clockwise direction from the starting point 0 to the position 0.40, toward 
the load. Read off the resistance and reactance components of the nor
malized load impedance Z/Z0 at the point of the dividers. Then it is found 
that 

Z = Zo!0.77 + j0.391 

Similarly, there may be found the admittance of the load. Determine 

Yi/Yo = Vmax/Vmln = l.67 
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Measurement of impedance with slotted line continued 

in the above example. Now pass around the chart counterclockwise through 
x/}.. = 0.40, starting at 0.25 and ending at 0.15. Read off the components 
of the normalized admittance. 

,n 
N 
0 

Smith chart--center portion. 

1 1 
Y = - = 11.03 - j0.53) 

Z Zo 

Alternatively, these results may be computed as follows: 

z = R. + iX. = Zo I 1lswrl ton 8 = lo 21swrl j((swr)
2 

- 1] sin 28 
(swrl - j tan 8 [ !swrl 2 + I] + ( (swrl 2 1] cos 28 

y = G + jB = ~ = I _ j I = Yo 21swrl + j((swrl
2 

- l]sin28 
Z Rr, X11 [lswrl 2 + 1] ((swrl 2 1] cos 28 

where R. and X, are the series components of Z, while R11 and X11 are the 
parallel components. 
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Characteristic impedance of lines 

Oto 220 ohms 

e 220 

'5 200 
C 

tl 180 
C 
0 

1 .s ... 

160 

140 
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:e. 
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./ 
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/ 

'/" 

1/ V 

,§f;. 
oo;;,, 

)/ 
/ 

coo~ ~ -
-~ :.---
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.\t•/' 

~,•Y 
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/ ., 
,,,, 
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3 

/ 
~~ 
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cl 

l'orO»d 
20 

Zo"'=' 276 log10 d 
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cooxial 
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4 

-....-

0 

2 8 .., 

--:...--

5 6 

_ .. 

8 ° 8 ., e !:? 

138 0 
logio;; 

Curve i5 for 
• = 1.00 
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Characteristic impedance of lines continued 

type of line characteristic Impedance 

A. Single coaxial line 138 D 
Zo = -- 10910 -

B. Balanced shielded line 

C. Beads-dielectric Et 

w 

D. Open two-wire line in air 

<v T 
I I 

..,'4-o, .i 

v'; d 

60 D = - log.-
VE d 

E = dielectric constant 
= l in arr 

For D » d, h » d, 

276 [ l - u
2

] 
Zo = v'; 10910 2v 1 + u2 

= - log, 2v ---120 [ l - u
2

] 

VE l + 0"2 

h h 
v=-

d 
u=-

D 

For cases (A) and (B), 

if insulating beads are used at 
frequent intervals-call new 
characteristic impedance Zo' 

Z' _ Zo 
0 

- ✓l + (; - l) ~ 
W « S « >../4 

D 
Zo = 120 cosh-1 d 

2D 
~ 27610910 d 

2D 
~ 120 log., d 
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Characteristic impedance of lines 

type of line 

E. Wires in parallel, near ground 

!+-D-l _j_ 

10--0+ 
,Jy//ff/1// ff/1/,,1// 

F. Balanced, near ground 

G. Single wire, near ground 

.., dr
-t-·0 

h 

,1/lr/,i'/41//44/4 

H. Single wire, square enclosure 

I. Balanced 4-wire 

continued 

characteristic impedance 

Ford« D, h, 

69 [4h ✓ (2h)2
] Zo = V~ 10910 dl + 0 

Ford« D, h, 

276 [2D 1 ] 
Zo = v'; 10910 d Vl + (D/2h)2 

Ford« h, 

138 4h 
Zo = log10 d 

Zo ,::,; [13810910 p + 6.48 - 2.34A 
- 0.488 - 0.12C)e->i 

where p = D/d 
1 + 0.405p-4 

A = 1 - 0.40Sp-4 

1 + 0.163p-8 

B = 1 ..... 0.163p-s 

1 + 0.067 p-12 

C = 1 - 0.067 p-12 



Charaderistic impedance of lines 

type of line 

J. Parallel-strip line 

K. Five-wire line 

L. Wires in parallel--sheath return 

M. Air coaxial with dielectric sup
porting wedge 

TRANSMISSION LINES 

continued 

characteristic Impedance 

~ < 0.1 
1 

w 
Zo""' 377 

l 

Ford« D, 

173 D 
Zo = E log10 0.933d 

Ford« D, h, 

69 [ v 
Zo = ,v; log10 2u2 (1 

u = h/D 

v = h/d 

Zo = 138 log10 (D/d) 

Vl + (e - 1)(0/360) 

591 

E = dielectric constant of wedge 

0 = wedge angle in degrees 
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Characteristic impedance of.lines 

type of llne 

N. Balanced 2-wire - unequal 
diameters 

0. Balanced 2-wire near ground 

P. Single wire between grounded 
parallel planes-ground re
turn 

////(/////////////// 
.h. 
2 

1 0: 
h 
T 

//1$//////1//////7 

Q. Balanced line between 
grounded parallel planes 

«{/////////ff///// h,;r-
tt.-1 
~/7/7////////// 

continued 

choraclerlstlc Impedance 

For di, d2 « D, 

276 2D 
Zo = _ ;- 10910 _ r-

v E V d1d2 

For d << D, hi, h21 

Zo = 
276

109
10 

[

2

: ✓l ~ _!!'__] 
4h1h2 

Holds also in either of the following 
special cases: 

D = ±(h2 - h1) 
or 
h1 = h2 (see F above) 

d 
For h < 0.75, 

Ford« D, h, 

Zo = _ r logw 2h 
27 6 (4h tanh 1rD) 
VE 7rd 



Characteristic impedance of lines 

type of line 

R. Balanced line between 
grounded parallel planes 

S. Single wire in trough 

II 

T. Balanced 2-wire line in 
redangular enclosure 

f 

U. Eccentric line 

.!l. 
2 
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conlinuea 

characlerlstlc Impedance 

ford« h, 

276 2h 
Zo = -log10-VE 1rd 

Ford« h, w, 

138 [4w tanh :] 
lo= _ r 10910 

VE 7rd 

For d « D, w, h, 

27 6 { [4h tanh 1rDJ 
Zo = v; 10910 1rd 2h 

00 [1 + 2]} - 2: 10910 
1 

_ u,,.
2 m=I Vm 

where 
1rD 

sinh2h 
u,,.=----

m1rw 
cosh 

2
,, 

Ford« D, 

v,,.= ---
m1l"W 

sinh~ 

20 = ~ 10910 { ~ [ 1 - ( !c )2]} 
for c/D « 1 this is the Zo of type A 
diminished by approximately 

240 (c)2 

.J; 0 ohms, 
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Characteristic impedance of lines continued 

type of line characterlttlc Impedance 

V. Balanced 2-wire line in semi• Ford« D, w, h, 
infinite enclosure 

CD CII 

W. Outer wires grounded, inner 
wires balanced to ground 

X. Split thin-walled cylinder 

j_ 
d 

T 

Y. Slotted air line 

276 2w 
Zo = _ r 10910 _ 1 -

v E m:lv A 

where 

A= cosec2 (1r:) + cosech2 (2:h) 

129 

Zoi:::: [ 8 ( 8 
10910 cot 2 + cot2 

2 -

For 8 small: 

Zo ""' 129 /10910 (4D/d) 
Courtesy of Electronic Engineering 

When a slot is introduced into an air 
coaxial line for measuring purposes, 
the increase in characteristic im
pedance in ohms, compared with a 
normal coaxial line, is less than 

lll = 0.0302 

where 8 is the angular opening of 
the slot in radians 
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Voltage gradient in a coaxial line 

C' = capacitance in micromicrofarads/foot 
D = diameter of inner surface of outer conductor 

in same units as d. 
d diameter of inner conductor 
E = total voltage across line (E and t.E both 

rms or both peakl 
r radius Ir and flr both in same units) 
E = net effective dielectric constant I = l for 

airl; l / E1 12 = velocity factor 

0.434E 0.059EC' 60E 6.10 X l04E 
-----=---
r log10 ID/di rE 

At the voltage standing-wave maximum: 

__ 5.37 (SPkw)½ 
[gradient at surface of inner conductor) 

d Z0E 

5450 ISPkwl l/2 • = , peak volts/mil 
d C zoa12 

595 

where d is in inches ll mil = 0.001 inchl. For amplitude or pulse modulation, 
let Pkw be the power in kilowatts at the crest of the modulation cycle. Thus, 
if the carrier is 1 kilowatt and modulation 100 percent, set 

Pkw = 4 kilowatts 

Example: What is the voltage gradient at inner conductor of a 61-inch 
rigid 50-ohm line with 500 kilowatts continuous-wove power, unity swr? 
Let E = 1.00 and d = 2.60 inches. 

5.37 (500)
1
'
2 

!gradient) = 
2

_
60 50 

= 6.55 peak volts/mil 

The breakdown strength of air at atmospheric pressure is 29,000 peak 
volts/ centimeter, or 74 peak volts/mil !experimental value, before de rating). 

Microstrip* 

Microstrip consists of a wire above a 
ground plane, being analogous to 
a two-wire line in which one of the 
wires is represented by the image in 

* See, D. D. Grieg and H. F. Engelmann, "Microstrip-A New Transmission Technique for the 
Kilomegacyde Range," and two accompcmying papers in Proceedings of the IRE, vol. 40, 
pp. 1644-1663; December, 1952: also in Electrical Communication, vol. 30, pp. 26-54; March, 1953. 
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Microstrip continued 

the ground plane of the wire that is physically present. On p. 595 is illus. 
trated a short length of microstrip line, showing the metallic-strip conductof 
bonded to a dielectric sheet, to the other side of which is bonded a metallic 
ground plate. 

Phase velocity 

Theoretically, for the TEM mode with conductors completely immersed in 
the dielectric, the velocity of propagation is 

V = c/(E,Jl/2 

where 

c = velocity of light in vacuum 

Er = dielectric constant relative to air 

For Teflon-impregnated Fibreglos dielectric, this gives 604 feet per micro
second. Experimental measurements on a line with 7 /32-inch strip width 
and dielectric sheet l /16-inch thick give 

v = 655 feet/microsecond. 

Typical measurements together with the theoretical TEM wavelength ore 
plotted in Fig. 10. 

Characteristic impedance 

If it were not for fringing and leakage flux, the theoretical characteristic 

f 40 
2! 

I 38 

e 36 
.5 
~ 

\ 

' --- >.1 
34 -
32 >._ 
30 

0 2 4 6 8 10 12 1416 18 2022 2426 2830 

w In millimeters 

Fig. 10-Wavelength In mlcro1trlp versus width of strip conductor. The dimensions in Iha 
sketch al right are in millimeters. Dlelectrlc was Fibreglas G-6. Measvremenb were taken 
at 4770 m119Gcycles. 



Microstrip continued 

impedance would be 

Z0 lh/w) lµ/El112 

= 377 (h/wl {l/Erl112 

where 

h thickness of dielectric 

w width of strip conductor 

E = dielectric constant in farads/ 
meter 

µ = permeability in henries/meter 

Fig. 11 shows the experimentally 
determined Zo for typical microstrip 
lines. 

Attenuation 

I 90 I 
"" ~ 70 
~ 
~50 

30 

10 
0 

l 

\ 
!I.. 
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rn------
.. 

'""" --
10 20 30 

w In millimeters 
-111-lwf+- _l 

vpm«"k«M ,.5 

'4--78---t>ft 
Fig. 11-Characteristic Impedance for micro
strip with Flbreglas G-6 dielectric. Dimen
sions in sketch are In millimeters. C is the 
measured electrostatic capacitance In farads 
per unit length and v is the phase velocity In 
unlt1 of length per second. 

Conductor loss for copper, in decibels/foot: 

O:cu 7.25 X 10-• 11/hl lfmcEr)l/2 

Dielectric: loss in decibels/foot: 

aa = 2.78 X 10-:i fmcfp 1Erl112 

where 

fp power factor or loss angle 

h = dielectric thickness in inches 

A correction factor for conductor attenuation is shown in Fig. 12 for use in 
the formula: 

O:c ao X .i 

where ao is, for copper conductors, given by a.11 above. 

ao = O:cu (µ,p/ Pcul112 

where 

µ, = relative permeability 

p/ Pou = resistivity relative to copper. 

The measured attenuation of a typical microstrip line is shown on the 
chart on p. 615. The relatively high attenuation is due to the small physical 
size of the line. 
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Microstrip continued 

<l 

:s 
u 
,E 
C .e 
0 
r; 
8 

2.0 

1.8 
~ - -r--r--r--

1.6 

w/h= 2 -IA 
w/h 3 

1.2 

w{h = 10 

1.0 
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d/h 

Fig. 12-Com,ction factor ti for conductor 
attenuation (case of wide 1trlp of small 
thickne11 above infinite ground plane). 

Power-handling capacity 

t---...... -r--i-_ --........ 

-m --_._ 

---
0.04 0.05 0.06 0.08 0.10 

For a microstrip line composed of a strip 7 /32-inch wide on a Teflon
impregnated Fibreglas base 1/16-inch thick: 

a. At 3000 megacycles with 300 watts cw, the temperature under the strip 
conductor hos been measured at 50° centigrade rise above 20° centigrade 
ambient. 

b. Under pulse conditions, corona effects appear al the edge of the strip 
conductor for pulse power of roughly JO kilowatts at 9000 megacycles. 

Strip transmission lines* 

Strip transmission lines differ from microstrip in that a second ground plane 
is placed above the conductor strip (see sketch belowl. The characteristic 
impedance is shown in Fig. 13 and the attenuation in fig. 14. 

Attenuation 

Dielectric loss in decibels/unit length: 

ad = 27.3 Fpc,112/}..o 

where }..0 = free-space wavelength. 

* See, S. B. Cohn, "Problems In Strip Transmission lines," Transactions of the IRE Professional 
Group on Microwave Theory and Techniques, vol. MTT3, pp. 119-126; Morch 1955. Other papers 
on strip-type lines also appear in that issue of the journal. 
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Strip transmission lines continued 

220 ' ,r-. \ \ l 
\ 

200 

."' \'\ \ \ ' \ 
~¼ ;0,00 \\ :\ ,,, 

180 60 " \ i\ \\ ,\ 
\ i\ \i\ ,\\ 

160 50 
~ \I' :~\\ " 

~.05 \ ~r-,..._\\\ \ 
140 40 

120 

, ... \ 1 = 0.25) ~ ~\ "'" b 0.20/ 

~ "' ~ g::i/ ~ ~ ~ 
~5 " "' I\ 

o.o~:;, 
~ ~, 0.00 

~o ' " I'\ I\ '~ ~ ~ 
30 

............ ~ '-"- " ' .,~ ~~ ... I'\. I\ 
L- 0.25 ........._ 

~ .... r-,." r-.1'\ I.,,_~ 
' r,..., 

100 20 

' r,..., "' ~~ I'\ "'-" " 80 
0.1 0.2 0.3 0.4 0.5 0.6 0.8 1.0 2.0 

10 
3.0 4.0 

wlb 

599 

Fig. 13-Plot of strip-transmission-line Zo versus w/h for various values of t/h. For lower
left family of curves, refer to left-hand ordinate values; for upper-right curves, use right• 
hand scale. Courtesy of Transactions of rhe IRE Professonol Grovp on Microwave Theory and T echniqves. 
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Strip transmission lines continued 

Conductor loss in decibels/unit length: 

aa = ly/b) lfkmoE,µ,p/ Pcul112 

where 

y = ordinate from Fig. 14 

p/ Pcu = resistivity relative to copper 

The unit of length in ~ is that of X0 and in a., it is that of b. 

Lines and resonators with helica~ inner conductor 

Spiral delay line 

For a transmission line with helical inner conductor (spiral delay line) where 
axial wavelength and length of line are both long compared to line diameter 
(similar to Fig. 15 in dimensional symbols): 

L' = 0.30 n2d2 [1 - ld/D12] 

microhenries/axial foot where dis in inches and 

n 1/r turns/inch. 

C' = 7.4 Er/log10 ID/ di 

micromicrofarads/ axial foot. 

Zo = IL' /C'l 112 X 103 ohms 

T = IL'C'1 112 X 10-a 

microseconds/axial foot 

adb = 4.34R/Zo + 27.3 E,,fT 
decibels/axial foot where 

R = total conductor resistance in 
ohms/axial foot 

f = frequency in megacycles 

F,, = power factor 

Er = relative dielectric constant of 
medium between spiral and 
outer conductor 

1111
l•----•h-ie_ld_i_nsig8_d_io_m_et_er_.i•I 

•0/4 

J 
T 

... r,/4 

..i.. 

coil mean diameter 

Fig. I 5--Resonator with helical inner con
ductor. One end of the hellx is grounded 
solidly to the 1hleld1 other end Is open
clrculletl. 
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Resonator 

In a quarter-wavelength resonator {fig. 15!, the mode of the fields is some
what different from the above. 

L = 0.025 n2c/2[1 - !d/Dl 2] microhenries/axial inch 

where d is in inches and 

n = 1 / r = turns/inch 

Empirically, for air dielectric !and b/d = 1.5), 

C = 0.75/10910 ID/di 

micromicrofarads/ axial inch. 

These equations and all those below are good roughly for 

1.0 < bjd < 4.0 

0.45 < d/D < 0.6 

0.4 < do/T < 0.6 at b/d 1.5 

0.5 < d0/r < 0.7 at b/d = 4.0 

r < d/2 

where do = diameter of conductor 

The axial length of the coil is approximately a quarter wavelength, but 
much shorter than that length in free space. 

b = 25O/f ILCl1'2 inches 

where f is the resonance frequency in megacycles. 

1000 [ 2.5/C ]
1

'
2 

n = fc/2 !b/dl l - !d/Dl2 

1830 [10910 !D/dl]
1

'
2 

;· h 
= fD2 16/dl !d/Dl2 1 - {d/Dl 2 turns inc 

Zo = 1000 !L/Cl 112 = 0.25 X 106/bfC 

_ 106 10910 !D/dl 
- 3 fD lb/di Id/DI 

= 183 nd { [l - ld/D1 2Jlog 10 !D/dl} 112 ohms 
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lines and resonators with helical inner conductor continued 

A procticol working formula for the unloaded Q {not the theoretical maxi
mum), for copper winding ond shield, ond negligible dielectric loss, is 

Q ,.,, 220 Id/DJ - (d/D13 Dfl'2 

" 1.5 + ld/Dl 3 

,.,, 50 Dfl12 

(with D in inches) provided d0 exceeds 5 times the skin depth (poge 1281. 

Example: A resonator is required for 10.0 megacycles with unloaded 
Q,.. 1000. The generator impedance is 10,000 ohms ond the lood is 50 
ohms. They ore matched through the resonator and provide o doubly loaded 
D,; = 100. The power copobility of the generator is 200 watts. 

Suppose the proportions ore set ot b/d = 1.5 and d/D = 0.55. Then 
using the formulas and referring to Fig. 15, the following results are found. 

f = 10.0 megacycles 

Q,. = 1000 

D = 6.3 inches 

d 3.5 inches 

b = 5.25 inches 

L = b + D/2 = 8.4 inches 

n = 6 turns per inch 

nb = 31.5 turns total 

r = 0.167 inch 

d0 = 0.067 to 0.100 inch 

o = 0.0008-inch skin depth lpoge 129) 

Zo = 1700 ohms 

Referring to the section on "Resonant lines" (pp. 574-582): 
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Lines and resonators with helical inner conductor continued 

Ro/lo = l'll'/41 11/Qi - 1/Q,.l = 0.0071 

which is to be divided equally between generator and load and used in 
the formula in Fig. 6A. 

01 = 8.4 degrees for 10,000-ohm generator 

(top} = nb8i/90 degrees = 2.9 turns from short-circuited end 

01 = 0.6 degrees for 50-ohm load 

(topl = 0.2 turn from short-circuited end 

S = 1.2 on generator impedance 

(dissipation loss) = 0.9 decibel 

= {insertion loss) 

since (mismatch loss) ;:::,, zero 

P,,, = 200 watts 

P, = 36 watts 

I" = 5.3 amperes 

E0 , = 9000 volts 

The envelope area of the coil is approximately 50 square inches, so the 
overage dissipation is Pc/ (areal = 0.72 watts per square inch. The power 
dissipation per unit area at the grounded end is twice the overage value, 
due to the cosine distribution of current. Cooling is accomplished by 
radiation to the shield, and convection around the surface of the turns 
and from the coil supporting structure. 

In many applications, the loaded Q required is much lower than 100, in 
which case the resonator will handle a proportionately higher generator 
power. On the other hand, suppose the generator power remains at 200 
watts, but the loaded Q i$ allowed to be 12.5 (one-eighth its former value). 
Then the dimensions con be reduced to about one-half of those found in 
the example. The same values will result for power dissipation per unit 
area and voltage gradient between the open-circuited end and the shield. 
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Surface-wave transmission line* 

The surface-wave transmission line is a single
conductor line having a relatively thick dielectric 
sheath (Fig. 16!. The sheath diameter is often 3 or 
more times the conductor diameter. A mode of 
propagation that is practically nonradiating is 
excited on the line by means of a conical horn at 
each end as shown in Fig. 17. The mouth of the 
horn is roughly one-quarter to one wavelength 
in diameter. Losses are about half those of a two
wire line, but the surface-wave line has a 
practical lower frequency limit of about 50 
megacycles. 

copper conductor 
dielectric coating 

Fig. 16--Cross-section of sur• 
face-wave transmission line. 

Design charts ore given in Figs. 18-20 together with formulas herewith for 
attenuation losses. 

The losses in the two launchers combined vary from less than 0.5 decibel 
to a little more than 1.0 decibel, according to their design. 

launcher launcher 

-----

dielectric-coaled 
conductor :::::::::========= -------- ---------Fig. 17-Sutface-wave transmi11lon line with launchen at each end. These form transitions 

to coaxial line. Courtesy of Electronics 

Conductor loss L,, by the formula below is 5 percent over the theoretical 
value for pure copper. Dielectric loss Lp for polyethylene at 100 megacycles 
is shown in Fig. 19. For other dielectrics and frequencies, find L; by the 
formula. 

L,, = 0.455 fl12/Zd1 decibels/JOO feet 

L, = 26 fFpLp/ le, - 11 decibels/JOO feet 

L, = L11f/100 

for brown polyethylene (Fig. 191. 

* Georg Goubou, "Designing Surface-Wave Transmtsslon lines," Electronic~ vot 27, pp. 180-184; April, 1954. 
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Surface-wave transmission line continued 

.. 10 C .. 
1! 

9 ., 
Q, 

~ e .c a 
II 

,! 6 
<> 
'6 5 
! 
Id 4 
~ 
t 3 
do .. 2 { 

10 

9 

e 

7 

6 

5 

4.5 

4 

3.5 

3 

2.5 

1T--Jr--;;lf-\-~"\--~~h,,,,£.:__4--4--4_..\-4,..~:.....\~ 2 

L~~""-::'-7'\~-""---::~\"'lf~;,1...lf-~-'--t\-\-..;:;;~"'~~1i-\-..:-\-:..-_-_-_-_"'"...,;\-~+-... -::::::....::.:..:~~---~....:t-_\....:....:..,_~--~ .... ~-.ll 1.9 .v 1.e, 
~~--=~-'--\-~t'f.l~r-\+--\:: ..... ~-4.---lt--..\-...\-..\---\-l 1.11 

r-:::;-r--\-:;7""~~[-'\-::~~-\----++--+~~~i::::.~1.e, 
_..,.~--:;:.,,,,c.T--lc:~~r\~\--\-----:6~~+~.....),.-\-11.5, 
1:,.,,c;..---::::;:;o-JiF----l~~~~~~~-l-~-~_J~~~ 1.4• 

100 200 

lmpedonce=Z in ohms(for e,=2.3) 

1.3> 

1.2 

I.Ii 

~ 
,1 
I 
e .i 

1:, 
11 

8 
C 
:, 
I 

2 
' 1:, 

j 
0 
0 
: e 

Fig. 18-Relationshlp among wire diameter, dlelectrlc layer, phase-velocity reduction, and 
Impedance (for brown polyethylene). Courtesy of Electronics 
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Surface-wave transmission line continued 
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Fig, 19-Dieleclric loss at 100 megacycles for brown polyethylene (,.. = 2.3 and Fp = 5 X 10-4). 

Symbols used in formulas and figures are: 

c velocity of propagation in free space 

d, diameter of the conductor !inches in formula for Le) 
d0 outside diameter of the dielectric coating 

f = frequency in megacycles 

Fp = power factor of dielectric 

Le = conductor loss in decibels/JOO feet 

L, dielectric loss in decibels/100 feet 

Lp dielectric loss shown in Fig. 19. 

Z waveguide impedance in ohms 

iJv = reduction in phase velocity 

~. = dielectric constant relative to air 

X = free-space wavelength 

Courtesy of Electronic$ 

Example: At 900 megacycles (X = 0.333 meter!, a 200-foot line is required 
having a permissible loss of 1.0 decibel/JOO feet (not including the launcher 
losses). What are its dimensions? 

Allowing 20 percent for dielectric loss, the conductor loss would be 
Le = 0.8 decibel/JOO feet. Assuming Z 250 ohms as a first approximation, 
the formula for Le gives d, = 0.068 inch. Use no. 14 AWG wire Id, = 0.064 
and X/d; = 204). Now going to Fig. 18 and assuming that 100 iJv/c = 6 
percent is adequate, we find that d0 / d; = 3 and Z 270 ohms. 

Recomputing, Le 0.79 decibel/100 feet. By Fig. 19, Lp = 0.017 at 100 
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Surface-wave transmission line continued 

megacycles for brown polyethylene. Using the same material at 900 mega
cycles, the loss is L, 0.15 decibel/JOO feet. 

For 200 feet, the combined conductor and dielectric loss is 1.9 decibels, 
to which must be added the loss of 0.5 to 1.0 decibel total for the two 
launchers. 

Dieledric other than polyethylene (Fig. 201 

Determine Z and ov/c for polyethy
lene !Er 2.31 from Fig. 18. Then 
use Fig. 20 to find the value of 
da/d; required for the same per
formance with actual dielectric con
stant Er- Make computation of new 
dielectric loss, using Fig. 19 and 
formula for L,. 

Fig. 20-Conversion chart for dielectric other 
than polyethylene. Coortesy ol Electronics 
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Army-Navy list of standard radio-frequency cables* 

The following notes apply to the table on pages 608-611: 

* From "Guide lo Selection of Standard RF Cables," Armed Services Electro-Standards Agency, 
Fort Monmoulh, New Jersey, publication 49-2B, 1 November 1955 supplement. 
t Diameter of strands given in inches. As, 7 /0.0296 7 strands, each 0.0296-inch diameter. 
t This value is the diameter over lhe outer layer of conducting or insulating synthelic rubber. 
Nate I-Dielectric materials and approximate velocily factors (v = velocily of propagation 
in cable, c velocity of light in free spacel: 
A = Solid stabilized polyethylene lv/c = 0.67, except for RG-65A/U and RG-86/Ul. 
A2 Air-spaced polyelhylene (v / c = 0.84l. 
D layer of insulating synlhetic rubber between thin layers of conducting rubber !v/c = 0.411. 
E = Inner layer conducting synthetic rubber, center layer insulating synthetic rubber, outer 
layer red insulating synlhetic rubber Iv/ c = 0.4 ll. 
f = Solid polylelrafluoroethylene lteflonl Iv( c = 0.695). 
f2 Taped polytetrafluoroethylene lleflonl. 
F3 Air-spaced polyletrafluoroethylene (teflon). 
Nate 2-Composition of protective covering, 
Y = Noncontaminating synthelic resin. 
Z I Polytetrafluoroethylene- (teflon-l tape moisture seal, single Fiberglas braid, silicone-
varnish impregnated. 
Z2 = Polytetrafluoroethylene- !teflon-1 tape moislure seal, double Fiberglas braid, silicone
varnish impregnated. 
Note 3-For RG-65A/U, delay= 0.042 microsecond per foot al 5 megocycles1 de resistance 
7.0 ohms/foot. 



Army- nominal 
Navy dlelecl diam of 

cla .. of type Inner mate,lal dielectric shielding 
cables ltG- conduclo,t (note 1) inchet maid 

50 Single 8A/U 7/0.0296 A 0.285 Copper 
ohm, braid copper 

IOA/U 7/0.0296 A 0.285 Copper 
copper 

17A/U 0.195 A 0.680 Copper 
copper 

l8A/U 0.195 A 0.680 Copper 
copper 

19A/U 0.260 A o.910 Copper 
copper 

20A/U 0.260 A 0.910 Copper 
copper 

58C/U 19 /0.0071 A 0.116 Tinned copper 
tinned 
eopper 

122/U 27 /0.005 A 0,096 Tinned copper 
tinned 
eopper ------ ------

Double 58/U 0.053 A 0.181 Silvered 
braid silvered copper 

copper 

98/U 7/0.<m6 A 0.280 Slivered 
silvered copper 
copper 

l4A/U 0.106 A 0.370 Copper 
copper 

55A/U 0,035 A 0.116 Silvered copper 
silvered 
copper 

74A/U 0.106 A 0.370 Copper 
copper ------

r5 Single llA/U 7 /0.0159 A 0.285 Copper 
ohms brold finned 

copper 

continued Army-Navy list of standard radio-frequency cables• 

protective 
covering 
(nala 2) 

y 

y 
Armor 

y 

y 
Armor 

y 

y 
Armor 

y 

Synthetic 
resin 

y 

y 

y 

y 

y 
Armor 

y 

- . 

nomlnal 
over-au 

diam 
Inches 

0.405 

0.475 
{maxi 

0.870 

0.945 
(moxl 

1.120 

l.195 
(moxl 

0.195 

0.160 

0.328 

0.420 

0.545 

0.216 
!maxi 

0.405 

nomlnoJ 
Imped-

wel~ht ance 
lb fl ohms 

0.120 50.0 

0.160 50.0 

0.491 50.0 

0.603 50.0 

0.745 50.0 

0.925 50.0 

0.029 50.0 

- 50.0 

0.093 50.0 

0.158 50.0 

0.236 50.0 

0.032 50.0 

0.282 50.0 

0.096 75.0 

nominal maximum I 
capocl .. operating 
tance voltage 
µµf/fl rms I remark• 

29.5 4,000 General-purpose medium-
size flexible coble 

29.5 4,000 Some as RG~8A/U, but 
armored 

29.5 ll,000 large high-power low-at-
tcnuotion transmission 
coble 

29.5 ll,000 Same as RG-l7A/U, but 
armored 

29.5 14,000 Very large high-power 
low-attenuation transmis~ 
sion coble 

29.5 14,000 Some as RG-19A/U, but 
armored 

28.5 1,900 Small-size flex Ible cable 

29.3 1,900 Small-size fiexlble light-
weight coble 

28.5 3,000 Smoll microwave cable 

30.0 4,000 Spedol medlumwsize ftex-
ible coble 

29.5 5,500 Medium-size power~trol'.IJ,, 
mission cablo 

28.5 1,900 Small-size flexible cable 

29.5 5,500 Same a• RG-l 4A/U, but 
armored 

20.5 4,000 Medium-size 1 ftexlbfe 
video ond communication 
coble 

c::r., 

a5 
n 
~ 

i 
~ 



I 12A/U 

34A/U 

35A/U 

59A/U 

84A/U 

85A/U 

164/U 

Double I 6A/U 
braid 

High I Single 
temper- braid 
oture 

13A/U 

117/U 

118/U 

140/U 

141/U 

144/U 

146/U 

-

-

-

-

*See notes on page 607, 

7 /0,0159 
tinned 
copper 

7 /0.0249 
copper 

0.1045 
copper 

0.0230 
copperweld 

0.1045 
copper 

0.1045 
copper 

0.1045 
copper 

0.0285 
copperweld 

7 /0.0159 
tinned 
copper 

0.190 
copper 

0.190 
copper 

0.025 
silvered 
copperweld 

0.0359 
silvered 
copperweld 

7/0.0179 
silvered 
copperweld 

0.007 
copperweld 

A 0.285 

~ 
y 

Armor 

A 0.455 Copper y 

A 0.680 Copper y 
Armor 

A 0.146 Copper y 

A 0.680 Copper y 
Leod sheath 

···-
A 0.680 Copper y 

leod sheath 
and armor 

A 0.680 Copper y 

A 0.185 Inner-silver~ y 
coated copper. 
Outer-copper 

A 0.280 Copper y 

F 0.620 Copper Z2 

F 0.620 Copper Z2 
Armor 

F 0.146 Slivered Zl 
copper 

F 0.116 SUverod ZI 
copper 

F 0,28.I Slivered Z2 
copper 

F3 0.285 Copper Zl 

0.475 0,141 75.0 20.5 
lmoxi 

0.625 0.231 75.0 21.5 

0,945 0.480 75.0 21.5 
(rnoxl 

----- --··--
0.242 0.032 75.0 21.0 

1.000 1.325 75.0 21.5 

---
1,565 2.910 75.0 21.5 
lmoxi 

0.870 - 75.0 21.5 

0.332 0.082 75.0 20.0 

0.420 0.126 75.0 20.5 

0.730 0.450 50.0 29.0 

0.780 0.600 50.0 29.0 

0.241 0.045 75.0 21.0 

---· 
0.195 0.0:lO 50.0 28.5 

0.405 0,120 75.0 20.5 

0.375 - 190.0 6,5 

4,000 

5,200 

10,000 

2,300 

10,000 

10,000 

10,000 

2,700 

4,000 

5,000 

5,000 

2,300 

1,900 

4,000 

1,000 

Same os RG-IIA/U, but 
armored 

Lorge-size, high-power, 
low-atlenuotlon, flexible 
coble 

Lorge-size, hlgh.power 1 

low-ottent.Jotion video and 
communication coble ,_ __ 
Generol-pu rpose small-
size video cable 
--· 

Some a, RG-35A/U, but 
no armor; sheath for sub-
terraneon Ute 

Same as RG-84A/U, with 
&pedal armor 

Some a, RG-35A/U ex-
cept without armor 

Smoll~size video and eom .. 
munkation coble 

Medium-size flexible video 
and communication cable 

Semlfloxlble cable for 
-55° to 250° C 

Some as RG-117 /U, but 
armored 

Similar to RG-59A/U, but 
teflon Insulation 

Similar to RG-58C/U, but 
teflon Insulation 

S!mllor to RG-llA/U, but 
teflon ins1.1l0Uon 

Special low~copacltance 
cable 

e 
I 
I ... a 
~ 
c.Q 



Army- nominal 
Navy dlelecl diam of 

class of lype Inner materlal dielectric •hieldlng 
cable• RG- conductart {note 1) inches braid 

High Double 87A/U F 0.280 Silvered 
temper- braid copper 
oture copper 
cont'd 

94A/U F2 0.370 Copper 

copper 

ll5/U 7/0.028 F2 0.250 Silvered 
silvered copper 
copper 

116/U 7 /0.0312 F 0.280 Silvered 
silvered copper 
copper 

142/U 0.0359 F 0,116 Silvered 
silvered copper 
copperweld 

143/U 0.057 F 0.185 Silvered 
silvered 
copperweld 

copper 

---
Pulse Slngie 26/U !9/0.0117 D 0.308 Tinned 

broid tinned t copper 
copper 

26A/U 19/0.0l 17 E 0.288 Tinned copper 
tinned t 
copper 

27/U 19/0.0185 D 0.455 Tinned copper 
tinned t 
copper 

Double 25/U 19 /0.0117 D 0.308 Tinned copper 
broid tinned t 

copper 

25A/U 19/0.0117 E 0.308 Tinned copper 
Hnni.!id t 
copper 

28/U 19/0.0185 D 0.455 Inner-tinned 

I 
tinned t copper. Outer 
copper -go lvonized 

I steel 

continved Army-Navy list of standard radio-frequency cables"' 

I nominat naminal nominal maximum 
prolecctlve 
covering 
{note 2) 

Z2 

over.alt 

diam I welt! inchu lb ft 

0.425 0.176 

Imped. capaci- -allng 
ance lance voltage 
ohm1 µpf/fl rm• ,.ma,1;1 

50.0 29.5 4,000 Semiflexlble cable for 
-55° 10 250" C 

Z2 0,470 50.0 29.0 5,000 For use expansion 
and are a 
major problem ' - ·----,_ 

Z2 0.375 50.0 29.5 4,000 For use where expansion 
and contraction are a 
major problem 

Z2 0.475 0.224 50.0 29.5 4,000 Same as RG--87 A/U, but 
Armor armored 

Zl 0.206 0.045 50.0 28.5 1,900 Similar to RG-55/U, but 
tef1on Insulation 

Z2 0.322 0.102 50.0 28.5 3,000 Similar to RG-5S/U, but 
teflon insulation 

Ch!oroprene. 0.525 0.189 50.0 50.0 8,000 Medium.tfze coble 
Armor lmaxl lpeokl 

Chloroprene. 
Armor 

0.505 0.189 48.0 50.0 8,000 High-voltage armored 
lpeakl pulse coble 

Synthetic 0.675 0.304 48.0 50.0 15,000 large~slze armored pulN 
resin, (mox1 lpeakl cable 
Armor 

. -
Chloroprene 0.565 0.205 50.0 50.0 8,000 $pedal cable for twisting 

lpeakl oppiicotiont 

Chloroprene 0.505 0.205 48.0 50.0 8,000 Med!um-,lze pulse cable 
lpeokl 

Chloroprene 0.805 0.370 48.0 50.0 

I 
15,000 Lorge-size pulse coble 
lpeokl 

c::r., -c:::::, 

i 
l 
= 
~ 



64A/U 19/0.0117 E 0.288 Tinned copper 
tlnned t 
copper 

-
Four 888/U 19 /0.0117 E 0.288 Tinned copper 
braids tinned t 

copper 
--

low Single 62A/U 
ca pod- braid 

0.0253 A2 0.146 Copper 
copperweld 

tonce -·--·· 
628/U 7/0.008 A2 0.146 Copper 

copperweld 
--
638/U 0.0253 

Copperweld 
A2 0.285 Copper 

798/U 0.0253 
copperweld 

A2 0.285 Copper 

Double 71A/U 0.0253 A2 0.146 Tinned copper 
braid 

~,~1126/U 
attenu- braid 
ation --

Double I 21A/U 
braid 

copperweld 

7 /0.0203 F 0.180 Katma wire 
Karrna wire 

0.053 A 0.185 Silvered 
resistance copper 
wire ~----- ,_ 

High Single I 65A/U 
delay braid 

0.008 A 0.285 Copper 
Formex F. He-
lix diam 0.128 

--··-
Twin No I 86/U 
con- braid 

2 cond. A 0,300 None 
7 /0.0285 X 

doctor copper 0.650 

Slngle 130/U 
braid 

2 cond. A 0.472 Tinned copper 
7 /0.0285 
copper --- ·-•---

131/U 2 cond. 
7 /0.0285 

A 0.472 Tinned copper 

copper 
--

Double 228/U 
braid 

2 cond. A 0.285 Tinned co¢per 
7 /0.0152 
copper ---

111A/U 2 cond. A 0.285 Tinned copper 
7 /0.0152 
copper 

"'See notes on page 607. 

Chloroprene 

y 

y 

y 

y 

y 
Armor 

Synthetic 
resin 

Z2 

y 

y 

None 

Synthetic 
resin 

Synthetic 
resin. 
Al, ormor 

y 

y 
Annor 

0.475 0.205 

0.565 
(max) 

0.242 0.0382 

---
0.242 0.040 

- --
0.405 0.082 

----
0.475 0.138 
lmaxl 

0.250 0.046 
lmax) 
----
0,275 0.076 

--
0.332 0.093 

0.405 -' 0.096 

0.300 
X 

0.650 
--· 
0.625 0.220 

0.710 0.295 

o.420 I o.116 

0.490 I 1.145 
!max) 

48.0 

48.0 

93.0 

93.0 

125.0 

. 

125.0 

-
93.0 

50.0 

-
50.0 

950.0 

200.0 

95.0 

95.0 

95.0 

95.0 

50.0 B,000 
!peak! 

50.0 B,000 
lpeakl 

13.5 750 

13.5 750 

10.0 l,000 

10.0 1,000 

13.5 750 

29.0 3,000 

29.0 2,700 

44.0 1,000 

7.8 

17.0 8,000 

17.0 8,000 

16.0 1,000 

16.0 1,000 

Medium-size pulse cable 

Replace, RG-77 /U In air-
borne a pp \icotions 

Same as RG-71A/U ex-
cept for braid 

Same as RG-62A/U, but 
stranded center conductor 

Medium-size low-capacl-
tance air-spaced coble 

Same os RG-638/U, but 
armored 

Sma It-size low-capad,. 
tance air-spaced cable 

High-attenuation cable 

High-attenuation cable. 
Smail temperature coeffi-
clent of attenuation 

High-impedence video 
cable. High-delay line 
!Note 31 

For rhombic and doublet 
receiving antennas 

large-size balanced cabfe. 
Inner conductors: twisted 
for flexibility 

Same os RG-130/U, but 
aluminum armored 

Small-size balanced cab!e 

Same as RG-228 /U, but 
armored 

;I 
> z ; 
I z ... 
z 
"' "' 
c:::n --
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Attenuation and power rating of lines and cables 

Attenuation: On pp. 614 and 615 is o chart that illustrates the attenuation 
of general-purpose radio-frequency lines and cables up to their practical 
upper frequency limit. Most of these are coaxial-type lines, but wave
guide and microstrip ore included for comparison. 

The following notes are applicable to this table. 

a. For the RG-type cables, only the number is given (for instance, the 
curve for RG-14A/U is labeled only, 141. !See table on pages 607-611.l 
The data on RG-type cables taken mostly from, "Index of RF lines and 
Fittings," Armed Services Electro-Standards Agency, Fort Monmouth, New 
Jersey, publication 49-2B, 1 November 1955 supplement, and from "Solid 
Dielectric Transmission lines," Radio-Electronics-Television Manufacturer's 
Association Standard TR-143; February, 1956. 

Some approximation is involved in order to simplify the chart. Thus, where a 
single curve is labeled with several type numbers, the actual attenuation of 
each individual type may be slightly different from that shown by the curve. 

b. The curves for rigid copper coaxial lines are labeled with the diameter 
of the line only, as t11C. These have been computed for the standard 
50-ohm-size lines listed in Radio-Electronics-Television Manufacturer's 
Association Standard TR-134; March, 1953. The computations considered 
the copper losses only, on the basis of a resistivity p = 1.724 microhm
centimeters; a derating of 20 percent has been applied to allow for imperfect 
surface, presence of fittings, etc., in long installed lengths. Relative attenua
tions of the different sizes are as follows: 

Asw ~ 0.13Aw 

Asw ~ 0.26Aw 

A1w ~ 0.51Aw 

c. Curves for three sizes of 50-ohm Styroflex cable are copied from a 
brochure of the manufacturer. These ore labeled by size in inches as, 
i''S. The velocity factor of this type of cable is approximately v/c = 0.91. 

d. The microstrip curve is for Teflon-impregnated Fiberglas dielectric 
1 /16-inch thick and conductor strip 7 /32-inch wide. 

e. Shown for comparison is the attenuation in the TE1,0 mode of 5 sizes 
of brass waveguide. The resistivity of brass was taken as p = 6.9 microhm
centimeters, and no derating was applied. For copper or silver, attenuCZ1tion 
is about half that for brass. For aluminum, attenuation is about 2/3 that 
for brass. 
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Attenuation and power rating of lines and cables continued 

Power rating: On p. 616 is a chart of the approximate power-transmitting 
capabilities of various coaxial-type lines. The following notes are applicable. 

f. Identification of the curves for the RG-type cables is as in note a above. 
The data for these cables are from the sources indicated in that note. for 
polyethylene cables, an inner-conductor maximum temperature of 80 degrees 
centigrade is specified !See note /). for high-temperature cables (types 
87 and 116, the inner-conductor temperature is 250 degrees centigrade. 

g. The curves for rigid coaxial line are labeled with the diameter of the 
line only, as ?/ 'C. These are rough estimates based largely on miscel
laneous charts published in catalogs. 

h. For Styroflex cables, see note c above. 

i. The curves are for unity voltage standing-wave ratio. Safe operating 
power is inversely proportional to swr expressed as a numerical ratio greater 
than unity. Do not exceed maximum operating voltage (see pp. 595 and 
607-6 lll. 

i, An ambient temperature of 40 degrees centigrade is assumed. 

k. The 4 curves meeting the JOO-watt abscissa may be extrapolated: at 
3000 megacycles for RG-122, maximum average power is 20 watts; for 
55,58, power is 28 watts; for 59, power is 44 watts; and for 5,6, power is 
58 watts. 

I. The Radio-Electronics-Television Manufacturer's Association Standard 
TR-143 states that operation of a polyethylene dielectric cable at a center
conductor temperature in excess of 80 degrees centigrade is likely to cacse 
permanent damage to the cable. Where practicable, and particularly where 
continuous flexing is required, it is recommended that a cable be selected 
which, in regular operation, will produce a center-conductor temperature 
not greater than 65 degrees centigrade. Rating factors for various operating 
temperatures a re given in the following table. Multiply points on the power
rating curve by the factors in the table to determine power rating at 
operating conditions. 

ambient 
temperature 
In degrees 
centigrade 

40 
50 
60 
70 
80 

deratlng factor 
maximum allowable center conductor temperature In 

degrees cenlergrade 

1.0 0.86 0.72 0.59 
0.72 0.59 0.46 0.33 
0.46 0.33 0.22 0.10 
0.20 0.09 0 
0 
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CHAPTER 21 617 
• Waveguides and resonators 

Propagation of electromagnetic waves in hollow waveguides 

For propagation of energy at microwave frequencies through a hollow 
metal tube under fixed conditions, o number of different types of waves ore 
ovoiloble, namely: 

TE waveS: Transverse-electric waves, sometimes called H waves, character
ized by the fact that the electric vector (E vector) is always perpendicular 
to the direction of propagation. This means that 

E. = 0 

where z is the direction of propagation. 

TM waves: Transverse-magnetic waves, also called E waves, characterized 
by the fact that the magnetic vector [H vector) is always perpendicular to 
the direction of propagation. 

This means that 

H. = 0 

where z is the direction of propagation. 

Note-TEM waves: Transverse-electromagnetic waves. These waves are 
characterized by the fact that both the electric vector IE vectorl and the 
magnetic vector (H vector) are perpendicular to the direction of propaga
tion. This means that 

E11 = H. = 0 

where z is the direction of propagation. This is the mode commonly excited 
in coaxial and open-wire lines. It cannot be propagated in a waveguide. 

The solutions for the field configurations in waveguides ore characterized 
by the presence of the integers m and n which can toke on separate values 
from O or 1 to infinity. Only a limited number of these different m,n modes 
can be propagated, depending on the dimensions of the guide and the fre
quency of excitation. For each mode there is o definite lower limit or cutoff 
frequency below which the wave is incapable of being propagated. Thus, 
o waveguide is seen to exhibit definite properties of a high-poss filter. 

The propagation constant 'Ym,n determines the amplitude and phase of each 
component of the wove as it is propagated along the length of the guide. 
With z = (direction of propagation! and w = 2 'Ir X (frequency), the 
factor for each component is 

exp[jwt - 'Ym,..Z] 
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Propagation of electromagnetic waves in hollow waveguides continued 

Thus, if 'Ym,n is real, the phase of each component is constant, but the ampli
tude decreases exponentially with z. When 'Ym,n is real, it is said that no 
propagation tokes place. The frequency is considered below cutoff. Actually, 
propagation with high attenuation does toke place for a small distance, and 
o short length of guide below cut-
off is often used as o calibrated 
attenuator. 

When 'Ym,n is imaginary, the y 

amplitude of each component 
remains constant, but the phase 
varies with z. Hence, propagation 
tokes place. 'Ym,n is o pure im-
aginary only in o lossless guide. fr 
In the practical case, 'Ym,n usually 
hos both a real port a,,.,,., which is Fig. 1-Rectangular waveguide. 

the attenuation constant, and on 
imaginary port /3,,.,,., which is the phase propagation constant. Then 

'Ym,n = O!m,n + i/3m,n 

Rectangular waveguides 

Fig. J shows a rectangular waveguide and a rectangular system of coordi
nates, disposed so that the origin falls on one of the corners of the wave
guide; z is the direction of propagation along the guide, and the cross
sectional dimensions ore Yo and Xo, 

For the case of perfect conductivity of the guide walls with o nonconducting 
interior dielectric !usually oirl, the equations for the TM,,.,,. or E,,.,,. waves 
in the dielectric ore, 

(:~)sin(: y) cos(:~ x) e1wl-Y~n' 

f 11 = - A -'Y-2-,,.-,,.-'Y-~.,_•"-w-2-µ-E- ( :: ) cos ( :: y) sin (:~ x) e1~--,,,.,,.z 

E. = A sin ( :: y) sin ( :~ x) e1wt--,~,.• 

H,. = - A 
2 

jwE 
2 

.(n,r) cos (n,r y) sin (m11' x) e1~-Ym,n' 
'Y "'•" + W µE Yo Yo Xo 

Hv = A -
7
- 2-m-,,.-:-E-w_i_µ_E-(::) sin(:: y) cos(: x) eM-Ym,u' 

H,=O 
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Rectangular waveguides continued 

where E is the dielectric constant and µ. the permeability of the dielectric 
material in meter-kilogram-second (rationalized} units. 

Constant A is determined solely by the exciting voltage. It hos both ampli
tude and phase. Integers m and n may individually take values from 1 to 
infinity. No TM waves of the 0,0 type or 1,0 type ore possible in o rectangular 
guide so that neither m nor n may be 0. 

Equations for the TE,,.,,. waves or Hm,n waves in a dielectric ore: 

E" = - B -'Y-2-,,.-.-.. -+-·w-2-µ.-E-(::) sin(:~ y) cos(:~ x) e~-Ym,n• 

E, = 0 

(m1r) (n1r ) . (m1r ) Jwt-y • -;,;- cos Yo y sin -;,;- x e ..,,. 

(n1r ) (m1r ) J..i-y • H, = B cos -;.:- y cos -;,;- x e "'·" 

where E is the dielectric constant and µ. the permeability of the dielectric 
material in meter-kilogram-second (rationalized! units. 

Constant B depends only on the original exciting voltage and has both 
magnitude and phase; m and n individually may assume any integer value 
from 0 to infinity. The 0,0 type of wove where both m and n ore 0 is not possi
ble, but oil other combinations ore. 

As stated previously, propagation only takes place when the propagation 
constant 'Ym,n is imaginary; 

This means, for any m,n mode, propagation takes place when 
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Rectangular waveguides continued 

a • top view of section a-a' 

: : : : : : _: : ~ : ·-• y 
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Fig. 2-Field configuration for TE1,o wave. 

section a-a• 

Fig. 3-Fleld configuration for a TE,., wave. 

TE,,o TEa,o 

'TE , ,,, 

Fig. +-Cllaracteri1tlc E lines for TE wavH. 
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Rectangular waveguides continued 

or, in terms of frequency f and velocity of light c, when 

/( )2 ( )2 f > C '\J ffi'II" + n'II" 
211"V\11E1 -;;; . Yo 

where µ1 and El are the relative permeability and relative dielectric constant, 
respectively, of the dielectric material with respect to free space. 

The wavelength in the air-filled waveguide is always greater than the 
wavelength in free space. The wavelength in the dielectric-filled wave 
guide may be less than the wavelength in free space. If A is the wavelength 
in free space and the medium filling the waveguide has a relative dielectric 
constant e, 

). ). 

✓E _ (m).)2 _ (n).)2 - ✓E _ (~)2 
2xo 2yo Ac 

Ag(m,n) 

where 11/).,) 2 = (m/2x012 + ln/2y0l 2 

The phase velocity within the guide is also always greater than in on un
bounded medium. The phase velocity v and group velocity u are related by 
the following equation: 

u = c2/v 

where the phase velocity is given by v = cA.11/A and the group velocity is 
the velocity of propagation of the energy. 

To couple energy into wove guides, it is necessary to understand the con
figuration of the characteristic electric and magnetic lines. Fig. 2 illustrates 
the field configuration for o TE1.o wove. Fig. 3 shows the instantaneous field 
configuration for o higher moue, a TE2,1 wove. 

In Fig. 4 ore shown only the characteristic E lines for the TE1,o, TE2,o, TE1,1, 
and TE2,1 waves. The arrows on the lines indicate their instantaneous relative 
directions. In order to excite a TE wove, it is necessary to insert a probe to 
coincide with the direction of the E lines. Thus, for a TE1.o wave, a single 
probe projecting from the side of the guide parallel to the E lines would be 
sufficient to couple into it. Several means of coupling from o coaxial line 
to a rectangular waveguide to excite the TE1.o mode are shown in Fig. 5. 
With structures such as these, it is possible to make the standing-wove ratio 
due to the junction less than 1.l5 over a 10- to 15-percent frequency band. 

Fig. 6 shows the instantaneous configuration of o TM1.1 wave; Fig. 7, the 
instantaneous field configuration for o TM2,1 wove. Coupling to this type of 
wave may be accomplished by inserting a probe, which is parallel to the 
E lines, or by means of a loop so oriented as to link the lines of flux. 
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Rectangular waveguides continued 

short 
circuit 

Fig. 5-Methods of coupling to TE1,0 mode (a: Xu/4). 

Fig. 6--lnslantaneous fteld configuration for a TM1.1 wave. 

Fig. 7-lnslanlaneous field configuration for a T~.1 wave. 

Circular waveguides 

electric 
intensity 

magnetic 
intensity 

electric 
intensity 

magnetic 
intensity 

The usual coordinate system is p, 8, z, where p is in the radial direction; 
8 is the angle; z is in the longitudinal direction. 

TM waves (E waves): H • = 0 

X 
E,. = Ho rJ --

A11cm ... > 



Circular waveguides continued 

X 
Es= -H ri-

P Ag(m,n) 

E • = A J,. !km.n pl COS n fJ elwl-'Ym,n.' 

WAVEGUIDES AND RESONATORS 

HP = -jA ;11'n J,. (km.,.pl sin n tJ iwt-'Y,,.,,.• 
Xk ,,.,,.r,p 

H• -- ·'A 2
11' J' (k I 8 -Jwt-'Y • • - J -- ,. m,nP cos n e "'•" 

Xk,,.,,.r, 

where r, = Iµ/ El½ with µ and E in absolute units. 

623 

By the boundary conditions, E. 0 when p a, the radius of the guide. 
Thus, the only permissible values of k are those for which J,. lkm ... al = 0 
because E • must be zero at the boundary. 

The numbers m, n take on all integral values from zero to infinity. The waves 
are seen to be characterized by the numbers, m and n, where n gives the 
order of the bessel functions, and m gives the order of the root of J,. 
tkm,n al. The bessel function has an infinite number of roots, so that there ore 
an infinite number of k's that make J,. lk,,.,,. al = 0. 

TE waves (H waves): E • = 0 

. 21t'nr, 1 Ep = JB -
2
-- J,. (k,,.,,.pl sin n tJ e wt-'Y,,.,,.• 

Xk m,nP 

E = J'B 2
11'1/ ) 1 (km,nPI COS n fJ J""-'Ym,n• 8 

Xk,,.,,. " 

H,, 

He 

H, = BJ,. (k,,._,. p) cos n8 eJwt-'Ym,11• 

Again n takes on integral values from zero to infinity. The boundary condi
tion Es O when p = a still applies. To satisfy this condition k must be such 
as to make J',. {k,,.,,. al equal to zero [where the superscript indicates the 
derivative of J,. (km,n al]. It is seen that m takes on values from 1 to infinity 
since there are an infinite number of roots of J',. (k,,.,,. al. 
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Circular waveguides continued 
' 

For drcular waveguides, the cutoff frequency for the m,n mode is 

fc(m,n) = C k,,.,,./2 7r 

where c = velocity of light and k,,.,,. 
is evaluated from the roots of the 
bessel functions 

km,n = Um,nla or U' ,,.,,./o 

where a = radius of guide or pipe 

I~ 1.0 
~ 

0,8 

0.6 

and U.,.,., is the root of the particular o.4 
bessel function of interest for its 
derivative). 0.2 

0 

c-. ..... 
"', 

" I'\ 
\ 

\ 

' 
The wavelength in any guide filled 
with a homogeneous dielectric e 
(relative) is 

o o.t 0.4 o.e o.e 1.0 

>.o/>... 
Fig. 8-Chart for determining guide 
wavelength. 

where Ao is the wavelength in free space, and >-. is the free-space cutoff 
wavelength for any mode under consideration. 

The following tables are useful in determining the values of k. For TE waves 
the cutoff wavelengths are given in the following table. 

Values of ")../a (where a= radius of guide) 

0 

1 
2 
3 

1.640 
0.896 
0.618 

3.414 
1.178 
0.736 

2 

2.051 
0.937 
0.631 

For TM waves the cutoff wavelengths are given in the following table. 

Values of X./a 

n\;;' 0 2 

l 2.619 1.640 1.224 
2 1.139 0.896 0.747 
3 0.726 0.618 0 . .541 
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Circular waveguides continued 

where n is the order of the bessel function and m is the order of the root. 

Fig. 8 shows X0/Xa os a function of 
X0/X •. From this, Aa may be deter
mined when Ao and Ac ore known. 

The pattern of magnetic force of 
TM waves in o circular waveguide 
is shown in Fig. 9. Only the maxi
mum lines ore indicated. In order to 
excite this type of pattern, it is 
necessary to insert o probe along 
the length of the waveguide and 
concentric with the H lines. For 
instance, in the TMo,1 type of wove, fig. 9-Pattwns of magnetic force of TM 
a probe extending down the length waves ID circular waveguides. 

of the waveguide ot the very center 
of the guide would provide the 
proper excitation. This method of 
excitation is shown in Fig. JO. 
Corresponding methods of excita
tion may be used for the other 
types of TM waves shown in Fig. 9. 

fig. lo-Method of coupling to circular 
Fig. 11 shows the patterns of elec- waveguide for TMo,1 wave. 

tric force for TE waves. Again only 
the maximum lines ore indicated. 
This type of wove may be excited 
by on antenna that is parallel to 
the electric lines of force. The 
TE1,1 wove may be excited by 
means of on antenna extending 
across the waveguide. This is illus
trated in Fig. 12. 

Propagating E waves hove o mini
mum attenuation ot 13)½ f .. 

The H1,1 wave hos minimum attenu
ation ot the frequency 2.6 {3)½ fc, 

Fig. 11-Pattems of electric force of JE 
waves in circular waveguides. 
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Circular waveguides continued 

The Ho,1 wave has the interesting 

and useful property that attenua

tion decreases as the frequency 

increases. The fact that this is true 

for all frequencies makes this trans

mission mode unique. 

Ridged waveguides* 

" 

section a-a' 

Fig. 12--Melhod of coupling lo circular 
waveguide far TE1,1 wave. 

To lower the cutoff frequency of a waveguide for use over a wider-than
normal frequency band, ridges may be used. By proper choice of dimensions, 
it is possible to obtain as much as a four-to-one ratio between cutoff 
frequencies for the TE2,o and TE1,0 modes. 

Fig. 13-Asymmelrical and symmetrical ridged waveguides. 

fig. 13 pictures two forms of commonly used ridged waveguide. 

The value for the cutoff wavelength >..., is 

( 
90° ) 

Xe = (Ji + 82 A.co 

where >...,0 = 2a = cutoff wavelength without ridges and 81 and 82 satisfy 
the approximate equation 

cot 81 + !b1/b2l cot 82 = 0. 

The last equation is approximately true for small (Ji and small b1/b2, since 
it assumes no discontinuity susceptance at the ridge edges. 

• "Very-High-Frequency Techniques," McGraw-HIii Book Company Incorporated, New York, 
N. Y.; 1947: pp. 678-684. 



Attenuation constants 
Fig. 14--Cutotf wavelengths and attenuation factors; all dimensions are In meters. 

Type of 
guide 

Cutoff 
wavelength 

>,.., 

Attenuation 
constant = a 

(nepers/rneterl 

I 

I 

coaxial cable 
TEM 

@ 

0 

cG+D 
a.~-·-b-

log, 
a 

(See also p. 5741 

where >.. = cutoff wavelength 

I 

rectangular pipe 
TE,,,,o or Hm. o 

~ 
2a -
m 

4a.A(~+~) 
a 2b >..2 

A= vJ>._ 
Vl - (>./>..1 2 

circular pipe 

8 
TMo.1 or Eo~ 

·-·--·-1· 
TE,.1 or H1,1_ ___ L__T.§,Lor Ho,1 

I 2.613a I 3.412a I 1.640a 

I I I 

2; A (~Y 2 a0 A 2 
a• A (o.415 + >.') 

a a >-.' 

I I I 

ao = I ✓ I!'! ~i1r (M.K.S.l 
2 0'2 µ1 

:ie 
> < m 
Q 
C 
a 
m ... 
> z 
0 
IO 
m ... 
0 z 
> ... 
0 
IO 

"' 
c:::MI 
r--.::, -...,, 
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Attenuation constants conlinved 

All of the attenuation constants contain a common coefficient 

ao = ½ lµ2e11r/o-2µ1l 112 

where 

€1 = dielectric constant of insulator 

µ1 = magnetic permeability of insulator 

o-2 = electric conductivity of metal 

µ 2 = magnetic permeability of metal 

For air and copper, 

a:0 = 0.35 X 10-9 nepers/meter = 0.3 X 10-5 decibels/kilometer 

To cdnvert from nepers/meter to decibels/JOO feet, multiply by 264. 
Fig. 14 summarizes some of the most important formulas. Dimensions a and b 
ore measured in meters. 

Attenuation in a waveguide beyond cutoff 

When a waveguide is used of a wavelength greater than the cutoff wave
length, there is no real propagation and the fields are attenuated exponen
ially. The attenuation L in a l~ngth d is given by 

L = 54.51~ [ 1 - (? )2J12 

decibels 

where 

X. = cutoff wavelength 

)\ = operating wavelength 

Note that for X >> Ac, attenuation is essentially independent of frequency 
and 

L = 54.5 d/Xc decibels 

X. is a function of geometry. 

Standard waveguides 

Fig. 15 presents a list of rectangular waveguides that have been adopted 
as standard with some of their properties. 



Fig. 15-Slandarcl waveguides. 

Radlo
0

Elec1N>nlcs I I Television 
Monufacturer, 

A11oclatlon Army-Navy 
designation type number • _ 

WR1500 
WR1l50 
WR975 
WR770 
WR650 RG-69/U 
WR510 
WR430 RG-104/U 
WR340 
WR284 RG-46/U 
WR229 
WR187 RG-49/U 
WR159 
WR137 RG-50/U 
WR112 RG-51/U 
WR90 RG-52/U 
WR75 
WR62 RG-91/U 
WR.SI 
WR42 RG-53/U 
WR3-4 
WR28 RG-96/U I") 

WR22 RG-97/U l"l 
WR19 
WRIS RG-98/U I") 

WR12 RG-99/U l"l 
WRIO 

ou..,. dlmen1lon1 
and 

wall lhlcltnets 

15.000 X 7.500t 
71.soo X 5.750 t 

J0.000 X 5.125 X 0.125 
7.950 X 4.lOO X O.l'.15 
6.660 X 3.410 X 0.080 
5.260 X 2.710 X 0.080 
4.460 X 2'.310 X 0.080 
3.560 X 1.860 X 0.080 
3.000 X 1.500 X 0.080 
2.418 X 1.273 X 0.064 
2.000 X 1.000 X 0.064 
1.718 X 0.923 X o.064 
l.500 X 0.750 X 0.064 
1.250 X 0.625 X 0.064 
1.000 X 0.500 X 0.050 
0.850 X 0.475 X 0.050 
0.702 X 0.391 X 0.040 
0.590 X 0.335 X 0.040 
0.500 X 0.250 X 0.040 
0.420 X 0.250 X o.040 
0.360 X 0.220 X 0.040 
0.304 X 0.192 X 0.040 
0.268 X 0.174 X 0.040 
0.228 X 0.154 X 0.040 
0.202 X 0.141 X 0.040 
0.180 X 0.130 X 0.040 

l frequency range I 
In kilon,egacycle1 

for dominant 
!Tll&l mode 

0.47 0.75 
0.64 - 0.96 
0.75 1.12 

--·-
0,96 1.45 . -
1.12 - 1.70 
1.45 2.20 
1.70 - 2.60 
2.20 - 3.30 
2.60 - 3.95 . 
3.30 - 4.90 
3,95 - 5.85 
4.90 - 7.05 
5.85 - 8.20 
7.05 - I0.00 
8.20 - 1240 

10.00 - 15.00 
12.4 18.00 
15.00 - 22.00 
18.00 - 26.50 
22.00 - 33.00 
26.50 - 40.00 
33.00 - 50.00 
40.00 - 60.00 
50.00 - 7 5.00 
60.00 - 90.00 
75.00 -110.00 

• In this column# types marked with asterisk are sUver; unmarked types are brass. 
t 1nner dimensions: only are spec!rred. 

cutoff wave,. 
length ~e In 
centim.._, 

for TEl ,O mode 

76.3 
58.4 
49.6 
39.1 
33.0 
25.9 
21.8 
17.3 
14.2 
11.6 
9.50 
8.09 
6.98 
5.70 
4.57 
3.81 
3.16 
2.59 
2.13 
1.73 
1.42 
1.14 
o.955 
0.753 
0.620 
0.509 

continued Standard waveguides 

cutoff frequency 
fe in kilomego
cycles for TEl,O 

mode 

0.393 
0.514 
0.605 
0.767 
0.908 
1.16 
1.375 
1.735 
2.08 
2.59 
3.l6 
3.71 
4.29 
5.26 
6.56 
7.88 
9.49 

11.6 
]4.1 
17.3 
21.1 
26.35 
31.4 
39.9 
48.4 
ll9.0 

I 
th-etlcal I lheoretlcal power 

ottenuatlon, roting in mega-
lowest lo highest watts for lowest 

frequency In to hlghe1t 
. db/100 fl __ fr~uency; 

0.317- 0.212 11.9 -17.2 

0,.588- 0.385 5.2 - 7.5 

1.102- 0.752 2.2 - 3.2 

2.08 - 1.44 l.4 - 2.0 

2.87 - 2.30 0.56 - 0.71 
4.12 - 3.21 0.35 - 0.46 
6.45 - 4.48 0.20 - 0.29 

9.51 - 8.31 0.12 - 0.16 

20.7 -14.8 0.043 - 0.058 

-21.9 -15.0 0.022 - 0.031 
31.0 -20,9 0.014 - O.o20 

52.9 -39.1 0.0063-- 0.0090 
93.3 -522 0.0042- 0.0060 

i For these computations, the breakdown 1tren9th of air was taken as 15,000 volts per centimeter. A safety factor or opproxlmotolv 2 at sea level has been olloweG. 

~ : 
2! 
s 
0 
:::: 

' " ;,g 

I 
i 
"' 
c::r.> 
~ 



630 CHAPTER 21 

Waveguide circuit elements* 

Just as at low frequencies, ~ 
it is possible to shape me- -<"' 

tallic or dielectric pieces ;i> 
to produce local concen- iii' 
trations of magnetic or 
electric energy within a 
waveguide and thus pro
duce what ore, essentially, 
lumped inductances or 
capacitances over a lim
ited frequency bandwidth. 

This behavior as a lumped 
element will be evident 
only at some distance 
from the obstacle in the 
guide, since the fields in 
the immediate vicinity are 
disturbed. 

Capacitive elements are 
formed from electric-field 
concentrating devices, 
such as screws or thin 
diaphragms inserted par
tially along electric-field 
lines. These ore suscep-
tible to breakdown under 
high power. Fig. 16 shows 
the relative susceptonce 
B/Yo for symmetrical and 

!5 

4 

3 

2 

0 
0 

o/b 

\ 
\ 
\ 

0.2 

\ 
\ 
~ 

0.4 

symmetrical diaphragm 

'\, 
', 
~ ---0.6 0.8 1.0 

asymmetrical diaphragm rff/#4 ..t.. 
, replace >.9 by >-9 I, 2 ) ._ _______ _. o J_ 

0 1 OT 
~ :rjB ; ~ 

Fig. I 6 -- Ncirmalixe!I suscaptanca of capacitive 
diaphragms. , 

asymmetrical diaphragms for small b/A0 • 

A common form of shunted lumped inductance is the diaphragm. Figs. 17 and 
18 show the relative susceptance B/Y0 for symmetrical and asymmetrical dia
phragms in rectangular waveguides. These are computed for infinitely thin 
diaphragms. Finite thicknesses result in an increase in B/Y0• 

Another form of shunt inductance that is useful because of mechanical 
simplicity is a round post completely across the narrow dimension of a 
rectangular guide (for TE1,o model. Figs. '19 and 20 give the normalized 
values of the elements of the equivalent 4-terminol network for several 
post diameters. 

* For a more complete treatment, refer to C. G. Montgomery, R. H. Dicke, and E. M. Purcell, 
"Principles of Microwave Circuits," McGraw-Hill Book Company, Incorporated, New York, 
N. Y.; 1948: Chapters l and 6. Also N. Marcuvitz, "Waveguide Handbook," McGraw-Hill 
Book Company, Incorporated, New York, N. Y.; 1951. 
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Waveguide circuit elements continued 

Frequency dependence of waveguide susceptances may be given approxi
mately as follows: 

r-o--, ... 1,4 ,< 

' .s 1.2 

~ Wil ~ 
' 5 1.0 

~ 04 0.8 

0.8 

:E 
0.4 

0.2 

0,6 0,1 o.8 0.9 

a/a 
Reprinled from "Microwove Transmission Circuits," by George L Rogon, 1st ed,, 1948; by permi.uion, McGrQw·HiJI Book 
Co., N. Y. 

Fig. 17-Normalized susceplance of o symmetrical Inductive diaphragm, 

Reprinted from ''Micro'" 
wove Tronsmfssion Cir
cuits,'' by George L 
Rpgon, Isl ed., 1948; by 
permission, McGrowMHill 
Boot Co., N. Y. 0.6 

o/a 
0.7 0.8 0.9 

filJ, ta-Normalized susceptance of 011 osymmetrlcol Inductive diaphragm. 

1.0 



632 CHAPTER 21 

Waveguide circuit elements continuad 

Inductive == B/Yoa:.>., 

Capacitative = B/Yo cc 1 /Au !distributed) 
= B/Yo cc>..11/>..2 !lumped} 

Distributed capacitances are found in junctions and slits, whereas tuning 
screws act as lumped capacitances. 

0 ,,.o 
"' ' :!. 
-a 
.'::I_ 
" !'S. 

0.9 

0,8 

0.7 

0.6 

0.5 

0.4 

0.3 

0,2 

0.1 

0 
0 

l 

~ 
I 
~ 
'-' 
"'lK 

/ ¼•1.0 
~ ['.. 

~ ~ .,, 1.2 

~ ~ 
,~ ~ "-

1.4' / ...... :::..:::: 

/ ro 

0,05 

D/a 

fm,rence,i-

i -i. a 

% ! + 

"'- '--...... ::::: t::,..,: i---. ---- ~ :::-i-. - ...... --
0.10 0.15 

-IXb 

0 I 

Zo 

Fig. 19--l!qulvolent circuit for Inductive cylindrical post. 

0,20 0.25 

0 

IXa 
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Waveguide circuit elements continued 

~ 
>i 
-0.2 

0.1 

0 
0 
D/o 

,_ i.- ..... 
0.05 

r-c• plone 

-i. 
'½ 
+ 

V 
v 

L..-V 

010 

r 
0 

Zo 0 

1 

.......... 
)/ 

0.15 

-JXb 

I 

Fig. 20--Equlvolent circuit for inductive cyllndrlcol post. 

Hybrid junctions* 

~ 

l/ 
V ,., 

V 

020 

-jXb 

( 

lXa 

633 

Y" 

0 

Zo 

The hybrid junction is illustrated in various forms in Fig. 21. An ideal junction 
is characterized by the fact that there is no direct coupling between arms 1 
end 4 or between 2 and 3. Power flows from 1 to 4 only by virtue of reflec
~ions in arms 2 end 3. Thus, if arm I is excited, the voltage arriving at arm 4 i5 

* C. G. Montgomery, R. H. Dicke, and E. M. Purcell, "Principles of Microwave Circuits." 
McGraw-Hill Book Company, Incorporated, New York, N. Y.; 194& Chapter 9. 
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Hybrid iunctions continved 

and the reflected voltage in arm 1 is 

where E1 is the amplitude of the incident wove, r2 and r3 ore the reflection 
coefficients of the terminations of arms 2 and 3, and 62 and Oa are the 
respective distances of the terminations from the junctions. In the case of 
the rings, (J is the distance between the arm-and-ring junction and the 
termination. 

If the decoupled arms of the hybrid junction ore independently matched 

3 

~·-~ 
3\ __ 1_.H=i=' =l._t.:...;E;.___,a' 

woveguide hybrid junction ( magic T) 

E-plone waveguide 
hybrid ring 

Fig. 2t-Hybrld junctions. 

shunt coo<ial hybrid ring 

iymmetrical cooxiol hybrid 
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Hybrid junctions continued 

ond the other orms ore terminated in their characteristic impedances, then 
oll four arms ore matched ot their inputs. 

Resonant cavities 

A cavity enclosed by metal walls will have an infinite number of noturol 
frequencies at which resonance will occur. One of the more common types 
of cavity resonators is a length of transmission line (coaxial or waveguide! 
short-circuited at both ends. 

Resonance occurs when 

2h = 11A0/21 

where 1 is an integer and 

2h = length of the resonator 

A0 = guide wavelength in resonator 

= A/[E - IA/Acl 2]½ 

where 

A = free-space wavelength 

Ac = guide cutoff wavelength 

E = relative dielectric constant of medium in cavity 

For TEm,n or TMm,n waves in a rectangular cavity with cross section o, b, 

Ae = 2/[lm/al 2 + ln/b12J½ 

where m and n ore integers. 

For TE,,.,,. woves in a cylindrical cavity 

Ac 21ra/U' "'•" 

where a is the guide radius and U' m,n is the mth root of the equation 
J',. IUl = 0. 

For TMm,n woves in o cylindrical cavity 

Ac = 21ra/Um,1> 

where a is the guide radius and U,,.,,. is the mth root of the equation 
J,.IUI = 0. 

For TM waves 1 = 0, 1, 2 . .. 

For TE waves 1 = I, 2 •.. , but not 0 
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Resonant cavities continued 

Rectangular cavity of dimensions a, b, 2h 

r,. = 2/[U/2hl 2 + lm/al 2 + (n/bl 2J½ 
where only one of 1, m, n may be zero. 

Cylindrical cavities of radius a and length 2h 

r,. = 1/[U/4hl 2 + ll/r,.cl 2]½ 

where r,., is the guide cutoff wavelength. 

Spherical resonators of radius a 

r,. = 21ra/Um,n for a TE wave 

r,. = 21ra/U' m,n for a TM wave 

Values of Um, 11: 

U1,1 = 4.5, U2,1 = 5.8, U1,2 = 7.64 

Values of U' m, ,.: 

U'1,1 = 2.75 = lowest-order root 

Additional cavity formulas 

Note that resonant modes are characterized by three subscripts in the 
mode designations of Figs. 22-24. 

Fig. 22-Formulaa for a right-clrcular-cylindrlcal cavity. 

mode 

TMo.1,1 (Eo) 

TEo,1.1 (Ho) 

Ao resonant 
wavelength 

4 

4 

4 

Q 
(all dimensions In same units) 

Ao a 
o Ao 

A~ a ----
0 Ao I+...<:. 

2h 

[

I+ 0.168 G) 2

] 

I +o.i.ss Gr" 
Ao h [ 2.39h2 + 1.730 2 

] 

B Xo 3.39 ~a + 0.73oh + 1.73a2 
a 
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Resonant cavities continued 

Fig. 23-Characteristlcs of various types of resonators. 

Square 
prism 
TE1,o,1 

Circular 
cylinder 
TMo.1,0 

Sphere 
with 
cones 

Coaxial 
TEM 

type resonator 

G 

Skin depth in meters = Ii = V 107 /21ru><T 

resonant 
wavelength, X, 

2v2a 

2.61a 

2.28a 

4a 

4h 

Q 

0.353}. 
/j ----).. 

l + 0.177 
h 

0.383}. 

-o- I+ 0.192).. 
h 

X 
0.318 8 

Optimum Q 

for 0 = 34° 

X 
0.10956 

Optimum Q 

for b = 3.6 
a 

fZo = 77 ohmsl 

hli 
4{j + 7.21, 

where ,,- = conductivity of wall in mhos/meter and w = 21r X frequency 



638 CHAPTER 21 

Resonant cavities continued 

!! .. £ r = 2"2" ;:; 
LI.I Ll.l2W 

~ 25 X 1010 1-
I- I- I- I- I-.., 

C 

8 
~ 

';;;, 
{l 
>-u 

X .. 20 X 10•0 ; 
'i e 
~ 
" ~ 
.5 
~ 
0 
~ l!IX 10" 

o .... ____ _. _____ ..._ _____ .._ ____ _. _____ _, 

0 

(o/hl2 

a 4 

Reprinted from • ·r echniques of Microwave Measure
ment>," by Coro/ G. Monfgom"1, lsf &d., 1947, 
by p,,rminion, McGraw-HIii Sook Co., N. Y. 

Fig. 24--Mode chart for rlght-clrculor-cyHndrical cavity. 

8 10 



WAVEGUIDES AND RESONATORS 639 
Resonant cavities continued 

Fig. 24 is a mode chart for a right-circular-cylindrical resonator, showing 
the distribution of resonant modes with frequency as a function of cavity 
shape. With the aid of such o chart, one can predict the various possible 
resonances as the length 12h) of the cavity is varied by means of a movable 
piston. 

Effect of temperature and humidity on cavity tuning 

The resonant frequency of a cavity will change with temperature and 
humidity, due to changes in dielectric constant of the atmosphere, and with 
thermal expansion of the cavity. A homogeneous cavity made of one kind 
of metal will have a thermal-tuning coefficient equal to the linear coefficient 
of expansion of the metal, since the frequency is inversely proportional to 
the linear dimension of the cavity. 

metal 

Yellow brass 
Copper 
Mild steel 
lnvor 

linear coefficient 
of expansion/°C 

20 l 17.6 X 10 ... 
12 

1.1 

The relative dielectric constant of air (vacuum = 11 is given by 

k. = l + 210 X 10-5 f + 180 X 10-5 (1 + ss:°)i 
where Pa and P.,, ore partial pressures of air and water vapor in millimeters 
of mercury and T is the absolute temperature. Fig. 25 is a nomogroph 
showing change of cavity tuning relative to conditions at 25 degrees 
centigrade and 60 percent relative humidity (expansion is not included). 

Coupling to cavities and loaded Q 

Near resonance, o cavity may be represented as a simple shunt-resonant 
circuit, characterized by a loaded Q 

..!..+_1 
Oo O.,,.t 

where Oo is the unloaded Q characteristic of the cavity itself, and 1 /00,t 
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Resonant cavities continued 

llf in relative 
percent humidity 

• • 
+0.01 
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-0.01 
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100 
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40 
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10 

0 
Repriated from "T eehnfques of Microwave Meawrement,," by Carol G. 
Manlgomery, 1st ed., 1947; by permission, McGraw·Hi/1 Book Co., N. Y. 

fig. 25-Effect of teinperature and humidity on cavity tuning. 
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Resonant cavities continued 

is the loading due to the external circuits. The variation of Gen with size 
of the coupling is approximately as follows: 

coupling 

Small round hole 
Symmetrical inductive diaphragm 
Small loop 

1 / O•xt is proportional to 

(diameterl1 

(o!• see Fig. 17 
(diameter!• 

Summary of formulas for coupling through a cavity 

In Fig. 26 are summarized some of the useful relationships in a 4-terminal 
cavity (transmission type) for three conditions of coupling: matched input 
!input resistance at resonance equals Z0 of input linel, equal coupling 
(1/Q10 = I/Q011t), and matched output (resistance seen looking into output 
terminals at resonance equals output-load resistance). A matched generator 
is assumed. 

fig. 26-Coupllng through a cavity. 

matched Input 

Input standing
wave ratio 

Transmission 
ratio T 

~ l-T 
2 2 

equal coupling matched output 

1 
g, 

I w + gp 
1-T 

2 

In fig. 26, g: is the apparent conductance of the cavity at resonance, with no 
output load; the transmission T is the ratio of the actual output-circuit power 
delivered to the available power from the matched generator. The loaded 
Q is 01 and unloaded Q is Oo. 

Cavity coupling techniques* 

To couple power into or out of a resonant cavity, either waveguide or 
coaxial, loops, probes, or apertures may be used. 

The essentially inductive loop la certain amount of electric-field coupling 
exists) is inserted in the resonator at a desired point where it con couple 
to a strong magnetic field. The degree of coupling may be controlled by 
rotating the loop so that more or less loop area links this field. for a fixed 
location of the loop, the loaded Q of a loop-coupled coaxial resonator 

* C. Montgomery, D. Dicke, ond E. Purcell, "Principles of Microwave Circuits," McGraw-Hill 
Book Company, Incorporated, New York, N. Y.; 1948: chapter 7. 
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Resonant cavities conr/nued 

varies as the square of the effective loop area and inversely as the square 
of the distance of the loop center from the resonator axis of revolution. 

The off-resonance input impedance of the loop is low, a feature that some
times is helpful in series connections. 

The capacitative probe is inserted in the resonator at a point where it is 
parallel to and con couple to strong electric fields. The degree of coupling 
is controlled by varying the length of the probe relative to the electric field. 

The off-resonance input impedance of the probe-coupled resonator is high, 
which property is useful in parallel connections. 

Aperture coupling is suitable when coupling waveguides to resonators or in 
coupling resonators together. In this case, the aperture must be located and 
shaped so os to excite the proper propagating modes. 

For all means of coupling, the input impedance at resonance and the loaded 
Q may be adjusted by proper selection of the point of coupling and the 
degree of coupling. 

Simple waveguide cavity* 

A cavity may be made by enclosing a section of waveguide between a pair 
of large shunt susceptances, as shown in Fig. 27. Its loaded Q is given by 

0 1 = ¼ !X0/Xl 2 lb4 + 4b2l½ ton-1 12/bl 

I'\ I 
l l I 

I I '1 I I 
I I I I 

-, :- -~~---1.. 1--l._j', 
'<J l l -i I !--

1 I I I'\. 
l I l 1

1 
, 

' ' '\ 

Fig. 27-Waveguide cavity and equivalent circuit, 

and the resonant guide wavelength Auo is obtained from 

jb 

* G. L. Rogon, "Microwove Transmission Circuits," McGraw-Hill Book Company, Incorporated, 
New York, N. Y.; 194B: chapter 10. 
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Resonant cavities continued 

Resonant irises 

Resonant irises may be used to obtain low values of loaded Q( < 30!. The 
simplest type is shown in Fig. 28. It consists of an inductive diaphragm and a 
capacitive screw located in the same plane across the waveguide. For 
0 1 < 50, the losses in the resonant circuit may be ignored and 

1/01 ,a;: 1/0ext 

To a good approximation, the loaded Q !matched load and matched 
generator! is given by 

where Bi is the susceptance of the inductive 
diaphragm. This value may be taken from 
charts such as Figs. 17 and 18 as a starting 
point, but because of the proximity of the 
elements, the susceptance value is modified. 
Exact Q's must be obtained experimentally. 
Other resonant structures are given in Figs. 
29 and 30. These are often designed so that 
the capacitive gap will break down under 
high power levels for use as transmit
receive ltrl switches in radar systems. 

Fig. 29--Resonant element 
consisting of an oblong 
aperture In a thin trans• 
verse diaphragm. 

Fig. 28-Resonant iris in 
waveguide. The capacitive 
screw Is tuned to resonance 
with the inductive dla• 
phragm, 

Fig. 30-Resonant struc
ture consisting of cones 
with capacitive gap be
tween apexes with thin 
symmetrical inductive dia
phragm. 



644 CHAPTER 22 

• Scattering matrixes 

Microwave structures are characterized by dimensions that are of the order 

of the wavelength of the propagated signal. The notions of current, voltage, 
and impedance, useful at lower frequencies, have been successfully extended 
to these structures, but these quantities are not as directly available for 
measurement: there ore no voltmeters or ammeters and no apparent 
"terminal pair" between which to connect them. The electromagnetic fleld 
itself, distributed throughout a region, becomes the relevant quantity. 

Within uniform structures, which are the usual form of waveguides, the 
power flow and the phase of the fleld at a cross section are the quantities 
of importance. The most usual form of measurement, that of the standing
wave pattern in a slotted section, is easily interpreted in terms of traveling 
waves and gives directly the reflection coefficient. The scattering description 
of waveguide junctions was introduced* to express this point of view. It is 
not, however, restricted to microwaves; a low-frequency network can be 
considered as a "waveguide junction" between transmission linest con
nected to its terminal pairs and the scattering matrix is a useful complement 
to the impedance and admittance descriptions. 

Amplitude of a traveling wave 

In a uniform waveguide, a traveling wave is characterized, for a given 
mode and frequency, by the electromagnetic-field distribution in a transverse 
cross section and by a propagation constant h. The field in any other cross 
section, at a distance z in the direction of propagation, has the same pattern 
but is multiplied by exp { - jhzl. A wave propagating in the opposite direc
tion, for the same mode and frequency, varies with z as exp {jhzl. When 
losses are negligible, h is real. 

The amplitude of a traveling wave, at a given cross section in the wave
guide, is a complex number o defined as follows. The square I o2 I of the 
magnitude of a is the power now, i that is, the integral of the Poynting vector 
over the waveguide cross section. The phase angle of a is that of the 
transverse field in the cross section.§ 

* C. G. Montgomery, R. H. Dicke, E. M. Purcell, "Principles of Microwave Circuits," McGraw• 
Hill Book Company, Inc., New York, N. Y.: 1948. 

t Transmission lines ore in fact considered as special coses of waveguides: see, "IRE Standards 
on Antennas and Waveguides: Definitions of Terms, 1953," The Institute of Radio Engineers, Inc.; 
New York, N. Y.: 1953. Published in Proceedings of the IRE, vol. 41, pp. 1721-1728; December, 
1953. 

t The amplitude is sometimes defined to make the power flow equal to ½ [ a 12 rather than 
to I a [ 2• This would correspond to the use of peak values instead of root-mean-square values. 

§ This phase is well defined for o pure mode, since the field has the same phase everywhere 
in the cross section. 
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Amplitude of a traveling wave continued 

The amplitude of a given traveling wove varies with z as exp { -jhzl. 

The wove amplitude hos the dimensions of the square root of o power. 
The meter-kilogram-second unit is therefore the (wott) 112, 

Refledion coefficient 

Definition 

At o cross section in o waveguide, the reflection coefficient is the ratio of 
the amplitudes of the waves traveling respectively in the negative and the 
positive directions. 

The positive direction must be specified and is usually token os toward the 
load. To give o definite phase to the reflection coeffkient, a convention 
is necessary that describes how the phases of waves traveling in opposite 
directions ore to be compared. The usual convention is to compare in the 
two waves the phases of the transverse electric-field vectors.* 

For a short-circuit, produced, for instance, by o perfect conducting plane 
placed across the waveguide, the reflection coefficient is W = - l. For 
on open-circuit, it is W = + l and for o matched load, W = 0. 

When the cross section is displaced by z in the positive direction, the 
reflection coefficient W becomes 

W' = W exp (2jhzl 111 

Measurement 

In o slotted waveguide equipped with o sliding voltoget probe, the position 
of a maximum is one where the phase of the reflection coefficient is zero. 

The ratio of the maximum to. the minimum (the standing-wove ratio or swrl 
is 

(swrl = 11 + I WIJ/11 - I W!J 

Therefore, 

W = [ {swrl - I]/[ lswrl + I] (2) 

is the value of W ot the position of o maximum. At the position of a minimum, 

* The dual convention, based on the magnetic-field vector, would give the "current" reflection 
coefflclenl, equal to minus the "voltage" reflection coefficient. The latter ls used almost 
exclusively and the "voltage" qualifkation is implicit. 

t A probe that gives a reading proportional to the electric lleld. 
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Reflection coefficient continued 

which is easier to locate in practice, the reflection coefficient is [I - lswrl]/ 
[1 + lswrl]. 

At any other position, the value of W is obtained by applying m. If the 
reflection coefficient is wanted in some waveguide connected to the slotted 
section, a good match must obtain at the transition or a correction must 
be applied as explained in problems a and b below, pages 654-655. 

Scattering matrix of a junction 

Definition 

To define accurately the waves incident on a waveguide junction and those 
reflected !or scatteredl from it, some reference locations must be chosen 
in the waveguides. These locations are called the ports* of the junction. 
In a waveguide that can support several propagating modes, there should 
be as many ports as there are modes. !These ports may or may not have 
the same physical location in the multimode waveguide.I 

At each port i of a junction, consider the amplitude a; of the incident 
wave, traveling toward the junction, and the amplitude b; of the scattered 
wove, traveling away from it. As a consequence of Maxwell's equations, 
there exists a linear relation between the b, and the a,. Considering the a, 
(where i varies from l to nl as the components of o vector a and the b, as 
the components of a vector b, this relation can be expressed by 

b = Sa 

where S = (siil is an n X n matrix called the scattering matrix of the junction. 

The s;; is the reflection coefficient looking into port i and s;J is the transmission 
coefficient from j to i, all other ports being terminated in matching im
pedances. 

Properties 

For a reciprocal junction, the transmission coefficient from to j equals 
that from j to i; the matrix S is symmetrical, 

S=S 

-where S denotes the transpose of S. 

* At lower frequencies, for a nelworl< connecting transmission nnes, a port is a terminal pair. 
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Scattering matrix of a junction continued 

The total power incident on the junction is 
(=n 

lal 2 = l: la,1 2 

(=1 

The total power reflected is 
(=n 

1h1 2 = l: lb.! 2 

(=l 

For a lossless junction, these two powers ore equal, 

This implies that the matrix Sis unitary (see page 1092): 

St = S-1 

For a passive junction with losses, !6\ 2 < lal 2 and hence the matrix 
1 - SSt is definite positive !see page 1094). 

Change of terminal plane 

If the port in arm i is moved away from the junction by ,p, electrical radians, 
the scattering matrix becomes 

S' = <I>S<I> 151 

where 

exp{ -jtp1) 0 0 0 

0 exp( -j,p2l 0 0 
<I> = (6) 

0 0 exp( -N>al 0 

Two-port junctions 

The two-port junction includes the case of on obstacle or discontinuity 
placed in a waveguide as well os that of two essentially different wave• 
guides connected to each other. 
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Two-port jundions continued 

If reciprocity applies, the scattering matrix 

[

Sll 

S= 
s21 

{7) 

is symmetrical: 

s21 = s12 

For a lossless junction, the scattering coefficients can be expressed by 

s11 = + tanh (u/21 exp ( -2jal 

s22 = - tanh (u/21 exp ( -2j(ll 

s12 = + sech !u/21 exp [ - j(a + /3) J l 
in terms of three real parameters, u, a, and /3. 

(8) 

This corresponds to the representat:on of the junction by on ideal trans
former with transformer ration = exp ( -u/21, of hyperbolic amplitude u, 
placed between two sections of transmission line with electrical lengths 
a and {:,, respectively. 

The quantity -20 10910 I s12 I is the insertion loss. 

Transformation matrix 

For the purpose of finding the effect of successive obstac:es in a wave
guide or of combining two-port junctions placed in cascade, it is convenient 
to introduce the wave transformation matrix T. 

This matrix T relates the traveling waves on one side of the junction to 
those on the other side. Using the notations of Fig. I, 

The 2 X 2 transformation matrix T 
may be deduced from the scatter
ing matrix S 

T = ..!_ [l 
S21 .• ,. 

-s22 l 
-det S_ . 

-B, 
input 

;unct,on -B, 
output 

Fig. 1-Convenllon for wave transformation 
matrix r. 

110) 



Transformation matrix continved 

Conversely, if T = (t11), the scattering matrix is, 

l [t21 
S= -

tu 1 

det T] 
-112 

When reciprocity applies to the junction, 

det T = s12/s21 

becomes unity. 

SCATTERING MATRIXES 649 

(111 

1121 

The input reflection coefficient W' = Bi/ A1 is related to the load reflection 
coefficient W Bd A2 by 

1 f21 + 122 W w =---
t11 + ti2 W 

(13) 

(141 

r-------7 
I T ' 
I I -o--~,~r. ~~,;-o--
L _______ ...J 

Fig. 2-Juncllons In cascade. 

When a number of junctions I, 2, 3, are placed in cascade (Fig. 21, the 
output port of each of them being the input port of the following one, the 
resulting junction has the transformation matrix 

If n similar junctions with transformation matrix Tore cascaded, the resulting 
transformation matrix is r. 
letting trace T = tu + 122 = 2 cos 8 

r = sin n 8 T 
sin 8 

(see page 1097). 

sin In - 11 8 
sin 8 

Measurement of the scattering matrix * 

115) 

A slotted line is placed on side I of the junction (see Fig. 3). For any load with 

• G. A. Deschamps "Determination of the Reflection Coefficients and Insertion Loss of o 
Waveguide Junction," Journal of Applied Physics, vol. 24, pp. 1046-1050; August, 1953: Also, 
Electrical Communication, vol. 31, pp. 57-62: March, 1954. 
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Measurement of the scattering matrix continued 

reflection coefficient W, placed on side 2, the input reflection coefficient 
W' can be measured. W' is coiled the image of W. The images of various 
known loads can be plolled on a reflection chart and the scattering co
efficients deduced by the following procedures. 

a, With a matched load, one obtains directly s11 plotted as O' on Fig. 4. 
0 1 is called the iconocenter. 

b. With a sliding short.circuit on side 2, or any variable reactive load, the 
input reflection coefficient describes a circle r', image of the unit circle 
r. This circle con be deduced from 3 or more measurements. let C be its 
center and R its radius (Fig. 4l. The magnitudes of the scattering coefficients 
result: 

ls11! = 00' } 
ls22! = O'C/R 116) 

ls12J 2 = R ti - lsz2l 2l 

The phases of these coefficients all 
follow from one more measurement 

detector 

oenerotor~2 
- junction lood 

slotted line 

Fig. 3-Slolted-line set-up for scattering
matrix measurement. 

c. The input reflection coeffkient is measured with on open-circuit load 
placed at port 2, or for a short-circuit placed a quarter-wove away from 
it. This may be one of the measurements taken in step b. It gives the point 
P', image of the point P (W + 1.1 

A point P" is constructed by projecting P' through O' onto Q on r', then 
Q through C onto P" on r' !Fig. 5l. Then, 

r. 

fig. 4-Conslrudion for the magnitudes of Fig. 5-Construction for the phases of the 
the scattering coefficients, scattering coefficients. 



Measurement of the scattering matrix 

Phase of s11 = angle !OP, 00') j 
Phase of s22 = angle (O'C, CP"l 

Phase of s12 = ½ angle (OP, CP"l 

SCATTERING MATRllCES 

continued 

651 

{171 

d. When no matched load is available, as was assumed in o, the iconocenter 
O' may be obtained as follows. Let P1, P2, P3, P 4 represent the input reflection 
coefficients when o short-circuit is placed successively at port 2 and at 
distances >,./8, >,./4, and 3)../8 from it. These points define the circle r' 
las in bl and the intersection I !the crossover point) of P1Pa and P2P 4 may be 
used to find 0 1

: draw perpendiculars to CJ at points C and I up to their 
intersections with r' al C' and I'; then O' is the intersection of Cl and 
C' I' !see Fig. 61. 

Fig. 6-Detarmination of O' from 4 mea- Fig. 7-Use of circles r" and r' for dater. 
surements. minatlon af O'. 

The point P3 is identical to P' in c above, hence the 4 measurements give 
the complete scattering matrix by constructing P" and applying (161 and 
(171. 

e. The construction of 01 in d above is valid with any sliding load not 
necessarily reactive. Taking a load with small standing-wave ratio increases 
the accuracy of the construction. 

f. When exact measurements of the displacements of the sliding load are 
difficult to make; for instance if the wavelength is very short; the point 
0 1 may be obtained as follows. Using o reactive load, construct the circle 
r1 as in b above, then using a sliding load as in e above, construct a circle 
r", (see Fig. 7). The iconocenter 0 1 is the hyperbolic midpoint of the 
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Measurement of the scattering matrix continued 

diameter of r" (through C) with respect lo r'. It may be constructed by 
means of the hyperbolic protractor* (page 653), or by means of the dotted
line construction !fig. 7l. 

Geometry of reflection charts 

The following brief outline is complemented by the section on hyperbolic 
trigonometry on pp. 1050 to 1055. 

Conformal chart 

A reflection coefficient can be represented by a point in a plane just as 
any complex number is represented on the Argand diagram. 

The passive loads, I WI ~ l, are represented by points inside a unit 
circle r. Inside this circle, the lines of constant resistance and reactance 
may be drawn (Smith chart! or the lines of constant magnitude and phase 
of the impedance (Carter chart). 

The transformation from a load reflection coefficient W to its image W' 
through a two-port junction, is bilinear, formulas (13) or (14). On the 
reflection chart, this transformation maps circles into circles and preserves 
the angle between curves and the cross ratio of 4 points: if 

denotes the cross ratio of 4 reflection coellkients, W1, W2, Wa, and W 4, 

then 

The transformation through a lossless junction preserves also the unit circle 
r and therefore leaves invariant the hyperbolic distance defined on p. 1050. 
The hyperbolic distance to the origin of the chart is the mismatch, i.e., the 
standing-wave ratio expressed in decibels: it may be evaluated by means of 
the proper graduation on the radial arm of the Smith chart. For two arbitrary 
points W1, W2, the hyperbolic distance between them may be interpreted 
as the mismatch that results from the load W 2 seen through a loss I ess net
work that matches W1 to the input waveguide. 

• G. A. Deschamps, "Hyperbolic Protractor for Microwave Impedance Measurements and 
Other Purposes," International Telephone and Telegraph Corporation, 67 Brood Street, 
New York 4, N. Y.; 1953, 
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Geometry of reflection charts continued 

Projective chart 

The reflection coefficient W is represented by the point W (fig. 8) on the 

same radius of the circle r but at a distance 

OW= 
20W 

1+0W2 

from the origin. 

(18) 

This is equivalent to using the standing-wave 

ratio squared instead of the direct ratio: 

119) 

Fig. 8-Represenlation of a re
flection coefflcien1 by W on a 
Smllh chart and W on lhe pro• 
fective chart. 

The transformation 113), 114), when the junction is lossless, is represented 

on this chart by a projective transformation; i.e., one that maps straight 

lines into straight lines and preserves the cross ratio of four points on a 

straight line. It therefore preserves the hyperbolic distance defined on 

p. 1050. 

Evaluation of hyperbolic distance 

On the projective chart, the hyperbolic distance (AB) between two points 

A and B inside the circle r can be evaluated by means of a hyperbolic 

protractor as shown in Fig. 9. The line AB is extended to its intersections 

I and J with r. The protractor is placed so that the sides OX,OY of the 

right angle go through I and J. !This can be done in many ways but does 

not affect the result.I The numbers read on the radial lines of the protractor 

going through A and B respectively, are added if A and B are on opposite 

sides of the radial line marked O; subtracted otherwise: This result divided 

by 2 is the distance (AB). In Fig. 9, for instance, 

(AB) = ½ 112 + 4l = 8 decibels. 
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Evaluation of hyperbolic distance continued 

Fig. 9-Deflnltlon and evaluation of hyperbolic distance (A8} using hyperbolic protrador. 

Problem a 

A slotted line with 100-ohm characteristic impedance is used to make 
,measurements on a 60-ohm coaxial line. The transition octs os on ideol 
transformer. Find the reflection coefficient W of on obstacle placed in the 
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Problem a continued 

coaxial line, knowing that it produces a reflection coefficient 

W' = 0.5 exp (j'lf' /21 

in the slotted line. 

655 

A match in the coaxial line appears in the slotted line as a normalized 
impedance of 0.6, hence the mismatch (standing-wave ratio in decibels! 
is 4.5 decibels. The corresponding point O' is plotted on the projective 
chart as in fig. 10 at the distance (00') = 4.5. (On the Smith chart drown 
inside the some unit circle r, the point would be O'.l 

The point W' representing the 
unknown load is plotted at the 
hyperbolic distance 

1 +o.5 
20 10910 --- = 9.5 decibels 

1 - 0.5 

from the origin in the direction Hli------~--,-__,,_ _____ _ 

+ 90°. The hyperbolic distance 

(o'W') = 11 decibels 

is measured with the protractor. 
This is the mismatch produced 
by the obstacle in the coaxial 

line. It corresponds lo a mag- Fig. 10-Measurement of reflection coefficient 
nitude of the reflection CO· with a mismatched slotted line. 

efficient of 0.56. 

The phase of this reflection coefficient is the elliptic angle (O'P, OW') 

It is evaluated as explained on p. 1051: extend QO' up to Ron r and measure 
the arc 

PR = 56°. 

The answer is: 

w = 0.56 /56° 

Problem b 

If the transition between the slotted line and the waveguide is not an ideaf 
transformer as in problem a, its properties may be found by the method 
described on p. 650. In particular, if the transition has no losses !the circle 
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Problem b continued 

r' coincides with rl, the point O' may be found as in a, d, e, or f above, the 
point P' as in c or d above, and this completes the calibration. 

For any load placed in the waveguide and producing the reflection coef
ficient W' in the slotted line, the corrected standing-wave ratio in decibels 

is the hyperbolic distance [O'W']. This is evaluated by constructing 

on the projective chart and measuring (O'W') with the protractor. The 
phase angle is the elliptic angle (01P1,01W 1

) (see page 10511. 

Problem c 

A section of coaxial line 90 electrical degrees in length and with 100-ohm 
characteristic impedance is inserted between a 50-ohm coaxial line on one 
side and a 70-ohm coaxial line on the other (Fig. 111. Find the transformer 
ratio n = exp (-u/21 and the electrical lengths a, f3 of the representation 
(8), p. 648. 

mzzozzzzzzznzazazzzz 
50ohms .._..,..,. __ _.I 70ohm$ 

100 ohm$ 

Fig. t 1-Solution for transfor
mation in transmission line. 

The two discontinuities are assumed to act as ideal transformers with 
hyperbolic amplitudes 

20 10910 
1
: = 6 decibels = 0.67 neper 

and 

70 
20 10910 100 -3.l decibels = -0.36 neper 
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Problem c continued 

The characteristic polygon* on the projective chart is a triangle OAO' 
wi h right angle A; hence, u = (00') is given by 

cosh u = cosh 0.69 cosh 0.36 

u = 0.78 neper = 6.8 decibels 

n = exp ( -u/2) = 1/1.48 

The length of line a and {:J can be deduced from evaluating the elliptic 
angles (OA,00') = a and (O'A,O'O) = b 

tan O = tanh 0.36 = 0.46 
sinh 0.69 

a = 24°.7 

tan b 
tanh 0.69 

sinh 0.36 

b = 5ao.4 

1.62 

a = ½ 1360° - 24°.71 = 167.6° 

/3 = ½ 1180° - 58°.4) = 60.8° 

: o-_,s_7~s_] c:: 
1.4e:1 

Fig. 12-Equlvalenl circuit for Fig. 11. 

The resulting equivalent network is shown in Fig. 12. It could also have 
been obtained by geometrical evaluation of the distance (001

) with the 
hyperbolic protractor and of the elliptic angles a and b by constructions 
as described on pp. 653 and 1051. 

Correspondances with current, voltage, and impedance viewpoint 

Normalized current and voltage 

In a waveguide, at a point where the amplitudes of the waves traveling 
in the positive and negative directions are respectively a and b, the normal
ized voltage v and the normalized current i are defined by 

; - : + :) (20) 

• G. A. Deschomps, "Hyperbolic Protractor for Microwave Impedance Measurements and 
Other Purposes," International Telephone and Telegraph Corporation, New York 4, 
N. Y.; 1953: pp. 15-16 and p. 41. 
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Correspondances with current, voltage, 

and Impedance viewpoint continued 

The net power flow at that point in the positive direction is 

re vi* 

Current and voltage not normalized 

(211 

A more-general definition for current and voltage becomes possible when 
a meaning hos been assigned to the characteristic impedance Zo of the 
waveguide 

V = vZo
112 

) (221 
I = iY0112 

where Yo = 1/Zo is the characteristic admittance and v and i ore the 
normalized values defined above. 

Conversely, if by some convention the voltage (or the current! hos been 
defined, o characteristic impedance will result from (221. This is the case 
for a two-conductor waveguide supporting the TEM mode: the characteristic 
impedance is the ratio of voltage to current in o traveling wave. 

If V and / ore the voltage and the current at o point in a waveguide of 
characteristic impedance Zo I/Yo, the amplitudes of the waves traveling 
in both directions at that point are 

a = ½ IVYo112 + /Zo112I l 
(231 

b = ½ (VY0112 - /z01121 

Normafized impedance and admittance 

At o point in a waveguide, the normalized impedance is Z = v/i and the 
normalized admittance is the inverse, Y = 1/Z. 

They are related to the reflection coefficient W = b/o by 

Z = 11 + Wl/11 - WI l 
Y = 11 - Wl/(1 + WI 

hence 

W= 11 - YI/II + YI = IZ - 11/!Z + 1l 

(241 

(251 



Correspondances with current, voltage, 

and impedance viewpoint continued 

SCATTERING MA TRIXES 

Impedance and admittance matrix of a iunction 

659 

The Z and Y matrixes of o junction ore defined in term of the scattering 
matrix S by 

Y=ll-SJ 

Z=ll+SI 
126) 

The motrixes Y and Z do not always exist since S may have eigenvalues 
+ I or -1, which means that det (1 - Sl or det 11 + SJ may be zero. 

Conversely, 

s 11 - YI (1 + Y)-1 = IZ - 11 IZ + u-1 127} 

These formulas may be used as definitions for the scattering matrix of 
lumped-constant networks with n terminal pairs. This is equivalent to con
sidering the network as a junction between n transmission lines of unit 
characteristic impedance. 

If the network or the junction is reciprocal, Y and Z are purely imaginary. 

For a two-port junction, (26) becomes 

_ l -S _ I [1 -det S+ ls22 -s11l 
Y- l+S - detll+Sl 

2 - Sn 

-2s12 ] 1281 

I -det S - 1s22 -sul 

and 

z = l +s = I [I -det S - ls22 -s11l 

1 -S det 11 -Sl 2s 
21 

2sl2 ] 1291 

I -det S+ 1s22 -sul 

det 11 + SI = I tr S + det S = I + lsn + s2J + 1s11s22 - s122) 

det 11 - SI = I - tr S + det S = 1 - lsu + s22l + (s11s22 - s12
21 

The motrixes Y and Z relate normalized voltages and currents at both 
ports (Fig. 13) as follows 
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Correspondances with current, voltage, 

and impedance viewpoint. 

[:Jz[::] 
[::]-f:] 
Transformation matrix 

continued 

Fig. 13-Slgn convention for 
defining the impedance and 
admittance of a 2-port !unc
tion. 

A transformation matrix useful for composing two-port junctions in cascade 
relates the voltage and current on one side of the junction to the some 
quantities on the other side. With the notation in Fig. 14, 

[;}{] 130) 

The matrix U sometimes called the ABCD matrix, 
has the same properties as T described above. 

For a series element with normalized impedance Z, 

~ 
~ 
Fig. 14--Sign convention for 
voltages and cu1Tenb related 
by the transformation matrix. 

and for a shunt element with normalized admittance Y, 

A product of motrixes of these types gives the transformation matrix for any 
ladder network. 

For the shunt-element Y, the scattering matrix is 

[

-Y 

S=2~y· 2 (311 
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Transformation matrix continued 

hence, 

Sn = S22 } 

S12 = 1 + SU 

(32) 

For the series-element Z, the scattering matrix is 

s 1 [z 
2+z 2 

(33) 

hence, 

sn = s22 } 

S12 = J - Sn 

(34) 

Relations (321 and 1341 are characteristic, respectively, of a shunt and a 
series obstacle in a waveguide. 

The matrix T can be deduced from U and vice versa: 

½ [U11 + U12 + U21 + U22 

U11 + U12 - U21 - l/22 

Un - U12 + l/21 - U22] 

l/11 - U12 - U21 + U22 

A similar formula will transform Tinto U, since 

(35) 

(36) 
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• Antennas 

The elementary dipole 

field intensity* 

The elementary dipole forms the basis for many antenna computations. 
Since dipole theory assumes an antenna with current of constant magnitude 
and phase throughout its length, approximations to the elementary dipole 
are realized in practice only for antennas shorter than one-tenth wave
length. The theory con be applied directly to a loop whose circumference is 
less than one-tenth wavelength, thus forming a magnetic dipole. For larger 
antennas, the theory is applied by assuming the antenna to consist of a large 
number of infinitesimal dipoles with differences between individual dipoles 
of space position, polarization, current magnitude, and phase corresponding 
to the distribution of these parameters in the actual antenna. Field-intensity 
equations for large antennas are then developed by integrating or otherwise 
summing the field vectors of the many elementary dipoles. 

The outline below concerns electric dipoles. It also can be applied to mag
netic dipoles by installing the loop perpendicular to the PO line at the 
center of the sphere in Fig. 1. In this case, vector h becomes E, the electric 
field; e1 becomes the magnetic tangential field; and 1:, becomes the radial 
magnetic field. 

Fig. t - Eleclrfc and 
magnetic components 
in spherical coordinates 
for electric dipoles. 

X 

z 

In the case of a magnetic dipole, the table, Fig. 2, showing variations of the 
field in the vicinity of the dipole, can also be used. 

For electric dipoles, Fig. 1 indicates the electric and magnetic field compo
nents in spherical coordinates with positive values shown by the arrows. 

• Based on R. Mesny, ~•Radio-Electricite Generale," Etienne Chiron, Paris, France; 1935. 



The elementary dipole 

r = distance OM 
8 angle POM measured 

from P toward M 
I = cu.rrent in dipole 

>. = wavelength 
f frequency 

conlinued 

ANTENNAS 663 

c = velocity of light (see page 351 
v = wt - ar 
I length of dipole 

The following equations expressed in meter-kilogram-second units {in 
vacuum) result, 

30f'AI cos 8 
Er = - -;- T !cos v - ar sin vl 

30f'Al sin 8 . 
Et = + -- (cos v - cu sm v - a 2 r2 cos vi 

21r 
Ill 

l sin fJ • 
h = + JI -- (sin v ar cos vl 

41r ,2 

Fig. 2-Varlations of fleld In the vicinity of a dipole. 

,/.,,, 1/ar I Ar 

0.01 15.9 4,028 3°.6 
0.02 7.96 508 7°.2 
0.04 3.98 65 14°.1 
0.06 2.65 19.9 20°.7 
0.08 1.99 8.86 26°.7 
0.10 1.59 4.76 32°.1 
0.15 1.06 1.66 42°.3 
0.20 0.80 0.81 51°.5 
0.25 0.64 0.47 57°.5 
0.30 0.56 0.32 62°.0 
0.35 0.45 0.23 65°.3 
0.40 0.40 0.17 68°.3 
0.45 0.35 0.134 70°.5 
0.50 0.33 0.106 72°.3 
0.60 0.265 0.073 75°.1 
0.70 0.228 0.053 77°.1 
0.80 0.199 0.041 78°.7 
0.90 0.177 0.032 80°.0 
1.00 0.159 0.026 80°.9 
1.20 0.133 0.018 82°.4 
1.40 0.114 0.013 83°.5 
1.60 0.100 0.010 84°.3 
1.80 0.088 0.008 84°.9 
2.00 0.080 0.006 85°.4 
2.50 0.064 0.004 86°.4 
5.00 0.032 0.001 88°.2 

A, = coefficient for radial elecirlc field 
A1 = coefficient for tangential electric 

field 

At 

4,012 3°.6 253 93°.6 
500 7°.3 64.2 97° 2. 

61 15°.0 16.4 104°.1 
17.5 23°.8 7.67 110°.7 
7.12 33°.9 4.45 116°.7 
3.52 45°.1 2.99 122°.1 
1.14 83°.1 1.56 132°.3 
0.70 114°.0 1.02 141°.5 
0.55 133°.1 0.75 147°,5 
0.48 143°.o 0.60 152°.0 
0.42 150°.1 0.50 155°.3 
0.37 154°.7 0.43 158°.3 
0.34 158°.0 0.38 160°.5 
0.30 160°.4 0.334 162°.3 
0.26 164°.1 0.275 165°.1 
02.2 166°.5 0.234 167°.1 
0.196 168°.3 0.203 168°.7 
0.175 169°.7 0.180 170°.0 
0.157 170°.7 0.161 170°.9 
0.132 172°.3 0.134 172°.4 
0.114 173°.5 0.114 173°.5 
0.100 174°.3 0.100 174°.3 
0.088 174°.9 0.088 174°.9 
0.080 175°.4 0.080 175°.4 
0.064 176°.4 0.064 176°.4 
0.032 178°.2 0.032 178°.2 

A1, coefficient for magnetic field· 
,ti,, ,t,1, q,1, = phase angles corresponding 

to coeffteients 
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The elementary dipole conrinued 

These formulas are valid for the elementary dipole at distances that ore 
large compared with the dimensions of the dipole. Length of the dipole must 
be small with respect to the wavelength, soy 1/>.. < 0.1. The formulas ore 
for a dipole in free space. If the dipole is placed vertically on a plane of 
infinite conductivity, its image should be token into account, thus doubling 
the above values. 

Field at great distance 

When distance r exceeds five wavelengths, as is generally the case in 
radio applications, the radial electric field Er becomes negligible with respect 
to the tangential field and 

Er= 0 I 
601ru . I " ~ - ,;- ,m 9 ,o, lwt - Ml j 

!2l 

h=+~ 
120,r 

Field at short distance 

In the vicinity of the dipole Ir/>.. < 0.0ll, ar is very small and only the first 
terms between parentheses in !ll remain. The ratio of the radial and 
tangential field is then 

- 2 cot 8 
Et 

Hence, the radial field at short distance has a magnitude of the some order 
as the tangential field. These two fields are in opposition. Further, the ratio 
of the magnetic and electric tangential field is 

h r tan v 

Et 60}.. 

The magnitude of the magnetic field at short distances is, therefore, extremely 
small with respect to that of the tangential electric field, relative to their 
relationship at great distances. The two fields ore in quadrature. Thus, at 
short distances, the effect of the dipole on on open circuit is much greater· 
than on a closed circuit as compared with the effect at remote points. 
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Field at intermediate distance 

At intermediate distance, soy between 0.01 and 5.0 wavelengths, one should 
take into account all the terms of the equations Ill. This case occurs, for 
instance, when studying reactions between adjacent antennas. To calculate 
the fields, it is convenient to transform the equations as follows: 

Er 

Et= 

h = 

- 60a2ll cos (} A, cos [v + </>,) ) 
+ 30a2ll sin (} Ai cos (v + </>1l 

!1/41rla2il sin (} A,. cos [v + </>11! 

where 

A,= Vl + (arl 1 

[arl 3 

Vl - larl 2 + [arl' 
Ai = --------c----

larl3 

A,.= Vl + larl
2 

larl 2 

tan </>r = ar 

cot </>1 = - - ar 
ar 

cot </>11 = - ar 

{31 

(4) 

Values of A's and <f,'s are given in Fig. 2 as a function of the ratio between 
the distance r and the wavelength X. The second column contains values of 
1 / ar that would apply if the fields E1 and h behaved as at great distances. 

Linear polarlz:ation 

An electromagnetic wave is linearly polarized when the electric field lies 
wholly in one plane containing the direction of propagation. 

Horizontal polarization: Is the case ,where the electric field lies in o 
plane parallel to the earth's surface. 

