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Preface

The majority of devices of concern to the electrical and electronics
engineer can, at least to a first order, be described as linear., Virtually
all systems have characteristics that vary in some manner with fre-
quency. Unquestionably, the most powerful technique for understand-
ing and controlling linear, frequency-dependent systems is that afforded
by the poles and zeros of network functions. In addition to the general
conceptual and analytical tool which they provide, their manipulation
also yields an exceptionally effective tool for network design. In elec-
tric and mechanical circuits both with and without energy sources, the
pole-zero approach tends to make analysis and design one and the same;
so powerful is the technique in providing understanding (analysis) that
only a slight change in viewpoint leads to design (synthesis).

Although pole-zero methods have been employed by high-level sys-
tems designers and network synthesis people for several years, the
technique has not become nearly as widespread as is justified. In fact,
its greatest value appears to lie outside the realm of formal network
synthesis, where it has apparently resided all this time. Because a
descriptive and relatively thorough text has not been available, the
student, as well as his teacher, has remained partially unaware of pole-
zero methods. This book has been written to help fill the void. It in-
cludes considerable information and design procedures of practical sig-
nificance and discusses a wide variety of specific devices. As back-
ground, the student should have had calculus and if possible a course
in elementary differential equations, although the latter is not necessary.
In addition, the student should have taken the usual sophomore and
junior courses on circuit theory and preferably an introductory course
on vacuum tubes. To facilitate the use of this book as a text, a number
of problems have been provided for each chapter. To a large extent,
they relate to practical system design. In addition, the problems pre-
sent many useful formulas and concepts.

It has been my express intent to write this book so that it might prove
effective in undergraduate courses without compromising its value in
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vi Preface

graduate study. Although the introduction of poles and zeros in other
than a cursory fashion into the undergraduate curriculum is somewhat
revolutionary at this time, I nevertheless believe it is inevitable. The
problem involved in carrying out my intent was therefore reduced to
the manner of organizing the material. In order to point out how I
feel the book can best be used, a brief résumé of its content is war-
ranted.

Chapter 1 is a relatively thorough and generalized review of steady-
state circuit analysis. The student may have been exposed to much of
this material, although some of it, such as determinant manipulation,
may be new. I have adopted the less common convention of associating
the negative sign with all mutual terms in node and loop equations,
which has many advantages. The student learns the form of a general
system of equations from relatively simple examples, which always
show the negative sign. It is cumbersome and confusing to the student
to define a fiction such as coimpedance in order to write plus in front of
off-diagonal terms. In order to apply determinental methods, the nega-
tive sign must ultimately be set down anyway.

Poles and zeros are first introduced in Chapter 2, employing a strict
phasor approach, and the behavior of functions is emphasized in terms
of their poles and zeros. In Chapter 3, the relationships between net-
works and poles and zeros are discussed. In addition, a fairly extensive
introduction to transient calculations is given, with a Heaviside ap-
proach. The concepts developed in Chapters 2 and 3 are freely used in
the balance of the book.

Chapter 4 deals with R-L, R-C, and L-C networks and their canonical
forms, and also dwells at considerable length on the extremely impor-
tant concepts of impedance and frequency normalization and frequency
transformations. By assuming a knowledge of normalization and
transformation throughout the balance of the book, it has been possible
to make the later parts more compact and less cluttered than is nor-
mally possible.

Chapter 5 is a fairly detailed study of maximally flat, linear-phase,
and other functions, maintained fairly independent of specific net-
works. This chapter is, in essence, a treatise on the approximation
problem. Some of the functions developed in Chapter 5 are often pre-
sented at later points in the book without additional discussion.

Chapter 6 introduces some of the more important topics from modern
network synthesis, for example, a simplified form of the Darlington
procedure. It is not intended as a substitute for a formal graduate
course in modern network theory, although it does provide a good start-
ing point.
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Chapters 7 and 8 are devoted to the classical theory of image matching
in somewhat more mathematical detail than is customary in undergrad-
uate texts. A reliance on a knowledge of frequency transformations and
normalization has greatly reduced the amount of space necessary to
cover this material adequately.

Chapter 9 is a study of vacuum-tube linear equivalent circuits and
some special phenomena associated with tubes. Although the level of
this chapter is somewhat lower than the rest of the book, its inclusion
is felt to be justified for reference, completeness, and to facilitate the use
of the text in the undergraduate curriculum. Chapters 7 and 8 serve a
similar purpose in some respects.

Chapters 10 and 11 go into the design of low-pass and band-pass
amplifiers in some detail, with the aim of developing relatively simple
methods for designing amplifier systems which are today considered
rather sophisticated. Poles and zeros are employed extensively in these
chapters. In addition, the step-function response of low-pass amplifiers
is studied in more than a cursory fashion.

The final three chapters are devoted to feedback devices. Chapter 12
is concerned with feedback amplifiers, and emphasizes the precision de-
sign of the closed-loop transfer function. Chapter 13 takes up linear
oscillators, generalized to a considerable extent in relation to the asso-
ciated circuitry. Chapter 14 is concerned with the functions of interest
in servomechanism theory and design. As in Chapter 12, precision de-
sign is emphasized. This chapter, along with the rest of the book, pro-
vides a much more thorough background for the serious study of linear
servomechanisms than is usual.

As stated, I have tried to organize the subject matter so that the
book can be used at either the graduate or the undergraduate level.
How I feel the book can best be used at the graduate level will first be
discussed.

The usual graduate program has three distinet courses related to
circuits: a one-year study of formal network theory, a one-year con-
sideration of electronic circuit design, and a one-semester course on
transient analysis. In this book I have tried to combine practical linear
circuit design with much of the material contained in formal network
theory. No attempt has been made to integrate a detailed study of
transients into the presentation, although the material in Chapter 3 is
adequate for most practical problems. Rather, it is felt best to leave
this to an independent course. In addition, most of the formality and
rigor of network theory has been supplanted with more readily under-
standable pole-zero and phasor concepts.

This book can be covered in a one-year course, especially if Chap-
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ters 1, 4, 7, 8, or 9 are treated as review material. In addition to this
book, the first-year graduate program can be made complete along the
lines of circuit and network theory by adding the usual formal course on
Fourier and Laplace theory, a one-semester course on nonlinear and
other special aspects of electronic circuits, and, finally, a one-semester
treatment of formal network theory, which is better appreciated by a
student who has the first half of this book as background than by one
with an earlier formal network theory course. A student of network
and circuit theory has always been hampered by the lack of an easily
grasped pictorial representation; poles and zeros interpreted as phasors
can furnish this lack.

The possible adoption of this book in the undergraduate program has
been my fondest hope. I am convinced that it can be used effectively,
providing suitable instructors are available to teach it. Of course, it is
always hard to modify an undergraduate curriculum, which is a diffi-
culty that must be accepted. However, the book has been written with
this difficulty in mind. The first eight chapters, with the probable ex-
ception of Chapter 6, can be introduced most easily through a modifica-
tion of the customary course on classical filter theory, which normally
has about a year of circuit analysis as a prerequisite. Chapters 1, 4, 7,
and 8 include all the material usually taught in such courses, which
means that only Chapters 2, 3, and 5 represent new material. If the
first half of the book serves as a text, the introduction of the second
half into the curriculum is no great problem; Chapters 9 through 14
can be covered in one semester.

Unfortunately, the new graduate does not appear to know much
circuit design, and may even have trouble with relatively simple analy-
sis problems. One reason for this is the great bulk of concepts foreced
upon him without a detailed study of any one, which is a recent malady
arising from the tremendous expansion of frontiers. Teaching too many
concepts is questionable philosophy; it is much easier to learn concepts
after graduation than to learn techniques of analysis and design involv-
ing mathematical and even simple algebraic manipulations. This is"of
particular concern in the field of linear circuit theory and design, which
constitutes what is probably the engineer’s most important special
knowledge. His lack of training in circuit theory is compounded be-
cause the classical approach does not leave him with a thorough and
deep-seated understanding of networks. The pictorial approach given
by poles and zeros is particularly suited to providing the needed under-
standing. However, practice and repeated application to design prob-
lems are necessary if the student is to retain his knowledge; in other
words, a cursory introduction to the subject is not adequate.
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The undergraduate and many graduates find it difficult to grasp
cireuit theory thoroughly if all proofs and manipulations are purely
mathematical; they need some picture in their minds. For this reason,
the formal justification of poles and zeros with Laplace, Fourier, or com-
parable mathematical disciplines has been ignored. In addition, ana-
logs such as electrolytic tanks and rubber membranes have been ig-
nored; I do not feel they give any more understanding than that obtain-
able from a simple phasor approach. Wherever possible, the phase and
amplitude characteristics of a circuit have been implied with a simple
pole-zero diagram in hopes that the student will begin to think and vis-
ualize in these terms.

An effort has been made to show that the variable p has many inter-
pretations, all of which can be considered simultaneously; frequency
variable, complex variable, derivative operator, and Heaviside (or La-
place) operator. The result of this emphasis on the multitudinous
nature of p has been a loose functional notation for voltages and cur-
rents. It would be unfortunate to restrict the interpretation of a
voltage by writing a symbol such as E(jw), which is normally reserved
for the steady state.

I will no doubt be accused of using symbols in a few places that do
not conform to certain standards set down a number of years ago. The
first is the way I define plate and grid voltages. I have not flaunted
standard notation; rather, I have avoided it. In all but the simplest
vacuum-tube equivalent circuits, all node voltages must be taken with
respect to the reference node if utter confusion is not to result. Thus,
I use e, for grid-to-reference-node (ground) voltage and e, for plate-to-
ground voltage. 1 would prefer to use the more familiar symbols ¢, and
ep; however, these standard symbols refer voltage to the cathode. It is
only in the special case that the cathode also happens to be the reference
node. Thus the symbols ¢, and e, are, unfortunately, relatively useless.
In many diagrams, I use rather arbitrary symbols for e, and e,, such as
eo, e3, and er, which avoids a cumbersome double-subseript notation.
All too often, a strict adherence to standards is equivalent to a strait
jacket.

In addition, I have not used the customary symbols for voltage and
current generators. It is indeed unfortunate if the student cannot tell
the two apart without an extra label. The convention showing a circle
with an arrow alongside is particularly annoying (same symbol for both
current and voltage); it breaks down completely when applied to, say,
a source of force or velocity. The symbols I have adopted are unique,
include polarity, do not require an extra lable, clutter up a diagram to
the least possible extent, and have an obvious interpretation; a current
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source is a circle with an arrow inside, and a voltage source is a circle
with plus and minus signs inside.

Little in the way of specific numerical designs will be found here except
in the problems. The intent has been to present general methods from
which any specific design is merely a straightforward application of the
more general theory. This philosophy has been extended to the figures
as well; where specific tube-characteristic and other curves might have
been employed, generalized and qualitative sketches have been given
instead. In any event, the inclusion of numerical examples should be
the responsibility of the teacher and problem assignments rather than
the text.

A separate bibliography has been provided with comments on the
references in a chapter-by-chapter fashion. This obviates the need for
footnotes and permits a more detailed account to be given of the scope
of the various references as related to the material here.

Analyses with poles and zeros interpreted as phasors are little docu-
mented. Much of the work here is a result of personal effort and as
such may show ignorance of what may have been done by others at an
earlier date. The origin of the pole-zero method is difficult to ascertain;
it may have been employed as a conceptual tool by such men as Gauss
and Maxwell. Records of relatively early applications to circuit theory
do not seem to be available except in association with normal modes
and in analogy to potential functions. Neither of these interpretations
has been emphasized here.

The origin of this book stemmed from conversations between Dr. D. O.
Pederson, University of California, and myself in early 1953. From its
very inception, Dr. H. H. Skilling, Chairman of the electrical engineer-
ing department at Stanford University, has provided considerable en-
couragement and enthusiasm, without which this book probably would
not have been written. I am grateful to Professors J. M. Pettit and
D. F. Tuttle, Jr., who introduced me to pole-zero concepts while I was
a student at Stanford University in 1948-1949. Faculty members at
the University of Michigan have been helpful in their comments on and
enthusiasm for the work; in particular, I am grateful to Professor S. S.
Attwood, Chairman of the electrical engineering department, who made
typing facilities available for earlier versions of the text. Most of all, I
am indebted to my wife Rita for her encouragement and patience through
many long evenings of work.

JoHN L. STEWART
Pasadena, California
July, 1956
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Circuit Analysis

Network analysis is of basic importance to the study of lumped net-
works with or without vacuum tubes. If some driving function is ap-
plied to a known circuit, the output of the circuit is calculable by means
of an analysis. Although it may be tedious and time-consuming, analy-
sis of lumped and linear networks never involves more than a straight-
forward application of mathematical rules. The present chapter is
devoted to the basic principles of analysis. It is assumed that the mate-
rial in this chapter will not be entirely new to the reader; rather, it has
been included to provide review, to set forth certain definitions, and to
formalize systems of network equations.

Primarily, this book is devoted to the synthesis and design of net-
works, both with and without vacuum tubes. Synthesis can be broadly
grouped into two spheres of effort, both of which are related to the con-
struction of some network such that the output from the network will
be a prescribed function of the known input. Function synthesis in-
volves the derivation of a relatively abstract mathematical function that
is realizable with a network and that is desirable from some point of
view. In accomplishing function synthesis, various mathematical tech-
niques can be employed and perfectly good functions can be derived by
mathematicians who may not be too conversant with analysis and cir-
cuits in general. We shall have a considerable amount to say about this
topic later.

The other kind of synthesis is network synthesis, which is devoted to
the attainment of a physical circuit that realizes some given function.
This second kind of synthesis is so closely related to analysis that it be-
comes difficult to draw a sharp dividing line between the two. For
example, a designer may possess a repertoire of circuit knowledge that
he has gathered through experience. By adjusting the parameters of
these circuits, he may be able to design a rather broad group of circuit
funetions. Contrasted to this, formal network synthesis involves the
application of a set of rules to a given mathematical function, the end
product being a network. Like function synthesis, formal network

1



2 Circuit Theory and Design

synthesis does not require appreciable practical experience in circuit
design. Unfortunately, formal procedures all too often yield impracti-
cal networks. Formal network synthesis has not been developed to the
point where vacuum tubes can be treated in a straightforward manner,
although it may be quite useful for many parts of vacuum-tube net-
works. We shall study the more prosaic method of network synthesis
in greatest detail but shall occasionally have a word to say regarding
formal procedures.

Before treating specific topics, it is well to specify the types of net-
works to be studied in this book and the restrictions that will be imposed.
The systems to be studied here, with two or three exceptions, will be
linear with parameters that do not change with time. The equations
with which we shall deal will be linear integrodifferential equations with
constant coefficients. This means that all variables have constant mul-
tipliers; the variables as well as their derivatives and integrals never
appear to powers other than the first; and products of variables do not
appear. Admittedly, this is but a first-order approximation to actual
systems but it is often a good one. The deviation from linearity in cir-
cuit elements is usually hard to detect. Vacuum tubes are not linear
but can be approximated as such, with the accuracy improving as the
amplitudes of the signals handled by the tubes decrease. Frequently,
the assumption of linearity is not accurate but can be used to obtain
approximate solutions to problems without resorting to a nonlinear
analysis which may be impractical or impossible to apply.

In addition, the studies in this book will be restricted to networks
having lumped elements not subject to radiation effects. This means
that inductors, resistors, and capacitors can be localized and treated as
if they existed at points rather than over spatially sizable regions.
Neglecting radiation is tantamount to restricting our studies to circuit
configurations that are small in size compared to the wavelengths of the
voltages and currents circulating in the networks such that a change
at one point in the network is instantaneously felt at every other point.

1.1 Network elements and mutual inductance

There exist four different network parameters, two of which are quite
similar. They are resistance R, capacitance C, inductance L, and mu-
tual inductance M. R, L, and C are defined by the voltage across their

+ e - + e - + e -
R L C
—— —_— ——

i 1 i

Fig. 1.1. Current-voltage relations in circuit elements.
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terminals e(¢) and the current that flows through them 7(f) (see Fig. 1.1)
according to

e(t) = Ri(t)
p =10 1.1
et = L— (L.1)

t
et) = S (i) dt = sf i) di + e
1)

where S8 = 1/C is called the elastance and the constant eq is the voltage
across the capacitor at the reference time ¢ = 0.
The inverse relations are

1(t) = Ge(t)
i) = Cd—e(t—) (1.2)
dt ’

[

i) = I‘fe(t) it = I‘fe(t) dt + iy
0

where I' = 1/L is the reciprocal inductance, @ = 1/R is the conduct-
ance, and 7y is the current at time £ = 0. The initial conditions 7, and
eo In our work will be assumed to be zero.

Mutual inductance arises when two coils are coupled so that some of
the magnetic flux is common to both coils. Consider Fig. 1.2 which

shows two coils coupled with a mu-
L4

tual inductance M. The dot above © —0
a winding is at the side of the coil * +
that becomes positive when the cur- ¢ D L, , L, @ e,
rent in the other coil increases in  _ _
the assumed direction. Inductances © ¥ > —0
L, and L, are the self-inductances of M

the two coils; L, is the inductance Fig. 1.2. Voltages and currents in a
of the left coil of Fig. 1.2 when no transformer.

current flows in the right coil, and

Ly is the inductance of the right coil of Fig. 1.2 when no current flows
in the left coil. The basic law of mutual inductance is characterized by
the simple loop equations for the two coils

L o dis
—4+M—=c
1 dt a
1.3
i dis (13)

|
+
)
|

I

_e2



4 Circuit Theory and Design

It should be clear from these equations that mutual inductance is
only a special kind of induetance. Had one of the dots in Fig. 1.2 been
reversed, or had one of the two currents been assumed to flow in the
direction opposite to that shown (either of which is equivalent to revers-
ing the connections to one coil), the signs of the terms involving M in
eqs. 1.3 would be reversed. A handy rule for assigning the sign to a term
involving mutual inductance is: use a plus if both the relevant mutual
currents flow towards the dots (or both away) and a minus otherwise.

A word as to how the dot locations are determined is probably a worth-
while addition here. Consider again Fig. 1.2. Suppose a battery is
placed across L; with the positive end at the dot, which can define the
dot location as being at either end of the coil. Let this battery suddenly
be connected to the coil Ly, as with a switch. Then, an impulse of volt-
age will appear across Ly. At the end of the coil Ly that becomes posi-
tive, the second dot is placed.

Now let us work backwards from given dot locations, again referring
to Fig. 1.2. Suppose we are interested in the sign of the mutual term in
the equation for the current 7;. The proper sign is determined with a
two-step procedure described as follows. Let a battery be placed across
L, with the positive side at the dot. The resulting voltage impulse is
positive at the dotted end of L;. If this gives a voltage drop in the 7,
circuit in the assumed direction of 7;, we tentatively put down a positive
sign for the mutual term; if it gives a voltage rise in the assumed direc-
tion of i1, we tentatively put down a negative sign. Next we examine
the circuit containing 7,. If the battery with the positive end at the dot
of coil Ly causes an actual current that is in the assumed direction of 7,

o > I o

+ (1 -kL; (1-k)L, +

€ 71) Ly=kL, Ly=kL, @ €2

© T —0
M= (L/L})

Fig. 1.3. Leakage inductance transformer equivalent.

no modification of the tentative sign of the mutual term in the ¢; equa-
tion is required. However, if the actual current in L, with the positive
side of the battery at the dot is opposite to the assumed direction of iz,
we must reverse the tentative sign of the mutual term in the equation
for ¢;. Since a transformer is a bilateral circuit element, the sign of the
mutual term must always be the same in both current equations.

The coeflicient of coupling of a transformer is defined as
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k= M/(L1L2)% (1.4)
which can never be larger than unity.

The transformer of Fig. 1.2 has the equivalent circuit of Fig. 1.3,
where (1 — k)L; and (1 — &)Ly are called the leakage inductances, and
where the transformer made up of the inductances L;" and Ly’ has a
coefficient of coupling that is unity. The equations for this equivalent
circuit are the same as those for Fig. 1.2, which proves it to be an exact
equivalent. The reader can easily prove this for himself.

If the two sides of a transformer are connected together in the manner
shown by Fig. 1.4a, other equivalent circuits consisting of three induct-
ances can be derived. The “T’’ equivalent is shown in Fig. 1.4b, and

o
.-h
B~
v
(o
é)l L 4+ 0

(b)
Fig. 1.4. T and pi transformer equivalents.

the “pi”’ equivalent in Fig. 1.4c. For the T equivalent with dots and
assumed loop current directions as shown in Fig. 1.4a

Le=-M
Lo=Ly—L.=L1+M (1.5)
Lb=L2—Lc=L2+M

from which it is to be noted that an equivalent negative inductance ap-
pears. For the pi equivalent

L/ + L) Lo IyLy — M2
YL/ 4+ Ly + L C L+ M
Ly (La' + L LiLy — M?
g = Ly'L + L) Ly = 227 (1.6)
LS+ Ly + L/ i+ M
—LJ/Ly Lyl — M?

M=— L/
Ld + Ly + L -M
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With the dots as shown, L, is negative for the pi equivalent and both
L, and L}’ are positive. To take care of the case when one of the wind-
ings of the transformer is reversed, change the sign of M.

The basic unit of inductance L and mutual inductance M is the henry
(h). A current change of 1 ampere per second through a 1-h inductor
results in a voltage of 1 volt across the inductor. The millihenry (mh)
is 1072 h, and the microhenry (uh) is 107® h. Inverse inductance is not
usually specified in a circuit diagram, the value of inductance being given
instead.

The basic unit of capacitance is the farad (f). A current of 1 ampere
forced to flow into a 1-f capacitor causes the voltage across the capacitor
to change at a rate of 1 volt per second. The farad is much too large a
unit to be convenient. More practical measures are the microfarad
(uf), which is 1079 f, and the micromicrofarad (uuf), which is 10712 f,
(The unit puf is sometimes written “pf’” meaning ‘“pico’” farads.) In-
verse capacitance S is measured in darafs (farad spelled backwards),
which is designated df. Megadarafs and megamegadarafs are the more
practical measures. Element values are always expressed in farads
rather than in darafs.

The basic unit of resistance R is the ohm. On a circuit diagram, a
resistance of 10 ohms is commonly written 10 @ and sometimes simply
10 with the Q@ understood. A resistance of 50,000 Q is commonly written
as 50K, where K signifies thousands of ohms. A megohm is 1,000,000
Q; 10 megohms is commonly designated as 10M. The conductance G
of a 1 Q resistor is 1 mho (0), which is ohm spelled backwards. One
micromho is 1078 , which is a resistance of 1 megohm. Ohms rather
than mhos are usually employed in specifying element values.

1.2 Ideal and practical transformers

An often useful artifice is the “ideal” transformer. This device has
zero leakage inductance and infinite primary and secondary inductances,

I:n
O- —0
+ +
& )

Ideal
Fig. 1.5. The ideal transformer.
but so proportioned that their ratio is a finite number. The voltage-

current relationships in the ideal transformer are shown in Fig, 1.5,
where n is the ‘““turns ratio” (a purely real number). The volt-amperes
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in primary and secondary are equal, as is proper. However, the ratios
of voltage to eurrent differ. Since ey/is = nZ,/7;, an inductance in
the secondary has the same effect, as far as the primary is concerned, as
an inductance 1/n% times as large placed in the primary. This is dem-
onstrated by the equivalent circuits shown in Fig. 1.6. Resistance R
and elastance S = 1/C transform in the same manner as inductance L.

T3 38 - 3 3o

O-
Ideal Ideal
lin @ Llin
o———0u0 ' o o T —0
L g E % g n®L
-
e, —0 O O
ldeal ® Ideal
l:n 1:n L:in
n®L, ntL,
L <~ gL -~ n®L,
o —_—0
Ideal Ideal Ideal

©

Fig. 1.6. Referring inductances about an ideal transformer.

It must be pointed out that element values transform in this manner
only with ¢deal transformers.

Often it is necessary to change the impedance level in some network.
This can always be done on paper with an ideal transformer, although
it is hardly possible to build such a transformer. (Power transformers
are the closest to ideal transformers that exist. Transformers having
nonmagnetic cores are not even approximately ideal.) However, if an
ideal transformer in a network is adjacent to series and shunt induct-
ances, the ideal transformer and these inductances can be combined into
a practical transformer (or its T or pi equivalent). In order to do this,
there must be some series inductance to account for the finite leakage
inductance of a practical transformer. Also, there must exist some shunt
inductance to account for the finite primary and secondary inductances
of a practical transformer. The circuit of Fig. 1.6¢ corresponds to a
practical transformer.

As an example, consider the circuit of Fig. 1.7. Let us extract the
ideal along with nearby inductances and study it separately. In addi-
tion, let us “refer’” Ly’ to the primary side as an inductance Ly’/ n? = L.
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EEMLE 3 XN

—0
Ideal

Fig. 1.7. Circuit with ideal transformer.

Then we have the circuit of Fig. 1.8a¢ in which terminal conditions have
been imposed. The terminal conditions can also be referred to give the
circuit of Fig. 1.8b (where the dot locations are assumed to be arbitrary),

—i lin —=i, —i;

—ni,

Ideal
(a) ®)

Fig. 1.8, An ideal transformer with associated inductances.

the equations for which are

2 .2,
1 2 2 1
(1.7)
d’[l d’nl'z €9
Ly e A [y = 2
2 Ty n
Multiplying the second equation through by n, we get
(Ly 4 Ly) diy I dig
— —nly—=c¢
1 2 2 1
(1.8)
diy dis
—nLy— + n’Ly— = —e
nle—, + nLy P 2

which are the same as the equations for a transformer with mutual in-
ductance nLs and primary and secondary inductances L; + Lo and
n2Ly respectively. Thus, the circuit of Fig. 1.7 can be built as shown in
Fig. 1.9. The coefficient of coupling of the resulting practical trans-
former can easily be found to be 1/(1 + L;/Ls)** which, for finite L,
and Lo, is always less than unity.

Sometimes it is desirable to use a physical T or pi network instead of
a transformer. This will not be possible unless all the inductances in
the equivalent are positive. If the winding directions of the coils on the
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transformer are not important, the mutual element in the equivalent
can always be made positive. However, if the primary and secondary
inductances of the transformer are considerably different and the co-
efficient of coupling is not small, one of the inductances of the equivalent
T or pi may be negative even though the mutual inductance is positive.
If some additional circuit inductance is located adjacent to the objec-

o IF J—o0
% + L1+L2§\§n%2 +

nL,

Fig. 1.9. Resulting circuit containing a practical transformer.

tionable negative inductance, it may be enough to cancel the negative
inductance and make the equivalent practical.

It has been shown that an ideal transformer in association with finite
series and shunt induetances can be converted to a practical transformer
which, under certain circumstances, can further be converted to a prac-
tical equivalent T or pi network of inductances. In certain cases, there
also exists an equivalence between an ideal transformer in association
with series and shunt capacitors (or resistors) and a T or pi network of
capacitors (or resistors). The method of finding the equivalent is simi-
lar to that already described. The details have been left to the problems.

1.3 Loop and node equations

The equations of an electric network may be written in a systematie
way using either of Kirchhoff’s two laws. The current law states that
the algebraic sum of the currents leaving a node (the junction of two or
more circuit elements) is zero. The voltage law states that the algebraic
sum of the voltage drops around any closed path in a network is zero.
In obtaining the equations for a given circuit, one equation must be
written for each loop or node depending upon which of Kirchhoff’s two
laws is employed. The result is a set of simultaneous linear differential
equations.

Let a straight line segment with terminals (0 O) represent a single
circuit element. A generalized network can then be represented by a
geometric pattern as, for example, that of Fig. 1.10. If two parts of a
network have no branch or node in common, as if the two parts are
separated by pure mutual inductance or are completely independent,
they are said to be separable. The circuit of Fig. 1.10 has two separate
parts. One of the nodes of Fig. 1.10 is termed the reference node and is
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indicated as a ground connection. A node in combination with the ref-
erence node is called a node pair. A branch is an element or series com-
bination of elements between nodes that connect more than two elements.

: ‘ : Elements

\ y — - J
\—— Separate parts———

Fig. 1.10. The graph of a network.

The theory of networks when cast in the form of geometric patterns
belongs to a branch of mathematics called graph theory. Two impor-
tant results from this theory are

Independent loops = Elements — Nodes -+ Separate parts (1.9)
Independent node pairs = Nodes — Separate parts .
When a network is to be solved using one of Kirchhoff’s laws, it is
easiest to use the law which yields the fewest equations. F¥rom graph
theory, we may determine how many equations will be needed when
summing either currents into nodes or voltage drops around closed
paths. The required number of loop equations when summing voltage
drops is

Loop equations = Independent loops — Current sources (1.10)

Similarly, the number of nodes at which node currents must be
summed is

Node equations = Independent node pairs — Voltage sources (1.11)

The method of node voltages is often easier in electron-tube circuits
because several circuit elements so often appear in shunt (parallel).
Also, voltages rather than currents are normally considered the un-
knowns, which gives a further advantage to the nodal method. When
a simple mutual inductance exists, it may often be replaced with its pi
or T equivalent to facilitate a node-voltage solution. When several
mutual inductances exist, it is more convenient to use loop currents.
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Let us use Fig. 1.10 as a specific example for calculating the number
of equations required for solving the circuit. There are a total of 15
elements, 12 nodes, and 2 separate parts. Therefore, there are 15 — 12
+ 2 = 5 independent loops and 12 — 2 = 10 independent node pairs.

It is probably obvious to the reader that voltage generators placed in
series with the branches of Fig. 1.10 do not have an effect on the number
of loop equations required. Similarly, any number of currents may be
injected into the various nodes without affecting the number of node
equations required.

In order that the relations of egs. 1.10 and 1.11 be correct when voltage
and current generators are present, it is necessary also to count the gen-
erators as elements. In addition, the junetion between a voltage genera-
tor or a current generator and a single circuit element must be counted
as a node.

Two extra rules, the validity of which should be self-evident, can
occasionally greatly reduce the apparent number of equations required
in a loop analysis. If a network having but a single pair of terminals
occurs in shunt with an ideal voltage generator, and if the loop currents
within this network are not of interest, then the entire network can be
ignored. That this can be done follows from the simple fact that the
voltage of an ideal source is quite independent of whatever network is
connected in parallel with the source. Similarly, if an 4deal current
source oceurs in series with some network having but a single pair of
terminals, and if the currents within this network are of no interest, then
the entire network can be ignored.

It will be noted in eq. 1.9 that the number of independent node pairs
is reduced by the number of separate parts. Essentially, this means
that a reference node must be chosen for each separate part; otherwise,
the separate parts except the one containing the principal reference node
would “float.”” Consequently, when setting up a system for a nodal
analysis, the network is made to have but a single separate part by suit-
ably conneecting nodes together, for example, by assuming a common
reference node as one node in each separate part. ‘

Consider a typical node in some general network. ILet the node voltage
at this node be ¢, and let the voltages of nearby nodes be eg, e3, and ey,
all with respect to the reference node. Assume that driving currents
21, 72, 13, and 74 are injected into the corresponding nodes, as in Fig. 1.11.
A current generator causes the current to flow out of (or into) a node
regardless of the node voltage. As a matter of convention, all node
voltages, if unknown, are assumed to be positive and are measured with
respect to the voltage of the reference node. This has the advantage of
simplifying the formulation of the equations.
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Kirchhoff’s current law states that the algebraic sum of currents leav-
ing (or entering) a node is zero. Let us write the equation for the node
having the voltage ¢; in Fig. 1.11. The current leaving through T is

r f (e1 — es) dt. (If we were summing currents entering the node rather

than leaving it, we would write es — ¢; rather than ¢; — e; under the
integral.) Similarly, the current leaving through C is Cd{e; — e3)/dt.

Fig. 1.11. A typical node.

The current #; is shown entering the node; hence —7; leaves. Thus, the
equation for the node takes the form

d(€1 - 63) . .
Pf(el—eg)dt+CT+G2(el—64)—!—14*'11=0 (112)

If we collect all terms containing ey, all containing es, and so forth,
and put currents 7; and 74 on the right side of the equation, we get

del de3 . .
[Pfel dt + CE + Gg@l] - [Pf@z dt] - [CE':] it [G264] =11 — 4
(1.13)

which states in words that the sum of the currents leaving through net-
work elements is equal to the sum of the currents entering from current
generators.

From eq. 1.13 a pattern can be seen. The terms multiplying e; con-
tain only the elements connected to node e;; the terms multiplying es
contain only the elements common to both ¢; and ey, and so on. Thus,
we could have written eq. 1.13 directly without first going through the
step indicated by eq. 1.12. First, the current away from ey is calculated
assuming all other node voltages to be zero (that is, at the potential of
the reference node), which gives the first term of eq. 1.13 and the cur-
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rents 7; and 7;. Next, the current away from node e, is calculated assum-
ing all node voltages to be zero except es, which gives the second term
of eq. 1.13. The third term is obtained by assuming all voltages except
e3 1o be zero, and so on.

As a specific example, consider the circuit of Fig. 1.12. There are a
total of 12 elements (counting the two generators), 4 nodes, 1 separate
part, 2 current generators, and no voltage generators. The number of
independent loops is 12 — 4 4 1 = 9, and the required number of loop
equations 18 9 — 2 = 7. The number of independent node pairs is

Gyle, ~ey) C# G, e3
3 . |
]
. 1\L %Lz § Gy =x=C,
i= _J_ C, _I_ r
eOGl G, L, T ¢ G, T Cy
=

Fig. 1.12. Circuit for the node example.

4 — 1 =3, and the required number of node equations is 3 — 0 = 3.
Evidently, the set of node equations is much simpler in this case. If ¢;
is a known voltage (which would be assumed if the ratio es/e; were of
interest, for example), then an ideal voltage generator is placed between
the e; node and the reference node, and the elements Gy, Ly, and C,
and the current generator egG, are all ignored. No equation would then
be written for the e¢; node.

The node equations for the circuit of Fig. 1.12 are given in eqgs. 1.14.
The reader is advised to follow them through carefully and write them
down a few times without reference to the text. This example will be
used repeatedly throughout the balance of this chapter. The circuit is
that of a practical vacuum-tube amplifier.

dey dey .
[G161 + F1f€1 dt + (C1 + Cy) ;l?} - [02 75] — [0] =1 = Giep

deq deg
- {02 E] + [(G2 + Gslee + (C2 4 Cy) E] — [Gses] = Ga(er — e9)
(1.14)
de3
—[0] — [Gseo] + [(04 + Gsles + szes dt + Cy 7¢l-t‘:| = —@3(e; — €3)

To write down a set of node equations without confusion, it is neces-
sary to assume that the polarity of all unknown node voltages is posi-
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tive. To write down a set of loop equations, the direction of each un-
known loop current must be assumed. By convention, all loop currents
are assumed to travel in a clockwise direction. Consider a typical loop
in a network as depicted in Fig. 1.13. Voltages e; and e result from
voltage generators, and ¢, 7, and 73 are the assumed loop currents. Let
us write the loop equation for current 7; by following the direction of 4,
around the loop and equating the sum of all the voltage drops to zero.

—AM—— T 1t -
n

&, Ly

- = -

Jt---

Fig. 1.13. A typical loop.

Since only 7; flows in R, and Ly, the voltage drop in these two elements
18 Ry2y + Ly diy/dit. The current 41 — 45 flows in By and S in the direc-
tion of 7;; hence the voltage drop across these two elements is Ry(77 — 73)

+ S8 f (i1 — 12) dt. Similarly, the voltage drop across Ly is Led(7; — 43)/

dt. Going through the generator, voltage e¢; is a voltage rise in the direc-
tion of 7;; hence the voltage drop is —e;. The equation for loop current
11 takes the form

. diy . ) , . d(7y — 13)
Rlll + L1 :,_i? + Rz('Ll - Zz) + Sf(’&l - ’Lg) dt + Lz—dt— — 6 = 0

(1.15)
Collecting terms as we did before

y
[(Rl + Ro)it + (Ly + L) % +5 4 dt]

. . diz
- [Rzlz + S 12 dt] - {Lz E] = €1 (116)
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which in words says that the sum of the voltage drops in circuit ele-
ments is equal to the sum of the voltage rises through voltage generators.

This equation could also have been written by inspection. The first
term is the sum of the voltage drops in the direction of 7, obtained when
all the currents except 7; are assumed to be zero; the second term is the
voltage drop in the circuit containing ¢; when all the currents except 7o
are assumed to be zero, and so on.

Rl La Lb
AN _I_ o0 00
e eré i\ c i) Lo (ig\ %Rz

Fig. 1.14. Circuit for the loop example.

i

As an example, consider the transformer-coupled circuit of Fig. 1.14
in which the equivalent T has been used in place of the transformer.
The three loop equations are

[Rlil + S il dt] - [S ’[2 dt] - [0] =€

. ) dig dig
—[Sf’tl dt] + [S 19 di + (La + Lc) ?t':' - I:Lc E] =0 (]17)

0= [2 22|+ [ Rois + 20 22| = 0
di di

As in the previous example, this example represents a practical vacuum-

tube circuit and will also be referred to throughout the balance of this

chapter.

When a network is to be solved using either loop currents or node
voltages, the proper number of currents or voltages as given from graph
theory should always be employed. If too many are assumed, the set
of equations describing the network will be unnecessarily complex. If
too few are assumed, there will not exist enough information to obtain
some desired solution; that is, certain variables will be unaccounted for.

In the nodal method, no choice as to the unknown node voltages is
given and the analysis procedure is pretty well fixed except for the choice
of the reference node. In the loop-current method, however, a choice
can often be made as to the exact paths followed by the assumed loop
currents. (Nodal analysis is actually simpler than loop analysis for this
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reason.) Consider, for example, the circuits of Fig. 1.15. There are
eight elements (including the generator), one separate part, and five
nodes (including the junction between the generator and resistor) ; hence,
8 + 1 — 5 = 4 loop currents are required. The currents in either Fig.
1.15a or b, as well as certain other possible configurations of currents,
are satisfactory. However, the currents assumed in Fig. 1.15¢ are not

S 0L A t0s

KGN ISX BueHE D)

A

Fig. 1.15. Choice of loop currents.

correct because no current has been assumed to flow in one of the
branches. The arrangement of currents generally employed is that in
Fig. 1.15a.

The system equations can be made to have slightly different forms
depending upon the chosen configuration of loop currents. Often one
particular choice leads to simplifications. For example, it is best to
have but a single assumed current flowing in the element that repre-
sents the output.

We have designated a resistance by R or G in the various figures so
far. It really does not matter which symbol is employed; R or G simply
designates some particular element. For example, we might designate
a 10 Q resistor as B;. If we put down Gy instead of R, no difference is
intended; a 10 Q resistance and a 0.1 8 conductance are one and the same
thing.

1.4 Exchange of sources

When employing the loop-current method of analysis, it is most con-
venient (although not necessary) to have all sources expressed as voltage
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sources, that is, a voltage generator in series with some source network
element or elements. For nodal analysis, it is more convenient to have
all sources expressed as current sources, that is, a current generator in
shunt with some source network element or elements. The exchange is
depicted in Fig. 1.16 for source elements of pure B, L, and C with initial
currents and voltages 7y and ¢;. The equivalence of the various sources

VWA 0 —0
R
e=Ri <> 1=Qe R
O ')
L
o °
. — H
e=L% fo <> i=Tfedt L%Tio
0 0 o
y — °
t. —% + . de _L+
e=Sfl dt < L=CE C ,r_e‘0
0 a o

Fig. 1.16. lixchange of sources with initial conditions.

of Fig. 1.16 can readily be demonstrated by writing the pertinent dif-
ferential equations.

When initial conditions are zero, it is a simple matter to obtain a
transformation for a rather general collection of source elements which
include those of Fig. 1.16 as special cases. Let some network of elements
having two terminals be characterized by an impedance Z or an admit-
tance ¥ = 1/Z. The current source has the network in shunt; the volt-
age source has the same network in series. The general exchange is
depicted in Fig. 1.17. Figure 1.17¢ is essentially the same as Fig. 1.17a;
it has been included for the purpose of clarifying the manipulation of
circuits.

Caution regarding the exchange of sources is required when transient
solutions are of interest. Then, initial conditions cannot always be ig-
nored and the general exchange of Fig. 1.17 may not be valid. However,
the general exchange is always valid if the initial conditions are zero.

When a voltage generator has zero source impedance, it can be con-
verted to a current generator by assuming a source impedance that can
be made arbitrarily small. Should a current generator be ideal in the
sense that its shunt impedance is infinite, an arbitrarily large shunt
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Fig. 1.17. Exchange of sources with zero initial conditions.

impedance can be assumed in order to effect a conversion to a voltage
source.

1.5 The steady state and the differential operator

By the steady-state behavior is meant the behavior of circuits con-
taining pure sinusoidal variations of voltage and current that change
neither in frequency nor amplitude and which have been going on for all
time and will presumably continue to go on for all time. Thus, a voltage
or current can be described as E,, cos (wt - 6) or I,, cos (wt + 6), where
E,, is the peak value of the voltage, I,, is the pea': value of the current,
6 1s a constant phase angle, ¢ is the time, and w is the frequency in radians
per second. The frequency in eycles per second is f = w/2x. In this
book, radian frequency measure will generally be employed. When talking
about devices (as in problems and specifications), frequencies are more
often specified in cycles per second (eps), kilocycles per second (kes), or
megacycles per second (mes).

Circuits act to combine a number of currents and voltages with
derivatives and integrals of currents and voltages. Since derivatives and
integrals of sine and cosine waves are also sine and cosine waves, the
application of a sine wave as a driving function to a network must always
result in only sine and cosine variations within the network and at its
output, which is but a consequence of the linearity of the network.

Since ) .

et = cos wt + 7 sin wt (1.18)

where j = (—1)* is the “imaginary” number (an “operator’’), we can
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write

cos wi = Re /¢
(1.19)

sin wt = Im ¢/™*
The symbols Re and Im are called operators because they direct that
either a real or an imaginary part, respectively, of a quantity be taken.
Consequently, we can use Re ¢/“® instead of cos wt to designate a cosine
wave. In fact, we can use simply the exponential itself, ¢!, tacitly
assuming that Re (or Im) is present.
The adoption of the exponential time variable greatly simplifies
steady-state relations because

de d™(E et
dt® dat®

f f edtdt -
nfold (Jw)n

In other words, taking an nth-order derivative of a voltage or current
amounts to multiplication of the voltage or current by (jw)", whereas
the process of getting an nth-order integral of a voltage or current
amounts to division of the voltage or current by (jw)*. All the constants
of integration in eq. 1.20 are assumed to be zero in the steady state;
hence, the indefinite integrals can be treated without reference to time
limits.

The exponential time variable results in a remarkable simplification
in that it converts the integrodifferential equations of a system into
algebraic equations iri!’:jw through a transformation.

Let us take a somewhat different viewpoint and write derivatives and

integrals of voltages and currents in terms of the “derivative operator” p.
Then

= E,(jo)"e™" = (ju)"e
(1.20)

d"e
g P

f ---fedtdt--
nfold

In the steady state, p is simply jo. However, p has a more general
interpretation; in fact, p has no less than four distinet interpretations,
most of which we shall treat sooner or later. To avoid a lengthy discus-
sion at this time, we shall consider only p = jw in this chapter. The
symbol p will be adopted not only because it is more convenient but also
because it leads to other interpretations to be explained later.

(1.21)
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With the general derivative operator p, a set of network differential
equations becomes a set of algebraic equations in p. Setting p = jw
converts this set of equations to the steady state. In terms of p, egs.
1.14, which are the equations for the cireuit solved on the basis of node
voltages given as an example in Sec. 1.3, become

T
{G1 + ';1 + (C1 + 02)17:’ er — [Coples — [Oles = ¢ = Greo
—[Capler + [(G2 + Gs) + (Ca + Ca)ples — [Gsles = Gs(er — e2)  (1.22)
T
—[0]e; — [Gsles + [(G4 + Gs) + *p‘z + 0417] eg = —(iz(e; — eg)

whereas the equations for the loop-current example, egs. 1.17, become
S S .
By +— it —|—|t%e—[Olis=¢
p 14

_ [S] - E (Lot Lop| i = (Ll =0 (128)

—[0ler — [Leplia + [Be + (L + Lo)plis = 0

The techniques for solving sets of algebraic equations with the aid of
determinants are well worked out. The reader is advised to review the
subject if necessary. For example, currents iy, iz, and iz for the loop
example of egs. 1.23 can be found in terms of the “driving voltage” e as

. +A"e
1 =
A’In
. —Alg’"e
19 = am (1.24)
: +Aqy3™e
i3 =
Am

where A™ signifies the determinant of the coeflicients

T

e 2] [;—j + (Lot Lop [ Lep] (1.25)
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and where A;™ is the determinant that remains after striking out the
ith row and jth column of the full determinant A™, and is called a minor.
The sign to be associated with the determinant A;™ is (—1)"7. We
shall consistently use the superseript m (not an exponent) as in A;;™ to
designate a determinant or ratio of determinants or other quantity aris-
ing from a loop analysis. The m stands for “mesh,” which is a synonym
for “loop.” The superscript n will be used to denote quantities arising
from a nodal analysis.

Equations 1.24 are simply algebraic expressions in the variable p when
p = jw. If the values of the circuit elements are known, the solution for
any current involves straightforward manipulations of complex algebra.
The usual results of such an analysis are curves of the magnitude and
phase angle of a current or voltage as functions of frequency w.

The numerators and denominators of the currents of eqgs. 1.24 will
have terms multiplied by p and 1/p. It is often desirable to remove the
factors of 1/p by multiplying both numerator and denominator by a
suitable power of p so that the currents are expressed as the ratio of two
polynomials in p. This can be done in a slightly different and often
more convenient manner. Suppose that eqs. 1.17 had been differentiated
term by term. This is equivalent to multiplying egs. 1.23 through by p.
The result will be to make the determinant show only powers of p and
not 1/p so that, when expanded, the desired ratio of polynomials is ob~
tained directly. If we observe that the multiplier of any unknown node
voltage or loop current arising from a node or loop analysis, respectively,
can never contain other than factors proportional to p, 1/p, or a con-
stant, the statement that eqs. 1.24 can be put into the form of the ratio
of two polynomials in p should be clear. It certainly will become ob-
vious to the reader as he progresses further in this book.

By referring again to the loop example of egs. 1.23, we can make
several useful definitions, The term multiplying ¢; in the first expression
is ealled the self-impedance of the first loop. That multiplying 75 is the
mutual impedance connecting the first and second loops. Let us call
z;" the self-impedance of the ¢th loop and z,;”* the impedance common to
both the 7th and 7th loops appearing as a term in the loop equation for
the 7th assumed current. With this nomenclature, egs. 1.23 can be
written

211 — 2197 — 21373 = €

—291™91 + 2092 — 223™73 = 0 (1.26)
— 231" — 2322 + 233713 = 0

which leads to even simpler expressions for the currents given by egs.
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1.24. The determinant is now

+2™ —2" —21g"
A" = —29" 220" —223™ (1.27)

m
—251" —2z3g" 233"

A negative sign is associated with all the 2,/ for ¢ ¥ . Then for bi-
lateral circuits, all the impedances #;;™ for both ¢ = j and ¢ # j will rep-
resent physical impedances.

For the example described by eqgs. 1.23, 213™ and z3;™ are both zero,
219™ = 2o1™, and 293™ = 232™. For this example, z;™ = 2;/™ for ¢ # j,
which is an indication of a bilateral network in which signals flow with
equal ease in either direction. In vacuum-tube circuits, the condition
z;" = zj;™ is often not true. For example, consider the system of node
equations of egs. 1.22. Combining all factors proportional to the same
unknown node voltage, which include two of the currents on the right
sides of the equations, egs. 1.22 become

1= G1€0

r
[G1 + ——; + (Cy + Cz)p] e1 — [Coplez — [Oles

—[Cop + Gsley + [(Gs + G3 + Gs) + (C2 4 Ca)ples — [Gsles

0 (1.28)
T
—[—Gsler — [(Gs + Gs)les + [(G4 + @) + f + 0423] ez =0

In terms of mutual and self-admittances, these equations become
yi"er — yi2'e2 — Yi1a"ez = 1 = Gheo
—Y21"e1 + Ya2"ez — Yoaz"ez = 0 (1.29)
—Ys1"e1 — Ya2"e2 + Ysz"es = 0

in which ¥, is the self-admittance of the ¢th node and y;;" is the mutual
admittance between the 7th and jth nodes appearing as a multiplier of
¢; in the equation written for the ¢th node. Here, it is obvious that
Yo3" #= ya2", and so forth. (Although the m and n superscript notation
is perhaps a little bulky, it will prevent us from confusing the 2’s of
loop analysis and the ¥’s of node analysis; that is, 2;,™ # 1/¥:1.", but
= 1/y™.)

Let us consider the general system of node equations containing a

current generator for each node. Such a system can be considered to be
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an extension of eqs. 1.29

n )
yuier — Yi2'eg — = Yirer = 1
n n n —_ A
—Ya1"€1 + Y€ — - — Yor € = Ig
(1.30)
" .
~yr1"er — Yrz€g — -+ yrrner =1

The equivalent general set of equations for loop currents can be ob-
tained from egs. 1.30 by changing the ¢’s to ¢’s, the ¢’s to ¢’s, and the
¥'s to 2’s. The 7’s in eqs. 1.30 remain after any terms proportional to
any of the unknown node vollages have been moved o the left sides of the
equations.

The solution for the node voltage ¢;, s < r, is

.
2o Aw"(—1D)F e,
6 = - (1.31)

where A" is the determinant of the admittances. Equation 1.31 is also
the solution for the loop current 7, for a system solved on the loop-cur-
rent basis if the 7’s and ¢’s are interchanged and the determinants refer
to loop impedances.

The summation in the numerator of eq. 1.31 shows the principle of
superposition which allows the response of a circuit to several driving
functions to be obtained by adding the contributions at the output given
by each driving function considered separately.

It should be observed that the ratio of determinants A;;/A has the
dimensions of an impedance or an admittance, depending respectively
on whether a node or a loop analysis has been made.

When the differential operator p is equal to jw (that is, in the steady
state), all impedances and admittances are functions of jw. We can
always split them into real and imaginary parts as

7Z(jw) = R(w) + jX (@)
Y(jw) = G(w) + 7B(w)

(1.32)

where R and @ are called the resistance and conductance respectively,
and represent the real part of the impedance or the admittance. X
and B are the imaginary parts; X(w) is called the reactance (the imag-
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inary part of an impedance), and B(w) is called the susceptance (the
imaginary part of an admittance).
Clearly, the square of the magnitude of Z(jw) in eq. 1.32 is

|Z(jo) [P = Z(j0)Z2*(jo) = Z(jw)Z(—jw) = [R@)F + [X()]* (1.33)

with a similar development for the admittance. Z* signifies the com-
plex conjugate of Z as

Z*(gw) = Z(—jo) = B(w) — jX () (1.34)

Students are often confused by an expression such as eq. 1.31. Actu-
ally, the expression is much simpler than it looks. Suppose, for exam-
ple, we are interested in solving for es in eqs. 1.30 (which is for s = 2 in
eq. 1.31). The solution 1s given simply as the ratio of only two deter-
minants. In the denominator, the full determinant of the admittances
appears. In the numerator, the determinant is the same as the full de-
terminant in the denominator except that the second column, which
pertains to the voltage e,, is replaced with the column of currents on the
right sides of egs. 1.30. The summation of eq. 1.31 results simply from
the expansion of the determinant in the numerator about the second
column, that is, about the column containing the driving currents.

1.6 Input and transfer immittances

The equation giving a node voltage in terms of injected currents has
been given in eq. 1.31 and is repeated as

2 Ap(—1)F T,
el

€ = 1.35
A (1.35)

where A" is the determinant of the ’s. The corresponding solution for
a loop current in terms of driving voltages is

r
Z Akam(— 1)’°+sek
k=1

Gy = - (1.36)

where A™ is the determinant of the 2’s. An “immittance” (a general
term signifying either impedance or admittance) relates a voltage and a
current according to Ohm’s law for a-c circuits. Thus, eqs. 1.35 and
1.36 can be written as the sum of several immittances as

e = Zys"ty + Loy + -+ Ly

(1.37)
is = Y61 + Yasea + -+ Yiger
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The impedance Z;;" is termed the input impedance of the kth node
pair; it is the impedance between the kth node and the reference node
relating the voltage at the kth node to the current injected into the kth
node from a current generator when all other driving voltages and cur-
rents are zero. In reference to a loop analysis, the input admittance
Y™ is the admittance seen looking into the network between the ter-
minals in the kth loop at the point where the kth driving voltage exists
when all other driving voltages and currents are zero. (Causing a driv-
ing voltage to become zero essentially short-circuits the voltage source.)

In general, and without reference to either a nodal or a loop analysis,
the input immittance of a network relates the voltage and current at one
pair of terminals of the network when all other driving currents and
voltages are zero.

It must be pointed out that by a driving voltage or current we mean
one that is dependent upon an externally applied signal and not one
that is dependent upon one of the node voltages or loop currents. For
example, the nodal system of Fig. 1.12 has a driving current 7 = Gyeq.
The other current generator in Fig. 1.12 is entirely dependent upon the
node voltages e; and e, and is always present in the network. It can
never be set equal to zero because it s just as much a part of the network
as are the circuil elements themselves.

In a set of nodal equations, the impedance Z;;™ for k # 7 is a different
thing. This impedance relates the voltage appearing at the kth node in
response to a driving current at the jth node when all other driving
currents and voltages are zero. Since the voltage and current at dif-
ferent nodes are related in this manner, Z;" is called the ‘“transfer”
impedance. With reference to a set of loop equations, the transfer ad-
mittance Y™ for j # k relates the current flowing in the kth loop in
response to a voltage applied in the jth loop when all other driving volt-
ages and currents are zero.

Much of the preceding discussion can perhaps be clarified by refer-
ence to the examples. Consider first the system of loops of Fig. 1.14.
The input admittance of the first loop is

+A My
7 = Yume = —A;l— (138)

and the transfer admittance relating the third loop current 43 to e is

+Ap3™e
iy = Yig = —Aif— (1.39)
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where A™ is given by eq. 1.25 and where

F-209"  —293™

—232" t233

A13m = (140)

i —291"  +2g0"

m a
—Z31 432

Now consider the system of node equations defined by Fig. 1.12. The
input and transfer impedances relating ¢, es, and ¢ are

+A™ o FA™
€ = Znn’b. = 1 €3 = Z13nl = Ai‘3 (141)
where A" is the determinant of the y’s of egs. 1.29 and where
+y22"  —y23" —Ya1"  Fyz"
Ay = yzzn y23n Ay = yzln 22n (1.42)
—ys2" TYs3 —ys1"  —Us2

Because the full determinant appears in the denominators of all terms
of eqs. 1.37, the denominators of all tnput and transfer impedances resuli-
tng from a nodal analysis are the same. Similarly, the denominators of
all input and transfer admittances resulting from a loop analysis are the
same.

The important reciprocity theorem can be deduced from the preced-
ing discussion of input and transfer immittances. If the mutual and
self-immittances of a network are symmetric about the main diagonal
of the full determinant (that is, if 2;;™ = z;™ or if y;;* = y;™ for ¢ = j),
the transfer immittances will also be symmetric and cause and effect in
the network are interchangeable. This means that a voltage in one
loop and a current flowing in another loop are related the same way re-
gardless of which of the two loops contains the voltage and which con-
tains the current. The example we have used for loop currents has this
property; the example that has been used for node voltages does not.

Equations 1.39 and 1.41 can be employed to define a more general
sort of transfer function which does not (necessarily) have the dimen-
sions of admittance or impedance. Let us first consider the loop system
and assume that the output is the voltage that appears across R, in
Fig. 1.14, eout.  Since equt = 73R, eq. 1.39 becomes

€out = (Y13mR2)e (1 43)

where Y,3™R, is a dimensionless transfer function,

For the node system of Fig. 1.12, the driving current ¢ is indicated as
being proportional to a voltage, as 7 = G1ep, which often oceurs when a
vacuum tube is the current source. Then, assuming ez to be the output
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with eq the input, eq. 1.41 becomes
es = (Z13"G1)eo (1.44)

which is also a dimensionless transfer function.

When only one driving current or voltage exists, all terms but one
on the right of eqs. 1.37 are zero, For convenience, the driving current
or voltage can be assumed to occur in the first node or loop and the out-
put at the rth node or loop. Then, the transfer and input immittances
are

el/i = Zyy" e./i = Zy," (node)

i/e = Y™ i/e = Y1, (loop)

I

(1.45)

where 7 and ¢ are the driving current and voltage respectively. If the
driving current ¢ is proportional to an applied voltage in a node system,
or if the output voltage is proportional to the rth loop current, the trans-
fer function can be expressed as the ratio of two voltages (or two cur-
rents) and will be dimensionless.

The input immittance describes the input characteristics of a network.
The transfer function relates output and input and is the quantity of
central importance (although in vacuum-tube systems a transfer func-
tion is often defined in terms of an input immittance). When the steady-
state condition exists, the z's and y’s of the determinant of a network
are functions of jw and jw only; hence, the transfer and input immit-
tances and the transfer function will be functions of jw only. Thus,
any network is completely characterized in the steady state by functions
of jw or the differential operator p when p = jw.

The transfer function as described up to now relates voltages and/or
currents. However, it may relate many different kinds of quantities:
voltages, currents, mechanical positions or angles, velocities, fluid flow
rates, and so forth.

As defined, the transfer function always means the ratio of the out-
put divided by the input and never the input divided by the output.

1.7 Circuit theorems

Several theorems regarding circuits find extensive use in facilitating
analysis and synthesis. Some of them have already been mentioned
and essentially proved.

The theorem of superposition is a consequence of linearity and really
is more a condition than a theorem. Since the output of a network is
made up of a linear sum of terms, each of which is dependent upon a
single source, the contributions at any point in a network resulting from
each source can be added independently. In calculating a given con-
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tribution, all driving voltages and currents are assumed to be zero ex-
cept, of course, the voltage or current whose contribution is sought.
Superposition is a condition rather than a theorem because all linear
systems relating to all physical phenomena behave the same way in this
respect.

The exchange of sources is properly a theorem. It is an especially
useful one in vacuum-tube circuits.

The theorem of reciprocity is applicable to bilateral networks in the
steady state. If a voltage source e in branch a of a network produces a

Branch a Branch b Branch a Branch b
Bilateral :) C Bilateral
e 11 12 e
network network
Node pair a Node pair & Node pair a Node pair b
G Y [l@ N—
; Bilateral + + Bilateral .
network i i network !
0 [0 ——

Fig. 1.18. Demonstration of reciprocity.

current ¢ in branch b, the source can be removed from branch ¢ with the
gap created by its removal short-circuited and placed in series with
branch . The same current that originally flowed in branch b will now
flow in branch a. A similar transfer of current sources between nodes
can be effected without changing the node voltages involved. This
theorem is demonstrated pictorially in Fig. 1.18.

Two important theorems remaining to be discussed are Thévenin’s
(and Norton’s) theorem and the theorem of maximum power transfer.
The proof of these two theorems will be given here because of the math-
ematical techniques they illustrate.

Consider a “black box’ containing any arrangement of voltage and
current generators in an arbitrary network. In order to prove Théve-
nin’s theorem, it is only necessary that the complete network obey the
law of superposition (that is, that it be linear) and that it be operating
in the steady state with all voltage and current generators at the same
frequency. Assume that all voltage sources in the black box (see Fig.
1.19) are converted to current sources. The question of the conversion
of a voltage source having a zero source impedance can be resolved by
assuming a souree impedance ¢ where e is arbitrarily small. (Actually,
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no practical voltage source can have a source impedance that is precisely
Zero.)

Assume that the network containing r current sources drives an arbi-
trary load impedance Zz, placed between the rth node and the reference

rth node
Linear network > | +
r+ 1 nodes
Z, e,
r current

sources |
Reference node

Fig. 1.19. A general network containing current sources.

node. The voltage of the rth node is e,, which is given by

Alr a1 A2r 12 Arr 1r

e " . e

e, =

(1.46)

where the sign depends upon whether 1 + r is odd or even.

The determinant A™ is the general determinant of the y’s. The self-
admittance of the rth node is ¥, + Y, where y,," is the admittance of
all elements except Y. Thus

Fyi" —y" —r =Y
—tya1" +Y22" —r —Ya "

A" = . (1.47)
'—yrln —Z/r2" — +(yrrn + YL)

If A" is the value of A" with Yz = 0 (load removed), it can be ob-
served that
A" = A" 4+ YA (1.48)

where A,," is the determinant A™ with the rth row and the rth column
removed. All determinants of the form A;," are ¢ndependent of Y.
Using eq. 1.48 in eq. 1.46, we get

e, = (iAlrnil + Azr"iz +-- + Arrnir> ( AOn > (]49)
AOn AOn + YLAT’I‘n

The first quantity in parenthesis in eq. 1.49 is the voltage at the
terminals of the network with Yz = 0; that is, it is the open-circuit
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voltage ¢/. The second term can be written
Ag™* _ Zr,
A+ V1AL Zp 4 A"/ A"

(1.50)

The ratio A,"/A¢" is the input impedance of the rth node with
Yy, = 0; that is, it is the input impedance to the black box with all
driving currents zero and can be called Z;;. Thus, it should be clear
that the black box has the load voltage

Z
o= —2 g (1.51)
ZL + Z in
which is equivalent to the circuit of Fig. 1.20.

Thévenin’s theorem can well be restated as follows: a linear network

having a pair of terminals and containing some combination of voltage

VA

in l

+

n
~

e’ Z,

o I

1

Fig. 1.20. Thévenin equivalent.

and current sources (all sine waves of the same frequency) can be re-
placed as far as conditions at the terminals are concerned with a single
voltage generator in series with a single impedance. The voltage gen-
erator has a value equal to the open-circuit voltage at the terminals of
the network, and the impedance is that looking back into the network
(with the load on the terminals removed) when all driving voltages and
currents in the network are zero.

If ¢ and Z;, in Fig. 1.20 are converted to a current source and source
admittance, a similar theorem, called Norton’s theorem (which is not
essentially different from Thévenin’s theorem), is obtained.

Figure 1.20 describes a very useful short eut which can be called the
“voltage-divider” rule. Equation 1.51 gives the steady-state voltage
across an arbitrary impedance when a voltage of a known value is ap-
plied to a series combination of impedances.

Thévenin’s theorem is often extremely useful in simplifying networks.
Frequently, a complicated impedance Z;, and voltage ¢’ {where both
may be functions of frequency in general) as in Fig. 1.20 can be approxi-
mated with much simpler functions over a sufficient band of frequencies
to satisfy the requirements of some given problem. The impedance Z;,
will not necessarily conform to a physically meaningful network.
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Another theorem of considerable importance concerns the maximum
power transfer in the steady state between a generator and a load.
Consider a quite general source and source impedance driving a load as
shown in Fig. 1.21. It is assumed that operation is at a fixed frequency.
It is desired to find the condition on Z;, for maximum power dissipation

€ /1\, Zy =Ry +jX,
I

Fig. 1.21. A source and load in the steady state.

Zs=Rg+jX;

in the load. Let 7 and e be a current and a voltage represented in terms
of exponential time variations. Then the power in the load is

Py = |i|?RL/2 = &*R./2 (1.52)

where the use of the complex conjugate should be observed. The cur-
rent is given by

e
i = - (1.53)
Rs + RL + ](Xs + XL)
Substituting eq. 1.53 in 1.52
ee*Ry/2
Py, Y (1.54)

T R + R’ + (X, + X1)?

The maximum value of Pz, a function of By and X, can be estab-
lished by setting the derivatives of Pr equal to zero

dP/dX; = dPp/dR;, = 0 (1.55)

This manipulation yields a maximum power |e[2/8Ry (where |e| is
the peak value of the voltage) when

R, =R, and X = —X, (1.56)

which means that, for maximum power transfer, the source and load
impedances must be complex conjugates. Of course, adjusting the load
to absorb maximum power does not yield maximum load voltage.

1.8 Three kinds of networks

A general network can be considered to be a black box having a num-
ber of accessible terminals. Driving functions may be applied to some
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of these terminals with outputs appearing at other terminals. The box
will consist of either a bilateral, unilateral, or unstable network.

A bilateral network must obey the law of reciprocity. Such networks
generally consist only of R, C, L, and M with no vacuum tubes. In a
bilateral network, signals travel between pairs of terminals with equal
ease in either direction. Sometimes, vacuum-tube networks may be
operated as two-terminal devices so that they behave like R, L, or C as
far as one pair of terminals is concerned (with perhaps a direct voltage
or current source as well). When oceurring in this manner, a vacuum
tube may exist in a network without preventing it from being bilateral
(for example, when a vacuum tube with Miller effect is utilized to obtain
a controlled input impedance). The determinant of a bilateral network
will always display symmetry about the main diagonal; that is, ;™ =
2" or y,;t = y;." for ¢ # 5. (Of course, symmetry about the main di-
agonal may not be evident if the set of equations describing the network
is not written in an orderly manner.) Often, a bilateral network having
two pairs of terminals is purposely made physically symmetric about a
center line so that turning the network end for end introduces no dis-
cernible change in the circuit diagram. Then, in addition to displaying
symmetry about the main diagonal, the determinant of the network
(assuming that loop currents or node voltages are also symmetrically
disposed) will also show symmetry, about the opposite diagonal.

A unilateral network does not transmit signals with equal ease in
either direction between pairs of terminals. The determinant of such a
network will never show perfect symmetry about the main diagonal;
that is, all the y;;" or 2;;” are not equal to the y;" or 2;/”. It should be
clear that a unilateral network will always contain vacuum tubes (or
comparable devices such as transistors) since it is the vacuum tube that
is the unilateral element.

An unstable network is one that yields an output without an input
being applied. Sine-wave oscillators belong to the class of unstable net-
works. All unstable networks contain vacuum tubes or comparable de-
vices and are, of course, far from bilateral.

The class of unilateral networks (one of the three main groups of
networks) contains two members which have somewhat different basic
properties. The simplest unilateral network consists of a cascade of
bilateral networks isolated from one another by vacuum tubes which
act as perfect coupling devices. Then the over-all transfer function is
the product of the transfer functions of the individual bilateral net-
works. This is described more clearly in Fig. 1.22 for voltage genera-
tors, where k; and ks are constants. The input to the first bilateral net-
work ¢; is modified by the transfer function to give e2. Then, voltage



Circuit Analysis 33

e, is applied as an input to the second bilateral network after multipli-
cation by a number k; and so on. The individual networks have no
"reaction upon one another. Clearly, the over-all transfer function giv-
ing the output to input ratio for the complete system of Fig. 1.22 is

T s | ] oo TN i |3

. \ . N . +

e, Bilateral e, ke, Bilateral e, kye, Bilateral e,
network p network , network

- - —7 -

O—— — —C —0

Fig. 1.22. A cascaded system.
simply the product of the transfer functions of the individual “stages”

64/61 = F1F2F3 (157)
where
Fy = ey/eq, Fy = e3/e,, F3 = es/eq (1.58)

Constants k; and ks relate to the gain given by the vacuum tubes.
Consider a typical stage as drawn in Fig. 1.23. The set of loop or node
equations for this circuit will have an appearance that is the same as
that of a bilateral network, yet we know that the presence of the vac-
uum tube prevents the system from being bilateral. We shall call such

 ——— —o0
+ ke Bilaterat :,'
e
0 0 network

— 0 — o

Fig. 1.23. A single stage in a cascaded system.

unilateral networks “‘isolated” networks. It can be concluded that iso-
lated networks contain vacuum tubes which act as perfect coupling de-
vices between bilateral networks. The example given to describe the
loop method of analysis is an isolated network if it is assumed that the
voltage generator is a vacuum tube with the input signal applied to the
grid of the tube.

The second kind of unilateral network will be called a “feedback”
network and will involve tubes which operate in a more complex man-
ner. The over-all transfer function of a feedback network cannot be
reduced to the product of transfer functions of individual bilateral net-
works (unless some different but equivalent system is hypothesized).
The determinant of the simplest possible feedback network will not
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show symmetry about the main diagonal. If any of the voltages of voltage
generators or currents from current generators are partially or completely
dependent wpon any of the unknown node voltages or loop currents, the
network will be a feedback network. The example we used to describe
nodal analysis is a feedback network. Unstable networks are feedback
networks carried to an extreme.

Other types of linear unilateral networks, which utilize unusual mate-
rials in the construction of circuit elements, will not be discussed. (An
example is the microwave “gyrator.”)

In vacuum-tube systems, input, output, and interstage networks
consisting of R, L, C, and M are bilateral networks when viewed sep-
arately from the vacuum tubes. A conventional amplifying system
without feedback is an isolated network. Circuits such as cathode fol-
lowers, feedback pairs, and servomechanisms are feedback networks.
Oscillators, multivibrators, and other waveform generating systems are
unstable networks.

Two more definitions associated with feedback networks are worth-
while additions here. In most systems, some input signal traverses a
more or less regular path through a vacuum-tube network to arrive
finally at the output. “Degenerative” feedback is given by a connec-
tion causing a signal at one point in a system to oppose itself at some
earlier point. Voltage feedback derives the feedback signal from a volt-
age, whereas current feedback derives the feedback quantity from a
current. ‘‘Regenerative” feedback is just the opposite of degenerative
feedback; it is given by a connection causing the signal at one point in a
system to aid itself at an earlier point. Unstable networks utilize a
great amount of regenerative feedback. It is possible for one given
system to provide degenerative and regenerative feedback for signals
of different frequencies.

1.9 From equations to networks
Consider a generalized system of equations written for a bilateral net-
work having a current generator and three independent node pairs.
Fy11"er — y12"ex — y13"es =7
—y21"e1 + yao"es — yaz"e3 = 0 (1.59)
—ya1"er — Ya2"ez + ysz ez = 0
Let us draw a diagram that typifies these equations, using boxes to
represent the various self- and mutual admittances. The diagram can

be started by assuming three nodes and a reference node as indicated in
Fig. 1.24 with the driving current into the first node. The admittance
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=
Fig. 1.24. Node placement.

y12" = ¥o1" exists between nodes e; and ey, ¥13" = ¥3:™ between e; and
e3, and Yz3™ = y32.™ between ey and e;. Thus, we can draw a more com-
plete circuit as shown in Fig. 1.25. The self-admittance of a node is

Ya3

,,
.||I._@_
o
5
&2
5
)
N
)

Fig. 1.25. Placement of mutual admittances.

only partly made up of mutual admittances. We can draw the complete
network by adding additional self-admittances as shown in Fig. 1.26.
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Fig. 1.26. The complete nodal network.
Clearly, it is necessary that
Yo = y11" — Y12" — 13"
Yp = Yo2" — Y23 — Y21 (1.60)
Yo = Yz3" — Ys2" — Ya1"

A similar procedure can be followed with a set of loop equations. For
example, eqs. 1.61 can be treated by assuming three loop currents with
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the driving voltage e in the first loop
+211"1 — 21270 — 213713 = €
—291™0) + 222" — 23™13 = 0 (1.61)
—231"% — 232"%2 + 23313 = 0
The result is the network shown in Fig. 1.27, where it is necessary that
2o = 211" — 212" — 23"
2y = 229" — 2™ — 223" (1.62)
Ze = 233" — 232" — 231"

Of course, if the s or 2’s given by egs. 1.60 or 1.62 do not correspond
to meaningful immittances, the network cannot be physically con-
structed.

The reader should observe that system equations written on either
the loop or the node basis have the same form; all that need be done to

m ‘l’ m
213 293
q
ZC

Fig. 1.27. The complete loop network.

convert a set of equations is to interchange 7’s and ¢’s and #’s and 2’s.
The similarities between the equations are so marked that a special pair
of networks called “duals’” can be defined. Another important pair of
networks is called “reciprocal.” If a network solved on the basis of
loop currents is known, its dual solved on the basis of node voltages can
often be determined, or conversely. However, a dual network might not
exist; it will not exist if the network cannot be drawn without crossing
lines (in which case, the network is said to be nonplanar).
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1.10 Dual and reciprocal networks
If impedances Z; and Z, obey the relationship

Z1Zy = Ry (1.63)

then the two impedances are said to be reciprocal with respect to the
resistance Ry. For example, a series-resonant circuit has the impedance

Zy = Ry + pLy + 1/pCy (1.64)
whereas its reciprocal has the admittance
Y2 = Z1/R02 = Gz + pCZ + 1/pL2 (165)

which is the admittance of a parallel-resonant circuit with a conductance
R1/Ro2, a capacitance Cy = L;/Ry?, and an inductance Ly = C1Ry’.

L,

L3
I It I
| |‘02 I
R2

O
o,

Lo=CR; % =GR
= R,-RYR, ==C,=LJR? C,=L,/R}
?/Z!n §a a 1 0 %

O

Fig. 1.28. An example of reciprocal impedances.

If a circuit consists of several impedances in series, the total impedance
i8Zy=2,+ Zy,+ Z,+---. The reciprocal has the admittance

Yy = Z1/R® = Zo/Ro® + Zu/Re®> + - (1.66)

which is the admittance of a number of admittances in parallel. As an
example, consider the reciprocal impedances of Fig. 1.28.
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As a further and most practical example, consider the ladder network
of Fig. 1.29 driven with a voltage generator of value ey. The ratio eg/7;

Z,

eoCiE /l-1> Z, m Z, ﬁ:) é Z

Fig. 1.29. A ladder network.

is the input impedance to the network
i1/e0 = A" /A" = Y™ (1.67)

Now assume that a different network is driven with a current 7y at
the first node. The ratio 7o/e; is the input admittance of this new net-
work described by '

er/io = An"/A" = Zy" (1.68)

Let us choose the new network such that the input impedance Z;;” will
be reciprocal to Z,;™ with respect to a resistance Ry. Then, Z,,"Z,;" =
Ry2, which requires that

A"/A" = RoZA™/ A (1.69)

If all the elements in a row of a determinant are multiplied by a con-
stant, the value of the determinant is multiplied by that constant.
Thus, if we form new determinants (A1;™)n and (A™)x by multiplying
all the rows (or columns) of each by G¢? (or all the rows by Gy and all
the columns by Gy), we have

(A‘;m)N = Ry? Al;m = Alin (1.70)
(A™) N A A

where it should be observed that (A™)y has one more row and one more
column than (A{{™)y.

If eq. 1.70 is to be valid, every element in the determinant (A™)y
must be equal to the corresponding element in A". Although this is
not the only way the equivalence can be obtained (in general, a network
function can be realized with several physically different networks), it
does represent one important way. Then

Gozz,-j’" = yﬁ" (171)

From this, we can see that the network of Fig. 1.30 has an input im-
pedance that is reciprocal with respect to that of the network of Fig.
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1.29. Each series arm of the original ladder has become a shunt arm,
and conversely, and each impedance in the new network is reciprocal to
the corresponding impedance in the original ladder.

Consider now a bilateral network having an input pair of terminals
and an output pair of terminals as in Fig. 1.31a. At the input is placed
a voltage generator with a source resistance R;. The output voltage is

€ €z €3

MAN— NW\—
Y, =Z§/R0 Y, =Z42/R o Y, =
2 4
Y,=Z,/R, Y.=Z/R, Y, =Z/R, Z/R,

Fig. 1.30. The reciprocal to the ladder network.

1pltr. Another network driven with a current source and having dif-
ferent source and load resistances (to be determined) is shown in Fig,.
1.31b. Assume that network 1 has %k loops whereas network 2 has k
node pairs; that is, the first network has the same number of independ-
ent loops as the second has independent node pairs. Then, when the

Es

+ —~ + +
es er| Network 1 i, SR, i G Se Network 2 | e, SGL.

(a) (b)

Fig. 1.31. Nomenclature for dual networks.

output is at the kth node or loop with the input at the first node or loop,
the transfer functions are

Network 1: dx/e, = (—DITEA G/ A™ = V™
Network 2:  ep/i, = (—1DITEALR /A" = Zy"
If ZyZy™ = Ry?, the two networks are said to be duals, and the

transfer functions of the two networks will be identical except for a con-
stant factor. In order that the networks be duals, we must have

Au” L Au™  (An")w
X Cam (amyy

(1.72)

(1.73)

where (A™)y is the determinant obtained by multiplying the elements
in all the rows of A™ by Go? and (A;;™)w is that formed by multiplying
the elements in all the rows of A" by GoZ.
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Equation 1.73 can be satisfied in one way by requiring that each term
of (A™)n be equal to the corresponding term of A". This requires

mey 2 n
2" Go” = yis

(1.74)

from which it can be seen that the mutual and self-immittances of the

two networks are reciprocal.

Equation 1.74 is the same relation that

resulted in defining ladder networks having reciprocal inpat impedances.

1R Ho +
R L L Ly
e ) =c, =c, 'SR, o
'?L (@)
’ 2 2
L,=CR, J- L,=C;R,
' ] : 2 ’ 2

R,=R./R, ==C/=L,/R} == C/=L,/R; == C;=L,/R, %

i

h——

(%)
Fig. 1.32. Example of dual networks.

R;=
R} /R,

+

€

Thus, the dual networks of Fig. 1.32 can be derived as the ladder net-
works having reciprocal input impedances.

The transfer functions of dual networks, as given by egs. 1.72 and
the relationship Z,;"Zy;* = Ry?, are proportional to one another so
that the behavior of the two networks with frequency is the same ex-
cept for a constant of proportionality.

When R, and Ry are well-defined source and load resistances, it is
often convenient to use the particular resistance

RLY ™

Ry’ = R,R;,

(1.75)

which causes the circuit of Fig. 1.32b to become that of Fig. 1.33¢ in
which the source and load resistances have been interchanged. By the
theorem of reciprocity, the network of Fig. 1.33a can be turned end for
end without changing the transfer function. If this is done, the circuit
of Fig. 1.33b is obtained. From eqs. 1.72 (and reciprocity), the transfer
function of the network of Fig. 1.33b is e;/%, = Z;" = R R Y™
it is assumed that ¢,Ks = e, is the driving voltage, then the current gen-
erator of Fig. 1.33b can be converted to a voltage generator to give the
circuit of Fig. 1.33¢, for which the voltage transfer function is e;/es =

If
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The transfer function of the network with which we started (Fig.
1.32a) is ix/e, = Y3x™. Since the current 7 flows through the load Ry,
the load voltage is ¢, = %xRr. Therefore, the voltage transfer function
of the circuit of Fig. 1.32a is ¢dentical to that of Fig. 1.33c.

€
’ LZ’ _l_ ’
C, T C, R

.,"_

1

(a)T
L Nk et
1" T% T L

1 1

L

<%> W I
es Cal 2
I T

Fig. 1.33. Use of reciprocity with dual networks.

We may sum up the foregoing results as: given a ladder network with
source and load resistances R; and Rz, another ladder network having
an identical voltage transfer funetion (relating output voltage to source
voltage) can be obtained by turning the dual network with respect to

l =] B
LEe] L] | i

Fig. 1.34. T and pi networks.

Ro2 = R Ry, end for end. (Note that the dual network is defined before
turning the network around.)

Of special importance are the potential dual networks referred to as
T and pi networks (alternative names are star and delta) shown in Fig.
1.34. These networks are of special importance because an equivalent
T or pi at any given frequency may always be found for any arbitrary
bilateral network, no matter how complex. Except at the given fre-
quency, however, the equivalent T or pi may not always be physically
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meaningful. Clearly, T and pi networks are simple examples of ladder
networks. Another useful example of dual networks is the equivalence
of voltage and current sources.

The ability to find a dual network is an extremely valuable tool in
filter design. After a long and perhaps painful design procedure, the
designer may come up with a filter. If the network has a dual, as is
usually the case, the designer gets another network that accomplishes
the same job as a free gift!

Perhaps the most enlightening way of finding a dual network makes
use of the concepts presented in Sec. 1.9. Suppose we have a network
driven with a voltage source for which we wish to find the dual with re-
spect to Bo®. The first thing to do is write the loop equations for the
given network, which will be expressed in terms of the impedances z;;™.
Then, multiply each and every term in each equation by Go? (or divide
by R¢%). Then, interpret the self- and mutual terms as admittances
y:;" instead of impedances, interpret the loop currents as node voltages,
interpret the driving voltages as driving currents (do not worry about
proportionality constants for driving quantities), and finally, draw the
corresponding node circuit. With respect to a driving voltage or cur-
rent, the resulting dual networks will also have reciprocal input imped-
ances.

1.11 Determinant manipulation for constant terminal
conditions

Suppose that a set of equations describes a system having two pairs
of terminals. The driving voltage or current occurs at node or loop 1
and the voltage at node % or current in loop k represents the output. It
will be assumed that there is but a single driving current or voltage.
Then, the transfer immittance is +A;;/A. The input immittance is
A11/A, whereas the immittance looking into the network from the load
end is Azr/A. Suppose that we multiply all the elements of a row or all
the elements of a column of A by a real positive number n. Then the
determinant A becomes nA. The various other determinants become
ndAyy, nAgy, and nAgy as long as the first or kth rows or columns are not
modified. Then, the input, output, and transfer immittances, being
the ratios of two determinants, are not changed because the factor n
cancels. In other words, multiplying the jth row or column by n, where
J # landj # &, leaves the terminal conditions of the system unchanged.
Clearly, in order for this manipulation to be done, the determinant A
must have at least three rows and three columns.

Of course, after multiplying one row and column by a number n, a
different row or column can be multiplied by a different number m with-
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out changing the terminal conditions of the network as long as none of
the rows or columns so modified is the first or the kth.

As an example, assume that we have the network of Fig. 1.35 and
desire to obtain different networks having the same input impedance by
multiplying the second row and/or column of the determinant of the

L

— T — n

Zip —> /l—l\ Lz [1'-2\ TC
O

Fig. 1.35. Example of manipulation for constant input impedance.

network by n. If the equations of this network are written assuming
loop currents as shown in Fig. 1.35, the determinant is

p(Ly 4 Ls) —pLy l
—pLs pLy + 1/pC

Actually, a determinant is nothing but a number. An array of sym-
bols as in eq. 1.76 is sometimes termed a “matrix.” However, in order
to avoid a discussion of matrix algebra, we shall continue to call such an
array the determinant of the system.

If we multiply only the second row or only the second column by n,
the determinant will not show symmetry about the main diagonal and
hence will not represent a bilateral network. In order for it to repre-

(1.76)

o— 700 < THT-
Li=Ly+L,~-nlL, Ly=L,*-L,n
Ziy—> Ly=Lyn $ c/n?
O

Fig. 1.36. The general equivalent circuit.

sent a bilateral network, we must multiply both the second row and the
second column by the same number n to give

p(Ly + Lo) —pleon
—pLyn  pLan® + 1/(pC/n?)

which represents the circuit of Fig. 1.36. In order that the inductances
Ly" and L3’ of this figure be realizable, it is necessary that they both be
positive and equal to or greater than zero. This puts bounds on the

(1.797)
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number 7 as
1<n<1+ Li/Ls (1.78)

If welet n = 1, the network is the same as that with which we started.
If we let n be its maximum value, we get the quite different network of
Fig. 1.37a. We could also use a transformer to give the circuit of Fig.
1.37b. The value of n required to make both series inductances of the

o {0 o
(Ly+LyL, /L, _L
C/1+L,/Ly)

L,+L, T
lo

(@) (2]
Fig. 1.37. Specific equivalent cireuits.

1
1]

equivalent circuit of Fig. 1.36 equal is found by equating L,” and Ly’
to be (1 + Ll/Lz)%

The reader should observe that the number n can take on any value
within its permissible range, a different network resulting from each
choice for n, yet all these networks have identically the same input
impedance. In other words, there are literally an infinite number of
different networks that have the same input impedance.

As a second example, consider the four-node symmetric network of
Fig. 1.38; the network has intentionally been made symmetric by split-
ting the series inductance Ly into two equal inductances. In order to

1 2 3 4
o T T ———— T — o
c, 1

L,/2

C,/2 oL,

T -0

Fig. 1.38. A band-pass network.

maintain constant terminal conditions (at both ends), we can multiply
the second and/or third rows or columns of the determinant by a num-
ber. If we want the resulting equivalent network to be bilateral, we
must multiply the second row and the second column by the same num-
ber. Finally, if we want a physically symmetric network, the modified
determinant must be symmetric with respect to both diagonals and we
must symmetrically multiply the internal rows and colurans. Let us
assume that we wish to keep the network not only bilateral but also
symmetric. Then, we must multiply the second and third rows and
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columns by the same number n. The resulting determinant is

pC, 1 1 -1
/ (T T p2Ly + IE) (E) © ©
! o o
<;1-> <p02'n2 + -1—> (—pCan?) (0)
pLs pLe
on on?
(0) (—pCan®) <po2n2 + i) <——1>
pLe ple
202 on
-1 pC 1 1
© © <P_Lz> (7 toen t E)
20 2/

(1.79)

This determinant typifies the network of Fig. 1.39, which is still
physically symmetric. We see that the two pi circuits of inductance

, Ly, nC, 3 4
o X' IIN ¢ IO o
-l C./2 2L1L2 LZ -
T/ 4L,(1-n)+L, 2nin-1) T
o— —0

Fig. 1.39. The general band-pass equivalent network.

can be changed to practical transformers. For convenience and sim-
plicity, let us make these pi networks in themselves symmetric. Then,
we must have

2L1L2 L2
= (1.80)
4L1(1 — n) + Ly 2n(n — 1)
from which
n = (1 4+ Lg/4L,)* (1.81)

With this value of n, and using transformers in place of the pi equiva-
lent, we get the circuit of Fig. 1.40, where L = 2L,, and M = 2L,/

0/2 % E c,a +L2/4L1) % E c,/2

Fig. 1.40. The equivalent network with symmetric transformers.
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(1 + Ly/4L,)*. Effectively, what we have done is to change the im-
pedance level in the interior of the network without changing the ter-
minal conditions of the network.

In order for determinant manipulation as desecribed to work, it is
necessary to have both mutual and self-immittances of the same type
in the equation written for any one node or any one loop. For example,

kA
T T T .

Fig. 1.41. A circuit not suited for determinant manipulation.

the reader can convince himself that the circuit of Fig. 1.41 cannot be
changed without changing terminal conditions by using determinant
manipulation as described. However, if an inductor should occur in
shunt with any of the eapacitors of Fig. 1.41, or if a capacitor should
oceur in series with an inductor, determinant manipulation will lead to
equivalent circuits.

1.12 Determinant manipulation for changing impedance levels

If the elements of the first row and column of a determinant are mul-
tiplied by a number n where the driving source is in the first loop or node
of the network, the input immittance becomes A;;/n*A. Consequently,
this manipulation changes the input immittance by the factor 1/n2. Of
course, we could then go ahead and multiply any other row and column

o WA
RZ
Z—> D R, /za L
C

Fig. 1.42. Example for changing the input impedance level.

by a different number m and still have the input immittance changed
by 1/72.

As an example, consider the network having two loops shown in Fig.
1.42. The loop determinant of this network after manipulation as de-
seribed is

n2R, —nmBy

1.82
—nmRy (R + Ro)m® + pLm?® (182
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which represents the circuit of Fig. 1.43. In order that the two series
resistances of this circuit be positive, it is necessary that

1< n/m <1+ Ry/Ry (1.83)
which permits the original input admittance Y;,™ to be changed by any
desired factor to Y1,™/n? by suitably choosing n and m.

o—" WV MW
(n®-nm)R, m*R,+ Ry) - nmR,
n?z — nmR

2
i m*L

O—

Fig. 1.43. The general equivalent circuit.

The particular choice n = m is of special interest. In general (using
a loop analysis), multiplying all rows and all columns of the determinant
by the same number n results in a new network having the structural
form of the original network but with all values of resistance and in-
ductance multiplied by the factor #n? and all values of capacitance di-
vided by n®. This is exemplified by the networks of Fig. 1.44.

o T —— T o

L, Ly C;

Zyp—> R, T o Ly T Cy R, «— 7,
e O
(a)
O —— T o
n?L, n’L, Cy/n
nzZin_> n2R - C /n? z — <_n2Z°ut
1 ! n®L, |C3/n?< n’R,
O— -0
(]

Fig. 1.44. Changing impedance level without structural changes.

Suppose that we have a network with two pairs of terminals and desire
to change the impedance at the input but not at the output. Then, the
first row and column can be multiplied by n. Of course, any other rows
and columns except the one associated with the output node or loop can
be multiplied by a different constant. By multiplying the first row and
column by n, the input immittance is changed to A;;/n?A, while the
transfer immittance (assuming the source at the first node or loop and
the load at the kth node or loop) is changed to Ayx/nA.
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L,

i G, -_IL oA L L,

Fig. 1.45. Example for changing the transfer immittance.

—0

IR
T

—0

As an example, consider the network of Fig. 1.45. The nodal deter-
minant of this circuit with the first row and eolumn multiplied by = is

1 1 -1
n’Gy + pn°Cy + — + — —
n? n? n
(1.84)
~1 (G PV S )
- 2 pla T
2 TR
n
which is given by the circuit of Fig. 1.46.
| SELIA o
-L L,/n
iy n*G, n*C LL, C, G,

n*(L,+Ly) -nL,

v L
Lo+ Lyl- n)—l-
O

Fig. 1.46. Circuit with modified transfer immittance.

The value of this manipulation is that it finds a network that operates
between source and load conductances n?G; and Gy from a network
already designed to operate between conductances Gy and G without
changing the behavior of the network with frequency and maintaining
the same relative match between the source and load.

Problems

1. Prove the validity of the transformer equivalent circuit containing leakage
inductance.

2. Prove the validity of the T equivalent to the transformer.

3. Prove the validity of the pi equivalent to the transformer.

4. Prove the validity of the general steady-state exchange of sources.

5. Prove the validity of the R, L, and C source exchanges using the differential
equations and including initial conditions.
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6. Starting with the infinite series definitions

. 13+x5
1 = [ — —_— .
sinz =z 31 T30

. x2+x4
cos T = atTa T

22 3t
e =1+x+5+§+a+“'

show that
et = cosx L jsinz

7. From the results of Prob. 6, show that
cos(x £ y) =coszceosy F sinzsiny
sin(z £ y) = sinz cosy = cosz sin y
8. From the results of Prob. 6, show that

sin 2z = 2sinx cos x

cos 25 = cos® z — sin?x
9. From the resuits of Prob. 6, show that
eiz . p—iz i + Paid
sing = - cosr = ———
27 2

10. From the results of Prob. 9, show that
sinz + cos®x =1
11. From the results of Prob. 6, derive the triple-angle equations
sin 3z = 3sinz — 4sindx
cos 3z = 4 cos®z — 3cosx

12. The hyperbolic functions can be defined by

. 2
smhx=x+a+ﬁ+...

132 .134
coshz=1+é—!—|—a—i—---

Show that

—jsinjz

sinhz =

f

coshx = COS JT
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13. For the circuit of Fig. P.13, find:
a. The three loop equations in p.
b. The determinant in terms of R, I,
B2 and C.
¢. %1/e and 43/e as the ratio of two poly-
nomials in p.

€z

o
)
)

VWA
&
1
it
A
\000
=

il
l'l

Fig. P.14.

14. For the circuit shown in Fig. P.14, find:

a. The two node equations in p.

b. The determinant in terms of &, L, and C.

c. e1/e and ez/e as the ratio of two polynomials in p.

ey ey
T
L
i=gneo QD Tcl - C:
e
Fig. P.15.

15. Using node voltages, find e;/e; and es/ep for the circuit shown in Fig. P.15 as
the ratio of two polynomials in p.
€ M €2

o
L=gney CF E, c -—]]: L, L, R,
=

Fig. P.16.

16. Using loop currents and without using an equivalent circuit for the transformer,
find ey/eq for the circuit of Fig. P.16 as the ratio of two polynomials in p.

17. What is the answer to Prob. 16 if C = 0?

18. Suppose that C = 0 and ey = e5 + ke2 in Prob. 16, where % is a constant and
&4 is the driving voltage. What is es/eq as the ratio of two polynomials in p?
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e e e
R
i R =xc () =c i(}) It 3r ==c
L
= = =
(a) (b) {c)
Fig. P.19.
19. Find e/i = Z for the circuits of Fig. P.19 as ratios of two polynomials in p.
ey ey ey /\gmez
=/
C [ [ e ey en
€p R R R L i
gnee O =cC Tzc R ==C
@ N )

Fig. P.20.
20. Write the node equations (in terms of p) for the circuits of Fig. P.20. Solve for

en/€o in all cases.
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21. Write the loop equations for the circuits of Fig. P.21a. Eliminate ¢, from the
equations and find Zg, Z;, and Z, in terms of Z1, Zs, and Z3 so that the terminal con-
ditions of the two networks are identical. Similarly, find Z,, Zs, and Z; in terms of
Z4, Zy, and Z, by solving the circuits of Fig. P.21b using node voltages. The results
of this problem give the transformations between T and pi networks.

22. Prove the theorem of maximum power transfer.

23. A spring-mass system with viscous da.mping has the equation

d*z

dt2+f T A kz=F

where x = distance, m = mass, & = spring constant, f = viscous damping constant,
and F = force. Writing v = velocity for dz/dt, show two analog electric circuits and
identify the analogous variables.

24. A set of equations is

(Ry + Lp -+ 81/p)iy — Lpia
—Lpi1 + (Re + Lp + Sa/p)i2

il
@

I
=

Draw the circuit represented by these equations.
25. Find the circuits whose input impedances are reciprocal with respect to Ry to
the circuits of Fig. P.25.

Ry C;

(d) (e)
Fig. P.25.

26. Obtain the duals (with respect to Rp) of the networks of Fig. P.26.

B

ig=Gye, Q Gx= ¢ L,

|

(c)
Fig, P.26.
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27. The circuit shown in Fig. P.27a containing an ideal transformer can be con-
verted to a practical transformer or possibly to & practical T or pi network of induc-
tances. The first step is to “refer” quantities as shown in Fig. P.27b. Then, either a

1y —— 1:n -~ 1y i

«~—— niy

+ +
e, L2/n2 ey/n
— S 3
Idea!
(a) (b)
Fig. P.27.

loop or a node analysis can be used to find the equivalent T or pi network. Deter-
mine the T and pi networks of inductances for the circuit. Determine the limits on

n in order that the equivalent T or pi be physical. These limits will depend on the
ratio of Ly to Le.

28. Repeat Prob. 27 for the circuit shown in Fig. P.28.

1:n
L,
L,
[e O

Ideal

Fig. P.28.

29. The circuit containing an ideal transformer shown in Fig. P.2% can sometimes
be converted to a T or pi network of capacitors. Find the equivalent T and pi net-
works using a method like that of Prob. 27. Determine the limits on » in order that
the equivalent circuit have nonnegative elements.

1 1in [P} -~ ni
T 7 T
A I
ey C, T e, ey =Cn* ey/n
5 5 5 3
Ideal
(a) (b)
Fig. P.29.

30. Repeat Prob. 29 for the circuit shown in Fig. P.30.

I 1n

o= &

3l

O

Ideal
Fig. P.30.

31. Consider the filter described by Fig. P.31. The ratio |e2/€] is to have the
shape as a function of frequency as indicated. What is this ratio at w = 0? Is it
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o LcMm, +
1
No €
e
¢ resistance | 12 S € IE
0

Frequency ——
(a) (b)
Fig. P.31.

possible to use a practical transformer if B; # Rg in order to have the load and
source resistances matched for maximum power transfer at @ = 0? Discuss. What
is the maximum possible value of |es/ey| at a finite frequency?

32. Given the network of Fig. P.32:

a. Show the equivalent network having the same Zi,. (Express element values
in terms of the multiplying constant.)

b. Show the equivalent network with an impedance Zi,/k? obtained by multiply-
ing only the first row and column by k. What are the limits on £?

L
o _L 11
Zin T c =cC L’ R
o——
Fig. P.32.

¢. Show the equivalent circuit with impedance Zin/k? obtained by multiplying
both rows and both columns by k. Whatiskif R =1Q?

d. Show the equivalent circuit with impedance Zin/k* obtained by multiplying
the first row and column by £ and the second row and column by n. In this case,
what must be the relation between n and k in order that the equivalent circuit have
positive element values?

e. Can equivalents having the impedance Zi, be found using determinant manipu-
lation of L’ does not appear in the cireuit?

33. Given the network of Fig. P.33:

a. Multiply the first row and first column by 2. How does this affect the transfer
impedance ez/7,? What bounds are placed on k? Show the new element values.

e, |C:
-,- 119
), R, 9L _l.c L

Fig. P.33.

€3

D

Lf

R

b. Same as part ¢ but multiply the second row and column by = instead of the
first row and column by k.

¢. Multiply the first row and column by k and the second row and column by n.
Repeat part a.
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34. Normalize the circuits of Fig. P.34 to a resistance B; = 1 @ without changing
the structural form of the networks. After normalization to 1 €, go through the re-
verse procedure to make R, ten times that shown in the figure.

33K 47K 004 uf Ry=20K 5000 uh
I
11
01uf 001 uf 22 puf
(a) (b)
6K 700 gh
100 uuf &= 250 uh 500 uh =~ 50 puf Ry=4K
{c)
Fig. P.34.

35. Using determinants, prove the theorem of reciprocity.

36. In the theory of image-matched filters, certain special filter structures play
important roles. Find ez/dy, e1/41, €1/%2, and es/4; for each of the networks shown in
Fig. P.36. The labor of finding the required functions ean be reduced by using the
symmetric property of most of the networks.

W
+ z, +
ey 2z, 2z, e,
° o
(@) ) t)
i zZ\[2

+

€ 2Z,

o—

{c)

Fig. P.36.



The Poles and Zeros

of Functions

The theory of functions of a complex wvariable is an important
branch of mathematics which treats variables that are not simply
real positive or negative quantities but have both real and imaginary
parts. From high-school studies of algebra, the student gains a facility
in handling real functions of a real variable. In elementary college
courses in network analysis, the electrical engineer gains a facility
in treating complex functions of the purely imaginary variable jw. The
complex variable is simply a combination of two variables, one real and
one complex.

In this chapter, we wish to study some of the aspects of functions of
a complex variable and rational functions in particular. Since this book
does not profess to be a text on mathematics, much of what will be said
will be simply stated with perhaps a justification that is not too rigorous.
We shall have nothing to say about the integration of functions of a
complex variable, which is perhaps the most fruitful mathematical part
of the theory. Rather, we shall restrict ourselves to those parts of the
theory that have the most widespread practical value in furnishing a
thorough pictorial understanding of network functions.

2.1 General functions

Consider some arbitrary function of the variable z, F(z). As « varies
in magnitude, F(z) goes through gyrations of one sort or another. For
certain values of z, z;, the function F(x) may become zero. For example,
F(z) =  — 1 becomes zero at x = 1. These particular values of z are
called the “zeros” of F(z).

For some other values of z, xx, the function F(2) may go to infinity.
For example, 1/(1 4 z) goes to infinity at z = —1. Such specific values
of z are called the “singularities’” of F(z). If F(x) behavesas1/(x — x)?
in the immediate vicinity of zj, where ¢ is a positive integer, the singu-
larity at ¢ = z; is termed a “pole” of order ¢ of F(x). A similar ter-

56
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minology is used to define a zero of order ¢ of F(z) when F(x) behaves
as (z — ;)7 in the vicinity of the zero z;.

We are all familiar with poles and zeros (but perhaps not with the
terminology) when the p-z (shorthand for poles and zeros or pole-zero)
of the function F(z) are ordinary numbers. For example, the function
sin x has zeros at £ = Znm, where n is any integer but has no poles.
The function esec © = 1/sin z has poles at z = dnw, where n is any
integer but has no zeros. The function tan z has both p-z, the poles
being at = Znn/2 for n odd, and the zeros at 4+nr/2 for n even.

Frequently, a function F(x) has few or no p-z for ordinary values of z.
By assuming that the variable z is really a complex variable having both
a real and an imaginary part, many more p-z may be obtained.

Let the complex variable be represented by p = ¢ + jw where ¢ and
w are the real and imaginary parts of p respectively. A function of a
complex variable can then be written

F(p) = F(o + jw) = Fi(o, @) + jF2(0, w) (2.1)

where F; and Fy are the real and imaginary parts of F respectively.

The function 7 is the equation of a surface; it is the height of a sur-
face above a two-dimensional plane defined by orthogonal axes along
which ¢ and w are measured. Similarly, Fa is the equation of another
surface. Consequently, a function of a complex variable p = ¢ 4 jw can
be interpreted as two surfaces above a (o, w) plane, the height of one
surface giving the real part of the function, and the height of the other
giving the imaginary part of the function. The (o, ») plane is called
the “p plane.” The horizontal axis of this plane is called the real or ¢
axis, and the vertical axis is called the imaginary or jw axis (or some-
times simply the j axis).

Expressing the real and imaginary parts of a function of a complex
variable with the heights of surfaces above the p plane is not the only
way that the function can be represented. It may also be expressed in
terms of a magnitude and a phase angle as

[F(p)| = [F1(o, 0)® + Fa(a, 0)*]"
arg F(p) = tan™! Fy/F,

where “arg” stands for argument or angle. Thus, |F(p)| may be de-
scribed as one surface above the p plane and arg F(p) as another. This
representation is the one we shall employ.

Ordinary functions of a single real variable such as sine, cosine, tan-
gent, exponential, hyperbolic functions, or polynomials, and produets,
quotients, and sums of these functions can be converted to functions of
a complex variable through the simple expedient of replacing the real

2.2)
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variable x with a complex variable p = ¢ 4+ jw. For example
sinx — sin p = sin (¢ + jw) (2.3)

All of the functions of a complex variable obtained in this manner are
called analytic functions because they have derivatives independent of
direction on the p plane which are bounded in magnitude everywhere
except at the exact positions of the singularities of the function. In
addition to a constant multiplier, analytic functions are completely de-
fined by the values of the complex variable af which the function becomes
zero and infinite.

The values of p at which the function becomes zero are the zeros of
the function z;, and the values of p at which the function becomes in-
finite are the singularities (usually the poles) of the function p;. For
multiple-order poles or zeros, several may exist at the same point on
the p plane.

It must be pointed out that the definition we have used to describe
analytic functions by no means includes all analytic functions. How-
ever, it does include all those having a relationship to physical systems.
For reasons that will become apparent later, we shall call this class of
analytic functions “conjugate analytic.”

The values of p at which the function F(p) becomes zero or infinite
may be plotted on the p plane. An example of this is shown in Fig.
2.1 where a zero is designated by a circle and a pole by a eross. A pole

Jw axis
Og

H g axis

Xs
ok

Fig. 2.1, Notation for the p plane.

(or zero) of order ¢ is designated by a circle or cross with the number ¢
close by. No number is specified if the order is unity. The constant
multiplier H ean be put in evidence somewhere on the p plane. If 4s
most important to realize that a skeich such as that of Fig. 2.1 is a complete
representation of the analytic function.

When the variable p is near a pole, the magnitude of the function is
large, and when the variable p is near a zero, the magnitude of the
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function is small. Between p-z, there is a continuous transition in the
magnitude of the function.

It is convenient to separate the p plane into three distinet regions.
The total area to the left of the imaginary axis is the most important
one and is called the “left half-plane.” The total area to the right of
the imaginary axis is called the “right half-plane.” The third region,
which is infinitesimally small in area, is the imaginary axis itself.

A pole position p; is designated by p; = o1 + jw, a two-dimensional
vector which will henceforth be referred to as a phasor. Similarly, the

Variable
p .
Jw
41
Juwy l g
X A
Pole

Fig. 2.2. Phasors for a pole and the variable.

variable p = ¢ + jw is a phasor. This can be seen more clearly by re-
ferring to Fig. 2.2. The pole p; is fixed and is characteristic of the func-
tion, whereas the variable p can occur anywhere on the p plane, depending
wpon where an evaluation of the function is desired.

It should be observed that some functions may have poles of infinite
order which may have positions that are either finite or infinite. A
function is said to have an essential singularity at the position of an
infinity of poles. For example, the exponential ¢ has an essential singu-
larity at £ = «. The functions of principal interest in network theory
do not have essential singularities.

Let a general analytic function have zeros at p = 2y, 29, 23, -+ - with
orders ey, €, €3, - - - respectively. Let it also have poles at p = py, p.,
ps, -+ with orders f1, fs, f3, - - - respectively. There may be an infinite

number of p-z. Such an analytic function may always be written

(p — 20)'(p — 29)%(p — 23)% - - -
(p — p)(p — p2)*(p — pa)’s - -

F(p) = H (2.4)

which is a product of factors divided by a similar product of factors.
(An arbitrary constant can also be added to eq. 2.4.)
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An important but often overlooked fact is that should a pole position
be equal to a zero position the relevant factors in eq. 2.4 cancel; that is,
a pole cancels a zero if it occurs at the same point on the p plane. It
will be assumed in our discussion of functions in this chapter that such
identical factors have been cancelled.

Let us examine a typical factor in eq. 2.4, for example, p — z;. By
studying Fig. 2.3, it can be seen that p — 2; represents an ordinary
phasor starting at the zero and terminating at the point at which it is

2 Variable
| Jg ~~
~
-
Vzl \\
) S~
Zero Og=~——— 21 f S~
”9
p,z’x’,ff
-
21 ”—’
-

Fig. 2.3. Phasor interpretation of a factor.

desired to evaluate the factor p — 2;. Let this phasor be called V,; /6,1,
where /6 signifies the angle of the phasor which is measured in the
counterclockwise sense from the direction of the positive real axis (which
follows convention). Since all other factors can be treated similarly, it
follows that eq. 2.4 can be expressed as

Py =0 o v /o, 2.5
) (Vo1 /8p1) 1 (V2 /0,2) "2 - - (2.5)

in which the subsecript z¢ represents the ith zero and the subscript pi
represents the 7th pole.

Finally, eq. 2.5 can be put in & most significant and convenient form
by using the concepts of ordinary complex algebra in order to express
F(p) as a magnitude and a phase angle as

(Vzl)el(Vz2)ez -
(Vo) (V)2 - - (2.6)

arg F(p) = (e10.1 + eabo2 +- ) — (fibp1 + fobpa +- - )

The magnitude of the funclion is given by the product of all the phasor
lengths from all the zeros divided by the product of all the phasor lengths
Sfrom all the poles, where all the phasors terminate at the point p at which
an evaluation of the function is desired. The phase angle of the function

|F(p)| = H
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18 the sum of the angles of all the phasors associated with the zeros diminished
by the sum of the angles of all the phasors associated with the poles.

If desired, the two surfaces above the p plane representing the mag-
nitude and the phase angle can be constructed from the data provided
by eqs. 2.6. However, we shall not require evaluations of F(p) over
the entire p plane but only along one of the two axes: the imaginary
axis, to be specific. Thus, we shall be interested only in cross sections

X—-g=-—

0

Fig. 2.4. Evaluation along the imaginary axis.

of the surfaces, which yield curves of the magnitude and phase angle of
F(p) for values of p along the ju axis.

We shall usually represent functions of interest to us with p-plane
plots of the poles and zeros which, when viewed in the light of an equa-
tion such as eq. 2.6, give a qualitative understanding of the variation
of the magnitude and phase of the function of the complex variable as
the variable is allowed to roam over the p plane. As an example, con-
sider the relatively simple function described by the p-z of Fig. 2.4.
Assume that it is desired to evaluate the function along the jw axis as
indicated in Fig. 2.4. Then

Vaii/0.
Fp) = H___.__I_L_l___
Vo1/0p1 Vo2 /bp2
(2.7)
Vzl
=H /0:1 = (6p1 + 6p2)

Vpl P2
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The sketches of Fig. 2.5 for the magnitude and phase angle can be ob-
tained practically by inspection. They may be obtained with some
accuracy by using a protractor (or better still, a drafting machine) and a
pair of dividers. The length and angle of each phasor can be found sepa-
rately and then combined to give the evaluation of the entire function.

Consider a purely real function of a purely real variable F(z). Obvi-
ously, F(x) can be either positive or negative but can never have an

Gain
- 0 +w
(@)
- +90°

\ Phase angle

- 90°

®

Fig. 2.5. Gain and phase functions.

imaginary part. Let this function be converted to one of a complex
variable by substituting p = ¢ + jw for x to give the function F(p),
which is now characterized by the positions of its p-z and which has
been defined as a conjugate-analytic function. If the function of p is
evaluated along the real axis of the p plane, we have F(o + jO) = F(o),
which is the original real function of a real variable. Thus, a function
of a real variable is merely a special case of the more general function of a
complex variable, and functions of real variables as well as functions of
complex variables can be described by p-z on the complex-variable plane.

Since F(z) = F(o) can never be complex but must always be either
positive or negative real, the phasors from the p-z to the real axis of
the p plane must have phase angles that somehow cancel. This is pos-
sible in general only if each pole or zero at p = ¢; + jw,; is accompanied
by its complex-conjugate pole or zero at p = ¢; — jw;. Thus, the p-z of
conjugate-analytic functions, if complex, must occur in complex-conjugale
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pairs. This definition clearly distinguishes conjugate-analytic functions
from all other kinds of analytic functions.

As an example, consider the real function F(z) = z% 4+ 1, which has
no poles or zeros for purely real values of z. Converting this, we get
the complex function F(p) = p* + 1 = (p — 7)(p + 7), which has two
zeros located at z;, 2,* = &7, which are purely imaginary and are con-
jugates. Along the real axis, p = ¢ and F(¢) = ¢® + 1, which is the

+j g
Negative angle

- Positive angle

Fig. 2.6. Evaluation along the real axis.

original real function of a real variable. On the p plane, the evaluation
is shown in Fig. 2.6. The length of each phasor is (1 + ¢%)’%; hence,
the product of the twois 1 + ¢, The angle is zero because the negative
and positive angles from the two zeros cancel.

2.2 Polynomial functions

Whenever the number of p-z of a function is finite, the factored ex-
pression for the function consists of a finite number of factors in both
numerator and denominator with each factor raised to a finite power.
Let there be such a function having m zeros and » poles, some of which
may be of multiple order. Then, the function can be described by

Pp) = H (p—z2)(p—2) - (P~ 2m) ©8)

(p—p)@—p2) -+ (P — Pn)

The factors in eq. 2.8 can be multiplied out to give an expression
consisting of the ratio of two polynomials in p as

P+ G P F Cp™ -+ a1p + a0

F(p) = H (2.9)
P D"+ basp™ + baop™ % + -+ bup + b
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The polynomial in the numerator is of degree m and that in the de-
nominator is of degree n. The «¢’s and b’s are constant coefficients.
The p-z, if not purely real, must occur in complex-conjugate pairs since
it is assumed that F(p) is the counterpart of a real function of a real
variable; that is, it is a conjugate-analytic function. Since m and n
may be arbitrarily large, the function of eq. 2.9 may approximate any
conjugate-analytic function with arbitrary accuracy. In fact, a funec-
tion that is the ratio of two polynomials is the most powerful type of
function capable of approximating an arbitrary real function of a real
variable. This property causes functions of the type given by eq. 2.9
to be about as general as is possible. (See any text on complex-variable
theory which discusses Taylor and Laurent expansions.)

Let us investigate the relations between the a’s and b’s of eq. 2.9 and
the p-z positions 2y, 2o, - - - and py, e, - --. Multiplying out eq. 2.8 and
equating the results to eq. 2.9, we observe that

—@m—1 = Sum of the zero positions

) (2.10)
—bn_1 = Sum of the pole positions

It can be observed that since the p-z must occur as complex-conjugate
pairs, the sums of eqs. 2.10 are the sums of only the real parts of the
p-% positions.

Similarly, a,,_s can be seen to be the sum of the products of the zero
positions taken two at a time, and so forth. Finally

+ag = Product of all the zero positions

(2.11)
#+by = Product of all the pole positions

where the sign depends on whether n and m are even or odd.

Because all p-z occur in complex-conjugate pairs if complex, it can
be seen that the coefficients ar and by are purely real. The reader can
easily prove this for himself.

A function such as that of eq. 2.9 is called a ‘‘rational meromorphice,”
or more simply, a “rational” fraction. Such functions are always com-
posed of the quotient of two polynomials in the variable p.

That eq. 2.9 can always be written in factored form follows from the
fundamental law of algebra which states that every polynomial of de-
gree higher than the zeroth has at least one zero; that is

B+ anap" ™ b a)) = B~ )PV b T A 6o)

(2.12)



The Poles and Zeros of Functions 65

Applying the same theorem to the polynomial remaining on the right
of eq. 2.12 results in the algebraic theorem: A polynomial of degree n
has n zeros.

Another fundamental law of algebra states that the complex zeros of
a polynomial having purely real coefficients must occur in complex-
conjugate pairs. In other words, polynomials having real coefficients
are conjugate-analytic functions,

These two laws of algebra are not really necessary to the discussion
here since we showed earlier that they must hold true for conjugate-
analytic funections. However, had we begun by studying unfactored
polynomials having real coeflicients rather than analytic functions, these
two laws of algebra would prove the existence of zeros and that the
zeros, if complex, must occur in complex-conjugate pairs.

A zero on the negative real axis at z; = —é in a factored polynomial
occurs as a factor p + 8. A pair of complex-conjugate zeros in the left
half-plane with positions z;, 22* = —a == j@ oceurs as a factor p? 4
2ap + (a® + 8%). Thus it can be seen that when all the zeros of a
polynomial lie in the left half-plane, the polynomial resulting after mul-
tiplying out all the factors relating to the zero positions must contain
all powers of p and all coefficients must be positive and real. If some
of the powers of p of a polynomial are missing, or if any of the coeffi-
cients are negative, the polynomial will have one or more zeros on the
imaginary axis or within the right half-plane. It is important to observe
that negative coefficients or missing powers of p constitute a sufficient
but not necessary condition that zeros lie in the right half-plane. A
polynomial having zeros in the left half-plane only is called o “Hurwitz”
polynomial.

A brief word at this point may save the reader some confusion. A
rational fraction may have both poles and zeros. When we speak of
the polynomial in either the numerator or the denominator of a rational
fraction, we speak of a function containing only zeros. If it is the poly-
nomial in the denominator of the rational fraction which we happen to
be studying, then the zeros of the polynomial are the poles of the rational
fraction. Again, a polynomial by itself has only zeros.

Consider a rather special polynomial having zeros only on the jw axis.
Fach pair of conjugate zeros will be described by a factor (p + jwi)
(p — jw1) = p* + w,®. A zero at the origin is described by the factor
(p — 0). Thus, a polynomial having zeros only on the vmaginary axis of
the p plane will have only even powers of p or only odd powers of p and
all the coefficients will be positive. Such polynomials can be termed
“reactance” polynomials.
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If the even and odd powers of p of a Hurwitz polynomial are grouped
together as indicated in eqgs. 2.13, two reactance polynomials will result.