Vertical polarization: Is the case where the electric field lies in a plane 
perpendicular to the earth's surface. 

E plane: Of an antenna is the plane in which the electric field lies. The 
principal E plane of an antenna is the E plane that also contains the 
direction of maximum radiation. 

H plane: Of an antenna is the plane in which the magnetic field lies. 
The H plane is normal to the E plane. The principal H plane of an antenna 
is the H plane that also contains the direction of maximum radiation. 
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Elliptical and circular polariz:ation 

DeAnltlons 

A plane electromagnetic wave, at a given frequency, is elliptically polarized 
when the extremity of the electric vector describes on ellipse in a plane 
perpendicular to the direction of propagation, making one complete 
revolution during one period of the wove. More generally, any field vector, 
electric, magnetic, or other, is elliptically polarized if it's extemity describes 
an ellipse. 

Two perpendicular axes OX and OY are chosen for reference in the plane 
of the polarization ellipse, Fig. 3A. This plane is usually perpendicular to 
the direction of propagation. At a given frequency, the field components 
along these axes are represented by two complex numbers 

X = I X I exp jtp1 1 
Y = I Y I exp jtp2 

151 

Amplitude of elliptically polarized field: E2 = IX I 2 + I YI 2, so that the 
power density in free space for a plane wave is E2/2401r. 

Axial ratio: The ratio r of the minor to the major axis of the polarization 
ellipse = OB/OA. 

Ellipticity angle: a = ± tan-1 r, where the sign is taken according to the 
sense of rotation. 

Orientation angle: The angle fl between OX and the major axis of the 
polarization ellipse (indeterminate for circular polarization). 

Polarization of receiving antenna: For plane waves incident in a given 
direction, the polarization of the incident wove that, for a given amplitude, 
induces the maximum voltage across the antenna terminals. If this voltage 
is expressed as hE, then h is the effective length of the antenna for the given 
direction. 

Polarization ratio: The ratio P = Y /X, a complex number with phase 
tp 'P2 - 'Pl and magnitude ton 'Y = I Y I / j X I. 
Relative power received by on elliptically polarized receiving antenna 
as it is rotated in o plane normal to the direction of propagation of on 
elliptically polarized wove is given by 

Pr= K 11 ± r1r21 2 + lr1 ± r21 2 + 11 - r121 IJ - r221 cos 28 
(I + '121 (1 + r221 

(61 
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Elliptical and circular polarization continued 

where 

K = constant 
r1 axial ratio of elliptically polarized wave 
r2 axial ratio of ellipticalty polarized antenna 
8 = angle between the direction of maximum amplitude in the incident 

wave and the direction of maximum amplitude of the elliptically 
polarized antenna 

The + sign is to be used if both the rece1v1ng and transmitting antennas 
produce the same hand of polarization. The (- l sign is to be used when 
one is left-handed and the other right-handed. 

State of polarization is specified either by the polarization ratio P (angles 
'Y and cpl or by the shape, orientation, and sense of the polarization ellipse 
(angles a and /JI. 

Polarization charts 

Problems on polarization can be solved by means of charttsimilar to those 
used for reflection coefficients and impedances.* These charts may be 

V C 

8 C' 

Fig. 3-Polarizatlon ellipse at A and representation al S of a stale of polarizc,tion by a 
point on c, 1phere. 

related to the representation introduced in optics by H. Poincare: The 
angles 2a and 2fJ are taken as the latitude and longitude of a point on a 

"V. H. Rumsey, G. A. Deschamps, M. l. Koles, and J. I. Bohnert, "Techniques for Handling 
Elliptically Polarized Waves with Special Reference to Antennas," Proceedings of the IRE, 
vol. 39, pp. 533-5521 Moy, 1951. 
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Elliptical and circular polarization continued 

sphere, Fig. 3B. Each state of polarization is fhur represented by a single 
point on the sphere and vice versa. Linear polarizations correspond to 
points on the equator and the two circular polarizations respectively to 
the poles C and C'. If X represents linear polarization along the reference 
axis, M some arbitrary polarization, and L the linear polarization along 
the major axis of the ellipse, the spherical triangle XLM has the following 
properties 

XL = 2/3 
LM 2a 
XM = 2-y 

L = 90° 
X = ip 

From these come the following relations 

tan 2/3 = tan 2-y cos I{' 

sin 2a = sin 2-y sin q, 

and 

cos 2-y = cos 2a cos 2(3 
tan q, = tan 2a csc 2(3 

(71 

which convert from -y,q, (polarization ratio) to a,(3 (ellipse parameters) or 
vice versa. 

These relations can be solved graphically on a chart !Fig. 41 that is a map 
of the sphere obtained by projection from pole C' on the plane of the 
equator.* The circ I es for constant q, and constant 'Y are shown. /3 is read 
on the rim and a can be obtained by rotating the point about the center 
of the chart lo bring it on the 'Y scale on the vertical diameter. A radial 
arm bearing the same graduations (standing-wave ratio and decibels} as 
on the Smith chart can also be used. Fig. 4 shows only the map of one 
hemisphere. Polarizations of the opposite sense can be plotted by consider
ing the projection as taken from the pole C. 

Example: Assume an axial ratio of 0.5 is measured with an angle of 15 
degrees between the maximum field and the reference axis. The intersection 
M of the radial line /3 = 15° and a circle corresponding to a = 26.5° 
(since tan 26.5° = 0.51 represents the measured polarization. This polarize-

* This is a standard geographic projection. Chart H.O. Misc., No. 7736-1 having a 20-centimeter 
radius, may be obtained ot nominal charge from the United States Navy Department Hydro
graphic Office, Washington 25, D. C. 
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Elliptical and circular polarization continued 

lion can ce considered to ce produced cy two similar radiators normal to 
each other, the ratio of whose currents is tan 'Y 0.56 (since the point 
lies on the 'Y '29° arcl; the current in the radiator along the reference 
axis is larger and <f! = 69° ahead of the current in the other radiator. 

Voltage induced by wave of arbitrary polarization: If the polarization of 

,-t--+--13r:f'--...... ......

l-"1--f-4--l---l35"L--l--+--r

-r-i-++-l--l-W.4<f'U-l-l--l~,T 
phon difference ,p 

120° 100" \ 80° 

1---1---1---t-t-t,14ifn11--JL--/---L_ 

oxial ratio•l/(swr) 
0.9 0.7 0.5 0.3 

c>loce on center 
I I 0;8 J or, I Oj4 I Oj2 oJ , , , 1 , , , , 1 , , 
0 5 10 
rotio in decibels 

0.1 

I 
I I 
20 

0 
,' 1 l I on circumference 
30 co 

40 

fig. 4-Proiection used in solving polarizollon problems. The dashed lines and point M are 
the construction for the example given in the text. 
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Elliptical and circular polarization continued 

the antenna is represented by the point M on the Poincare sphere aod that 
of the incident wove by N, the voltage induced is 

hE cos ll 18) 

where 2/J is the angular distance MN. On Fig. 4, the angle 2/J con be ob
tained by the following construction. Plot the points M ond N on o trans
parent overlay, rotate the overlay about the center O until the points M 
ond N foll on the some ,p circle, ond read the difference between the -y's. 

Measurement of wave polarization 

By comparing the signals received by o dipole oriented successively in the 
directions X and Y, the ratio I YI/ IX I representing the polarization of 
the wove is found. On Fig. 4, the point M is on a known 'Y circle. To obtain 
another locus, compare the signals received with the same dipole oriented 
at 45° then 135° from OX. This gives o second circle that can be constructed 
os the first one with respect to points XY, then rotated by 90° by means of 
an overlay. 

If many measurements ore to be taken, the two systems of 'Y circles could 
be drown in advance. This measurement leaves o sense ambiguity that con 
be resolved only by using receiving antennas with nonlinear polarization.• 

Vertical radiators 

Field intensity from a vertically polarized antenna 
with base close to ground 

The following formula is obtained from elementary-dipole theory ond is 
applicable to low-frequency antennas. It assumes that the earth is o perfect 
reflector, the antenna dimensions are small compared with X, and the actual 
height does not exceed X/ 4 • 

The vertical component of electric field radiated in the ground plane, at 
distances so short that ground attenuation may be neglected (usually when 
D < 10 XI, is given by 

E = 377 I H, 
XO 

where 

E = field intensity in millivolts/meter 

(9) 

* Other methods using the projective chart ore described by G. A. Deschamps in "Hyperbolic 
Protractor for Microwave Impedance Measurements and other Purposes,'' International 
Telephone and Telegraph Corporation, 67 Broad Street, New York 4, New York; 1953. 



Vertical radiators continued 

I = current at base of antenna in amperes 
H. = effective height of antenna 
X = wavelength in same units as H 
D = distance in kilometers 

ANTENNA$ 671 

The effective height of a grounded vertical antenna is equivalent to the 
height of a vertical wire producing the same field along the horizontal as 
the actual antenna, provided the vertical wire carries a current that is con
stant along its entire length and of the same value os at the base of the actual 
antenna. Effective height depends upon the geometry of the antenna and 
varies slowly with X. For types of antennas normally used at low and medium 
frequencies, it is roughly one-half to two-thirds the actual height of the 
antenna. 

For certain antenna configurations effective height can be calculated by the 
following formulas 

Straight vertical antenna: h ~ X/4 

H X . 2 (1rh) • = 1rsin {21rh/Xl sin ~ 

where h = actual height 

Loop antenna: A < 0.001 X 2 

H, = 21rnA/X 

where 

A = mean area per turn of loop 

n = number of turns 

Adcock antenna 

H, = 27rab/X 

where 

a = height of antenna 

b spacing between antennas 

In the above formulas, if H. is desired in meters or feet, all dimensions h, A, 
a, b, and X must be in meters or feet, respectively. 

Practical vertical-tower antennas 

The field intensity from a single vertical tower insulated from ground and 
either of self-supporting or guyed construction, such as is commonly used 
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Vertical radiators continued 

for medium-frequency broadcasting, may be calculated by the following 
equation. This is more accurate than equation (9). Near ground level the 
formula is valid within the range 2X < D < lOX. 

60 I 
E= ----

D sin 121rh/Xl 
[

cos (21r~ co~ 81 - cos 21ri] 
Sin 6 

where 

E = field intensity in millivolts/meter 

I = current ot base of antenna in amperes 

h = height of antenna 

X = wavelengths in some units os h 

D = distance in kilometers 

6 = angle from the vertical 
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Fig. 5-Field strength as a function of angle of elevation for vertical radiators of 
different heights. 
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Vertical radiators continued 

Radiation patterns in the vertical plane for antennas of various heights are 
shown in Fig. 5. Field intensity along the horizontal as a function of antenna 
height for one kilowatt radiated is shown in Fig. 6. 

Both Figs. 5 and 6 assume sinusoidal distribution of current along the antenna 
and perfect ground conductivity. Current magnitudes for one-kilowatt power 
used in calculating Fig. 6 ore also based on the assumption that the only re
sistance is the theoretical radiation resistance of a vertical wire with sinu
soidal current. 

Since inductance and capacitance are not uniformly distributed along the 
tower and since current is attenuated in traversing the tower, it is impossible 
to obtain sinusoidal current distribution in practice. Consequently actual 
radiation patterns and field intensities differ from Figs. 5 and 6.* The closest 
approximation to sinusoidal current is found on constant-cross-section towers. 
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Fig. 6--Field strength along the llorlzontal as a function of antenna height for a 
vertical grounded radiator with one kilowatt radiated power. 

In addition, antenna efficiencies vary from about 70 percent for 0.15 wave
length physical height to over 95 percent for 0.6 wavelength height. The input 
power must be multiplied by the efficiency to obtain the power radiated. 

* For information on the 11ffect of some practical current distributions on fleld intensities see 
H. E. Gihring and G. H. 'Brown, "General Considerations of Tower Antennas for Broadcast 
Use," Proceedings of the IRE .• vol. 23, pp. 311-356; April, 1935. 
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Vertical radiators continued 

Average results of measurements of impedance at the base of several actual 
vertical radiators, as given by Chamberlain and lodge*, are shown in Fig. 7. 

* A. B. Chomberloin ond W. B. Lodge, "The Broodcost Antenna," Proceedings of the IRE, 
vol. 24, pp. 11-35; January, 1936. 
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Vertical radiators continued 

For design purposes when actual resistance and current of the projected 
radiator are unknown, resistance values may be selected from Fig. 7 and 
the resulting effective current obtained from 

I. 111) 

where 

I. = current effective in producing radiation in amperes 

W = watts input 

1/ antenna efficiency, varying from 0.70 at h/X = 0.15 to 0.95 at 
h/X = 0.6 

R = resistance at base of antenna in ohms 

If I. from (11) is substituted in llOl, reasonable approximations to the field in
tensity at unit distances, such as one kilometer or one mile, will be obtained. 

The practical equivalent of a higher tower may be secured by adding a 
capacitance "hat" with or without tuning inductance at the top of a lower 
tower.* 

A good ground system is important with vertical-radiator antennas. It should 
consist of at least 120 radial wires, each one-half wavelength or longer, 
buried 6 to 12 inches below the surface of the soil. A ground screen of high
conductivity metal mesh, bonded to the ground system, should be used on or 
above the surface of the ground adjacent to the tower. 

Field intensity and radiated power from antennas in free space 

Isotropic radiator 

The power density Pat a point due to the power P1 radiated by an isotropic 
radiator is 

P = P,/41rR 2 watts/meter2 1121 

* For additional information see G. H. Brown, "A Critical Study of the Characteristics of 
Broadcost Antennas as Affected by Antenna Current Distribution," Proceedings of the IRE, 
vol. 24, pp. 48-81; January, 1936. G. H. Brown and J. G. Leitch, "The Fading Characteristics 
of the Top-loaded WCAU Antenna." Proceedings ,of the IRE, vol. 25, pp. 583-611; Moy, 1937. 
Also, C. E. Smith and E. M. Johnson, "Performance of Short Antennas," Proceedings oi the IRE, 
vol. 35, pp. 1026-1038; October, 1947. 
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Field intensity and radiated power continued 

where 

R = distance in meters 

P1 = transmitted power in watts 

The electric-field intensity E in volts/meter and power density P in watts/ 
meter2 at any point are related by 

P = E2/l201r 

where 1201r is known as the resistance of free space. From this 

E = l1201rP)½ = (30P1)½/R volts/meter 

Half-wave dipole 

For a half-wave dipole in the direction of maximum radiation 

P = 1.64 Pi/ 41rR2 

E = (49.2 Pil½/R 

These relations ore shown in Fig. 8. 

Received power 

{13 
l 

(14) 

(15) 

To determine the power intercepted by o receiving antenna, multiply the 
power density from Fig. 8 by the receiving area. The receiving area is 

Area = G X2/41r 

where 

G = gain of receiving antenna 

X = wavelength in meters 

The receiving areas and gains of common antennas ore given in Fig. 36. 

Equation (161 con be used to determine the power received by an antenna 
of gain G, when the transmitted power P1 is radiated by on antenna of 
gain G1. 

p = P,GrG,X2 

' 141rRl 2 
(l6l 

G1 and G, ore the gains over an isotropic radiator. If the gains aver o 
dipole ore knowr/, instead of gain over isotropic radiator, multiply each 
gain by l.64 before inserting in (16). 
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678 CHAfflR 23 

Radiation from an end-fed conductor of any length 

A. 

configuration 
(length of radiator) 

Half-wave, 
resonant 

B. Any odd number 
of half waves, 
resonant 

c. Any even number 
of half waves, 
resonant 

f(IJl 

f (()) 

f(0) 

expression for Intensity 
f(O) 

= 
cos (90° sin 9) 

cos 0 

= 
cos (f sin 0) 

cos 9 

·(
1
°. 6) sm 2 sm 

= 
cos 0 

F10l = -
1
- [ 1 + cos2t' + sin20 sin21° 

D. Any length, 
cos 0 

- 2 cos 1/0 sin 0) cos 1° 
resonant 

- 2isin 0 sinl11° sin 01 sin J0
] ½ 

E. Any length, 
fl0l 0.1011 "8) 

nonresonant 
ton 

2 
sm 2 - srn 

where 

/
0 = 360//). 

= length of radiator in electrical 
degrees, energy to flow from 
left-hand end of radiator. 

/ = length of radiator in same units 
OS A 

0 = angle from the normal to the 
radiator 

). = wavelength 

See also Fig. 9. =A4 ~ i • 
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Radiation from an end-fed conductor of any length continued 
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fig. 9-Directlons of maximum (solld lines) and minimum (dotted lines) radiation 
from o single-wire radiator. Direction given here Is (90° - 9), 

Rhombic antennas 

linear radiators may be combined in various ways to form antennas such as 
the horizontal vee, inverted vee, etc. The type most commonly used at high 
frequencies is the horizontal terminated rhombic shown in Fig. IO. 

radlalloft 

Fig. 10--Dimenslon• and radiation anglH for rhombic antenna. 

In designing rhombic antennas* for high-frequency radio circuits, the desired 
vertical angle A of radiation above the horizon must be known or assumed. 
When the antenna is to operate over a wide range of radiation angles or is 
to operate on several frequencies, compromise values of H, L, and .; must 

• For more complete information see A. E. Harper, "Rhombic Antenna Design," D. Ven Nostrand 
Compcny, New York, New York; 1941. 
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Rhombic antennas continued 

be selected. Gain of the antenna increases as the length L of each side is 
increased; however, to avoid too-sharp directivity in the vertical plane, it is 
usual to limit L to less than six wavelengths. 
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Fig. 11-Rhomblc-antenna design chart. 

Knowing the side length and radiation angle desired, the height H above 
ground and the tilt angle 4> can be obtained from Fig. 11. 

Example: Find H and 4> if ~ 20 degrees and L = 4X. On Fig. 11 draw a 
vertical line from ~ = 20 degrees to meet L/X = 4 curve and H/X curves. 
From intersection at L/X = 4, read on the right-hand scale 4> = 71.5 
degrees. From intersection on H/X curves, there are two possible values 
on the left-hand scale 

a. H/X = 0.74 or H = 0.74X b. H/X 2.19 or H = 2.19X 
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Rhombic antennas continued 

Similarly, with on antenna 4>. on the side and a tilt angle <I> = 71.5°, working 
backwards, it is found that the angle of maximum radiation to is 20°, if the 
antenna is 0.74}. or 2.19}. above ground. 

Fig. 12 gives useful information for the calculation of the terminating 
resistance of rhombic antennas. 
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t 
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f-Ho. 6 Iron wire ~ IO 
All sizes are American Wire Gauge -: 

5 

2 

Fig. 12-Attenuatlon of balanced 600• 
ohm transmission lines for use as term(- 1 

natlng networks for rhombic antennas. 

Discones 
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frequency in megacycles 

The <:liscone is o radiator whose impedance can be directly matched to o 
50-ohm coaxial transmission line over o wide frequency bond. The outer 
conductor of the transmission line is 
connected to the cone ot the gop and 
the inner conductor to the center of the 
disc. The dimensions shown in Fig. 13 
give the best impedance match over o 
wide band.* Since the bandwidth is in
versely proportional to Cmin, that di
mension is usually mode only slightly 
forger than the diameter of the coaxial 
transmission line. Dimensions S and D 
ore determined from S 0.3 Cmin and 
D = 0.7 Cmax• L ond <p determine how 
the standing-wove ratio varies with fre
quency at the low edge of the bond, os 
shown in Fig. 14. A discone with <b = 60° 
and C/L = 1/22 hod a standing-wave 

i~ I L 

!~ 
i,,.,.,__ ___ Cmo1 

Courtesy of Electronir::i 

Fig, 13--0ptimum dlscone dimensions. 

ratio of less than 1.5 over ot least 

* J. J. Nail, "Designing Discone Antennas," Electronics, vol. 26, pp. 167-169; August, 1953. 
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Discones continued 

a 7 /1 frequency range ond o 
standing-wave ratio of less than 2 
over dt least a 9 /1 range in 
frequency. 

The pattern is omnidirectional in the 
H plane, while the f-plane pattern 
varies somewhat with frequency as 
shown in Fig. 15. 

Fig. 14-At right, standing-wave ratia 
versus ratio af frequency to the frequency 
at which slant height Is >../4. 
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Fig. 15-Discone E-plane patterns. 

Helical antennas 
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Helical antennas can be classified either as to shape (such as cylindrical, 
flat, or conical! or as to type of pattern produced (such as normal or axial 
mode). Data will be given here only for the cylindrical helix radiating in 
the normal or axial mode. 

Normal-mode helix 

When the diameter is considerably less than a wavelength and the electrical 
length less than a wavelength, the helix radiates in the normal mode (peak 
of the pattern normal to the helix axis). In contrast with the ordinary dipole, 
where the radiating electromagnetic wove appears to travel on the dipole 
with the velocity of light in the surrounding medium, the velocity of the 
wove along the axis of the helix is lower and depends on the frequency, 
diameter, and number of turns per unit length. The velocity can be de-
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Helical antennas continued 

creased by large factors with a corresponding decrease in axial length fm 
quarter-wove or half-wave resonance. 

Velocity of propagation: The phase velocity along the helix axis is 

k/vl 2 = 1 + IMX/1rDl 2 

where 

c = velocity of light in surrounding medium 
v axial velocity 
A = wavelength in surrounding medium 
D = mean helix diameter (same units as Al 
M = value obtained from Fig. 16. 
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Fig. 16-Chart giving M for (17) and (18) and also showing apparent phase velocity V.,,/c. 
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Helical antennas continued 

The apparent phase velocity in the direction of the wire is equal to the 
axial velocity divided by the sine of the pitch angle, or 

1 + IN1rDl 2 
1181 

1 + IM>../ 1rDl 2 

Where N is the number of turns per unit length. Fig. 16 shows the variation 
of Vw/c when the terms in 118) ore much greater than unity. Fig. 17 shows, 
for a particular case, how the frequency for quarter-wave resonance varies 
with the number of turns per unit length for constant wire length. When 
ND ~ 1 and ND2/>.. ~ 1/5, this reduces to 

Vw/ c ~ (1.251 lh/DJ¾ 118Al 

where h = height of the quarter-wavelength helix. 
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Fig. 17-Resonant frequency for various helix configuration, with same length of wire, 

To obtain a real input impedance !resonance), each half of the helical 
antenna must be a quarter-wavelength long at the velocity given above 

or for ND2/>.. < 1/5 

h 
>.. = 4 c/V = 4 [1 + 20 INDJ6i2 !D/>..11121112 

119) 

where h is the length of each half. 

Effective Height: The effective height of a resonant. helix :above a perfect 
ground plane is 2 h/ 1r because the current distribution is similar to that of 
a 'luarter-wave monop.ole. A short monopole has an effective height of 
h/2 due to its triang.ular current distribution. 
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Helical antennas continued 

Radiation resistance: The radiation resistance of a resonant helix above a 
perfect ground plane is 125.3 hj}..) 2, while the radiation resistance of a 
short monopole is 120 h/}..) 2• 

Polarization: The radiated field is elliptically polarized and the ratio of 
the horizontally polarized field E,. to the vertically polarized field E. is 

fa 
E. 

(N7rDJ 11 17rD/}..l 5 ND2 

Jo (7rD/}..l ,:,:; }.. 
(20) 

where J0,J1 = Bessel functions* of the first kind. 

The approximation is valid for diameters less than 0.1 wavelength. Circular 
polarization is obtained with a resonant helix when the height is about 0.9 
times the diameter. 

The horizontal polarization is decreased considerably when the helix is 
used with a ground plane. The vertical pattern of the horizontally polarized 
field then varies as 2 lh/}..l sin {J cos {J, while the vertical pattern of the 
vertically polarized field varies as cos 8. 

Losses: For short resonant helixes, the loss may be appreciable because 
the wire diameter must be much smaller than the diameter of a dipole of 
the same height. Neglecting proximity effects, the ratio of the power dis
sipated Pi to the power radiated P, is 

2 X 10-4 IVw/cl 

d lh/}..l 2 F,;!. 

where 

d = diameter of copper wire in inches 

Froe = frequency in megacycles/second 

121) 

The efficiency is thus 1 / 11 + Pi/P,I. Fig. 18 is a plot of height versus 
resonant frequency for three wire diameters for 50-percent efficiency, 
assuming that V,o/c = l. 

Q and tap point: The Q facto rt can be calculated+ approximately: 

* Table of Bessel functions is given on p. 1118. 

t Unloaded Q. When the ontenno is driven by o zero-resistance generator, the 3-db bond
width is fo/Q. When driven by o generator whose resistance matches the resonant resistance 
of the onlenno, the 3-db bandwidth is 2 lo/0. 

f A. G. Kondoian and W. Sichok, "Wide-Frequency-Range Tuned Helical Antennas ond Cir
cuits," Electrical Communication, vol. 30, pp. 294-299; December, 1953: olso, Convention Record 
of the IRE 1953 Notional Convention, Port 2-Antennos and Communication; pp. 42-47. 
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Helical antennas continued 

where 

Z 0 = characteristic impedance 
= 60 le/VJ [ln 14h/DJ - 1] 

Rblll!e = radiation resistance plus wire resistance 
= (25.3 h/Xl 2 + 0.125 IVw/cl/dFt}. 

where d = wire diameter in inches. 

The input resonant resistance Rtap with one end of the resonant helix con
nected to o perfectly conducting ground plane is 

where 8 
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Fig. 18-Hellx height veraus frequency for 50-percenl efficiency assuming Vw/c=1• 
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Helical antennas continued 

Axial-mode helix 

When the helix circumference is of the order of a wavelength, an end-fire 
circularly polarized pattern (axial l"atro less than 6 decibels! is obtained.* 

Equations (241 give approximately the properties when the diameter in 
wavelengths is between 1/4 and 4/9, the pitch angle is between 12 and 
15 degrees, the total number of turns is greater than 3, and the ground
plane diameter greater than a half-wavelength. 

Half-power beamwidth = 17>-.312/D h1l2 degrees } 

Gain = 150 d2h/}..3 

Input resistance = 440 D/X ohms 

1241 

Slot antennas 

The properties of many slot antennas can be deduced from the properties 
of the complementary metallic antenna. The impedance z. of the slot ontenna 
is related to the impedance Z,,. of the metallic antenna by 

z.,;z. = l601rl 2 

The magnitude of the electric field E, produced by the slot is proportional 

• J. D. Krous, "Antennas," McGraw-Hill Book Company, lncorporofed, New Yorlc, New York; 
1950:: see p. 213. 

ll'IIIOUic-dipole 011te11110 

slot ontenno 

fig. 19-Slol antenna and Its metallic counterpart. 
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Slot antennas continued 

to the magnitude of the magnetic field Hm of the metallic antenna and H, 
is proportional to Em. The electric- and magnetic-plane patterns of the slot 
are similar to the magnetic- and electric-plane patterns, respectively, of 
the metallic antenna. 

Example: Slot antenna in an infinite metallic plane, Fig. 19. The complemen
tary metallic antenna is a dipole. For a narrow slot a half-wavelength long, 
fed at the center, the impedance is (6011-12/73 = 494 ohms if the slot radiates 
on both sides. (If a cavity is added to suppress radiation on one side, the 
impedance doubles.I The f-plane pattern of the slot and the H-plane 
pattern of the dipole are omnidirectional, while the slot H-plane pattern 
is the same as the dipole f-plane pattern. 

Impedance of small 
annular slots: The 

~ 300 
.c 
0 

annular-slot antenna, ! 200 

the complement of a ! 
loop, is often used as ,; 
flush-mounted antenna 
to produce a pattern 
and polarization simi
lar to that of a short 
dipole mounted on a 
large ground plane. 
When the outer diame
ter is less than about a 
tenth of a wavelength, 
the impedance* is given 
by Fig. 20. 

• H. Levine and C. H. Papas, 
"Theory .f the Circular 
Diffraction Antenna," Journal 
of Applied Physics, vol. 22, 
pp. 29-43; January, 1951. 
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Fig. 20-lm,-dance of annular-slot antenna. R = A (b/X)i 
and X = B (X/b) (capacitive). 
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Slot antennas continued 

Axial slots on cylinders: Fig. 21 shows how the E-plone pattern* of on axial 
slot in the surface of a cylinder varies with diameter and wavelength. 

slot slot 

D/>-• 0.127 D/>-=0.25 

slot 

D/>-•0.5 D/>-•a 
Courte,y of P,oceeding, of the IRE 

Fig. 21-Radlallon pattern for single axially slotted cylindrical antenna of diameter D, 

Antenna arrays 

The basis for all directivity control in antenna arrays is wave interference. 
By providing a large number of sources of radiation, it is possible with a fixed 

* G. Sincloir, "Potterns of Slotted-Cylinder Antennos," Proceedings of the IRE, vol. 36, pp. 
1487-1492,; December, 1948. 
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Antenna arrays continued 

amount of power greatly to reinforce radiation in a desired direction 
while suppressing the radiation in undesired directions. The individual 
sources may be any type of antenna. 

Individual elements 

Expressions for the radiation pattern of several common types of individual 
elements are shown in Fig. 22, but the array expressions are not limited to 
these. The expressions hold for linear radiators, rhombics, vees, horn radia
tors, or other complex antennas ,when combined into arrays, provided a 
suitable expression is used for A, the radiation pattern of the individual an
tenna. The array expressions are multiplying factors. Starting with an indi
vidual antenna having a radiation pattern given by A, the result of combining 
it with similar antennas is obtained by multiplying A by a suitable array 
factor, thus obtaining an A' for the group. The group may then be treated as 
a single source of radiation. The result of combining the group with similar 
groups or, for instance, of placing the group above ground, is obtained by 
multiplying A' by another of the array factors given. 

Linear array 

One of the most important arrays is the linear multielement array where a 
large number of equally spaced antenna elements are fed equal currents in 
phase to obtain maximum directivity in the forward direction. Fig. 23 gives 
expressions for the radiation pattern of several particular cases and the 
general case of any number of broadside elements. 

In this type of array, a great deal of directivity may be obtained. A large 
number of minor lobes, however, are apt to be present and they may be 
undesirable under some conditions, in which case a type of array, called the 
binomial array, may be used, 

Binomial array 

Here again all the radiators ore fed in phase but the current is not distributed 
equally among the array elements, the center radiators in the array being 
fed more current than the outer ones. Fig. 24 shows the configuration and 
general expression for such an array. In this case the configuration is mode 
for a vertical stack of loop antennas in order to obtain single-lobe directivity 
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Fig, 22-Radlation patterns of several common types of antennas, 

A 

type of l 
radiator 

current 
distribution 

Hatt-wave~ 
dipole 

' 

B 

Shortened 4uF dipole 

C 

Lengthened 

~ dipole 

. 
D ~··...--
Horizontal (ii l!) loop -~ 
E 

~ Horizontal 
turnstile 

i1 and i2 
phased 90° 

Al/JI 

directivity 

horh:onlol E plane 
Al/Jl 

K cos(~ sin o) 
cos /J 

~ K cos /J 

A!Ol ~ K cos (J 

Al81 = 

[ (T/ ) 1 K cos X sin /J - cos i 
cos /J 

A((J) ~ Kl1l 

Al/JI ~ K'III 

I vertical H plane 
, A(/31 

Al/3l = Kill 

Al/3l = Kill 

Al/31 = K(l) 

Al/31 = K cos f3 

A (/Jl = K' (1) 

(J = horizontal angle measured from perpendicular bisecting plane 

/3 vertical angle measured from horizon 

K and K' are constants and K' = 0.7K 
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Antenna arrays continued 

in the vertical plane. If such an array were desired in the horizontal plane, 
say n dipoles end to end, with the specified current distribution the expression 
would be 

F(OI [

cos (~ sin o)] 
2,.__1 2 

cosn-l (½ S0 sin Ol 
cos 8 

(251 

The term binomial results from the fact that the current intensity in the suc
cessive array elements is in accordance with the numerical coefficients of 
the terms in the binomial expansion la + bl n-l where n is the number of 
elements in the array. This is shown in Fig. 24. 

Fig. 23-Llnear-multielement-array broodslde directivity. See Fig. 22 to compare A 
for common antenna types. 
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expression for intensity F(8) 

F!OI = A[l] 

F(OJ 2A [ cos (5
2
° sin o)] 

F(O) = A+ 2A [cos (S 0 sin 0)] 
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4A [ cos (S
0 

sin 0) cos (5
2
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fig. 24-Development of the binomial array. The expreulon for the general case Is 
given in E. 

confl,guration of array 
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expreulon for Intensity F(~) 

F ({31 = cos {3[1] 

F({3) = 2 cos {3 [ cos (5
2
° sin {3)] 

F({3) = 22 cos {3 [ cos2 
(~ sin {3)] 

Fl{3) = 23 cos {3 [ cos3 
(

5

2
° sin {3)] 

Fl{3) = 24 cos {3 [ cos4 (5
2
° sin {3)] 

and in general: 

Fl{3) = 

2n-l COS {3 [ COSn-l ($; sin {3)] 

where n = number of loops in the 
array 
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Antenna arrays continued 

Optimum current distribution for broadside arrays* 

It ls the purpose here to give design equatioM and to illustrate a method 
of calculating the optimum current distribution in broadside arrays. The 
resulting current distribution is optimum in the sense that !al if the side-lobe 
level is specified, the beam width is as narrow as possible, and {bl if the 
first null is specified, the side-lobe level is minimized. The current distribution 
for 4- through 12-; and 16-, 20-, and,24-element arrays can be calculated 
after either the side-lobe level or the position of the first null is specified. 

Parameter Z: All design equations are given in terms of the parameter Z. To 
determine Z if the side-lobe level is specified, let 

(maximum amplitude of main lobe) 
r=-------------

!moximum amplitude of side lobe) 

then 

Z = ½[ (r + V r2 - l ) 11M + (, - Vr2 - 1 ) 11
M] = cosh p/M 126) 

where 

M = (number of elements in the array) - l 

p = cosh-1 r 

To determine Z if the position of the first 
null is specified !Fig. 251, let 00 = position 
of first null. Then 

Z = cos 171"/2MJ 

cos (~sin Oo) 
1271 

where. S = spacing between elements. 

•o . ... 

Fig. 25-Beam pattern for 
broadside array, showing first 
null at Oo. 

Design equations: The following ore in Z. It is assumed that all elements ore 
isotropic, are fed in phase, and ore symmetrically arranged about the center. 
See Fig. 26 for designation ol the respective elements to which the following 
currents I apply. 

* C. l. Dolph, "A Current Distribution for Broodside Arrays Which Optimizes the Relationship 
Between Beam Width and Side-lobe level," Proceedings of the IRE, vol. 34, pp. 335-348; 
June, 1946. See also discussion on subject paper by H. J. Riblet ond C. l. Dolph, Proceedings 
of the IRE, vol. 35, pp. 489-492; May, 1947. 
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4-element array 

/2 = Z3 

/1 = 3112 - Z) 

8-element array 

]4 Z7 

[3 = 7114 - Z5
) 

12 = 5la - 14]4 + 14Z3 

11 = 312 - 51a + 714 - 7Z 

12-element array 

la= zn 
I. = II 116 - Z91 
]4 = 910 - 4416 + 44Z7 

[3 = 7]4 - 2716 + 771s - 77zv 
12 = 5la - 14]4 + 30]. - 5516 + 55Z3 

ANTENNAS 695 

etc etc 

Ia 
Is 

le 
Ia 

8 
I, 

8 I, 
Io 

I, s I, ...t... 
Ia T s 

Ia T 
Ia 

·Is 
etc etc 

even number odd number 

N elemenb N + 1 elements 

Fig. 26--Broadside array of even and odd 
number of elements showing nomenclature 
of radiators, spacing S, and beam-angular 
measurement ll. 

11 = 312 - 5la + 7]4 - 91s + 1116 - llZ 

16-element array 

Is = z1s 
]7 = 151s - 15Z13 

la = 1311 - 90ls + 90Z11 

]5 1 lls - 6511 + 275/s - 275Z3 
]4 = 91. - 44le + 15617 - 4501s 

+ 450Z7 

la = 714 - 2716 + 77h - 182'7 
+ 3781s - 378Z6 

12 = 5/3 - 14]4 + 30]. - 5516 
+ 9116 - 140]8 + 140Z8 

11 = 312 - 51a + 714 - 9h 
+ llJe - 1311 + 151s - 15Z 

The relative current values neces
sary for optimum current d1stribution 
are plotted as a function of side-lobe 
level in decibels for 8-, 12-, and 16-
element arrays (Figs. 27-291. 

,2 20 l-+4--~--1--1---+-i"'c:i"-,H::--+-IH 
.!:! 
~ 

e ,o 

1
1e 22 2s 30 34 38 42 46 

side-lobe level in decibels 

Courtesy of Proceedings of the IRE 

Fig. 27-Tbe relative current values for 
an a-element array nece11ary for "tlie 
optimum current distribution" as a func• 
lion of side-lobe level In decibels. 
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Antenna arrays continued 

.::: 50 i so ~ .......... 'T""....,,....,._...,... ___ _ 
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2 20 ,.. II .. 
.. 
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0 :a 
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// I,; ,~~l. 

2 
.I'_, ,r ....... 

i... 

.... 

I 
22 26 30 34. 38 42 4 !10 
$ide-lobe level in decibel$ 

Courtesy of ProceedinJS of the fl?E 

Fig. 28-The relative current values for 
a 12-element array necessary for "the 
optimum current distribution" as a func
tion of side-lobe level In declbels. 

:a e 
10 

5 

I .....,......,...._..._._,.......,_._...,_.._J.-Jc...i.....1 
28 30 32 34 36 38 40 42 
side-lobe level in decibels 

Courtesy of Proceedings of the IRE 

Fig. 29-The relative current values for 
a 16-elemenf array necessary for "the 
optimum current distribution" as a func
tion of side-lobe level In decibels. 

Effect of ground on antenna radiation at very-high 

and ultra-high frequencies 

The behavior of the earth as a reflecting surface is considerably different 
for horizontal than for vertical polarization. For horizontal polarization the 
earth may be considered a perfect conductor, i.e., the reflected wave at all 
vertical angles fl is substantially equal to the incident wave and 180 degrees 
out of phase with it. F(/'Jl in Fig. 308 was derived on this basis. The approxi
mation is good for practically all types of ground. 

For vertical polarization, however, the problem is much more complex as 
both the relative amplitude K and relative phase tj:, change with vertical 
angle fl, and vary considerably with different types of ground. Fig. 31 is a 
set of curves that illustrate the problem. The subscripts to the amplitude 
and phase coeffkients K and tj:, refer to the type of polarization. 

It is to be noted particularly that at grazing incidence (fl = 01 the reflection 
coefflcient is the some for vertical and horizontal polarization. This is 
substantially true for practically all ground conditions. 
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Antenna arrays continued 

Directivity of several miscellaneous arrays 

Fig. 30--Dlrectlvl!y of several array problems that do not fall into any of the preceding 
classes. 

configuration of array 

A. Two radiators any phase 4> 

·~~ 
1-· -$" ~ 

B. Radiator above ground (horizon
tal polarization) 

C. Radiator parallel to screen 

S0 = spacing in electrical degrees 

exprenlon for intensity 

F(0l 

[A~+A;+2A1A2 cos (S0 sin0+4>1]l 

(s
0 

4>) f t8l = 2A cos 2 sin 0 + 2 

F!/31 2A sin (h1 ° sin /31 

f(/3) = 2A sin (d 0 cos /3) 

or 

f(O) = 2A sin (d0 cos 0) 

h1 ° = height of radiator in electrical degrees 

d 0 = spacing ·of radiator from screen in electrical degrees 
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Antenna arrays continued 

Fig. 31-Typical ground-reflec
tion coefficients for horizontal 
and vertical palarizatlans. 
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' Bre,:ste•.'• angle 
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vertical angle fj in degrees 

Electromagnetic horns and parabolic reflectors 

0 

,: 
0 

.c 
ll. 

Radiation from a waveguide may be obtained by placing an electro
magnetic horn of a particular size at the end of the waveguide. 

Fig. 32 gives data for designing a horn to have a specified gain with the 
shortest length possible. The length Li is given by 

, b) 
L1 = L (1 - : - 28 
where 

a = wide dimension of waveguide in the H plane 

b = narrow dimension of waveguide in E plane 

1281 

lfL ~ A2/>., where A = longer dimension of aperture, the gain is given by 

G = IOAB/>.2 

The half-power width in the E plane is given by 

51 X/B degrees 

and the half-power width in the H plane is given by 

70 >./ A degrees 

where 

E = electric vector 

H = magnetic vector 

1291 

(30) 

131) 

Fig. 33 shows how the angle between JO-decibel points varies with :iperture. 
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Electromagnetic horns and parabolic reflectors continued 

-= l;D 
C ., 

1i 
> 
0 

"' -0 

~ 
! 
.!: 

li 
,,; 
"( -0 
C 

-~ ., 
.Ii 
-0 

90 
80 

10 

.60 

10 

40 

so 

.ao 

10 
9 

e 
T 

' 
I 

4 

s 

& 

I 

/ 
./ V 

,.,, / 

/ ~ / ,/ 

I/ 
V 

V 
V 

V 
~ 

V y 
/ ,,, 

/ ,..,- ........ 
I/ ..,,,- ... ,,, 

/ V .... ,,, 
~ A...,. ,,,,,,., .,,,,,. .. 

1/ / 8..., / 

/ 
,,,,,,., 
/" ... 

/r 

UJ II IT It lt20ll222:&24Hff2Tll.8 

goin In decibels above isotropic radiator 

L axial length to apex 

A = width of aperture in H plane 

B = width of aperture in E plane 

fig, 32-Deslgn of electromagnetic-horn radiator. 
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Electromagnetic horns and parabolic reflectors coolinued 

\ \ 

"" 
'I\ 

"'" '~ "~ " '- -

1.0 
...... ~ " ~ 

"' r-....K ....... 
....... r--,... --- -

0 
40 80 eo IOO 120 140 

JO-decibel width in degrees 

Fig. 33-10-decibel widths of horns. L ~ A2/X. 

Parabolas 

- I plane 

160 l80 200 

If the intensity across the aperture of the parabola is of constant phase 
and tapers smoothly from the center to the edges so that the intensity at 
the edges is 10 decibels down from that at the center, the gain is given by 

G = 7A/X2 

where A = area of aperture. The half-power width is given by 

70 X/D degrees 

where D = diameter of parabola. See nomograph, p. 754. 

Passive reflectors 

(32) 

(331 

In some applications, on antenna and plane reflector ore used instead of a 
directional antenna fed through a long transmission line. The main applica
tion is in microwave line-of-sight radio links where the antenna may be 
mounted up to 300 feet above the associated radio equipment. In some 
coses, the loss is less than that of o long transmission line. In addition, 
long-line effects, such as "pulling" of frequency-modulated oscillators, ore 
minimized. 
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Fig, 34-Goln of antenna system incorporating a passive reflector. Diameter D of the 
)larabollc antenna equals projected diameter D of the reflector. 
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Passive reflectors continued 

fig. 34 shows the gain relative to an antenna whose area is equal to the 
projected area of the reflector. ITo obtain the gain relative lo the antenna, 
add 20 log (D/dl to the gains shown.I The plane reflector is assumed to 
be of elliptical shape and the amplitude tapers porobolicolly across the 
aperture of the antenna so that the edge illumination is 10 decibels below 
the center.* Slightly more gain con be obtained if a rectangular reflector 
is used.t 

Example: Compared to a 6-foot-diameter antenna, o reflector 6 feet in 
diameter mounted on a 200-foot tower hos o loss of 3.5 decibels when fed 
with o 6-foot-diometer antenna at 6000 megacycles and a loss of 2.5 
decibels when fed with an 8.5-foot-diometer antenna. The over-all system 
gain is larger if the transmission-line loss exceeds 3.5 or 2.5 decibels, 
respectively. 

Corner reflectors 

The corner reflector+ is a simple directive antenna. 
The dimensions given in Fig. 35 will give a gain of 
8 to 10 decibels over o dipole alone. If X = wave
length, 

0.25 X ~ S ~ 0.7 X 

length of reflector ~ >,. 

height of reflector ~ 5 X /8 

Antenna gain and effective area 

Fig. 35-Corner-reflector 
antenna. 

The gain of on antenna is a measure of how well the antenna concentrates 
its radiated power in o given ,direction. It is the ratio of the power radiated 
in a given direction to the power radiated in the same direction by o standard 
antenna (o dipole or isotropic radiator!, keeping the input power constant. 
If the pattern of the antenna is known and there ore no ohmic losses in the 
system, the gain G is defined by 

* W. C. Jakes, Jr., "Theoretical Study of An Antenna-Reflector Problem," Proceedings of the 
/RE, vol. 41, pp. 272-274; February, 1953. 

t R. E. Greenquist and A. J. Orlando, "Analysis of Passive Reflector Antenna Systems," Proceed· 
ings of the IRE, vol. 42, pp. 1173-ll78; July, 1954. 

t J. D. Kraus, "The Corner Reflector Antenna," Proceedings of the IRE, vol. 28, pp. 513-519; 
November, 1940. · 



Antenna gain and effective area amlinued 

G 

where 

(
maximum power intensity) = 4,,.Jf0J2 

average power intensity ff jEJ 2 dO 
all 

angles 

ANTENNAS 

iEoJ magnitude of the field at the maximum of the radiation pattern 

IEJ magnitude of the field in any direction 

The effective area A, of an antenna is defined by 

GX2 
A,=-

4,,. 

where 

G = gain of the antenna 
A = wavelength 

703 

1341 

1351 

The power delivered by a matched antenna to a matched load connected 
to its terminals is PAr, where P is the power density in watts/meter2 at the 
antenna and A, is the effective area in meters2• 

The gains and receiving areas of some typical antennas are given in Fig. 36. 

Fig. 36--Power gain G and effective area A of several common antennas. 

gain above I radiator isotropic radiator elfectl ve area 

Isotropic rodiotor 1 },.2/41r 

Infinitesimal dipole or loop 1.5 1.5 ).2/41r 

Half-wave dipole l.64 1.64 X2/41r 

Optimum horn (mouth area = Al 10 A/X' 0.81 A 

Horn (maximum gain for fixed length-see 
Fig. 33, mouth area = A) 5.6 A/>.2 0.45 A 

Parabola or metal lens 6.3 to 7.5 A/>.2 0.5 to 0.6 A 

Broadside array larea Al 41r A/>.2 (moxl A (maxi 

Omnidirectional stocked array !length = L, 
stock interval ~ Xl ""'2L/X "'-"L X/21r 

Turnstile 1.15 l.15)·,.t/4,r 
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Antenna gain and effective area continved 

The gains and effective areas given in Fig. 36 apply in the receiving case 
only; when the polarizations ore not the some, the gain is given by 

1361 

where 

G = gain of the antenna 
0 = angle between plane of polarization of the antenna and the incident 

field 

Equation 1361 applies only to linear polarization. Equation 161 gives the 
variation for circular or elliptical polarization. If a circularly polarized 
antenna is used to receive power from an incident wave of the same screw 
sense, the gains and receiving areas in Fig. 36 are correct. If a circularly 
polarized antenna is used to receive power from a linearly polarized wave 
(or vice-versa! the gain or receiving area will be one-half those of Fig. 36. 

If the half-power widths of a narrow-beam antenna are known, the ap
proximate gain above an isotropic radiator may be computed from 

where 

WE = E-plane half-power width in degrees 
W H = H-plane half-power width in degrees 

Equation (371 is not accurate if the half-power 
widths are greater than about 20 degrees, or if 
there are many large side lobes. 

Vertically stacked horizontal loops 

Radiation pattern for array of Fig. 37 is 

. (nS 0 

• /3) sm 2 sm 

F l{JI 
O 

cos /3 1381 

sin (5
2 

sin f3) 
where 

n = number of loops 
S0 = spacing in electrical degrees 

,,-...., ..... -....... \ 
I-+-- I 
\ I\ I ,_.,,,, ,_...,.. 

,,-..... \. ,,,., ..... , 
l --41-- ) , __ .,, 

(371 

Fig. 37-Stocked loops. 
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Vertically stacked horizontal loops <:<>nlim1ed 

If S spacing in radians, the gain is 

gain {l + i ni,t (n _ k) [ sin 1<S
0 

_ cos kS
0

]}-
1 

n n2 /:-'1 ll<Sl3 lkSJ 2 

1391 

The gain as a function of the number of loops and the electrical spacing 
s given in fig. 38 . 
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Vertically stacked horizontal loops continued 

The data are also directly applicable to stacked dipoles, discones, tripoles, 
etc., ond all other antenna systems that have verticol directivity but ore 
omnidirectional in the horizontal plane. Such antennas are widely used 
for frequency-modulation, television, and radio-beacon applications. 

Examples in the solution of antenna-array problems 

Problem 1: Find horizontal radiation pattern of four colinear horizontal 
dipoles, spaced successively }../2, or 180 degrees. 

Solution: From Fig. 23D, radiation from four radiators spaced 180 degrees is 
given by 

f(OI = 4A cos 1180° sin lJJ cos (90° sin lJI 

From Fig. 22A, the horizontal radiation of a half-wave dipole is given by 

cos (~ sin o) 
A= K 

2 

cos (J 

therefore, the total radiation 

f(lJ) [

cos(~ sin o)l 
K 

2 
cos {180° sin lJ) cos 190° sin lJI 

cos (J ..... 

Problem 2: Find vertical radiation pattern of four horizontal dipoles, 
stacked one above the other, spaced 180 degrees successively. 

Solution: From Fig. 23D we obtain the general equation of four radiators, 
but since the spacing is vertical, the expression should be in terms of vertical 
angle (3. 

fl(3l 4A cos 1180° sin (3) cos 190° sin (3) 

From Fig. 22A we find that the vertical radiation from a horizontal dipole lin 
the perpendicular bisecting plane) is nondiredional. Therefore the vertical 
pattern is 
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Examples in the solution of antenna-array problems continued 

f(fJl = Klll cos (180° sin fJl cos (90° sin {,I 

Problem 3: Find horizontal radiation pattern of group of dipoles in prob
lem 2. 

Solution: From Fig. 22A. 

cos(~ sin o) 
= K ----- :::;, K cos 8 

cos 8 

Problem 4: Find the vertical radiation pattern of .stack of five loops 
spaced 2}l/3, or 240 degrees, one above the other, all currents equal in 
phase and amplitude. 

Solution: From Fig. 23E, using vertical angle because of vertical stacking, 

f(fJl = A sin (51120°) sin tJ] 
sin (120° sin {3l . 

From Fig. 22D, we find A for a horizontal loop in the vertical plane 

A= F(pl K cos (3 

Total radiation pattern 

F(/3) = K cos {3 sin [5(]20°) sin {3] 
sin (120° sin {3) 

Problem 5: Find radiation pattern (vertical directivity) of the five loops in 
problem 4, if they are used in binomial array. Find also current intensities in 
the various loops. 

Solution: From Fig. 24E 

F (pl = K cos {3 ( cos4 !120° sin {3l] 
(all terms not functions of vertical angle (3 are combined in constant Kl 

Current distribution (I + ll 4 = 1 + 4 + 6 + 4 + l, which represent the 
current intensities of successive loops in the array. 
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Examples in the solution of antenna-array problems continued 

Problem 6! Find horizontal radiation pattern from two vertical dipoles 
spaced one-quarter wavelength apart when their currents differ in phase by 
90 degrees. 

Solution: From Fig. 30A 

s0 = >-/ 4 = 90° = spacing 
<jJ = 90° = phase difference 

Then, 

FIOI = 2A cos !45 sin O + 45°1 

Problem 7: Find the vertical radiation pattern and the number of nulls in 
the vertical pattern 10 ~ {:3 ~ 90) from a horizontal loop placed three 
wavelengths above ground. 

Solution 

h1 ° = 3(360) 1080° 

From Fig. 30B 

f({J) = 2A sin (1080 sin {JI 

From Fig. 22D for loop antennas 

A = K cos {3 

Total vertical; ;rpdiatioA pattern f 
f({Jl = K c~ ~ isin /ioao sin {J) i 

JJ ~! ,:: ,~ ,;• t 
A null occurs wherever f!{J) 0. 

-~ .,. 
,," 
::-

The first term, cos /3, becomes 0 when fJ 90 degrees. 

The second term, sin ( 1080 sin /3), becomes 0 whenever the value inside the 
parenthesis becomes a multiple of 180 degrees. Therefore, number of nulls 
equals 

1 + h1 o = I + 1080 = 7 
180 180 

Problem 8: Find the vertical and horizontal patterns from a horizontal 
half-wave dipole spaced >-/8 in front of a vertical screen. 

Solutiom 

do ~ = 45° 
8 
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Examples in the solution of antenna-array problems continved 

From Fig. 30C 

flf,I 2A sin (45° cos {:JI 

F (8) = 2A sin 145° cos 81 

From Fig. 22A for horizontal half-wave dipole 

Vertical pattern A = K(l) 

. cos(~ sin 8) 
Horizontal pattern A = K ---'---"

cos e 
Total radiation patterns are 

Vertical: flf,l K sin (45° cos /31 

Horizontal: f{Ol 
cos (~sine) . 

= K ----'----'- sin 145° cos 8l 
cos 8 

STEWART EW 

709 
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• Radio-wave propagation 

Very-low frequencies-up to 60 kilocycles 

The received field intensity in microvolts/meter hos been experimentally 
found to follow the Austin-Cohen equation for distances between 500 
and 10,000 kilometers: 

_ 298 X 10
3 
(Pl½ (-0-)½ ( E__) 

E - D sin 0 exp - a >,,½ 

where 

D = kilometers between transmitter and receiver 

E = received field intensity in microvolts/meter 

P = radiated power from the transmitter antenna in kilowatts 

R = effective radius of earth in kilometers 6380 

a = attenuation constant 

exp = 2.718 to the exponent shown within parentheses 

0 = angular distance in radians = D/R 

(11 

A wove length of radiation in kilometers = 300/ {frequency in kilocycles! 

The two nomograms, Figs. 1 and 2, * give solutions for the most important 
problems related to very-long-wave propagation. The first nomogram solves 
the following equations 

IPJ½ = H I • ~77 
>.. 2?8 

M = E 
298 X 1031PI½ 

where 

H = radiation height (effective height} in meters 

I = antenna current in amperes 

M = quantity used in Fig. 2 

Example 

To effect a solution of the above equations: 

[2) 

131 

a. On fig. 1, draw two straight lines, the first connecting a value of H with 
a value of I, the second connecting a value of >.. with a value of P; if both 

• The nomograms, figs. I and 2,are due to Mrs. M. Lindeman Phillips of the Central Radio Propa• 
gation laboratory, Notional Bureau of Standards, Washington, D. C. 
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Very-low frequencies continued 

~ ,£ .s ti ~c 
c E ~i .:! ·--~, C, > E 

l:: I= antenna P = radiated q: 0 ~ ,g 
current in power in kilo- II.~ II_.. II~ 
amperes watts M - logM "' E ,< .5 :z: E ., ., ., • ., ., ., 
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10 

Fig. I-First nomogram for the solution of very-long-wave fleld strength. For the so lu-
flan of P and M, equations (2) and (3). 
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Very-low frequencies continued 

lines intersect on the central M line of the nomogram, the values present 
a solution of {21. Note: This does not give a solution of 131, i.e., a solution 
for M. 

disldnce In frequency in X = wavelength 
kilometers -log M kilocycles in kllomefers 

'f' 'f' 'f' 'f' 
aoo 

60 5 

1000 
so 6 

7 

40 
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30 10 

II 
12 
13 
14 
15 

20 

4.0 30 

s.o l1, fk, 
e1~,. 111 0 o11c .. e , " ' ,,, .... 

Fig. 2-Second nomogram for the determination of very-long-wave fleld strength by 
the Austin-Cohen equation (1). Value M Is first determined from Fig. 1. 
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Very-low frequencies continued 

b. Draw a straight line connecting values of P and E. The intersection Qf 
this line with the central nomographic scale M gives the corresponding value 
of M, as indicated in (3). 

Fig. 2 represents the Austin-Cohen equation, affording the possibility of 
either determining or using various values for the attenuation constant a. 
To use, 

c. Draw a straight line connecting points located on the two distance 
scales for the proper transmission distance. 

d. Draw a second straight line connecting the proper values of wavelength 
(or frequency) and M; its intersection with the straight line in (cl above must 
lie at the proper value of a among the family of curves represented. The 
values of M, X, 0, and a thus indicated represent a solution of !ll. 

Low and medium frequencies-100 to 3000 kilocycles* 

For low and medium frequencies, of approximately 100 to 3000 kilocycles, 
with a theoretical short vertical antenna over perfectly reflecting ground: 

E = 186 (P,) ½ millivolts/meter at 1 mile 

or, 

E = 300 !P,I ½ millivolts/ meter at 1 kilometer 

where Pr = radiated power in kilowatts. 

Actual inverse-distance fields at one mile for a given transmitter output 
power depend on the height and efficiency of the antenna and the efficiency 
of coupling devices. 

Typical values found in practice for well-designed stations are: 

Small L or T antennas as on ships: 25 (P1l ½ millivolts/meter at 1 mile 

Vertical radiators 0.15 to 0.25 X high: 150 (P1) ½ millivolts/meter at 1 mile 

Vertical radiators 0.25 to 0.40 X high: 175 (P1l ½ millivolts/meter at I mile 

Vertical radiators 0.40 to 0.60 X high 
or top-loaded vertical radiators: 220 (P,l ½ millivolts/meter at 1 mile 

where P: transmitter output power in kilowatts. These values can be 
increased by directive arrangements. 

" For more exact methods of computation see F. E. Terman, "Radio Engineers' Handbook," 
ht edition, McGraw-Hill Book Company, New York, New York, 1943; Section 10. Also, 
K. A. Norton, "The Calculation of Ground-Wave Field Intensities Over a Finitely Conducting 
Spherical Earth," Proceedings of rhe IRE, vol. 29, pp. 623-6391 Dec:ember, 1941. 



714 CHAPTER 24 

Low and medium frequencies continued 

T{le surface-wave field (commonly called ground wove) at greater distances 
con be found from Figs. 3--6.* Figs. 4-6 ore based on o field strength of 
186 millivolts/meter at one mile. The ordinates should be multiplied by the 
ratio of the actual field at I mile to 186 millivolts/meter. 

* For additional curves of ground-wave field intensity versus distance, see chapter 22, "Broad
casting.'' 

Fig. 3-Ground conductivity and dielectric constant for medium- and long-wave 
propagation to be used with Norton's, van der Pol's, Eckersley's, or other develop
ments of Sommerfeld propagation formulas. 
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fig. 4-Strangth of surface waves as a function of distance with a vertical antenna 
for good earth (q = 10-13 amu'and E = 15 asu). 
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Fig. 7-Sky-wave signal range at medium frequencies for 1939 (typical of sunspot maxi• 
mum). Shown are the valuH exceeded by fleld Intensities (hourly median values) for 
various percentages of the nights per year per 100 millivolts/ meter radiated at 1 mile. 
Annual average I• also shown. For latitudes of 35, 40, and 45 degrees. 
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0 400 800 1200 1600 2000 2400 
miles from transmitter 

Fig. 8-Sky-wave signal range al medium frequendes for 1944 (sunspot m-lnlmum). 
Shown are the values exceeded by field intensities (hovrly median values) for various 
percentages of the nights per year per 100 millivolts/ meter radiated al 1 mile, 
Annual average is also shown. Values are given for latitudes of 35, 40, and 45 degrees. 
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Low and medium frequencies continued 

Figs. 4, 5, and 6 do not include the effect of sky waves reflected from the 
ionosphere. Sky waves cause fading at medium distances and produce higher 
field intensities than the surface wave at longer distances, particularly at 
night and on the lower frequencies during the day. Sky-wave field intensity 
is subject to diurnal, seasonal, and irregular variations due to changing 
properties of the ionosphere. 

The annual median field strengths ore functions of the latitude, the fre
quency on which the transmission takes place, and the phase of the solar 
sunspot cycle at a given time. 

The dependence of the annual median field for transmissions on frequencies 
around the middle of the United States standard broadcast bond is shown 
on Fig. 7 for a period !1939) near sunspot maximum* and on Fig. 8, for a 
period of sunspot minimum (1944). 

The curves are given for 35, 40, and 45 degrees latitude. The latitude used 
to characterize a path is that of a control point on the path. The control 
point is token to be the midpoint of a path less than 1000 miles long; and for 
a longer path, the reflection point (for two-reflection transmission) that is 
at the higher latitude. 

The curves ore extracted from a report of the Federal Communications 
Commission in 1946.t 

High frequencies-3 to 30 megacycles 

At frequencies between about 3 and 25 megacycles and distances greater 
than about 100 miles, transmission depends entirely on sky waves reflected 
from the ionosphere. This is a region high above the earth's surface where 
the rarefied air is sufficiently ionized (primarily by ultraviolet sunlight) to 
reflect or absorb radio waves, such effects being controlled almost exclu
sively by the free-electron density. The ionosphere is usually considered as 
consisting of the following layers. 

D layer: At heights from about SJ to 90 kilometers, tit exists only during day
light hours, and ionization density corresponds with the altitude of the sun. 

This layer reflects very-low- and low-frequency waves, absorbs medium
frequency waves, and weakens high-frequency waves through partial 
absorption. 

* Sunspot maximums occurred in 1938 and 1948; the next Is expected in 1958. Sunspot minimums 
occurred in 1944 and 1954; the next is expected In 1964. 
t Committee Ill-Docket 6,741, "Skywave Signal Range at Medium Frequencies," Federal 
Communications Commission, Washington, D. C.; 1946. 

t 1 kilometer 0.621 mile. 
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E layer: At height of about 110 kilometers, this layer is of importance for 
high-frequency daytime propagation at distances less than 1000 miles, and for 
medium-frequency nighttime propagation at distances in excess of about 100 
miles. Ionization density corresponds closely with the altitude of the sun. 
Irregular cloud-like areas of unusually high ionization, called sporadic E 
may occur up to more than 50 percent of the time on certain days or 
nights. Sporadic E occasionally prevents frequencies that normally pene
trate the E layer from reaching higher layers and also causes occasional 
long-distance transmission at very high frequencies. Some portion (perhaps 
the major part) of the sporodic-E ionization is ascribable to visible- and 
subvisible-wavelength bombardment of the atmosphere. 

f1 layer: At heights of about 175 to 250 kilometers, it exists only during day
light. This layer occasionally is the reflecting region for high-frequency trans
mission, but usually oblique-incidence waves that penetrate the E layer also 
penetrate the f 1 layer to be reflected by the f2 layer. The f1 layer introduces 
additional absorption of such waves. 

F2 layer: At heights of about 250 to 400 kilometers, f2 is the principal reflect
ing region for long-distance high-frequency communication. Height and 
ionization density vary diurnally, seasonally, and over the sunspot cycle. 
Ionization does not follow the altitude of the sun in any simple fashion, since 
(at such extremely low air densities and molecular-collision rates) the 
medium can store received solar energy for many hours, and, by energy 
transformation, can even detach electrons during the night. At night, the f 1 

layer merges with the F2 layer at a height of about 300 kilometers. The 
absence of the F1 layer, and reduction in absorption of the E layer, causes 
nighttime field intensities and noise to be generally higher than during 
daylight hours. 

As indicated to the right on Fig. 10, these layers are contained in a thick region 
throughout which ionization generally increases with height. The layers are 
said to exist where the ionization gradient is capable of refracting waves 
bock to earth. Obliquely incident waves follow a curved path through the 
ionosphere due to gradual refraction or bending of the wave front. When 
attention need be given only to the end result, the process can be as
similated to a reflection. 

Depending on the ionization density at each layer, there is a critical or 
highest frequency f. at which the layer reflects a vertically incident wave. 
Frequencies higher than fe poss through the layer at vertical incidence. At 
oblique incidence, and distances such that the curvature of the earth and 
ionosphere can be neglected, the maximum usable frequency is given by 

(mufl = f. sec c/, 
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Fig, 9-Single- and two-hop transmission path, due to E and F2 layers. 
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fig. lO--Schematlc explanation of skip-signal xones. 

where 

(mufl = maximum usable frequency for !he particular layer and distance 

q, = angle of incidence at reflecting layer 

At greater distances,. curvature is take-n into account by the modification 

lmufl = kl, sec ef> 

where k is a correction factor that is a function of distance and vertical 
distribution of ionization. 

f. and height, and hence r:t, for a given distance, vary for each layer with 
local time of day, season, latitude, and throughout the eleven-year sunspot 
cycle. The various rayers change in different ways with these parameters. 
In addition, ionization is subject to frequent abnormal variations. 

The loss at reflection for each layer is a minimum at the maximum usable fre
quency and increases rapidly for frequencies lower than maximum usable 
frequency. 

High frequencies travel from the transmitter to the receiver by reflection from 
the ionosphere and earth in one or more hops as indicated in Figs. 9 and 10. 
Additional reflections may occur along the path between the bottom edge of 
a higher layer and the top edge of a lower layer, the wove finally returning 
to earth near the receiver. 

Fig. 9 illustrates single-hop transmission, Washington to Chic.ago, via the E 
layer !¢1!. At higher frequencies over the same distance, single-hop trans
mission would be obtained via the f 2 layer 1¢21. Fig. 9 also shows two-hop 
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transmission, Washington to San Francisco, via the F2 layer {qd. Fig. JO 
indicates transmission on a common frequency, fl) single-hop via E layer, 
Denver to Chicago,· and, 121 single-hop via F2, Denver to Washington, 
with, 131 the wave failing to reflect· at higher angles, thus producing a skip 
region of no signal between Denver and Chicago. 

Actual transmission over long distances is more complex than indicated by 
Figs. 9 and 10, because the layer heights and critical frequencies differ with 
time (and hence longitude) and with latitude. Further, scattered reflections 
occur at the various surfaces. 
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Maximum usable frequencies (mufl for single-hop transmission at various 
distances throughout the day are given in Fig. 11. These approximate values 
apply to latitude 39° N for the minimum years {1944 and 1954) and maximum 
years (1948 and 1958) of the sunspot cycle. Since the maximum usable 
frequency and foyer heights change from month to month, the latest pre
dictions should be obtained whenever available. 

This information is published !in the form of contour diagrams, similar to 
Fig. 15, supplemented by nomogroms) by the Notional Bureau of Standards 
in the U.S. A., and equivalent predictions are supplied by similar organizations 
in other countries. 

Preferably, operating frequencies should be selected from a specific fre
quency band that is bounded above and below by limits that are systemati
cally determinable for the transmission path under consideration. The 
recommended upper limit is called the optimum working frequency (owfl 
and is defined as 85 percent of the maximum usable frequency (mufl. The 
85-percent limit provides some margin for ionospheric irregularities and 
turbulence, as well as statistical deviation of day-to-day ionospheric 
characteristics from the predicted monthly median value. So far as may be 
consistent with available frequency assignments, operation in reasonable 
proximity to the upper frequency limit is preferable, in order to reduce 
absorption loss. 

The lower limit of the normally available band of frequencies is called the 
lowest useful high frequency !luhfl. Below this limit ionospheric absorption is 
likely to be excessive, and radiated-power requirements quite uneconomical. 
For a given path, season, and time, the lluhfl may be predicted by a system
atic graphical procedure. Unlike the (mufl, the predicted (luhfl has to be 
corrected by a series of factors dependent on radiated power, directivity 
of transmitting and receiving antennas in azimuth and elevation, class of 
service, and presence of local noise sources. Available data include 
atmospheric-noise maps, field-intensity charts, contour diagrams for absorp
tion factors, and nomograms facilitating the computation. The procedure is 
formidable but worth while. 

The upper and lower frequency limits change continuously throughout the 
day, whereas it is ordinarily impractical to change operating frequencies 
correspondingly. Each operating frequency, therefore, should be selected 
to fall within the above limits for a substantial portion of the doily operating 
period. 

If the operating frequency already has been dictated by outside considera
tions, and if this frequency has been found to be safely below the maximum 
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usable frequency, then the same noise maps, absorption contours, nomo
grams, and correction factors !mentioned above) may be applied to the 
systematic statistical determination of a lowest required radiated power 
(lrrpl, which will just suffice to maintain the specified grade of service. 

For single-hop transmission, frequencies should be selected on the basis of 
local time and other conditions existing at the midpoint of the path. In 
view of the layer heights and the fact that practical antennas do not 
operate effectively below angles of about three degrees, single-hop trans
mission cannot be achieved for distances in excess of about 2500 miles 
!4000 kilometers) via f 2 layer, or in excess of about 1250 miles (2000 kilo
meters) via the E layer. Multiple-hop transmission must occur for longer 
distances and, even at distances of less than 2500 miles, the major port of the 
received signal frequently arrives over o two- or more-hop path. In analyzing 
two-hop paths, each hop is treated separately and the lowest frequency 
required on either hop becomes the maximum usable frequency for the circuit. 

It is usually impossible to predict accurately the course of radio waves on 
circuits involving more than two hops because of the large number of possi
ble paths and the scattering that occurs at each reflection. When investigat
ing f2-layer transmission for such long-distance circuits, it is customary to 
consider the conditions existing at points 2000 kilometers 11250 miles) along 
the path from each end as the points at which the maximum usable fre
quencies should be calculated. 

When investigating E-layer transmission, the corresponding control points 
ore 1000 kilometers !620 miles! from each end. For practical purposes, 
f 1-layer transmission !usually of minor importance) is lumped with E-layer 
transmission and evaluated ot the same control points. 

Angles of departure and arrival 

Angles of departure and arrival ore of importance in the design of high
frequency antenna systems. These angles, for single-hop transmission, ore 
obtained from the geometry of a triangular path over a curved earth with 
the apex of the triangle placed at the virtual height assumed for the altitude 
of the reflection. Fig. 12 is a family of curves showing radiation angle for 
different distances. 

D = great-circle distance in statute miles 

H = virtual height of ionosphere layer in kilometers 

A = radiation angle in degrees 

cf, = semiangle of reflection at ionosphere 
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In addition to forecasts fo.r ionospheric disturbances, the Central Radio 
Propagation laboratories of the National Bureau of Standards issues 
monthly Basic Radio Propagation Predictions 3 months in advance used to 
determine the optimum working frequencies for shortwave communication. 
Indication of the general nature of the CRPL data and a much abbreviated 
example of their use follows, 

Example 

To determine working frequencies for use between San Francisco •and 
Wellington, N. Z. 

Method 

a. Place a transparent sheet over Fig. 13 and mark thereon the equator, a 
line across the equator showing the meridian of time desired !viz., GCT or 
PSTl, and locations of San Francisco and Wellington. 

b. Transfer sheet to Fig. 14, keeping equator lines of chart and transparency 
aligned. Slide from left to right until terminal points marked fall along a 



Fig. 13-World map 
showing zones cov
ered by predicted 
charts and auroral 
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Fig. 14-Greal circle chart 
centered on equator. Solid 
lines represent great circles. 
Dot-dash lines Indicate dis• 
tances in thousands of kilo
meters. 
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Forecasts of high-frequency propagation continued 

Great Circle line. Sketch in this Great Circle between terminals and mark 
"control points" 2000 kilometers along this line from each end. 

c. Transfer sheet to Fig. 15, showing muf for transmission via the f 2 layer. 
Align equator as before. Slide sheet from left to right placing meridian line 
on time desired and record frequency contours at control points. This 
illustration assumes that radio waves are propagated over this path via 
the f 2 layer. Eliminating all other considerations, 2 sets of frequencies, 
corresponding to the control points, are found as listed below, the lower 
of which is the (mufl. The (mufl, decreased by 15 percent, gives the optimum 
working frequency !Fig. 161. 

Fig. 16-Maximum usable frequency. 

GCT 

0000 
0400 
0800 
1200 
1600 
2000 

at San Francisco 
control point 
(2000 km from 
San Franci11co) 

27.0 
25.6 
16.6 
13.5 
16.5 
17.7 

ot Wellington, N. z. 
control point 

(2000 km from 
Wellington) 

22.0 
22.0 
9.7 
9.1 
8.5 

20.8 

optimum working 
frequency= 

lower of 
(muf) X 0.85 

18.7 
18.7 
8.3 
7.7 
72 

15.0 

T ronsmission may also take place via other layers. For the purpose of 
illustration only and without reference to the problem above, Figs. 17 and 18 
have been reproduced to show choracteristics of the E and sporadic-£ 
layers. The complete detailed step-by-step procedure, including special 
considerations in the use of this method, ore contained in the complete 
CRPL forecasts. 



Fig. 17-E-layer 2000-
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usable frequency In 
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Fig. 18-,Medion IE, 
In megocycles (spo
rodlc-E loyer) pre
dicted for July, 1955. 
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Fig. 19-Field-intensity contours in microvolts/meter for 1 kilowatt radiated al 
6 megacycles. Azimuthal equidistant projection centered on slatlon al 40 degrees 
south latitude. Time Is noon of a June day during a sunspot-minimum year. 

Contour charts of fleld intensity* 

World-coverage field-intensity contours are useful for determining the 
strength of an interfering signal from a given transmitter, as compared with 
the wanted signal from another transmitter. A sample instance of such a 
field-intensity-contour chart is shown in Figs. 19 and 20. The field is given 
in microvolts/meter for a I-kilowatt station at 6 megacycles. Fig. 19 is 
an azimuthal equidistant projection centered on the transmitter (periphery 
of figure represents antipodes). Fig. 20, at twice the scale, is centered on 

* For sets of field-intensity contour charts, see "High-frequency Radio Propagation Charis for 
Sunspot Minimum and Sunspot Maximum," Report CRPL-1-2, 3-1, National Bureau of Standards, 
Washington 25, D. C.; December 23, 1947. 
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Fig. 20--Fleld inten1lty ot ontipodes, drown to twice tho scola of Fig. 19. 

antipodes, but for a half-sphere only. These diagrams are useful in deter
mining the point on the surface of the eorth where the field intensity is a 
minimum, the so-called dark spot. 

Great-circle calculations 

Mathematical method 

Referring to Fig. 21, A and B are two places on the eorth's surface the 
latitudes and longitudes of which are known. The angles X and Y at A 
and B of the great circle passing through the two places and the distance 
Z between A and B along the great circle con be calculated as follows: 
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B place of greater latitude, i.e., nearer the pole, LA = latitude of A, 
Ls = latitude of B, and C difference of longitude between A and B, 

Then, 

sin···•~ ... -··-
Y - X C 2 

tan --
2
- == cot 

2 LB+ LA cos---
2 

Y-X 
give the values of 

2 
and 

oooth pole 

and tan 

v+x 
--2-, 

Y+X 
2 

Ls-LA 
ccos 

2 
cot 2 L + L 

sin B 2 A 

Fig. 21-ThrH globes representing 
points A and 8 both in the northern 

equotw hemisphere, In apposite hemispheres, 
and both In the southern hemisphere. 
In all cases, L,. = latitude of A. 
L. = latitude of 8. C difference 
of longitude. 
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from which 

y 
and 

y X Y-X 
--- =X 

2 2 

In the above formulas, north latitudes are taken as positive and south lati
tudes as negative. For example, if B is latitude 60° N and A is latitude 20° S, 

Ls+ LA = 60 + !-20) = 60 - 20 = 40 = 20 0 

2 2 2 2 

Ls - LA = 60 - I - 201 
2 2 

60 20 
=---

2 

80 

2 
40° 

If both places are in the southern hemisphere and Ls+ LA is negative, it is 
simpler to call the place of greater south latitude 8 and to use the above 
method for calculating bearings from true south and to convert the results 
afterwards to bearings east of north. 

The distance Z fin degrees) along the great circle between A and 8 is given 
by the following: 

z Ls - LA ( . y + x)/( . y - X ) tan 2 = tan --
2

- sm -
2
- sm -

2
-

The angular distance Z !in degrees) between A and 8 may be converted to 
linear distance as follows: 

Z fin degrees) X 111.12 = kilometers 

Z (in degrees) X 69.05 = statute miles 

Z !in degrees) X 60.00 nautical miles 

In multiplying, the minutes and seconds of arc must be expressed in decimals 
of a degree. For example, Z = 37° 45' 36" becomes 37.755°. 

Example: Find the great-circle bearings at Brentwood, Long Island, Longi
tude 73° 15' 10" W, Latitude 40° 48' 40" N, and at Rio de Janeiro, Brazil 
longitude 43° 22' 07" W, latitude 22° 57' 09" S; and the great-circle distance 
in statute miles between the two points. 
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I longitude I latitude I 

Brentwood 73° 151 1011 w 40° 481 40" N 

I 
La 

Rio de Janeiro 43° 22' 0711 w 1-122° 57' 09" s l_. 

C 29° 531 03" 17° 51' 31" L,.+ l_. 

63° 45' 49" L,. - L,. 

s ... 14° 56' 31" 
2 2 

= 8° 55' 45" L,. - L .. = 31° 52' 54" 
2 

log col 14° 56' 31 11 = 10.57371 

plus log cos 31° 52' 54" = 9.92898 
0.50269 

minus log sin 8° 551 45" = 9.19093 
y X 

logtan = 1.31176 

Y+X 
2 

87° 12' 26" 

log cot 14° 56' 31" = 10.57371 

plus log sin 31 ° 52' 54" = 9.72277 
0.29648 

minus log cos 8° 55' 45" 9.99471 
Y-X 

log tan -
2
- = 0.30177 

y - X = 63° 28' 26" 

. v+x v-x 
Bearing al Rio de Janeiro = -

2
- -

2 
= X 23° 44' 00" West of North 

L,. - LA = 31° 52' 5411 

2 

y X = 87° 12' 26" 

y - X = 63° 28' 26" 
2 

69° 321 4811 = 69.547° 

log tan 31 ° 52' 54" 9.79379 

plus log sin 87° 12' 26" = 9.999j~ 

9.79327 

minus log sin 63° 28' 26" = 9.95170 

z 
log tan 2 = 9.84157 

z 
2 

34° 46' 24" z = 69° 32' 48" 

Linear di•tance = 69.547 X 69.05 4802 stolute miles 
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Use of nomogram, Fig. 23* 

Note: Values near the ends of the nomogram scales of Fig. 23 ore subject 
to error because the scales ore compressed. If exact values ore required 
in those regions, they should be calculated by means of the trigonometric 
formulas of the preceding section. 

Method: In Fig. 22, Zand Sore the locations of the transmitting and receiving 
stations, where Z is the west and S the east end of the path. If a point lies 
in the southern hemisphere, its angle of latitude is always taken os negative. 
Northern-hemisphere latitudes are taken as positive. 

a. To obtain from Fig. 23 the great-circle distance ZS (short route): 

1. Draw a slant fine from !lat Z - lat SJ measured up from the bottom 
on the left-hand scale to (lat Z + lat SI measured down from the top 
on the right-hand scale. If !lot Z - lat SI or (lat Z + lat Sl is negative, 
regard it as positive. 

2. Determine the separation in longitude of the stations. Regard as positive. 
If the angle so obtained is greater than 180 degrees, then subtract from 
360 degrees. Measure 
this angle along the bot-
tom scale, and erect a P 

vertical line to the slant 
line obtained in 11 l. 

3. From the intersection 
of the lines draw a hori
zontal line to the left
hand scale. This gives 
ZS in degrees. 

4. Convert the distance 
ZS to kilometers, miles, 
or nautical miles, by us
ing the scale at the 
bottom of Fig. 23. 

Note: The long great
circle route in degrees is 
simply 360 - ZS. The 
value will always be 
greater than 180 de
grees. Therefore, in 
order to obtain the dis-

Fig. 22-Dlagram of transmission between points 
Z and S. For use with Fig, 23. 

• Taken from Bureau of Standards Radio Propagation Prediction Charts. 
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Fig. 23--Nomogram (after D'Ocagne) for obtaining great-clrcle di.stances, bearings, 
solar zenith an9le1, and latitude and longitude of transmlnion-control points. With 
canver1lon scale for varieus units. 
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fance in miles from the conversion scale, the value for the degrees in 
excess of 180 degrees is added to the value for 180 degrees. 

b. To obtain the bearing angle PZS (short route): 

1. Subtract the short-route distance ZS in degrees obtained in (al above 
from 90 degrees to get h. The value of h may be negative, but should 
always be regarded as positive. 

2. Draw a slant line from Oat Z - hi measured up from the bottom on the 
left-hand scale to llat Z + hi measured down from the top on the right-hand 
scale. If !lat Z - hi or !lat Z + hi is negative, regard it as positive. 

3. From (90° - lat SI measured up from the bottom on the left-hand scale, 
draw a horizontal line until it intersects the previous slant line. 

4. From the point of intersection draw a vertical line to the bottom scale. 
This gives the bearing angle PZS. The angle may be either east or west of 
north, and must be determined by inspection of a map. 

c. To obtain the bearing angle PSZ: 

l. Repeat steps !11, 121, 131, and (41 in (bl above, interchanging Z and S in 
all computations. The result obtained is the interior angle PSZ, in degrees. 

2. The bearing angle PSZ is 360 degrees minus the result obtained in (1) 

(as bearings are customarily given clockwise from due north!. 

Note: The long-route bearing angle is simply obtained by adding 180 degrees 
to the short-route value as determined in !bl or (cl above. 

d. To obtain the latitude of Q, the mid- or other point of the path !this 
calculation is in principle the converse of (bl above I: 

1. Obtain ZQ in degrees. If Q is the midpoint of the path, ZQ will be equal 
to one-half ZS. If Q is one of the 2000-kilometer control points, ZQ will 
be approximately 18 degrees, or ZS - 18°. 

2. Subtract ZQ from 90 degrees to get h1
• If h' is negative, regard it as 

positive. 

3. Drow a slant line from (lat Z - h'I measured up from the bottom on the 
left-hand scale, to llat Z + h'I measured down from the top on the right
hand scale. If Oat Z - h') or (lat Z + h1

) is negative, regard it as positive. 

4. From the bearing angle PZS (taken always as less than 180 degrees) 
measured to the right on the bottom scale, draw o vertical line to meet the 
above slant line. 

5. From this intersection draw a horizontal line to the left-hancl scale. 
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6. Subtract the reading given from 90 degrees to give the latitude of Q. 
(If the answer is negative, then Q is in the southern hemisphere.! 

e. To obtain the longitude difference t' between Zand Q !this calculation is 
in principle the converse of lal abovel, 

I. Draw a straight line from !lat Z - lat OJ measured" up from the bottom 
on the left-hand scale to !lat Z + lat QI measured down from the top 
,rn the right-hand scale. If {lot Z - lat Ql or !lat Z + lat QI is negative, 
regard it as positive. 

2. From the left-hand side, at ZO, in degrees, draw a horizontal line to 
the above slant line. 

3. At the intersection drop a vertical line to the bottom scale, which gives 
11 in degrees. 

Available maps and tables 

Great-circle initial courses and distances are conveniently determined by 
means of navigation tables such as 

a, Navigation Tables for Navigators and Aviators-HO No. 206. 

b. Dead-Reckoning Altitude and Azimuth Table-HO No. 211. 

c. Lorge Great-Circle Charts, 

HO Chart No. 1280-North Atlantic 
1281-South Atlantic 
1282-North Pacific 
1283-South Pacific 
1284-lndian Ocean 

The above tables and charts may be obtained at a nominal charge from 
United States Navy Department Hydrographic Office, Washington, D. C. 

Ionospheric scatter propagation* 

This type of transmission permits communication in the frequency range 
from approximately 25 to 60 megacycles and over distances from about 600 
to 1200 miles. It is believed that this type of propagation is due to scattering 
from the lower E layer of the ionosphere and that the useful bandwidth 
is restricted to less than 10 kilocycles. The greatest use for this type of 
transmission has been for printing-telegraph channels. 

* D. K. Bailey, R. Bateman, ond R. C. Kirby, "Rodio Transmission ot VHF by Scottering and Other 
Processes in the lower Ionosphere," Proceedings of the IRE, volume 43, poges 1181-1231; 
October, 1955. 
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The median attenuation over paths of between 800 and 1000 miles in 
length is about 80 decibels below free-space path attenuation at 30 mega
cycles and about 90 decibels below free-space value at 50 megacycles. 

Ultra-high-frequency line-of-sight conditions 

hr = receiving-antenna 
height in feel 

• Q 

geometrical radio horizon 
"horizon° distance 

in miles in miles 

ht = transmitting• 
antenna height 
In feel 

IO 

0 
Example shown, Height of receiving antenna 60 feet, height of transmitting antenna 500 feet, 
and maximum radio-path length = 41.5 mites. 

Fig. 24-Nomogram giving radio-horizon distance In mlles when Ir, and h, are known. 
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Straight-line diagrams 

The index of refraction of the normal lower atmosphere (troposphere) 
decreases with height so that radio rays follow a curved path, slightly bent 
downward toward the earth. If the real earth is replaced by a fictitious 

tangential maximum transmitting-antenna 

receiving-antenna height 
geometrical radio-path height 

distance distance 
In miles hr= feet in miles in miles hi=feet in miles 

T T T T T T 
4 

600 
16 

20,000 80,000 

3.5 18,000 14 
10,000 

3 16,000 IZ 

500 
60,000 

14,000 
2.5 10 

IZ,000 50,000 

2 
10,000 40,000 e 
9000 400 

I.$ -1:l,pOO 6 
1000-...., 

30,000 

6000 ....... 

5000 ', 300 Z0,000 4 ', 
4000 ',, I 

3000 zo 
0.5 

~ 10,000 2 

2000 
0.3 ~000 

....... 
o.z 1000 400~ 

0.1 600 100 0.5 
2000 

zoo 1000 
o.oz 0.1 

0 0 0 0 ·O 

Example shown, Height of receiving-antenna airplane 8500 feet 11.6 rnllesl, heipht of transmitting• 
antenna airplane 4250 feet !0.8 mile); maximum radio-path distance = 220 ll'l;les. 

fig, 25--Nomogram giving radio-path length and langentlal dlw~• for tran1ml11lon 
between two alrplanet at heights h, and hi-



742 CHAPTER 24 

Ultra-high-frequency line-of-sight conditions continued 

earth having an enlarged radius 4/3 times the eorth's true radius (3963 X 
4/3 = 5284 miles), the radio rays may be drawn on profiles as straight lines. 

The radio distance to effective horizon is given with a good approxima
tion by 

d = 12hl½ 

where 

h = height in feet above sea level 

d radio distance to effective horizon in miles 

when the height is very small compared to the earth's radius. 

Over a smooth earth, a transmitter antenna at height ht lfeetl and a re
ceiving antenna at height h, tfeet) are in radio line-of-sight provided the 
spacing in miles is less than !2h1l½ + (2h,)½. 

The nomogram in Fig. 24 gives the radio-horizon distance between a trans
mitter at height h1 and a receiver at height h,. Fig. 25 extends the first 
nomogram to give the maximum radio-path length between two airplanes 
whose altitudes are known. 

Path plotting and profile-chart construction 

Path plotting: When laying out a microwave system, it is usually convenient 
to plot the path on a proflle chart. This chart is scaled to indicate the 
departure of the curvature of the earth from a straight line. Referring to 
Fig. 26, 

02 + R2 = lh + Rl 2 = h2 + 2Rh + R2 

02 h2 + 2Rh 
where 

0 = distance 

R = radius of earth 

h = altitude 

Since h « R, 
0 !2Rhl½ 

and inserting the earth's radius, with R and O in 
statute miles and h in feet, 

0 = ( 2 
X 

39oo h)½ Fig. 26-Straight line tangent 
5280 ta earth's surface. 
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D = [13/21h]½ 

h = (2/31D2 

for true earth. Using 4/3-earth-radius correction factor, 

D = [13/2lh]½ !4/3J½ = 12h)½ 

h = D2/2 

Other radius correction factors con be calculated accordingly. 

0 
miles 

Fig. 27-Typlcal 4/3-earth proflle paper, 1000-foot scale. 

25 
50 

4000• ., 
3600 

3200 

2800 

2400 

2000 

1600 

1200 

800 

400 

0 30J 
60 

Profile paper: Using a 4/3-rodius correction factor, the departure from o 
level tangent line is 

h 02/2 

where symbols are as above. Using this formula, o template con be made 
for convenient drawing of profile paper {fig. 27). For instance, if the 
horizontal scale is 10 miles/inch, the vertical scale 100 feet/inch, and a 
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width corresponding to 40 miles is desired, the following points may be 
plotted: 

distance 
from center 
(horizonta I) 

0 miles = 0 inches 
5 miles = ½ inch 

10 miles = 1 inch 
15 miles 1 ½ inches 
20 miles 2 inches 

and 
and 
and 
and 
and 

distance 
from level 
(vertical) 

0 feet = 0 inches 
12½ feel = l inch 
50 feet = ½ inch 

112½ feet = 1 i inches 
200 feet = 2 inches 

A typical example of a template constructed according to these figures 
is given in Fig. 28. If it is desired to use a different scale than is provided 

di&tonce in miles 
0 5 10 15 20 30 35 40 

Fig. 28-CC,nstructlon of a template for praflle charts. Drawing is actual size. 

on available profile-chart paper; for example, if a 50-mile hop is to be 
plotted on 30-mile paper, then the scale of miles may be doubled to extend 
the range of the paper to 60 miles. The vertical scale in feet must then be 
quadrupled; i.e., JOO.foot divisions become 400-foot divisions. (Fig. 27) 

Fresnel-zone clearance at uhf 

A criterion to determine whether the earth is sufficiently removed from 
the radio line-of-sight ray to allow mean free-space propagation conditions 
to apply is to have the first Fresnel zone dear all obstacles in the path of the 
rays. This first zone is bounded by points for which the transmission path 
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from transmitter to receiver is greater by one-half wavelength than the 
direct path. Let d be the length of the direct path and d1 and d2 be the 
distances to transmitter and receiver. The radius of the first Fresnel zone 
corresponding to d2 is approximately given by 

R12 = >,. d1d2 
d 

where a!I quantities are expressed in the same units. 

The maximum occurs when d1 = d2 and is equal to 

R1,,. = ½l>..d)½ 

Expressing d in miles and frequency F in megacycles/second, the first 
Fresnel-zone radius at half distance is given in feet by 

Rim = 11401d/fl½ 

While a fictitious earth of 4/3 of true earth radius is generally accepted 
for determining first Fresnel-zone clearance under normal refraction con
dition, unusual conditions that occur in the atmosphere occasionally may 
make it desirable to allow Fresnel clearance of a fictitious earth radius 
of as little as 2/3 of the true radius. 

Interference between direct and reflected vhf rays 

Where there is one reflected ray combining with the direct ray at the 
receiving point {fig. 29), the resulting field strength (neglecting the difference 
in angles of arrival, and assuming perfect reflection at Tl is related to the 
free-space intensity by the following equation, irrespective of the polariza
tion: 

E = 2£4 sin 2,r i_ 
2>.. 

effective eartb 

{bJ 

Pia, 29-lnt•rf•r•nc• b•lwHn dlracl and r•ftact•d rays. 
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where 

E = resulting field strength } 't same uni s 
Ed = direct-ray field strength 

o = geometrical length difference between direct and reflected paths, 
which is given to a dose approximation by 

0 = 2hatha,/ d 

if h.,1 and ha, are the heights of transmitter and receiver points above reflect
ing plane on effective earth. 

The following cases are of interest: 

E O for hatha, = dX/2 

E 2Ed for hatha, = dX/4 

E = Ed for hatha, = dX/12 

In case hat = ha, = h, 

E 0 for h = ldX/2l ½ 

E = 2Ed for h = (dX/4) ½ 

E = Ea for h = ldX/12)½ 

All of these formulas are written with the same units for all quantities. 

Space-diversity reception 

When h,., is varied, the field strength at the receiver varies approximately 
according to the preceding formula. The use of two antennas at different 
heights provides a means of compensating to a certain extent for changes 
in electrical-path differences between direct and reflected rays by selection 
of the stronger signal !space-diversity reception). 

The spacing should be approximately such as to give a X./2 variation be
tween geometrical-path differences in the two cases. An approximate value 
of the spacing is given by Xd/ 4hat when all quantities are in the same units. 

The spacing in feet for d in miles, hat in feet, X. in centimeters, and f in 
megacycles is given by 

spacing = 43.4 Xd/hat 

= 1.3 X 106 d/fhat 
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Example: X = 3 centimeters, d 20 miles, and h.,1 = 50 feet; therefore 

spacing = 52 feet 

Assuming h.,, = h.,1, the total height of the receiving point in this case would 

be 70 + 50 + 52 = 172 feet 

The value 70 (minimum for line-of-sight) is obtained from Fig. 24. 

Variation of fleld strength with distance 

Fig. 30 shows the variation of resulting field strength with distance and fre
quency; this effect is due to interference between the free-space wave and 
the ground-reflected wave as these two components arrive in or out of 
phase. 

To compute the field accurately under these conditions, it is necessary to 
calculate the two components separately and to add them in correct phase 
relationship. The phase and amplitude of the reflected ray is determined by 
the geometry of the path and the change in magnitude and phase at ground 
reflection. For horizontally polarized waves, the reflection coefficient can 
be taken as approximately one, and the phase shift at reflection as 180 de
grees, for nearly all types of ground and angles of incidence. For vertically 
polarized waves, the reflection coefficient and phase shift vary appreciably 
with the ground constants and angle of incidence. (See Fig. 31 of "Antennas" 
chapterJ 

Measured field intensities usually show large deviations from point to point 
due to reflections from irregularities in the ground, buildings, trees, etc. 

Fading at ultra-high frequencies 

Line-of-sight propagation at ultra-high frequencies is affected both by 
signal-strength variations due to multipath transmission and by bending of 
the beam due to abnormal variation of refractive index with height in the 
lower atmosphere. 

As previously noted, normal atmospheric refraction results in a moderate 
extension of the radio transmission path beyond the geometric horizon. It 
should be noted, however, that relatively stable and widespread departures 
from average refraction occur frequently and may be roughly predicted 
from a sufflciently detailed knowledge of local meteorological data. The 
atmospheric water-vapor gradient is of primary importance, with the 
vertical temperature gradient exerting a significant supplementary effect. 
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This con result either in a loss of signal on a line-of-sight path or in the 
production of "mirage" effects that may extend communication far beyond 
the normally expected range. The fading due to on upward bending of 
the beam may generally be minimized by allowing for Fresnel clearance 
over an earth of normal or perhaps reduced radius. The downward bending 
that results in interference to other systems in direct line con be minimized 
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Fig. 30-Variation of resultant Reid strength with distance and frequency. For Information 
on ultra-high-frequency propagation beyond the horizon, see pp. 739 and 757. 
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by cross-polarizing the radiation on the interfering paths or eliminated by 
staggering the paths so that those on the some frequency are not in direct 
line. 

Multipath fading is largely due to interference with the direct path of 
signals reflected from layers of abnormal water-vapor or temperature 
gradient. Continuity of communication service is greatly improved by the 
use of either space or frequency diversity. 

For transmission paths of the order of 30 miles, good engineering practice 
should allow for possible in
creases of signal strength of + 10 
decibels with respect to free
space propagation and should 
allow a fading margin depending 
on the degree of reliability de
sired in accordance with the 
following, 

10 dedbels-90 

20 decibels-99 

percent 

percent 

30 decibels-99.9 percent 

40 decibels-99.99 percent 

Atmospheric absorption 

Oxygen and water vapor may 
absorb energy from a radio wave 
by virtue of the permanent elec
tric dipole moment of the water 
molecule and the permanent mag
netic dipole moment of the oxy
gen molecule. Fig. 31 shows the 
water-vapor absoprtion and oxy
gen absorption as a function of 
wavelength. The water-vapor ab
sorption curve is based on ex
tensive measurements centered 
about a wavelength of 1.3 centi
meters !frequency= 23,000 mega
cycles); the quantitative accuracy 
of the rest of this curve is less 
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fig. 31-Atmospherlc absorption versus wave
length. The water-vapor curve is for 10 grams/ 
meter (66 percent relative humidity at 18° 
centigrade) and the oxygen curve was taken 
on a sample of gas at 15 centimeters mercury 
prenure., 
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certain. The oxygen absoprtion rises to a maximum at 5 millimeters wave
length; this has been quantitatively verified by direct measurements. 

Free-space transmission formulas for uhf links 

free-space attenuation 

Let the incoming wove be assimilated to a plane wove with a power flow 
per unit area equal to P0• The available power at the output terminals of 
o receiving antenna may be expressed as 

P, = A,Po 

where A, is the effective area of the receiving antenna. 

The free-space path attenuation is given by 

P, 
Attenuation = 10 log -

P, 

where P1 is the power radiated from the transmitting antenna (some units 
as for P,I. Then 

P, A,A, 
-=--
P, d2x2 

where 

A, = effective area of receiving antenna 

A, = effective area of transmitting antenna 

>.. = wavelength 

d = distance between antennas 

The length and surface units in the formula should be consistent. This Is 
valid provided d >> 2a2/>.., where a is the largest linear dimension of either 
of the antennas. 

Effective areas of typical antennas 

Hypothetical isotropic antenna lno heat loss) 

A=....!._ >.2 = 0.08>.2 

4,r 
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Small uniform-current dipole, short compared to wavelength !no heat loss) 

A = _! A2 = 0.12 A2 

81r 

Half-wavelength dipole !no heat loss! 

A= 0.13 A2 

Parabolic reflector of aperture area S !here, the factor 0.54 is due to non
uniform illumination of the reflector) 

A ""0.54 S 

Very long horn with small aperture dimensions compared to length 

A = 0.81 S 

Horn producing maximum field for given horn length 

A= 0.45S 

The aperture sides of the horn are assumed to be large compared to the 
wavelength. 

Path attenuation between isotropic antennas 

This is 

~ = 4.56 X 103)2d2 
P, .. 

where 

f = megacycles/ second 

d = miles 

Path attenuation ct !in decibels) is 

ct = 37 + 20 log f + 20 log d 

A nomogram for the solution of ct is given in Fig. 32. 
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Free-space transmission formulas for uhf links continued 

Gain with respect to hypothetical isotropic antennas 

Where directive antennas are used in place of isotropic antennas, the 
transmission formula becomes 

d = distance '2 = attenuation >. = wavelength 
in kilometers in mile$ In decibel$ in centimeters 
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a = 37 + 20 log f + 20 log d decibels 

Example shown, distance 30 miles, frequency 5000 megacycles; 
attenuation = 141 decibels 
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Fig. 32-Nomogram for solution of path atfenuallona between Isotropic antennas 



RADIO-WAVE PROPAGA110N 753 

Free-space transmission formulas fer uhf links continued 

- = tGr -Pr G [p•] 
Pt Pt lsotropkl 

where Gt and G, ore the power gains due to the directivity oJ the trans
mitting and receiving antennas, respectively. 

The apparent power gain is equar to the ratio of the effective area of the 
antenna to the effective area of the isotropic antenna (which is equal to 
X2/41r =0.08 X2l. 

The apparent power gain due to a parabolic reflector is thus 

where D is the aperture diameter, and on illumination factor of 0.54 is 
assumed. In decibels, this becomes 

Gdb = 20 log f + 20 log D - 52.6 

where 

f = megacycles/second 
D = aperture diameter in feet 

The solution for Gdb may be found in the nomogram, fig. 33. 

Beam angle 

The beam angle (J in degrees is related to the apparent power gain G of o 
parabolic reflector with respect to isotropic antennas approximately by 

(J2 = 27,000 
G 

Since G = 5.5 X 10-6 D2f2, the beam angle becomes 

6 = 7 X 104 

fD 
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Free-space transmission formulas for uhf links continued 

where 

() beam angle between 3-decibel points in degrees 
f = frequency in megacycles 

D = diameter of parabola in feet 

X wavelength f = frequency Gd!,= gain in D = reflector diameter 
in centimeters in megacycles decibels in meters in feet 

• 'f 'f ' 'f 
30,000 

20,000 

2 20 
GO 

15 50 
3 40 

4 10 
30 

5 7.5 
6 20 

8 5.0 

10 000 4.0 ----- 3,0 10 
2000 2.5 8 

20 6 

1.5 5 
30 1000 4 

40 800 1,0 
3 

50 600 0.75 
60 500 2 

80 400 0.50 

100 300 

200 0.25 

200 

300 100 

10 log G = 20 log f + 20 log D - 52.6 

Exomple shown, Frequency 3000 megacycles, diameter 6 feet; gain 32 decibels 

Fig. 33-Nomogram for determination of apparent power gain Gdo (In decibels) of a 
parabolic reflector. 
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Free-space transmission formulas for uhf links continued 

Transmitter power for a required output signal/ noise ratio 

755 

Using the above expressions for path attenuation and reflector gain, the 
ratio of transmitted power to theoretical receiver noise, in decibels, is 
given by 

Pt S 
10 log - = Ap + - + Inf! - Gt - G, - lnifl 

P,. N 

where 

S/N = required signal/noise ratio at receiver in decibels 

!nil = noise flgure of receiver in decibels (see chapter "Radio noise and 
interference" for deflnitionl 

(nif) noise improvement factor in decibels due to modulation methods 
where extra bandwidth is used to gain noise reduction !see chapter 
"Modulation" for deflnitionl 

P,. = theoretical noise pow~r in receiver (see chapter "Radio noise 
and interference"! 

Pt = radiated transmitter power 

Gt = gain of transmitting antenna in decibels 

G, = gain of receiving antenna in decibels 

Ap path attenuation in decibels 

An equivalent way to compute the transmitter power for a required output 
signal/noise ratio is given below directly in terms of reflector dimensions 
and system parameters: 

a, Normal free-space propagation, 

p _ {3if:J2 BL 2 f S 
,-40f2r4 KN 

b. With allowance for fading, 

p = /31/32 BL 
2 

f_ <J (~) 

' 40 f2r4 K N .,, 

c. For multirelay transmission in n equal hops, 

P, = {31/32 BL 
2
n !._ (J (~) 

40 f2r4 K N ""' 
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Free-space transmission formulas for uhf links continued 

d. Signal/noise ratio for nonsimultoneous fading is 

10 log IS/NI,.= 10 log 11 <S/Nl1,,. - 10 log n 

where 

P1 = power in watts available at transmitter output terminals (kept 
constant at each repeater point} 

{31 = loss power ratio (numerical) due to transmission line at trans
mitter 

{:J2 = same os /31 at receiver 

B = root-mean-square bandwidth (generally approximated to band-
width between 3-decibel attenuation points) in megacycles 

L = total length of transmission in miles 

f = carrier frequency in megacycles/second 

r = radius of parabolic reflectors in feet 

F = power-ratio noise figure of receiver la numerical factor; see 
chapter "Radio noise and interference") 

K = improvement in signal/noise ratio due to the modulation utilized. 
For instance, K = 3m2 for frequency modulation, where m is the 
ratio of maximum frequency deviation to maximum modulating 
frequency. Note that this is the numerical power ratio. 

<T = numerical ratio between available signal power in case of 
normal propagation to available signal power in case of 
maximum expected fading 

S/N = required signal/ noise power ratio at receiver 

($/Nlm = minimum required signal/noise power ratio in case of maximum 
expected fading 

($/NI,.,,. = same as above in case of n hops, at repeater number n 

($/Nii,,. = same as above at first repeater 

(S/Nl,. = same as above at end of n hops 

n = number of equal hops 

m = number of hops where fading occurs 
m 

n = n - m + ,I: 11,. 
1 

t1k = ratio of available signal power for normal conditions to avail
able signal power in case of actual fading in hop number k 
(equation holds in case signal power is increased instead of 
decreased by abnormal propagation or reduced hop distance) 
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Free•space transmission formulas for uhf links c011timred 

Passive reflectors distant from rcidiators 

757 

In some coses where obstacles in the path prevent line-of-sight conditions, 
it is feasible to reflect the signal from one antenna lo the other by means 
of a plane surface located in the beam. 

Under conditions in which the reflecting surface is al least 1000 feet from 
either antenna, the attenuation between the two radiators may be cal
culated by: 

!attenuation in decibels) 

where 

D1, D2 = distance in miles 

A = effective area of reflector 
in feet2 

= projected area normal to 
path 

Fig. 34 indicates the path attenuation 
between isotropic radiators for 
various common sizes of passive 
reflectors. 

fig. 34-Use of a passive reflector distant 
from both antennas. 

Tropospheric scatter propagation 
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Weak but reliable fields are propagated several hundred miles beyond 
the horizon in the frequency bond from about 40 to 4000 megacycles. The 
received power at these frequencies, and at points 30 miles or more 
beyond the horizon, is relatively independent of frequency and antenna 
height, but the hour-to-hour and day-to-day median carrier levels may be 
considerably influenced by atmospheric refraction. 

With beyond-the-horizon propagation at these frequencies, there are two 
types of fading: In one, the amplitude· has Rayleigh distribution over short 
periods when the tropospheric conditions can be considered constant. 
This fast fading is due to the existence of several paths differing slightly 
in length and may be considerably reduced by the use of diversity. The 
second type of fading is much slower and is caused chiefly by variations 
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Tropospheric scaHer propagation continued 

in the gradient of the refractive index of the atmosphere; this type of fading 
is little affected by diversity. 

Design Chart* 

A summary of several well-known factors and of propagation data available 
as of mid 1956 is given in Fig. 35 to facilitate the selection of equipment 
and for computing the carrier-to-noise ratio for tropospheric propagation 
beyond the horizon. Three sample computations are given in Fig. 36 to 
demonstrate the use of the appropriate curves to derive in an orderly 
fashion the necessary information. Certain data, such as antenna gain or 
receiver noise factor, may be available from other sources for the specifk 
equipment to be used. The distribution of excess scatter loss Lsn represents 
winter hourly medians in the temperate zone so that considerable signal 
increase may be expected under more-favorable meteorological conditions. 
The 50 percent Lsn curve is for the median value that will be exceeded 50 
percent of the time; or conversely, the design resulting from the use of this 
loss has a reliability of 50 percent. The additional margin required for 
a reliability of 99.9 percent is shown in the"next to the bottom line of the 
table. 

To simplify Fig. 35, it was designed to be entered with 10d11 and O. lP,.. 

* Reprinted from: F. J. Altmon, "Design Chart for Tropospheric Beyond-the-Horizon Propaga
tion," Electrical Communication, vol. 33, pp. 165-167; June, 1956. 
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Tropospheric scatter propagation continued 
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fig. 35-Deslgn chart for tropospheric scatter p,opogotlon. 



fig. 36-Compulations for beyond-the-horizon links. 

curve of 
Fig. 35 

symbol and factor equation 

..• - ------

F = frequency 20 log I.,.. F 

R = range 20 log'"'• R 

Kp = propagation constant See p.151 -
LFs = free-space loss f+R+K,, 

LBH = median beyond-the-horizon 
loss See note 1 LBH50% 

LT = terminal loss 5 log f.,.,-10 LT 

L = total loss lFs + lBH + LT 

D = anfenna diameter 20 log 10 d11 D 

F = frequency 20 log f,.,. F 

Sum D+F -
Ka = antenna constant Use p. 753, add 20db for 1 0d11 -
G' = antenna gain, uncorrected D + F - Ka -

Goin for 2 antennas 2G' -

continued Tropospheric scatter propagation 

exemple 1 example 2 example 3 

---·-· 

given decibels given decibels given decibels 

900 me 59 2000 me 66 300 me 50 

90 mi 39 200 ml 46 400 mi 52 

- 37 37 - 37 
~- ~-

- 135 - 149 - 139 

90 mi 54 200 mi 72 400 mi 98 

900 me 5 2000 me 6 300 me 3 ~- --
- 194 '227 - 240 

28 ft 49 60 ft 55 100 ft 60 

900 me 59 2000 me 66 300 me 50 
-- --

- 108 - 121 - 110 

- 73 73 - 73 
--

- 35 48 - 31 

- 70 - 96 - 14 

~ 

e 
ii 
!e 



i 
Le antenna aperture-to-medium 

coupling loss See note 2 - 2 4 - 2 
--- --

GN = net antenna gain 2G' - I.,, - 68 92 - 72 

P = power ratio 10 log P,. p 500 w 27 10 kw 40 50 kw 47 
-- -- --

GT total gain GN +P -- 95 132 - 119 

C = median carrier at receiver 
in db below 1 watt GT L - - -99 - -95 - -121 

B = bandwidth 10 log bk<:+ 10 B 200 kc 33 600 kc 38 60 kc 28 

FN = receiver noise - NF 900 me 9 2000 me 9 300 me 5 
- -- -- --

Sum B +FN - - 42 - 47 - 33 

KN = noise constant 0.01 kT0 293°K 184 293°K 184 293°K 184 
-- -- --

N = noise in db below 1 watt KN - IBJ+ FNI - - -142 - -137 - -151 

C/N median corder/noise C-N - - 43 - 42 - 30 

l:i.LBH fading margin 50'%-99.9% LnH 90 mi 18 200 mi 15 400 mi JO 
-- -- --

Minimum long-term C/N IC-Nl l:i.LBB - - 25 - 27 - 20 

Note 1: W. E. Morrow, "Ultra-High-Frequency Transmissions Over Poths of 300 to 600 Miles", presented at Symposium on Scatter Propagation of the New 
York Section of the Institute of Radio Engineers, New York, New York, on January 14, 1956. 

Note 2: Aperture-to-medium coupling loss has been measured as being 4.5 decibels for 46-dedbel-gain with antennas 150 miles apart. For much lower gains 
and for distances substantially shorter or longer, this loss may be negligible, 

:a 
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i 
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c::r., -
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• Radio noise and interference 

Noise and its sources 

Noise and interference from other communication systems are two factors 
limiting the useful operating range of all radio equipment. 

The values of the main different sources of radio noise versus frequency 
are plotted in fig. I. 

Atmospheric noise is shown in fig. 1 as the average peaks read on the 
indicating instrument of on ordinary field-intensity meter. This is lower 
than the true peaks of atmospheric noise. Man-made noise is shown as the 
peak values that would be read on the radio noise meters specified in 
proposed American Standards C63.2 and C63.3. Receiver and antenna 
noise is that obtained with an energy-averaging device such as a thermo
ammeter. 

Atmospheric noise 

This noise is produced mostly by lightning discharges in thunderstorms. 
The noise level is thus dependent on frequency, time of day, weather, 
season of the year, and geographical location. 

Subject to variations due to local stormy areas, noise generally decreases 
with increasing latitude on the surface of the globe. Noise is particularly 
severe during the rainy seasons in certain areas such as Caribbean, East 
Indies, equatorial Africa, northern India, etc. Fig. 1 shows median values of 
atmospheric noise for the U. S. A. and these values may be assumed to apply 
approximately to other regions lying between 30 and 50 degrees latitude 
north or south. 

Rough approximations for atmospheric noise in other regions may be ob
tained by multiplying the values of Fig. 1 by the following factors: 

degrees of latitude 

90-50 
50-30 
30-10 
10- 0 

nighttime \ daytime 

100 kc/s I 10 mc/s 100 kc/s I 10 mc/s 

0.1 
I 
2 
5 

0.3 
1 
2 
4 

0.05 
l 
3 
6 

0.1 
I 
2 
3 

Atmospheric noise is the principal limitation of radio service on the lower 
frequencies. At frequencies above about 30 megacycles, the noise falls to 
levels generally lower than receiver noise. 

The peak amplitude of atmospheric noise usually may be assumed to be pro
portional to the square root of receiver bandwidth. 
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Noise and its sources continued 
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1. All curves assume a bandwidth of 10 kilocycles/second. 

2. Refer to Fig. 3 for converting man-made-noise curves to bandwidths greater than IO kilo• 
cycles. For all other curves, noise amplitude varies as the square root of bandwidth. 

3. The curve of receiver noise shows the fleld intensities required to equal the receiver noise 
assuming 

a, The use of a half-wave-dipole antenna. 

b. A receiver noise level greater than the ideal receiver level by a factor varying from 
2 decibels at 50 megacycles to 9 decibels al lOOO megacycles. 

4, Transmission-line loss is not considered in the calculations, 

5. For antennas having a gain with respect to a half-wave dipole, equivalent noise-field 
intensities are less than indicated above in proportion to the net gain of the ontenna
transmission-line combination. 

Fig. 1-Major sources of radio-frequency noise, showing amplitudes at various fr .. 
quencles. For the U.S.A. and regions :of similar latitude, 
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Noise and its sources continued 

Cosmic and solar noise* 

Fig. 2 shows the level of cosmic and solar noise relative to receiver noise 
when using a half-wave dipole. The noise levels shown in this figure refer 
to the following sources of cosmic and solar noise. 

-50 
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-...... r----.. ... ---

30 40 50 70 
frequency in megacycles 

·-i--- ----- --= -
-

--- -..._.._ 

100 200 

I 1. 
receiver noise '--'- -
ideal receiver --~-i-- - --~ I -n 

Quiet sun 
I I 

r----... ........_ 
Ca •• } I 
~ :--,...._ 

300 400 500 700 1000 

Fig. 2-Cosmic and solar noise levels far a half•wave-dipole receiving antenna. 

Galactic plane: Cosmic noise from the galactic plane in the direction of 
the center of the galaxy. The noise levels from other parts of the galactic 
plane are between 10 and 20 decibels below the levels given in Fig. 2. 

Quiet sun: Noise from the "quiet" sun; that is, solar noise at times when 
there is little or no sunspot activity. 

Disturbed sun: Noise from the "disturbed" sun. The term disturbed refers 
to times of sunspot and solar-flare activity. 

Cassiopeia: Noise from a high-intensity discrete source of cosmic noise 
known as Cassiopeia. This is one of more than a hundred known discrete 
sources, each of which subtends an angle at the earth's surface of less 
than 30 minutes of angle. 

The levels of cosmic and solar noise received by on antenna directed at 
a noise source may be estimated by correcting the relative noise levels 
with a half-wave dipole !from Fig. 21 for the receiving-antenna gain realized 
on the noise source. Since the galactic plane is an extended nonuniform 

• B. Lovell and J. A. Clegg, "Radio Astronomy," John Wiley & Sons, Inc., New York, N. Y.1 

Chapmon and Hall, limited, London England, 1952. Also, J. L Powsey and R. N. Bracewell; 
"Rodie Astronomy," Clarendon Press, Oxford, England; 1955. 
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Noise and its sources continued 

noise source, free-space antenna gains cannot be realized and 10 to 15 
decibels is approximately the maximum antenna gain that con be realized 
here. However, on the. sun and other discrete sources of cosmic noise, 
antenna gains of 50 decibels or more con be hod. 

Man-made noise 

This includes interference produced by sources such as motorcar ignition, 
electric motors, electric switching gear, high-tension line leakage, dia
thermy, industrial-heating generators. The field intensity from these sources 
is greatest in densely populated and industrial areas. 

The nature of man-mode noise is so variable that it is difficult to formulate a 
simple rule for converting JO-kilocycle-bandwidth receiver measurements to 
other bandwidth values. For instance, the amplitude of the field strength 
radiated by a diathermy device will be the same in o 100- as in o JO-kilocycle 
bandwidth receiver. Conversely, peak-noise field strength due to automobile 
ignition will be considerably greater with a 100- than with a 10-kilocycle 
bandwidth. According to the best available information, the peak field 
strengths of man-made noise !except diathermy and other narrow-band 
noisel increases as the receiver bandwidth is increased, substantially as 
shown in Fig. 3. 

The man-made noise curves in Fig. 1 show typical median values for the 
U.S.A. In accordance with statistical practice, median values are interpreted 
to mean that 50 percent of all sites will have lower noise levels than the 
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Fig. 3-Bandwidth factor. Mulllply value of man-made noise from Fig. I by the 
factor above for receiver bandwidths greater thon 10 kilocycles. 
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Noise and its sources continued 

values of Fig. 1; 70 percent of all sites will hove noise levels less than 1.9 
times these values; and 90 percent of all sites, less than 7 times these 
values. 

Thermal noise 

Thermal noise is caused by the thermal agitation of electrons in resistances. 
Let R = resistive component in ohms of an impedance Z. The mean-square 
value of thermal-noise voltage is given by 

E2 = 4 R kT · M 

where 

k = Boltzmann's constant = J .38 X 10-23 joules/ degree Kelvin 

T = absolute temperature in degrees Kelvin 

t:.f = bandwidth in cycles/second 

E = root-mean-square noise voltage 

The above equation assumes that thermal noise hos a uniform distribution 
of power through the bandwidth 6.f. 