F(p) = p" + asp® + a5p° + asp* + asp® + a2p® + a1p + o
= Ev F(p) + Od F(p) (2.13)
= (acp® + asp* + a2p® + ao) + p(@® + asp* + azp® + a1)

Operators Ev and Od stand for the operations of taking the even and
odd powers, respectively, of the polynomial on which they operate.
Another kind of polynomial which has only even powers of p but

0 Q2
o o o
= o = o o —o-
o o o
(f o2
(@) ®

Fig. 2.7. Quadrantal symmetry,

which may have both positive and negative coeflicients is one displaying
“quadrantal symmetry.” Let pairs of complex-conjugate zeros in the
left half-plane and real zeros on the negative real axis be mirrored about
the jw axis of the p plane. A zero on the jw axis is mirrored by another
zero at the same point. The total of zeros displays perfect symmetry
with respect to the imaginary axis of the p plane. A plot with quadrantal
symmetry is exemplified by Fig. 2.7b6. The reader should study this
figure in order to satisfy himself that a function having quadrantal sym-
metry has a phase angle that is zero (or 180) degrees along the entire jw
axtis of the p plane.

Let us now examine the significance of quadrantal symmetry by
studying one pair of complex-conjugate zeros. Since such a pair of
zeros represents one factor in an expression that may have many similar
factors, the extension to many zeros is trivial. Assume that a pair of
zeros exists in the left half-plane at z;, 2,* = —a &+ j8. Then, the
factor relating to these zeros is

F(p) = p* + 2ap + (& + 8% (2.14)
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The mirror images of these zeros in the right half-plane are at z,,
2% = 4 a £ j3. The only difference between the positions of z;, z*
and 2,5, zo* is that the real parts are negatives of one another; hence,
29, 29* are called the ‘“‘negatives” of z;, z;*. The polynomial relating
to the zeros zs, zo* is

Fueg(p) = p* — 2ap + (o + %) = F(—p) (2.15)

where it is to be noted that, if a group of zeros is defined by F(p), the
negatives of these zeros is described by F(—p).
The function representing all four zeros is

F(p)F(=p) = (p° + 2ap + o® + (P — 2ap + & + 6%)
=p' + [2(a® + £%) — 4o Ip? + (&® + B°)?

which has only even powers of p.
Let us evaluate F(p) at p = jw, that is, along the imaginary axis of
the p plane

(2.16)

F(jw) = —w? + 20j0 + o + 82

2.17
F(—jw) = —&® — 2ajw + o + 8 @10

But since F*(jw) = F(—jw), we obtain
[F(p)F (= D)]pmin = F(ju)F*(juw) =|F(jw)|? (2.18)

We conclude that, along the jo axis, the square of the magnitude of the
function F(jw) is given by a funection containing the p-z of F(p) plus
their negatives.

2.3 Relationship to networks

In the steady state, networks are characterized by a collection of input
and transfer immittances that are functions of p = jw. In fact, it is not
difficult to see that these immittances will have the form of the ratio of
two polynomials in p = jw with real coefficients. That the coefficients
are real follows from the fact that they are made up of products, sums,
and differences of the element values B, L, C, and M (and g, rp, and u
when vacuum tubes are involved).

The immittances are evaluated in the steady state by setting p equal
to jw and using complex algebra to obtain a solution, which amounts to
evalualing a rational function of a complex variable along the positive
tmaginary axis of the p plane. Hence, we can interpret the differential
operator p in network equations to be the complex variable p. Then
input and transfer immittances can be evaluated along the positive jw
axis of the p plane to give the steady-state characteristics.
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In order to convert equations written in terms of p or ju, it is only
necessary to substitute p = ¢ 4 jw for the differential operator p or for
Jjw. The resulting equations can be termed the “p equations.” Similar
notation was used in Chapter 1 as a matter of convenience and definition.

Since network functions have the form of rational fractions with real
coefficients, their p-z must either be purely real or occur in complex-
conjugate pairs; that is, they must be conjugate-analytic functions. This
symmetric distribution of p-z means that along the imaginary axis (both
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Fig. 2.8. The R-C circuit.

positive and negative) the magnitude of an tmmittance function must be
an even function of frequency, whereas its phase angle must be an odd func-
tion of frequency. This is exemplified by the curves of Fig. 2.5.

Let us see how the p-z concept applies to one of the simplest circuits
that varies with frequency, that is, to the B-C circuit shown in Fig. 2.8.
Let it be assumed that the transfer function e/e; is desired. With con-
ventional complex algebra, we obtain

e 1/jwC 1/RC
—= = (2.19)
eg R+ 1/juC  jw+ 1/RC
or
1/RC
‘. / /— tan™! wkC (2.20)

e [(1/RC)* + &7)%

Let us plot the p-z of this cireuit. To do this, p is substituted for je

in eq. 2.19 to get
e 1/RC @.21)
e p+ 1/RC ’

which has but a single pole at p = —1/RC. The constant multiplier is
1/RC. Thus, the p-plane plot of Fig. 2.9 is a complete representation of
the transfer function.
From Fig. 2.9 rather than from preceding equations
e H 1/RC 1/RC 1/RC

= = — 2.22
P A T R
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Clearly, 6 is the angle whose tangent is b/a in Fig. 2.9. Since b = » and
a =1/RC, 8 = tan™"! wRC, which is in agreement with eq. 2.20. The
magnitude of V is also found to be

in agreement with eq. 2.20.

An inspection of Fig. 2.9 tells vl
at a glance how the magnitude of Hg-1/RC 9
¢/eq decreases with frequency and *
how the phase shift, which is
zero at o = 0, becomes lagging
with frequency to a limit of —90 Fig. 2.9. The pole of the B-C' circuit.
degrees. Note particularly that
the slope of the magnitude function is zero at w = 0, whereas that of
the phase angle is finite and negative.

To clarify the mechanism of setting up and solving the equations of
a cireuit, an additional example will be given. Both the node and loop
methods will be used. The circuit itself is the important ‘‘series-peaked”
circuit shown in Fig. 2.10. Figure 2.10a is for a voltage generator, and

e— Qv —

<«—a=1/RC——— >

: ’U"O'U“io
e o\ ==,/ 7\ Tc2 ;‘;G G Tcl T s
0 ’o)

e
= (a) = (]

Fig. 2.10. The series-peaked circuit.

Fig. 2.10b is for a current generator, a formal exchange of sources relating
the two.
The loop equations are

1 1
Rz — Vi dt — — i dt
11+C 1 G 2

1 1
(2.23)
1 'dt—|—<1+1>f' dt+Ldi2
c,J ! 2R di
In terms of the complex variable p, eqs. 2.23 become
(B + 1/pC1)i1 — (1/pC1)iz = eo
(2.24)

—(1/pCy)ir + (Lp + 1/pCy + 1/pC3)is = 0

These equations are characteristic of a bilateral network. If driven with
a vacuum tube, the system will be isolated.
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The value of %, is given by

m” —(—=1/pC
iy = — Ao ¢ = (—1/pCr)eo (2.25)
A" (B + 1/pC)) (—1/pCy)
(=1/pCy) (L + 1/pCy + 1/pCs)
which becomes
. 1/pC
= /PGy (2.26)

e (R + 1/pC)(pL + 1/pC; + 1/pC2) — (1/pCh)?

Usually, the output voltage e is to be determined rather than the
current 7. This is one reason that the node method is often simpler
than the loop method. The current 7, flows through Cy. Thus

es = (1/C9) )iz dt = (1/pCy)is (2.27)

Substituting eq. 2.27 in 2.26, the transfer function is obtained as
e 1/(p*C1Cy)
e (B+1/pC0(pL + 1/pC: + 1/pCa) — (1/pCy)*
Multiplying the numerator and denominator by p® and simplifying
ez 1/(RLC,Cy)

(2.28)

.3 2 (2.29)
eo  p°+ (1/RC)p® + [(Ci + Co)/(LC1Ca)]p + 1/(RLC,Cy)
Functionally, eq. 2.29 has the form
€2 H
— = (2.30)

e (@ —p) — p)(p — p3)

where py, po, and p3 all have negative real parts. The three possible p-z
plots of the function are shown in Fig. 2.11. For the p-z plots of Figs.

X X

x
x
x
b 4
x

X

(a) (] (c)

Fig. 2.11. Possible pole locations for the series-peaked circuit.
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2.11a and b, the amplification of the system falls off with frequency;
that is, the ratio of output voltage to input voltage is appreciable only
at the lower frequencies and the function is said to be of the “low-pass’
type. The gain at w = 0 (the value of ey/ep) is unity. For the p-z plot
of Fig. 2.11¢, the gain is appreciable only at frequencies near the com-
plex-conjugate pole where the phasor length from that pole to the jw
axis 1s small. Then, the function is said to be of the “band-pass” type
because it passes only a band of frequencies with relatively high gain.
The amplitudes as functions of frequency for the plots of Fig. 2.11 are

€,

€

0 W —

Fig. 2.12. Gain functions of the series-peaked circuit.

shown in Fig. 2.12 and may be termed ‘“gain functions.” The corre-
sponding phase functions of frequency are shown in Fig. 2.13. For the
network of this example, there is a more or less continuous transition
from low-pass to band-pass behavior as the circuit element values are
changed.

0 W —3
0
€
argE;
2 a
—270° e __ - e

Fig. 2.13. Phase functions of the series-peaked circuit.
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We shall also derive the equations for the same ecircuit with node
equations. It will be seen that the process is somewhat simpler. With
reference to the circuit of Fig. 2.10b, the node equations can be written as

d81 1 1 s
G+Ol—“‘+—‘ eldt—zfezdt=20=Geo

dt L
(2.31)
L (a4t [ea-o0
— — e — — I4 =
LJ" *a  LJ”
In terms of the complex variable, these equations become
(G + pCy + 1/pL)ey — (1/pL)ey = ip = Geg
(2.32)
~(1/pL)er + (pC2 + 1/pL)es = 0
Thus
Ags™ —(—1/pL)i
o= — 2y = (Z1/pLio (2.33)
A (G + pCy + 1/pL) (—1/pL)
(—1/pL) (pC2 + 1/pL)

Simplifying and noting that the driving current 7 is equal to a volt-
age egG, eq. 2.29 is obtained.

2.4 The partial-fraction expansion

A rational fraction is said to contain “simple” or “distinct” poles
when no multiple-order poles exist. Such functions may be expanded
into a number of separate terms according to eqs. 2.34 in which the C’s
are real constants and the A’s are either complex or real constants

P+ QG p™ T+ ap + a0

F(p) =H
®) @—p)®—p2) - (P — Pa)

(2.34)

As A,
+ +eot
P—P1 DP— D2 P~ P

=Co+ Cip+- -+ Cop +

The polynomial Cy + Cip +--- will exist only if the degree of the
numerator of the rational fraction is equal to or larger than the degree
of the denominator. These coefficients can be found by dividing the
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denominator into the numerator. For example

P° 4+ a1p + ao n (ay — bo)p + ao

=P
+ b + b
p 0 4 0 (2.35)
ap — (ar — bo)by
=p+ (a1 —bo) +
' ° P+ by
Note that for m = n, C; = C; = -+ = 0 and Cy is found as the value

of F(p) at p = o,

The coefficient A; in egs. 2.34 can be found by multiplying both sides
of the equation by p — p; and evaluating at p = p,. Then, all other
factors drop out, leaving only A;

A;=[(p — pi)F(p)]p=p.- (2.36)

For multiple-order poles, a slightly different procedure must be em-
ployed. Let us assume that p; = p; in eqs. 2.34 in order to study the
relations for a second-order pole. The partial-fraction expansion is

A
Fp) = Co+ Cip++ -+ Cop? + ———,
(» —p1)
A2 A3 An
+ + +---4 (2.37)
P—P1 P— D3 Yl 8
The coefficient 44 is found from
A, ={(p — pl)zF(p)]p=p.~ (2.38)

and the other coeflicients with the exception of A, are evaluated as
before. It can be observed that A, can be determined from

1

A2=1—!

d
| 1 = pro) | (2:39)
dp p=p;
which can easily be verified by the reader.
The general method for treating higher order poles will now be de-
scribed. Assume that p; = pe = p3 In egs. 2.34 so that a third-order
pole is given. Then the expansion is

A
F(p) = Co+ Cop+- 4 Cppt + ————
(» — p0)

A2 A3 A4 An
;+ + +--t
@—p)° pP—P1 P—Ds y Rl

(2.40)
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The constants Cy, Cy, - -+ and Ay, A5, - -+, A, are evaluated as before.
The constants 4, 4,, and A3 are obtained from

Ay =[(p — pl)aF(p)]p=p1

A __1_[_‘1_ — p)°F ]] 241
2= dp[(p p1)°F(p) (241

D=p1

ts= [ D16 - woro

375 ip P— D) Ip .

The method just described can be extended to poles of any order; the
expressions needed for evaluating the constants associated with poles of
higher order than three should be obvious from eqgs. 2.41.

The coefficient of 1/(p — p;) in the partial-fraction expansion has a
very special definition. In reference to eqgs. 2.34, the “residue’ is given
by

A; = Residue of pole p; (2.42)

The concept of residues is of considerable value in transient analysis.
The residue for simple poles should be clear. For multiple-order poles,
it is the coefficient of 1/(p — p;) to the first power.

Many of the details for obtaining a partial-fraction expansion can
best be explained by means of an example. For simplicity, we shall
concern ourselves with a function having simple poles as

1
P+2+2p+1 (p+DEE+p+ 1)

F(p) =

(2.43)
4 B C

Tl T nTieae T rr i@

To evaluate A, we multiply both sides of eqs. 2.43 by p + 1 and
evaluate at p = —1 to get

1
A= (———) =1 (2.44)
PP+ P+ 1/ ey
Similarly

1
B = _-—
[(’P + Dip + [1 — j(3)"%/2} ]p=t—1—j(s>"1/2 3+ j3)*

(2.45)
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The quantities B and C are related to a pair of complex-conjugate
poles. When partial fractions relating to such poles are combined, the
result must not contain numbers with imaginary parts or else the pair
of terms will not be conjugate analytic. Therefore, it is necessary that

—2
= *ZA————
C=B8B i (2.46)

which is a general requirement that can be used to reduce the work of
finding the partial-fraction expansion.

Sometimes, pairs of terms related to pairs of complex-conjugate poles
are corbined. This gives for the example

1 1 P
p3+2'p2+2p+1_p+1 pP+p+1

(2.47)

2.5 The continued-fraction expansion
Another important expansion having a characteristic form is the con-
tinued-fraction expansion. It is obtained by successive division and
inversion of a rational fraction. Consider, for example, the function
given by eq. 2.48
p*+9°+3p" +2p+ 1

P’ +p"+2p +1

F(p) (2.48)

Dividing the denominator into the numerator beginning with the highest
powers in p and inverting the remainder, we get

1
P+ +2p+1
PPt+p+1

Flp) =p+ (2.49)

The division and inversion of the remainder can be repeated for the
rational fraction appearing in the denominator of the second term of
eq. 2.49 to obtain

1
Fip)=p+ (2.50)

+____._..__.
P+p+1
p+1
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Repeating the process again
1
Fp) =p + ——— (2.51)
P+
p+

1
p+1

A rational fraction may always be expressed in terms of a continued-
fraction expansion. However, the expansion may not always terminate
and/or the separate terms may have fractional powers of p or 1/p, in
which case the expansion is of little practical value.

A more generalized kind of continued-fraction expansion is one hav-
ing the form

1
F(p) = F1(p) + - (2.52)
Fy(p) + :
F3(p) + ———-
Fa(p) +---
where Fy, Fy, F3, - - - are functions of p. If these functions are in them-

selves rational fractions and subject to the laws of input immittances to
be set forth in Chapter 3, the expansion is a useful one. (It is related
to the general ladder network.) The expansion of eq. 2.51 is a special
case of the more general expansion of eq. 2.52.

When confronted with a rational fraction that is to be expressed as a
continued fraction, trial and error can be applied. The expansion can
often be found, particularly if it corresponds to a broad class of net-
works referred to as ladders. Trial and error in the inversion and divi-
sion process is often required. For example, the division of the function
(»* + p + 1)/(p® + 1) can be started in any of the following manners:

P+ tpttl 149 [1+ptp?
‘ (2.53)

Prp+l [P+l 14p+p? 149

Alternately, two or more terms can sometimes be divided at the same
time as
2 2

P+p+1 (p +1)+p_1+ p

P+ 1 P’ + 1 PP +1

One trial may yield an expansion that has no physical interpretation,

whereas another trial might have meaning. It is also possible that no
meaningful expansion can be found.

(2.54)
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The continued-fraction expansion also has a valuable application in
determining whether or not a polynomial is a Hurwitz polynomial. A
Hurwitz polynomial was defined as one having zeros only to the left of
the jw axis. Along the positive jw axis, the phase angle of such a poly-
nomial must be a monotonically increasing function of frequency, which
is a property that should be obvious from the p-plane plot of the zeros.
Thus, the phase angle starts at zero and progresses through 90, 180, 270
degrees, and so on, depending upon the degree of the polynomial. Ulti-
mately, the phase angle must reach n times 90 degrees, where # is the
total number of zeros (the degree of the polynomial). The tangent of
the phase angle must therefore be zero at zero frequency, next be in-
finite, next zero, and so on.

Consider a Hurwitz polynomial F(p) at p = jw, that is, along the
positive jw axis

F(p) = ao + a1p + azp® +- - -+ anp”

(2.55)
F(ju) = Fi(w) + jF2(@)
where
Fi(w) = [Ev F(p)lp=jw
(2.56)
JFa(w) = [Od F(p)lp=jo
The phase angle 6 of F(juw) is
. Fa(w)
0 = arg F(jo) = tan™! 2.57
g F(je i) (2.57)
Thus
3 5 . o
jtan 6 = (a‘p + i + il + ) (2.58)
ap + agp” + asp” + -+ Jpmjo

It is convenient to define the “tangent function’ of p from eq. 2.58 as

0d F 5.
Fo(tan ) = 0 X @) _ b + 6" + (2.59)
Ev F(p) ao + ap® +---

Since the phase angle of a Hurwitz polynomial is an ever-increasing
function of w, all the p-z of the tangent function must lie on the jw axis,
must be simple, and must alternate such that a zero occurs between two
poles and conversely. Further, if » is odd, there will be n zeros and
n — 1 poles, whereas if n is even, there will be n poles and n — 1 zeros.
Examples on the p plane for n = 5 and n = 6 are shown in Fig. 2.14.
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In Chapter 3, a function such as that of Fig. 2.14 will be shown to be
a reactance function and always obtainable as the input immittance of
a reactive network (only inductance and capacitance). This means that
the continued-fraction expansion of the tangent function of a Hurwitz

Fig. 2.14. Tangent functions forn = 5 and n = 6.

polynomial can always have one of the forms of eqs. 2.60, perhaps in
addition to others

bip +

(2.60)

c -
Y

All the b; and ¢; in egs. 2.60 must be positive, real, and greater than
zero if the original polynomial has all its zeros within the left half-
plane; otherwise the polynomial will not be a Hurwitz polynomial (be-
cause it cannot be represented with a physical reactance network). If
any of the b; or ¢; are negative, then one or more zeros will lie in the
right half-plane. If one of the b; or ¢; is zero, then one pair of complex-
conjugate zeros will lie exactly on the jw axis.

Any polynomial in p can be tested as deseribed in order to see whether
or not it is “Hurwitz.”’ It may be necessary to try division starting from
both the lowest and highest powers of p in order to get the answer. As
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an example, consider the following illustration
Fp=p+2"+2p+1

Od F(p) p+2p _Py 1
EvF(p) 20°+1 2

(2.61)

1
34+ —
4p/ 3072
From egs. 2.61, it can be seen that the polynomial is a Hurwitz poly-
nomial. However, had we divided the same function starting from the
lower powers of p, we would have obtained eq. 2.62, which is not very
promising
2p + p°
14 2p 2p* +1
-—3p3

(2.62)

Problems

1. Prove that the amplitude and phase of a conjugate-analytiec function are even
and odd functions of frequency, respectively, along the jw axis of the p plane.

2. Prove that a conjugate-analytic polynomial has purely real coefficients.

3. A function has zeros at —1 + j1 and —3. It has poles at —2 and —1 + j5.

a. Plot the p-z on the p plane.

b. Sketch the amplitude and phase of the function along the positive jw axis of the
p plane.

c. Form the factored expression of the function.

d. Put the function in the form of two polynomials in p.

e. Obtain the new function giving the square of the magnitude of the original
function along the jo axis.

4. Given the polynomial p* 4 2p? + 2p + 1: Form the function that is the ratio
of the odd and even parts of the polynomial and plot the locations of its p-z.

5. The function sin p has zeros at multiples of p = +7. Sketch the positions of
these zeros. Assuming that in addition to a constant multiplier the locations of the
zeros are sufficient to desecribe the function uniquely, prove that the infinite-product
expansion for sin p is

. = P’
sinp = p H 1 - W)

k=1
= p(l — p¥/a*) (L — p*/4x?) .-
6. Repeat Prob. 5 for the following functions:

- YO SN
cosp = 11 (1 <2k - 1)%/2)2)

sinh p = pH k2 3
p?

coshp = H (1 + _———_1)‘2’(—/2)2)
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7. Plot the p-z of tan p and tanh p and give their infinite-product expansions.

8. The exponential ¢ has a phase angle aw; that is, arg () = aw. Show the
factored infinite-product expansion for tan aw and plot the locations of the p-z of this
function.

9. Given a function having n poles and m zeros, all on or left of the jw axis, with ¢
of the m zeros at the origin: What will be the phase shift for p = jw very small and
very large? What will be the shape of the magnitude of the function for p = jw very
small and very large? The answers asked for include all values of ¢ from zero to m.

10. A polynomisal is p* 4 2p? + 2p + 1. For p = jw and using ordinary complex
algebra, obtain an expression for the tangent of the phase angle of the polynomial.
Form the tangent function of p of this polynomial and plot its p-z. From this plot,
write down the tangent function evaluated for p = jo. What is the minor difference
between the expressions for the tangent as obtained in the two ways described?

11. Given the function F(p) = (p + 1)/(p* + p + 1): Plot the magnitude and
phase of this function from the p-plane plot of its p-z along the entire jw axis using
a protractor and a pair of dividers.

o
L=1h
JA17 — == C=1f
R=1Q
o,
Fig. P.12.

12, Plot the magnitude and phase angle of the impedance of the circuit of Fig.
P.12 for all values of w using conventional complex algebra. Compare the results to
those of Prob. 11.

13. Plot the p-z of the function giving the square of the magnitude of the function
of Prob. 11 along the jw axis. Directly from the positions of these p-z, obtain this
new function as the ratio of two polynomials in p.

14. Find the partial-fraction expansions of the following

P +1 P’ +1
p(*+3p +1) p(* +2p 4+ 1)
pP+1 p(p® + 1)
pp*+p+ 1 pP+3p +1

1 P

P+DE+2E+3) (@+1DE +p+1)?

15. Obtain the continued-fraction expansion of the following function starting
from the highest powers of p such that each term will be positive and proportional to
2, 1/p, or a constant

PP+t +4p'+3p" +3p +1
P+p+3p" +2p +1

16. Obtain the continued-fraction expansion of the following function with terms
that are positive and proportional to p, 1/p, or a constant. Trial and error may have
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to be used
p!LGC 4+ pC + G

p’LC + 1
17. Test the following polynomials to see if they are Hurwitz
p* +5p°+8p +4
P42 +p+1
pP+2p 2P+ p 1
p® 4 2 X 10%? 4+ 10Y%p 4 108
0.5p® 4+ 0.5 X 10%p2 + 0.5 X 10'% + 108

18. The ratio of two reactance polynomials is important to the theory of input
immittances of L-C networks. The partial-fraction expansions of such functions can
be simplified to a certain extent. Show that when the number of p-z differ by pre-
cisely unity, when all p-z lie on the jw axis, when all p-z are simple, and when all p-z
(except for one at the origin) occur in complex-conjugate pairs, the expansion will
always have one of the two forms

2 2 (2 2
+a +ap?) - A
(P2 13(172 22 A At > Pz
p(p* +b5@* + b -0 p + by
p(0® + ay(p® + ab) -
= Aoc -+
e e R S R
19. Show that the constants Ay and A, of Prob. 18 are

+...

a12a2 -
=(P1)p=0=Hb2bz ( )p_ {
20. Show that the constants Ay of Prob. 18 for &k > 0 are
- ((P2 + bkz)l)
P=ibg

21. If a conjugate-analytic function is expanded into partial fractions, then for
each pair of complex-conjugate poles, there will occur two terms as

A1 + AZ
pta+ijp pta—j8

Show that 41 and A2 must be complex conjugates.

22. Prove the following alternate method for evaluating the constant multiplier
associated with one of the terms of a partial-fraction expansion: If B(p) is a poly-
nomial having a simple pole at p = pr which is not also a root of the polynomial

A(p), then
(0= 4D <L>
B(p)/ p—pr M
D=Dpk

dp



The Poles and Zeros
of Networks

It has been observed that all input and transfer immittances and
transfer functions can be interpreted as rational functions of the com-
plex variable and as such may be expressed as the ratio of two poly-
nomials in p having real coefficients. Thus, p-z will be either purely
real or occur in complex-conjugate pairs. It was also concluded that,
along the imaginary axis, the magnitude and phase of immittances are
even and odd functions of frequency respectively.

In addition to these restrictions regarding network functions, several
other rather stringent laws apply to the permissible locations of the p-z.
It is the purpose of this chapter to set forth these laws in terms of what
can and cannot be done with electric circuits.

The p-z of networks often have rather characteristic positions on the
p plane. This leads to the formulation of definitions of network types
based on their locations.

The close relationship between p-z locations and transient response
naturally leads to a discussion of transient analysis. The development
here is based on the Heaviside method. General driving functions and
some initial conditions will be treated, and the intimate relationship
between Heaviside and Laplace methods will be pointed out.

3.1 The p-z of transfer functions

Let a transfer function be expressed as a partial-fraction expansion

and let it be assumed that all the poles are simple. Then
Output e, . A,

=—=Co+ Cip+ Cop”+---+
Input € P — P1

Ag A,
Feed -
P — D2 pP— Dn

+

(3.1)

Since the system is assumed to be linear, the principle of superposition
can be utilized to show that the output is made up of a linear combina-
82
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tion of several inputs as

A,
en = Coeo + Cipeo +-- -+ - eo +- -+ —e (3.2)
) P — P P — Pn

The complex variable p can be interpreted to be the differential op-
erator d/di. Then, eq. 3.2 can be interpreted as a number of simple
differential equations. Let us examine a typical term giving a partial
output de,, which is the output that results when only one of the con-
stants 4; or C}, is other than zero

A
de, =
P — Pk

In terms of differentials, this equation becomes

€o 3.3)

dée,,
dt

— prde, = Aregy 3.4)

This simple kind of differential equation has a solution made up of
two parts, one for which eq is zero and the other for eg not zero. We
shall be most interested in the solution for vanishing e¢;. Then

déen s = 0 (3.5)
— prde, = .
di Dk
Rearranging
dée,
= Pk dt (36)
o€y,

Integrating both sides of eq. 3.6 and neglecting the constants of inte-
gration
In de, = put 3.7)

where In signifies the natural logarithm. In terms of an exponential,
eq. 3.7 is
den, = e = elosttiut) (3.8)

If o is positive, de, grows exponentially with time even though the
input to the network is negligible. This is contrary to the law of con-
servation of energy and we conclude: The poles of stable transfer funcirons
can only occur on or to the left of the jo axis. In other words, the right
half-plane is a prohibited region for the poles of stable transfer functions.

Let us now interpret p as the imaginary variable jw. Consider one
of the partial outputs of eq. 3.2 given by the coeflicient C},

66n = C'kpkeo g Ck(jw)keg (39)
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As the frequency of eg tends to infinity, the amplitude of this partial
output tends to infinity. Clearly, this is also contrary to the principle
of conservation of energy; hence it must be concluded that C; = Cy =
C3 =---= 0. Thus: The number of zeros of a stable transfer filnction
cannot be greater than the number of poles.

If the source driving a network is ideal in the sense that its internal
impedance is precisely zero or infinite, depending upon whether it is a
voltage source or a current source respectively, then the source can be

X X X T X o)
o © %
X X X l X (o)
Permissible
2
o X X o
(V] AV4 AV O
N [A) TN o
(o] X X o
X2

Nonpermissible

Fig. 3.1. P-z locations of stable transfer functions.

made to deliver infinite power. In this event, the transfer function can
have one (but only one) more zeros than poles. However, ideal sources
do not oceur in nature but only exist as an approximation. As long as
the nature of the approximation is clear to the network designer, it is
permissible to employ ideal sources.

A somewhat analogous treatment of the differential equations pre-
viously considered yields a relevant partial output that increases with
time if multiple-order poles lie on the imaginary axis. Thus: Poles of a
stable transfer function lying on the tmaginary axis must be simple.

The rules that have been set down so far can be illustrated by the
p-plane plots of Fig. 3.1.

It is tmportant to note that no restrictions regarding the posittoning of
the zeros have been given except that they, like the poles, must occur in com-
plex-conjugate pairs (if complex), and they cannot be too numerous.

It is of interest to consider the character of a system having poles in
the right half-plane. Such systems are unstable since an output grow-
ing with time will be present, even though the input is zero. Consider
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a complex pole lying at o 4 jw; where o is positive. From eq. 3.8,
we see that an oscillation occurs at the frequency wy, whose magnitude
grows exponentially with time. Of course, the magnitude must even-
tually be limited by the nonlinearities which exist in any practical sys-
tem. It can be concluded that a transfer function showing a pair of
complex-conjugate poles in the right half-plane can be made to produce
sinusoidal oscillations at a frequency given approximately by the imagi-
nary part of the pole position. The rapidity with which the oscillation
builds up after the system is initially energized is proportional to the
real part of the pole position.

When a pole lies on the positive real axis of the p plane, the output
will rise exponentially with time without a superimposed sinusoidal
variation. Then, relaxation oscillations as in a multivibrator may result.

It should be clear that, if a pair of complex-conjugate poles lies
exactly on the jw axis, an oscillation in the network, once initiated, will
continue undamped for all time at the frequency of the pole position,
even though the input is removed. Poles exactly on the jw axis repre-
sent the critical condition at which oscillation commences.

Sometimes a transfer function may have two or more pairs of com-
plex-conjugate poles in the right half-plane, indicating an ability to
support oscillations at different frequencies. Oscillation will normally
occur as governed by the pair of poles farthest right of the imaginary
axis relative to the imaginary distance from the origin.

3.2 The p-z of bilateral input immittances

Bilateral networks have no sources of energy, and hence must be
stable. Consequently, the transfer impedance or admittance can have
poles in the left half-plane only. Simple poles may also exist on the
imaginary axis. The number of zeros cannot exceed the number of
poles by more than one.

Let us now consider the rules regarding the input immittance of a
bilateral network. Assume that we have a bilateral network accessible
from a pair of terminals. First, a voltage generator eq having a source
impedance Z, is caused to drive the network as in Fig. 3.2a. Then,
the same network is driven with a current generator 7, having a source
admittance Y, as shown in Fig. 3.2b. The input current and voltage
resulting from the application of the driving voltage and current, respec-
tively, are .

€o %0

=2 -1 (3.10)
Zs+Zin Ys+ Yin

)

If we let Z, — 0 for the voltage generator and ¥, — 0 for the cur-
rent generator, we get ¢ = Yinep and e = Ziyip respectively. If arbitrary
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driving functions are not to produce effects in the network that increase
indefinitely with time after the driving function is removed, there can
be no poles of Y;, in the right half-plane, and poles, if any, on the jw
axis must be simple. Similarly, the poles of Z;, cannot occur in the
right half-plane. Since the poles of Zi, are in the zeros of ¥, and con-
versely, we conclude: Nezther the poles nor the zeros of the input immittance

ANVVW,
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e ! Z:
°<t> D n network

+ .
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1 Y, >
l°¢ i % g Yia network
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Fig. 3.2. Bilateral network with source immittance.

to a bilateral network can lie in the right half-plane, and p-z on the tmagi-
nary axis must be simple.
Consider the parallel-resonant circuit (R, L, and € all in parallel)
driven with a current . The voltage to current ratio is
e p/C

i P+ p/RC + 1/LC

The poles of this circuit are normally in the left half-plane. How-
ever, if R is negative, they will lie in the right half-plane. This simple
example demonstrates that the input immittance of a bilateral network
cannot have a negative real part (otherwise, self-oscillations could be
produced).

We have already established that the p-z of a bilateral input immit-
tance must lie in the left half-plane and that p-z along the jw axis must
be simple. In addition, this tells us that the real part of the immittance
evaluated along the jw axis cannot be negative. This means that the
phase shift can never exceed 90 degrees lagging or leading which, from
p-plane sketches studied at very high frequencies, is seen to mean: The
number of p-z of the input immittance of a bilateral network can differ at
most by unity. The detailed positioning of these p-z must be such that

(38.11)
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the phase shift along the jw axis of the p-plane is forever bounded by
+90 degrees.

In the preceding, we have deduced the so-called “positive-real’’ nature
of bilateral input immittances. It turns out that positive realness is
not only a necessary but is also a sufficient condition for a function to
represent a physical input immittance.

Pt ot

Permissible

x

Nonpermissible

Fig. 3.3. P-z of bilateral input immittances.

As an aid to the visualization of permissible and nonpermissible p-z
locations for input immittances, the reader may refer to Fig. 3.3. The
restrictions imposed on these p-z are notable.

3.3 'The p-z of reactive networks

Let it be assumed that a bilateral network contains only L, C, and M;
that is, resistance is entirely absent. Then absoclutely no power can be
dissipated in the network and sinusoidal voltages and currents relating
to any element in the network must always be separated by a 90-degree
phase angle.

In particular, consider the input immittance to such a network. The
phase angle between the applied sinusoidal voltage and resulting cur-
rent must always be exactly £90 degrees; if this were not so, power
would be dissipated. By examining the p-z on the p plane, it can be
observed that such phase angles are given for all w only if all the p-z
lie exactly on the tmaginary axis. As determined earlier, such p-z must
be simple.

In order for the phase shift to he 90 degrees at low frequencies, a
simple pole or zero must occur at the origin. The presence of this pole
or zero means that the lotal number of p-z must always differ by unity.

The p-z of the input immittance of an L-C network occur on the jo
axis and are simple. This means that an oscillation initiated at the fre-
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quency of a pole will continue undamped forever even though the driving
function initially producing the oscillation is removed. An oscillation
continuing forever in an undriven bilateral circuit is not an entirely
satisfying picture. We know that perfectly lossless inductors and ca-
pacitors cannot be built. Further, there will always be some radiation,
no matter how small, from any circuit containing an oscillatory voltage.
It must be concluded that an oscillatory disturbance in an L-C' circuit
must eventually decay to zero. This means that the poles can never be
located exactly on the jw axis but must actually occur slightly to the
left of the jw axis. Now consider the consequence if two such poles

AR

Fig. 3.4. Input immittances of reactive networks.

near the jw axis occurred next to each other without an intervening zero.
Then, as the frequency variable was moved along the jw axis past the
poles, two successive 180-degree phase shifts having the same sign would
occur and the phase angle of the input immittance could not but exceed
+90 degrees, implying the presence of a negative resistance or conduct-
ance component. It can be concluded that poles of a bilateral L-C
input immittance must be separated by a zero. It can be seen from a
similar argument that the existence of two adjacent zeros without an
intervening pole is likewise impossible. The conclusion must be that
the p-z of a bilateral L-C input immittance must allernale such that a pole
occurs between two zeros and conversely.

Basically, the p-z plot of an input immittance of a reactance function
can have only one of the four forms shown in Fig. 3.4. These plots are
the same as those applicable to the tangent function of a Hurwitz poly-
nomial (or its reciprocal); hence, the tangent function of a Hurwitz poly-
nomial is always realizable as the input immittance of a reactive network.

3.4 The p-z of R-C and R-L networks

In R-L and R-C networks, there is no mechanism for energy inter-
change between different kinds of reactive elements. Consequently, we
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would not expect oscillatory partial outputs to be indicated in the par-
tial-fraction expansion of the transfer immittance. It can therefore be
suspected that the p-z of the input immittance lie on the negative real
axis of the p plane. In order that the phase angle not exceed 90 degrees,
these p-z must not only be simple but must alternate such that a pole
occurs between two zeros and conversely. The number of poles or zeros
at the origin cannot exceed unity because the origin is part of the jw
axis. Of course, the total number of p-z can differ at most by unity.
At zero frequency where capacitors are all open circuits, an R-C cir-
cuit will look like either an open circuit or a finite resistance; hence, the
impedance can have either a pole or nothing at the origin. The nearest
thing to the origin must always be a pole. At infinite frequencies where

ef woef e} e}

Fig. 3.5. Input impedances of R-C networks. Input admittances of E-L networks.

capacitors are all short circuits, an R-C network can have an input im-
pedance that is either zero or finite but never infinite. These various
properties can be used to find the possible p-plane sketches of the input
impedance of an R-C network as shown in Fig. 3.5. The permissible
forms for the input admittance of R-C networks can be found from Fig,.
3.5 by interchanging p-z. The rules for R-C input impedances are
equally applicable to input admittances of R-L networks.

Because the poles of all input and transfer immittances are the same,
we conclude that transfer immittances of bilateral R-C or E-L networks
have simple poles that all lie on the negative real axis of the p plane.
The zero positions are not restricted. Of course, an isolated system
(that is, systems with vacuum tubes operating as coupling devices) can
have poles of any order, and an R-C network with feedback can have
complex poles.

A somewhat intuitive justification has been given for the allowable
positions of the p-z of B-C and R-L networks. Formal proofs of these
properties may be found in the references.

3.5 Dissipation, capacitance, and approximations

If a network is driven with an ideal voltage or current source, the
number of zeros of the transfer function can never exceed the number
of poles by more than one. With practical sources, the number of zeros
can never exceed the number of poles because a practical source cannot
deliver unlimited amounts of power. (Note, however, that an input
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immittance may be defined with an ideal source.) Practical systems
usually have fewer zeros than poles; this arises from unavoidable stray
capacitance between the wires and elements carrying signals which short-
circuit high-frequency signals to ground. It is only when these dis-
tributed capacitances can justifiably be ignored (with a practical source)
that the number of zeros can be made equal to the number of poles.

When all distributed capacitances are included, some of the p-z will
be relatively far from the origin of the p plane. If their distances are
large compared to the expanse of frequencies along the jo axis that are
of interest, and if they do not contribute an appreciable change of phase
over this expanse of frequencies, distant p-z may be treated as if they
did not exist (except for a constant multiplier). This is equivalent to
ignoring the circuit elements involved. Of course, this approximation
may cause a function to appear to have any number of p-z. In the
whole of the p plane, therc must, of course, be no more zeros than poles.

Oceasionally, a function may have a pole and a zero in close proximity.
If they are close compared to the frequency range of interest along the
Jjw axis, they can be assumed to exist at the same point. Then, the effect
of the pole exactly cancels that of the zero and both may be ignored.
Similarly, if several poles (or zeros) lie in relatively close proximity,
certain simplifications are possible by assuming them to lie at the same
point giving the equivalent of a multiple-order pole (or zero).

It was shown that the p-z of the input immittance of a reactive net-
work lic exactly on the jw axis. This is a result of approximation. No
inductor can be built without including, even though unintentionally,
an appreciable amount of resistance. Capacitors also have losses, al-
though some high-grade units are perfect for all practical purposes. The
result is that the p-z of reactive networks cannot lie on the jw axis but
must lie slightly to the left, that is, in the left half-plane.

Often, inductors and capacitors are assumed to be ideal in order to
simplify the network equations to the point where the mathematics be-
come tractable. Because of the “incidental dissipation” arising as a
result of the residual resistances, the actual positions of the p-z on the
p plane will be slightly left of their idealized positions. In arriving at
some design, a synthesis of an immittance that neglects incidental dis-
sipation should start from p-z positions somewhat to the right of the
desired positions (if possible); dissipation automatically moves them to
their desired positions. This is called “predistortion.”

3.6 Resonant circuits: an example of approximation

Consider a parallel-resonant circuit with unavoidable resistance in
series with the inductor. The resistance associated with the capacitor
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will be neglected. The circuit and p-plane plot of the input impedance
are shown in Fig. 3.6. The expression for the input impedance is

_1( p+ R/L )
¢ \p? + pR/L + 1/LC

(3.12)

where it will be assumed that the poles have imaginary parts. If interest
is confined to frequencies in the vicinity of the poles, and if the poles lie
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Fig. 3.6. Resonant circuit with B in L branch.

close to the jw axis compared to their distances from the origin of the p
plane, R/L in the numerator of eq. 3.12 can be neglected as an approxi-
mation. This has the effect of moving the zero to the origin. With this
approximation, the circuit of Fig. 3.6 becomes equivalent to the parallel-
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Fig. 3.7. The parallel-resonant circuit.

resonant circuit of Fig. 3.7, which has an input impedance given by

pZ + p/R/C/ + I/LICI

> (3.13)

In order that the two circuits have the same pole positions (assuming

C = C' and L = L), it is necessary that
R/L = 1/RC’

R' = L/RC’ (3.14)
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The radial distance from the origin to the pole wy = 1/(LC)* is called
the resonant frequency of the circuit. At this frequency, the impedance
of the parallel-resonant circuit is a maximum and the phase angle of the
impedance is zero. These do not occur at precisely the same frequency
when resistance occurs in series with the inductor. When R/L in the
numerator of eq. 3.12 is negligible, the impedance expression for both
circuits under consideration is the same, namely

1 P >
7 = — 3.15
C <p2 + pwo/Q + wo® (8.15)

where @ = woL/R = woR'C’ is the “quality factor.”” In either case,
wo/Q is twice the real part of the pole position. At w = wy for p = ju,
the value of Z is §/Cwy. At the two frequencies wy &= wp/2@, the mag-
nitude of Z is 1/(2)* times that at w = w. The frequency range within
these limits is wg/Q = B, which is called the ‘half-power bandwidth.”
The number @ thus gives the “bandwidth ratio,” which is the ratio of
the eenter frequency to the bandwidth and measures the relative “selec-
tivity’’ of the circuit.

The series-resonant circuit is similar to the parallel-resonant circuit.
Its admittance rather than its impedance is given by eq. 3.15 except
that the multiplier is 1/L rather than 1/C and @ = woL/R. Thus,
whatever is said about the gain and phase functions of frequency of the
input impedance of the parallel-resonant circuit applies to the input
admittance of the series-resonant circuit, for they are reciprocal net-
works.

3.7 Basic stable network transfer functions

Network transfer functions as general types fall into three major
classifications: minimum-phase, nonminimum-phase, and all-pass func-
tions. These classes of functions can readily be defined by observing
their p-z locations.

Consider the four p-z plots of Fig. 3.8, where the poles in all cases are
the same. All four functions have identical amplitude-versus-frequency
characteristics. However, the amount of phase shift with frequency,
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Fig. 3.8. Four possible zero locations.
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normalized so that all four systems have zero phase shift at zero fre-

quency, is a minimum for Fig. 3.8a, as can be seen by observing the

behavior of the phasors from the zeros as the frequency increases. Thus,

we can define a minimum-phase transfer function as one which has

zeros in the left half-plane only. Figure 3.8a is minimum phase; Figs.

3.8b, ¢, and d are not. For a function to be nonminimum phase, the
] —

] ]
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Bilateral immittances

Fig. 3.9. The ladder network.

physical system must possess means for the input signal to traverse
from input to output by more than one path. However, the mere
possession of multiple paths does not require that the function be non-
minimum phase. The transfer function of a ladder network is always
minimum phase because the zeros are introduced by resonances (at com-
plex frequencies) in the series and shunt elements, which are two-terminal
networks. A ladder network has a structural form depicted by Fig. 3.9.
Minimum-phase networks have received con-

siderable attention in the literature; the phase X o
funection of a minimum-phase network along the

jw axis has been proved (by other than p-z argu- % ©
ments) to be uniquely specified in terms of the

amplitude function, and methods have been de- X ©

rived for finding the phase function knowing only
the amplitude function and conversely. By con-
sidering p-plane plots such as those of Fig.
3.8, it is not difficult to see that there exists only a finite number of
phase functions for a given amplitude function, and that when the net-
work is specified to be minimum phase there can exist but a single phase
function for a given amplitude function.

Consider the p-z plot of Fig. 3.10. This plot is characteristic of a
nonminimum-phase network. However, it is more than this. Notice
that each pole in the left half-plane is accompanied by a zero placed as
if by mirror reflection in the right half-plane. The reader should have
no difficulty in noting that the amplitude funetion is constant along the
jw axis. Such a function is termed an “all-pass” function because it

Fig. 3.10. The all-pass
function.
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provides phase shift with constant amplitude. In general, an all-pass
transfer function is defined as a nonminimum-phase function having
only poles in the left half-plane and only zeros in the right half-plane so
arranged that the zeros are the mirror images of the poles with respect
to the jw axis.

Physically, all-pass networks are usually constructed as a “bridge’” or
“lattice.” The bridge circuit is shown in Fig. 3.11. The ratio of e; to

C-

-+

Zy

€

Fig. 3.11. The bridge.

e; for this circuit when no source or load impedances exist is easily ob-
tained (using the voltage divider concept) as

€2 Z2 Z4

e Zyv+Zs Zs+ Z,

(3.16)

The bridge has long been known to be the most general of all net-
works., Any stable transfer function, no matter how complex, can
always be realized with a lattice, provided (because of incidental dissi-
pation) the poles of the transfer function are not assumed to be too
near the jw axis.

3.8 Subsidiary network classification

Networks generally perform certain prescribed functions which can
be broadly defined on the basis of their p-z locations. First, we shall
consider functions which have various amplitude-versus-frequency char-
acteristics. Of course, some networks may be designed to perform sev-
eral duties simultaneously, but we shall restrict attention to the prin-
cipal types.

A “low-pass” transfer function passes all frequencies from zero to
some ‘‘cutoff”’ frequency and attenuates signals above this upper fre-
quency. Typical p-z plots of such transfer functions are shown in Fig.
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3.12. These transfer functions usually yield a phase lag at low fre-
quencies and for this reason are sometimes called ‘““lag’” networks.
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Fig. 3.12. Low-pass functions.

A “high-pass” function passes frequencies above a certain cutoff fre-
quency and attenuates frequencies below this cutoff value. Typical p-z
plots of such functions are shown in Fig. 3.13. It is to be noted that
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Fig. 3.13. High-pass functions.

high-pass functions usually provide a phase lead at low frequencies and
are sometimes called “lead”’ networks for this reason. Ideally, the num-
ber of poles equals the number of zeros.

fi
|

Fig. 3.14. Band-pass functions.

“Band-pass” functions pass only those signals whose frequencies fall
between certain finite frequencies. Such functions are exemplified by
Fig. 3.14.
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“Null functions” (or “band-elimination” functions) reject a certain
frequency or band of frequencies. Typical functions are shown in Fig.
3.15. The existence of null networks is the basis of most precision elec-
trical measuring techniques. All a-c measuring bridges are adjusted to
give a zero on the jw axis so that an input sine wave at the frequency
of the zero is attenuated to the greatest possible extent in passing through
the network. The adjustment is highly critical, which permits a precise
measurement to be performed. Usually, a bridge network is employed,

o)
d o ¢
X
X
Yt RN
X
£
g o 0]
o

Fig. 3.15. Null functions.

but other networks that provide zeros on the jw axis such as the “twin
T" are also suitable. Ideally, null functions have equal numbers of p-z,
although this is not important in most cases.

Another classification of network functions can be made on the basis
of their operational behavior. We originally obtained the complex-
frequency variable p as a substitution for the derivative operator which,
in the steady state, is the frequency variable jw. But jo was obtained
as a result of taking the derivative of the exponential time variable.
Hence, if a network transfer function is simply p, the output of the
network will be the derivative of the input signal. Similarly, if the net-
work transfer function is 1/p, the integral of the input will be obtained.
Consequently, we can define a derivative network as one containing a
zero (or zeros for higher order derivatives than the first) at or very near
the origin. It should be noted that high-pass networks tend to behave
as derivative networks, particularly if a zero occurs exactly at the origin.
Integrating networks show a pole (or poles for higher order integration)
near the origin. Low-pass filters tend to behave as integrators, par-
ticularly if the bandwidth is very small. In a stable electric network, a
pole can never occur at the origin (because of incidental dissipation)
but must always be slightly to the left.

A transfer function which delays a time-varying signal but has a
unity gain characteristic for all frequencies is not difficult to find. Con-
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sider the exponential exp (jwT) to operate on a sine wave as

exp (juT) exp (jut) = exp [ju(t + T)] (3.17)

Multiplication by exp (jwT) shifts the time axis forward in time by 7.
It follows that a transfer function having the form exp (joT) — exp (pT)
advances an input signal by a time T without changing it in any other
way. Thus the ideal lead network transfer function is exp (pT) and the
ideal lag network transfer function is exp (—pT). If a sinusoidal time-
varying signal exp (jwt) is looked upon as a phasor, multiplication by
exp (joT) advances the phase angle of the phasor by the angle T
radians, which is a linear angle with frequency. Thus, ideal lead net-
works have a linear positive phase shift with frequency, while ideal lag
networks have a linear negative phase shift with frequency. They both
have a magnitude of unity for all frequencies.

The exponential function is not realizable, although it can be approxi-
mated. A consideration of it aids in elarifying the mechanism of lead
and lag. Most low-pass (lag) networks are at least first-order approxi-
mations to the function exp (—pT) at low frequencies, while most high-
pass (lead) networks are approximations to exp (pT") at low frequencies.

3.9 Stability of a set of differential equations

In many analyses of linear systems, a set of integrodifferential equa-
tions with constant coefficients is obtained. If the set of equations de-
scribing (say) a mechanical system can be likened to an electric net-
work, the network becomes an electromechanical analog for the mechan-
ical system in which voltages and currents are the analogs of velocities,
positions, and so forth. In order for a stable network to exist, the deter-
minant of the network must have zeros only in the left half-plane,
because the zeros of the determinant are the poles of the transfer func-
tion. If this is not so, the system of equations does not represent a
stable system, either mechanical or electrical, and exponentially increas-
ing voltages or mechanical variables will result.

If the system is stable and the coefficients of the variables are real
and constant, an electric analog can be found, perhaps from notions
presented in the latter part of Chap. 1. If the network is not bilateral,
vacuum tubes must be incorporated in the analog.

3.10 Transient calculations

In proving that the poles of a stable transfer function are limited to
the left half-plane, we employed the partial-fraction expansion and
solved for the simple transient represented by one of the partial out-
puts. This general approach can be extended so that the most important
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transient calculations can be made in a surprisingly simple and straight-
forward manner. The methods to be described were originated by Oliver
Heaviside, and are applicable to most of the practical transient problems
likely to be encountered. The single important exception is where rela-
tively complicated initial conditions exist, although we shall develop
methods (in the problems) for handling some initial conditions.

The transient response of a network is also the most general thing to
study as it includes every type of response that can be imagined. For
example, the steady state is but a part of the response of a network to
the unit sinusoid.

Suppose it is desired to find the “impulse response” of a network
whose transfer function is F(p), which has simple poles only. The out-
put is therefore

Ao 4 4
e(t) = Fp)Es(®) = E <Co + + P ) 50
P— " D — P2 D= Pn

(3.18)

where 8(f) is the “unit impulse” function. TIn eq. 3.18, the usual partial-
fraction expansion has been employed, which reduces the original problem
to a number of relatively simple problems.

The unit impulse is of central importance to the discussion here.
Consequently, it is necessary to define it reasonably well. The unit im-
pulse may be considered to be the limiting case of a narrow pulse. The
ideal impulse is a pulse that is infinitely narrow and infinitely high,
with the width and heighth so proportioned that the area under the
pulse is unity. In making a practical measurement of the impulse re-
sponse of a system, a pulse with a finite width can be used in lieu of
the ideal impulse; the approximation is valid as long as the width of
the pulse is small compared to the time constants of the network.

The constant Cq in eq. 3.18 shows that part of the output consists of
the impulse itself. Since Cy is the value of F(p) at p = Zj=, the con-
stant Cg will be zero if the function has more poles than zeros. [If F(p)
has one more zero than pole, there will also be a term Cyp in eq. 3.18.
However, the constants C, and C; almost never occeur in a practical
situation.]

All of the terms of eq. 3.18 are similar, which makes the evaluation
of the simple differential equation

z(t) =

19
p+a5(t) (3.19)

of prime concern. Equation 3.19 can be written in perhaps more
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familiar form as in eq. 3.20
dx
7 + az = ad(}) (3.20)

Let us now interpret 1/p as the integral operator and divide both
numerator and denominator of eq. 3.19 by p. There results
a

1
=—(———} s 3.21
=2 (i) o @21

Now expand the denominator of eq. 3.21 into the numerator as

a [24 « 2 o 3
x=—[1——+ —>— —>+--- 8(t) (3.22)
p p P p
which makes use of the familiar expansion

=1l—utuw? - Fut—. (3.23)

1+ u

If the integrations indicated in eq. 3.22 are carried out, we obtain

at (at)?  (a)® o

which is therefore the solution of the simple differential equation of eq.
3.20. The constant 1 in the series of eq. 3.24 is the first integral of the
impulse function; since the area under the unit impulse is unity, its
integral is unity. [The integral of the impulse is actually defined as the
unit step function U(¢), which is a funetion that rises abruptly from zero
to unity at ¢ = 0 and is constant at unity for all ¢ > 0.]

It is therefore evident that

Ay

P~ Dk

Es(t) = Ay Eer! (3.25)

and hence the solution to eq. 3.18 may easily be determined as
e(t) = F(p)Es(t) = E[Cod(t) + ArePrt + AgePst + - -+ A,eP']  (3.26)

In finding the solution to the simple differential equation of eq. 3.19,
we made use of a series expansion of integrals of the input. This is a
rather useful general method which will not be considered further here,
although additional data are given in the problems for this chapter. In
addition, an example is given in Sec. 11 of Chap. 10.
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Let us take the derivative of both sides of eq. 3.25 with respect to
the constant parameter pi, which is an entirely permissible procedure
in general. There results

Ay
e 5(t) = Aste™r (3.27)
(P — pi)
If more derivatives are taken and a modicum of mathematical induc-
tion employed, the following general equation results
t‘n—lepki
—_— () = ——— (3.28)
(p — pu)" (n — 1!

Now we are able to find the impulse response of transfer functions
having multiple-order poles, or any function we are likely to encounter.
All that need be done is to expand F(p)é(f) into partial fractions and
write down the answer using eqs. 3.25 and 3.28. For example

1 1
(p+1)2(p+2)5(t)=<(p+1)2—p+1+p+2>5(t)

—te~t — g7t 4 o2

(3.29)

Another example, with second-order complex-conjugate poles and a
pole at the origin, is
50 =[S+ =
p(P* + 2p + 2)° P [p—-(=1+HP

B* c *

+ : } 5 (3.30)

— + —-+
p—(=1=-)F p—(=1+5 p—(-1-1).
where the constants are left unevaluated for the purpose of this example.
The term (A/p)5(?) is simply the integral of 4(¢), which is a constant A
(times the unit step function). The solution of eq. 3.30 can be written
down directly as

8(f) = A + Bte! 71Dt L Bpe(—1—Dt
p(®® + 2p + 2)?

+ CelT1HE 4 elm1=Dt (3.31)

The application of simple algebra can reduce this to exponentials, sines,
and cosines, all having real arguments.

It should particularly be noted that the characteristic transients (that
is, the various exponential time dependencies) are determined entirely
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by the poles of the function; the zeros affect only the magnitudes and
signs of the constants. It is therefore quite evident that for stable sys-
tems the transient response is always composed of a constant, simple
decaying exponentials, and exponentially decaying sine and cosine waves
(except for poles on the jw axis, which result in sine and consine waves
that do not decay).

A further example (with a zero) is

_Ptl -+ (# - ——1——) 5(0)
@+2+3) P p+t2 p+3
= (p+ D™ — e7?) (3.32)

— ___26—26 + 36—3t + e—2t _ e—3t = _6—2t + 26—3t

where the last equation in eqs. 3.32 has been obtained by considering p
as the derivative operator d/dt. Thus, zeros can be interpreted as add-
ing derivatives of the solution obtained considering only the poles. If
the factor (p + 1) is included in the partial-fraction expansion, egs. 3.32

become
p—+1 ( 1 2 >
—_— ) = (- ——+ ——) 8¢
p+2)(p+3) @ p+2 p+3 ®
(3.33)
=_e—2t+26—3t

which is the same solution as that given with the different method of
egs. 3.32. (The method described by egs. 3.33 is the one usually em-
ployed.)

The interpretation of zeros as adding derivatives must be handled
with caution when there is a pole at the origin, for then confusion may
result in taking a derivative of a step function, or even worse, multiple
derivatives of the impulse function. In this event, a function with a
pole at the origin, F(p)/p, can be reconstructed to have a pole near the
origin instead, as F(p)/(p + ¢). When the analysis is complete, ¢ can
be set equal to zero. However, this problem does not arise if the partial-
fraction expansion includes the zeros, as in egs. 3.33.