In case two impedances Z1 and Z2 with resistive components R1 and R2 are 
in series at the same temperature, the square of the resulting root-mean
square voltage is the sum of the squares of the root-mean-square noise 
voltages generated in Z1 and Z2i 

In case the same impedances are in parallel at the same temperature, the 
resulting impedance Z is calculated as is usually done for alternating
current circuits, and the resistive component R of Z is then determined. The 
root-mean-square noise voltage is the same as it would be for a pure 
resistance R. 

It is customary in temperate climates to assign to T a value such that 
1.38T = 400, corresponding to about 17 degrees centigrade or 63 degrees 
Fahrenheit. Then 

E2 = 1.6 X 10-20 R • A.f 

Noise in amplifiers 

The ultimate sensitivity of an amplifier is set by the noise inherent to its 
input stage. For discussions of the noise produced in electron tubes and in 
transistors, refer to the pertinent chapters.. 
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Noise measurements - noise figure 

Measurement for broadcast receivers* 

For standard broadcast receivers, the noise properties are determined by 
means of the equivalent noise sideband input lensil. The receiver is con
nected as shown in fig. 4. 

8 tJ•l~ ·J& ~ 
- -

standard si;nal 
generator 

standard ,dummy antenna broadcast receiver 
under test 

Fig. 4-Measurement of equivalent noise sideband input of a broadcast receiver. 

Components of the standard dummy antenna ore 

C1 = 200 micromicroforads 

C2 400 micromicrofa rods 

L = 20 microhenries 

R 400 ohms 

The equivalent noise sideband input 

where 

E, root-me,:in-squore unmodulated carrier-input voltage 

m degree of modulation of signal carrier at 400 cycles/second 

P'. root-meon-squore signal-power output when signal is applied 

P',. = root-mean-square noise-power output when signal input is reduced 
to zero 

It is assumed tho! no appreciable noise is transferred from the signal gen
erator to the receiver, and that m is small enough for the receiver to ope rote 
without distortion. 

""$tgndards on Radio Receivers: Methods of Testing Broadcast Radio Receivers, 1938," 
published by The lnstituto of Radio Engineers; 1942. 



768 CHAPTER 25 

Noise measurements - noise figure cortlirwed 

Noise figure of a receiver 

A more precise evaluation of the quality of a receiver os for os noise is 
concerned is obtained by means of its noise figure.* 

It should be clearly realized that the noise figure evaluates only the linear 
part of the receiver, i.e., up to the demodulator. 

::~I I·~ +I i:0 I 
signal generator receiver under test indicator calibrated to read 

r-f power 

Fig. 5-Meosurement of the noise figure of a receiver. The receiver is considered 
as a 4-termlnal network. Output refers to last intermediate-frequency stage. 

The equipment used for measuring noise figure is shown in Fig. 5. The 
incoming signal (applied to the receiver! is replaced by on unmodulated 
signal generator with 

Ro = internal resistive component 

E, root-meon-squore open-circuit carrier voitage 

En root-mean-square open-circuit noise voltage produced in signal 
generator 

Then 

En2 = 4 k To Rollf' 

where 

k = Boltzmann's constant = 1.38 X 10-23 joules/ degree Kelvin 

To temperature in degrees Kelvin 

llf1 = effective bandwidth of receiver (determined os below) 

If the receiver does not include any other source of noise, the ratio E,2 /E,.2 
is equal to the power carrier /noise ratio measured by the indicator: 

E.2 
f,.2 

E;2/4Ro 
k Tollf' 

• The definition of the noise llgure was first given by H. T. Prlls, ''Noise Figures of Radio 
Receivers," Proceedings of the IRE, vol. 32, pp. 419-422; July, 1944. 



RADIO NOISE AND INTERFERENCE 769 
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The quantities E;2/4Ro and kTo!::.f' ore called the available carrier and 
noise powers, respectively. 

The output carrier /noise power ratio measured in a resistance R may be 
considered as the ratio of an available carrier-output power P0 to on avail
able noise-output power N •• 

The noise figure F of the receiver is defined by 

Po= ! X P, 
No F N, 

F = No X _I_ = E2,'l:1 

N, P./Pi 4k T0 R0 t:.f' 

where 

P,'1:1 = 
kT0 !::.f' 

P0 /P, = ovoiloble gain G of the receiver 

P,1:1 = available power from the generator required to produce a corrier
to-noise ratio of one at the receiver output 

Noise figure is often expressed in decibels: 

Effective bandwidth !::.f' of the receiver is 

t:.f' = if G1 df 

where Gr is the differential available gain. !::.f' is generally approximated to 
the bandwidth of the receiver between those points of the response showing 
o 3-decibel attenuation with respect to the center frequency. 

Noise figure of cascaded networks 

The over-oil noise figure of two networks a and b in cascade (Fig. 61 is 

- -- nolH llgurt • '• - - nolltflturt•l'0 - -
- avoftablt ..,in • Ga avolt- !jGlt, •G0 -

network a network b 

fig. 6--0ver-all noise Rgure Fai, of two network,, a and I,, In ca1eade. 
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Noise measurements - noha figure> 00RII"""° 

provided M/ ~ Al,/ 

The value of F is a measure of the quality of the input tubes of the circuits. 
Up to some 300 megacycles, noise figures of 2 to 4 have been obtained. 
From 3000 to 6000 megacycles, the noise figure varies between 10 and 4(!) 
for the tubes at present available. It goes up to about 50 for 10,000-mego
cycle receivers. 

The additional noise due to external sources influencing real antennas 
!such as cosmic noise), may be accounted for by on apparent anten111a 
temperature, bringing the available noise-power input to I: Ta t:r..f' instead of 
N, = k T0 !:r.f' !the physical antenna resistance at temperature To is gen
erally negligible in high-frequency systemsl. The internal noise sources 
contribute (f - 1 l N,; as before, so that the new noise figure is given by 

F'N, IF - llN, + k To t:r.f' 

F' = F - 1 + T,./To 

The average temperature of the antenna for a 6-megacycle equipment i:s 
found to be 3000 degrees Kelvin, approximately. The contribution of external 
sources is thus of the order of 10,. compared with. a· value of If - 11 equal 
to 1 or 2, and becomes the limiting factor of reception. At 3000 megacycles, 
however, values of T,. may foll below To, while noise figures ore of th.e 
order of 20. 

Noise improvement fctdor 

In case the receiver includes demodulation processes that produce a 
carrier/noise ratio improvement fnifl, this improvement ratio must, of 
course, be considered when evaluating the carrier required to produce a 
desired output carrier/noise ratio. For a discussion of noise improvement 
factor in such systems as frequency rnodvlaJ!ion ond pulse demodulation, 
see the chapter "Mooolotioo." 

Measurement of external rodio noise 

External noise fields, such as atmospheric, cosmic, and man-made, ore 
measured in the same way as radio-wave field strengths, with the exceptioo 
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that peak, rather thon ov-erage, values of noi,i.e are usualJy of interest, and 
that the ov,er-all band-pass action of the meosuriBg apporotus must be 
accurately known in measuring noise.* When meO'SU(ing noise varying over 
wide limits with time, such as atmospheric noise, it is generally best to 
employ automatic recorders. 

Interference effects in various systems 

Besides noise, the efficiency of radio-communication systems con be limited 
by .the interference produced by other radio-communication systems. The 
amount of tolerable signal/interference ratio, and the determination of 
conditions for entirely satisfactory service, are necessary for the specifica
tion of the amount of harmonic and spurious frequencies that can be allowed 
in transmitter equipments, as well as for the correct spacing of adjacent 
channels. 

The following information has been extrocted from "final Acts of the 
International Telecommunication and Radio Conference1 {AppendiK H," 
Atlantic City, 1947. 

Available information is not sufficient to give reliable rules in the cases of 
freq!lency modulation, pvlse emission, and television transmission. 

Simple telegraphy 

It is considered that satisfactory radiotelegraph service is provided when 
the radio-frequency interference power available in the receiver, averaged 
over a cycle when the amplitude of the interfering wave is at a maximum, 
is at least IO decibels below the available power of the desired sigool 
averaged in the same manner, at the time when the desired signal is o 
minimum. 

In order to determine the amount of interference produced by one tele
graph channel on another, figs. 7 and 8 will be found useful. 

Frequency-shift telegraphy and facsimile 

It is estimated that the .interference level of - IO decibels as recommended 

* For methods of measuring field strengths and, hence, noise, see "Standards on Radio Wave 
P1opagotlon: Measuring Me!h.ods, 1942, • published by tile Institute Qf ,Radio Engineers. For 
iliOffll<>Uoa o,n suitable drcuits to obtain peak value;;, particularly with respect to mon-mode 
noise, see C. V. Agger, D. E. Foster, and C. S. Young, "Instruments ond Methods of Measuring 
Radio Noise," E/eclri<;o/ Engineering, vol. 59, l>P• 178-1'12; March. 1'40. 
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Fig, 7-Curffs glY• 
ing the enYelopes 
for Fourier s pectro of 
the emission result
ing from several 
shapes of o single 
telegraph dot. For 
the upper curve the 
dot is token lo be 
rectangular and Its 
length Is Y~ of the 
period T correspond• 
Ing to the fundamen
tal dolling frequen
cy, The dotting 
speed In bouds Is 
8 = 1/t 2/T. The 
bottom curve would 
result from the Inser
tion of o ftlter with o 
pou bond equal to 5 
units on the f/8 scale, 
and having a slope 
of30declbels/ octave 
outside of the pau 
band, 

Fig. I-Received 
power as a function 
of frequency sepa• 
ration between trans• 
mltter frequency and 
midband frequency 
of th• receiver. 
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in the previous case will also be suitable for frequency-shift telegraphy and 
facsimile. 

Double-sideband telephony 

The multiplying factor for frequency separation between carriers as required 
for various ratios of signal/interference is given in the following table. 
This factor should be multiplied by the highest modulation frequency. 

The occeptqnce bond of the receiving filters in cycles/second is assumed 
to be 2 X /highest modulation frequency! and the cutoff characteristic is 
assumed to hove a slope of 30 decibels/ octave. 
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ratio of dHlred multlplyi1t9 factor for various 
to I nterferlng ratios of signal/interference 

carrier• in 
I I I decibels 20 db 30 db 40 db 50 db 

60 0 0 0 0 
50 0 0 0 0.60 
40 0 0 0.60 1.55 

30 0 0.60 1.55 1.85 
20 0.60 1.55 1.85 1.96 
10 1.55 1.85 1.96 2.00 

0 1.85 1.96 2.00 2.55 

-10 1.96 2.00 2.55 2.85 
-20 2.00 2.55 2.85 3.2 
-30 2.55 2.85 3.2 3.6 
-40 2.85 3.2 3.6 4.0 
-50 3.2 3.6 4.0 4.5 
-60 3.6 4.0 4.5 5.1 
-70 4.0 4.5 5.1 5.7 
-BO 4.5 5.1 5.7 6.4 
-90 5.1 5.7 6.4 7.2 

-100 5.7 6.4 7.2 8.0 

Broadcasting 

As a result of a number of experiments, it is possible to set down the foliow
ing results for carrier frequencies between 150 and 285 kilocycles/ second 
and between 525 and 1560 kilocycles. 

frequency separation betweenlmlnlmum ratio of desired and 
carriers in kilocycles interfering carriers In decibels 

* extropolated 

11 
10 
9 

8 

5 (or less) 

t experimental f interpolated 

These experimental results agree reasonably well with the theoretical 
results of the preceding table with a highest modulation frequency of 
about 4500 cycles/ second, and with a signal/interference ratio of 50 
decibels. 

Single-sideband telephony 

Experience shows that the separation between adjacent channels need be 
only great enough to insure that the neare.st frequency of the interfering 
signal is 40 decibels down on the receiver filter characteristic when due 
allowance has been made for the frequency instability of the carrier wave. 
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Spurious responses 

In superheterodyne receivers, where a nonlinear- element is used to 9et a 
de!ired fntermediate-frequency signal from the mixing of the incoming 
signal Olld a local-oscillator signal, interference from spuriou-s external 
signals results in a number of undesired frequencies that may fall within 
the intermediate-frequency band. likewise, when two local oscillators are 
mixed in a transmitter or receiver to produce a desired output frequency, 
several unwanted components ore produced at the same time due to the 
imperfections of the mixer characteristic. The following tables show how 
the location of the spurious frequencies can be determined. 

Symbols 

f1 = signal frequency (or first source! 

f1' = spurious signal lf1' = f1 for mixing local sources, but when dealing 
with a receiver, usually f1' ~ f1l 

f2 = local-injection frequency (or second source) 

f., desired mixer-output frequency 

f,/ = spuriovs mb1er-output frequency 

k = m + n = order of response, where m and n are positive integers 

Coincidence is where fi' = f1 ond f,.' = f,. 

Defining and coincidence equations 

mixing for difference frequency 

type I defining equations I coincidence 

I mixing for sum frequency 

type I defining equations I coincidence 

I f. = ±If, - f,J [!!] =~ IV ,. = f, + f2 

f/ = ± Inf: - mfi'l 
ft 00 11+1 

f.' = mf1' - nf2 

II ,. = ±11,- F,l ['•] m- 1 V f., = f1 + f2 

,.· ±!mfi'- nf2l 
fico=~ ,., nf2- mf,' 

II! ,. = f1 -,. ['2] 1- m VI ,.=f1+'2 

'-' = 111f1' + nfs. 
ft co= n+I 

f.,' "" mf1' + nft 

in types I oad II, both f. and f,' must use t~o some sign throughout. 

Types Ill and VI ore relatively 11i:umpor1cult e>11:ef)t when 11 "' 11 • t. 

['2] m 
1• 

fi co= II 1 

['2] m + 1 
fi co= n- I 

['•] l- ~ fi co= n-
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Image (m = n = 1) 

kind of 
mixiag 

Difference 

receiver {1/ = f.J 

f1' = ± 12f2 - f1l 
= ±If, 2f,l 12 < ft 
= f1 + 2f, ;. > f, 

f/ ft+ 2f2 
= 2f, - ft 

two local sources 
(Ii' = 1,.) 

f,/ = f1 + ft 

Intermediate-frequency rejection must be provided for spurious signa' 
fi' = f,,where m = I, n 0. 

Selectivity equations 

For types I, II, IV, and V only. 

When f,,' = f,, 

~=~{~-[!:.]} 
f1 m fi f1 co 

f.,' - f., = B {!:. _ [~] } 
r1 f1 ft "° 

f.,' - f., = C lf2/f1I - [f2/f1]co 
,.. 1 =i= f2/f1 

Where the coefficients and the =iF signs are 

l B l type A ,. < f1 I ,. > ,, C 

I n+I A -A A 

II n -1 -A A -A 

IV n+l -A -A -A 

V n-1 A A A 

Variation of output frequency vs input-signal deviation 

For crny type 

t:..f.,' = ±m t:..f1' 

l 'f' stga 

-
-
+ 

+ 

Use the + or the - sign according to defining equation for type 1n question. 
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Spurious responses continued 

Table of spurious responses 

Type I coincidences: [~lo= : + : , where f/ = f., and f1' = f1 

frequency ratio [f2/f1]oo \ lowed order I 
froction l cleclmol I reciprocal kt I m1 I n1 highest orders 

1/1 I.ODO 1.000 2 1 1 All even orders m = (See note bl 
8/9 0.889 1.125 15 1 8 
7/8 0.875 1.143 13 6 7 

6/7 0.857 1.167 11 5 6 
5/6 0.833 1.200 9 4 5 
4/5 0.800 1.250 7 3 4 

' 
7/9 0.778 1.286 14 6 8 

{m1 = 5 3/4 0.750 1.333 5 2 3 
5/7 0.714 1.400 10 4 6 n1 = 7 

7/10 0.700 1.429 15 6 9 
{m1 3 {=5 2/3 0.667 1.500 3 1 2 

5/8 0.625 1.600 11 4 7 n1 = 5 =8 

' 
3/5 D.600 1.667 6 2 4 {m1 = 5 
4/7 0.571 1.750 9 3 6 n1 9 

5/9 0.556 1.800 12 4 8 

6/11 0.545 1.833 15 

I 
5 10 

{m, = 1 {=; {=3 { = 4 1/2 0.500 2.000 1 0 1 
nx 3 =7 =9 

Types II, IV, and V coincidences: For each ratio [f2/f1]co there are also the 
following responses 

type i m ft 

II kn=k1+4 mn=m1+2 nu n1 + 2 

IV kIV = k1 + 2 m1v=mi+2 niv = lrJ 

V kv=k1+2 mv m1 nv n1 + 2 

Notes: 

a. When f2 > fi., use reciprocal column and interchange the values of m and n. 

b. At [f2/fi]00 = 1/1, additional important responses are 
type II: m = n = 2 
type IV: m = 2, n = 0 
type V: m = 0, n 2 
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Chart of spurious responses 

m for types I and V 

•I O I 2 3 4 5 6 7 8 9 10 II 12 B > 
::?:; •10-->--<i--o--o---o--o-->--<i--o--o-..--0--0---<>--<;1 I "g 
~ a 
g O 2 ~ 

l 2 .. 
3 

4 

6 

7 

e 

9 

10 

ll 

12 

2 3 4 5 6 7 

m for types II and IV 

8 9 10 !I 12 13 14 

Each circle represents a spurious response coincidence, where 11' = 11 and I;'= I,. 

" Q. 

3 !" ... 
,2 

4 .. 
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10 

12 

13 

14 

Example: Suppose two frequencies whose ratio is f2/f1 = 0.12 are mixed 
to obtain the sum frequency. The spurious responses are found by laying 
a transparent straightedge on the chart, passing through the circle - I, - 1 
and lying a little to the right of the line marked f2/f1 = 0.10. It is observed 
that the straightedge passes near circles indicating the responses 

Type IV {: : ~ { : i { = i 
Type V {: : ~ { lg 
The actual frequencies of the responses ,: or f1' can be determined by 
substituting these coefficients m and n in the defining equations. 
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• Broadcasting 

Introduction 

Radio broadcasting for public entertainment in the U.S.A. is at present of 
three general types.. 

Standard broadcasting: Utilizing amplitude modulation in the 535-1605-
kilocycle/second bond. 

Frequency modulation: Broadcasting in the 88-108-megacycle/second 
bond. 

Television broadcasting: Utilizing omplitude-modufoted video and fre
quency-modulated aural transmission in the llowl 54-88-megocycle bond, 
the (high) 174-216-megacycle band, and in the !ultra-high-frequency) 
470-890-megocyde bond. 

There is arso 

International broadcasting! On assigned frequencies in the region be
tween 6000 and 21,700 kilocycles in accordance with international agree
ment.* 

Operation in these bonds in the U.S.A. is subject to licensing and technical 
regulations of the Federal Communications Commission. 

Selected administrative and technical informatioo and rules from F.C.C. 
publicanons applicable to each of these broadcast applications are given 
in this chapter. 

General reference: "Rules Governing Radio Broadcast Services," Subparts 
A through G; January, 1956; FederaJ Communications Commission, Washing
ton, D. C. 

Standard broadcastingf 

Standard-broadcast stations are licensed for operation on 10-kilocyde
spaced channels occupying the band 535-1605 kilocycles, inclusive, and or~ 
.classified as indicated in Fig. 1. 

·• A more detailed explanation of lnternal'ional broadcasting frequency assignments o1!ld 
,requirements is given in the chapter "freqUency data.'' 

t See "Standards of Good Engineering Practice Concerning 3tandard Broadcast Stations 
j\;ugust 1, 1939, revised fo Oct. 30, 1947,'' Federal Communications Commission, Washington, 
,O. C.; and, "Rules Governing Radio Broadcast Servic61!1i," ~bpart A; Jo11uory, 1956. 
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Fig, 1-Classiflcalion of standard-broadcast stations.* 

sfgnal-lntuslty cantour In 
microvolts/ meter of area protected 

from objectionable J11terference 
clan class p.,.mbsi! !o 

of af ttormal power 1n dayt I 
station chanft-81 service kilowatts {ground-w.ave) night 

la Clear Primary ond 50 SC= 100 Not duplicated 
secondary AC=.500 

lb Clear Primary and 10 to .50 SC= 100 500 
secQndory AC= 500 (50% sky wove! 

II Clear Prlmory 0.25 to 50 50D 2.500 
!Ground wave] 

Ill-A li?egional Primary I to-S 500 2500 
!Ground wove) 

111-B Regional Primary Night 0.5 to l 500 4000 
Dey =5 IG,ouAd wavel 

IV local Primary 0.1 ta 0.25 500 4D00 
(Ground wove) 

* Taken from "Rules Governing Radio Broadcast Services," Subpart A1 January, 1956. Federal 
Commvnicotions Commwion, Washington, D. C 
t SC = same channel, AC = odfacent chonne,l, 

Field-intensify requirements 

Primary service 

City business, factory areas: 10 
City residential areas: 2 
Rural areas: 0.1 

Secondary service 

to 50 millivolts/meter, ground wave 
to 10 millivolts/meter, ground wave 
to LO millivolt /meter, ground wave 

All areas having .sky-w~ve field intensity greater than 500 microvolts/meter 
for 50 percent or more of the time. 

Coverage data 

The charts of Figs. 2-4 show computed values of ground-wave field intensity 
as o function of the distance from the transmitting antenna. These are used 
for the determination of coverage and interference. They were computed 
for the frequencies indicated, a dielectric constant equal to 15 for ground 
and 80 for sea water (referred to air as unity), and for the surface con
ductivities noted. The curves are for radiation from a short vertical antenna 
at the surface of a uniformly conductive spherical earth, with an antenna 
power and efficiency such that the inverse-distance field is 100 millivolts/meter 
at one mile. 
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Standard broadcasting continued 
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fig. 2-Ground-wave field Intensity plotted against distance. Computed for 550 kllo• 
cyclH. Dielectric constant= 15. Ground-conductivity values above are emu X 101'. 
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500 IOOO 2000 

Fig. 3-Ground-wave fleld intensity plotted against distance. Computed for 1000 kilo
cycles. Dielectric constant= 15. Ground-conductivity values above are emu X 1016• 
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The table of Fig. 5 gives dota on ground inductivity and conductivity in 
the U.S.A. 

Station performance requirements 

Operation is moinloined in accordance with the following specifications. 

Modulation: Amplitude modulation of at least 85 to 95 percent. 

0.1 
IOOO 

0.2 0.3 OA0.5 

500 

100 

50 

10 

5 

0.5 

0.01 

0.005 

0.001 

0.0005 

0.0001 
10 15 20 30 40 50 

miles from antenna 

1,0 L5 2 5 10 20 

100 150 200 500 1000 2000 

:Fig. 4-Ground-wave field Intensity plotted against distance. Computed for 1600 kilo• 
.cycles. Dielectric constant= 15. Ground-conductivity valuer. above are emu X 101', 
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Standard broadcasting continued 

Audio-frequency dis1ortion: Harmonics less than 5 percent ar•itl:meticaJ wm 
or toot-mean.square omplitud~ •UP to 85 percent modulation; less fhan 
7,5 percent for 85 to 95 percent modulation. 

Audio-frequency response: Transmission characteristic !lat belween 100 and 
5000 cydes to within 2 decibels, referred to 1000 cycles. 

Noise: At least 50 decibels, unweighted, below 100 percent modulation 
for the frequency bond 150 to 5000 cycles, and at least 40 decibels down 
outside this range. 

Carrier-frequency stability: Within 20 cycles of assigned freqwnc.y. 

Fig. 5-Eleclrical characterl1tic1 of various type• of terrain.• 

type of t8ffaln 

JnducJlvlty l I .abS<Mpllon factor 
referred to conductivity al 50 miles, 

air I h1 emu 1000 ldlocydesf 

St.a water, minimum o/l811Uoti<>n 8) 4.64 X 10-11 l to 

I Postorcd, low hills, rich soil, typical of 
Dallas, Texas; llncoln, N ebroslta; ORd 
Wolf Point, Montana,, area~ 20 3 X uru I 0.50 

l'ostoral, low hills, rich soil, typical of Ohio 

~ 
and Illinois 14 10-11 

Flot country, marshy, densely wooded, 
typical of Louisiana near Mississippi River 12 7.5 X 10-1• 3 

Pastoral, medium hills, and forestation, 
tyo!cat of Moryland, Pennsylvania, N-
York, exclusive of mountainous territory 
and sea coasts 13 6 X 10-u 0.09 

Pastoral, medium hills, ond forestati<>", 
heavy clay soil, typical of central Virginia 13 4 X 10-14 0.05 

llodcy .soil, mn,p hills, typtc:al of New 
England 14 2 X 10-14 0.025 

Sandy, dry, flat, typical of coastal country 10 2 X 10-14 0.024 

Oty, industrial areas, average attenuation 5 10-14 Q,Oll 

City, Industrial areas, maximum attenuation 3 10-11 0.003 

* From "Standards of Good Engineering Practice Concerning Standard Broadc0$ting, Au911&t I, 
1939, revised October 30, 1947," Federal Communications Commission, Washington, D.C. 
t This figure is stated for comparison purposes in order to indicate at a glance which values: 
of conductivity and lnductivlty represent the hi~her atMtpl'i(l(l. It 1, the rotle beMeen fie!~ 
intensity obtained with the soil constants given and will, no absorpl,on. 
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Frequency modulation* 

Frequency-modulation broodcosting stations ore authorized for operation 
on 100 ollocoted channels eoch 200 kilocycles wide extending consecutively 
from channel No. 201 on 88.1 megacycles to No. :300 on 107.9 megacycles. 

Commercial broodcosting is authorized on channels No. 221 192.1 mega
cycles) through No. 300. Noncommercial educational broadcasting is 
licensed on channels No. 201 through 220 189.9 megocyclesl. 

Station service classification 

Class-A stations: Render service primarily to communities other thon the 
principal city of on oreo. Provide coverage equivalent of effective roted 
power of 1 kilowatt ond an antenna height of 250 feet. Closs-A channel. 

Class-B stations: Render service primarily to o metropolitan district or 
principal city ond its surrounding rural oreo, or to primarily rural oreos. 
In FM Area /, which includes New England ond the North- ond Middle
Atlontic-states areas, they ore licensed for a coverage of not more thon 
20 kilowotts equivalent effective roted power ond 300 feet minimum, 500 
feet maximum, effective antenna height. In FM Areo ll (balance of U.S.A. 
outside of Areo /), closs-B stations ore licensed for some coverage as 
class-A stations. However, greater coverage is encouraged where it would 
not result in undue interference to existing or probable assignments. 

Coverage dato 

The frequency-modulation broadcasting service orea is considered to be 
only tho! served by the ground wove. The median field intensity considered 
necessary for adequate service in city, business, or factory areas is 1 milli
volt/ meter; in rural areas, 50 microvolts/meter is specified. A median field 
intensity of 3000 to 5000 microvolts/meter is specified for the principal city 
to be served. The curves of Fig. 6 give data for determination of fm broad
cast-station coverage as a function of rated power and antenna height. 

Objectionable interference from other stations moy limit the service oreo. 
Such interference is considered by the F.C.C. to exist when the ratio of 
desired to undesired signal values is os follows: 

Same channel: 10/1 

* See "Rules Governing Radio Broadcast Services," Part 3, Subparts B and C; January, 1956, 
Federal Communications Commission, Washington, D. C. 
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Adjacent channel (200-kc/s separation): 2/1 

1400-kc/ s separation): 1 / 10 

1600-kc/s separation!: 1/100 

1~800-kc/s separation!: No restriction 

BROADCASTING 785 

Values ore ground-wove median field for the desired signal, and the 
tropospheric-signal intensity exceeded for 1 percent of the time for the 
undesired signal. It is considered that stations having alternate-channel 
spacing (400-kilocycle separation! may be operated in the some coverage 
area without objectionable mutual interference. 

~ l,OQOPOO 

i 
Q. 

1 
0 'ii 100,000 

f 

l 
:ii 

10,000 

tpOO 

100 

10 

0.1 

100 500 1,000 5,000 10,000 

transmitting antenna height In feet 

Fig. 6-Ground-wave slgnal range for frequency-modulation broadcasting band, 
91 megacycles. Conductivity = 5 X 10-1• emu, and dielectric constant= 15. Rec:elv
lng•antenna height = 30 feet. For horizontal (and approximately for vertical) 
polarization. These cllt'Yes do not represent the !test available propagation data. How
ever, they are usu to estimate expedu coverage by a station flling for a llcense. II is 
recommended that Fig. 12 be used as a better engineering approximation. 
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Station performance requirements 

Operation is maintained in accord- .!! 

once with the following spedfica- Jl 16 

tions. 1 14 

j 

I 

Audio-frequency response: Transmit
ting system capable of transmitting 
the bond of frequencies 50 to 15,000 
cycles. Pre-emphasis employed and 
response maintained within limits 
shown by curves of Fig. 7. 

Audio-frequency distortion: 
Maximum combined audiofrequency 
harmonic root-mean-square vo1laQe 
in system output less than os ·show-A 
below. 

modvlatlq frequency j 
In cycles/ secoad 

50-100 
100-7500 

7500-15000 

pere:ent 
horm•nic 

3.S 
2.5 
3.0 

12 

I() 

8 

6 

4 

0 I< 
11 ./ 

l l U 

•4 11 
!l'e .1.00 

cydes/teoond 

: 
~ 

J 

I 

I/ 
I 

1,· 
t-

fflt 
11111 

fig. 7-Standard p .. -empha1l1 curve for 
freque.cy-modulatlon 11.nd television 
aural broodca1tlng, Time .:oastant = 11S 
nriuoseconda {n11d line). Frequency
responM IIMlls are .., by the two lines. 

Power output: Standard l'ransmitter power output ratings are 10 watts for 
noncommercial stations, :250 watts, 1, 3, 5, 10, 25, 50, and 100 kilowatts. 

Modulation: Freqi>ency modulation with a modulating capobilily of 100 per
cent corresponding to a freq\Jency swing of ±75 kilocycles. 

Noise: 

FM-In the band 50 to 15,000 cycles, at least 60 decibels below 100-percent 
swing at 400-cycle modulating frequency. 

AM-In the .band 50 to 15,000 cydes, at least 50 decibels below Jevel 
representing 1-00-percent amplitude modulation. 

Cemer~frequenc:y stability; Within ±2000 cycles of <HSigned frequency. 

AnteMa polarizatJon: Horizontal 



Television broadcasting* 

Channel clesignations. 
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Television-broadcast stations ore authorized for commercial operation on 
83 channels designated as in Fig. 8. 

Fig. I-Numerical designallon of televlslon channels. 

channel I 
number I 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 

band 
mc/s 

54-60 
ro-66 
66-72 
76-82 
82--88 

174-180 
180--186 
186-192 
192-198 
198--204 
204-210 
210--216 
470--476 
476-482 
482-488 
488--494 
494-500 
500--506 
506-512 
512-518 
518--524 
824-530 
530--536 
536-542 
542-548 
548--554 
554-560 

Coverage data 

I channel I 
number 

29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
41 
48 
49 
50 
51 
52 
53 
54 
55 
56 

band 
mc/s 

560--566 
566--572 
572-578 
578--584 
584--590 
59()--596 
596-602 
602-608 
608-614 
614-620 
620--626 
626-632 
632-638 
638--644 
644-650 
65(h!.56 
656-"62 
662-668 
u&-674 
674-680 
6SD-686 
6ll6-692 
692--696 
698--704 
704-710 
7l0-716 
71tr-722 
722--728 

channet 
11umt.er 

57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
ar 
82 
&3 

band 
mc/s 

728--734 
734-740 
740--746 
746-752 
752-758 
758-764 
764-770 
770--776 
77tr-782 
782--788 
788--794 
794-800 
800-806 
806-812 
812--818 
818-824 
824-830 
83Q--836 
836-842 
842--848 
848--854 
854-860 
860-866 
866-872 
872-878 
87lH,84 
884-890 

Assignment of channels to sped.fie areas hos been mode by the F.CC. in 
such o manner as to facilitate maximum interference-free coverage within 
the ovoiloble frequency spectrum. The radiated power of a particular 
station is fixed by several considerations. 

Minimum power is 100 watts effective visual radiated power. No minimum 
antenna height ts specified. 

* See "Rules Governing Radio Broadcast Service," Port 3, Subpart E; Jonuory, 1956: Federal 
Communications Commission, WasningtOi'I, Ii>. C. 
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Television broadcasting continued 

Interference: To avoid cochannel and adjacent-channel interference, o 
table of the channels assigned to listed communities in the United States has 
been designated in the referenced rules of the Federal Communications 
Commission. 

Maximum power: (See Figs. 10 and 11 J Except as limited by antenna heights 
in excess of 1000 feet in TV Zone I and antenna heights in excess of 2000 
feet in TV Zones I/ and ///, the maximum visual estimated radiated power 
in decibels above 1 kilowatt is: 

channel 

2--6 
7-13 

14-83 

maximum power 

20 decibels = 
25 decibels = 
30 decibels = 

100 kilowatts 
316 kilowatts 

1000 kilowatts 

30 ..-----,-.--T"'""-r--""T"--r-r--r-.-.-----..... --...--...--1000 .!! 
j 700 o 
I ~1 

:i: -----+-....... -+--t---+--+-+-+--i--l------+---1---1-.....u300 .: 

= i 15 r--.,.---+----" ... 

E 
~ 
·2 101------+-..,.. e 

-s.._ ___ _._ __ ..,__...__,___.__._,__,__._ ___ _,_ __ __,_ _ _.__,_, 
100 200 300 500 700 1000 2000 3000 5000 
antenno he,ghl above averooe terrain 

Fig. 9--Mlnlmum televlslon--statlon power In relation to population. 
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maximum power in kilowatts 
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3,000 
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1,000 
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maximum power in decibels above I kilowatt 

Fig. 1~aximum television-station power venu1 
antenna height for TV Zone I. 
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continued Television broadcasting 

maximum power in kilowatts 

I 3 5 10 30 50 100 300 1000 3000 
II 
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Fig. 11-Maximum television-station power versus 
antenna height for TV Zone, // and Ill. 
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Television broadcasting continued 

Grade of service: Two grades of service are designated Grode A and 
Grade B. The signal strength lin decibels above I microvolt/meter) specifled 
for each service is: 

channel 

2-6 
7-13 

14-83 

Grade A 

68 decibels = 2510 microvolts 
71 decibels = 3550 microvolts 
74 decibels = 5010 microvolts 

47 decibels = 224 microvolts 
56 dedbels = 631 microvolts 
64 decibels = 1585 microvolts 

Transmitter location: The transmitter location must be so chosen th<1t on 
the basis of effective radiated power and antenna height, the following 

lnlowolls 
l 510 50100 

100 
honsmJlhng antenna he1ghl m fttf 

Fig. 12-Ground-wave signal range for lelevlslon channels 2-6 and 14-83. Conducllvily 
= 5 X 10-1• emu, and dleleclrlc conslanl = 15. Receiving.antenna heigh! 30 feel. 
FM horizontal (and approidmotely fOI' verllcall polarlzallon. 
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Television broadcasting continued 

minimum field intensity in decibets above l microvolt/meter wut be pro
vided over the principal community to be served. 

channel 

2-6 
7-13 

14-83 

74 decibels = 5010 microvolts 
77 decibels = 7080 microvolts 
80 decibels = l0,000 microvolts 

The curves of Figs. 12 and 13 give coverage distance through the allocated 
television-frequency bonds as o function of radiated power and antenna 
height. 

f 1,000,000 

& 
'2 
i 
i 100,000 
'6 • 2 
;; 

,e 1~000 

100 

10 

0.1 

kdowotts 
I 51050100 

! 

! 
'i, 
~ 

1,000.000 i 

5,000 10,000 

Fig. 13-Ground-wave r.lgnal range for television channels 7-13. Conductivity = 5 X 
10-W emu, and cllefedrl'c constant = t5. Recel'vlng-antenna height = 30 feat. For hori
zonlal (and approximately for vertical) p.raru:..-,n. 
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Television broadcasting continued 

Over-all station performance requirements 

F.C.C. television standards are 

Channel width: 6 megacycles/ second. 

Picture carrier location: I .25 megacycles above lower boundary of the 
channel. 

Aural center frequency: 4.5 megacycles above visual carrier. 

Polarization of radiation: Horizontal. 

Modulation: Amplitude-modulated composite picture and synchronizing 
signal on visual carrier, together with frequency-modulated audio signal 
on aural carrier shall be included in a single tel~vision channel !Figs. 14 
and 15l. 

Fi9. 14-Radio-frequency a111pli• 
tude characteristic of television 
picture transmission. Field in
tensity at points A shall not ex
ceed 20 decibels below picture 
carrier. Drawing not ta scale. 

Visual transmission requirements 

Modulation: Amplitude modulation. 

Polarization: Horizontal. 

;I 
El 
31 .. , 
El 
~ 

/00.5 IL25 2 3 4 j51 16 
A I . ~79545me-.j 5.1

455.J 
-+Jo,;;,,s 4.2~• I 

min 4.5me , • 

------6mo 

channel frequency spec:trum in megacycles 
referred to lower frequency limit of channel 

Polarity of transmission: Negative-a decrease in initial light intensity 
causes an increase in radiated power. 

Transmitter brightness response: For monochrome transmission, radio
frequency output varies in on inverse logarithmic relation to the brightness 
of the scene. 

Aural-transmitter power: Maximum radiated power is 70 percent (minimum, 
&l percent! of peak visual-transmitter power. 
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Television broadcasting continued 

Scanning lines: 525 lines/frame interlaced two to one. 

Scanning sequence: Horizontal from left to right, vertically from top to 
bottom. 

Horizontal scanning frequency: 15,750 for monochrome or 2/455 times 
chrominance subcorrier frequency 115,734.264 ±0.044 cycles/secondl. 

Vertical scanning frequency: 60 cycles/second for monochrome or 2/525 
times the horizontal scanning frequency !59.94 cycles/second) for color. 

Aspect ratio: 4 units horizontal, 3 units vertical. 

Chrominance subcarrier frequency: 3.579545 megacycles ± 10 cycles/ 
second. 

Reference black level: Block level is separated from the blanking level by 
7.5 ±2.5 percent of the video range from blanking level to reference white 
level. 

Reference white level: luminance signal of reference white is 12.5 ±2.5 
percent of peak carrier. 

Peak-to-peak variation: Total permissible peak-to-peak variation in one 
frame due to all causes is less than 5 percent. 

Color signal: The equation of the complete color signal is: 

EM = Ey' + Er:/ sin lwt + 33°1 + E/ cos !wt + 33°) 

where 

E0 ' = + 0.41 !EB' - Ey') + 0.48 !ER' - E/1 

E/ = - 0.27 (EB' - E/) + 0.74 (ER' - E/) 

E/ = + 0.30ER' + 0.59Ea' + 0.llEB' 

For color-difference frequencies below 500 kilocycles, the signal con be 
represented by: 

EM = E/ + {-1 
-[-

1
- IEB' - Ey') sin wt !ER' - Ey'I cos wt]} 

1.14 1.78 

The symbols hove the following signilkonce: 

EM = total video voltage, corresponding to the scanning of a particular 
picture element applied to the modulator of the picture transmitter. 
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Television broadcasting continued 

eq110Uzin9 ve-,t sync equalizing 
p•ls• pllhe pulse 

ltfer¥OI IMetWII intttwt 
mo.: ~rrter 
vo1to9e 

,....-----..,----,,.......-----

-11 H ~ ..t ti 0.5H~ ~h•~:tol sync pulm 

A 

8 

Notes: 

l. H = time from start of one line to start 
of next line. 

2. V = time from start of one fleld to stort 
of next fleld. 

3. Leading ond trailing edges of vertical 
blc,nking should be complete in less than 
0.IH. 

4. Leading ond !roiling shapes of horizontal 
blanking must be steep enough to pre
serve minimum ond maximum values of 
{x + y) ond z under oil conditions of 
ptcture content. 

5. Dimensions marked with an asterisk indi
cate that tolerances given are permitted 
only for long-time variations, and not for 
successive cycles. 

6. Equalizing pulse area shall be between 
0.45 and 0.5 of the area of o horlzontol 
synchronizing pulse. 

lop ol p,c11,,1 

3 3 

7. Color burst follows each horizontal pulse 
bi:,t ls omitted following the equalizing 
pulses ond during the brood vertlcol 
pulses. 

8. Color bursts to be omitted during mono
chrome transmission. 

9. n,e burst frequency shall b1' 3.579545 
megacycles. The tolerance on the fre
quency shoH be ± 10 cycles Wlith o maxi
mum rote of change of frequency not to 
exceed I /10 cycle/second/second. 

10. The horizontal scanning frequency shoU 
be 2/ 455 times the burst frequency. 

11. The dimensions specifled Sor the burst de
termine the times of starting and stopp1ng 
the burst but not Its phase. The color 
burst consists of amplitude modulation ol 
o continuous sine wove. 

Fig. 15-(Above and at rl9h1.} Telflfslen composit•••lpal wC1Yeform 4ata. 
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hor sync 

rtor slope of ver hcot blonking 
see note 3 \ 
.....ie,eni:e- ti 
wh,!etevel-------.\.._____ --j-------4-
zeu» co,rie, - I 

i/lO of max l>!aaltifl9 5 
C-Detail bet'Neen 3-3 In B 

0.004H mo• 

0.004Hmox 

verlieol sync pulH 

.f.
1/10 of moc 

_ _?ync 

blonk,nq 
level 

D-Detail between 4-4 in B 

12. Dim«nsion P represents the. pecik 
excursion of the luminance signal 
from blanking level but does not 
include lhe chrominance signal. 
Dimension S is the r.yocnronizing 
amplitude above blanking level. 
Dimension C is the peak carrier 
amplitude. 

13. Refer lo F.C.C. standards for fur
ther explanations and tolerances. 

14. Horizontal dimensions not to scale 
in A, 8, and C. 

Fig. 15 conrinued 

0,004H 
mo• 

(l)0.02H 
min 

E -Detail between 5-5 in C 
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Television broadcasting continued 

E/ = gamma-corrected voltage of the monochrome {black-and
whitel portion of the color picture signal, corresponding to 
the given picture element. 

Ec/1 E/ = amplitudes of two orthogonal components of the chrominance 
signal corresponding respectively to narrow-band and wide
band oxes. 

ER',Ea',EB' = gamma-corrected voltage corresponding to red, green, and 
blue signals duriAg the scanning of the given picture element. 

"' = angular frequency 21r times frequency of the chrominance 
subcorrier. 

The portion of each expression between brackets represents the chrominance 
subcorrier signal that carries the chrominonce information. 

The phase reference in the EM equation is the phase of the burst + 180°, 
os shown in Fig. 16. The burst corresponds to amplitude modulation of o 
continuous sine wove. 

The equivalent bandwidth assigned prior to modulation to the color 
difference signals Ee/ and E/ ore os follows: 

0-chonnel bandwidth, 

At 400 kilocycles, less than 2 decibels down. 
At 500 kilocycles, less than 6 decibels down. 
At 600 kilocycles, at least 6 decibels down. 

I-channel bandwidth: 

At I .3 megacycles, less than 2 decibels 
down. 

At 3.6 megacycles, ot least 20 decibels 
down. 

reference 
burst 

\ 
\ 
\ 

\ 
\ 
\ 

,,,/' 
/ 

.,)E~ 

The gamma-corrected voltages 
ER', Ea' and EB' ore suitable for o 
color picture tube having primary 
colors with the chromoticities 
listed ot the right in the C.I.E. 
!Commission Internationale de · 
l'Ecloirogel system of specifica
tion. 

Fig. 16-Above, phases of color signal. 
color 

Red !RI 
Green (Gl 
Blue 18) 

X 

0.61 
0.21 
0.14 

I y 

0.33 
0.71 
0.08 

and having a transfer gradient lgommo exponent) of 2.2 associated with 
each primary color. The voltages ER', Ea', and EB' may be respectively of 
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Television broadcasting continued 

the form E8 112, Ea112, and EB112, although other forms may be used with 
advances in the state of the art. 

The radiated chrominance subcarrier vanishes on the reference white of 
the scene. The numerical values of the signal specification assume that this 
condition will be produced as C.I.E. Illuminant C (x = 0.310, y = 0.316l. 

E/, EQ', E/, and the components of these signals shall match each other 
in time to 0.05 microseconds. 

The angles of the subcorrier measured with respect to the burst phase, 
when reproducing saturated primaries and their complements at 75 percent 
of full amplitude shall be within ± 10 degrees and their amplitudes within 
±20 percent of the values specified above. The ratios of the measured 
amplitudes of the subcorrier to the luminance signal for the some saturated 
primaries and their complements must foll between the limits of 0.8 and 1.2 
of the values specified for their ratios. 

Visual transmitter design 

Over-all frequency response: The output measured into the antenna ofter 
vestigial-sideband filters shall be 
within limits of +o and 

- 2 decibels 
2 decibels 

- 3 decibels 
- 6 decibels 
± 12 decibels 

at 0.5 megacycles 
at 1.25 megacycles 
at 2.0 megacycles 
at 3.0 megacycles 
at 3.5 megacycles 

with respect to video amplitude char
acteristic of Fig. 17. 

For color transmission, the following 
limits apply: +o and 

-2 decibels at 0.5 megacycles 
- 2 decibels at 1.25 megacycles 
- 2 decibels from 1.25 to 4.18 mega-

cycles 

I!. +2 

~ 0 
~ 

-2 

-4 

-6 

-e 
-10 

-12 

-

-

\\ 
\' \ --\, 

\ 

,_ 

--- -- -rf -
\ - -- _,_ 
\ 

- - -

Jlillif1TIJ 
0 +1 +Z +3 +4 +5 
frequency in m990cyclts above visual carrier 

Fig, 17-ldeal demodulated amplitude char
acteristic of television transmitter. The 
dashed lines are F.C.C. limits. 

This response is with respect to o 200-kilocycle modulating frequency. 

Lower-sideband radiation: For modulating frequency of 1.25 megacy~les or 
greater, radiation must be 20 decibels below carrier. level. In addition, the 
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Television broadcasting continued 

rodk1tioo of the lowar sideband due to modu1otion by file color subcorrier 
(3.579545 megacycles) must be attenuated by a minimum of 42 decibels. 
For monochrome and color, the field strength of the upper sideband for a 
modulating frequency of 4.75 megacycles or greater shall be attenuated at 
least 20 decibels. 

Spurious and harmonic em1ss1on: All em1ss1ons removed in frequency in 
excess of 3 megacycles above or below the respective channel edge shall 
be attenuated by no less than 60 decibels below visual-transmitter power. 

Envelope delay: The modulated radiated signal shaU have an envelope delay 
relative to the average envelope delay between 0.05 and 0.2 megacycle 
of zero microseconds up to a frequency of 3.0 megacycles; and then 
line-orly decreasing to 4.18 megacycles to 0.17 microsecond at 3.58 mega
cycles. The tolerance on the envelope delay is ±0.05 microsecond at 3.58 
megacycles and linearly increasing to ±0.1 microsecond down to 2.1 
megacycles and up to 4.18 megacycles; and remain at ±0.l microsecond 
down to 0.2 megacycles. See Fig. 18. 

Radiated radio-frequency-signal envelope: Specified by Fig. 15 as 
modified by vestigial operation characteristic of fig. 14. 

Horizontal pulse-timing variations: Varia
tion of time interval between successive 
pulse leading edges to be less than 0.5 
percent of average interval. 

Horizontal pulse-repetition stability: Rate 
of change of leading-edge recurrence 
frequency shall not exceed 0.15 percent/ 
second. 

Aural t.ransmitte.r 

Modulation: Frequency modulation with 
100-percent swing of ±25 kilocycles. Re
quired maximum swing = ±40 kilocycles. 

Audio-frequency response: 50 to 15,000 
cycles within limits and utilizing pre
emphasis as shown in Fig. 7. 

i +0.1 

8 : 
!! ... 
e oi---+----i---t+-t-~ 
,'; 

{ 

0 2.1 3 3.58 4.2 
frequency in megocylt$ 

Fig. I I-Envelope delay curve for 
television transmitter. 
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Audio-frequency distortion: Maximum combined harmonic root-mean-square 
output voltage shall be less than 

inodulatlrtg fr-.iency 
In cycles/second 

Noise 

50- 100 
100- 7500 

750(H5000 

pw&enl 
harmonic 

3.5 
2.5 
3.0 

FM-55 decibels below JOO-percent swing. 

AM-50 decibels below level corresponding to 100-percent_modulation. 
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• Radar fundamentals 

General* 

A simplified diagram of a set for radio direction and range finding is 
shown in Fig. 1. A pulsed high-power transmitter emits centimeter waves 
for approximately a microsecond through a highly directive antenna to 

receiver 
N,8 

Fig. 1-Simpllfled diagram of a radar set. 

illuminate the target. The returned echo is picked up by the some antenna, 
amplified by o high-gain wide-band receiver, and displayed on an indicator. 
Direction of a target is usually indicated by noting the direction of the 
narrow-beam antenna at the time the echo is received. The range is measured 
in terms of time because the radar pulse travels with the speed of light, 
300 meters one way per microsecond, or approximately 10 microseconds 
per round-trip radar mile. Fig. 2 gives the range corresponding to a known 
echo time. 

The factors characterizing the operation of each component are shown 
in fig. 1. These are discussed below in turn and combined into the free
space range equation. The propagation factors modifying free-space range 
are presented. 

Transmitter 

Important transmitter factors ore, 

'T = pulse length in microseconds 

f, = pulse rote in cycles/second 

d = duty ratio = ,,.f, X 10-6 = P,./P11 

P,. = overage power in kilowatts 

Pp = peak power in kilowatts 

A = carrier wavelength in centimeters 

* "IRE Standards on Radio Aids to Navigation: OeflnitiOn$ of Terms, 1954," Proceedings af 
the IRE, vol. 43, pp. 189-"209; Feillruary, 1955. 
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Transmitter continued 

Pulse length is generally about one microsecond. A longer pulse may be 
used for greater range, if the oscillator power capacity permits. On the 
other hand, if a range resolution of .6.R feet is required, the pulse cannot be 
longer than .6.R/ 500 microseconds. 

The repetition frequency must be low enough to permit the desired maximum 
unambiguous range If,< 90,000/R,.). This is the range beyond which the echo 
returns after the next transmitter pulse and thus may be mistaken for a short
range echo of the next cycle. If this range is small, oscillator maximum 
average power may impose an upper limit. 

The peak power required may be computed from the range equation (see 
below) after determination or assumption of the remaining factors. Peak 
and average power may be interconverted by use of Fig. 3. Pulse energy 
is P r,T X 10-a joules. 
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Transmitter continued 

The choice of carrier frequency is a complex one, often determined by,) 
available oscillators, antenna size, and propagation considerations. 
Frequency-wavelength conversions are facilitated by Fig. 4, which also 
defines the band nomenclature. 
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Fig. 4-Correlatlon b41tween frequency, wavelength, and band nomenclature for rodor. 
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Antenna 

The beam width in radians of any antenna is approximately the reciprocal 
of its dimension in the plane of interest expressed in wave I ength units. 
Beam width may be found readily from Fig. 5, which also shows gain of a 
paraboloid of revolution. The angular accuracy and resolution of a radar 
are roughly equal to the beam width; thus precision radars require high 
frequencies to avoid excessively cumbersome antennas. 
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Fig, 5-Beam width and gain af a parabolic reflector. 

Target echoing area 
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The radar cross section u is defined as 41r times the ratio of the power per 
unit solid angle scattered back toward the transmitter, to the power per unit 
area striking the target. For large complex structures and short wavelengths, 
the values vary rapidly with aspect angle. The effective areas of several 
important configurations are listed in the following table.* 

*L. N. Ridenour, "Radar System Engineering," v. 1, Radiation Laboratory Series, McGraw-Hill 
Book Company, New York, New York; 1947. See pp. 64-68, 78, 80. 
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Target echoing area continued 

reflector 

Tuned X/2 dipole 
Small sphere with radius= o, where o/X < 0.15 
Lorge sphere with radius = o, where o/X > 1 
Corner reAector with one edge = a (maximum) 
Flot plate with area = A (normal incidence! 
Cylinder with radius = a, length l lnormol incidence) 

Small airplane IAT-lll 
large airplane 1B-171 
Small cargo ship 
large cargo ship 

Receiver 

cross 1eclion=a 

o.22x2 

9,ra2 {2,ro />J' 
,ra2 

4,ro4/3X2 

4,rA2/">,.2 
2,rl2a/X 

200 feet2 
800 /eet2 

1,500 feet2 
160,000 feet2 

The receiver is characterized by an overall noise figure N, defined as the 
ratio of carrier power available from the antenna to theoretical noise 

.t! 100 
0 
> g 
·e 50 
.E ... ., 
"' f 20 
1 
~ ·o 

10 C -::, a. 
.!: 
'E 5 
~ 
0 
> ·;; 
tr ., 

2 

0.1 L--....t..-1-J.....JL....L.W..LL--.i....-L-.&....S....l...l...U."----'--J.-_.._.__._,u.., 

OJ OJ! 0.5 1.0 2 5 IO 50 100 

8 = bandwidth In megacycles 

Fig. 6--Nolse fl9ure of a receiver of 9lven bandwidth. 



, 

RADAR FUNDAMENTALS 805 
Receiver continued 

power KTb, when the mean noise power and the carrier power ore equal.* 
This equality must be observed at some stage in the receiver where both 
hove been amplified so highly as to override completely any noise intro
duced by succeeding stages. KT = 4.1 X 10-21

, and b = receiver band
width in cycles/ second. The bandwidth in megacycles should be 1.2/ r, 
plus on allowance for frequency drift, thus usually about 2/ r. Fig. 6 enables 
the determination of the noise figure of a receiver operating from any 
source impedance, Zu ohms. E is one-half the open-circuit voltage of a 
fifty-ohm source, adjusted for receiver output carrier-plus-noise 3 decibels 

above noise alone. 

Thus, if the generator is calibrated for microvolts into Za ohms, use V 50 / Zu 
times the indicated voltage. If it is calibrated for voltage into on open 

circuit, multiply by ½V 50 / l 0, but odd series resistance to make source= l 0 

ohms, for which the receiver input is designed. 

lr1dicator 

The many types of rodo.- indicators ore shown in Fig. 7. Type A is the first 
type used, and the best example of a deflection-modulated display. The 
PPI is the most common intensity-modulated type. For the purpose of deter
mining maximum radar range, on indicator is characterized by a visibility 
factor V, definedf as follows: 

V = rPm1n X l0--{i/NKT 

where Pm1n is the receiver input-signal power in watts for o 50-percent 

probability of de- 1ot=::=:=f:=:l=E3:f:EEE=::3=::E:£:E:B3:J ., 
tection. ! I: +9 ] 

~ ~'.::::~::;;:;::t::t::1::l:titHt,..:.:.:.:.::!.~:.:+l~t...:+~iiifi ·u 
For on A-scope t 5 1-1---+.....;,..,l,:,-IH- i+---~-+-4-+-1-1-+-I-I ~ 
presentation, V ;g p..,d-++-F=~J:.+,1-.,..,...... -+---+-.J,_ji-1--~+6 ; 

may be found from -~ 3 ~::...,.::::f:~:,....1;;:+H++-i--;::::,,,....i.1 
Fig. 8, where r is in 11 

microseconds, and :,. z 1-..::::...,~4;:~"t--H~~IC'."-,l,--...J....::;:~,LJ+l-f 
B is in megacycles. 
The values are 
conservative, but 
the effects of 
changing rB and f, 
are shown cor
rectly. 

f, = pulse rate in cycles/second 

Fig. 8-Visibllity factor for an A scope. 

*Receiver noise figures ore more completely discussed in the chapter "Radio noise and 
interference," p. 768-770. 
t K. A. Norton, and A. C. Omberg, "The Maximum Range of o Rodar Set," Proceedings of the 
/.R.E., v. 35, pp. 4-241 January, 1947: p. 6. 
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type A type B 

,--------------------- ----·----------------
type C 

type G 

lt 

Ef)rti 
4 .. 
azimuth error 

Single signol only. Signal appears as 
"wingspot," position giving azimuth 
and elevation errors. length of wings 
inversely proportional to range 

type D 

Coone range in"formation provided 
by position of signal in broad azi
muthal trace. (Used in o prototype 
airborne interception set now obsolete.) 

type F 

Single signal only. In the absence of 
a signal, the spot may be made to 
expand into a circle 

Fig. 7-Types of radar Indicators 
are given on this and the facing 
page. 

Courtesy of McGraw·Hi/1 Book Campany 



type H 

Signal appears as two dots. Left dot 
gives range and azimuth af target. 
Relative position of right dot gives 
rough indication of elevation 

type J 

0 
Same as type A, except time base is 
circular, and signals appear as radial 
pips 

RADAR FUNDAMENTALS 

type I 

Antenna scan is conical. Signal is a 
circle, the radius proportional to 
range. Brightest part indicates direc
tion fram axis of cone ta target 

type K 

rang, t, 

Type A with lobe-switching antenna. 
Spread voltage splits signals from 
two lobes. When pips are af equal 
size, antenna is on target 

type L type M 

8Q)lr 08 _ _,;;;;;_,...,.. .. 
range • l'Gll94I ro• 

Same as type K, but signals from 
two lobes are placed back ta back 

type N 

A combination of type K and type M 

Type A with range step or range notch. 
When pip is aligned with step or 
notch, range con be read from dial 
or counter 

type P (PPI) 

Range is measured radiolly from 
center 

807 
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Range equation 

The theoretical maximum free-space range of a radar using an isotropic 
common receiving and transmitting antenna, lossless transmission line, and 
a perfect receiver, may be found as follows: 

Transmitted pulse energy = P' !in peak watts) X r' lin seconds) 

Energy incident on target = P'r' /4,rR2 per unit area 

Energy returned to antenna = P'r'u/(4,rR2) 2 per unit area 

Energy at receiver input = P'r'uX2/(4,r) 3R4 

where u, X, and R ore in the some units. 

Receiver input-noise energy KT = 4.11 X 10-21 joules. Assuming that the 
receiver odds no noise, and that the signal is visible on the indicator when 
sigr,ol and noise energies ore equal, the maximum range is found to be 

P'r'u">.2 
R• = 

l4,rl 3KT 

The free-space range of on actual radar will be modified by several 
dimensionless factors, primarily antenna gain G, receiver noise figure N, 
and indicator visibility factor V, as discussed above. 

Additional minor losses may be lumped under factors L1 and L2, one-way 
and two-way loss factors, respectively. L1 includes losses in transmission 
lines running from the tr switch to both transmitter and receiver, as well 
as tr loss, usually about 1 decibel. L2 includes loss of the transmission line 
between tr box and antenna, and atmospheric absorption. 

The range equation, including these factors, and using convenient units, is 

R,,, = 0.1146 ~P11ruX2G2L1LNVN 

where 

R,,, = maximum free-space range in miles 

P,, = peak power in kilowatts 

r = pulse width in microseconds 

u = effective target area in square feet 

X wavelength in centimeters 

The use of this equation is facilitated by use of decibels throughout, since 
many of the factors ore readily found in this form. Thus, to find maximum 
radar range, 



RADAR FUNDAMENTALS 809 

Range equation continued 

a. From Fig. 9, find IP P + T + 11 + X2) in decibels. 

b. Add 2 X (gain in decibels of common antenna!. 

c. Subtract (l1 + 2l2 + V + NI in decibels. Note: V may be negative. 

d. From the net result and Fig. 9, find Rm in miles. 
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•4Q 
I 2 !I I() 20 50 100 200 500 IOOO 2000 5000 !0000 
ronqe R11 in miles, p~k pow•r Pr in kilowatt,. target area ,,. in square fee1. woW'elength A in centirnet•r• 

0,1 

-r = pulse length in microseconds 

fig. 9-Tha radar range equation. 

Reflection lobes 

IO 100 

The maximum theoretical free-space range of a radar is often appreciably 
modified, especially for low-frequency sets, by reflections from the earth's 
surface. For low angles and a flat earth, the modifying factor is 

F 2 
. (2irh1h2l = sin ---

XR 
where h1, h2, and Rare defined in Fig. 10, all in the some units as X. The result-
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Reflection lobes continued 

fig. 10-Radar geornelry, showing reflection frorn flat earth. 

ing vertical pattern is shown in Fig. 11 for a typical case. The angles of the 
maxima of the lobes and the minima, or nulls, moy be found from 

8,,. 

where 

Bm = angle of maximum in radians, when n l, 3, 5 ..•• 

angle of minimum in radians, when n = 0, 2, 4 •••• 

This expression may be applied to the problem of finding the height of a 
maximum or null over the curved earth with the following approximate 
result, 

H2 = 44 n >. D/H1 + D2/2 

where 

H = feet 
A = centimeters 
D miles 

range 

f[g, 11-Vertlcal-lobe pattern rHalling from reflacllons from earth. 

\ 
\ 

' ' ~ I 
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Reflection zone 

The reflection from the ground occurs not ot a point, but over on elliptical 
area, essentially the first Fresnel zone. The center of the ellipse and its 
dimensions may be found from 

Xo d1(l + 2al 

X1 = 2d1 Va(l + a) 

Y1 = 2h1 Vall + al 
where xo, X1, Y1, d, are shown in Fig. 10, and 

d1 = h1d/h2 = hi/sin 0 

a = X/4h1 sin 0 
In the maximum of the first lobe, a = 1, and the distances to the nearest 
and farthest points are 

xo - X1 = 0.7h12/X 
Xo + x1 = 23.3h1

2 />.. 
Y1 = 2V2 h1 

These dimensions determine the extent of flat ground required to double 
the free-space range of a radar as above. The height limit of any large 
irregularity in the area is hi/4. If the same area is available on a sloping site 
of angle </>, double range may be obtained on a target on the horizon. 
In this case 

Xo + X1 = 1.46>../ sin2 <P 

Continuous-wave Doppler radar 

Echoes from stationary obiects confuse or mask those from aircraft, espe
cially on ppi scopes. This effect may be minimized by use of short pulses, 
narrow beams, and several circuit modifications, but it is still intolerable in 
many situations such as ground control of approach and aircraft detection. 
Discrimination between fixed and moving targets is possible by use of the 
Doppler principle. 

In its simplest application, a cw transmitter is used and the return energy 
is detected by mixing with a portion of the transmitter power. Fixed targets 
produce a constant voltage, whereas a moving target produces an alter
nating voltage at the Doppler frequency difference between transmitted 
and received signals, 

C + V 2V 
fa = ft --- - f, "" - f1 

C - V C 

where 

V 

89.4 >,. 

f,1 = Doppler frequency in cycles/second 
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Continuous-wave Doppler radar continued 

f, = transmitted frequency in cycles/second 
v = target radial velocity in miles/hour 

c = speed of propagation in miles/hour 

A transmitted wavelength in centimeters 

Each cycle of Doppler frequency corresponds to a target radial motion 
of one-half transmitted wavelength. Thus, a target moving with a radial 
velocity of 300 miles/hour = 440 feet/second will move about 880 half
waves per second at 1000 megacycles (). "" 1 footl, resulting in a Doppler 
frequency of about 880 cycles. Target azimuth may be determined by ro
tating an antenna beam, but range cannot be found without modulation of 
the transmitter, so this type of radar is suitable only for measuring radial 
velocities of targets, and sentry applications to detect presence rather 
than accurate position of moving targets. 

Pulsed Doppler radar--coherence 

The stroightforwa.rd way of obtaining range information is to pulse
modulate the transmitted carrier. If this is done in the simplified manner 
of Fig. 12, the received pulses will be small segments of the cw returns 
discussed above, as shown in Fig. 13. A fixed target produces uniform 
pulses, whereas moving-target pulses vary in amplitude periodically. An 
A-scope with one fixed and one moving target will appear as indicated. 
The basic cause of this distinction is phase coherence; that is, each time a 
fixed target echo returns, it is mixed with a voltage that has gone through 
the some difference in phase since the instant of transmission. 

To produce this some essential 
coherence in an actual radar using a 
magnetron, some complexity is re
quired as in the upper circuits of Fig. 
14. Here there is an extremely stable 
iocol oscillator, the stalo, that pro
vides a relatively fixed reference, 
pulse after pulse, and a coherent 
oscillator, the coho, operating at if 
frequency, capable of being started 
in a phase related to each trans
mission and providing a coherent 
reference in the interval from pulse 
to pulse. It con be seen that at 
Doppler frequencies that are mul
tiples of the repetition rate, the 

-✓o--
modulotor 

mixer 

Fig. 12-Slmple pulsed Doppler radar. 

4
fixed targets 

,,,1rl[rJJr: ~ I J t ,..,11'i7 
J::>" L V 

,. - "'-moving 
targets 

Fig. 13-Pulsed Doppler radar video signal. 
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Pulsed Doppler radar--coherence continved 

resulting pulses will be of constant amplitude, so these are said to be pro
duced by targets at 

!blind speeds! = n>,J,/89.4 

Moving-target-indicator radar 

Cancellation 

To provide moving-target indication lmtil on a ppi-scope, the constant
amplitude fixed-target pulses must be cancelled by subtraction of successive 
pulse trains. A typical cancellation-circuit block diagram is shown in the 
lower part of Fig. 14. The delay element is on ultrasonic transmission line, 

modulotor 

coho 

if amplifier 

cohered 
video 

modulated 
oscillator 

rf, if, and coherence circuits 

magnetron 
lronsmi!!er 

signal 
mixer 

cancellation circuits 

delay line 

Fig. 14-Moving•larget•lndicator radar. 

otr switch 

Ir switch 

detector 

moving 
target 
lo PPI 

either mercury or quartz. These operate best in the region of 10 to 30 
megacycles, so o carrier wave in this range is modulated by the video input. 
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Moving-target-indicator radar conrinved 

After delay, the signal is detected, amplifled, and subtracted from the next 
pulse train. Obviously, the delay must be I/ f,. For the mercury line, the 
length in inches determines the delay in microseconds, 

D = L ( 17.42 + 0.0052Tl 

where T is centigrade temperature. For quartz, the length !with no reflec
tions) is determined from 

D = 4.84 L 

Limitations 

There are three major limitations on the subclutter visibility (ratio of flxed 
target that can be cancelled to just-visible moving target!. 

Variation of fixed targets: Buildings and mountains do not vary, but vege
tation and sea-echo fluctuations are a function of wind velocity. In low 
winds, cancellation of 50 db may be expected. 

Antenna rotation: Antenna rotation modulates the flxed targets so that 
the visibility cannot be better than approximately 

V,c = 1040/rmaxW 

where 

V,c = subdutter visibility fratiol 

0 = antenna horizontal beamwidth in degrees 

r.,,,., = range of farthest clutter in miles 

w = rotational rate in revolutions/minute 

Thus for a beamwidth of one degree, maximum clutter range of 100 miles, 
and one antenna revolution per minute, V,c is 100 or 40 db. 

Equipment instabilities: The above limitations on maximum visibility must 
often be accepted as given. Then it is necessary to provide corresponding 
equipment stability, but there is no point in setting stability limits that would 
give performance exceeding the above two practical considerations. 
Permissible stalo and coho drift rated in kc/sec2 are given by 

df/dt = 20f,/V,c rm.ax 



RADAR FUNDAMENTALS 815 
Moving-target-indicator radar continued 

The coho mistuning should not be greater than l/4r megacycle where r is 
pulse length in microseconds. Proper operation of the cancellation equip
ment requires an ampfitude unbalance between the two channels of less 
than 100/V.c percent. Likewise, temporal unbalance between delay time 
and pulse interval must not exceed 50/Vsc percent of the interval. These 
figures are usually achieved and maintained by automatic balance controls. 
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• Wire transmission 

Telephone transmission-line data 

Line constants of copper open-wire pairs 

8- and 12-lnch spacing 

Insulators: 
40 pairs loll and double-petticoat (DP) per mile 
53 pairs Pyrex glass (CS) per mile 

Temperature 68° fahrenhell 

I 
resistance In ohms/loop mlle Inductance In mlllihenrles/loop mile 

165 mll 128 mil 104 mil 
freq 

I I 12" I 8" I 8" In 12" 8" 12" 
kc/s DP cs DP cs OP cs 

O.l 4.10 4,10 6.82 6.82 l0.33 10.33 
0.5 4.13 4.13 6.83 6.83 10.34 l0.34 
1.0 4.19 4,19 6.87 6.87 l0.36 10.36 
1.5 4.29 4.29 6.94 6.94 10.41 10.41 

2.0 4.42 4.42 7.fJ). 7.02 10.47 10.47 
3.0 4,76 4.76 7.24 7.24 10.62 10.62 
5.0 5.61 5.61 7.92 7.92 11.11 11.11 

10 7.56 7.56 10.05 10.05 12.98 12.98 

20 10.23 10.23 13.63 13.63 17.14 17.14 
30 12.26 12.26 16.26 16.26 20.55 20.55 
50 15.50 15.50 20.41 20.41 ' 25.67 25.67 

100 21.45 21.45 28.09 28.09 35.10 35.10 

150 26.03 26.03 33.96 33.96 42.42 42.42 
200 29.89 29.89 38,93 38.93 48.43 48.43 
500 46.62 46.62 60.53 60.53 74.98 74.98 

lOOO 65 . .54 65.54 84.84 84.84 104.9 104,9 

! leakage conductance In 
mlcro1'111iolfloop mile 

! 

freq dry-all gauges , wet-all gauges 
In 

12"-DPI 8"-cs !1211-DPJ 8"-cs kc/s 

0.1 0.04 0.04 I 2.5 2.0 
0.5 0,15 0.06 3.0 2.3 
1.0 0.29 0.11 3,5 2,6 
1.5 0.43 0.15 4.0 2.9 

2.0 0.57 0.20 4.5 3.2 
3.0 0.85 0.30 5.5 3.7 
5.0 1.4 0.49 7.5 4.6 

10 2.6 0.97 12.I 6.6 

20 5.6 

I 
1.9 20,5 9.6 

30 8.4 2.9 28.0 12.l 
50 14.0 4.6 41.1 15.7 

165 mil 128 mil II 104 mll 

12" I 8" 12" I 8" 12" I 8" 
OP CS DP CS DP CS 

3.37 3.11 3.53 3.27 3.66 I 3.40 
3.37 3.10 3.53 3.27 3.66 3.40 
3.37 3. 10 3.53 3.27 3.66 3.40 
3.37 3. 10 3.53 3.26 3.66 3.40 

3.36 3. IO 3.53 3.26 3.66 3.40 
3.35 3.09 3.52 3.26 3.66 3.40 
3.34 3.08 3.52 3.25 3.66 3.40 
3.31 3.04 3.49 3.23 3.64 3.38 

3.28 3.02 3.46 3.20 3.61 3.35 
3.26 3.00 3.44 3.17 3.58 3.33 
3.25 2.99 3.43 3.16 3.57 3.31 
3.24 2.98 3.42 3.15 3.55 3.29 

3.23 2.97 3.41 3,14 3 . .54 3.28 
3.23 2.97 3.40 3.14 3 . .54 3.28 
3.22 2.96 3.39 3.13 3.53 3.27 
3.22 2.96 3.38 3.12 3.52 3.26 

capacitance In 
microfarad1/laop 

mile 

wire size 

In apace 
165 mil 
128mil 
104 mil 

on 40-wlN llne, 
dry 

165mil 
126 mil 
104 mil 

011 40-w.,e line, 
wet 

165mil 
128 mil 
104 mil 

12" 

0.00898 
0Jl0855 
0.00622 

0.()0915 
0.00671 
0.00657 

0.0093 
0.0089 

l 0.0065 

0.00978 
0.00928 
0.00686 

0.01000 
0.00948 
o:00908 

0.0102 
0.0097 
0.0093 
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Telephone transmission-line data continued 

line constants of 40% Copperweld open-wire pairs 

8- and 12-inch spacing 

Insulators: 
40 pairs toll and double-petticoat (DP) per mile 
53 pairs Pyrex glass (CS) per mile 

Temperature 68° fahrenheit 

resistance In ohms/loop mlle inductance In milllhenries/loop mile 

165 mil 12,i mil 104 mil 165 mil 128 mil 104 mll 
freq 

I I I I in 12" l 8" 12" I 8" 12" 8" 12" 8" 12" a" 12" a" 
kc/s DP cs DP cs DP cs DP cs DP cs DP cs 

0.0 9.8 9.8 l.6.2 16.2 24.6 24.6 - - - - - -
0.1 10.0 10.0 16.3 16.3 24.6 ~-6 3.37 3.11 3.53 3.27 3.66 3.40 
0.5 10.0 10.0 16.4 16.4 ?AJ 24.7 3.37 3.10 3.53 3.27 3.66 3.40 
1.0 10.1 10.l 16.6 16.6 24.8 24.8 3.37 3.10 3.53 3.27 3.66 3.40 

1.5 10.1 10.1 16.7 16.7 24.9 24.9 3,37 3.10 3.53 3.26 3.66 3.40 
2.0 10.2 10.2 16.8 16.8 25.2 25.2 3.36 3.10 3.53 3.26 3.6o 3.40 
3.0 10.4 10.4 17.1 17.l 25.4 25.4 3.35 3.09 3.52 3.26 3.66 3.40 
5.0 10.6 10.6 17.4 17.4 26.0 26.0 3.34 3.08 3.52 3.25 3.66 3.40 

10 10.8 I0.8 17.7 17.7 26.5 26.5 3.31 3.04 3.49 3.23 3.64 3.38 
20 11.4 ll.4 18.2 18,2 27.l 27.1 3.28 3.02 3.46 3.20 3.61 3.35 
30 12.3 12.3 18.8 18.8 27.5 27.5 3.26 3.00 3.44 3.17 3.58 3.33 
50 14.5 14.5 20.4 20.4 28.7 28.7 3.25 2.99 3.43 3.16 3.57 3.31 

100 20.8 20,8 26.5 26.5 33.3 33.3 3.24 2.98 3.42 3.15 3.55 3.29 
150 25.9 25.9 32.5 32.5 39.6 39.6 3.23 2.97 3.41 3.U 3.54 3.28 

leakage conductance In 
micromhos/loop mile capacitance In 

I 

freq dry-all gauges I wet-all gaugH 
In 

12"-DPI a"-cs kc/s 12"-DPI a"-cs 

mlcrofarads/loop 
mile 

wlr• size 12" a" 
0.1 0.04 0.04 I 2.5 2.0 

I 0.5 0.15 0.06 3.0 2.3 
l.O 0.29 0.11 3.5 2.6 

, ... _. 
165 mil 0.00898 0.00978 
128 mil 0.00855 0.00928 

1.5 0.43 0.15 4.0 2.9 104 mil 0.00822 0,00888 

20 0.57 0.20 4.5 3.2 
3.0 0.85 0.30 5.5 3.7 

on 40-wlr• line, 
d,y 
165 mil 0.00915 0.01000 

5.0 1.4 0.49 7.5 4.6 128 mil 0.00871 0,00948 
10 2.8 0.97 12.l 6.6 104 mil 0.00857 0.00908 

20 5.6 1.9 20.5 
on 4Q .. wire Hne, 

9.6 wet 
30 8.4 2.9 28.0 12.1 165 mil 0.0093 0.0102 
50 14.0 4.8 41.l 15.7 128 mil 0.0089 0.0097 

104 mil 0.0085 0.0093 



818 CHAPTEll 28 

Telephone transmission-line data continued 

Attenuation of copper open-wire pairs 

a. and 12-lnch spacing 

Insulators: 
40 pairs toll and double-petticoat (DP) per mile 
53 pairs Pyrex glass (CS) per mile 

Temperature 68° fahrenheit 

dry weather 

attenuation in decibels per mile 

165 mll I 128 mil I 
freq 

I I I I I I In 12" 12" 8" 12" 12" 8" 12" 
kc/1 DP cs cs DP cs cs DP 

0.1 0.023 0.023 0.025 0.032 0.032 0.034 0.041 
0.5 0.029 0.029 0.0315 0.045 0.045 0.048 0.063 
1.0 0.030 0.030 0.0325 0.047 0.047 0.0505 0.067 
1.5 0.031 0.031 0.0335 0.048 0.048 0.051 0.068 

2.0 0.0325 0.032 0.035 0.0485 0.048 0.052 0.069 
3.0 0.036 0.034 0.038 0.051 Q.050 0.054 0.071 
5.0 0.044 0.041 0.0445 0.057. 0.055 0.0595 0.076 

10 0.061 0.056 0.0605 0.07(, 0.070 0.076 0.093 

20 0.088 0.076 0.083 0.108 0.096 • o.104 0.129 
30 0.110 0.092 0.100 0.135 0.116 0.125 0.159 
50 0.148 0.118 0.127 0.179 0.147 0.158 0.209 

100 - 0.165 0.178 - 0.204. 0.220 -
150 - 0.203 0.218 - 0.249 0.268 -
200 - 0.235 0.25 - - - -
500 - - 0.42± - - - -

1000 - - 0.7± - - - -
._-?';-: 

wet weather 

0.1 0.032 0.029 0.030 0.043 0.039 0.040 0.054 
0.5 0.037 0.034 0.036 0.053 · 0.050 0.053 0.072 
1.0 0.039 0.035 0.037 0.056 0.%2 ~.055 0.076 
1.5 0.041 0.037 0.0385 0.058 E).0535 0.0565 0.078 

2.0 0.043 0.038 0.040 0.060 0.0545 0.058 0.0805 
3.0 0.0485 0.041 0.044 0.064 0.0575 0.061 0.0845 
5.0 0.060 0.050 0.0525 0.075 0.0645 0.068 0.094 

10 0.085 0.068 0.072 0.102 0.083 0.0885 0.120 

20 0.127 0.095 0.101 0.150 O.ll6 0.123 0.173 
30 0.161 0.118 0.124 0.188 0.142 0.150 0.216 
50 0.220 0.154 0.162 0.253 0.185 0:195 0.287 

100 0.228 0.237 0.271 0.283 
150 0.288 0.299 0.339 0.353 

104 mil 

r 
12" s" 
cs cs 

0.041 0.0425 
0.063 0.067 
0.067 0.072 
0.068 0.073 

0.069 0.074 
0.070 0.076 
0.074 0.080 
0.087 0.094 

0.116 0.125 
0.140 0.151 
0.176 0.189 
0.244 0.262 

0.296 0.317 
- -
- -
-

0.049 0.0505 
0.069 0.0705 
0.073 0.0775 
0.0745 0.0795 

0.076 0.0805 
0.078 0.083 
0.084 0.089 
0.101 0.106 

0.137 0.144 
0.168 0.176 
0.217 0.227 
0.313 0.326 
0.390 0.405 



WIRE TRANSMISSION 

Telephone transmission-line data continued 

Attenuation of 40% Copperweld open-wire pairs 

8- and 12-lnch spacing 

Insulators: 
40 pairs toll and double-petticoat (DP) per mile 
53 pairs Pyrex glau (CS) per mile 

Temperature 68° fahrenhelt 

dry weather 

attenuation in decibels per mlle 

165 mil I 128 mil ' 
freq I ' 

I 
I 

In 12" 
I 

12" 
I 

8" 12" I 12" 'a'' 12" 
kc/s DP cs cs DP I cs cs DP 

0.2 0.054 0.054 0.057 0.073 0.073 0.017 0.091 
0.5 0.067 0.067 0.071 0.097 0.097 0.103 0.127 
1.0 0.073 0.013 0.078 0.112 0.112 0.120 0.152 
1.5 0.076 0.076 0.082 0.118 0.118 0.127 0.162 

2.0 0.077 0.077 0.083 0.120 0.120 0.130 0.168 
3.0 0.079 0.079 0.085 0.124 0.124 0.134 0.174 
5.0 0.082 0.082 0.088 0.127 0.127 0.138 0.179 

10 0.085 0.085 0.092 0.131 0.131 0.142 0.186 

20 0.088 0.088 0.096 0.135 0.135 0.147 0.191 
30 0.095 0.095 0.103 0.139 0.139 0.152 0.195 
50 0.110 0.110 0.119 0.150 0.150 0.163 

I 
0.206 

100 0.156 0.156 0.168 0.188 0.188 0.203 0.234 
150 0.199 0.199 0.214 0.233 0.233 0.251 I 0.273 

wet weather 

0.2 0.066 0.060 0.063 0.089 0.081 0.084 0.111 
0.5 0.077 0.072 0.076 0.111 0.104 0.110 0.145 
1.0 0.083 O.Q78 0.084 0.126 0.119 0.126 0.168 
1.5 0.088 0.082 0.087 0.130 0.124 0.133 0.178 

2.0 0.089 0.083 0.089 0136 0.128 0.137 0.184 
3.0 0.093 0.086 0.092 0.140 0.132 0.142 0.192 
5.0 0.100 0.091 0.097 0.147 0.137 0.148 0.201 

10 0.111 0.098 0.104 0.159 0.145 0.155 0.214 

20 0.126 0.107 0.115 0.175 0.155 0.166 0.233 
30 0.145 0.120 0.127 0.197 0.168 0.177 0.253 
50 0.184 0.147 0.153 0.230 0.190 0.199 0.288 

100 0.282 0.219 0.227 0.314 0.254 0.265 0.372 
150 0.370 0.285 0.295 0.415 , '0.324 0.336 0.461 

104 mil 

l 1211 

cs 

0.091 
0.127 
0.152 
0.162 

0.168 
0.174 
0.179 
0.186 

0.191 
0.195 
0.206 
0.234 
0.273 

0.101 
0.136 
0.160 
0.170 

0.176 
0.183 
0.190 
0.200 

0.212 
0.224 
0.247 
0.303 
0.367 

819 

8" 
cs 

0.096 
0.134 
0.162 
0.174 

0.180 
0.188 
0.195 
0.201 

0.207 
0.211 
0.221 
0.252 
0.293 

0.105 
0.142 
0.169 
0.181 

0.188 
0.196 
0.205 
0.215 

0.228 
0.238 
0.261 
0.317 
0.382 



type of circuit 

Non-pole po!r phys 

Non-pole pair side 

gouge 
of 

wire• 
mill 

165 

165 

Pole poir side 165 

Non-pole pair pt).on 165 

Non-pole pair phy• 128 

Non-pole po!r side 128 

Pole pair side 128 

Non-pole pair phon 128 

Non.pole pair phys 104 

Non-pole pair .side 104 

Pola pair side 104 

Non~pole poir phon 104 

1pac
lng 
of 

wire, 
inches 

8 

12 

18 

12 

8 

12 

18 

12 

a 
12 

18 

12 

continued Telephone transmission-line data 

Characteristics of standard types of aerial copper-wire telephone circuits 

1000 cycles per second 

DP (double petticoat) Insulators for all 12- and 18-lnch spaced wires. 

CS (special glass with steel pin) Insulators for all 8-lnch spaced wires. 

R 
ohms 

4.11 

4.11 

primory con1tant1 
f""loop mile 

lhe!r1-I ;, 
.00311 , .01000 

.00337 .00915 

4.11 .00364 .00863 

2.06 .00208 .01514 

6.7 4 .00327 .00948 

6.74 .00353 .00871 

6.74 .00380 .00825 

3.37 .00216 .01454 

l 0.15 .00340 .00908 

10.15 .00366 .QOllJ7 

10.15 .00393 .00797 

5.08 .00223 .01409 

G 
µmho 

.11 

.29 

.29 

.58 

• 11 

.29 

.29 

.58 

.11 

.29 

.29 

.58 

propagation con1tant 

palaf I re<:tongular 
rnag-1 ongle 

nl• deg 
lude _ + 
.0353 83.99 .00370 [ .0351 

.0352 84.36 .00346 .0350 

.0355 84.75 .00325 .0353 

.0355 85.34 .00288 .0354 

.0358 80.65 .00569 .0353 

.0356 81.39 .00533 .0352 

.0358 81.95 .00502 .0355 

.0357 82.84 .00445 .0355 

.0367 77.22 .00811 .0358 

.0363 77.93 .00760 .0355 

.0365 78.66 .00718 .0358 

.0363 79.84 .00640 .0357 

line lmpedonce 

polar I 
mag .. I angle 

nl• d,og 
tude 

565 

612 

653 

373 

603 

650 

693 

401 

644 

692 

730 

421 

5.88 

5.35 

5.00 

4.30 

8.97 

8.32 

7.72 

6.73 

12.63 

11.75 

10.97 

9.70 

I 

redongular 

562 

610 

651 

372 

596 

643 

686 

398 

629 

677 

717 

415 

I oh~• 

58 

57 

57 

28 

94 

94 

93 

47 

141 

141 

139 

71 

wove• 
length 
miles 

179.0 

179.5 

veloc• 
lly 

mile• .,... 
second 

179,000 

179,500 

often• 
uation 

db -mile 

.0325 

.030 

178.0 178,000 .028 

177.5 177,500 .025 

178.0 178,000 .0505 

178.5 178,500 .047 

l 77 .0 l 77,000 .044 

177.0 177,000 .039 

175.5 175,500 .072 

177.0 177,000 .067 

175.5 175,500 .063 

176.-0 176,000 .056 

Notes: 1. All valves ore for dry~weather conditions. 
2. All capocitonce values assume o line carrying 40 wires. 
3. Resistance values ore for temperature of 20° C {68° fl. 

00 
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freq In 
kc/1 

0 
0.1 
0.5 
1.0 

1.5 
2.0 
3.0 
5.0 

10 
20 
30 
50 

100 
150 
200 
500 

1000 

F0< 0° F: 
Increase by 
Decrease by 

For 110° F: 
Increase by 
Decrease by 

ntslstance 
ohm1/mlle 

13 I _!(, ! 19 

20.7 41.8 83.8 
20.7 41.8 83.8 
20.7 41.9 83.9 
20.8 42.0 84.0 

20.9 42.l 84.l 
21.0 42.2 84.2 
21,3 42.4 84.3 
22.0 43.0 84.5 

24.0 44.5 85.3 
29.1 49.5 89.0 
35.5 55,4 94.0 
47.5 67.0 105.5 

71.3 91.7 137.0 
90.0 111.2 165.0 -- -

-

- -
9% 9% 9% 

8% 8% 8% - -

lnduclance 
mllllhenrles / mile 

13 I 16 I 19 

1.070 1.100 1.112 
1.069 1.100 l.l12 
1.065 1.099 1.112 
1.060 1.098 1.111 

1.057 1.097 1.111 
1.053 1.096 l.110 
1.046 1.095 l.ll0 
1.035 l.093 1.109 

1.007 1.085 1.105 
0,968 1.066 1.095 
0.945 1.047 1.085 
0.910 1.015 1.065 

0.870 0,963 1.017 
0.850 0.935 0.980 
- --- -----
- - -

0,5% 0.5% 0.5% 

0.4% 0.4% 0.4% 
- -

continued Telephone transmission-line data 

Representative values of toll-cable line and propagation constants 

13, 16, and 19 AWG quadded toll cable 
Nonloaded 

All figures for loop-mile ba1l1 
Temperature 55° fahrenhelt 

condudantt 
mlcromhos/mlle i,f/mlle ohm1 radlan1/mlle declbel1/mlle 

\ 

copacllance l chora-l1llc Impedance I phaoe 1hlfl I attenuation 

13 I 16 I 19 13, 16, or 19 13 I 16 _I _ ___!! 13 I 16 I 1_9 13 I 16 I 19 

- 0.0610 - - - - - -
0.40 0.25 0.10 0,0610 530-;/505 745-)730 l 050-jl040 0.020 0,027 0.040 0.17 0.24 0.35 
1.4 0.75 0.40 0.0609 25o-;2l0 345--;1'315 480-- /460 0.050 0.064 0.092 0.36 0.51 0.77 
2.5 1.5 1.0 0.0609 195-/140 255-j215 345- }319 0.075 0.092 0.133 0.47 0.69 1.06 

3.5 2.0 1.6 0.0608 170-j105 225-;il 75 290- /255 0.100 0.116 0.17 0.53 0.79 1.27 
4.5 265 2.35 0.0608 160- j85 205-}150 255- }215 0.120 0.140 0.20 0.58 0.87 1.44 
6.5 4,15 4,05 0,0607 145- 163 180-J115 217- /170 0.170 0.189 0.25 0.63 1.00 1.68 

I0.5 7.6 8.0 0.0606 135- /42 155- }72 182- /120 0.26 0.28 0.35 0.70 1.16 2.03 

21.0 18.5 20.0 0.0605 131- j23 142- /40 155- j73 0.50 0.52 0.59 0.80 1.32 243 
47.0 46.2 50.0 0.0604 128- /15 137- /25 141- /41 0.97 1.00 1.07 1.04 1.55 277 
78.0 80.5 87.5 0.0602 126- Jl2 135- /18 137- j30 1.43 1.48 1.57 1.27 1.78 3.02 

150. 160. 180. 0.0600 124- ;10 133- /13 134- j20 2.34 242 2.60 l.75 2.24 3.53 

350. 400. 450. 0.0598 121- }7.3 130- j9 131- /13 4.54 4.71 5.00 2.72 3.31 4.00 
600, 700. 800. 0.0595 ll9- /6.0 127- j7 129- /11 6.73 6.94 7.25 3.60 4.27 6.00 
- - - - - - - - - - - - 7.00 
- - - - - - - - - - - 12= 
- - - - - - - - - - - 18= ---- ----------

50% 50% 50% - - - - - - - -
- - - 2% - - - 2% 2% 2% 9% 9% 9% 

- - 2% - - - 2% 2% 2% 9% 9% 9% 
50% 50% 50% - - - - - - -

!£ 
~ 

"' .... ; 
z 
! 
l:l 
0 z 

CIC 
r--...::1 -



1pac .. 
type ln11 of 

wire of load 
load• coil• 11au11e 

AWG Ing• mlles 

tide circuit 
19 N.l.S. -
19 H-31-S 1,135 
19 H-44-S 1.135 

19 H-88-S 1.135 
19 H-172-S l.135 
19 8,88-S 0.561! 

16 N.LS. -
16 H-31-S 1.135 
16 H,44-S l.135 

16 H-88-S 1.135 
16 H-172-S l.135 
16 B-88-S 0.566 
13 N.I.S. 

phantomJcircuit 
19 N.LP. -
19 H-18-P l.135 
19 H-25-P 1,1;)5 

19 H-50-P 1.135 
19 H-63-P l.135 
19 B-50-P 0.568 

16 N.l.P. -
16 H-18-P 1.135 
16 H-25-P 1.135 

16 H-50-P l.135 
16 H-63-P 1.135 
16 B-50-P 0.568 
13 N.l.P. 

phy1lcal circuit 
16 I B-22 I o.568 I 

C011linued Telephone transmission-line data 

Approximate characteristics of standard types of paper-insulated toll telephone cable circuits 
1000 cycles per second 

constant, aHumed lo be 
pro,qalloa conttanl llne lmpedonce 

dlatrlbuted per loop mile 
P~• I ....,..,ngvi.,, 

-~---\ 1ecton11vlor 
velocity cut-off allenvpHa 

oh'!..1 I he!,J , ,,~ho -::11nl• F111a l 
WGV9• mile• fre. declbel1 

C magnl• angle R X I-th 
1wde l d911 - ohm• l ohm• 

per qu•ncy PM' 
,,f tude deg+ " (J mile• ••cond ,. mll• 

n 

84.0 0.001 0.061 1.0 0.183 47.0 0.1249 0.134 470 42.8 345 319.4 46.9 46900 - 1.06 
87.2 0.028 0.061 1.0 0.277 76.6 0.0643 0.269 710 13.2 691 162.2 23.3 23300 6700 0.56 
88.4 0.039 0.061 1.0 0.319 79.9 0.0561 0.314 818 9,9 806 1-40.8 20.0 20000 5700 0.49 

91.2 0.078 0.061 1.0 0A41 84,6 0.0418 0.439 1131 5.2 1126 102.8 14.3 14300 4000 0.36 
96.3 0.151 0.061 1.0 0i>l0 87.0 0.0323 0.609 1565 2.8 1563 76.9 10.3 10300 2900 0.28 
97.7 0,156 0.061 1.0 0.620 87.0 0.0322 0.619 1590 28 1588 76.7 10.2 10200 5700 0.28 

421 0.001 0.061 1.5 0.129 49.1 0.0842 0.097 331 -40.7 255 215.4 64.5 64500 0.69 
44.5 0.0'28 0,061 1.5 0.266 82.8 0.0334 0.264 683 7.0 677 83.0 23.8 23800 6700 0.29 
45.7 0.039 0.061 1.5 0.315 84.6 0.0296 0.313 808 5.2 805 72.8 20.l 20000 5700 0.26 

48.5 0.078 0.061 1.5 0.438 87.6 0.0224 0.437 1124 27 1123 53.1 14.4 14400 4000 0.19 
53.6 0.151 0.061 1.5 0.608 88.3 0.0183 0.608 1562 1.5 1562 41.1 10.3 10300 2900 0.16 
54.9 0.156 0.061 1.5 0.618 88.3 0.0185 0.618 1587 1.5 1587 41.4 l0.2 10200 5700 0.16 
20.8 0.001 0.061 2.5 0.094 52.9 0.0568 0.075 242 36.9 195 J.4().0 83.6 83600 - 0.47 

42.0 0,0007 0.100 1.5 0.165 47.8 0.1106 0.122 262 420 195 175.2 51;5 51500 - 0.96 
43.5 0.017 0,100 1.5 0.270 78.7 0,0529 0.264 429 11.1 421 82.6 23,8 23800 7000 0.46 
44.2 0.023 0.100 1.5 0.308 BJ.3 0.0466 0.305 491 8.5 485 72.4 20.6 20600 5900 0.40 

45.7 0.045 0.100 1.5 0.424 85.3 0.0351 0.•Zl 675 4.5 673 53.3 14.9 14900 4200 0.30 
47.8 0.056 0.100 1.5 0.472 86.0 0.0331 0.471 752 3.8 750 49.8 13.3 13300 3700 0.29 
49.0 0.089 0:100 1.5 0.594 87.4 0.0273 0.593 945 2.4 944 39.8 10.6 10600 5900 0.24 

21.0 0.0007 0.100 2.4 0.116 50.0 0.0746 0.089 185 39.0 144 116.3 70.6 70600 0.65 
22.2 0.017 0.100 2.4 0.262 84.0 0.0273 0.260 417 5.8 415 41.8 24.l 24100 7000 0.24 
22.8 0.023 0.100 2.4 0.303 85.4 0.0243 0.302' ,183 4.4 481 36.8 20.8 20800 5900 0.21 

24.3 0.045 0.100 2.4 0.422 87.4 0.0189 0.422 672 2.4 672 27.5 14.9 14900 4200 0.16 
26.4 0.056 0.100 2.4 0.471 87.7 0.0185 0.471 749 2.0 749 . 26.6 13.4 13400 3700 0.16 
27.5 0.089 0.)00 2.4 0.593 88.5 I 0.0157 I 0.593 944 1.3 944 21.4 10.6 10600 5900 0.14 
10.4 0.0007 0.100 2.4 0.086 55.1 o.0442 I 0.071 137 33.9 ll4 76.3 89.l 89100 0.43 

43.l I o.o4o I 0.061 I 1.5 I 0.315 I 85.0 I 0.0273 I 0.314 I 809 I 4.8 I 806 I 67.1 l 20-0 I 20000 I 11300 I 0.24 

* The letters H and B !ndlcate loodi'lg~coil spacings of 6000 and 3000 feet, respectlYely. 

cc:, 
r--.:, 
r--.:, 
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wire 
gauge 
AWG 

26 

24 

,22 

19 

16 

I 
!R !he third 
!mfoctgftCe 

continued Telephone transmission-line data 

Approximate characteristics of standard types of paper-insulated exchange telephone cable circuits 
1000 cycles per second 

code 
no 

BST 
ST 

DSM 
ASM 

CSA 

CN8 
DNB 

NH 

loop mile mid-section 
constants prapogalion constant charaderlstlc Impedance 

lµ:ha 
polar l rectangular polar I rectangular 

velocity affen 
type wave miles cut- db 

of C I angle I fJ m I angle Zo I Zo, length per off per 
loading 1 µ.f mag deg a ag deg I 1 miles second freq mile 

NL .083 1.6 - - - 910 - - - - - 2,9 
Nl .069 1.6 .439 45.30 .307 .310 1007 44.5 719 706 20.4 20,400 - 2,67 

NL .085 1.9 725 - 2.3 
Nl .075 1.9 .355 45.53 .247. .251 778 44.2 558 543 25.0 25,000 - 2.15 

M88 .075 1.9 .448 70.25 .151 .• 421 987 23.7 904 396 14.9 14,900 3IOO 1.31 ,: H88 .075 1.9 .512 75.28 .13(} .495 1160 14.6 l122 292 12.7 12,700 3700 1.13 
888 .075 1.9 .684 81.70 .099 .677 1532 8.1 1515 215 9.3 9,270 5300 0.86 

Nl .083 ·2.1 .297 45.92 .207 ,213 576 43.8 416 399 29.4 29,400 - 1.80 
M88 .083 2.1 .447 76.27 .106 .434 905 13,7 880 214 14.5 14,500 2900 0.92 
H88 .083 2.l .526 80.11 .. 0904 .. 519 1051 9.7 1040 177 12.1 12,100 3500 0.79 
H135 .083 2.1 .644 83.50 .0729 .640 1306 6.3 1300 144 9.8 9,800 2800 0.63 
B88 .083 2.1 .718 84.50 .0689 .718 1420 5.3 1410 130 8.75 8,750 5000 0.60 
8135 .083 2.l .890 86.50 .0549 .890 1765 3.3 1770 102 7.05 7,050 4000 0.48 

NL .085 1.6 - ··- - - 400 - - - - - 1.23 
NL .066 1.6 .188 47,00 .128 .138 453 42.8 333 308 45.7 45,700 1.12 

M88 .066 1.6 .383 82.42 .0505 .380 950 8.9 939 146 16.6 16,600 3200 0.44 
H88 .066 1.6 .459 84,60 .0432 .459 1137 5,2 1130 103 13.7 13,700 3900 0,38 
H135 .066 1.6 .569 86.53 .0345 .570 1413 4.0 1410 99 ll.O 11,000 3200 0.30 
H175 .066 1.6 .651 87.23 .0315 .651 1643 3.3 1640 95 9.7 9,701} 2800 0.27 
888 .066 1.6 A41 86.94 .0342 .641 1565 2.8 1560 77 9.8 9,800 5500 0.30 

NL .064 1.5 .133 .(9.10 .0868 .1004 320 40.6 243 208 62.6 62,600 - 0.76 
M88 .064 1.5 .377 85.88 .0271 .377 937 4.6 934 76 16.7 16,700 3200 0.24 
H88 .064 1.5 .458 87.14 .0238 .458 1130 2.8 1130 55 13.7 13,700 3900 0.21 

or the above table the lettett tv\. H, and B indicate looding~coH tpocings of 9000 feet, 6000 feet, and 3000 feet, respectively; and the figures :show the 
loading coils u;rui 
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824 CHAPTER 28 

Telephone transmission-line data continued 

Representative values of line and propagation constants of 
miscellaneous cables 

A II figure• for loop-mile bail& 

Nonloaded 

Temperature 55° fahrenhelt 

16-gauge splral-four (disc-Insulated) toll-entrance cable 

freq I I I I 1•haraderisllc I phase shill I In re1lltance lndudance conductance capacitance Impedance radiant/ I offenualian 
kc/1 ohms/mil• mh/mile µmho1/miie µf/miie ahms mile dbjmila 

' 
0.1 42.4 2.00 0,042 0.02491 - 0.024 I 0.18 
0.5 42.9 1.98 0.053 0 02491 54(}-j460 0.045 0.32 
l.O 43.4 1.94 0.074 0.02491 428-j324 0.067 0.44 

1.5 43.9 1.89 0.102 0.02491 38(}-j275 0.085 0.49 
2.0 44.4 1.82 0.127 0.02491 35(}-j230 0.101 0.55 
3.0 45.5 1.74 0.186 0.02490 307-j157 0.145 0.64 

5.0 47.5 1.64 0.320 0.02490 279-j107 0.218 0.74 
10 50.8 1.56 0.72 0.02489 258-j63 0.405 0.85 
20 56.9 1.53 1.95 0.02488 226-j36 0.78 0.99 

30 63.0 l.52 3.54 0.02488 248-j26 1.15 1.lO 
50 73.0 1.51 7.1 0.02488 245-j19 1.90 1.31 

100 94.8 I 
1.46 16.9 0.02488 243-j13 3.80 1.7! 

150 113.5 I 1.44 27.1 0.02488 24(}-jlO 5.65 2.08 
200 130.0 l 1.43 I 38.0 0.02487 - - 2.35 

22 A WG emergency cable 

aide: 

0 166 1.00 
l 1.3 0.063 468-j449 1.53 

phanl: 

0 83 0.69 
l 2.1 0.100 265-j250 1.37 

19 A WG CL emergency cable 

aide: l 
dry 0 92 1.39 negligible 
wet 0 92 1.39 negligible 
dry I negligible 0.110 272-f244 1.48 
wet 1 negligible 0.14 239-j214 1.69 

phant: 

dry 0 46 0.5 negligible 
wet 0 46 0.5 negligible 
dry 1 negligible 0.25 124-j116 1.58 
wet 1 negligible 0.28 1171109 l.69 
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Telephone transmission-line data continued 

Coaxial cable 0.27-lnch diam (New York-Philadelphia 1936 type) 
Temperature 68° fuhrenheil 

,,.q I I I I characlerl1llc pho1e shift I 
in ,esl,tance Inductance , conductance capacitance i Impedance radian•/ att.nuollo n 

kc/1 ohm1/mlle mh/mlle I µmhos/mile µf/mlle ohms mile db/mile 

50 24 0.48 23 I 0.0773 78.5 
100 32 0.47 46 0.0773 78 
300 56 0.445 156 I 0.0772 76 

1000 100± 0.43 570 t 0.0771 74.5 

Coaxial cable 0.27-inch diam (Stevens Point-Minneapolis type) 
Tem-ature 68° fohrenhell 

10 
20 
30 

50 
100 
300 

1000 
3000 

10000 

Coaxial cable 0.375-lnch diam (Polyethylene discs) 

10 
20 
30 

50 
100 
300 

1000 
3000 

10000 

79 -j6 
77.8-j4 
76.1-j2 

75 -jl.3 
74.5-jl.1 

50± 

----

1.3 
1.9 
3.2 
6.1 

0.75 
0.92 
1.10 

1.38 
1.70 
3.00 

5.6 
10 
18 

0.53 
0.65 
0.72 

0.90 
1.18 
2.1 

4.0 
7 

13 
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Telephone-set comparison* 

The following graphs compare the 500-type telephone set (solid lines in 
the graphs) with the older 302-type set !dashed lines!. 

* W. F. Tuffnell, "500-Type Telephone Set," Bell Laboratories Record, vol. 29, pp. 414-418; 
September, 1951. 

Comparison of over-all response Courtesy ol Bell Laboratories Record 
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Telephone-set comparison continued 

Relative volume levels Courte,y of Bell Laboratories Record 

loop resistance in ohms 
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Comparative sidetone levels Courtesy of Bell Loborotories Record 
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Negative-impedance telephone repeaters 

characteristic 

Generation of 
negative Z and Y 

Insertion gain 
between line A 
and line 8 

Stability 
conditions 

Typical network 
configurations for 
telephone lines 

Maximum practical 
gain for a -Z or 
- Y repeater 

series type 

Typical -z generator 

* Positive feedback 

Z,1 + 2B + Z > 0 

Z network for loaded cable 

shunt type 

Typical - Y generator 

* Positive feedback 

i 
! Y network for non loaded cable 

I and open wire 

I ~:J Nit--_,i-ne s_: ,] 
Characteristic impedance = Zo 

Propagation constant = ,.,, = c, + j fJ per unit length ! 
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Negative-impedance telephone repeaters continued 

For a series { - Z-type) repeater 

j (N,tZo,A+ NBZo,B) I 
Maximum gain = -20 log,o 

1
1 - M Zo,A + Zo,B db 

where 

N minimum normalized impedance seen by repeater 

r = (!___1:,+:-- Zo) exp •- 2'Y/ = load reflection coefficient plus twice line loss 
ZL 1, 

M = stobility Factor, usually 0.9 (stability margin 1 - Ml 

For a shunt ( - Y-type) repeater 

Substitute Yo,A for Zo.A and Yo,B for Zo.B 

829 

A negative-impedance telephone repeater is a voice-frequency repeater 
that provides effective gain by inserting a negative impedance into the 
line to cancel out the line impedances that cause transmission losses. 

It is possible to generate two distinct types of negative impedances. The 
series type is stable when it is terminated in an open circuit and oscillates 
when connected to a low impedance. The shunt type is stable when short
circuited but will oscillate when terminated in a high impedance. The shunt 
type may be regarded as a negative admittance. 

Because they represent lumped impedance discontinuities, series or shunt 
negative-impedance repeaters cause renection at the point of insertion. 
These renections produce echoes and limit the gain obtainable. To over
come these objections, series and shunt repeaters in combination are used. 

The chart on these pages illustrates the characteristics of the two types of re
peater. The chart assumes uniform lines. For nonuniform lines, reflections 
at all junctions must be computed and referred to the repeater location. 
In switched telephone trunks, ZL is generally taken as zero or infinity. 

Between lines having reasonably similar impedances, the bridged-T-con
f1guration combination repeater may be used. Its insertion gain is 

I - ZY/4 
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Negative-impedance telephone repeaters continued 

The characteristic impedance of the series-shunt repeater is 

Zo = IZ/YP12 

ond its transmission is 

1 - x/2 
exp 'Y - 1 + x/2 

wherex = (ZYJli2 = Z/Zo = Y/Yo 

The maximum gain obtainable from a bridged-T repeater is given by 

20 10910 (exp "(l < IRLA/2) + {RLB/2) 

where RLA and RLB are the minimum return losses of the two lines relative 
to the characteristic impedance of the repeater. For best results, the 
characteristic impedance of the repeater should be matched to that of 
the line having the higher return loss. 

In practice, the above gain must be reduced somewhat to allow a margin 
of stability. 

In cases where the combination repeater is inserted between lines whose 
impedances differ by 3: 1 or more, an "L" configuration (with the Z-type 
toward the higher impedance) may prove advantageous because of its 
impedance-matching properties. 

Carrier telephone systems 

Many types of carrier systems are available. These may be classified 
according to the following characteristics: 

Speech bandwidth in cycles per second-300-2700, 250-2700, 250-3000, 
250-3100, 250-3400* 

Signaling method 

By type: 

Ringdown, dialing IE and M leads) 

By frequency (c/ sl: 

In-band- Single frequency 1000, 1600, 2100, 2280, 2600 
2700, 3000, interrupt carrier. 

Out-of-band- Single frequency 3400, 3550, 3700, 3850. 

Frequency shift 12 tones), 3400 and 3550, 3450 and 3550, frequency shift of 
carrier. 

• With in-band signaling. 
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Carrier telephone systems continued 

Type of termination 

2-wire, 4-wire, conditions for interconnection with other systems: 

4-wire input levels vary from -13 to -17 dbm. 

4-wire output levels vary from +4 to + 10 dbm. 

2-wire input level is zero dbm. 

2-wire output level depends on circuit length, type of level stabilization, 
and hybrid balance. An average value is -9 dbm. 

Length of system 

long haul, medium haul, short haul, subscriber carrier. 

Terms commonly used in carrier telephone transmission 

Four-wire termination: Separate wire 
transmitting and receiving circuits 
at a terminal. 

Two-wire termination: The transmit
ting and receiving circuits are ter
minated in a single wire pair by 
means of a four-wire terminating set. 

Four-wire terminating set: A four
wire terminating set consists of a 
form of bridge circuit called a hybrid. 
The hybrid circuit may be made up of 
one or more transformers or it may 
be made up of resistors. The circuit 
is arranged so that the two-wire 
line and a balancing network form 
one pair of conjugate arms of the 
bridge. The four-wire input and out
put circuits are connected to form 
another pair of conjugate arms of 
the bridge. The amount of coupling 
between the input and output cir
cuits at any frequency is determined 
by the degree of match between the 
impedances of the balancing net
work and the two-wire termination. 

pairs are employed to terminate the 

bolanclng 
network 

Two-coll hybrid1 normol transmission Ion 
= 3.5 to 4.0 db. 

2-wire 
termino11on 

_.,. 4-wire inp!JI 

balancing 
network 

4- 4•wlre output 

Simple resistance hybrid; normal trans
misshln loH = 6 db. 
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Carrier telephone systems continued 

Compromise network: The two-wire termination at a terminal is usually of 
varying impedance. It is therefore not practical to provide a network that 
will maintain a good hybrid balance under all conditions. A compromise 
network {usually a resistance in series with a capacitor, the values of which 
are determined by the general level of impedance) is employed to provide 
adequate average balance. 

Transhybrid loss: The transhybrid loss is the transmission loss measured 
across the hybrid circuit for a given two-wire termination and balancing 
network at a given frequency. 

Return loss: The return loss (Rll is the transhybrid loss less the sum of the 
losses from the two-wire path to each of the four-wire terminals. 

(Return lossl = 20 10910 ZN + ZL 
ZN - ZL 

where 

ZN = network impedance 

ZL = two-wire termination impedance 

Crosstalk units: (CUl 

!Number of crosstalk units) 

where 

PR = power in the disturbed circuit 

P3 = power in the disturbing circuit 

In decibels, 

(crosstalk! 20 10910 (106/ crosstalk units) = 10 10910 fP3 /PR) 

Relative level: The relative power level at a point of the system, expressed 
in nepers, is one-half the natural logarithm of the ratio of the power at 
that point to the value of the power at the point of the system chosen as 
a reference point. Expressed in decibels, it is ten times the decimal logarithm 
of the above ratio. (Note: The reference point normally chosen is the test 
board at the transmitting end of the long-distance line.I 
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Carrier telephone systems conlinood 

Net loss (equivalent): The net loss of a transmission system is the difference 
between the relative levels at the input and output of the system; in cases 
where the input corresponds to a point of zero relative level, it is equal in 
value, but opposite in sign, to the relative level at the output. 9 db is con
sidered as a representative net circuit loss for a long circuit. Lower values may 
be employed provided satisfactory echo and singing margin are obtained. 

Singing margin: The singing margin of a circuit is defined as the maximum 
amount by which the net loss of each of the two directions of transmission 
may be reduced simultaneously before singing occurs. A minimum value of 
8 db is generally required for satisfactory transmission. 

Intelligible crosstalk: In the coaxial case, a maximum length of parallel 
between any disturbing and disturbed channel is fixed by American Tele
phone and Telegraph Company at 1000 miles. Under this condition, the 
rms coupling in crosstalk units is required to be equal to at least 64 db 
between the zero level of the disturbing circuit and the -9-db level of 
the disturbed circuit. When crosstalk is unintelligible, it is treated as noise 
and the noise thus introduced should be consistent with the noise allowance. 
The American Telephone and Telegraph Company specifies that the 
crosstalk coupling in decibels corresponding to the root-mean-square 
value of all combinations, expressed in crosstalk units, shall be 55 db 
between equal-level points. 

E and M leads: The E and M leads of a signaling system are the output 
and input leads, respectively. The E lead provides an open or ground. 
The M lead accepts open or ground, or battery or ground, as the circuit 
may require. 

Frequency-allocation and level-comparison charts 

The following notes apply to the charts of frequency allocation and level 
comparison (pp. 834-8371 for the variou3 commonly used wire and cable 
carrier telephone transmission systems. 

Notes: 

Solid arrows = carrier frequencies 
Dotted arrows = pilot frequencies 

1' = east-west or A-B direction 

,L, = west-east or B-A direction 

~--~ = channel No. 1 

~ = signalling frequency 

FTR = Federal Telephone and Radio Company, 
a division of IT& T 

STC = Standard Telephones and Cables, Limited 
WECa = Western Electric Campany 
KSS Kellogg Switchboard and Supply Com

pany, a division of IT& T 
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Carrier telephone systems continued 

Frequency allocation, for open-wire carrier telephone systems 
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• letters A, B, C, D designate 4 band locations in each of which 6 telegraph channels may be applied. 
See notes on p. 833. 
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continued Carrier telephone systems 

Frequency allocations and level comparisons (WECo) 
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Open wire 

continued Carrier telephone systems 

Frequency allocations for 12-channel open-wire and 12- or 24-channel cable-carrier systems 

WECo I 
type J _ STC 

NA I SOJ-A-12 

NB SOJ-C-12 

SA SOJ-B-12 

SB SOJ-D-12 

Cable 

WECo type K 

STC 24-channel 

0 25 

Notes: frequency in kilocycles/ second 

Carriers spaced 4 kilocycles apart, 
Sidebands include speech from 200 to 3300 cycles. 
Frequencies shown are line frequencies obtained by two or 

more stages of modulation. 

50 75 100 1~5 

Channel numbers are shown at the base of each arrow. 
See olso notes on p. 833. 
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continued Carrier telephone systems 

Frequency allocations and modulation steps for coaxial-cable carrier systems 

Channel modulation 

1 st group modulation 

2nd group modulation 

S..,,•••""'• l 
Notes: 
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CCIF 

WECo 
type L 

I~ ......... ~ ....... . 
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Frequencies shown are line frequencies obtained by two or 
more stages of modulation. 
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See also notes an p. 833. 
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Compandors 

Compandors are employed on a telephone channel to improve the noise 
and crosstalk quality of the channel. 
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A compondor circuit includes o compressor al the transmitting end and an 
expander at the receiving end. 

Syllabic type of compondors may be applied to any telephone channel. 

The standard type of com pond or employs o 2: l compressor (output ampli
tude increases l db for each 2 db increase in input amplitude) and an 
expander that hos the inverse characteristic. With this type of compandor, 
an effective signal-to-noise improvement of about 22 db may be expected. 

Limitations to compandor application 

Compandors, due to expander action, will double the decibels effective 
line-loss variations and variations in loss at the different frequencies. 

Unusually high noise levels will not be materially reduced. 

Telephone noise and noise measurement 

Definitions 

The following definitions are based upon those given in the Proceedings of 
the tenth Plenary Meeting ll9341 of the Comite Consuftatif International 
T elephonique (C.C./.F.I. 
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Telephone noise and noise measurement continued 

Note: The unit in which noise is expressed in many of the European countries 
differs from the two American standards, the noise unit and the db above 
reference noise. The European unit is referred to as the psophometric electro
motive force. 

Noise: Is a sound which tends to interfere with a correct perception of vocal 
sounds, desired to be heard in the course of a telephone conversation. 

It is customary to distinguish between: 

Room noise: Present in that part of the room where the telephone appa
ratus is used. 

Frying noise {transmitter noise): Produced by the microphone, manifest 
even when conversation is not taking place. 

Line noise: All noise electrically transmitted by the circuit, other than room 
noise and frying noise. 

Reference noise: The reference power level for noise measurements in the 
United States has been standardized as 10-12 watts, or 90 db below 1 
milliwatt at 1000 c/s. Noise power readings may be expressed in dbrn 
(db above reference noise). 

Noise weighting: Noise weighting is employed to obtain a noise measure
ment that is representative of the relative disturbance effect of the noise 
frequencies in a communication l o 
system. The two types of weight- .!! 

f: -10 
ing networks {144 and FIAi used f 
in the United States are based on i -20 

the relative frequency response i 
of the type-144 and type-FIA .! - 30 

.!! 

.! -40 

FIA 

J 
I 

j 100 

/'; 

V (' 

1144 

~, ~ 
....... , \ 

/ ', ' ..... 