At this point, the reader is advised that he is equipped to find the
impulse response of any linear circuit with time-independent, parameters
and for zero initial conditions. The next task is to extend the method
so that driving functions other than the impulse can be handled. Before
proceeding, it can be mentioned that the response of a function to the
unit impulse is often called “Green’s” function (because the impulse is
essentially a point source).
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The impulse response is calculated from the transfer function as
F(p)6(t). Suppose that we are interested in calculating the response to
a gerieral input function eg(t) U(f) instead of the simple impulse. [The
inclusion of the step function U({) merely signifies that the driving
function is zero up to ¢t = 0. The U(#) will be ignored henceforth,
although its existence is always implied.] We are therefore led to define
a network function Ey(p) whose impulse response is the desired input
waveform, as

ea(t) = Eo(p)s(®) (3.34)
Then if the transfer function is defined as
e(t) = F(p)eo(?) (3.35)
we can write the desired output as
e(®) = [F(p)Eo(po(®) = G(p)o() (3.36)

Provided we can find a suttable function Eq(p), which must be de-
fined by p-z as is the transfer function F(p), the response to the more
general input eq(f) is simply calculated as the impulse response of the
function F(p)Ey(p) = G(p).

As an example, suppose we wish to find

e(t) = F(p)E(e™® — 7% (3.37)

which is an input that has the shape of a smooth pulse. F(p) is the
network transfer function. By working backwards, we easily find

-

1 1
e — g7t = ( — —) 8(t)
p+a p+b
(3.38)
- ()
(p+ a)p+b)
and thus the desired solution of eq. 3.37 can be written
EF(p)(b — a
e(t) = ———LQ(———————)— &(t) (3.39)

(p+ a)p +b)

which is caleulated just as described before.

Evidently we have arrived at a rather powerful and sophisticated
method for treating input signals of rather arbitrary shape, as long as
they can be expressed in terms of sine waves, cosine waves, and ex-
ponentials. In essence, we have reduced the general problem to that of
calculating an impulse response.
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Some additional examples are

F
e() = F@U@® = _—(I;@ 8(t)
F
e(t) = F(p)t = %’) 5(2) (3.40)
dls(®)]

e(t) = F(p) 5 pF(p)s()

The first of egs. 3.40 shows how the important step function is handled;
the step funetion is nothing more than the integral of the impulse. To
find the step-function response of F(p), it is only necessary to find the
impulse response of F(p)/p. If F(p) has no zeros at the origin, the
partial-fraction expansion of F(p)/p will have a term (A /p)s() = AU(¥),
which is the step function itself. If F(p) has a zero at the origin, the
factor 1/p will be cancelled and this term will not appear.

The step function is the most significant type of transient input signal
to study in connection with low-pass systems. It can further be utilized
to study the envelope response of many band-pass systems. In addi-
tion, and for linear systems with time-independent parameters, an arbi-
trary input can be approximated to an arbitrary accuracy with a num-
ber of positive and negative step functions occurring at various times
after £ = 0; superposition of the responses to the individual step func-
tions enables the output waveform to be determined. Further, we can
determine the response of a system to the time derivative or integral of
the step function by finding the derivative or integral of the step-func-
tion response respectively. The integral of the step function is the semi-
infinite slope function {, whereas the derivative of the step function is
the impulse.

Consider now the impulse response of a function having a pair of poles
on the jw axis. We get

a0 = ( L NEC

P’ + o p—Jjo p+je
(3.41)
1 . . sin wt
= — (¢ — 7)) =
2jw w
which is rewritten as
5 0() = sin wt (3.42)

P’ +w
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Similarly
14
P+
Equations 3.42 and 3.43 are the important unit sinusoid and cosinu-
soid respectively. They are manipulated just as before, for example

5 8(t) = cos wt (3.43)

F(p) sin wt = F(p) B(t) (3.44)

We have succeeded in building up a rather thorough technique for
the problems likely to be encountered in circuit theory. We have not,
however, derived a correspondingly general method for introducing
initial conditions, although if the initial conditions are not too complex
(as rarely occurs in a practical situation), they may also be included.
The reader should consult the problems for this chapter to see how cer-
tain initial conditions can be introduced.

A table of relatively simple functions along with the corresponding
impulse responses is a much-used aid. An abbreviated table of this sort
is given as Table 3.1. This can alternately be called a table of Laplace

Table~3.1. A Short Table of Laplace Transform Pairs

Function Impulse Response
P % (unit doublet)
1 &(t) (unit impulse)
% U(t) (unit step function)
1 e—at
pta
1 et
m (n 1)' (1ncludes o= 0)
1 e—at bt .
m‘ﬁ‘) ‘T—*a* (mcludes a = O) ab
ab be—at — ge— ¥
p(p6+a)(p+b) T+ —g=p — axb0
m sin Bt
1_7%‘? cos (3t
8 oy
m——ﬁ‘? e~ sin Bt
o® +

- —at g 3
21 + ) +52_] 1—e (coth+6sth)
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transform pairs. A table simplifies many transient calculations. For
example, 1/[(p + a)(p + b)] appears in Table 3.1, which means that
the relevant impulse response can be obtained without the usual partial-
fraction expansion. Another helpful tabulated impulse response is

5(t) = e~ sin Bt (3.45)
p® + 20p + o + B2 B '

which can be used to avoid the complicated algebra associated with
combining the exponential response of a complex pole and that of its
complex conjugate.

The methods we have used to derive the generalized transient re-
sponse have resulted in a technique indistinguishable from that obtained
with the Laplace transform method (or course, within the restrictions
imposed). Because we have arrived at the same results, and because
the Laplace method is mathematically rigorous, there is no question as
to the validity of the results here (although caution must be exercised
in extending the Heaviside approach beyond that derived here). The
Laplace theory is really no better or easier than the Heaviside method
for most transient calculations for systems described by linear integro-
differential equations with constant coefficients, except when relatively
complicated initial conditions exist; the Laplace method introduces ini-
tial conditions in a very straightforward manner.

When the circuit has time-varying parameters and for problems of a
more advanced sort, the Heaviside method is not adequate; the Laplace
method (or some other mathematical tool) is then required.

10 10 12 12
| : VYV l VYV l + +
= 1fT 1f T ety VUl lfT lfT el
)

(a}

S+

Fig. 3.16. Network for the example.

One physical example may help to clarify the process of finding the
transient response. The important steps are enumerated.

The first step is to specify the problem, which is done here with the
circuit of Fig. 3.16a. At ¢ = 0, the switch in Fig. 3.16a is closed and
the output voltage e(f) is to be determined. The initial voltages on the
capacitors are zero. The closure of the switch generates a step-function
input; consequently, Fig. 3.16a can be redrawn as in Fig. 3.16b.
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The next step is to find the transfer function. In this, we interpret p
as either the derivative operator or the steady-state variable and make
use of the node or loop equations. We get

e(l) = o(t) VoU(t) (3.46)

e =
P+3p+1 (p + 2.62)(p + 0.38)

The third step converts the source into a function of p and an im-
pulse. There results

e(t) -VO

= P
p(p + 2.62)(p + 0.38)

The fourth step finds the partial-fraction expansion as

() (3.47)

)7 <1+ 0.17 1.17 >6(t) 3.4
“="Vo p p+262 p-4 038 '

The fifth step is to write down the transient response
e(®) = Vo(l + 0.17¢72:52t — 1.17¢70:38%) (3.49)

which for this example finishes the problem. It may often be necessary
to go through a final step in order to put an expression in more readable
form; for example, exponentials with complex arguments may be reduced
to sines and cosines.

Sometimes, the entire problem may already be solved in a table of
Laplace pairs (that is, a table of impulse-response functions). In that
case, it is not necessary to do anything more than the first three steps
before writing down the answer.

It has been stated that the method developed here is essentially the
same as the Laplace method. There is, however, a difference in func-
tional notation. If F(p) is the network transfer function, ey(f) is the
general input, e(?) is the output to be determined, and Ey(p) is a func-
tion which gives e¢¢(f) when excited with the unit impulse, then the
Heaviside approach gives ¢(t) = F(p)Eo(p)é(t), where the variable p
is interpreted as d/dt. In the Laplace method, all terms in the set of
loop or node differential equations are transformed by means of an inte-
gral transformation, where integration is over time from ¢ = 0 to { = oo.
Therefore, the Laplace-transformed equations cannot show time as a
variable. In Laplace notation, p is the Laplace variable, which is essen-
tially the transformed time variable, F(p) is the Laplace transformation
of the network function, and Ey(p) is the Laplace transformation of the
driving function. The output must then also be a function of p, E(p).
The output is given by E(p) = F(p)Ey(p), which no longer contains
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time as a variable. Viewed as a function of p without further inter-
pretation, F(p)Eo(p) as determined by the Laplace method is identical
in all respects to that obtained by the Heaviside method. The output
time function e(t) with the Laplace method is defined as the “inverse”
Laplace transformation of the function E(p). Although the inverse can
be obtained through complex integration, it is most frequently obtained
by expanding F(p)Eo(p) into partial fractions, precisely as in the
Heaviside procedure (which is equivalent to the integration).

3.11 Approach to the steady state

The mathematical basis of the all-important steady-state transfer
function has in no way been proved up to now; rather, it has only been
shown to be “reasonable.”” Normally, the approach to the steady state
is proved with Laplace or Fourier integrals; however, it will be done
here in a much simpler manner, which is just as rigorous.

Let a generalized transfer function be F(p), which may be some input
or transfer impedance or admittance. The variable p is the differential
operator (or Laplace variable, if preferred), and initial conditions are
ignored. (In any event, initial conditions are never more than con-
stants, and constants are not important in the steady state.) Let the
transient input be the unit sinusoid. Then the transient output is
given by

e(t) = ]J%Fg)— 5(t) (3.50)

w2

The function F(p), which must be a realizable function, is assumed
to be absolutely stable; thus all its poles are in the left half-plane (al-
though a simple pole at the origin will be allowed).

The partial-fraction expansion of eq. 3.50 gives

Terms for the A A*
e(t) = Kpoles of F(p) ) + (p " + -~ jw>] 8(H) (3.51)

At most, the number of zeros in F(p) can exceed the number of poles
by unity; therefore the function F(p)/(p? + «?) will have at least one
more pole than zero. Consequently, there will be no constant term in
the partial-fraction expansion, nor will there be any terms such as p, p?,
and so forth. If F(p) has a simple pole at the origin, the expansion has
a term 1/p, which gives a partial output that is a constant; however,
arbitrary constants are of no interest in the steady state. Except for
the possibility of this constant, all the partial outputs related to the
poles of F(p) are exponentially decaying. Therefore if we are willing
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to wait long enough, we get

e(?) ——>< 4 + A )6(1!) (3.52)
p—Jjo p+ie

Now evaluate the constant A

4= (“’F(p,)) _ Pl (3.53)
P+ Jo/pje 2

Equation 3.52 therefore becomes

1 /F(@ F(—j F(jw)e®t — F(—jw)e %"
() — _.( (Jw? K de)) 5(0) = (Jo) _( Jw)e (3,59
2 \p —jo p+jw -2
Now F{jw) has both a real and an imaginary part as
F(jw) = R(w) + jX (w) (3.55)

which allows eq. 3.54 to be written
e() — (R? 4+ X?% sin [wt + tan™" (X/R)]
= | F(jw)|sin [wt + Arg F(jw)] (3.56)

and the response for large time is seen to be the original input sin wt
with the magnitude and phase of F(jw), which is the transfer function
F(p) for p = jo.

The steady state as a limit can also be found when there are poles on
the jw axis. However, the derivation is considerably more complex.
The applied sine wave must be made to grow with time to a constant
very slowly. Then the undamped sine waves associated with poles on
the jw axis will not be excited.

Problems

1. What is the permissible location of the pole of a one-pole function in order that
it represent (a) a transfer function, and (b) an input immittance?

2. A function has one pole and one zero. What are the permissible locations of the
pole and the zero in order that the funetion represent (@) a transfer function, and
(b) an input immittance?

3. A function has two poles. Can it represent an input immittance?

4. A function has one pole and two zeros. Can it represent (a) a transfer function,
and (b) an input immittance?
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5. A function has poles at p1, p1* = —1 £ 1 and has a single real zero at ps =
—a. What are the permissible values of a in order that the function represent an
input immittance?

6. Repeat Prob. 5 using two zeros and one pole, that is, for the reciprocal of the
funetion.

7. An input immittance has zeros at p = &j and poles on the negative real axis.
What minimum number of poles is required in order that the function be realizable?
What phase-shift restraint is placed upon these poles?

8. Sketch the reactance as a funetion of frequeney for a reactance function having
zeros at p = 0, +72, +75, and 510 and poles at p = 71, £43, and £57. Show
on this single sketeh both positive and negative reactance. With a constant multi-
plier, is this sketch a complete representation of the function?

9. An R-C input impedance has poles at p = —1, —3, and —5 and zeros at p =
—2, —4,and —7. This network is used to obtain a transfer funetion having no zeros.
Sketch the amplitude and phase of the transfer function and specify its pole locations.

10. A parallel-resonant circuit has @ = 10 and a center frequency of wy = 10°
radians per second. Plot the magnitude and phase of the input impedance. Also,
plot the real and imaginary parts of the input impedance. How do these plots com-
pare with those of the input admittance of a series-resonant circuit having the same
@ and center frequency?

11. A parallel-resonant circuit has resistance in the inductance branch and none in
the capacitance branch. What is the phase angle at the frequency 1/(LCY%? What
must @ be in order that the angle be less than 5 degrees at this frequency?

12. A parallel-resonant circuit has resistance R; in the inductance branch and re-
sistance Ry in the capacitance branch. Plot the p-z of the input impedance. (Assume
p-z with imaginary parts.) What relationships must exist between the circuit ele-
ments in order that the p-z cancel? In this case, what is the input impedance as a
function of frequency?

13. A transfer function bo%/(p? + 2ap + by?) is defined by two poles. This func-
tion can be either of the low-pass or band-pass type. Sketch the amplitude of the
transfer function for @ = 2by, by, bo/2, and bg/4. In each case, locate the poles. For
simplicity, normalize by to unity.

14. What relationship must hold between Z,, Zs, Z3, and Z, in order that the trans-
fer function of a bridge be zero at the frequency we? Will this relation be affected by
an arbitrary load across the bridge output terminals? Why?

15. A transfer function is 1/(1 + p). Compare the amplitude and phase of this
transfer function to the exponential e . Compare it also to the ideal integrating
function 1/p.

16. The ideal differentiating network has a transfer function of simply p. Why
cannot this be realized with a network? Compare the magnitude and phase of the
ideal function with the simplest practical differentiating funetion ap/(p + a). At
what frequency would you expect errors to become appreciable using the practical
circuit function instead of the ideal function?

17. A positive-real function was defined as one having all its p-z in the left half-
plane in complex-conjugate pairs, if complex, and which has a real part that is non-
negative for p = jo. Show that this pair of requirements is equivalent to the pair
of statements

ReZ(p) >0 for Rep >0

Z(p) real for p real
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18. Prove that the coefficients A; and Ay, relating to a pair of complex-conjugate
poles in a partial-fraction expansion are complex conjugates.
19. Determine the response eg for the circuits of Fig. P.19 when ¢ is the unit step

function.
030
+
12 e )
« 132 oS e ' AIE @
(a) (b)

Fig. P.19.

20. Determine the generalized step-function response for the following

1
(@ + a)(p? + 20p + o + 87

pta p*

p+b (r +a)(p + b)

21. The unit step function can be obtained as the limit of the wave of Fig. P.21 as
T — 0. By taking the derivative of this waveform, study and discuss the impulse
function as a limiting case. In defining the impulse as a limit and in order that the

=
N ————

Time —

Fig. P.21.

impulse have unit area, is it necessary to restrict the manner in which the step func-
tion rises from zero to unity?

22. Let a unit step function at £ = 0 be applied to a network with the transfer
function H/(p + &). At t = T, let a negative step function be applied. Sketch
the resulting pulse response of the network for 7' = 0.5/a, 1/, and 2/a.

23. A differential equation is

dx
— 4 kr=A
a Tk

which has the initial condition z = 0. A4 is a constant after { = 0. Assume a power
series in time as the solution; * = ag + ait + agt? +---. Substitute the assumed
solution into the differential equation and equate the coefficients of the powers of
time in order to find the solution in terms of well-known functions.

24. From the results of Prob. 23 (by differentiation), find the solution to

dx
— kx = A&l
dt+ x 0]
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25. Find the impulse response of the following

1 1
(p +a)p + 8 p(p + o)®

P 2
(p2 + 2ap + o + ﬁ2)

26. A capacitor in a system is charged to an initial voltage Vi as shown in Fig.
P.26a. By physical reasoning and with the aid of source transformations, show that
the system is equivalent for ¢ > 0 to that of Fig. P.26b.

(a) ()]
Fig. P.26.

27. An induector in a system carries an initial current 7y as shown in Fig. P.27q.
Show by physical reasoning that the system for ¢ > 0 is equivalent to Fig. P.275.

L
_— L
to .
l Liyd(t) ( { )
(a) (b}

Fig. P.27.

28. Find the impulse response of p/(p + @) from that of 1/(p + «) by interpret-
ing p as d/di.
29. Find the impulse response of {(p + 1)/[p(p + 2)] from that of 1/[p(p + 2)] by
interpreting p as d/dt.
30. Find the impulse response of p?/(p + 1)% by interpreting p as d/dt.
31. From the known impulse response of 1/(p + «), find by direct integration the
step-function response of 1/(p + «).
32. A function is
a+ap +---+amp™
bo + bip +- - -+ bap™

()

Divide both numerator and denominator by b,p" (assume m < n) to get

am/(bﬂpn_ m) + e + ao/(bﬂpn)
1+ [ba_1/p +- -+ bo/(bap™)]

5(0)

Expand in a series of integrals of 3(¢) and from this get the first few terms of the time
power scries solution.

33. Let F(p) be a transfer function with » poles and m zeros. What is the initial
value of the step-function response for n =m — 1?7 n=m? n=m+1? n =
m + 27
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34. A function is

e(f) = ®

P+ DB+

By means of an expansion of integrals of 4(t), determine the value of e(f) and its first
three derivatives at { = 0.
35. Form a “translation” theorem showing that

e(t) = F(pleolt — a) = e"PF(p)e(?t)

where eo(t — a) is zero for ¢t < a and e(t) is its time-translated counterpart which is
zero for ¢ < 0. (Use the concept of the ideal lag network.)
36. Find a new impulse response from

B

m 5(_t) = ¢in Bt

by taking the derivative with respect to g.
37. Find a new impulse response from

1
—— = g~
ot a 8{t) = e

by taking the indefinite integral with respect to a.

<P
+I 50 uh J_ +
3&’8 Tlut‘ 1ufT 2005 e

Fig. P.38.

38. Find the output e(f) (numerically) for the system shown in Fig. P.38. The
switch is closed on the charged capacitor at ¢ = 0.
39. Show that eq. 3.56 follows from eq. 3.54.



Elementary Synthesis

and Numerical Procedures

In this chapter, we shall introduce some convenient tricks regarding
the writing of certain input immittances. This leads into a discussion
of the synthesis of L-C, B-C, and R-L networks based upon their pole
and zero locations.

In addition, impedance and frequency normalization are discussed in
some detail. When it comes to numerical manipulations, the value of
normalization cannot be underestimated.

Frequently a function must be studied in unfactored form. It often
happens that factoring is impractical, in which case some new artifice
must be employed to understand the function. Therefore we shall
study loci of input and transfer immittances. Because the topic will be
taken up later in the book, the treatment in this chapter has been made
brief.

Finally, important notions regarding frequency transformations of
networks and of functions are discussed. These powerful design tools
permit band-pass, high-pass, or band-rejection filter circuits or func-
tions to be obtained from a single low-pass circuit or function. When
coupled with normalization, a single low-pass filter normalized to im-
pedance and to frequency can readily be
converted to any one of a variety of types
of filters having any desired impedance, L
center frequency, bandwidth, and so forth.

o—

4.1 A short cut for certain input
immittances

Frequently the voltage or current at the o—
input terminals of a bilateral circuit in re-
sponse to a driving voltage or current is of
considerable interest and may represent the
answer to a problem. Although the answer may be obtained with a
formal determinantal approach, a short cut may often be convenient.

113

Fig. 4.1. The shunt-peaked
circuit.
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For example, consider the ‘“‘shunt-peaked”’ circuit of Fig. 4.1. The input
impedance can be found through the following development

1 1
N Y ~ Admittance of C branch + Admittance of E-L branch
1
= ) “4.1)
pC+ Impedance of RE-L branch
1 1 ( p+ R/L )
1 C \p? + pR/L + 1/LC

POt oL

Notice that the simple laws of the parallel addition of admittances and
series addition of impedances are all that have been used.

i T Ay Ii °

Y ~—>» G, Ly T C; T C, L, G,
O O
I——»a l->b

Fig. 4.2. A band-pass filter.

Consider as a more complex example the circuit of Fig. 4.2, In a
step-by-step manner, we get
Y = Admittance of Gy, Cy, L; -+ Admittance to right of a—a
1

Impedance to right of a—a

= Gy + pCy + 1/pLs +

i Gl + pCl + 1/pL1
n 1
Ry + pLy 4+ 1/pCy + Impedance to right of b-b

=G + pC1 + 1/pL,y (4.2)
+

1
Admittance to right of b-b
1

Ry + pLy + 1/pCe +

= Gl +p01 + l/le -+
By + pLs + 1/pCs +

Gs + pCs 4+ 1/pLs
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The application of simple algebra can reduce this expression to the ratio
of two polynomials in p.

The reader has probably noted the similarities between this trick way
of writing input immittances and the continued-fraction expansion. In
fact, any rational fraction consisting of the ratio of two Hurwitz poly-
nomials (including p-z on the imaginary axis) and having a meaningful
continued-fraction expansion can be likened to a specific network ex-
pressed as a continued-fraction expansion.

This will be taken up again later in this T—T‘
chapter and also in Chap. 6. ‘—f 3
4t 2 l
4.2 Synthesis of input immittances of I
!

reactive networks

o

Suppose a reactance function is given and
it is desired to find a corresponding network.
The job of finding the network is not at all (f
difficult. The method will be illustrated
here by means of the reactance function of
Fig. 4.3 and eq. 4.3. (The term reactance
function will be generalized to include the susceptance function as well.)

X

Fig. 4.3. A reactance func-
tion.

@+ 1DEP*+9 _ p* 4+ 10p2 + 9

F(p) =H
p(p* + 4) P+ 4p

(4.3)

We may perform a continued-fraction expansion of F(p) in two ways,
depending upon whether division is started from the highest or the lowest
powers of p, as

1
F(p) =p+ (4.4)
p/6 + .
12p/5 + ———
p/5 + 5p/18
9 1
F(p) = ™ + ; (4.5)
16/31p +
961,/60p +

15/31p

where for simplicity the multiplier H has been assumed to be unity.
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o IO 4
l 1/6 -l_ 1 12/5
12 5 1 5
Y— 'l-l T? ¥ Z> T? TE
e, le; ]
(@) (5)

Fig. 4.4. Realizations in ladder form.

Equation 4.4 is realizable as the input admittance and impedance of
the networks shown in Fig. 4.4. In addition, eq. 4.5 represents the
input impedance and admittance of the networks of Fig. 4.5. In order
to include a constant H with a value of other than unity, each term in
the numerator of F(p) must be multiplied by this constant before the

31/16 4/9 60/961

i r It
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Fig. 4.5. Additional ladder realizations.

expansion is made. (Element values in Figs. 4.4 and 4.5 are in henrys
and farads.)

The continued-fraction expansion has given us two realizations of the
function as an input impedance and two as an input admittance (two
different networks plus their duals). The expansion of the reciprocal of
eq. 4.3 does not work because a negative remainder results.

The continued-fraction—expansion method as described comes from
Cauer; the resulting networks are said to be Cauer networks. The
input immittance of a reactive network can always be realized in the
form of ladder networks similar to those of Figs. 4.4 and 4.5. In order
to keep the Cauer network “pure,” the expansion of the original func-
tion and each remainder must consistently be done from either the high
powers of p or the low powers of p. If some remainders are expanded
from the high powers and others from the low powers, a mixed Cauer
structure will result, although it may still be a proper network.

The continued-fraction expansion of an impedance (or admittance)
may not always be obtainable directly. For example, if the impedance
(p® + 2p)/(p* + 4p? + 3) is expanded, negative terms will result, even
though it is a perfectly good reactance function. However, if the im-
pedance function is inverted, it becomes an admittance and the con-
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tinued-fraction expansion can be made. The resulting network has an
admittance that is the reciprocal of the original impedance and hence
has the impedance desired from the first. The reason that the expansion
of the impedance does not work in this case can be deduced from the
behavior of the impedance at w = 0 and at w = o; the impedance goes
to zero at both of these extremes. The first term of the continued-
fraction expansion of the impedance starting from the high powers of p
is 1/p, which gives a series capacitor as a first element; however, this
cannot be valid if the impedance is to go to zero at w = 0. Trying
division from the low powers of p gives a first term 2p/3, which repre-
sents a series inductor as a first element; however, this cannot be valid
if the impedance is to go to zero at © = «. Both Cauer networks result
from the expansion of the admittance, starting from both high and low
powers of p. One network has a first element that is a shunt capacitor,
which is admissible, and the other has a shunt inductor, which is also
admissible.

As a second example, consider the impedance (p* + 1)/(p® + 2p),
which goes to zero at @ =  and to infinity at o = 0. Starting division
from the high powers of p, a term 1/p is obtained. This gives a series
inductor as a first element which is not permissible because the im-
pedance goes to zero at w = «. Starting division from the low powers
of p gives a first term 3p, which represents a series capacitor and which
is admissible. Thus, one of the Cauer networks is obtained by expand-
ing the impedance from the low powers of p. The other Cauer network
must therefore result from a study of the admittance (p® + 2p)/(p? + 1),
which goes to zero at o = 0 and to infinity at w = «. The first term
starting from the high powers of p is p, which gives a shunt capacitor
as a leading element and which is admissible. If the expansion of the
admittance is started from the low end, the first term is 2p, which is
also admissible; however, the expansion from the low end results in a
negative remainder and hence is not permissible. Thus the second
Cauer network results from the expansion of the admittance starting
with the high powers of p.

It must be observed that the process of synthesis is hardly unique.
In fact, we can employ the partial-fraction expansion to find additional
network realizations of F(p) (referring to eq. 4.3). The reader is advised
to study the special partial-fraction expansions given in the problems
for Chap. 2, as they are pertinent to the ensuing discussion.

The partial-fraction expansion of eq. 4.3 is easily found to be

15p/4>
PP+ 4

9
F(p) =H (p + %+ (4.6)
P
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which, for H = 1 (in general, each term should be multiplied by H), can
be seen to represent one of the immittances of Fig. 4.6 in which ele-
ments or pairs of elements are all in series or all in parallel. All that
need be done is find the partial-fraction expansion and liken each term
to one element or one pair of elements, with each element or pair of
elements in a series connection if the function is an impedance, and each
element or pair of elements in a parallel connection if the function is an
admittance. Two additional but different network realizations can be
obtained from the partial-fraction expansion by expanding the reciprocal
of F(p). (The reciprocal networks will then be obtained.) The reactance
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Fig. 4.6. Partial-fraction realizations.

networks arising from the partial-fraction expansion are called Foster
networks after their originator. As with realizations derived from the
continued-fraction expansion, realizations of input immittances to reac-
tive networks based on the partial-fraction expansion can always be
found.

With both types of expansions, four different network realizations for
any input impedance or input admittance can be obtained. (Including
reciprocal networks, there are a total of eight.) These four different
networks are called the four “canonic” networks, two of them being
Foster networks and two Cauer. (If the function to be realized is very
simple, the number of different network configurations may not be as
large as four.) The canonic networks realize a reactance function with the
manimum possible number of coils and capaciiors.

Of course, a function may be expanded partly by one method and
partly by another. Then, other realizations consisting of mixtures of
the basie canonice forms can be obtained.

Cauer networks have one of two basic forms: a ladder with all the
L’s in series and all the C’s in shunt, or a ladder with all the C’s in series
and all the L’s in shunt. These two forms are reciprocal networks.

Foster networks also have two basic forms: a number of parallel-
resonant circuits all connected in series with perhaps an extra L and/or
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C in series, or a number of series-resonant circuits all connected in
parallel with perhaps an extra L and/or C in parallel. These two forms
are also reciprocal networks.

A very practical example of L-C synthesis is that where a lumped-
circuit approximation to a lossless short-circuited or open-circuited trans-
mission line is obtained. We do not have time to go into transmission-
line theory. Nevertheless, we can set down the principles of importance

(a) (b)

Fig. 4.7. Input impedance of short- and open-circuited transmission lines.

here. A transmission-line equivalent is often found in pulse networks
applicable to radar and other systems.

A lossless transmission line of length L meters has an input impedance
that is a reactance function of infinite complexity in that it has an infinite
number of p-z on the jw axis. However, it is in a sense a simple reactance
function because all these p-z are equally spaced. If the line is short-
circuited at one end, the input impedance has p-z as in Fig. 4.7a, whereas
if it is open-circuited, the p-z of the input impedance are as in Fig. 4.7b.
In fact, these functions are the same as the tangent function of the
exponential or its reciprocal.

For those familiar with transmission-line theory, it will be recalled
that the first pole of the impedance of the short-circuited line occurs at
a frequence w; such that the line is 4 wavelength long. If v is the
velocity of propagation of waves along the line in meters per second
and )y is the wavelength in meters corresponding to the frequency w,,
then A\, = 2mv/w; and L = /4, from which w; = mv/2L. The input
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impedance of the short-circuited line is Zy tanh (7p/2w;). The open
line has the impedance Zy coth (wp/2w;).

An approximation to the open- or short-circuited line valid at least
at low frequencies is had with a function containing only the p-z of the
actual line that oceur at the lower frequencies. As an example (assume
for simplicity that w3 = 1), let us approximate the input impedance of
a short-circuited line with

rZo( p(l + p*/4) ) @

Zin(p) = —

‘ 2 \(l +p)( + p%/9)
which is a reactance function which can be realized in the form of any
one of the four canonic networks. Zj is the characteristic impedance of
the line. To be specific, let us find the Foster network for Z;.(p).
Normalizing to Zg = 9/8« for simplicity, we get

pPP+4p Ap + Bp
P+ +1) pPP+1 pPP+9
which is the same function we used for studying the Foster and Cauer
realizations of a reactance function. The synthesis here will obtain the

one Foster network we did not get before.
The constants A and B can easily be evaluated to give

3p/8 5p/8
pP+1 p*+9
which is the input impedance of the network of Fig. 4.8, and which

approximates the input impedance of a short-circuited transmission line
up to a frequency of about 3w; = 3 radians.

3/8 5/72
o 4 | l—

Z —> 8/8 8/5
o—

Zin(p) =

(4.8)

Zin(p) = (4.9)

Fig. 4.8. A circuit approximation to a transmission line,

Slightly different approximations (referring to the preceding example)
can be had by moving the higher frequency p-z of the approximating
function slightly away from the positions of the p-z of the actual trans-
mission line. This can partly account for the infinity of p-z of the
actual transmission line that are not present in the lumped network.
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We shall not go into this manipulation any further but only mention it
here.

4.3 Synthesis of -1, and R-C input immittances

A network containing only £ and C or only R and L can be synthesized
in a similar manner to that described in the previous section. Analogous
canonic forms are obtained. The only difference is that trial and error
in forming the continued-fraction expansion may have to be employed.

As an example, consider the function of eq. 4.10

(p+ D+ 3)
Flp) = H —F"—2 4.10
®) p(@ + 2) (+.10)

Because of the pole at the origin, eq. 4.10 is restricted to the input im-

pedance of an R-C network or the input admittance of an R-L network.

It should be apparent that the reciprocal of eq. 4.10 is restricted to the

admittance of an R-C network or the impedance of an E-L network.
The partial-fraction expansion of F(p) is

F@p) = H(1 +34 2 2) (4.11)

which is given by the networks of Fig. 4.9 if H = 1 (where values are
in ohms, henrys, and farads).

G
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Fig. 49. E-C and R-L realizations.

The continued-fraction expansion of eq. 4.10, starting division from
the highest powers of p, is

Fip)=H|[1+ N — (4.12)

1
2 ———
PRt e
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which, for H = 1, is given with the networks of Fig. 4.10. Division
starting with the lowest powers of p does not work in this case.

Of course, if both continued-fraction and partial-fraction expansions
are made of the reciprocal of F(p), some variations may be found. If a
mixture of methods is used, a network having a mixed canonical structure
may be obtained.

The general canonic form of Fig. 4.9a¢ in which a series connection of
simple R-C parallel combinations occurs (along with the associated gen-

o= WWA——NMWA o ~ VY
1 J- 4 -I- 1/2
Z—>» T 1/2 1/6 T Y —> 1 1/4 1/6
o ! o— '
() (b)

Fig. 4.10. Additional R-C and R-L realizations.

eral partial-fraction expansion), can be studied to advantage in order to
understand someé of the basic characteristics of R-C input impedances.
Let the input impedance be decomposed into its real and imaginary
parts evaluated for p = jo. Then Z;, = R(w) + jX(w). It is found
that R(w) is a monotonically deereasing function of frequency which
achieves its minimum value at « = 0. Also, it is found that the react-
ance X(w) is always negative. The reader should not have too much
difficulty demonstrating these properties to his own satisfaction.

4.4 Impedance normalization

Each set of equations describing some arbitrary network has a gen-
eral form given by one of egs. 4.13, depending upon whether the equa-
tions are written for loop currents or node voltages

(Bi1 + Lup + S11/p)iy — (Rig 4 Lyap + S12/p)ia - -+ (£.13)
(Gry + Cup + Tiu/pler — (G2 + Crap + Tia/Dles -+ =14 .

Let each of the equations of the system be divided by Rj; or G,
whichever is applicable, where I;; or'Gjx is one of the mutual or self-
resistances or conductances respectively. Then, eqs. 4.13 become

(B11/Rj + Liap/Rje + S11/PRiw)ér -+ - = e1/Rj
(G11/Gir + Cuip/Gik + T11/PGin)er -+ = 41/Gs

in which case, normalization with respect to resistance or conductance
has been made. Because there have been no changes in the derivatives

€1

(4.14)
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or integrals of the voltages and currents, normalization has no effect
upon the detailed behavior of the system with time or frequency. How-
ever, the values of K, L, and C have been changed (as well as ampli-
tudes of voltage and current sine waves) according to

R — Ru/Ry or Gu — Gu/Gi
Ly, —» Ly/Rj or Ty — Ty1/Gy (4.15)
Sll — Sll/Rjk or Cll — Cn/ij

where the alternative signified by “or” in eqgs. 4.15 really amounts to
the same thing.

As an example, consider the circuit of Fig. 4.11. Let us normalize
this eircuit to an impedance level of 1 © by causing the normalized value

O—WW— £k 0

R, =500 Q L=1yh

T C, =10 puf + Cy=20 puuf R,=1K
O

Fig. 4.11. The network before impedance normalization.,

of the resistance R, to be 1 Q. To do this, we divide the values of
resistance in ohms and inductance in henrys by 1000, and multiply the
values of capacitance in farads by 1000. The result is the normalized
circuit of Fig. 4.12.

To unnormalize, we go through the reverse procedure, that is, multi-
ply L’s and R’s and divide C’s. We need not, however, go back to the

V0 \— O
R,=059 _I_ L =0.001t uh _l_
C,=0.01 uf C,=002uf SR,=18

. 1 1 :

Fig. 4.12. The network after impedance normalization.

original 1000 ohms, but may choose some different value. Thus, the one
normalized network can easily be adjusted to fit any value of resistance
R,.

A method for obtaining impedance normalization applicable to a
transfer- or input-immittance function whose coefficients are expressed
in symbols (R, L, and C) rather than numbers is that of setting some
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particular B equal to 1 Q (or some other convenient value). Then, the
L’s and C’s automatically assume their normalized values. An example
of this procedure will be given in the next section.

A convenience in calculations is given by normalization because a
symbol representing some resistance or conductance can be replaced
with a pure number (usually unity), thus reducing the number of con-
stants with which it is necessary to deal.

The normalization described in the foregoing is the same as the special
case deseribed in Chap. 1 where all rows and columns of a determinant
are multiplied by the same constant. Because of its importance, it has
been described again here in a somewhat different manner.

4.5 Frequency normalization

Any network input or transfer immittance can be described with a
collection of p-z which have fixed distances from the origin of the p
plane. With a frequency normalization, we can expand or contract the
entire p plane so that the numerical distances of the p-z from the origin
are changed without changing their relative positions. Consider, for
example, a function containing a zero at z; = — 10° radians per second,
a zero at the origin, and a pole at p; = — % X 10° radians per second.
The function is

_plp—2) _ plp+ 109
P — Py p + 0.5 X 108

(4.16)

By substituting a new variable p; for p related to p by a constant,
the nuisance factor 10° can be removed. Let us choose p = 10%p,. Then

loﬁpx(pz +1
F g) — ————————————— 4:.].
(Pz) et 05 (4.17)

which is numerically much simpler to work with. This substitution has
contracted the p-z positions by the factor 10™¢, The variations of volt-
age and current in the normalized network function oceur at a rate that
is 107 times as fast as that in the unnormalized network.

A slightly different procedure for normalizing to frequency is one in
which the produect of all the zero positions of a polynomial (except those
at the origin, if any) is made equal to unity (along with the proper
dimensions). It is normally the polynomial in the denominator of a
rational fraction to which this is applied. Of course, if a polynomial
exists in the numerator, the same normalization must be used. Consider
the general polynomial of eq. 4.18 in which simple term by term division
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has put it in a form in which the coefficient of the lowest power of p is
unity

F(p) = Hp"(@mp™ + am1p™ " +- -4 agp® + arp + 1) (4.18)

Let a new frequency variable be defined by
amp™ = ps” (4.19)
Then, the polynomial takes the form of eq. 4.20 in which the coefficients

of both the highest and lowest powers of p are unity; the produect of all
the zero positions is unity.

As a numerical example, the reader can study the normalization de-
seribed in eq. 4.21

12 X 10'*(p + 3 X 10

F —
®) p® + 2 X 10%? + 2 X 10'%p + 108
B 12(p/10® + 3) 21)
" p3/1018 + (2 X 10%p)/10'8 + (2 X 102p)/10'8 +1
12(p; + 3)
F(px) =

.S + 2p.% + 2p, + 1

In this example, the product of all the pole positions before normal-
ization is 10'8. After normalization, it is simply unity; the poles have
been moved 10~¢ times as close to the origin.

Frequently normalization can be accomplished by normalizing the
values of inductance and capacitance in a circuit without reference to
equations. The reactance of an inductor is wL and that of a capacitor
is 1/wC. Let us move all the p-z of a network closer to the origin by
a factor k, where k < 1. In order that the reactances be unchanged at
the lower frequencies to which the normalized equations apply, the
values of inductance and capacitance must both be increased by the
factor 1/k. For example, consider the shunt-peaked circuit of Fig.
4.13a¢. We could normalize this circuit from the equations as we did
before. However, we can also normalize the circuit directly. Let us
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take 10™® for the factor k. Then, the values of both L and C in Fig.
4.13a are multiplied by 108 to give the normalized circuit of Fig. 4.13b.
Before or after the frequency normalization, we can effect an impedance
normalization. Figure 4.13c¢ is that of Fig. 4.13b normalized to an im-
pedance level of 1 Q.

If a transfer or input immittance is expressed in terms of letter sym-
bols (B, L, and C) rather than numerical values, we can normalize to
resistance by simply letting some R equal 1 Q so that all L’s and C’s
(and the rest of the R’s) automatically take on their normalized values.

5 uh 500 h 5h
o~ 20 puf -~ 0.02 f =_=2f

100 @ 100 19

(a) (&) (c)

Fig. 4.13. Normalization of the shunt-pesked circuit.

Similarly, we can normalize to frequency by setting some € or L or
factor containing (’s and L’s equal to unity so that normalization to
frequency is automatic and the rest of the (’s and L’s assume their
normalized values. For example, consider the transfer function of the
series-peaked circuit given in Chap. 2

€2 1/(RLC,Cy) (4.22)
eo  p*+ (1/RCHP® + [(C1 + C2)/(LCiCo)lp + 1/(RLCLCs)
Since only one resistor appears in the circuit, it is evident that the
most convenient resistance normalization is given by setting B equal to
1 Q. Then, eq. 4.22 becomes
e 1/(LCCy) (4.23)
e P°+ (1/CDP* + [(C1 + Co)/(LCLCo)lp + 1/(LC,Cy)
in which the L’s and C’s assume their normalized values, not their origi-
nal ones for R not equal to 1 ©. It should be noted that we have ig-
nored the dimension of ohms in writing the normalized equations as a
matter of simplicity.
Let us normalize to frequency by setting the mean pole position equal
to unity. Thus we set LC1C; = 1 and eq. 4.23 becomes

1
2 _ . . (4.24)
e p°+(1/Cop*+ (C1+Co)p+1
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in which C; and Cy have values normalized with respect to both im-
pedance and frequency. Equation 4.24 is considerably simpler than the
original expression, there being only two parameters. As before, we have
ignored dimensions for simplicity.

Alternately, we could effect frequency normalization in eq. 4.23 by
assuming L or Cy or Cy to be unity. If we take L = 1, we get

e _ 1/(C1Cs) (4.25)
eo P+ (1/C)p? + [(C1 + C2)/(CiC)Ip + 1/(C1Cy) .

which is a different frequency normalization. As before, only two param-
eters are involved.

Of course, the equations can be unnormalized with frequency through
the reverse procedure. However, it is not necessary to go back to the
original p-z positions but rather to any that are desirable as long as they
have the same relative positions.

4.6 Graphical plots

When a polynomial having letters or symbols for coefficients is of
higher degree in p than two, factoring to find the positions of the zeros
is either not possible or not practical. In such an event, little can be
done to ease the problem. (If the coefficients are numerical, factoring
is always possible.)

Zeros of a polynomial can be either real or complex. If the degree of
the polynomial is odd, it has an odd number of zeros, at least one of
which must lie on the real axis of the p plane because all zeros, if com-
plex, must occur in complex-conjugate pairs. The number of real zeros
must be even (that is, 0, 2, 4, ---) in an even polynomial. It is well to
keep these simple facts in mind because it is generally easiest to use nu-
merical procedures to obtain the real zeros of a polynomial, if any exist,
before getting the complex zeros.

In network design as opposed to network analysis, factoring is not
always required, as when a network is constructed to fit some already
factored rational function of p. However, factoring is sometimes re-
quired even in design. The sheer labor of factoring polynomials with
numerical coefficients may make it advisable to search for some other
device for solving certain problems.

The most illuminating graphical procedure is one in which the mag-
nitude and phase of a function of p = jw is plotted as the locus of
phasors on a two-dimensional complex-number plane (not the p plane).
This new complex plane is called the “locus” plane.
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First let us consider the locus of a bilateral input immittance as a
function of jw. The phasors of the function at various frequencies are
calculated with ordinary complex algebra and plotted on the locus plane.
Then, the line connecting the heads of all these phasors is drawn; it is
this line that constitutes the locus. Since the input immittance of all
bilateral networks is positive real, the locus must always have a real
part that is positive; therefore, the locus must not venture to the left of
the imaginary axis. Because the number of p-z can differ at most by
unity, the behavior of the locus at very high frequencies can do one of
the following:

1. Increase directly with frequency at a phase angle approaching 90
degrees.

2. Decrease as the reciprocal of frequency with a phase angle ap-
proaching —90 degrees.

3. Approach a constant at a phase angle approaching zero degrees.

The poles or zeros at the origin must be simple; hence, at very small
frequencies the immittance can behave as: 1. Aw/+90°;2. B/w/—90°;
or 3. C/0°, where A, B, and C, are finite real positive constants. Typi-

S A
S A A V.

Fig. 4.14. Permissible loci of input immittances.

Imaginary axis

cal locus plots of input immittances are shown in Fig. 4.14. Some im-
possible loci are indicated in Fig. 4.15. The arrow on these loci indi-
cates the direction of increasing frequency.

If vacuum tubes are utilized to obtain an input immittance with a
negative real part, the locus will of course venture into the left-hand

~— )

Fig. 4.15. Nonpermissible loci of input immittances.

side of the locus plane. If a transfer function is defined by input imped-
ances when vacuum tubes are operated as pure isolating devices, the
individual loci cannot have negative real parts; however, cascading and
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sign inversion brought about by the tubes can make the over-all locus
(which is the product of two or more input immittances) venture any
place on the locus plane.

If a zero of the bilateral input immittance occurs on the jw axis, the
locus must of course go to zero at that frequency and the phase shift
must change abruptly by 180 degrees. The only way this can happen
without there being a positive real part is for the locus to go through
the origin while being tangent to the imaginary axis. If a pole exists
on the imaginary axis, the locus must go to infinity at a phase angle of

\ N
\ a

(a) (b)

-

Fig. 4.16. Behavior near a zero and a pole on the imaginary axis.

zero. These two situations are described in Fig. 4.16, in which the
arrow directions are not arbitrary. The behavior when the p-z are
slightly left of the the jw axis is very similar.

A locus plot may also be made of a transfer function. Such a locus is
often called a “Nyquist” plot, particularly if it represents a network to
which it is planned to add feedback between output and input. The
transfer function without feedback is called the “open-loop” transfer
function; it is the locus of the open-loop function that is termed the
Nyquist plot.

Let us consider the locus plot of a polynomial, which could be the
polynomial in either the numerator or (more generally) the denomina-
tor of some transfer function. In particular, we shall restrict our interest
to Hurwitz polynomials. The various loci appear in Fig. 4.17, where
n =0,1,2, --- is the number of zeros at the origin. The phase angle
forever increases with frequency because of the Hurwitz assumption.

Of most interest is the locus of the Hurwitz polynomial when n = 0,
that is, when there are no zeros at the origin. If this polynomial repre-
sents the denominator of some transfer function, the location of the
poles of the function are those of the zeros of the polynomial, and a
study of the polynomial tells a great deal about the transfer function,
in particular, about how close the poles are to the jw axis and whether
or not the transfer function is stable.
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Fig. 4.17. Loci of Hurwitz polynomials.
A polynomial for p = jw can be written

F(p) = ap+ a1p + a2p® + - -+ a.p”
(4.26)
F(jw) = ag + a1(jw) + az(jw)? + -+ -+ an(jw)"

The value of F(ju) at each jw can be found by adding the phasors ay,
a, (jw), az(jw)?, and so on, in a head to tail fashion in ascending order of

Y] b e
a(jw)” - =~
7

a;(jo)® , N e Giw)

IR R
Y

N
a,(jw)* Sae Locus
~]~~-,[<

Fig. 4.18. The rectangular plot.

the powers of jo. Then the plot takes the form of Fig. 4.18. This form
of a locus plot for a polynomial can be called a “rectangular’” plot.
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Once a rectangular plot has been made for one frequency, one for a dif-
ferent frequency is easy to obtain. For example, if the ratio of the two
frequencies is 2, the phasor ag is unchanged, a; (jo) is twice as long, as(jw)?
is four times as long, and so on.

If a polynomial not having zeros at the origin is a Hurwitz polynomial,
its locus must circle the origin n/4 times while increasing continually in
phase, and ultimately go to infinity at a phase angle of n times 90 degrees.

C C _d

N7

(a) (b) (c)

Fig. 4.19. Loci of polynomials having a zero near the jo axis,

If not, the polynomial will have zeros on the jw axis or in the right half-
plane. Consider, for example, the locus of a sixth-order polynomial
with a zero: 1. near the jw axis in the left half-plane; 2. on the jw axis;
and 3. near the ju axis in the right half-plane, as shown in Figs. 4.19¢, b,
and ¢ respectively. We could guess at the
zero positions from these loci. In particular,

those corresponding to Fig. 4.19¢ would ©
appear roughly as in Fig. 4.20. In order to o

clarify Fig. 4.19, the reader is advised to =

set up the corresponding collections of zeros

and sketch the phase and amplitude of the °]

polynomial. Fig. 4.20. Possible zeros of
The locus of a transfer function is also Fig. 4.19.
often of interest. If the function has a zero
near the jw axis, the locus will be small at the corresponding frequency,
whereas if the function has a pole near the jw axis, the function will
become quite large. A transfer function with zeros may have an am-
biguous phasc angle if it is not known whether or not the function is
minimum phase. The majority of functions concerned with vacuum-
tube eircuits are minimum phase; hence, the problem is not too often
encountered.
Examples of loci of rational (minimum-phase) fractions are shown in
Fig. 4.21. In Fig. 4.21a, there are seven more poles than zeros because
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the locus goes to zero at a phase angle of seven times 90 degrees as
® — o, Evidently, no poles or zeros lie very near the jw axis. In

AL
& v =

(a) (b) (c)

Fig. 4.21. Typical loci of transfer functions.

Fig. 4.21b a zero lies near the jw axis in the left half-plane, and in Fig.
4.21¢ a pole is near the jw axis in the left half-plane. The reader is ad-
vised to correlate the loci of Fig. 4.21 and the p-z locations.

4.7 Factorization

The following is a discussion of methods of factoring polynomials
having numerical coefficients. Consider an odd polynomial or an even
one that is known to contain a real zero. The polynomial is first put in
a form (simple division) such that the coefficient of the highest power in
p is unity, as in eq. 4.27

F(p) = Hp" + an_1p"* +-- -+ ap® + a1p + ap)  (4.27)

Trial and error in assuming the value of the zero can be made until a
factor p — 2; can be divided into eq. 4.27 with a negligible remainder.
It is often easiest to employ a special method that converges fairly rap-
idly if the zeros are not too close together. A trail divisor p + ag/ay
is used first to obtain

pn~1 +-...
P + ao/ay 'p" +--+ap+a
: (4.28)
a'p + ao
ar'p + ay
Remainder

If the remainder is not negligible, a new factor p + aq/a;’ is tried
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and the process is repeated. Subsequent trials are made until the re-
mainder is negligible.

As an example, consider the polynomial p3 4 2p% + 3p + 2. The
first trial divisor is p + %, giving

P+ @)p+
p+ 3P +2°+3p+2
»* + (3
#p® +3p+2
@p” + @)p
M + 2
(GeDp + 3%

Remainder

(4.29)

The remainder is not negligible, so a new trial divisor is taken, p 4
2/(32) = p+ (1§ We get

P+ Fp + 38
p+18|p° + 20"+ 3p + 2

(4.30)

Remainder

This remainder is also not negligible, so we try p + 2/(33%) = p +
0.999. Division by this factor yields a fairly small remainder. (It is
nearly equal to the exact factor p 4+ 1 relating to a zero on the negative
axis at p = —1.)

The number of trials required is largely dependent upon how close
together the zeros are. If too close, the process will converge very slowly
if at all. Of course, a trial may be made from a guessed zero location,
perhaps as obtained from a rectangular plot. Then, convergence may
be much more rapid, even though the zeros are close together.

To extract complex zeros, a similar procedure is employed. How-
ever, if the zeros are close together as often occurs with band-pass func-
tions, the process may not always be practical.

Let us try to extract a pair of complex zeros from eq. 4.27. The first
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trial quadratic factor is taken as p? + (a1/a2)p + (ao/as) giving

p"’_2 + oo
p* + (a1/ag)p + ao/as l P" + ap1p" T -+ aap® + ap + a0

(4.31)
ag'p? + ay'p + ao
a2/p2 + al//p+ aol

Remainder

If the remainder is not negligible, the trial quadratic is changed to p? +
(ay'/as")p + ao/as’ and the process is repeated.

Another method for extracting complex roots converts the problem
to one where real roots can be extracted instead. For example, the
polynomial p* + 2p% + 2p + 1 factors as (p + 1)(p* + p + 1), which
has complex roots at —3 = j(3)*%/2. Let us see if these roots can be
obtained through some orderly procedure. If the variable p in the poly-
nomial is changed to p — «, and if « is properly chosen, the transformed
polynomial will become zero at some p = 478. The « and 8 causing
the polynomial to become zero are the real and imaginary parts of the
root in question. It is advantageous to look at this problem with the
aid of the p plane. Substituting p — « for p moves the jw axis so that,
with « equal to the real part of the zero position, the translated jw axis
passes precisely through the zero. Our example polynomial therefore
becomes (p — @)% + 2(p — @)% ++ 2(p — @) -+ 1. If this polynomial is
to be zero at some p = =78, then both its real and imaginary parts must
be zero. We therefore have two equations evaluated at p = +j8 as

B22 —3a) = (@®+ 222 — 2a+ 1)
8% = (3a? — 4a + 2)

Equating the values of 8% as given by these two equations results in a
cubic in a. Solving this cubic for a real « yields the quantity of interest
(actually, the real parts of the three zero positions). Substituting this
value of a back in either of the two equations for 8 evaluates the imag-
inary part of the zero position.

An even more direct procedure than the foregoing for extracting roots
is described in the following. The real and imaginary parts of the zero
positions are assumed to be «; and 8; respectively. Then, the polynomial
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is equated to its assumed factored form. For example
p4+ap3+bp2+6p+d

= (0" + 2a1p + & + 1) (P + 202p + @ + B°)

The coeflicients of the powers of p are equated to give a set of simulta-~
neous equations in the unknowns «y, a3, 81, and B2, and the knowns
a, b, ¢, and d. Substitution or determinantal methods are then used to
obtain a set of equations, each containing only one of the unknowns.
The o; and B; are determined as the real roots of these equations. This
method is most convenient when the number of unknown roots is mod-
erate, perhaps three to five.

4.8 Network frequency transformations

The low-pass series-peaked circuit normalized to an impedance level of
1 @ and having a bandwidth [the frequency where the transfer function
falls to 1/(2)’% of that at w = 0] of 1 radian per second is shown in Fig.
422, In a sense, it is a “source” network because it can be converted

Y0 — o
L, * T+
iy =Ge, 19 T 3f f

Tig. 4.22. The normalized series-peaked circuit.

to a low-pass network having any desired bandwidth and any desired
impedance level by means of impedance and frequency normalizations.
It is our purpose here to show how this same simple circuit can be con-
verted to a high-pass, band-pass, or band-elimination network. The
one normalized circuit becomes much more general than we could have
imagined.

The value of a frequency transformation is very great, particularly
that converting a low-pass network to a band-pass network. A band-
pass function having good rejection for signals outside the pass band
has many more poles and zeros than does its low-pass counterpart. A
design procedure that attempts to obtain the band-pass network di-
rectly will consequently be far more tedious to apply than one which
seeks only to establish a low-pass circuit which can be transformed to a
band-pass circuit in a simple manner.

First let us consider the low-pass to high-pass transformation. In this,
we want a low-pass network transfer function as depicted by Fig. 4.23
to become a high-pass function such that signals occurring in the pass
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band of the low-pass filter will be rejected in the high-pass filter, whereas
signals rejected by the low-pass filter will be transmitted by the high-
pass filter. In addition, we want a transformation that yields a “‘cross-
over” frequency . as shown in Fig. 4.23 about which the transfer func-
tions of the two characteristics are reflected. A transformation that
does this replaces the frequency variable w of the low-pass system with

out
In

Low- pass High - pass

0 We W —>

Fig. 4.23. Symmetry of high-pass and low-pass funections.

a new variable w.2/w’. At w = w, and o’ = w,, the two variables w and
w.2/w’ have the same magnitude; hence, the desired crossover frequency
is given by this transformation. For w < w, in the low-pass filter sig-
nals are transmitted, which corresponds to o’ > w, in the high-pass filter;
if w = w/w and w < w,, then o’ > w,.

In a low-pass filter, a capacitor C has a susceptance wC. Replacing
w by w.>/«', the susceptance becomes Cw,?/w’, which is the admittance of
an inductor having an inductance of 1/w,2C henrys. Similarly, the re-

It
~1{ O
C'=3/4f
iy=Ge, 1Q L/=2h L,=2h

-0
Fig. 4.24. 'The high-pass filter.

actance of an inductor in a low-pass filter is wL which, after transforma-
tion, becomes w.2L/«’, which is the reactance of a capacitor having a
capacitance 1/w L.

To sum up, if the upper cutoff frequency of a low-pass filter is desig-
nated w, (which need not be the half-power frequency) and it is desired
to obtain a high-pass filter by means of a frequency transformation hav-
ing a low-frequency cutoff of w,, each capacitor C in the low-pass filter is
replaced with an inductor I/ = 1/w,2C, and each inductor L is replaced
with a capacitor ¢’ = 1/w L. Resistances are not changed.
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The high-pass filter having a low-frequency cutoff of 1 radian (w,)
derived from the normalized low-pass filter of Fig. 4.22 is shown in
Fig. 4.24,

The next transformation to be discussed is the low-pass to band-pass
transformation. In this, the frequency variable w associated with the
low-pass system is replaced with the new variable wp(w'/wp — wo/w’).
Then, ' = wg in the band-pass system corresponds to & = 0 in the low-
pass system, whereas positive frequencies w > 0 correspond to o’ > wg
and negative frequencies w < 0 correspond to o’ < wy. Also, © = £B
in the low-pass function corresponds to

wolw'/wp — wo/w’) = £B (4.32) .
Solving eq. 4.32 for ', we get
o' = £(B/2) + [(B/2)? + wi)* (4.33)

The correspondence can be seen more clearly by observing the ampli-
tude characteristics of Fig. 4.25. For the band-pass function at positive

| | Low-pass t '
. /
|
{ / ! \ /\{A/\Band-pass
i I
| ) i ! | : : | !
) 1 | | |
I 1 I

| ! I
1 ) L 1 |
—W, —wy —Ww, -B 0 +B top vwg Ty

Fig. 4.25. Low-pass and band-pass functions.
°

frequencies, there are two frequencies corresponding to w = =B. These
two frequencies as given by eq. 4.33 are

wy = wof[l + (B/Qwo)zl% - B/Zwo}
we = wol[l + (B/2w0)?1* + B/2wo}

If we take the geometric mean of these two frequencies, we get

(4.34)

)% = Wy (4:35)

(wyiwg

which means that about the center frequency wy the band-pass function
has geometric rather than arithmetic symmetry such that the half of
the band pass below wg will be somewhat more compressed than the half
above wg; that is, wg — w; < wg — wq.

The difference between w; and wy is

ws —w =B (4.36)
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In the low-pass filter, the susceptance of a capacitor is wC. In the
band-pass filter, this becomes
1

iwonC(w’ _ N = iu'C
fao0(af oo = ao/af) = Jo'C + s

(4.37)
which is the admittance of a parallel-resonant circuit with a capacitance
C (unchanged) and an inductance L' = 1/wy*C. It can be noted that
the resonant frequency of L’ and C is the center frequency wo. In the
low-pass filter, the reactance of an inductor is wL. Replacing the fre-
quency variable, we get

1

iwnL (e . N = jo'L
JooL(e' /wo — wp/w’) = jo +J—:—._—_—_w'(l/w02L)

(4.38)
which is the reactance of a series-resonant circuit with an inductance L
(unchanged) and a capacitance C’ = 1/w¢?L. Again, the resonant fre-
quency of L and C’ is wy.

In summary, suppose that it is desired to design a band-pass filter
with a total bandwidth B (measured between the two cutoff points) and
a center frequency wg. The first step is to design a suitable low-pass fil-
ter having a bandwidth B measured from a frequency of zero to the
usual upper frequency cutoff point. Then, in shunt with each capacitor
in the low-pass filter is placed an inductor of such a value as to resonate
with C at the desired center frequency wg. In series with each inductor
in the low-pass filter is placed a capacitor of such a value as to resonate
with L at the center frequency wg. The upper and lower cutoff points
of the resulting band-pass #ilter are w; and wy respectively, and wy =
(wiws)”® and B = wy — wy. If the “narrow-band”’ case applies, which
occurs when the bandwidth is small compared to the center frequency,
then wy = (w; + ws)/2, which is the arithmetic average of the lower
and upper cutoff frequencies. Then, the band-pass function will have
approximate arithmetic symmetry about the center frequency.

As an example, assume that it is desired to transform the normalized
filter of Fig. 4.22 to a band-pass filter having a center frequency of 10
radians and a bandwidth of 2 radians. Since the filter of Fig. 4.22 has a
bandwidth of 1 radian, it is first necessary to modify the frequency
normalization suitably. To do this, the values of L and C in Fig. 4.22
must be halved to give the circuit of Fig. 4.26, which has the desired
bandwidth of 2. ¥inally, each capacitor is resonated at oy = 10 with
an inductor in shunt, and each inductor is resonated at wy = 10 with a
capacitor in series, to give the circuit of Fig. 4.27.

In passing, it should be observed that the band-pass equivalent of the
simple parallel R-C circuit is the parallel-resonant circuit.
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Finally, we shall briefly discuss the low-pass to band-elimination
transformation. Rather than go through the details, it should suffice
to say that the transformation just described when applied to a high-
pass filter instead of a low-pass filter results in a band-elimination filter.

LI

2/3h _L
3

Fig. 4.26. Low-pass filter with increased bandwidth.

Y .
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E

If a band-elimination filter having a center frequency wp in the eliminated
band of width B is desired, it is first necessary to design a high-pass filter
having a low-frequency cutoff of B. Then, exactly the same modifica-
tions of circuit elements are made as for the band-pass transformation:

oo —¢
3
2/8h 37200 f I
1 3

1

Fig. 4.27. The band-pass filter.
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capacitors are placed in series with L’s to resonate at wy, and inductors
are placed in parallel with C’s to resonate at wy.

4,9 Low-pass to band-pass functional transformations

If the center frequency of a band-pass filter as derived from a low-
pass filter is normalized to unity, the low-pass to band-pass transforma-
tion is

w=o — 1/ (4.39)

Let us substitute p for jw and s for jw'. Then, this transformation
becomes

p=s-+1/s= (s + 1)/s (4.40)

The variable p can be looked upon as the complex variable related to
the low-pass function, whereas s is the complex variable related to the
band-pass function. If we let p be the position of a pole of the low-pass
function, then we can solve the equation to find the corresponding p-z
of the band-pass function. Let p; be a low-pass pole position. Multi-
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plying eq. 4.40 through by s = s and solving the quadratic for sy, we get
sk1, Sk2 = (Pu/2) == [(px/2)? — 1)% (4.41)

From this, we see that a pole of the low-pass function transforms to
two poles in the band-pass function. If py is purely real, these two
band-pass poles will be complex conjugates. However, if p; is a pole
with an imaginary part, the two band-pass poles will not be complex
conjugates. If we stipulate that low-pass poles must be either real or
occur as complex conjugates, then the transformation of a low-pass pole

X
———)(——r— —-— 9
X
(a)
X
X X
S — —4
2
X X
X
(b)

Fig. 4.28. The transformation of poles.

and its complex conjugate will result in fwo pairs of complex-conjugate
band-pass poles, and the transformed function will be conjugate analytic
and hence obey the rules of network functions.

It will be noted that the transformation of eq. 4.40 has a factor 1/s
which is lost when multiplying the equation by s in order to obtain a
quadratic so that s, may be solved in terms of p;. The fact that this
factor exists means that the transformation of a low-pass pole not only
yields two band-pass poles but also gives a zero at the origin. Thus, a
single real pole transforms to a pair of complex-conjugate poles plus a
zero at the origin as indicated by Fig. 4.28a, whereas a pair of complex-
conjugate low-pass poles transforms to two pairs of complex-conjugate
band-pass poles plus two zeros at the origin as indicated by Fig. 4.28b.

Low-pass zeros transform analogously to low-pass poles; that is, each
low-pass zero yields two band-pass zeros plus a pole at the origin.

Let us work through an example to show how a band-pass function
can be obtained from a low-pass function by means of the mathematical
transformation. Assume that we want a band-pass function that, for
simplicity, has a center frequency wy = 1 radian. The bandwidth B
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will then usually (but not always) be less than unity. When we finish
the filter design, we can obtain whatever center frequency we desire by
means of a suitable frequency normalization in which the ratio of vy to
B will be unchanged. For example, a center frequency of 107 and band-
width of 108, when normalized, become 1.0 and 0.1 respectively. First,
we construct a suitable low-pass function with a half-power bandwidth
B. Let us take this function to be the three-pole function of eq. 4.42
(where the origin of the proper coefficients will be explained in Chap. 5)
1 1
3 2 2 3 2 5 (342)
p° + 2Bp° + 2B°p + B° (p + B)(p* + Bp + B?)

This transfer function can be realized with the series-peaked circuit.
The three poles of the function transform to three pairs of complex-
conjugate poles and three zeros at the origin. The single real low-pass
pole transforms to two poles according to eq. 4.40 as

81, i* = —(B/2) + (B%*/4 — 1)*% (4.43)
The low-pass pole at p = —B/2 + 7(3)*B/2 gives
, <—<B/2) + [(j(3>%B)/2]>
S2, 837 = 2

N [(—(3/2) +;(.7'(3)%B)/2])2_ 1]% (4.49)

which, for a specific B, can be simplified to numerical real and imaginary
parts. The special case B = 1 gives

—0.352 + j1.5
S2, S3% = ) (4.45)
—0.148 — j0.63
The transformation of the other low-pass pole yields poles that are
complex conjugates of s; and s3*. For B = 1, we get specific values as

81y 81* = —0.5 :Ej0867
82, S2¥ = —0.352 £ j1.5 (4.46)
83, 83 = —0.148 - 70.63

The p-z of the low-pass function and its transformed band-pass func-
tion are shown in Fig. 4.29 (for B = 1). The center frequency of the
band-pass function is unity, which is the geometric mean of the upper
and lower cutoff frequencies. The bandwidth between cutoff points is
the same as that of the low-pass function (which is unity for this exam-
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ple). It should be clear that any value could be used for bandwidth B;
unity has been used here only in the interest of simplicity.

The transformation described here corresponds exactly to the circuit
transformation described in the previous section. Obviously, it is far
more convenient to carry out the numerical work from the normalized
equations.

A significant simplification takes place if the bandwidth of a band-pass
function is considerably less than the center frequency. Then, the col-
lection of low-pass p-z need only be translated along the jo axis and

I e =1 B=1
.—l_. 5 EN I

P, .
) /X B=1 / \\*/
14 {
@
\ T | ,*\3

Fig. 4.29. Exact transformation of three low-pass poles.

centered about the desired center frequency. Of course, a complex-
conjugate set of p-z must be placed around —wg and the proper number
of zeros placed at the origin. However, because bandwidth is measured
differently in low-pass and band-pass functions, the p-z of a low-pass
function of bandwidth B must have their positions halved before trans-
lation if a band-pass function of total bandwidth B is desired.

As an example, assume that a band-pass function of bandwidth B
centered at a frequency wo(wy << B) is desired. Let us take the same
low-pass function as before, namely, that described by eq. 4.42. The
poles of the low-pass function with bandwidth B (measured from w = 0)
are at

p=—B
(4.47)
P2, P2* = —B/2 + jB(3)*/2
Halving these positions, we get
' = —B/2 (4.48)

po, p2’* = ~B/4 = jB(3)*%/4
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Transforming these sets of poles according to the narrow-band ap-
proximation, we get three zeros at the origin plus poles at

81, 81* = "-B/2 :i:jwo
82, s2* = —B/4 = jlwo + B(3)*/4] (4.49)
83, 3% = —B/4 = jlwo — B(3)**/4}

This transformation is shown in Fig. 4.30 and gives the pole positions
as good approximations to those obtained with the exact analytic ex-
pression for B/w up to about 0.2.

!
Fwy B
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Fig. 4.30. Approximate transformation of three low-pass poles.

The low-pass to band-pass transformation described up to now and
in the preceding section gives only one particular class of band-pass
functions; that is, it gives the class of band-pass functions derivable
from low-pass functions using the particular transformation s 4 1/s.
For each pair of complex-conjugate low-pass poles, the transformation
results in two zeros at the origin in addition to the two pairs of trans-
formed complex-conjugate poles. However, many band-pass functions
do not have p-z like those described. Most notable are tuned circuits
coupled by means of capacitance or inductance. Although these cir-
cuits will be taken up in a later chapter, some discussion of the functions
themselves is warranted here. Examples are shown in Fig. 4.31. Fig-
ure 4.31a is characteristic of the mutually coupled double-tuned circuit.
It differs from the transformation discussed up to now because one
rather than two zeros occurs at the origin for each two pairs of band-
pass complex-conjugate poles. Thus, the mutually coupled double-
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tuned circuit function cannot be derived from a low-pass function using
the transformation s + 1/s. Although a special transformation does
exist, it is quite complex and not too important for reasons that will
become apparent shortly.

For the narrow-band approximation of Fig. 4.30, the pole placement
about wg is similar to that of the low-pass equivalent. This means that,
as far as the behavior of the function in this vicinity of frequency wg is

X X
X X
1 3
— P —————
X X
X X

(a) (]
Fig. 4.31. The poles and zeros of double-tuned circuits.

concerned, the effect of the zeros at the origin is essentially cancelled by
the effect of the poles grouped around —wy. In fact, even if there were
only one or two zeros at the origin of Fig. 4.30 rather than three, the
phasor lengths from the zeros at the origin and the poles near —wg
change so slowly over the frequency range near +wo (which is the re-
stricted frequency range of interest in the narrow-band case) that it

X X

ENO)
XX 0 Xx-wo )
—_— N — —— e
X
XXT

Fig. 4.32. Generalized narrow-band approximation.

makes little difference how many zeros are at the origin. In other
words, for any narrow-band band-pass filter function, the effects of all
p-z far away from the center frequency wo compared to the bandwidth
B can be neglected, that is, treated as a constant (which may, however,

be complex). The narrow-band approximation is graphically shown in
Fig. 4.32,
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From this discussion, it should be clear that a narrow-band transfor-
mation can be made to apply to the mutually coupled circuit as well as
to others by simply assuming the proper number of zeros at the origin.

Whereas the narrow-band approximation of the formal transformation

(a) b {c}

Fig. 4.33. Transformation for the mutually coupled circuit.

s + 1/s is valid for B/wg up to about 0.2, that applicable to the mutu-
ally coupled double-tuned circuit having actually fewer zeros at the
origin is valid for B/wy as large as unity, which is an unusually large
bandwidth-to-center-frequency ratio. Thus, the formal transformation
for this case is rarely needed.

As an example, suppose it is desired to design a band-pass function
with a center frequency wg and a bandwidth B applicable to the double-
tuned mutually coupled circuit. Let us assume that low-pass poles at
—B/(2)* + jB/(2)* as in Fig. 4.33¢ give a low-pass bandwidth of
B. Halving these pole positions, we get the configuration of Fig.
4.33b. Finally, going to the band-pass plane and putting one rather
than two zeros at the origin, we get the picture of Fig. 4.33¢, where there
is one zero at the origin and poles at

8, 1 ¥ = — B :!:'< +“——‘B)
1, 817 = 2(2)% J\ wo 2<2)%

(4.50)

B B
82,82*= - i :i:j(w()"‘"'_")
2(2)% 2(2)*%

The capacitance-coupled double-tuned circuit function of Fig. 4.31b
has three zeros at the origin for each two pairs of complex-conjugate
poles. It too can be handled in the narrow-band case. However, the
ratio B/wp for this circuit in order that the narrow-band transformation
be reasonably accurate is limited to about 0.1.
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Problems
1. Use the short cut to determine the input immittances of the networks of Fig.
P.1 as ratios of two polynomials in p.

o L]

L

kLo
o1

(a)
T3 1
C c
c;:%%.rcz R ! Rlz R, ¢,
2
o o TG
(c) (d)

Fig. P.1.

2. The p-z plots of Fig. P.2 are those of the input immittance to reactive networks.
For each, find the four canonical networks, all of which have the same input imped-
ance (or admittance).

5
30,000 4x10° D4
. 8 10° 8
3% 10 2000 o 2
1
H=4x10" H=10° He=50x10" H=1
(a) ) (c) (d)
Fig. P.2.

3. Plot the reactance as a function of frequency for the short-circuited transmis-
sion line and compare it to the plot of the reactance function used as an example in
the text to approximate the short-circuited transmission line.

4. The network represented by the reactance function of Fig. P.2b considered as
an impedance is placed in parallel with a 1K resistor. Plot the magnitude of the
impedance of the combination as a function of frequency.

5. The p-z plots of Fig. P.5 represent R-C and R-L input immittances. Obtain
for each the four canonical networks (where possible) and specify whether the imped-
ance or admittance is synthesized.

4000 2000 Hew1 4x10° 2x10° H=10"
3000 1000 6x10° 3x10° 108

(a) (b)
Fig. P.5.

6. The circuit of Fig. P.6 yields a low-pass transfer function that has a bandwidth
of 2 X 10° radians per second. Using impedance and frequency normalization, find
the corresponding network having a bandwidth of unity and a resistanee R of unity.
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Then, find the corresponding circuit having a bandwidth of 4 mes and as high a re-
sistance as is possible assuming that the minimum value of C is 10 uuf.

VW™

R =20K L=002h
TC-25uut‘ o~ C =25 uuf R=20K

Fig. P.6.

7. Write the transfer function for the circuit of Fig. P.6. Normalize this function
to an impedance of 1 © and to a mean pole distance of 1 radian. Determine its band-
width by comparison with the results of Prob. 6.

8. Normalize the following polynomials such that the coefficients of both the
zeroth and highest powers of p are unity

1 4 20p + 200p% + 10003
14 107% 4+ 2 X 107122 + 5 X 107183
24+ 5 X 107% 4+ 25 X 107%? + 10 X 107 4 10-12p*

9. Normalize the polynomials of Prob. 8 so that the coefficients of both the zeroth
and first powers of p are unity.

10. Use the results of Prob. 9 to make rectangular plots. From these plots, esti-
mate the locations of the zeros.

11. Determine the loci for the input impedances of the circuits of Fig. P.11.

% 1
1 1 1 1 1
1
T ‘
b) (c)

1
(a) ( (d)
o— O ~J00 \] WW]

J_ 1 1 1

1 1 S1 1 1 221 1 11

NN N T .. T T
(e) ) (g)
Fig. P.11.

12. Sketch (very qualitatively) the loci associated with the p-z plots of Fig. P.12.
Use a sign such that, if the function has a finite value at a frequency of zero, the value
is positive,

(a) (b) (c) (d) (e)
Fig. P.12.
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13. Factor the following polynomials. Find the real zero first

P+ot+p+1
P+ +2p+1
PP+ 20 +p+1
P+ @ 4+ @ + 1
P42 +2p +1
p?+8p2+3p + 1

14. The polynomial p* 4 2p® 4+ 10p® + 9p + 20 has two pairs of complex-conju-
gate zeros. Find them.

15. Convert the low-pass networks of Fig. P.15 to high-pass networks and evaluate
the elements in terms of we.

20 uh
10 1uf 1K T 50 uuf
o
(b)

(a)
o— — I -
l 0.02 h _L
20K -|-25 uuf T 25 uuf 20K
o —0
(c)
Fig. P.15.

16. Convert the low-pass networks of Fig. P.15 into band-pass networks at a cen-
ter frequency wy. Find element values in terms of wo.

17. Use the results of Prob. 15 to construct band-elimination filters with a center
frequency wp. Evaluate elements in terms of wg and w,.

18. A low-pass function of unity bandwidth has no zeros and has poles at
(2)7%(—1 =% j1). Use the mathematical transformation to find the pole positions to
give a band-pass function having a center frequency 2 and a bandwidth 1. (Use a
low-pass bandwidth of § and then transform to a center frequency of unity. The
resulting pole positions must then be multiplied by 2.)

19. Locate the band-pass poles corresponding to those of Prob. 18 for a band-pass
function with a bandwidth of 15 mes and a center frequency of 30 mcs.

20. Express the four poles of the band-pass function of Prob. 18 in the form of a
polynomial in p. Put it in such a form that the coefficient of p? is unity.

21. Use the narrow-band approximation to solve Prob. 18 and compare the result-
ing pole positions with those obtained using the mathematical transformation.

22. Using the narrow-band approximation, find the p-z positions for the double-
tuned mutually coupled circuit of bandwidth 10 mes and center frequency 30 mes.
The corresponding low-pass function of bandwidth 10 mes has poles at 10(2)—>%
(—1 =% j1) mes.

23. A constant-k filter (see Chaps. 7 and 8) having a low-pass bandwidth of 2
radians is shown in Fig. P.23. (This and the following problems are intended to build
up a practical working knowledge of normalization, transformation, and dual equiva-
lents.)
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L LILA

10 ih 1ih 1h

&1y =i Tu =Lt 10

Fig. P.23.

a. Find the filter with a bandwidth of 1 radian and impedance level of 1 Q. (Work
from this in all subsequent problems.)

b. Find the low-pass filter with an impedance level of 600 € and a bandwidth of
6 kes. Do not forget the factor 2« relating a radian and a cycle!

¢. Find the low-pass filter with a bandwidth of 4.8 mes and as high an impedance
level as is possible when the minimum possible value of the shunt capacitance at the
ends of the filter is 12 puf.

d. Find the dual of part b. (Take all duals with respect to Bo? the product of the
two terminating resistances.)

24. a. Convert the filter of Prob. 23a to a high-pass filter with a low-frequency
cutoff of 1 radian and an impedance level of 1 Q.

b. Obtain the high-pass filter with a low-frequency cutoff of 10 kes and an imped-
ance level of 600 Q.

¢. Obtain the high-pass filter with a low-frequency cutoff of 40 mes and an imped-
ance level of 300 2 (which might be used to cut out interference in a television re-
ceiver by placing the filter in series with the antenna lead).

d. Find the dual of part b.

25. a. Convert the filter of Prob. 23a to a band-pass filter with a center frequency
of unity, an impedance level of unity, and for two bandwidths: 1 radian and 0.1
radian.

b. Obtain the band-pass filter with a center frequency of 20 kes, an impedance of
1200 @, and a bandwidth of 5 kes.

¢. Obtain the band-pass filter with an impedance level of 1200 ¢ and band edges
at 30 kes and 60 kes.

d. Obtain the band-pass filter with a center frequency of 30 mcs, bandwidth of
10 mes, and as high an impedance level as is possible if the minimum possible value
of shunt capacitance at the ends of the filter is 10 ppf.

e. Find the dual of part b.

26. Convert the filter of Prob. 23a to a band-rejection filter with a rejection band
10 kes wide, center frequency of 50 kes, and impedance level of 50K.

27. Convert the low-pass ‘“‘composite” filter shown in Fig. P.27 to a high-pass filter
with a low-frequency cutoff of 1 radian. The low-pass filter has a bandwidth of 1

radian. 0533f
— O T —— T
_L 16h 'L0.6f

10 12h 2h

=2 06f =% 16f af
T T T 1067h 19

Fig. P.27.

28. Find the dual of the low-pass filter of Prob. 27.
29. Find the dual of the high-pass filter of Prob. 27.



Some Important

Gain Functions

In Chap. 3 various kinds of functions were classified as low-pass, band-
pass, and so on, depending on their pole and zero locations. Other than
in a rather general way, the positioning of the p-z in order to realize the
desired kind of gain function was not discussed. It is our purpose here
to derive and discuss some (but by no means all) very important kinds
of functions that yield low-pass characteristics. Of course, the exist-
ence of frequency transformations enables us to obtain band-pass and
other types of functions from the low-pass function.

In this chapter we shall introduce the ‘brick-wall” criterion as repre-
senting the optimum low-pass function, of course optimum only in the
sense of the basic criterion. Then we shall develop various methods for
approximating the brick-wall amplitude or phase characteristic with a
few p-z to give practical functions that approximate the optimum
function.

Finding a network that realizes some desired collection of p-z is called
synthesis. Finding a desirable set of p-z is called function design, the
subject of this chapter. Clearly, no engineering design can be completed
without first obtaining a suitable function.

5.1 Brick-wall and linear-phase functions

The ideal function is one that has a constant gain and a linear phase
shift for all frequencies. However, the presence of tube and other capaci-
tances causes the gain and phase characteristics of a practical filter to
depart from the ideal. In addition, extraneous signals and noise make it
desirable to reduce the gain at high frequencies. If the signals to be
passed through the filter have few components above the cutoff fre-
quency, there will be little penalty paid in distortion and the output
from the filter will be a fairly faithful reproduction of the input (except
for possible magnification due to gain).

150
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What then is the ideal filter function having a finite cutoff frequency?
It would appear that the optimum filter should have a constant gain
from zero to some finite frequency B and zero gain for all frequencies
above B. The phase shift should be linear from w = 0 fo B. Above B
it could be anything. Such an ideal filter is specified by Fig. 5.1 and, for
obvious reasons, is termed a brick-wall function.

It is apparent that, because of its sharp cutoff characteristics, an in-~
finite number of p-z would be required to obtain the ideal brick-wall
function. Of course, all practical networks must of necessity be of lim-

B W —>

\ Phase
Gain \ shift

\

\

\\

B W

Fig. 5.1. Ideal gain and phase functions.

ited complexity, the inevitable result being that a recourse to approxima-
tion is mandatory.

It is difficult to approximate both the brick-wall gain and phase func-
tions simultaneously. However, it is not too difficult to approximate
one or the other. This is the method of approach that will be used here.
When the ideal gain function is approximated, the phase is ignored.
It is “hoped” that the phase will be reasonably linear with frequency.
Although it does turn out to be fairly linear, it is not perfectly linear;
consequently, other approximation methods may often be more valuable.
Conversely, when the ideal phase function is approximated, the gain is
ignored. Although the gain will be fairly constant in the pass band, it
may not be as constant as is desired.

It must be remembered that a nonideal phase function introduces
phase distortion in a signal passing through the network, whereas a
nonideal gain function introduces amplitude distortion. It cannot al-
ways be said that one kind of distortion is more severe than the
other.

The only reasonably simple way to obtain an approximation to both
the ideal gain and phase functions is to perform an heuristic sort of
average in which the p-z locations for a gain approximation are com-
pared to those of a phase approximation and average p-z positions taken
for the function to be used. Often, however, such efforts are not needed,
a simpler approximation being quite adequate.
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5.2 Taylor approximation to the brick wall

We can approximate any reasonable function by writing a Taylor
series about some specific point. If f(w) is to be approximated about
wp, the Taylor series can be written as

f (wo) . (w — wg) " 8%f(wo) . (0 — wp)?

flw) = fwo) + ™ T P o

4 (5.1)

If wg = 0, eq. 5.1 is the approximation about zero frequency. The
very flat nature of the brick wall makes it apparent that all the deriva-
tives of eq. 5.1 are zero at w = 0. Thus, eq. 5.1 becomes f(w) = f(0)
for w < B.

If some specific gain function agrees with at least part of the expan-
sion of eq. 5.1, it can be considered an approximation in the “Taylor
sense”’ to the brick wall. More precisely, if some specific (power) gain
function is expanded about w = 0, and the first ¢ derivatives of the
function are zero at w = 0, the function is an approximation to the brick
wall in the Taylor sense, for example

9%(0) w? . .
- — - higher derivatives (5.2)
d? g

fw) = f(0) +

where the gth derivative is not zero. The resulting function yields a
gain characteristic appearing more or less like the dash line in Fig, 5.1.
The approximation gets better as the order of the approximation in-
creases, that is, as ¢ increases. In the limit as ¢ — o, the approxima-
tion tends towards perfection.

We shall concern ourselves with the power gain function. Such func-
tions always have p-z that display quadrantal symmetry; hence, they
will consist of the ratio of two even polynomials in p (or w). All odd
derivatives of such functions are zero at w = 0; hence, the first deriva-
tive that has a chance of not being zero at w = 0 is the second derivative
of the function with respect to w.

For a normalized bandwidth B of unity, we shall determine the pole
locations of the most important Taylor approximation, often called the
“maximally flat”’ or ‘“Butterworth” function. Later in the section we
shall show how this specific function of w is obtained. For the present,
1t will be arbitrarily presented as

1
e 4
L+o®™ 1 p™

fw) = (5.3)

where w = p/7 and where the sign depends upon whether n is even or odd.
The first 2n — 1 derivatives of this function at w = 0 are zero, as can
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easily be verified by the reader. Hence, it is a maximally flat function.
The polynomial in the denominator is of degree 2n; consequently, f(w)
(which is the power ratio) has 2n poles which are the roots of the poly-
nomial 1 & p** = 0; that is, they are the 2n roots of -=1. Note that
there is a difference depending upon whether » is even or odd. Example
plots are shown for 2n = 6 and 2n = 8 in Fig. 5.2

2n=8

Fig. 5.2. Poles of the maximally flat power gain function.

The 2n roots of £1 are obtained from a consideration of the exponen-
tial. We shall derive the process here in rather general terms. Let y™
be a complex number with a magnitude V and a phase angle 8. Then

y" = VR (5.4)

where k is any integer. The reader should recall that a complex number
is unchanged by changing its phase angle by any multiple of 360 degrees.
The mth roots of y™ are

y = Vimgi0Lk2n) fm (5.5)

which give m distinct values which can be found by allowing & to take
on all possible integer values.

In particular, let ¥V =1 and 6 = 0 or 180 degrees. Then, eq. 5.4
represents the polynomials

y*—1=0(06=0) y" 4+ 1=0( = 180°) (5.6)
The m zero positions of these polynomials are found using eq. 5.5 as
eFih2rim = 2n, nodd
et {ej(liZk)”/m, m = 2n, meven 6.7)

which all lie with equal angular spacing on the unit circle.
The function of eq. 5.3 has a value of 4 when w = 1. Thus, the
“half-power bandwidth,” or simply the “bandwidth,” is unity.
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The poles of Fig. 5.2 are those of the power gain; thus they are the
poles of the voltage gain plus their negatives. In obtaining the voltage
gain function, we are free to delete half the poles of Fig. 5.2. In order
to conform to a realizable function, we choose to retain only those poles
of the power gain that lie to the left of the jw axis. The poles of a maxi-
mally flat amplitude function of bandwidth B radians per second lie as
shown in Fig. 5.3 for n = 3 and 4.

n=3 n=4

Fig. 5.3. Poles of the maximally flat transfer function.

The function f{w) = 1/(1 — «®®) is also maximally flat. However,
this function has poles on the jw axis (goes to infinity at w = 1) and is
therefore rejected as an approximation.

In addition to all-pole functions, functions having zeros can be made
maximally flat. We shall derive the equations applicable to the general
function, which include all-pole functions as a special case.

Consider the generalized transfer power ratio (having quadrantal
symmetry) given by

—— 1 + agp® + asp* + - - - + aznp®™ 5:8)
1+ bgp® + bap* +- -+ + bgap™
where V is the transfer voltage function and VV* is finite at w = 0.
Let us expand this equation by dividing the denominator into the nu-
merator. Then

VV*=K(1+

(a2 — ba)p® + (as — b)p* + - > 5.9

1+ bgp® + byp* + -+ -+ bap™

A first-order maximally flat function results when the second deriva-

tive of the function with respect to w is zero at w = 0. This necessitates
that

Ao = b2 (5.10)

where we have momentarily interpreted p to be the derivative operator.

With this restriction, the lowest power of p in the numerator of eq. 5.9
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is p*. We now observe that a second-order maximally flat system re-
quires that both the second and fourth derivatives of VV* be zero.
Thus, in addition to the requirement of eq. 5.10, we must also have

ay = by (5.11)

in which case the lowest power of p in the numerator of eq. 5.9 is p®.
We can continue in this manner to find that
for an Nth order maximally flat system, we

must have )r—a——»
agj = b2j’ .7 = ]-7 2; 37 N (512) ?

If all the ay; are zero, the bs; must also
be zero and we get the all-pole function of
eq. 5.3. Clearly, to have an Nth order X
maximally flat function, the denominator
of the expression for VV* must be of de-
gree at least 2N + 2.

As a special example, consider the one-
zero two-pole voltage transfer function with a p-z plot as shown in Fig.
54. We have

Fig. 5.4. The two-pole, one-
zero function.

Vv*=<K P+ )(K —p+é

p° + 2ap + of + #° P — 2ap + o +
where K is a real constant and where the second term in parenthesis
pertains to the p-z in the right half-plane; that is, it contains the nega-

tives of the p-z of the voltage function.
Manipulating eq. 5.13 in order to put it in the form of eq. 5.8, we get

K% [ 1— (1/8%p* ]
(o + 852 L1+ [(26° — 2a%)/(® + BD2p” + [1/(e® + 6%)%Ip*
(5.14)

) (5.13)

*

We may always normalize a function with respect to impedance level.
This involves setting some resistance or conductance equal to a fixed
number, frequently unity. However, since such impedances do not
appear in eq. 5.14, it cannot be done here. It is also possible to normal-
ize to gain. This is usually accomplished by setting K equal to the pro-
per number such that the gain at o = 0 (at band center) is unity.
However, this is of no particular value here. The thing that is of value
in simplifying the work is a normalization to frequency. This can be
accomplished by setting some pole or zero dimension or some factor
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containing a number of pole and zero dimensions equal to some fixed
constant, again most frequently unity. We choose to set

24 p2=1 (5.15)

which causes the poles of Fig. 5.4 to lie on the unit circle (which is not
the bandwidth here). Then, eq. 5.14 becomes

1 — (1/8%)p° >
1+ (2 — 40%)p* + p*

A first-order maximally flat function is obtained by causing eq. 5.10
to be satisfied. Applying this to eq.
5.16, we get

o? =1/(48%) + 1%  (5.17)

Since a4 = 0 and by is not zero, a
second-order maximally flat function
cannot be realized here.

The function is not uniquely
specified. There are many values
of a (or &) that give the desired
maximally flat characteristic. This
can probably more easily be seen
by observing the way the p-z move
Fig. 5.5. Pole and zero positions for while always yielding the maxi-

maximal flatness. mally flat function as shown in the

p-plane sketch of Fig. 5.5. It is of

interest to note that as § — « (that is, when the zero moves far away

from the origin) the function is the maximally flat two-pole function
discussed before, which has a bandwidth of unity.

The bandwidth is defined when eq. 5.16 with eq. 5.17 substituted (for
p = jw) is 3. This gives the bandwidth B through

1+ (B?/8?) 1

14 (B?/8?) + B* 2

. 1 1\? %
B =5+ KE?) + 1] (5.19)

The function we have given as an example is important enocugh to
warrant the inclusion of a few bandwidth figures. For values of & (the
distance from the origin to the zero) of 0.707, 1, 1.554, 2, 3, 5, 10, and
infinity, the bandwidth is 1.55, 1.27, 1.11, 1.06, 1.03, 1.01, 1.005, and 1.00

VV* = Kza2( (5.16)

Unit circle

(5.18)

from which
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respectively. The very special case when 6 = 2a (6 = 1.554) corre-
sponds to the shunt-peaked circuit described before. The impedance
of the circuit of Fig. 5.6 can

realize many different values of o

§ £ 2a with § = 2a being the

special case when G5 = 0, (For L

Gy = 0,G, = 1, and for a band- Z —> §Gz =cC

width of 1.11, L = 0.643 h and G

C = 1.554 f in Fig. 5.6. These '

values are readily obtained from o—

the dimensions of the p-z.) Fig. 5.6. An impedance giving two poles
Some further data concerning and one zero.

maximally flat functions are
valuable additions here. Let F(p) be an all-pole maximally flat func-
tion with unity bandwidth and with F(0) = 1. Then

1
F(p)F(—p) = m (5.20)

and we can define
1
F(p) = (5.21)
PP A bpgp” b ip + 1
which has poles only in the left half-plane.
The coefficients b; can be evaluated in terms of the equal-angle loca-
tions of the poles on the unit circle as

5 1
"1 sine
cos 9 b (5.22)
"2 sin2e ' '
cos (s — 1)0
n—s = T~ Un.s4l
sin sf

and the coefficients are symmetric such that b,y = by, by_a = bg, and
so forth. The angle ¢ = =/2n.

A general maximally flat function having quadrantal symmetry and
with a value of unity at w = 0 can always be written

1
1 & p*{{A(*))/[B(®*)]}

where the functions A and B in themselves have quadrantal symmetry.

(5.23)

F(p)F(—p) =
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A particularly interesting case is that where A is a constant and B has
zeros (in pairs) on the jw axis, for example

L
1 & p*[4/(®* + 0®)2(@® + w2
When the half-power bandwidth of this function is set equal to unity,

and assuming both w; and w, are larger than unity, the constant A can
be evaluated to give

F(p)F(—p) =

F(p)F(—p) =

(5.24)

(@® + @1)*@® + w®)?
(0® + 0®? (P + w2?)? & p*"(wr® — 1P (we® — 1)?
which is a function having 2n poles (which are only roughly located on
the unit circle) and four pairs of complex-conjugate zeros, two pairs at
#jw; and the other two at jws. The larger are w; and ws, the closer
will be the poles to their positions when there are no zeros, that is,
equally spaced on the unit circle.

Of course, the function described in the foregoing can be extended to
include any number of zeros on the jw axis; two were chosen here only
as an illustration.

The value of a function having zeros on the jw axis is that the rejec-
tion for signals outside the pass band can be made much larger than is
possible with a function containing only poles (unless the number of
poles is uncomfortably large).

(5.25)

5.3 Bandwidth narrowing

If the transfer function of a circuit is f(p), a cascaded system of N
such circuits, each isolated from the rest, has a transfer function [f(p)]¥.
If N isolated nonidentical vacuum-tube networks having transfer func-

tions fi(p), fo(p), - - - are cascaded, the transfer function for the entire
cascaded chain is the product of the individual transfer functions
F(p) = fi(p)fe(p) - - - fn () (5.26)

In a cascaded system, the first stage drives the second, which in turn
drives the third, and so on. By cascading, complicated transfer fune-
tions can be constructed from simple and easily interpreted functions,
a phenomenon of extreme value.

When identical low-pass functions are cascaded, the over-all system
bandwidth is reduced over that of each individual network. For exam-
ple, the half-power frequency of one network becomes the quarter-power
frequency when two such networks are cascaded.

Because the maximally flat all-pole function is widely used, and be-
cause its defining equation is simple, the effects of cascading identical
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systems can easily be determined. ILet N functions, each having the
power transfer function 1/(1 + «?"), be cascaded. The half-power band-
width of each function is obviously unity. The over-all transfer func-

tion is N
) (5.27)

and the system half-power bandwidth occurs when F(w) is 3. Letting
the corresponding frequency be By, we get

(L) o
14+ By 2 '

from which By may be obtained. To be somewhat more general, we
can let B be the half-power bandwidth of each individual circuit. Then
we can obtain the over-all bandwidth relative to the bandwidth of one
circuit as

Fle) = (1 + "

B
?N = (VN — q)kn (5.29)

which is known as a “bandwidth-narrowing” equation. This expression
includes maximally flat all-pole functions of all orders, including the
simple one-pole voltage gain function realizable with a single resistor
and a single capacitor.

It can be observed that the system bandwidth decreases rapidly with
the number of caseaded functions N but less severely as the order of the
maximally flat approximation of each function is increased.

5.4 The Chebyshev approximation to the brick wall

Consider what would happen if all the poles of an all-pole maximally
flat function were moved to the right
by multiplying their real parts by
the same constant &k, where k < 1, —_—
without changing their imaginary Circle
parts. This is indicated in Fig. 5.7. B
The poles now lie on an ellipse.
Rather than being flat as is the case
when the poles lie on a circle, we k=tanha
might expect that the gain function
ripples somewhat and the ripples
grow in magnitude as k is decreased.

This 1s indeed the case. In fact,

the function ripples evenly and has Fig. 5.7. Pole locations of a Chebyshev
the same half-power bandwidth as function.

— Ellipse
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the maximally flat function. The various points of interest are shown in
Fig. 5.8 for a three-pole transfer function.

The poles of a maximally flat function are moved in by the factor
L = tanh (a) (hyperbolic tangent) to give ripples in voltage gain be-

1
111+ ¢
) 1/2
______________________ _ -—-1/12
Voltage /@
gain
- o Max. flat
Chebyshev
0 B B W —

cosh @

Fig. 5.8. Maximally flat and Chebyshev gain functions.

tween 1 and 1/(1 + €)% and the same half-power bandwidth. The
parameter ¢ is given by

a = (1/n) sinh™! (1/¢)% (5.30)

where 7 is the number of poles of the voltage transfer function (three in
Fig. 5.8). The resulting response function is said to be an ‘“‘equal-ripple”
or 3 ‘“‘Chebyshev” (Tschebysheff is an alternate spelling) type of func-
tion, the name arising from the presence of a Chebyshev polynomial in
the expression for the power gain. For the same bandwidth and num-
ber of poles, an amplifier having a Chebyshev response has considerably
more gain than with the maximally flat function, even though the rip-
ples may be small. Actually, the Chebyshev function is a better ap-
proximation to the brick-wall amplitude characteristic than is the max-
imally flat function. However, its phase function is not as linear as that
of the maximally flat function, which makes the Chevyshev function
relatively unsatisfactory in pulse amplifiers.

If a function contains both p-z, it can be converted from a maximally
flat function to an approximate equal-ripple function by multiplying
the real parts of both the pole and the zero positions by the same con-
stant, just as with all-pole functions.

Another way to arrive at the all-pole Chebyshev function is to start
directly from a Chebyshev polynomial C,(z), where z is a real variable.
Several of these polynomials in normalized form along with the recursion
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relation are given by egs. 5.31
Ci(x) ==z
Cox) = 222 — 1
Cs(z) = 42® — 3z
Ca(z) = 8z — 822 + 1
Cs(x) = 1625 — 2023 + 5z
Crni1(x) = 220, (x) — Cry(x)

When plotted as a function of #, the value of a Chebyshev polynomial
oscillates between 1 for |z| < 1, is equal to &1 at = 1, and goes

(5.31)

+1
+x —

Fig. 5.9. Characteristics of Chebyshev polynomials.

to 4 as z increases beyond =1 to Zec. The characteristics of the first
few polynomials are sketched (not plotted) in Fig. 5.9.

Let us interpret « as the frequency « and write the square of the mag-
nitude of the transfer function (which has quadrantal symmetry) as

F(ju)F*(jo) = (5.32)

1+ eCr%(w)
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Since C,%(w) is always an even polynomial and is always positive, the
value of eq. 5.32 will be equal to or less than unity; it will be equal to
unity at values of w where C,(w) goes to zero and will be equal to
1/(1 4+ ¢) where C,(w) = 1. In fact, it is not difficult to see that a
plot of eq. 5.32 appears as in Fig. 5.10, where the total number of rip-
ples (for both positive and negative frequency w) is equal to n. Note
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Fig. 5.10. Chebyshev power gain functions.

that for n odd a ripple peak occurs at w = 0, whereas for n even a ripple
trough occurs at w = 0.

Unlike other functions with which we have dealt, the bandwidth
when using the Chebyshev polynomial directly is generally measured
from w = 0 to the limits of the ‘“ripple tolerance” of w = 1. In other
words, within the band B = 1, the magnitude of the power gain func-
tion is limited between 1 and 1/(1 + ¢). The half-power bandwidth is
slightly larger than unity; it is cosh (a), where @ is given by eq. 5.30.

Setting w = p/j in eq. 5.32 converts the equation to a function of p,
which has quadrantal symmetry. The poles of the corresponding voltage
transfer function for n odd are at

pr = sinh (—a + jkx/n), k=0, =1, 2, --- £(n—1)/2 (5.33)

and for n even, the poles are at
pr = sinh [—a + j(1 4 2k)x/2n], k = (5.34)
_1’ —2’ .« _n/2
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We have given examples of approximating a brick-wall function in
the Taylor sense and again in the Chebyshev sense. These two ap-
proximating methods are not limited to brick-wall functions but ecan be
made to approximate any reasonable amplitude function. The Taylor

Gain

Fig. 5.11. More general approximations,

and Chebyshev approximations of a more arbitrary function might ap-
pear somewhat as in Fig. 5.11.

5.5 Linear-phase and compromise approximations

Another approach to realizing the brick-wall function is that of making
the function have a linear phase shift with frequency over the band of
frequencies containing the principal components of the signal to be trans-
mitted by the function. In the brick-wall gain approximation, the phase
shift is ignored. With a linear-phase approximation, the gain function
is ignored.

It appears that if a string of poles (an infinite number of them) are
equally spaced along a line parallel to the jw axis as in Fig. 5.12, the
phase shift with frequency will ripple slightly about the desired linear
curve. The closer are the poles to the jw axis compared to the spacing
between poles, the larger will be the magnitude of the ripples.

An approximation to the pole locations of Fig. 5.12 is had by using
only a finite part of the picture, as is indicated in Fig. 5.13. This func-
tion has some desirable transient properties.

We may combine (in an intuitive manner) the benefits of the max-
imally flat function and the linear-phase function by placing poles on a
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Fig. 5.12. A linear-phase function.

Fig. 5.13. Approximate linear-phase function.

circle about the origin with equal vertical spacings between the poles
rather than with equal angles between poles. This is shown in Fig. 5.14.

Another kind of linear-phase approximation is worth deriving here.
An amplitude function of the type exp (—jw) within the pass band of

X

Fig. 5.14, Heuristic approximation

of both phase and amplitude.
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Fig. 5.15. The tangent func-
tion of the exponential.
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the filter is ideal. The phase shift of this ideal function is § = tan™!
(—w). The tangent function of the phase angle has an infinite number
of p-z on the jw axis as shown by Fig. 5.15, in which a pole exists wherever
the angle is an odd multiple of /2 radians, and a zero wherever the angle
is an even multiple of 7/2 radians. The p-z must be separated by =/2
and must alternate.

The infinite product p equation for tan (f) is the tangent function
described earlier

p IT0 + 9/ (K*x*)]

k=1

I_I {14 p?/[(2 — V/21%}

F, (tan 6) = (5.35)

An approximation to this function is one where the infinite limits on
k and j are replaced by finite limits. Then at least at the lower frequency
points at which the ideal phase function is a multiple of =/2 radians,
there is perfect agreement between the exact and approximate phase
expressions.

As an example, consider the two-pole voltage transfer function

1 1
V= = - - (5.36)
14+bp+cp? 1+ bjw+ c(ju)?
which is to be caused to have p-z for the tangent function
as in Fig. 5.16. Then /2
)
6 =argV =tan'{ — 5 (5.37)
1 —cw
and
ban (=) = (5.38)
an (—6) = .
1 — co?
Equation 5.38 can be equated to the corresponding part f;gl;f c')lxﬁi'm‘ti
of eq. 5.35 for p = jw to yield tion to the
© beo tangent func-
= (5,39) tion,

1 —w?/(x/2)2 1— cu®

By equating coefficients, we get ¢ = (2/x)% and b = 1 to give the
transfer function as
1

V =
1+ p+ @2p/7)?

(5.40)
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By normalizing eq. 5.40 with respect to frequency so that the coeffi-
cient of p® is unity, we get
1

Ve 5.41
1+ xp/2 + p? (641

which has a half-power bandwidth of 0.79 radian. The pole locations
are

—(n/4) £ j[1 — (v/4)*1*

= —0.786 =+ j0.618

P1, p1*
(5.42)

These pole positions are compared to the pole positions for the two-
pole maximally flat function in Fig. 5.17, from which it can be observed
that the magnitude of the linear-phase function

Max, flat decreases more gradually beginning at slightly
_ N lower frequencies than does that of the maxi-
:3'1?::; > mally flat function. The approximately equal

vertical spacing between the poles is like that
of the heuristic function discussed before.

The example given here ig a very simple one;
however, the method is general and can be ap-
plied in exactly the same manner for more com-
plex all-pole functions or for functions contain-
ing both p-z.

One final linear-phase function of considerable
importance makes use of the Taylor approxima-
tion to the ideal brick-wall phase function 6, =
—aw. The mathematics is quite similar to that employed for approxi-
mating the brick-wall amplitude characteristic. Although the procedure
to be outlined is useful for functions having both p-z, we shall restrict
our interest to one example, that of a three-pole function. However,
the methods to be demonstrated are general.

Ideally, the phase shift should be 8; = —aw. Then

Fig. 5.17. Comparison
to the maximally flat
function.

— = —q (5.43)

and all higher derivatives of 6; are zero. The unnormalized three-pole
function can be described by

1
1+ byp + bap® + bsp®

F(p) = (5.44)
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from which 6y, its phase angle, is given by

6, = tan~! ( b — b3w3) (5.45)
= tan — .
? 1— b2w2
and
@3 L ( 1 + w?(biba — 3b3)/by + w*(babs/b1) ) (5.46)
do "\L 4 20,2 — 2by) + o (bs? — 2bibg) + g2/

Clearly, in order that eq. 5.46 approximate eq. 5.43, it is first neces-
sary that b; = a. For a first-order maximally flat phase angle, the co-
efficients of w? in numerator and denominator of eq. 5.46 must be equal.
This gives

bibs — 3bs

= b12 - 2b2 (547)
by

For a second-order maximally flat
phase angle, we must have in addi-
tion

bobs

by

= b22 - 2b1b3 (54:8)

Let us normalize toa = b; = 1
Then solving for by and b, the trans-
fer function becomes

1

1+ p + 0.4p% + 0.0667p%
(5.49)

Let us now unnormalize so that
the coefficients of the highest and o 510 Maximally fiat amplitude
lowest powers of p are unity. It and phase functions.
should then be easier for the reader
to compare the results to the maximally flat three-pole transfer function.
We get

Amplitude

F(p) =

1

T 24050 T 24357 1 3P (Max. flat phase)
A465p A43p* + p
F(p) = (5.50)

1
(Max. flat amplitude)
L+ 2p + 2p* + p?

The poles of eqgs. 5.50 are sketched in Fig. 5.18. Again notice the
approximately equal vertical spacing of the poles of the maximally flat
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phase function. The half-power bandwidth of this maximally flat phase
function is, of course, somewhat less than unity (about 0.71).

5.6 Quasi-distortionless functions

The ideal exponential all-pass transfer function has unity gain for all
frequencies and a phase angle that increases negatively and linearly with
frequency. Expanding the negative exponential in a power series gives

1 1
el = — = (5.51)
T 14 pT + (pT)%/2! 4+ (pT)3/31 +---

If the higher terms of this series (pT)"/n! = (juT)"/n! are small
compared to the lower terms over the frequency range containing signal
components of interest, then an approximation to the ideal exponential
valid at the lower frequencies is had by retaining only the first few terms
of the expansion. The first-order approximation is

1
14 pT

which is a simple one-pole low-pass transfer function having a bandwidth
of 1/T. The second-order approximation is

1
1+ pT + (pT)%/2

which is a two-pole function that also is the maximally flat amplitude
function with a half-power bandwidth of (2)”%/T. The third-order
approximation is

(5.52)

(5.53)

1
1+ pT + (@T)*/2 + (pT)3/6

which is a low-pass funcetion having a slight peak at high frequencies and
a half-power bandwidth of 2.16/T. The magnitude of eq. 5.54 is unity
at @ = 0 and also at w = (3)’%/T. The fourth-order all-pole approxi-
mation has a severe high-frequency peak and does not appear to be too
useful. Fifth- and higher order approximations are useless because they
have poles in the right half-plane. As will be discussed shortly, by ad-
mitting zeros the number of different and useful functions is considerably
increased.

When an input signal is subjected to the ideal exponential transfer
function exp (—pT), it is simply delayed by a time 7" without suffering
distortion of any kind. Therefore, the approximation to the exponential
can be expected to furnish a delay of T seconds to any complex input

(5.54)
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signal. As long as all the important components of the signal occur at
frequencies well within the bandwidth of the function, the signal will
not be appreciably distorted in passing through the network. For this
reason, the approximations to the exponential just given are called
“quasi-distortionless” functions, or more simply, Q-D functions. The
first two approximations we have obtained give us nothing new, al-
though a different criterion for arriving at the two-pole maximally flat
function is demonstrated. The third-order approximation is a different
and useful function.

If a transfer function e®” could be realized, the output from the net-
work would lead the input by a time 7 seconds; in other words, the net-
work would be able to predict what the input will be some time in the
future. However, an approximation to ¢®” is a transfer function con-
taining only zeros, which is not permissible as was demonstrated in
Chap. 3. Therefore (and as intuition dictates), the ideal predicting net-
work cannot be realized. We can, however, find value in Q-D functions
containing both p-z with the number of poles equal to or larger than the
number of zeros. To do this, we approximate the function ¢®” times
e P If we make T larger than 7, the network will give a delay of
T — 7 seconds, whereas if we make r larger than 7, the network will
give a “prediction” (a lead) of r — T seconds.

Of course, no network can give an output before an input is applied.
The mechanism of prediction with Q-D functions is one in which the
network measures the value and first few derivatives of a confinuous
type of input signal and combines these measured values in the proper
manner to extrapolate the value of the input into the future.

The general approximation to the Q-D function is evidently

P (T — 7)2p2
e = p—(T=Dp — 1 . — - LT ..
77 e 1—(T—-7p+ Y + (5.55)

Given some function consisting of the ratio of two polynomials in p,
we must seek to expand the function in the form of eq. 5.55 and then
equate the coefficients of the powers of p. Let us take a general rational
transfer function as

Ltap+-+ap™ 14 Pilp)
14+ b+ -+ bup™ 1+ Py(p)

Fip)=H (5.56)

in which we have defined the polynomials P; and P; and where the gain
is finite at zero frequency.
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If Py(p) = Py(jw) i1s smaller than unity over the range of frequencies
occupied by the signal passing through the network, we may employ
the expansion

1

1tz

=1Fz4+2FB4+22F. - (5.57)
to obtain
F(p) = H1 + P)(1 — Py + Py — Py® +--+) (5.58)

Substituting the polynomials for Py and Py in eq. 5.58 and collecting
the coefficients of the powers of p, we get

F(p) = H(1 — (by — a)p + (az + b, — a1by — bo)p”
— (b3 + b® — 2b1by — a1h® + a1bs + axby — a3)p?
-+ higher powers of p] (5.59)
Immediately, we see by comparing eqs. 5.59 and 5.55 that
by —ay =T —1 (5.60)
Therefore, a transfer function that is finite at » = 0 can always be written

L+ mp + agp® + agp® 4+ - -

F =
® Ty b 4 b

(5.61)

Consider the function having one pole and one zero. The pole and
zero of this function arranged to provide lead and delay are shown in
Fig. 5.19. These simple functions should be quite familiar by now and
have been shown to be related to the Q-D concept.

b |

(a) (b)

)
x*
x

Fig. 5.19. Simple delay and lead functions.

With more than one pole and one zero, the approximation to the ex-
ponential can be improved. For example, consider a function having
one zero and two poles. Comparing egs. 5.55 and 5.59 and setting
ay =1,by=T,ay=0a3=--- =0,and bg = by = --- = 0, we get by
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comparing coefficients of p*
b2 — ahy — by = (T — 1)%/2 (5.62)
which can be solved for by to give
by = (T? — 7%)/2 (5.63)
The resulting transfer function is

1+
14 Tp + [(T? — )p?/2

F(p) = (5.64)

For T > 7, this function is the maximally flat shunt-peaked function,
which is as good an approximation to the exponential as is the two-pole
no-zero Q-D function. For r = 0, it reduces to the two-pole Q-D func-
tion (which is also maximally flat). For 7 > T, the function cannot be
exactly realized. Then, 72 — 72 must more or less arbitrarily be taken
positive. As a prediction network function, this function is no better
than the simple arrangement of Fig. 5.196. In general, a Q-D predic-
tion function can be made no better an approximation to the exponential
than the number of terms in the numerator of the approximating fune-
tion (the number of zeros) permits. As a delay function with or without
zeros, the approximation to the exponential can be made no better than
the number of terms in the denominator of the approximating function
(the number of poles) permits. In either case, of course, the function
must be stable, which means that the poles must all lie in the left half-
plane. A delay function with zeros can be a better approximation to
the exponential than one without zeros because the function can have
more than four poles and still be stable.

If the expansions defining the general Q-D function having m zeros
are followed through, it is found that the first m coefficients in both
numerator and denominator separately follow the expansion for the ex-
ponential. As an example consider eq. 5.65, which is that of a Q-D
funetion having three zeros and five poles

1+ 4 (10)%/2 + (rp)%/6
14 Tp + (Tp)*/2 + (Tp)%/6 + byp* + bsp®

Flp) = H (5.65)

For delay networks, only the coefficients by and b5 need be determined
by comparing the series expansions of egs. 5.55 and 5.59. For lead net-
works, by and by must be taken more or less arbitrarily to give reasonable
pole locations.
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Example p-z plots of delay Q-D transfer functions are shown in Fig,
5.20. Realizable Q-D lead functions are shown in Fig. 5.21.

®
x

Fig. 5.20. Q-D delay functions.

The ideal differentiating network has a transfer function of simply p.
Unfortunately, this function cannot be precisely realized. A practical
function is one where the ideal derivative function is followed by a Q-D

()]

x

Fig. 5.21. Q-D lead functions.

function to give a network whose output is a delayed or predicted value
of the derivative of the input, as exemplified by the Q-D functions shown
in Fig. 5.22. (As a general rule, any low-pass function plus a zero at the
origin is an ideal derivative network in cascade with a delay network.)

X
——— ——x———w— —X—ea2—- —-x————o—ea—-
X X ©
X
() (b () @)

Fig. 5.22. Derivative functions. (a) and (b) With delay. (¢) Second derivative
with delay. (d) With lead.
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5.7 The method of trial and error

Perhaps the most powerful and certainly the most general method of
function design is that provided by trial and error. This method is not
at all restricted to low-pass functions; its main value is in the design of
equalizing functions. Because of the phasor interpretation of the p-plane,
many reasonable amplitude or phase functions can be designed by manip-
ulating a few p-z over the p plane. In doing this manipulation, enough
p-z should be used to provide the basic requisites of the desired transfer
function such as the off-channel rejection, flatness of band, and so forth.
Of course, the basic laws of functions must be obeyed: that is, p-z must
oceur as complex conjugates if complex; no poles can occur on or to the
right of the jw axis; and there must be the same number or more poles
than zeros, usually more. In addition, if nonminimum-phase functions
are not desired, no zeros can occur on or to the right of the jw axis.

It must also be remembered that, since the amplitude function of a
minimum-phase network specifies the phase function, it is not possible
to approximate independently both phase and amplitude with minimum-
phase functions.

The reader should not minimize the power of the trial and error
method. There is a tendency to look down upon it because it does not
take the form of a mathematical nicety. Such a viewpoint is not at all
justified. The main disadvantage of the method of trial and error is
that caleulations may become somewhat tedious, although analog com-
puting (as with an electrolytic tank) can ease the tedium considerably.

Problems

1. Explain why an infinite number of poles is needed in order to give the ideal
brick-wall function.

2. Prove that the first 2n — 1 derivatives of 1/(1 + «*") with respect to w are
zero at w = 0.

3. Plot 1/ + «®* forn = 1, 2, 3, 4, and 5.

4. Obtain the pole locations for a maximally flat three-pole function having a
bandwidth B. By equating coefficients, determine the element values of the circuit

A o +
& w Lo L 2

Fig. P.4.

of Fig. P.4 in order that the transfer function be maximally flat and have a bandwidth
B; that is, determine €4, Ce, and L in terms of By, Ry, and B. It is helpful to normal-
ize one of the resistors to unity.