\' 
\ 
1 

1000 
telephone handsets, respectively. 
Noise measurements made with 
the 144 weighting network ore frequency in cycles per second 

10000 

expressed in dbrn or dba. Both Noise weighting networks. Response relative 
to 1000 c/s. are equal in value (db above -90 

dbml. Noise measurements made with FIA weighting network are expressed 
in dba (db above -85 dbml. (Listening tests have indicated that the FIA 
handset is 5 db more sensitive than the 144 receiver.l An expression of 
noise in dba (db adjusted) is indicative of the disturbing effect independent 
of the network used. 
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Telephone noise and noise measurement continued 

Psophometric electromotive force 

The psophometric electromotive force is the electromotive force of a 
source having on internal resistance of 600 ohms and zero internal reoctonce 
that, when connected directly to a standard receiver of 600-ohms resistance 
and zero reoctonce, produces the some sinusoidal current as that of on 
BOO-cycle generator of the some impedance as above. 

A psophometer (includes o filter weighting network specified by C.C.I.F.l 
connected across the terminals of the 600-ohm receiver gives o reading 
of half of the psophometric electromotive force for the particular case 
considered. The term "psophometric voltage" between any two points 
refers to the instrument reading between these points. 

Noise levels 

The amount of noise found on different circuits, and even on the some circuit 
at different times, varies through quite wide limits. Further, there is no definite 
agreement as to what constitutes o quiet circuit, o noisy circuit, etc. The fol
lowing values should therefore be regarded merely as o rough indication of 
the general levels that may be encountered under the different conditions: 

Open-wire circuit 

Quiet 
Average 
Noisy 

Coble circuit 
Quiet 
Average 
Noisy 

db above 
ref noise 

20 
35 
50 

15 
25 
40 

Relationship of European and American noise units 

The psophometric emf con be related to the American units: the noise unit 
and the decibel above reference noise. 

The following chart shows this relationship together with correction factors 
for psophometric measurements on circuits of impedance other than 600 
ohms. 
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Telephone noise and noise measurement continued 

Relationship of European and American noise units 

American C.C.I.F. 
standards standard 
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a. The relationship of noise units to decibels 

above reference noise is obtained from tech

nical report No. I B-6 of the joint subcom

mittee on development and research of the 

Bell Telephone System and the Edison Electric 

Institute. 

b. The relationship of db above reference 

noise to psophometric emf is obtained from 

the Proceedings of Comite Consultatif Inter

national T elephonique, 1934. 

C. The C.C.I.F. expresses noise limits in 

terms of the psophometric emf for a circuit of 

600 ohms resistance and zero reactance, ter

minated in a resistance of 600 ohms. Meosure

ments made in terms of the potential difference 

across the terminations, or on circuits of im 4 

pedance other than 600 ohms, should be cor

rected as follows, 

c:rn: C: 
0 : 0 g : g 

V 

; £ ,,., 

rn· 

Psophometrlc emf E 

E = 2V 

A psophometer 

measures V not E 

E=E' ✓ ~~ 
R 

= 2V' ✓ 60: 

d. Reference noise-with respect to which 

the American noise measuring set is calibrated 

-is a 1000-cycle/second tone 90 decibels. 

below 1 milliwatt. 
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Telephone noise and noise measurement continued 

Multichannel frequency-division loading* 

The graph ot the right shows the re
quired single-tone copocity in dbm 
of o system at o point of zero trans
mission level as a function of the 
total number of telephone channels. 
The peak value of the single-fre
quency tone will not be exceeded 
by the peak value of the actual multi
channel signal more than 1 percent 
of the time during the busy hour. 

!!!.100 .. 
2 80 .g 
0 60 

J! 
g 40 
"' 

20 

10 

8 

6 

4 

2 

I 
10 

I 
I 

with peo1/ 
limiting 

I 
J J 

I 
, 

I I / 
12 14 

I 
I 

I 
I 
I J 

I I 
I 

I J 
I I 

I 

J 

I 
I 

Jwilhour peak 
limiting 

l 

16 18 

* B. D. Holbrook and J. T. Dixon, "load Roting 
Theory for Multi-Channel Amplifiers," Bell 
System Technical Journot, vol. 18, pp. 624-
644; October, 1939. rms lest-tone lood copacily ln dbm. 

Telegraph facilities 

International Morse and cable codes 

j 

I 
I 
I 

20 

International Morse code is determined by combinations of unipolar current 
pulses of short and long (""' l :31 durations: 

International cable code is determined by combinations of bipolar current 
pulses of the some length: 



Telegraph facilities continued 

Code combinations 

I International 
I 

I International 
_character I Morse j cable 

A 1
.- 1+---1 I 

8 -··· ,-+++ 
C 

~1-+-+ 0 -·· I ++ 
E . + 
F ··-· ++-+ 
G 1--· -+ 
H I ..•. ++++ 
I I·. ++ 
J !·--- '+- - -

1-+ K 
I 
1-•-

!+-++ L ' 1•-·· 
I M 1-- 1--
' 

__ N __ 1-• 1-+ 
0 1--- 1- --
p I·--· + + 
Q 1--·- --+-
R 1--· +-+ 
s I 1+++ i •• " 

I 
T - !-
u ··- ++-
V ···- +++-
w ·-- +--
X 1-··- ++-
y i-•-- -+ -
z !--·· --++ 
1 !----- +- - -
2 I ++ - -1·•---
3 1···-- +++--
4 I .... _ ++++-
5 ..... 1+++++ 
6 -···· i ++++ 
7 --· ~- - +++ I 

8 ---·· 1---++ 
1----· 

-
i----+ 9 

' 
0 

I 1-----1-----
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International I International 
character Morse cable 

·-·-·-
~-·-·-· --··-- .,; 

---··· E 
! .. __ ! 

' "' I >-.,, . ·----· C: . -·· ··- Q) 
(I) 

I -··-· i 
(I) 

A ·-·- ..0 

f.. or A 
.,, ·--·- C: 
0 e 1··-·· .:: 
0 

CH 
·;;: ---- 0 
> 

N --·-- >-
0 ---· I 

C: 
0 
E u ··-- I 

(ORI -·--·- 0 
Q) 

" ·-··-· "' ::, 
0 - ··--·- u 
(I) 

"" -···- ..0 
C: 

sos ···---··· 3: 
0 

Attention -·-·- .J::. 

"' 
CQ -·-·--·- 0 

C: 

OE -·· "' C: 

Go ahead -·- 0 
.::: 

Wait [·-··· 
0 
::, 

't 
Break 1-···- C: 

::, 

Understand' • • • - • 
Q.. 

' 
Error I•••••••• 

OK I._. 
End I 
message 1·-·-· +++-+ 
End of 

work ···-·-
I 

i 
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Telegraph facilities continued 

Printing-telegraph codes 
Teletype 

f 

CCIT2 ARQ 7-unll 
lower-c:01e 7-unll code 5-unlt coda* Mooro code 
character 

111 12345,tp 1 2 3 4 5 1 2 3 4 5 6 7 

A oeeoooe l eeooo ooeeoeo 
B oeoo••• eoo•• oo•eooe 
C ooeeeoe oeeeo i eooeeoo 
D oeooeoe •ooeo I ooeeeoo ' I 
E oeooooe eoooo 

I oeeeooo 
F oeo••o• eoeeo ooeooee 

G ooeo••• oeo•• i eeooooe 
H oooeoee ooeoe I eoeooeo 
j ooeeooe oeeoo I eeeoooo 
J oeeoeoe eeoeo I oeooo•• I 
K o••••o• ••••o oooeoee 
l ooeooee oeooe eeoooeo 
M ooo•••• oo••• eoeoooe 
N oooeeoe ooeeo eoeoeoo 
0 0000••· ooo•• I eoooeeo 
p ooeeoee oeeoe 

I 
eooeoeo 

Q 

I 
oeeeoee •••o• oooeeoe 

i ooeoeoe oeoeo I eeooeoo 

I 
I 

s o•oeooe eoeoo ! oeoeoeo 
T 00000•• 0000• eoooeoe 
u o•••ooe •••oo oeeooeo 
V oo••••• o•••• eooeooe 
w o•eooee ••ooe oeooeoe 
X oeo•••• •o••• ooeoeeo 
y oeoeoee I eoeoe ooeoeoe 
z oeoooee I eoooe I o•eoooe 

Blook 000000• ! 
Spece ooo•ooe ooeoo 

I ••o•ooo 
Carriage return ooooeo• oooeo eooooee 

line feed oo•oooe oeooo I eoeeooo 
Figures oeeo••• ••o•• oeooeeo 
letters o•••••• ••••• oooeeeo 

Idle 

ld!e signal a 

I 

oeoeooe 
Idle signal /3 i o•oeeoo 

Reouesl 

I oeeoeoo 
ff 00000 I 0000 ••• 

* International Telegraph Alphabet 2 = space (start} + 5-unit Comite Consultotif International Tefegraphique 
code 2 + mark !stop). 
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Telegraph facilities continued 

Printing-telegraph code card 
upper can 

5 u .. 

-;- -;-1 ,; I+ -ir l--T -\--i-
: : ½ : . ¾ : I : 

Who are Wlto "'" --
__roo1 $ _ S S t _ you XXX 

8 S 3 3 8 S S --r-- ¼ --7r-- • .--&--&-~--.--- a 
£- t, # # # --- 0 
8 -8 8 8 8 8 8 

Bell• I Bell ' Bell_ , Bell Bell 

1-,---1-- -; I ; ~ ; ~ ; i< 

-------1,-~~-l----·I---I-:-- % - f • -:---:-- -:--

w 
X 
y 
z 

Car ret 
<or. 

Line feed 
eor xx 

Figures + 
No.,., 

,-----
l. Not used on 8rltlsh Army fleld machines. Used on Brlt't$h notional network. 
2. Not used by Brn;sh Army. 
3, Key leh blank but comma remains on type bar+ 
4. Symbols on lower~case line ore used on certain monitoring sets. 
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Telegraph facilities continued 

Signaling speeds and pulse lengths 

The graph below shows the speeds 
of various telegraph systems. The 
American Morse curve is based on 
an average character of 8.5 units 
determined from actual count of 
representative traffic. The Con
tinental Morse curve similarly on 
9 units, and the Cable Morse on 
3.7 units. 

* : 260 1130 
0 ::, 
u 0 • ... 
: 120 240 

& 
_; 110 220 
u ,. 
u 

200 

90 180 

80 160 

70 140 

60 120 

50 100 

40 80 

30 60 

20 40 

10 20 

Grounded wire 
Simplex !telephone! 
Composite 
Metomc telegraph 

Carrier channel 

Narrow band 
Wide bond 

0 OIO 20 30 40 50 60 70 80 
words per minute per channel 

60 100 200 300 400 500 
operotions per minute per chonnel 

* Based on repetition rote of shortest signaling element. 

ap .. d of usual typH 

frequency 
In cycles* 

75 
50 
15 
85 

40 
75 

bauds 

150 
100 
30 

170 

80 
150 

.. ... 
4 g 

u 

~ 

50 

100 

90 100 uo 120 a, 

600 600 

Feed holes: For Morse, !number feed holes/second) = !number cycles/second!. 
for multiplex and teleprinter, !number feed holes/second)= (words/minutel/10. 
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Telegraph facilities continued 

International telegraph alphabet 2 

The following notes ore excerpts from the Comite Consultotif International 
Telegrophique regulations, Paris, 1949, revision pertaining to the Inter
national T elegroph Alphabet 2. 

1

221. A number which includes a fraction shall be transmitted with the fraction 
linked to the whole number by a single hyphen. Examples: 

1-3/4 and not 13/4; 3/4-8 and not 3/48; 
363-1 /2 4 5642 and not 3631 /2 4 5642 

222. The inverted commas sign (quotation mark) (" "I shall be signalled 
by transmitting the apostrophe sign l'l twice, at the beginning and the end 
of the text within the inverted commas (quotation marks) (" "I. 

223. Accents on the letter E shall be made by hand when they are essential 
to the meaning (examples, ochete, ochetel. In this case the sending telegra
phist shall repeat the word ofter the signature, signalling the accented E 
between two "blanks" so as to draw the attention of the receiving operator 
to it. 

226. To indicate "wait", the combination MOM 

227. To indicate the end of a telegram: the signal + 
228. To indicate the end of the transmission, the two signals + ? 

2'29. To indicate the end of work: the signal + transmitted twice by the 
office which hos transmitted the lost telegram. 

231. In the interests of speed and efficiency in the movement of telegraph 
traffic and to further the development of a world-wide telecommunication 
network, the five-unit code, in accordance with the International T elegroph 
Alphabet 2, is recommended. However, this provision need not apply 
where Administrations or recognized private operating agencies hove 
mode other arrangements for particular circuits or networks. In such coses, 
the Administrations and recognized private operating agencies concerned 
could provide suitable facilities for converting from their method of opera
tion to the five-unit code of International Telegraph Alphabet 2 whenever 
it becomes desirable to interconnect with offices using the latter system. 

234. Signs: 

Full stop (periodl. 

Comma 

Colon 
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Telegraph facilities continued 

Question mark (note of interrogation! ? 

Apostrophe 

Cross 

Hyphen or dash 

Fraction bar 

Double hyphen 

left-hand bracket (parenthesis) 

Right-hand bracket (parenthesis! 

+ 

I 

240. Administrations and recognized private operating agencies desirous 
of confirming on a tape machine the reception or transmission of the signals 
"carriage return" and "line feed" shall effect this confirmation by printing: 

241. The symbol < for the signal "carriage return"; 

242. The symbo1 = for the signal "line feed". 

243. The provisions regarding the transmission of words, whole numbers, 
fractional numbers, texts within inverted commas (quotation marks! and 
the letters e and e, which ore applicable to instruments using International 
Telegraph Alphabet i 1§21, shall also be applicable to instruments using 
International Telegraph Alphabet 2. 

244. A group consisting of figures and letters shall be transmitted without 
space between figures and letters on these instruments. 

245. To indicate the sign o/ o or o/ oo, the figure 0, the fraction bar (/1 
and the figures O and 00 shall be transmitted successively. Examples: 0/0, 
0/00. 

246. To indicate a "blank", the signal "space" shall be transmitted. 

247. To indicate o transmission error, the letter E and the signal "space" 
shall be repeated alternately three times. Transmission shall be resumed 
beginning with the last word correctly sent. When transmitting with per
forated tape and provision exists for eliminating incorrectly perforated I 
characters, this method shall be used. 

248. To indicate "wait", to show the end of a telegram, the end of a 
transmission or the end of work, the signals transmitted shall be the same as 
on instruments using the International Telegraph Alphabet I 1§21. 



Telegraph facilities continued 

Carrier telegraph systems 

WIRE TRANSMISSION 

Carrier telegraph systems may be classified as follows. 

Modulation 

Amplitude lam), freauency shift (fml 

am systems are Jess susceptible to carrier drift. 

fm systems are less susceptible to noise and level variations. 

849 

Transmission speed: 15 characters per word) words per minute: 60, 75, 100 

Channel spacing: k/sl 120, 145, 170 

Each of the three spacings is used in the United States. The 120-c/s spacing 
is standard outside the United States. 

Carrier or midfrequencies generally used in 120- and 170-cps systems ore: 

lowest 420 c/s increased by 120-c/s increments 

lowest 425 c/s increased by 170-c/s increments 

lntercarrier-channel telegraphy: Carrier telegraph channels are applied in 
the available frequency spectrum between carrier telephone channels. 
The number applied is determined by the frequency spectrum available. 
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• Electroacoustics 

Theory of sound waves* 

Sound (or a sound wove! is on alteration in pressure, stress, particle dis
placement, or particle velocity that is propagated in on elastic material; 
or the superposition of such propagated alterations. Sound (or sound 
sensation) is also the sensation produced through the ear by the above 
alterations. 

Wave equation 

Behavior of sound waves is given by the wave equation 

1 iJ2p 
'v2p = - -· 

c2 iJt2 
(I} 

where p ls the instantaneous pressure increment above and below a steady 
pressure (dynes/ centimeter2l; p is a function of time and of the three co
ordinates of space. Also, 

I = time in seconds 

c = velocity of propagation in centimeters/second 

'v2 = the laplacian, which for the particular case of rectangular co
ordinates x, y, and z !in centimeters!, is given by 

i)2 i)2 i)2 

v12 = iJx2 + i)y2 + i)z2 121 

For a plane wave of sound, where variations with respect to y and z 
are zero, 'v2p = iJ2p/iJx2 = d2p/dx2; the latter is approximately equal to 
the curvature of the plot of p versus x at some instant. Equation (lJ states 
simply that, for variations in x only, the acceleration in pressure p (the 
second time derivative of pl is proportional to the curvature in p (the 
second space derivative of pl. 

Sinusoidal variations in time ore usually of interest. For this case the usual 
procedure is to put p = !real part of pe'wti, where the phasor p now 
satisfies the equation. 

(3) 

Velocity phasor ii of the sound wove in the medium is related to the complex 
pressure phasor p by the formula 

ii = - 11 /jwpol grad p (41 

* Lord Rayleigh, "Theory of Sound,'' vols. I ond II, Dover Publications, New York, New York; 
1945. P. M. Morse, "Vibration and Sound," 2nd edition, McGraw-Hill Book Company, New York, 
New York; 1948. 
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Theory of sound waves continued 

Fig. 1-Table of solutions for various parameters. I type of sa

1

und wave 

ave spherical wave 

Equation for p 
a•p 1 iJ2p iJ2p + 2~ = _1_ iJ2p 
iJx2 = ~a12 iJx2 r iJr c2 iJ/2 

Equation for p c/2p + 
dx2 (~Yp = o c/2p + 2 <!£ + t-:)\; = 0 

dx2 rdt c 

Solution for p p F (t - ~) P = ~F (1 - ~) 

Solution for p 
_ - -iw:e/o 
P = A• p= 

J - -iwr/c 
A• r 

- -/,,,:,;/• v= A (1+:=-)• 
-iwr/• 

Solution for v A 
V = -E 

POC /)OCT JWr 

-
Z = Poe/ (1 + 

1
:) z Z= /JOC. 

Equivalent ;-:]-., electrical _ ,-]:],., circuit for Z 

where 

p = excess pressure in dynes/centimeter2 

p = complex excess pressure in 
dynes/centimeter2 

I = time in seconds 

x = space coordinate for plane wave in 
centimeters 

r = space coordinate for spherical wave in 

z = specific acoustic impedance in dyne. 
seconds/centimeter• 

c = velocity of propagation in centimeters/ 
second 

w = 21rf; f frequency in cycles/second 

F = an arbitrary function 

centimeters A complex constant 

v = complex velocity in centimeters/ second Po = density of medium In grams/centimeter• 
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Theory of sound waves C011tinued 

Specific acoustical impedance Z at any point in the medium is the ratio 
of the pressure phasor to the velocity phasor, or 

z = r:,/v (51 

Fig. 2-Table of intensity levels. 

peak-to-peak 
Intensity root-mean• root-mean- particle 
level In square square displacement 
decibels sound particle for slnsuoidal 

above 10-1• Intensity In prenure in velocity in tone at 
type of watts/ centl• microwatts/ dynes/ centimeters/ 1000 cycles 
sound meter centimeter centimeter2 second In centimeters 

Threshold of 
painful sound 130 1000 645 15.5 6.98 X 10-3 

Airplane, 1600 I 
rpm, 18 feet 121 126 228 I 5.5 2..47 X 10-3 

I 

I 
Subway, local 
station, express 102 1.58 25.5 0.98 4.40 X J0-4 
passing 

Noisest spot at I 
Niagara Falls I 92 0.158 8.08 I 0.31 1.39 X 10--i 

Average auto-

I mobile, 15 feet 70 10-3 0.645 15.5 X 10-3 6.98 X 10• 

Average con-
versational 
speech 70 10-3 0.645 15.5 X 10-3 6.98 X 10• 
3¼ feet 

i 
Average office j 55 , 3.16 X 10-s 0.114 , 2.75 X 10-3 / 1.24 X 10• 

Average 
residence 40 10....i 20.4 X 10-3 4.9 X 10--i 2.21 X 10-7 

I 

Quiet whisper, I 
5 feet 18 6.3 X 10 ... I 1.62 X 10-3 3.9 X 10-5 l.75 X 10-s 

I 

Reference level I 0 , 2.04 X 10-• 4.9 X 10....i l 2.21 X JQ-11 
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Theory of sound waves continued 

Spherical waves: The solutions of m and !3l take particularly simple and 
instructive forms for the case of one dimensional plane and spherical waves 
in one direction. Fig. 1 gives a summary of the pertinent information. 

For example, the acoustical impedance for spherical waves has an equivalent 
electrical circuit comprising a resistance shunted by an inductance. In this 
form, it is obvious that a small spheri!=al source Ir is smalll cannot radiate 
efficiently since the radiation resistance PoC is shunted by a small inductance 
por. Efficient radiation begins approximately at the frequency where the 
resistance p0r equals the inductive !mass! reactance poc. This is the frequency 
at which the period I= 1/fl equals the time required for the sound wave 
to travel the peripheral distance 21rr. 

Sound intensity 

The sound intensity is the average rate of sound energy transmitted in a 
specified direction through a unit area normal to this direction at the point 
considered. In the case of a plane or spherical wove, the intensity in the 
direction of propagation is given by 

I = p'l/ pc ergs/second/centimeter! 

where 

p = pressure ldynes/centimeter2l 

p = density of the medium lgrams/centimeter31 and 

c = velocity of propagation !centimeters/secondl 

(61 

The sound intensity is usually measured in decibels, in which case it is 
known as the intensity level and is equal to 10 times the logarithm Ito 
the base lOl of the ratio of the sound intensity (expressed in watts/ cen
timeter2l to the reference level of 10-16 wotts/centimeter2• Fig. 2 shows 
the intensity levels of some familiar sounds. 

Sound in gases 

The acoustical behavior of a medium is determined by its physical charac
teristics and, in the case of gases, by the density, pressure, temperature, 
specific heat, coefficients of viscosity, and the amount of heat exchange 
at the boundary surfaces. 
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Sound in gases continued 

The velocity of propagation in o gos is o function of the equation of state 
WV = RT plus higher-order terms!, the molecular weight, and the specific 
heat.* 

For small displacements relative to the wavelength of sound, the velocity 
is given by 

c = (-ypo/ Pol112 171 

where 

-y ratio of the specific heat at constant pressure to that at constant 
volume 

p0 = the steady pressure of the gas in dynes/ centimeter2 

p0 = the steady or average density of the gas in grams/centimeter3 

The values of the velocity in o few gases ore given in fig. 3 for 0 degrees 
centigrade and 760 millimeters of mercury barometric pressure. 

The velocity of sound c in dry air is given by the following experimentally 
verified equation 

c = 33,145 ± 5 centimeters/second 

= 1,087.42 ± 0.16 feet/second 

for the audible-frequency range, at 0 degrees centigrade and 760 milli
meters of mercury with 0.03-mole-percent content of CO2• 

The velocity in air for a range of about 20 degrees centigrade change 
in temperature is given by 

c 33,145 + 60.lTc centimeters/second 

= 1,052.03 + 1.106T1 feet/second 

where Tc is the temperature in degrees centigrade and Ti in degrees 
fahrenheit. For values of Tc greater than 20 degrees, the following formula 
may be used 

c = 33,145 X (h/273} 112 centimeters/second 

where h is the temperature in degrees kelvin. 

For other corrections when extreme accuracy is desired, reference should 
be made to the literoture.t 

* H. C. Hardy, D. Telfair, and W. H. Pielemeier, "The Velocity of Sound in Air," Journal of the 
Acoustical Saciely of America, vol. 13, pp. 226-233; January, 1942. See also l. Beranek, "Acoustic 
Measurements," Jahn Wiley & Sons, Inc., New York, New York; 1949: see p. 46. 

t H. C. Hardy, D. Telfair, and W. H. Pielemeier, "The Velocity of Sound in Air," Journal of 
the Acoustical Society of America, vol. 13, pp. 226-233; January, 1942. 
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Sound in gases continued 

Fig. 3-Veloclly of sound in various gases." 

velocity 

gas symbol in meters/second in feet/ second 

Air 331.45 1087.42 
Ammonia NHa 415 1361 
Argon A 319 1046 

Carbon monoxide co 337.1 1106 
Carbon dioxide CO2 268.6 881 !above 100 c/sl 
Carbon disulfide CS2 189 606 

Chlorine Cl 205.3 674 
Ethylene C2H, 317 1040 
Helium He 970 3182 

Hydrogen H2 1269.5 4165 
Illuminating gas 490.4 1609 
Methane CH, 432 1417 

Neon Ne 435 1427 
Nitric oxide NO 325 1066 
Nitrous oxide N20 261.8 859 

Nitrogen N2 337 1096 
Oxygen 02 317.2 1041 
Steam {100° Cl H20 404.8 1328 

* From, "Handbook of Chemistry and Physics," "International Critical Tables," and Journal of 
the Acoustical Society of America. 

From 151 and Fig. l, characteristic impedance is equal to the ratio of the 
sound pressure to the particle velocity. 

Z = p/v = Poe COS ,j, 

where 

For plane waves, ,j, 0 and cos ct, = 

For spherical waves, ton ct, = X/21rr 

and 

X = wavelength of ocousticol wove 

r = distance from sound source 

For r greater than o few wavelengths, cos ct, "" l. 

Characteristic impedance poc in dyne-seconds/centimeter'! !roylsl for 
several gases ot O degrees centigrade ond 760 millimeters of mercury is 
given in Fig. 4. 
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Sound in gases continued 

Fl9. 4-Characteriitlc impedance pl)( for gases. 

gas symbol 

Air 
Argon 
Carbon dioxide 

Carbon monoxide 
Helium 
Hydrogen 

Neon 
Nitric Acid 
Nitrous oxide 

Nitrogen 
Oxygen 

Sound in liquids 

In liquids, the velocity of sound is given by 

c = {1/Kp0)li2 centimeters/second 

where 

Ne 
NO 
NiO 

42.86 
56.9 
51.1 

42.1 
17.32 
11.40 

38.3 
43.5 
51.8 

41.8 
45.3 

K = compressibility in centimeters/ second2 / gram and may be regarded as 
constant 

Fig. 5-Vefocily of sound in liquids. 

Alcohol, ethyl 

Benzene 
Carbon disulfide 
Chloroform 

Ether, ethyl 
Glycerin 
Mercury 

Pentaine 

Petroleum 
Turpentine 

Water, fresh 

liquid 

Water, sea (36 parts/million salinilyl 

temperature in °C 

12.5 
?.O 

20 
20 
20 

20 
20 
20 

18 
20 

15 
3.5 

27 

17 
15 

velocity in (cm/ sec) 
X 105 

1.24 
1.17 

1.32 
1.16 
1.00 

1.01 
1.92 
1.45 

1.05 
1.02 

1.33 
1.37 
1.28 

1.43 
1.505 
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Sound in liquids conlinued 

K = 147 X l04 ) /981 for most liquids 

Figures for the velocity of sound through some liquids in centimeters/second 
is given in Fig. 5. 

Sound in solids 

The velocity of sound in solids is determined by the shape and size of the 
bounded medium as compared with the wavelength of the excitation. For 
rods or square bars with unconstrained sides, the velocity of propagation 
varies with the ratio of thickness to wavelength, being, for a wavelength 
in diameter, about 0.65 times the zero-diameter-to-wavelength ratio. 

Some experimental values are given in Fig. 6. 

Fig. 6-Velocity c of sound In longitudinal dlredion for bar-shaped solids In centimeters 
/second.* 

Aluminum 
Antimony 
Bismuth 

moterial 

Bross 
Cadmium 
Constonton 
Copper 
Germon silver 
Gold 
Iridium 
Iron 
lead 
Magnesium 
Manganese 
Nickel 
Platinum 
Silver 
Steel 
Tantalum 
Tin 
Tungsten 
Zinc 
Cork 
Crystals 

Quartz X-cut 
Ammonium dihydrogen phos. 
phate tNH.H2PO,I 

45° Z-cut 

l Y~0=• 1 
( X 1 O') material 

5.24 Crystals continued 
3.40 Rochelle salt !sodium potassium 
1.79 tortrote, KNoC,H,O~ . 4HiOl 
3.42 45° Y-cut 
2.40 45" X-cut 
4.30 Calcium fluoride tCaf2, fluorite) 
3.58 X-cut 
3.58 Sodium chloride !NaCl, rock 
2.03 soltl 
4.79 X-cut 
5.17 Sodium bromide INoBrl 
1.25 X-cut 
4.90 Potassium chloride IKCI, sy(vitel 
3.83 X-cut 
4.76 Potassium bromide IKBrl 
2.80 X-cut 
2.64 Glosses 
5.05 Heovy flint 
3.35 Extra-light flint 
2.73 Crown 
4.31 Heavies! crown 
3.81 Quortz 
0.50 Granite 

Ivory 
5.44 Marble 

Slate 
Wood 

3.28 Elm 
Oak 

veloc
ity C 

{X 106) 

2.47 
2.47 

6.74 

4.51 

2.79 

4.14 

3.38 

3.49 
4.55 
5.30 
4.71 
5.37 
3.95 
3.01 
3.81 
4.51 

1.01 
4.10 

* B. W. Henvis, "Wavelengths of Sound," Electronics, vol. 20, pp. 134, 136; March, 1947. 
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Acoustical and mechanical networks 

and their eledrical analogs* 

The present advanced state of the art of electrical network theory suggests 
its advantageous application, by analogy, to equivalent acoustical and 
mechanical networks. Actually, Maxwell's initial work on electrical networks 
was based upon the previous work of Lagrange in dynamical systems. The 
following is a brief summary showing some of the network parameters 
available in acoustical and mechanical systems and their analysis using 
Lagrange's equations. 

Fig. 7 shows the analogous behavior of electrical, acoustical, and mechanical 
systems. These are analogous in the sense that the equations !usually 
differential equations) formulating the various physical laws are alike. 

Lagrange's equations 

The Lagrangian equations are partial differential equations describing the 
stored and dissipated energy and the generalized coordinates of the 
system. They are 

<!._(a'.)+ 0! + fJV = Q., Iv= I, 2, .... , n,l (9) 
dt fJq. fJq. oq. 

where T and V are, as in Fig. 7, the system's total kinetic and potential energy 
(in ergs), F is ½ the rote of energy dissipation {in ergs/second, Rayleigh's 
dissipation function), O. the generalized forces (dynesl, and q. the gen
eralized coordinates {which may be angles in radians, or displacements in 
centimeters!. For most systems (and those considered herein} the generalized 
coordinates are equal in number to the number of degrees of freedom in 
the systems required to determine uniquely the values of T, V, and F. 

Example 

As an example of the application of these equations toward the design of 
electroacoustical transducers, consider the idealized crystal microphone in 
fig. 8. 

This system has 2 degrees of freedom since only 2 motions, namely the 
diaphragm displacement x.i and the crystal displacement Xe, ore needed to 
specify the system's total energy and dissipation. 

A sound wave impinging upon the microphone's diaphragm creates an excess 
pressure p ldynes/centimeter2l. The force on the diaphragm is then pA 
ldynesl, where A is the effective area of the diaphragm. The diaphragm has 

* E. G. Keller, "Mathematics of Modern Engineering," vol. 2, 1st ed., John Wiley, New York, 
New York; 1942. Also, H.F. Olson, "Dynamical Analogies," 1st ed., D. Van Nostrand, New York, 
New Yorl; 1943. 
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Acoustical and mechanical networks 

and their eledrical analogs continued 

fig. TA-Table of analogous behavior of systems-parameter of energy dissipation 
(or radiation). 

electrical 

current in wire 

P = Ri2 

e dq q 
R dt 

R = !?.'. 
A 

where 

i = current in amperes 

e voltage in volts 

q = chorge in coulombs 

t = time in seconds 

R resistance in ohms 

p = resistivity in ohm-centi
meters 

length in centimeters 

A = cross-sectional area of 
wire in centimeters2 

P power in watts 

mechanical 

viscous damping vane 

p 

f dx • 
v=-=-=,c 

R,,, dt 

µA 
R,,. = h 

acoustical 

A r-1-i 
.. ~~ 

gas flow in small pipe 

X 
p 

Ra 

8µ1rl 
Ra= A2 

dX 
dt 

where I where 

v = velocity in centimeters/ I X volume velocity in cen-
second timeters•/second 

f = force in dynes 

x displacement in centi
meters 

t = time in seconds 

R,,. = mechanical resistance in 
dyne-seconds/ centi• 
meter 

µ = coefficient of viscosity 
in poise 

h = height of damping vane 
in centimeters 

A area of vane in centl
meters2 

P = power in ergs/second 

p = excess pressure in dynes/ 
centimeter2 

X = volume displacement ir1 
centimeters• 

t = time in seconds 

Ra acoustic resistance in 
dyne-seconds/ centi• 
meter• 

µ coefficient of viscosity 
in poise 

I = length of tube in centi
meters 

A area of circular tube in 
centimeters2 

P = power in ergs/ second 
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Acoustical and mechanical networks 

and their electrical analogs continued 

Fig. TB-Table of analogous behavior of systems-parameter of energy storage 
(electrostatic or potential energy). 

electrical 

capacilor with closely spaced 
plates 

W _ q2 _ Ser 
•-2c- 2 

q=Ce='! s 

C=~X 10-u 
361rd 

where 

C = 9apacitance in farads 

S = stiffness = 1/C 

W. = energy in watt-sec
onds 

k = relative dielectric con
stant { = 1 for air, 
numeric! 

A area of plates in 
centimeters" 

d = separation of plates in 
centimeters 

mechanical 

clamped-free (canlilever 
beam) 

V 

x=C,,,f=!_ 
Sm 

c ... = 
/3 

where 

acoustical 

p 

piston acoustic compliance (at 
audio frequencies, adiabatic 

expansion) 

V 
x• s.x2 

2c. =2 

X=Cap=E.=xA 
Sa 

where 

C... = mechanical compliance Ca = acoustical compliance in 
in centimeters/dyne centimeters"/dyne 

Sm mechanical stiffness 
= I/Cm 

V = potential energy in 
ergs 

E = Young's modulus of 
elasticity in dynes/ 
centimeter2 

I moment of inertia of 
cross-section in centi
meters• 

l = length of beam in cen
meters 

Sa = acoustical stiffness 
1/c. 

V potential energy in ergs 

c = velocity of sound in en
closed gas in centi
meters/second 

p density of enclosed gos 
in grams/centimeter' 

V0 = enclosed volume in cen
timeters' 

A = area of piston in centi
meters2 
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Fig. 7C-Table of analogous behavior of systems-parameter of energy storage 
( magnetoslatlc or kinetic energy). 

electrical 

for a very long solenoid 

l = 4,r Jn2 Ak X 10• 

where 

mechanical 

for translational motion in one 
diredion m is the actual weight 

in grams 

mv' 
T=-

2 

dv d"x .. 
m- = m- = mx 

dt dt2 

where 
l = Inductance in henries m mass in grams 

W,,. = energy in watt-sec- T = kinetic ener9y in ergs 
onds 

J = length of solenoid in 
centimeters 

A = area of solenoid in 
centimeters• 

n = number of turns of 
wire/centimeter 

k = relative permeability 
of core I= I for air, 
numeric) 

acoustical 

gas flow in a pipe 

T = MX2 
2 

dX d2X •• 
p=M-=M-=MX 

dt dt2 

pl 
M=-

A 

where 

M = lnertance in grams/cent!• 
meter' 

T = kinetic energy in ergs 

J = length of pipe in centi
meters 

A = orea of pipe In centi
meters' 

p = density of gas In grams/ 
centimeter• 
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Acoustical and mechanical networks 

and their electrical analogs continued 

on effective moss ma, in the sense that the kinetic energy of all the ports 
associated with the diaphragm velocity xa I= dxa/ dt) is given by mi<~/2. 
The diaphragm is supported in place by the stiffness Sa. It is coupled to the 
crystal via the stiffness So. The crystal hos a stiffness Sc, on effective moss 
of me (to be computed below), and is damped by the mechanical resistance 
Re. The only other remaining parameter is the acoustical stiffness Sa intro
duced by compression of the air-tight pocket enclosed by the diaphragm 
and the case of the microphone. 

The total potential energy V stored in the system for displacements Xd and 
Xe from equilibrium position, is 

V = ½S~ + ½Sa(xdA) 2 + ½ScXc2 + ½So(Xd - Xcl 2 (JO) 

The total kinetic energy T due to 
velocities Xd and Xe is 

T = ½mi~ + ½mi~ (11) 

(This neglects the small kinetic 
energy due to motion of the air 
and that due to the motion of the 
spring Sol. If the total weight of 
the undamped port of the crystal 
is We (grams), one can find the 
effective moss m, of the crystal 
as soon as some assumption is 
mode as to movement of the rest 
of the crystal when its end moves 
with velocity x,. Actually, the 
crystal is like a transmission line 
and has on infinite number of 
degrees of freedom. Practically, 
the crystal is usually designed so 
that its first resonant frequency is 
the highest passed by the micro
phone. In that case, the end of 
the crystal moves in phase with 
the rest, and in a manner that, for 
simplicity, is here token as pora
bolicolly. Thus it is assumed that 
an element of the crystal located 
y centimeters away from its 

output 
voltage 

s. 

Fig. I-Crystal microphone analyzed by use 
of Lagrange's equations. 
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clomped end moves by the amount (yjh) 2xc, where h is the length of the 
crystal. The kinetic energy of o length dy of the crystal due to its velocity 
of fy/hl 2xcand its mass of fdyjhlwc is ½ldyjhlwc(yjhl 4x}. The kinetic energy 
of the whole crystal is the integral of the latter expression as y varies from 
0 to h. The result is ½lwc/5lXc2. This shows at once that the effective mass 
of the crystal is m, = wc/5, i.e., ¼ its actual weight. 

The dissipation function is F = ½R.x.2. Finally, the driving force associated 
with displacement xd of the diaphragm is pA. Substitution of these expressions 
and (IOl and (11) in Lagrange's equations (9) results in the force equations 

ffidXd + SdXd + SoA2Xd + So(xd - x,l 
mcXc + So!Xc - Xd) + s.x. + R,x, = 0 

(121 

These ore the mechanical version of Kirchhoff's law that the sum of all the 
resisting forces (rather than voltages) are equal to the applied force. The 
equivalent electrical circuit giving these some differential equations is shown 
in Fig. 8. The crystal produces, by its piezoelectric effect, an open-circuit 
voltage proportional to the displacement x,. By means of this equivalent 
circuit, it is now easy, by using the usual electrical-circuit techniques, to find 
the voltage generated by this microphone per unit of sound-pressure input, 
and also its amplitude- and phase-response characteristic as a function of 
frequency. 

It is important to note that this process of analysis not only results in the 
equivalent electrical circuit, but also determines the effective values of the 
parameters in that circuit. 

Sound in enclosed rooms* 

Good acoustics-governing factors 

Reverberation time or amount of reverberation: Varies with frequency 
and is measured by the time required for a sound, when suddenly inter
rupted, to die away or decay to a level 60 decibels (dbl below the original 
sound. 

The reverberation time and the shape of the reverberation-time/frequency 
curve can be controlled by selecting the proper amounts and varieties of 

* F. R. Wotson, "Acoustics of Buildings," 3rd ed., John Wiley ond Sons, New York, New York; 
1941. 
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Sound in enclosed rooms continued 

sound-absorbent materials and by the methods of application. Room occu
pants must be considered inasmuch as each person present contributes a 
fairly definite amount of sound absorption. 

Standing sound waves: Resonant conditions in sound studios cause stand
ing waves by reflections from opposing parallel surfaces, such as ceiling
floor and parallel walls, resulting in serious peaks in the reverberation-time/ 
frequency curve. Standing sound waves in a room can be considered com
parable to standing electrical waves in an improperly terminated transmission 
line where the transmitted power is not fully absorbed by the load. 

200 

100 

_ ... ..... - -- -L_. 
,,,,, ---- -

50 
-- L - ~ C. fm - ...... - -...-1:. ..... ~ -...... -w ..... .... --~ .... _,,,__ -- -- -~ - _ .... - --

20 

lO 

~ --~ ,,..- ••• ~ ::::-~ :> .. - ,[.....-,--- L 11111 I --::: ;: .... ~ 
....... ... ::.-

~ -- --- .... ... -
. '""'F ~ -::::_g_ -

5 

.1.000 
2 3 4 5 6 78910,000 2 3 4 5 fi 789

100
,
000 

2 3 4 5 6 789 

volume in cubic feet 

Fig. 9-Preferred room dimensions 
based on 21 ratio. Permissible de• 
vialion ± 5 percent. 

Coortesy of Acoi;stical Soc-ie,y of America and RCA 

type room H,W:L 
chart I 

designationj 

Small l:l.25:1.6 E,D:C, ' 
Average shape 1: 1.60:2.5 F:D:B: I 
Low ceiling 1:2.50:3.2 G,C:8: i 
Long 1 :1.25,3.2 F:E:A: i 
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Sound in enclosed rooms continued 

Room sizes and proportions for good acoustics 

The frequency of standing waves is dependent on room sizes: frequency de
creases with increase of distances between walls and between floor and 
ceiling. In rooms with two equal dimensions, the two sets of standing waves 
occur at the same frequency with resultant increase of reverberation time at 
resonant frequency. In a room with walls and ceilings of cubical contour this 
effect is tripled and elimination of standing waves is practically impossible. 

The most advantageous ratio for height,widthJength is in the proportion of 
l ,2¾, 2% or separated by ½ or % of an octave. 

In properly proportioned rooms, resonant conditions can be effectively re
duced and standing waves practically eliminated by introducing numerous 
surfaces disposed obliquely. Thus, large-order reflections con be avoided 
by breaking them up into numerous smaller reflections. The object is to pre
.vent sound reflection back to the point of origin until after several re. 
reflections. 

Most desirable ratios of dimensions for broadcast studios are given in Fig. 9. 

Optimum reverberation time 

Optimum, or most desirable reverberation time, varies with Ill room size, 
and 121 use, such as music, speech, etc. (see Figs. 10 and 111. 
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Fig, IO-Optimum reverberotion time In seconds for various room volumes at 512 cycles 
per second, 
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Sound in enclosed rooms continued 

These curves show the desirable ratio of the reverberation time for various 
frequencies to the reverberation time for 512 cycles. The desirable re
verberation time for any frequency between 60 and 8000 cycles may be 
found by multiplying the reverberation time at 512 cycles {from Fig. 101 by 
the number in the vertical scale which corresponds to the frequency chosen. 

0 

\ .!I' 
- ' room vofume in cubfc: feet 
.7>-- -~ 1,000,000 

100,000\ 
1.6 

I. 

1.3 

I. 

'\ ' 
.5 \ \ 

\ \ 
4 

~ ~,ooo f'\ 
'"r-..i-. 'I\... 'I\ 

2 

" ~ 1000 r--..... ,_,._.._ 
~ ~--r--i-- ..._ 

I. 0 --
!I • ~o 60 eo 100 150 200 300 400 600 1000 2000 4000 10,000 

frequency in cycles/ second Courtesy Western Efedric Compan,; 

Fig. 11-Desirable relative reverberation time versus frequency for various structures 
and auditoriums. 

Computation of reverberation time 

Reverberation time at different audio frequencies may be computed from 
room dimensions and average absorption. Each portion of the surface of a 
room has a certain absorption coefflcient o dependent on the material of 
the surface, its method of application, etc. This absorption coefficient is 
equal to the ratio of the energy absorbed by the surface to the total energy 
impinging thereon at various audio frequencies. Total absorption for o given 
surface area in square feet S is expressed in terms of absorption units, 
the number of units being equal to OavS, 

Oa., = 
(total number of absorption units) 

(total surface in square feetl 
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Sound in enclosed rooms continued 

One absorption unit provides the same amount of sound absorption as one 
square foot of open window. Absorption units are sometimes referred to as 

"open window" or "OW" units. 

0.05V 
T=-------

-S log,(I aa.l 

where 

T = reverberation time in seconds 

V room volume in cubic feet 

S = total surface of room in square feet 

aa, average absorption coefficient of room at frequency under con-
sideration. 

For absorption coeffkients a of some typical building materials, see Fig. 12. 
Fig. 13 shows absorption coefficients for some of the more commonly used 
materials for acoustical correction. 

Fig. 12-Table of ocoustlcol coefficients of materials and persons.* 

I 
sound ab•orptlon coefficient• I 

description In cycles/second aulhorlly 
128 I 256 I 512 I 1024 < 2048 I 4096 

I 

Brick wall unpainted 0.024 0.025 0.031 0.042 0.049 I o.o7 W. C. Sabine 

Brick wall pointed O.Ot'.1 0.013 0.017 0.02 o.023 I o.025 W. C. Sabine 

Plaster + finish coot on 

wood lath-wood studs 0.020 0.022 0.032 0.039 0.039 0.028 P. E. Sabine 

Plaster + finish coat on metal lath 0.038 0.049 0.060 0.085 0.043 0.056 V. 0. Knudson 

Poured concrete unpainted 0.010 0.012 0.016 0.019 0.023 0.035 V. 0. Knudsen 

Poured concrete painted and varnished 0.009 0.011 0.014 0.016 0.017 0.01B V. 0. Knudsen 

Carpet1 pile on concrete 0.09 0.08 0.21 0.26 0.27 0.37 Building Research Station 

Carpet, pile on ¼ in felt 0.11 0.14 0.37 0.43 0.27 0.25 Building Research Station 

Draperies, velour1 18 oz per $q yd ln 

contact with woll 0.05 0.12 0.35 0.45 0.38 0.36 P. E. Sabine 

Ozite ¾ in 0.051 0.12 0.17 0.33 OA5 0.47 P. E. Sabine 

Rug, axminster 0.ll 0.14 0.20 0.33 0.52 0.82 Wente ond Bedell 

Audience, seated per sq ft of area 0.72 0.89 0.95 0.99 1.00 l.00 W. C. Sabine 

Each person, seated 1.4 225 3.8 5.4 6.6 Bureau or Standards, 

overages of 4 tests 

Each person, seated 7.0 Estimated 

Gloss surfaces 0.05 0.04 0.03 0.025 0.022 O.D2 Es!lmated 

• Reprinted by permission from Architectural AcoJJstks by V. 0. Knudsen, published by John WHey and Sons, Inc. 
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Fig. 13-Tabi. of acoulflcal coefficients of materials used for acoustlcal cOl'Nldlon. 

m-lol 
I / I ........ , cycles Hcond red 

121 I 256 I 512 I 1024 120481 4096: caef • 
monufaclured by 

Corkoustic-B4 0.08 0.13 0.51 0.75 0.47 0.46 0.45 \ Armstrong Cork Co. 

Corkousfic--B6 0,15 0.28 0.82 0.60 0.58 0.38 0.55 NIT\$lrOng Cork Co. 

Cushiontone A-3 0.17 0.58 0.70 0.90 0.76 0,71 0.75 Arms!rong Cork Co. 

Koustex 0.10 0.24 0.64J 0.92 0.771 0.75 0.65 •oavid E. Kennedy, Inc:. 

Sanacoustic (metoll tiles 0.25 0.56 0.99 0.99 0.91 0.82 0.85 Johns-Manville Soles Corp, 

Permacoustic tllesl¾ ln 0,19 0.34 0.74 
0.76 

0.75 0.74 0.65 
1 

Johns-Manville Sales Corp~ 

low-frequency element 0.66 0.60 0.50 o.so 0.35 0.20 0.50 .lohns,Monvllle Sale, Corp. 

T ripte--tuned element 0.66 0.61 0.80 0.74 0.79 0.75 0.75 Johns.Monville Sales Corp. 

High-frequency element 0.20 0.46 0.55 0.66 0,79 0.75 0,60 Joho,.Manvllle Soles Corp. 

Absorbatone A 0.15 0.28 0.82 0.99 0.87 0.98 0.75 Luse Stevenson Co. 

Acoustex 60R 0.14 0.28 0.81 0.94 0.83 O.BO 0.70 National Gypsum Co. 

Econacoustk: 1 in 0.25 0.40 0.78 0.76 0.79 0.68 0.70 National Gypsum Co. 

Fiberglas ocoustfcal tiletype TW-

PF9D 0.22 0.46 0.97 0.90 0.68 0.52 0,75 Owens-Coming Fiberglas 

Corp. 

Acoustone D 11,u ID 0.13 0.26 0:19 0.811 0:76 0.74 0.65 U. S. Gypsum Company 

Acoostone f 1¼ Jn 0.16 0.33 0.85 0.89 o.eo 0.75 0.70 U. S. Gypsum Company 

Acou•tl-celot-,x type C-6 I¼ In 0.30 0.56 0.94 0.96 0.69 0.56 0.80 The Celotex Corp, 

Absorbex type A 1 In 0.41 0.71 0.96 OJl8 0.85 0.96 0.85 The Celotex Corp. 

Acousteel B metal facing I% In 0.29 0,57 0.98 0.99 O.ll5 0.57 0.85 The Celotex Corp. 
Courtesy Acoustic! Mo1eriols Associa.tion 

• The noise-reduction coefficient is the average of the coefficients ol frequencies from 256 lo 
2048 cycles inclusive, given to the nearest 5 percent. This average coefficient is recommended 
for use in comparing materials for noise-quieling purposes as in offkes, hospitals, banks, cor-
riders, etc. 

Public-address systems* 

Electrical power levels for public-address requirements 

Indoor power-level requirements are shown in Fig. 14. 

Outdoor power-level requirements are shown in Fig. 15. 

Note: Curves are for an exponential trumpet-type horn. Speech levels above 
reference--overage 70 db, peak 80 db. For a loudspeaker of 25-percent 
efficiency, 4 times the power output would be required or an equivalent 
of 6 decibels. For one of JO-percent efficiency, 10 times the power output 
would be required or 10 decibels. 

• H. F. Olson, "Elements of Acousllcal Engineering," 2nd ed., D. Von Nostrand, New York, 

New York; 1941, 
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Public-address systems continued 

amplifier power output In watts 
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fig. 14-Room volume Gftd relatlve ampllfter power capacity. To the Indicated power 
level depending on loudspeaker eflclency, there must be added a correction factor 
that may vary from 4 declbels for the most efficient horn-type reproducers lo 
20 declbel• for IHI eflclent coM lounpeakera. 
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Public-address systems continued 

amplifier power output in waits 
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Fig. IS-Distance from loudspeaker and relative amplifler power capacity required for 
speech, average for 30° angle of coverage. For angles over 30°, more loudspeakers 
and proportional output power are required. Depending on loudspeaker efficiency, .a 
correction factor must be added to the Indicated power level, varying approximately 
from 4 to 7 decibel& for the more-efficient type of horn loud&peakers. 
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Sounds of speech and music* 

A large amount of data are available regarding the wave shapes and 
statistical properties of the sounds of speech ond music. Below are given 
some of these data that are of importance in the design of transmission 
systems. 

Minimum-discernible-bandwidth changes 

Fig. 16 gives the increase in high-frequency bandwidth required to produce 
a minimum discernible change in the output quality of speech and music. 

Fig. 16--Table showing ban4wldth increases necessary to give an even chance of 
qualify Improvement being noticeable. All figures are In kilocycles. 

minus one llmen 

t 
reference 

speech I music frequency 

- - 3 
3.4 3.3 4 
4.1 4.1 5 
4.6 5.0 6 
5.l 5.8 7 
5.5 6.4 8 
5.B 6.9 9 
6.2 7A l.O 
6.4 ao l1 
7.0 9.8 l'3 
7.6 > ll.O 15 

These bandwidths ore known as differ
ence-limen units. For example, a system 
transmitting music and having on upper 
cutoff frequency of 6000 cycles would 
require a cutoff-frequency increase to 
7400 cycles before there is a 50-percent 
chance that the change can be dis
cerned. !Curve B, Fig. 17.1 

Fig. 17 is based upon the data of Fig. 
16. For any high-frequency cutoff along 
the abscissa, the ordinates give the next 
higher and next lower cutoff frequen
cies for which there is on even chance 
of discernment. As expected, one ob
,. H. Fletcher, "Speech and Hearing," 1st ed., 
D. Van Nostrand Company, New York, New 
York; 1929. S. S. Stevens, and H. Davis, "Hear
lng," J. Wiley and Sons, New York, New York; 
1938. 

plus on• limen 
music. I speech 

3.0 3.3 
4.8 4.8 
6.0 6.9 
7.4 9.4 
9'.3 12.8 

11.0 -
12.2 -
13.4 -
15.0 -
- -
- -

J 

A I .,c 
I 

I .I 

; ,I[" ~ 
~ ~ 

(' V 

IO 15 20 

reference frequency in kilocycle• 
Courtesy of Bell System Technical Journal 

Fig. 17 - Minlmum-dlscernlble
bandwldth changes. Curves show: 
A-Plus 1 limen for speech 
B-Plu, 1 limen for music 
C-Minus 1 limen for musk 
D--Minus 1 limen for speech 
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Sounds of speech and music conlinved 

serves that, for frequencies beyond about 4000 cydes, restriction of upper 
cutoff affects music more appreciably than speech. 

Peak fador 

One of the important factors in deciding upon the power-handling capacity 
of amplifiers, loudspeakers, etc., is the fact that in speech very Jorge fluctua
tions of instantaneous level ore present. Fig. 18 shows the peak factor !ratio 
of peak to root-mean-square pressure) for unfiltered (or wideband) speech, 
for separate octave bandwidths below 500 cycles, and for separate 
½-octave bandwidths above 500 cycles. The peak values for sound pressure 
of unfiltered speech, for example, rise 10 decibels higher than the averaged 
root-mean-square value over on interval of i second, which corresponds 
roughly to o syllabic period. However, for a much longer interval of time, 
say the time duration of one sentence, the peak value reached by the 
sound pressure for unfiltered speech is about 20 decibels higher than the 
root-meon-squore value averaged for the entire sentence. 
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Courtesy of Joomo/ of the Acoustical Society of America 

rig. 18-Peak fador (ratio of peak/root-mean-square PfHSUres) In decibels for speech 
In 1- and 1/2-octave frequency bands, for 1/8· and 75-second lime Intervals. 
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Sounds of speech and music continued 

Thus, if the required sound-pressure output demands a long-time overage 
of, say, 1 watt of electrical power from an amplifier, then, to take core 
of the instantaneous peaks in speech, a maximum-peak-handling capacity of 
100 watts is needed. If the amplifier is tested for amplitude distortion with 
a sine wave, 100 watts of peak-instantaneous power exists when the average 
power of the sine-wave output is 50 watts. This shows that if no amplitude 
distortion is permitted at the peak pressures in speech sounds, the amplifier 
should give no distortion when tested by a sine wove of an average power 
50 times greater than that required to give the desired long-time-average 
root-mean-square pressure. 

The foregoing puts a very stringent requirement on the amplifier peak power. 
In relaxing this specification, one of the important questions is what per
centage of the time will speech overload an amplifier of lower power than 
that necessary to take care of all speech peaks. This is answered in Fig. 19; 

h b · · h b b'I' f h (peakl t e a sc1ssa gives t e pro a 1 1ty o t e -------- powers ex-
llong-time-averagel 

ceeding the ordinates for continuous speech and white noise. When 
multiplied by 100, this probability gives the expected percent of time during 
which peak distortion occurs. If 1 percent is taken as a suitable criterion, 

.. ts .; 
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Fig. 19-Stallstlcal pr<>perties of the peak factor In speech. The abscissa gives the 
probablllly (ratio of the lime) that the peak factor in the uninterrupted speech of one 
person exceeds the ordinate value. Peak factor = (decibels instantaneous peak value) 
- (decibels root-mean~squar• fong"0 1in1111• average). 
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(peak) 
then a 12-decibel ratio of -------- powers is suffkient. Thus, 

Uong-time-average) 
the amplifier should be designed with a power reserve of 16 in order 
that peak clipping may occur not more than about l percent of the time. 

Speech-communication 

systems 

l 1 lOO 

::! t 90 
4> IL "-"~ .,...... I./'! ,,,,, -
§ .5 80 

I r~/ 
I V 

In many applications of the 
transmission of information by 
speech sounds, a premium ls a placed on intelligibility rather .r 
than flawless reproduction. j 
Especially important is the re
duction of intelligibility as a 
function of both the back-

.t 
4> 

:ii 
.!! 
~ ground noise and the restriction 

of transmission-channel band
width. Intelligibility is usually 
measured by the percentage 
of correctly received mono
syllabic nonsense words uttered 
in an uncorrelated sequence. 

fO 

eo I I I 
I I /---,_ 

I I 
I/ I 

/ I 
J / 

lb" 

20 

lO 

0 0.1 0.2 O.ll 0.4 O.S 0.6 O.? o.a OJI I.O 

orticulotion index 

Fig. 20--Relations between various 
measures of speech Intelligibility. Rela• 
tlons are approximate; they depend upon 
the type of material and the skill of the 
talkers and listeners. 

This score is known as syllable articulation. Because the sounds are nonsense 
syllables, one part of the word is entirely uncorrelated with the remainder, 
so it is not consistently possible to guess the whole word correctly if only 
part of it is received intelligibly. Obviously, if the lest speech were a 
commonly used word, or say a whole sentence with commonly used word 
sequences, the score would increase because of correct guessing from 
the context. Fig. 20 shows the inter-relationship between syllable, word, and 
sentence articulation. Also given is a quantity known as articulation index. 

The concept and use of articulation index is obtained from Fig. 21. The 
abscissa is divided into 20 bandwidths of unequal frequency interval. Each 
of these bands will contribute 5 percent to the articulation index when the 
speech spectrum is not masked by noise and is sufficiently loud to be above 
the threshold of audibility. The ordinates give the root-mean-square peaks 
and minimums tin ¼-second intervals), and the average sound pressures 
created at 1 meter from a speaker's mouth in an anechoic (echo-free! 
chamber. The units ·are in decibels pressure per cycle relative to a pressure 
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Speech-communication systems C011tinued 

of 0.0002 dynes/centimeter2• !For example, for a bandwidth of 100 cycles, 
rather than l cycle, the pressure would be that indicated plus 20 decibels; 
the latter flgure is obtained by taking 10 times logarithm Ito the base IOI 
of the ratio of the JOO-cycle bond to the indicated band of 1 cycle.I 

An articulation index of 5 percent results in any of the 20 bands when a 
full 30-decibel range of speech-pressure peaks to speech-pressure minimums 
is obtained in that bond. If the speech minimums ore masked by noise of a 
higher pressure, the contribution to articulation is accordingly reduced to 
a value given by ¼ [ !decibels 
level of speech peaks) - !deci- ~ •Go,,..,,....,..rr..,....,,....,...,.....,...,...,,..,..,...,...,....,,...,...,....,.. 

~ •eo~~t,I,;~ bets level of overage noise)]. -:;;. "" 
Thus, if the average noise is 30 ] +40 ..,...,..,,..,"""" rn..::-:rrv-,,..;:.-, t-+-t-+-1-+1 

11 
decibels under the speech peaks, ~ •JOK>'!!,"i;,K~1

1
~r;

1
t,~.,i,~~."'-'!.1:,+,.f'),lod-H 

this expression gives 5 percent. If .E +20 lll"'l~l"t-~ 

the noise is only 10 decibels be- ] +to H-i-t-t++-t-H~I'" 
low the speech peaks, the con
tribution to articulation index re
duces to ¼ X 10 = 1.67 percent. 
If the noise is more than 30 
decibels below the speech peaks, 
a value of 5 percent is used for 
the articulation index. Such a 
computation is made for each of 
the 20 bands of Fig. 21, and the 
results are ..:idded to give the 
expected articulation index. 

Courtesy of Proceedings of the I.R.E. 

Fig. 21-Bands of equal articulation In• 
dex. 0 declbels = 0.0002 dyne/centl• 
meter. 

A number of important results follow from Fig. 21. For example, in the 
presence of a large white (thermal-agitation! noise having a flat spectrum, 
an improvement in articulation results if pre-emphasis is used. A pre
emphasis rote of about 8 decibels/ octave is sufflcient. 

Speech clipping 

While the presence of peak clipping is detectable as distortion, particularly 
with consonants, the articulation is not appreciably affected by even large 
amounts of peak clipping.* The deterioration from clipping is determined 

* J. C. R. Licklider and I. Pollock, "Effects of Differentiation, Integration, and Infinite Peck 
Clipping upon the Intelligibility of Speech," Journal of the Acoustical Society of America, vol. 20, 
pp. 42-51; January, 1946. 
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apparently by the masking and smearing caused by the intermodulation 
frequencies produced by the nonlinear clipping circuit. Consequently, the 
articulation ofter clipping depends on whether the higher frequencies ore 
preferentially amplified before (differentiation} or attenuated (similar to 
integration}. 

The articulation resulting from sequences of clipping, differentiation, and 
integration in various orders ore shown in Fig. 22. 

A-No distortion 

I-Differentiation 

C--lntegration 

0-Differentlatlon and dipping 

E--Dlfferentlation, dipping, and integration 

!'-Clipping and integration 

C-Clipping 

H-Oipping and differentiation 

1--lntegration and dipping 

}-Integration, dipping, and differentiation 

,. 

,. 

I-

I-

I I 
A 8 C O E F G H I J 

Courtesy of Journal of the housticaJ Society of America. 

Fig. 22-Effech of various types of distortion on lntelllglbillty of speech. The column 
diagram Indicates the over-all averages for eoch af the 10 circuit arrangements. 

Loudness 

Equal loudness contours: Fig. 23 gives overage hearing characteristics of 
the human ear at audible frequencies and at loudness levels of zero to 
120 decibels versus intensity levels expressed in decibels above 10-15 watt 
per square centimeter. Ear sensitivity varies considerably over the audible 
range of sound frequencies at various levels. A loudness level of 120 decibels 
is heard fairly uniformly throughout the entire audio range but, as indicated 
in Fig. 23, a frequency of 1000 cycles at a 20-decibel level will be heard 
at very nearly the some intensity as a frequency of 60 cycles at a 60-decibel 
level. These curves explain why a loudspeaker operating at lower-thon
normol-level sounds as though the higher frequencies were accentuated 
and the lower tones seriously attenuated or entirely lacking; also, why 
music, speech, and other sounds, when reproduced, should hove very 
nearly the some intensity as the original rendition. To ovoid perceptible 
deficiency of lower tones, a symphony orchestra, for example, should be 
reproduced at on acoustical level during the loud passages of 90 to 
100 decibels. 
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Loudness continued 
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• Digital computers 

Definition 

A digital computing machine is a device employing numbers composed of 
digits or discrete units !integers) in the representation of quantities under
going manipulation in the computing process. Numbers being symbolic 
representations of quantity, the computer is designed to manipulate these 
symbols in a logical manner so as to produce a symbolic representation of 
the logical result. The precision with which a result may be defined is 
proportional to the number of digits the machine con handle, provided 
the manipulations are performed accurately. 

Numbers 

A number is a quantity represented by an ordered group of symbols or 
digits. 

A number system is made up of an ordered set of symbols, each representing 
an integer. 

The number of individual symbols in a number system, including the repre
sentation for zero, is called the radix of the system. The relationship be
tween a number N, the digits d and the radix R can be expressed by the 
following equation: 

N = di + daR + daR,2 + d4R3 + ... d,.R,._1 

It is usual practice to write the digits of a number in decreasing order of 
significance as one reads from left to right. Thus a number expressed in 
the decimal system !radix lOl appears as: 

1856 = !I X 103
) + 18 X 102) + 15 X lOl + 16 X 10°) 

Similarly the number 110110 expressed in the binary system !radix 21 appears 
OS: 

N = 11 X 261 + 11 X '.241 + (0 X i3l + (I X 221 + 11 X 211 + ID X 2°1 = 54 

Choice of radix 

Computers may be built employing virtually any radix but only a very few 
radixes are considered significant from the standpoint of computer design. 
If the assumption is mode that the number of electron tubes or quantity of 
apparatus necessary to represent a number is proportional to the radix 
used, it can be shown that a minimum number of elements will be required 
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Choice of radix continued 

if the radix R = e = 2.71828. It is difficult to conceive an arithmetic built 
on such a radix. Since the assumption is tenuous at best, and if, as in many 
practical cases, the apparatus used is capable of assuming either of 2 stable 
conditions las in relays, flip-flops, punched cords, punched tape, etc.I, 
there is no radix more economical than radix 2, since none of the possible 
stable states is wasted. Radixes 4, 8, and 16 would be similarly economical. 

In electronic machines, the usual m&thod is to represent the 10 decimal 
digits by means of some form of binary code. Four binary symbols ore 
required to represent all of the 10 symbols of the decimal system. Some 
computers have input and output devices that work in the decimal system, 
but hove internal machinery and arithmetic units that operate in the binary 
system. The conversion is made internally before the computation hr per
formed and the result is translated bock into decimal notation upon com
pletion of the computation. A certain amount of time is taken for the 
conversions, but this time is short compared to the time required to operate 
mechanical printing devices that are frequently used as outputs. 

Coding -
A code is a system of representation of a set of symbols by means of 
another different set of symbols. 

A binary code consists of the two symbols, one and zero. It should be 
distinguished from a number system based on radix 2, since the element of 
position is not necessarily weighted in a code as it is in a number system. 
This difference is iflustroted in Fig. l, where the decimal number 347 is 
expressed as a binary number, as a binary coded decimal {radix 10!, and 
as a binary coded octal !radix 8). 

All of these numbers are representations of the some physical quantity. 
Because of the widespread use of the decimal system of numbers and 
because of the fact that most of the physical apparatus of computers is 
inherently binary or works best in a binary fashion las in detecting the 
presence or absence of signal, the on or off condition of a tube, or the 
open or closed position of a relay), 
it has become common practice to 
represent the symbols of the 
decimal system in some form of 
binary code. 

Since there ore more than 'l8 
symbols to be represented, it is 

Fig. I-Expression of o number In different 
codas. 

system 

Decimal 
Binary (radix 21 
Binary coded decimal 
Binary coded octal 
Octal !radix 81 

coda 

347 
}01011011 
OOll 0100 0111 
101 OIi 011 
533 
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necessary that the binary representatton of each decimal symbol employ a 
minimum of 4 binary symbols !the term binOf)' digit or bit is frequently used) 
to avoid ambiguity. Also, since there are 16 possible combinations of the 4 
binary symbols representing the decimal numbers in such a case and since any 
one of the combinations may be used to represent any decimal symbol, 
the number of possible codes is l6!/6!, or slightly less than 3 X 1010• 

Fig. 2 shows the representation of the 10 decimal symbols O through 9 in 
a 4-bit code. 

Fig. 2-Conversion of decimal ,, .. Fig. 3-Tlte ••c•s-3 coda. 
tam into binary coda. 

excess-3 
binary coded binary coded 

charader representation ch,....cter representation 

0 0000 0 0011 

1 0001 1 0100 
2 0010 2 0101 
3 0011 3 0110 

4 0100 4 0111 
5 0101 5 1000 
6 0110 6 1001 

7 0111 7 1010 
8 1000 8 1011 
9 1001 9 1100 

In some applications it is not desirable to have the symbol O ,represented 
by the absence of signal, since it cannot then be distinguished from lost 
signals. This is avoided by choosing 10 of the possible representations that 
do not include the position 0000. Such a code is given in Fig. 3. This code 
uses the binary notation for 3 as the representation for 0. Each of the other 
9 symbols is represented by the binary equivalent of the symbol plus 3. For 
that reason, it is known as on "excess-3" code. It hos the further property 
that it is "self-complementing"; that is, the 9's complement of the decimal 
symbol is formed by changing I's to O's and the O's to I's in the coded 
representation of the symbol. This property is useful in performing many of 
the arithmetic operations within the computer. 

The code given in fig. 4 is one of a group of codes that is frequently used 
when mechanical analogs (position, shaft rotation, etc.I are converted 
into digital form for computer input purposes or for recording. This type 
of code obtains its usefulness from the property thor one and only one digit 
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Coding continued -
of the code changes in proceeding to the next higher or next lower number. 
The code shown is known as a reflected binary code, because of the inverted 
sequence in which the binary symbol l and 
0 are used. Its conversion into the usual Fig. 4-The reflected binary code. 

binary number is trivkdly easy. It will be 
noted that the most significant digit is the 
some OS the binary number; a comparison 
is then mode with the digit at the next least 
significant position; if the two are alike, 
the digit in that position in the binary 
number is a O; if the two are unlike, the 
digit in that position in the binary number 
is a 1. This digit in the binary number is 
then compared with the next least sig
nificant position in the reflected code. 
Again if the two ore alike, the digit in that 
position in the binary number is a O; if 

character I reflected binary 
representation 

0 

1 
2 
3 

4 
5 
6 

7 
8 
9 

the two are unlike, it is a 1. The operation is diogromed 
electronic circuit for making the conversion is shown in Fig. 6. 

0 

0 

reflected binary input 
0 

1 
binary output 

Fig. 5-Sequence far comparing binary and reflected binary codes. 

0 

in 

0000 

0001 
DOil 
0010 

0110 
0111 
0101 

0100 
1100 
1101 

Fig. 5. An 

r-+ 
I 
I ___ _J 

The code given in Fig. 7 is a reflected binary, excess-3 representation of 
the 10 decimal symbols. This code, when converted into binary number, 
yields the binary excess-3 code given in Fig. 3. It has the property that 
only one digit change is required in advancing from the 9 to O representa
tion, and that change occurs in the most significant position. This is a useful 
property for many applications. 
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Coding continued 

Computers in business applications particularly may be required to handle 
information other than numbers. To encode all of the letters of the alphabet 
plus all of the arabic numerals requires a minimum of 6 binary digits if 
ambiguity is to be avoided. A typical code of this type is given in fig. 8. 

Fig. 7-Reflected binary, excess-3 code. Fig. 9-Code Including check bits. 

reflected binary, 
excess-3 

character representation character code 

0 0010 0 0010 001 

1 0110 1 0110 000 
2 Olll 2 Olll 001 
3 0101 3 0101 .000 

4 0100 4 0100 001 
5 1100 5 1100 000 
6 1101 6 1101 001 

7 1111 7 1111 000 
8 lllO 8 1110 001 
9 1010 9 1010 000 

Fig. 8-Code Including alphabet for business-machine applications. 

coded coded 
character representation character representation 

0 0010 00 J 0110 01 

K 0111 01 
1 0110 00 l 0101 01 2 0111 00 
3 0101 00 M 0100 01 

4 0100 00 N 1100 01 

5 1100 00 0 1101 OJ 
6 1101 00 

p 1111 01 
7 llll 00 Q 1110 01 8 1110 00 
9 1010 00 R 1010 01 

A 0110 11 s 0111 10 
B 0111 11 T 0101 10 
C 0101 11 u 0100 10 

8 0100 11 V 1100 1{) 
E 1100 11 w 1101 10 f 1101 11 

X 1111 10 

G 1111 11 
H 1110 11 y mo to 
I 1010 11 z 1010 10 
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Additional bits ore frequently used for the purpose of providing o check 
against errors. The 7-bit codes used in the Univac and the IBM machines 
are of this type. They ore so constructed that the total number of 1 's in 
the code for any character is either always odd or always even. For 
example, in the code of fig. 8, a check bit (for even check) would make 
the code appear as in fig. 9. 

Switching circuits 

In the circuits shown in fig. 10, the following notation applies: 

Only one of two states is permissible II or OI 

The + symbol should be read "or" 

The X symbol should be read "and" 

Thus, 

A+ B == A or 8 

AX B == A and B 

AB== A and B 

A!B + Cl = A and either B or C 

Since 1 and O ore the only permissible representations, if 

A = 1 and 8 = I 
Then: 

A+B=I 

A+O=I 

0 + 8 = I 

AXB=l 
AXO=O 
0 X B = 0 

These functions ore commutative and associative. 

The zero or negative is written A, read, "not A". 

Thus, 

AXB=O 

AXB=O 
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Switching circuits continued 

Fig. 10--Typlcal computer circuits. 

circuit 

J7. 
_n_ --------u A+ B 80--------· 

A. Lcoical "or" circuit using diodes, 

u 

B+ 

B. Inverter. 

C. Logical "or" combined with Inverter. 

n 

o·. Loglcol "or" using dual triode. 

symbol 
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Fig. t<r-Continued 

circuit symbol 

.J7.. so------------

..n.. e---OAXB 

E. Logical "and" circuit using diodes. 

Ao----------+-
BO----tl--+--+-

F. Logical "ond" combinea with inverter. 

G. Logical "ond"circuit using duol triode. 
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• Nuclear physics 
General 

Atoms consist of a dense core or nucleus of particles surrounded by a 
"cloud" of negative electrons. The nucleus, the bulk of the atomic mass, 
has a radius of fhe order of 10-13 centimeter, as compared with 10-s centi
meter for the electronic shell. The nuclear particles are held together by 
forces very different from the well-known gravitational and electric forces: 
they are many orders of magnitude greater and come into play only when 
the interacting particles are extremely close together. 

Detection of effects involving this combination of short distance and power
ful force necessitates the use of tools of corresponding smallness: waves 
of extremely short wavelength IX rays, gamma rays} or nuclear particles 
themselves. Bombarding particles of this kind occur naturally as cosmic rays 
or are produced ortiflciolly by high-energy particle accelerators. 

Fundamental particles 

Fig. 1 is a table of subatomic portkies based on present 119561 knowledge. 
The following ore explanations of their constitution and qualities. 

Electron: A particle with negative electric charge. Beto (/3) particles emitted 
by certain radioactive materials are high-speed electrons. The electron 
mass is 9.1 X J0""'211 gram. 

Proton: A particle possessing a positive electric charge and a mass 1836 
times the mass of on electron. The nucleus of a hydrogen atom consists of 
a single proton. 

Neutron: A particle, electrically neutral, with moss slightly greater than 
that of a proton. In simplified form, the atom has been pictured as a relatively 
compact nucleus built up of protons and neutrons surrounded by o cloud 
of electrons whose number is equal to the number of protons in the nucleus. 
Uronium238, for instance, contains 92 protons (balanced by its 92 electrons! 
and 146 neutrons. The chemical properties of the atom ore determined only 
by the number and arrangement of !he extranuclear electrons. The term 
nucleon is used to refer to either the netftron or proton when it is not 
necessary to distinguish between them. 

Photon: Although electromagnetic disturbances IX rays, radio waves, heat 
rays, light, etcJ behove like waves, their energy is transmitted in discrete 
bundles called photons. The energy E ergs carried by each photon is related 
10 the frequency v cycles per second of the associated wave by E = hv 
where h = Planck's constant 6.62 X J0-17 erg-seconds. The high
energy photons emitted by some radioactive materials ore called gamma 
(,yl rays. 



fig. I-Table of the fundamental particles (1956). • 

general I I symbol 

I 
I I claniflcatlon particle charge 

Photon 'Y 0 
Neutrino II 0 
Electron e +, -

light µ.-meson µ. +, -
mesons Charged 'lf meson 'lf +, -

(L particles) Neutral 'lf meson ro 0 

K.,-a particle or .,. meson T +, -
K,..2 particle or x meson X +, -

Heavy Kµ 2 particle Kµ2 + 1-1 
mesons Kµa particle or 11. meson II. + !-I 

(K particles) K.3 particle K.a + 1-1 
00 particle (IO 0 
(Neutral T meson! ,,.o 0 

Nucleons Proton p +, -
Neutron n 0 

A0 particle AO 0 
Hyperons l: particle l: +, -

(Neutral l: particle! 1:2:01 0 
Cascade particle z -

• Courtesy of 8. B. Rossi. 

equivalent j 
energy · 

man m.; In (mev) / 

0 0 
0 0 
l 0.511 

206 105.3 
272.5 139.2 
264 134.8 

964 ± 3 493 
963 ± 5 492 
960 ± 5 490 
952 ± 9 486 
980 ± 25 500 
964 ± 10 492 

? ? 

1836.1 938.2 
1838.6 939.5 

2181 ± 2 lll5 ± I 
2327 ± 4 1189 ± 2 

? ? 
::::: 2583 ::::: 1320 

continued Fundamental particles 

I mean life 
spin In seconds 

l co 
1/2 co 
1/2 co 

1/2 (2.22±0.021 X 10--a 
0 (2.5±O. ll X 10-s 
0 ~5 X 10-15 

Integer ::::: 10--s 
Integer 10----s 
Integer 0.81 ±0.07 X 10-s 

? ::::: 1O-a 
? > 1O-ll 

Integer 11.5±0.51 X 10-10 
Integer ? 

1/2 -
1/2 1.08 X 103 ± 240 

Half integer 13.7 ±0.61 X 10-10 
Half integer ""10-10 

(Half integerl « 10-10 
Half integer = 10-10 

! 
t 

~ 
CIC) 
CIC) 
c.c 
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Fundamental particles continued 

Neutrino: A particle with negligible mass. The neutrino was hypothesized to 
account for certain features in the emission of the high-speed electrons-13 
particles-from radioactive nuclei. When a {,-emitting nucleus disin
tegrates, it creates both an electron and a neutrino. The neutrino has never 
been detected directly, but its properties hove been fairly well established 
by indirect experiment. 

Positron: A particle with the same mass as an electron but having positive 
electric charge. Positrons do not exist in normal atoms. They may appear in 
radioactive decay or be materialized when high-energy photons interact 
with nuclei. The ultimate fate of every positron is its conversion into electro
magnetic energy. 

Negative proton: A particle with the some moss as the proton but having. 
negative electrical charge. Like positrons, negative protons do not occur 
naturally but are produced as a result of high-energy interactions. They ore 
converted into electromagnetic energy when they encounter normal protons. 

Meson: Mesons are observed among the products of nuclear disintegration 
when very-high-energy particles strike nuclei. Most prominent of the meson 
family are the pi brl and mu lµl mesons. Three kinds of 1r mesons exist. Two 
are electrically charged [±I and decoy into the lighter µ meson about 
10-s second ofter their formation. The third hos no charge and decays into 
two photons. The µ meson is also unstable and decays into an electron and 
two neutrinos about 10-6 second ofter it appears. 

Heavy elementary particles: Approximately a dozen different particles of 
this kind hove been identified, classed as hyperons and heavy mesons; oil 
are unstable, some being so short-lived that they decoy even while in flight. 

Deuteron; a particle: These "particles" are nuclei of deuterium and of 
helium, respectively. The deuteron consists of I proton and l neutron; the 
alpha (al particle of 2 protons and 2 neutrons. The lotter is a particle emitted 
by some naturally radioactive materials. Both are used as bombarding 
particles in high-energy accelerators. 

Terminology 

Atomic nucleus: Consists of protons and neutrons, Z and N in number. The 
number of protons Z is referred to as the atomic number. 

Nuclear charge: Carried by the protons, each of which has charge 
e = 1.6 X 10-19 coulomb. 

Mass number: An integer A equal to the total number of neutrons and 
protons in the nucleus. A = N + Z. The complete symbolic representation 
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of a nucleus is zXA where X is the appropriate chemical symbol: carbon, 
with 6 protons and 6 neutrons, is written eC12• 

Atomic mass unit, (amul: A unit of mass equal to 1.660 X 10-24 gram and 
equivalent to the mass of each of the particles of a fictitious substance 
whose molecular weight is 1 gram. One atomic mass unit is approximately 
the mass of the neutron or proton. 

Isotopes: Nuclei with common Z. Isotopes are chemically indistinguishable: 
the three naturally occurring isotopes of oxygen are 80 16, 80 17, and 8QU\ 

Nuclei with common A are called isobars; with common N, iso/ones. 

Mass defect: The masses of nuclei are less than the sum of the masses 
of their separated constituent neutrons and protons. The difference is the 
mass defect: the proton and neutron masses are respectively 1.6723 X J0"-24 
and 1.67 46 X 10-24 gram, whereas the mass of the deuteron is 3.3430 X 10-24 

gram; the mass defect of the deuteron is thus 0.0039 X J0"-24 gram. 

Binding energy: The energy required to separate all of the component 
neutrons and protons of the nucleus is called the total nuclear binding 
energy B. Binding energy and mass defect are equivalent according to the 
relativistic mass-energy relation. The fraction B/ A is approximately 8 X 106 

electron-volts for all but extremely light nuclei and represents on the 
average the energy required to remove a single neutron or proton from a 
nucleus. 

Electron-volt: A unit convenient for representing the energy of charged 
particles accelerated by electric fields. The electron-volt (evl is equal to 
1.6 X 10-19 joule and is the kinetic energy acquired by a particle bearing 
one unit of electric charge (1.6 X 10-19 coulomb) that has been accelerated 
through a potential difference of 1 volt. According to the relativistic mass-
energy equation 1 (amul 931 (mevl, where 1 (mevl = 106 (evl. 

Fission; fusion: The breakup of nuclei into nuclear fragments that are them
selves nuclei is fission. The coalescing of two nuclei to form a heavier one 
is fusion. The mass defect for middle-weight nuclei is greater than that of 
light or heavy nuclei; light and heavy nuclei in general both have nucleons 
of average weights greater than those of medium-weight nuclei into which 
they might fission or fuse. Thus, when uranium breaks into its fission frag
ments, or two deuterium nuclei fuse to form helium, there is a net loss in 
mass. The mass lost appears as an equivalent amount of kinetic energy of 
the nuclei or their decay products. In the fission of U235, for example, each 
fissioning nucleus releases approximately 200 mev ""' 10-4 erg of energy. 
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Nuclear radius of o nucleus of mass number A is given approximately by 
R = roA.113• Experimental values quoted for r0 range from 1.1 to 1.5 X 
10-13 centimeter. The unit of length, 10-13 centimeter is called the fermi. 

Nuclear reaction: A process in which o nucleus struck by o fast-moving 
particle combines with it to form an energetic aggregate. This briefly 
formed compound nucleus breaks up almost immediately either into the 
original nucleus and particle or into o different nucleus and one or more 
secondary particles, effecting o nuclear transmutation in the second case. 
A typical reaction represented in detail is: 

tPI 
,.----A---. 

bombording 
particle 

+ 3li
7 

-
,---A---.. 

forget 
nucleus 

(48e8l 
,,-A------.. 

compound 
nucleus 

- 48e
7 

~ 
residual 
nucleus 

+ on1 

---------emitted 
particle 

or in abbreviated form, li7 (p,nl Be 7. The bombarding and emitted particles 
in this reaction are a proton and neutron, respectively. 

Cross section of o nuclear reaction is o measure of the probability of its 
occurrence. Quantitatively, the total cross section ct is the inverse of the 
number of particles that must strike l centimeter2 of target material to 
induce a nuclear reaction in l nucleus of the target. If the number of forget 
nuclei/centimeter2 = N, and there ore f bombarding particles incident on 
each centimeter2 of the target/unit time, the number of nuclear events n 
(per centimeter2/unit timel is given by n = NFct. The barn JO-il4 centimeter2 
is commonly used to express cross-section values. 

Stable nucleus: One that retains its identify indefinitely unless disturbed 
by external forces. 

Radioactive nucleus or unstable nucleus: One which ultimately transforms 
spontaneously into a nucleus of a different kind. The transformation occurs 
through the emission of beta particles, alpha particles, or gamma rays 
(radioactive decoyl; through the breakup of the nucleus into one or more 
nuclear fragments {spontaneous nuclear fission!; or through the absorption or 
capture of an extronucleor electron from the atomic shell {€/edron capture). 

Activity of a radioactive material: The number of its nuclei that decay in 
unit time. 

One Curie of a radioactive substance is that amount having an activity 
of 3.7 X 1010 disintegrations/second I= disintegration rate of I gram of 
radium). 
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Radioactive decay constant >.: The fraction of nuclei of a radio
active material disintegrating in unit time. The radioactive nuclei re
maining after time t in a material consisting originally of No nuclei is given 
by N = No exp(- >.tl. 

Half-life T of a radioactive material is the time until its original activity 

ls reduced by half and is given in terms of the decay constant by T = 0.693/>.. 

Relativistic conceptions: Two concepts fundamental to the explanation of 
nuclear and atomic phenomena stem from the special theory of relativity. 

These are: 

a. Relativistic mass: The behavior of bodies moving at an appreciable 
fraction of the velocity of light can be explained only if they are assumed 
to have a mass that increases with velocity. The relativistic velocity
dependent mass, 

m = mo/11 - v2/c21112 

where 

m0 = mass of body at rest 

v = velocity of the body 

c = 'felocity of light 

!all in consistent units), must be used in all accurate calculations of the 
behavior of energetic nuclear and atomic phenomena. The relativistic mass 
increase is important in the design of high-energy particle accelerators. 

b, Mass-energy equivalence. The kinetic energy of a moving body is given 
accurately by Im - m0lc2• IThe familiar expression m0v2/2 is an approxima
tion applicable only at low velocities.I By inference, a body at rest has 
associated with it the so-called rest energy E = m0c2• A striking example 
is the tremendous quantity of energy released during nuclear fission. 

Spin and magnetic moment. Fundamental particles appear to rotate about 
their axes like tops and, in addition, when grouped within the nucleus, move 
about each other continually. The angular momentum associated with these 
motions is called the nuclear spin; a measure of the magnetic effects pro
duced by the rotating particles is the so-called nuclear magnetic moment. 
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General 

Particle accelerators use electric and magnetic fields to accelerate elec
trically charged particles or ionized atoms to high energy. Particle energies 
range from several hundred-thousand electron-volts (transformer-rectifier 
circuits! to several billion electron-volts (recently built proton synchrotronsl. 

Particles most commonly accelerated are electrons, produced from thermi
onic cathodes; and protons, deuterons, and alpha particles, from ionized 
hydrogen, deuterium, and helium gases. All these particles ore used in the 
study of nuclear reactions induced when they strike nuclei directly. High
speed electrons are used also to produce high-energy X rays for bom
barding nuclei. Electrons and X rays are in widespread medical and biological 
use and are also used in special chemical processes. Intense heavy-particle 
beams from cyclotrons are used to produce radioactive isotopes. 

Since energy and mass are equivalent, it is possible for part of the energy 
of a bombarding particle to be converted into matter: Mesons are created 
when nuclei are struck by particles of energy > ""' 150 mev. Intense proton 
beams are used to produce large quantities of mesons, used, in turn, to 
bombard secondary targets for the study of interaction of mesons with 
nuclei. At extremely high ener-
gies in the billion-volt region, 
hyperons and K-particles are ~!~~i::tao• 
produced and intensive studies 
are currently directed toward 
understanding these particles. 

Van de Groaff electrostatic 
generators 

Electric charge is sprayed on a 
traveling insulated belt !Fig. 2) 
and carried to a rounded 
metallic terminal supported on 
an insulated column. Charged 
particles are introduced into 
the end of an evacuated tube 
in the charged terminal. The 
particles, progressively accel
ated and focused as they pass 
through the tube away from 
the terminal, emerge from the 
machine .in a sharp beam moving 

charge 
toke-off-----1--. 
points 

E"ZI+-+- charged

lnsuloting---i-'Mft 
supports(gla,s, 
textolite, ceramic) 

pulley-driven -1--...i 
charging belt 

I 
I 
I 
I • I 
I 
I 
I 
t 
I 
I 
I 
I 
I • charge ,pray'-..'-., 

points ~ 
-1 

belt-charging r !J 
hi;h-voltage+-=
tupPly 

I 

l 
emerging 

beam 
Fig. l-A Van de Graalf generator. 

particle 
source 

evocuoted 
accelerating 
tube (glass, 
ceramic) 
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with high velocity. By pressurizing the atmosphere around the generator, 
the machine can be mode very compact-a modern 2-rnillion-volt generator 
con be housed in a tank less than 6 feet long. Voltages range from about 
0.5- to JO-million volts. Beam currents up to 1 milliampere con be produced. 
The energy of the beam can be controlled to high precision (""' I/ l 0 
percent) and con be made highly monoenergetic (e.g., (8 X 1061 ± 104 
electron-volts!. A practical upper limit to the voltage attainable by existing 
design standards seems to be in the region of 12- to 15-million volts. 
Representative generators of this type are listed in Fig. 3. 

Fig. 3-Representative eledrostatlc accelerators. 

charact..-lstlc 

Column 
Length i1l feet 
Insulation 

Belt 
Material 
Width in inches 
Speed in feet/minute 

Tonk 
Size in feet 
filling 

Voltage range in millions of 
electron-volts 

limited by 

Beam current in microamperes 

Energy resolution in pe,cenl 

Cyclotrons 

Massachusetts lnsfftute of 
Technology1 

Cambridge, Man. 

Vertical 
18 
Vycor glass disks 

Rubberized cotton 
20 
3600 

32 high X 12 diameter 
90 percent N2, 10 percent 

CO2 to 250 pounds/inch• 
(400 pounds/lnch2 maxi-
mum) 

3-8.5 (designed for l2l 

Discharge in accelerating 
tube 

""' I for protons 

0.1 

Unlvel'tllty of Wisconsin; 
Madison, Wisc. 

Horizontal 
11 
T extolite lubes 

Woven cotton 
26 
2700 

20 long X 5.5 diameter 
Air-freon, 100 pounds/inch• 

fmoximuml 

0.150-4.6 

Sparking to lank wall 

,< 3 for protons 

0.05 to 0.1 

The cyclotron !Fig. 41 uses a combination of a strong unipolar magnetic 
field and a high-frequency electric field. The heart of the machine consists 
of two hollow metal electrodes called dees. The dees are connected to 
the terminals of a high-power radio-frequency oscillator and ore housed 
in on evacuated chamber between the poles of a k1rge electromagnet. 
Charged particles ore produced by introducing gas (hydrogen, deuterium, 
or helium) into a small discharge tube at the center of the gap between the 
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dees. The acceleration process begins with the extraction of charged 
particles from this ion source by the electric field across the dee gap. 
The particles receive an initial brief ac
celeration from the electric field, cross 
the gap, and enter one of the dees. The 
strong magnetic field causes the particles 
to move in a circular path. After traversing 
a semicircle they re-enter the gap, at 
which time, by proper choice of oscillator 
frequency, the electric field across the gap 
hos been mode to reverse; the particles 
ore again accelerated, increasing their 
velocity further. This process is repeated 
over and over, the particles gaining in 
energy with each passage through the 
gap, moving in circles of ever increasing 
radius, and attaining very high energy, by 
·the time they reach the outer circum
ference of the dees. At this point, the 
particles may be extracted from the dees 
by on electrostatic defiector and allowed 
to strike on external target. The time 
required for each semicircular traversal 
remains constant for particle velocities 
that ore small compared to the velocity 
of light. This is the case in conventional 

Fig. 4-A cyclotron. 
cyclotrons of energy less than 20- to 30-
million electron-volts, in which it is therefore possible to use a constant
frequency oscillator. At higher energies, the particle moss becomes oppre-

Fig. 5-Represenlative cyclotrons, 

I Mauachuseth lnsti-1 University of University of 
lute of Technology; Callfornio; Chicago; 

characteristics Cambridge, Mau, Berkeley, Calif. Chicago, Ill. 

Type Conventional Synchrocyclotron Synchrocyclotron 
cyclotron 

Magnet 
Pole diameter in inches 42 184 170 
Weight of iron in tons 75 4,300 2,200 
Field in gausses 18,000 15,000 18,600 

Particle energy in millions 7.5 for protons 350 for protons 450 for protons 
of electron-volts 15 for deuterons 195 for deuterons I 30 /or a particles 1390 for a porhdes , 
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ciably increased through the relativistic effect and the oscillator must be 

frequency modulated correspondingly. Synchrocyclotrons of this latter kind 

have been built to accelerate protons to very-high energies. Because of 

the relativistic effect, the cyclotron is a practical accelerator only for 

heavy charged particles and is not used to accelerate electrons. Beams of 

very-high intensity are produced !Fig. 51. 

Betatrons 

The betatron accelerates electrons throug·h the use of a time-varying 

magnetic field !Fig. 61. A pulse of electrons ls injected from an electron gun 

tangentially into a circular evacuated tube called the doughnut. A magnetic 

field perpendicular to the doughnut plane is simultaneously turned on and 

caused to rise rapidly to very-high intensity. This changing magnetic fie•ld 

induces a strong electric field that exerts o tangential force on the injected 

electrons. The magnetic field, which extends over the doughnut, acts also 

to constrain the moving electrons to 

circular paths. If the field strengths of 

and within the electron orbit are 

properly related, the orbit radius 

remains essentially constant through 

the acceleration cycle. The com

plete acceleration process involves 

several hundred thousand circular 

traversals and is accomplished in a 

fraction of a second. When the 

electrons have attained full energy, 

the magnetic field is purposely dis

torted, shifting the electron orbit 

and causing the electrons to strike 

a small target producing high-energy 

X rays. Techniques have also been 

developed for extracting part of the 

electron beam from the doughnut. 

Operation is usually at repetition 

rates ranging from 60 to 180 cycles/ 

second. Machines of energy up to 

300-million electron-volts are in 

use lfig. 71. 

confining onnutor 
to vacuum magnetic field electron 

pump injector 

1111 
X-roy l!il 
beam ~1111 

-.,111 
ml 

Fig. 6-A betatron. 
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Fig. 7-Representative batatrons. 

charaderistics 

General Electric 
Research Laboratory; 

Schenectady, N. Y. 

Orbit radius in inches 33 

Injection 
Energy: in thousands of electron-volts 30-70 
By Electron gun 

Magnet 
Over-all dimensions in feet = 15 X 9 X 8.5hlgh 
Weight in tons 130 
Field at orbit (maximum in gausses} 4000 
Magnet power !full load in kilowatts} 200 

Vacuum tube Oval-shaped 
Dimensions in inches = 8 wide X 5 high 

Repetition rate in cycles/second 60 

Electron energy !maximum in millions of 
electron-volts) 100 

X-ray output in roentgens/minute at 1 meter = 2600 lat 100 mevl 

Synchrotrons 

The synchrotron accelerates protons 
or electrons by combining a time
varying magnetic fleld with a radio
frequency electric fleld. The machine 
!Fig. 81 consists essentially of an 
evacuated accelerating "doughnut" 
placed between the poles of an 
annular electromagnet. Particles in
jected into the doughnut are con
strained to a circular path by the 
magnetic fleld. As in the cyclotron, 
the particles are accelerated briefly 
by o radio-frequency fleld each 
time they poss on electric gap in 
the accelerating tube. In the case of 
protons, which become relativistic 
only ot energies in the billion 
electron-volt region, the pro

University of Illinois; 
Urbana, Ill. 

51 

100 
Electron gun 

= 23 X 13 X 6 high 
400 
= 8000 
170 

Oval-shaped 
10 wide X 6 high 

6 

312 

= 12,000 lat 280 mevl 

evacuated 
doughnut 

ton velocity increases continually Fig. II-Electron synchrolr-on. 



900 CHAPTER 31 

High-energy particle accelerators continued 

throughout the accelerating cycle. Successive revolutions around the 
doughAut occur in shorter times and the accelerating-field frequency must 
be increased correspondingly. Electrons, which ore much lighter, ore 
brought very quickly to the limiting velocity of light, becoming highly 
relativistic ot energies of 2-million electron-volts or more. Above this 
energy, they revolve obout the doughnut with essentially the some period. 
For this reason, electron synchrotrons ore usually operated in two steps, on 
initial belolron phose; during which the electrons ore accelerated by the 
time-changing magnetic field alone; ond o synchrotron phase, ofter the 
electrons hove reached the neighborhood of 2-million electron-volts when 
o constant-frequency accelerating field is turned on to corry out the 
remainder of the occelerotion (ond the magnetic field serves only to 
constrain the particles). An important odvontoge of the synchrotron over the 
betatron is the elimination of the central port of the magnetic field ond 
the expensive ond heavy magnetic material thot this represents. Electron 
synchrotrons !Fig. 9) operate essentially in the some energy region os 
betotrons ond hove the same applications. Notable proton synchrotrons 
!Fig. 10) are the Brookhaven Cosmotron ond the Berkeley Bevatron, which 
ore used for the study of extremely high-energy phenomena in the billion-
electron-volt region. • 

Fig. 9-Repreuntative electron synchrotrons. 

characteristics 
,

1 

University of Call- I 
fornia; Berkeley, Calif. 

i 

Cornell University; 
Ithaca, N. Y, 

Orbit rodius in inches i 39.4 i 39.4 

Magnet 
Weight of iron in tons 
Weight of copper in tons 
Peak field in gausses 
Pole tip gap lpole-to-polel in inches 

--------------
Magnet power supply 

Type 
Repetition rote in pulses/ second 
Peak voltdge in kilovolts 
Peak cunent in amperes 

Oscillator 
Frequency in megacycles 
Peak power in kilowatts 

135 
I 1.75 
·1· 14,000 

3.7 

Pulse 
6 
19 
3060 

75 
1.8 
10,000 
3.25 

Alternator 
30 
11.2 
3500 

47.5 
5.5 

electron-volts) 300 320 
Electron energy !maximum in millions of I 

1

! 

-X--r-oy_o_u_t_pu-t-in_r_o_e_nt_g_en_s_/m_i_n_ut_e_a_t -1 -m-et_e_r 1--1-00_0 ______ 1 1600 
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fig. lo-Representative protron 1ynchrolron1. 

characteristics 

Orbit radius in feet 

Injection 
Energy in millions of electron-volts 
By 

Magnet 
Weight in tons 
Peak field in gausses 
Pole tip gap in inches 
Peak current in amperes 

Frequency-modulated-oscillator 
frequency in kilocycles 

Repetition role in pulses/ minute 

Energy !maximum in billions of 
electron-volts) 

Proton current (internal beam) in 
protons/pulse 

Brookhaven 
National Laboratory; 

Upton, N. Y. 

30 

3.6 
Elect,ostotic generator 

2,000 
14,000 
9.5 high X 48 radially 
7,000 

370 to 4200 

12 

3 

5 X 1010 

50 

9.9 

University of 
California; 

Berkeley, Calif, 

linear accelerator 

10,000 
15,000 
= 13 high X 52 radially 
8,300 

350 to 2500 

4-10 

6.1 

1010 

Strong-focusing synchrotron: Charged particles accelerated in circular ma
chines like the synchrotron experience perturbing forces that displace them 
from their ideal orbits. To confine the particles within the accelerating 
tube, it is necessary to shape the magnetic field of the machine so that 
restoring forces ore exerted on particles so displaced. The particles thus 
perform oscillations about some average path and remain within the 
accelerating tube, provided this has sufficiently large cross-sectional area. 
At very-high energies, however, the required tube cross section is very 
large and the amount of magnetic material needed to surround it becomes 
prohibitively great. For example, a 30-billion-electron-volt proton syn
chrotron of conventional design would require at least 100,000 tons of iron. 

Recent studies have revealed methods for shaping the confining magnetic 
field to reduce the amplitude of the oscillations by a large factor. It is 
expected that the strong-focusing or alternating-gradient fields so devised 
would permit the construction of a 100-billion-electron-volt synchrotron 
with a magnet weighing 6000 tons. Two strong-focusing machines are 
currently under construction to operate at about 25 billion electron-volts, 
one at the Brookhaven National Laboratory (Fig. 111 and the other at the 
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European Council for Nuclear Research (CERN) in Geneva. The principles 
of strong-focusing design are currently being extended to radio-type 
vacuum tubes employing linear electron beams.* 

fig. 11-Prellminary design parameters for strong.focusing synchrotrons. 

Harvard University, 
Massachusetts lnstl-

Brookhaven lute of Technology; 
National Laboratory; Cambridge, Mau. 

characteristics Upton, N. Y. (tentative 1956) 

Orbit rodius in feet 280 91 

Infection 
Energy, in millions of electron-volts 50 40 
By lineor accelerotor I linear accelerator 

Mognet 
! 

Weight of iron In tons 3000 I 323 
Weight of copper in tons 35 I 65 
Peak fleld in gousses 14,000 9000 

Oscillotor 
Frequency in megocycles fm, 1.4-4.5 406 

Repetition rote in pulses/minute 2(\ 1800 

Porticle energy in billions of electron-volts \ 25-35 for protons i 7.5 for electrons 

Linear accelerators 

The linear accelerator moves charged particles along a straight path by 
means of a radio-frequency electric fleld. The machine's essential element, 
the accelerating tube, is a long waveguide, loaded periodically alor:ig its 
length with suitable field-perturbing obstacles. High-power radio-frequency 
energy passes into the waveguide and builds up an oscillating electro- , 
magnetic field of high amplitude within it. If waveguide and obstacle 
dimensions are properly chosen, one of the travelling waves of which the 
field is composed will have the characteristics necessary for linear acceler
ation. Such a wave must have a strong electric component along the 
accelerating-tube axis and must move along this axis with the velocity of the 
particles being accelerated. As particle velocity increases along the tube, 

* A. M. Clogston and H. Heffner, "Focusing of on Electron Beom by Periodic Fields, Journal 
of Applied Physics, vol. 25, pp. 436-4471 April, 1954. 
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the wave velocity must likewise change, and it is necessary, in general, to 
change the characteristics of the waveguide progressively along its length. 
For proton and other heovy-particle machines, this change is appreciable up 
to very-high energies. Electron accelerators, on the other hand, require 
a change in waveguide dimensions for, at most, only a very-short initial 
length of the accelerating tube. 

Charged particles injected along the accelerating-tube axis in correct 
phase with respect to the accelerating wave are increased in velocity so 
as to keep in step with it. The field conditions surrounding the particles 
thus remain essentially constant and the particles move almost as though 
they were in an unvarying field. 

Since accelerating-tube dimensions ore proportional to the wavelength of 
the oscillator, operating frequencies in the very-high-frequency and micro-

Fig. 12-Traveling-wave-type iris-loaded linear electron accelerator. 

wave regions ore used. For example, almost all electron accelerators use 
multimegawatt pulsed 11-5-microsecondl magnetrons or klystrons of about 
3000-megacycle frequency to operate accelerating tubes with diameters of 
3 to 4 inches. Peak accelerated electron-beam currents up to 100 milliam
peres ore easily obtained at duty cycles of from 10-4 to 10-a, resulting in 
overage beam currents of from 1 to 20 microamperes. Energies up to 4-
million electron-volts/foot have been attained. A number of machines in 
the 10-to-40-million-electron-volt region are in use. The Stanford University 
linear electron accelerator !Fig. 13!, 220-feet long, has already produced 
beams of 600-million, and will ultimately reach at least I-billion electron
volts. The relatively high beam intensity of the linear accelerator and the 
ease with which the beam may be extracted from the accelerating tube are 
two of the machine's important advantages. 
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fig. 13-Reprnentatlve linear accelerators. 

charaderistlcs 
Univenity of Call- I 

fornla; Berkeley, Calif. 
Stanford University; 

Palo Alto, Calif. 

_T_y_p_e ____________ 
1 
__ P_r_o_to_n_-_s_to_n_d_in_g_._w_o_v_e l Electron-traveling-wove 

Injection 
Energy in electron-volts 
By 

4 X 106 i 5--8 X 104 
Electrostatic generator , Electron gun 

-----------1--------1----------
Accelerating tube 

Type Cylindrical cavity I 
Length in feet 40 · 
Excitation mode TM 

Power supply 
frequency in megacycles 
Peak power /tube in ,negowctts 

Repetition rote in pulses/second 

Particle energy !maximum in 
millions of electron-volts 

Beam current in microamperes 
Peak 
Average 

9 power oscillators 
202.5 
2.1 

15 

31.5 

1

60 
0.3 
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Nuclear instrumentation 

Particle detectors 

Nuclear study is in large part carried out by observing the properties 
(e.g., number and kind, energy and angular distributions! of particles 
emitted by naturally radioactive nuclei, or by nuclei exposed to radiations 
of various kinds. The detection of such particles depends on the fact that 
a rapidly moving charged particle can produce an observable effect, such 
as fluorescence or ionization, in the medium through which it passes. 

Particle track recorders: A group of detectors exists in which the path of 
the particle can be observed visually in the form of a track in a super
saturated vapor or liquid, or in a photographic emulsion. 

Cloud chambers, either continuously or momentarily during an expansion 
phase, provide a gaseous atmosphere saturated with water vapor that 
condenses preferentially on molecules ionized by the particle. The vapor 
track is photographed stereoscopically. Energy and kind of ionizing particle 
are determined by the length, density, and shape of the track. 

Bubble chambers maintain a volatile liquid at critical temperature and 
pressure. When the pressure is instantaneously reduced, the ionized 
molecules produced by the particle act as the centers of a line of briefly 
visible vapor bubbles. 

Nuclear emulsions are thick photographic emulsions in which a track of 
developable silver-iodide grains marks the path of the ionizing particle. 
The developed tracks are viewed and measured by means of a microscope, 
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Gas-filled counters are detectors in which the charged particle ionizes gas 
enclosed in an envelope containing two electrodes across which high 
voltage is maintained. The occurrence of the ionizing event is manifested 
as an electrical signal that is used to actuate various recording devices. 
Depending on the electric-field gradient and gas pressure, the counter is 
an ionization chamber, o proportional counter, or a Geiger-Muller counter. 

Ionization chambers are designed so that the charge collected by the high
voltage electrodes is at most the small charge liberated in the initial ioniza
tion process. ff the ionizing source is steady, the charge produced in the 
counter may be observed as an average current !Fig. 14Al; or, with ap
propriate circuitry, single-par
ticle ionization bursts may be 
used to produce small voltage 
pulses across the distributed 
capacitance of the chamber 
(Fig. 14B1. The voltage pulses 
can be amplified electronically 
and recorded by auxiliary 
apparatus. 

ionitatton chomber 

8 

pulse 
ou!pul 

Fig,. 14-Connectlons for an ionization chamber. 

The proportional counters function similarly to ionization chambers, except 
that electrode-voltage and gas-pressure conditions are chosen that multiply 
by a large factor the charge initially Hberated by the ionizing particle. The 
charge collected at the electrodes as a result of this "gas-multiplication" 
process is thus much greater than in the ionization chamber. Weaker 
radiations can be detected ond voltage pulse amplifiers of lower gain can 
be used. Although larger, the collected charge and output pulse remain 
proportional to the initial ionization and serve os a measure of the particle 
energy. 

Geiger-Muller counters use electrode voltage sufficiently great so that the 
gas multiplication factor is very large and an electric discharge is produced 

copper l)\lmpino ond filling tube 
(typicol oos: 9-centimet•n aroon 
+ 1-amtimeler •ll1yl alcohol ) 

5-mll tunosten wire 

brass woll"" Vst Inch 
for y-ray counting 

fig. II-Typical Gel..,.MiiRer count.r. 

soft solder 



NUCLEAR PHYSICS 907 
Nuclear instrumentation continued 

in the counter whenever a charged particle enters, regardless of its energy. 
The counter !Fig. 15) is useful as an extremely sensitive detector of individual 
particles, producing large output pulses of uniform amplitude independent 
of the kind and energy of particle detected. 

Voltage pulses produced by gas counters hove rise times in the order of 
10; second. Random particles arriving at an overage rote of up to 105/ 

second con be counted accurately by a carefully designed proportional 
counter. The Geiger-Muller counter, however, ofter producing its output 
pulse, requires up to 200 microseconds to restore itself to its original 
undischarged condition and cannot be used for counting rotes much greater 
than 103 / second. 

Efficiency, All the gos counters detect charged particles with high efficiency. 
Counters with windows as thin as 2 or 3 milligrams/centimeter2 ore mode 
which con be penetrated by charged particles of very low energy. X and 'Y 
rays penetrate thick-walled counters readily, but are detected only if they 
interact with one of the atoms in the counter gos or wall, releasing on 
energetic charged particle that is detected by the ionization it produces. 
Although -y-ray counters ore purposely mode thick-walled to increase the 
probability of this occurrence, which tokes place infrequently, the efficiency 
of a typical gos-filled -y-roy counter is only l to 2 percent. 

Neutron detection: Two common neutron detectors ore the neutron-recoil 
detector and the boron-trifluoride counter. Both ore. proportional counters. 
The former is filled with a gos such as hydrogen whose charged nuclei recoil 
energetically when struck by neutrons and produce a typical proportional 
counter pulse. The pulse size decreases with decreasing energy of the 
incident neutron, so that the counter is not satisfactory for the detection of 
neutrons of very-low energy. The boron-trifluoride counter depends on 
a nuclear reaction for its effect. Neutrons of extremely low energy ore 
very strongly absorbed by isotope B10 of boron. An unstable nucleus is 
produced that breaks into a lithium nucleus and on energetic a particle. 
The a particle is then detected by the counter in the usual way. Slow 
neutrons (< l electron-volt) may be detected directly by the boron
trifluoride counter. The detection of fast neutrons requires that these first 
be reduced in energy (thermalized) by passing through hydrogen-containing 
material, such as paraffin, surrounding the counter tube. 

Crystal counters function qualitatively in the some way as an ionization 
chamber except that the medium between the high-voltage electrodes is 
a solid crystal instead of gos. The high density of the counter medium results 
in on advantageously small counter. A further advantage is the high velocity 
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with wh ch electrons produced by ionization travel through the crystal, 
resu ting in fast counter pulses with rise time; n the neighborhood o 10-7 

second. However, the reproducibility of pulses is, in general, not good; 
and the crystals become polarized electrically after long exposure to 
radiation Suitable crystals are silver chloride, zinc sulphide, diamond, 
cadmium sulphide, and the thallium halides. 

Scintillation counters (fig. 16) involve the use of a light-sensitive detector, 
such as a photomultiplier tube, that is actuated by the visible fluorescence 
produced when charged particles strike certain transparent materials. The 

thin aluminum housing pholomul!ip!ier lub, 

Fig. t6-Photomuhlpller and acintlllating-crystol asaembly. 

method hos been developed in recent years into a highly superior counting 
technique following the discovery of crystals producing fluorescent scintilla
tions of high intensity and very-short duration, and with the application of 
fast, sensitive, photomultiplier tubes. (Descriptions of photomultiplier tubes 
and their circuits are given in the chapter, "Electron tubes".) An important 
advantage is the very-fast decoy time of the fluorescence, as short as 
2 to 3 X 10-11 second, which allows the detection of events occurring very 
closely together in time. The light output is proportional to the energy of 
the exciting particle. Because the crystals are dense and can be used in 
comparatively large sizes, they ore efficient as ')'-ray detectors. Large 
inorganic crystals like sodium iodide can hove ')'-ray counting efficiencies 
approaching 100 percent. Lorge-volume scintillators hove been constructed 
for the observation of particles and 'Y rays of very-high energy by using 
liquid solutions of organic scintillators. Solid plastic scintillators hove been 
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constructed by embedding scintillating material in clear plastic and possess 
the advantages of being easily machined and handled. See fig. 17. 

Cerenkov counters make use of the visible light emitted by relativistic 
charged particles when they enter media with high dielectric constant. A 
fast electron or proton entering a clear plastic material like polystyrene or 
lucite will emit visible light in a narrow cone in the direction in which the 
particle is moving. The light pulse can be detected in the usual manner with 
photosensitive devices. The duration of the pulse is extremely short 
I< 1071 secondl. The application of the counter is limited by the small 
intensity of the light pulse and the fact that only particles of a very-high 
energy produce Cerenkov radiation. 

Fig. 17-Properties of some common sclntilloton.* 

relative scintilla- emission 

1 
light lion spectrum 

yield for decoy time bonds in 
fJ par- at 25° C angstrom I qualify of 

scintillator ticles In 10--9 sec units density I crystals 

Anthrocene 1.0 30-40 1=10' 4400 1.25 Good 
., ot 196°Cli 
0 

~ Stilbene 0.6 6-12 {4200 lweokl 1.16 Good 
u 4080 !strong) 
u 
'i:: 

" Terphenyl 0.65 5-12 3460 main bond 1.23 Good 0) 

0 
Nophtholene 0.25 i <150 3450 1.15 Good, but 

I crystals 
sublime 

..!!! NoHTll =2.0 250 4100 3.67 Excellent, 
!1 but crystals 
f hygro-
u 

scopic u 
'i:: 

" ZnS(Agl = 2.0 > lOOO Blue 4.10 Powder or E' 
0 small crys-.s 

tels only 

u Toluene + 3-5 grams/ 0.3---0.4 <3 3400 0.866 liquid scin-·~ 
.B t! liter terphenyl tillotor 
0. 0 

..., 0 
Polystyrene or poly- = 0.5 <3 = 4300 - Plastic c:::= 

0.; 
vinyl toluene + 3% scintillator " ,, ·o ;; ., terphenyl + 0.02% 

g tetrophenyl butadiene 

* Doto abstracted in large port from R. C. Songster, "T echnicol Report No. 55", Massachusetts 
Institute of Technology laboratory for Nuclear Science; Cambridge, Massachusetts; January 1, 
1950. Also, R. F. Hofstadter, "Properties of Scintillation Materials", Nucleonics, vol. 6, pp. 
70-73; Moy, 1950. Also, R. K. Swank and W. L. Buck, "Decay Times of Some Organic Scin
tillators", Review of Scientific Instruments, vol. 26, pp. 15-16; January, 1955. 
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Electronic apparatus 

The nature of radiations incident on particle counters is reflected, in 
general, by the magnitude of the counter outputs and the frequency with 
which they occur. An important port of nuclear experimentation is the 
recording of such signals in a manner that will facilitate their interpretation. 
The problem, intrinsically one of sorting and measuring the counter outputs, 
reduces usually to one or more of the following: 

a. Measurement of the number of output pulses occurring in o given 
interval of time. 

b. Sorting of the output pulses in terms of their amplitudes. 

c. Determination of the time interval occurring between pulses associated 
with related events; far example, between the artificial creation of o short
lived particle or nucleus and its subsequent disintegration. 

d. Selection of events of a particular kind from among other simultaneously 
occurring events; for example, the detection of particles emitted by o 
feebly radioactive source from among the normally occurring "back
ground" of cosmic radiations. 

Ampliflers: Pulse-recording instruments require input amplitudes in the 
JO-to-100-volt region for their operation. The output pulses of particle 
detectors are usually too small-fractions to hundreds of millivolts-and 
must be amplified electronically before being used to actuate such devices. 
Except where it is necessary to follow the rise times of extremely fast 
pulses, amplifiers in common use are of the resistance-coupled type employ
ing negative feedback to enhance gain stability and linearity. Since the 
pulses passed are almost invariably of short duration, low-frequency 
amplifkotion I< l03 cycles/second) is suppressed, greatly reducing the 
problems of microphonics and low-frequency pickup. Amplifier bandwidlh 
is usually chosen to conform to the rise-time of the pulses amplified. 

Scaling circuit: The total number of pulses observed during a given interval 
is recorded ultimately by some form of mechanically driven register, so 
that for very-high counting rates it is necessary to reduce the number of 
pulses to be counted by a known factor. The electronic scaling circuit is o 
system designed to produce 1 output pulse for every k pulses supplied to it. 
The two common basic designs ore the decade circuit and the binary or 
scale-of-2 circuit. 

Integral discriminator: A circuit designed to accept only pulses greater 
than a chosen minimum height. The circuit is usually designed to produce 
output pulses of constant amplitude for Jbe. actuation of further circuitry. 
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The discriminator is often built as an integral part of other devices, such as 
scaling circuits. 

Differential discriminator: This circuit consists basically of two integral 
discriminators that pass pulses differing in voltage by a chosen amount and 
is designed to produce an output pulse only when the circuit set for the 
lower amplitude is actuated. If the input pulse is large enough to operate 
both circuits, no output pulse results and only a selected range or channel 
of pulse heights is transmitted by the circuit. 

Pulse-height analyzer: A circuit intended to select and record simultaneously 
the numbers of pulses of different height being produced by a particle 
detector. Most pulse-height analyzers are based on the straightforward use 
of a large number of differential discriminators each set to accept a different 
channel of pulse heights. Each of the channels usually actuates a separate 
seating circuit. Multichannel differential discriminators using up to 100 
channels ore in common use. 