5. Referring to Prob. 4, find Cy, Ce, and L when By = Ry = 1K and B = 1 mes.
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6. Determine L and C for the two-pole network of Fig. P.6 in terms of R;, Rs, and
B in order that the transfer function be maximally flat.

v vUY +
R, L
€ o=C RS e
Fig. P.6.
7. Given the function
1+ ap

1 + bip + bop? + bap?

determine the relations between the coeflicients in order that the function be maxi-
mally flat. Do not assume any of the coefficients to be zero.
8. Repeat Prob. 7 for the function

1 + a?p?
1 + bip + bap?® + bsp?

and plot the locations of its p-z for @ = 0.5 and b3 = 1. Also, sketch the amplitude
and phase as functions of frequency.

9. Determine the element values for the cireuit of Fig. P.9 in order that its input
impedance be the maximally flat function of Prob. 8. (Note: This circuit cannot be
made to realize all values of the coefficients.)

o — T 1

L
1 TCl TCZ
o

Fig. P.9.

10. Determine Cy, Cq, and L for the circuit of Fig. P.10 in order that its transfer
function be the maximally flat function of Prob. 8. (Note: This circuit cannot be
made to realize all values of the coefficients.)

Fig. P.10.

11. Derive the bandwidth-narrowing equation for the shunt-peaked circuit for
8 = 1 and also for & = 1.554.

12, Draw curves for By /B (bandwidth narrowing) for all-pole maximally flat fune-
tions with one, two, three, four, and five poles and for a few values of ¥ in the region
1 to 10.

13. Determine the pole locations for a maximally flat three-pole function with
B = 1. Then, determine the pole locations for a three-pole Chebyshev function hav-
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ing the same half-power bandwidth and for ¢ = 0.1, 0.2, and 0.3. In each case, form
the transfer function as a polynomial and evaluate the coefficients.

14. Evaluate the circuit elements of Fig. P.14 in order that the transfer function
be a Chebyshev function with a half-power bandwidth of unity and for ¢ = 0.1.
Compare the values of capacitance to those for the maximally flat function having
the same bandwidth.

OO
L +
io( ;: [ :ll: C. 1S e
Fig. P.14.

15. Using the results of Prob. 14, obtain elements of the network such that the
bandwidth is 8 mes and has the largest possible terminating resistance. Assume that
the minimum permissible values of C1 and Cg are 5 and 10 puf respectively.

16. Making direet use of the Chebyshev polynomial for n = 3 and for ¢ = 0.05,
determine by equating coefficients the values of Cy, C2 and L such that the circuit of
Fig. P.14 will have a tolerance bandwidth of 1 radian.

17. Determine the pole locations for a three-pole function designed to approximate
both the gain and phase characteristies of the brick-wall function. Use a bandwidth
of about 1 radian.

18. Determine the coefficients and pole positions of the function

1
1 + bip + bap® + bsp?

in order that its phase approximate that of the exponential. Take the 90-degree
phase-shift frequency as unity.

19. Determine the p-z of the shunt-peaked function when the slope of the phase
function of frequency is zero at @ = 0. Sketch the magnitude and phase angle of the
resulting input impedance and plot the locations of the p-z. (8 = 1.554.)

20. Use the method of trial and error in order to determine the p-z locations for a
low-pass function having a bandwidth of unity, frequencies of zero gain at 1.5 and 2,
approximately a brick-wall gain function in the pass band, and a gain falling off
inversely as the square of frequency at very high frequencies. Use the minimum pos-
sible number of p-z. Sketch the gain characteristic of the resulting function.

21. Obtain the coefficients for a Q-D delay function having one zero and three
poles.

22. See if you can obtain relationships between bandwidth and delay time for one-,
two-, three-, and four-pole maximally flat functions. It will be necessary to use the
number of poles 7 in this “rule of thumb’ relationship.

23. Determine element values for the cireuit of Fig. P.14 in order that its transfer
function be the three-pole Q-D function having a bandwidth of unity. Plot the mag-
nitude of the transfer function against {frequency. Compare element values to those
obtained when the transfer function is maximally flat and has the same bandwidth.

24. Find the element values for the circuit of Fig. P.24 when the input impedance
has maximally flat amplitude, maximally flat phase, exponential linear phase, and is
Q-D. Normalize so that the half-power bandwidth is the same for all four cases.
Tabulate results and include a comparison of the pole and zero locations.
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o—

Fig. P.24.

25. A maximally flat function of unity half-power bandwidth has two poles. De-
termine the step-funection response and plot.

26. Move the two poles of the function of Prob. 25 in by multiplying their real
parts by 0.9. Determine the amount of ripple, the bandwidth, and the increase in
gain. Plot the step-function response with gain normalized to give the same final
value as in Prob. 25.

27. Repeat Prob. 26 after moving the maximally flat poles out by multiplying their
real parts by 1.2.

28. Compare the step-function response of Probs. 25, 26, and 27. Discuss and
generalize. In particular, note the relative amount of overshoot and determine the
relationship between rise time and bandwidth.



An Introduction

to Modern Synthesis

Some topics from advanced network theory are important in the de-
sign of practical vacuum-tube and other networks. In particular, a
simplified version of the Darlington synthesis and related procedures
are of sufficient value to warrant treatment in some detail. This requires
a study of general procedures for specifying input immittances.

Any realizable transfer function which has zeros, if any, that reside
only on the jw axis can be realized with a ladder network containing
only inductance and capacitance (and sometimes mutual inductance)
which is terminated in a single resistance. The proof that such a net-
work exists (which will not be given here) is one of the most important
results of modern theory.

Modern network synthesis is an exact process in that it attempts a
precise realization of a network function. This can be contrasted to
“classical” (or “conventional”) filter design (to be treated in the follow-
ing two chapters) which obtains filter circuits having characteristics sub-
ject to certain idealizations, the resulting physieal filter often having a
behavior which is only an approximation to that given when the ideali-
zations hold.

6.1 Synthesis of more general input immittances

Several different procedures exist for finding a network that obtains a
physically realizable input immittance. We have already treated net-
works which consist of only two kinds of elements, that is, R-C, R-L,
and L-C. It is now our purpose to consider the realization of input im-
mittances to networks containing R, L, and C.

Of all theorems regarding input immittances, the most important
from a practical standpoint comes from 8. Darlington. The theorem
states that the input immittance of any physical bilateral network can
always be realized as the input immittance of a four-terminal network
containing only L, C, and M (dissipationless) which is terminated in a
single resistance. This is a most remarkable theorem which we shall not

177



178 Circuit Theory and Degign

attempt to prove here. In pictorial form, it means that any positive-
real input immittance can be realized with the circuit of Fig. 6.1.

A general Darlington network is a ladder which may contain four
different types of “sections,” two of which require mutual inductance.
We shall not consider the more complicated structures but will restrict

[ SNE—

Z. —> L CM R

n

o Smmm—

Fig. 6.1. The dissipationless four-terminal network.

ourselves to those containing only L and C. This means that trans-
formers will be included only if they can be replaced with their T or pi
equivalents containing positive inductances. With this restriction, most
Darlington networks have the form of Fig. 6.2, where each box repre-
sents an L-C network. The first and/or last boxes may be missing so

LC @ ..._i:l_
> [zd [2d] T .

O X

Fig. 6.2. The dissipationless L-C ladder network.
that the beginning and/or ending elements are in shunt rather than in
series. Although each box may represent a very complicated L-C net-
work, some of the most practical networks contain individual boxes

having one of the forms indicated by the circuits of Fig. 6.3. If a prob-
lem cannot be solved with the boxes of Fig. 6.3 or series and parallel

[
[

Fig. 6.3. Types of elements in the L-C ladder network.
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combinations of such simple networks, it is necessary to use the more
complex Darlington sections and hence refer to sources other than this.

By far the most important network is one like that of Fig. 6.4 (or the
band-pass, high-pass, or band-elimination equivalent), or in the same
category by virtue of the fact that each shunt and series box contains

I e R e |
T T T ...T T T

Fig. 6.4. Most used L-C low-pass ladder network.

only a single L or . As an example of obtaining such networks, con-
sider eq. 6.1, which can be assumed to represent a given input admittance

PP+ 2p+1
P+p+1
Let us try a continued-fraction expansion starting with the highest
power of p. We would not start with the lowest power in this case be-
cause that would indicate a resistance at the beginning rather than at

the end of the network which, we shall assume, is not desirable for this
particular synthesis task. We get

Y

6.1)

1
Y =pt—— 6.2)
P

which is meaningful and is given by the network of Fig. 6.5.

T _l_

1h

Y—> 1Q

Tlf
O

Fig. 6.5. Realization of a simple ladder.

1L
L1
-
o

The simple continued-fraction expansion does not always work, par-
ticularly when certain combinations of L and C occur in adjacent shunt
and series arms. Numerous trials may have to be made in order to de-
termine whether division of the remainder must be done starting with
high or low powers of p. The important thing is for the expansion to be
meaningful. If the expansion cannot be made to terminate or if nega-
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tive terms are given, the simple method described here cannot be used.
The example of egs. 6.3, which is a ladder but which is not a Darlington-
type network, indicates some common trial and error procedures

Z_2ﬁ+3ﬁ+ap+1_ 1
o+l P o 2+ 1
PP+p+1
- 1 N 1
TP T o T 4 1
14p+p? P+op+1
P+ p
(6.3)
- 1 - 1
=P -~ - =p - -
1+p+9p° 1 1
—2. _+__
P+ p p+1
1,1
1
ol
P

It is easy to see that the impedance of egs. 6.3 can be realized with the
circuit of Fig. 6.6.

It is possible to test the validity of a continued-fraction expansion as
the design progresses by studying the remainder after each division. If

oI — it
1 1
Z—> 1 1 1
o—

Fig. 6.6. Realization of a simple R-L-C impedance.

the process is to give a physical ladder network, each remainder must
represent a realizable input immittance; that is, the remainder must be
positive real.
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Perhaps the most important class of networks, always capable of
having its input impedance expressed as a simple continued-fraction
expansion, is the ladder network with series L arms and shunt C arms.
The transfer function of such networks, when driven with either an ideal
or practical voltage or current generator (with resistive source imped-
ance, if any) and when terminated in & finite or infinite resistance, will

TR

Fig. 6.7. All-pole L-C ladder networks. (a) Two poles. (b) and (¢) Three poles.
(d) Five poles.

ll

always show N poles and no zeros, where N is the total number of in-
ductors and capacitors in the network. The element closest to the gen-
erator and/or the load may be either a series L or a shunt C. Examples
of such networks are shown in Fig. 6.7. (Note that the networks of
Figs. 6.7b and ¢ are duals.) With their use, any one of a variety of all-
pole transfer functions may be realized.

6.2 A more general synthesis of L-C ladder networks

The general ladder network not containing mutual inductance con-
tains series and shunt ladder arms that are two-terminal L-C networks.
Thus, each arm is an immittance function having p-z only on the jw
axis which obey the separation property, and so forth. If the arms of
the ladder are fairly complicated, any one of several different L-C net-
works may be used to represent each ladder arm, that is, one of the four
canonical forms or some combination of these forms. For the purposes
of the present analysis, let us represent each shunt admittance of the
ladder with the canonical form of Fig. 6.8¢ and each series impedance
with the form of Fig. 6.8b. After the synthesis procedure is complete
and the network obtained, different canonical forms may be obtained
for the various series and shunt arms of the ladder if desired. The
method we shall present here does not always work, even when the net-
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work can be found as an L-C ladder network. However, it does work in
many practical cases.

The synthesis procedure is started by expanding the input admittance
of the network of Fig. 6.9 into partial fractions. Several of the terms
of this expansion may represent the admittance Y. If ¥, =0, the
partial-fraction expansion for the input impedance rather than the ad-

— it

eee o

e e O s0 e

(@) (b)

Fig. 6.8. Assumed structure of the ladder arms.

mittance should be made and the expansion would then have terms rep-
resenting the first series arm of the ladder. In order to describe the
procedure, it will be assumed that Y, is not zero.

The poles and zeros of Y all lie on the jw axis and are simple. The
poles (but not the zeros) of Y;, may contain those of ¥,. Hence, the
terms of the partial-fraction expansion representing ¥, may be those of

e, Z, I Z, ~ sooe
v Ol 7O O g
in in in
C,— L2

Fig. 6.9. A more general L-C ladder network.

Y, that show poles on the jw axis. Thus, the terms of the partial-frac-
tion expansion relating to poles on the jw axis can be chosen for Y; such
that the sum of the rest of the terms of the expansion for Y, represents
a realizable input admittance.

This completes the first step of the synthesis in that the first shunt
arm Y; has been determined. Next, the remaining term of Y, Yi, —
Y, is changed to a rational fraction which is then inverted to obtain the
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impedance Z;,’. This impedance is expanded into partial fractions.
The terms of Z;,’ showing poles on the jw axis may belong to Z,. Hence,
the terms representing Z, can be extracted {from the expansion in order
to determine the structure of Z,. Then, the inverse of the new remain-
der Vi = 1/(Zi/ — Z3) is expanded into partial fractions and the
process is repeated. This step by step evaluation of the arms of the
ladder is continued until it (hopefully) terminates in a resistor at the
end of the network.

As a very simple example of the procedure just outlined, consider the
admittance function of eq. 6.4. This

_ @ Hp+l
@+ De+1

function has poles on the jw axis but no zeros on the jw axis; hence, the
leading arm of the ladder is a shunt arm and we expand Yy, as

(6.4)

in

3 3 1 P

Yin: R + = +
p+i p—J7 p+1 pP+1 p+1t

(6.5)

Had there been zeros of Yi, on the jo axis rather than poles, the input
impedance rather than the admittance would have poles on the jw axis
and Z rather than ¥ would be expanded.

The term p/(p® + 1) represents the admittance of a series-resonant
cirecuit. Hence, the network can be drawn as in Fig. 6.10a. The re-

(a) )
Fig. 6.10. Realization of an L-C network.

mainder is 1/(p + 1) which is Yi,’. The impedance Z;,' is p + 1, which
is that of a series coil and resistor. The complete network is shown in
Fig. 6.10b.

When an immittance expression has no poles or zeros on the jw axis
at finite frequencies, a modified and simpler procedure is sometimes
applicable. If the expression for the input impedance has a numerator
that is of higher degree in p than the denominator, the partial-fraction
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expansion will have a term Lp, which represents a series L. Similarly,
if the numerator of an expression for admittance is of higher degree in p
than the denominator, the partial-fraction expansion has a term Cp,
which represents a shunt C. As far as this one term of the expansion is
concerned, the partial-fraction expansion is the same as the continued-
fraction expansion and the rather tedious task of finding the complete
partial-fraction expansion in order to find the value of this particular
L or C can be avoided.

When a term Lp or Cp appears in a partial-fraction expansion, the
funetion goes to infinity at infinite frequencies and it can be said that the
function has a pole at infinity, assuming that infinity lies on the jw axis.
In an analogous manner, a function having a zero at infinity is one whose
value is zero at infinite frequencies, which occurs when the denominator
of the function is of higher degree in p than the numerator. The recipro-
cal of a function having a zero at infinity is a function having a pole at
infinity. If the notion of poles or zeros at infinity is adopted, it is evident
that all rational functions have equal numbers of p-z.

It is easy to see by inspection when an immittance has a pole at the
origin. If an impedance has a pole at the origin, there must be a capaci-
tance in the series arm of the latter. If an admittance has a pole at the
origin, there must exist an inductance in the shunt arm. The value of
L or C may be obtained by writing the partial-fraction expansion only
for the term 1/p and the remainder, the complete expansion not being
required. If an impedance has a zero at the origin, the admittance has a
pole at the origin, which infers that the function should be inverted.

It is generally easiest to consider the complex-conjugate poles or zeros
of an input immittance funetion before the poles or zeros at infinite or
zero frequency.

As an example of the procedure which involves most of the considera-
tions so far mentioned, consider the impedance function of eq. 6.6

P+2+ 3"+ +1
P*+p° + 2p

Z(p) = (6.6)

This function has no complex poles or zeros on the jw axis. However,
it has poles at both p = 0 and p = jw. Thus, there exists either a C or
an L as the first series element and a choice exists allowing the designer
to make trials and pick the trial leaving a remainder that is realizable.
Often, two or more choices may lead to realizable networks. Then, dif-
ferent network realizations of the same impedance function may be
obtained.

Let us choose to use the idea of the pole at infinity. We get by divi-
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sion starting with the highest powers of p

p3+p2+p+1=p @+ DG+
PP+ +2p pP®*+p+2)

The second term of eq. 6.7 has a pole at the origin. However, it also
has complex zeros at p = 4-7, which take precedence. Complex zeros
of impedance are complex poles of admittance; thus, the function should
be inverted to give an admittance. Doing this and forming the partial-
fraction expansion, we obtain

Z(p) =p+ (6.7)

1

Zp)=p+——=p+—— (68

P p(p® + p + 2) P P_, P 68
@+DE*+1) PP+1 p+1

The term p/(p® + 1) is the admittance of a series L-C circuit in shunt,
which determines this arm of the network.

The admittance p/(p + 1) has no complex p-z and no pole at infinity.
It does have a zero at the origin; hence, its inverse (p + 1)/p is an im-
pedance having a pole at the origin and thus there must be a capacitance
in the next series arm. Finally

1
Zp) =p+ ———— (6.9)
P 1
2
+1 1
iz L
P
which is given by the network of Fig. 6.11.
oV I
1

1
Z—> 1%
1
o T

Fig. 6.11. An additional input impedance realization.

In obtaining an L-C ladder network, the poles at p = 0 and at infinity
and the complex poles on the jw axis furnish the key, with complex poles
taking precedence for greatest simplicity. After looking for poles on the
jw axis, poles at infinity should be considered. Zeros at the origin, in-
finity, or on the jw axis indicate that the function should be inverted so
that the zeros become poles.
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The method for obtaining networks as described in the foregoing is
not general and in many instances will not give any realizable circuit
even though some L-C ladder network does exist. In this regard, the
reader should study the network of Fig. 6.12. If the expression for the
input immittance is written (with numerical values) and an attempt is
made to synthesize from these data as has been described up to now,
failure will result. The synthesis procedures that do exist for the solu-
tion of such networks are too involved to consider in this very brief

__."__.

1
o= £1LA
_l. 1
Y —> Tl == 1
o

Fig. 6.12. A network yielding some new synthesis problems.

presentation, although we shall say something about the methods as
applied to relatively simple cases.

Suppose an input impedance is given for which a Darlington-type
network is to be found, for example

3p° +2p° +2p + 1
Y(p) = 6.10
® 2’ +p+1 (6.10)

This function has no complex poles or zeros on the jw axis or at zero.
However, it does have a pole at infinity; that is, the numerator is of
higher degree than the denominator. Dividing the denominator into
the numerator, we get

3 ®%/2) + (p/2) + 1
Y(p) —2p+ P S

(6.11)

which has a remainder that does not have poles or zeros anywhere on
the jw axig, including zero and infinity. It looks as if we are stuck.
Therefore, let us try something different.

The term 3p/2 represents a 3 f capacitor in shunt at the input to the
network. Perhaps it would be better if this shunt capacitor were not
quite so large. Therefore, let us divide such that there is obtained some-
thing less than 3p/2, in particular, zp where z is to be determined.
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Therefore, we try division as
zp
2p2+p+1' 3p°+ 202+ 2p+ 1
2xp® + xp® + ap (6.12)
B—20)p°+ 2 —-2p*+2C—2)p+ 1

which gives
— 22)p® 2 — a)p? 2—z
Y(p)=xp—|—(3 )D +(2 2 ¢ p+1 (6.13)
2" +p+1
If we are able to do anything with the remainder, it is necessary that
poles or zeros appear somewhere on the jw axis. Since the idea of the
pole at infinity does not work here and since nothing can be done with
the denominator of the remainder, let us choose an z such that the nu-
merator factors to (ap + 1)(bp® + 1) so that a pair of zeros appears on
the jw axis. Comparing the coefficients of the assumed numerator poly-
nomial abp® + bp? + ap + 1 and the numerator of the remainder of
eq. 6.13, we find x = 1. Therefore

@+ D+ .
Yp)=p+ ———— (6.14)
2p+p+1
From here on, the road is more familiar. We invert the remainder of
eq. 6.14 and expand into partial fractions to get

1 1
Yp)=pF———-—--—-=p+ ———— (6.15
W =rtm o P I (6.19)
@*+ D+ 1) PP+1 p+1

which is the input admittance of the circuit of Fig. 6.12.

6.3 A special L-C ladder synthesis
For regular L-C ladder networks of the types shown in Fig. 6.13, it
is possible to obtain compact equations for the element values in terms
of the coefficients of the powers of p of the input impedance or admit-
tance expression. Let it be assumed that
ONCTARRE L ek = S S A
B bn—«lpn 1 + bn—2pn 2 + Lt + blp + bO
is the input immittance expression for the networks of Fig. 6.13. It is
further assumed that all the coefficients a; and b; are known. It will be
necessary that the immittance expression truly represent the regular

(6.16)
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L-C ladder network terminated in a resistor if what we are about to say
is to be valid. The element nearest the input end of the ladder may be
either a shunt capacitor or a series inductor. Similarly, the element
nearest the terminating resistor B, may be either a shunt capacitor or a
series inductor. The number n, which may be either odd or even, is
the total number of inductors and capacitors in the network. Clearly,
G5 (or Bs) = ag/by is the value Y, (or Z;) at w = 0.

OC_J_ f?)}j?lcl fczc\ _L R
L1 [0 T%

L, _I_ L, _I_
Tk s A
Oo— + l 7 + cse
Z, Y, Zy Y,
%)
Fig. 6.13. Regular L-C ladder networks.

The first term of the continued-fraction expansion gives the capaci-
tance C; (or the inductance L;) as

On

Cy (or L) = - (6.17)

n—1

which is a value that can be determined by inspection. Once C; has
been found, we can form

1 B
Y1 - pCl B A — pClB

Zy = (6.18)

(For simplicity, we shall assume that the leading element is a shunt
capacitor from here on. If the circuit actually has a series inductor as
a leading element, the method of analysis is essentially the same as that
developed here.) The expression for Z; has a numerator that is of highest
degree n — 1in p. If the leading term of the continued-fraction expan-
sion of Zs is to give the element Lg, then the highest degree of p in the
denominator must be n — 2. Thus, the coefficient of p*, a, — C1bn_y,
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and of p* 1, a,_1 — C1b,_s, must both be zero. This gives an alternate
equation for C; as
ap—1

C, = (6.19)

bn——2

The value of Ly, as determined from the leading term of the contin-
ued-fraction expansion of Z,, is therefore

L ba-t (6.20)

g = —————— .
ap—3 — Ciby_3

After determining C; and Ly, we may form

1 1
Y = =
® Zy—pLy [B/(4 — pCiB)] — pL,
A — pC B

B — pLy(A — pC1B)

(6.21)

The numerator of Y is the same as the denominator of Z;. There-
fore, the highest power of p in the numerator that does not have a zero
coefficient is p 2. If the leading term of the continued-fraction expan-
gion of Y3 is to give the capacitance Cz, then the coefficients of all
powers of p in the denominator of eq. 6.21 above p"~2 must be zero.
From this requirement, we get an alternate equation for L, as

ba_
Ly=— 2 (6.22)
On—3 — Cibny4

and the continued-fraction expansion gives
an—s — Cibp_3

Cs; = (6.23
: brg — Lo(ap-1 — Crbn—s) )

If we continue in this manner, we find regularity clear enough so that
the general expression for C can be written

Denominator of expression for Ly_

Cy = - - (6.24)
(Denominator of Cp_s (Denominator of Ly_;
with subseript num~ — L;_; with subscript num-
bers decreased by 2) bers decreased by 2)

The expression for Ly is the same as eq. 6.24 if all the L and C symbols
are interchanged. The alternate expressions for the element values are
given by eq. 6.24 if all subscript numbers on a; and b; (not on L and C)
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are decreased by one, for example, ax_; — ar_s. (An alternate solution
does not apply to the element adjacent to the load Rs.)

For any practical network having a finite value of n, the equations
for the element values simplify considerably because a,_t = b,y = 0
for k > n.

As a specific example, let us find the elements of a three-pole network
terminated in Ry and with shunt capacitors C; and C3 adjacent to both
the input and load ends. Then

B asp® + aop® + arp + G

Y (6.25)
! bep? + bip + 1
We find
a @
¢, = B_
b b
by b1
Ly = —r = — 6.26
2= e TG (6.26)
Cs =0a — (4

where the alternate solutions show specifically what the relationships
between the coefficients a; and b; must be in order that the admittance
expression correspond to the regular ladder structure.

6.4 Real and imaginary parts of input immittances

Suppose the real part of a bilateral input immittance is given as data
and it is desired to find the complete expression for the immittance. A
method propounded by Gewertz not only permits this to be done but
also proves that the imaginary part is specified uniquely in terms of the
real part and conversely, except for an arbitrary reactance or suscept-
ance as will be discussed later.

Let an input impedance be given as the ratio of two polynomials in
P as
_AW® e+ ap+ ap®+---

Z(p) = = (6.27)
B(p)  bo + bip + bop® +- -
We can define even and odd parts according to
Ev B(p) = bo + bop® + bap* +- -+
(6.28)

Od B(p) = bip + bsp® + bsp® +- - -

It should be observed that for p = jw, Ev F(p) = Re F(jw) and
Od F(p) = j Im F(jw), where F(p) is any arbitrary polynomial in p.
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Also when p = jo, |B(p)® = B(p)B*(p), Ev B(p) = Ev B*(p), and
Od B*(p) = —O0d B(p). Thus, we can develop Z(p) as follows, where it
is assumed that evaluations are made for p = jw

Alp)  A(B*(p)  (EvA 4 0d A4)(Ev B* + O0d B¥)
B(p) B(p)B*(p) BB*

Z(p) =

_ (Ev A+ 0d 4)(Ev B — Od B)
B BB*

(6.29)

EvAEvB—0d 4 OdB+OdAEvB—EvAOdB
B BB* BB*

The first term is the real part of Z(p) at p = jw and the second term
is 7 times the imaginary part. Thus when the real part of Z(p) is given,
we can say

EvAEvB -~ 0dAOdB
Ev Z(p) = BE* (6.30)

Equation 6.30 is one showing quadrantal symmetry; hence, the poles
of Ev Z(p) are those of Z(p) plus their negatives. Consequently, we
select only those poles of Ev Z(p) that appear in the left half-plane as
those belonging to Z(p), in which case the determination of the poles of
Z(p) knowing only the real part of Z(p) is complete.

The given data are assumed to be

co + cop® + eap* -
Ev Z(p) = 6.31
T Y A T (631

which must be equal to eq. 6.30. In particular, the numerator of eq.
6.30, with substitution of values from eq. 6.27, must be equal to the
numerator of eq. 6.31. Thus

co+ cop® ++-+ = (@ + asp® + - )(bo + b2p® +- )
— (ap + agp® + - )(bip + b3p® +--+)  (6.32)

In this equation, the ¢’s are given data. The b’s are determined from the
locations of the poles. This leaves only the a’s as unknowns, which can
be evaluated by equating the coefficients of the powers of p term by
term.
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Much of the preceding can be clarified by means of an example. As
given data, assume that

ReZ(jw) = 1/(1 + ?) (6.33)
or
Ev Z(p) ! L (6.34)
v = = .
P TIYs 0-m)0 -0 — 2 — 929

where P, is the negative of p; and p;* is the conjugate of p;. The poles
are those of a maximally flat function and hence are located on the unit
circle with equal angular spacing. The poles of eq. 6.33 are at

P, p1* = —1/(2)% £ j/(2)*%
po, P2 = +1/(2)% £ j/(2)”

It is obvious which poles belong to Z(p). Since Z(p) has only two
poles, there can be three zeros at most. Thus

A(p) a4+ a1p + agp® + agp®
(= p)(P — m¥ p*+ (2)%p + 1
The numerator of Z(p) is found by equating powers of p in eq. 6.32.
For that of p° co = aghg. But ¢y = 1 from the given data and by = 1

from eq. 6.36; thus ap = 1.
Equating coefficients of p?

Co = a0b2 + boag - a1b1 (637)

From the data, c;c = 0. From eq. 6.36, by = by = 1 and b, = (2)*%.
ay has already been determined as unity. Thus, eq. 6.37 becomes

0=1+a; — a;(2)% (6.38)

(6.35)

Z(p) = (6.36)

Equating coefficients of p*
C4 = Ggbg + agby + boay — biaz — bzay (6.39)

From the given data, ¢4 = 0. From the poles b3 = by = 0. For realiza-
bility, a, = 0. Thus, eq. 6.39 becomes

0 = as — a3(2)* (6.40)

Equating coefficients of p® and substituting values gives the relation
azbs = 0. This does not tell us much because we know bz = 0. Simi-
larly, equating the rest of the coefficients will not tell us anything. Ap-
parently, we have some choice in the matter in that a, @z, and az are
not uniquely specified. Let us assume that Z(p) cannot become infinite
at infinite frequencies. (The reason for this assumption will be ex-
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plained shortly.) Then, the number of zeros of Z(p) cannot be greater
than the number of poles, which requires that az = 0 and permits us to
determine a; and a, uniquely to give

p+ ()% )

7 =l%<“
W= &\ e 1

(6.41)

which is the input impedance of the shunt-peaked circuit of Fig. 6.14
having values of R, L, and €' causing it to be maximally flat with unity

bandwidth,
o YOG —
, l 0.707
Z,—> 1414 1

) T
O

Fig. 6.14. Network obtained knowing the real part of Zix.

For the foregoing example, a completely defined impedance function
could not be found from a knowledge of the real part without specify-
ing that the number of zeros could not exceed the number of poles. In
order to explain the reason for this, consider Fig. 6.15, which shows a

X’ o
Zir Vi
T O 7
O 7 v
(a) (b)

Fig. 6.15. Excess immittances.

reactance X’ or susceptance B’ external to the general immittance Z
orY., JetZ=R+jXand Y = G + jB. Then

Zin =R+ jX + X')
Yin =G +.7(B + B,)

(6.42)

It is apparent that R and @, the real parts of Zi, and Yi,, are entirely
unaffected by the presence of arbitrary reactive networks placed as
shown in Fig. 6.15. Thus the method of Gewertz can give the com-
plete impedance function from a knowledge of the real part only for
“minimum-reactance’”’ or ‘“minimum-susceptance’”’ networks, that is,
for networks such as those of Fig. 6.15 in which X’ = 0 or B’ = 0.
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If an impedance function of p contains more zeros than poles, the
denominator may be divided into the numerator to give a sum of two
terms, one of which represents a series inductance if the expression is
for an impedance or a shunt capacitance if the expression is for an ad-
mittance. These elements represent ‘‘excess reactance’” or “excess sus-
ceptance’’ respectively. Consequently, when applying the method of
Gewertz, the degree of the numerator of the immittance expression is
never assumed greater than that of the denominator. For the example
we treated, this means that az should be assumed to be zero. Then, a
unique minimum-reactance impedance can be obtained given only the
real part of the impedance.

6.5 Synthesis for an impedanceless source

Consider the network of Fig. 6.16. It is one driven with an imped-
anceless voltage source and terminated in a single resistance. The
transfer function is F(jw) = e,/ep.

e /,- End 1 End2| e, SR

Yin=GintiBy

Fig. 6.16. Network with ideal voltage generator.

The value of |e,[? is

leal? = FF*|eo|* = F(jw)F(—jw)|eof* (6.43)
The power in the load R is
Py =lex[’/R (6.44)
and that furnished by the voltage generator is
P = Ginleo|* = Re (Yin)|eo|? (6.45)

Since the network is dissipationless, the power furnished by the voltage
source must equal that dissipated in the load resistor. Hence, we may
equate eqgs. 6.44 and 6.45 and substitute for |e,|? from eq. 6.43 to obtain

Re (Yin) = Re (1/Zin) = FF*/R (6.46)

which is the equation of importance here. We design such networks by
first specifying the transfer function F. Then, the function FF*/R
having quadrantal symmetry is equated to the real part of the input
admittance. The method of Gewertz is then employed in order to find
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the complete expression for Vi, or Zin. Finally, the network is synthe-
sized as the input immittance of a network, as has been discussed.
Since the poles of FF* are generally known as part of the function de-
sign process, those of Y, are specified. It is only the zeros of Y, that
need be found.

The only word of caution is that FF* cannot be greater than unity at
o = 0, as should be obvious to the reader. In fact, FF* will be either
unity or zero at @ = 0 and nothing else, because inductors become short
circuits and capacitors open circuits.

Any susceptance in shunt with the ideal voltage generator of Fig.
6.16 will have no effect upon the transfer function; hence, it is only the
minimum-susceptance network that is of interest as given by Gewertz’s
method.

A similar procedure applies when an ideal current generator drives
the network as in Fig. 6.17a. The solution for the transfer function of

i / End 1 End2| e, =R

I .
Zin=Rin+JXin

(a)

i R End 2 End 1 e,

&

Fig. 6.17. Network with ideal current generator.

the network of Fig. 6.17a also applies to the network turned end for end
as in Fig. 6.170. In this case, let the transfer function be a transfer
impedance defined by F(jw) = e,/%. Then

len|? = FF*|iy|? (6.47)
The power in the load Ry is
Pa = |ea?/R (6.48)
and that furnished by the current generator is

Pin = Rinlio|?> = Re (Zin) | %0]? (6.49)
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Since the network is dissipationless, P, and P;, must be equal. Thus,
equating egs. 6.48 and 6.49 with the aid of eq. 6.47

Re (Zw) = Re (/Y1) = FF*/R (6.50)

As in the case when the source is a voltage generator, FF* must be
equal to either R? or zero at w = 0.

If the current 7 is given by 7y = gey where g is finite, and the transfer
function is @ = e,/eg, the relation becomes

Re (Zin) = Re (1/Yiy) = GG*/¢°R (6.51)

Since a reactance in series with the current generator will have no
bearing on the transfer function, it is only the minimum-reactance net-
work that is important.

6.6 The general Darlington network

Consider Fig. 6.18a, which shows a source and source impedance and
a dissipationless network terminated in a resistance. The transfer
function can be defined as

ex/er = F(jw) (6.52)

which is also the transfer function of the network of Fig. 6.18b except
for a constant multiplier given by a relation containing R; and R,.

VWA
Rl
e, Z;,, —> End 1 End 2
(a)
W
R, +
€ End 2 End 1| e, R,

(b)
Fig. 6.18. Darlington network with resistive terminations.
The maximum possible power into the network from the voltage

source € for the circuit of Fig. 6.18a is given when Zy, is the complex
conjugate of the source resistance B;. Then

(P])mgx = !31 12/4R1 (6.53)
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in which effective values have been assumed. Peak values could also
be assumed without any change in the final results. The power given
by eq. 6.53 is often referred to as the “available’” power.

The power P, in the load resistor R, is the same as that into the net-
work P, because the network is dissipationless. Thus, the maximum
possible power in R, is

(Pz)max = lez |2/R2 = 161 |2/4R1 (654)

Placing eq. 6.52 in eq. 6.54, the maximum permissible value of FF* is
obtained as
(FF*)max = R2/4R1 (655)

At w = 0, coils are short circuits and capacitors are open ecircuits;
hence, F(jw) can be either zero or Ry/(Ry + Rs) at w = 0. This, along
with eq. 6.55, must be borne in mind when the transfer function ob-
tained from some function design is assigned a constant multiplier.

The ratio Bz/R; is an impedance ratio. In part, the network acts to
transform a signal from the impedance level By to K. In band-pass
circuits, the transformation can often be made as good as that obtain-
able with an ideal transformer without the need for coupled coils. A
perfect match can always be obtained if ideal transformers are allowed.
Often, however, a conjugate match is not desired. If By # Rj, a con-
jugate match cannot be obtained at w = 0 without an ideal transformer.

The power entering the network from the generator is

,61 |2Rin

= m = Py =|es|*/Rs (6.56)
1 in

1

in which the power fed into the network must be equal to the power in
the load resistor because the network is lossless. If eq. 6.56 is normal-
ized to the maximum possible power as given by eq. 6.54, we get

P1 4R1Rin

-_——=1 (6.57)
(Pl)max lRl + Zill|2
Expressing Ziy, as Ri, + jXin and manipulating
P R, —Zin P
1 - —— == = ol (6.58)
(Pl)max Rl + Zin

where p is termed the “reflection coefficient”” and |p| is bounded by zero
and unity. (The synthesis procedure we are working out expresses p
in terms of the transfer function and then the input impedance is ex-
pressed in terms of p.)
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We thus have

Py = Py = (PD)max(1 — |0 (6.59)
Substituting for Ps and (P1) max, €q. 6.59 becomes
lez/e1 |* = F(jw)F(—jw) = (R2/4R1)(1 —|p[?) (6.60)

which is the square of the magnitude of the transfer function and which
must show quadrantal symmetry. Thus

F(p)F(—p) = (Ry/4R1)[L — p(p)p(~—p)] (6.61)
or
4R\ F(p)F(—
p(@p(—p) =1 — 4R F(p)F(—p)
L2

- [Rl Zm(p)][Rl Zm( p)] (662)
[Rl + Zin(p)][Rl + Zm(_p)]
where the second relation has been deduced from eq. 6.58.

Since the transfer function F(p) is known, the poles and zeros of
p(p)p(—p) are known. Zi(p) is positive real and has p-z only in the
left half-plane; hence, B; + Z;,(p) has p-z only in the left half-plane.
The poles of p(p)p(—p) that lie in the left half-plane are the zeros of
Ry 4+ Zin(p), and their negatives in the right half-plane are the zeros of
Ry + Zix(—p). In order to see this a little more clearly, note that the
denominators of Zi,(p) and Zi;,(—p) cancel out when expressing the
right side of eq. 6.62 as a rational fraction. The poles of p(p) are taken
in the left half-plane like any stable transfer function. Thus, the poles
of p(p) are the zeros of By + Zi.(p).

The zeros of p(p)p(—p) display quadrantal symmetry. The zeros of
p(p) are chosen from this grouping; they are chosen in complex-conju-
gate pairs and either a zero or its negative but not both is chosen as that
belonging to p(p). If the choice exists, more than one network realization
will exist.

Finally, when p(p) is found, either the positive or negative square
root of the multiplier can be taken, which are alternatives leading to the
dual networks.

The general form of eq. 6.61 is

(p—2z)pt+20(—2)p+2) -
—p) = H? 6.63
) = e+ P — s F o) O

from which
N (p=2)(pt2z)(p=Ea) -
=p - * 6.64
S o— - 0D
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where the factors (p — p;), (p — p2) are factors relating to poles in the
left half-plane, and (p 4 2;), (p = 23) refer to a zero z; or its negative
—2;. Every sign in eq. 6.64 indicates a choice.

The reflection coeflicient has been given as

N _ R~ Ziu(®)
D Rl + Zin(p)

If we express p(p) in terms of its numerator and denominator poly-
nomials according to eq. 6.64, we get from eq. 6.65 the final relation

D—-N
'D+N

From this point on, the network is synthesized as the input impedance
of a network as described earlier in the chapter.

If all the zeros of the transfer function F(p) are on the jw axis (if the
function has zeros), the network can be synthesized as a ladder having
L-C shunt and series arms. If F(p) is an all-pole function, the ladder
will have a single L in each series arm and a single C in each shunt arm
and can easily be obtained with the special L-C ladder synthesis de-
seribed before.

p(p) = (6.65)

Zin(p) = B

(6.66)

6.7 Example of synthesis for an impedanceless source

To demonstrate procedures employed in practical synthesis, we shall
consider the example of a three-pole function often used before. This
example is simple enough to be treated with reasonable ease but is not
so simple that it is trivial.

Suppose it is desired to have an ideal current generator as in Fig.
6.17a. The value of FF* at w = 0is R2. Hence

2 F) il (6.67)
— = 0p) = :
% 2° + bop® + bip + bg
Then
F(p)F(—
(p) R( P) — By Zu(p)
bo’R
(6.68)

(0® + bop® + b1p + bo)(—p® + byp® — bip + bo)
The expression for Z,(p) is
asp® + axp® + arp + ao

Zin = 6.69
® = b 1 bp 4 b 669
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and that for Ev Zi(p) is

cep® + cap* + c2p” + o
dep® + dap* + dop® + do

Since it is assumed that the transfer function is given data, we know
the values of the ¢’s and d’s. In particular,

Ev Ziu(p) =

(6.70)

Cg = C4 = €3 = 0
Co = b02R
Referring to Sec. 6.4 on the relationship between the real and imag-

inary parts of input immittances, noting the coefficients that are zero,
and with b3 = 1

(6.71)

co = b’R = aghe

cs = 0 = agbs + bgas — a1by
= Rbobs + boas — a1by

¢y = 0 = aghy + ashs + asbg — a1bs — azhy (6.72)
= @by — a; — agby

cg = 0 = aghg + agbs + ashs + aghp — a1b5 — agbz — asby
= —agbs = —as

From the last expression of egs. 6.72, a3 = 0. Then between the ex-
pressions for ¢; and ¢4

Rbobo Rb3%b

g = —————— 4 = ——
2 byby — bo L bybs — bo

ay = bgR (673)

Thus we have

[(b2bo)/ (b1 — bo)1p® + [(b2?bo)/(b1bs — bo)lp + bo
Zin = R .
®) P° + bap® + bip + by .79

which can be realized with the circuit of Fig. 6.19.
Va1

L _I_ ¥
iy [:: C, T C, R ey
Zin

Fig. 6.19. Synthesis for an impedanceless source.
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In order to be specific, assume that bg = 1,0 = by =2, and R = 1
to give the maximally flat three-pole function. Then

G’ + @p+1
p° +2p* + 2p + 1

This function has a zero at infinity. Thus, Yi,(p) has a pole on the
Jjw axig at infinity and

Yia(p) = Dp +

Zin(p) = (6.75)

(Fp + 1
G+ G +1
The remainder has a zero at infinity; thus, the reciprocal of the re-
mainder has a pole at infinity and

Yin(p) = ($p +

(6.76)

T
@p + /(s + 1] (6.77)

Thus, the element values of Fig. 6.19 are C; = 5, C, = %, and L = 4.

6.8 Example of the general Darlington method

In order to make comparison with the network of Sec. 6.7, we shall
use a similar transfer function. Let us take the transfer function of the
network of Fig. 6.18a as

€ R,/(R, + R
s _ pgy = T/ + B 678,
e P+ 2p°+2p+1
The square of the reflection coefficient is
p(P)p(—p) =1 — (4R:/R2)F(p)F(—p)
4R Ry/(Ry + Ro)® T
-1 1Ra/(By + 2)=1_ (6.79)

8+ 1 %+ 1
where 7' is an impedance parameter defined by eq. 6.79 which is always

equal to or less than unity. For simplicity, let us assume for the mo-
ment that By = B,. Then, T = 1 and

pﬁ

-1

p(p)p(—p) = e

_ (p+ 0)%(p — 0)3
@ +20°+2p+ 1)@ — 2p* +2p — 1)

The poles of eq. 6.80 lying in the left half-plane belong to o(p). Of
the six zeros, three belong to p(p) and three to p(—p). Since the zeros are

(6.80)
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all at the origin, no choice is given. Thus

® = = e (6.81)
P T DT R op 1 '
and
Zin D—N pP+2p*+2p+1Fp°
(p) P+ 2p"+2p+ 4 682)

R D+N pP+2°+2p+1xp°

The choice of sign merely inverts the rational function. The two
functions for the input impedance, assuming R, = 1 for simplicity, are

2p° +2p + 1
20+ 20"+ 2p + 1

Expanding into continued fractions, we get the circuit of Fig. 6.20a
when eq. 6.83 is equal to Zi,(p) and the circuit of Fig. 6.20b when eq.
6.83 is equal to Y (p). The two circuits are exact duals.

Zin(p) or Yin(p) =

(6.83)

1 1 1
1
Yin

(a) (b)

€ 1

I

Fig. 6.20. Synthesis with source and load impedances.

Let us now consider what happens when 7T is not equal to unity. Then

b —1-T
p(p)p(—p) = g——;(—~—~2 (6.84)
p°—1
There are a total of six zeros to this function with the three in the
right half-plane being the negatives of the three in the left half-plane.
The zeros lie on a circle of radius (1 — T)*® = r and have equal angles
between them. There are a total of eight choices for p as

_EpEn@ £rp+r7)
p*+2p° + 2p + 1

The =+ signs in front give the dual networks. For each of the two

duals, there are four different functions of p. The function T is sym-

metric in By and K. Thus, half the values of p(p) go with a ratio of
R,/Ry of, say, k and the other half with RBy;/R; equal to the same k.

p(p)

(6.85)
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6.9 The general maximally flat all-pole filter

The maximally flat function has been and will continue to be employed
in examples throughout the book. This particular function is used so
much because it is a fairly sophisticated function yet its mathematics
are quite simple. Further, as a function, it lies roughly in the middle of
all functions (having only poles) that approximate the brick-wall char-
acteristics. Whereas moving maximally flat poles to the right results
in high-efficiency Chebyshev functions, moving them left results in
linear-phase functions.

Because the mathematics are so simple, we can study the maximally
flat all-pole ladder filter in considerable detail, and in particular can
determine the input admittance of the relevant Darlington networks for
an arbitrary number of poles and for any source to load resistance ratio.

Tet us define the general maximally flat transfer function with wnity
half-power bandwidth as an extension of eq. 6.78 as

Rs/(R1 + Ry)
P24 byap” by ep" P+ bip + 1

The coefficients b; can be found from the dimensions of the poles on
the unit circle to any accuracy that is desired, or from the general ex-
pressions given in Chap. 5.

Following eq. 6.84, the square of the reflection coefficient is

+p 4+ (1 =T
:tp2n_+_1

F(p) = (6.86)

p(p)p(—p) =1 — (4R/Ro)F(p)F(—p) = (6.87)
where the positive sign is for # even and the negative sign for n odd and
where

4R Rs

B (R + Ry)?

The zeros of p(p) lie on a circle of radius (1 — T)’**. The poles of
p(p) lie in the left half-plane on a circle of unit radius. We may there-
fore express p(p) as

Pt At ap’tap (1T N
P A buap T e bep® +bip + 1 D
where the &+ multiplier on (1 — T)’% depends upon how we take the
zeros of p(p).
Let us now (and henceforth in this section) stipulate that the resulting

ladder network must have a shunt capacitance next to the source re-
sistance R;. (The dual network will then have a series inductance.)

(6.88)

p(p) = =+ (6.89)
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Then, the expression for the input admittance must have a numerator
of higher degree in p than the denominator. Therefore in finding the
input impedance from

D4 N

Zin =R
(») ID—N

(6.90)

the positive multiplier of eq. 6.89 must be used to give

in =

20"+ (bpny F )P i Fa)pt+ 1= VI=T)

G
Y e — " o+ i —a)p+ L F A1 T)
(6.91)
The leading capacitance is evidently
2Gy
Ci=———— (6.92)

bp_y — Gn_y

The coefficient b, _; is the negative of the sum of the pole positions of
o(p). The coefficient a,_; is the negative of the sum of the zero posi-
tions of p(p). Clearly, a,_; is a maximum if the zeros of o(p), like the
poles, are all taken in the left half-plane. This choice maximizes C,,
which permits the source to drive the largest possible capacitance.
Throughout the balance of this section, the leading capacitance will be
assumed to be maximized in this manner.

Since both the p-z of p(p) lie on circles with equal angular spacing,
and because the number of zeros of p(p) is equal to the number of poles,
the coefficients a; can be expressed in terms of the b, as

an_-1 = bn-—l(l - T)1/2n
Qg = bp(1 — T)2/2n

(6.93)

Apn_p = bn—k(]- - T)k/2n

Thus, the general expression for the input admittance of the n-pole
maximally flat Darlington network operating between source and load
resistances R; and R respectively, and having a maximum input capaci-
tance, is

20" + baq[l+ (1 — D" 1.+ 14+ 1 — T
bog[ll = A = TYp" 1 4. 4 [1 = (1 — D)
(6.94)

Yin = G4
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The coefficients b; can be determined from the pole positions of F(p)
(the transfer function). The parameter T' depends upon the ratio of
R, and Rs. Knowing R4, R,, and =, the admittance can be expressed in
numerical terms and the network determined by means of the special
synthesis derived earlier in the chapter. It should be noted that a fair
degree of numerical accuracy may be required in the calculations.

The work of finding a network and the loss in numerical accuracy
which results after several steps in the continued-fraction expansion (or
the special procedure described in Sec. 6.3) can often be reduced by
working from both ends of the filter. In order to do this, the filter can
be designed not only for the given values of B, and R, but also for the
reversed case where R becomes the source and R; the load. In addi-
tion, the dual networks can be found. Between the expressions for the
input impedance and admittance for R, the source and comparable ex-
pressions for R, the source, continued-fraction expansions will lead to
the determination of the element values expanding from both ends of
the filter towards the middle.

Special cases of eq. 6.94 are of interest. First is the matched filter
where By = B2 = R. Then, T = 1 and eq. 6.94 simplifies to

n n—1 R
Y. =G 20" 4 bpyp" -t p+ 1 (6.95)
basp™ L et byp + 1
The matched filter is physically symmetric for n odd, which makes it
the easiest to find from the continued-fraction expansion.

The other special case of interest is a limiting one where G; — 0,
which corresponds to the ideal current source. To determine the input
admittance for this case, limiting expressions must be obtained as

Lim Ryb,_i[1l — (1 — T)¥?"] = 2kRy/n (6.96)

Ry — =

which gives
b by 4 ip+ 1
Lim Y = Ge i 2 2 6.97)
R o bn——l n—1 an_z n—2 (n - l)bl
P+ —p" "+t ——p+1
n n n

The leading capacitance of the filter for any source to load resistance

ratio is found from eq. 6.92 as

C, = 261 (6.98)
P bl — (1= TV '

and
Lim R;Cy = n/b,_y (6.99)

R — =
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If we had gone through the same argument in order to obtain the
minimum value of Cy rather than the maximum value, we would have
chosen all the zeros of the reflection coefficient in the right half-plane to
get

20, 2@,
C, = - = (6.100)
bn——l + Ap—1 bn—l[l + (1 - T) 2"]
and
Lim RZCn = 1/bn_1 (6101)
R1 -— o

One choice of the zeros of p(p) applies to a resistance ratio R/R,
equal to some number, whereas the ratio Ry/R; equal to the same num-
ber applies to exactly the opposite choice for the zeros. Therefore, for
n odd and for By, > R», eq. 6.100 is that for the capacitance adjacent to
the load Rs. The capacitance ratio (input capacitance to output capaci-

tance) is
Ci Ry (1 + (1 - T)%n>

C. Ri\l—(1—T)%

(6.102)
which is unity for the matched case but which departs rapidly from

unity as T differs from unity. In the limit as R; — , it becomes

G
Lim — =n (6.103)

Ry — Uy

The rapid change in Cy with R;/R,; implies that with but a small
sacrifice in power transfer at w = 0 (that is, with T only slightly less
than unity) a much larger value of C; can be tolerated than that ap-
plicable to the matched system. This has important advantages when
it is desired to build a filter with the maximum possible bandwidth and
with a relatively large gain when constrained by some unavoidable shunt
capacitance. In fact, we shall find (using a rather meaningful criterion)
that a surprisingly large intentional mismatch gives a big improvement.

The power gain of the two-terminal maximally flat low-pass filter at
« = 0 relative to the maximum possible power gain (when RB; = Rj) is
simply T. If the power gain transfer function relative to the matched
case is plotted, there results a curve like that of Fig. 6.21. Let us de-
fine a tolerance bandwidth B where the relative power gain is @ as shown
in Fig. 6.21 (which is not the usual half-power bandwidth). Since

T

2
P

Relative power gain = (6.104)

we find
B=(T/Q—- 1" T>Qq (6.105)
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Let us form the product of tolerance bandwidth, leading capacitance
('}, source resistance R, and tolerance value @ as

20(T/Q — 1)%
boa[l — (1 — T)%"]

R,C\BQ = T>Q {6.106)

The curve of this function has a rather broad maximum at some
value of T other than unity. The value of T at this maximum obviously
gives the optimum mismatch required for maximizing the product of

1 /-No mismatch
T
—Mismatch

Relative QpF-———=——=—=—e——N-—=
power |
gain 7_} —————————————— :
N
]
Vo
o
o
1 1
0 1 B

w —>

Fig. 6.21. Relative power gain with and without mismateh (for constant RiCy).

eq. 6.106, which is the area BQ of Fig. 6.21 for a fixed R,C;. Clearly,
since C| is larger for By > R, than for By < Rs, a larger source resist-
ance than load resistance is required.

The maximum of eq. 6.106 can be established in the usual manner by
setting its derivative with respect to T' equal to zero. There results

To=1— (1 — Q@D (6.107)

where T is the optimum value of T.
As a specific numerical example, assume n = 3 and @ = 1. Then,
eq. 6.107 gives Tq = 0.565. By solving eq. 6.88 for R,/R,, we get

Ri/Ry = 2/T — 14 (2/T)(1 — T)* (6.108)

TUsing Ty = 0.565 in this equation, the optimum resistance ratio is de-
termined as R;/R; = 4.87. This is indeed a surprisingly large mis-
mateh. From eq. 6.105, the tolerance bandwidth for this example is
calculated as 0.711. The product R,C; is found to be 7.7. Thus, the
product of interest is B;C1BQ = 2.74 when optimum mismatch is em-
ployed. Tt is of interest to compare this figure to that pertaining to
the matched filter. For the matched filter B;C; = 1 and the tolerance
bandwidth is unity. Therefore, B1C1BQ = 0.5. The impressive ad-
vantage gained through intentional mismatch should be clearly under-
stood.
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Problems
1. Using a continued-fraction expansion, find the Darlington network represented
by the input immittance
P +2 X 10%% + 2 X 10" + 10"
p? +2 X 10°%p + 1.5 X 102
2. Write the input admittance for the circuit of Fig. P.2. Then, work out a pro-

cedure using this circuit as an example so that you will be able to synthesize circuits
of this general type given only an input immittance.

3X10

Fig. P.2.

3. Obtain the Darlington network for the following immittance in which the trans-
fer function from which it was derived has zeros on the jo axis

_g P® -+ 667p* 4 667 X 10%p +- 333 X 10°

1.5 X 10
X p? + 500p + 500 X 10°

4. Find the Darlington network represented by the following input immittance in
which a combination of partial- and continued-fraction expansions should be used
P+ 05 +3p*+3p°+2p + 1
P+ +p +p
5. An input impedance has a real part 1/(1 + «%. Find the complete expression
for the impedance and obtain the network.
6. The real part of an input impedance is
500
1 4 10742 + 107284

Find the expression for the impedance and determine the network.

7. It is desired to have a transfer function with three poles displaced as a Q-D fune-
tion and & pair of zeros on the jw axis to give infinite rejection at one frequency. The
function is

T2%2/12 + 1
1+ Tp + T%%/2 + T%*p%/6

The network is to work between 1 © source and load impedances. Determine the
Darlington network and plot the locations of the p-z. Any convenient frequency
normalization may be used.

8. Find the networks for B; = 2R» for the function treated as an example in
Sec. 6.8.

9. Find the networks for RB; = 4Rs for the function treated as an example in
Sec. 6.8,

10. The network of Fig. 6.20a is maximally flat and has a bandwidth of unity.
Convert this network to a band-pass network at a center frequency of wo. Then,
using determinant manipulation, make the load impedance (a) as large as is possible
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and (b) as small as is possible without affecting the input impedance. Will there exist
a conjugate match after determinant manipulation?

11, Determine the coefficients b, 1, bn—e, * -+ for a maximally flat all-pole function
having unity half-power bandwidth for » = 2, 3, 4, and 5. Find these coefficients
using five-place logarithms.

12. Find expressions for the input admittances of the filters of Fig. P.12 in which
C} is & maximum and the transfer function is maximally flat with unity half-power
bandwidth.

Fig. P.12.

13. Find all element values for the circuits of Fig. P.12.
14. Repeat Prob. 12 for the circuits of Fig. P.14.

A

Fig. P.14.

15. Repeat Prob. 13 for the circuits of Fig. P.14.

16. Derive eq. 6.96.

17. The product R1C1BQ as given by eq. 6.106 can be maximized, which gives
eq. 6.107 from which Ty can be calculated. If importance is affixed to a large value
of relative power gain at o = 0, then a maximization of the produet B1C1BQT is
perhaps more significant. Derive the relation analogous to eq. 6.107 applicable to
the case of interest here.

18. With the results of Prob. 17 and for n = 3 and @ = 3, find Th.

19. Derive the optimum three-pole network (that is, determine element values) for
n = 3 and @ = 1 for the example in the text following eq. 6.108.

20. Repeat Prob. 19 for the network optimized according to Prob. 18 and compare
values to those of the network of Prob. 19.

21. Optimization of R1C1BQ yields the optimum ratio Rs/R: for the maximally
flat all-pole filter. How near to optimum would you expect this resistance ratio
to be if applied to a Chebyshev or a linear-phase all-pole filter? Discuss.



Image Parameters

We shall leave p-z in this chapter to take up the study of filters de-
signed on an image-impedance basis. Such filters are considered classic
in the historical sense. This does not mean, however, that they are not
useful. When it is desired to build a complicated filter not including
vacuum tubes and having an arbitrary number of pass bands and stop
bands (where the signal is transmitted and attenuated respectively), it
may be best to employ classical methods simply because of the mathe-
matical difficulties attendant with p-z techniques. In this chapter we
shall study the basic theory of classical (or conventional) filters and put
off until the next chapter the practical and specific networks.

Image-matched filters have two major drawbacks. First, except for
constant-resistance networks, the ideal theoretical gain and phase func-
tions are only approximated when practical source and load impedances
are utilized. Second, and again except for constant-resistance networks,
an approximate conjugate match between source and load is required
(for symmetric filters). It is this second limitation as much as the first
that causes image-matched filters to be undesirable for many applica-
tions, as when a match is not required or is not possible, or when large
advantages can be realized by means of an intentional mismatch.

7.1 Specifications of the two-terminal pair

Consider the circuit of Fig. 7.1a; it is one driven with a voltage gen-
erator. Rather than designate a specific load impedance, we shall
merely designate the load voltage e;. Similarly, we can indicate the
voltage e; rather than the voltage source. The result of this is the net-
work of Fig. 7.1b. TFinally, in order to make the terminal conditions
completely symmetric, the current 7 can be assumed to flow opposite
to that shown in Fig. 7.1b so that we arrive at the circuit of Fig. 7.1¢,
in which the two ends of the network are called 1 and 2. This circuit
is “standard” in the study of classical filter theory (as well as in the
study of transistors). The symmetric network of Fig. 7.1c could be
driven with either a voltage or a current generator.

210
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Let us perform a loop analysis of the network of Fig. 7.1c. We shall
assume that the numerical labelling of the loops is such that loops 1
and 2 are those associated with the two pairs of terminals. Then,
noting that the assumed current ¢, is opposite to convention (clockwise)
and that e; is a voltage rise in the direction of ¢; whereas ¢, is a voltage

—> - +
€ il 1 2 l:2 ZL e,
(@)
O—] —
> — +
e 4 1 2 2 €
O—  —
(b}
I—
+ : +
e, i 1 2 iy e,
O———] ———0
{c)

Fig. 7.1. Two-terminal-pair notation.

drop, we get by superposition of the effects resulting from the two
‘voltage generators

An™ A"
u = A & — AT (—e2)
(7.1)
) Ag™ Age™
—1y = — o e; + x (—e2)

Let us define new admittances such that eqs. 7.1 can be written

71 = y1“er + y12"e2
(7.2)

.- a a
12 = Y911 1+ Yo2"€o

If vacuum tubes, transistors, or other unilateral devices are present
in the network, yo;* will not be equal to y12% In this and the following
chapter in which classical theory is of interest, we shall always assume



212 Circuit Theory and Design

that the networks are bilateral such that these two admittances are
identical. '

Suppose end 2 of the network of Fig. 7.1c is short-circuited. Then,
es =0 and y1,° = i1/e;. We call this a “short-circuit admittance.”
Thus

y1s = yu" = 1/21, = Input Y at end 1 with end 2 short-circuited
(7.3)
Yos = Y22" = 1/23, = Input Y at end 2 with end 1 short-circuited

Now let us make a very similar analysis of the same circuit with node
voltages and a nodal analysis. We get

n n
e = fu 1 — Auz ts = 211%1 + 212"
A" A"
(7.4)
Ag ™ Ago™
_ . - b- B
ey = X 1+ ey 1z = 22111 + 222"12

in which a new set of 2’s is defined. If we open-circuit end 2 of the
network, 21:° = e/¢;, which we call an “open-cireuit impedance.” Thus

210 = 211° = 1/y410 = Input Z at end 1 with end 2 open

(7.5)
250 = 222° = 1/y20 = Input Z at end 2 with end 1 open

The set of simultaneous equations of egs. 7.4 can be solved for any
pair of the four variables in terms of the remaining two. Of particular
interest are

b b
. %22 —Z12
1 = er + 23
Az Aé
(7.6)
b b
. —®21 211
19 = €1 €g
A, A,

where A, = 2;1%225% — 212%0,%. This set of equations can be equated
term by term to egs. 7.2, which serves to evaluate the y’s in terms of
the 2’s. Similarly, we can solve eqs. 7.2 for ¢; and ey to obtain

Ya2® —Y12” .
e = i+ is
Ay Ay
7.7
—Ya1° . yi® |
ey = i+ —1

4y Ay
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where A, = y11%Y22" — Y12°y2:1* and which, when compared to eqgs. 7.4,
serves to evaluate the 2’s in terms of the y’s. We thus have

yu® = 222°/4, Y22® = 211"/As
a1 = y"/A, 222" = Y/ By (7.8)
Yo% = ya1® = —22’/A, 212" = z21® = —y12*/A,

Observe that all of these immittances with the exception of 5% and
219” are simply open- and short-circuit parameters. But, from eqgs. 7.8,
we can evaluate y15® and 21,° in terms of these same open- and short-
circuit immittances. It can be concluded that: The external behavior of
a two-terminal-pair network can be completely described in terms of the
open- and short-circuit tmmattances Yiq, Yos, 210, OGN 220.

Other useful relations growing out of egs. 7.8 whose derivation is left
to the reader as an exercise are

Y12® = £V y1.(y2s — Y20) = £V Y2:(¥1s — Y10)
(7.9
212° = £V zig(eeo — 22s) = :i:\/zzo(zlo — Z1s)

where the sign is arbitrary; it depends upon the existence of an ideal 1:1
transformer to provide sign inversion between input and output. Also
falling out of the manipulations leading to egs. 7.9 is

210Y1s = Z20Y2s (7.10)

which means that only three independent parameters rather than four
are needed to describe the behavior of the network.

Another pair of variables useful in the theory of conventional filters
can be determined from the preceding relations. If we solve egs. 7.2
for ¢; and 7, we get

— a _1
€1 = yzj ég — '—aig = A62 — B’Lg
Y21 Y21
(7.11)
—A, —11°
_ 7:1 = ;62 - 1: iz = 062 - D’Lg
Y21 Ya1

where the symbols 4, B, C, and D are so defined by almost universal
agreement. We may arrive at the same equations starting from egs.
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7.4 to get

211? 4, . .
€1=—b62— b12=A€2—B7,2

221 221

(7.12)

1 299°
iy = —— ey — —=1y = Ceg — Dip

221 %21

Finally, we can solve for the variables ¢; and 7, in terms of ¢; and ¢,
starting from either eqs. 7.2 or 7.4. The result is

es = Dey — By
(7.13)
1:2 = 081 - All

The manner in which we have specified the terminal conditions of the
two-terminal pair is reminiscent of the equations of T and pi networks.
It should be a fairly simple matter for the reader to verify the equivalent

iy i
i b b b_ ., b =<
O—— 2"~z 292 =2y o
+ +
e e
1 b b 2
219 =2y
- l 5
(a)
—> il a a iz
~Y12"= Y —0
+ ré

e,
Yt y,® Yo ¥ ¥y" 2

!
ol

(v)
Fig. 7.2. Equivalent pi and T networks.

circuits of Fig. 7.2 for the bilateral network. Of course, the individual
immittances of Fig. 7.2 may not correspond to physical bilateral im-
mittances. Nevertheless, these circuits are at least equivalent circuits
which, in the steady state, can always be constructed from physieal cir-
cuit elements to be exact at least at one frequency.

Also of interest is the input immittance to a two-terminal-pair net-
work when terminated in an impedance. If end 2 is terminated in an
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impedance Z,, the input impedance at end 1 is easily found from Fig.
7.2 as
1

(1/212%) + [1/(z22” — 212° + Z)]

b b
Zy =21y — g +

(7.14)
1

(1/~y12%) + [1/(y22* + y21® + Y3)]

The impedance looking into end 2, Z;,, with end 1 loaded with an
impedance Z;, can be found from eqs. 7.14 by interchanging the sub-
scripts 1 and 2. With a combination of open- and short-circuit param-
eters, the expressions for input impedance can be simplified to

I

Yi =y + yo”® +

Z2 + 293
Zy =00
Zy + 299
(7.15)
Zi+ =z
Zia = 29 -
Z1 + 210

7.2 A simplified development of image-impedance connections

It is desirable when dealing with a chain of filters to be able to obtain
the transfer function of the entire filter chain by taking the product of
the transfer functions of the individual filter sections. In order to do

i iy
—- -
—/ MWW .
z, *
€ e r 1 2 Z, Se
i -
Z; Zy

Fig. 7.3. Two-terminal-pair with source and load.

this, the source and load impedances between which each filter section
operates must have very specific values.

Consider, for example, the two-terminal-pair network of Fig. 7.3. In
order that we be able to find a reasonably simple relation between e;
and ¢, it is desirable to make the input impedance at end 1 propor-
tional to Z;. The simplest choice is to make Z; = Z;; so that ¢; =
eo/2. Although this does not lead to a conjugate match in general, it is
hoped that when pure resistances are used for source and load there
will exist an approximate conjugate match.
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As far as end 2 is concerned, the network and source can, by virtue
of Thévenin’s theorem, be replaced with a single source voltage and
impedance. The impedance of the Thévenin source equivalent is Z;,.
Then, similar reasoning applied to end 2 as was applied to end 1 re-
quires that Z, = Zs.

If welet Z; = Z;y = 2 and Zy = Z;5 = 2z, the network of Fig. 7.3
becomes that of Fig. 7.4 in which the impedances looking either way at
the input to the network (and at the output) are the same. Impedances

i iy

—- -~
VWW .
2 +
€y elY 1 2 2,5 e,
I
31 22

Fig. 74. An imaged-matched two-terminal-pair network.

21 and 2z, are called the “image’’ impedances at ends 1 and 2 (input and
output) of the network respectively.

If the network is physically symmetric, z; and 2z are equal. Then
the source and load impedances must be the same. This means that
transforming from one impedance level to another with determinant
manipulation or transformers can be effected only after the symmetric
network has been designed. The symmetric network is by far the most
important conventional filter section.

Z,

1 2 (v 1 2 z,

1 T
Z, Z, Zy Z zZ, 2z,

Fig. 7.5. A system matched on the iterative basis.

When the source and load are matched as indicated in Fig. 7.4, the
system is said to be matched on the image-impedance basis, the word
image being used to distinguish this match of impedances from a com-
plex-conjugate match.

Another matching procedure is to make the impedances looking in
each direction along a filter chain equal as is characterized by Fig. 7.5.
When a network is matched in this manner, it is said to be matched
on an iterative basis. When the network is physically symmetric, Z;
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and Z; in Fig. 7.5 will be equal and the iterative and image systems
are the same. The unsymmetric iterative system is sometimes applied
to resistive attenuators but otherwise is not of such practical value as
the image system (although it is gaining in importance in transistor
amplifier chains). However, since the symmetric iterative system is
the same as the symmetric image system, the iterative notion at least
provides a different viewpoint. It can be observed that the unsym-
metric iterative system provides little chance for achieving a conjugate
match between the source and load.

M + No. 1 +] No.2 +| No.3 +
11
€, e 1 2 Yez 1 2 Ye;; 1 2 T 2,35 e
] 1 1 -
231 Z31=%12 Z92=% 3 223

Fig. 7.6. A system matched on the image basis.

Consider now a chain of (three) networks matched on the image basis
as in Fig. 7.6. The notation implies that impedance 2, 3 is the image
impedance at end 1 of the third network. Similarly, impedance 25 ; is
the image impedance at end 2 of the first network. Because of the
careful attendance to the image match, each network can be studied by
itself because each is terminated in its own image impedance and driven
with a source impedance equal to its own image impedance. Thus, we
may separately calculate es/ey, e3/eq, and ey/e3. The product of these
three transfer functions gives the over-all transfer function es/¢;. Since
e1 = eg/2, we may then easily determine the ratio es/eq.

In studies of conventional filters, it is customary to work with the
input-to-output voltage, current, or power ratio rather than with the
output-to-input ratio, which has been defined as the transfer function.
We shall define the input-to-output ratio as the “reverse’” function and
thus avoid confusion with the transfer function. Since the reverse and
transfer functions are merely reciprocals, the reader should have no
real trouble thinking in terms of either. The only thing that may cause
confusion is the p-z nomenclature of the function. Obviously, a pole of
the transfer function is a zero of the reverse function and conversely.
If there is any chance of confusion, the terms “point of infinite loss™
and “point of infinite gain” can be used instead of pole and zero.

The question finally arises as to just what makes up these mysterious
image impedances. Recall egs. 7.15, which give the input impedance
to a network Z;; when the network is terminated in the impedance Z,.
Setting Z, = Z;; = 21 and Zg = Z;3 = 25 in these equations, we get
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Zg + 224
2 =20 —
Z2 + 220
(7.16)
2 2 3] + 21s
9 = B0
21 + 210
from which we can solve for the image impedances as
a1 = 1/y1 = (210215)"% = 1/ (10415) ™
(7.17)

2= 1/ys = (22032::)% =1/ (yzoyzs)%

which are the geometric means of the open- and short-circuit impedances
of the network.

It is now necessary to find the reverse (or transfer) function. We
shall use Fig. 7.4 in this discussion. Let us start from the equations

— ., b b
e1 = 211711 + 212772

(7.18)
ez = 221%1 + 222712
Since 2;2; = ¢y and 4s2s = —ey, these equations can be put in terms of
e; and ey only. We get two equations as
b b

e1 2z 212 21 222" + 22

a_a <__._b ) - _(__b ) (7.19)

e 22 \211° — 21 22 212

If each term of eq. 7.19 is used once in finding the square of e;/es,
there is obtained

2 b
22 (ﬁ) 2 (¢9)? = ¢ = @latif) _ i{(ﬁt’fﬁ) (7.20)

b
21 \€g 22 \enr — 4

in which we have defined an exponential reverse funection e¢® which,
when squared, becomes ¢**. If we break ¢ into real and imaginary
parts a + jB3, then 8 relates the phase angle of input and output, o re-
lates the magnitude of input and output, and €?® = ¢2* relates the
power between input and output.

In terms of open- and short-circuit parameters, eq. 7.20 can be written

26 = 215220 (1 + Vv 223/220) (7.21)
295210 \l — V/21s/210 ‘
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Finally with the aid of eq. 7.10, we get

o (2 \/@)Z @ \ﬁ)

€2 21 'L’Q F-2]
14 Vize/220 I+ v 21s/210
1- \/223/320 1 — Vzi5/210

Notice particularly that ¢* depends upon only two parameters.

(7.22)

7.3 Formal development of image-impedance specifications

In this section, we shall derive the relations obtained in the preceding
section in a different manner and one that explains the subject more
precisely. More or less, the attempt here is to make the reasoning
independent of that in Sec. 7.2 and more complete in many respects.

It is our intention to search for a convenient way to express the
transfer function of a two-terminal-pair network. Mainly, this will
hinge on the determination of a suitable load impedance such that
several filter sections can be cascaded with the over-all reverse function
becoming the product of the individual functions. In determining the
proper operating conditions, we hope to require knowledge of only the
open- and short-circuit parameters; we know them to be sufficient for
uniquely specifying the behavior of a bilateral two-terminal pair.

First, let us define the “image impedances” z; and 2z, as the geometric
means of the open- and short-circuit impedances as

21 = 1y = (210215)"F = 1/ (W10y15)
22 = 1/ys = (220226)"% = 1/(yaoyes)”

Now, let us introduce a dimensionless factor § which is the ratio of
the open- and short-circuit impedances

8% = z10/71s = 220/%2s (7.24)

(7.23)

Then
§ = = (z10015) " = £ (220y25)" (7.25)
and also
an =210 = 02
290" = 290 = 022
(7.26)
yuu® = y1s =

Y22© = Yas = Oy
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which can be used to define the sign to be associated with 8. (In the
sequel, the positive sign will generally be employed.)

With the parameters z;, 2, and 8, the mutual immitances z;,° and
y12® can be expressed as

212’ = (22)4(8% — 1)%
yi12® = (1y2)"(3® — )%

Thus, it is possible to specify all parameters of the two-terminal-pair in
terms of the three quantities z;, 22, and 4.

With the admitted use of hindsight, let us now define a new function
¢ dependent upon ¢ via the hyperbolic functions as

cosh ¢ ¢ e
sinh¢ € —e™?

(7.27)

§ = coth ¢ =

(7.28)

from which

) s§+1
2% = 2latif) o (7.29)

where ¢, being a function of jw in the steady state, has real and imaginary
parts. Other useful relations are

62 — 1 = coth® ¢ — 1 = csch? ¢ = 1/sinh? ¢

(7.30)
cosh ¢ = -(‘m
and
210 = 21 coth ¢ 209 = 2o coth ¢
Y1s = Y1 coth ¢ Y25 = Y2 coth ¢
212° = (z122) P esch ¢ y12® = (y192)* csch ¢ (7.31)

A = (21/22)" cosh ¢ B = (2125)" sinh ¢
C = (y1y2)** sinh ¢ D = (22/2,)% cosh ¢

The various equations relating ey, es, 71, and %2 can easily be expressed
in terms of the image impedances z; and z; and the function ¢. A
rather noticeable symmetry exists in these expressions. Of most imme-
diate interest are the 4, B, C, D relations. We get

e; = Aeg — Biy = [(21/22)” cosh ¢lez — [(2122)*% sinh ¢liy
) . v 14 . (7.32)
i1 = Ceg — Dig = [(y1y2)”* sinh ¢les — [(22/21)"* cosh ¢liy
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Now let us assume that there exists a load impedance Z on the net-
work. Then, the voltage ¢; is given by

€y = '—'L2Z = “’Lg/Y (733)

where the negative sign accounts for the assumed current direction.
Using eq. 7.33 to eliminate 75 in the first of eqs. 7.32 and e, in the second,
there is obtained
e1/ez = (21/22)"(cosh ¢ + 2,Y sinh ¢)
(7.34)
i1/1s = —(22/21)"(cosh ¢ + yoZ sinh ¢)

Let us take the obvious suggestion evident in egs. 7.34 and terminate
the network in its image impedance z,. Then, we take Z = 2z, and egs.
7.34 assume the rather remarkable form

e1fes = (21/20)"%e® 1/ie = — (22/21)"%? (7.35)

For a physically symmelric network, z; = 25 so that the voltage ratio
becomes simply ¢® while the current ratio becomes simply —e®.

+ + + +
Zs 2z, Zy2 233
€ (21 € €3 €4 223
_ 29,1 _ 239 _ 22,3 _
2,2

291 22,

%23

Fig. 7.7. The first requirement for an image-matched filter chain.
Let us now consider a chain of networks, each of which affords an

image termination on the preceding network as shown in Fig. 7.7. Be-
cause each network is properly terminated in its image impedance

e1/eg = (21,1/r’~’2,1)%"lqS (7.36)

with similar equations for the ratios es/es and ey/e3. Putting these
three functions together

%
e 21,121,922
e _ ( 1,1%1,2 1.3) RS (737)
€4 22,1%2,222,3

In other words, the consistent use of image terminations enables us to find
the reverse function of several networks in cascade as the product of the
reverse functions of the individual networks.
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Let us divide one of eqs. 7.35 by the other. The result is

wa_ A (7.38)

ezt 22

But since e; and 7, are related according to Ohm’s law as in eq. 7.33,
eq. 7.38 becomes
e/l = 21 (7.39)

In other words, when a network zs terminated in its tmage impedance 2,
the input tmpedance to the network is the image tmpedance z;. This means
that 25,2 = 21,3, 22,1 = 21,2, and so forth, in Fig. 7.7.

In order that the voltage e; of Fig. 7.7 be reasonably related to the
source voltage ey, it is necessary that Z, be related to the input im-

+ +
212 213
e, e, 293
%92 _ 22,3 _
211 %125 %9, %2272 13 22,3

Fig. 7.8. The general image-matched system.

pedance of the first network. Since the first network is terminated in
22,1, its input impedance is z;,;. The most obvious choice is to make
Zs = 21,1 so that ey = ¢y/2. If Z, = 2,1, the impedance looking into
the first network from the right will be zp,; because a signal travelling
left will see an image-impedance match much the same as a signal
travelling right. Thus, we are finally led to the network of Fig. 7.8.
The striking characteristic of this network is that at the junction be-
tween each individual network the same impedance is seen looking either
way.

In general, an image match is not optimum for power transfer.
However, when the image impedances are purely resistive, an image
match is also a conjugate match.

We may find the reverse function for the complete network of Fig.
7.8 as

€ 21,1%1,2%1,3
2 (

Y4
) e(¢,+¢2+¢3) (7.40)
22,172,2%2,3

If each individual network is physically symmetrie, the network of
Fig. 7.8 simplifies to that of Fig. 7.9 and the over-all reverse function
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becomes

O _ opitértey _ glelarastad |[gi Bi+8,+69) (7.41)
€4

Even though all the image impedances for the symmetric system are
equal, this does not require that the reverse functions of the individual
networks be the same. Even in the symmetric system (the one of most

i 1

21 2y

€ T No. 1 Y No. 2 Y No. 3 ! e,
L
2

Fig. 7.9. The image-matched system with symmetric filter sections.

practical importance), almost complete variety in the design of the in-
dividual networks is possible.

7.4 Insertion ratios

In discussions of bilateral filter chains, the concepts of voltage, cur-
rent, and power insertion ratios play an important part. As implied by
the name, an insertion ratio gives the behavior of a network placed
between source and load impedances in terms of the behavior of the

— i20 —> i,
+ +
Bilateral z .
e @, 2
0 2 network L
(a) (b)

Fig. 7.10. Notation for defining insertion ratios.

same source and load impedances without an intervening network. The
nomenclature is described by Fig. 7.10. In a, no network exists, whereas
in b the system with an intervening network is shown. The insertion
ratio is defined as the reverse function of the system with the filter
divided by the reverse function without the filter. Accordingly,

Insertion voltage ratio = eyo/e
Insertion current ratio = 43/7 (7.42)

Insertion power ratio = Pyy/P3
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The power in the load is

P20 - fe2OI2 — li20|2 Re Z;,
Re ZL
(7.43)
P2 = |6212 =ll'212ReZL
Re ZL

where root-mean-square values have been assumed. Thus

Pgo/Py = lezo/ez lz = lizo/iz |2 (7-44)

which is just the square of the magnitude of the voltage or current
insertion ratio. The insertion power ratio (a loss) can be expressed in
terms of decibels according to

Decibels = 10 10g10 (on/Pz)
(7.45)

20 logyoezo/e2] = 20 logyo|dz0/%a]

Let us define the insertion voltage ratio in terms of an exponential.

Then
e Z e
f=20 L <_°) (7.46)
€2

which, for the perfect image-matched system, is simply related to the
reverse function ¢® as
2(2122)
60 — ( 1 2) 6¢
21 + 22

(7.47)

where 2; and 2, are the image-impedance source and load respectively.
For the symmetric image-matched system where z; = 2,5, we have very
simply ¢ = ¢?; that is, the reverse function is also the insertion voltage
ratio for symmetric tmage-maiched networks.

The function 6 can be expressed in terms of real and imaginary parts

a + jB. Therefore
Zy, (60)
ZL + Zg €2

The power Py can never be larger than Py when Zy, = Z,*. Thus

leo/2[?
Re Z,

2
P20

2a =!eﬂl2 — =
2

(7.48)

€

(P2)max = (7.49)
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which permits bounds to be placed on the insertion power ratio accord-
ing to
P 20 —— P. 20 4 Re Zg 2

P2 (P2)max Re ZL

Zy,
Zr+ Z,

If the source and load impedances have resistive parts B, and Ej
respectively

(7.50)

Pyy _  4RRp

Py~ (Rg + Rp)? (750

In a low-pass filter at w = 0, all the capacitors in the network are
open circuits and all the inductors are short circuits. If the network is
purely reactive (except for the source and load resistors), Psg = Py at
w = 0. It is impossible to obtain a match between unequal resistors in
a low-pass lossless filter at and near w = 0, nor can practical trans-
formers help because practical transformers do not pass very low fre-
quencies. A transformer or some arrangement of inductors and capaci-
tors for matching different resistances works only at finite frequencies.
Accordingly, the design of conventional low-pass lossless filters reason-
ably assumes R, = Ry, so that Pyo/Py > 1.

For band-pass or band-elimination filters, it is possible to assume
R, = Ri and then utilize determinant manipulation if the source and
load resistances are different. Note, however, that an approximate
image-impedance match (and hence an approximate conjugate match
when source and load are resistances) is required. Therefore, the bene-
fits of intentional mismateh (which includes the ideal current source)
cannot be realized with image-matched systems.

More often than not, low-pass filters need not pass very low frequen-
cies (below perhaps 60 cycles in speech systems). Then, practical trans-
formers may be employed in lieu of ideal transformers in order to match
resistors differing by any reasonable amount. Of course, the match at
and near w = 0 will be poor, although above a few cycles per second it
may be quite good.

7.5 The effect of mismatch

Obtaining a perfect image-impedance match is often not practical as
when the image impedance is a fairly complicated function of frequency.
Ideally, resistors should be employed as source and load impedances.
One type of image-matched filter (“‘constant-resistance’” network) has
an image impedance that is resistive and constant for all frequencies.
Simple source and load resistors with such networks result in perfect
image terminations. However, constant-resistance networks are often
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not practical or desirable because of their limitations. In faet, if a
capacitance occurs in shunt with the input or the output of a network,
the network can never be made constant resistance. (In addition, con-
stant-resistance networks require more circuit elements than other types
for a given transfer function.) Then, image-matched systems in which
the image impedances are only approximately constant resistances must
be employed and the terminations must be resistances that afford a
match only on the average over the frequency band of interest. Obvi-

>0 1y <—
21 C+
Z, +
e (* € ey Z,
(a)
—_— il iz‘——
WWWA— AW - |
Z -z 2] + +
1 Zy-z,
€q i € €2
2y
- 2, -
(b)

Fig. 7.11. Network development for determining mismatch effects.

ously, it is important to be able to calculate the deviation of the actual
behavior of the network from its ideal behavior calculated assuming
perfect image terminations.

Consider the image-derived network of Fig. 7.11a in which the source
and load impedances are not equal to the image impedances z; and 2,
respectively. Let us rearrange the terminating impedances as shown in
Fig. 7.11b; no change in the circuit has actually been made. The cur-
rent flowing in the impedance Z; — z; produces a voltage 7;(Z; — z{),
and that flowing in Z, — 2z, yields a voltage 75(Zs — 22). We can re-

Iy <

21
ifZ,—2,)

23

Fig. 7.12. Final network for determining mismatch effects.
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place the relevant impedances with equivalent voltage generators as
shown in Fig. 7.12. The value of this artifice is that now three voltages
operate in a perfect image-matched system and the contribution to the
over-all behavior given by each becomes rather simple to obtain; super-
position can be employed to find the actual response of the mismatched
system.

The current 4, is made up of two components. The first 9, results
from the two voltage generators at end 1 of the network. From the

reverse function
/iy = —(22/21) %? (7.52)

we obtain the first component of current as
taa = —7T1a(21/22) e * (7.53)

where 71, 18 the component of current 7, resulting only from the two
voltage generators at end 1.
Since

— 3 (Z —
iy = eo — 11(Z1 21) (7.54)
221

eq. 7.53 becomes

eg — 11(Z41 —

o — 1(Z; z1) o (7.55)
2(70‘122);/2

12a=—.

The second component of 73 comes from the voltage generator at end
2 of the network

t9(Zy — 2
iy =~ 2B %) (7.56)
222

Thus, the net current s is
leo — i1(Zy — 21)]e™* _ 12(Zs — 29)

7.57
2(21Z2) e 222 ( )

ig = dgq + t2p = —

The first component of 7; is given by eq. 7.54. The second component
of 7; is given by eq. 7.55 after exchanging subscripts (by symmetry)
and setting ¢g = 0. Thus
eo — u(Zy — 21)  12(Zy — zo)e™?

22, 2(2129) "

11 = t1a + 1 = (7.58)
Equations 7.57 and 7.58 are two equations in the two unknowns

and 7y; hence, it is possible to solve for the two currents. In particular,
we can solve for 7o. If the network is removed and a direct connection
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substituted between source and load, 75 becomes

a0 = —eo/(Z1 + Zy) (7.59)
which we can use to form the insertion current ratio as

7 VAV
2:(“‘”)( z >e¢ (7.60)
) Zi+ 2y / \FyiFg;

where Fy; measures the match between Z; and 21, Fy; measures the
match between Zy and 25, and ¢ contains mixed terms. The first term
of eq. 7.60 in parenthesis is unity if the load and source impedances are
equal. The parameters of importance are

2Z,2)%
Py = (Z121)
Z1 + 2
U Zoze)
Fos = 222)” (7.61)
Zy + 23

)z
Zy + 21/ \Zy + 29

If Zy =2 orif Zy = 2, or if e7* is large (large attenuation), the
mixed term o is unity. For the matched case where Z; = z; and Z, =
2g, €q. 7.60 reduces to the ideal insertion ratio of eq. 7.47.

In lossless filters built in the form of a ladder network, the mixed
term may oscillate in magnitude somewhat over certain frequency
regions. This can result in a rippled response. However, when many

filter sections make up a single composite filter, incidental dissipation
may be sufficient to make ¢ little different from unity.

7.6 Image parameters of specific networks

1t is our purpose here to set down the image parameters of the most
important two-terminal-pair networks. In the interests of economy and
practicability, we shall restrict our attention to symmetric networks
except for the L. network which we consider first. This network ter-

Z,/2
21 r 222 7 2,
1 —
21 zy

Fig. 7.13. The L network.
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minated in its image impedances is shown in Fig. 7.13. Note the factors

3 and 2 used in defining the impedances. The reason for doing this

will become apparent later. We find
21 = Zy = (210210) % = (Z1Z:)%(1 + Z1/42,)%
20 = Zn = (220220) % = (Z1Z2)%/ (1 + Z1/4Z3)*

coth ¢ = 8 = (210y15)" = (220y2s)”® = (1 + 4Z3/Z1)*%  (7.62)
cosh ¢ = 8/(82 — 1) = (1 -+ Z,/47,)*
@2ty < H L (45207 4 1

5—1 (L+4Zy/Z)% — 1

The reasons for the new definitions for z; and 2z, (Zr and Z,) will also
become apparent shortly.

% MM —\MWW——0
z,/2 zZ,/2

£ (r Z2 7 2y
I {

21 22

Fig. 7.14. The symmetric T network.

Now consider the symmetric T network of Fig. 7.14. Clearly, 2z, = 2s.
We find

0 = 2y = Zp = (Z:Z2)%(1 + 2,/475)"% (7.63)
cosh ¢ =1+ Z,/2Z, |

We observe that the image impedance of the T network is the same
as one of the impedances associated with the L network. In fact, we
can put two L networks back to back to get the T network. The
image transfer constant ¢ for the L network is just half that of the T
network so that

)y = (o) 2 = LT 2B/ + (L 42,/ 2,)*
T = L” =

Now consider the symmetric pi network of Fig. 7.15. With the aid
of the general equations, we get

2 =2y = Zp = (Z1Z2)¥/ (1 + Z1/425)"*
1 + 2,/2Z, (7.65)

(@)1

(7.64)

cosh ¢

(€*)x
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As before, we see that two L networks placed together make up a pi
network. The factors 2 and 2 were introduced so that this could be
done directly.

< —\VWW-
Zl
z, r 2Z, 2Z, 2y
0 %
2

Fig. 7.15. The symmetric pi network.

Because Zr is seen looking into one end of the L network and Z.
looking into the other, the L network can match T and pi sections
when some complicated filter chain is built up from L, T, and pi net-
works in cascade. An example of a relatively complicated image-
matched chain is shown in Fig. 7.16 in which the matching eriterion is
that all Zr are the same and all Z, are the same. If the networks have
image quantities ¢1, ¢o, and so forth, then when everything is properly
matched e; = ¢y/2 and the over-all reverse function is

€o
— = Qb Féetdyt. ) (766)
€n

Finally, consider the symmetric lattice network of Fig. 7.17a. This
network is only indirectly related to the T and pi, although equivalences
do exist which will be brought out in the following section. The normal
way of drawing the symmetric lattice is shown in Fig. 7.17b. Again
with the aid of general equations containing short- and open-circuit
immittances, we get

2] = &g = (ZaZb)%

1 + Za/Zb
cosh¢p = ————

1- Za/Zb

) ) (7.67)
(Za/Zb)A + (Zb/Za)é
cothg =6 =
2

14 (Zo/Zy)

(ed’)Lat: ( / ’

1 — (Za/Zs)*

The simplicity and symmetry of the lattice equations make the lattice
the easiest network with which to deal. This simplicity is indeed for-
tunate because the lattice is also the most general network. In fact, 7f
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a transfer function can be realized with any arbitrary symmetric network,
it can be realized with a symmetric lattice network. It will be noted that
21 is dependent upon the product of Z, and Z;, whereas ¢® is dependent
upon the ratio of Z, and Z;. This means that the image impedance

Source Load

- WA W VWA
Zy +

€y L T L T L ZT €n

R

Zy Zr ™ Zy
Fig. 7.16. A typical ladder filter with L, T, and pi sections.

and the reverse function of the lattice can be specified independently,

which is basically the reason why the lattice is so general a network.
Although lattice networks can be used in a physical system, it is

often more practical to employ unbalanced networks such as the T, pi,

(a) (b)

Fig. 7.17. The symmetric lattice network.

or L. In many cases of practical importance, lattice networks can be
assumed in the design of a filter and then the individual lattices can be
“decomposed” into unbalanced equivalents. The lattice is not always
desirable for two reasons. First, it requires more circuit elements than
are necessary (thus, it is not an economical network) ; and second, much
of its behavior is dependent upon a bridge type of balance which re-
quires rather accurately specified and adjusted circuit element values.

7.7 Relationships between the lattice and other networks

Any arbitrary but symmetric two-terminal-pair network has an
equivalent lattice network in so far as the two pairs of terminals are
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concerned. This statement is called Bartlett’s bisection theorem and
shows just how general the lattice network really is. Because of its
importance, we shall prove part of the theorem.

Let some symmetric two-terminal-pair network be halved so that
each half is the same and so that the connecting wires between the two
halves are available. This is described by Fig. 7.18. Two cases present

—_— il iZ -
+ +
1 €
o 3

Fig. 7.18. The halved symmetric two-terminal-pair network,

themselves depending upon whether the wires connecting the two halves
cross or do not cross. We shall prove the latter case and merely state
the results for crossing wires.

Let us prove the bisection theorem by studying the equivalent T net-
work of Fig. 7.2 (which, although a valid equivalent for any network,
will not necessarily be physically realizable). Drawing this network
apart (assuming it to be symmetric), we get the circuit of Fig. 7.19.

. il i2 -
o — MWW VYV ~—
b
zy' -2, 2y ~24
a1 2212b 2212b ‘2
o —5
[\

Fig. 7.19. The halved general symmetric T equivalent.

The input impedance to this network when the interconnecting wires
are open-circuited will be called Z,.n, (standing for open-circuited half),
and when the interconnecting wires are short-circuited the input im-

pedance is Zge, (standing for short-circuited half)., Thus
Zooh = 211" + 219° (7.68)
Zsen = 211° — Z12b ‘

But these impedances are easily verified to be the impedances of the
two arms of a symmetric lattice. Therefore

Zg (OI‘ Zb) = Zsch

(7.69)
Zy (OI‘ Za) = Zocn



Image Parameters 233

which are always realizable if the original symmetric network physically
exists. (Whether we take Zn to represent Z, or Z; depends on defini-
tion and whether or not one pair of terminals to the network is reversed.)

Equations 7.69 can be proved by substituting for z1,% and 2;5° in eqs.
7.68. For the symmetric lattice, 21° = 210 = 200 = (Z, + Z3)/2.

(c)

Fig. 7.20. Lattice equivalents.

Also, 11" = Y1e = Y2s = (Yo + Y3)/2. Substituting these values into
eqs. 7.68 (making use of egs. 7.9) results in eqs. 7.69.

Lattice equivalents to symmetric T and pi networks and to the
bridged-T network are shown in Fig. 7.20.

When some of the interconnecting wires of the drawn-apart symmetric
network cross, the equivalent symmetric lattice arms can also be found
providing that the network also has symmetry about a horizontal line
drawn through the center of the filter. (The case of crossed wires en-
ables us, for example, to find the lattice equivalent to a lattice or cascade
of lattice networks.) Then, Z, is the input impedance to half the net-
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work with the interconnecting wires that do not cross short-circuited
together as before but with the wires that do cross left open-circuited.
Zy is the input impedance with the noncrossing wires open as before but
with the crossing wires short-circuited together.

Zl Za
o AN—AA——0
//’
-
O———’:: ____________
(a)
VVWW-
Y
o —MW— o
Y, e
/
’
Y,
~
// "
s
Ot e e
b
M
Z,
o AMN— o
Za///’
7’
’,,’ Z,
Ot e e

(c)

Fig. 7.21. Decomposing techniques. (@) Common series impedance. (b) Com-
mon shunt admittance. (¢) Bridged impedance.

Although the lattice equivalent of a symmetric ladder can always be
found as a physically meaningful network, the converse is not always
true. However, many lattices do have practical ladder equivalents;
consequently, it is of interest to see what can be done in the way of
“decomposing” a lattice into a practical ladder. Various decomposing
tricks are shown in Fig. 7.21. The proof of these is left to the reader.

As a practical example, consider Fig. 7.22 which shows the structure
of the two arms of a lattice. First we note that a shunt C; is a common
first element in Z, and Z;. Therefore we can “pull out” this capacitor.
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o 7II0 o I
Lo ™ Lo anle™ Loa

- T I

1
Fig. 7.22. Lattice arms for the example.

After doing this, we observe that the remaining lattice arms have a
common series inductance which can be pulled out. The result of these
two steps is the network of Fig. 7.23a. In one arm of the lattice re-
maining in Fig. 7.23q, a capacitor (5 is in parallel with an infinite im-

—— CILD o
Ll C2 /’ L1
C

(c)
Fig. 7.23. Example of decomposition.

pedance (an open circuit), whereas in the other arm the same element
is in shunt with Ls. Therefore we again have a common shunt element
and the network further decomposes to that of Fig. 7.23b. We are now
left with a lattice consisting simply of crossed inductors. Thus the net-
work of Fig. 7.23b becomes the practical ladder of Fig. 7.23¢, the only
difference being a reversal of polarity between input and output as com-
pared to the original lattice because the two inductances are uncrossed
in the last step of the decomposition procedure.
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Problems

1. Derive egs. 7.6.
2. Derive eqs. 7.7.
3. Derive egs. 7.9.
4. Derive eq. 7.10.
5. Derive egs. 7.11.
6. Derive egs. 7.12.
7. Derive egs. 7.13.
8. Show that the general T and pi networks of Fig. 7.2 are valid equivalents.
9. Derive egs. 7.15.
10. Derive eqgs. 7.17.
11. Derive eq. 7.19.
12. Derive eqs. 7.22.
13. Derive eqgs. 7.26.
14. Derive eqs. 7.27.
15. Derive eq. 7.29.
16. Derive eqs. 7.30.
17. Derive eqs. 7.31.
18. Derive eqgs. 7.32.
19. Derive eq. 7.47.
20. Derive eq. 7.60.
21. Derive eqgs. 7.61.
22. Show how two L networks make up & T network.

o —PCI
(a) (b)
o LH o LA o
L | L G
L C; L, La ==¢ =caL,
" T
e, G O
(c) (d)
%é l C; |
L L o c
M
(e) (N
Zy
o V0N v, o
L, s R R
C Z,
N
e - O © O
(8) (h)

Fig. P.29.
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. Show how two L networks make up a pi network.

. Derive eqgs. 7.62.

. Derive eqgs. 7.63.

. Derive eqs. 7.65.

. Derive eq. 7.67.

. Show that eqs. 7.69 are true.

. Find the lattice equivalents of the networks of Fig. P.29.
. Prove that the networks of Fig. 7.21a are equivalent.

. Prove that the networks of Fig. 7.21b are equivalent.

. Prove that the networks of Fig. 7.21¢ are equivalent,



Conventional Filters

In this chapter, we shall use the image-impedance theory and other
data from the preceding chapter to arrive at specific design procedures
for a multitude of filters containing T, pi, L, and lattice sections. Ladder
filters, being of the greatest practical importance, will be treated in the
most detail.

The methods deseribed here admit of sophistication which we simply
do not have the time to pursue. In fact, Chebyshev and other types of
functions can be developed as an extension of conventional filter theory.
For discussions of such topics, the reader is referred to other material.

8.1 Transmission and attenuation in T and pi sections

The eonditions for stop and pass bands in filters composed of T, pi,
and L ladder sections will now be derived. We shall restrict ourselves
to symmetric image-matched filters composed of lossless circuit ele-
ments; that is, it will be assumed that, except for source and load im-
pedances, only coils and capacitors and possibly transformers make up
the filter.

For either pi or T sections and with the nomenclature of Sec. 7.6

cosh ¢ 1 + Z1/2Z2

Zy = (Z1Z)"*(L + Z1/4Z5)" (8.1)
Zy = (Z1Z2)7/(1 + Z1/4Z5)"
Because Z; and Z, have been assumed to be purely reactive
Z1/27Z5 is pgrely real
Zy/4Z4 is purely real (8.2)

(Z1Z5)** is purely real or purely imaginary
238
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The hyperbolic cosine of egs. 8.1 can be expanded as

cosh ¢ = cosh (o« + j8) = cosh a cos 8 + j sinh « sin 8

=14+ Z/2Z, (8:3)
Because Z1/2Z, is always real
sinh ¢ sin 8 = 0 (8.4)
which can be satisfied in one of two ways
a=0 or =0, L7 (8.5)

The quantity « is the attenuation constant. Therefore o = 0O corre-
sponds to unimpeded transmission of signals through the network. In
other words, & = 0 defines a pass band. With « = 0 in egs. 8.3, the
phase shift in the pass band is given by

(o1 ﬁ =1 + Z1/2Z2 (8.6)

The cosine of the angle 8 can certainly not exceed =+1; should 8 be-
come complex, o could not then be zero. Therefore, in the pass band

—-1<1+27,/2Z, £ +1

(8.7)
or —-1<7,/4Z2, L0

If this permissible range of Z;/4Z; is applied to a study of the equa-
tions for Zr and Z,, we observe that in a pass band Zr and Z, are posi-
tive and real (resistive) and the attenuation constant o is zero. Therefore,
i a pass band, Z1 and Zy must be reactances of the opposite types (that is,
if one is capacitive, the other must be inductive).

Now let us study the stop-band conditions of which there are two;
one requires 8 = 0 and the other 8 = 7. From eqs. 8.3, we find

B8 =0: cosha =1+ Z,/2Z,

(8.8)
8= +m: cosha = —(1+ Z,/2Z5)
and in terms of Z,/4Z,
Z1/4:Z2 2 0 for 6 =0
(8.9)

21/4Z2 S —1 for B =+

Therefore, in the stop band for 8 = 0, Z; and Z, must be reactances
of the same type, whereas in the stop band for 8 = =£7, Z; and Z, will,
as in the pass band, be reactances of the opposite types. However, both
conditions of egs. 8.9 lead to the observation that in a stop band, both Zy
and Z, are purely reactive.
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The image impedance in a pass band is purely resistive, whereas in a
stop band it is purely reactive. If we use simple resistors as source and
load impedances, the image match in the pass bands need not be too
bad. The match will be poor in the stop bands. However, we are not
so concerned about the precise form of signal transmission in stop bands
as long as the attenuation is adequate; therefore the problem need not
concern us too greatly. The problem of good matches in the pass band
is of primary concern.

We may sum up the conditions of Z,/4Z5 as follows

Stop band Pass band Stop band

Z/4Zy < —1 ~1<Z/4Z, <0 0< Z,/4Z,

8= *r a=0 8=0

cosha = —(1 4 Z,/2Z5) cosB=1+27Z/2Zy cosha=1-+2,/2Z,

(8.10)

The attenuation and phase of the image function ¢ are sketched as
functions of Z1/4Z, (which is always real) in Fig. 8.1. Infinite attenua-

@
i B
+r
T1 tn/2
Stop Pass Stop . Stop Pass Stop
-2 -1 0 1 -2 -1 0 1
Z,/4z, Z,/az,

Fig. 8.1. Attenuation and phase of T and pi sections.

tion oceurs only if Z,/4Z, is either s (which occurs when Z; or Z; is
resonant).

The value of Z,/4Z; may be plotted as a function of frequency in
order to determine the locations in frequency of the various stop and
pass bands. This is indicated in Fig. 8.2. By suitable design of react-
ances Z; and Zg, we may put stop and pass bands any place we please.

The edges of the pass band are defined where Z, /47, equals 0 and —1.
Occasionally, a “characteristic resistance’’ R for the filter can be defined
at the band edge where Z,/4Z, = 0. This gives

RQ = (21Z2)% at Z1/4Z2 =0 (8.11)
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If the @ and B characteristics of Fig. 8.1 refer to a single filter section
in a cascade of many properly matched sections, then « and g for the
entire filter chain are calculated simply as the sum of the « and 8 of
the individual sections.

Impedances Z; and Z; of T and pi sections have been assumed to
consist only of L’s and C’s. Therefore these impedances are reactance
functions and consequently have p-z only on the jw axis of the p plane.
The ratio Z;/4Z, will thus have p-z only on the jw axis. At a pole of
Zy or a zero of Zy (assuming the pole of Z; is not also a pole of Z,),
Z1/4Zy will become infinite and the attenuation will become infinite.

+1

. [
0 i w—>
Stop IStop Stop /
—1 e S -
Pass { / Pass Pass
i
|

Fig. 8.2. Determining locations of stop and pass bands.

o infinite

In a physical circuit, this corresponds to a series-resonant circuit in a
shunt arm of the T or pi, or to a parallel-resonant circuit in a series
arm. At a zero of Z; or a pole of Z, (if this zero is not also a zero of
Z3), the ratio Z;/47Z, is zero, which defines one edge of a pass band.
The other edge of the pass band is defined where Z,/4Z, = —1, which
does not correspond to poles or zeros of the function but rather to the
ordinary magnitude of Z,/4Z,; consequently, this band edge is not so
clearly apparent from the p-z plots of Z; and Z,.

An important property is apparent from the p-z concept. That is, if
a particular Z; and Z; comprise a filter, where Z; and Z; have given
p-z, then exchanging the p-z of Z; and Z, inverts the characteristics of
the filter such that the pass bands become stop bands and conversely.
A high-pass filter can be derived from a low-pass filter or 2 band-elim-
ination filter from a band-pass filter in this manner. Exchanging p-z
amounts to obtaining reciprocal impedances.

8.2 The simple constant-k low-pass filter

The simplest image-matched T or pi section having reactive elements
has a single inductor for Z; or Z; and a single capacitor for Zs or Z;.
Then, the produet Z;Zs is independent of frequency and the image-
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matched filter is said to be a “constant-k” filter. If Z; = joL and
Zy = 1/jwC, the filter is of the low-pass type, whereas if Z5 = jwl and
Zy = 1/jwC, it is a high-pass filter. The p-z for these two cases are
shown in Fig. 8.3. Since the high-pass filter is derivable from the low-

H; H, H, H,
_

Z, Z, Zy Zz,

(a) (b)
Fig. 8.3. P-z of simple filters. (a) Low pass. (b) High pass.

pass filter (as are also certain types of band-pass and band-elimination
filters), we shall speak here only of the low-pass filter.
The ratio of impedances of central importance is

7z, JwlL w?LC
— = - = — (8.12)
4Zy  4/(juC) 4

One band edge is defined where this ratio is zero, which occurs at
@ = 0 as would be expected. The other band edge is given where the
ratio is —1. Letting the corresponding radian frequency be B

B = 2/(LC)* (8.13)

At the band edge defined where the ratio of impedances is zero, we
can define a characteristic impedance as

Ry = (Z1Z5)" = (L/C)* (8.14)

A multitude of these simple filters can be designed quite easily. The
basic L, T, and pi sections are shown in Fig. 8.4 and various filter chains

oI —o0 {
L/2 L/2 L/2 L
Zr —> '%==<—'Z7r Zp—> CT <= Zr ZW—>T‘2— %T <~ Zr
o—»>—0 o 0 e} ‘ol

Fig. 8.4. Constant-k low-pass sections.
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in Fig. 8.5. The attenuation and phase quantities & and 8 will be n
times that of one T or pi section, where n is the total number of sections
(two L sections make up a full section). The bandwidth in all cases is
2/(LC)* and the characteristic resistance is (I/C)”%. The last two ex-
amples of Fig. 8.5 are not symmetric; an extra L section (a “half-sec-

RO
RO
RO
IO N——"T00 000 —
R, L J_ L L _L Li2
z,r_>T% Tc: = C Tc <« Zp R,

Fig. 8.5. Examples of constant-k filter chains.

tion’’) has been used such that n is the number of full T or pi sections
plus one-half. The normalized filter with R = L = C = 1 has a band-
width of 2 radians.

The ideal design assumes that the terminations are exactly the image
impedances Zr or Z,. We have shown resistors as actual terminations
in Fig. 8.5. It behooves us to determine just what Zr and Z, are in
the pass band in order to see just how well we have succeeded in match-
ing. We have in the pass band

Zr = Ry(1 — W’LC/4)** = Ro[l — (o/B)?1*

Zy = RO/(]. — szC/4)% — Ro/[l _ (w/B)Z]% (815)
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which is plotted in Fig. 8.6. It can be seen that the match is perfect
only at @ = 0 and becomes progressively worse as w increases towards
2/(LC)* = B. Therefore we should not expect to get the ideal charac-
teristics but only something approximating them. For example, the
ratio of output voltage to source voltage for a single T or pi section
terminated in Ry can be examined to see that it gives the maximally
flat three-pole transfer function which has attenuation and phase char-
acteristics only similar to the ideal image function.

For a multisection filter, the behavior is more complex. Let us study
a multisection symmetric constant-k filter having ko terminations with

Zx

|
|
|
1
|
[
|
| Zr
1

< —w -B 0 +B +w —>

Fig. 8.6. T and pi image impedances in the pass band.

the aid of the insertion ratio involving mismatch factors of eq. 7.60. It
will be assumed for the moment that incidental loss in the coils and
capacitors is large enough so that the interaction factor ¢ remains ap-
proximately at unity. Then, eq. 7.60 becomes

20 _ s [[(1 — «'/B%)" + 1]2]
' 4(1 — »*/B%)*

(8.16)
t2
which is valid for either T or pi sections, where n is the total number of
sections, and in which the multiplier of the exponential is the deviation
from the ideal. This expression is valid only in the pass band where
ideally @ is zero. The multiplier of eq. 8.16 is shown in Fig. 8.7. At
the edge of the pass band, the correction term becomes infinite, implying
infinite attenuation, although the presence of the interaction factor pre-
vents this from being correct. Nevertheless, the correction term does
differ markedly from unity as the edge of the pass band is approached,
which causes the attenuation to inerease somewhat with frequency in
the pass band rather than remaining at zero as when terminations are
the ideal image impedances.
Let us see what happens to this correction term if we terminate in
resistances something different than Ry. If we actually terminate in
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hRg for pi sections adjacent to the terminations or in Ry/h if we use T
sections next to the terminations, then the insertion ratio (neglecting
the interaction factor) becomes

20 _ yins [Wl — /B3 4 1]2]

4h(1 — w?/B?)* ®.17)

T3
The correction factor for A = (2)* is sketched as a dashed line in Fig.
8.7. Since the dashed curve varies less on the average than does the

2

Correction factor

0 0.5 1.0
w/B —>

Fig. 8.7. Correction factor for mismatch, neglecting interaction.

solid curve in the pass band (for & = 1), we conclude that the use of a
resistance somewhat larger than Ry for pi sections or somewhat less
than Rg for T sections is warranted in many instances. These modified
values of terminating resistances are in fact a kind of average image
impedance in the pass band as can be seen by inspecting Fig. 8.6.

Now let us study the interaction factor. Again assuming R, ter-
minations, we get

.2 2\ 2
o=1-— 4 = v /B) ! g~ 2n(atiP) (8.18)
(1 — ?/B2)% + 1 ’

For a appreciable and for a large number of sections n, ¢ is little dif-
ferent from unity. However, if we assume the worst case where o = 0,
the magnitude of ¢ can be seen to ripple in the pass band a number of
times depending upon the number n. By expanding the exponential of
eq. 8.18 into sine and cosine terms and finding the magnitude of ¢ for
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a = 0, we get

3 (1 — ?/BHY% — 1\? %
lo| = [1 + ((1 BT 1) (1 — 2 cos 2nﬁ)] (8.19)

The behavior of |¢| is roughly indicated in Fig. 8.8 as a function of
frequency for n fairly large. (A simple phasor diagram of eq. 8.18 helps
in visualizing the behavior of the interaction factor.)

2

Interaction factor
=)

0 0.5 1.0
w/B—>

Fig. 8.8. Behavior of the interaction factor.

The combined effect of mismatch and interaction factors is to give an
output to input voltage ratio (transfer function) for a multistage filter
having Ry terminations something like that shown in Fig. 8.9a. The
curve of Fig. 8.9b applies when the image match is perfect.

Out
In

Qut
In

m U ——y

(a)

Fig. 8.9. Typical transfer function with mismateh and interaction.

=
N~
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As in the case of the correction factor of eq. 8.17, the effects of the
interaction factor are reduced with terminations different from Ry; the
ripples are reduced near the band edge and are spread more uniformly
over the pass band.

The fact that other than R, terminations may be desirable has one
rather interesting result. That is, if at one end of a filter a T section is
used and at the other a pi section (with an intervening L section some
place to maintain an image match) as in the last two filters of Fig. 8.5,
a slight amount of impedance transformation can be obtained. If
h = (2)%, the ratio of source and load impedances will be 2. This will
result in a perfect image (and conjugate) match at some finite frequency
in the pass band. However, there can of course then be no match at
o = 0. The result is a transfer function that is slightly peaked in the
pass band.

The ability to terminate in something other than Ry has yet a further
interesting result. In a “correctly’”’ terminated filter (that is, in Ry),
the gain characteristic is something of a cross between a Chebyshev and
a maximally flat function, depending on the number of sections in the
filter. For terminations larger than R, for pi sections and smaller than
Rg for T sections (adjacent to the terminations), it is evident that the
gain characteristic becomes flatter in the pass band with perhaps a more
uniformly rippled nature; in this manner, we can design a constant-k
filter with some of the attributes of a Chebyshev filter. On the other
hand, for terminations smaller than Ry for pi sections and larger than
Rq for T sections, the gain characteristic becomes smoother and drops
off with frequency more gradually; in this manner, we can get a filter
with some of the attributes of a linear-phase filter. For pi sections ad-
jacent to the terminations (which gives a shunt capacitance as a leading
element) and for a given bandwidth, the manner in which the product
of source resistance and leading capacitance varies with the type of gain
characteristic is quite clear; large values of this product go with Cheby-
shev-type characteristics, and smaller values with linear-phase-type
characteristics.

8.3 m-derived filters

Two properties of the simple low-pass filter described in the preceding
section can in some cases be improved. First, it would be most desirable
to invent some L section to be placed between a constant-% filter and a
resistive load so that the matech between filter and load could be im-
proved. Such a section would be used as indicated in Fig. 8.10, in
which the proper constant-k impedance is seen looking into the side of
the end section connected to the usual constant-k filter, whereas the
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impedance seen looking into the side of the end section connected to
the image-impedance load is a much better approximation to a constant
resistance in the pass band. In Fig. 8.10, Zy and Z, are the same as in
the usual constant-k filter, whereas Zr,, and Z,,, are more nearly con-
stant resistances in the pass band. Then, when a resistor is employed
as a termination, the match will be much better than with the simple

coe VW VA VWA
Z,/2 Zyy/2
Z, Y 2Zym T Zrm
L N ]
= > o] ——
Constant-% Zyp End section Zam
(a)
[N N WW W v
Z, Zym /2
222 T 2Zm -~/ ZTm
[N N J
A" v J . ~ J
Constant-k End section
Z7r ZTm
(b)

Fig. 8.10. Use of m-derived sections.

constant-k filter and consequently the ideal image characteristics will be
more closely realized.

Second, it would be advantageous if we could build & type of T or pi
section that furnishes zeros of the transfer function on the jw axis so
that in the stop band we could get frequencies at which the attenuation
becomes infinite. It will be necessary that such sections match the usual
Zp or Z, so that they can be used in conjunction with the ordinary
constant-k filter section. Then, it should be possible to approximate
the brick-wall transfer function much better outside the pass band.

o 0 -

Z,/2% L/2

To image load <% 2Z,:C/2 % —> To image load
('C J
Zz

Zy

Fig. 8.11. The constant-k L section.
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It turns out that m-derived sections give both of the characteristics
just named. This new type of network is obtained by manipulating
the equations and hoping for good results. We shall go immediately
to the proper manipulation by working on an ordinary constant-k L
section.

Consider the constant-k L section of Fig. 8.11. The image impedances
a .
e Zr = (210213)% (8.20)
Zy = (Zzozzs)yz '

We wish here to manipulate the L section so that Zy remains invariant
but so that Z, is changed. This can be done in many ways if a new 2z
and a new z;, are defined as

I

21 = F(m)zy,
210/ F (m)

where F(m) is some function of the parameter m. It should be evident
that Z7 has not been changed by this manipulation.

Let us take the simplest case; that is, let us assume that F(m) = m.
Then

(8.21)

I

’
210

21s’ = M2y, = MmjuL/2 = Z1,/2
(8.22)
210 = z1o/m = jwL/2m + 2/jwCm = 2Zam + Z1m/2

in which Z,,,/2 and 2Z,,, are the impedances for the arms of the “de-
rived” L section. Solving this set of equations, we get

Zlm _ ]me
2 2
joL(1 — m?) 2
+ -
2m JomC

(8.23)

2Zom =

The original constant-k section and the new derived L section are
shown in Fig. 8.12. The impedance Zr for the original and derived L

o—JI —o0
L/2 J.