Coincidence and anticoincidence circuits: These circuits ore used to signal 
when two or more separate events under observation occur simultaneously 
in time. The coincidence circuit is designed to record such occurrences 
and the onticoincidence circuit to reject them. The most commonly used 
coincidence circuit is a set of normally conducting electron tubes connected 
through a common resistance to a power supply. Each of the events under 
observation {e.g., pulses from several particle detectors} goes to one of 
the tube inputs. Whenever an event occurs, it cuts off the associated tube. 
As long as any one of the tubes remains conducting, the voltage across 
the common resistor changes very little. However, if all of the tubes are 
actuated simultaneously, no current flows through the resistor and the large 
resulting voltage change is used to actuate further circuits that are insensitive 
to the smaller voltage changes produced when total coincidence does not 
occur. It is sometimes desirable, on the other hand, to exclude events from 
the data being recorded when these occur at the some time as some other
kind of event. The anticoincidence circuit, actuated by the system observing 
the unwanted event, prevents the recording of such occurrences by applying 
a strong cutoff bias to some element of the recording system. 
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3. D. H. Wilkinson, "Ionization Chambers and Counters", Cambridge University Press; 

Cambridge, England: 1950. 
4. H. H. Staub, "Detection Methods", Experimental Nuclear Physics, vol. 1, John Wiley & Sons, 

Inc.; New York, N. Y.: 1953. 
5. R. E. Bell, R. K. Swank, and J. Marshall, "Nuclear Particle Detection", Annual Review of 

Nuclear Science, vol. 5, pp. 145--178; Annual Reviews, Inc., Stanford, Col.: 1955. 
6. S. A. Korff, "Electron and Nuclear Counters", 2nd edition, D. Von Nostrand Company, 

Inc.; New York, N. Y.: 1955. 
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Biological radiation damage 

Damage to living tissues results from the physical and chemical changes 
that occur when energetic particles or photons dissipate energy in body 
tissue. Harmful results con occur either through brief, severe exposures 
that cause extensive tissue damage, or as the result of constant exposure 
to low-level radiation of sufficient intensity to destroy tissue cells faster 
than the body con replace them. ft is important to note that these radiations 
are not detected by the senses and that symptoms of radiation sickness 
may not appear for hours or days after even severe exposures. It is therefore 
extremely important to monitor carefully all radiations to which personnel 
may be exposed and to adhere closely to established radioisotope handling 
procedures and radiation tolerance limits. 

Hazardous radiations occur commonly in work involving the use of radio
active and fissionable materials, nuclear reactors, X-ray generators and 
high-energy particle accelerators. Radioisotopes emit energetic 'Y rays, 
{:J and a particles. High-energy accelerators can produce intense primary 
oeams of protons, electrons, deuterons, a particles land X rays and neutrons 
as secondary radiations when the beams ore allowed to strike matter). 
The fissioning materials of nuclear reactors produce enormous amounts 
of all radiations, particularly neutrons, as well as large volumes of radio
active waste materials. Radiation intensities encountered range from those 
of small microcurie amounts of radioisotopes used in the laboratory to 
those of the megocurie radioactive wastes that must be removed periodically 
from nuclear reactors. 

Radiation units 

Roentgen: The accepted quantitative measure of energy dissipation in 
matter by X or 'Y rays is the roentgen r, which is defined in terms of the 
ionization produced by X radiation in a standard amount of air. (One 
roentgen is the amount of radiation that releases by ionization I electro
static unit of charge of either sign in 1 centimeter of air at normal tempera
ture and pressure.! For biological purposes, the effects on body tissue of 
all radiations is expressed in terms of the radiation energy lin ergs) absorbed 
by 1 gram of tissue. Radiation dosage units are derived, in fact, on the basis 
of the energy absorption (93 ergs/gram! corresponding to the irradiation 
of body tissue by 1 roentgen of X radiation. 

Roentgen equivalent physical lrepl unit, now obsolete, corresponds lo 
energy absorption of 93 ergs/gram by tissue through which ionizing radiation 
posses. 
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The rod unit replaces the rep unit, 1 Ired) = 1100/931 (rep), and corresponds 
to energy absorption of 100 ergs/ gram of body tissue. 

Relative biolcgicol effectiveness lrbel is a weighting factor, equal to unify 
for X rays, that expresses how much more or less effectively a given radiation 
produces biological effects than 
do X rays of the some rod. The Fig. Ill-Relative biological elfedlveness (rbe). 

particle assignment of a number for rbe 
is clearly not straightforward, 
since a number of biological X ond 'Y rays, (3 particles 
effects must be considered, and 

Protons 
there ore not os yet well estab-
lished values of rbe in man. 
Some currently accepted qual
itative values ore tabulated in 
Fig. 18. 

a particles llow energyl 
Neutrons 

Slow 
Fast 

rbe 

1 
5 

20 

5 
10 

Roentgen equivalent mammal (rem! unit, defined originally in terms of the 
rep, is the amount of any given radiation producing the some biological 
effect as l rep of X rays. The current definition is given properly as 

1 lreml = [1 / lrbel] lrodl 

but is for practical purposes unchanged because of the small difference
( < 10 percent) between the rep and rad units. 

Radiation dosimetry 

A number* of calibrated portable radiation detection instruments hove 
been designed using standard particle detectors in coniunction with count
integrating and count-rote circuitry. The devices are usually desi9ned for 
specific applications, such as the detection of smoll amounts of radioactive 
contamination or the measurement of radiation from high-energy accelera
tors ond use particle detectors (Geiger-Muller, ionization chamber, etc.l 
suited to the application. Pocket dosimeters and photographic films that 
may be worn on the body constitute very-important protection methods 
and ore in almost universal use. The former are small ionization chambers, 
usually of the shape ond size of a pocket pen, that con be charged from 
on external battery. The dosimeter charge leaks off in the presence of 
ionizing radiations and the amount of charge lost is o measure of the 
radiation to which the chamber has been exposed. The exposure is read on 

* See, for example, "Annual Buyer's Guide", Nucleonics, vol. 12, p. D-26; November, 1954. 
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a calibrated electrometer that is usually port of the dosimeter. Calibrated 
photographic film prepared by carefully controlled methods shows, by the 
amount of blackening, the amount of 'Y radiation to which it hos been 
exposed. When used with suitable types and thicknesses of metal, the film 
also provides on estimate of the radiation spectrum ond detects the presence 
of /3 particles. Neutrons con be detected by films that record the track of 
recoiling hydrogen nuclei. The films ore examined by microscope to 
determine the neutron exposure. Film-badge services ore provided by several 
of the notional laboratories and in a number of areas by private agencies. 

Handling radioactive isotopes 

The hazard presented by radioisotopes is dependent on a number of factors. 
If the isotope is external to the body, important considerations-besides 
isotope amount, its distance from the body, and the area of the body 
irradiated-ore the energy and kind of particle emitted. 'Y roys and neutrons 
con penetrate deeply into the body and affect vital organs. Charged 
particles cannot penetrate to great depths and constitute a hazard to the 
extent that they domoge the body surface. In this respect, electrons ore 
more damaging than a particles of the some energy. The human tolerances 
to external radiation exposure ore indicated in Fig. 19.* 

By for the greatest problem presented by radioisotopes is the possibility 
of their being taken into the body through inhalation, ingestion, or through 
breaks in the skin. Radiations originating within the body present on entirely 
different and more-serious problem; in particular, energetic a and fJ particles 
ore very damaging. Important additional considerations are the lifetime 
of the radioisotope and its chemical character and form. These determine 
the extent to which it is absorbed, the organs to which it preferentially 
migrates, the ease with which it is excreted by the body, ond its effective 
lifetime within the body. Certain isotopes, for example of radium, strontium, 
and plutonium, ore long-lived and ore olso retained in critical body tissue 
for long periods. These isotopes ore dangerous in very-small amounts: 
absorption into the body of 0.1 microcurie no-13 groml of radium is consid
ered to be a maximum permissible amount and plutonium is estimated to be 
up to 10 times as hazardous. 

Short-lived isotopes !minutes to days of holf-lifel ore in general not of 
:oncern unless there is chronic daily exposure or they ore handled in 

1' From, "Permissible Dose from Externol Sources of Ionizing Rodiotion", National Bureau of 
Standards Handbook No. 59, U. S. Government Printing Office; Washington 25, D. C., Sep, 
tember 24, 1954. It is recommended tho! this hondbook be consulted for appropriate interpreta
tion and extension of the data presented. 
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Fig. 19-Maximum parmissibla axposura lo axlarnal radiation. 

radiation exposure magnitude 

X, 'Y rays less than 3 mev long-term maximum per- Whole body 
missible weekly dose 0.3 roentgen measured in air 

at point of highest weekly dose 
in region occupied by person 

Accidenta I or emergency Whole body 
exposure !once in life- 25 roentgens-total dose 
timel measured in air 

local 
Hands, forearms, feet, ankles, 
100 roentgens-dose meas .. 
ured in air in addition to 
whole-body dose 

Planned emergency expo- Dose not greater than one-hall 
sure (once in lifetimel those specified under 11Acci-

dental" 

X, 'Y rays, any energy long-term maximum per- local 
missible weekly dose Hands, forearms, feet, ankles: 

1.5 roentgens for skin 
Head, neck: 

1.5 roentgens for skin 
0.45 roentgen for lenses of 
eye 

Neutrons, of energy For 40-hour week 
2.0--20 X 106 electron-volts 30 neutrons/cm2/sec 
0.5--2 X 108 electron-volts 50 neutrons/cm2/sec 
Thermal I,< 1 electron-voltl 1200 neutrons/cm2/sec 

Radiation of very-low penetra- long-term maximum per- Whole body 
tion power (half-value layer missible weekly dose 1.5 rem for skin 
< I millimeter of tissuel 0.3 rem for lenses of eye 

Ionizing radiations, any type Isl long-term maximum per- Whole body 
missible weekly dose 0.3 rem for bloodforming or-

gans, gonads, lenses of eye 
0.6 rem for skin 

I local 
Hands, forearms, feet, ankles: 

i 1.5 rem for skin 
Head, neck: 

1.5 rem for skin 
0.3 rem for lenses of eye 

Any type Weekly fluctuations In 1 week, accumulated dose in 
any organ may exceed by 3 
the basic permissible weekly 
dose, provided that total dose 
accumulated in any 13 consec-
utive weeks does not exceed 
by 10 the respective basic 
p ermissible week! y dose 
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extremely large amounts. Caution should in any case be exercised in the 
handling of all radioisotopes. Isotopes with half-lives from a few years to 
about 100 years are especially dangerous, since they are long-lasting 
and because very small amounts possess high activities. Tolerances for 
internally absorbed radioactive material are indicated in Fig. 20. The general 
biological effects of radiation is shown in Fig. 21. 

In general, it is to be stressed that no attempt should be made by untrained 
personnel to handle unsealed radioactive materials or perform any opera
tions with them, either chemical or physical. Attention is drawn to the excel
lent detailed references and discussions listed in the following bibliography. 

Fig. 2~axlmum pennluible amounts of radioisotopes in total body.* 

permissible amount In 
radioisotope where concentrated total body in mlcrocuries 

Ra226 Bone 0.1 
Sr9o Bone 1.0 
c0 6o + yDo liver 3.0 
p32 Bone 10.0 
Can Bone 65.0 
cs1a1 + Ba137 Muscle 90.0 

• "Maximum Permissible Amounts of Radioisotopes in the Human Body and Maximum Permissible 
Concentrations in Air and Water", Notional Bureau of Standards Handbook No. 52, U. S. 
Governm<1nt Printing Office; Washington, D. C.: March 20, 1953. 

Health physics, radioisotopes, radioactivity bibliography 

1. Handbooks of the National Bureau of Standards availoble by purchase from the Superin
tendent of Documents, U. S. Government Printing Offic<1, Washington 25, D. C. 

23--Radium Protection, 1938. 

41-Medical X-ray Protection up to Two Million Volts, 1949. 

42--Safe Handling of Radioactive Isotopes, 1949. 

47-Recommendations of the International Commission on Radiological Protection and of 
the International Commission on Radiological Units, 1950. 

48--Control and Removal of Radioactive Contamination in Laboratories, 1951 • 

.50--X-roy Protection Design, 1952. 

51-Rodiological Monitoring Methods and Instruments, 1952. 

52--Moximum Permissible Amounts of Radioisotopes In the Human Body ond Maximum 
Permissible Concentrations in Air and Water, 1953. 

54-Protection Against Radiations from Radium, Cobalt-60, and Cesium-137, 1954, 

57-Photogrophic Dosimetry of X- and Gamma-Roys, 1954. 

59-Permissible Dose from External Sources of Ionizing Radiation: 1954. 

2. R. D. Evans, "Fundamentals of Radioactivity and Its Instrumentation", Advances in Biological 
ond Medical Physics, vol. 1, A,;:,;idemic Press, Inc.; New York, N. y., 1948. 
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~ 104 

ra<liatlan oxpa1um ., 

f 
E. .. 
• g 

X-ray or radium therapy 
( protracted dose l 

.., 10• 

10 

1.0 

gostrointestinot 
-1oca1Jexomination 

permissible 
emergency 

whole X' roys ( < 3 mevl 
+-body 

dental Xroy(4•15r/filml 

shoe-fitting fluoroscope 
( 1.0 •>I00r/fitting) 

+photofluoroscopy of 
chest or pelvis 

10-• radium in wrist watch j routlne chest Kray 

(0.lr/doyl 

}

radium in normal skeleton 
I 0.0002 • 0.002r/doy) 

terrestrial gamma rays 
{ 0.0003+ r/day) 

K40 in human red blood 
- cells ( 0.000l+r/day) 

16 • - cosmic rays of sea level 
( 0.0001 r J day l 

~I offeots, hlllllGR ., 

-skin reddens (radium 
gamma rays) 

temporary loss of hair 
sterilization (female) 

cancer-producing 
( I0•I00r/dOy to 

total doae • ~.ooorl 

+- mouse} lethal for 
.-man .., 100 percent 

-•ethOI for ,., 50 percent 
man 
nausea 

- temporary blood change 
from single exposure 

+- low white-blood..:ell count 
( .. 1,/doy for years) 

Fig. 21-chart of radiation effects. Afhtr R. D. Evans and C.R. Wllliom1. 
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3. "Tobulotion of Avoiloble Doto Relative to Radiation Biology", Report 1019-IER-17, NEPA 
Project, U. S. Atomic Energy Commission; Oak Ridge, Tenn.: 1949. 

4. "Guide for Selection of Equipment for Radioactivity laboratories", Nudeonics, vol. 7, 
p. R-1; November, 1950. 

5. 0. Glasser, Editor, "Medical Physics, II", Yoor Book Publishers, Inc.; Chicago, 111., 1950. 
6. R. E. Zirkle, Editor, "Biological Effects of External Beta Radiation", McGraw-Hill Book 

Co., Inc.; New York, N. Y.: 1951. 
7. A. Hoddaw, Editor, "Biological Ho~ards of Atomic Energy", Clarendon Press; Oxford, 

England: 1952. 
8. J. R. Bradford, Editor, "Radioisotopes In Industry", Reinhold Pl'blishing Corp.; New York, 

N. Y.: 1953. 
9. F. G. Spear, "Radiation and living Cells", John Wiley & Sons, Inc.; New York, N. Y.: 1953. 

10. "General Handbook for Radiation Monitoring", Report LAl835, Los Alamos Scientific 
laboratory; los Alamos, N. M.: September, 1954. 

11. H. A. Blair, Editor, "Biologicol Effects of External Radiation", McGraw-Hill Book Co., 
Inc.; New York, N. Y.: 1954. 

12. l. D. Marinelli, "Radiation Dosimetry and Protection", Annual Review of Nuclear Science, 
vol. 3, Annual Reviews, Inc.; Stanford, Col., 1954. 

13. R. E. Zirkle, Editor, "Blologicol Effects of ExternO: X- and Gamma Radiation, Part 1 ", 
McGraw-Hill Book Co., Inc.; New York, N. Y.: 1954. 

14. C. l. Comar, "Radioisotopes in Biology ond Agriculture", McGraw-Hill Book Company, 
Inc.; New York, N. Y.: 1955. 
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• Miscellaneous data 
Pressure-altitude graph 

Design of electrical equipment for aircraft is somewhat complicated by the 
requirement of additional insulation for high voltages as a result of the de
crease in atmospheric pressure. The extent of this effect may be determined 
from the chart below and the information on the opposite page. 

l inch mercury = 25.4 mm mercury = 0.4912 pounds/inch 2 
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gap length in inches 

Table of multiplying fadors. 

pressure I 
in Hg I mm Hg -40 

5 127 0.26 
10 254 0.47 
15 381 0.68 
20 508 0.87 
25 635 1.07 
30 762 1.25 
35 889 1.43 
40 1016 1.61 
45 1143 1.79 
50 1270 1.96 
55 1397 2.13 
60 1524 2.30 

temperature in degrees centigrade 

-20 I 0 20 40 

0.24 0.23 0.21 0.20 
0.44 0.42 0.39 0.37 
0.64 0.60 0.56 0.53 
0.82 0.77 0.72 0.68 
0.99 0.93 0.87 0.82 
1.17 1.10 1.03 0.97 
1.34 1.26 1.19 1.12 
1.51 1.42 1.33 1.25 
1.68 1.58 1.49 1.40 
1.84 1.73 1.63 1.53 
2.01 1.89 1.78 1.67 
2.17 2.04 1.92 1.80 

1.$ I 

60 

0.19 
0.34 
0.50 
0.64 
0.77 
0.91 
1.05 
1.17 
1.31 
1.44 
1.57 
1.69 

The graph above is for a voltage that is continuous or at a frequency low 
enough to permit complete deionization between cycles, between needle 
points, or clean, smooth spherical surfaces !electrodes ungrounded) in 
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dust-free dry air. Temperature is 25 degrees centigrade and pressure is 
760 millimeters 129.9 iochesl of mercury. Peak kilovolts shown in the chart 
should be multiplied by the factors given below it for atmospheric conditions 
other than the above. 

An approximate rule for uniform fields at all frequencies up to at least 300 
megacycles is that the breakdown gradient of air is 30 peak kilovolts/centi
meter or 75 peak kilovolts/inch at sea level 1760 millimeters of mercury! and 
normal temperature (25-degrees centigrade!. The breakdown voltage is 
approximately proportional to pressure and inversely proportional to 
absolute (degrees-Kelvin) temperature. 

Certain sy111thetic gases have higher dielectric strengths than air. Two such 
gases that appear to be useful for electrical insulation are sulfur hexa
fluoride (Sf61 and Freon 12 IC Cl l 21, which both have about 2.5 times the 
dielectric strength of air. Mixtures of sulfur hexafluoride with helium and of 
perfluoromethylcyclohexane (C7Ful with nitrogen have good dielectric 
strength as well as other desirable properties. 

Weather data* 

Temperature extremes 

United States 

lowest temperature 

Highest temperature 

AJaska 

lowest temperature 
Highest temperature 

World 

lowest temperature 

Highest temperature 

lowest mean temperature lannuoll 
Highest mean temperature (onnuall 

-70° F Rodgers Pass, Montano (Jan
uary 20, 19541 

134° F GreenlondRanch,DeathValley, 
California !July 10, 19331 

-76° F Tanana !January, 18861 
100° F Fort Yukon Uune 27, 1915) 

-90° F Oimekon, Siberia !February, 
19331 

136° F Azizia, libya, North Africa 
(September 13, 19221 

14° F Framheim, Antarctica 
86° F Mossawa, Eritrea, Africa 

* Compiled from "Climate ond Man," Yearbook of Agriculture, I.I. S. Dept. of Agriculture, 1941. 
Obtainable from Superintendent of Documents, Government Printing Office, Washington 25, 
D.C. 
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Precipitation extremes 

United States 

Wettest state 
Dryest state 
Maximum recorded 

Minimums recorded 

World 

Maximums recorded 

Minimums recorded 

World temperatures 

louisiano-average annual rainfall 57.34 inches 
Nevada--average annual rainfall 8.60 inches 
Comp Leroy, California Uanuary 22-23, 1943)-

26.12 inches in 24 hours 
Bagdad, California 11909-1913)-3.93 inches in 5 

years 
Greenland Ranch, California-1.76 inches annual 

average 

Cherrapunii, India Uuly, 1861 l-366 inches in 1 
month. !Average annual rainfall of Cherrapunji 
is 450 inches) 

Bagui, Luzon, Philippines, July 14-15, 1911-46 
inches in 24 hours 

Wadi Haifa, Anglo-Egyptian Sudan and Aswan, 
Egypt are in the "rainless" area; average annual 
rainfall is too small to be measured 

territory maximum \ minimum' Of Of tarrffory maximum J minimum 
of o F 

NORTH AMERICA ASIA continued 
Alosl<o 100 -76 Indio 120 -19 
Canada 103 -70 traq 125 19 
Canal Zone 97 63 Japan JOI -7 
Greenland 86 -46 ~oloy States 97 66 
Mexico 118 ll llipplne Islands IOl 58 
U.S.A. 134 -70 Siam 106 52 
Wed Indies 102 45 Tibe! 85 -20 

Turl;ey 111 -22 
SOUTH AMERICA U. S. S. R. !Ru$$lol 109 -90 
Atgenlina ll5 -'11 
6o11vio 82 25 Af!IICA 
Brazil 108 21 Algeria 133 l 
Chil<0 99 19 Anglo-Egyplion Sudan 126 28 
Venezuela 102 45 Angolo 91 33 

Belgian Congo 97 34 
EUROPE Egypt 124 31 
British Isles 100 4 Ethiopia Ill 32 
Fronce 107 -14 French Equotorlol Africa H8 46 
Germany JOO -16 French West Africa 122 41 
Iceland 71 -6 ltollan Somaliland 93 61 
holy 114 4 Libya 136 35 
Norway 95 -26 Morocco 119 5 
Spain 124 10 Rhodesia 112 18 
Sweden 92 -49 Tunisia 122 28 
Turl;ey 100 17 UniOfl o! South Alrk:o 111 Z1 
U. S. S. R. (Russia! 110 -61 

AUSTRALASIA 
ASIA AustroUo 127 19 
Arabia 123 35 Hawaii 91 51 
China Ill -JO New Zeolond 94 23 
East Indies IOI 60 Samoan Islands 96 61 
French lndo-Chlna 113 33 Sotomon Island's 97 70 
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WindMvelocity and temperature extremes in North America 
Maximum corrected wind velocity (fastest single mile). 

wind 
slatlon mll••/hour 

UNITED STATES, 1871-1955 
Albany, New York 71 
Amorillo, Texas 84 

Buffalo, New York 91 
Charleston, South Corofina 76 
Chicago, Illinois 87 

Bismarck, North Dakota 72 
Hotteras1 North Carolina 110 
Miami, Florida 132 

Minneapolis, Mionesota 92 
Mobile, Alabama 87 
Mt. Washington# New Hampshire 188* 

Nantucket, Massachusetts 91 
New York, New York 99 
North Platte, Nebraska 72 

Pensacola, Florida 114 
Washington, D.C. 62 
Son Juan, Puerto Rico 1491' 

CANADA, 1955 
8anff, Alberta 52t 
Kamloops, British Columbia 34f 

Soble lsfond, Novkr Scotia 64t 
Toronto, Ontorlo 48t 
* Gusts were recorded at 231 mile1Jhour korrec!edl. 
t Estimated. 
f For o period of 5 minutes. 

Useful numerical data 

i.mperolvre deg, ... fohrenheil 

maximum mlnhnum 

104 -26 
108 -16 

99 -21 
104 7 
105 -23 

114 -45 
97 8 
95 27 

108 -34 
104 -11 
71 -46 

95 -6 
102 -14 
112 -35 

103 7 
106 -15 
94 62 

97 -60 
107 -37 

86 -12 
105 -46 

1 cubic foot of water at 4° C (welghtl------------------62.43 lb 
I foot of water at 4° C (pressure) 0.4335 lb/in2 

Velocity of light in vacuum, c 186,280 mi/sec =o 2.998 X 1016 cm/sec 
Velocity of sound in dry air al 20° C, 76 cm H 1127 It/sec 

Degree of longitude at equator--------------------<>9.173 miles 
Acceleration due to gravity at sea-level, 40° latitude, g 2.1578 lt/sec1 

v':2n: .020 

1 inch of mercury at 4° --------------1.132 ft water 0.4908 lb/in2 

Base of natural logs .718 

1 radian 180° + 1r = 57.3° 

360 degree•>---------------------------2 1r radians 
1r .1416 

Sine 1' 0.00029089 
Arc l O 0.0 I 7 45 radian 

Side of •quar .707 X (diagonal of square) 



Centigrade table of relative humidity or percent of saturation 

dry bulb 
cl9'-• 

d"'-nce bet- reading• of - and clry bulb• In degrees centigrade 
dry bulb 
degree• 

'• lo.s11.01u12.o 2.1113.013.5 4.01•4.51 5 I 6 I 7 ( I I 9 110111112 I 13 I 14 I 15116 I 18I20122124126 I 28 30 I 32 I 34136 I 381401 cenllgradlt 

4 93 85 77 70 63 56 48 41 34 28 15 
8 94 87 81 74 68 62 56 50 45 39 28 17 

12 94 89 84 78 73 68 63 58 53 48 38 30 21 12 

16 95 90 85 81 76 71 67 62 58 54 45 37 29 21 
20 96 91 87 82 78 74 70 66 62 58 51 44 36 30 
22 96 92 87 83 79 75 72 68 64 60 53 46 40 34 

24 96 92 88 65 81 77 74 70 66 63 56 49 43 37 
26 96 92 89 65 81 77 74 71 67 64 57 51 45 39 
28 96 92 89 85 82 78 75 72 68 65 59 53 47 42 

30 96 93 89 86 82 79 76 73 70 67 61 55 50 44 
32 96 93 90 86 83 80 77 74 71 68 62 56 51 46 
34 97 93 90 87 84 81 77 74 71 69 63 58 53 48 

36 97 93 90 87 84 81 78 75 72 70 64 59 54 50 
38 97 94 90 87 84 81 79 76 73 70 65 60 56 51 
40 97 94 91 88 85 82 79 76 74 71 66 61 57 52 

44 97 94 91 88 86 83 80 77 75 73 68 63 59 54 
. 48 97 94 92 89 86 84 81 78 76 74 69 65 61 56 
,52 97 94 92 89 87 84 82 79 77 75 70 66 62 58 

56 97 95 92 90 87 85 83 80 78 76 72 68 64 60 
60 98 95 93 90 88 86 83 81 79 77 73 69 65 62 
70 98 96 93 91 89 87 85 83 81 79 75 7l 68 65 

80 98 96 94 92 90 88 86 84 83 81 77 74 71 67 
90 98 97 95 93 91 89 87 65 84 82 79 76 73 69 

100 99 97 95 93 92 90 88 86 85 83 80 77 74 71 

Example, Assume dry-bulb reading (thermometer exposed 
wet-bulb reading is 17° C, or a difference of 3° C. The relative 

4 

14 7 
23 17 11 
27 21 16 II 

31 26 21 14 10 
34 28 23 18 13 
37 31 26 21 17 13 

39 35 30 24 20 16 12 
41 36 32 27 23 19 15 
43 38 34 30 26 22 18 10 

45 41 36 32 28 24 21 13 
46 42 38 34 30 26 23 16 10 
48 44 40 36 32 29 25 19 13 

50 47 43 39 36 32 29 23 17 
53 49 45 42 39 35 33 27 21 
55 51 48 44 41 38 35 30 25 

57 53 50 46 43 40 38 32 27 
58 55 52 48 45 43 40 35 30 
61 58 55 52 50 47 44 40 35 

64 61 56 56 53 50 48 43 39 
67 64 61 58 56 53 51 47 42 
68 66 63 60 58 56 54 49 45 

lo atmosphere! is 20° C and 
al 20° C is then 74%. 

4 
8 

12 

16 
20 
22 

24 
26 
28 

30 
32 
34 

36 
38 
40 

12 44 
16 12 ' 48 
20 16 11 52 

23 19 15 11 56 
26 21 18 14 II 60 
31 27 23 20 17 14 11 70 

35 31 28 24 22 19 16 14 11 80 
39 35 32 28 26 23 20 18 16 14 90 
42 38 35 32 29 26 24 22 19 17 100 

~ 

I 
~ s 
C ... 
; 
> 

c.c:, 
r-..::1 
c..n 
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Materials and tlnishes for tropical and marine use 

Corrosion 

Ordinary finishing of equipment fails in meeting satisfactorily conditions en
countered in tropical and marine use. Under these conditions corrosive in
fluences are greatly aggravated by prevailing higher relative humidities, 
and temperature cycling causes alternate condensation on, and evaporation 
of moisture from, finished surfaces. Useful equipment life under adverse 
atmospheric influences depends largely on proper choice of base materials 
and finishes applied. Especially important in tropical and marine applications 
is avoidance of electrical contact between dissimilar metals. 

Dissimilar metals, widely separated in the galvanic series,* should not be 
bolted, riveted, etc., without separation by insulating material at the facing 
surfaces. The only exception occurs when both surfaces have been coated 
with the same protective metal, e.g., electroplating, hot dipping, galvanizing, 
etc. 

Aluminum, steel, zinc, and cadmium should never be used bare. Electrical 
contact surfaces should be given copper-nickel-chromium or copper
nickel finish, and, in addition, they should be silver plated. Variable-capacitor 
plates should be silver pjated. 

An additional 0.000015 to 0.000020 electroplating of hard, bright gold over 
the silver will greatly improve resistance to tarnish and oxidation and to 
attack by most chemicals; will lower electrical resistance; and will provide 
long-term solderability. 

Fungus and decay 

The value of fungicidal coatings or treatments is controversial. When 

* The galvanic series is given on p. 42. 

Finish application tablet 

ma,.,lal finish 

Aluminum alloy Anodizing 

''Alrok',' 

An e:,ectrochemical-oxldotion turfcce treatment, for lmproving 
corrosion resistance; not on efectroplotjng process. For riveted 
or welded ossemb1ies specify chromic add cnodI:z:ing. Do not 
anodize ports wnh 'nonclumrnum inserts. Colors vary: Yellow
green1 grey or blod:~ 

Chemical.dip o;ide treatment. Cheep. Inferior in abrasion and 
corrosion resistance to the anodizing process, but applicable 
to assemblies of aluminum and nona!uminum moferiol.s. 

t By Z. Fox. Reprinted by permission from Prac!oct Engineering, vol. 19, p. 161; January, 1948, 
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mat..iat finish 

Copper and zinc alloys Bright acid dip hnmersion of ports In acid solution.. Clear lacquer applied to 
prevent tarnish. 

Bross, bronze, zinc die- Brass, chrome, nickel, As discussed undet steel~ 
casting alloys tin 

Magnesium alloy Dichromate treatment Corrosion-preventive dichromate dip~ Yellow color. 

Stainless steel Posslvating treatment Nitric~acid immunizing dip. 

Steel Cadmium Electroplate, duH whlte cofor, good corrosion resistance, easily 
scratched, good thread antlseize. Poor wear and galling 
resistance. 

Chromium Electroplate, excellent corrosion resistance and lustrous op-
peorance. Relatively expensive. Specify hard chrome plate for 
exceptionally hard abrasion~r1asistive surface. Has low coef~ 
fkienf of friction. Used to some extent on Aonferrous metals 
particularly when die-cost. Chrome plated obJects usually re .. 
ceive a base electroplate of copper, then nickel, followed by 
chromium. Used for build-up of ports that are undersized. 
Do not use on ports wHh deep recesses. 

Blueing Immersion of cleaned and poHshed 1teel i11to heated saltpeter 
or carbonaceous material. Port then rubbed with linseed oil. 
Cheap. Poor corrosion resiskJnce. 

Sliver plate Electroplate, frosted appearance; buff to brighten. Tarnishes 
teadily. Good beortllig lining. For elecl-rical contacts, reflectors. 

Zinc plate Dip In motten zinc (gatvanizingl or electroplate of low-carbon 
or low-alloy stee~. Low cost. Generally inferior to cadodum 
plate+ Poor appearance. Poor wear re,istance: "lectroplote 
hos better adherence to base meto:l than hot-dip coating. For 
Improving corrosion resistance~ zinc-plated parts are given 
special inhibiting treatments. 

Nickel plate Bectropfote, dull white. Does not protect steel from galvanic 
corrosion. If plat'ng ls broken, cor,osion of base metal will be 
hastened. Finilhes in dull white_. polished, or block. Do not use 
on parts with deep recesses. 

Stock oxide dip Nonmetallic chemical black oxidizing treatment for steel, cost 
iron, and wrought iron. Inferior to electroplate. No buildup, 
Suitable for ports wlth dose dimensional requtfements as gears, 
worms,, and guides. Poor abrasion resistance. 

Phosphate treatment Nonmetallic chemical treatment for steel and iron product&. 
Suitable for protection of internal surfaces of hoUow ports. 
Small amoont of surface buildup. inferior to metallic electro-
plate. Poor abrasion resistance. Good point base. 

Tin plate Hot dip or el&etroplote. Excellent corrosion- resistance, but if 
broken will not protect stee! from galvanic corrosion. Also used 
for copper, bros,, and bronze ports that must be soidered 
ofter plating. Tinwploted parts- can be severely worked ond 
deformed without rupture of plating. 

Bras.s plate Electroplate of copper and zinc. Applied to brass and steel 
parts where uniform appearance ls desired. AppPled to sfeel 
ports when bonding to rubber is desired. 

Copper plate Electroplate applied preJimina:y to nicl::el or chrome plates 
Also for ports to be brozed or protected against carburizotion 
Tarnishes readily. 
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equipment is to operate under tropical conditions, greater success can be 
achieved by the use of materials that do not provide a nutrient medium for 
fungus and insects. The following types or kinds of materials ore examples 
of nonnutrient mediums that are generally considered acceptable. 

Metals 

Gloss 

Ceramics (steatite, glass-bonded micol 

Mica 

Polyamide 

Cellulose acetate 

Rubber (natural or synthetic) 

Plastic materials using gloss, mica, or asbestos as o filler 

Polyvinylchloride 

Polytetrofluoroethylene 

Monochlortrifluorethylene 

The following types or kinds of materials should not be used, except where 
such materials ore fabricated into completed ports and it hos been de
termined that their use is acceptable to the customer concerned. 

Linen 

Cellulose nitrate 

Regenerated cellulose 

Wood 

Jute 

Leather 

Cork 

Poper and cardboard 

Organic fiberboard 

Hair or wool felts 

Plastic materials using cotton, linen or wood flour as o filler 

Wood should not be used as on electrical insulator and the use of wood 
for other purposes should be restricted to those ports for which o superior 
substitute is not known. When used, it should be pressure-treated and 
impregnated to resist moisture, insects, and decoy with o water-borne 
preservative las specified in Federal Specification TT-W-5711, and should 
also be treated with a suitable fire-retardant chemical. 
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Principal low-voltage power supplies in foreign countries* 

territory de volt• ac vvlts frequency 

NORTH AMERICA 

Alosko 110,220 60 
Bermudo 110,220 60 
British Hondutos 110,220 
Canada 110, 115, 120, 220, 230 60, 25 
Costa Rico 110, 220 60 
El Solvodor 110 110,220 60 
Guatemolo 220 110,220 60, 50 
Honduras 120, 220 110,220 60 
Mexico 110, 115, 120, 125, 220 60, 50 
Nicaragua 110, 125 110,220 60 
Panama rRepublid 110, 220 60, 50 
Panama (Canal Zone) 115 25, 60 

WEST INDIES 

Antigua 220 
Aruba 115, 220 60 
Bahamas I 10, 115, 120,220 60 
Barbados 110 50 
Cubo 110, l15, 220 60 
Cvrocoo 115, 125, 220 50 
Dominican Republic 110, 120, 220, 240 60 
Guadeloupe 110 50 
Jamaica 110, 220 40, 60 
Martfnioue 110,220 50 
Puerto Rico 115,230 60 
Trlnidod 110,230 60 
Virgin Islands: 115,230 60 

SOUTH AMERICA 

Argentina 220 220,225 25, 50, 60 
Bolivia llO, 220 110, 220, 230, 240 50, 60 
Brazll 220 110, 120, 127, 220 50,60 
British Guiana I 10, 115, 230 50, 60 
Ch;le 220 ll0, 220 50, 60 
Colombia 110, 115, 150, 220, 230, 260 50, 60 
Ecuador 110, :no 60 
French Guiana 110 50 
Paraguay 220 220 50 
Peru 220 llO, 220,240 50, 60 
Surinam (Neth. Guiana) 125, 220 50, 60 
Uruguay 220 50 
Venezuela 110,120,220 50, 60 

EUROPE 

Albania 125, 220, 230 50 
Austrlo llO 110,120,220 50 
Azores 220 llO, 220 50, 60 
Balearic Islands ll0, 125, 220 50 
Belgium 110,220 110, 115, 127, 130,190,220 50 
Bulgaria 150,220 50 
Cono,y Island< 110, 115, 190, 220 50 
Cape Verde lslallds 220, 230, 240 
Corsica 120, 127, 200, 220 50 
Crete 220 127, 220 50 
Czechoclovokia 110,200,220 50 
Denmark. 110, 220, 240 220 50 
[)odsconese Islands 110 127,220 5(l 

Estonia 110,220 200,220 50 

* See footnotes on poge 931. 
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Principal low-voltage power supplies in foreign countries* continued 

territory de voll1 11e volts I fr1H1utncy 

EUROPE-confinued 

finlond 110, 127 110, 127, 220, 230 50 
France 110, 2:20 110, 115, 120, 190, 200, 220 25, 50 
Germany 110,240 ll0, 120, 127, 220 50 
Gibraltar 440 110, 240 50, 76 
Greece 220 127, Zl0 50 
Hungary 105, 110, 120, 220 42, 50 
Iceland 220 50 
Ionian Islands Zl0 127, Zl0 50 
Ireland !Republic oil 200, 220, 250 50 
Italy 127, 150, 160, 220, 260, 280 42, 50 
Latvia 220 50 
Lithuania 220 220 50 
Luxembourg HO, Zl0 110,220 50, 60 
Madeira Island, 110, Zl0 220 50 
Malta lO0, ZlO 50 
Monaco ll0 42 
Netherlands Zl0 120, 127, 150, 208, 220, 260 50 
Norway 130, 150, 220, 230 45, 50 
Poland ll0, 120,220 110,220 50 
Portuga~ 110,190,220 50 
Rumanla 220 110, 150, 208, 220 42, 50 
Spain 110, 130, 150, 22), 260 110,127,220 50 
Sweden 127,220 110, 127, Zl0 25, 50 
Switzertand 160,220 110, 125, 190, 220, 250 50 
Trieste 100, 120, 220 42, 50 
Turkey 110,190,220 50 
United Kingdo11 200, 220, 230, 240 200, 230, 240, 250 50 
U.S.S.R. IRusslal ll0, 220 110, 120, 127, 220 50 
Yu-goslavla 220 50 

ASIA 

Aden 230 50 
Afghanistan 115, 200, 220, 230 50, 60 
Bahreln 230 50 
Burma 220 50, 60 
Cambodia 110,190,220 50 
Ceylon 230 220, 230, 240 50 
Chino 110, 135, 190, 220, 230 50, 60 
Cyprus 220 110,220 50 
Formoso ITolwanl 110 60 
Hong Kong 200 50, 60 
India 220,230 220,230 50 
Indonesia 127,220 50 
Iran 110 110,220 50, 60 
traq 220 200, m, zio 50 
b:rael 220 50 
Japan 100, 110, 200, 220 40, 50, 60 
Jordon 220 50 
Korea 100,110,200,220 50, 60 
Kuwait m,240 50, 60 
laos 115 50 
Lebanon 110,190,220 50 
Malayan Federation 230 230 50 
Nepal 120,220 60 
Okinawa 110 60 
Pakistan 220 220,230 50 
Philippines 110,220 60 
Sarawak 230 50 
Saudi Arabia 110. 220 60 
Singapore 220 50 
Syria 110,190 50, 60 
"Thailand 110,220 110,220 50 
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lurltory de volt• oc volts l frequency 

ASIA-<ontinued 

Vietnom 115, 120, 208, 210 50 
Yemen 127,220 50 

AFRICA 

Algeria 110,127,220 50 

Angolo 220 50 

Belgian Congo 220 220 50 

Dahomey 220 230 50 

Egypl 220 110,200,220 40, 42, 50 
Ethiopia 110,127,220 50 

French Guinea 115,230 50 
Gold Coo,t 220 230 50 

Ivory Coast 220 230 50 
Kenya 220,240 50 
liberio II 0, 200, 220 50, 60 

Libya 125, 130, 220 50 
Madogoscor 110, 115, 120, 200, 208, 220 50 

Mauritania 115, 200 50 
Mauritius 230 50 
Morocco !French) 110, 115, 127, 220 50 
Morocco (Spanish) 127, 220 50 
Mozambique 240 220 50 
Niger 230 50 
Nigeria 230 50 

Northern Rhodesia 220, 230 50 

Nyosolond 230 50 

Senegal 115, 127, 200, 220 50 

Sierra Leone 230 50 
Somolilond !Brittsh) 110 
Somolilond !French) 220 
Southern Rhodesia 220, 230 50 
Sudan IFrenchJ 115, 200 50 
T ongonyika 230 220, 230, 240 50 
Tangier 110,220 50 
Tunisia ll0, 127, 190, 220 50 
Uganda 240 50 
Union of S01,1th Africa 220, 230 120, 200, 220, 240, 250 50 
Upper Volto 230 50 

OCEANIA 

AusProlio 220, 240 110, 230, 240, 250 40, 50 
Fiji Islands 240 240 50 
Hawaii 110, 120, 208, 240 60 
New Caledonia 110, 120 50 
New Guinea iSritish) ll0, 220,240 50 
New Zeolond 230 220,230 50 
Samoa 110,220 50 
Society Islands 110 60 

* from "Electric Current Abroad" issued by the U. S. Deportment of Commerce, April 1954. 

Bold numbers indicate the predominate voltages and types of supply where different kinds of 
supply exist. 

Caution, The listings in these tables represent electrical supplies most generally used in each 
country. For power supply characteristics of particular cities, refer to the preceding reference, 
which may be obtained al nominal cost from the Superintendent of Documents, U. S. Govern
ment Printing Ofr.ce, Washington 25, D. C. 
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Electric-motor data 

Wiring and fusing data* 

I minimum conduit minimum conduit I size wire lnternol diam maxi• 1i1e wire inter?al diam maxi .. 
AWG In inchest mum AWG In ,nchest mum 

hp current I running current 
lypei I type t 

j , running 
of roting type+ I lypei :r:~l I 11.::i fuse rating type!, typel ~ ,use 

motor amperes R or T RH amperes amperes R or TI RH R or T ! RH ! ampere 

single phase-115 volts sln11le phose-230 volts 

½ 7.4 14 14 ! ½ ½ 10 3.7 14 14 1/, ½ 6 

¾ 10.2 14 14 ½ ½ 15 5.1 14 14 ½ ½ 8 
I 13 12 12 ½ ½ 20 6.5 14 14 ½ ½ 10 

l V, 18.4 10 10 ¾ ¾ 25 9.2 14 14 ½ ½ 12 
2 24 10 10 ¾ ¾ 30 12 14 14 ½ V2 15 
3 34 6 8 1 ¾ 45 17 10 10 ¾ ¾ 25 

5 56 4 4 1¼ I¼ 70 28 8 8 ¾ ¾ 35 
7½ 80 1 3 1½ I¼ 100 40 6 6 1 I 50 

10 100 l/0 I 1½ I½ 125 50 4 6 l¼ I 60 

3-phose lnductlon-220 volls 3-pho .. lnducllon-440 volts 

½ 2 14 14 ½ ½ 3 1 I 14 14 ½ ½ 2 
¾ 2.8 14 14 ½ ½ 4 1.4 14 14 ½ ½ 2 
I 3.5 14 14 ½ ½ 4 1.8 14 14 ½ ½ 3 

I½ 5 14 14 v, ½ 8 2.5 14 14 ½ V2 4 

2 6.5 14 14 v, v, 8 3.3 14 14 ½ ½ 4 

3 9 14 14 v, ½ 12 4.5 14 14 ½ ½ 6 

5 15 12 

I 
12 ½ v, 20 7.5 14 

I 
14 ½ ½ 10 

7½ 22 10 10 ¾ ¾ 30 11 14 14 ½ ½ 15 
JO 27 8 8 ¾ ¾ 35 14 12 12 ½ ½ 20 

di...c1 current-115 volts direct current-230 volt• 

½ 4.6 14 14 ½ ½ 6 2.3 14 14 

I 
½ 

I 
½ 3 

¾ 6.6 14 14 ½ v, 10 3.3 14 14 ½ ½ 4 
l 8.6 14 14 ½ v, 12 4.3 14 14 ½ ½ 6 

1½ 12.6 12 12 ½ ½ 15 6.3 14 14 v, ½ 8 
2 16.4 10 10 ¾ ¾ 20 8.2 14 14 v, ½ 12 
3 24 10 10 ¾ ¾ 30 12 14 14 ½ v, 15 

5 40 6 6 1 I 50 20 10 10 ¾ ¾ 25 
71/2 58 3 4 1¼ I¼ 70 Z9 8 8 ¾ ¾ 40 

10 76 2 3 I¼ 1¼ 100 38 6 6 I 1 50 

* Reprinted by perm1ss1on from General Electric Supply Corp. Catalog; 94WP. Adopted 
from 1947 Notional Electrical Code. 

t Conduit size based on three conductors in one conduit for 3-phose alternating-current 
rwotors, and on two conductors in one conduit for direct-current and single-phose motors. 

t Cable types: 

R = tinned-copper conductor, natural- or synthetic-rubber insulation, I or 2 nonmetallic braids 

RH = lype R with spedol heat-resistant insulation 

T = untinned-copper conductor, polyvinyl insulation, no jacket or braid 
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Torque and horsepower 

Torque varies directly with power and inversely with rotating speed of the 
shaft, or 

T = KP/N 

where 

T = torque in inch-pounds 

P = horsepower 

N = revolutions/minute 

K = 63,000 !constant) 

Transmission-line sag calculations* 

For transmission-line work, with towers on the same or slightly different 
levels, the cables are assumed to take the form of a parabola, instead of 
their actual form of a catenary. The error is negligible and the computations 
are much simplified. In calculating sags, the changes in cables due to varia
tions in loads and temperature must be considered. 

-------L-------aoi 
Supports at same elevations 

For supports at same level: The formulas used in the calculations of sags 
are 

H = WL2/BS 

S = WL2/BH 

Le = L + BS2/3L 

[ (Le - LI 3L/B J½ 

* Reprinted by permission from "Transmission Towers," American Bridge Company, Pittsburgh, 
Pa.; 1923: p. 70. 
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Transmission-line sag calculations continued 

where 

L length of spon in feel 
L. length of coble in feet 
S sog of cable at center of span in feet 
H = tension in cable ot center of span in pounds 

= horizontal component of the tension at any point 
W weight of cable in pounds per lineal foot 

Where cables are subject to wind and ice loads, W = the algebraic sum 
of the loods. That is, for ice on cables, W = weight of cables plus weight 
of ice; and for wind on bore or ice-covered cables, W = the square root 
of the sum of the squares of the vertical and horizontal loads. 

For any intermediate point at a distance x from the center of the span, 
the sag is 

S., = Sil - 4x2/L2l 

For supports at different levels 

S _ S _ WLicosa = WL2 

-
0 

- BT BT cos a 

Li L hH cos a 

2 2 WL 

!:! = L + hH cos a 
2 2 WL 

L. L + i (S12 + S22) 
3 Li L2 

where 

W = weight of cable in pounds per lineal foot between supports or in 
direction of Lo 

T tension in cable direction parallel with line between supports 
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The change 1 in length of cable Le for varying temperature is found by multi
plying the number of degrees n by the length of the cable in feet times the 
coefficient of linear expansion per foot per degree fahrenheit c. This is* 

1 LcXnXc 

A short approximate method for determining sags under varying tempera
tures and loadings that is close enough for all ordinary line work is as follows: 

Supports at different elevations. 

a. Determine sag of coble with maximum stress under maximum load at 
lowest temperature occurring at the time of maximum load, and find length 
of coble with this sag. 

b. Find length of cable at the temperature for which the sag is required. 

c. Assume a certain reduced tension in the cable at the temperature and 
under the loading combination for which the sag is required; then find the 
decrease in length of the coble due to the decrease of the stress from its 
maximum. 

d. Combine the algebraic sum of (bl and Id with lal to get the length of 
the cable under the desired conditions, and from this length the sag and 
tension con be determined. 

e. If this tension agrees with that assumed in Id, the sag in ldl is correct. 
If it does not agree, another assumption of tension in Id must be made 
and the process repeated until (cl and Id) agree. 

• Temperature coeffkient of linear expansion is given on pp. 56-57. 
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Structural standards for steel radio towers * 

Material 

a. Structural steel shall conform to American Society for Testing Materials 
"Standard Specifications for Steel for Bridges and Buildings," Serial Desig
nation A-7, as amended to date. 

b. Steel pipe shall conform to American Society for Testing Materials 
standard specifications either for electric-resistance welded steel pipe; 
Grade A or Grade 8, Serial Designation A-135, or for welded and seamless 
steel pipe, Grade A or Grade B, Serial Designation A-53, each as amended 
to date. 

Loading 

a. 20-Pound design: Structures up to 600 feet in height except if to be 
located within city limits shall be designed for a horizontal wind pressure 
of 20 pounds/foot2 on flat surfaces and 13.3 pounds/foot2 on cylindrical 
surfaces. 

b. 30-pound design: Structures more than 600 feet in height and those of 
any height to be located within city limits shall be designed for a horizontal 
wind pressure of 30 pounds/foot2 on flat surfaces and 20 pounds/foot2 on 
cylindrical surfaces. 

c. Other designs: Certain structures may be designed to resist loads 
greater than those described in paragraphs a and b just above. Fig. 1 of 
American Standard A58. l-1955 shows sections of the United States where 
greater wind pressures may occur. In all such cases, the pressure on cylin
drical surfaces shall be computed as being 2/3 of that specified for flat 
surfaces. 

d. For open-face (latticed) structures of square cross section, the wind 
pressure normal to one face shall be applied to 2.20 times the normal 
projected area of all members in one face, or 2.40 times the normal pro
jected area of one face for wind applied to one corner. For open-faced 
!latticed) structures of triangular cross section, the wind pressure normal to 
one face shall be applied to 2.00 times the normal projected area of all 
members in one face, or 1.50 times the normal projected area for wind 
parallel to one face. For closed-face (solid! structures, the wind pressure 

* Abstracted from "American Standard Minimum Design Loads in Buildings and Other Structures, 
A58.1-1955," American Standards Association; 70 East 45th Street; New York 17, N. Y.: $ 1.50 
per copy. Also from Radio-Electronics-Television Manufacturers Association Standard TR-116; 
October, 1949. Sections on manufacture and workmanship, finish, and plans and marking of the 
standard ore not reproduced here. The section on "Wind velocities and pressures" is not 
port of the standard. 
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shall be applied to 1.00 times the normal projected area for square or 
rectangular shape, 0.80 for hexagonal or octagonal shape, or 0.60 for 
round or elliptical shape. 

e. Provisions shall be made for all supplementary loadings caused by the 
attachment of guys, antennas, transmission and power lines, ladders, etc. 
The pressure shall be as describsd for the respective designs and shall be 
applied to the projected area of the construction. 

f. The total load specified above shall be applied to the structure in the 
directions that will cause the maximum stress in the various members. 

g. The dead weight of the structure ond all material attached thereto, shall 
be included. 

Unit stresses 

a. All parts of the structure shall be so designed that the unit stresses 
resulting from the specified loads shall not exceed the following values in 
pounds/inch2 

Axial tension on net section = 20,000 pounds/inch2 

Axial compression on gross section: 

for members with value of L/R not greater than 120, 

= 17,000 0.485 L2 /R2 pounds/inch2 

For members with value of L/R greater than 120, 

18,000 

1 + L2/l8,000 R2 pounds/inch
2 

where 

L = unbraced length of the member 

R = corresponding radius of gyration, both in inches. 

Maximum L/R for main leg members = 140 

Maximum L/R for other compression members with calculated stress 200 

Maximum L/R for members with no calculated stress = 250 

Bending on extreme fibre = 20,000 pounds/inch2 

Single shear on bolts = 13,500 pounds/inch2 

Double shear on bolts = 27,000 pounds/inch2 
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Bearing on bolts {single shearl = 30,000 pounds/inch2 

Bearing on bolts (double shear) = 30,000 pounds/inch2 

Tension on bolts and other threaded parts, on nominal area at root of 
thread = 16,000 pounds/inch2 

Members subject to both axial and bending stresses shall be so designed 
that the calculated unit axial stress divided by the allowable unit axial stress, 
plus the calculated unit bending stress, divided by the allowable unit bending 
stress, shall not exceed unity. 

b. Minimum thickness of material for structural members: 

Painted structural angles and plates = 3/16 inch 

Hot-dip galvanized structural angles and plates 1/8 inch 

Other structural members to mill minimum for standard shapes. 

c. Where materials of higher quality than specified under "Material" above 
are used, the above unit stresses may be modified. The modified unit stresses 
must provide the same factor of safety based on the yield point of the 
materials. 

Foundations 

a. Standard foundations shall be designed for a soil pressure not to exceed 
4000 pounds/ foot2 under the specified loading. In uplift, the foundations 
shall be designed to resist 100-percent more than the specified loading 
assuming that the base of the pier will engage the frustum of on inverted 
pyramid of earth whose sides form on angle of 30 degrees with the vertical. 
Earth shall be considered to weigh 100 pounds/foofl and concrete 140 
pounds/ foofl. 

b. Foundation plans shall ordinarily show standard foundations as defined 
in paragraph o just above. Where the actual soil conditions ore not normal, 
requiring some modification in the standard design and complete soil 
information is provided to the manufacturer by the purchaser, the foundation 
pion shall show the required design. 

c. Under conditions requiring special engineering such as pile construction, 
roof installations, etc., the manufacturer shall provide the necessary informa• 
tion so that proper foundations con be designed by the purchaser's engineer 
or architect. 

d. In the design of guy anchors subiect to submersion, the upward pressure 
of the water should be token into account. 
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Wind velocities and pressures 

Indicated velocity V; in miles/hour pressure Pin pounds/foot2 

cylindrical 
actual surfaces 

velocity Va 3-cup 4-cup projected areas* flat surfaces 
in miles/hour anemometer anemometer P = 0.0025 V2a P = 0,0042 V'a 

10 9 10 0.25 0.42 
20 20 23 1.0 1.7 
30 31 36 2.3 3.8 

40 42 50 4.0 6.7 
50 54 64 6.3 10.5 
60 65 77 9.0 15.1 

70 76 91 12.3 20.6 
80 88 105 16.0 26.8 
90 99 119 20.3 34.0 

100 110 132 25.0 42.0 
110 121 146 30.3 50.8 
120 133 160 36.0 60.5 

130 144 173 42.3 no 
140 155 187 49.0 82.3 
150 167 201 56.3 94.5 

* Although wind velocities ore measured with cup anemometers, oil doto published by the 
U. S. Weather Bureau since Jonuory 1932 includes instrumental corrections ond are actual 
velocities. Prior to 1932 indicated velocities were published. 

In calculating pressures on structures, the "fastest single mile velocities" published by the 
Weather Bureau should be multiplied by a gust factor of 1.3 to obtain the maximum instantaneous 
actual velocities. See p. 924 for fastest single mile records at various places in the United 
States ond Conoda. 

The American Bridge Company formulas given here ore based on o ratio of 25/ 42 for pressures 
on cylindrical and flat surfaces, respectively, while the Radio-Electronics-Television Manu
facturers Association specifies a ratio of 2/3. The actual ratio varies in a complex manner 
with Reynolds number, shape, and size of the exposed object. 

Vibration and shock isolation 

Symbols 

b = damping factor 

d = static deflection in inches 

E = relative transmissibility 

= (force transmitted by isolotorsl / (force transmitted by rigid mountings) 

F = force in pounds 
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Vibration and shock isolation continued 

F0 = peak force in pounds 

f = frequency in cycles per second kpsl 

f0 = resonant frequency of system in cycles per second 

G acceleration of gravity 

""' 386 inches per second2 

g = peak acceleration in dimensionless gravitational units 

= Xo/G 
j = ( - 11 ¼i, vector operator 

k = stiffness constant; force required to compress or extend isolators 
unit distance in pounds per inch 

r = coefficient of viscous damping in pounds per inch per second 

t = tinie in seconds 

W = weight in pounds 

x = displacement from equilibrium position in inches 

Xo = peak displacement in inches 

x = velocity in inches per second 

dx/dt 

Xo = peak velocity in inches per second 

x = acceleration in inches per second2 

= d2x/dt2 

Xo = peak acceleration in inches per second2 

q, = phase angle in radians 

w = angular velocity in radians per second 

= 21rf 

Equations 

The following relations apply to simple harmonic motion in systems with one 
degree of freedom. Although actual vibration is usually more complex, the 
equations provide useful approximations for practical purposes. 
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F = Wlx/Gl !11 

fo = Wg !21 

x = Xo sin (wt + ,pl (31 

X0 = 9.77g/f2 14l 

Xo = wXo = 6.28fXo = 61.4g/f (5) 

X0 = w2X0 = 39.5f2Xo = 386g 16) 

E I r j(k/w) I (7) 
= r + j [(wW/Gl - k/w] 

f0 = 3.13tk/Wl½ (8) 

b = 9.77r/lkW)½ 19) 

For critical damping, b = l. 

Neglecting dissipation (b = Ol, or at f/fo = 12) ½ for any degree of damping, 

I 
l I 

E = tf/fol 2 - 1i 

When damping is neglected, 

k = W/d 

fo = 3.13/d½ 

E = 9.77/ldf2 - 9.771 

Acceleration 

1101 

1111 

1121 

(13} 

The intensity of vibratory forces is often defined in terms of g values. 
From 12), it is apparent, for example, that a peak acceleration of 10g on a 
body will result in a reactionary force by the body equal to 10 times its 
weight. 

When an obiect is mounted on vibration isolators, the accelerations of the 
vehicle are transmitted to the object (or vice versa) in an amplitude and 
phase that depends on the elastic flexing of the isolators in the directions 
in which the accelerations (dynamic forces! are applied. 
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Vibration and shock isolation continued 

Magnitudes 

The relations between Xo, Xo, Xo, and fore shown in Fig. 1. Any two of these 
parameters applied to the graph locates the other two. For example, suppose 
f = 10 cycles per second and peak displacement Xo = l inch. Fr.?m Fig. 1, 

peak velocity X0 = 63 inches per second and peak acceleration Xo = 10g. 

peck displacement amplitude Xo in inches 

,o ,9 

~ .. 
: 
-"' <.> 
.!: 
.e 
,>! 
!; 
" 10 0 

' ... 
I 

frequency f in cycles per second 

Fig. I-Relation of frequency and peak values of velocity, displacement, and acceleration, 
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Natural frequency 

Neglecting damping, the natural frequency fo of vibration of on isolated 
system in the vertical direction can be calculated from 1121 from the static 
deflection of the mounts. For example, suppose on object at rest causes a 
0.25-inch deflection of its supporting springs. Then, 

f0 3.13/(0.25) 2 = 6.3 cycles per second 

Resonance 

In fig. 2, E is plotted against f/fo for various damping factors. Note that 
resonance occurs when f0 ""' f and that the vibratory forces are then 

• increased by the isolators. To reduce vibration, f0 must be less than 0.7f 
and it should be as small as 0.3f for good isolation. 

"' 

3 

2 

0 
0 

~ 
~ 

0.1 

b•O b•O 

0.15 

1\ 
\ 

l? i\ 
fo.5 ~l 

~-1.0-~ 
4.0 

1.0 

freQuenc~ ratio• f/f0 

~ r---... 
-

1.5 2.0 2.5 3.0 

Fig. 2-Relative lransmissabllity E as a funcllon of the frequency ratio 1/10 for various 
amounts of damping b. By permission from "Vibration Analysis," by N. 0. Myllestad. Copyright 1944. 

McG<aw·Hill Book Company, Inc, 
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Vibration and shock isolation continued 

It is not possible to secure good isolation ot all 
vibrational frequencies in vehicles and similar 
environments where several different and 
varying exciting frequencies ore present and 
where the isolators may hove to withstand 
shock os well os vibration. In such coses, fo is 
often selected os about 1.5 to 2 times the 
predominant f. Vibration in typical vehicles is 
shown in Fig. 3. 

Although all supporting structures hove com
pliance and may reduce the effects of vibration 
and shock, the apparent stiffness of many 
"rigid" mountings is merely o matter of degree, 
and in conjunction with the supported moss, 
they con also give rise to resonance effects, 
thus magnifying the amplitude of certain 
vibrations. 

Damping 

Damping is desirable in order to reduce 
vibration amplitude during such times os the 
exciting frequency is in the vicinity of {0• This 
will occur occasionally in most installations. 
Any isolator that absorbs energy provides 
damping. 

It is seldom practical to introduce damping os 
on independent variable in the design of 
vibration isolators for relatively small objects. 
The usual practice is to rely on the inherent 
damping characteristics of the rubber or other 
elastic material employed in the mounting. 
Damping achieved in this way seldom exceeds 
5 percent of the amount needed to produce o 
critically damped system. In vibration isolators 
for large objects, such as variable-speed 
engines, the system often con be designed to 
produce nearly critical damping by employing 
fluid dash pots or similar devices. 
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I 
Piston- 0 to 60 0.01 
engine 
oircrofl 0 lo 100 0.01 

Turboprop 0 to 60 o.oi 
aircroft 

Oto 100 O.Dl 

Jet Up to 500 0.001 
Alrcroft 

Possenger 
outomobifes 1 6 

8 to 12 0.02 

20+ 0.002 

Automobile 4 5 
trucks 

20 0.05 

so+ 0.005 

Military 1 to 3 2 

tonks 

Depends -
on speed 

100+ 0.001 

Roilraod Brood and 
trains erratic 

Engine vibrotions 

Propeller vibrotions. Aerodynamic vibrotions due to buffeting 

Engine vibrotions = (engine rpml/60 I Also oerodynomic vi-
brotions due to bullet-

Propeller vibrotions ing ond turbulence 

Audible noise frequencies due to iet woke ond combustion 
turbulence; very little engine vibrotion 

Suspension resonance 

Unsp;J~g weight resonance !wheel hop) 

lrregulor transient vibrations due to resonances of structural 
members with road roughnesses 

Suspension resonance 

Unsprung weight resonance 

Structural resonances 

Suspension resonance 

(speed in mph) 
Track-laying frequency= 17.6 

(tread spacing in inches) 

Structural resonances 

Similar to automobiles with additional excitations from roil 
joints and from side slop In roil trucks and draft gear 

Above 20 cycles/second. Amplitude of vibrations 
varies with locotion in aircraft. londing shock 
con be neglected 

9 cycles/ second 

9 cycles/second 

25 cycles/second will usually ovoid resononce 
• , with wheel hop and' suspension resonant fre-

quencies 

Above 20 cycles/second ond should not corre-
spond with ony structural resononce. It is not 
advisable to ottempt to isolate suspension and 
unsprung weight resonances 

Similar to automobile truck 

20 cycles/second hos been successful in railroad 
applications. Shock with velocity changes up to 
100 inches/second in direction of train occurs 
when coupling cars or starting freight trains 

~ 
i 
~ 
C .,. 

~ 
c:.c 
-i::
c:.n 
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Vibration and shock isolation c;onlinued 

Practical application 

Vibration con be accurately precolculoted only for the simplest systems. In 
other coses the actual vibration should be measured on experimental 
assemblies using electrical vibration pickups. Complex vibration is often 
described by a plot of the g values against frequency. These plots usually 
show several frequencies at which the largest accelerations are present. 
The patterns will vary from place to place in a complicated structure and 
will also depend on the direction in whlch the acceleration is measured. 

After measuring and plotting vibration in this way, 9ttention can be devoted 
to reduction of the predominant compo,ients using the equations and prin
ciples given above as guides in selecting the size, stiffness, damping charac-
teristics, and location of isolators. · 

Shock 

In many practical situations, vibration and shock occur simultaneously. The 
design of isolators for vibration should anticipate the effects of shock and 
vice versa. 

\ 

When heavy shock is applied to a system using. vibration isolators, there is 
usually a definite deflection at which th\:! isolators snub or at which their 
stiffness suddenly becomes much greater. These actions may amplify the 
shock forces. To reduce this effect, it is generally desirable to use isolators 
that have smoothly increasing stiffness with increasing deflection. 

I 

Shock protection is improved by isolators thbt 'permit large deflections in 
all directions before the protected equipment is snubbed or strikes neighbor
ing apparatus. The amplitude of vibration resulting from shock con be 
reduced by employing isolators that absorb energy and thus damp oscillatory 
movement. 

Probabilities of dol!IOfle to the apparatus itself from impact shock con be 
minimized by: 

a. Making the weight of equipment components· as small as possible and 
the strength of structural members as great as possible. 

b. Distributing rather than concentrating the weights of equipment com
ponents and avoiding rigid connections between components. 
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c. Employing structural members that have high ratios of stiffness to weight, 
such as tubes, I beams, etc. 

d. Avoiding, so far as practical, stress concentr,ations at joints, supports, 
discontinuities, etc. 

e. Using materials such as steel that yield rather than rupture under high 
stress. 

Graphical symbols 

American Standard Graphical Symbols for Electrical Diagrams Y32.2-1954* 
covers both the communication and power fields. Excerpts of primary 
interest to communications workers will be found on the following pages. 

Diagram types 

Block diagrams consist of simple rectangles and circles with names or other 
designations within or adjacent to them to show the general arrangement 
of apparatus to perform desired functions. The direction of power or signal 
flow is often ,iindicoted by arrows near the connecting lines or arrowheads 
on the lines. ,, 1 

Schematic diagrams show all major components and their interconnections. 
Single-line diagrams, as indicated by that name, use single lines to inter
connect components even though two or more conductors are actually 
required. It is a shorthand form of schematic diagram. It is always used for 
waveguide diagrams. 

Wiring diagrams are complete in that all conductors ore shown and all 
terminal identifications are included. The contact numbers on electron-tube 
sockets, colors of transformer leads, rotors of variable capacitors, and 
other terminal markings ore shown so that o workman having no knowledge 
of the operation of the equipment con wire it properly. 

Orientation 

Graphical symbols ore no longer considered as being coarse pictures of 
specific pieces of equipment but ore true symbols. Consequently, they may 
be rotated to any orienfotion with respect to each other without changing 
their meanings. Ground, chassis, and antenna symbols, for instance, may 
"point" in any direction that is convenient for drafting purposes. 

*American Standards Association, 70 East 45th Street, New York 17, N. Y.; $1.25 per eopy. 
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Graphical symbols continued 

Amplifier 

~ direction of 
--f.;-'-- _. tronsmission 

Antenno 

Battery 

Attenuator 

single cell, 
generalized 
de source 

multicell with taps 
( these symbols a re for 

any number of cells) 

Capacitor * ,/ ,~r 
fi•ed single butterfly 

adjustable (variable) 

Chassis Connection, 
mechanical ,h 

Connector 

-----3• >- • >-
male female enoaged 

plug Jack 
2-conductor 

_po a::: 
plug jack 

3-conductor 

engaged coaxial eonnectors 

Fuse Ground 

-'v- '""!-

Power-supply (appliance) 
camectors 

@ @ 
female male 

nonpolarized 
2 conductor 

female male 
polarized 

3 conductor 

Hand"t 

general 4 conductor 

I nduetors - Transformers 

fixed inductance coupling 
adjustable · 

Receiver 

IJJ= Co 
general head5et 

Rectifier 

* {f} QC 

metallic 

bridge 

Repeater 

2-way telephone 

~'~ rw 
rh'shield ,,..,t.:: ,1j J Resistor 

31,~ ~ng i % ~ 
3 t '# fixed 2•terminol 3-termlnal 
core saturablt core Odjustable(varlablel 

lndlcctinQ 
lamp Rotary machines 

GJ:= oe e 
Microphone t.oudspeoker basic oenerator motor 

[):: 

~ ¢ Meter 

0 * Reploce with letter ¢ 
designatino type, 
A-ammeter, 
V-voltmeter, 
I• general indicator, 

et cetera. 

synchro control 
transformer, 
receiver, or 
transmitter 

differential 
receiver or 
transmitter 



Graphical symbols 

Shield 

Oscillator 

Termhal 

0 

t::\ Qeneralized v ac source 

Switches 

_/_ 

0 0 i 
o Io 

---4-
_)' _ 

~ oh; 
I I 
L _..J 

-7' 
2-circuit push button 

showinQ fulcrum 

wafer 

Thermistor Tl\ermocoupte 

eu 
Transmission 

guided 

air or space 

DIEL 

dielectric 
o01er than air 

path i_~i~.~~ 
=m 

conductors 

dots indicate 
connections 

continued 

Vacuum (electron l tubes 

Cathodes 

A 
heater or 
filament 

r 
cold 

'( 
photo 

MISCELLANEOUS DATA 

o,scontinuilies hav,ng 
properties of inscribed 
symbols !e•amples) 

949 

,---, 
indirectly 

heated 

~A e series elements 

Q 
~&~ -G L., ..... ~ 

gas-fillell 
enselope 

--< 
deflecting 
electrode 

anode 

grid 

cathode-ray lube 

Waveguide and 
coaxial components 

Wave9uides 

-B- -0-¼ 
rectangular circular ridged 

Cooxlol 
line 

Couplln9s 

--;> ioop 

~ probe 

Terminations ---, -+-
open. short- mo.able 

cirtuif circun 

Transducer 

-sTe-

Oirect,onal coupler 

X ® 30db 

H-plane aperture coupling 
of 30-decibel loss. Arrows 
inllicate direction of l)OWer 
flow 

Coupling means 

0 e\,1\/Vv I 
aperture loop resistance probe 

Resonator Mode suppressor 

0 M 
J \ 

~ 
~ 

Rectangular woveguide f'-pione 
aperture coupled to mode
suppressed resonator that 
is loop coupled to coo,iol 
line. Direct-current connec
tior, bet,.een waveguide ond 
coo•iol hne. 
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Graphical symbols continued 

Detached elements 

Switches and relays often have many sets of contacts and these may be 
separated and placed in the parts of the drawing to which they apply. 
Each separated element should be suitably identified. The winding of a 
relay may be labelled K2/ 4 to indicate that relay K2 has 4 sets of contacts 
separated from the winding symbol. Each separated set of contacts will 
then be designated K2-1 through K2-4 to permit individual identification. 

Terminals 

The terminal symbol need not be used unless it is needed. Thus, it may be 
omitted from relay and switch symbols. In particular, the terminal symbol 
often shown at the end of the movable element of a relay or switch should 
not be considered as the fulcrum or bearing but only as a terminal. 

Associated or future equipment 

Associated equipment, such as for measurement purposes, or additions that 
may be made later, are identified as such by using broken lines for both 
symbols and connections. 

Radio-signal reporting codes * 

The Comite Consultatif International Radio (CCIRI recommends that the 
SlNPO and SINPFEMO codes be used instead of the older Q, FRAME, 
RAFISBENQO, and RISAFMONE codes. 

A signal report consists of the code word SINPO br SINPFEMO followed 
by a 5- or 8-figure group respectively ratin~ the 5' 

1
or 8 characteristics of 

the signal code. 

The letter X is used instead of a numeral for characteristics not rated. 

Although the code word SINPFEMO is intended for telephony, either code 
word rpay be used for telegraphy or telephony. 

The over-all rating for telegraphy is interpreted as follows, 

* from Recommendation number 141 of the Comite Consultatif lnternatio~al Radio, London, 1953, 
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symbol mechanized operation Morse operation 

5 Excellent 4-channel time-division multiplex High-speed Morse 

4 Good 2-channel time-division multiplex 100 words/minute Morse 

3 Foir Marginal. Single start-stop printer 50 words/minute Morse 

2 Poor Equivalent to 25 words/minute Morse 25 words/minute Morse 

l Unusable Possible breaks and repeats; call letters Possible breaks and repeats; 
distinguishable call letters distinguishable 

The over-all rating for telephony is interpreted as follows: 

symbol operating candition quality 

5 Excellent Signal quality unaffected 
Commercial 

4 Good Signal quality slightly affected 

3 Fair Signal quality seriously affected. Channel 
usable by operators or by experienced Marginally commercial 
subscribers 

2 Poor Channel just usable by operators 
Not commercial 

l Unusable Channel unusable by operators 

Sinpo signal-reporting code 

s I I N I p 0 
degrading effect of 

rating signal 

I 
I over-all I scale strength interference noise 
I 

propagation readability 
(QRM) (QRN) I disturbance (QRK) 

5 Excellent Nil Nil Nil Excellent 

4 Good Slight Slight Slight Good 

3 Fair Moderate Moderate Moderate Fair 

2 Poor Severe Severe Severe Poor 

l Barely audible Extreme Extreme Extreme Unusable 



Sinpfemo signal-reporting code 

s I I N I p --
roting degrading effect of 
scale signal Interference 

I 
noise propagation 

strength (ORM) (ORN) disturbance 

5 Excellent Nil Nil Nil 

4 Good Slight Slight Slight 

3 Fair Moderate Moderate Moderate 

2 Poor Severe Severe Severe 

1 Barely audible Extreme Extreme Extreme 

F 

frequency 
of fading 

Nil 

Slow 

Moderate 

Fast 

Very fast 

continued Radio-signal reporting codes 

E I M 0 
modulation 

I over-all 
quality depth roting 

Excellent Maximum Excellent 

Good Good Good 

fair Fair Fair 

Poor Poor or nil Poor 

Continuously 
Very poor overmodulated Unusable 

-

c..c:, 
c.n 
..-....:I 

£ 
> 

i 
~ 
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10:00am 11,00om Noon 2,30pm 4:00pm 5:00pm 6,00pm 7,00pm 8:00pm 8:30pm 

1 loOOom Noon 1 ,OOpm 3:30pm 5:00pm 6:00pm 7:00pm 8:00pm 9:00pm 9:30pm 
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6:00pm 7:00pm 8:00pm 10:30pm 2:00am 3:00am 4,00om 4:30am 

7:00pm 8:00pm 9,00pm 11,30pm 3:00am 4:00am 5,00om 5,30om 

~ 2:00am 3:00am 4:00am 5,00om &Ollom 6:30am 
3,00om 4,00om 5,00om 6,00om 7:00am 7:30am 

4:00am 5:00am 6:00am 7:00am 8:00am 8:30am 

5:00am 6,00om 7:00am 8:00am 9:00am 9,30om 

6:00om 7:00am 8:00am 9:00am 10,00om 10:30am 
7 :OOom 8:00am 9:00am 1 O:OCom 1 1:00am 11,30om 

Passing hoavy line denotes change of dote. 
passing the 
passing the 

going to the right ADD one day. 
going to left SUBTRACT one day. 
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Patent coverage of inventions 

A potent in the United States confers the right to the inventor for a period 
of 17 years to exclude oil others from using his claimed invention. After 
the 17-yeor period the patented invention normally posses into the public 
domain ond may be practiced by others thereafter without permission of 
the patentee. The issuance of o potent does not confer to the patentee 
the right to manufacture his invention, since on earlier unexpired potent 
moy hove claims dominating the later invention. 

Besides the 17-yeor potent for invention, there ore design potents for 
shorter periods that cover the outward artistic configuration of on article 
of manufacture ond potents for new plants. The following material applies 
generally to potents for inventions ond not to design patents nor to potents 
for horticultural plants. 

What is patentable 

A patent con be obtained on any new and useful process, machine, manu
facture, or composition of matter, or any new ond useful improvement 
thereof. The invention must not be obvious to one ordinarily skilled in the 
art to which the invention relates. 

In his potent application the inventor must moke the disclosure of his invention 
sufficiently clear and complete to enable one skilled in the art to build and 
practice the invention. 

Recognizing inventions 

If the improvement or other development is new to the originator and 
appears either basic or commercially feasible, he should submit a disclosure 
to his potent attorney for advice. This should include disclosures of new 
products in the mechanical, chemical, ond electrical fields; of new com
binations of new and/or old elements that produce a new result, or on old 
result but with fewer elements; and, in fact, any new improvement in these 
fields that appears to present o commercial advantage in either cost, 
durability, or operation. The question of whether the disclosure is o sufficient 
advancement to be the basis of potent claims depends on o novelty in
vestigation and appraisal by o potent attorney. 

Who may be an inventor 

The inventor is the person who originates the idea and causes his mental 
picture of an embodiment to be reduced to physical form such os a written 
description or drawings or model. He may draw on the skill of others to 
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complete this physical form of his invention so long as ideas, hints, and 
suggestions of others ore in the regular course of their work as skilled 
technicians. 

Contributions by others beyond ordinary mechanical skill make the con
tributor a coinventor. Employers or supervisors who do not contribute 
more than ordinary skill should not be identified as coinventors. On the 
other hand, a supervisor may convey on idea to another employee and 
direct its development into a patentable invention and do none of the 
physical work and yet he, the supervisor, is the true inventor. However, 
when two or more persons by cross-suggestion conceive and reduce on 
invention to a physical form, they thereby become joint inventors. Where 
there is real doubt as to whether on invention is sole or joint, the doubt 
should be resolved in favor of joint. 

Making patentable inventions 

The usual steps of making on invention are: 

a. A desired result or problem is first recognized. 

b. A conception of on embodiment capable of producing the desired 
result is visualized. This mental conception should then be followed with a 
written record of the physical form visualized (drawings and descriptions). 

c. Reduction to practice. This may be "constructive" by filing a patent 
application, or "actual" by building a full-size working embodiment. 

Obtaining a patent 

For one to obtain a patent in the United States, the invention must have 
been made before: 

a. It was known or used by others in this country, or 

b. It was patented or described by others in any printed publication in this 
or any foreign country; 

and an application for patent must be flied: 

a. Within one year from the first date of public use or offer of sale of 
the invention in this country or any publication in this or any foreign country 
disclosing the invention, or 

b. Prior to the issuance of a foreign patent based upon on application flied 
by the same inventor more than one year prior to his filing the application 
for U. S. patent. 
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Patent coverage of inventions continued 

Assignment of inventions 

The potent rights to on invention can be assigned and transferred and this 
may be done either before or after a potent application is flied or a potent 
is obtained. 

Effect of publication-foreign patents 

No public disclosure of an invention should be made before on application 
for patent is flied on it. The reason for this is that in certain foreign countries, 
e.g., France, Holland, and Brazil, the law provides that the publication or 
public use of the invention anywhere in the world before the date of filing 
of an application for patent makes the idea available to the public and 
thereby deprives the inventor of any right to a patent in those countries. 
However, in the United States, one year is allowed following the date of 
the first publication, or first public use or sale of the invention during which 
the application for patent may be filed. Since inventors or assignees are 
often interested in obtaining foreign patents as well as United States 
patents, the inventor should make certain as a general policy that no publica
tion or public use is made of his invention before a patent application is 
flied. 

The benefit of the United States filing date applies to the obtaining of potents 
in most important foreign countries, provided the foreign application is 
flied within one year of the date of filing of the United States application. 

Interferences 

Occasionally two or more applications are flied by different inventors 
claiming substantially the same patentable invention. Thus, while a patent 
application is pending, an interference may be declared by the Patent 
Office with respect to the application or patent of another inventor. This 
proceeding is to determine who is rightfully the first inventor and proof of 
dates, diligence, and reduction to practice must be established by recorded 
evidence, such as sketches, description, test data, models, and witnesses. 

Engineer's notebook 

The keeping of formal notebook records by engineers facilitates patent 
applications and prosecution of any subsequent interference cases. The 
permanently bound type of notebook is preferred and the engineer should 
make his original entries therein. Adherence to the following procedures 
will make the notebook more useful as evidence in legal proceedings: 
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a, Make entries chronologically. Use ink. 

b. Do not leave blank spaces. Draw a line diagonally across unused space 
on a page. Use both sides of each sheet. Do not skip or remove any note
book pages. 

c. Do not erase. Draw a single line through any entries to be cancelled 
and initial and date changes made. 

d. Make entries directly in notebook. If separate charts, graphs, etc., ore 
a necessary part of an entry, they should be properly signed, witnessed, 
and dated as well as being referenced on the applicable pages of the note
book. These separate sheets should be securely fastened in the notebook. 

e. Make each entry clear and complete. 

f. Sign and date each entry on the day it is made. 

g. Any entry believed to be sufficiently novel to become the subject of a 
patent application should be signed and dated by witnesses who understand 
the subject matter. Sketches, graphs, test data, or other materials related 
to the invention should be similarly witnessed. 

Summary of military nomenclature system* 

In the AN system for communication-electronic equipment, nomenclature 
consists of a name followed by a type number. The type number consists 
of indicator letters shown in the following tables and an assigned number. 

The type number of an independent major unit, not part of or used with a 
specific set, consists of a component indicator, a number, the slant, and such 
of the set or equipment indicator letters as apply. Example: SB-5/PT would 
be the type number of a portable telephone switchboard for independent 
use. 

The system indicator !ANl does not mean that the Army, Navy, and Air 
Force use the equipment, but simply that the type number was assigned in 
the AN system. 

* Adopted from "Summary of Joint Nomenclature System l"AN"J System for Communicotion 
Electronic Eouipment," Communications-Electronics Nomenclature Subponel of the Joint 
Communicotions-Electronics·Committee; Washington 25, D, C., January 30, 1955. 
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Summary of military nomenclature system continued 

Nomenclature policy 

AN nomenclature will be assigned to: 

a. Complete sets of equipment and major components of military design. 

b. Groups of articles of either commercial or military design that are 
grouped for a military purpose. 

c. Major articles of military design that are not part of or used with a set. 

d. Commercial articles when nomenclature will facilitate military identifica
tion and/ or. procedures. 

AN nomenclature will not be assigned to, 

a. Articles cataloged commercially except in accordance with paragraph 
Id) above. 

b. Minor components of military design for which other adequate means of 
identification are available. 

c. Small ports such as capacitors and resistors. 

d. Articles having other adequate identification in joint military specifica
tions. 

Nomenclature assignments will remain unchanged regardless of later 
changes in installation and/or application. 

Modification letters 

Component modification suffix letters will be assigned for each modifkotion 
of a component when detail, parts and subossemblies used therein ore no 
longer interchangeable, but the component itself is interchangeable 
physically, electrically, and mechanically. 

Set modification letters will be assigned for each modification not affecting 
interchangeability of the sets or equipment as a whole, except that in some 
special cases they will be assigned to indicate functional interchangeability 
and not necessarily complete electrical and mechanical interchangeability. 
Modification letters will only be assigned if the frequency coverage of 
the unmodified equipment is maintained. 

The suffix letters X, Y, and Z will be used only to designate a set or equip
ment modified by changing the power input voltage, phase or frequency. 
X will indicate the first change, Y the second, Z the third, XX the fourth, etc., 
and these letters will be in addition to other modification letters applicable. 
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Set or equipment indicator letters 

type of ln1lallotion I typo of equipment purpo .. 

A Airborne (installed and operated A lnvilible light, heat radiation A Auxiliary assemblies [not complete 
in olrcroftl operating sets used with or port of 

two or more sets or sets series) 

8 Underwater mobile, submarine 8 Pigeon I 8 Bombing 

C Air tronsportoble linoctivoted, do C Carrier C Communications frecelving and 
not use} transmitting) 

D Pilotless carrier D Radlac D Direction finder and/or recon• 
naissance 

E Nupoc E Etection and/ or release 

f Fixed f Photographic 

G Ground, general ground use On~ G Telegraph or teletype G Fire control or searchlight directw 
dudes two- or more ground type ing 
instollationsl 

H Recording and/or reproducing 

i 
{graphic metero1ogical and .soundl 

I lnterphone ond public address 
1 

1 J tlecm,.rr,ec1,an1ca1 lnol other-

-K_A_m_p_h_ib-io_u_s ________ ll_l( __ T_e_le_m_e_te-ri-ng------·1--------------

Countermeasures Searchlight control linactivoted, 
use "G"l 

M Ground, mobile Unstolled as operot~ M Meterologicol M Molntenonce and test auemblies 
Unduding tools) ing unit in o vehicle which hos no 

function other than tronsporting 
the equipmenfi 

P Pod or portable lonimol or man) 

s Water surface croft 

T Ground, transportable 

u General utility lindudes two or 
more general installation classes, 
airborne, shipboard, and ground) 

V Ground, vehicular linslalled in 
vehicle designed for functions 
other than carrying electronic 
equipment, etc.§ such as tonk.tl 

W Water surface and tmderwat-er 

N Sound in air 

Radar 

N Navigational aids Cindudlng alti
meters, beacons, compasSM, ro
cons, depth sounding approach, 
and londingt 

~eprodudng Onoctlvoted1 do not 
use} 

Q Sonar and underwater sound Q Special, or combination of purposes 

I R Radio R Receiving, passive detecting 

s Special types, magnefic, etc.j 5 Detecting and/or range and beer-
or combinations of types ing 

T Telephone lwirel T T ronsmitttng 

V Visual and visible light 

W Armament (peculiar to orma~ W Control 
ment, not otherwise covered) 

, X Focsimite or televislon X ldentifkotion and recognition 
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Summary of military nomenclature system continued 

Table of component indicators 

indicator I 

AB 
AM 
AS 
AT 
BA 
BB 
BZ 
C 
CA 
CB 
CG 
CK 
CM 
CN 
CP 
CR 
cu 
CV 
cw 
ex 
CY 
D 
DA 
DT 
DY 
E 
F 
FN 
FR 
G 
GO 
GP 
H 
HC 
HD 
ID 
IL 
IM 
IP 
J 
KY 
LC 
LS 
M 
MA 
MD 
ME 
MF 
MK 
ML 
MT 
MX 
0 
QA 

family name 

Supports, Antenna 
Amplifiers 
Antennas, Complex 
Antennas, Simple 
Battery, primary type 
Battery, secondary type 
Signal Devices, Audible 
Controls 
Commutator Assemblies, Sonar 
Capacitor Bonk 
Coble Assemblies, rf 
Crystal Kits 
Comparators 
Compensotors 
Computers 
Crystals 
Couplers 
Converters lelectronicl 
Covers 
Coble Assemblies, non- rf 
Coses and Cabinets 
Dispensers 
load, Dummy 
Detecting Heads 
Dynamotors 
Hoists 
Filters 
Furniture 
Frequency Measuring Devices 
Generators, Power 
Goniometers 
Ground Rods 
Head, Hand, and Chest Sets 
Crystal Holder 
Air Conditioning Apparatus 
Indicating Devices, non-er! 
Insulators 
Intensity Measuring Devices 
Indicators, Cathode-Ray Tube 
Junction Devices 
Keying Devices 
T cols, line Construction 
Loudspeakers 
Microphones 
Magazines 
Modulators 
Meters 
Magnets or Mag-field Gens 
Miscellaneous Kits 
Meteorological Devices 
Mountings 
Misceiloneous 
Oscillators 
Operating Assemblies 

I indicator I 

oc 
OS 
PD 
PF 
PG 
PH 
pp 

PT 
PU 
R 
RC 
RD 
RE 
RF 

• RG 

RL 
RO 
RP 
RR 
RT 
s 
SA 
SB 
SG 
SM 
SN 
ST 
T 
TA 
TB 
TC 
TD 
TF 
TG 
TH 
TK 
Tl 
TN 
TR 
TS 
TT 
TV 
TW 
u 
UG 
V 
VS 
WD 
WF 
WM 
ws 
WT 
ZM 

family name 

Oceanographic Devices 
Oscilloscope, Test 
Prime Drivers 
Fittings, Pole 
Pig eon Articles 
Photo,iraphic Articles 
Power Supplies 
Plotting Equipments 
Power Equipments 
Receivers 
Reels 
Recorder-Reproducers 
Relay Assemblies 
Radio Frequency Component 
Cables, rf, Bulk 
Reeling Machines 
Recorders 
Reproducers 
Reflectors 
Receiver and Transmitter 
Shelters 
Switching Devices 
Switchboards 
Generators, Signal 
Simulators 
Synchronize rs 
Strops 
Transmitters 
Telephone Apparatus 
Towed Body 
Towed Cable 
Timing Devices 
Transformers 
Positioning Devices 
Telegraph Apparatus 
Tool Kits 
Tools 
Tuning Units 
T ronsducers 
Test Items 
Teletypewriter and Facsimile App 
Tester, Tube 
Tapes, Recording Wires 
Connectors, Audio and Power 
Connectors, rf 
Vehicles 
Signaling Equipment, Visual 
Cables, Two-Conductor 
Cables, Four-Conductor 
Cables, Multiple-Conductor 
Cables, Single.Conductor 
Cables, Three-Conductor 
Impedance Measuring Devices 
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Additional indicators 

Experimental sets: In order to identify a set or equipment of an experimental 
nature with the development organization concerned, the following indi
cators will be used within the parentheses, 

XA Communications-Navigation Laboratory, Wright Air Development Cen-
ter, Dayton, Ohio. 

XB Naval Research Laboratory, Washington, D. C. 

XC Coles Signal Laboratory, Fort Monmouth, N. J. 

XD Cambridge Research Center, Cambridge, Mass. 

XE Evans Signal Laboratory, Fort Monmouth, N .. J. 

XF Frankford Arsenal, Philadelphia, Pa. 

XG U.S. Navy Electronic Laboratory, San Diego, Calif. 

XH Aerial Reconnaissance Laboratory, Wright Air Development Center, 
Dayton, Ohio. 

XJ Naval Air Development Center, Johnsville, Pa. 

XK Flight Control Laboratory, Wright Air Development Center, Dayton, 
Ohio. 

XL Signal Corps Electronics Research Unit, Mountain View, Calif. 

XM Squier Signal Laboratory, Fort Monmouth, N. J. 

XN Department of the Novy, Washington, D. C. 

XO Redstone Arsenal, Huntsville, Ala. 

XP Canadian Deportment of National Defense, Ottawa, Canada. 

XR Engineer Research and Development Laboratory, Fort Belvoir, Va. 

XS Electronic Components Laboratory, Wright Air Development Center. 
Dayton, Ohio. 

XU U.S. Navy Underwater Sound Laboratory, Fort Trumbull, New London, 
Conn. 

XW Rome Air Development Center, Rome, N. Y. 

XY Armament Laboratory, Wright Air Development Center, Dayton, Ohio. 
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Summary of military nomenclature system continued 

Example: Radio Set AN/ ARC-3 ( l might be assigned for a new airborne 
radio communication set under development. The cognizant development 
organization might then assign AN/ARC-3(XA-ll, AN/ARC-31XA-21, etc., 
type numbers to the various sets developed for test. When the set was 
considered satisfactory for use, the experimental indicator would be dropped 
and procurement nomenclature AN/ ARC-3 would be officially assigned 
thereto. 

Training sets: A set or equipment designed for training purposes will be 
assigned type numbers as follows: 

a. A set lo train for a specific basic set will be assigned the basic set type 
number followed by a dash, the letter T, and a number. Example: Radio 
Training Set AN/ARC-6A-Tl would be the first training set for Radio Set 
AN/ARC-6A. 

b. A set to train for general types of sets will be assigned the usual set 
indicator letters followed by a dash, the letter T, and a number. Example: 
Radio Training Set AN/ ARC-Tl would be the first training set for general 
airborne radio communication sets. 

Parentheses indicator: A nomenclature assignment with parentheses, I ) 
following the basic type number is made to identify an article generally, 
when a need exists for a more general identification than that provided by 
nomenclature assigned to specific designs of the article. Examples: 
AN/GRC-51 I, AM-611/GRC-5, SB-9( 1/GG. A specific design is identified 
by the plain basic type number, the basic type number with a suffix letter, 
or the basic type number with an experimental symbol in parentheses. 
Examples: AN/GRC-5, AN/GRC-5A, AN/GRC-5iXC-ll, AM-6B/GRC-5, 
SB-9 (XE-3) /GG. The letter V within the parentheses is used to identify 
systems with varying parts list. 

Examples of AN type numbers 

AN/SRC-3() 

AN/SRC-3 

AN/SRC-3A 

General reference set nomenclature for water surface 
craft radio communication set number 3. 

Original procurement set nomenclature applied against 
AN/SRC-3! l. 

Modification set nomenclature applied against 
AN/SRC-3. 

AN/ APQ-13-Tl ( ) General reference training set nomenclature for the 
AN/ APQ-13 set. 
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AN/ APQ-13-Tl Original procurement training set nomenclature applied 
ago inst AN/ APQ-13-TJ ( l. 

AN/ APQ-13-Tl A Modification training set nomenclature applied against 
AN/APQ-13-TI. 

AN/UPT-T3( ) General reference training set nomenclature for general 
utility radar transmitting training set number 3. 

AN/UPT-T3 Original procurement training set nomenclature applied 
against AN/UPT-T31 l. 

AN/UPT-T3A Modification training set nomenclature applied against 
AN/UPT-T3. 

T-51 ( )/ ARQ-8 General reference component nomenclature for trans
mitter number 51, part of or used with airborne radio 
special set number 8. 

T-51 / ARQ-8 Original procurement component nomenclature applied 
against T-51 ( ) / ARQ-8. 

T-51 A/ ARQ-8 Modification component nomenclature applied against 
T-51 / ARQ-8. 

RD-31 ( )/U General reference component nomenclature for 
recorder-reproducer number 31 for general utility use, 
not port of a specific set. 

RD-31 /U Original procurement component nomenclature applied 
against RD-31 ( l /U. 

RD-31 A/U Modification component nomenclature applied against 
RD-31/U. 
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• Information theory 

General 

Information theory concerns the process of communication. The central 
problem is evaluation of the maximum speed and accuracy of communication 
that can be achieved with a given transmission facility. 

The model of the communication process is depicted in Fig. 1. 

lnformotion 
source encoder 

Fig. I-Process of communication. 

c:honnel decoder destinotion 

The measure of information does not reflect meaning or purpose in com• 
munication: these are the domain of o user of a communication system; the 
relative frequency of o message and its reproduction are the domain of 
the system designer. The process of communication is: 

a. Sequential selection of elements from a set of possible elements defined 
a priori, that is, in advance of communication. 

b, Encoding of the selected elements as symbols or signals appropriate to 
the transmission system. 

c. Reception and resolution of the symbols or signals into elements of the 
predefined set, though not always correctly. 

Typical elements are words, letters, sounds, levels of light intensity, voltages. 
A set is usually composed of elements of the same kind, e.g., a set of letters. 
Some elements of a set are more likely to appear for communication than 
others. Successive selections of elements ore not ordinarily independent-
word selections are constrained to make meaningful phrases, sounds to 
fuse into words, levels of light to form recognizable images. 

Sets composed only of discrete elements are considered in the following. 
A set such as a continuous range of amplitudes can usually be approximated 
to desired accuracy by considering an adequate number of discrete levels 
instead. 

Symbols, messages 

The elements of a set are denoted as x1 ••• Xe• The a-priori probabilities of 
X1 ••• x,. are P1 ••• p,., satisfying 
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" I: Pi= 1 
1=1 

The x1 will be called source symbols; sequences of x1 are called messages. 
A. messa.ge formed of two elements is called a digram, and one formed of 
N elements an Ngram. 

Ensemble: A set of elements together with their probabilities p1. An 
ensemble with elements x1 is denoted by x. 

Amount of information 

Amount of information generated in any selection from the ensemble x: 

" " 
H(x) = I: p, log 11/p.l = - L P1 log p1 

j j 

a. If on element of x has unity probability, then Hlxl = 0. 

b. If all elements are equiprobable, p1 = 1/n, then H(xl is maximum and 
equal to log n. 

Uncertainty: H Ix) is also called the uncertainty of x; uncertainty is greatest 
for equiprobable events; uncertainty is zero when any one event is certain. 

Entropy: H (xi is also called entropy by analogy with the quantity of the 
same mathematical form encountered in statistical mechanics. H (xi and 
other quantities of this form are often referred to as ensemble entropies. 

Information content of a symbol (or message): The information generated in 
the selection of a specific symbol !or messagel. It is equal to ( -log p1l, 
where p1 is the symbol (or message! probability. 

Average information content per symbol (or message): The average infor
mation content (above) of symbols (or messages). (Average information 
content per symbol is the same as H (xi, and equals the amount of infor
mation generated on the average in successive, independent selecttons 
from the ensemble.I 

Information units 

The amount of information Hix) is measured in bits, hartleys, or nits accord
ing as logarithms are taken to the base 2, 10, or e. 

1 bit (from binary digit) is defined by a choice between 2 equiprobable 
events. 



966 CHAPTER 33 

Information units continued 

1 hartley is defined by a choice among 10 equiprobable events ( 3.32 bits}. 

1 nit is defined by a choice among e equiprobable events ( = 1.44 bits!. 

In fig. 2 is plotted ( - p 1092 p) bits and - [p log2 p + (1 - p) 1092 
11 - pl] bits versus p, probability expressed in percent from 1 to 99 
percent. (Tables for 1092 x and 2x are found on page 1110.l 
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Fig, 2-Curves for computing entropies In bits. 

Entropy of joint events 
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A pair of events Xf and YJ from the sets (x1 ••• Xnl and ly1 ... Yml may be 
considered as a composite event (x11 y1l. Such pairs arise when successive 
symbols emitted by a single source are considered (digram), or when 
symbols from two sources are considered simultaneously {multiplexing), or 
when x represents the input to a channel or encoder and y the output. 

Denoting the probability of {x1, y1l by P1.1, and the ensemble of joint events 
by x, y, 

Entropy of x, y is 
n.m 

Hix, yl = - LP..; log Pii 
«.i 
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Entropy of joint events continued 

If only x is observed, i.e., without regard to y, then probability of x1 is 

m 

P1 = LPii 
i=l 

and the entropy of x is 

n 

Hix)= - _Lp,logp, 
1=1 

Similarly, the probability of Yi, with no regard to x, is 

and the entropy of y is 

m 

H lyl = - _L qi log q; 
i=l 

Upon observing x11 the probability !conditional probability) of Yi is 

cu P11IP, 

The entropy {uncertainty) of y when x1 is observed is 

m 

- _L c;; log c;; 
f 

which when averaged over x defines the 

Conditional entropy of y given x: 

" m 

H.,ly) = L p 1 ( - _L c;; log c,1) = - L p11 log cv 
I i l.f 

Similarly, denoting the probability of xi given y1 as 

cu' = Pµ/q• 

the conditional entropy 

H11 !xl = - _L Pit log cc/ 
l.f 

Relation between these entropies, 

Hlx,yl = Htxl + H,,!yl = H!yl + H11 lxl 
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Entropy of joint events continued 

Numerical example: Let n = 3, m = 2. Arranging the joint probabilities p 41 
in a rectangular array or matrix as in Fig. 3, then, 

Fig. 3-Jolnt probability matrix. 

0.1 
0.2 

l 
q1 = 0.3 

0.2 
0.0 

l 
q2 = 0.2 

a. p, is the sum of the elements in row i. 

Ya 
0.3-+ Pl = 0.6 
0.2-+ P2 = 0.4 

l 
Qa = 0.5 

b. q1 is the sum of the elements in column j. 

c. Dividing each element of the matrix by the Pt in the same row yields the 
matrix cv. 

d. Dividing each element of the matrix by the q1 in the same column and 
transposing yields en' !Bayes' theoreml. 

The entropies defined above may be obtained in bits from Fig. 2: 

H lxl = - 0.6 1092 0.6 - 0.4 1092 0.4 0.97 

Hlyl = - 0.3 1092 0.3 - 0.2 1092 0.2 - 0.5 1092 0.5 = 1.49 

Hix, yl = - 0.1 1092 0.1 - 3(0.2)1092 0.2 - 0.31092 0.3 = 2.25 

H.,(yl = H(x,yl H!xl = 1.28 
H11 1xl Hlx,yl - H(yl = 0.76 

Statistical independence 

The events x, and y1 are said to be statistically independent when 
Po = p,q1. Then, c., = q1 and c1/ = p,. 

In terms of the entropies, independence means 

H(x,yl = Hlxl + Hlyl 
H.,(yl = H(yl 
H11 (xl = Hlxl 

When there is dependence, these relations are replaced by inequalities 

Hlx,yl < Hlxl H(yl 
H.,lyl < H(yl 
H11 lxl < Hix) 
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The preceding con be generalized to any number of events. Let, for instance, 
Ix, YJ Zk) represent a composite event from the ensemble x, y, z and let P,;Jr. 
denote its probability. 

The ioint entropy is 

H(x,y,zl = - L P1Jk log P•J" 
IJ/c 

From the array of numbers p111,, it is possible to deduce the probability of 
occurrence of any single event or of any pair of events and also the con
ditional probabilities. 

for instance, 

PiJk IE P1Jk 
!; 

is the probability that z1, will occur if x1 and YJ hove been observed. 

The conditional entropy H"Zllzl is the average over all pairs (x,y} of the 
entropy of z given x = x, and y = y1• 

Alternatively, regarding x,y as a composite ensemble w, then from 

Hw!zl = H!w,zl - Hlwl 

there results, on replacing w by x.,y, 

Hx, 11 1zl = Hlx,y,zl - Hlx,yl 

Similarly, it can be found, for example, that 

H.,, 11,,lu,v) = H(x,y,z,u,v) - H(x,y,z) 

Information source 

A source of information is a system that produces messages by successive 
selections from an ensemble of symbols. 

Information rate of a source 

Information rate of a source is the amount of information generated per 
symbol or per second. The information per symbol (symbol entropy! is 
denoted by H. The information per second (time entropy) is H' = rH 
where r is the average number of symbols selected per second. 

Independent selections H = the entropy of the symbol ensemble, Hlxl. 

Selection depe'ldent on preceding Ngrom: H = the conditional entropy ot 
x with respect to the ensemble of Ngrams. 
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Information source continued 

A!ternatively, when successive selections are not independent, the source 
may be regarded as changing state with each selection. If a selection 
depends only on the N preceding, then after a sequence of N selections, 
the source is said to be in a state S,. With he next selection there is a 
transition to some state SJ determined by the element selected and the 
preceding (N - ll. The probability of trans:tion from s, to SJ is denoted by 
t.., ltronsitional probobilityl. !When N = l I tiJ is the conditional prob
ability c., and the number of states is the number of source symbols). 
Denoting the probability of state i as s,. 

(From the lotter standpoint, a source is said to be a Markoff process.I 

Estimate of information rate: H is less than but approximately equal to 
1/N times the information per Ngrom generated by the source, the differ
ence diminishing with N. In this way, information per letter of English may 
be approximated from information per word, information per Morse code 
symbol from information per letter, etc. Various approximations to the 
English language have been studied from this point of view. 

Toking letters as the elementary source symbols; if letters were equiprobable 
and independent of each other, the rate would be Ho = 4.75 bits per letter. 
Using the actual letter frequencies, it would be H1 = 4.03 bits per letter. 
Using frequencies of occurrence of the digroms and trigrams, it becomes, 
respectively, H2 = 3.32 and H 3 = 3.1 bits per letter. 

If English words ore ordered according to decreasing frequencies it is found 
that the probability of occurrence of the word in the mth position (rank 
ml is approximately Pm "-'" 1 /lOm (limiting m to 8727 to make 'l; Pm = 1 l. 

The resulting entropy is 11.82 bits per word or 2.14 bits per letter based 
on on average of 5.5 letters per word. 

Binary encoding of information source 

a. The output of every source with rote H bits per symbol can be encoded 
reversibly into sequences of binary digits averaging H binary digits per 
source symbol; no lesser average number of digits allows reversible 
encoding. 

b. The time entropy of reversibly encoded source sequences cannot exceed 
H', the time entropy of the source. 
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Binary encoding of information source continued 

c. If different sources have the same H', then messages from any one of 
them can be encoded into messages from any other without loss of infor
mation rate. 

These ore illustrated in Fig. 4. T ypicol messages in 4 different "languages" 
ore shown "translated" into the same binary sequence. Each letter in
dividually hos its own binary code (rather than coding long sequences of 
letters as a wholel. The notation A: ½ ~ 0, etc., means "A, of prob
ability ½, is encoded by 0." 

Since all 4 messages are reversibly encoded into the some binary sequence, 
any one message is o reversible code for any other, though with no direct 
letter-for-letter correspondence. The method of forming the codes in the 
special coses illustrated is: The x1 ore listed in order of decreasing prob• 
ability p1• The uppermost group of events with cumulative probability 1/2 
is assigned 0; the lowermost group is assigned 1. Each group is further 
divided into upper and lower ports of equal cumulative probability, which 
ore assigned respectively O and 1. This is continued until groups contain 

II 

A: ½~o W: ¼ ~oo 

B: ¼~ 10 X: ¼~Ol 

C: ¼~ 11 Y: ¼~ 10 

Z: ¼~ 11 

letters bits Ian- J bib 
gauge , letter 

•--=---······-
second second 

"" 
{j: 

-y: 

o, 

message 

1.50 • 28 = 42 ABAABBCAACB 

JI 2.00 • 21 42 XWXXXYXZ 

Ill 

½~o 

¼ ~ 10 

¼~ 110 

¼~ 111 

IV 

a: ½"' 0 

b: ¼~JOO 

C: ¼~ 101 

d, ¼~ 110 

e, ¼~ 111 

binary sequence 

---1---------1------1 01000101011001110 

Ill l.75 • 24 42 . bit 
811)ary rate = 1 - • 42 

---1----------1------i digit second 

IV 2.00 • 21 42 abacadaea 42~ 
second 

fig. 4-Four sources generating equal bits per second. A: ½ - 0 means "A, of probability 
1/2 is encoded by O". 
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Binary encoding of information source con!inued 

only one event. The code is automatically reversible. It is efficient (non
redundantl, in that more-probable events are assigned longer repre
sentations than less-probable ones in such a way that typical source 
sequences have the least possible number of binary digits. 

The symbol probabilities are generally not integral powers of 1/2, and 
symbols generally not independent. An approximation to H code digits per 
symbol can still be obtained as outlined above if for "equal cumulative 
probability" is understood approximately equal cumulative probability. 

To obtain a good approximation, it is usually required to apply the pro
cedure to a list of Ngrams, rather than of the symbols. The Ngrams provide 
o smoother gradation of probabilities and lessen the effect of symbol 
dependences. 

Redundancy 

A source is redundant if H is less than the maximum entropy HM = log n 
possible for the same number n of symbols. The selection of symbols in a 
redundant source is either not independent or, if independent, not equi
probable. 

Amount of redundancy is the fractional departure of the source rate 
from this maximum: IHM - HI /HM. 

From another viewpoint, redundancy indicates the predictability of the 
source: When the uncertainty H is zero, the redundancy is one and the 
symbols are completely predictable. Experimental trials al predicting 
English sentences give an estimated redundancy of at least 75 percent. 

Compression by coding is the representation of information generated in 
source sequences by shorter sequences of code symbols. The maximum 
possible percent compression of source sequences when properly coded 
in an alphabet numbering the same as source events equals the source 
redundancy. 

languages II and Ill of Fig. 4 illustrate elimination of redundancy by coding 
into alphabets the same size. With language Ill as a source with entropy 
1.75 bits per symbol, the redundancy is 1/8. 

Encoding of Ill into II achieves the full reduction in redundancy since, on 
the average, in one second it takes 1/8 fewer symbols to convey 42 bits. 
This compression could mean a 1/8 bandwidth reduction factor for Ill. 
Or, II could be transmitted as the code for Ill with a saving of 1/8 of the 
time. languages IV and II offer what may be called "amplitude compression", 
since information rate and symbol speed remain the same but the alphabet 
"range" is reduced from 5 to 4 symbols. 
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Channel 

Communication channel: A transmission facility; defined by a set of con
straints. These limit the rate and accuracy with which information can pass 
from a source to a destination. 

Every physical facility is subject to random variations-component drift 
with temperature, crosstalk, mechanical imperfections, electrical noises, 
imperfect resolution. 

Noiseless channel: One where these effects are negligible; the facility is 
essentially free of random error. In a noiseless channel, accuracy is not 
an issue. Every permissible channel input is at once identifiable at the 
output. The objective is to evaluate the maximum-possible rate of transfer 
of information through the channel in the presence of constraints of exactly 
specified nature (as opposed to random influences), often economic in 
origin, or attributable to limitations in the state of the art. 

Noisy channel: One where randomness cannot be dismissed. 

Constraints may be classified as those pertaining to the channel symbols lor 
signals) and those pertaining to the channel noise. The basic channel 
symbols available for transmission are limited in number and maximum 
speed of use. There are also restrictions on sequences formed of the basic 
symbols: e.g., a "spacing" symbol may be required between symbols. 
There may be on average-power limitation on sequences. The channel 
noise is a constraint on transmission in that no more than a certain maximum 
rote con be achieved if error-free reception is to be approached. 

Noiseless channel 

Binary channel: T ronsmission constrained to use of 2 symbols, 0 and 1, each 
of duration T 0. The maximum possible transmission rote is 1 selection, 
between 2 possibilities every To seconds. Thus the channel capacity is 
C 1 /To bits per second. A binary source that produces O's and 1 's of 
duration To can drive the channel directly. If, further, 0 and l ore equiprob
ably produced at each selection, then the source rote equals the capacity 
and the source is said to be matched to the channel. 

Channel with S available symbols all of duration T0 con in time T handle• 
any of N (Tl ST /To different sequences of symbols: capacity is 

C = 11/Tl 1092 NITI 11/Tol log2 S bits per second. 

If the minimum duration is the result of limited bandwidth W = 1 /2T o, then 

C = 2W log2 S 

Channel with dynamic range D quantized in steps of equal size d has 
S = ID/di + 1 amplitude levels available for transmission: 
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Noiseless channel continued 

C = 2W leg (1 + D/dl 

or, in terms of average power in channel sequences, when D is centered on 
zero, 

C = W 1092 (I + 12 V2/rfll, 

where 

V2 = mean-square amplitude level, or "power" 

= d2 1$2 - 11/12 

Capacity of the noiseless channel is defined in general as 

I. l 
C = 1m log2 N (Tl bits per second r.......,,,, T 

N ITl is the number of permissible channel sequences that can be formed in 
time T. Two cases are illustrated. 

a. Binary channel, duration of O twice that of 1: 

The N (Tl permissible sequences of length T terminate in 0 or I. Letting the 
duration of 1 be 1 second, the number ending in l is NIT - 1 I; number 
ending in O is NIT - 21. Thus N (Tl satisfies the difference equation 

N(Tl = NIT - ll + NIT - 21, 

with characteristic lalgebraicl equation 

or 

X2 
- X - 1 = 0. 

If X,,.,,,, = largest real root of the characteristic equation, then 

C = log Xmaz 

In this case Xma:z: = 1.62, and C = 0.70 bits per second. 

b. Binary channel, duration of O and 1 each second, with added con
straint that ofter l is used then O must follow (though l or Ocon follow OJ: 

N(TI NIT - 1l + NIT - 2), as in o above. 

C = 0.70 bits per second 

These binary channels hove the some capacity but con not handle the some 
binary sequences. If o proper encoder is placed between them, the over-all 
capacity of the two in series remains the some as either one alone. 
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Noiseless channel continued 

Fundamental theorem for noiseless channel 

Sequences of source symbols, of entropy H bits per symbol, when properly 
encoded in permissible sequences of a channel with capacity C bits per 
second, can be transmitted through the channel provided that the source 
does not produce symbols at an average number per second greater 
than C/H. 

Noisy channel 

Transmission through a noisy channel is subject to processes interfering at 
random with the channel symbols. The interference is itself o source of 
erroneous information. A noisy channel (or random transducer) is defined 
by: o set of input symbols x1, a set of output symbols y1, o matrix of prob
abilities cu that x, is converted to y1 during transmission, and an overage 
number of inputs per second. 

An instance of o noisy channel is a facility for transmitting o 1-volt or 0-volt 
signal per second along o pair of wires, where the wires are short-circuited 
at random 10-percent of the time. The possible inputs ore x0 = 0, x1 1, 
the outputs yo 0, y1 = l with c00 = 1, co1 = 0 and c10 = 0.1, c11 0.9. 

If the channel interference produces symbols at the output that ore not in 
the set of inputs, a decoder performing a "decision function" can be 
introduced to resolve all outputs into possible inputs. The decoder con be 
regarded as part of the channel. 

Dispersion, equivocation 

When x, ore used with probabilities uv then the joint probability of x1, y1 
(p11 u1 c11l, the probability of y1 at the output, the ("inverse") prob
abilities c1/, and associated entropies can be established as shown in the 
section on joint events. 

Dispersion is the conditional entropy H%1yl. ft is a measure of the uncertainty 
of the output, on the average, given the input. 

Equivocation is the conditional entropy H11 lxl. It is a measure of the un
certainty of the input, on the average, having observed the output. 

When the channel is driven directly by a source (i.e., the input symbol prob
abilities u1 equal the source symbol probabilities p,), then 

R H(xl - H11 (xl = Hlyl H%1yl 

is often referred to as the rate of transmission through the channel. 
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Noisy channel continued 

Example: Binary source of rate l bit per digit driving symmetric binary 
channel defined by probabilities c,o = co1 = p (1 and O are mistaken for 
each other with probability p). 

R = 1 - [P log2 l + 11 - pl log2 -
1
-] bits per digit 

p l - P 

The l is the source or channel symbol entropy and would be the information 
rate in the absence of errors. The bracketed term is the equivocation (and 
also dispersion in this symmetrical easel. 

Capacity of noisy channel 

Of all possible assignments of probabilities u, to the channel symbols, there 
is o set that results in a maximum value of the difference H (xi - H~ (xl. 
This maximum difference is defined as the capacity of the noisy channel: 

C = max [H Ix) - H11 (xi] ... 
where l: u1 = 1 and u, ~ 0. 

!This maximization is sometimes described as matching the channel symbol 
usage to the channel noise). 

Fundamental theorem for noisy channel 

A channel of capacity C can be driven by any properly coded source of 
rate up to C with practically zero probability of error in recovering the 
input. This is not possible if the source rote exceeds C. 

Underlying principle of theorem: Let long sequences, or blocks of input 
symbols be regarded as the basic transmission units (rather than the in
dividual symbols), and let the symbols x, within blocks be used with fre
quencies u,. Each block will upon transmission give rise to one of a group 
of possible responses associated with it. 

The groups of responses to all such blocks overlap. If there were no overlap 
at all, every such block would be ideal for transmission, since the noisy 
responses would foll into completely separable groups, each one identified 
with a definite input. 

However, by limiting the number of possible input blocks to a certain 
number M, the response groups associated with these M become nearly 
separable, and still more so as the length of block considered increases. 
For any probabilities u,, and number of symbols N per block, the number of 
blocks M must satisfy: 

!1/NI log M < R = Hlxl - H11 1:<l 
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Noisy channel continued 

If such blocks of channel symbols are then associated with output sequences 
from a source of rate H = 11/N) log M (a noiseless coding procedure), 
then coded messages from the source can be identified at the channel 
output with virtually no error and at the rate H. 

The maximum source rate for which this still holds is the maximum value of 
R, or the channel capacity. 

The theorem does not define any specific encoding of the source but rather 
a class of codes that in general are difficult to apply. 

There is presently much effort devoted to developing codes with a systematic 
structure, e.g., self-checking codes, and to evaluating explicit relations 
between code length and probability of error. 

Channel with additive noise 

Output y is the sum of the input x and channel noise n, 

y=x+n 

When n and x are statistically independent, 

H,.lx + n) = Hin) 

since probabilities of Ix + nl given x are the probabilities of n. Thus, 

R = H Ix + nl - H lnl 

Since Hin) is fixed by the channel, maximum R occurs when Hix+ nl is 
maximum. 

Illustration: A binary facility for transmitting a - 2- or + 2-volt pulse once 
a second disturbed by crosstalk. The crosstalk consists of a - 1- or + 1-
volt pulse occurring equally frequently at an average rate of 1 per second. 
The noise entropy H (n) is 1 bit per second. If the ± 2-volt pulses are used 
equally frequently, u, = l /2, then the entropy of signal plus noise H Ix + nl 
is 2 bits per second, 14 equiprobable output levels: - 3, - 1, + l, + 3l. 
Thus, R = 1 bi.t per second. In this simple case, the rate R is easily achieved 
without ,errnr by noting that a positive output can only mean that + 2 is 
intended and a minus output must mean - 2. 1 bit per second is also the 
capacity of the channel, since Hix+ nl is already maximum. 

Noisy binary channel 

Defined by probabilities co1 = p and c10 = q, these error probabilities 
implicitly determining the severity of interference present .. 

The channel capacity is 

C = log
2 

\ 2 laBp - (1 p)Hall!l - (p + J!l! + 2 [pHa - Cl - aJBpJ/[ 1 - <i>+ all} 

bits per digit where 
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Noisy channel continued 

Hp = - p log2 p - 11 - pl 1092 11 - p) 

(A curve is given in Fig. 2.l Hq is obtained from HP. replacing p by q. 

C is symmetrical in p and q. The maximizing input digit probabilities are 

V1 - /:l 
U1 = 

I - !p + qi 

where v1 probability of 1 at the output 

Vz - p 
Uo = -----

{p + qi 

where v2 probability of O at the output = 1 - Vt, 

When p = q, the symmetric binary channel results. Further, let the binary 
digits be positive and negative pulses of equal amplitudes, equal durations 
T = 1 /2W, and average power P. let the channel noise be similar pulses 
with Gaussian distribution. of amplitude of average power N, which add 
to the digit pulses. Then C/W = 2!1 - Hp! bits per second per cycle of 
bandwidth, where the digit error-probability as a function of P/N is 

p = ½ erfc [IP/Nl 1' 2/(2) 112] 

C/W versus P/N in decibels is given in Fig. 5. 

Channel with additive noise 

Signal limited in bandwidth and average power: A facility con handle pulses 
of all possible amplitudes, at a maximum rate of 1 /2W per second and with 
the constraint that pulse sequences are limited to average power P. Noise 
pulses in the channel with Gaussian distribution of amplitude and of average 
power N (no direct-current component) add to the signal pulses. The 
capacity of the channel is 

C W log 2 11 + P/NI bits per second, 

showing explicit dependence on channel noise. A plot of C/W is given in 
Fig. 5. The capacity may be achieved arbitrarily closely if sequences of 
signal amplitudes are formed with Gaussian probability distribution and 
mean-square fluctuation P. The channel could be used with negligible 
probability of error by a binary or other source of rate up to C if long
enough source sequences are encoded into the Gaussian signals. If the 
Gaussian noise power varies directly with bandwidth, then letting W 0 be 
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Fig. 5-channel capacity versus P/N. The number af signal levels (equally spaced and 
centered on :a:ero) Is •· For a symmetrical binary channel, s = 2. 
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Noisy channel continued 
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Fig. 6-Capacity of channel (limited In average power and bandwidth with Gaussian noise) 
as a function of bandwidth. Wo bandwidth for which signal power equals noise power 
(P H). 

that width for which P = N, the variation in C/Wo is the curve given in 

Fig. 6. 

The normalized capacity C/Wo rises sharply to unity as bandwidth increases 
to W 0, then slowly approaches 1.44 bits I nit with further increases in W. 
The quantity CT is the amount of information that can be transmitted a 
long-enough interval T. This quantity is referred to as an exchange relation 
indicating how T, W, P, and N can be "traded", that is, how constant 
capacity can be maintained by various channel adjustments. 
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• Probability and statistics 

General 

A random experiment is one that con be repeated o large number of times, 
under similar circumstances, but may yield different results at each trial. 

for example, rolling of a die is a random experiment where the result is 
one of the numbers I, 2, 3, 4, 5, or 6. Observing the noise voltage across 
a resistor is another random experiment that gives a number V dependent 
on the instant of observation. A random experiment may consist of observing 
or measuring elements taken from a set that is then known as a population. 

The result of a random experiment is called a random variable or variate. 
This is usually a number, or a set of numbers, but it may also be an element 
of a given set such as a point within an area, or o color among a given 
group, or a quality such as good or bod. 

A variate may be discrete, as in the case of the die, or continuous as in the 
case of a noise voltage. 

Fluctuations of the result of a random experiment ore due to causes that 
cannot be entirely controlled. However, if the conditions of the experiment 
ore sufficiently uniform (for instance, if the some die is used in successive 
throws; if the resistor is at a constant temperature), some statistical regularity 
con be observed when results of a large number of experiments ore con
sidered. The statistical regularity is expressed by the low that gives the 
probability of obtaining a given result or a result falling within a given range 
of values. The law of probability is assumed to be the same for each per
formance of the experiment, independently of the results of other trials. 
When experiments done in time sequence are not independent, the whole 
sequence is considered as a single random experiment called a stochastic or 
random process (see p. 9981. 

A discrete variate, which may toke values xi, x2 ••• x,. ••• is described by 
p (kl, its probability function. p (kl is the probability of obtaining Xk as the 
result of one trial. 

0 ~ plkl ~ 1 

Lp!kl = 1 
a!IJ; 

If the Xk are real numbers, the cumulative probability function 

Plxl = L plk) 
z1; < z 

also describes the variate. The Pk ore the jumps of this function. 
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General continued 

For a continuous voriote that tokes real numerical values, the probability 
that one trial of the experiment gives a result between x and x + dx is 
p (xi dx where p Ix) is the probability density function. The cumulative distribu
tion function is 

Pix) = (., pix) dx 

Pix) is the probability that the result is less than x. 

P(-0>) = 0 

plxl 

r: plxl dx = 1 

= dP/dx 

For a continuous random variable with more than one dimension or multi
voriote, the probability density function p and the cumulative distribution 
function P con also be defined. For instance, if lx,yl are the coordinates of 
a random point in the plane, then p (x,yl dx dy is the probability that the 
point has its abscissa between x and x + dx and its ordinate between y and 
y + dy. The cumulative distribution function is 

P(x,yl = (., dx L .. dy p(x,y) 

Definitions 

Quantities often used to describe the location and spread of a random 
variable are listed below. The first formula in each case applies to a discrete 
variate with probability function p {kl Pk• The second formula applies to 
a continuous variate x {real number) defined by its probability density 
function p lxl. 

Average or mean 

µ L Pt,Xt 
all k 

J
+"' 

µ = _,,, xp(xl dx 

Root-mean-square, rms 

r = [ l: Pk xi]112 

a!U 
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Definitions continued 

[I+'" ]l/2 
r = _,. x2 p[xl dx 

Moment of order r, about the origin 

J
+co 

Pr = _., x' p(xl dx 

Moment of order r, about the mean 

µ,= L Pk (xk - µ)' 
allt 

f
+ .. 

µ,= _,. Ix - µl' p!xl dx 

Variance 

L Pk lxk - µ1 2 

&Ill: 

o-2 µ 2 J:: [x - µ1 2 p[xl dx 

Standard deviation or rms deviation from the mean 

u [E Pk Ix,. - µ)2]1/2 
alU 

[f+°' ]l/2 
u = - .. Ix - µ) 2 pix) dx 

Mean absolute deviation, mae 

I+°' 
= _,. Ix - µI p[xl dx 

.. 

983 



984 CHAPTER 34 

Definitions conlinved 

Median: A value m such that the variable Xk (or xl has equal probabilities 
of being larger or smaller than m. 

For the continuous case 

Im J+"' _,. pix) dx = m p(x) dx 

Mode: A value of x (or x1cl where the probability pix) !or Pkl is largest. 
There may be more than one mode. 

p-percent value: A value of x exceeded only p-percent of the time; that is, 
with probability p/100. This applies mostly to continuous distributions where 
the p-percent value denoted by x11 satisfies 

J
+"' 

I - Plxpl = plxl dx = p/100 
a,p 

The median is the 50-percent value. 

Quartile: The 25- and the 75-percent values. 

Expected value or mathematical expectation: For any variable y equal to 
a given function glxl of the random variable x, the expected value is 

E(y] L glxk) Pk 
alU 

and for the continuous case, 

E[y] J:: glxl pix! dx 

Charaderlstic fundion 

Continuous case 

The characteristic function for a distribution defined by its probability· 
density pix) or by its cumulative distribution function Pix) is 

Clul E[exp jux] = J (exp juxl dPlx) = J (exp jux) pix) dx 

CIOl I 

IC!ul I ~ I 
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C! -ul = C*!ul 

!Where the asterisk denotes the complex coniugate.l C(ul can be expanded 
in term of the moments 

Ch:11 = 1 + L Pr (ju)' /r! 

The function C is the Fourier transform of p, hence 

p Ix) = (1 /21rl J (exp - juxl C(ul du 

For a multivariate x = lx1,x2 ••• x,.1, the characteristic function is 

Clu1, U2 ••• uni = E { exp l/!u1x1 + u2x2 + ... + u,. x,.)} 

C .(u) = E [exp ju·.x] 

Discrete case 

The characteristic function corresponding to the probability function Pk is 

C(ul = L Pk exp jux,. 

Addition of statistically independent variables 

If two independent variates x1,x2 have probnbility densities Pl lx1l and 
p21x2l, the probability density function for their sum x = X1 + x2 is the 
convolution integral 

or, in shortened form, 

P = Pl* P2 

Similarly the cumulative distribution function for the sum is 

Pix) = Pi• P2 = J Pi Ix - ~) dP2l~l 

Instead of computing these convolutions, it is simpler to use the corresponding 
property of the characteristic functions 

Clul = C1lul C2lul 

ond to deduce p {xi as the Fourier transform of C lul. This property extends 
to the sum of n independent variates. 
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Distributions 

Binomial distribution 

If the result of a random experiment is one of two alternatives, the statistics 
ore completely defined by the probability p of one of the alternatives. 
The trial may be the flipping of a coin or the testing of on electron tube 
taken at random. The preferred alternative or "success" could be a head 
in the firs! case, an acceptable tube in the second case. The probability of 
failure in one trial is 

q = 1 - p. 

ln n independent trials, the probability of exactly k "successes" is given by 

c: Pi [J - pl"-i 

!definition of G appears on p. 10381. This is called the binomial distribution 
because p !kl is the kth term in the development of the binomial !p q) ". 

The average of k is np and the variance is 

E [lk - npl 2] = npq 

The standard deviation is 

lnpq)l/2 

The probability of at least one success in n independent trials is 

1 - II - pl" 

Application: If 15 percent of the components from a given lot are defective, 
the probability of finding exactly 3 bad ones in a set of 10 is 

IOX9X8 ca1° (0.15)3 (0.851 7 = l X 
2 

X 
3 

JS3 8.57 JO-iO = 13 percent 

The probability of finding at least one good component in a set of 3 is 

1 - I0.15) 3 = 99.7 percent 

Poisson distribution 

A random experiment that leads to the Poisson distribution might consist 
of counting, during a given time T, the electrons emitted by a cathode, the 
telephone calls received at a central office, or the noise pulses exceeding 
a threshold value. In all these cases the events are, in general, independent 
of each other and there is a constant probability vdt that one of them will 
occur during a short interval dt. 
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The probability that exactly k events will occur during the time interval T 
is given by the Poisson frequency function 

P,. lmk /k!I exp ( - ml 

where the parameter m = vT is the overage number of events during 
the interval T. 

The variance of k is 

E[lk - vTl 2 ]= m 

The standard deviation is 

ml/2 

The characteristic function is 

exp { m [lexp ju) - 11} 

The binomial distribution, when the product np is small and n is large, is 
approximately o Poisson distribution with parameter m = np. 

Exponential distribution 

In o Poisson process, the probability that the interval between two consecu
tive events lies between t and t + dt is 

v(exp - vt) dt = d 11 exp - vt) 

with t ?!: 0. The overage interval is 

E[t] = 1/v 

The root-mean-square is 

IE[t2]1 ½ = 2/ v 

The standard deviation is 

{E[lt - l/v1 2J}½ = 1/v 

The median is 

Uog. 21 / 11 = 0.6931 / v 

The cumulative distribution function is 

exp( - vt) 

The probability that an interval is larger than tis 

exp (- vtl 
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Problem: Pulses of noise, above a certain level, occur with on overage 
density of 2 per millisecond. A device is triggered every time two pulses 
occur within the some 5-microsecond interval. How often does this happen? 
Since Pt = 0.01, then exp - 0.01 = 0.990 (from table on p. 11151 is the 
probability that one interval will exceed 5 microseconds. The device is 
triggered by 1 percent of the pairs of consecutive pulses, hence 20 times 
per second. 

Normal distribution 

The normal, or Gaussian distribution is often found in practice because it 
occurs whenever a large number of independent random causes, each 
producing small effects, act together on the quantity being measured !central 
limit theorem of the theory of probabilityl. 

The normal probability density function, for a mean of zero and a standard 
deviation u, is 

y,., Ix) = [1 / u 121rJ112] exp [ ½ (x/ u) 2] 

[See Fig. 1 and table on p. 1116. When the mean value is µ. instead of 0, 
the probability density becomes y,., Ix - µI. 

The cumulative distribution function 

i.l>lxl = J~ .. 'P.,lxl dx 

is given by scale C on Fig. 1 and more accurately by the table on p. 1117. 
Related to ip ore the error-function erf t and its complementary erfc f: 

erf t = 12/ 1rll2) I exp I - t21 dt 2<!>[1 2112] - 1 

erfc I = 1 - erf t 

The absolute deviation from the mean I x - µ I, sometimes called the 
error, hos the distribution given in the table on p. 1116 and scale Eon Fig. 1. 
The median value, equal to 0.6745 u, is coiled the probable error. It is ex
ceeded 50 percent of the time. The overage of I x µ j, equal to 0.7979u, 
is the mean absolute error. The 3u error is exceeded with probability of 
about 0.3 percent. 

Additive property: The linear combination, with constant coefficients of n 
normal random variables is also a normal random variable. If 

y = CJXJ + C2X2 + . . . C,,Xn 

where x, hos mean µ, and variance ul, then y hos a mean 
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Distributions continued 

µ=LC;µ. 

and a variance 

Multivariate normal distribution 

The vector x = lx1,X2 ... xnl is normally distributed about the origin if 
the probability density function is 

where the moment, or covariance matrix M = (µ.i) is of order n. The coeHl
cients µ;1 are the second-order moments 

Sometimes µ;,, the variance of x;, is denoted by oi and µ;J, the covariance 
of x; and XJ, is expressed by <1;<1frii• The r;1 are correlation coefficients. 

Any linear function of x say, y = Lx, where L is a matrix of order m X n is 
normally distributed with the moment matrix 

N = LMI 

The characteristic function of the multivariate normal distribution is: 

Ciul = E [ exp (juxl = exp [ - ½ (iiMul) 

The sum of two independent, normally distributed vectors x,y with co
variance matrices M and N, respectively, is normally distributed with 
covariance matrix M + N 

Normal distribution in two dimensions: Let x,y be the coordinates of the 
random point, the probability density is 

where <121 and <122 are the variances of x and y and p is their correlation 
coefficient. 
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Circular case-Rayleigh distribution: When the two variates hove the same 
variance (u1 = u2 = u) and ore not correlated (p = Ol, 

J ( x2+y2) ,p(x,y) = -- exp - ½ ---
21ru2 u2 

The distance R to the origin, R2 = x2 + y2, is distributed according to the 
probability density function 

p(RI dR = IR/u21 exp I - R2/2u2l dR 

This is sometimes called the Raleigh distribution. When a large number of 
small independent random phasors with equiprobable phases are added, 
the extremity of the vector sum is distributed according to the circular 
,1ormal bivariate distribution. The magnitude R of the sum has therefore the 
probability density p (Rl. This applies to the electromagnetic field scattered 
by a large number of small scatterers. It also describes the distribution of the 
envelope of a narrow band of Gaussian noise. 

Fig. 2 shows the function plRI and the scale C gives the probability that 
some given level will be exceeded. The rms of R is u(2Jll2• The overage 
u (1r /21 112 = l.2533u is the mean radio/ error. The median or 50-percent 
valu·e, 1.1774u is also called cep !circular error probable), because it is 
the radius of the 50-percent probability circle in the x,y plane. 

~ 0.8 ,-,,-,--,--,-...,...,......,---,-.,....,.....,,-,--,-...,...,......,---r-,--r-,r-,--,--,-.,......,--..,--.,-,--,--, ~- ~ i 

100 90 80 70 60 50 40 30 20 
C= probability in percent that R exceeds the value on the R axis 

probability density function 

p(R) • .fi.e,cp (--Jf.. \ 
o-2 2o-'i./ 

10 5 

fig. 2-Rayleigh distribution. R Is the distance to the origin in a bivariate normal distribution. 
u is the standard deviation for either component of the normal distribution. 
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Distributions continued 

Using X = R2 lpowerl as the variable, 

plRl dR = [exp 1-X/X01] dlX/X0l 

with Xo = 2cr2 

When the circular normal distribution hos its center at a distance S from 
the origin, the distance R to the origin is distributed according to 

R [ R
2 + $2] (RS) p(Rl dR = o-2exp -~ lo cr2 dR 

where 10 = Bessel function with imag
inary argument. This is the distribution of 
the envelope of a sine wave plus some 
Gaussian noise. It also represents the 
distribution of the amplitude of a flefd 
that results from the addiHon of a fixed 
vector and a random component ob
tained, for instance, by scattering from a 
large number of small independent scat
terers. See sketch at right. 

Chi-square distribution 

, 

The distribution of the sum of the squares of n independent normal variates, 
each having mean zero and · variance unity, is called the chi-square dis
tribution. 

The probability density function for this sum x is 

x"/2-1 

fc,.lxl = 2,,.12rln/2l exp 1-x/21 

fx, being the sum of n squares, is positive.I The parameter n is called the 
number of degrees of freedom. The mean of x is n and its variance is 2n. 

The p-percent value of x (exceeded p percent of the timel is denoted, for n 
degrees of freedom, by x/lnl 

I .. 2 
k,.lxl dx = p/100 

;\'.p 

Curves of xi versus p ore shown in fig. 3. 

The fl rst functions k,. ore: 

ki(xl = (2,rxl-112 exp ( -x/2) 
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where x is the square of the deviation in a normal distribution. 

k2(x) = ½ exp ( -x/2! 

.... 
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Fl9. 3-Chi-squora distribution. Function x,,,• (n) for n degrees of freedom. 
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where x corresponds to R2 in the Rayleigh distribution !see p. 9911. 

k3 (x) lx/21rl112 exp I -x/2) 

where x is the square of the distance to the origin of a point in space having 
a normal distribution with spherical symmetry. 

Sampling 

If a random experiment is repeated n times, the results x1,x2 •.• x,. form a 
sample of size n. The distribution of x from which the sample is drawn is 
called the parent distribution. 

The numbers x 1 ••• x,. may not all be different and may form a smaller 
set x1 ••. Xk ••• x,,. where Xk occurs nk times. The definitions on pp. 982-984 
can be applied to a sample (or to an arbitrary set of numbers) by using 
the relative frequencies n,./n in place of the probabilities p,.. 

The sample mean is 

x = 11/nl lx1 + x2 + ... + x,.l 

52 

The sample variance is 

1 '=" - L Ix; - xl 2 

n,=1 

If the Xk ore in such order that 

X1 ~ X2 ~ X3 ~ •• , ~ Xn 

the sample median is 

~ = X(n + 1)/2 

if n is odd and 

~ = ½ [x,.12 + Xcn/2) + J 
if n is even. 

Estimation of mean and variance of a normal variate 

Given a sample of size n taken from a normal distribution, a frequent 
problem is to estimate the mean µ and the variance q 2 of the parent popu
lation. 

One estimate ofµ is the sample mean x. It is a normal random variable with 
average µ. !the estimate is unbiased) and with variance q 2 /n. Another 
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unbiased estimate of µ is the sample median f It is easier to compute than 
x but has a larger standard deviation, 1.2 u/n112 for n ~ 10 and 1.25 u/n112 

for n large. In the lotter case, ~ becomes normally distributed. 

The sample variance has on average of 

[(n ll/n]a-2 

and hence it is a biased estimate of the population variance. An unbiased 
estimate is 

s12 = [1/(n - ll] L (x, - xl 2 = [n/(n - ll]s2 

which differs appreciably from s2 when n is small. 

The standard deviation u con also be deduced from the sample range; 
that is, from the difference between the largest and the smallest number in 
the sample. For a sample of size n, u is obtained by dividing the range by 
the number Cn in the table* 

• Cn 

5 2.33 
JO 3.08 
20 3.73 
30 4.09 

JOO 5.02 

A p-percent confidence interval is 
such that the quantity estimated falls 
within that interval p percent of the 
time. Intervals of this type can be 
deducted from a given sample for 
the mean µ and for the variance u of 
the parent population. 

8 :) 
'i 
i 
:0 4 
.8 e ... 
f: 
"i 

I 3 

u 
~ 
iii 
.§ 2 
I _ ... 

probability - p in percent 

Fig. 4-Student's t distribution. For n de
grees of freedom, the ordinate on the curve 
labelled n Is the value tp exceeded, In 
either direction, with a probability p/100. For the mean: 

x - s
1 

11-p In 11 ~ µ ~ x + s' f1-p (n - 1) 

The function fp (nl is shown in Fig. 4. For instance, for a sample of size 5, 

*From: E. S. Pearson, "Percentage Limits for the Distribution of Ronge in Samples for a Normal 
Population," Biametrika, vol. 24, pp. 404-417; November, 1932, see p. 416. See also, E. S. 
Pearson and H. 0. Hartley, "Biometriko Tables for Statisticians," volume 1, Cambridge Univer
sity Press, London, England; 1954: see toble 22. 
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the 99-percent confidence infervol is from 

x - 4.6s' to x + 4.6s' 

since to.01 141 4.6 

For the variance 

n s2/x2
<1-p>/2 In - 11 ~ u2 ~ ns2/x2

<1+p)/2 In - 11 

The function x2
11 (nl has been defined previously and is shown in Fig. 3. 

For a sample of size 5, and o confidence of 90 percent, read on Fig. 3 

x2• 141 9.5 

X29r, 14) = 0.7 

Therefore the confidence interval is 

0.42s'2 ~ u2 ~ 5.7 s'2 

in terms of the unbiased estimate s'2 of o-2: 

s'2 = f s2 

Chi-square test 

The problem is to find how well o sample token from a population agrees 
with some distribution function assumed for that population. 

The range of x is divided into m regions and the number of sample points 
falling within each region is counted. let f1,f2 ••. fm be the result. From the 
assumed distribution and the size of the sample, the expected number of 
points in each region is computed: 91,92 ••• 9m• The deviation between 
this and the actual result is expressed by 

~ If· - g·l 2 

D = ~ ' ' 
g, 

If the f., are sufficiently large, soy more than 10, this deviation is distribvted 
according to the chi-square distribution with m-1 degrees of freedom. The 
curves of Fig. 3 con be used to evaluate in percent the significance of a 
given deviation. 

If the assumed parent distribution is not completely known and r para
meters defining it hove been determined to flt the sample, the number of 
degrees of freedom is reduced to m l - r. 
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Application: During 3 successive one-hour periods the number of telephone 
calls received at a station was 11, 15, and 23, while during 2 nonoverlapping 
two-hour periods it was 40 and 37. How does this agree with a Poisson 
process? 

Since the density JI !the number of calls per houri has not been specified, 
it is deduced from the sample 

JI (11 + 15 + 23 + 40 + 37] /7 = 18 

The deviation from the expected number is 

72/18 + 32;1s + .9/18 42/36 + 12/36 = s.1 
For 5 - 2 = 3 degrees of freedom, this deviation is exceeded about 15 
percent of the time. The assumption of a Poisson process is therefore very 
good. It would have been significantly doubtful only if the deviation ob
tained was exceeded as rarely as 5 percent or less of the time. 

Monte Carlo method 

The Monte Corio method consists of solving statistical problems, or prob
lems that can be interpreted as such, by substituting for the actual random 
experiment a simpler one where the desired probability laws ore obtained 
by drawing random numbers. 

Reading in order the digits in the table on p. 1114 is equivalent to successive 
trials where the result is one out of 10 equiprobable eventualities. Taking 
pairs of digits simulate 100 equiprobable eventualities. An event with 
probability of 63 percent may be simulated by the reading of successive 
pairs, considering as o "success," any pair from 00 to 62. The successive 
pairs divided by 100 approximate a random variable uniformly distributed 
over the 0-to- l interval. 

For a smoother approximation, 3 or 4 consecutive digits could be used. 

Given any continuous variate defined by its cumulative distribution function 
P(xl, it can be simulated by solving Plxl ri, where ri are successive random 
numbers uniformly distributed between O and L For instance, using pairs of 
digits read from p. 1114: 49, 31, 97, 45, 80 ..• , the table on p. 1117 gives 
successive values of x: 0, -0.&r, 1.90-, O.lo-, 0.80" that will be normally 
distributed about x = 0 with variance o-2• This simulates the result of suc
cessive shots aimed at the point x = 0. 

To obtain accurate numerical results by the Monte Carlo method, a large 
number of trials should be used and elaborate tables or the help of com• 
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puting machines are necessary. There are coses, however, where only o 
crude evaluation is needed and it may be obtained even with a short table 
such as that on p. 1114. 

Problem: Airplanes arrive over an airl1eld at random, independently of 
each other, at the average rate of one per minute. The landing operation 
tokes 3/4 minute and only one airplane con be handled at a time. Will 
many airplanes hove to wait before landing? The cumulative distribution 
function for the interval t minutes between arrival of successive airplanes 
is 1 - exp - t (see p. 11151. The successive intervals, during an imaginary 
experiment, may therefore be taken as I; = - log. II - rtl, where rt ore 
the random numbers uniformly distributed between 0 and 1. This is equivalent 
to t, = log, r,. Starting at the top left of the table of p. 1114 gives 0.71, 
1. 17, 0.03, 0.80, 0.22, 0.13, 0.25, 0.40, 0.37, 0.46, 0.17, 0.15, 0.37, 0.65, 3.91, 
2.21, 0.17 ... for the successive intervals in minutes. It is apparent that after a 
few minutes airplanes will be waiting. A few other trials using other parts 
of the table show that this situation is not exceptional. The trafl1c density is 
too high. The problem could be made more realistic by assuming a normal 
distribution of the landing times, simulated for instance, as explained above. 

Random processes 

A random or stochastic process is a random experiment for which the result 
is a whole function y flt) instead of simply a number or a set of numbers. 
An example of r~ndom function is the continuous recording of the noise 
voltage across a resistor. When the independent variable t takes only 
discrete values 1, 2 .•. n ... , the process is called a random series. 

The probability law for a stochastic process is del1ned by all possible 
probability distributions obtained by sampling the random function at a 
finite number of points. 

p ly1, Y2 ..• y,.; t1, 12 .•• t,.l dy1 dy2 •.. dy,. 

is the probability that at the instants tk, for k from 1 to n, the value of the 
function is between Yk and Yk + dyk, 

The process is called Gaussian or normal when all these distributions are 
normal. 

The process is stationary when all the distributions are invariant by o shift 
in time: 

ply1, Y2 ••• y,.; f + f2 ••• f + t,.l = ply1, Y2 ••• y,.; 11, 12 ••• 1,.1 
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If, furthermore, the process is ergodic,* any quantity g [fj depending on the 
random function f(tl has a statistical average E [g [fj ] equal to the time 
average 

\ rT 
av g(n = lim rj g{fl dt 

T-+-oo 0 

In this case, all properties of the process can be deduced from a single 
experiment giving the function f!tl from t O to t = a,. 

The process is totally or purely random if samples taken ot different instants 
ore statistically independent of each other 

p ly1, Y2 .•• y,.; ti, t2 ••• t,.l = p (yli t1l p ly2; t2l ••• p (y,.; t,.l • 

Power spectrum 

For the power spectrum of o stationary random function, let 

fp(vl J: f(tl exp I -21rj11tl dt 

be the Fourier transform of the given random function Ht! limited to the 
interval O to T. 

The power spectrum, or power density function is defined by 

1 
W(vl = lim -T 1Fp(vll 2 

T+., 

The function W is defined for negative frequencies with 

WI-J1) W!J1l 

since for o real function f, 

Sometimes the spectrum is limited to positive frequencies by considering 

W 1 {J1l = 2 WIJ1l for JI> 0 

= 0 for JI< 0 

The power in a band J1 1J12 is 

IP2 

W'{vl dJ1 
JIJ 

*A process is ergodic if there is no subset of the functions generated that has a probobility 
different from O and 1 and is stationary. 
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Random processes continued 

Correlation fundion 

The correlation function is defined by 

1 IT ,p(rl = lim T Ht! flt+ rl dt 
T+., 0 

The functions ,p and W form a pair of Fourier transforms: 

I+" 
,pltl = _., WM exp 121rj11tl d11 

f+"' 
Wlvl = _

00

,pltl exp l-21rj11tl dt 

or also 

,pit) = J: W' lvl cos (27vf) dv 

W' lvl = 4 J: ,p (ti cos (2.,,.vtl dt 

The mean square of flt) is 

f+.. f" ,plOI = Wlvl dv = 
-.. 0 

W'lvl dv 

If the process is Gaussian it is entirely specified by its second-order proper
ties: power spectrum or correlation function. For instance ply1,y2; O,tl is a 
bivariate normal probability density function with JJ.11 = µ 22 = ,plOl and 
/J,12 ,p(tl 

Effect of a linear filter 

A linear filter is defined by its impulse response h lfl or by its transfer 
function H Iv), Fourier transform of hit!. 

If the input to the filter is the random function fi(tl, the output is the random 
function 
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Introducing the gain 

G(vl = I H(vl 12 

the power spectrum of f2 is 

The correlation function of f2 is 

'f'2 = g * 'f'l 

where g is the Fourier transform of G or 

PROBABILITY AND STATISTICS 

git! = hltl • h( -ti = r: hlrl hlr + ti dr 

1001 
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• Fourier waveform analysis 

Fourier transform of a function 

The Fourier transform F (yl of the function Hx) is defined by the integral 

I+"' 
F (yl = - ... f!x) exp ( 21rjxy) dx 

The function f(xl can be deduced from Fly) by the inverse Fourier transform, 

I+"' 
fix) = _.., fly) exp (2,rjxy) dy 

When x represents time, y is the frequency. Sometimes the radian frequency 

2,ry = w is used as o variable instead of y and the Fourier transform is 

expressed as 

F' (w) = r+"' fix) exp ( - jwxl dx 
.J-... 

Then 

F'lwl = flw/21rl 

and 

1 J+"' f!xl = -
2 

f 11wl exp !jwxl dw 
7r _.., 

The properties of the Fourier transform ore listed in Fig. 1. For the Fourier 

transform of o ro119om function see pages 998-999. 



Fig. I-Properties of Fourier transform.* continued Fourier transform of a function 

function Fourier transform 

1. Definition f(xl fly! f"' - .. Hxl exp ( - 21rjxyl dx 

2. Inverse transform r~ f!xl = _., fly] exp (21rjxyl dy flyl 

3. Linearity a f(x) a Fly) 

fi!xl ± f2(xl f1 !yl ± f2 !y) 

4. Convolution h = f * g H = F-G r~ i.e., hlxl = _., f(x - rl girl dr 

4A. Product h = f,g H=F*G 

5. Unit impulse /Hxl ~(y) = I (for all yl 
(or Dirac function defined 
on page 1081) ~(x) = I !far all xi o lyl 

6. Periodic train of equal n=+"' An=+., 

impulses A l: o (x - n Tl (with n integer! T L o!y - n/Tl 
n=-o::, n=-co 

* In the table, functions of x ore denoted bv lower-case letters and their transforms by the corresponding capitol letters. 

cS 
C 
!! 
RI 
~ 

~ 
Ill 
0 ; 
• z 

~ 
-c:=, 
c:'.) 
c:...;, 



Fig. 1-continued 

function 

7. Translation or shifting theorem j g(xl = fix - xol 

g (xl = exp (2,rjyoX) fix) 

8. Derivative g(xl = df/dx 

g(xl = -21rjx f(x) 

9. Integral 
g(xl = f :., f(x) dx 

g(xl / (21rjxl} f(xl 

JO. Change of unit g(xl = f!x/al a>O 

glxl b f(bxl b>O 

continued Fourier transform of a function 

Fourier transform 
I 

I G(y) = exp ( -21rjx0yl F(x) 

G(yl = Fly -

G(yl = 2,rjy Fly) 

Gly) = dF/dy 

G(yl = [l/(21rjyl} F(yl 

G(yl = f ~., Flyl dy 

Glyl = o Flay) 

G!yl = Fly/bl 

-c:::::, 

~ 

!i! 
§ 
Ill 
tl 



11. Symmetry glxl = f(-xJ 

f even: fix) = fl -xl 

f odd: flxl = -fl -xi 

12. Complex conjugate glx) = f*lx} 

if the function f is real 

13. Area under the curve f"' _., fix) dx = f(Ol 

14. Parseval's theorem f"' _,, fl' Ix) g Ix) dx 

14A. Alternative forms f"' _., fix) g Ix) dx 

f"' _., flu) G(u) du 

14B. "Energy" relation r ... I f{xl 12 dx 

Glyl = Fl-yl 

F even: f = 2 J: f(xl cos 1211"xyl dx 

F odd: f = -2j J: flxl sin 1211"xyl dx 

Glyl = F*I -yl 

Fl -yl = f*!yl 

f"' - .. F lyl dy = flOI 

f"' = _,,, f*lyl Glyl dy 

rm = _.., Fl -yl Glyl dy 

f"' _

00 

fful g (ul du 

= r .. IF!yl ,2 dy 

.,, 
0 

i 
m 
:e 

i ; 
> 
~ 
~ 
iii 

-c:::::, 
c:::::, 
c;..n 
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Fourier series 

Real form of Fourier series 

For a periodic function with period 21r, defined by its values in the interval 
-'11' to +1r or O to 21r, os illustrated in Fig. 2, 

n="' 
f(xl = Ao+ I: (A,. cos nx + B,. sin nxl x in radians 

2 n•l 

n•"' 

= ~o + l: C,. cos lnx + cf,,.) fix) 
n-1 

where 

Co Ao 

C,. = VA,.2 + B,.2 

Fig. 2-Periodic wave. 

The coefficients Ao, A,., and B,. ore determined by 

Ao IJ .. ; -.-fix} dx 
1 J2 .. = - f!xl dx 

'11' 0 

A,. = - fix) cos nx dx = - fix) cos nx dx ]J.. JJ2
,r 

'Ir -.- 'Ir 0 

B,. _!_ Jr.. ftxl sin nx dx = ..!_ J2

1r flxl sin nx dx 
'Ir -.- 11" 0 

Arbitrary period 

For o periodic function with period T, defined by its values in the intervals 
- T /2 to + T /2 or from O to T instead of from -1r to + '11' or O to 21r, the 

Fourier expansion is given by 

fix) - + I: A,. cos 2n x + B,. sin 2n x 
Ao n•"' ( 'JI' • 11" ) 

2 ,.. 1 T T 

and the coefficients by 

A,. = - fix! cos -- dx = - ftxl cos -- dx 2 JT/2 201rx 2 JT 2rnrx 
f -T/2 T f o f 
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Fourier series confinved 

- fix) sin --dx = fix) sin --dx 2 J T 
12 2mrx 2 J T • 2mrx 

T -T/2 T T O T 

Complex form of Fourier series 

For functions with period 271", 

n-+oo 
fix) E D,. exp ljnx) 

n--co 

where 

1 f+.-D,. = -
2 

fix) exp I - jnxl dx 
11" -.-

and n takes on all positive and negative integral values including zero. 

For real functions 

D,. = ½ IA,. jB,.I = ½ C,. exp (j<f,,.l 

D_,. ½ IA,.+ jB,.I = ½ C,. exp ( -j<f,,.l = D*,. 

Do=½ Ao=½ Co 

For functions with on arbitrary period T 

fix) 
n-+«> [ 2 ] ~ D . n'll"X 

k. ,. exp J-T-
n- -CO 

1 IT [ .2n71"x] D,. = T 
O 

fix) exp - J T dx 

Average power 

The average power of the periodic waveform fix) is 

1 [ ,. +oo 
- I fix) I 2 dx = E 
T o n=-., 

10 .. 12 

n = oo 

= ¼ Cl + ½ E c,.2 

II~ l 

" 00 

= ¼ Ao2 + ½ I: IA,.2 + B,.21 
n =Ii 
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Fourier series continued 

Odd and even functions 

If f(xl is an odd function, i.e., 

f(x) = -f(-x) 

then all the coefficients of the cosine terms !Anl vanish and the Fourier 
series consists of sine terms alone. 

If f!x) is an even function, i.e., 

f(x) = fl-xi 

then all the coefficients of the sine terms 18nl vanish and the Fourier series 

consists of cosine terms alone, and a possible constant. 

The Fourier expansions of functions in general include both cosine and sine 
terms. Every function capable of Fourier expansion consists of the sum of 
an even and an odd part: 

fix) 
A n-oo n-oo 

= ~ + L An cos nx + L Bn sin nx 
2 n-1 n-1 

'---,-------, 
even odd 

To separate a general function fix) into its odd and even parts, use 

f!xl == fix) + f!-x) + fix) - f!-x) 

2 2 
'--y-------' ~ 

even odd 

Whenever possible choose the origin so that the function to be expanded 
is either odd or even. 

Odd or even harmonics 

An odd or even function may contain odd or even harmonics. A condition 
that causes a function f!xl of period 21r to have only odd harmonics in its 
Fourier expansion is 

f!x) = -f!x + 1rl 

A condition that causes a function fix! of period 21r to have only even 
harmonics in the Fourier expansion is 
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Fourier series continued 

fuel = f(x + 1rl 

These conditions are sufficient but not necessary. 

To separate a general function f(x) into its odd and even harmonics use 

fix) = f(x) + fix+ 1rl + fix) - fix+ 1rl 
2 2 

even harmonics 
'-------.,----1 

odd harmonics 

A periodic function may sometimes be changed from odd to even, and 
vice verso, by a shift of the origin but the presence of particular odd or 
even harmonics is unchanged by such a shift. 

Numerical evaluation 

If the function to be analyzed is not known analytically, a solution of the 
Fourier integral may be approximated by numerical integration. For instance, 
the period of the function is divided into 12 equal parts as indicated by 
Fig. 3. 

Fig. 3-Division of lhe period of 
the fundion for numerical solution. 

The values of the ordinates at these 12 points are recorded and the following 
computations mode: 

Yo Y1 Y2 Ya Y4 Ya Ye 
Yu Y10 Y9 Ya Y1 

Sum So S1 S2 Sa S4 s6 S& 
Difference d1 d2 da d4 ds 
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Numerical evaluation continued 

The sum terms are arranged as follows: 

So S1 S2 Sa • 

Se Ss S4 

Sum So S1 ~ Sa 

Difference Do D1 ~ 

The difference terms are as follows: 

d1 d2 da 
ds d4 

Sum s, S5 Ss 

Difference Da D, 

So 

~ 

Ss 

The coefficients of the Fourier series are now obtained as follows, where 
Ao/2 equals the average value, the A1 ••• A,. expressions represent the 
coefficients of the cosine terms, and the 8 1 ••• 8,. expressions represent 
the coefficients of the sine terms: 

S1 + Ss 
= 2 12 

Ai = Do + 0.866 D1 + 0.5 D2 
6 

A
2 

= So + 0.5 S1 - Q.5 ~ - Sa 
6 

A 
_ De 

3-
6 

A
4 

= So - 0.5 S1 - 0.5 S2 + Sa 
6 

A
5 
= Do - 0.866 D1 + 0.5 D2 

6 



Numerical evaluation continued 

Also 

81 
= 0.5 $4 + 0.866 $5 + S6 

6 

82 
= 0.866 (D3 + D,l 

6 

83 = Do 
6 

84 
= 0.866 !Da - 04) 

6 

8 
_ 0.5 $4 - 0.866 Sa + Se 

5 -
6 
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Fig, 4-Time and frequency fundlon. for commonly encountered pulse shapes. 

time function 

A. Rectangular pulse Gin =.A (sin al/a 
where a = 1rtof 

(See curve (sin xi /x below.I 

twi 
A 

0 
t--t0--i 

gltl =A for- ~<t<~ 
2 2 

0 otherwise 

Areo.A = Alo 

-~I.OJ 
1"; 

·I 
ii'o.s .. 
;:: 

0.6 ' 

' 014 

0.2 t 

0 I 

-0.2 : 

0 

" 
\ 
\ 

\ 
\ 

' 

f 
x in radians 

\ 

\ 

' \ 
\ ... / 

11' ¥ 

Common pulse forms and spectrums 

freq_uency function 

/ 
/ 

211' 

---

~ 
2. 

' I' 

311' 

.._ 
!./ -V 

111' 411' 
T 

911' 
T 

i""'o,,,._ 

511' 

--«::) --r.....::, 

2 
> 
:!I 
= 
t: 



time function 

B. lsoceles-triangle pulse 

g(t) 

A 
g Ill = A ( 1 - t). 0 < t < t, Glfl = .A Ci: "')2 

frequency function 

~,.o 
(5'0.6 ' \. 

' = A ( 1 + -f;). -- t1 < t < o I where a = 1rt1f 

0.6 

0.4 
0.2 I\. 

'-
-,, 0 ,, = 0, otherwise 

Area.A= At1 

C. Sawtooth pulse 

g(t) 

A 
g ltl = A ( 1 - 7o"). 0 < t < lo 

= O, otherwise 

0 t0 

Area .A= ½A fu 

j [~""' . ] Gill =.A-;; ~exp 1-;al-1 

=.A 1 - exp l-2jal - 2ja 
2<>2 

where a = 1rtof 

0 
0 ,,, 2 

K~Di I I ] 
0 I 2 3 4 

'°' 
D. Any pulse of polygonal form may be represented as a linear combination of waveforms such as A, B, and C above 
eventually after some shifts in time. The pulse spectrum is the same linear combination of the corresponding spectrums 
(eventually modified according to property 7, Fig. I). 

; 
C 
;Ill 

iii 
:f: 
• < m ... 
0 
:or 
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Fig. 4-Continued 

time function 

E. Cosine pulse 

git) 
A 

to -, 
2 

F. Cosine-squared pulse 

g[I) 

A 

f lo 
g(tl = A cos 1r - , - - < t < 

to 2 

= 0, otherwise 

Area.A= 
2 

Alo 
7f 

to _l_?<t<'." 
g (ti = A cos21r_!_ } 

1 t 2 2 =2A (1+cos21rt,,") 

=0, otherwise 

Area .A = }Ato 

continued Common pulse forms and spedrums 

G!ll = .A cos !1r/21 cc 
I a2 

where a = 21of 

For a 1, 

G!fl ~ .A rr/4 

GIii ,A~ 
rrall a2! 

where a= lof 

For a 1, 

Gm ½,A 

frequency function 

~ 1.0 
(:)0.8 

0.6 

0.4 

0.2 
0 

-0.2 

s 1.0 
0 o.e 

0.6 

0.4 

0.2 
0 

-0.2 

'\ 

0 
V 

\ 
\ 

~" 

0 
t0 f 

\. 

I\. 

'\. -
r--...... 

2 3 4 
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r-.... 
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G. Gaussian pulse 

Use curve on p. 988 
with standard 
deviation a- 11 

Area ..A, = At1 (2,r)l/1 

g(tl = A exp - ½ ( f Y 

H. Critically damped exponential pulse 

G!fl = ..A. exp - t(:. )' 

~ , ( 1 GCfJ=e.A.-l-gOI ~ •• ..,, - -), t > O I 11 + ja:)2 
11 - It It 

, . 1 where a = 2'11"t1f 
I = O,t<O 
I . 

u ,, f e = 2.71828 ••• 

Area ..A. = Aer1 

Use curve on p. 91)8 with 
standard deviation 
a- ft = 1/2,rt, 

~~~[1111111 
0 0.5 I 
t,f 

cl 
C 
llD 
;;; 
llD 

I: 

I 
• J; 
s 
;;; 

__, 
c:::, __. 
c.r, 
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Pulse-train analysis 

If the pulse defined by the function gtt) is repeated every interval T, o 
periodic waveform 

n=+., 
y(t) = I: git - nn 

n=-QO 

results with period T and repetition frequency F = 1 /T (see Fig. 5A, Bl. 

This pulse train may be expressed as a convolution product 

[
n=+., ] 

y(tl = n~ .. o(t - nTI * g(tl 

and, applying properties 4 and 6 !Fig. 11, its Fourier transform is 

1 [n=+"" ] 
Ylf) = T n~ .. olf - nfl . Glfl 

The function y(t) is represented by the Fourier series 

+ .. 
y(t) = I: 0,, exp {jntl - ... 
where 

D,. = 11 /Tl G!nfl 

The coefficients Dn ore obtained by sampling the pulse spectrum of frequencies 
multiple of the repetition frequency. 

The amplitude Cn of the nth harmonic in the real representation {see 
p. 1006) is 

C,. = 2 IDnl = 12/TI IG{nfl I 

By a translation T of the time ongm, Ifie Dn are multiplied by the factor 
exp ( -2-zrjnt/Tl; the C,. are not changed. 

The constant term of the series: 

Do = Ao/2 = Co/2 

is the average amplitude 

Au = ..A/T GIOI/T 
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Pulse-train analysis continued 

where 

,A I: git) dt 

is the orea under one pulse. 

If the pulses do not overlap; i.e., if the function g It! is zero outside of some 
period a to o + T; the energy in a pulse is 

Fig. 5-The spectrum for pulse trains. Spectrums are in general complex functions. They am 
represented here by real curvn only to simplify the lllumatlon. 

waveform 

A. Single pulse 

g{I} 

t 

8. Infinite periodic pulse train 

y(t) 

••• 

C. Limited pulse train 

spectrum 



1018 CHAPTER 35 

Pulse-train analysis continued 

I
a+T 

E = a g2 (tl dt 

The root-mean-square amplitude is 

Arma = (E/Tl 112 

The average power of the pulse train is 

n=+oo co 

E/T = A2rma = L ID,,1 2 = ¼ Co2 + ½ L Cn2 

n=- 00 1 

A pulse train of finite extent, where all the pulses have the same shape and 
are spaced periodically may be represented as a product: 

n=+°' 
y(tl = hltl • L git - nTI 

n=-OD 

The function hltl defines the envelope of the pulse train. 

The Fourier transform 

l n=+oo 

Y(fl = T G(f) • .. ~ .. Hlf - nA 

may be interpreted, in the frequency domain, as a train of pulses having 
G (fl as an envelope and a form defined by H (fl. See Fig. SC. 

When h(tl = l, then Hlfl is the o function. The pulse train is a periodic 
waveform having a line spectrum as explained above. See Fig. 5B. 

The Fourier series coefficients for a number of commonly encountered pulse 
trains are given in Fig. 6. 

When the pulse train is derived from a pulse listed in Fig. 6, the coefficients 
can also be read off the corresponding spectrum curve by sampling at 
values n/T of the frequency. 



fig. 6-Perlodlc waveforms and Fourier series. 

waveform 

A. Rectangular wave 

rff • • 
~T~ 

.. 
Derived from rectongulor pulse, fig. 4A 

Aav = A~ 
T 

Arms = A ( T Y/1 

B. lsoceles-triangle wave 

.y(t) 

Derived from triongulor pulse, fig. 4B 

Aav = A Arms A (!; r2 

continued Pulse-train analysis 

coefficient of Fourier series 

lsin 01rto/TI 
Cn 2Dn 2Aav / 

mrto T 

Con be reod off curve of {sin xi /x, Fig. 4A, by sampling ot n,rt0/T. 

Example, If T = 2/o. 

( 
1 2 2 ) 

y{I) = 2Aav 2 + -; cos fJ - cos 3(} + ... 

with (J = 21rt/T 

C A (
sin nrrli/T)2 

" 
2 

av nrrt1/T 

Example: If T = 2ft, 

y(I) 2Aav [ + + ( ! r cos fJ + (3~ r cos 30 +, .. ] . 

with fJ 21rt /T 

.... 
0 
C • ;;; • 
i m .,. 
0 • ~ 
~ 

a 
;;; 

-c::::, -c..c 



Fig. 6-continued 

C. Sawtooth wave 

y(t) 

A 

waveform 

-r O T 2T 

Deriv&d from triangular pulse, Fig. 4C 

As.v Arma = A :r-112 

D. Clipped sawtooth wave 

y(I) 

A 

2T 

Derived from lriongulor pulse, Fig. 4C 

As.v A ( '•)1/2 
Anne= A 3f 

continued Pulse-train analysis 
__. 
~ 
c:::::, 

coefficient of Fourier series 

Cn 2Aav 
1 I 

'Jl"n 

tl 

( 
I 1 1 ) 

y(t) 2Aav 2 - -:; sin IJ -
2

11" sin 2/J - ••• 

• 

1 [ JIM Cn 2Aav a 2 sin2 a + a la - sin 2al 

with a n1rto/T 



E. Sawtooth wave 

y!t) 

••• 

Derived from the sum of two triangular pulses, Fig. 4C 

A 
Aav =2 Arm• A 3-112 

F. Symmetrical trapezoidal wave 

y(t} 
A 

Derived as In Fig 4D. 

Aav = A 
10 + 11 

T 
Arms A c~o :r-~!l )1/'l 

T' t, 
Cn = 2Aav -- sin n,r -

1r2n2t1f2 T 

with 11 + 12 T 

sin 1rnti/T sin ,rn lit + fol /T 
Dn=Aav / / 

1rnf1 T 1rn lt1 + to! T 

Cn=21Dnl 

... 
0 
C 

"' iii 
"' : 
< 
qi 
0 
"' 31: 
)lo 

~ 
a ... 
-c::) 
r-..:::> -



Fig. 6-continued 

waveform 

G. Train of cosine pulses 

y(I) 

A 

-fo lo 
2 2 

Derived from cosine pulse, fig. 4E 

Aav = _!_ A~ 
,r T ( 

lo )'
12 

Arms= A 
27 

continued Pulse-train analysis 

coefficient of Fourier series 

C 2A I cos (n,rto/Tl I 
11 "v l (2nto/TI' 

for nt0/T = 1/2, this becomes ,rAa,12 

-----------------------1----··-----------------------
H. Full-wave-rectified sine wave 

. y(I) 

Derived from cosine 
Isome os fig, 6G 

Aav = 
2 

A 
,r 

Arms A/12) 112 

Co= 2Aav 

Cn = 2Aav 
1 

for n ~ 0 

[ 
I 1 I I 

y(tl 2Aav 2 + 3 cos() - 15 cos 29 + cos 39 .. , 

... -1-ll"~cos n9 •. . ] 

with (} 2,rt /T 

-~ 
1'--..:1 

£ 
:,,, 
~ = w 
"' 



I. Half-wave-rectified sine wave 

y(tl 
A 

••• 

I 
I 

\ I 

\ 
\ 

\ I ,_, 
Derived from cosine pulse, fig. 4E 
{same as Fig. 6G with to = T /2 

A,.v = l A 
rr 

A 
Arms= 2 

J. Train of cosine-squared pulses 

y(t) 

A 

• • • ... 
-to to T 

Derived from cosine-squared pulse, Fig. 4F 

1 to 
AAav 2 T Arms= 

1 AC~)'" 

Co 2Aav 
rr 

C2n+ 1 0, e•cepl for C1 = 2Aav 4 

1 
C,,. 2Aav 

402 
_ I 

[ 
1 rr I 1 

y(t) = 2Aav 2 + 4 COS O + 3 COS 20 - J5 COS 40 +.,, 

• , , + 1-1 ! '" 
4

n2 ~ I cos 2n/J , •• ] 

sin lnno/TI 
c,. 2Aav ln,.-fo/TI 11 - inro/TI'] 

a 
C 

I 
IE 
• < 
!II 
0 
111:1 
ii: 

• z ; 
__. 

~ 



Fig. 6--conlinued 

waveform 

K. Fractional sine wave 

ih" ••• ~ [\ [\ •u 
11011 ~\I ,,a-

r\ !I \ I ' 

\.., 
T 

II I\ ,-

1 

\ I 

I \ I , ,_, 
Aav = A sie a - a cos a 

1T 1 cos a 

Arms _A_ ~°.' + a_cos 2a - 13/21 sin 2a]' 12 

(2,rl' 12 1 - cos a 

with 1rt0/T = a 

L. Critically damped exponential wave 

~ 0 T t 

Derived from exponential pulse, Fig. 4H 
!period T >> period t1 to moke overlap negligible! ,. 
Aav = Ae T 

e = 2.7182 ... 

Ae ( 11 )
112 

Arms 2 T 

continued Pulse-train analysis 

coefficient of Fourier series 

C sin na cos a - n sin a cos na 
" = 2Aav n (n2 - 11 {sin a a cos a) 

Cn 2Aav -,-, ~-r,., 

= 2Aav cos2 8n 

with ton 8n = 2,rnf1/T 

___. 

~ 

~ 
i 
t! 



CHAPTER 36 1025 
• Maxwell's equations 

General* 

The following four basic lows of electromagnetism for bodies at rest ore 
derived from the fundamental, experimental, and theoretical work of 
Ampere and Faraday, and are valid for quantities determined by their 
overage values in volumes that contain a very great number of molecules 
(macroscopic electromagnetism). 

Statement of four basic laws rationalized mks units 

a. The work required to carry a unit magnetic pole around a closed path 
is equal to the total current linking that path, that is, the total current 
passing through any surface that has the path for its periphery. This total 
current is the sum of the conduction current and the displacement current, 
the latter being equal to the derivative with respect to time of the electric 
induction flux passing through any surface that has the above closed path 
for its periphery. 

b. The electromotive force le.m.f.l induced in any fixed closed loop is 
equal to minus the time rate of change of the magnetic induction flux q,B 
through that loop. By electromotive force is meant the work required to 
carry a unit positive charge around the loop. 

c. The total flux of electric induction diverging from a charge Q is equal 
to Q in magnitude. 

d. Magnetic-flux lines are continuous (closed) loops. There are no sources 
or sinks of magnetic flux. 

Expression of basic laws in integral form 

a. J H · ds = / total = / conduction + {JcJ,n 
o m 

where 

t = a line integral around a dosed path 

ds = vector element of length along path 
H magnetic-field vector 

cl>n = electric induction flux 

* Developed from, J. E. Hill, "Maxwell's Four Basic: Equations," Westinghouse Engineer, vol. 6; 
p. 135; September, 1946. 
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Expression of basic laws In integral form continued 

b. LE·ds = -
0:B E 

The time rate of change of t/>s is written 
as a partial derivative to indicate that 
the loop does not move (the coordinates 
of each point of the loop remain fixed 
during integration!. E is the electric
fl eld vector. 

c. J. D·dS Q 

where 

S = any closed surface 
dS = vector element of S 
D = vector electric-flux density 
Q = the net electric charge within S 

and the integral indicates that D · dS 
is to be calculated for each element 
of S and summed. 

d. J. B•dS = 0 

where 

B = vector magnetic-flux density. 

S total surfoce 
Q - total charge Inside S 

8 lines are closed curves; os many enter 
region as leave it. 



general form 

a 
curl H } - • iJD 

VX H -,,+iJt 

j, = conduction current 
density 

b 
curl E } = 

VXE 

C 

dlvD}=p 

V·D 

iJB' 
- i)/ 

p = charge density 
charge per unit 
volume 

d 
div B 

V·B 
} 0 

static car.e 

curl H } 
=O 

VXH 
;. 0 

iJD 
- 0 a, 

curl E 

VXE 

div D } 

V·D 

} = 0 

=p 

div B 

V·B 
} = 0 

steady-state 

curl H } _ . 
'i?XH -J• 

Conduction current ex
ists but time derivatives 
are :zero 

curl E } 
=O 

VXE 

div D } 

V·D 
=p 

div B 

V·B 
} = 0 

I 9uasl-steady-state J 
curl H } 

VX H ""i, 

iJD/iJt can be neglected 
except in capacitors 
lac at industrial power 
frequenciesl 

curl E 

VXE 

div D } 

V·D 

} = 

=p 

div B 

'i?· B 
} 0 

i)B 

iJt 

Basic laws in derivative form 

free-space 

curl H } = iJD 

'i?X H iJt 
i)E 

•o /Jt 
ic O and ,o is the di
electric constant of free 
space 

tree-space 
r.ingle-fre~uenc1 

curl H } 
VX H = jw,oE 

w = 21rf = angular fre
quency, f = the Ire• 
quency considered, and 

) = v' -1 

curl E } _ i)B I curl E } . 
- - = - JwµoH 

VXE VXE 
clH 

= - l'O at 
µo = magnetic pe rme-
ability of free space 

div E } I div E } = 0 =O 
V·E V·E 

div H 

V·H 
} = 0 

div H 

V·H 
} = 0 

:I: 
> ; 
!! .,. 
3 
C: 

i 
-c::) 
r-...::, 
--..! 
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Basic laws in derivative form continued 

Notes: 

For an explanation of the operator V Idell and the associated vector opera
tions see p. 1086 in the "Mathematical formulas" chapter. 

Eo = 1 
9 

farad/meter} in the rationalized meter-kilogram-second 
361!" X 10 system of units. 

µ.o = 41!" X 10-7 henry/ meter 

Maxwell's equations result in the low of conservation of electric charges, 
the integral form of which is 

l = - aa,;a, 
Q1 = net sum of all electric charges within a closed surface S 

I = outgoing conduction current 

and the derivative form 

div;. = - op/iJt 

Boundary conditions at the surface of separation between two media J and 
2 ore 

H2T - H1T = i, X N°112 
E2T - E1T = 0 

B2N - B1N = 0 

D2N - D1N = r1 

Subscript T denotes a tangential, and subscript N a normal component. 

N°1,2 = unit normal vector from medium 1 to medium 2, which is the positive 
direction for normal vectors 

;. = current density on the surface, if any 

r1 = density of electric charge on the surface of separation 

Retarded potentials H. A Lorentz 

Consider an electromagnetic system in free space in which the distribution 
of electric charges and currents is assumed to be known. From the four 
basic equations in derivative form: 

iJE 
curl H = ;. + Eo -a, 

div H = 0 

curl E 
iJH 

=-JJ.o
iJt 

div E = !'_ 
Eo 
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Retarded potentials continued 

two retarded potentials can be determined: 

one scalar, q, = _I_ J p*dV 
41reo "" r 

one vector, A=_!_ J J.* dV 
4,r "'r 

The asterisks mean that the values of the quantities are taken at time I - r/c, 
where r is the distance from the location of the charge or current to the 
point P considered, and c = velocity of propagation = velocity of light 

= 1/VEoµo. 
The electric and magnetic fields at point Pare expressed by 

H = curl A E 
oA 

-grad <f,- µoot 
Fields in terms of one vector only Hertz vector 

The previous expressions imply a relation between <f> and A 

div A= -Eo o<f> a, 

Consider a vector II such that A = iJII/ot. Then for all variable fields 

<f> = - _.! div II 
Eo 

The electric and magnetic fields can thus be expressed in terms of the 
vector II only 

H = curl 
arr 
a, 

1 o2II 
E = - grad div II - µ.o-

Eo at2 

Poynting vector 

Consider any volume V of the previous electromagnetic system enclosed 
in a surface S. It can be shown that 

- Iv E · io dV = !r J v ( ~ + µot) dV + flux8 E X H 

The rate of change with time of the electromagnetic energy inside V is 
equal to the rote of change of the amount of energy localized inside V 
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Poynting vector continued 

plus the flux of the vector E X H through the surface S enclosing said 
volume V. The vector product E X H is coiled the Poynting vector. 

In the particular case of single-frequency phenomena, a complex Poynting 
vector E X H* is often utilized (H* is the complex conjugate of H). It can 
be shown that 

- -
0
- dV = 2jw P.o -- - Eo - dV + nuxs ---I E•j* I ( HH* EE*) EX H* 

v 2 V 4 4 2 

This shows that in case there is no conduction current inside V and the 
Aux of the complex Poynting vector out of V is zero, then the mean value 
per period of the electric and magnetic energies inside V are equal. 

Superposition theorem 

The mathematical form of the four basic laws !linear differential equations 
with constant coefficients! shows that if two distributions E, H, ;c, p, and 
E', H', ;c', p', satisfy Maxwell's equations, they are also satisfied by any 
linear combination E + >.E', H + >.H', ;. + >.;.', and p + >,.p'. 

Reciprocity theorem 

let ic be the conduction current resulting in any electromagnetic system 
from the action of on external electric field Ea, and ic' and Ea' be the 
corresponding quantities for another possible state; then 

I a:, IEa · i.' - Ea'· icl dV = 0 

This is the most useful way of expressing the general reciprocity theorem 
I Carson). It is valid provided oil quantities vary simultaneously according 
too linear low (excluding ferromagnetic substances, electronic space charge, 
and ionized-gos phenomenal. A particular application of this general 
reciprocity theorem will be found on p. 132. 

Maxwell's equations in different systems of coordinates 

When o particular system of coordinates is advantageously used, such as 
cylindrical, spherical, etc., the components are derived from the vector 
equations by means of the formulas included in the chapter "Mathematical 
formulas," pages 1088 and 1089. 



Mensuration formulas 

Areas of plane figures 

figure 

Parallelogram 

L 71 
l-- b .. , 

Trapezoid 

_/ __ \7 
f.--~.D"b ---..i11I 

Triangle 

Regular polygon 

CHAPTER 37 1031 

• Mathematical formulas 

formula 

Area = bh 

Area = ½hla + bl 

Area = ½bh 

180° 
Area = nr2 tan -

n 
n 180° = -S2 cot-
4 n 

n R2 • 360° = sm--
2 n 

n = number of sides 
r = short radius 
S = length of one side 
R = long radius 
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Mensuration formulas continued' 

Rgure formula 

Circle 

G 
Segment of circle 

Sector of circle 
b 

/ 
r 

Parabola 

i 
h 

l 
14 b ~I 

Area = 71'r2 

r = radius 
1r = 3.141593 

Area = ½[br-c!r-hl] 

b length of arc 
c = length of chord 

= V412hr-h 2I 

br 8 
Area = - = 71'r2 --

2 360° 

Area = Jbh 



MATHEMATICAL PORMULAS 

Mensuration formulas continved 

figure formula 

Ellipse 

Area = 71'0b 

Trapezium 

Approximate area of irregular plane surface 

A77 ··········~ 
( I I i°... I I I \ 

\UJ _________ JJJ/' 
~~~ 

Trapezoidal rule 

Area ~ a(i + Y2 +Ya+ •..• + Yn • + Yn-1 + i) 

1033 

Simpson's rule: n must be odd 
6 

Area ~ 
3 

{y1 + 4y2 + 2ya + 4y, + 2y5 + .... + 2y,.-2 + 4y,.-1 + y,.) 

y1, y2, ya ••• y,. = measured lengths of a series of equidistant parallel chords 
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Mensuration formulas continued 

Surface areas and volumes of solid figures 
ftgure I formula 

Sphere 

rg-
Sector of sphere 

Segment of sphere 

Cylinder 

Surface = 4'll"r2 = 12.5664 r2 = 1Td2 

4m·3 

Volume = - 4.1888 r3 

3 

Total surface 'll"r 14h + l 2 C 

2'1Tr2h 
Volume = -

3
- = 2.0944 r2h 

= 2;2 (r- ;~ _ ~) 
c = V412hr- h2l 

Spherical surface = 2'1Trh = ~ lc2 + 4h21 

Volume = 'll"h2 (r - n 
= 1Th2 (c2 + 4h2 - ~) 

8h 3 

Cylindrical surface = 1rdh = 3.1416 dh 
Total surface = 2'll"rlr + hi 

Volume = 1rr2h = 0.7854 d2h 

c2h = - = 0.0796 c2h 
411" 

c = circumference 
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Mensuration formulas continued 

Rgure formula 

Torus or ring of circular 
cross-section Surface = 41r2 Rr = 39.4784 Rr = 9.8696 Dd 

Pyramid 

Pyramidal frustum 

Cone with circular base 

Volume = 21r2 Rr2 19.74 Rr2 

= 2.463 Dd2 

D = 2 R = diameter to centers of cross-
section of material 

r = d/2 

Volume 
Ah 

=-
3 

When base is a regular polygon: 

h [ ( 360°)] Volume = 
3 

nr2 tan 2n 

- - cot--_ h [ns
2 

( 360"')] 
3 4 2n 

A = area of base 
n number of sides 
r = short radius of base 

h . ;-
Volume = 

3 
(a+ A+ v aA) 

A area of base 
a = area of top 

Conical area 1rrs 1rrVr2 + h2 

1rr2h 
Volume = - = 1.047 r2h = 0.2618 d2h 

3 

s = slant height 
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Mensuration formulas 

figure 

Conic frustum 

Wedge frustum 

ipp 
Ellipsoid 

Paraboloid 

continued 

for111ula 

1rh 
Volume = 

3 
(R2 + Rr + r21 

= 1rh (R3 - r
3

) 

3 R r 

= 1rh (02 + Dd + d21 
12 

=ila+A+~ 

Area of conic surface = 1rs ID + di 
2 

C = s + sd = s (1 + _d_) 
D-d D-d 

8 
= 180 D = 180 (0 - di 

C s 
A = area of base 
R D/2 
s = slant height 

of frustum 

hs 
Volume = 

2 
(a+ bl 

a = area of top 
r d/2 

C = slant height of 
full cone 

h = height between parallel bases 

41r Rr2 
Volume = -

3
- = 4.1888 Rr2 

= 0.053 1r2 Dd2 = 0.5231 Dd2 

1rr2h 
Volume = = 1.5707 r 2h 

2 

Curved surface 0.5236 !_ I (r2 + 4 h2) 312 - ,-3] 
h2 
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Algebraic and trigonometric formulas including complex quantities 

Quadratic equation 

If ax2 + bx + c = 0, then 

-b ± Vb2 - 4ac 
x= 

2a 

=-~± ✓(~)2-~ 
2a 2a a 

provided that a ;:,e 0 

Arithmetic progression 

/=a+ln-lld 

n 
S= 21a+Jl 

= ~ [2a + In - II d] 
n 

where 

a = first term 

d = common difference 

= value of any term minus value of preceding term 

I = value of nth term 

S = sum of n terms 

Geometric progression 

I= ar"-1 

air" - )1 s = ----
r- 1 

where 

a = first term 

I = value of the nth term 

r = common ratio 

= the value of any term divided by the preceding term 

S = sum of n terms 

1031 
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Algebraic and trigonometric formulas continued 

Combinations and permutations 

The number of combinations of n things, all different, taken r at a time is 

C" _ n! = n_l_n __ l_l _l_n_-_2_1 __ ·_· _· _ln __ r_+ __ 11 
' - r! In - rl! X 2 X 3 X . . . X r 

The number of permutations of n things r at a time is 

n! 
P", = n In - ll (n - 21 .... In - r + 1l = --

In - rll 

P",. = n! 

The number of combinations, with repetition, of n things taken rat a time is 

D", = (n + r -1)! 
r!(n - ll ! 

n fn + ll In + 21 (n + r 11 

Factorials 

x J 1 

"1 I i 

X2 X3 X. . X r 

2 I 3 I 4 I s , 
2 ! 6 I 24 I 120 120 

1 I a 
5040 I 40,a20 

9 
362,880 

10 
3,628,800 

For x > 10, Stirling's formula may be used, with an error not exceeding 
I percent, as follows 

If common logarithms are used for computing x!, 

log !x!l = Ix + ½l log x - 0.43429x + 0.3991 

For example, if x = 10, 

X + ½ = 10.5000 

log x = 1 

log !x!l = 10.5000 - 4.3429 + 0.3991 = 6.5562 

x! = 3.599110) 6 = 3,599,000 
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Algebraic and trigonometric formulas conlinued 

Gamma function 

x! = r Ix+ ll 

r Ix + 11 = x r (xl 

O! = r (1) = I 

! - ½I! = rl½I = 11"½ = 1.772 

1½1! rrf) = ~/2 = o.886 

1 + 111 = ½ I . 3. 5 . .. (2n + 11 
n 2 • 7r 2 11+1 

Binomial theorem 

1039 

(a± b)n an± nan-lb + nln-11 a"-2b2 ± nln-11 (n-21 an-3b3 + ... 
21 3! 

If n is o positive integer, the series is finite and contains n + I terms; other, 
wise, it is infinite, converging for lb/al < I, and diverging for jb/o! > l. 

Complex quantities 

In the following formulas all quantities ore real except j = V -1 

(A+ jBI + IC+ jDI = !A+ Cl+ jlB + DI 

(A + j8l IC + jDI !AC - BDI + jlBC + ADI 

AC + BD . BC - AD 
c + iD = c2 + 0 2 + 1 c2 + 0 2 

1 A . B 
A + jB = A2 + B2 -

1 A2 + 82 

A + jB = plcos 0 j sin 01 = pr/8 

VA + jB = ± Vp ( cos i + j sin D 
where 

p = v' A2 + 82 > 0 

cos 0 = A/p 

sinO B/p 
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Algebraic and trigonometric formulas continued 

Properties of e 

e = l + l + 1/2! + 1/3! + .... = 2.71828 

1 / e = 0.367879 

e""1• = cos x ± j sin x = exp l±jx) 

10910 e = 0.43429 10910 (0.43429) = 9.63778-10 

log. 10 = 2.30259 = l /10910 e 

log, N = log. 10 X 10910 N 

10910 N = 10910 e X log, N 

Trigonometric identities 

10910 (e") n (0.43429) 

l = sin 2 A + cos2 A sin A cosec A tan A cot A cos A sec A 

. cos A l _; 
sin A = -- = --- = cos A tan A = ± v 1 - cos2 A 

cot A cosec A 

sin A 1 . _ ; . 
cos A = -- = = srn A cot A = ± v 1 - srn 2 A 

ton A sec A 

sin A l . 
ton A = = -- = srn A sec A 

cos A cot A 

sin IA ± 8) = sin A cos 8 ± cos A sin 8 

cos IA ± 81 = cos A cos 8 =i= sin A sin 8 

IA 81 
ton A ± tan 8 tan A cot 8 ± l 

ton ± = ------ = --- · ·~ 
l =i= tan A tan 8 cot 8 =i= ton A 

rA 8) cot A cot 8 =i= l cot A =i= tan 8 
cot ± = ------ = ------

cot 8 ± cot A l ± cot A tan 8 

.JA _ e-JA 
sinA =----

2j 

eJA + 
cos A=----

2 
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Algebraic and trigonometric formulas continued 

sin A+ sin B = 2 sin½ IA+ Bl cos½ IA - Bl 

sin A - sin B = 2 cos ½ IA + B) sin ½ IA - Bl 

cos A + cos B = 2 cos ½ IA + B) cos ½ (A - Bl 

cos B - cos A 2 sin ½ IA + Bl sin ½ IA - Bl 

A B 
sin IA± Bl 

tan ± tan = ---
cos A cos B 

A ± B 
sin 1B ± Al 

cot cot = ----
sin A sin B 

sin2 A - sin2 B = sin (A + Bl sin (A Bl 

cos2 A - sin2 B = cos IA + Bl cos IA - Bl 

sin 2 A = 2 sin A cos A 

cos 2A 

tan 2A = 

cos2 A - sin2 A 

2 tan A 
1 - tan 2 A 

sin 3A = 3 sin A - 4 sin3A = sin A 14 cos2A ll 

cos 3A = - 3 cos A + 4 cos3A = cos A 11 - 4 sin2Al 

3A 
3 tan A - tan3A 

tan = ------
1 - 3 tan2A 

sin A + m sin B = p sin C 

with p2 = 1 + m2 + 2m cos (B Al 

m sin (8 Al 
and tan (C - Al = -------

sin½ A= ±✓1 

1 + m cos !B Al 

cos A 
2 

.t A sin A tan 2 = ----
1 + cos A 

cos2 A = 1 + cos 2A 
2 

1 A ±✓1 + cos A cos 2 = 2 

• 2 A I - cos 2A 
sin =----

2 

2 A I - cos 2A 
tan = ---) + cos 2A 

1041 
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Algebraic and trigonometric formulas continued 

sin A ± sin B 1 (A Bl ----- = tan 2 ± 
cos A+ cos B 

sin A ± sin 8 1 (A = Bl ----- = cot 2 -,-
cos B - cos A 

sin A cos B = ½ [sin (A+ Bl + sin (A - Bl] 

cos A cos B = ½ [cos IA + Bl + cos IA - Bl] 

sin A sin 8 = ½ [ cos !A - 81 - cos IA + Bl] 

+ . sin ½ mx sin ½ (m + 1l x 
sin x + sin 2 x + sin 3 x + . . . sin mx = ----. -1-----

sm 2 x 

cos x + cos 2 x + cos 3 x + . . . + cos mx = sin ½ mx cos ½ Im + 1) x 

sin½ x 

• 2 

sin x + sin 3 x + sin 5 x + ... + sin 12m - II x = sm mx 
sin x 

COS X cos 3x 
sin 2mx 

COS 5 X + ... + COS {2m - 11 X = ---
2 sin x 

½ + COS X + COS 2 X + 
sin (m + ½l x 

cos mx = 1 2 sin 2 x 

angle I o I so0 I 45° I 60° I 90° I 110° I 210° I 360° 

I I 

0 ½ I ½v'2 

I 
½VJ 1 0 -1 0 sine i 

cosine 1 ½VJ I ½1/2 ½ 0 -1 0 I 
tangent 0 ½VJ 1 v'3 ±<X> 0 ±<X> 0 

versine: vers (J = 1 - cos () 

haversine: hav () = ½ (1 - cos (Jl = sin2 ½O 

Approximations for small angles 

sin (J = (() - 03/6 ... )} 
tan (J (() + 83 /3 ... l () in radians 

cos 8 = 11 82/2 ... l 
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Algebraic and trigonometric formulas continued 

sin (J 

{ 

with less than 1-percent error up 
, to (J = 0.24 radian = 14.0° 
8 

with less than JO-percent error up 
to (J = 0.78 radian = 44.5° 

ton (J = (J 

{ 

with less than ]-percent error up 
to (J = 0.17 radian = J0.0° 

with less than JO-percent error up 
to 8 = 0.54 radian = 31.0° 

Plane trigonometry 

Right triangles C = 90° 

B 90° - A 

sin A cos B = a/c 

tan A o/b 

,2=02+b2 

area = ½ab = ½a k2 - o2J½ = ½a2 cot A 

= ½ b2 ton A = ½ c'1- sin A cos A 

Oblique triangles 

Sum of angles 

1043 

A+ B + C = 180° 11 l /2 
A b C 

law of cosines 

o2 = b2 + c2 
- 2 be cos A } 

b2 = c'1- + a 2 
- 2 ca cos B 

,2 = a2 + b2 - 2 ab cos C 

cos A = lb2 + c2 
- a21 /2 be } 

cos B = {c2 + a2 
- b2

) /2 ca 

cos C = 1a2 + b2 
- r:'1-l /2 ab 

12A) 

12B! 
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Plane trigonometry continued 

Law of sines 

a/sin A = b/sin B = c/sin C 

Law of tangents 

a b tan ½ (A - Bl 
a + b tan ½ (A + Bl 

b - c tan ½ (8 Cl 
=-----

b + c tan ½ (8 + Cl 

c a _ tan½ IC - Al 
c a - tan ½ IC + Al 

Half-angle formulas 

A r 
tan = --

2 p-a 

B r 
Jon - = 

2 p-b 

C r 
tan = --

2 p-c 

where 

2p=a+b+c 

15) 

r = [Ip - al (p - bl Ip - cl/p]li 

Area 

S = ½ be sin A = ½ ca sin B = ½ ab sin C 

S = [p (p - a) Ip 

a2 sin B sin C 
S = 2 sin A 

<!- sin A sin B 
=----

2 sin C 

bl (p - cJJ½ 

b
2

2 
sin C sin A } 

sin B 

(31 

(4) 

16Al 

(68) 

(6Cl 
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Plane trigonometry continued 

To solve an oblique triangle 

given use to obtain 

(1) A 

aBC I (3] b C 

I~ s 

(1) B+C , hence 

Ab C (4) B-Ci 

{6Al 

{5) or 12Bl 
abc 

16B1 

(3) and (1) 

abA 
ambiguous case (6A) 

Spherical trigonometry 

Right spherical triangles l'Y = 90°) 

cos c = cos a cos b = cot a cot /3 

cos a = sin /3 cos a tan b cot c 

cos /3 = sin a cos b = tan a cot c 

sin a = sin c sin a = tan b cot /3 
sin b = sin c sin /3 = tan a cot a 

Oblique triangles 

Law of cosines 

s 

ABC 

s 

BCc 

s 

cos a = cos b cos c + sin b sin c cos a } 
cos b = cos c cos a + sin c sin a cos f1 {7Al 

cos c cos a cos b + sin a sin b cos 'Y 

B, C 

1045 



1046 CHAPTER 37 

Spherical trigonometry continued 

cos a = - cos fJ cos 'Y + sin /J sin 'Y cos a } 
cos fJ = - cos 'Y cos a + sin 'Y sin a cos b 
cos 'Y = - cos a cos fJ + sin a sin /3 cos c 

Low of sines 

sin o sin b sin c 

~~ = sin fJ = sin 'Y 

Napier's analogies 

sin½ la - fJ) 

sin½ (a+ /31 

ton½ lo - bl 
= tan½ c 

cos½ la - fJ) tan½ lo + bl 

cos½ la t,l 
= 

tan½ c 

sin½ lo - bl tan½ (a - fJ) 
= 

cot½ y sin½ lo + bl 

cos½ lo - bl 
cos½ lo bl 

tan ½ la /31 

cot½ 'Y 

Half.angle formulas 

a ton r 
ton = 

2 sin Ip - al 

fJ tan r 
tan 2 = sin (p - bl 

'Y ton r 
tan - = 

2 sin (p - d 

where 

2p = a + b + c and 

sin (p - al sin (p - b l sin Ip - cl 
tan2 r = . 

sin p 
,If 

178) 

18) 

(9Al 

19Bl 

(9Cl 

19Dl 

IJOAl 



Spherical trigonometry continued 

a. sin Ip - bl sin (p - cl 
sin2 = --'------------

2 sin b sin c 

a. sin p sin Ip - ol 
cos2 - = ------

2 sin b sin c 

a. sin Ip - bl sin Ip - cl 
ton2 - = --'------------

2 sin p sin (p - al 

and formulas obtained by permu
tation for fJ and -y. 

Half-side formulas 

ton ½ a = ton R sin la. - El 

ton ½ b = ton R sin l{J - El 

ton ½ c = ton R sin 1-y - El 

where 

2E=a.+fJ+'Y 71' 

is the spherical excess ond 

s'n E 

MATHEMATICAL FORMULAS 

ton
2 

R = sin la. - El sin (f;t - El sin !-y - El 

a sin E sin IE - a.I 
sin2 = - ------

2 sin fJ sin -y 

a sin IE - {J) sin IE - -yl 
cos2 = --------

2 sin {;t sin -y 

ton2 :' = 
2 

sin E sin IE - a.I 

sin IE - Pl sin IE - -yl 

and formulas obtained by permu
tation for b and c 

Area 

1047 

(1081 

111Al 

11 IBJ 

On a sphere of radius one, the area of a triangle is equal to the spherical 
excess 2E = a + fJ + -y - ,r 

ton2 ½ E = ton½ p ton½ Ip - ol ton ½ Ip - bl ton½ (p - cl (12) 
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Spherical trigonometry continued 

To solve an oblique triangle* 

given UH la obtain 

abc (10) a fJ 'i' 

a fJ 'i' 111 l abc 

ab -y 191 a ± /3, hence a, /3, then c 

a fJ C 
! (9) a ± b, hence a, b, then 'i' 

~ fJ 
aba 

I-;--ambiguous case C 'i' 

b - : (81 
a /3 a i 

i 
ambiguous case i 19) C 'Y 

I 

Hyperbolic functionst 

e"' - e-= 
sinhx = ----

2 

e"' + e-"' 
cosh x = 

2 

sech x = 1/cosh x 

csch x = 1/sinh x 

exp I - 2xl ----~-= 
1 + exp (- 2xl 

sinh (-xi = - sinh x 

cosh I-xi = cosh x 

coth x 

*See olso great-circle calculations on pp. 732-739. 

fTobles of hyperbolic functions appear on pp. 1111-1113. 



Hyperbolic fundions conlinued 

tanh ( - xl = - tanh x 

coth I - xl = - coth x 

sinh jx = f sin x 

cosh fx = cos x 

tanh jx = j tan x 

coth jx = - j cot x 

cosh 2 x - sinh 2 x = 1 

1 - tanh2 x = 1/cosh2 x 

coth2 x - 1 = 1/sinh2 x 

sinh 2x 2 sinh x cosh x 

cosh 2x = cosh2 x + sinh 2 x 

MATHEMATICAL FORMULAS 

sinh Ix ± jyl = sinh x cos y ± j cosh x sin y 

cosh Ix ± jyl = cosh x cos y ± j sinh x sin y 

tanh x ± tanh y 
tanh Ix ± yl = l h h ± tan x tan y 

If y = gd x (gudermannian of xl is defined by 

x = log. tan ( ~ + ~) 
then 

sinh x = tan y 

cosh x secy 

tanh x = sin y 

tanh !x/21 = tan ly/21 

1049 
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Hyperbolic trigonometry 

Hyperbolic for pseudosphericalJ trigonometry applies to triangles drown in 
the hyperbolic type of non-Euclidean space. Reflection charts, used in 
transmission-line theory and waveguide analysis are models of this hyper
bolic space.* 

Conformal model 

The space is limited to the inside of a 
unit circle r. Geodesics lor "straight 
lines" for the model! are arcs of circle 
orthogonal to r as shown in sketch 
at right. The hyperbolic distance be
tween two points A and B is defined by 

Bl Al 
[AB] = log, BJ : AJ 

Conformal model. 

where land J are the intersections with r of the geodesic AB. The distance 
[ABJ is expressed in nepers. For engineering purposes, a unit, corresponding 
to the decibel and equal to 1/8.686 neper, is sometimes used. 

As this model is conformal, the angle between two lines is the ordinary angle 
between the tangents at their common point. 

Projedive model 

The space is again composed of the 
points inside of a circle r. Geodesics 
ore straight-line segments limited to 
the inside of r. IJJ in sketch at right.I 

The hyperbolic distance (AB) is de
fined by 

(AB) = ½ log, (:1: ~~ 

r 

J 

Projective model. 

* G. A. Deschamps, "Hyperbolic Protractor for Microwave Impedance Measurements and 
Other Purposes." International Telephone and Telegraph Corporation, 67 Broad Street, 
New York 4, New York; 1953. 



Hyperbolic trigonometry continued 

and can be measured directly by 

means of a hyperbolic protractor. The 

angles for this model do not appear in 

true size, except when at the center 

of I'. An angle such as BAC, when it is 

considered in reference to the pro-

1ective model, will be called an e//iplic 

angle. It con be evaluated, as shown 

in the sketch at the right, by pro

jecting Band C through the hyperbolic 

midpoint of OA onto B' and C' on the 

circle I', then measuring B'OC' as in 

Euclidean geometry. 

The two models drown inside the some 

circle I' can be set into o distance-pre

serving correspondonce by the transform-

ation: 'B(Ml M' defined by 

[OM] (OM') 

or in terms of ordinary distances 

OM' = 2 OM/11 + OM2l 

The hyperbolic distance to the center 

d 

MATHEMATICAL FORMULA$ 
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I A 
I.,. 

- . --- .,..""f""'"---- C 

o I 
I 
I 
I 
I 
I 
I 

s• 
Construction of angle on projective model. 

r 

0 

0 being denoted by U: Correapondance between the two models. 

OM = tonh lu/21 

and 

OM' = tanh u 

The points on I' ore at an infinite distance from any point inside I'. 

In the following formulas, the sides ore expressed in nepers, the angles in 
radians. The three points A,B,C ore assumed to be inside the circle I'. 
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Hyperbolic trigonometry continued 

Right hyperbolic triangles (-y = 90°1 

cosh c = cosh a cosh b 

cosh c = cot a cot fj 

cos a = sin fj cosh a 

= tanh b coth c 

cos fj = sin a cosh b 

= tanh a coth c 

When B is at infinity, i.e., on r 

cos A= tanh b 

cot A= sinh b 

cosec A = cosh b 

tan½ A = exp b 

or 

hr/21 - A = gd b 

(See definition of gd on p. 1049.! 

Proledivtt representation of right hyperbolic 
triangle. 

r 

Conformal representation of right hyper
bolic lriangle with 8 al Infinity. 

CB and AB are "parallel," A is also called angle of parallelism and is noted 

by 

A= n lbl 

= r/2 - gd b 
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Hyperbolic trigonometry continved 

Oblique hyperbolic triangles 

law of cosines 

cosh a = cosh b cosh c - sinh b sinh c cos a and permutations 113A) 

cos a = - cos {:J cos 'Y + sin fJ sin 'Y cosh a and permutations !l3B) 

Law of sines 

sinh a sinh b ~-= ----
sin a sin /3 

sinh c 

sin"( 
114) 

Napier's analogies 

sin ½ (a - {31 

sin ½ (a+ /31 
tanh ½ (a - bl 

tanh ½ c 

cos½ la - {:J) 

cos½ (a+ {3l 

sinh ½ (a - bl 

sinh ½ la+ bl 
== 

tanh ½ (a+ bl 

tanh ½ c 

tan½ la - {31 

cot ½ 'Y 

~_sh ½ (a - bl = t_c:i_ri_J_~'!_+ {3) 

cosh½ta+bl cot½'Y 

Half-angle formulas 

a tanh r 
tan = 

2 sinh (p - al 

and permutations where 

2p=a+b+c 

and 

sinh Ip - al sinh (p - bl sin h (p - cl 
tanh2 r = -------------

sinh p 

r 

!15A) 

(15Bl 

115Cl 

!l5Dl 

l16AI 
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Hyperbolic trigonometry continued 

• 1. sinh Ip bl sinh Ip - cl 
sm2 

2 a= 
sinh b sinh c 

1 
. sinh p sinh Ip - al 

cos
2 

2 a = . h b . h sm sm c 

sinh Ip - bl sinh (p - cl 
tan2 1 a = ---------

2 sinh p sinh Ip - al 

Half-side formulas 

a coth R 
co

th 2 = sin (a + al 

and permutations where 

2a = 1T' - a - /3 
is the hyperbolic defect and 

1' 

sin a 
tanh2 R ------

sin 1a + al sin (6 + /3l sin 1a + ,,1 

• 2 .l - sin 6 sin ,a 
smh 2 a - . r:i • 

al 

cosh2 ½ a 

sm ;, sin 'Y 

sin (A + /3l sin (6 + -y) 

sin /3 sin 'Y 

sin A sin (6 + al 
tanh2 ½ a = 

sin 16 + /31 sin (6 + -y) 

Area 

The hyperbolic area of a triangle is equal to the hyperbolic defect. 

2 A = 1T' - (a + /3 + -yl 

To solve an oblique hyperbolic triangle 

116Bl 

(17Al 

(178) 

(18) 

Solution of an oblique hyperbolic triangle is analogous to that for an 
oblique spherical triangle, as follows. 
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Hyperbolic trigonometry continued 

given UH I to obtain 

abc 1161 a fJ 'Y 

a fJ 'Y (171 abc 

ab 'Y 115) a ± fJ, hence a, fJ, then c 

a fJ C (15) i a ± b, hence a, b, then 'Y 

(14) /3 
aba 

ambiguous case 1151 ' C 'Y 

F b 
a fJ o 

ambiguous case I C 'Y 

Plane analytic geometry 

In the following, x and y are coordinates of 
a variable point in a rectangular-coordinate 
system. 

Straight line 

General equation 

Ax+ By+ C = 0 
A, B, and C are constants. 

Slope-intercept form 

y=sx+b 
b = y-intercept 
s = ton (} 

Intercept-intercept form 

a = x-intercept 
b = y-intercept 

Slope-intercept 

Intercept-Intercept 

1055 
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Plane analytic geometry continued 

Point-slope form 

Y - Yi = s(x - x1l 
s = tan fJ 

(x1,Y1l = coordinates of known point 
on line. 

Point-point form 

Y - Yl x- X1 
---= --- Point-slope 

(x1,Y1l and fx2,Y2l are coordinates of two different points on the line. 

Normal form 

the sign of the radical is chosen so that 

C < 0 
±VA2 + B2 

Distance from point (x1,Y1) to a line 

Substitute coordinates of the point in the normal form of the line. Thus, 

distance = A x1 + v' B y1 + C 
±V A2 + a2 ± A2 + a2 ±v' A2 + a2 

Angle between two lines 

ton <f, 

where 

<f> = angle between the lines 
s1 = slope of one line 
s2 = slope of other line 

When the lines ore mutually perpendicular, tan ¢ = oo, whence 
s1 = - l/s2 
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Plane analytic geometry continued 

Transformation of redangular coordinates 

Translation 

X1 = h + X2 

Yi k Y2 

X2 = X1 - h 

Y2 = Y1 - k 
lh,k) coordinates of new 

origin referred to old origin 

Rotation 

x1 = x2 cos () - Y2 sin 9 

Y1 = x2 sin () + Y2 cos 0 
X2 = x, cos () + Yl sin () 

Y2 - X1 sin () + Y1 cos () 

lx1,Y1l = "old" coordinates 

lx2,Y2l = "new" coordinates 

() counterclockwise angle of 
rotation of axes 

Circle 

,. ,, 

The equation of a circle of radius r with center at lm,nl is 

Ix - m) 2 + ly - n) 2 = r 2 

Tangent line to a circle: At lx1,Y1l is 

y - Yl = -
-m 

!x - x1l 
Y1 - n 

Normal line to a circle: At {x1,y1l is 

Y1 - n 
Y - Y1 = --- Ix - x1l 

XI - m 

Parabola 

x-parabola 

ly - kl 2 = ±2p Ix - hi 

1057 

where lh,kl are the coordinates of the vertex, and the sign used is plus or 
minus when the parabola is open to the right or to the left, respectively. 
The semilatus rectum is p. 
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Plane analytic geometry cOlltinued 

y-parabola 

!x - hi 2 = ±2p ly - kl 

where (h,kl are the coordinates of the vertex. Use plus sign if parabola is 
open above, and minus sign if open below. 

Tangent lines to a parabola 

lx1,y1l = point of tangency 

For x-parabola, 

Y - Yt = ± (x - xii 
YI - k 

Use plus sign if parabola is open to the right, minus sign if open to the left. 

For y-parabola, 

y- Yt ± 

Use plus sign if parabola is open above, minus sign if open below. 

Normal lines to a parabola 

{x1,y1l point of contact 

For x-parabola, 

y - YI =t= 
-k 

{x - xii 
p 

Use minus sign if parabola is open to the right, plus sign if open to the left. 

For y-parabola, 

p 
Y - Y1 = =t= -- (x - xii 

X1 - h 

Use minus sign if parabola is open above, plus sign if open below. 



Plane analytic geometry continued 

Ellipse 

figure shows ellipse centered at origin. 

Foci: F,F' 
Directrices: D,D' 

e eccentricity < 1 

2a A' A = major axis 

2b = BB' = minor axis 

2c = FF' = focal distance 

Then 

OC = o/e 

BF= o 

FC oe 

1 - e2 = b2/a2 

Equation of ellipse 

x2 y2 
-+-= o2 b2 

Sum of the focal radii 

To any point on ellipse = 2a 

Equation of tangent line to ellipse 

lx1,Y1l = point of tangency 

Equation of normal line to an ellipse 

Y - Yi 

MATHEMATICAL FORMULAS 1059 
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Plane analytic geometry continued 

Hyperbola 

Figure shows x-hyperbola centered at origin. 

Foci: F,F' 

Directrices: D,D1 

e = eccentricity > 1 
2a = transverse axis = A I A 

CO= a/e 
CF= ae 

Equation of x-hyperbola 

x2 y2 
-= 

a2 b2 

where 

b2 = a 2 (e2 - 11 

Equation of conjugate (y-) hyperbola 

y2 x2 
-- - = 1 
b2 a2 

Tangent line to x-hyperbola 

lxi,y1) = point of tangency 

a 2y1y - b2x1x = - a 2b2 

Normal line to x-hyperbola 

a2y1 
Y - Y1 = - - Ix - x1> 

b2x1 

Asymptotes to hyperbola 

b 
Y = ±-x 

0 
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Solid analytic geometry 

In the following, x, y, and z ore the coordinates of o variable point in space 
in a rectangular-coordinate system. 

Distance between two points (x1, Ytr z:1) and (x2, Y2, z2) 

d = ((x1 - x21 2 + ly1 - y2!2 + lz1 - z2l 2]½ 

Equations of the straight line 

The straight line is specified in terms 
of its projections on two of the co
ordinate planes. For example, using 
the projections on the x-z and y-z 
planes respectively, the equations of 
the line ore 

X mz + µ 

y = nz + v 

where 

m = slope of x-z projection 
n = slope of y-z projection 

a-a plane 

µ intercept of x-z projection on x-axis 
11 = intercept of y-z projection on y-axis 

Equation of plane, intercept form 

)'•I plo11e 

where o, b, c ore the intercepts of the plane on the x, y, and z oxes, re
spectively. 

Prolate spheroid 

0 21y2 + z2) + b2x2 = 02b2 

where o > b, and x-axis = axis of revolution 

Oblate spheroid 

b2(x2 + 2 21 + 0 2y2 = 02b2 

where a > b, and y-axis = axis of revolution 
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Solid analytic geometry continued 

Paraboloid of revolution 

y2 + z2 = 2px 

x-axis = axis of revolution 

Hyperboloid of revolution 

Revolving an x-hyperbola about the x-axis results in the hyperboloid of 
two sheets 

Revolving an x-hyperbola about the y-axis results in the hyperboloid of 
one sheet 

Ellipsoid 

where a, b, c are the semiaxes of the ellipsoid or the intercepts on the 
x, y, and z axes, respectively. 

Differential calculus 

List of derivatives 

In the following u, v, w are differentiable functions of x, and c is a constant, 

General 

de= O 
dx 

dx 

dx 

d __ du + dv _ dw 
- lu + v- w) 
dx dx dx dx 



Differential calculus continued 

d dv 
- kv) = c
dx dx 

d 
- luvl 
dx 

= u dv + v du 
dx dx 

d dv 
- Iv•) = cv<-1 -
dx dx 

du dv 

5!._ (~) = V dx - U dx 
dx v v2 

dy = dy · dv if y = ylvl 
dx dv dx 

dy =-
dx dx/dy 

if dx ;= 0 
dy 

Transcendental functions 

d 1 dv 
- llog,vl 
dx vdx 

d dv 
- (c") = c" log, c-
dx dx 

d dv 
- le"I = 911-
dx dx 

d du dv 
- (u") = vu,,_1 - + !log, ulu" 
dx dx dx 

5!._ (sin vi 
dv = COS V 

dx dx 

d 
- !cos vi 
dx 

dv = -sin v-
dx 

d dv 
- (tan vi = sec2 v-
dx dx 

d dv 
- !cot vi = -csc2 v 
dx dx 

MATHEMATICAL FORMULAS 1063 
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Differential calculus continued 

d dv 
- 1sec vi = sec v tan v 
dx dx 

d dv 
- tcsc vi = - csc v cot v -
dx dx 

d 
(arc sin vi = 

dx 

dv 
--==== 
~dx 

d 
(ore cos v) 

dx 

dv 
= - -V~1---v2 dx 

d dv 
- (ore ton vi = 
dx v2 dx 

d dv 
- (ore cot vi 
dx 

=----
1 + v2 dx 

d dv 
(ore sec v) = -~--

dx vv'v2 - 1 dx 

d =-----
dv 

- fore csc vi 
dx v~dx 

Curvature of a curve 

y" 1 
K=----

11 + y'21 a;2 R 

where 

K curvature 
R = radius of curvature 
y', y" = respectively, first and second derivatives of the function y = fix) 

representing the curve on rectangular coordinates 

Be11el functions 

A Bessel function of the nth order y = Z,.fx) is any solution of the differ
ential equation 

y" + 11/xl y' + (1 

Special solutions ore J,. (first kind), N,. (second kind!, H<!> and He!> lthird 
kind!. 
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Bessel functions continued 

Derivative and recursion formulas 

Z,. represents J,., N,., H<;>, H<;> or any linear combination of these functions. 
Then, 

dZ,./dx = ½ !Z,.-1 - Zn+1l = - ln/xl Z,. + Zn-t = !n/xl Z,. - Z,.+1 

ln/xl Z,. = ½ IZ,.-1 + Z,.+1l 

ld/dxl lx"Z,.l = x"Z,.+1 

ld/dxl lx-"Z,.l = -x-" Zn-t 

dlo/dx = - Z1 

dli/dx = lo - Z1/x 

For n an integer, 

z_,. (xl = I- ll" Z,. lxl 

Bessel function of the first kind* 

m = "" m (x/2) n+2m 

J,. Ix) = L ( - 11 I r I + 
m _ O m. m n 

for n a positive integer, 

? [ ~ 0 ] 
J,. (xi = 2" n! I - 2 (2n + 21 + 2.4 (2n + 21 (2n + 41 · · · 

+ (X) 

exp { - ju sin xl = L ln (u) exp ( - jnxl 
- (X) 

cos {u sin xl = lo (ul 

(X) 

a, 

2 L 12,. lul cos 2nx 
1 

sin (u sin xl = 2 L 12,.-1 {u) sin (2n 1) x 
I 

"' I 
cos {u cos x) = lo (u) + 2 L - 11" 12,. (u) cos 2nx 

l 

co 

sin {u cos xi = 2 L ( - ll"+1 
l2n-l lul cos 12n - 1l )( 

1 

• See toble in next chopter. 
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Bessel functions contlnved 

l! 
;+o.a1--~--+---+---l,--+--+---+---1----..--+--+--1 
• 
j +0.11----++---+---+---il---+---+----+----l----il---+---+--..... 

•OA1..---L---'----1.~-~:..,_.1.,__..J... _ _,__ _ _.1. _ __J:..,__.1....._..J..._..J 
0 I 2 3 4 
argument or the function• JI 

Bessel functions for the first 8 orders. 

Bessel functions of the third kind 

H(;( (x) = ln (x) + j Nn (xl 

H<;l {x) = ln {xi - j Nn (xi 

Nn-1 ln - Nn ln-1 = 2/TX 

[Hc~i !xl]* = H<!) Ix*! 

6 

where l*I indicates the complex conjugate. 

For x large, 

7 

H<;.> Ix) ~ 12/TxJ½ exp j [x - nT/2 - T/4] 

H<;j {xl ~ 12/TxJ½ exp - j[x - rnr/2 - T/4] 

8 9 10 II Ii! 
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Bessel functions continued 

Modified Bessel functions 

m=co (x/21 n+2m 

In (x) = rn J,. (jx) = E I r ( + 
m=O m. n m 

Kn (xl br/2l j"+i H<~ ljxl 

Modified Bessel functions ore solutions of the differential equation 

y" + y'/x - (1 - n2/x2) y = 0 

Integral calculus 

Rational algebraic integrals 

I xm+l 
1. xm dx = 

m + 1' 

I dx 
2. x = log. x 

3. J (ox+ b)"'dx = 

m ;c -1 

(ox+ b)"'+t 

o(m + 1l 

4. f ~=I log. lox+ bl 
ax+ b a 

m ;c -1 

5. f x dx = 1 
[ox b - b log. (ox + b)] 

ax+ b o2 

B. I x(ox dx 
1 + 1 I x og.--

b !ox + bl b2 ax + b 

9 I dx = _ J_ + o log, ox + b 
· x2 [ox + bl bx b2 x 

lO. J dx = _ 2ax + b + 2o log, ox + b 
x2 {ax + bl 2 b2x[ax + bl x 

1067 
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Integral calculus continued 

12. -- = - log = - tanh-1-J 
dx 1 x - a 1 a 

x2 - a2 2a x o a x 

13 J dx = x 
· (ax2 + bl"' 2(m - 11 b (ax2 + bJm-l 

+ 2m - 3 J dx m ;= 1 
2(m - ll b fax2 + bl--1 ' 

14. J x dx = - 1 ' m ;= 1 
lox2 + bl"' 21m - 1) a lax2 + b)"'-1 

15. --- = - log, lax2 + bl J 
xdx 1 

ax2 + b 2o 

16 J x
2 

dx = !. _ ~ J dx 
· ax2 + b a a ax2 + b 

J 
x2 dx x 

ll. lax2 + bl"' = - 21m - 11 a lax2 + b)"'-1 

+ 1 J dx m ;= 1 
21m - ll a (ax2 + blm-1' 

18 J 
dx _ k ( · 13- _1 2x - k + I k + x ) . --- - - v tan og, -,:==== , 

ox3 + b 3b V k2 - kx + x2 

where k = ~b/o 

19. f-x_d_x_ = _1_ (V3 tan-12_x_-___ k - log. ---;c=k=+=x==) 
ax3 + b 3ak kV3 Vk2 - kx x2 

1 

where k = ~b/o 

20 J dx 
· xlax" 

I x" = -log.---
bl bn ax" b 
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Integral calculus continued 

Let X = ox2 + bx + c and q = b2 - 4oc 

I dx 1 2ox + b - Vq 
21. - = . r log. . V , when q > 0 

X vq 2ox + b + q 

I dx _ 2 _1 2ox + b 
22. - - _ 

1
_ ton _ ;- , when q < 0 

X v-q v-q 

For the case q = 0, use equation 3 with m = - 2 

f dx 2ox + b 212n - 3) o J dx 
23· X" = - In - 1 I q xn-1 - q In - 1l X"-1 ' n ,;re l 

24. f x dx = __!_ log, X - b f dx 
X 2a 2oX 

25_ I x2 
dx = ~ _ J:._ log, X + b

2 
- 2oc I dx 

X o 2a2 2a2 X 

Integrals involving Vax+ b 

26. I xV ax + b dx 
2(3ax - 2bl V (ox + bl 3 

15o2 

27. I x2Vox + b dx 
2'15o2x2 - 12abx + 8b2l V fox + bl 3 

]05o3 

28. I xmV ax+ b dx = 
2 

[x"'V (ox+ bJ 3 

ol2m + 31 

29 f V~dx=2V-+b+vb-l v~-vb . ox og, _ 
1
__ _ r. , 

x vm+b+vb 

✓-- ax+b = 2Vax + b - 2V - b tan-1 -- , 
-b 

1069 
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Integral calculus continved 

30_ Jv~dx = _ 1 [vrax+ bl3 
x"' (m - 11 b xm-l 

l2m- 51 aJ ~dx], m ¢ 1 
2 xm-1 

I xdx _ 2(ax- 2bl _ 1--

31. Vax+ b - 3a2 v ax+ b 

I x2 dx _ 2 (3a2x2 - 4abx + 8b2) ~ 
32. _ 1 - 3 ax + b 

vax + b 15a 

33 J xm dx = 2 (x"'V ax + b - mb I xm--1 dx ) m ¢ ! 
· Vax + b a 12m + ll Vax + b ' 

I dx _1 1 ~-Vb b>O 
34

· xV ax + b - Vb og. Vax + b + Vb ' 

= -J 2 tan-1 /ax + b' 
v-b \j -b 

b<O 

I dx v ax + b (2m - 31 a I dx 
35 --=== = - ---- - --

. x"'Vax + b Im - 11 bx••H 12m - 21 b x"'-1Vax + b' 
m ¢ 1 

Integrals involving V x 2 ± 0
2 and V o2 - x 2 

36. JV~ dx = ½ [xVx2 ± a 2 ±a2 log. (x + Vx2 ± 0 2
)] 

37. I Va2 - x2 dx = ½ (xva2 x2 + a2 sin-1 
;) 

I dx 
38. Vx2 ± a2 = log. Ix Vx2 ± a21 

39. f ~ 2 = sin-1 ~ 

40. I xVx' ± a2 dx = f V(x2 ± 0 21s 
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Integral calculus continued 

41. I x2Vx2 ± a 2 dx = ~ Vlx2 ± a 2)3 =Fa; [xVx2 ± a 2 

± a 2 log, Ix+ Vx2 ± a 2l] 

42. J xV a 2 x2 dx = - ½ V 

I - x .- a2
( - x) 43. x2V a2 - x2 dx = - 4 V la2 - x2l3 + 8 xV a2 - x2 + a2 sin-1 ~ 

44 I Va2 ± x2 d _; 2 2 I a+ va2 ± x2 
. --- x = va ±x - a og.-----

x :x 

JVx2 -a2 

45. ---dx 
X 

Vx2 - cr2 - cr cos-1 a 
X 

I ± cr2 V x2 ± a 2 . r;;--:--;. 
46. ---- dx = - ---- + log. (x + v x2 ± a2l 

x2 X 

JVa2 -x2 

47. ---dx 
x2 

V a2 - x2 x 
----- sin-1 

X a 

I xdx -
48. --- = - Va2 - x2 

Vcr2 - x2 

I xdx _ 1-
49. --- = vx2 ± cr2 

Vx2 ± a2 

I x2 dx x -- 0 2 ---
50. V--- = - Vx2 ±cr2 =F - log. (x + Vx2 ± a 2l 

x2 ± a2 2 2 

51. --;.=== = - - v a2 - x2 + - sin-I -I x2 dx x _ 1 a 2 x 
y 0 2 _ x2 2 2 a 

52. I dx = l cos-I a 
xVx2 - a2 cr x 

53. I dx = _ l log. (a+ v'cr2 ± x2) 
xVa2 ± x2 a x 
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Integral calculus continued 

I dx -Vx2 ± a 2 
54. ---=== = ± 2 

x2-Vx2 ± 02 ax 

I dx -Va2 - x2 
55 ---- = - ---

. x2,v0 2 - x2 a 2x 

I [ _ 1 3a2x _ ;- 3a4 x] 
57. V (a2 - x2!3 dx = ¼ xv (a2 - x2!3 + 2 v a 2 - x2 + 

2 
.in-1 ; 

58 I dx = ±x 
· ,v (x2 ± 021s 02,v x2 ± 0 2 

59• J dx = x 
,v 102 _ x2)3 02-.j 02 _ x2 

Integrals involving -V ax2 + bx + c 

Let X = ax2 + bx + c and q 62 
- 4oc 

1 . _1 (-2ax - bl 
=_;-Sin _ 1 , 

v-a vq 
a<O 

61. J x dx = -v'X _ b I ±_ 
-v'X a 2o -v'X 

62_ I~ = 12ax - 3b} -VX + 362 
- 4ac I ~ 

-v'X 4a 2 802 vx 

I dx 1 (-VX + Vc b ) 
63. xVX = - Vc log. x + 2-V~ , c > 0 
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Integral calculus continued 

64 J dx _ 1 . _1 bx + 2c c < 
0 . _ r:. - _ 1_ sin _ 1 , 

xv X v-c xvq 

65. I _:!!_ = - 2v'x, c = 0 
xv'x bx 

66 I dx = _1_ l [Vk - mv'x + bm - .. 2on] k > 0 
· lmx + nlVX Vk og. mx + n 2Vk ' 

= 1 sin-l [ lbm - 2onl !mx + n) + 2k] , k < 0 
V-k mlmx + nl Vq 

67_ I dx = _ .. 2mVX , 
lmx + n) v'x lbm - 2an) (mx + nl 

k = 0 

where k = an 2 
- bmn + cm2• 

68 I~= -v'x - .E_I~ 
· x2VX ex 2c xVX 

69. I v'x dx = 12ax + blVX _ _g_ I dx_ 
4a Ba VX 

70. I xVX dx = xv'x _ b(2ox + b)VX + bq I~ 
3o 8a2 16a2 v'x 

71. I x2VX dx = 16ax - 5b) xv'x + 15b2 
- 4ocl 12ax + b) v'x 

24o2 64o3 

_ 15b2 
- 4ad q I ~ 
128a3 v'x 

72 J VX dx = VX + b I dx_ c I dx _ 
x 2 v'x + xVX 

73_ J VXdx = VX + bm - 2on J dx_ 
mx + n m 2m2 v' X 

an2 
- bmn + cm 2 I dx + 2 v'-m lmx + nl X 
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Integral calculus continued 

74_ I VX dx = _ VX + b I dx _ + 0 I dx_ 
X 2 xv'X v'x 

75_ I~ = _ 2(2ox+ b) 

xv'x qVX 

76. I xv'x dx = 2(2ox + bl xv'x _ 3q(2a_x + bl VX + 3q
2 I-5!!_ 

80 64o2 12802 v'x 

Miscellaneous irrational integrals 

77. v 2ox - x2 dx = -- V2ox - x2 + sin-1 --I _ I X - 0 o2 X - 0 

2 2 0 

78. --;=== = cos-1 --I dx o-x 

V2ox - x2 a 

79. J✓mx + n dx 
ax+b 

Logarithmic integrals 

80. I loga x dx = x loga ~ 

81. I log, x dx = x!log, x - 1) 

82. Ix"' loga x dx = x"'+l (~Oga ; -

83. Ix"' log, x dx = xm+I (~
0

~ i -

Exponential integrals 

84. I oz dx = a"' 
log, a 

85. I e"' dx = e" 

loga e ) 
(m + 1)2 

Im~ u2) 

bn 



MATHEMATICAL FORMULAS 1075 
Integral calculus continued 

86. J xe"' dx = e"'lx - 11 

87. f x"'e"' dx = x"'e"' - m f x"'-1 e" dx 

Trigonometric integrals 

In these equations m and n are positive integers unless otherwise indicated, 
and r and s ore any integers. 

88. J sin x dx = - cos x 

89. f sin 2 x dx = ½ Ix - sin x cos xi 

J 
sin"-1 x cos x n - 1 J 

90. sin" x dx = - n + -n- sin"-2 x dx 

91. f _dx = _ cos ~ + n - 2 J ~, n -;,!: 1 
sin" x In - 11 sin"-1 x n - l sin"-2 x 

92. f cos x dx = sin x 

93. f cos2 x dx = ½ Ix + sin x cos xi 

f cos"-1 x sin x n - l J 
94. cos" x dx = n + -

0
- cos"-2 x dx 

95_ f ~ = sin x + n - 2 f dx n -;,!: I 
cos" x In - l l cos"-1 x n -· 1 cos"-2 x ' 

96. sin" x cos x dx = ---J 
sin"Hx 

n + 1 

97. cos" x sin x dx = - ---f cos"+i x 

n + l 
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Integral calculus continued 

98. I 4x sin 4x 
sin2 x cos2 x dx = ----

32 

99. I dx 
sin x cos x 

log, tan x 

100. sin' x cos• x dx = ------ + -- sin' x cos •-2 x dx, I cos•-1 x sin'+I x s - 1 J 
r+s r+s 

r s ~ 0 

= - ------ + -- sin•-2 x cos• x dx, sin•-1 x cos•+I x r - 1 I 
r+s r+s 

r+s~0 

= ------ + ---- sin,..,-2 x cos• x dx, sinr+1 x cos-+1 x s + r + 2 I 
r+l r+l 

r ~ -1 

sin•+I x cos-+1 x 

s+l 

s + r + 2 J sin' x cos-+2 x dx s ~ - I 
s+ 1 ' 

101. J tan x dx - log. cos x 

l02. ton" x dx = - ton"-2 x dx I ton"-1 x I 
n-1 

103. J cot x dx log. sin x 

104. cot" x dx = - --- - cot"-2 x dx I cot"-1 x I 
n-1 

105. I sec x dx = log. 1sec x + ton x) 

106. J sec2 x dx = tan x 

107. I sec" x dx = sin x + n -
2 J sec"-2 x dx, n ~ 1 

In - 11 cos"-1 x n - 1 
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Integral calculus continued 

108. J csc2 x dx = -cot x 

109. J csc x dx = log. Iese x - cot xi 

110. I cos x n - 2 I csc" x dx = 
1 

+ -- csc"-2 x dx, 
(n - 11 sin"- x n - 1 

n-;el 

J sec" x l 111. sec" x ton x dx = -n-

J 
csc" x 

112. csc" xcot xdx = - -n-

n is any constant -;e 0 

I . ton"H x 
113 ton" x sec2 x dx = ---

• n + 1 
n is ony constant -;e - l 

114 cot" x csc2 x dx = - ---I cot"+1 x 
. n + 1 

I dx = - 1 sin-l b + o sin x 
115

· o + b sin x Vo2 - b 2 a + b sin x' 
a2 > b2 

+ 1 
1 

b + a sin x - Vb2 - a 2 (cos xl 
= ~ I Oge ' 

v b 2 - a 2 a + b sin x 
b2>a2 

116. I dx = _ ~ sin-l (b + a cosx), 
a + b cos x 0 2 - b2 o + b cos x 

a>b>O 

1 (Vo2 
- b2 

• sin x) = ~=== • sin-1 ------ , a > b > 0 V 02 - b2 0 + b cos X 

1 (V a2 
- b2 

• sin x) = --;:=== · tan-1 ------ , a > b > 0 v 0 2 - b2 b + o cos x 

= 1 logt (b + o cos x + Vb2 
- a

2 
sin x) 

v b2 - 0 2 a + b cos x 

when b2 > a 2, a < 0 

117. J V l - cos x dx = - 2V2 cos ~ 
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Integral calculus continued 

I - 4V2( X X) 118. VII - cos xl 3 dx = 3 cos3 

2 
- 3 cos 2. 

119. f x sin x dx = sin x - x cos x 

120. J x2 sin x dx = 2x sin x + 12 - x21 cos x 

121. J x cos x dx = cos x + x sin x 

122. f x2 cos x dx = 2x cos x + lx2 
- 21 sin x 

I sin nx x cos nx 
123. x sin nx dx = --

2
- -

n n 

I cos nx x sin nx 
124. x cos nx dx = --2 - + 

n n 

125. f x2 sin nx dx = 2x ~~ nx - ( ~ - ~) cos nx 

126. f x2 cos nx dx = 2x cn~s nx - (~ - ;) sin nx 

Inverse trigonometric integrals 

127. J sin-1 x dx = x sin-1 x + 

128. J cos-1 x dx = x cos-1 x -

129. f tan-1 x dx = x tan-1 x - log. YIU 

130. f cor1 x dx = x cot-1 x + log. Vl + x2 

131. J sac-1 x dx = x sec-1 x - log. Ix+ Vx2 - I) 

= x sec-1 x - cosh-1 x 

132. J csc-1 x dx = x csc-1 x +log.Ix Vx2 - I) 

= x csc-1 x + cosh-1 x 
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Definite integrals 

Joo o dx 1r 1r 

133. 
0 02 

+ x2 = 2, if o > 0; = 0, if o = 0; = - 2, if o < 0 

Jo, I 1 [ 1 Jn-1 134. 
0 

x•H e_., dx = 
0 

log~ dx = f(nl (*I 

JI Io, xm-l dx f (ml f (nl 
135. /m-1 (1 - xJn-1 dx = o 11 + x)m+n = f(m + nl (*) 

136. 
... " r(~) r r - 2 
sin" x dx = cos" x dx = ½V 1r (n ) , n > - 1 

0 r -+ 1 2 

I"' sin mx dx 1r 
137. 

0 
x = 2, if m > 0; = 0, if m = 0; 

11' 
-

2
, if m < 0 

Jco sin x · cos mx dx 
138. ------ = 0, if m < - 1 or m > I; 

O X 

= ! if m = - 1 or m = I· = ! if - 1 < m < 1 4 I I 2 I 

Jco sin2 x dx _ ! 
139. 2 - 2 

O X 

140. J:cos lx2l dx = J:sin lx2l dx = ½ ✓~ 

I"' cos mx dx 1r 

141. o I + x2 = 2 . e - , m > 0 

I Jco cos x dx Jco sin x dx Ji 
42. --= = -

0 0 2 

143. J
0
"'e-"2

"
2 dx _!_ v'; = ..!__ fl½!, o > 0 (*) 

2o 2o 

J"' 2 I • 3 • 5 • • · 12n - 11 ~ 144. x2" e-a"' dx = -------- -
o 2n+J o" o 

145. o>O 

• r lnl = gamma function 
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Integral calculus continued 

Im - I~ 146. e-""'vx dx = - -
o 2n n 

147. =---= dx = '.1: Ica -nz ✓ 

o Vx n 

J
ca 2 2 v1; . e-b2/4a2 

148. 
0 

e-<> " cos bx dx = 
20 

, a>O 

149. -- dx = - -J
11og. x 1r2 

ol - x 6 

150. J: l X 11'2 
dx = - -

X 12 

151. -- dx = - -J
1 log. x 1r2 

o 1 - x2 8 

152. J11og, (1 + x). dx = 11"2 

o 1-x X 4 

J
1 log. x dx 1r 

153. _ / = - -
2 

log, 2 
ovl-x2 

J
1 (x11 - xq) dx 

154. I 
o Oge X 

p+I 
log, q + I , p + 1 > 0, q + 1 > 0 

155. I (log. xi" dx 1-lln · n! 

156-rt,m-½ 0 
log, G) 

J
1 

( 1)" r!n + II 157. 
0 

x"' log•; dx =Im+ 11 ,,H' m 

158. J"" log. (e"' + 1) dx = 11'

2 

o e"'- I 4 
.. .. 

1 > 0, n 1 > 0 

159. log. sin x dx = log, cos x dx = - - log, 2 E J
i 11" 

0 2 

• r lnl = gommo function. 

I*) 
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Integral calculus continued 

}60. I.,,. x • log, sin x dx = - 11"
2 

log, 2 
0 2 

161. J: log. lo ± b cos xi dx = 1r log, ( 
0 + ~~), a ~ b 

162. 

Table of Laplace transforms 

Symbols 

l.22 

Constants ore real unless otherwise specified. 

R!xl = "real port of x" 

j=~ 
flt) = 0, t < 0 

S-1 It) = unit step, or Heaviside function 
= 0, t < 0 
= 1, t > 0 

Solt) unit impulse, also called Dirac o function 
= o, t < 0 
= 0, t > 0 

= a:,, if t = 0, and J:: Solt! dt = I 

I
+ .. 
_,. f It! S0 ltl dt = flOI 

w = 21r X frequency 
m,k = any positive integers 

'Y = period of a periodic function It > 01 
r (xi = gamma function 

= J: e-" u-1 du 

r !k) (k - 1) I , k = positive integer 
Jo(xl = Bessel function, first kind, zero order 
J1 1xl = Bessel function, first kind, kth order 

1081 
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Table of Laplace transforms continued 

time function transform 

1. Definition 
Flpl "' 1

0
"" f!/\l e-11>-dl\, Rlpl > O 

flll 

2. Inverse transform 

1 1,•+Ja:, 
fltl = - F(zle'1dz, c > 0 

/21r c-J«> Flpl 

Note, No singularities to the right of path of 
integration. 

3. Shifting theorem 

rn-o! e-aPFlpl, a > 0 1•1 

4. Borel, or "convolution" theorem 

l~f,ll\l/2 lt-1\ld}. F1lpl F2lpl 1•1 

5. Periodic function 

f!tl flt k'yl, t> k-y 
lo.., f!/\le-,,>- di\ 

1-e..,..., 

6. f1(t) +f2ltl Fi(pl + F2lpl ,., 
m m 

7. !: fkltl L Fhlpl ,., 
t-1 J;~l 

8. f(fl e-•1 Flp +al ,., 

9. f (~) ; a real, >O aFlop) 1•1 

10. Derivative 

ci_/111 
dt 

- flOl + pF!pl (*l 

11. Integral 

f rni dt ![l fdt] + Flpl 1•1 
p 1-0 P 

• See pair 1 for definition of F. 

... 
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Table of Laplace transforms continued 

time function transform 

12. Unit step 

5-1111 
l -
p 

13. Unit impulse 

So(I) l 

14. Unit cisoid 

eJwt 
1 --

p-;w 

l 
15. I -

p1 

16. ~ 
k! 

µttl 

17. t•, RM> I 
riv+ 1l 

~ 

18. tke-at kl 
Ip+ a)ttl 

19. 1/..I;', 1/Vp 

(2t)k l 
20. --

l ·3·5 • • • l2k- u..l;', pkVp 

21. e•• 
l --

p-a 

22. ~ {e"'-11 1 ---
a p(p- al 

23. sin al 
a 

;;-2 + a2 

24. cos at 
p 

µ2 + a2 

1 
25. Jo<at) 

vµ1 + a2 

26. Jk(af) H'-: Py, ,1 µ1 + 0 1 
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Series -
Maclaurin's theorem 

fix) = f(O) + xf'(OI + 
2
x

2 
(

11 10! + .... + x" fn(O) + .... 
I nl 

Taylor's theorem 

f" (xol 
Hxl = f lxol + f 1 (xol (x - xol + ~ Ix - x012 

f 11 (xi 
fix + hi = f(xl + f 1 Ix) • h + 2I h2 + .... f"(x) 

nl h"+ .... 

Miscellaneous 

n nln-1) nln-1) (n-21 
11 ± xi = I ± nx + -- x2 ± ---- xi 

2! 3! 

x2 x3 x4 

log. 11 + xi = x -
2 

+ 3 - 4 + .... , Ix I < I 

e"' = I + x + ~ + 
3
~ + .... , lxl < m 

21 • 

x3 x6 x7 l sin x = x - - + - - - + .... 
3! 5! 71 

lxl < m; x in radians 
x2 x4 x& 

cosx= J- 21 + 41 - 61 + .... 

See p. 1043 for accuracy of first-term approximation. 

sinh x = x + x
3 

+ ; + ; + ... · J 
3! 5. 7. I I 

X <m 
x2 x4 x& 

cosh x = 1 21 + 41 + 1 + .... 
. . 6. 

x3 2x5 17x7 62x9 tr 
tan x = x + 3 + 15 + 315 + 2835 + .... , lxl < 2 

1 X x3 2x5 x7 

; - 3 - 45 - 945 - 4725 - · .. · ' Ix I < tr cotx 

1 x3 1 · 3 x5 I · 3 · 5 x 7 

arc sin x = x + - + - - + -- + .... , !xi < I 
2 3 2·4 5 2·4·6 7 
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Series continued -
x3 x5 x7 

ore ton x = x - - + - - - + .... , 
3 5 7 !xi< 1 

1 x3 I · 3 x5 1 • 3 · 5 x1 

ore sinh x = x - - - + - - -- - + .... , Ix! < I 
2 3 2·4 5 2·4·6 7 

x3 x5 
ore tonh x = x + 

3 
+ 5 !xi< 1 

1085 

For n O or o positive integer, the expansion of the Bessel function of the 
first kind, nth order, is given by the convergent series, 

Jlxl=x 1- x x n [ 2 4 

" 2"n! 2 12n + 2) + 2 · 4 12n + 2) (2n + 41 

x6 ] 

- 2-4-6 12n + 21 (2n + 41 12n + 61 + · · · · 

and 

J-,.lxl = (- JI• J,.lxl 

Note: O! == l 

Vector-analysis formulas 

Rectangular coordinates 

In the following, vectors ore indicated in bold-faced type. 

Associative law: For addition 

a+ l&+cl = la +&I +c = a+&+c 
Commutative law: For addition 

a+&=&+o 

where 

a= oa1 

a = magnitude of a 
Oi = unit vector in direction of a 

Scalar, or "dot" product 

a•&= &·a 
= ab cos 0 

where (J = angle included by a and &. 
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Vector-analysis formulas conlinued 

Vector, or "cross" product 

a XI:,= -I:, X a 

= ob sin O·C1 

where 

0 = smallest angle swept in rotating a into I:, 
c1 = unit vector perpendicular to plane of o ond b, ond directed in the 

sense of travel of o right-hand screw rotating from o to I:, through 
the angle 0. 

Distributive law for scalar multiplication 

a· (I:,+ cl = o•b + a•c: 

Distributive law for vector multiplication 

o X (I:, + d = a X I:, + o X c 

Scalar triple product 

o · (I:, X d = (o X bl · c = c: · {o X l:,J 

Vector triple product 

(a•c:)I:, - la•b)c: 

b-(c: X al 

o X fl:, X c:l 

lo X bl · le: X di 

to X l:,J X le: X di 
~-c:) •·• - ~-• ~-c:) 

= lo X b-dlc: - la X b-c:)d 

"v operator "del" 

=ia+;~+le~ 
ax dy dZ 

where i, j, le ore unit vectors in directions of x, y, z coordinates, respectively. 

grad ef> = "v ef> = i def> + ; a,p + le iJ<f, 
ax iJy iJz 

grod (ef> + if;l = grod ef> + grad if; 

grod (ef>if;) = ef> grod if; + if; grod ef> 

curl grod ef> = 0 

div O = "v •a = aa., + <1011 do, 
ax iJy iJz 
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where Ox, 0 11, a, are the components of a in the directions of the respective 
coordinate oxes. 

div la+ bl div a+ div b 

curl a= V X a 

= i ea:· - a;;) j (OO;z; _ ao.) + K (aoll _ ao"') 
oz ax ox oy 

= i ; k 

a 
ax 
o,. 

a 
oy 

a 
az 
a, 

curl {¢al = grad ¢ X a + ¢ curl a 

div curl a 0 

div !a X bl b-curl a - a·curl b 

Laplacian 

a24> + a24> + a24> 
ox2 ay2 oz2 

in rectangular coordinates. 

curl curl a = grad div a - !iv' 2o,. + fV 2ai., + kV 2a,l 

In the following formulas r is a volume bounded by a closed surface S. The 
unit vector n is normal to the surface S and directed positively outwards. 

J, V<t>·dr = J/ndS 

Ir V · a dr = I 
8
a · n dS (Gauss' theorem) 

J, V X a dr = Ln X a dS 

t !y; V 2 ef, - 4> V 2 y;I dr J ( 
a¢ a,J;) ,J;-- 4>- dS 

s on on 
where 8/iJn is the derivative in the direction of the positive normal to S 
!Green's theoreml. 
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Vector-analysis formulas continued 

In the two following formulas S is an open surface bounded by a contour C, 
with distance along C represented by s. 

Ln X 'v<I> dS = Lq, ds 

Isv X a·n dS = f aa•ds (Stokes' theorem) 

where s ss1, and s1 is a unit vector in the direction of s. 

Gradient, divergence, curl, and Laplacian in coordinate systems 
other than rectangular 

Cylindrical coordinates: Ip, q,, z), unit vectors p1, </>1, le, respectively, 

oi/1 I oi/1 oi/1 
grad i/1 = 'vi/I= - P1 + -- 1/)1 + - le 

o P P o<t> oz 

1 o 1 (oa.,,) oa. 
div a = V ·a = - - lpa) + - + -p op p oq, oz 

curl a= V X a (
1 oa, aa.,,) (oap oo•) ---- PI+ --- q>i 
p iJcf, oz oz iJp 

[
I o 1 oap] + --lpal---le 
Pop .,, P ocf> 

V 2¥1 = -~ o (P oi/1) + !__ o2i/l + o2i/l 
p iJp Op p2 oef,2 oz2 

Spherical coordinates: Ir, 0, cf,), unit vectors r1, 61, (/>i 

r = distance to origin 
0 = polar angle 

q, = azimuthal angle 

O!f 1 O!f 1 O!f 
grad i/1 = Vi/I = - r1 + - - 01 + - ef,1 

or r 08 r sin 0 ocf, 

div a = V · a = _l ~ (r2arl + - 1- ~ (a8 sin 0) + _I _ Ba.,, 
r2 or r sin 0 o0 r sin 0 ocf, 

I [ o . oa8] curl a = V X a = -- - (a.,, sm 0) - - r1 
r sin 0 o0 ocf, 

l[IOar 8] + --- - - lro.,,1 01 
r sin 0 ocf, or 

+- -(ra81 - - q>i 1 [o oar] 
r iJr 80 
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Vector-analysis formulas continued 

I .!_ (sin (} i)yt) + 1 iJ21/t 
sin (} iJ(J iJ (} r2 sin2 (} iJ(j,2 

Orthogonal curvilinear coordinates 

Coordinates: 

Unit vectors: 

= h1i1 h?k haia 
h1h2ha i} i} i} 

iJu1 dU2 iJua 

h1a1 hta: haaa 

1089 
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Matrix algebra 

Notations 

A motrx of order n X m is o rectangular array of numbers consisting of 
n rows and m columns. 

rau 012 01; Olm 

021 022 02; 02m 

! 

o;; 

a,.; • 0nm 

The element in row i and column j is designated by the subscripts ij in that 
order. When not written explicitly as above, a matrix can be noted by o 
single letter A or by its generic element between parenthesis {a;il. 

When m = n, the matrix is square and its order may be noted by n alone. 

A matrix of order n X I is o vector for column vector! of dimension n. 
A matrix of order 1 X n is a row vector. In both cases, the elements ore 
called coordinates of lhe vector. 

The unit matrix of order n is the square matrix 

1 = fo;;l 

where o;; is the Kronecker ndex equal to 1 for j = i and otherwise equal to 0. 

Operations 

Illustrated for motrixes of order 2, pp. 1094-1097. 

Sum and difference: The sum (or difference) of two matrixes A and 8, of 
the some order m X n, is o matrix C, of the some order, such that 
c;,; = a,; ± b;; 

Multiplication by a number 

m (o;,1l = Im OJJI 
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Product of two matrixes: Given A = (a;;l of order m X p and B = (bk;) 

of order p X n, the product AB = C = k;;l is defined by 

t=p 

c;; = L a;k bkJ 
t = 1 

It is a matrix of order m X n. 

In general the product BA is different from AB. 

Linear transformation 

A linear transformation from a vector u of dimension m to a vector v of 
dimension n is represented by an n X m matrix A 

v=Au 

In expanded form, 

Transposition: The transpose of matrix A = (a;;l is matrix B = (b;;l 
ob ·ained by exchanging rows and columns 

b;; = Oji 

If A is of order m X n, its transpose is of order n X m. The transpose of 
A is noted by A. When A = A, the matrix is symmetric. 

The comp/ex conjugate of A is the matrix A* obtained by taking the complex 
conjugate of each element. When A* = A, the matrix is real. The hermitian 
conjugate At of A is the complex conjugate of the transpose. When At = A, 
the matrix is hermitian. 

The transpose of a product is equal to he product of the transpose taken 
in the reverse order 

,_, ....... 
AB= BA 
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Similarly, for hermitian conjugate IABlt = St At. 

Scalar product: For two vectors u and v of some dimension, it is the number 

U·V =UV= VU. 

The length I u I of a vector u is defined as I u I = (u · ul ½ 

Hermitian product: For the two vectors u,v having n complex coordinates, 
the hermitian product is 

!u,vl = ut v. 

The product (v,ul = !u,vl*. When the hermitian product is zero, the vectors 
are orthogonal. 

The norm of a complex vector is 

!\u\!2 = (u,ul = utu. 

Determinant: (for a square matrix A of order nl is the sum of n! terms 

det A = 1: ± OH 021 oak ..• 0,.1 

where the second subscripts ijk •• • 1, taken in order, form a permutation 
of the numbers 123 ... n. For even permutations, which contain on even 
number of inversions, the sign is plus. For odd permutations, the sign is 
minus. The cofactor a,, of the element OiJ is I II'+ 1 times the determinant 
obtained from A by deleting the ith row and the jth column. The transpose 
of the matrix la,11 is the odiugafe of A; adj A. 

Inverse or reciprocal: of a square matrix A is a matrix 8 satisfying 

AB=BA=l 

The inverse is noted by A-1. It exists only for regular motrixes that is, for 
those having their determinant different from zero. 

The Cramer's rule to form the inverse is 

A-1 = adj A/det A 

Orthogonal matrix: A matrix A is orthogonal if A A = 1. Orthogonal 
motrixes represent rotations, the linear transformation y = Ax from the 
vector x into the vector y hos the property I y I = Ix I and Yi · Y2 = X1 · X2. 

Unitary matrix: A matrix A, with complex elements, is unitary when At A = 1. 
The transformation y = Ax preserves the norm, i.e., l)yjl2 = llxl\2• The 
scattering matrix S of a passive, lossless network is unitary !see p. 647). 
When x represents incident waves, y = Sx represent the reflected or 
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scattered waves and !!Y!l 2 !lx!l 2, invariance of the norm, means that the 
reflected power equals the incident power. 

Trace ior spur) of a matrix is the sum of the terms in the main diagonal 

f - " 

tr A= k a,, 
l=l 

Rules of operation 

A+S=S+A 

m IA ± SI = mA ± mS 

A !SCI = IASI C 

A IS ± Cl = AS ± AC 

Exceptions: to the rules of ordinary algebra are as follows: 

a. In general the product AS is different from SA. 

b. Division of the two members of an equation by a matrix is done by 
multiplying these members by the inverse matrix; core must be taken to 
place this inverse an the some side of both members. 

Eigenvalue problem 

Given a square matrix A of order n, the problem is to find vectors of 
dimension n that when multiplied by A give a vector of the same direction. 

For such a vector 

Au= su 

where s is a scalar. u is called an eigenvector lor characteristic vectorl of 
the matrix A and s is the corresponding eigenvalue. The existence of a 
vector u I >'60! for a givens implies thats satisfies the characteristic equation 

flsl = det IA - s 11 = 0 

1 being the unit matrix Ip. 1090). The trace of A is the sum of the eigenvalues 
and the determinant of A is their product. 

i=B 

tr A L S1 
j = 1 



1094 CHAPTER 37 

Matrix algebra continued 

I=" 

detA = nSi 
I= 1 

When the n roots s1 s2 ••• s,. of the characteristic equation are distinct, 
the corresponding n eigenvectors are independent and A can be expressed 
as A = B S s-1 where S is a diagonal matrix formed by the eigenvalues 
and 8 is regular. 

A hermitian matrix has only real eigenvalues. When these eigenvalues are 
positive, the matrix is called positive lsemideflnitel. If none of them is equal 
to 0, the matrix is called positive definite. For a hermitian matrix A, there 
exists a set of orthogonal eigenvectors; hence A can be represented by 

A= BS s-1 

where 8 is unitary and S is diagonal and real. 

A unitary matrix U has unitary eigenvalues (of the form exp jl() with <P reall 
and also possesses a set of n orthogonal eigenvectors. It can be repre
sented by 

U =BS s-1 

where 8 is unitary and Sis diagonal and formed with elements of magnitude 1 

If the unitary matrix is also symmetrical (for instance, the scattering matrix 
of a lossless reciprocal network), there exist n real orthogonal eigenvectors, 
and 8 in the above formula is an orthogonal matrix. 

Cayley-Hamilton theorem: The matrix A satisfies its own characteristic 
equation 

HAI= 0 

Matrixes of order 2 

let A-[: b] [a' and A' = 
d c' 

b'] 
d' 

be two matrixes of order 2. 

Sum 

[a+ a' b + b'] A+A' = 
C + c' d + d' 



MATHEMATICAL FORMULAS 

Matrix algebra continued 

Difference 

A -A'=[: 
, 

b -b] a 

c' d - d' 

Multiplication by a number m 

[
ma mb] 

mA = 
me md 

Product by a vector x 

x' = Ax 

expresses a linear transformation and means 

u' =au+ bv 

v' = cu+ dv 

Products 

[

aa' + be' 
AA'= 

co'+ de' 

[

a'o + b'c 
A'A = 

c'o + d'c 

Transpose 

A is symmetric if c = b. 

ab'+ bd'] 

cb' + dd' 

o'b+ b'd] 

c'b + d'd 

1095 
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Complex conjugate 

[

o* 

A*= 
c* 

b*] 
d* 

A is real if o, b, c, and d ore real. 

Hermitian conjugate 

[

o* 

At= 
b* 

c*] 
d* 

A is hermitian if o and d ore real and if b is the complex conjugate of c. 

Determinant 

det A= ad - be 

Trace 

tr A= a+ d 

Adjugate 

ad[ A = [ _: -:] 

Inverse 

A-1 = 1 [ d -b] 
od - be 

-c a 

Cha raderistic equation 

det (A - sll = s2 - sla + di + ad - be = 0 

Eigenvalues 

d [(o + d)2 ]112 ± -
2

- - !ad - bcl 
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Diagonal form 

A = b_
152 

- sil [ b b ] [s1 0] [s2 - a - b] 
s1 - a s2 - a O s2 a - si b 

Cayley-Hamilton theorem 

A2 A lo + di + ad - be = 0 

gives A2 in term of A and also gives by iteration the nth power A" in terms 
of A and the unit matrix. A special case of importance Ip. 649) is when 
det A = 1 and fJ is defined by tr A = 2 cos fJ 

Then 

s1 exp jfJ 

s2 = exp - jfJ 

and 

sin nfJ 
A"= ---A 

sin fJ 

sin In - 11 fJ 

sin fJ 
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• Mathematical tables 

Common logarithms of numbers and proportional parts 

0 1 I 2 I s I 4 ., I 6 

0043 I 0086 10 0000 0128 0170 0212 0253 
11 0414 0453 0492 0531 0569 0607 0645 
12 0792 0828 0864 0899 0934 0969 1004 
13 1139 1173 1206 1239 1271 1303 1335 
14 1461 1492 1523 1553 1584 1614 1644 

15 1761 1790 1818 1847 1875 1903 1931 
16 2041 2068 2095 2122 2148 2175 2201 
17 2304 2330 2355 2380 2405 2430 2455 
18 2553 2577 2601 2625 2648 2672 2695 
19 2788 2810 2833 2856 2878 2900 2923 

20 3010 3032 3054 3075 3096 3118 3139 
21 3222 3243 3263 3284 3304 3324 3345 
22 3424 3444 3464 3483 3502 3522 3541 
23 3617 3636 3655 3674 3692 3711 3729 
24 3802 3820 3838 3856 3874 3892 3909 

25 3979 3997 4014 4031 4048 4065 4082 
26 4150 4166 4183 4200 4216 4232 4249 
27 4314 4330 4346 4362 4378 4393 4409 
28 4472 4487 4502 4518 4533 4548 : 4564 
29 4624 4639 , 4654 4669 4683 4698 4713 

30 4771 478614800 4814 4829 4843 4857 
31 4914 4928 4942 4955 4969 4983 4997 
32 5051 5065 5079 5092 5105 5119 5132 
33 5185 5198 5211 5224 5237 5250 5263 
34 5315 5328 5340 5353 5366 5378 5391 

35 5441 . 545315465 5478 5490 5502 5514 
36 5563 5575 5587 5599 5611 5623 5635 
37 5682 5694 5705 5717 5729 5740 5752 
38 5798 5809 5821 5832 5843 5855 5866 
39 5911 5922 · 5933 5944 5955 5966 5977 

40 6021 6031 6042 6053 6064 6075 6085 
41 6128 6138 6149 6160 6170 6180 6191 
42 6232 6243 6253 6263 6274 6284 6294 
43 6335 6345 6355 6365 6375 6385 6395 
44 6435 6444 6454 6464 6474 6484 6493 

45 6532 6542 6551 6561 6571 6580 6590 
46 6628 6637 6646 6656 6665 6675 ·, 6684 
47 6721 6730 6739 6749 6758 676716776 
48 6812 6821 6830 6839 6848 6857 6866 
49 6902 6911 6920 6928 6937 6946 . 6955 

I 

50 6990 6998 7007 7016 7024 7033 7042 
51 7076 7084 7093 7101 7110 7118 7126 
52 !160 7168 7177 7185 7193 7202 7210 
53 7243 7251 7259 7267 7275 7284 7292 
54 7324 7332 7340 7348 7356 7364 7372 

7 • I 9 

0294 0334 0374 
0682 0719 0755 
1038 1072 1106 
1367 1399 1430 
1673 1703 1732 

1959 1987 2014 
2227 2253 2279 
2480 2504 2529 
2718 2742 2765 
2945 2967 2989 

3160 3181 3201 
3365 3385 3404 
3560 3579 3598 
3747 3766 3784 
3927 3945 3962 

4099 41!6 4133 
4265 4281 4298 
4425 4440 4456 
4579 4594 4609 
4728 4742 4757 

4871 4881, 4900 
5011 5024 5038 
5145 5159 5172 
S276 5289 5302 
5403 5416 5428 

5527 5539 5551 
5647 5658 5670 
5763 5775 5786 
5877 5888 5899 
5988 5999 6010 

6096 6107 6117 
6201 6212 6222 
6304 6314 6325 
6405 6415 6425 
6503 6513 6522 

6599 6609 6618 
6693 6702 6712 
6785 6794 6803 
6875 6884 6893 
6964 6972 6981 

7050 7059 7067 
7135 7143 7152 
7218 7226 7235 
7300 7308 7316 
7380 7388 7396 

I I 2 
proportional porl1 

31456171 9 

4 8 12 17 21 25 
4 8 11 15 19 23 
3 7 10 14 17 21 
3 6 10 13 16 19 
3 6 9 12 15 18 

3 6 8 11 14 17 
3 5 8 11 13 16 
2 5 7 10 12 15 
2 5 7 9 12 14 
2 4 7 9 ll 13 

2 4 6 8 11 13 
2 4 6 8 10 12 
2 4 6 8 10 12 
2 4 6 7 9 11 
2 4 5 7 9 11 

2 3 5 7 9 10 
2 3 5 7 8 10 
2 3 5 6 8 9 
2 3 5 6 8 9 
I 3 4 6 7 9 

1 3 4 6 7 9 
I 3 4 6 7 8 
l 3 4 5 7 8 
1 3 4 5 6 8 
I 3 4 5 6 8 

1 2 4 5 6 7 
1 2 4 5 6 7 
I 2 3 5 6 7 
1 2 3 5 6 7 
I 2 3 4 5 7 

1 2 3 4 5 6 
1 2 3 4 5 6 
1 2 3 4 5 6 
1 2 3 4 5 6 
l 2 3 4 5 6 

l 2 3 4 5 6 
l 2 3 4 5 6 
1 2 3 4 5 5 
l 2 3 4 4 5 
l 2 3 4 4 5 

I 2 3 3 4 5 
1 2 3 3 4 5 
l 2 2 3 4 5 
1 2 2 3 4 5 
1 2 2 3 4 5 

I 
29 33 3 
26 30 
24 28 3 
23 26 

7 
34 

1 
29 
7 21 24 2 

20 22 2 ~ 
4 
2 
1 

18 21 2 
17 20 2 
16 19 2 
16 18 20 

15 17 I 
14 16 I 
14 15 l 
13 15 I 
12 14 1 

12 14 1 
11 13 I 
11 13 I 
II 12 I 
10 12 I 

10 11 1 
10 II l 
9 II I 
9 10 1 
9 10 I 

9 10 l 
8 10 1 
8 9 1 
8 9 1 
8 9 1 

8 9 1 
7 8 
7 8 
7 8 
7 8 

7 8 
7 7 
6 7 
6 7 
6 7 

6 7 
6 7 
6 7 
6 6 
6 6 

9 
8 
7 
7 
6 

5 
5 
4 
4 
3 

3 
2 
2 
2 
l 

l 
1 
0 
0 
0 

0 
9 
9 
9 
9 

9 
8 
8 
8 
8 

6 
8 
7 
7 
7 
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Common logarithms of numbers and proportional parts conlinue<:f 

55 
56 
57 
58 
59 

60 
61 
62 
63 
64 

65 
66 
67 
68 
69 

70 
71 
72 
73 
74 

75 
76 
77 
78 
79 

80 
81 
82 
83 
84 

85 
86 
87 
88 
89 

90 
91 
92 
93 
94 

95 
96 
97 
98 
99 

I O J I I 2 I 3 I 4 I 5 I 6 I 7 I 1 ! 9 I 1 2 ~~"';ll~na~ 7'; 8 9 

7404 7412 7419 7427 7435 7443 7451 7459 7466 
7482 7490 7497 7505 7513 7520 7528 7536 7543 
7559 7566 7574 7582 7589 7597 7604 7612 7619 
7634 7642 7649 7657 7664 7672 7679 7686 7694 
7709 7716 7723 7731 7738 7745 7752 7760 7767 

7782 7789 7796 7803 78IO 7818 7825 7832 7839 
7853 7860 7868 7875 7882 7889 7896 7903 7910 
7924 7931 7938 7945 7952 7959 7966 7973 7980 
7993 8000 8007 8014 8021 8028 8035 8041 8048 
8062 8069 8075 8082 8089 8096 8102 8109 8116 

8129 8136 8142 8149 8156 8162 8169 8176 8182 
6195 8202 8209 8215 8222 8228 8235 8241 8248 
8261 8267 8274 8280 8287 8293 8299 8306 8312 
8325 8331 8338 8344 6351 8357 8363 8370 8376 
8388 6395 8401 8407 8414 8420 8426 8432 8439 

8451 8457 8463 8470 8476 8482 8488 8494 8500 
8513 8519 8525 8531 8537 8543 8549 6555 8561 
8573 6579 6565 8591 6597 8603 8609 8615 8621 
8633 8639 8645 8651 8657 8663 8669 8675 8681 
8692 8698 8704 8710 8716 8722 8727 8733 8739 

8751 8756 8762 8768 8774 6779 8785 8791 8797 
aaoa 8814 8820 8825 8831 8837 8842 8648 8854 
8865 8871 8876 8882 8887 8893 8899 8904 8910 
8921 8927 8932 8938 8943 8949 8954 8960 6965 
8976 8982 8987 8993 8998 9004 9009 9015 9020 

9031 9036 9042 9047 9053 9058 9063 9069 9074 
9085 9090 9096 9101 9l06 9112 9117 9122 9128 
9138 9143 9149 9154 9159 9165 9170 9175 9180 
9191 9196 9201 9206 9212 9217 92Z2 9227 9232 
9243 9248 9253 9258 9263 9269 9274 9279 9284 

9294 9299 9304 9309 9315 9320 9325 9330 9335 
9345 9350 9355 9360 9365 9370 9375 9380 9385 
9395 9400 9405 9410 9415 9420 9425 9430 9435 
9445 9450 9455 9460 9465 9469 9474 9479 9484 
9494 9499 9504 9!:JY; 9513 9518 9523 9528 9533 

9542 9547 9552 9557 9562 9566 9571 9576 9581 
9590 9595 9600 9605 9609 9614 9619 9624 9628 
9638 9643 9647 9652 9657 9661 9666 9671 9675 
9685 9689 9694 9699 9703 9708 9713 9717 9722 
9731 9736 9741 9745 9750 9754 9759 9763 9768 

9777 9782 9786 9791 9795 9800 9805 9809 9814 
9823 9827 9832 9836 9841 9645 9650 i 9654 9859 
9868 9872 , 9877 9881 9886 9890 I 9894 I 9899 9903 
9912 9917 9921 9926 9930 9934 9939 9943 9948 
9956 9961 9965 9969 9974 9978 9983 9987 9991 

7474 1 2 2 
7551 I 2 2 
7627 I 2 2 
7701 1 I 2 
7774 1 l 2 

7846 1 1 2 
7917 l I 2 
7987 I l 2 
8055 1 1 2 
8122 1 I 2 

8189 I 1 2 
8254 I 1 2 
8319 I I 2 
8382 l l 2 
8445 1 I 2 

8506 1 1 2 
8567 1 1 2 
8627 l l 2 
8686 l l 2 
6745 I 1 2 

8802 1 1 2 
8859 1 1 2 
8915 I 1 2 
8971 I 1 2 
9025 1 I 2 

9079 l I 2 
9133 l l 2 
9186 l 1 2 
9238 l l 2 
9289 1 1 2 

9340 l 1 2 
9390 1 1 2 
9440 0 I I 
9489 0 l I 
9538 0 I 1 

9586 0 l I 
9633 o l I 
9680 0 l I 
9727 0 1 1 
9773 0 l l 

9818 0 1 I 
9863 0 I I 
9908 0 1 1 
9952 0 I I 
9996 0 I I 

3 4 5 
3 4 5 
3 4 5 
3 4 4 
3 4 4 

3 4 4 
3 4 4 
3 3 4 
3 3 4 
3 3 4 

3 3 4 
3 3 4 
3 3 4 
3 3 4 
2 3 4 

2 3 4 
2 3 4 
2 3 4 
2 3 4 
2 3 4 

2 3 3 
2 3 3 
2 3 3 
2 3 3 
2 3 3 

2 3 3 
2 3 3 
2 3 3 
2 3 3 
2 3 3 

2 3 3 
2 3 3 
2 2 3 
2 2 3 
2 2 3 

2 2 3 
2 2 3 
2 2 3 
2 2 3 
2 2 3 

2 2 3 
2 2 3 
2 2 3 
2 2 3 
2 2 3 

5 
5 
5 
5 
5 

5 
5 
5 
5 
5 

5 
5 
5 
4 
4 

4 
4 
4 
4 
4 

4 
4 
4 
4 
4 

4 
4 
4 
4 
4 

4 
4 
3 
3 
3 

3 
3 
3 
3 
3 

3 
3 
3 
3 
3 

6 
6 
6 
6 
6 

6 
6 
6 
5 
5 

5 
5 
5 
5 
5 

5 
5 
5 
5 
5 

5 
5 
4 
4 
4 

4 
4 
4 
4 
4 

4 
4 
4 
4 
4 

4 
4 
4 
4 
4 

4 
4 
4 
4 
3 

1 
1 
7 
7 
7 

6 
6 
6 
6 
6 

6 
6 
6 
6 
6 

6 
5 
5 
5 
5 

5 
5 
5 
5 
5 

5 
5 
5 
5 
5 

5 
5 
4 
4 
4 

4 
4 
4 
4 
4 

4 
4 
4 
4 
4 
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Natural trigonometric functions 

for decimal fractions of a degree .. I sin I CO$ I tan I cot 

0.0 .00000 1.0000 .00000 ro 90.0 
.1 .00175 1.0000 .00175 573.0 .9 
.2 .00349 1.0000 .00349 286.5 .8 
.3 .00524 1.0000 .00524 191.0 .7 
.4 .00698 1.0000 .00698 143.24 .6 
.5 .00873 1.0000 .00873 114.59 .5 
.6 .01047 0.9999 .01047 95.49 .4 
.7 .01222 .9999 .Ol222 81.85 .3 
.8 .01396 .9999 .01396 71.62 .2 
.9 .01571 .9999 .01571 63.66 ,I 

1.0 .01745 0.9998 ,01746 57.29 89.0 
.1 .01920 ,9998 ,01920 5208 .9 
.2 .02094 .9998 .02095 47,74 .8 
.3 .02269 ,9997 .02269 44.07 .7 
.4 .02443 .9997 .02444 40,92 .6 
.5 .02618 .9997 .02619 38.19 .5 
.6 .02792 .9996 .02793 35.80 .4 
.7 .02967 .9996 .02968 33.69 .3 
.8 .03141 .9995 .03143 31.82 :i 
,9 .03316 .9995 .03317 30,14 .1 

2.0 .03490 0.9994 .03492 28.64 11.0 
.l .03664 ,9993 .03667 27.27 .9 
.2 .03839 .9993 ,03842 26.03 .8 
.3 .04013 ,9992 .04016 24.90 .7 
.4 .04188 ,9991 .04191 23.86 .6 
.5 .04362 .9990 .04366 2290 ,5 
.6 .04536 ,9990 ,04541 22.02 .4 
,7 .04711 .9989 .04716 21.20 .3 
,8 .04885 ,9988 ,04891 20.45 .2 
.9 .05059 .9987 .05066 19.74 .1 

3.0 .D5234 0.9986 .05241 19.081 87,0 
.1 .05408 .9985 .05416 18.464 .9 
.2 .05582 .9984 .05591 17.886 .8 
.3 .05756 .9983 .05766 17.343 .7 
.4 .05931 .9962 .05941 16.832 .6 
.5 .06105 .9981 .06116 16.350 .5 
.6 .06279 .9980 .06291 15.895 .4 
.7 ,06453 .9979 .06467 15.464 .3 
.8 .06627 .9978 .06642 15.056 .2 
.9 .06802 .9977 .06817 14.669 .1 

4.0 .06976 0.9976 .06993 14.301 86.0 
.1 .07150 ,9974 .07168 13.951 .9 
.2 .07324 .9973 .07344 13.617 .8 
.3 .07498 .9972 .07519 13.300 .7 
.4 .07672 .9971 .07695 12.996 .6 
.5 .07846 .9969 .07870 12.706 .5 
.6 .08020 .9968 .08046 12.429 .4 
.7 .08194 .9966 .082'21 12.163 .3 
.8 .08368 .9965 .08397 ll.909 .2 
.9 .08542 .9963 .08573 11,664 .l 

5,0 .08716 0.9962 .08749 11,430 85.0 
,I "08889 .9960 .08925 11.205 .9 
.2 .09063 .9959 .09101 10.988 .8 
.3 .09237 .9957 .rmn 10.780 .7 
.4 .0941! ,9956 .09453 10.579 .6 
.5 .09585 .9954 ,fJ/629 10.385 .5 
.6 .09758 .9952 .09805 10.199 .4 
.7 .09932 .9951 .09981 10.019 .3 
.8 ,10106 ,9949 .10158 9.845 .2 
.9 .10279 ,9947 .!0334 9.677 .1 

6.0 .10453 0.9945 ,!0510 9.514 84.0 

COi I 1111 I col I ton I deg 

.. I sin I CO$ I tan I col 

6.0 .10453 0.9945 .10510 I 9.514 84.0 
.1 .10626 .9943 .10687 9.357 .9 
.2 .10800 .9942 .10863 9.205 .8 
.3 .10973 .9940 .11040 ' 9.058 .7 
.4 .11147 .9938 .11?17 8.915 .6 
.5 .11320 9936 .11394 8.777 .5 
.6 .11494 .9934 .11570 8.643 .4 
.7 .11667 .9932 .11747 8.513 .3 
.8 .11840 .9930 .11924 8.386 .2 
.9 .12014 .9928 .12101 8.264 .I 

7,0 .12187 0.9925 .1227S 8.144 83.0 
.1 .12360 .9923 .12456 8.028 .9 
.2 .12533 .9921 .12633 7.916 .8 
.3 .12706 .9919 .12810 7.806 .7 
.4 .12880 .9917 .12988 7.700 .6 
.5 .13053 .9914 .13165 7.596 .5 
.6 .13226 .9912 .13343 7.495 .4 
.7 .13399 .9910 .13521 7.396 .3 
.8 .13572 .9907 .13698 7.300 .2 
.9 .13744 .9905 .13876 7.207 .l 

8.0 .13917 0.9903 .14054 7.115 82.0 
.l .14090 ,9900 .14232 7.026 ,9 
.2 .14263 .9898 .14410 6.940 .8 
.3 .14436 .9895 .14588 6.655 .7 
.4 .14608 .9893 .14767 6.772 .6 
.5 .14781 .9890 .14945 6.691 .5 
.6 .14954 .9888 .15124 6.612 .4 
.7 .15126 .9885 .15302 6.535 .3 
.8 .15299 .9882 .15481 6.460 .2 
.9 .15471 .9880 .15660 6.386 ,1 

9.0 .15643 0.9877 .15838 6.314 81.0 
.1 .15816 .9874 .16017 6.243 .9 
.2 .15988 .9871 .16196 6.174 .8 
.3 .16160 .9869 .16376 6.107 .7 
.4 .16333 .9866 .16555 6.041 .6 
.5 .16505 .9863 .16734 5.976 .5 
.6 .16677 .9860 ,16914 5,912 .4 
.7 .16849 .9657 .17093 5.850 .3 
.8 .17021 ,9854 ,17273 5.789 .2 
.9 .17193 ,9851 .17453 5.730 .I 

10.0 .1736 0.9848 .1763 5.671 80.0 
.I .1754 .9845 .1781 5.614 .9 
.2 .1771 .9842 .1799 5.558 .8 
.3 .1788 .9839 .1817 5.503 .7 
.4 .1805 .9836 .1835 5.449 .6 
,5 .182'2 ,9833 ,1853 5.396 ,5 
.6 .1840 .9629 .1871 5.343 .4 
.7 .1857 .9626 .1890 5.292 .3 
.8 .1874 .9623 ,1908 5.242 .2 
.9 .1891 .9620 .1926 5.193 .I 

11.0 .1908 0.9816 .1944 5.145 79.0 
.1 .1925 .9813 .1962 5.097 .9 
.2 .1942 .98!0 .1980 5.050 .8 
.3 .1959 .9806 .1998 5.005 .7 
.4 .1977 .9803 ,2016 4.959 .6 
.5 .1994 .9799 .2035 4,915 .5 
.6 .2011 .9796 .2053 4.872 .4 
.7 .2028 .9792 .2071 4.829 .3 
.8 .2045 .9789 .2089 4.787 .2 
.9 .2062 .9785 .2107 4.745 .1 

12.0 .2079 0.9781 .2126 4.705 71.0 

COi I sin I col I Ian I deg 
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deg I sin I COi I tan I cot 
,_ 

deg I sin I - I tan I cot 

12.0 0.2079 o.9781 I 0.2126 4.705 78.0 18.0 0.3090 0,9511 0.3249 3.078 72.0 
.l .2096 .9778 .2144 4.665 .9 .1 .3107 .9505 ,3269 3.060 .9 
.2 .2113 .9774 .2162 4.625 .B .2 .3123 .9500 .3288 3.042 .8 
.3 .2130 .9770 .2180 4.586 .7 ,3 ,3140 .9494 .3307 3.0'24 .7 
.4 .2147 .9767 .2199 4.54<! .6 .4 .3156 .9489 .3327 3.006 .6 
.5 .21641 .9763 .2217 4.511 .5 .5 .3173 .9483 .3346 2.989 .5 
.6 .2181 .9759 .2235 4.474 .4 .6 .3190 .9478 .3365 2.971 .4 
.7 .2198 .9755 .2254 4.437 .3 .7 .3206 .9•4n .3385 2.954 .3 
.& .2215 .9751 .2272 4.402 .2 .8 .3223 .946' .3404 2.937 .2 
,9 .2233 .9748 .2290 4.366 .l .9 .3239 .9461 .3424 2.921 .I 

13.0 0.2250 0.9744 0.2309 4.331 77.0 19.0 0.3256 0.9455 0.3443 2.904 71.0 
.1 .2267 .9740 .2327 4.297 .9 .I .3272 .9449 .3463 2.888 .9 
.2 .2284 .9736 .2345 4,264 .8 .2 .3289 .9444 .3482 2.872 .8 
.3 .2300 .9732 .2364 4.230 .7 .3 .3305 .9438 .3502 2.856 .7 
.4 .2317 .9728 .2382 4.198 .6 .4 ,3322 .9432 .3522 2.840 .6 
.5 .2334 .9724 .2401 4.165 .5 .5 .3338 .9426 .3541 2.824 .5 
,6 .2351 .9720 .2419 4.134 .4 ,6 .3355 .9421 .3561 2.aoe .4 
.7 .2368 .9715 .2438 4.102 .3 .7 .3371 .9415 .3581 2.793 .3 
.8 .2385 .9711 .2456 4.071 .2 .8 .3387 .9409 .3600 2.778 .2 
.9 .2402 .9707 .2475 4.041 .l ,9 .3404 .9403 .3620 2.762 .I 

14.0 0.2419 0.9703 0.2493 4.011 76.0 20.o 0,3420 0.9397 0.3640 2.747 70.0 
.1 .2436 ,9699 .2512 3.981 .9 .1 .3437 .9391 .3659 2.733 .9 
.2 .2453 ,9694 .2530 3.952 .8 .2 .3453 .9385 .3679 2.718 .8 
.3 .2470 .9690 .2549 3.923 .7 .3 .3469 ,9379 .3699 2.703 .7 
.4 .2487 .9686 .2568 3.895 ,6 .4 .3486 .9373 .3719 2.689 .6 
.5 .2504 .9681 .2586 3.867 .5 .5 .3502 .9367 .3739 2.675 .5 
,6 .2521 .9677 ,2605 3.839 .4 .6 .3518 .9361 .3759 2.660 .4 
.7 .2538 .9673 .2623 3.812 .3 .7 .3535 .9354 .3779 2.646 .3 
.8 .2554 .9668 .2642 3.785 .2 .8 .3551 .9348 .3799 2.633 .2 
.9 .2571 .9664 .2661 3.758 .l .9 .3567 .9342 .3819 2.619 .I 

11.0 0.2588 0.9659 0.2679 3.732 71.0 21.0 0.3584 0.9336 0.3839 2.605 69.0 
.1 .2605 .9655 .2698 3.706 .9 .1 .3600 .9330 .3859 2.592 .9 
.2 .2622 .9650 .2717 3.681 .8 .2 .3616 .9323 .3879 2.578 .8 
.3 .2639 .9646 .2736 3.655 .7 .3 .3633 .9317 .3899 2.565 .7 
.4 .2656 .9641 .2754 3.630 .6 .4 .3649 .9311 .3919 2.552 .6 
.5 .2672 .9636 .2773 3.606 .5 .5 .3665 .9304 ,3939 2.539 .5 
.6 .2689 .9632 .2792 3.582 .4 .6 .3681 .9298 .3959 2.526 .4 
.7 .2706 .9627 .2811 3.558 .3 .7 .3697 .9291 :3979 2.513 .3 
.8 .2723 .9622 .2830 3.534 .2 .8 .3714 .9285 .4000 2.500 .2 
.9 .2740 .9617 .2849 3.511 .I .9 .3730 .9278 .4020 2.488 .1 

16.0 0.2756 0.9613 0.2867 3.487 74.0 22..0 0:3744 0.9272 0.4040 2.475 61.0 
.I .'Zl73 .9608 .2886 3.465 .9 .1 :3762 .9265 .4061 2.463 .9 
.2 .2790 .9603 .2905 3.442 .8 .2 .3778 .9259 .4081 2.450 .8 
.3 .'1!J07 .9598 .2924 3.420 .7 .3 .3795 .9252 .4101 2.438 .7 
.4 .2823 .9593 .2943 3.398 .6 .4 .3811 .9245 .4122 2.426 .6 
.5 .2840 .9588 .2962 3.376 .5 .5 .3827 .9239 .4142 2.414 .5 
.6 .'1£,57 .9583 .2981 3.354 .4 .6 .3843 .9232 .4163 2.402 .4 
.7 .2874 .9578 .3000 3.333 .3 .7 .3859 .9225 .4183 2.391 .3 
.B .2890 .9573 .3019 3.312 .2 .8 .3875 .9219 .4204 2.379 .2 
.9 .2907 .9568 .3038 3.291 .I .9 .3891 .9212 ,4224 2.367 .1 

17.0 0.2924 0.9563 0.3057 3.271 73.0 23.0 0.3907 0.9205 0.4245 2.356 67.0 
.1 .2940 .9558 .3076 3.251 .9 .1 .3923 .9198 .4265 2.344 .9 
.2 .2957 .9553 .3096 3.230 .8 .2 .3939 .9191 .4286 2.333 .8 
.3 .2974 .9548 .3115 3.211 .7 .3 .3955 .9184 .4307 2.322 .7 
.4 .2990 .9542 .3134 3.191 .6 .4 .3971 .9178 .4327 2.311 .6 
.5 .3007 .9537 .3153 3.172 .5 .5 .3987 .9171 .4348 2.300 .5 
.6 .3024 .9532 .3172 3.152 .4 .6 .4003 .9164 .4369 2.289 .4 
.7 .3040 .9527 .3191 3.133 .3 .7 .4019 .9157 .4390 2.278 .3 .a .3057 .9521 .3211 3.115 .2 .8 .4035 .9150 .4411 2.267 .2 
.9 .3074 .9516 .3230 3.096 .1 .9 .4051 .9143 .4431 2.257 .1 

18.0 0.3090 0.9511 0.3249 3.078 72.0 24.0 0.4067 0.9135 0.4452 2.246 66.0 .,__ 
COi I ., .. I .. , I ta .. deg -,co• I sin I col I Ian deg 
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clttg 

24.0 
.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 

25.0 
.I 
.:2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 

26.0 
.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 

21.0 
.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 

28.0 
.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 

29.0 
.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 

30.0 

I 1ln I 

o.4067 I 
.4083 
.4099 
.4115 
.4131 
.4147 
.4163 
.4179 
.4195 
.4210 

0.4226 
.4242 
.4258 
.4274 
.4269 
.4305 
.4321 
.4337 
.4352 
.4368 

0.4384 
.4399 
.4415 
.4431 
.4446 
.4462 
.4476 
.4493 
.4509 
.4524 

0.4540 
.4555 
.4571 
.4586 
.4602 
.4617 
.4633 
.4646 
.4664 
.4679 

0.4695 
.4710 
.4726 
.4741 
.4756 
.4772 
.4787 
.4602 
.4818 
.4633 

0.4848 
.4863 
.4879 
.4894 
.4909 
.4924 

.. 4939 
.4955 
.4970 
.4985 

0.5000 

COi I 

cot I ton I 

0.9135 o.«52 
.9126 .«73 
.9121 .4494 
.9114 .4515 
.9107 .4536 
.9100 .4557 
.9092 .4578 
.9085 .4599 
.9078 .4621 
.9070 .4642 

0.9063 0.4663 
.9056 .4664 
.9048 .4706 
.9041 .4727 
.9033 .4746 
.9026 .4770 
.9018 .4791 
.9011 .4813 
.9003 .4834 
.8996 .4656 

0.8988 0.4877 
.6980 ."899 
.8973 .4921 
.8965 .4942 
.6951 .496t 
.8949 .4986 
.8942 .5008 
.8934 .5029 
.8926 .5051 
.6918 .5073 

0.8910 0.5095 
.8902 .5117 
.8894 .5139 
.8886 .5161 
.8876 .5184 
.8870 .5206 
.8662 .5226 
.6854 .5250 
.6646 .5272 
.8838 .5295 

0,6829 0.5317 
.8821 .5340 
.8813 .5362 
.8805 .5384 
.8796 .5407 
.8788 .5430 
.8780 .5452 
.6771 .5475 
.8763 .5496 
.6755 .5520 

0.6746 0.5543 
.8738 .5566 
.8729 .5589 
.8721 .5612 
.87\2 .5635 
.8704 .5658 
.869lr .5681 
.8666 .5704 
.8678 .5727 
.6669 .5750 

0.8660 0.5774 

1ln I col I 

cot I deg II aln 

2.246 66.0 30.0 0.5000 
2.236 .9 .1 .5015 
2.225 .8 .2 .5030 
2.215 .7 .3 .5045 
2.204 .6 .4 .5060 
2.194 .5 .5 .5075 
2.184 .4 .6 .5090 
2.174 .3 .7 .5105 
2.164 .2 .8 .5120 
2.154 .1 .9 .5135 

2.145 65.0 31,0 0.5150 
2.135 .9 .1 .5165 
2.125 .8 .2 .5180 
2.116 .7 .3 .5195 
2.106 .6 .4 .5210 
2.097 .5 .5 .5225 
2.087 .4 .6 .5240 
2.078 .3 .7 .5255 
2.069 .2 .8 .5270 
2.059 .I .9 .5284 

2.050 64.0 32.0 0.5299 
2.041 .9 .1 .5314 
2.032 .8 .2 .5329 
2.023 .7 .3 .5344 
2.014 .6 .4 .5358 
2.006 .5 .5 .5373 
1.997 .4 .6 .5388 
1.988 .3 .7 .5402 
1.980 .2 .6 .5417 
1.971 .1 .9 .5432 

1.963 63.0 33.0 0.5446 
1.954 .9 .1 .5461 
1.946 .6 .2 .5476 
1.937 .7 .3 .5490 
1,929 .6 .4 .5505 
1.921 .5 .5 .5519 
1.913 .4 .6 .5534 
1.905 .3 .7 .5548 
1.697 .2 .8 .5563 
1.889 .1 .9 ,5577 

1.881 62.0 34.0 0.5592 
1.873 .9 .1 .5606 
1.665 .8 .2 .5621 
1.657 .7 .3 .5635 
1.849 .6 .4 ,5650 
1.842 .5 .5 .5664 
\.834 .4 .6 .5678 
1.627 .3 .7 .5693 
1.819 .2 .8 .5707 
1.811 .1 .9 .5721 

1.804 61.0 35.0 0.5736 
1.797 .9 .1 .5750 
1.789 .8 .2 .5764 
1.782 .7 .3 .5779 
1.775 .6 .4 .5793 
1.767 .5 .5 .5807 
1.760 .4 .6 .5821 
1.753 .3 .7 .5835 
1.746 .2 .8 .5850 
1.739 .1 .9 .5864 

1.732 60.0 36.0 0.5878 

Ian I deg COi 

I COi I Ian I cot -
0.6660 0.5774 1.7321 60.0 
.8652 .5797 1.7251 .9 
.8643 .5820 1.7182 .6 
.8634 .5844 1.7113 .7 
.8625 .5867 1.7045 .6 
.8616 .5890 1.6917 .5 
.8607 .5914 1.6909 .4 
.8599 .5938 1.6842 .3 
.8590 .5961 1.6775 .2 
.8581 .5985 1.6709 .1 

0.8572 0.6009 1.6643 59.0 
.8563 .6032 1.6577 .9 
.8554 .6056 1.6512 .6 
.6545 .6080 1.6447 .7 
.8536 .6104 1.6363 .6 
.8526 .6128 1.6319 .5 
.8517 .6152 1.6255 .4 
.8508 .6176 1.6191 .3 
.8499 .6200 1.6128 .2 
.8490 .6224 1.6066 .1 

0.8480 0.6249 1.6003 58.0 
.8471 .6273 1.5941 .9 
.8462 .6297 1.5880 .8 
.8453 .6322 1.5818 .7 
.8443 .6346 1.5757 ',6 
.8434 .6371 1.5697 .5 
.8425 .6395 1.5637 .4 
.8415 .6420 1.5577 .3 
.8406 .6445 1.5517 .2 
.8396 .6469 1.5458 .1 

0.8387 0.6494 1.5399 57.0 
.8377 .6519 1.5340 .9 
.8368 .6544 1.5282 .6 
.8358 .6569 1.5224 .7 
.8348 .6594 1.5166 .6 
.8339 .6619 l.5108 .5 
.8329 .6644 1.5051 .4 
.8320 .6669 l.4994 ,3 
.8310 .6694 1.4938 .2 
.8300 .6720 ' 1.4882 .1 

0.8290 0.6745 1.4626 56.0 
.8281 .6771 1.4770 .9 
.6271 .6796 1.4715 .8 
.826\ .6622 1.4659 .7 
.6251 .6847 1.4605 .6 
.8241 .6673 1.4550 .5 
.8231 .6699 l.«96 .4 
.8221 .6924 1.4442 .3 
,82\I .6950 1.4386 .2 
.8202 .6976 \.4335 .I 

0.8192 0.7002 1.4261 55.0 
.8181 .7026 1.4229 .9 
,817\ .7054 1.4176 .8 
.8161 .7060 1.4124 .7 
.8151 .7107 1.4071 .6 
.8141 .7133 1.4019 .5 
.613\ .7159 1.3968 .4 
.612\ .7186 1.3916 .3 
.6111 .7212 \.3865 .2 
.6100 .7239 1.3814 .1 

0.8090 0,7265 1.3764 54.0 

I aln I col I Ian I deg 
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36.0 0.5878 0.8090 0.7265 1.3764 54.0 ~-5 
I 

0.6494 0.7604 0.8541 1.1708 49.5 
.1 .5892 .8080 .7292 l.3713 .9 .6 .6508 .7593 .8571 1.1667 .4 
.2 .5906 .8070 .7319 l.3663 .8 .7 .6521 .7581 .8601 1.1626 .3 
.3 .5920 .6059 .7346 1.3613 .7 .8 .6534 .7570 .8632 1.1585 .2 
.4 .5934 .8049 .7373 1.3564 .6 .9 .6547 .7559 .8662 1.1544 .I 

.5 ,5948 .8039 .7400 1.3514 .5 41.0 0.6.561 0,7547 0.8693 1.1504 49.0 

.6 .5962 .8028 .7427 1.3465 .4 .I .6574 .7536 .6724 1,1463 .9 

.7 .5976 .8018 .745-4 1.3416 .3 .2 .6587 .7524 .8754 l.l423 .6 

.8 .5990 .8007 .7481 1.3367 .2 .3 .6600 .7513 .8785 1.1383 .7 

.9 .6004 .7997 .7508 1.3319 .I .4 .6613 .7501 .8816 1.1343 .6 

37.0 0.6018 0.7986 0.7536 l.3270 53.0 .5 .6626 .7490 .8847 1.1303 .5 
.1 .6032 ,7976 ,7563 1.3222 .9 .6 .6639 .7478 .8876 1.1263 .4 
.2 .6046 .7965 .7590 1.3175 .8 .7 .6652 .7466 .8910 1.1224 .3 
.3 .6060 .7955 .7618 1.3127 .7 .8 .6665 .7455 .8941 1.1184 .2 
.4 .6074 .7944 .7646 1.3079 .6 .9 .6678 .7443 .6972 1.1145 .I 

.5 .6088 .7934 .7673 1.3032 .5 42.0 0.6691 0.7431 Q.9004 1.1106 41.0 

.6 .6101 .7923 .7701 1.2985 .4 ,I .6704 .7420 .9036 l.1067 .9 

.7 .6115 .7912 .7729 1,2938 .3 .2 .6717 .7408 .9067 1.1026 .8 

.8 .6129 .7902 ,7757 1.2892 .2 .3 .6730 .7396 .9099 1.0990 .7 

.9 .6143 .7891 ,7785 1.2846 .1 .4 .6743 .7385 .9131 1.0951 .6 

31.0 06157 0.7880 0.7813 1.2799 52.0 .5 .6756 .737:l .9163 1.0913 .5 
.1 .6170 .7869 .7841 1.2753 .9 .6 .6769 .73ol .9195 l.0675 .4 
.2 .6184 .7859 .7869 1.2708 .8 .7 .6782 .7349 .9228 l.0837 .3 
.3 .6198 .7848 .7898 1.2662 .7 .8 .6794 .7337 .9260 1.0799 .2 
.4 .6211 .7837 .7926 1.2617 .6 .9 .6807 .7325 .9293 1.0761 .1 

.5 .6225 .7826 .795-4 r.2572 .5 43.0 0.6820 0.7314 0.9325 1.0724 47.0 

.6 .6239 .7815 ,7983 1.2527 .4 .I .6833 .7302 .9358 l.0686 .9 

.7 .6252 .7804 .8012 l.2482 .3 .2 .6845 .7290 .9391 1.0649 .8 

.8 .6266 .7793 .8040 1.2437 .2 .3 .6858 .7278 .9424 1.0612 .7 

.9 .6280 .7762 .6069 1.2393 .1 .4 .6871 .7266 .9457 l.0575 .6 

39.0 06293 0.7771 0.8098 1.2349 51.0 .5 .6884 .7254 .9490 1.0536 .5 
.1 .6307 .7760 .6127 1.2305 .9 .6 .6896 .7242 .9523 1.0501 .4 
.2 .6320 .7749 .6156 1.2261 .8 .7 .6909 .7230 .9556 1.0464 .3 
.3 .6334 .7738 .8185 1.2218 .7 .8 .6921 .7216 .9590 l.0428 .2 
.4 .6347 .7727 .8214 1.2174 .6 .9 .6934 .7206 .9623 1.0392 .1 

.5 .6361 .7716 .8243 1.2131 .5 44,0 0.6947 0.7193 0.9657 1.0355 46.0 

.6 .6374 .7705 .8273 1.2088 .4 .1 .6959 .7181 .9691 1.0319 .9 

.7 .6388 .7694 .6302 1.2045 .3 .2 .6972 .7169 .9725 l.0283 .e 

.8 .6401 .7683 .8332 1.2002 .2 .3 .6984 .7157 .9759 1.0247 .7 

.9 .6414 .7672 .8361 1.1960 .I .4 .6997 .7145 .9793 1.0212 .6 

~.o 0.6428 i 0.7660 0.8391 1.1918 50.0 .5 .7009 .7133 .9827 1.0176 .5 
.I .6441 .7649 .8421 1.1675 .9 .6 .7022 .7120 .9661 l.0141 .4 
.2 .6455 .7638 .8451 U833 .8 .7 .7034 .7106 .9896 1.0105 .3 
.3 .6<68 .7627 .8481 1.1792 .7 .6 .7046 .7r:H6 .9930 l.0070 .2 
.4 .6461 .7615 .8511 1.1750 .6 .9 .7059 .7083 ,9965 1.0035 .I 

~.5 0.6494 0.7604 0.6541 1.1706 49.5 45.0 0.7071 0.7071 1.0000 1.0000 45.0 

COi I sin I cot I tan I d•a cos I sin I col I Ian d•11 
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Logarithms of trigonometric fundions 

for decimal fradions of a degree 

deg I L lift I L to1 I L tan I L tot .. 
o.o -co 0.0000 -co 0:, 90.0 6.0 

.1 7.2419 0.0000 7.2419 2.7581 .9 .1 

.2 7.54'19 0.0000 7.54'19 2.4571 .8 ,2 

.3 7.7190 0.0000 7.7190 2.2810 .7 .3 

.4 7.8439 0.0000 7,8439 2.1561 .6 .4 

.5 7.9408 0.0000 7.94[11 2.0591 .5 .5 

.6 8.0200 0.0000 8.0200 1.9800 .4 .6 

.7 8.0870 0.0000 8.0870 1.9130 .3 .7 

.8 8.1450 0.0000 8.1450 1.8550 .2 .8 

.9 8.196I 9.9999 8.1962 1.8038 .1 .9 

1.0 8.2419 9.9999 8.2419 1.7581 89.0 1.0 
.1 8.2632 9.9999 8.2833 1.7167 ,9 .1 
.2 8.3210 9.9999 8.3211 1.6789 .8 .2 
.3 8.3558 9.9999 8.3559 1.6441 .7 .3 
.4 8.3880 9.9999 8.3881 1.6119 .6 .4 
.5 8.4179 9,9999 8.4181 l.5819 .5 .5 
.6 8.4459 9.9998 8.4461 l,5539 .4 .6 
.7 8.4723 9.9998 8.4725 1.5275 .3 .7 
.8 8.4971 9.9998 8.4973 1.5027 .2 .8 
.9 8.5206 9.9998 8.5208 1.4792 .1 .9 

2.0 8.5428 9.9997 8.5431 1.4569 88.0 8,0 
.1 8.5640 9.9997 8.5643 1.4357 .9 .I 
.2 8.5842 9.9997 8.5845 1.4155 .8 .2 
.3 8,6035 9.9996 8.6038 l.3962 .7 .3 
.4 6.6220 9.9996 8.6223 1.3777 .6 .4 
.5 8.6397 9.9996 8.6401 1.3599 .5 .5 
.6 8.6f,l,7 9.9996 8.6571 1.34'19 .4 .6 
.7 8.6731 9.9995 8.6736 1.3264 .3 .7 
.8 8.6889 9.9995 8.6894 1.3106 .2 .8 
,9 8.7041 9.9994 8.7046 1.2954 .I .9 

3.0 8.7188 9.9994 8.7194 1.2806 87.0 9.0 
.1 8.7330 9.9994 8.7337 1.2663 .9 .1 
.2 8.7468 9.9993 8.7475 1.2525 .8 .2 
.3 8.7602 9.9993 8.7609 l.2391 .7 .3 
.4 8.7731 9,9992 8.7739 l.2261 .6 .4 
.5 8.7857 9.9992 8.7865 l.2135 .5 .5 
.6 8.7979 9.9991 8.7986 l.2012 .4 .6 
.7 8.8098 9.9991 8.8107 l.1893 .3 .7 
.8 8.6213 9.9990 8.8223 1.1m .2 .8 
.9 8.8326 9.9990 8.8336 1.1664 .I .9 

4.0 8.8436 9,9989 8.8446 1.1554 86.0 10.0 
.1 8.8543 9.9989 8.8554 1.1446 .9 .I 
.2 8.8647 9.9988 8.8659 l.1341 .8 .2 
.3 8.8749 9.9988 8.8762 l.1238 .7 .3 
.4 8.8849 9.9987 8.8862 1.1138 .6 .4 
.5 8.8946 9.9987 8.8960 1.1040 .5 .5 
.6 8.9042 9.9986 8.9056 l.[1144 .4 .6 
.7 8.9135 9,9985 8.9150 1.0850 .3 .7 
.8 8.9226 9.9985 8.9241 !.0759 .2 .8 
.9 8.9315 9.9984 8.9331 1.0669 .I .9 

s.o 8.9403 9.9983 8.9420 1.0580 85.0 11.0 
.I 8.9489 9.9983 8.9506 l.0494 .9 .1 
.2 6.9573 9.9982 6.9591 1.0409 .8 .2 
.3 8.9655 9.9981 8.9674 1.0326 .7 .3 
.4 8.9736 9.9981 8.97f,l, 1.0244 .6 .4 
.5 8.9616 9.9980 8.9836 1.0164 .5 .5 
.6 8.9894 9.9979 8.9915 1.0085 .4 .6 
.7 8.9970 9.9978 8.9992 1.0008 .3 .7 
.8 9.0046 9.9978 9.0068 0.9932 .2 .8 
.9 9.0120 9.9977 9.0143 0.9857 .l .9 

6.0 9.0192 9.9976 9.0216 0.9784 84.0 12.0 

Leos I L sin I L col I L tan I deg 

I L ,In I Lto1 I 1. tan I L tot 

9.0192 9.9976 9.0216 0.9764 84.0 
9.0264 9.9975 9.0289 0.9711 .9 
9.0334 9.9975 9.0360 0.9640 .a 
9.0403 9.9974 9.0430 0.9570 .7 
9.0472 9.9973 9.0499 0.9501 .6 
9.0539 9.9972 9.0f,l,7 0.9433 .5 
9.0605 9.9971 9.0633 0.9367 .4 
9.0670 9.9970 9.0699 0.9301 .3 
9.0734 9.9969 9.0764 0.9236 .2 
9.0797 9.9968 9,08:i8 0.9172 .I 

9.0859 9.9968 9.0891 0,9109 83.0 
9.0920 9.9967 9.0954 0.9046 .9 
9.fn81 9.9966 9.1015 0.8985 .8 
9.1040 9.9965 9.1076 0.8924 .7 
9.1099 9.9964 9,1135 0.8865 .6 
9.1157 9.9963 9.1194 0.8806 .5 
9.1214 9.9962 9.1252 0.8748 .4 
9.1271 9.9961 9.1310 0.8690 .3 
9.1326 9.9960 9.1367 0.8633 .2 
9,1381 9.9959 9.1423 0.8577 .1 

9.1436 9.9958 9.1478 0.8522 82.0 
9.1439 9.9956 9.1533 0.8467 .9 
9.1542 9.9955 9.1587 0.8413 .8 
9.1594 9.9954 9.1640 0.8360 .7 
9.1646 9.9953 9.1693 0.8307 .6 
9.1697 9.9952 9.1745 0.8255 .5 
9.1747 9.9951 9.1797 0.8203 .4 
9.1797 9.9950 9.1848 0,8152 .3 
9.1847 9.9949 9.1898 0.8102 .2 
9.1895 9.9947 9.1948 0.8052 .1 

9.1943 9.9946 9.1997 0.8003 81.0 
9.1991 9.9945 9.2046 0.7954 .9 
9.2038 9.9944 9.2094 0.7906 .8 
9.2085 9.9943 9.2142 0.7858 .7 
9.2131 9.9941 9.2189 0.7811 .6 
9.2176 9.9940 9.2236 0.7764 .5 
9.2221 9.9939 9.2282 0.7718 .4 
9.2266 9.9937 9.2328 0.7672 .3 
9.2310 9,9936 9.2374 0,7626 .2 
9.2353 9.9935 9.2419 0.7581 .1 

9.2397 9.9934 9.2463 0.7537 80.0 
9.2439 9.9932 9.2507 0.7493 .9 
9.2482 9.9931 9.2551 0.7449 .6 
9.2524 9.9929 9.2594 0.7406 .7 
9.2f,l,5 9.9928 9.2637 0.7363 .6 
9.2606 9.9927 9.2680 0.7320 .5 
9.2647 9.9925 9.2722 0.7278 .4 
9.2687 9.9924 9.2764 0.7236 .3 
9.2727 9.9922 9.2805 0.7195 .2 
9.2767 9.9921 9.2846 0.7154 ,1 

9.2806 9.9919 9.2887 0,7113 19.0 
9.2845 9.9918 9.2927 0.7073 .9 
9.2883 9.9916 9.2967 0.7033 .8 
9.2921 9.9915 9.3006 0.6994 .7 
9.2959 9.9913 9.3046 0.6954 .6 
9.'1997 9.9912 9.3085 0.6915 .5 
9.3034 9.9910 9.3123 0.6877 .4 
9.3070 9.9909 9.3162 0.6838 .3 
9.3107 9.9907 9.3200 0.6800 .2 
9.3143 9.9906 9.3237 0.6763 .1 

9.3179 9.9904 9.3275 0.6725 78.0 

L cot I l sin I L cot I L tan I deg 
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Logarithms of trigonometric fundions 

for decimal fractions of a degree anilinued 

deg I Ltln ! Lcoa L tan I Lcot deg I Ls!n IL- I Lian I L cot 

12.0 9,3179 9,9904 9,3275 0.6725 78.0 18.0 9.4900 9.9782 9.5116 0.4882 72.0 
.I 9.3214 9.9902 9.3312 0.6688 .9 .1 9.4923 9.9760 9.5143 0.4857 .9 
.2 9.3250 9.9901 9.3349 0.6651 .8 .2 9.4946 9.9n1 9.5169 0.4831 .8 
.3 9.3284 9.9899 9.3385 0.6615 .7 .3 9.4969 9.9775 9.5195 0.4805 .7 
.4 9.3319 9.9897 9.3422 0.6578 .6 .4 9.4992 9.9772 9.5220 0.4780 .6 
.5 9.3353 9.9896 9.3458 0.6542 .5 .5 9.5015 9.9170 9.5245 0.4755 .5 
.6 9.3387 9.9894 9.3493 0.6507 .4 .6 9.5037 9.9767 9,5270 0.4730 .4 
,7 9.3421 9.9892 9.3529 0.6471 .3 ,7 9.5060 9.9764 9,5295 0.4705 .3 
.8 9.3455 9,9891 9.3564 0.6436 .2 .8 9.5082 9.9762 9.5320 0.4680 .2 
,9 9.3488 9.9889 9.3599 0.6401 .1 .9 9.5104 9.9759 9.5345 0.4655 .1 

13.0 9.3521 9.9887 9.3634 0.6366 77.0 19.0 9.5126 9.9757 9.5370 0.463Q 71.0 
.I 9.3554 9,9885 9.3668 0,6332 ,9 .1 9.5148 9.9754 9.5394 o.«06 .9 
.2 9.3586 9.9884 9.3702 0.6298 .8 .2 9.5170 9,9751 9.5419 0.4581 .8 
.3 9.3618 9.9882 9,3736 0,6264 .7 .3 9.5192 9.9749 9.5443 0.4557 .7 
.4 9.3650 9.9880 9.3770 0.6230 .6 .4 9.5213 9.9746 9,5467 0.4~ .6 
.5 9.3682 9.9878 9.3804 0.6196 .5 .5 9.5235 9.9743 9.5491 0.4 .5 
.6 9.3713 9,9876 9.3837 0.6163 .4 .6 9.5256 9.9741 9.5516 0.«6,4 .4 
.7 9.3745 9.9875 9.3870 0.6130 .3 .7 9.5278 9.9738 9.5539 0.4461 .3 
.8 9.3775 9.9873 9.3903 0.6097 .2 .8 9.5299 9.9735 9.5563 0.4437 .2 
.9 9.3806 9.9871 9.3935 0.6065 .1 .9 9.5320 9.9733 9.5587 0.4413 .I 

14..0 9.3837 9.9869 9.3968 0.6032 76.0 20.0 9.5341 9.9730 9.5611 0.4389 70.0 
.1 9.3867 9.9867 9.4000 0.6000 .9 .I 9.5361 9.9727 95634 0.4366 .9 
.2 9.3897 9.9865 9.4032 0.5968 .8 .2 9.5382 9.9724 9.5658 0.4342 .8 
.3 9.3927 9.9863 9.4064 0.5936 .7 .3 9.5402 9.9722 9.5681 0.4319 .7 
.4 9.3957 9.9861 9.4095 0.5905 .6 .4 9.5423 9,9719 9.5704 0.4296 .6 
.5 9.3986 9.9859 9,4127 0.5873 .5 .5 9.5443 9.9716 9.5727 0.4273 .5 
.6 9.4015 9.9857 9.4158 0.5842 .4 

,6 9.5463 9,9713 9.5750 0.4250 .4 
.7 9.4044 9.9855 9.4189 0.5611 .3 .7 9.5484 9.9710 9.5m 0.4227 .3 
.8 9.4073 9.9853 9.4220 0.5780 .2 .8 9.5504 9,9707 9.5196 0.4204 .2 
.9 9.4102 9.9851 9.4250 0.5750 .I .9 9.5523 9.9704 9.5819 0.4181 .1 

111.0 9.4130 9.9849 9.4281 0,5719 75.0 21.0 9.5543 9.9702 9.5842 0.4158 69.0 
.I 9.4158 9.9847 9.4311 0.5689 .9 .l 9.5563 9.9699 9.Sll6-4 0.4136 .9 
.2 9.4186 9.9845 9.4341 0.5659 .8 .2 9.5583 9.9696 9.5887 0.4113 .8 
.3 9.4214 9.9843 9.4371 0.5629 .7 .3 9.5602 9.9693 9.5909 0.4091 .7 
.4 9.4242 9.9841 9.4400 0.5600 ,6 .4 9.5621 9.9690 9.5932 0.4068 .6 
.5 9.4269 9.9839 9.4430 0.5570 .5 .5 9.5641 9.9687 9.5954 0.'4046 .5 
.6 9.4296 9.9837 9.4459 0 • .5541 .4 .6 9.5660 9.9684 9,5976 0.4024 .4 
.7 9.4323 9.9835 9.«88 0.5512 .3 .7 9.5679 9.9681 9.5998 0.4002 .3 
.8 9.4350 9.9833 9.4517 0.6483 .2 .8 9.5698 9.9678 9.6020 0.3980 .2 
.9 9.4377 9.9831 9.4546 0.5454 .1 .9 9.5717 9.9675 9.6042 0.3956 .I 

16.0 9.4403 9.9828 9,4575 0.5425 74.0 22.0 9.5736 9.9672 9.6064 0.3936 68.0 
.1 9.4430 9.9826 9.4603 0.5397 .9 .1 9.5754 9.9669 9.6086 0.3914 ,9 
.2 9.4456 9.9824 9.4632 0.5368 .8 .2 9.5773 9.9666 9.6108 0.3892 .8 
.3 9.«82 9.9822 9,4660 0.5340 ,7 .3 9.5192 9.9662 9.6129 0.3871 .7 
.4 9.4508 9.9820 9.4688 0.5312 .6 .4 9.5810 9.9659 9.6151 0.3849 .6 
.5 9.4533 9.9817 9,4716 0.5284 .5 .5 9.5828 9.9656 9.6172 0.3828 .5 
.6 9.4559 9.9815 9.4744 0.5256 .4 .6 9.5847 9.9653 9.6194 0.3806 .4 
.7 9.4584 9.9813 9.4771 0.5229 .3 .7 9.5865 9.9650 9.6215 0.3785 .3 
.8 9.4609 9.9811 9.4799 0.5201 .2 .8 9.5883 9.9647 9.6236 0.3764 .2 
.9 9.4634 9.9808 9.4326 0.5174 .1 .9 9.5901 9.9643 9.6257 0.3743 .I 

17,0 9.4659 9.9806 9.4853 0,5147 73.0 23.0 9.5919 9.9640 9.6279 0.3721 67.0 
.1 9.4684 9.9804 9.4880 0.5120 .9 .1 9.5937 9.9637 9.6300 0.3700 .9 
.2 9.4709 9.9801 9,4907 0,5093 .8 .2 9.5954 9.9634 9,6321 0.3679 .8 
.3 9.4733 9.9799 9.A934 0.5066 .7 .3 9.5972 9.9631 9.6341 0.3659 .7 
.4 9.4757 9.9797 9,4961 0.5039 .6 .4 9.5990 9.9627 9.6362 0.3638 6 
.5 9.4781 9.9794 9.4987 0.5013 .5 .5 9.6007 9.9624 9.6383 0.3617 .5 
.6 9.4805 9.9792 9.5014 0.4986 .4 .6 9.6024 9.9621 9.6404 0.3596 .4 
.7 9.4829 9.9769 9.5040 0.4960 .3 .7 9.6042 9.9617 9.6424 0.3576 .3 
.8 .8 
.9 9.4853 9.9787 9.5066 0.4934 .2 .9 

9.6059 9.9614 9.6445 0.3555 .2 
9.4876 9.9765 9.5092 0.4908 .1 9.60'16 9.9611 9.6465 0.3535 .I 

18.0 9.4900 9.9782 9.5118 0.4882 72.0 24,0 9.6093 9.9607 9.6486 0.3514 66.0 

L COi I L aln I l cot I Ltan I deg L- I L aln I I.col I Ltan I deg 
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deg I L tin I L co, I Ltan I L cot ag I L tin I L co, I L Ian I L co I 
l 

24.0 9.6093 9.9607 9.6486 0.3514 66.0 30,0 9.6990 , 9.9375 9.7614 0.2386 60.0 
.1 9.6110 9.9604 9.6506 0.3494 .9 .I 9.7003 9.9371 9.7632 0.2368 .9 
.2 9.6127 9.9601 9.6527 0.3473 .8 .2 9.7016 , 9.9367 9.7649 0.2351 .8 
.3 9.6144 9.9597 9.6547 0.3453 .7 .3 9.7029 9.9362 9,7667 0.2333 .7 
.4 9.6161 9.9594 9.6567 0.3433 .6 .4 9.7042 9.9358 9.7684 0.2316 .6 
.5 9.6177 9.9590 9.6587 0.3413 .5 .5 9.7055 9.9353 9.7701 0.2299 .5 
.6 9.6194 9.9587 9.6607 0.3393 .4 .6 9.706a 9,9349 9.7719 0.2281 .4 
.7 9.6210 9.9583 9.6627 0.3373 .3 .7 9.7080 9.9344 9,7736 0.2264 .3 
.8 9.6227 9.9580 9.6647 0.3353 .2 .8 9.7093 9.9340 9.7753 J.2247 .2 
.9 9.6243 9.9576 9.6667 0.3333 .1 .9 9.7106 9.9335 9.7771 0.2229 .I 

25.0 9.6259 9.9573 9.6687 0.3313 65.0 :u.o 9.7118 9.9331 9.7788 0.2212 59.0 
.I 9.6'116 9.9569 9.6706 0.3294 ,9 .I 9.7131 9.9326 9.7805 0.2195 .9 
.2 9.6292 9.9566 9.6726 0.3274 .8 .2 9.7144 9.9322 9,7822 0.2178 .8 
.3 9.6308 9.9562 9.6746 0.3254 .7 .3 9.7156 9.9317 9.7839 0.2161 .7 
.4 9.6324 9.9558 9.6765 0.3235 .6 .4 9.7168 9.9312 9.7856 0.2144 .6 
.5 9,6340 9.9555 9.6785 0.3215 .5 .5 9.7181 9,9308 9.7873 0.2127 .5 
.6 9.6356 9.9551 9,6804 0.3196 .4 .6 9.7193 9.9303 9.7890 0.2110 .4 
.7 9.6371 9.9548 9.6824 0.3176 .3 ,7 9.7205 9.9298 9.7907 0.2093 .3 
.8 9.6387 9.9544 9.6843 0.3157 .2 .8 9.7218 9.9294 9.7924 0.2076 .2 
,9 9.6403 9.9540 9.6863 0.3137 .1 .9 9.7230 9.9289 9,7941 0.2059 ,l 

26.0 9,6418 9.9531 9.6882 0.3118 64.0 32.0 9.7242 9.9284 9.7958 0.2042 51.0 
.l 9.6434 9.9533 9.6901 0.3099 .9 .1 9.7254 9.9279 9.7975 0.2025 .9 
.2 9.6449 9.9529 9.6920 0.3080 .8 .2 9.7266 9.9?.75 9.7992 0.2008 .8 
.3 9.6465 9.95'25 9.6939 0.3061 .7 ,3 I ,.9.7278 9.9270 9.8008 0,1992 .7 
.4 9.6480 9.9522 9.6958 0.3042 .6 A' '.9',1'190 9.9265 9.8025 0.1975 .6 
.5 9.6495 9.9518 9.6977 0.3023 .5 .5 9.7302 9.9260 9.8042 0.1958 .5 ., 9.6510 9.9514 9.6996 0.3004 .4 .6 9.7314 9.9?.55 9.8059 0.1941 .4 
J 9.65'26 9.9510 9.7015 0.2985 .3 .7 9.7326 9.9?.51 9.8075 0.1925 .3 
.8 9.6541 9.9506 9.7034 0.2966 .2 .8 9.7338 9.9246 9.8092 0.1908 .2 
.9 9.6556 9.9503 9.7053 0.2947 .1 .9 9.7349 9.9?.4I 9.8109 0.1891 .I 

27.0 9.6570 9.9499 9.7072 0.2928 63.0 33.0 9.7361 9.9236 9.8125 0.1875 57.0 
.1 9.6585 9.9495 9.7090 0.2910 .9 .I 9.7373 9.9231 9.8142 0.1858 .9 
.2 9.6600 9.9491 9.7109 0.2891 .8 .2 9.7384 9.9226 9.8158 0.1842 .a 
.3 9.6615 9.9487 9.7128 0.2872 .7 .3 9.7396 9.9221 9.8175 0.1825 .7 
.4 9.6629 9.9483 9.7146 0.2854 .6 .4 9.7407 9.9216 9.8191 0.1809 .6 
.5 9.6644 9.9479 9.7165 0.2835 .5 .5 9.7419 9.9211 9.8208 0.1792 .5 
.6 9.6659 9.9475 9.7183 0.2817 .4 .6 9.7430 9.9206 9.8224 0.1776 .4 
.7 9.6673 9.9471 9.7202 0.2798 .3 .7 9.7442 9.9201 9.8241 0.1759 .3 
.8 9.6687 9.9467 9.7220 0,2780 .2 .8 9.7453 9.9196 9.8257 0.1743 .2 
.9 9.6702 9.9463 9.7238 0.2762 .l .9 9.7464 9.9191 9.8274 0.1726 .1 

21.0 9.6716 9.9459 9.7257 0.2743 62.0 34,0 9.7476 9.9186 9.8290 0.17!0 56.0 
.1 9.6730 9.9455 9.7275 0.2725 .9 .I 9.7487 9.9181 9.8306 0.1694 .9 
.2 9.6744 9.9451 9.7293 . 0.2707 .8 .2 9.7498 9.9175 9.8323 0.1677 .8 
.3 9.6759 9.9447 9.7311 i 0.2689 .7 .3 9.7509 9.9170 9.8339 0.1661 .7 
.4 9.6773 9.9443 9.7330 0.2670 .6 .4 9.7520 9.9165 9.8355 0.1645 .6 
.5 9.6787 9.9439 9.7348 0.2652 .5 .5 9.7531 9.9160 9.8371 0.1629 .5 
.6 9.6801 9.9435 9.7366 0.2634 .4 .6 9.7542 · 9.9155 9.8388 0.1612 .4 
.7 9,6814 9.9431 9.7384 0.2616 .3 .7 9,7553 9.9149 9,8404 0.1596 .3 
.8 9.6828 9.9427 9.7402 0,2598 .2 .a 9.7564 9.9144 9.8420 0.1580 .2 
.9 9.6842 9.9422 9.7420 0.2580 .1 .9 9,7575 9.9139 9.8436 0.1564 .I 

29.0 9.6856 9.9418 9.7438 0.2562 61.0 35,0 9.7586 9.9134 9.8452 0.1548 55.0 
.l 9.6869 9.941419.7455 0.2545 .9 J 9.7597 9.9128 9.8468 0.1532 .9 
.2 9.6883 9.9410 9.7473 0.2527 .8 .2 9.7607 9.9123 9.8484 0.1516 .8 
.3 9.6896 9.9406 9.7491 0.2509 .7 .3 9.7618 9.9118 9.8501 0.1499 .7 
.4 9.6910 9.9401 I 9.75fP 0.2491 .6 .4 9.7629 9.9112 9.8517 0.1483 .6 
.5 9.6923 9.9397 9.7526 0.2474 .5 .5 9.7640 : 9.9107 9.8533 0.1467 .5 
.6 9.6937 9.9393 9.7544 0.2456 .4 .6 9.7650 9.9101 9.8549 0.1451 .4 
.7 9.6950 9.9388 9.7562 0.2438 .3 .7 9.7661 9.9096 9.8565 0.1435 .3 
.8 9.6963 9.9384 9.7579 0.2421 .2 .8 9,767] 9.9091 9.8581 0.1419 .2 
.9 9.6977 9.9380 9.7597 0.2403 .1 .9 9.7682 9.9085 9.8597 0.1403 .I 

30.0 9.6990 9.9375 9.7614 0.2386 60.0 36.0 9.7692 9.9080 9.8613 0.1387 54.0 

I L COi I l aln I l col I l!Gn I deg I l co• I L sin I L col I l Ion I deg 
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deg I L 1ln ! L COi I Lton I L cot deg I L sin I L COi I Lian I L cot 
,_ 

36.0 9.7692 9.9080 9.8613 0.1387 54.0 40.5 9.8125 9.8810 9.9315 0.0685 49.5 
.1 9.7703 9.9074 9.8629 0.1371 .9 .6 9.8134 9.8804 9.9330 0.0670 .4 
.2 9.7713 9.9069 9.8644 0.1356 .8 .7 9.8143 9.8797 9.9346 0.0654 .3 
.3 9.7723 9.9063 9.8660 0.1340 .7 .8 9.8152 9.8791 9.9361 0.0639 .2 
.4 9.7734 9.9057 9.8676 0;1324 .6 .9 9.8161 9.8784 9.9376 0.0624 .1 

.5 9.7744 9.9052 9.8692 0.1308 .5 41,0 9.8169 9.8778 9.9392 0.0608 49.0 

.6 9.7754 9.9046 9.8708 0.1292 .4 ,1 9.8178 9.8771 9.9407 0.0593 .9 

.7 9.7764 9.9041 9.8724 0.1276 .3 .2 9.8187 9.8765 9.9422 0.0578 .8 

.8 9.7774 9.9035 9.8740 0.1260 .2 .3 9.6195 9,6756 9.9438 0.0562 .7 

.9 9.7765 9.9029 9.8755 0.1245 .1 .4 9.8204 9.8751 9.9453 0.0547 .6 

37.0 9,7795 9.9023 9.6771 0.1229 53.0 .5 9.6213 9.8745 9.9466 0.0532 .5 
.I 9.7805 9.9018 9.8787 0.1213 .9 .6 9.8221 9.8738 9.9483 0.0517 .4 
.2 9.7815 9.9012 9.6803 0.1197 .8 .7 9,8230 9.8731 9.9499 0.0501 .3 
.3 9.7825 9.9006 9.8818 0.1182 .7 .8 9.8238 9.8724 9.9514 0.0486 .2 
.4 9.7835 9.9000 9.8834 0.1166 .6 .9 9.8247 9.8718 9.9529 0.0471 .1 

.5 9.7844 9.8995 9.8850 0.1150 .5 42.0 9.8255 9.8711 9.9544 0.0456 48.0 

.6 9.7854 9.6989 9.8865 0.1135 .4 .1 9.8264 9.6704 9.9560 0.0440 .9 

.7 9.7864 9.8983 9.8881 0.1119 .3 .2 9.8272 9.8697 9.9575 0.0425 .8 

.8 9.7874 9.8977 9.8897 0.1103 .2 .3 9.8280 9.8690 9.9590 0.0410 .7 

.9 9.7884 9.8971 9.8912 0.1088 .1 .4 9.8289 9.8683 9.9605 0.0395 .6 

38.0 9.7893 9.8965 9.8928 0.1072 52.0 .5 9.8'197 9.8676 9.9621 0.0379 .5 
.1 9.7903 9,8959 9.8944 0.1056 .9 .6 9,8305 9,6669 9.9636 0.0364 .4 
.2 9.7913 9.8953 9.8959 0.1041 .8 .7 9.8313 9.6662 9.9651 0.0349 .3 
.3 9.7922 9.8947 9.8975 0.1025 .7 .8 9.8322 9.8655 9.9666 0,0334 .2 
.4 9.7932 9.8941 9.8990 0.1010 .6 ,9 9.8330 9.8648 9.9681 0.0319 .1 

.5 9.7941 9.8935 9,9006 0.0994 .5 43..0 9.8338 9.8641 9.9697 0.0303 47.0 

.6 9.7951 9.8929 9.9022 0.0978 .4 .1 9.8346 9.8634 9.9712 0.0288 ,9 

.7 9.7960 9.8923 9.9037 0.0963 .3 .2 9.8354 9.8627 9,9727 0.0273 .8 

.8 9.7970 9.8917 9.9053 0.0947 .2 .3 9.8362 9.8620 9.9742 0.0258 .7 

.9 9.7979 9.8911 9.9068 0.0932 .1 .4 9.8370 9.8613 9.9757 0.0243 .6 

39,0 9.7989 9.8905 9.9084 0.0916 51,0 .5 9.8378 9.8606 9.9772 0.0228 .5 
.1 9.7998 9.8899 9.9099 0.0901 .9 .6 9.8386 9.6598 9.9788 0.0212 .4 
.2 9.8007 9,8893 9.9115 0.0885 ,8 .7 9.8394 9.8591 9.9803 0.0197 .3 
.3 9.8017 9.8887 9.9130 0.0870 .7 .8 9.8402 9.8584 9.9818 0.0182 .2 
.4 9.8026 9.8880 9.9146 0.0854 .6 .9 9.8410 9.6577 9.9833 0.0167 .1 

.5 9.8035 9.8874 9.9161 0.0839 .5 44;0 9.8418 9.8569 9.98-48 0.0152 46.0 

.6 9.8044 9.8868 9.9176 0.0824 .4 .I 9.8,426 9.8562 9.9864 0.0136 .9 

.7 9.8053 9.8862 9.9192 0.0608 .3 .2 9.8433 9.8.555 9.9879 0.0121 .8 

.8 9.8063 9.8855 9.9207 0.0793 .2 .3 9.8441 9.8547 9.9894 0.0106 .7 ,9 9.0072 9.8849 9.9223 o.om .l .4 9.8449 9,8540 9.9909 0.0091 .6 

40.0 9.8081 9.8843 9.9238 0.0762 50.0 .5 9.8457 9.8532 9.9924 0.0076 .5 
.1 9.8090 9.8836 9.9254 0.0746 .9 .6 9.8464 9.6525 9.9939 0.0061 .4 
.2 9.8099 9,8830 9.9269 0.0731 .8 .7 9.8472 9.8517 9.9955 0.0045 .3 

l{ 
9.8108 9.8823 9.9284 0.0716 .7 .8 9.8480 9.8510 9.9970 0.0030 .2 

4 9.8117 9.8817 9.9300 0.0700 .6 .9 9.8487 9.8502 9.9985 0,0015 .1 

5 9,8125 9.8810 9.9315 0.0685 49.5 45.0 9,6495 9.8495 0.0000 0.0000 45.0 ----Leo• I Lain I L cot I L Ian .. L coo I L sin I L cot I Lian I .. 
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Natural logarithms 

' I I , l I -ncllff-
0 1 2 3 4 5 7 I 9 

1 2 3 I 4 5 6 I 7 I 9 

1.0 0.0000 0100 0198 0296 0392 0488 0583 0677 0770 086:I 10 19 29 38 48 57 67 76 86 
I.I 0.0953 1044 1133 1222 1310 1398 1484 1570 1655 1740 9 17 26 35 44 52 61 70 78 
1.2 0.1823 1906 1989 2070 2151 2231 2311 2390 2469 2546 8 16 24 32 40 48 56 64 n 
1.3 0.26Z4 2700 2776 2852 2927 3001 3075 3148 3221 3293 7 15 22 30 37 44 52 59 67 
1.4 0.3365 3436 3507 3517 3646 3716 3784 3853 3920 3988 7 14 21 28 35 41 48 55 62 

1.5 0.4055 4121 4187 4253 4318 4383 4447 45ll {~ 4637 6 13 19 26 32 39 45 52 58 
1.6 0.4700 4762 4824 4886 4947 500! 5068 5128 5247 6 12 18 24 30 36 42 48 al> 
1.7 0.5306 5365 5423 5481 5539 5596 5653 5710 57611 5822 6 11 17 23 29 34 40 46 51 
1.8 0.5878 5933 5988 6043 6098 6152 6206 6259 6313 6366 5 11 16 22 27 32 38 43 49 
1,9 0.6419 6471 6523 6Sl5 6627 6678 6729 6780 6831 6881 5 10 15 20 26 31 36 41 46 

2.0 0.6931 6981 7031 7080 7129 7178 7227 'J275 7324 7372 510 JS 20 24 29 34 39 44 
2.1 0.7419 7467 7514 7561 7608 7655 7701 7747 7793 7839 5 9 14 19 23 28 33 37 42 
2.2 0.7885 7930 7975 0020 8065 8109 8154 8198 8242 8286 4 9 13 18 22 27 31 36 40 
2.3 0.8329 8372 8416 8459 8502 8544 8587 8629 8671 8713 4 9 13 17 21 26 30 34 38 
2.4 ll8755 6796 8838 8879 8920 8961 9002 9042 9083 9123 4 8 12 16 20 24 29 33 37 

2..5 0.9163 9203 9243 9282 9322 9361 9400 1'439 9478 9517 4 8 12 16 20 24 27 31 35 
2.6 0.9555 9594 9632 9670 9708 9746 9783 1'821 9858 9895 4 8 II 15 19 23 26 30 34 
2.7 0.9933 9969 l.0006 0043 0080 0116 0152 0188 0225 0260 4 7 ll 15 18 22 25 29 33 
2.8 1.0296 0332 0367 0403 0438 0473 0508 CiS43 0578 . 0613 4 7 11 14 18 21 25 28 32 
2.9 1.0647 0682 0716 079J 0784 0818 oa52 Ill& 0919 0953 3 7 10 14 17 20 24 27 31 

3.0 1.0986 1019 1053 1086 1119 1151 1184 1217 1249 1282 3 7 10 13 16 20 23 26 30 
3,1 1.1314 1346 1378 1410 1442 1474 1506 1537 1569 1600 3 6 10 13 16 19 22 25 29 
3.2 1.1632 1663 1694 ins 1756 1781 1817 1848 1878 1909 3 6 9 12 15 18 22 25 28 
3.3 1.1939 1969 2000 2030 2060 2090 2119 2149 2179 2208 3 6 9 12 15 18 21 24 27 
3.4 1.2238 2267 2296 2326 2355 238<1 2413 2i442 2470 2499 3 6 9 12 15 17 20 23 26 

3.5 1.2528 2556 2585 2613 2641 2669 2698 2726 2754 2782 3 6 8 11 14 17 20 23 25 
3.6 1.2809 2837 2865 2892 2920 2947 2975 3002 3029 3056 3 5 8 11 14 16 19 22 25 
3.7 1.3083 3110 3137 3164 3191 3218 3244 3271 3297 3324 3 5 8 11 13 16 19 21 24 
3.8 1.3350 3376 3403 3429 3455 3481 3507 8533 3558 3584 3 5 8 10 13 16 18 21 23 
3.9 1.3610 3635 3661 3686 3712 3737 3762 3788 3813 3838 3 5 8 10 13 15 18 20 23 

4.0 1.3863 3888 3913 3938 396Z 3987 401'? 4036 4061 4065 2 5 7 10 12 15 17 20 22 
4.1 1.4110 4134 4159 4183 4207 4231 4255 4279 4303 4327 2 5 7 10 12 14 17 19 22 
4.2 1.43.51 4375 4398 4422 4446 4469 4493 4516 4540 4563 2 5 7 9 12 14 16 19 21 
4.3 l.4586 4609 4433 4656 4679 4700 4725 4748 4770. 4793 2 5 7 9 12 J,4 16 18 21 
4.4 1.4816 4839 4861 4184 4t07 4929 4951 4974 4996 5019 2 5 7 9 11 14 16 18 20 

4.5 1.5041 5063 5085 5187 5129 5151 5173 5195 5217 5239 2 4 7 9 11 13 15 18 20 
4.6 1.5261 5282 5304 5326 5347 5369 5390 5412 5433 5454 2 4 6 9 11 13 15 17 19 
4:7 1.5476 5497 5518 5539 5560 5581 5602 5623 5644 5665 2 4 6 8 11 13 15 17 19 
4.8 1.5686 Sl07 5728 5748 5169 5790 5810 5831 5851 5872 2 4 6 8 10 12 14 16 19 
4.9 1.5892 5913 5933 5953 5974 5994 6014 6034 6054 6074 2 4 6 8 10 12 14 16 18 

5.0 1.6094 6114 6134 6154 6174 6194 6214 6233 6253 6273 2 4 6 8 10 12 14 16 18 
5.1 1.6292 6312 6332 6351 6371 6390 6409 6429 6448 6467 2 4 6 a 10 12 14 16 18 
5.2 1.6487 69J6 6525 4544 6563,6Sll2 6601 6620 6639 6658 2 4 6 a 10 11 13 15 17 
5.3 1.6677 6696 6715 6734 61s2 I 6771 6790 6808 6827 68-15 2 4 6 7 9 11 13 15 17 
5.4 1.6864 6882 6901 6919 6938 I 6956 6974 6'193 7011 7029 2 4 5 7 9 ll 13 15 17 

Natural logarithms of 1o+n 

" 2 3 4 , 6 7 I 9 

2.3026 4.6052 6.9078 9.2103 11.5129 13.8155 16.1181 18.4207 20.7233 
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Natural logarithms continued 

I I I I I I 9 I mean c:lffferencu 
0 1 2 3 4 , 6 I 7 • 1 2 '31 4 ll 61 7 8 9 

' ,., 1.7047 7066 7084 7102 7120 7138 7156 7174 7192 7210 2 4 5 7 9 II I 13 14 16 
5.6 1.7228 7246 7263 7281 7299 7317 7334 7352 7370 7387 2 4 5 7 9 II 12 14 16 
5.7 1.7405 7422 7440 7457 7475 7492 7:t:fi 7527 7544 7561 2 3 5 7 9 10 12 14 16 
5.8 1,7579 7596 7613 7630 7647 7664 7681 7699 7716 7733 2 3 5 7 9 10 12 14 15 
5.9 1.7750 7766 7763 7800 7817 7634 7851 7867 7884 7901 2 3 5 7 8 IO 12 13 15 

6.0 1.7918 7934 7951 7967 7984 8001 8017 8034 8050 8066 2 3 5 7 8 10 12 13 15 
6.l 1.8083 8099 8116 8132 8148 8165 8181 8197 8213 8229 2 3 5 6 8 10 11 13 15 
6.2 1.8245 8262 8278 8294 8310 8326 6342 8358 8374 6390 2 3 5 6 8 10 l1 13 14 
6.3 1.8405 8421 8437 8453 8469 8485 8500 8516 8532 8547 2 3 5 6 8 9 11 13 14 
6.4 1.8563 8579 8594 8610 8625 8641 8656 8672 8687 8703 2 3 5 6 8 9 11 12 14 

6.5 1.8718 8733 8749 8764 8779 8795 8810 8825 8840 8856 2 3 5 6 8 9 11 12 14 
6.6 1.8871 8886 8901 8916 8931 8946 8961 8976 8991 9006 2 3 5 6 8 9 11 12 14 
6.7 1.9021 9036 9051 9066 9081 9095 9110 9125 9140 9155 1 3 4 6 7 9 10 12 13 
6.8 1.9169 9184 9199 9213 9228 9242 9257 9272 9286 9301 I 3 4 6 7 9 10 12 13 
6.9 1.9315 9330 9344 9359 9373 9387 9402 9416 9430 9445 l 3 4 6 7 9 ]0 12 13 

7.0 1.9459 9473 9488 9502 9516 9530 9544 9559 9573 9/5137 l 3 4 6 7 9 10 II 13 
7.1 1.9601 9615 9629 9643 9657 9671 9685 9699 9713 9727 l 3 4 6 7 8 10 11 13 
7.2 l.9741 9755 9769 9782 9796 9810 9824 9838 9851 9865 l 3 4 6 7 8 10 11 12 
7.3 1.9879 9892 9906 9920 9933 9947 9961 9974 9988 2.0001 1 3 4 5 7 8 10 11 12 
7.4 2.0015 0028 0042 0055 0069 0082 0096 0109 0122 0136 1 3 4 5 7 8 9 1l 12 

7.5 2.0149 0162 0176 0189 0202 0215 0229 0242 0255 0268 1 3 4 5 7 8 9 II 12 
7.6 2,0281 0295 0308 0321 0334 0347 0360 0373 0386 0399 1 3 4 5 7 8 9 10 12 
7.7 2.0412 0425 0438 0451 0464 0477 0490 0503 0516 0528 I 3 4 5 6 6 9 10 12 
7.8 20541 0554 0567 0580 0592 0605 0618 0631 0643 0656 1 3 4 5 6 8 9 10 1l 
7.9 2.0669 0681 0694 0707 0719 0732 0744 0757 0769 0782 1 3 4 5 6 8 9 10 11 

8.0 2.0794 0807 0819 0832 0844 0657 0869 0882 0894 0906 1 3 4 5 6 7 9 10 1l 
8.1 2.0919 0931 0943 0956 0968 0980 0992 1005 1017 1029 1 2 4 5 6 7 9 IO 11 
6.2 2.1041 1054 1066 1076 1090 1102 1114 1126 1138. 1150 1 2 4 5 6 7 9 10 II 
8.3 2.1163 1175 1187 1199 1211 1223 1235 1247 12/5/311270 l 2 4 5 6 7 8 10 II 
8.4 2.1282 1294 1306 1318 1330 1342 1353 1365 1377 1389 I 2 4 5 6 7 8 9 II 

8.5 2.1401 1412 1424 1436 1448 1459 1471 1483 1494 ! 1506 1 2 4 5 6 7 s 9 11 
6.6 2.1518 1529 1541 1552 1564 1576 1587 1599 1610 1622 I 2 3 5 6 7 8 9 10 
8.7 2.1633 1645 1656 1668 1679 1691 1702 1713 1725 1736 1 2 3 5 6 7 8 9 10 
8.8 2.1748 1759 1770 1762 1793 1804 1815 1827 1838 1849 1 2 3 5 6 7 8 9 10 
8.9 2.1661 1872 1863 1894 1905 1917 1928 1939 1950 1961 1 2 3 4 6 7 8 9 10 

9.0 2.1972 1983 1994 2006 2017 2028 2039 2050 2061 2072 I 2 3 4 6 7 8 9 10 
9.1 2.2083 2094 2105 2116 2127 2138 2148 2159 2170 2161 1 2 3 4 5 7 6 9 10 
9.2 22192 2203 2214 2225 2235 2246 2257 2268 2279 2289 1 2 3 4 5 6 8 9 10 
9.3 2.2300 2311 2322 2332 2343 2354 2364 2375 2386 2396 I 2 3 4 5 6 7 9 10 
9.4 2.2407 2416 2428 2439 2450 2460 2471 2481 2492 2502 I 2 3 4 5 6 7 8 10 

9.5 2.2513 2523 2534 2544 2555 2565 2576 2586 2597 2607 l 2 3 4 5 6 7 8 9 
9.6 2.2616 2628 2638 2649 2659 2670 2680 2690 2701 2711 I 2 3 4 5 6 7 s 9 
9.7 2.2721 2732 2742 2752 2762 2773 2783 2793 2803 2814 I 2 3 4 5 6 7 8 9 
9.8 ~~I~ 2844 2854 2865 2875 2885 2895 2905 2915 1 2 3 4 5 6 7 8 9 
9.9 2946 2956 2966 2976 2986 2996 3006 3016 I 2 3 4 5 6 7 8 9 

o.o 2.3026 : 

Natural logarithms of 10-n 

• 2 3 4 I , 6 7 8 9 

log, 10-• l 3.6974 i3948 7.0922 I 
10.7897 I 12.4871 14.1845 17.8819 19.5793 21.2767 
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Logarithms to base 2 and powers of 2 

,c 1092 ,c y 211 

0.1 -3.32193 0.1 1.072 

0.2 -2.32193 0.2 l.149 

0.3 -1.73697 0.3 1.231 

0.4 -1.32193 0.4 1.320 
0.5 1.414 

0.5 -1.00000 0.6 1.515 
0.6 -0.73697 0.7 l.625 
0.7 -0.51458 0.8 1.74 l 
0.8 -0.32193 0.9 1.866 
0.9 -0.15200 1 2 
1.0 0.00000 2 4 
1.1 0.13749 3 8 

1.2 0.26303 4 16 

1.3 0.37850 5 32 

1.4 0.48543 6 64 
7 128 

1.5 0.58496 8 256 
1.6 0.67807 9 512 
1.7 0.76554 10 1 024 
1.8 0.84798 11 2 048 
1.9 0.92599 12 4 096 
2.0 1.00000 13 8 192 

10 3.32193 14 16 384 

100 6.64386 15 32 768 

1000 9.96578 16 65 536 
17 131 072 
18 262 144 

211 y 19 524 288 
20 1 048 576 

1092 x = 1092 JO lo91ox = lo92e log,x 
21 2 097 152 
22 4 194 304 
23 8 388 608 

7 = ell log, 2 = 1011 log10 2 24 16 777 216 
25 33 554 432 

l092 10 = 3.32193 = 1/10910 2 
26 67 108 864 
27 134 217 728 
28 268 435 456 

l0910 2 = 0.30103 = 1/1092 10 29 536 870 912 
30 1073 741824 

1092 e 1.44269 = 1/log, 2 
31 2 147 483 648 
32 4 294 967 296 

log. 2 = 0.69315 = 1/1092 e 1092 ,c JC 
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Hyperbolic sines (sinh x = ½le"' 

X I 0 2 3 4 5 6 7 8 

o.o 0.0000 0.0100 0.0200 omoo ; 0.0400 0.0500 0.0600 0.0701 0.0601 0.0901 I 100 
.1 0.1002 0.1102 0,1200 0.1304 0.1405 0.1506 0.1607 0.1708 0.1810 0.1911 10\ 
.2 0.2013 0.2115 0:2218 0.2320 0.2423 0.2526 0:26'29 0.2733 0.2837 0.2941 103 
.3 0.3045 0.3150 0.3255 0.3360 0.3466 0.3572 0.3678 0-3785 0.3892 0.4000 106 
.4 0.4108 0.4216 0,4325 0.4434 0.4543 0.4653 0.4764 0.4875 0.4986 0.5098 110 

0.5 0.5211 0.5324 0,5438 0.5552 0.5666 0.5782 0.5897 0,6014 0.6131 0.6248 116 
.6 0.6367 0.6485 0.6605 0.6725 0.6846 0.6967 0.7090 0.7213 0.7336 0.7461 122 
.7 0.7586 0.7712 0.7838 0.7966 0.8094 0.8223 0.8353 0.8484 0.8615 0.8748 130 
.8 0.8881 0.9015 0.9150 0.9286 0.9423 0.9561 0.9700 0.9840 0.9981 1.012 138 
.9 1.027 1.041 l.055 1.070 l.085 1.099 1.114 1.129 1.145 1.160 15 

1.0 1.175 1.191 l.206 1.m 1.238 1.254 1.270 1.286 1.303 1.319 16 
.I 1.336 1.352 l.369 l.386 1.403 1.421 1A38 1.456 1.474 1.491 17 
.2 1.509 1.528 l.546 1.564 l.583 l.60'2 1.621 1.640 1.659 1.679 19 
.3 1.698 l.718 1.738 l.758 l.779 l.799 1,820 l.841 l.862 l.883 21 
.4 1.904 1.926 1.948 l.970 1.992 2.014 2.037 2.060 2.083 2.106 22 

UI 2.129 '2.153 2.177 2.'201 I 2.225 2.250 2.274 2.299 2.324 2.350 25 
.6 2.376 2.401 2.428 2.454 2.481 2.507 2.535 2.562 2.590 2.617 27 
.7 2.646 2.674 2.700 2.732 2.761 2.790 2.820 2.850 2.881 2.911 30 
.8 2.942 2.973 3.005 3.037 3.069 3.101 3.134 3.167 3.200 3.234 33 
.9 3.268 3.303 3.337 3.372 3.408 3.443 3.479 3,516 3.552 3.589 36 

2.0 3.627 3.665 3.703 3.7•1 3.780 3.820 3.859 3.899 3.940 3.981 39 
.1 4.022 4.064 4.106 4.143 4.191 4.234 4.278 4.322 4.367 4.412 44 
.2 4.457 4.503 4.549 4.596 4.643 4.691 4.739 4.788 4.837 4.887 48 
.3 4.937 4.988 5.039 5.090 5.142 5.195 5.248 5.302 5.356 5.411 53 
.4 5.466 5.522 5.578 5.635 5.693 5.751 5.810 5.869 5.929 5.989 58 

1 

2.5 6.050 6.112 6.174 6.237 6.300 6.365 6.429 6.495 6.561 6.627 64 
.6 6.695 6.763 6.831 6.901 6.971 7.042 7.113 7.185 7.258 7.332 71 
.7 7.406 7.481 7.557 7.634 7.711 7.789 7.868 7.948 6.028 6.110 79 
.8 8.192 8.275 8.359 8.443 8.529 8.615 8.702 8.790 8.879 8.969 87 
.9 9.060 9.151 9.244 9.337 9.431 9.527 9.623 9.720 9.819 9.918 96 

3.0 10.02 10.12 10.22 10.32 10.43 10.53 10.64 10.75 10.86 10.97 11 
.] ll.08 11.19 ll.30 11.42 11.53 11.65 11.76 11.88 12.00 12.12 12 
.2 12.25 12.37 12.49 , 12.62 12.75 12.88 13.0l 13.14 13.27 13.40 13 
.3 13.54 13.67 13.81 13.95 14.09 14.23 14.38 14.52 14.67 14.82 14 
.4 14.97 15.12 15.27 15.42 15.58 15.73 15.89 16.05 16.21 16.38 16 

3.5 16.54 16.71 16,88 17.05 17.22 ''17.39 17.57 17.74 17.92 18.10 17 
.6 18.29 18.47 18.66 18.84 19.03 .19.22 19.42 19.61 19.81 20.01 19 
.7 20.21 20.41 20.62 20.83 21.04 21.25 21.46 71.68 21.90 22.12 21 
.8 22.34 22.56 22.79 23.02 , 23.25 23.49 23.72 23.96 24.20 24.45 24 
,9 24.69 24.94 25.19 25.44 25.70 25.96 26.22 26.48 26.75 27.02 26 

4.0 27.29 27.56 27.84 26.12 28.40 28.69 28.98 29.27 29.56 29.86 29 
.1 30.16 30.47 30.77 3h08 31.39 31.71 32.03 32.35 ·32.68 33.00 32 
.2 33.34 33.67 34.01 34.35 34.70 35.05 35.40 35.75 36.11 36.48 35 
.3 36.84 37.21 37.59 37.97 38.35 38.73 39.12 39.52 39.91 40.31 39 
.4 40.72 41.13 41.54 41.96 42.38 42.81 43.24 43.67 44.11 44.56 43 

4.S 45.00 45.46 45.91 46.37 46.84 47.31 47.79 48.27 . 48.75 49.24 47 
.6 49.74 50.24 50.74 51.25 51.77 52.29 52.81 53.34 53.88 54.42 52 
.7 54.97 55.52 56.08 56.64 57.21 57.79 58.37 58.96 59.5.'i 60.15 58 
.8 60.75 61.36 61.98 62.60 63.23 63.87 64.51 65.16 65.81 66.47 64 
.9 67.14 67.82 68.50 69.19 69.88 i 70.58 

71.29 72.01 72.73 73.46 71 

5.0, 74.20 : 

II x > 5, sinh x = ½ le"l ond 10910 slnh x = 10.4343lx + 0.6990 - 1, correct to four signifi. 
cont figures. 
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Hyperbolic cosines [cosh x = ½le" + e-"l] 

xi 0 2 I 4 I 6 

D.O 1.000 1.000 l.000 l.000 l.001 l.00! 1.()02 

.I 1.()05 1.()06 1.007 1.008 1.010 I.OH 1.013 

.2 1.000 l.022 l.024 1.027 l.()'29 l.031 1.034 

.3 1.045 1.048 1.052 1.055 1.0511 l.062 1.066 

.4 l.081 l.085 l.090 1.094 1.098 l.103 1.108 

0 .s 1.128 1.133 1,138 1.144 l.149 1.\55 l.161 
.6 UBS 1.192 1.198 1.205 l.212 l.219 1.226 
J 1.255 1.263 1.271 1.278 l.287 1.295 l.303 
,8 1.337 l.J.46 1.355 1.365 1.374 1.384 1.393 
.9 1.433 1.443 1.454 1.465 1.475 1.486 1.497 

1.0 1..543 1.555 1.567 1.579 1.591 l.604 l.616 
.I 1.669 l.682 1.696 1.709 1.723 1.737 1.752 
.2 1.811 l.826 l.841 1.857 1.872 1.888 1.905 
.3 1.971 1.988 2.00.S 2.023 2.040 2.058 2.076 
.4 2.151 2.170 2.189 2,209 2.229 2.249 2.269 

1., 2352 2.374 2.395 2.417 2.439 2.462 2.484 
.6 2.Sl7 2.601 2.625 2.650 2.675 2.700 2.725 
J 2.828 2.855 2.882 2.909 2.936 2.964 2.992 
.8 3.107 3.137 3.167 3.197 3.228 3.259 3.290 
.9 3.418 3,451 3.484 3.517 3.551 3.585 3.620 

3.762 3.799 3.835 3.873 3.910 3.948 3.987 
.l 4.144 4.11!5 4.226 4.267 4.309 4.351 4.393 
.2 4.568 4.613 4.6511 4.704 4.750 4.797 4.844 
.3 5,037 5.087 5.137 5,188 5.239 5.290 5.343 
.4 5.557 5.612 5.667 5.723 5.780 5.837 5.895 

2 ., 6.132 6.193 6.255 6.317 6.379 6.443 6.507 
.6 6.769 6.836 6.904 6.973 7.042 7.112 7.183 
.7 7,473 7.548 7.623 7.699 7.776 7.853 7.932 
.8 8.253 8.335 8.418 8.502 8.5117 8.673 8.759 
.9 9,115 9.206 9.298 9.391 9.484 9.579 9.675 

3 .0 10.07 10,17 10,27 10.37 10.48 10.58 10.69 
.l 11.12 11.23 11.35 11.46 11.57 11.69 11.81 
.2 12.29 12.41 12.53 12.66 12.79 12.91 13.04 
.3 13.57 13.71 13.85 13.99 14.13 14.27 14.41 
.4 15,00 15.15 15.30 15.45 15.61 15.77 15.92 

16.57 16.74 16.91 17.08 17.25 17.42 17.60 
.6 18.31 18.50 18.68 18.87 19.06 19.25 19.44 
.7 20.24 20.44 20,64 20.85 21.06 21.27 21.49 
.8 22.36 22.59 22.81 23.04 23.27 23.51 23.74 
.9 24.71 24.96 25.21 25.46 25J2 25.98 26.24 

27.31 27.58 27.86 28.14 28,42 28.71 29.00 
.1 30.18 30.48 30.79 31.10 31.41 31.72 32.04 
.2 33.35 33.69 34.00 34.37 34.71 35,06 35.41 
.3 36.86 37.23 37.60 37,98 38.36 38.75 39.13 
.4 40.73 41.14 41.55 41,97 42.39 42.82 43.25 

4 ., 45.01 45.47 45,92 46.38 46.85 47.32 47,80 
.6 49J5 50.25 50.75 51.26 51.78 52.30 52.82 
.7 54.98 55.53 56.09 56.65 57.22 57.80 58.38 
.8 60.76 61.37 61.99 62.61 63.24 63.87 64.52 
.9 67.15 67.82 68.50 69.19 69.89 70.59 71.30 

, .o 74.21 

1 • 
1.()02 1.1)03 
l.014 l.016 
1.037 1.039 
1.069 1.073 
1.112 l.117 

l.167 1.173 
1.233 1.240 
1.311 1.320 
1.403 1.413 
1.509 1.520 

um 1.642 
1.766 1.781 
1.921 1.937 
2.095 2.113 
2.290 2.310 

um 2.530 
2.750 2.776 
3.021 3.049 
3.321 3.353 
3.655 3.690 

4.026 4.065 
4.436 4.480 
4.891 4.939 
5.395 5.449 
5.954 6.013 

6.571 6.636 
7.255 7.327 
8.011 8.091 
8.847 8.935 
9.m 9.869 

10.79 10.90 
11.92 12.04 
13.17 13.31 
14.56 14.70 
16.08 16.25 

17.77 17.95 
19.64 19.84 
21.70 21.92 
23.98 24.22 
26.50 26.77 

29.29 29.58 
32,37 32.69 
35:77 36.13 
39.53 39.93 
43.68 44.12 

48.28 48.76 
53.35 53.89 
58.96 59.56 
65.16 65.82 

I 72.02 72.74 

I 

9 

1.004 
1.018 
l.042 
1.077 
1.122 

1.179 
l.248 
1.329 
1.423 
1.531 

1.655 
1,796 
1.954 
2.132 
2.331 

2.554 
2.802 
3.078 
3.385 
3.726 

4.104 
4.524 
4.988 
5.503 
6.072 

6:702 
7.400 
8.171 
9.024 
9.968 

ll.01 
12.16 
13.44 
14.85 
16.41 

18.13 
20.03 
22.14 
24.47 
27.04 

29.88 
33.02 
36,49 
40.33 
44.57 

49.25 
54.43 
60.15 
66.48 

I 73.47 

I 

I avg 
dllf 

l 
2 
3 
4 
5 

6 
7 
B 

10 
11 

13 
14 
16 
18 
20 

23 
25 
28 
31 
34 

38 
42 
47 
52 
511 

64 
70 
78 
86 
95 

ii 
12 
13 
14 
16 

17 
19 
21 
23 
26 

29 
32 
35 
39 
43 

47 
52 
58 
64 
71 

If x > 5, cosh x = ½. le•), and 10910 cash x = I0.4343lx + 0.6990 - I, correct to four signifi
cant figures. 
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Hyperbolic tangents {tanh x= le"'-e-"'J/le"+e-'"I =sinh x/cosh x] 

2 3 4 

o.o .0000 ,0100 ,0200 .0300 .0400 
.1 .0997 .1096 .1194 .1293 ,1391 
.2 .1974 .2070 .2165 .2260 .2355 
.3 .2913 .3004 .3095 .3185 .3275 
.4 .3800 .3885 .'.YJ69 .4053 .4136 

0.5 .4621 .4700 .,;JT/ .4854 .4930 
,6 .$370 .5441 .5511 .5581 .5649 
.7 .6044 .6107 .6169 .6231 .6291 
.a .6640 .6696 .6751 .6805 .6858 
.9 .7163 .7211 .7259 .7306 .7352 

1.0 .7616 .76!<1 J699 ,7739 .7779 
.I .8005 .8041 J!IJ76 .8110 .8144 
.2 .8337 .8367 .8397 .8426 .8455 
.3 .8617 .8643 .8668 .8693 .8717 
.4 .8854 .8875 Jl!96 ,8917 .8937 

u .9052 .9069 ,90/!,7 .9104 .9121 
.6 .9217 .9232 .9.246 .9261 .9275 
.7 .9354 .9367 .9379 .9391 .9402 
.8 .9468 .9478 .9488 .9498 .9508 
.9 ,9562 ,9571 .9S!9 .9587 .9595 

2.0 .9640 .9647 .9654 .9661 ,9668 
.I .9705 .9710 .9716 .97ZI. .9727 
.2 ,9757 ,9762 :11,1 .9771 .9776 
.3 .9801 .9805 .9809 .9812 .9816 
.4 .9837 .9840 .9843 ,9846 .9849 

2.S .9866 .9869 .9871 .9874 .9876 
.6 .9890 .9892 .9895 ,9897 .9899 
.7 .9910 .9912 .9914 .9915 .9917 
.8 .9926 .9928 .9929 ,9931 .9932 
.9 .9940 .9941 .'1942 .9943 .9944 

:s.o ,9951 .9959 .9967 .9973 .9978 
4.0 .9993 I .9995 .9996 .9996 .9997 ,.o .9999 

., 6 7 

.0500 .Of/,9 .0699 

.1489 .1587 .1684 

.2449 .2543 .2636 

.3364 .3452 .3540 

.4219 .4301 .4382 

.5005 .5080 .5154 

..5717 .5784 .5850 

.6352 .6411 .6469 

.. m .6963 .7014 

.7398 .7443 .7487 

.7818 J857 .7895 

.8178 .8210 .8243 

.8483 .85ll .8538 

.8741 .8764 $787 

.8957 .S,77 .8996 

.9138 .9154 .9170 

.9289 .9302 .9316 
,9414 .9425 .9436 
.9518 .9527 .9536 
.9603 ,9611 .9619 

.9674 .9680 .9687 
,9732 .9738 .9743 
.9780 .9785 .9789 
.9820 .9823 .9827 
.9852 .9855 .9858 

.9879 .9881 .9884 
,9901 .9903 .9905 
.9919 .9920 .9922 
.9933 ,9935 .9936 
.9945 .9946 .9947 

.9982 ,9985 .9988 

.9998 .9998 .9998 

a ' 
.0798 .()898 
.1781 .1878 
.2729 .2821 
.3627 .3714 
.4462 .4542 

.5Zl.7 .5299 

.5915 .5980 

.6527 .6584 

.7064 .71U 

.7531 ,7574 

.7932 .7969 

.8275 .8306 

.8565 .8591 

.8810 .8832 

.9015 .9033 

.9186 .9202 

.9329 .9342 

.9447 .9458 
,9545 .9554 
.9626 .9633 

,9693 .9699 
.9748 .9753 
.9793 .9797 
.9830 .9834 
.9861 .9863 

.9886 .9888 

.9906 .9908 

.9923 .9925 

.9937 .9938 

.9949 .9950 

.9990 .9992 

.9999 .9999 

I .... dltf 

100 
98 
94 
89 
82 

75 
67 
60 
52 
45 

39 
33 
28 
24 
20 

17 
14 
11 
9 
8 

6 
5 
4 
4 
3 

2 
2 
2 
I 
l 

4 
1 

11 x > 5, tonh x = 1.0000 to four d&eimol places. 

Multiples of 0.4343 {0.43429448 = log1o e) 

X I o 2 3 4 • 6 7 8 9 
I 

0.0 0.0000 0.0434 0.0869 0.1303 0.1737 0.2l7l 0.2606 0.3040 i 0.3474 0.3909 
1.0 0.4343 0.4777 0.5212 0.5646 0.6080 0.6514 0.6949 0.7383 I 0.7817 0.8252 
2,0 0.8686 0.9120 0.9554 0.9989 Ul423 1.0857 1.1292 1.1726 1.2160 1.2595 
3.0 1.3029 1.3463 1.3897 l,4332 1.4766 1,5200 1.5635 1.6069 1.6503 1.6937 
4.0 1.7372 1.7806 1.82-40 l.8675 1.9109 1.9543 1.9978 2.0412 2.0846 2.1280 

,.o 2,1715 2.2149 2.2583 2.3018 2.3452 2.3886 2.4320 2.4755 2.5189 2.5623 
6.0 2.6058 2.6492 2.6926 2.7361 2.7795 2.8229 2.8663 2.9098 2.9532 2.9966 
7.0 3.0401 3.0835 3.1269 3.1703 3.2138 3.2572 3.3006 3.3441 3.3875 3.4309 
8.0 3.4744 3.5178 3.5612 3.6046 3.4481 3.6915 3.7349 3.7784 3.8218 3.8652 
9.0 3.9087 3.9521 3.9955 4.0389 4.0824 4.1258 4.1692 4.2127 4.2561 4.2995 

Multiples of 2.3026 {2.3025851 = 1/0.4343 = log. 10} 
X I 0 I I I 2 3 4 I ., 6 I 7 I a I 9 

o.o 0.0000 0.2303 0.4605 0.6908 0.9210 1.1513 1.3816 1.6118 1.8421 2.0723 
1.0 2.3026 2.5328 2.7631 2.9934 3.2236 3.4539 3.6841 3.9144 4.1447 4.3749 
2.0 4.6052 4.8354 5.0657 5.29!11 5.5262 5.7565 5.9867 6.2170 6.4472 6.6715 
3.0 6.9078 7.1380 7.3683 7.5985 7.8288 8.0S?O 8.2893 8.5196 8.7498 8.9801 
4.0 9.2103 9.4406 9.6709 9.9011 10.131 10.362 10.592 10.8ZI. 11.052 11.283 

,.o 11.513 11.743 11.973 12.204 12.434 12.664 12.894 13.125 13.355 13 . .585 
6.0 13.816 14.046 14.276 14.506 14.737 1-'.967 15.197 15.427 15.658 15.888 
7.0 16.118 16.348 16.579 16.809 17.039 17.269 17.500 17.730 17.960 18.190 ,.o 18.421 18.651 18.881 19.111 19.342 19.572 19.802 20.032 20.263 20.493 
9.0 20.723 20.954 21.184 21.414 21.644 21.875 22.105 Z/..335 Zl..565 Zl..796 



Table of random digits* 

49 31 97 45 80 57 47 01 46 00 57 16 83 04 58 23 89 20 78 25 18 53 20 38 74 66 22 07 90 50 29 22 37 05 41 6711584584 
88 78 67 69 63 12 12 72 50 14 71 88 66 53 34 38 01 30 93 79 22 93 62 20 58 49 17 11 10 27 22 68 18 01 10 31 59 50 92 46 
84 86 69 52 02 43 98 37 26 55 40 41 85 95 04 52 38 30 72 32 66 39 77 65 10 81 15 00 07 04 74 58 09 03 54 43 74 42 21 78 
1184926482 20 46 19 94 50 28 83 37 66 61 47 27 79 29 35 89 73 02 32 72 65 42 03 50 91 69 09 37 13 64 08 10 79 69 52 
54 96 61 75 94 57 39 37 32 67 37 88 36 21 24 62 19 94 95 42 81 82 17 53 23 96 06 89 17 24 40 45 69 12 34 58 09 06 53 42 
10 95 93 33 49 80 71 99 67 51 44 88 23 35 92 66 23 41 38 21 94 37 78 25 54 53 58 61 14 32 72 92 76 73 49 83 96 25 89 12 
22 78 40 77 83 35 90 30 00 91 19 08 21 38 73 07 18 42 15 66 68 48 54 99 91 53 16 51 98 65 61 86 93 30 93 81 12 90 64 81 
Ill> 03 76 17 91 33 81 56 39 68 45 31 62 92 83 89 31 85 58 06 07 33 00 71 84 86 78 86 45 77 40 04 81 65 20 07 63 81 07 97 
60 03 76 50 89 85 91 97 43 91 22 78 85 54 33 31 18 87 48 82 10 99 31 49 30 35 07 23 64 29 68 77 39 76 69 28 65 68 99 38 
72 75 18 43 59 15 76 91 36 15 08 29 38 61 93 05 02 62 12 55 20 80 11 51 78 64 45 38 33 57 09 77 43 07 51 49 74 01 13 85 

79 24 13 53 47 66 85 17 92 47 46 13 93 66 89 82 58 71 35 86 93 36 91 30 44 69 68 67 81 62 66 37 80 29 19 34 01 25 00 80 
43 59 33 95 55 97 34 55 84 94 26 56 69 53 23 32 99 38 99 88 19 36 05 50 49 94 95 17 63 41 84 01 93 06 90 25 65 67 29 96 
29 52 26 27 13 3370117186 06 76 55 71 41 48 61 71 82 82 47 79 88 98 90 06 89 36 54 83 17 70 12 12 92 14 88 01 53 86 
88 83 64 72 90 67 27 47 83 62 35 38 49 03 80 12 31 78 97 02 69 22 33 20 07 03 51 36 11 49 32 54 69 20 72 62 52 22 15 04 
65 90 56 62 53 91 48 23 06 89 49 33 37 84 82 36 19 91 13 55 34 51 15 07 21 84 85 03 41 59 97 13 86 19 19 97 78 92 85 75 
44 79 86 93 71 07 86 59 17 56 45 59 51 40 44 56 80 69 91 26 54 03 15 93 29 .58 96 35 22 20 35 29 22 79 24 55 46 74 30 36 
35 51 09 91 39 32 03 12 79 25 79 81 91 50 54 76 17 41 22 06 66 72 28 55 15 04 72 39 24 1l 02 73 70 81 68 30 04 36 34 50 
®12593223 64 20 94 97 14 11 97 16 22 34 74 85 74 64 01 71 05 90 74 96 38 40 41 81 26 28 26 13 78 44 12 54 31 43 98 
25 17 39 00 38 63 87 14 04 18 11 45 28 93 18 53 08 42 19 93 45 47 88 60 66 31 13 53 32 43 80 57 33 06 06 48 64 45 30 08 
68 45 99 00 94 44 99 59 37 18 38 74 68 12 71 96 26 09 81 37 97 24 69 11 21 89 43 72 03 93 77 15 38 85 52 26 84 31 28 44 

22 98 22 59 36 96 41 73 48 45 85 14 95 75 04 15 05 93 68 49 84 98 36 83 12 25 51 95 61 58 86 30 00 76 89 14 00 67 77 53 
48 24 36 29 93 47 13 28 52 48 35 22 97 28 37 36 75 27 16 55 35 55 40 29 35 72 88 96 87 72 19 85 03 96 50 65 22 21 55 63 
93 51 41 49 15 67 96 08 22 03 40 11 72 43 46 32 18 98 70 74 04 36 81 76 32 50 96 27 19 08 94 46 46 64 32 62 24 31 36 74 
69 70 79 83 03 93 06 91 62 16 60 87 59 75 45 68 65 29 21 60 81 31 16 04 79 69 98 53 09 52 23 92 14 97 30 21 71 89 23 14 
87 46 79 17 94 70 81 41 27 43 03 76 93 25 51 74 80 14 16 92 03 82 38 98 87 55 82 87 44 52 72 77 52 37 16 42 85 37 47 93 
81 00 68 14 98 59 37 53 05 02 94 07 79 22 09 31 50 66 96 06 80 42 26 54 37 38 79 75 62 61 27 81 64 67 04 82 73 50 33 39 
15 45 88 14 81 50 18 74 33 75 94 37 60 06 66 94 14 52 23 99 61 30 74 94 68 43 34 44 37 00 20 20 77 70 88 17 16 72 45 31 
33 46 91 25 10 23 09 54 80 16 42 35 41 13 47 90 92 00 38 64 83 87 38 25 57 10 00 28 00 93 59 28 30 44 94 60 72 52 14 31 
67 19 80 71 76 65 99 61 83 17 81 14 94 32 91 10 81 74 43 48 38 11 01 68 55 28 92 29 37 .58 88 73 13 63 16 51 38 35 76 19 
58 03 79 22 61 85 50 45 56 90 10 63 17 82 38 00 15 74 62 59 4389291189 87 22 65 69 35 84 76 26 79 36 75 00 00 17 95 

93 68 30 96 64 53 92 74 98 85 20 75 49 23 55 57 95 51 09 40 14 95 42 22 99 40 15 65 26 85 29 22 33 83 83 30 31 57 09 99 
32 74 80 21 21 11 97 29 69 14 28 06 56 95 64 06 83 55 68 45 01 71 19 84 39 09 44 63 39 37 49 09 54 02 38 81 69 71 24 74 
49 21 19 29 63 38 62 56 53 12 62 17 57 33 53 84 97 21 77 26 62 32 85 53 28 45 73 89 39 40 27 46 62 69 27 53 34 51 13 79 
63 36 56 42 24 69 47 55 75 12 II 04 45 04 83 68 82 19 74 26 73 00 46 21 09 81 90 77 10 77 57 46 37 00 45 65 12 34 90 70 
63 57 62 63 73 44 61 04 37 48 00 33 16 34 22 99 62 27 67 57 34 21 88 94 45 05 60 95 23 36 50 55 89 22 42 52 73 28 15 02 
41 07 84 70 36 65 52 46 84 66 67 15 72 64 19 37 97 81 65 11 99 15 90 19 68 45 88 68 68 75 28 41 39 59 18 44 15 64 69 59 
70 84 68 95 58 64 17 31 53 81 87 71 35 08 41 46 27 02 65 08 92 85 82 99 49 15 81 79 33 72 56 65 74 31 93 58 13 05 42 73 
68 80 06 44 92 20 16 23 27 07 10 28 18 25 25 74 15 .58 67 49 27 39 69 74 77 65 55 47 16 01 13 l2 16 88 67 95 76 35 96 67 
44 97 78 95 25 51 26 96 37 47 91 36 77 40 33 67 02 06 90 92 37 IO 34 53 09 30 12 94 33 80 96 99 68 93 56 22 78 46 01 84 
79 35 46 38 47 24 39 55 36 79 40 56 03 69 14 69 17 63 19 18 57 34 79 70 12 48 42 82 06 06 60 74 22 22 26 89 99 32 45 97 

* Reprinted by permission from "The Compleat Strategyst," by J. D. Williams. Copyright, 1954. McGraw-Hill Book Company, Inc. 
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Exponentials [e" and e-"J 

n I .. dlff I n I •• dlff I II I -~ l"'l 

o.oo l.OOO 10 0~1 1.649 16 1.0 2.718 
.01 1.010 10 .51 1.665 17 ,I 3.004 
.02 1.020 10 .52 l.682 17 .2 3.320 
.03 1.030 11 .53 1.699 17 .3 3.669 
.04 1.041 10 .54 l.716 17 .4 4.055 

OM 1.051 1I o.n 1.733 18 u 4.482 
.06 l.062 ll .56 l.751 17 .6 4.953 
.07 1.073 JO .57 1.768 18 .7 5.474 
.08 1.083 11 .58 1.786 18 .8 6.050 
.09 1.094 II .59 1.804 18 .9 6.686 

0.10 1.105 II 0,60 1.822 18 2.0 7.389 
.11 1.116 ll ,61 1.840 19 .I 8.166 
.12 1.1 27 12 .62 1.859 19 .2 9.025 
.13 1.139 11 .63 1.878 18 .3 9.974 
.14 1.150 l2 .64 1.896 20 .4 11.02 

0.1' 1.162 12 0.65 l.916 19 2,9 12.18 
.16 1.174 ll .66 1.935 19 .6 13.46 
.17 1.185 12 .67 1.954 20 .7 14.88 
.18 1.197 12 .68 1.974 20 .8 16.44 
.19 1.209 l2 .69 1.994 20 .9 18.17 

0.20 1.221 13 0.70 2.014 20 3.0 20.09 
.21 1.234 12 .71 2.034 20 .l 22.20 
.22 1.246 13 .72 2.054 21 .2 24.53 
.23 1.259 12 .73 2.075 21 .3 27.11 
.24 1.271 13 .74 2,096 21 .4 29.96 

0.29 1.284 13 0.75 2.117 21 3.9 33.12 
.26 1.297 13 .76 2.138 22 .6 36.60 
.27 1.310 13 .77 2.160 21 .7 40.45 
.28 1.323 13 ,78 2.181 22 .8 44.70 
.29 1.336 14 .79 2.203 23 .9 49.40 

0.30 1.350 13 o.ao 2.226 22 4.0 54.60 
.31 1.363 14 .81 2.248 22 .I 60.34 
.32 1.377 14 .82 2270 23 .2 66.69 
.33 1.391 14 .83 2.293 23 .3 73.70 
.34 1.405 14 .84 2.316 24 .4 81.45 

; 
0.35 1.419 14 o.B5 2.340 23 4,9 90.02 

.36 1.433 15 .86 2.363 24 

.37 1.44B 14 .87 2.387 24 5,0 148.4 

.38 1.462 15 .88 2.411 24 6.0 403.4 

.39 l.4l7 15 .89 2.435 25 7.0 1097. 

0.40 1.492 15 0.90 2.460 24 8.0 2981. 
.41 1.507 15 .91 2.484 25 9.0 8103. 
.42 1.522 15 .92 2.509 26 10.0 22026. 
.43 1.537 16 .93 2,535 25 
.44 1.553 15 .94 2.560 26 .-/2 4.810 

2.-/2 23.14 
0.49 l.568 16 0,99 2.5136 26 3.-/2 111.3 

.46 l.5S4 16 .96 2.612 26 4.-/2 535.5 

.47 l.600 16 .97 2.638 26 5.-/2 2576. 

.48 1.616 l6 .98 2.664 27 611/2 12392. 

.49 1.632 17 .99 2.691 27 711/2 59610. 
&,r/2 286751. 

0.50 1.649 1.00 2.718 

• Note: Do not interpolate in this column. 
Properties of e ore listed on p. 1040. 
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II I ..... diff I n ..... I ft I ..... l"l 

0.00 1.000_10 0.50 .607 1.0 .368 
,01 0.990_10 .51 .600 .I .333 
.02 .980_10 .52 .595 .2 .301 
.03 .970_ 9 .53 .589 .3 .273 
.04 .961_10 .54 .583 .4 .247 

0.09 .951 _ 
9 o.n .577 1.9 .223 

.06 .942_10 .56 .571 .6 .202 

.07 .932_ 9 .57 .566 .7 .183 

.08 .923_ 9 .58 .560 .8 .165 

.09 .914_ 9 .59 .554 ,9 .150 

0.10 .905_ 9 0.60 .549 2.0 .135 
.11 .896_ 9 .61 .543 .I .122 
.12 .887 - 9 .62 .538 .2 .111 
.13 .878_ 9 .63 .533 .3 .100 
.14 .869 _ 

8 .64 .527 .4 .0907 

0.1' .861 _ 
9 0,65 .522 2.5 .0821 

.16 

~=~ 
.66 .517 .6 .0743 

.17 .67 .512 .7 .0672 

.18 .68 .507 .8 .0608 

.19 .827= ~ .69 .502 .9 .0550 

0.20 .819 _ 
8 

0,70 .497 3.0 .0498 
.21 .811 _ 

8 .71 .492 .1 .0450 
.22 .803_ 8 .72 .487 .2 .0408 
.23 .795_ 8 .73 .482 .3 .0369 
.24 .787 _ 8 

,74 .477 .4 .0334 

0,29 .779 _ 
8 0.79 .472 3.9 .0302 

.26 .771 _ 8 .76 .468 .6 .0273 

.27 .763 _ 7 .77 .463 .7 .0247 

.28 .756 _ 
8 .78 .458 .8 .0224 

.29 .748 _ 
7 .79 .454 .9 .0202 

0.30 .741 _ 
8 0.80 .449 4.0 .0183 

.31 .733_ 7 .81 .445 .I .0166 

.32 .726_ 7 .82 .440 .2 .0150 

.33 .719 _ 7 .83 .436 .3 .0136 

.34 .712_ 7 .84 .432 .4 .0123 

0.35 .705 _ 
7 0.85 .427 4.5 .0111 

.36 .69&_ 7 .86 .423 

.37 .691 _ 
7 .87 .419 5.0 .00674 

.38 .684_ 7 .88 .415 6.0 .00248 

.39 .677 _ 
7 .89 .411 7.0 .000912 

0.40 .670_ 6 0.90 .407 8.0 .000335 
.41 ,664_ 

7 .91 .403 9.0 .000123 
.42 .657 _ 6 .92 .399 10.0 .000045 
.43 .651 _ 

7 .93 .395 
.44 .644_ 6 

,94 .391 ,c/2 .208 

2,c/2 ,0432 
0.4' .638_ 7 0.95 .387 3.-/2 .00898 

.46 .631_ 6 
.96 .383 4.-/2 .00187 

.47 .625_ 
6 

.97 .379 5.-/2 .000388 
.48 .619 _ 

6 .98 .375 6.-/2 .000081 
.49 .613_ 

6 
.99 .372 7.-/2 ,000017 

811/2 .000003 

0.50 0.607 1.00 .368 
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Normal probability density function 

1 xz 
<P(xl (27r)l/2 exp 2 

!Standard deviation <1 = 11 

X ,p(,c) X ,p(x) X ~) X ,p(x) 

0.0 0.3989 1.0 0.2420 2.0 0.0540 3.0 0.0044 
0.1 0.3970 l.l 0.2179 2.1 0.0440 3.l 0.0033 
0.2 0.3910 1.2 0.1942 2.2 0.0355 3.2 0.0024 
0.3 0.3814 1.3 Od7l4 2.3 0.0283 3.3 0.0017 
0.4 0.3683 1.4 0.1497 2.4 0.0224 3.4 0.0012 
0.5 0.3521 l.5 0.1295 2.5 0.0175 3.5 0.0009 
0.6 0.3332 1.6 0.1109 2.6 0.0136 3.6 0.0006 
0.7 0.3123 l.7 0.0940 2.7 0.0104 3.7 0.0004 
0.8 0.2897 1.8 0.0790 2.8 0.0079 3.8 0.0003 
0.9 0.2661 l.9 0.0656 2.9 0.0060 3.9 0.0002 

4.0 0.0001 

Probability of deviation from mean in normal distribution 

The probability that the absolute deviation from the mean Ix - µ. I exceeds 
t times the standard deviation <1 is p/100. 

,,,,, I ,,,,, p t(pJ p t(pJ 

0.0 100.000 2.2 2.781 JOO 0.0000 40 0.8416 
0.2 84.148 2.4 1.640 95 0.0627 35 0.9346 
0.4 68.916 2.6 0.932 90 0.1257 30 1.0364 
0.6 54.851 2.8 0.5t1 85 0.1891 25 1.1503 
0.8 42.371 3.0 0.270 80 0.2533 20 1.2816 
1.0 31.731 3.2 0.137 75 0.3186 15 1.4395 
1.2 23.014 3.4 0.067 70 0.3853 10 1.6449 
1.4 16.151 3.6 0.032 65 0.4538 5 1.9600 
1.6 10.960 3.8 0.014 60 0.5244 1 2.5758 
1.8 7.186 4.0 0.006 55 0.5978 0.1 3.2905 
2.0 4.550 50 0.6745 O.QJ 3.8906 

45 0.7554 0.001 4.4172 
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Cumulative normal distribution function 

1 Ix (X _ µ)2 
<l>(x) = --- exp - ½ -- dx 

11121rl112 -ao <1 

ll' 4.>(>rJ ll' 41{xJ Jr 4.>(xJ 

µ - 4.0., 3 X 10--. µ l.3o- 0.0968 µ + 1,40" 0.9192 

µ 3.90- 5 X 10--- µ - 1.20" 0.1151 µ + 1.50- 0.9332 

µ 3.80" 7 X 10--. µ - I.lo- 0.1357 µ + l.60- 0.9452 

µ - 3.70" 0.0001 µ - 1.0o- 0.1587 µ, + 1.7,r 0.9554 

µ - 3.6<T 0.0002 µ - 0.90" 0.1841 µ + 1.80- 0.9641 

µ - 3.50" 0.0002 µ - 0.80" 0.2119 µ + 1.90" 0.9713 

µ - 3.40" 0.0003 µ 0.7'7 0.2420 µ + 2.00" 0.9772 

µ - 3.30" 0.0005 µ 0.60" 0.2743 µ + 2.l<T 0.9821 

µ 3.20" 0.0007 µ - 0.5<7 0.3085 µ + 2.2(7 0.9861 

µ - 3.lo- 0.0010 µ - 0.4<T 0.3446 µ + 2.30" 0.9893 

µ - 3.0o- 0.0013 µ 0.30" 0.3821 µ + 2.4a 0.9918 

µ - 2.90- 0.0019 µ - 0.2<T 0.4207 µ + 2.50" 0.9938 

µ - 2.80" 0.0026 µ 0.1'7 0.4602 µ + 2.60" 0.9953 

µ - 2.70- 0.0035 µ 0.5000 µ+2.7c, 0.9965 

µ 2.60- 0.0047 µ + 0.1'7 0.5398 µ + 2.&- 0.9974 

µ - 2.50" 0.0062 µ + 0.2'7 0.5793 µ + 2.90" 0.9981 

µ - 2.40" 0.0082 µ + 0.3<7 0.6179 µ + 3.0o- 0.9987 

µ - 2.3<7 0.0107 µ + 0.4<T 0.6554 µ + 3.lo- 0.9990 

µ - 2.20" 0.0139 µ + 0.50" 0.6915 µ + 3.20" 0.9993 

µ - 2.lo- 0.0179 µ + 0.60- 0.7257 µ + 3.3<7 0.9995 

µ - 2.00" 0.0228 µ + 0.7<T 0.7580 µ + 3.40" 0.9997 

µ - 1.90" 0.0287 ,.,. + 0.80- 0.7881 µ + 3.5<7 0.9998 

µ - l.80- 0.0359 µ + 0.90" 0.8159 µ + 3.60" 0.9998 

µ - 1.70- 0.0446 µ + 1.0<7 0.8413 µ + 3.7'7 0.9999 

µ - 1.60" 0.0548 µ + 1.1'7 0.8643 µ + 3.80- l7X 10-61 

µ - 1.5<7 0.0668 µ + 1.20- 0.8849 µ + 3.90- {5X10-6l 

µ - 1.40- 0.0808 µ + 1.30- 0.9032 µ + 4.0<7 1- l3X J0-6) 



Table 1-Jo(z) 

z I 0 I 0.1 I 0.2 0.3 I 0.4 

0 1.0000 0.9975 0.9900 0.9776 0.9604 
l 0.7652 0.7196 0.67ll 0.6201 0.5669 
2 0.2239 0.1666 0.1104 0.0555 0.0025 
3 -0.2601 -0.2921 -0.3202 -0.3443 -0.3643 

4 -0.3971 -0.3887 -0.3766 -0.3610 -0.3423 
5 -0.1776 -0.1443 -0.1103 -0.0758 -0.0412 
6 0.1506 0.1773 0.2017 0.2238 0.2433 
7 0.3001 0.2991 0.2951 0.2882 0.2786 

8 0.1717 0.1475 0.1222 0.0960 0.0692 
9 -0.0903 -0.1142 -0.1367 -0.1577 -0.1768 

10 -0.2459 -0.2490 -0.2496 -0.2477 -0.2434 
11 -0.1712 -0.1528 -0.1330 -0.1121 -0.0902 

12 0.0477 0.0697 0.0908 0.1108 0.1296 
13 0.2069 0.2129 0.2167 0.2183 0.2177 
14 0.1711 0.1570 0.1414 0.1245 0.1065 
15 -0.0142 -0.0346 -0.0544 -0.0736 -0.0919 

"'See also discussion and graph on Bessel functions on p. 1066. 

I 0.5 I 0.6 1 0.7 

0.9385 0.9120 0.8812 
0.5118 0.4554 0.3980 

-0.048-4 -0.0968 -0.1424 
-0.3801 -0.3918 -0.3992 

-0.3205 -0.2961 -0.2693 
-0.0068 +0.0210 0.0599 

0.2601 0.2740 0.2851 
0.2663 0.2516 0.2346 

0.0419 0.0146 -0.0125 
-0.1939 -0.2090 -0.2218 
-0.2366 -0.2276 -0.2164 
-0.0677 -0.0446 -0.0213 

0.1469 0.1626 0.1766 
0.2150 0.2101 0.2032 
0.0875 0.0679 0.0476 

-0.1092 -0.1253 -0.1401 

Bessel functions* 

I 0.8 I 0.9 

0.8463 0.8075 
0.3400 0.2818 

-0.1850 -0.2243 
-0.4026 -0.4018 

-0.2404 -0.2097 
0.0917 0.1220 

0.2931 0.2981 
0.2154 0.1944 

-0.0392 -0.0653 
-0.2323 -0.2403 
-0.2032 -0.1881 

+0.0020 0.0250 

0.1887 0.1988 
0.1943 0.1836 
0.0271 0.0064 

-0.1533 -0.1650 

---00 

n 
% 

• :!I 
Ill 
w 
GO 



Table II-J1(z) 

z I 0 0.1 0.2 0.3 0.4 

0 0.0000 0.0499 0.0995 0.1483 0.1960 
1 0.4401 0.4709 0.4983 0.5220 0.5419 
2 0.5767 0.5683 0.5560 0.5399 0.5202 

3 0.3391 0.3009 0.2613 0.2207 0.1792 

4 -0.0660 -0.1033 -0.1386 -0.1719 -0.2028 

5 -0.3276 -0.3371 -0.3432 -0.3460 -0.3453 

6 -0.2767 -0.2559 -0.2329 -0.2081 -0.1816 

7 -0.0047 +0.0252 0.0543 0.0826 0.1096 

8 0.2346 0.2476 0.2580 0.2657 0.2708 
9 0.2453 0.2324 0.2174 0.2004 0.1816 

10 0.0435 0.0184 -0.0066 -0.0313 -0.0555 

11 -0.1768 -0.1913 -0.2039 -0.2143 -0.2225 

12 -0.2234 -0.2157 -0.2060 -0.1943 -0.1807 

13 -0.0703 -0.0489 -0.0271 -0.0052 +0.0166 
14 0.1334 0.1488 0.1626 0.1747 0.1850 
15 0.2051 0.2013 0.1955 0.1879 0.1784 

0.5 0.6 

0.2423 0.2867 
0.5579 0.5699 

0.4971 0.4708 
0.1374 0.0955 

-0.2311 -0.2566 
-0.3414 -0.3343 
-0.1538 -0.1250 

0.1352 0.1592 

0.2731 0.2728 
0.1613 0.1395 

-0.0789 -0.1012 
-0.2284 -0.2320 

-0.1655 -0.1487 
0.0380 0.0590 
0.1934 0.1999 
0.1672 0.1544 

continued Bessel functions 

0.7 0.8 0.9 

0.3290 0.3688 0.4059 
0.5778 0.5815 0.5812 
0.4416 0.4097 0.3754 
0.0538 0.0128 -0.0272 

-0.2791 -0.2985 -0.3147 
-0.3241 -0.3110 -0.2951 
-0.0953 -0.0652 -0.0349 

0.1813 0.2014 0.2192 

0.2697 0.2641 0.2559 
0.1166 0.0928 0.0684 

-0.1224 -0.1422 -O.f603 
-0.2333 -0.2323 -0.2290 

-0.1307 -0.1114 -0.0912 
0.0791 0.0984 0.1165 

0.2043 0.2066 0.2069 

0.1402 0.1247 0.1080 

I: ; 
I 

§ 
• E 
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A 
ABCD matrix 
Absolute zero 
Absorption 

atmospheric 
coefficient 
factor, earth 
unit 

AC capacitor 
Accelerated life test 
Acceleration 

error constant 
measurement 

Accelerator 
linear 
particle 

Acceptor impurity 
Acoustic 

compliance 
resistance 
spectrum 

Acoustics 
AC resistance 
Acrylic spray 
Activity, radioactive 
Adcock antenna 
Adding network 
Addition, matrix 
Adjugote 
Admittance 

electrode 
measurement 

Aerial telephone circuits 
Aging, rectifier 
Air pressure 
Algebra 

matrix 
Allegheny alloy 
Allocations, frequency 
Alloy 1040 
Alloys, physical constants 
Alphabet, Greek 
Alpha cutoff frequency 

924, 

660 
33 

749 
866 
783 
866 

93 
86 

940 
362 
361 

902 
895 
478 

860 
859 
871 
850 

129, 131 
109 
892 
671 
458 

1090 
1092 

120, 124, 138 
380 
269 
820 
308 
920 

1037 
1090 
276 

9 
276 

45 
39 

486 

Index 

Alpha particle 
Alrok 
Alternating current supplies 
Alternating-gradient field 
Altitude-pressure graph 
Aluminum electrolytic capacitor 
AM (see also Amplitude modulation) 
Amateur frequency bonds 
American Standards Association 
American wire gouge (see also Wire 

890 
926 
929 
901 
920 
102 
548 

15 
76 

tables) 50 
Ampere-turn 324 
Amplicotion factor 376 
Amplifier 

audio frequency 442 
coscode 447 
cathode coupled 44 7 
class of 432 
clipper 447 
differential 447 
distortion factor 459 
electron tube 432 
grid current 432 
grounded cathode 445 
grounded grid 445 
grounded plate 445 
klystron 391 
low noise 398 
magnetic 323 
pairs 446 
plate efficiency 432 
power 869 
radio frequency 437 
repeater 828 
resistance coupled 450 
selective 459 
transistor 
traveling wove 
video 

Amplitude compression 
Amplitude modulation 

interference 

490, 499, 511 
395 
413 
972 

19, 22, 527 
536 



Amplitude, traveling wave 

Amplitude, traveling wove 
Analog, acoustical 
And circuit 
Anemometer 
Angle arrival, departure 
Angstrom unit 
Angular modulation 
Anisotropy constant 
Annealed copper wire 
Anode 

magnetron 
strop 

Anode-follower 
Anodizing 
AN system 
Antenna 

Adcock 
array 
array problems 
computations 
corner reflector 
discone 
effective area 
efficiency 
gain 
height 
helical 
horn 
isotropic 
loop 
parabolic 
radar 
rhombic 
slot 
system 
vertical 

Anticoincidence 
Aperoture 
Apparent phase velocity 
Apparent power gain, antenna 
Application, potent 
Arc suppression 
Areo 

antenna 
hyperbolic triangle 
irregular surface 
plane figures 
triangle 

Argond diagram 
Arithmetic progression 
Armco 
Armed Services Electro-Standards 

Agency 
Armed Services lists 

cables 
tubes 
waveguides 

ARQ Moore code 
Array 

broadside 
linear 

644 
858 
887 
939 
723 

8 
532 
74 
51 

386 
382 
457 
926 
957 

662, 713 
671 
689 
706 
662 
702 
681 
750 
673 
702 
740 
682 
751 
750 
671 
751 

803, 809 
679 
687 
723 
670 
911 
641 
683 
753 
955 
321 

676 
1054 
1033 
1031 
1044 
652 

1037 
276 

76, 612 

608 
429 
629 
844 

692 
690 

Articulation index 
Art work, printed circuit 
ASA 

875 
1!0 
76 
61 

805 
sheet-metal gouge 

A scope 
ASESA 
Askorel impregnont 
Aspect ratio 
Assignments, frequency 
Associative low 
Astoble circuit 

blocking oscillator 
gos-tube oscillator 
multivibrotor 
transistor circuit 

Astronomy, radio 

465, 

76 
94 

793 
9 

Asymmetrical inductive diaphragm 
Asymptotic approximation 

1085 
468 
473 
476 
471 
514 
764 
631 
350 

Atlantic City Radio Convention 
Atmospheric 

8 

absorption 
noise 
pressure 
retraction 

Atom, definition 
Atomic 

constants 
moss 
moss unit 
nucleus 
number 
physical constants 
weight 

Attenuation 
atmospheric 
constant 
feedback control 
filter 
free space 
open wire pairs 
radio path 
relative 
transmission line 

Attenuators 
error formulas 

Audio, Audio-frequency 
amplifier 
broadcosti ng 
distortion 
reoctor 
response 
transformer 

input 
output 

transmissions, Vv'WV 
transmitter power 

Auroral zone 
Austin-Cohen equation 
Automobile 
Autotrons former 

749 
762 
920 
747 
888 

41 
34, 888 

891 
890 

41, 890 
34 
41 

749 
627 
353 

164, 187 
750 
818 
751 

188, 190 
569, 574, 614, 681 

247 
254 

442, 450 
786 
783 
272 
783 

272, 286, 295 
293 
291 

24 
792 
725 
710 
945 
271 



Average 
power 
value, alternating current 

Aviation frequency bands 
Avogadro's constant 
AWG, see Wire tables 
Axial 

B 

mode, helix 
ratio 
slot, cylinder 
velocity, helix 

Background noise 
Backlash 
Backward-wave oscillator 
Balanced 

H attenuator 
0 attenuator 
shielded line 

Band 

982 
1007 

150 
14 
34 

687 
666 
689 
684 

538 
366 
399 

252 
252 
589 

frequency assignments 
nomenclature1 radar 
television 

9 
802 
787 

170, 189, 217 
179, 189, 217, 218 
21, 189, 236, 268, 

Band-pass filters 
Band-reject filters 
Bandwidth 

acoustic 
carrier telephone 
electron tube 
factor, noise 
pulse 
relative 

Base, transistor 
region 
resistance 

B & S, see Wire tables 
Basic Radio Propagation 
Baud 

531, 739, 804 
872 
830 
396 

765, 768 
542 
190 

478 
486, 494 

Predictions 724 
541, 846 

Beam 
angle 
coupling 
width 

coefficient 
753 
383 

694, 803 
811 

535, 1064, 1081, 1118 
888 

Beat frequency 
Bessel function 
Beta particle 
Betatron 
Beyond-horizon 
Bias 

propagation 

electron tube 
magnetic amplifier 
transistor 

Biased rectangular wave 
Bilateral device 
Binary 

code 
counter 
digit 

898 
739, 757 

478, 497, 

432 
327 
51] 

464 
511 

540, 880, 970 
465 
881 

Burst frequency 

Binary (continued) 
pulse-code modulation 
system 

Binding energy 
Binomial 

array 
distribution 
theorem 

Biological radiation damage 
Birmingham wire gauge 
Bistable 

electron-tube circuit 
switching 
transistor circuit 

Bit 
Bivariate normal distribution 
Black oxide dip 
Blanking level 
Blind speed 
Block diagram 
Blocking oscillator 
Blueing 
Bode diagram 

540 
879 
891 

690, 693 
986 

1039 
913 

50, 61 

881, 

466 
343 
514 
965 
991 
927 
795 
813 
947 
473 
927 
355 

Bohr electron orbit, Bohr magneton 
Bolts 

34 
57 
34 Boltzmann's constant 

Borel theorem 
Boron carbon 
Boron-trifluoride counter 
Brass plate 
Brazing 
Breokowoy point 
Breakdown voltage 

atmospheric 
component rating 
junction 

Brewster's angle 
Bridges, Bridged networks 

H attenuator 
measuring 
rectifier 
section 
T attenuator 
T network 
T repeater 
T section 

Bright acid dip 
Brightness 
Bright-tungsten emitter 
British standard wire gouge 
Broadcast, Broadcasting 

antenna 
FCC requirements 
interference 
links, remote pickup 

Broadside antenna 
Bubble chamber 
Buenos Aires Convention 
Build, coil 
Bunching 
Burst frequency 

1082 
82 

907 
927 

47 
357 

921 
77 

478 
698 

252, 258 
263 
305 
145 

252, 258 
358 
830 
247 
927 
400 
367 

50 
22, 778 

674 
782 
773 

14 
690 
905 

9 
279 
383 
794 



Business computer 

Business computer 
Butterworth filter 
Button-mica capacitor 

C 
Cable (see alsa Transmission 

line) 
code 
list af RG 

Cadmium 
plate 
sulfide 

Calculus 
differential 
integral 
aperatianal 

Call letters 
Cancellation circuit 
Candle 
Capacitor, Capacitance 

aluminum electrolytic 
balance 
bridge 
button mica 
charge, discharge 
coaxial 
coupling 
diaphragm 
differentiation 
discaidal 
drift 
electrolytic 
fixed ceramic 
impregnated paper 
input filter 
integration 
life af 
line pair 
measurement 
metalized paper 
melded mica 
parallel plate 
plastic film 
paler electrolytic 
reactonce 
resonance in 
space factor 
tolerance 
transmission lines 
tubular 
tuning 
type designation 
unit 

Carbonyl 
Carrier 

operating line 
radio-frequency 
semiconductor 
stability 
telegraph 

884 
191 
90 

549, 824 
842 
606 

927 
481 

1062 
1067 

158 
15 

813 
400 

116. 133 
101 
264 
264 

90 
152 
134 
239 
630 
460 

86 
86 

IOI 
83 
91 

317 
462 

90 
816 
268 

97 
87 

133 
99 

105 
135 

86 
105 
84 

608 
86 

236 
87 
36 

284 
536, 542 

439 
527 
478 
783 
849 

Carrier (continued) 
telephone 
-to-noise ratio 

Carter chart 

Cascade, Cascaded 
compensation 

830, 834 
757 
652 

358 
junctions 
networks 

648 
201, 241, 447, 451, 507 

noise in 
particle 

Cassiopeia, noise 
Castor-ail impregnant 
Catenary 
Cathode 

coupled 
amplifier 
phantastran 

emission 

769 
889 
764 

94 
933 

447 
470 
367 

fallawer 
gas tube 
material 

444, 448, 462, 465 

phatotube 
ray tube 

Cavity 
coupling 
impedance 
resonator 
tuning 

425 
367 
407 
402 

641 
383 

Cayley-Hamiltan theorem 
CCIT 2 5-unit cede 
Cellulose acetate dielectric 
Centigrade-fahrenheit 

383, 635 
639 
094 
844 
101 
33 

Centimetric wave 8 
Central limit theorem 989 
Central Radie Prapagatian Labaro-

taries 724 
CEP 991 
Ceramic-dielectric capacitor 83 
Ceren kav counter 909 
CGS unit 34 
Channel 

capacity 
communication 
spacing 
television 

Characteristic 
function 
impedance 
af component 
polygon 
vector 

Charge 

977 
973 
849 
787 

984 
35, 588, 596, 658, 855 

77 
657 

1093 

capacitor I 52 
RLC 154 

Chebishev filter 191 
Cheek bit 884 
Chemical film dielectric 101 
Chi-square 

distribution 992 
test 996 

Chlorinated synthetic impregnant 94 



Choke 
filter 
swinging 

Chrominance frequency 
Chromium plate 
Circle 

area 
diagram 

Circuit 
diagrams 

271, 282, 317 
285, 319 

793 
927 

1032 
147 

947 
efficiency, microwave 
element, waveguide 
parameters, general 
printed 

tube 383 

transistor 

630 
143, 522, 555 

109 
499 

tuned (see also Tuned 
vacuum-tube 

circuit) 577 

Circular 
error probable 
normal distribution 
polarization 
ring 
waveguide 

Citizens' radio bands 
Claim, patent 
Class, Classification 

A-amplifier transformer 
amplifier 
broadcast stations 

Clearance drill 
Clipped, Clipping 

circuit 
regenerative 
sawtooth wave 
speech 

Cloud chamber 
Coating 
Coaxial 

432 

991 
992 
666 
133 
622 

13 
954 

297 
2911, 432, 512 

784 
58 

447, 470, 541 
469 

1020 
876 
905 
926 

capacitor 
hybrid 
line (see also 

Code 

134 
634 

Transmission line) 549, 
588, 595, 608, 612, 825 

541 
card 
character 
color 
computer 
element 
raster 
signal reporting 
telegraph 

Coe ff lcient 
coupling 
resiStance 

Cofactor 
Coherent 

signal 
pulse operation 

Coho 
Coil 

build 

845 
541 
76 

880 
541 
540 
950 
842 

141, 215, 236 
80 

1092 

812 
383 
812 

112, 271 
279 

Coincidence 
Cold-cathode tube 
Collector, transistor 

capacitance 
curves 
cutoff current 
resistance 

Collision ionization 
Color 

Conductor 

911 
425 
478 

486, 497 
492 

486, 496 
486, 494 

375 

coding 76 
components 76 
tronsforme; lead 106 

signal 793 
television 787 

Combinations 1038 
Comite Consultatif International Radio 8 
Commercial power supplies 929 
Common 

base circuit 
carrier frequency bands 
collector circuit 
emitter circuit 
logarithms 

Communication 
accuracy 
channel 
process 
speed 

Commutative law 
Compandors 
Comparator 
Complement 
Complementary symmetry 
Complex 

conjugate 
plane 
quantity 
relative attenuation 

Components 
indicator 
symbols 

Composite 
filter 
signal, television 

Compression, amplitude 
Compromise network 
Compton wavelength 
Computer, digital 
Conditionally stable system 
Conditional probability 
Conduction 

band 
current 

Conductivity 
earth 
ground 
unit 

Conductor 
electrical 
gauge 
printed circuit 

500, 506 
13 

501, 506 
502, 506 

1098 

964 
973 
964 
964 

1085 
838 
363 
881 
513 

1005, 1091 
355 

1039, 1085 
190 
76 

957 
947 

182 
794 

838, 972 
832 

3;. 
879 
349 
970 

478 
383, 1025 

714, 783 
714, 783 

36 

114, 278, 932 
50 

110 



Conductor 

Conductor (continued) 
size 
skin effect 

Conduit 
Cone volume 
Confidence interval 
Conformal 

model, hyperbolic space 
reflection chart 

Conic frustum volume 
Conjugate 

hyperbola 
Canpernik 
Constant-current 

characteristic 
supply 

Constant-K filter 
Constants 
Constant-voltage generator 
Constraints 
Contact protection 
Continuous variate 
Continuous-wave 

modulation 
radar 

Contour, field intensity 
Control 

inductor 
paint 
system component 
system, feedback 
transformer 

Conversion factors 
Convolution 

integral 
theorem 

Cooling 
electron tube 
rectifier 

Copper 
oxide 

rectifier 
plate 
sulfide 
wire (see Wire tables) 

Copperweld wire table 
Core 

loss 

54 
128 
932 

1035 
995 

1050 
652 

1036 
151 

1060 
276 

433 
509 

166, 191 
29, 924 

189, 325, 509 
973 
321 
981 

527 
811 
731 

327 
723 
363 
344 
364 

29, 36 
1003 
985 

1082 

369 
310 

481 
308, 481 

927 
481 

material 
Corner reflector 
Corona 

72, 276, 280, 284, 

53 

280 
337 
702 
304 
924 Corrected wind velocity 

Correlation 
coefficient 
function 

Corrosion 
Cosine 

hyperbolic 
law of 
pulse 

990 
1000 

42, 926 

1112 
1053 
1014 

Cosine (continued) 
squared pulse 
table of 

Cosmic noise 
Cotangent 
Countermeasures 
Counter, particle 
Counting circuit 
Countries 

call letters 
power supplies 

Coupled, Coupling 
circuits 
coefficient of 
optimum 
to cavity 
to waveguide 
transistors 

Covariance matrix 
Coverage data, brocdcast 
Cramer's rule 
Critical 

coupling 
damping 
frequency 

Cross 
polarization 
product 
ratio 
section 
section paper, profile 

Crosstalk 
pulse modulation 
units 

Crystal counter 
Cumulative 

distribution function 

1014 
1100 
764 

1100 
959 
905 
465 

15 
929 

236, 241 
141, 215, 236 

141 
639 

621, 625, 626 
512 
990 
779 

1092 

236 
356 
720 

749 
1086 
652 
892 
743 
544 
544 
832 
907 

normal distribution function 
probability function 

982 
1117 
981 
892 

74, 276 
Curie 

temperature 
Curl 
Current 

amplification, transistor 
antenna 
capacity, printed circuit 
division, array 
gain, transistor 
in matrixes 
ratio, decibels 
unit of 
voltage dual 
wire melting 

Curvature of curve 
Cutoff 

frequency 
transistor 

rate of 
waveguide 
wavelength 

Cyclic accelerator 

1088 

500 
662 
108 
695 
495 
657 
40 
36 

509 
55 

1064 

624, 872 
497 
190 
618 
626 
896 



Cyclotron 
Cylinder, Cylindrical 

capacitor 
cavity 
coordinates 
helix 
volume 

D 
Damped, Damping 

critical 
oscillation 

Danger, radiation 
Dark spot 
Daylight saving time 
Decometric waves 
Decay time 
Decibel 
Decimal symbol 
Decimetric, Decimillimetric 
Decoding 
Dee 
Definite integral 
Deflection, electron beam 
Degree 

freedom 
functions of 
longitude 
modulation 

Del 
Deloy line 

spiral 
Deltomax 
Delto-Y transformation 
Demodulation 
Density function 
Depletion layer 
Deposited-carbon resistor 
Depth, skin 
Derating, rectifier 
Derivative 
Deschamp's method 
Detector, particle 
Determinant 
Deuteron 
Deviation 

from mean 
Diagram, electrical 
Dichromate treatment 
Dielectric 

constant 
free space 
ground 

loss 
strength 

Die stamping 
Difference limen 
Differential 

amplifier 
calculus 

896 

134 
635 

1088 
682 

1034 

943 
356 
356 
913 
732 
953 

8 
524 
40 

881 
waves 8 

964 
896 

1079 
403 

992 
1100 
924 
529 

1086 
813 
600 

276, 326 
142 
531 

1116 
478, 497 

82 
128 
310 

1004 
649 
905 

1092 
890 
983 

ll 16 
947 
927 

62, 302, 304 
62 
35 

714 
606 

63, 89 
109 
872 

447 
1062 

Differential (continued) 
discriminator 
equation 

Differentiation 
capacitive 
circuits 

Digit 
random 

Digital computers 
Digram 
Dimensions 
Diode 

double-base 
semiconductor 

Dipole 
elementary 
half wave 

Dip-soldering 
Dirac function 
Direct 

capacitance measurement 
current supply 
feedback system 

Directivity, antenna 
Direct, reflected rays 
Discharge 

capacitor 
RLC circuit 

Disclosure, invention 
Discone 
Discontinuity, waveguide 
Discrete variate 
Dispersion 
Displacement 

current 
motion 

Display, radar 
Dissector, image 
Dissipation 

Divergence 

911 
460 

460 
458, 460 

879 
1114 
879 
965 

29 

490 
481 

662 
676 
111 

1003, 1081 

36, 

267 
929 
344 
689 
745 

152 
154 
954 
681 
647 
981 
975 

1025 
942 
805 
410 

factor 
loss 

63 
579, 581 

664 
531, 877 

459 
459 

289, 455 
Distributed capacitance measurement 268 
Distribution 1116 

Distant field, 
Distortion 

amplifier 
factor 

antenna 

harmonic 

binomial 
chi-square 
exponential 
function, cumulative 
Gaussian 
low 
multivariate normal 
normal 
Poisson 
Raleigh 

Disturbed sun noise 
Diurnal variation 
Divergence 

986 
992 
987 
982 
989 

1086 
990 
989 
986 
991 
764 
718 

1088 



Diversity reception 

Diversity reception 
D loyer 
Domestic public frequency bands 
Donor impurity 
Doping, semiconductor 
Doppler radar 
Dosimeter 
Dot product 
Double-base diode 
Double-polarity pam 
Double-shielded transformer 
Double-tuned circuit 
Drawing symbols 
Drift space 
Drill 

clearance and tap 
gauge table 

Driven blocking oscillator 
Driver transformer 
Duality 
Dummy antenna 
Duty ratio, radar 
Dynamic 

E 

accuracy 
resistance 

E and M leads 
Ear sensitivity 
Earth profile paper 
Ebers and Moll circuit 
Eccentric line 
Echo, radar 
Effective area, antenna 
Effective 

bandwidth, noise 
earth radius 
height 

nelix 
horizon 
value 

alternating current 
modulated wave 

Efficiency 
line 
magnetron 
power supply 
transformer 
transistor 
transmission line 

746 
718 

13 
478 
478 
811 
914 

1085 
490 
547 
263 

241, 520 
947 
383 

58 
59 

475 
272, 296 

509 
767 

383, 800 

361 
136 

833 
871 
743 
523 
593 
800 

702, 750 

769 
710 
671 
684 
742 

150 
529 

564 
389 
273 
280 
513 
566 

Eigenvalue 
Elastance 
E layer 

659, 1093 

Electric, Electrical 
analog 
charge 
diagrams 
dipole 

moment 

36 
719 

858 
36 

947 
662 

36 

Electric, Electrical {continued) 
field 

deflection 
intensity 

flux density 
induction flux 
interference 
length 
motor 
potential 
supply 
wave filter 

Electroacoustics 
Electrode 

cooling 
dissipation 

Electrolytic capacitors 
Electromagnetic 

deflection 
field 
horn 

Electromagnetism 
laws 
units 
wave 

Electromotive force 
Electron, Electronic 

efficiency, microwave tube 
emission, secondary 
inertia effect 
particle 

charge 
synchrotron 
tubes 

analogy 
circuits 
nomenclature 
plate efficiency 

volt 
Electroplating 
Electrostatic 

deflection 
generator 
units 

Elementary dipole 
Element, atomic 

electromotive series 
work function 

Ellipse 
area 

Ellipsoid 
volume 

-403 
36 

1026 
1025 
765 
648 
932 

36 
929 
187 
850 

369 
369 
101 

403 
644 
698 

1025 
36 

7 
42 

383 
407 
380 
888 

34 
899 
367 
509 
432 
371 
432 

34, 891 
926 

403 
895 

36 
662 

41 
42 
43 

1059 
1033 
1062 
1036 

Elliptic, Elliptical 
angle 
function shape 
polarization 

Emergency coble 
Emitter, Emission 

electron tube 

655, 666, 1051 
205 
666 
824 

secondary 
radio signal 

367 
407 

19 



Emitter, Emission (continued) 
resistance 
thermal 
transistor 

Emulsion, nuclear 
Enamel 
Encoding 

binary 
methods 

End-fire helix 
End shield, End space 
Energy 

atomic 
capacitor 
dissipation 
gap, semiconductor 
inductor 
storage 
unit of 

Engineer's notebook 
Engine vibration 
ENS! 
Entropy 
Envelope 

delay 
detector 

E plane, antenna 
Epoxy 
e, properties 
Equalizer 

resistor 
Equal loudness contour 
Equations, mathematical 
Equivalent 

noise resistance 
noise sideband input 
resonant circuit 

Equivocation 
ERF, ERFC 
Ergodic 
Error 

coefficient 
formulas, attenuator 
measuring system 
signal 
statistical 

Etched circuit 
E wave 
Excess scatter loss 
Excess-3 code 
Excitation loss, transformer 
Expander 
Expansion theorem, Heaviside 
Expected value 
Experiment, random 
Exponential 

distribution 
function 
integral 
pulse 

External Q 

486, 494 
369 

478, 493 
905 
303 
964 
970 
539 
687 
383 

891 
152 
859 
478 
152 
860 

36 
956 
944 
767 
965 

799 
531 
665 
109 

1040 
147 
105 
877 

1031 

374 
767 
121 
975 
989 
999 

361 
254 
363 
346 
989 
109 
617 
757 
881 
280 
838 
161 
984 
981 

1115 
987 
153 

1074 
1015 
383 

Flat-topped double-polarity pam 

Extremely high frequency 
Eye response 

8 
401 

F 
Facsimile 

interference 
Factorial 
Fading 

margin 
nonsimultaneous 

Fahrenheit-centigrade 
Faraday's constant 
Far field, antenna 
Fasteners 
Fastest single mile 
Federal Communications 
Feedback 

amplifier 
compensation 
control systems 
oscillator 

19, 23, 959 
771 

1038 
747, 755 

749 
756 

33 
34 

664 
57 

924, 939 
Commission 778 

335, 452 
452 
358 
344 
515 

Felici mutual-inductance balance 267 
7'i. Ferrites 

Ferromagnetic material (see Care 
material) 

Fictitious earth 7 4 5 
Field 

intensity 
antenna 
contour 
requirements 

waveguide 
Film-badge service 
Film-type resistor 
Filter 

image-parameter design 
lattice 
LC 
modern network theory 
noise weighting 
power supply 

capacitor input 
inductor input 
reactor 
resistor input 

quartz crystal 
RC 
RL 
section 
simple bandpass design 
wove 

Finish, protective 
Fission 
Five-wire line 
Fixed 

cerom le capacitor 
compositio:- resistor 

F layer 
Flat line 
Flat-topped double-polarity pam 

710, 779 
662, 663 

731 
779 

617, 625 
91$ 

81 

164 
231 
149 
187 
839 
305 
317 
316 

272, 282 
317 
231 
147 
149 
147 
236 

187, 285 
109, 926 

891 
591 

83 
79 

719 
566 
547 



Flicker effect 

Flicker effect 
Fluor"6cent, Fluorescence 

cathode-ray tube 
lamps 

Flux 
density 
unit of 
number 

Focusing, magnetic 
Foot-candle 
Force, unit of 
Forced-air cooling 
Forecast of propagation 
Form factor 
Formulas, mathematical 
Formvar 
Forward drop, rectifier 
Foundation, tower 
Fourier waveform analysis 
Four-terminal network 

input admittance 
input impedance 

Four-wire termination 
Fractional 

mid frequency 
sine wave 

Fractions, inch, millimeter 
FRAME code 
Free 

electron density 
running multivibrator 
space 

attenuation 
path 
properties of 
range, radar 

Frequency 
allocations 

carrier systems 
bands 
critical 
data 
deviation ratio 
divider, counter 
intermediate, amplifier 
lettered bands 
lowest useful high 
maximum usable 
modulation 

broadcasting 
frequency bonds 

interference 
optimum working 
power supply 
propagation 
pulling 
response, television 

324, 

404, 

375 
905 
405 
427 

1026 
36 

401 
901 
400 

36 
369 
724 
112 

1031 
303 
309 
938 

1002 

138 
137 
831 

223 
1024 

38 
950 

718 
471 

750 
740 

35 
808 

9 
833 

8 
720 

7 
17, 537 

465, 468 
106 

9 
722 
720 

19, 23, 532 
778, 784 

13 
537 
722 
929 
710 
384 
797 

selective network (see Filters) 
shift telegraphy 23 

527 
24 

spectrum 
standard 

Frequency (continued) 
tolerance 17 
vibration 944 
wavelength conversion 7 

freon 12 922 
Fresnel zone 811 

clearance 744 
Frying noise 839 
Full 

section, filter 164 
wave amplifier 327 
wave rectifier 305 

Functions 
hyperbolic 1048 
mathematical 1098 

Fundamental(s) 
networks 112 
particle 888 

Fungicidal coating 926 
Fusing 

current of wire 55 
motor 932 

Fusion 891 
FIA weighting network 839 

G 
Gain 

antenna 676, 702, 753, 803 
margin 348 
RC amplifier 45( 
reduction, feedback 453 
resonant circuit 236 
traveling-wave tube 399 

Galactic plane noise 764 
Galvanic series 42, 926 
Galvanizing 926 
Gamma 

function 1039, 1081 
ray 888 

Gas 
constant 34 
ionization 424 
pressure 425 
sound in 853 
tubes 

cold cathode 425 
hot cathode 426 
microwave 428 
noise generator 427 
oscillator 476 
particle detector 906 
rectifier 314 

Gate, transistor 489 
Gauge 

drill 59 
sheet metal 60 
wire 50, 278, 932 

Gauss, Gaussian 
distribution 989 
noise 99 1 

process 998 



Gauss, Gaussian (continued) 
pulse 
theorem 
unit 

GCT 
Geiger-Muller counter 
General circuit parameters 
Generator, resistive 
Geodesic 
Geographic projection 
Geometry, Geometric 

analytic 
midfrequency 
progression 

Germanium 
rectifier 

Glass mat, impregnated 
G line (surface wave) 
GMV 
Gold plate 
Government frequency bands 
Grade, television service 
Gradient 

voltage 
Graphical 

design, amplifier 
symbols 

Great circle 
calculation 
chart 
distance 

Greek alphabet 
Green's theorem 
Greenwich Mean Time 
Grid 

controlled rectifier 
current 
drive power 
temperature 
voltage 

1015 
1087 

36 
953 
906 

143, 522, 555 
188 

1050 
668 

1055, 1061 
189 

1037 
480, 485 

308 
107 
604 

76 
109 

12 
790 

1088 
595 

435 
947 

732 
726, 739 

724 
39 

1087 
25, 953 

314 
432 
433 
370 
432 

432, 446 
714 
714 
696 
444 

Ground, Grounded 
cathode amplifier 
conductivity 
dielectric constant 
effect, antenna 
grid amplifier 
plate amplifier 444, 445, 448 

system, antenna 
wave 

field intensity 
Group velocity 
Grown-junction npn triode 
Guaranteed minimum value 
Gudermannian 
Guide wavelength 
Gust factor 

H 
H 

attenuator 

462, 465 
675 
714 
779 
621 
487 

76 
1049 
624 
939 

255, 2SS 

H {continued) 
pad 
plane, antenna 
waves 

Half 
life 
wave 

amplifier 
dipole 
rectifier 

Halowax impregnant 
Hanna curve 
Hord-drown copper wire 
Harmonic 

content 
distortion 
interference by 
motion 

Hartley 
Hartree voltage 
Haversine 
Hay bridge 
Health physics 
Heat 

dissipation 
Heaviside 

expansion theorem 
function 

Hectometric waves 
Helical 

antenna 
line 
resonator 
traveling-wove tube 

Hermitian 
matrix 
product 

Hertz vector 
High 

frequency 
compensation 
propagation 
transformer 
triode 

K capacitor 
poss filter 
Perm 
Q resonator 
side capacitance coupling 
standing-wave rotio 
voltage insulation 

Higher mode 
Highest temperature 
Hill bandwidth 
Hipernik 
Hale 

semiconductor 
sizes, printed circuit 

Hook-collector transistor 
Hops 
Horii:on 

168, 

Horizon 

262 
665 

617,626 

893 

327 
676, 691 

305 
94 

282 
52 

459 
289, 455 

18, 771 
940 
965 
390 

1042 
266 
917 
888 
369 

161 
1081 

8 

682 
600 
601 
395 

1091 
1092 
1029 

8 
516 
718 
272 
379 
86 

192, 211 
276 
23) 
227' 
563: 
920 
54'# 
922 
209 

276, 326 

479 
110 
489 
720 
742 



Horizontal 

Horizontal 
polarization 
scanning frequency 
vee 

Horn antenna 
Horsepower 
Hot 

dipping 
solder coating 

Hum 
Human voice, spectrum 
Humidity 

capacitor 
relative 

Hybrid 
coil 
junction 
telephone 

Hydrogen atomic moss 
Hygrometry 
Hymu 
Hyperbola 
Hyperbolic 

amplitude 
cosines 
distance 
equations 
functions 
midpoint 
protractor 
sines 
space 
tangents 
triangles 
trigonometry 

Hyperboloid of revolution 
Hyperco, Hypernik 
Hyperon 
Hypersil 
Hysteresis loop 

IBF 
lconocenter 
Ideal 

network 
transformer 

Illumination 
factor 
light 

Image 
antenna 
attenuation constant 
dissector 
impedance 
load 
optical 
orthicon 

665 
793 
679 

690, 698, 751 
933 

926 
109 
375 
87] 

89 
925 

268 
633 
831 
34 

925 
276, 284, 326 

1060 

648, 656 
1112 

652, 1050 
253 

1048 
651, 1051 

652 
1111 
1050 
1113 
1053 

652, 1050 
1062 
276 
889 

276, 326 
324 

28 
650 

189 
144 

753 
400 

664 
253 
410 

138, 164 
650 
595 
412 

Image (continued) 
parameter design 

limitations 
phase constant 
response 
transfer constant 

lmpedance(s) 

acoustical 
admittance matrix 
antenna 
capacitor 
characteristic 
connected directly 
formulas 
image 
lines 
matching 
measurement 
parallel 
slot 
space 
terminating 
transfer 
transformation 

165 
187 
253 
775 

165, 319 
116, 164, 187, 
236, 247, 644 

852 
659 
674 
101 
588 
140 

120, 124 
138 
608 

290, 449, 512 
263 
136 
688 

35 
188 
137 

lmpregnant, paper 
Improvement 

factor 

capacitor 
566 
94 

threshold 
Impulse 

noise 
response 
unit 

Inch-millimeter 
Incremental permeability 
Independent variable 
Index 

modulation 
refraction 

Indicator, radar 
Induced 

noise 
voltage 

Inductor, Inductive 116, 
charge, discharge of 
circular ring 
coupled elements 
cylindrical post 
decrease, shielding 
earth 
filter 
input filter 
line pair 
measurement of 
reactance of 
solenoid 
surge 
swinging 
tuning by 
unit of 

543 
537 

537 
1000 

159 
38 

292 
985 

542 
741 
805 

375 
336 

271, 285, 323 
154 
133 

145, 239 
632 
115 
783 
282 
316 
816 
268 
134 
112 
321 
319 
236 

36 



Industrial frequency bonds 
Information 

content 
rate 
source 
theory 
units 

Input 
admittance, network 
capacitance 
gap 

12, 15 

965 
969 
969 
964 
965 

138 
448 
384 

impedance of 4-terminol net• 
work 137 

transformer 
resistance, transistor 

Insertion 
gain 
loss 

Instantaneous 
frequency, phase 
sample 

Insulation 
material 
resistance 

Integral 
calculus 
convolution 
discriminator 

Integrator circuit 
Intelligible crosstalk 
Intelligibility 
Intensity, sound 
Interaction space 

272, 295 
500 

828 
290, 579, 648 

532 
538 

62, 302, 920 
86, 96 

1004 
1067 
985 
910 

458, 462 
833 
875 
852 
384 

lnterbose current, transistor 
lntercarrier-channel telegraphy 
I nterchongeobi I ity 

479 
849 
76 

lnterchannel crosstalk 
Interference 

potent 
rejection 
signal 
suppression 
wove 

536, 731, 762, 771, 

Interlace 
Intermediate-frequency 

ampli!ler 
transformer 

I nternol loss, copoc:itor 
International 

broodcasting 
coble code 
control frequency bonds 
Morse code 
nautical mi le 
Telecommunications Conference 
telegraph alphabet 

Interstage 
resonant 
stagger-tuned 

106, 

2, 

544 

956 
536 
779 
321 
745 
793 

517 
272 

86 

778 
842 

13 
842 
32 

9 
847 

517 
228 

Keyboard, teleprinter 

Intrinsic 
barrier transistor 488 
semiconductor 479 

Invention 954 
Inverse 

distance field 713 
feedback 452 
hyperbolic shape 205 
matrix 1092 
transform 1003, 1082 
trigonometric integral 1078 

Inverted vee 679 
Inverter 886 
Ionization 

chamber 906 
density 718 
gas.-tube 424 
radiation 905 
source 897 
spark gap 921 

Ionosphere 718 
scatter propagation 739 

Iris, resonant 643 
Iron 

core 
reactor 323 
transformers and reactors 271 

wire gauge 
Irrational integral 
Irregular plane surface, area 
Isobar 
lsoceles-triangle pulse 
Isolation transformer 
Isolator, vibration 
lsoperm 
lsotone 
Isotope 
Isotropic radiator 

J 
Jet aircraft 
JETEC 
JJY 
Johannesburg 
Joint 

Electron Tube Engineering 
military nomenclature 

Junction(s) 
diode 
hybrid 

K 

in cascade 
transistor 
waveguide 

Kel-F 
Kelvin (centigrade absolute) 
Keyboard, teleprinter 

675, 

50 
1074 
1033 
891 

1013 
271 
941 
276 
891 
891 
750 

945 
76 
28 
28 

Council 76. 
957 

482 
633 
648 

487, 494, 507 
632, 644 

107 
33 

845 



Keying 

Keying 
Ki!ometric waves 
Kirchhoff's lows 
Klystron 
K particle 
Kronecker index 

L 
Laboratories, military 
Ladder 

attenuator 
network 

coefficients 
Lagrange's equations 
Lambert, Lambert's low 

842 
8 

188 
391, 903 

889 
1090 

961 

247 
199, 660 

215 
858 
400 

Land transportation frequency bonds 12 
158, 1081 Laplace transform 

Loplacion 
Lorge-signal transistor 
Latitude 
Lattice 

constant 
filter 

Low 
cosines 
electromagnetism 
potent 
probability 
sines 
tangents 

Loyer, ionosphere 
Lead-log network 
Lead sulfide, tellurlde 
Leakage 

conductance, line pair 
inductance 

Legal information 
Length 

transmission line 
unit of 

Lengthened dipole 
Lens 
Letter symbols 

electron tubes 
frequency 
Greek 

Level 
power 
quantization 

Life 
capacitor 
semiconductor carriers 

ilight meson 
Light wove 

flux, intensity 
velocity 

limen unit 

1087 
512 
732 
145 
74 

231 

1043, 1045, 1053 
1025 
954 
981 

1044, 1046, 1053 
1044 
718 
360 
481 

816 
271, 299 

954 

585 
36 

691 
401 

371 
9 

39 

832 
544 

91 
479 
889 
888 
400 

34, 924 
872 

Limiter 541 
Line (see also Transmission line) 549 

coble 824 
flux 621 
impedance 586 
noise 
of sight propagation 
open-wire pairs 
telephone 

Linear 
accelerator 
array 
control system 
factor 
magnetic amplifier 
network 
phase 
polarization 
radiator 
system 

Links, microwave 
Liquid, sound in 
Load 

compensation 
line, amplifier 
resistive 
stabilization 

Loaded Q 
Lobes, radar antenna 
Logarithm, Logarithmic 

base e 
base 2 
base 10 
integral 
natural 
plot 

839 
740 
816 
816 

902 
690 
346 
350 
335 

161, 253, 1000 
201, 218 

665 
690 
366 
750 
856 

358 
434 
188 
361 

384, 576, 639 
809 

1108 
1110 
1098 
1074 
924 

powers of 2 
trigonometric functions 
I On 

349, 353 
1110 
1104 
1108 

London gouge 
Longitude 

degree 
Loop 

antenna 64 I, 
vertically stacked 

coupling 
feedback 

Loss 
atmospheric 
dissipation 
helix 
insertion 
mismatch 
network 
transducer 

Lossless junction 
Loudness 
Low 

frequency 
antenna 

61 
732 
924 

662, 671, 690, 691 
704 
621 
345 

749 
579, 581 

685 
648 

569, 573, 579, 582 
247 
569 
647 

852, 877 

8 
670 



Low {continued) 
frequency (continued) 

compensation 
propagation 
tube 

impedance 
measurement 
switching tube 

noise amplifier 

516 
713 
375 

269 
427 
397 

poss filter 147, 149, 166, 
Q filter 

187, 192, 215 
222 

Lowest 
required power 
temperature 
useful high frequency 

L particle 
LRRP 
LUHF 
Lumen 
Lumped 

constant network 
discontinuity 
element 

M 
Machine screws 
Maclaurin's theorem 
MAE 
Magic T 
Magnesil 
Magnesium 
Magnet, Magnetism, Magnetic 

amplifier 
bias 
linearity 
rectifier 

charge 
dipole antenna 
dipole moment 
field 

deflection 
focusing 
intensity 
vector 

flux density 
gap 
moment 
potential, unit of 
saturation 
wire 

Mognetostriction 
Magnetron 
Majority carrier 
Man-made noise 
Manufacturing printed circuits 
Maps 
Morine finish 
Maritime frequency bands 
Morker pulse 
Morkaff process 

723 
922 
722 
889 
723 
722 
400 

659 
829 
630 

57 
1084 
983 
634 
326 
927 

36, 72, 324 
323 
327 
335 
314 

36 
662 

36 

403 
404, 901 

36 
1025 
1026 
384 
893 

36 
324 
l14 
231 

387, 903 
479 
765 
109 
739 
926 

15 
543 
970 

Meteorologicol frequency bonds 

Mass 
atomic 
defect 
energy equivalence 
number 
unit of 

Matched load 
Matching section 
Materials, properties of 
Mathematical 

expectation 
formulas 
tables 

Matrix(es) 
algebra 
junction 
probability 
scattering 
tabulation 
transistor network 

Maximum 
unambiguous range 
usable frequency 

Maxwell 
bridge 
equations 

derivative form 
integral form 

M-derived filter 
Mean 

absolute deviation 
Measurement 

bridge, impedance 
modulation 
modulation index 
radiation 
scattering matrix 
transistor 

Mechanical resonance 
Median 
Med;cal frequency bands 
Medium frequency 

propagation 
tube 

Melting point, metal 
Mensuration formulas 
Mercury-pool cathode 
Meson 
Message 
Metal, Metallic 

antenna 
galvanic series 
gauge, sheet 
lens 
oxide film 
physical constants of 
rectifier 
spraying 

Metalized-paper capacitor 
Meteorological frequency bands 

888 
891 
893 
890 

36 
645 
583 

41 

984 
1031 
1098 

1090 
659 
968 
644 
144 
503 

801 
720 

265 
646, 1025 

1027 
1025 

167, 205 
982, 994 

983 

263 
529 
535 
905 
649 
525 
231 

984, 991 
)5 
8 

713 
375 

47 
1031 
426 
890 
964 

687 
42 
61 

703 
82 
45 

308 
109 
97 
11 



Metric system 

Metric system 
multiplier prefixes 
units 
waves 

Mica capacitor 
Microcrystolline carbon 
Micron 
Microphonic 
Microstrip 
Microwave 

links 
tube 

Midseries image impedance 
Military 

nomenclature 
tonks 

Miller integrator 
Millimeter-inch 
Milllmetric waves 
MIL specifications 

38 
35 

8 
87 
82 

8 
375 

595, 612 

742 
382 
164 

957 
945 

Mineral oil, wax impregnonts 
Minimum 

458, 462 
38 

8 
76 
94 

loss pod 
matching 

sampling frequency 
Minority carrier 
Mirage effect 
Miscellaneous data 
Mismatch loss 569, 573, 
Mismatched slotted line 
MKS unit 
Mode 

cylinder cavity 
number 

klystron 
magnetron 

statistical 
waveguide 

260 
252 
539 
479 
748 
920 

579, 582, 652 
654 

35, 36 
384, 644 

638 

384 
384 
984 

620, 646 
187 
958 

1067 

Modern network theory 
Modificotion letters, AN 
Modified Bessel functions 
Modular constant 
Modulation 

205 
19, 527, 782, 792, 849 

440 
532, 536 

529 

crest 
index 
percent 
transformer 

Moisture absorption 
Molybdenum-permalloy 
Moment 

magnetic 
statistical 

Monimox 
Monitor, radiation 
Monostable 

blocking oscillator 
electron-tube circuit 
transistor circuit 

Monte Carlo method 
Moore code 
Mo-Permalloy 

dust 

272, 295 
63 

284 

893 
983, 990 

276 
905 

473, 475 
465, 468 

514 
997 
844 
276 

Morse code 
Motor 

characteristic 
electric 

Mount, equipment 
Moving-target-indicator radar 
MSF 
MTI radar 
MUF 
Multicavity klystron 
Multichannel loading 
Multicollector electron tube 
Multielement array 
Multigrid tube 
Multipath transmission 
Multiple events 

· Multiples of 0.4343 and 2.3026 
Multiplex 
Multiplication, matrix 
Multiplier 

phototube 
prefixes 
voltage 

Multivariate 
normal distribution 

Multivibrotor 
Mumetol 
Music 
Musical 

instruments, spectrum 
pitch 

Mutual 
conductance 
inductance balance 

Mylar dielectric 
Myriometric waves 

N 

842 

364 
932 
939 
813 

28 
813 
722 
394 
842 
373 
690 
379 
747 
969 

1113 
544, 966 

1090 

408 
38 

305 
982 
990 
465 
276 
872 

871 
24 

377 
268 
101 

8 

N curve 514 
n-type semiconductor 479 
Napier's analogies 46, 1053 
Narrow-beam antenna 704 
Nary pulse-code modulation 541 
Notional Bureau of Standards 724 
Notional Electrical Manufacturers 

Association 
Notions, coll letters 
Natural 

frequency 
coil 
vibration 

logarithm 
pdm, ppm 
trigonometric functions 

Nautical mile 
Navigation table 
Novy-Army cables 
NBS gouge 

sheet metal 
wire 

924, 

76 
15 

269 
943 

1108 
546 

1100 
32 

739 
608 

61 
so 



Near field, antenna 
Negative 

feedback 
impedance repeater 
proton 
resistance 

oscillator 
temperature coefficient 

Negative resistance 
NEMA 
Neper 
Net 

loss 
power flow 

Network (see also Filter) 
admittance 
attenuator 
bandpass 
bridged T 
formula 
fundamentals of 
image-parameter design 
input impedance 
linear 
modern theory 
phase lead, log 
theorems 
transfer admittance 
transistor 

Neutralization, transistor 
Neutrino 
Neutron 

detection 
recoil detector 

Ngram 
Nicaloi 
Nicalloy 
Nickel plate 
NIF 
NIT 
Noise 

om, fm 
amplifier 
dissector 
electrical 
figure 
Gaussian 
generator 
improvement factor 
impulse 
level 
measurement 
orthicon 
quieting 
radio 
random 
receiver 
reduction 

coefficient 

664 

335, 344, 452 
828 
890 

490, 509, 513 
515 

82 
509,513 

76 
40 

833 
658 

138 
247 
236 
358 
133 
112 
164 
137 
161 
187 
359 
132 
138 

499, 503 
522 
890 
888 
907 
907 
965 
276 
284 
927 
755 
965 

536 
766 
411 
762 

375, 768, 804 
9~1 
427 

541, 755, 770 
537 
840 

767, 838 
415 
868 

719, 762 
537 
755 

868 

Ohmic conloct 

Noise (continued) 
reduction (continued) 

frequency modulation 537 
suppression 537 
thermal 766 
transistor 496 
transmitter 783 
tubes 372 
vidicon 420 
weighting 839 

Noisy, Noiseless channels 973 
Nomenclature, AN 957 
Nominal value, component 77 
Non-Euclidean space 1050 
Nonlinear amplifiers, oscillators 458, 465 
Nonresonant antenna 678 
Nonsimultoneous fading 756 
Nonsinusoidal oscillator 458, 465 
Normal 

distribution 989, 1116 
mode helix 682 
probability density function 1116 
process 998 

Normalized 
admittance 587 
coefficient, coupling 215 
current, voltage 657 
impedance, admittance 658 
Q 215 
susceptonce 630 

Norm, vector 1092 
Notebook, engineer's 956 
Novelty investigation 954 
Nucleon 888 
Nucleus, Nuclear 888 

charge 890 
emulsion 905 
instrumentation 905 
particle 888 
physics 888 
pulse amplifier 910 
radius 892 
reaction 892 

Null 263 
Number 

random 1114 
system 879 

Numerical data 924 
Nupac 959 
Nyquist stability criterion 348 

0 
0 attenuator 257 
Oblate spheroid 1061 
Oblique triangle 1043 
Obstacle 

line 655 
waveguide 647 

Ohmic contact 479 



Omnidirectional antenna 

Omnidirectional antenna 
One-shot multivibrator 
Open 

circuited line 
window unit 
wire 

carrier systems 
line 

Operational calculus 
Optical imaging 
Optimum 

coupling 
current, array 
reverberation time 
working frequency 

Or circuit 
Order, matrix 
Orthicon, image 
Orthogonal 

curvilinear coordinates 
matrix 
vector 

Orthonik 
Orthonol 
Oscillator, Oscillation 

backward wave 
damped 
magnetron 
nonlinear 
relaxation 
transistor 

Output 
gap 
resistance, transistor 
stage 
transformer 

Over-all response 

356, 

682 
468 

560 
867 

834 
816 
158 
401 

141 
694 
863 
722 
886 

1090 
412 

1089 
1092 
1092 
276 

276, 326 
437, 450 

399 
356 
387 

458,465 
465 
515 

384 
500 
512 

272, 295 
826 

Over- (beyond) horizon propagation 
ionospheric 
tropospheric 

Overcoupled circuit 
Overload current 
Owen bridge 
OWF 
OW unit 
Oxide emitter 
Oxygen absorption 

p 
Pod 

minimum-loss 
PAM 
Poper 

capacitor 
insulated cable 

Parabola 
area 

Parabolic reflector 
gain 

Poroboloid of revolution 
volume 

739 
757 

239, 245 
55 

265 
722 
867 
367 
749 

247 
260 
538 

97 
822 

700, 1057 
1032 

698, 751 
803 

1062 
1036 

Parallel 
circuit 
compensation 
impedances 
plate capacitor 
resonant interstage 
strip line 
T bridge 
tuned circuit 
wires 

Parallelogram area 
Parameters 

general circuit 
tTonsistor 

Porcevol's theorem 
Parent distribution 
Partial fraction 
Particle 

accelerator 
atomic 
detection 

120, 122, 507 
358 
136 
133 
518 
591 
270 
136 
588 

1031 

143, 522, 555 
525 

1005 
994 
162 

Partition noise, electron tube 
Pass band 

895 
888 
905 
373 

165, 239 
927 Possivoting treatment 

Passive 
junction 
linear network 
reflector 

Paten+ 
Poth 

attenuation 
plotting 

PCM 
level 

PDM, PFM 
Peak 

clipping 
factor 
infinite attenuation 
power, radar 
to volley ratio 

Peaking transformer 
Penetration of current 
Percent 

distortion 
modulation 

Perfluoromethylcyclohexane 
Performance chart, magnetron 
p'eriodic 

chart 
field focusing 
function 

Permalloy 
Permeability 

ferromagnetic 
free space 
incremental 
unit of 

647 
253 

700, 757 
954 

751 
742 
538 
541 
538 

876 
873 
200 
801 
199 
273 
131 

544 
529 
922 
388 

43 
901 

1006, 1082 
276, 326 

276 
35 

292 

Permendur, Permenite, Permenorm 
Permeron 

36 
276 
326 
276 Perminvor 



Permittivity 
free space 
unit of 

Permutations 
Persistance of phosphor 
Perveance 
Phantastron 
Phase 

angle 
carrier 
excursion 
field 
inverter 
lead, lag network 
margin 
modulation 
response 

35 
36 

1038 
405 
378 
470 

120, 124 
528 
532 
644 
458 
359 
348 

19, 532 

linear 
transformer 

shift 

201 
287 

241, 361, 452, 457, 459 
feedback control 353 
thyration 3 I 6 

splitter 444 
velocity 396, 596, 621 

helix 683 
Phosphate dip 927 
Phosphor, cathode-ray tube 405 
Photaconductive cell 481 
Photodiode, semiconductor 479, 482 
Photoelectric cell 481 
Photoemission 406 
Photographic film 915 
Photometry units, relations 400 
Photomultiplier 908 
Photon 888 
Photosensitive tube 406 
Phototransistor 479 
Physical constants 

atomic 34 
metals, alloys 45 

Pi 
attenuotor 
mode 
section 
T transformation 

Piston-engine aircraft 
Planck's constant 
Plane 

analytic geometry 
figures, area 
reflector 
trigonometry 
wove, sound 

Pion-position indicator 
Plastic 

dielectric 
film capacitor 
scintillator 

Plate 
current supply 

146, 164, 

257 
384 
247 
142 
945 

34 

1055 
1031 
700 

1043 
850 
805 

62 
99 

908 

282 

Plate (continued) 
efficiency 
resist once 

Plating 
circuit 

PN junction 
PNP triode 
Pocket dosimeter 
Poincore sphere 
Point-contact transistor 
Poisson distribution 
Polarity of transmission 
Polarization 

antenna 
chart 
ellipse 
helix 
horizontal 
quantity for 
ratio 
vertical 

Pole 

Power 

432 
377 
926 
109 

479, 483 
487 
914 
667 

486, 507 
986 
792 

662, 792 
666 
667 
666 
685 
665 

36 
666 
665 

192, 205, 355 
Polyethylene dielectric, 
Polygon area 
Population 

Polystyrene 101 

Port 
Positioning servomechanism 
Positive 

definite matrix 
feedback 

Positive-bias 
multivibrotor 
blocking oscillator 

Positron 
Power 

amplifier 
transistor 

factor 
capacitor 

flow 
net 

full modulation 
gain 

antenna 
transistor 

level 
lowest required 
on line 
radiated 
rating 

cables 
film resistor 
lines 

ratio 
rectifier circuit 

semiconductor 
resistor 
spectrum 
supply 

efficiency 
television broadcasting 

1031 
981 
646 
363 

1094 
465 

473 
475 
890 

151, 868 
399 
512 
121 
96 

644 
658 
529 
448 

703, 753 
500 
832 
723 
564 
723 

616 
82 

612 
40 

306 
311 

81 
999, 1001 

305, 929 
273 
789 



Power 

Power (continued) 
transfer 
transformer 

color code 
transistor 
transmitter 
unit of 

Powers of 2 
Poynting vector 
P-percent value 
PPI 
PPM 
PPM/•C 
Practical units 
Precious-metal alloy 
Precipitation extremes 
Prediction, propagation 
Preemphosis 
Preferred 

numbers 
tubes, Armed Services 
values, component 

Prefixes 
call sign 
metric system 

Pressure 
versus altitude 
wind 

Principle of superposition 
Printed circuit 
Printing-telegraph code 
Probability 

conditional 
density function 
error 
function 
matrix 
transition 

Probe coupling 
Product demodulator 
Profile 

chart 
paper 

Progression 
Projective 

chart 
model, hyperbolic space 

Prolate spheroid 
Propagation of waves 

constant 
earth reflection 
notices 
tropospheric scatter 
velocity of 

Properties of materials 
Proportional counter 
Protective finish 
Proton 

synchrotron 

140, 290 
271, 273 

106 
487 
755 

36 
1110 

644, 1029 
984 
805 
538 

84 
36 
82 

923 
724 
785 

77 
429 
77 

15 
38 

920 
939 
133 
107 
844 

966, 981, 1116 
970 
982 
989 
981 
968 
970 

621, 641 
531 

742 
743 

1037 

653 
1050 
1061 

617, 644, 662, 
710, 779 
617, 644 

810 
27 

757 
8 

41 
906 

109, 926 
888 
901 

Protractor, hyperbolic 
Pseudospherical trigonometry 
Psophometric electromotive force 
P-type semiconductor 

Public 
address system 
disclosure 
domain 
safety frequency bands 

Publication, patent 
Pulling figure 
Pulse 

amplitude modulation 
application of capacitor 
bandwidth 
carrier 
circuit 
code modulation 
decay time 
Doppler rodar 
duration 

modulation 
form 
frequency modulation 
generator 
height analyzer 
improvement threshold 
length 
modulation 

spectrums 
operation 
position modulation 
radar 
regeneration 
rjse time 
subcarrier 
time modulation 
train 

analysis 
transformer 

Punch-through, transistor 
Pushing figure 
Push-pull amplifier 

magnetic 

transformer 
transistor 

Pyramidic-frustum volume 
Pyramid volume 

Q 

Q 
cavity 
code 
filter 
helix 
inductance 
line 
measurement 

88, 

652 
1050 
840 
479 

868 
956 
954 

12 
956 
385 
385 
539 

93 
23, 542 

539 
460, 523 

540 
541 
812 
541 
540 

1012 
540 
465 
911 
541 
846 

20, 538 
545 
385 
540 
800 
541 
542 
543 
539 

538, 542 
1016 

272, 300 
480 
385 
298 
331 
297 
513 

1035 
1035 

236, 385 
380, 636 

950 
199 
685 
285 
575 
268 



Q (continued) 
meter, Boonton 
mode 
normalized 
resonator 
tuned circuit 

Quadratic 
equation 
factor 

Quantization 
distortion 
noise 

Quarter-wave matching section 
Quartile 
Quartz-crystal filter 
Quiet sun noise 
QRK,QRM,QRN 

R 
Radar 

cross section 
fundamentals 
indicators 

Radice 
Radian 
Radiation 

ongle 
cooling 
dosimetry 
effect 
end-fed conductor 
monitor 

268 
385 
215 
575 
121 

1037 
350 
542 
542 

542, 544 
583 
984 
231 
764 
951 

959 
803 
800 
807 
959 
924 

679 
369 
914 
918 
678 
905 

pattern 662, 673, 690, 691 
resistance, helix 
safety, tolerance 

Radiator 
above ground 
isotropic 
parallel to screen 

Radio 
astronomy 

685 
913 

697 
675 
697 

764 
Electronics-Television Manufacturers 

Association 76, 612 
frequency 

amplifier 
cables 
reactor 

horizon distance 
location frequency bands 
navigation frequency bands 
noise and interference 
signal reporting code 
tower 
wave propagation 

Radioactivity, Radioactive 
decay constant 
isotope handling 
material 

437 
608 
272 
740 

14 
14 

762 
950 
936 
710 

890, 917 
893 
913 
888 

Rectangular 

Radioactivity, Radioactive (continued) 
nucleus 

Radioisotope 
handling 

Radiotelephony, interference 
Radix 
RAD unit 
RAFISBENQO code 
Railroad train 
Rainfall 
Random 

experiment 
digits 
function 
noise 
numbers 
process 
variable 

Range 
equation, radar 
finding 
sample 

Rankine (fahrenheit absolute) 
Rate 

gene rotor 
of cutoff 

Rating 
conductor 
rectifier 

Rational algebroic integrals 
Rafionolized unit 
Rayleigh distribution 
RBE unit 
RC 

amplifier 
circuit 
filter section 

Rea eta nee 
capacitor 
chart 
inductor 

Reactor 
filter 
swinging 
wave filter 

Received power 
Receiver 

noise 
radar 

Receiving area 
Reception, diversity 
Reciprocal 

junction 
Reciprocity 

theorem 
Record, engineer's 
Rectangular 

cavity 
coordinates 
pulse 

892 
917 
913 
772 
879 
914 
950 
945 
923 

981 
1114 

998 
537 
997 

981, 998 
981 

808 
800 
995 

33 

366 
190, 206 

54 
308 

1067 
35 

991 
914 

451 
460 
147 

120, 236 
135 
116 
134 
271 
282 
285 
285 
676 

755 
804 
676 
746 

1092 
646 
648 

132, 1030 
956 

636 
1057, 1085 
461, 1012 



Rectangular 

Rectangular (continued) 
waveguide 
wove train 

Rectifier 
aging 

filter 
gaseous 
magnetic amplifier 
metallic 
rating 
semiconductor 

Recursion formula 
Reduction in gain, feedback 
Redundancy 
Reference 

black level 
marks, printed circuit 
noise 
signal level 

Reflected 
binary code 
wove 

Reflection 
chart 

618 
463 

305, 327 
308 
316 
314 
314 
308 
308 

308, 481 
1065 
453 
972 

793 
111 
839 
853 

882 
646 

650 
coefficient 
ionospheric 
lobes, antenna 
zone 

Reflector 

562, 644, 646, 667 
718 
809 
811 
385 

characteristic, klystron 
corner 
passive 

Reflex 
bunching 
klystron 

Refraction, atmospheric 
Regenerative clipper 
Registration 
Regular 

matrix 
polygon area 

Regulator 
Relative 

attenuation 
bandwidth 
biological effectiveness 
frequency 
humidity 
level 
resistance 

Relativistic moss 
Relativity 
Relaxation oscillator 
Relay contact protection 
Reliable tubes, Armed Services 
Reluctance 
REM unit 
Repeater, telephone 
Resistance, Resistor 

AC 
bridge 

393 
702 

700, 757 

385 
392 
747 
469 
111 

1092 
1031 
344 

190 
190 
914 
994 
925 
832 
46 

893 
893 

426, 465 
321 
430 

36 
914 
828 

129, 131 
263 

Resistance, Resistor (continued) 
copper 
coupled amplifier 
equivalent noise 
film 

fixed composition 
fixed film 
hybrid 
input filter 
line pair 
per square 
temperature coefficient 
termination 
units of 
wire wound 

Resolution 
Resonance 

bridge 
frequency 
mechanical 

Resonant 
antenna 
cavity 

45 
450 
374 

82 
79 
81 

831 
317 
816 
128 
45 

188 
36 
81 

964 
116 
265 
236 
231 

temperature 
coupling 
frequency 

and humidity effect 

678 
635 
639 
517 
135 
600 
643 
574 
576 
580 
580 
577 
601 
576 

helix 
iris 
line 

admittance 
coupled 
current 
equivalent lumped circuit 
helical inner conductor 
impedance 
losses 
pair of 
power 
Q 
selectivity 
standing-wave 
voltage 

rorio 

579, 581 
580 
579 
576 
579 

wavelength 
Resonator (see also 
Response 

578, 582 
580 
636 
575 Resonant lines) 

cascaded stages 
frequency 
hill 
time 

Retarded potential 
RETMA 

waveguides 
Return loss 
Reverberation time 
RF pulse duration 
RG lines 
Rhodium 
Rhombic antenna 
Ridged waveguide 
Rieke diagram 
Right triangle 

451 
164 
209 

337, 34 l 
1028 

76 
629 
832 
863 
385 
608 
109 

679, 690 
626 
389 

1043 



Rigid copper coaxial line 
Ripple 
RISAFMONE code 
Rise time, pulse 
Rising-sun magnetron 
Rms 

deviation 
Roentgen 

oi!quivalent mammal 
equivalent physical unit 

Room 
acoustics 
noise 

Root-locus method 
Root-mean-square value 
Routh's criterion 
Rugby 
Run-away effect 
Rydberg wave number 

s 
Safety, radiation 
Sag calculation 
Sample mean, median, variance 
Sampling frequency 
Saturation 

flux density 
humidity percent 
junction current 
magnetic 
moment 

Sawtooth 
generator 
pulse 

612 
282, 318 

950 
542 
387 
982 
983 
913 
914 
913 

863 
839 
354 

150, 982 
346 

28 
512 
34 

913 
933 
994 
539 

326 
925 

480, 523 
273, 324 

74 

470, 476 
1013 

1086 
Scalar 

multiplication 
product 1085, 1092 
triple product 

Scaling 
circuit 
factor, electron tube 
magnetron 

Scanning sequence 
Scattering 

coefficient 
matrix 
propagation 

Schematic diagrams 
Schering bridge 
Schmitt trigger 
Scientific frequency bands 
Scintillation counter 
Scope, radar 
Scott connection 
Screws, machine 
Seasonal variation 
Secondary electron emission 
Section, filter 
Sector 

circle, area 
sphere, volume 

1086 

910 
381 
389 
793 

650 
644 

739, 757 
947 
266 
468 

15 
908 
805 
271 

57 
718 
407 
164 

1032 
1034 

Signal, Signaling 

Segment 
drcle, area 
sphere, volume 

Selective circuit, Selectivity 
amplifier 
equation 
for from resonance 
feedback amplifier 
network 

Selenium 
diode 

roting 
rectifier 

Semiconductor 
applications 
definitions 
rectifier 

power 
Sendust 
Sequential selection 
Series 

arm impedance 
circuit 
compensation 
mathematical 

Fourier 
M-derived filter 
repeater 

shunt 
RLC in 

charge, discharge of 
tuned circuit 

interstage 
Servomechanism 
Servomotor 
Set 

indicator 
telephone 

Shaping d rcuit 
Sheet-metal gauge 
Shielding 

transformer 
Shifting theorem 
Ships 
Shock isolation 
Short 

antenna 
circuited line 
wave propagation 

Shorted turn 
Shot effect 
Shunt 

1032 
1034 

237, 263, 582 
459 
775 
239 
459 
187 
481 
482 
309 
308 

478, 480 
480 
478 
308 
311 
276 
964 

187 
120, 122, 507 

358 
1084 
1006 
166 
828 
830 
157 
154 
135 
517 
344 
365 

957 
826 

458, 460, 470 
60 

115, 132 
263 

1004, 1082 
944 
939 

662, 691 
560 
718 
115 
372 

M-derived filter 166 
repeater 828 

Sideband energy, angular modula-
tion 534 

Side-lobe level 694 
Sidetone level 82 7 
Signal, Signaling 

carrier 
channel 

830 
542 



Signal, Signaling 

Signal, Signaling (continued) 
information 
intensity contour 
reporting code 
speed 
to noise 

527 
779 
950 

541, 846 

improvement factor 
ratio 536, 

543 
543, 544, 755 

Silectron 
Silicon 

carbide 
iron 
properties of 
rectifier 

Silicone 
resin coating 
rubber 

Silver plate 
Simple om 
Simpson's rule 
Sine 

276, 326 
480 
481 
276 
485 
308 
303 
109 
107 
927 
548 

1033 
1100 
1111 hyperbolic 

low of 
wave, recti fled 

Singing margin 
Single 

1044, 1046, 1053 
1022 
833 

hop transmission 
layer solenoid 
phase rectifier 
polarity pam 
shot multivibrotor 
sideband modulation 

telephony, interference 
tuned circuit 

interstage 
Sinimax 
SINPFEMO, SINPO code 
Sinusoidal ongulor modulation 
Six-phase rectifier 
Sizes, component 
Skin 

depth 
effect 

Skirt 
Sky wave 
Slater's rule 
Slot antenna 
Slotted 

line 
air 

section 

721 
112 
306 
547 
468 
531 
773 
241 

228, 520 
276 
950 
532 
307 

ll2, 

76 

128 
128 
192 
716 
390 
687 

Slow wove 
Small-signal 
Smith chart 

amplifier, transistor 511, 
587, 

586 
594 
644 
396 
525 
652 

Softening point 
Solar 

noise 
zenith angle 

Soldering 
dipping 

Solenoid, single-layer, inductance 

63 

764 
737 

47 
111 
11'2 

Solid 
analytic geometry 
copper wire 
sound in 

Sonar 
Sound 

absorption coefficient 
in gos 
in liquid 
in solid 
intensity 
velocity 

Source symbols 
Space-charge 

debunching 
layer widening 

Space-diversity reception 
Sparkgap voltage 
Spark suppression 
Special feedback circuit 
Specific 

acoustical impedance 
gravity 
heat 

Spectral response, eye 
Spectrum 

acoustic 
modulation 
signal 

Speech 
bandwidth 
clipping 
intelligibility 

Speed of response 
Sphere, Spherical 

coordinate 
excess 
resonator 
triangle 
trigonometry 
volume 
wove 

Spheroid 
Spin 
Spinel crystal structure 
Spiral 

delay line 
four cable 

Sporadic E 
Spur 
Spurious 

distortion 
response 

Squaremu 
Square, resistance per 
Squaring circ:u it 
Stability, Stabilization 

criterion, transistor 
load 
method 

Stobie nucleus 

1061 
50 

857 
959 
850 
867 
853 
856 
857 
853 

854, 924 
965 

385 
497 
746 
921 
321 
457 

852 
45 
75 

401 

871 
527 

1012 
872 
830 
876 
875 
341 

1088 
1047 
636 
668 

732, 1045 
1034 

851, 853 
1061 
893 

72 

600 
824 
719 

1093 

539 
774 
326 
128 
470 
346 
500 
361 
358 
892 



Stock, selenium rectifier 
Stocked loops 
Stage gain 
Stagger tuning 
Stainless steel 
Stoia 
Standard 

broadcasting 
cables 
deviation 
frequencies 

stations 
non USA 
USA 

preemphosis curve 
pressure, temperature 
time 
volume 
waveguides 

Standards 
Standing-wove 

ratio 
sound 

Static 
accuracy 
error coefficient 
friction 
interference, noise 

Stationary process 
Station, broadcast 
Statistics, Statistical 

independence 
Steel tower 
Stefan-Boltzmann constant 
Step, unit 
Stirling's formula 
Stochastic process 
Stop bond 
Storage time 
Straight vertical antenna 
Stranded copper wire 
Stropped magnetron 
Strip transmission line 
Strong-focusing synchrotron 
Stub, impedance matching 
Stubs gouge 

sheet metal 
wire 

Styroflex coble 
Subcarrier pulses 
Subclutter visibi I ity 
Subscriber's set 
Substitution, high impedance 
Sulfur hexafluoride 
Sunspot 

cycle 
maximum 

309 
704 
450 
228 
927 
812 

778 
608 
983 

24 

28 
24 

786 
920 
953 

34 
628 

76 
644 

562, 645, 682 
864 

361 
362 
366 
764 
998 
778 
981 
968 
936 

34 
160 

1038 
981, 998 

165 
524 
671 

56 
386 
598 
901 
584 

61 
50 

612 
538 
814 
826 
266 
922 

716 
718 

Superheterodyne spurious 
Super-high frequency 
Supermalloy 

responses 77 4 
8 

276, 326 

Taylor's theorem 

Superposition 
principal of 
theorem 

Support, tower 
Suppressed-carrier modulation 
Surface 

area 
density 
protection 
wave 

line 
Surge suppression 
Susceptance 
Sweep generator 
Swinging reactor 
Switch, Switching 

circuit 
contact protection 
tube, gos 

Syllabic compondor 
Syllable articulation 
Symbol 

ensemble 
graphical 
information theory 
letter 
number 

Symmetrical 
band-pass filter 
bond-reject filter 
clipper 
inductive diaphragm 
multivibrator 
pi, 0 attenuator 
T, H attenuator 

Symmetry 
complementary 

Synchrocyclotron 
Synchronized, Synchronizing 

blocking oscillator 
pulse 

Synchrotron 
Synchro transmitter 
Synthesis, filter 

T 
Tables 

mathematical 

133 
1030 
936 
531 

1034 
36 

926 
714 
604 

156, 321 
630 

470, 476 
285, 319 

524 
885 
321 
427 
838 
875 
964 
965 
947 
964 

39 
879 

192 
192 
447 
631 

466, 471 
252, 257 
252, 255 

1005 
513 
898 

476 
543 
899 
364 
187 

1098 
wire, see Wire tables 

Tachometer 
Tangent 

low 
hyperbolic 

361, 363, 366 
1100 
1044 
1113 

Tangential distance 
Tantalum electrolytic capacitor 
Tap 

drill 
screws 

Target, radar 
Taylor's theorem 

741 
101 

58 
58 

803 
1084 



Teflon dielectric 

Teflon dielectric 
Telegraph 

Alphabet 2 
bandwidth 
carrier 
emission 
facilities 
Interference 
speed 

Telemetering 
Telephone 

emission 
line data 
set 

Teleprinter code 
Teletype 7-unit code 
Television 

bandwidth 
broadcasting 

channels 
color 

frequency bands 
spectrum 

camera tube 
emission 
pickup frequency bonds 

TE mode 
Temperature 

coefficient 
capacitance 
resistance 
semiconductor 
tolerance 

compensation 
capacitor 
transistor 

conversjon 
emitter 
extremes 
gradient 
scale 
standard 
transformer 
world 

Template, profile chart 
Tensile strength of wire 
Tension, Hne 
Terminal pair 
Terminating 

impedance 
set 

10T, 107, 303 

847 
22 

849 
19 

842 
771 
846 
959 

19 
816 
826 
844 
844 

22 
n8, 787 

787 
787 

13 
792 
410 

19 
13 

617, 622 

97 
45, 51, 80 

483 
85 

83 
522 

33 
368 
922 
747 
47 

920 
302 
923 
744 

52 
935 
646 

188 
831 
541 Ternary pulse-code modulation 

Testing, component 76 
488 

255, 258, 262 
132 

Tetrode transistor 
T, H attenuator 
Theorem, network 
Thermal 

conductivity 
emissivity 
expansion 

45, 75 
369 

45, 63 

Thermal (continued) 
noise 
shock, capacitor 

Thermionic emission 
Thermistor 
Thermocouple 
Thevenin's theorem 
Thoriated-tungsten emitter 
Thread, screw 
Three-phase 

magnetic amp Ii fier 
rectifier 

Threshold, painful sound 
Thyratron 
Tilt ongle, antenna 
Time 

chart 
constant 
division multiplex 
gate 
intervals 
signal 
unit of 

Tin plate 
Tissue damage 
TM mode 
Tokyo 
Tolerance 

component 
frequency 

Toll-cable constants 
Torino 
Toroidal core 
Torque 
Torus volume 
Tower, radio 
Trace 
Track recorder 
Train, vibration 
Trancor 
Transcendental functions 
Transconductance 
Transducer loss 
Transfer 

admittance 
constant 
function 
impedance 

Transform 
Fourier 
Laplace 

, Transformation 
matrix 
rectangular coordinates 
T to pi 

Transformer 
audio frequency 
i ntermed late-frequency 
rectifier 
shielded 

Transhybrid loss 

766 
89 

367 
480, 483 

43 
132 
367 

58 

330 
306 
852 
314 
681 

953 
151, 460 

542 
542 
25 
24 
36 

927 
913 

617, 622 
28 

77 
17 

821, 824 
28 

324, 336 
933 

1035 
936 

1093 
905 
945 
276 

1063 
376 
569 

138 
165 

348, 1000 
137 

1002 
158 

648, 660 
1057 

142 
271 
286 
106 
273 
263 
832 



Transient 
response 
suppression 

Transistor 
biasing 
characteristics 
circuit 
definition 
direct-current gain 
magnetic amplifier 

Transit angle 
Transitional probability 
Transition in line 
Trans it time 
Translation 
Transmission line 

admittance 
transformation 

attenuation 
cobles 

military 
characteristic impedance 
current 
delay 
efficiency 
G-line (surface-wove) 
impedance 

matching 
transformation 

length 
matching section 
microstrip 
mismatch loss 
open-circuited 

151 
462 

156, 321 
478, 480, 486 

497, 511 
507 
499 
478 
523 
333 
385 
970 
655 
380 

1004 
549, 644 

558 
566 

570, 574, 612 
612 
608 
588 
555 
600 
564 
604 
558 

583, 584 
566 
585 
583 
595 
569 
560 

parameters, general circuit 555 
564 
566 

power 
dissipation 
roting 

quarter-wave 
matching section 

radio-frequency cables 
reflection coefficient 

612, 616 
574 
583 
608 
562 

resistance of 574 
resonant (see also Resonant Ii nes) 57 4 
RETMA cables 612 
RG-cobles 612 
rigid 612 
sag 933 
short-circuited 560 
sign conventions 549 
slotted 586 
Smith chart 587 
spiral delay 600 
standard cables 608 
standing-wave 

loss factor 
ratio 

strip line 
stub 
Styroflex 
subscripts 

573 
562, 570 

598 
584 
612 
549 

Transmission line (continued! 
surfoce,.wove 
surge impedance 
symbols 
transducer loss 
vector diagram 
voltage 

gradient 
reflection coefficient 

Transmission of signals 
coefficient, Junction 
formulas, links 
signal/noise ratio 
speed 

Transmit-receive switch 
Transmitter 

T Section 

604 
588 
550 
569 
557 
555 
595 

562, 570 

646 
750 

536, 544, 755 
849 

427, 643 

brightness response, television 792 
broadcast 778 
frequency tolerance 17 
radar 800 

Transpose of matrix l 09 l 
Transverse electromagnetic wove 617 
Trapezium area l 033 
Trapezoidal 

area 
pattern 
pulse 
wave 

Traveling wave 
tube 

Triangle, Triangular 
area 
current distribution 
hyperbolic 
pulse 
wove 

Trigger 
circuit 

Schmitt 
Triggering, magnetic amplifier 
Trigonometry, Trigonometric 

functions 
degree 
logs 

identities 
integrals 
hyperbolic 
plane 
spherical 

Triode transistor 
Tropical 

1031, 1033 
529 
460 

1020 
644 
395 

1031 
684 

1052 
462 
464 

465, 513 
468 
342 

1037 

1100 
1104 
1040 
1075 
1050 
1043 

732, 1045 
499 

finish 926 
zone 9 

Troposphere 7 41 
scatter propagation 757 

TR tube 427, 643 
Truck vibration 945 
True inductance, measurement 268 
T section 145, 164, 247 



Tube 

Tube (see also Electron tube} 
circuit 432 

367 
131 

electron 
Tubular conductor 
Tuned circuit 

coupled 
current 
equivalent 
interstage 

116, 164, 236 
580 

580, 582 
577 
521 

579, 581, 582 
580 

to resonant line 

loss 
pair of 
power 
standing-wave ratio 
staggered 

Turboprop aircraft vibration 

579, 582 
579 
228 
945 
524 
691 

Turn-on time 
Turnstile 
Twin-T circuit 
Two-hop transmission 
Two-port junction 
Two-wire 

line 
termination 

Type 
designation 

capacitor 
component 

number 
Type-0, Type-I system 

u 
Ultra-high frequency 

propagation 
Unbalanced 

pi, T attenuator 
Uncertainty 
Undesired responses 
Uniform 

pdm 
ppm 
time 

Unit(s) 
circle 
cisoid 
conversion 
impulse 
matrix 
step 

table 

vector 
Unitary matrix 

270 
719 
647 

589 
831 

83 
78 

957 
346 

8 
741 

252 
965 
774 

547 
546 

25 
29, 914, 924 

1050 
1083 

36 
159, 1003, 1081 

1090 
160, 1081 

1086 
1092 

United States standard gauge 61 
953 

222, 385, 575 
892 

Universal time 
Unloaded Q 
Unstable nucleus 
Unsymmetrical multivibrator 
UT 

V 

472 
953 

Vacuum tube (see also Electron tube) 367 
circuit 432 

Valence bond 
Valley attenuation 
Von de Graotf generator 
Vanishing carrier 
Variable, random 
Variance 
Variate 
Varistor 
Vector 

analysis formula 
column 
Hertz 
modulation 
multiplication 
Poynting 
product 
row 
triple product 

Vee antenna 
Vehicles, vibration 
Velocity 

acceleration 
error constant 
light 
modulation 
phase, helix 
phosor 
sound 
wind 

Versine 
Vertical 

antenna 664, 670, 
polarization 
radiation angle 
scanning frequency 

Vertically stacked loops 
Very-high frequency 
Very-long wove 
Very-low frequency 

propagation 
Vestigial-sideband modulation 
Vibration 
Vibrator power supply 
Video-frequency 

amplifier 
transmitter 

Vidicon 
Vinyl acetol 
Virtual height, ionosphere 
Visibility factor, indicator 
Visual transmitter 
Voice-frequency repeater 
Voice, spectrum 
Voltage 

amp I ification, transistor 
breakdown 
coefficient, resistor 
current dual 
derating, capacitor 
drop 

rectifier 

480 
192 
895 
535 
981 

983, 994 
981 

480, 482 

1085 
1090 
1029 
527 

1086 
1029 
1086 
1090 
1086 

679, 690 
944 

942 
362 

34, 924 
385, 391 

683 
850 

854, 924 
924, 939 

1042 

671, 713 
665 
679 
793 
704 

8 
710 

8 
710 
531 
939 
271 

413, 516 
797 
418 
303 
723 
805 
797 
829 
871 

500 
921 

80 
509 

91 
54 

309 



Voltage (continued) 
gradient 
matrix operation 
multiplier 
power supply 
roting, component 
ratio 
reflection coefficient 
regulation 

transformer 
tube 

sporkgop 
Volume 

density 
efficiency, copocitor 
level 
range 
resistivity 

w 
Wagner earth connection 
Washington & Moen gou1e 
Water 

cooling 
vapor 

absorption 
gradient 

Wattage roting, resistor 
Wave 

equation 
filter, see Filter 
interference 
polarization 
propagation 

reactor 
sound 
standing 
transformation matrix 
trove ling 

Waveform 
analysis 
gene rotor 
paper capacitor 

Waveguide 
beyond cutoff 
cavity 
designation 
hybrid (magic T) 
ridged 

595 
657 
305 
929 

77 
40 

562 

280 
427 
921 

1034 
36 
85 

827 
838 
63 

264 
61 

369 
925 
749 
747 

Bl 

850 

745 
670 
710 

272, 285 
850, 864 

644 
648 
644 

1002 
458, 460 

93 
612, 617, 644 

628 
642 
629 
634 

theoretical power, attenuation 
Wavelength-frequency 

626 
629 

7 
922 

1036 
Weather data 
Wedge frustum volume 
Weight 

Weight (continued) 
foil, printed circuit 
lines 

Weighting network, noise 
Welding 
Wheatstone bridge 
Wi.dl'lbond response w,en i 

bridge 
constont 

Winding transformers 
Wind velocities, pressures 
Wire, Wiring 

diagrams 
fusing current 
gauge, see Wire table 
insulating material 
motor 

zuo 

108 
608 
839 

47 
263 
448 

264 
34 

298 
924, 939 

947 
55 

table 50, 54, 114, 278, 

303 
932 
932 
816 transmission 

voltage drop 
wound resistor 

Work 
function 
unit of 

Working-voltage roting 
World, power supplies 
WWV and WWVH 

X 
x-hyperbola 
x-parobola 
X-roy 

density 

y 
Y-delta transformation 
y-hyperbola 
Young's modulus 
y-parabolo 

z 
Zero 

displacement, 
Zinc plate 
Zone, skip 
ZUO 

Numerical 

4-79 Mo 

velocity error 

144 weighting network 
302-type telephone 

54 
80 

43 
36 
77 

929 
24 

1060 
1057 
888 

74 

142 
1060 

75 
1058 

208, 355 
346 
927 
719 

28 

atomic 4 1 i 500-type telephone 

326 
839 
826 
826 
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