Z, % _l_ Zy

o —0

Fig. 8.12. The series-derived end section.
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sections remains unchanged because we made it so. However, Z, has
been changed. Its value in the pass band is found to be

Zam = Zg[1 — 0*(1 — m?)/B?] (8.24)

in which Z, is the usual constant-k filter impedance. It should be re-
membered that Z, increases with frequency. However, because the
term in brackets in eq. 8.24 decreases with frequency, it is possible to
make Z, fairly constant with frequency (and it is still purely resistive
in the pass band) up to frequencies fairly near the edge of the pass band.

0 1 w/B —>

Fig. 8.13. Variation of Z,,, with m.

Note that for m = 1 all the preceding equations and cireuits for the
derived section reduce to the ordinary constant-k situation, as they
should.

Z vm/ R 1s sketched as a function of w/B for a few values of m in Fig.
8.13. In particular, Z,,, is fairly close to being constant in the pass
band for m = 0.6. The curve for m = 1 gives the ordinary constant-k
impedance.

It follows that a good way to terminate the constant-% filter is to use
an m-derived L section (m about 0.6) next to the source and load re-
sistances I as indicated in Fig. 8.14. Of course, if an extra constant-k
L section is used somewhere in the filter, a series-derived section (the
one just discussed) can be used to match one termination, and a shunt-
derived section to match the other. (We shall take up the shunt-derived
section shortly.)

It is now of interest to study the attenuation characteristics of the
derived filter. For this, we shall use two m-derived L sections back to
back to give a full section as in Fig. 8.15. Now, the image impedance
looking into the section from either end is the ordinary constant-k im-
pedance Zr. Therefore, such a section can replace a constant-k section
in a constant-k filter chain without disturbing the image match. Also,
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note the presence of the series-resonant circuit in the m-derived section.
Signals passing through the filter at the resonant frequency will be

-* [ [ ]
RO
R,
® L ] [ ]
m~0.6 m~ 0.6
Constant-k filter
(a)
L ] [ ] [ ]
RO
RO
[ ] [ ] [ ]
6
m~0. Constant-£ filter m~ 0.6
(b)

Fig. 8.14. TUse of derived sections for matching. (a) Series-derived type. (b)
Shunt-derived type.

short-circuited to ground, resulting in an infinite attenuation at the
frequency
B

o = 1 — m®H*

(8.25)

where B = 2/(LC)” is the constant-k bandwidth. Since we always

Li2 Lf2

(a) (b)
Fig. 8.15. The full series m-derived section.

have m < 1, the frequency of infinite attenuation always falls in the
stop band of the filter.
The pass band still has & = 0 and the stop band has an attenuation
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given by

VA
cosh a = :l:(—l - 1m> = +
2Z2m

where the positive sign applies for B < w < w,, and the negative sign
for w > w,. The variation of & with frequency obtained from this equa-
tion is sketched in Fig. 8.16 for various values of m. These curves refer
to a full section. For the half-section, the values of « are just half
those shown in Fig. 8.16. If half-sections are used at both ends of a

( 2w®m?/B?

1— (1 — m?)/B® 1) (8.26)

0 1 2
w/B —

Fig. 8.16. Attenuation of the full m-derived section.

filter, the two half-sections taken together are equivalent to a full section.
Note that, in order to get high attenuation just outside the pass band,
a section with a small value of m is indicated. However, sections with
small m give low attenuation at high frequencies. In building up a
composite filter, m-derived sections are indicated in order to make the
attenuation large near the edge of the pass band (as well as to give a
better resistive match). In addition, constant-k sections may be neces-
sary to give high attenuation at high frequencies. If we let @ — oo in
eq. 8.26, we get the high-frequency attenuation of an m-derived full
section as
Lim cosh a = 1 + 2m?/(1 — m?) (8.27)

w —» ©

Up to now, we have studied the series-derived section in which Zr is
maintained unchanged and Z, is modified. The reverse of this is the
shunt-derived section, the full section of which is a pi network. We
shall leave the derivation of the pertinent equations to the reader and
merely set down the results here. Half and full shunt-derived sections
are shown in Fig. 8.17. The same attenuation curves apply for either
shunt- or series-derived sections. Also, the same equation for w,, applies.
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foSmm— 7T —0
L/2 J— mL/2
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1 1-m2
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Zy T% %:: Zy Zx Tm_;: m_ZC___F Zx
O -0 O O
(b)

Fig. 8.17. Shunt-derived sections.

The only difference is Zr,, which, for the shunt-derived section, is given

by
Zy

T 1= (1 — md)/B?
which plots as shown in Fig. 8.18. As before, the impedance Zr,, is

ZTm (828)

0 1 w/B—>=
Fig. 8.18. Variation of Zr,, with m.

purely resistive in the pass band and is fairly constant at By for m

about 0.6. The value m = 1 applies to the simple constant-k filter.
We originally took the function F(m) of eqs. 8.21 as simply m. Of

course, we could have tried more complicated functions of m to derive
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more complex m-derived networks, some of which give a better resistive
match than the simple m-derived type. These more complex networks
are referred to as “multiply-derived” (m-m) types. Although they are
capable of giving excellent matching characteristics, their complexity is
often too great to be practical except in very special cases.

The m-derived section was obtained here in reference to the simple
low-pass filter. The derivation can be made more general than we have
done so that the various equations and curves are expressed in terms of
the general ladder impedances Z; and Z; and the ratio Z;/4Z; instead
of the frequency w. However, the most practical circuits have been
treated specifically (including band-pass and other equivalents of these
circuits) and the more general relations are seldom needed.

8.4 An image-matched band-pass filter

In this section, we shall derive the design equations for a type of
band-pass filter that does not have a simple low-pass equivalent. The
purpose of this section is not only to describe an important filter but

I ST TIT

17 T 13

Zx Zy
(a)

¢+ 13E T 3 T 3BT &

Fig. 8.19. A band-pass image-matched filter.

R,

1]

also to indicate how the image relations apply to other filters than the
simple low-pass one.

Intuitively, it might be expected that the ladder filter of Fig. 8.19a
gives a band-pass behavior. This network can be realized in the form
of a series of transformers as in Fig. 8.19b. A very nice feature of this
band-pass filter is that it requires fewer circuit elements per section than
does the band-pass equivalent of the simple constant-k low-pass filter.

Figure 8.20 shows the L and full pi sections of the filter to be studied.
With Z; = jwL; and V5 = jwCs + 1/jwls, we get

Z1/4Zy = (Ly/4Lg)(1 — w*LyCy) (8.29)
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S L1 O o—000 - -0
| L, | L,/2 |
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Fig. 8.20. Pi and L sections of the band-pass filter.

which is sketched as a function of frequency in Fig. 8.21. Here are
shown the pass band, lower and upper band edges w; and wz, bandwidth

L

4L,
i 0 “<—PB —> @

Fig. 8.21. Z1/4Z, for the band-pass filter.

B, and center frequency w,. By means of eq. 8.29, we easily find
1/(LoCo)*

wg = wi(l + 4Lg/Ly)* (8.30)
B =w —w =1+ 4L2/L1)% - 1]

w1

The pi image impedance is found to be
4L22w2
[(eo/ew1)? — l{wa/w1)® = (w/w1)?]

which is purely real in the pass band and is a curved function of fre-
quency as is indicated by Fig. 8.22. It is most logical to define the

34
Z, = (220720)" = [ ] (8.31)

0 W Wy Wy w —>

Fig. 8.22. Tmage impedance in the pass band.
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center frequency at the minimum of this curve and to define also at
this frequency the characteristic resistance Eo. Setting the derivative
of eq. 8.31 equal to zero and thereby determining wy, we get

wo = (wwg)” = wi(1 + 4La/L1)¥ (8.32)
With this value of frequency in eq. 8.31, Z, becomes Ry by definition.
The result is Ry = 2w,2Lo/B (8.33)

We now have enough equations to determine all the circuit elements
given only Ry, wo, and B. We find

C, = 2/BR, (8.34)

from which the rest of the element values follow.

The character of the image impedance Z, in the pass band is similar
to that for constant-k pi networks. Therefore it can be expected that
terminating the filter in a resistance somewhat larger than K, improves
the behavior (in one sense).

8.5 Constant-t matching networks
It will be recalled that Z7 and Z, for the constant-k L section vary
inversely with respect to one another as
Zr = Ro[l — (w/B)*}*
Zy = Ro/[1 — (o/B)**
where B = 2/(LC)” is the bandwidth and where both Zr and Z, are
purely resistive for v < B.

Suppose we connect source and load resistances R; and Ry together
with a single L section as in Fig. 8.23. At some finite frequency w less

M-
R, + _L Li2 +
e, e, T % R, e, (R<R)

(8.35)

Fig. 8.23. A simple matching network.

than B, let us adjust matters so that By = Z, and R, = Zy. These
relations placed in egs. 8.35 result in

Ry = Ro[l — (wo/B)?
Ry = Ro/[1 — (wo/B)?)* (8.36)
Ry/Ry = 1 — (wo/B)?
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Therefore, a wo can be selected so that we may match a source re-
sistance E; at the frequency wg to a lower load resistance If,. The ratio
es/eo will be (Ro/4R;)’"* (conjugate match) at the frequency wy. At
w = 0, es/eq will be less than (Ry/4R;)*%. In fact, we might expect the
magnitude of es/e to vary with frequency as shown in Fig. 8.24. If wp
is very small, then resistors that differ but little can be matched. How-
ever, the bandwidth over which the match is good is quite large; it is B

RZ

iR,
Ry

R+ Ry

€3
€

0
0 (20 B

Fig. 8.24. Transfer function of the matching network.

if wg = 0 because the filter is then the simple low-pass L section. As
wo increases, which implies that the ratio of Rs to I; decreases, the
match is still good at wg although the bandwidth over which the match
is good decreases because of the more rapid variations of Zr and Z,
with frequency as w = B is approached. Therefore, if a wide-band
match is desired between quite different resistances, it is best to use two
or more L sections with each section transforming the impedance by a
ratio of less than Ry/R,. It appears most efficient to transform in equal

— 0 SR
L,/2 _L L,/2 L,/2
. L G —— 3 R
I N R
1 { i I
R, R, R, R

2

Fig. 8.25. A multisection matching network.

percentage steps. A several-section matching network is shown in Fig.
8.25, in which
Ro/Ry = Ry/Ra = Ra/Ry (8.37)

When carried to an extreme where each L section transforms imped-
ances differing by a very small amount, the multisection filter becomes
the circuit equivalent of the tapered transmission line.
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The theorem of reciprocity permits the source to be placed in the
branch containing R, with the load becoming R, so that an L section
can match a low source resistor to a higher load resistor.

It is also possible to employ high-pass L sections consisting of series
capacitors and shunt inductors as matching networks. Then, the fre-
quency of the match is higher than the low-frequency cutoff. The de-
tails of high-pass matching networks are left to the problems. (In any
event, the high-pass matching filter can be derived from the low-pass
filter using the standard low-pass transformation.)

OO

T 1 F

| I
Z,(jwe)=R, Zy(jw,)=R,

Fig. 8.26. Circuit for deriving parameters of a matching network.

L-section matching networks can be designed in a much more prosaic
manner by setting the general expressions for the input and output im-
pedances equal to the desired resistances at the frequency wy as indi-
cated in Fig. 8.26. The parameters of symmetric pi-section matching
networks having series L and shunt C' can be obtained in a similar
manner, as can other networks.

8.6 Constant-resistance lattice networks

All the symmetric filters about which we have spoken up to now can
be derived from lattice filters. Because the symmetric lattice is so gen-
eral, there exist numerous lattice filters (only some of which can be
decomposed to ladder form) that are best designed as lattices.

The image impedance of a symmetric lattice network is

21 = 25 = (ZaZs)** (8.38)

Let us first study lattices for which the image impedance is a constant
resistance Rg for all frequencies. Then

ZoZy = Ry’ (8.39)
from which we see that the lattice impedances Z, and Z, must be

reciprocal impedances with respect to the resistance Ry. The most im-
pressive thing about constant-resistance networks is that, when ter-
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minated in a resistor K, the actual behavior of the filter is exactly as
specified by the image parameters.
From Chap. 7
1% (Za/Zp)"

] —_
(¢*)L.at LT 220" (8.40)

where the sign is dependent upon which impedance is defined as Z, and
which as Z;.
Using eq. 8.39 in eq. 8.40 for constant-resistance networks

Ry x+ Z,
at = ——— 8.41
P = o, (8.41)

Let us study the constant-resistance lattice having purely reactive
arms. Then, Z, = jX, and Z; = jX; = Ry>/jX, and the poles of Z,
are the zeros of Z3, and so forth. Then

Ry + 71X, X,
Nt = ————=1/2tan"! — 8.42
(e = / . (8.42)

which has unity magnitude for all frequencies. Thus, the constant-
resistance lattice with reactive arms is an all-pass network which provides
a phase shift but no change in magnitude to signals passing through it.
Such networks are useful for correcting the phase shift of some other
filter without affecting the magnitude characteristics. Impedance Z,
has a certain collection of p-z along the jo axis. At a zero of Z,, the
angle tan™! X,/R, is an even multiple of w/2 radians, and the total
phase shift given by the lattice is twice this. At a pole of X,, tan™!
X./Rg is an odd multiple of 7/2 radians. To design an all-pass lattice
network, p-z are placed as-desired as long as they obey the separation
property, and so forth. The lattice arms are then realized, perhaps as
one of the four canonical reactance networks.

Unfortunately, the all-pass lattice network cannot be decomposed
into an unbalanced ladder but must remain essentially a bridge network.
Also, it is not possible to build an ideal constant-resistance network,
whether or not the lattice arms are reactive, if there exist nonnegligible
shunt capacitances across the source and load impedances.

We have seen that a constant-resistance lattice with reactive arms is
an all-pass network. Let us now see if we can find one that is not an
all-pass network. Clearly, we must be willing o accept resistance in the
lattice arms in order to do this. Still, Z, and Z;, must be reciprocal im-
pedances. A simple constant-resistance lattice with resistance in the
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arms is shown in Fig. 8.27a. The reader can check to see that the arms
are reciprocal and that the image impedance is By. This lattice can be
decomposed into the bridged-T unbalanced network of Fig. 8.27b, which

(a) (b)
Fig. 8.27. A constant-resistance lattice and equivalent.

is a very practical circuit, The attenuation function of this constant-
resistance lattice is

91_R0+Za_Ro+2Z
62_R0“Za_ Ro

(8.43)

Because the network is constant resistance, we need not employ an R,
source resistance, although we must use the proper Ey load resistance.
In fact, we can use any source impedance Z, and still calculate the ratio

er/eq = Ro/(lo + Z,) (8.44)
Combining egs. 8.43 and 8.44, we get the transfer function as
Sl el ) e
€ Ro+ Z,/ \Ry + 2Z
As a practical example, let Z, = R, and
Z =pL 4 1/pC (8.46)

which is a simple series-resonant circuit. Let us use n of the resulting
bridged-T networks in cascade. The over-all transfer function is then

€n R, ( pRy/2L )”
eo Ry + R, \p® + pRy/2L + 1/LC
which is a band-pass function having n zeros at the origin and n super-

imposed pairs of complex-conjugate poles. The filter appears in Fig.
8.28.

(8.47)
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Fig. 8.28. A filter chain of identical bridged-T networks.

8.7 Lossless image-matched lattice filters

Since the lattice is the most general of all symmetric networks, and
since there is a lattice equivalent for all the symmetric networks we
have studied in this chapter, it is worth while to study the design of
networks directly in the form of lattices. It turns out that it is actually
simpler in many instances to design a lattice and then decompose it to
a ladder (if possible) than to design the filter directly in ladder form.

We shall restrict ourselves to lossless lattice impedances. We are not
interested here in the all-pass filter and hence must be willing to settle
for something other than a constant-resistance network. The equations
of interest are

29 = (ZoZp)*

21

(8.48)
1 "l‘ Za/Zb

h -
cosh 1 — Z./7,

cosh a cos B + 7 sinh @ sin 8 =

Since Z, and Z; are both reactances, the product Z,Z) and the ratio
Zo/Z, are both purely real. The image impedance is purely real only
if Z, and Z; are reactances of the opposite types. Also, since egs. 8.48
are purely real

sinhasing =0 (8.49)

which can be satisfied in two ways

a = 0: Pass band

(8.50)
B8 =0, =4=x: Stop band
In the pass band, cos 8 is limited to =1. Therefore
14+ 2Z,/Z
NP L (8.51)

—-1""Za/Zb-—
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which reduces to
Z4./Zy <0 (8.52)

Therefore, whenever Z, and Z; are reactances of the opposite types,
there will be a pass band and the image impedance will be purely resis-
tive. Whenever Z, and Z, are reactances of the same type, there will
be a stop band and the image impedance will be purely reactive. These

Stop band

Wo oo Pass band

ﬂ)

Fig. 8.29. Lattice arm impedances of a low-pass filter.

conditions are somewhat simpler than those relating to T and pi net-
works.

The condition for infinite attenuation is clearly Z, = Z,, which is the
null condition for a bridge. Consequently, points of infinite loss corre-
spond to a bridge balance.

The p-z of the reactance functions representing Z, and Z, are quite
evident on the p plane. The poles of Z, must be the zeros of Z, and
conversely in a pass band, otherwise the reactances cannot be of the
opposite types, whereas the poles of Z, must also be the poles of Z; in a
stop band, or else the reactances cannot be of the same type. A plot of
the p-z for Z, and Zy for a type of low-pass filter appears in Fig. 8.29.
(It does not matter which plot of Fig. 8.29 represents Z, and which
represents Z;.) Note for this example that impedances Z, and Z,
change from being opposite types of reactances to being the same type
at the frequency w, where a zero of one of the impedances is not matched
by a pole of the other impedance. Further, note that by using the
reciprocal reactance for one (not both) of the two reactances the char-
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acteristics of the filter are inverted so that pass bands become stop
bands and conversely.

The square root of the product of Z, and Z, for the example of Fig.
8.29 is easily seen to be

i (P + 0P + ws?)

2 = 29 = (ZoZp)" =
1 2 ( b) p2+w52

(8.53)

which, for «w < wy, is the image impedance in the pass band, and where
H is a real constant multiplier. In this produet, it can be observed
that all the p-z of the two impedances occurring in the pass band cancel.

It is desirable to make the image impedance, as exemplified by eq.
8.53, approximate a resistance that is constant in the pass band by
suitably adjusting the frequencies wy, ws, and wg. This may be done in
several ways analogous to that done in approximating the brick-wall
transfer function. If eq. 8.53 is made to ripple about an average value,
the match using resistive terminations will ripple about the ideal image
match and result in a rippled transfer function. Alternately, eq. 8.53
can be made to approximate a constant in the Taylor sense, so that the
transfer function with resistive terminations will look something like

} Pass %Pass ‘%“— } Pass

(a) (b) (c)

[0]
Q-————x }Pass } Pass

(d) (e)

Fig. 8.30. Lattice impedances of several ladder filters.
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the maximally flat transfer function. We do not have time to study
these various approximating procedures here but must leave them for
individual study from the references. (The reader should note that the
most efficient use of p-z in maintaining the image impedance constant
in the low-pass band, using a given total number of p-z, requires that
the lowest frequency pole or zero, other than that at w = 0, define the
edge of the low-pass band.)

A few p-z plots for Z, and Z,, corresponding to networks treated earlier
in this chapter are shown in Fig. 8.30. (Bartlett’s bisection theorem has
been used to find the representative lattice impedances.) Figure 8.30a
shows Z, and Z; for the lattice equivalent to the simple low-pass con-
stant-% filter. In b, the p-z are for the series m-derived section, whereas
in ¢ the p-z are for the shunt-derived section. Figure 8.30d is for the
band-pass equivalent of the low-pass constant-% filter and e is for the
special band-pass filter treated in Sec. 8.4. As will be recalled, reversing
p-z of any one of the two impedances of Fig. 8.30 results in the inversion
of stop and pass bands. With this minor change, Fig. 8.30 also repre-
sents several high-pass and band-elimination filters.

Problems

1. A ladder filter has Zy = pLy 4 1/pC; and Zg = 1/pCs. Plot the variation of
Z1/4Zy with frequency. Locate the pass and stop bands in terms of element values.
Evaluate Zr and Z, and plot in the pass band. Define Ej at some unique point in
the pass band. Evaluate « as a function of frequency for both stop and pass bands.

2. A constant-k low-pass filter has an image-impedance load and is driven from
a voltage source with a source impedance of zero. Plot the image-attenuation
function and compare with that given when the source impedance is also the image
impedance.

3. How many constant-k full sections are needed to give an attenuation of 40
decibels at a frequency of 1.2 times the bandwidth? (e« is expressed in terms of
nepers. The number of decibels is 8.686 times the number of nepers.)

4. Design a three-section constant-k filter using pi sections for a bandwidth of
100 mes and a full shunt C of 12 uuf. Plot the ideal attenuation function. Plot the
actual attenuation funection in the pass band assuming the interaction factor « to
be unity for (a) Ro terminations and (b) /2 Ry terminations.

5. Convert the filter of Prob. 4 to a band-pass filter at a center frequency of 50
mes (with the same bandwidth as in Prob. 4). Use /2 Ry terminations. What are
the lower and upper band edges? Use determinant manipulation at the output node
of the network to double the load impedance without changing the input impedance.
Sketch the transfer function using the results of Prob. 4 as a guide.

6. Design a two-section (pi) high-pass constant-% filter using Ry terminations and
having By = 1600 @ and a low-frequency cutoff of 10 kes.

7. Plot the transfer function in the pass band of a low-pass filter (neglect the in-
teraction factor) composed of one pi section and one L section having B = Ry = 1.
Use /2 Q at one end of the filter and 1/4/2 at the other to get a 2:1 ratio of re-
sistances.
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8. Derive the relations for the shunt m-derived low-pass filter section.

9. Design a low-pass image-matched filter having the attenuation function of
Fig. P.9. Use m = 0.6 series-derived end sections and use By = 300 2. Use one
internal constant-k section and one internal m-derived section.

1 !

b

' !

]

! |
10 12.5 1
Fig. P.9.

5 Kilocycles

10. Design a ladder filter having pi sections with the following specifications:
Ry = 600 @ terminations, 6 kes low-pass bandwidth, good image match (use m-de-
rived end sections with m approximately 0.6). The attenuation should rise to in-
finity at 7 kes and remain above 40 decibels for all higher frequencies.

11. A constant-k band-pass filter passing frequencies between 20 and 40 mecs is
desired with infinite attenuation at frequencies somewhat above and below the
band edges and with a good image match. Ry = 800 2. Design this filter using a
single shunt-derived section converted to its band-pass equivalent.

12. A single-section constant-k filter with equal terminations has the form of
Fig. P.12. Show that the transfer functions of these networks can always be par-
tially factored so that the locations of the p-z can be determined.

€ €

(a)
Fig. P.12.

13. Plot the locations of the p-z of a constant-k pi network with Ry and /2 Ry

terminations.
14. Plot the locations of the p-z of an m-derived pi section with Ry terminations.

15. The general L network is shown in Fig. P.15a. The series-derived network
is indicated in Fig. P.15b. Determine the impedances of the m-derived L section in
terms of Z1 and Zs.

z,/2 Zym/2
2z, Ze Zy 2Zam Znam

(a) (]
Fig. P.15.
16. Plot Zz, Z,, and Z,,, as functions of Z;/4Z; for the networks of Prob. 15.

17. Determine the element values for the network of Fig. 8.19a to have a band-
width of unity at a center frequency of two. Plot the ideal transfer function for
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Ry = 1K image-impedance terminations. Plot the actual transfer function (neg-
lecting the interaction factor) for Ry and /2 Ry resistive terminations.

18. Design a band-pass network with the circuit of Fig. 8.19a for a bandwidth
of 4.8 mes centered at 21 mes and with /2 Ry terminations.

19. Convert the network of Prob. 18 to that shown in Fig. 8.195.

20. An L-section matching network is to match 300 @ to 50 @ (load) at a frequency
of 1.5 mes. Determine the network, plot the p-z of the transfer function, plot the
magnitude of the transfer function, and determine the half-power bandwidth of the
mateh.

21. Two cascaded constant-k low-pass half-sections are used to match a 400 Q
source to a 50 @ load at a frequency of 28.5 mes. Design the network.

22. Use a two-section matching network in Prob. 20 instead of a one-section

network. Plot the magnitude of the transfer

i¢ function and determine the bandwidth of the
2C
% R % oL R, % match.

23. Determine the constant-k matching
equations for the high-pass half-section of
Fig. P.23. Fig. P.23.

24. Determine the equations for design-
ing the matching network of Fig. P.24. Do not use image-matching concepts.
Be careful not to cancel identical factors from both sides of an equation.

25. Design an all-pass lattice network to
give phase shifts of 0, =, 2=, 3m, and 47 at ~FI0
frequencies of 300, 1000, 1500, 3000, and _J_ L _L

6000 cps respectively. R T c c T R,
26. Determine Z and develop design
criteria for the bridged-T constant-resist- Fig. P.24.

ance rejection filter.

27. Develop a theory based on p-z plots analogous to those of Fig. 8.29 but ap-
plicable to the impedances Zy and Z3 of T and pi sections.

28. A lattice has Z, = pLy + 1/pC1 and Z, = 1/pCs. Locate the stop and pass
bands in terms of element values and sketch the attenuation in the stop band.
Attempt to reduce the lattice to a ladder.

29. Repeat Prob. 28 for Z; = pL; 4 1/pCs and Zp = pLe.

30. Repeat Prob. 28 for Z, = pL1 4+ 1/pCq and Zp = pLe + 1/pCs.

31. Repeat Prob. 28 for Y4 = pC1 + 1/pL; and Y = pCo.

32. Repeat Prob. 28 for Yo = pCy1 + 1/pLy and ¥y = 1/pLs.

33. Repeat Prob. 28 for Y, = pC1 + 1/pL; and Yy = pCs + 1/pLs.

34. A low-pass m-derived filter has the series impedance given by Fig. P.34a.
When converted to a band-pass filter, the series arm becomes that of Fig. P.34b.
Determine the more practical equivalent of Fig. P.34¢ in which each inductor is
shunted with a capacitor (part of which can be furnished by uravoidable stray
capacitance).

1h 1h 1f
[ (——O
if 1f
1h
(a) (6) (c)

Fig. P.34.



The Circuit Representation
of Vacuum Tubes

The characteristics of a vacuum tube are deseribed with a set of em-
pirically derived curves. The exact description of these curves can be
obtained with a Taylor series. Since more than two variables are in-
volved, this series contains at least two first partial derivatives, several
second partials, a quite large number of third partials, and so on. The
assumption of linearity disregards all partial derivations above the first.
To carry through calculations even as far as the second partials is almost
hopeless except in very simple cases. Thus we are limited in calcula-
tions to the linear terms of the Taylor series. - If we wish to go further,
graphical methods are all that are generally practical.

However, the linear assumption is entirely justified whenever the
magnitudes of sine-wave voltages and currents are small. Unless a
vacuum-tube circuit behaves in a highly nonlinear manner, the assump-
tion of linearity is at least a good first approximation.

The main advantage of the linear approximation is that a vacuum
tube can be described in terms of a voltage or current generator and a
few other circuit elements. Then the tube can be considered part of
some larger network and straightforward network analysis and design
carried out with the aid of modern network theory.

In this chapter, we shall study some of the basic properties of vacuum
tubes and some of the phenomena closely associated with their use.
Later we shall study them in practical systems.

9.1 Simple triode equivalent circuits

A triode 1s a three-element electron tube containing first a cathode
which acts as a source of electrons. Usually the cathode is indirectly
heated with a filament which does not play a direct part in the mech-
anism of operation within the tube. The triode also has a grid which
controls the flow of electrons and a plate which acts as a collector of
electrons. We shall not consider the phenomena going on inside the
triode, but only its properties as a three-terminal network element.

267
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The electrons in a triode flow from cathode to plate and virtually
none are intercepted by the grid as long as the grid is negative with
respect to the cathode (as we shall always assume to be the case). Since
we are studying the triode as a circuit element, the conventional direc-
tion of current flow is implied, that is, current flows from plate to
cathode.

The basic characteristics of a triode can be displayed with a set of
characteristic curves. Although these may be drawn in a variety of
ways (such as changing the axes), all the required information is con-

Plate Voltage e,

Plate current i,

Fig. 9.1. Triode plate characteristics.

tained in the plate-voltage (e;) plate-current (7;) curves, a representa-
tion of which is given in Fig. 9.1. All voltages are with respect to the
cathode voltage ey,.

The assumption of linearity replaces these curves with a set where
the grid-voltage curves are all straight lines and have a constant separa-
tion. Since the separation of the actual curves varies with the grid-to-
cathode voltage e;, a linear approximation made accurate at low nega-
tive values of e, will not agree with one made for high negative values.
Two typical approximations are indicated in Fig. 9.2.

YO S
. ) / s o /’C\:%V'
N Valid f & ’
ali
region // V{d//
ail
region
/ 707
E, 7] E, e,
(a) (b

Fig. 9.2. Linear approximation of triode characteristics.
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It should be clear that the plate current 7, depends upon two variables,
the plate voltage e; and the grid voltage e, both with respect to the
cathode. Consequently, the Taylor series linear approximation is

. 1y 97p
h=C+—e+—e 9.1)
¢ dep

From the linearized curves at ¢, = 7 = 0, the plate voltage is E,.
Equation 9.1 then yields
Ey

C=—-—2 .
Gen)/ @ia) 0.2)

Both partial derivatives have the dimensions of conductance, which
leads us to define two parameters as

7 ) Aty
gm = Transconductance = — = Lim (—) (9.3)
de, €c/ ep constant
. dep . {Aes
rp = Plate resistance = — = Lim (—) (9.4)
dup Ay ec constant

where the A quantities represent small increments which allow r, and
gm to be obtained graphically from the characteristic curves.
We can now express eq. 9.1 as

. E, €p
1 = — — + gmbe + ;" (95)

Tp P

If this equation is multiplied by rp, a dimensionless parameter u is
obtained
¢ = Amplification factor = g (9.6)

and eq. 9.5 takes the form

wuee — Ep — tprp = € (9.7a)

ules’ — &) — Eg — tprp = €/ — &' (9.7b)
where eq. 9.7b introduces the total cathode-to-ground voltage ¢, the
total grid-to-ground voltage e,’, and the total plate-to-ground voltage
e.’. (The unprimed symbols e,, ¢,, and e;, will refer to incremental volt-
ages with respect to ground rather than total voltages.) The plate and
grid voltages listed on tube charts are always with respect to the cathode.
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From eq. 9.7b, it can be seen that the plate-to-cathode voltage is made
up of two voltage generators and a voltage drop through a resistance 7,.
The equivalent of Fig. 9.3 can therefore be drawn directly from eq. 9.76.

At higher frequencies, the small capacitances between the electrodes
of the tube (as well as those in the leads, sockets, and wiring) become
important, even though they may amount to only a few micromicro-

ey’

zb¢
n

ey OO Uley—ey!)
+
ib¢ — E,

€,
(a} (b)
Fig. 9.3. Equivalent circuit of the triode.

farads. In addition, the inductances of the short wires connecting the
electrodes of the tube to its socket become significant, especially the
cathode lead inductance. A more complete equivalent circuit can be
drawn by including the capacitances and the cathode lead inductance.
The inductances of the plate and grid leads, although finite, are not
usually included in the more expanded circuit shown in Fig. 9.4 because
their effects are not particularly severe.

ey’ ? €q

!

eul P Cpk

ey —e;’)

€

(b)

Fig. 9.4. A more exact triode equivalent circuit.
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The true cathode voltage is the voltage within the envelope of the
tube and not the tube pin terminal voltage which is separated from the
true voltage by the inductance of the cathode lead wire.

If the voltage Eq is ignored (as well as supply battery voltages), the
resulting equivalent ecircuit is still valid except that average (d-¢) levels
are not specified. Average levels are of no interest in the sinusoidal
case. In any event, they may be established using a strict d-¢ approach
in which all direct voltages and currents are included and all frequency-
sensitive circuit elements are entirely ignored, that is, inductances short-
circuited (or replaced with an appropriate resistor to account for wire
resistance) and capacitances removed. Generally, we shall ignore the
d-c reference levels.

9.2 The triode at low frequencies

At low frequencies as well as at direct current, all stray and dis-
tributed capacitances and lead inductances can be ignored. The triode
equivalent circuit then becomes quite simple. When the input to the
triode is applied between grid and ground and the output is taken from

=

{a) b)
Fig. 9.5. Triode with plate and cathode impedances.

either the cathode or the plate (with respect to ground), the circuit dia-
gram of Fig. 9.5a applies with Fig. 9.5b for alternating voltages where
direct voltages are ignored. The ground (reference) node is assumed to
be at a voltage of zero. The equivalent circuit of Fig. 9.5b is shown in
Fig. 9.6a. Figure 9.6b is the same as Fig. 9.6a except that the voltage
generator has been replaced with a current generator. The nodal equa-
tions for Fig. 9.6b are

(YL + 1/rp)ea - (1/rp)ek "'gm(ev - 6k)
—(1/rp)ea + (Y1 + 1/rp)ex = gmler — ex)

It

(9.8)
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which become

(YL + l/rp)ea - (gm -+ 1/7'10)91\:

—Gmbv
(9.9)
—(l/rp)ea + (Yi+ gm + l/rp)ek = Gm€o

These equations characterize a feedback network. Had Z; been zero,
they would characterize an isolated network.
Equations 9.9 lead to the transfer functions

& _ YL _ uZy 9.10)
6o Yi(Vitgn+ 1)+ Yi/nn (Q+wi+r+2Zr

] - mY —uZ

il - Imlk 1247 9.11)

o Yi(Ya+ gm + 1/r0) + Yi/rs (L + )% + 1o + 21

When the output is taken from the cathode, the circuit is called a
“cathode follower.” Normally, Z; = 0 for cathode followers. Since u

O €q
gm(ev_ ek)
O'—O ) rp
€y
e, § Z;
> = ° =
(a) (b)

Fig. 9.6. Equivalent circuits of the triode with impedances.

is almost always fairly large (from 4 or 5 to perhaps 100), e;/e, is only
slightly less than unity as long as Zj is not too small. Should u or n,
change somewhat with time or from one point in the applied a-c wave
to another (nonlinear effects), the ratio e;/e, will change considerably
less. The presence of the cathode impedance introduces negative feed-
back which provides this desirable behavior.

The input impedance (grid to ground) of the circuits of Fig. 9.6 is
infinite because no impedances exist in the grid circuit. The output
impedance (Thévenin circuit) will now be found for the cathode follower
using a rather useful general method. If Z; = oo, the value of e;/e, is
a maximum of u/(1 4 p). If Z; is assumed to represent the total load
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on the cathode follower, the special value of Zy, which causes e;/e, to be
half its value at Z; = % defines the output impedance of the cathode
follower Z,y; that is, when the source and load impedances of a circuit
are equal, the output voltage is precisely one-half the source voltage.
Thus eq. 9.10 yields .

o ﬂzout
= 9.12)
2(1 + l") (]- + :U')Zout + Tp + Zz
Solving for Z,u:
Tp + ZL
Loyt = ———— 9.13)
’ 14w

which permits us to draw the equivalent circuit of Fig. 9.7 for the
cathode follower where the impedance Z; is the total load between

—08
rp+ZL
I-"eu é 1T 4 7
k
=

Fig. 9.7. Equivalent circuit for cathode output.

cathode and ground. It can be seen that the negative feedback pro-
vided by the cathode follower has reduced the output impedance by the
factor 1/(1 4+ u) times the plate resistance of the tube. Although the
voltage gain is somewhat less than unity, the power gain can be con-
siderable because of the impedance level transformation from the high-
impedance grid circuit to the low-impedance output circuit. Note also
that the output impedance can be controlled with the plate circuit im-
pedance Zr..

If the output is taken from the plate, the voltage gain e,/e, can be
large if Zy, is small; when Z;, = 0 and Zp > rp, it can be as large as p.

The output lmpedance at the plate can be found as before. At Zp =
©, eq/e, = —u. At half this value, the output impedance Zoyy is deﬁned

_ _#Zout
(1 + ,U)Zk + Tp + Zout

(9.14)

Ni®

Solving for Z,u
Zout, = Tp + (1 + P)Zk (915)
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which is always larger than' rp, and increases considerably for large Z;.
The equivalent plate output circuit is shown in Fig. 9.8.

O e,
rp+(1 +,u)Zk
Z,
=

Fig. 9.8. Equivalent circuit for plate output.

A triode may be driven at its cathode with the output appearing at
the plate and with the grid grounded as in Fig. 9.9. The arrangement

O e

o,

.,]|.

Fig. 9.9. The grounded-grid amplifier connection.

is then called a “grounded-grid” amplifier. The equivalent circuit of
Fig. 9.9 is shown in Fig. 9.10. There is but a single node equation for

m 2
€4 e
(D—A— e o - ca

o =
— He ’p — EmC;
by Z iy Z
R o=
(a) (b)

Fig. 9.10. Equivalent circuits for the grounded-grid amplifier.

this circuit (at the output) which leads directly to the transfer function as

€q 1+ wZ
b _(1L+wir 9.16)
er Tp + ZL
At Z;, = =, e./e;, = 1 + u. As before, the output impedance is deter-
mined as
Zout = Tp (917)

which results in the equivalent circuit for the output shown in Fig. 9.11.
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It should be noted that input and output signals for the grounded-
grid circuit and the eathode follower have the same sign. The opposite
sign applies when the input is at the grid and the output at the plate.

€g

NN
Tp
(1+I-‘)ek % ZL
=

Fig. 9.11. Output circuit of the grounded-grid amplifier.

The grounded-grid circuit does not have an infinite input impedance.
We may find the input impedance by obtaining the ratio of e/ as de-
scribed in Fig. 9.10. The cathode current 7 is the sum of two currents
easily obtained as

ik = Omer + (ek - ea)/rp (918)
Between egs. 9.16 and 9.18, we obtain the desired ratio as
e r, + 2
Zin = _k = T oL (9.19)
K73 1 + 2

which is usually a rather low input impedance compared to the plate
resistance 7, and the load impedance Z;. Between egs. 9.17 and 9.19,

Fig. 9.12. Complete equivalent cireuit of the grounded-grid amplifier.

we may draw a more complete equivalent circuit showing an external
voltage source ¢, as in Fig. 9.12 which drives the cathode of the tube.
Z, is the impedance of the external voltage source. This figure shows
the character of both the input and output impedances of the grounded-
grid circuit. For the special case when all impedances are matched,
which requires Zz, = r, and Z; = (r, + Z1)/(1 + u), we get the over-
all transfer function from Fig. 9.12 as
€g 1+

= (9.20)
€s 4
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9.3 The effects of grid-to-cathode capacitance

At higher frequencies, stray and interelectrode capacitances cannot be
ignored. Some of these capacitances can be accounted for fairly easily
by including them in the circuits of the previous section. When the
cathode is grounded and the output is taken from the plate, the plate-

a Enle,—c,) €a
»
e
ZL C'_J It z
— n e, L
ig C
Z
© -
(a) (b)

Fig. 9.13. Circuit with grid-to-cathode capacitance.

to-cathode and ground capacitances can be included as irreducible ele-
ments in shunt with the load impedance Z;. More practically, load
impedances can always be taken such that they include some capacitance
in shunt. We shall study these specific capacitance effects again in
Chap. 10 but are more interested in other phenomena here.

The grid-to-cathode capacitance has little effect on the circuit when
the cathode is grounded (unless the cathode lead inductance is appre-
ciable) but does provide an irreducible input impedance which is
capacitive; that is, the input impedance to the grid cannot be assumed
to be infinite. The grid-to-plate capacitance provides a feedback path
from input to output, something we shall study specifically in the fol-
lowing section.

When the cathode is not grounded, some important effects which
result from grid-to-cathode capacitance take place which warrant some
study. In the interests of simplicity, all but the grid-to-cathode capaci-
tance will be ignored in the analysis here.

Consider the circuit of Fig. 9.13 where C is the grid-to-cathode ca-
pacitance. The nodal equations are

(YL + l/rp)ea - (gm + l/rp)ek
- (1/712)811 + (Yk + gm + pC + l/rp>ek

—Gmlv
(9.21)

(gm + PC)ey

From these equations, we get transfer functions as
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e _ Yi(u + prpC) + pC (9.22)
e Yi+ pC+ Yol + p+ Yiry + p10) o
a —uY C
€a _ wYr+p 0.23)
eo  Yir+pC+ Yr(1 + p+ Yirp + prpC)
The current 7, can be found as
ig = (ey — ex)pC (9.24)

Between eqs. 9.22 and 9.24, the input admittance is found to be
; Yi(u + prpC C
Yin=2~g=p0(1— Lk + prpC) + p
€y Yi+ pC 4+ Yr(l + p + Yirp + prC)

It appears that when Zj is not zero the input admittance can be re-
duced because of the negative sign in eq. 9.25. For the cathode follower
where Z; = 0 (Y = ») and assuming Y = G} + pCy (parallel com-
bination of capacitance and resistance), we get

v — pCCy { P+ [(1 + rpGr)/(rpC)]
T 0 F G lp + {0+ g+ G I(C + CRl}

which can be adjusted to show p-z as in Fig. 9.14a or b. The function
of Fig. 9.14b cannot be realized with a passive RE-C network because it

]
|

(a) (b)

) (9.25)

} (9.26)

[
K
D

Fig. 9.14. Input admittance with grid-to-cathode capacitance.

is capable of providing negative conductance (which can result in oscilla-
tions, particularly if inductance occurs in the grid circuit). The illus-
tration should serve to indicate a method by which feedback ean be
utilized to obtain ‘“‘unusual” input admittances.

If frequencies are low, the variable p = jw will be small compared to
the constant factors in eq. 9.26. Then, an approximation is

1+1‘ka )N pC’
1+ p+nG/ 14w

Yin=2pC ( 9.27)
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where the second approximation is valid for small r,/R;. In this case,
the equivalent input capacitance is only 1/(1 + u) times the actual
grid-to-cathode capacitance. That this should occur is reasonable after
all, because the cathode follower yields a cathode voltage that “follows”
the grid voltage quite closely. Charging currents therefore cannot flow
through the capacitance to any great extent; hence, the effective input
capacitance cannot be large.

A grid resistor is often placed between grid and ground in order to
control ion current and other extremely small second-order effects. If
this resistor is returned from the grid to the cathode of a cathode fol-
lower rather than to the ground, an extremely high input resistance
may be obtained at low frequencies, much higher than that of the
physical grid-to-cathode resistor. This phenomenon is quite analogous
to the reduction of input capacitance and is utilized in the construction
of certain types of high impedance voltmeters.

At extreme frequencies where the variable p in eq. 9.26 is large com-
pared to the constant factors, the input admittance becomes

pCCy
Yin = 9.28
in C + Ck ( )
which 1s a capacitance given by the series combination of C and Cy as
might be expected; the gain of the cathode follower becomes so small
that the full charging current can flow.

€ RL%
> =

Fig. 9.15. Triode with cathode lead inductance.

(=

If Zy;, is not zero, the input admittance will also depend upon Zi.
The major effect is that the input capacitance is not reduced as much
at low frequencies as when Z; = 0.

When the cathode lead inductance cannot be neglected, a more in-
sidious effect, partly dependent upon the grid-to-cathode capacitance,
takes place. In most tubes it is this effect that limits the highest fre-
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quencies at which amplification can be obtained without resorting to
special measures.

The impedance Z; of previous equations can be assumed to consist of
the cathode lead inductance as shown in the circuit of Fig. 9.15. By
setting Zy = pLy and Yz = G, (a purely resistive plate load) in eq.
9.25, we obtain

_ GL { plp + (1 + 7Gr)/(LxGL)] }
14+ G \p® 4+ {[(1 + p)GLl/[(1 + rGL)Clp + [1/(Lix0)]
(9.29)

in

which has a p-z plot as shown in Fig. 9.16. It is possible for the real
part of this input admittance to become very large, thus furnishing a
relatively low input resistance. Replacing p by jw in eq. 9.29 and
solving for the real part, we get

Gin = Re Yin(jw)
1 w?(w® + pep?)
m + By {w‘* + @ {(1 + w?/[(RL + 7)°C*] — 2uwe®} + w04}
(9.30)

where wp = (1/LzC)** is the series-resonant frequency of L; and C.
For small w, eq. 9.30 is approximately

o) e
= m rp + BL/ \wo '

where the approximation neglects the term w* in the numerator and all
but we? in the denominator. The conductance '
Gin of eq. 9.31 grows as the square of fre- X
quency. Since 1/g, often represents a rela-
tively small resistance (perhaps as low as 50
or 100 Q), the reduction of the input imped-
ance resulting from cathode lead inductance
can be serious.

Certain techniques minimize this effect. A X
small external capacitance (or capacitive trans-
mission-line segment) can be placed between
the cathode tube pin and ground so that the
series-resonant circuit thus formed has zero
impedance or a small resistance at the frequency of interest. The
result is that the cathode-to-ground impedance becomes very small at

(]

Fig. 9.16. Input admit-
tance due to cathode lead
inductance.
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the series-resonant frequency so that the input impedance at the grid
has only a reactive component with perhaps only a residual conductance
component. This method of by-passing the cathode to ground is
referred to as “resonant” by-passing and might appear in a circuit as
in Fig. 9.17.

It is possible to actually reduce the magnitude of the cathode lead
induectance by bringing out heavy cathode leads at many points and/or
making the cathode lead a continuous sheet designed to be part of a
resonant circuit (as is done in “disc-seal” tubes).

Fig. 9.17. Resonant by-passing.

A different phenomenon having an effect like that resulting from
cathode lead inductance is transit time. When the electrons require a
finite time to travel from cathode to grid and from grid to plate relative
to the periods of the sine-wave voltages and currents applied to the tube,
another input conductance component is introduced which increases as
the square of frequency. This component can be minimized only by
operating the tube at higher voltages or by using physically smaller
tubes. It is this component that sets the ultimate upper frequency limit
of a tube. Since the electron transit time effect gives a conductance
increasing as the square of frequency, it can be accounted for as far as
its effect on the input impedance at the grid is concerned by assuming
an additional component of cathode lead inductance that cannot be
made impotent by means of resonant by-passing. However, an appre-
ciable transit time also has a severe effect on the gain of a tube (the
effective g, and p), reducing it rapidly at frequencies where the transit
time is comparable to the periods of the alternating voltages in the tube.
(Not only is the effective gain reduced by transit time but a time lag is
introduced; that is, a negative phase shift must be ascribed to the trans-
conductance.)
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The effect of cathode lead inductance on the grounded-grid circuit is
comparable to that already discussed. However, it is not so noticeable
(relatively) because the grounded-grid system operates at such a low
impedance level. In addition, the cathode lead inductance can more
easily be made an inherent part of the circuit driving the cathode.
Triodes are often operated as grounded-grid amplifiers rather than as
grounded-cathode amplifiers at high frequencies because problems
brought about by the cathode lead inductance are reduced (although
another important objective is to avoid the Miller effect).

9.4 The Miller effect

When the grid-to-plate capacitance of a grounded-cathode stage is
appreciable, a special kind of feedback exists from which results the
so-called Miller effect. Specifically, it is the equation giving the input
impedance at the grid of a tube having a finite grid-to-plate capacitance
that is termed the Miller effect.

“Neutralization” can be employed to reduce the effect by shunting
the grid-to-plate capacitance with an inductance so that the parallel
combination is resonant at the frequency of interest. Then, a very high
grid-to-plate impedance is given at that frequency, thereby minimizing
the feedback.

Because the Miller effect is so pronounced in triode tubes, high-fre-
quency grounded-cathode amplifiers rarely incorporate triodes unless

- =
(a) (b)

Fig. 9.18. Generalized circuit with grid-to-plate impedance.

neutralized. As grounded-grid amplifiers, either triodes or pentodes
may be used (with triodes best where noise is a limiting factor). In a
grounded-grid triode, the grid acts to shield the cathode and plate so
that there is but a small capacitance between input and output (and
the input and output voltages are in phase rather than 180 degrees out
of phase).

In many cases, the Miller effect is desirable and makes possible useful



282 Circuit Theory and Design

circuits. For example, it can be employed to obtain negative capaci-
tance, large positive capacitance, or other ‘“unusual” circuit impedances.
When generalized, it becomes the essential phenomenon in analog com-
puter amplifiers.

Consider the circuit of Fig. 9.18, which is that of a grounded-cathode
amplifier with generalized grid-to-plate and plate impedances. The one
node equation that is required leads to

e —u 4 Y
S . it (9.32)
ey 147r(Yr+ Yy
As before, the output impedance can be obtained as
Tp
Zoay = ———— 9.33
C 1+ Yy (0.33)
The current ¢, is given by
tg = (ey — €)Yy (9.34)

Between egs. 9.32, 9.33, and 9.34, the input admittance can be deter-
mined as

Yin =

Y
<1+#+TpL> 9.35)

1+ rp(Yr+Yy)

When the circuit of Fig. 9.18 is connected to a source of voltage ¢, with
a source impedance Z,, the complete equivalent circuit becomes that
shown in Fig. 9.19.

ey
I»é-er{ Zout
Ty €y ZL
+rp¥y
=

Fig. 9.19. Complete equivalent circuit with plate-to-grid feedback.

To study the most common type of Miller effect, assume Y; = pCy
(capacitance) and Yy = G -+ pCr (capacitance and conductance in
parallel). Then eq. 9.35 becomes

CLCy {P{p + (1 + p + r,GL)/(nCL)l}
Cr+ Cr tp+ {(1 + r,GL)/[r,(CL + Cf)]}

which has a p-z diagram as shown in Fig. 9.20.

Yin =

} (9.36)
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At high frequencies, Y;, becomes the series combination of Cy and C},
as might be expected. At low frequencies, p in the quantity in braces
in eq. 9.36 can be ignored and we get

Yo o pe, T O (9.37)

1 + TpGL

which is a capacitance that (for r,Gr small) is 1 + u times as large as
the physical grid-to-plate capacitance Cy.
Such a high input capacitance causes the
gain to become very small as frequencies ©
are increased to even modest values.
Approximately, the input circuit of Fig.
9.19 acts like the low-pass filter shown in
Fig. 9.21. If Z, = R, the gain of this cir-
cuit falls to 1/(2)* of that at very low frequencies at a frequency
w = 1/(R,C).

Although such a high capacitance may be objectionable in some cases,
it may sometimes be useful because it provides a means for obtaining
much larger capacitances than would be practical with bilateral circuit
elements. In addition, the capacitance can be made variable by pro-
viding suitable means for changing the amplification of the tube.

b 4

Fig. 9.20. Input admittance
with plate-to-grid feedback.

—AA €y
Zs

€s = C/1+y)

.|1|._@__

Fig. 9.21. Input circuit with grid-to-plate capacitance.

A cascade of two grounded-cathode tubes can be employed to make
the gain of the combination at low frequencies effectively positive.
Then, if a capacitor is placed between input and output of the com-
bination, the input capacitance can be caused to become negative.
This technique can be employed to cancel out certain objectionable
capacitances; however, it must be remembered that as frequencies are
raised the ability to cancel capacitance in this manner is reduced because
of the dropping off of gain resulting from other distributed and inter-
electrode capacitances.

The equivalent circuit of a tube with generalized Miller effect and
source and load impedances is shown in Fig. 9.22. From the two node
equations required for the solution to this circuit, we can easily find the
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transfer function as

€q Ys/Yf Ya
- ~ - (9.38)
€s 1 + Yj + YR (1 + Tp<YL + Yf)> Yf

Yy p— 1Yy

where the approximation is valid for large p at low frequencies. The
final result shows the behavior to depend only on the admittances Y,/Y;

AW ea
Y
A Z
Y, Zns D » L
(a) (b)

Fig. 9.22. Miller circuit with external voltage source.

and is the basis for electric analog computing amplifiers; negative feed-
back is carried to such an extreme that the over-all system behavior is
essentially independent of moderate nonlinearities and instabilities asso-
ciated with the vacuum tubes in the system.

9.5 Pentode equivalent circuits

A tetrode is essentially a triode with an additional grid between the
control grid and the plate called the screen grid. At certain electrode
voltages, electrons hitting the plate of a tetrode can be returned to the
cathode region along with extra electrons “shaken off”” the plate, which
is normally considered to be an undesirable effect. By placing a third
grid between the plate and the screen grid (the suppressor grid) and
operating this grid at the potential of the cathode, the ‘“secondary”
electrons shaken off the plate meet a retarding electric field and are
ultimately returned to the plate. Except for certain electrode poten-
tials, pentodes (with three grids) and tetrodes (with two grids) have
quite similar characteristics. Normally, the screen grid is operated at
a potential on the same order of magnitude as that of the plate, perhaps
a little less.

The presence of grids between the control grid and the plate yields
two very important advantages in grounded-cathode operation. First,
the screening effect reduces the control-grid-to-plate capacitance to a
very small value, which greatly reduces unintentional Miller effects
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(although the grid-to-plate capacitance may still be large enough to
introduce problems in high-frequency systems). Second, when the
screen grid is operated at a constant potential, changes in the plate
voltage have very little effect on the plate current. Then, the lines of
constant grid voltage will appear almost horizontal on the plate-voltage
plate-current characteristics.

Normally, the suppressor grid is operated at ground or cathode poten-
tial and frequently is connected to the cathode within the envelope of
the tube. Although it may sometimes be used as an on-off control elec-

e.=0
-1
ib -9 ib e,=
-1
—3 _
-4 -3
-4
€ €
(a) b

Fig. 9.23. Pentode plate characteristics, where e is large (¢) or small (b).

trode, we shall assume that it does not play a part in the operating
behavior of the pentode.

The screen grid will intercept some of the electrons in such a way
that the plate current in a pentode is less than the cathode current.
In fact, the control grid and screen grid act somewhat like a triode.

The plate current in a pentode is dependent upon the screen-grid
voltage as well as on the control-grid and plate voltages. This intro-
duces an additional variable to be accounted for in the operation of the
pentode as compared to the triode. When the voltage at the screen is
constant, we may use a set of characteristic curves similar to those for
the triode, a representative set of which is shown in Fig. 9.23¢ for one
particular value of screen voltage. However, a different set of curves
must be used for a different screen voltage, as is indicated in Fig. 9.23b.

The screen grid does draw current and it may be necessary to know
the screen current as a function of the grid voltage. For example, if an
impedance exists in the screen circuit, the screen current and voltage
can change with grid voltage with the result that operation is not con-
fined to one set of characteristic curves.

The linearized curves for the pentode take the form of a number of
parallel and equidistant lines ag is the case for the triode. Such a set of
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curves appears in Fig. 9.24. For the linear approximation to be at all
valid, it must be assumed that operation is confined to the right of the
zero grid-voltage line of this figure.

When the screen voltage is constant, only one set of characteristic
curves applies and the equations of behavior are quite similar to those

e, =0

e.=0
I, -1
i -2
-3
-4

€
Fig. 9.24. Linearized pentode characteristics.
for the triode, that is
. 01y a’&lb €p
7y =Co+ —e +——e = Co+ gnec +— (9.39)
aec 361, p

where all voltages are with respect to the cathode. The constant Cg can
be evaluated by observing that, at e, = e, = 0,7, = Iy. Thus Cq = I,.

e

tsg (from ground)

Oey

(b)
Fig. 9.25. Equivalent circuit of the pentode.

It is more convenient to use a current generator equivalent cireuit for
pentodes. The equivalent circuit of Fig. 9.25 can be deduced from eq.
9.39. In this circuit I, is constant and can be neglected when only
time-varying quantities are involved. However, 7,, is not always con-
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stant with e,’. As a result, a secondary effect will be observed if there
is an impedance from cathode to ground. Fortunately, 7, is usually
small enough to be neglected.

The circuit resulting when Iy and 7,, are neglected is identical to the
triode ecircuit already described and all the considerations relating to
circuitry studied in the previous sections are directly applicable. The
only differences are in the typical values of r,, u, and g¢,, (and the grid-
to-plate capacitance). The transconductance ¢, of triodes and pentodes
is about the same, perhaps a few hundred to 10,000 or 20,000 micromhos.
The plate resistance of triodes r, ranges from a few hundred ohms to
perhaps 100K, whereas that for pentodes is much larger, from a few
hundreds of thousands to a few millions of ohms. Since p = gpry, the
amplification factor of pentodes is considerably larger than that of
triodes.

The plate resistance of a pentode is so large that it is frequently neg-
lected in comparison with other circuit elements that may be in parallel
with it, as is almost always done in connection with the study of wide-
band amplifier circuits (which always employ relatively small plate load
impedances).

When the screen voltage is not constant and/or the current <., is not,
near enough constant or small enough to be ignored, suitable modifica-
tions must be employed. In eq. 9.39 an additional term

My

¢ 9.40
6w €c2 ( )

must be included. This adds another current generator to the equivalent
circuit. When an impedance exists in the screen circuit, the voltage e
will be dependent upon 7,,. Consequently, an additional linear equation
is required to describe the screen current. It has the form

F1sg Feq sy

isg=COl+ ) e + ey 1

(2 Jey, €c2

€ca (941)

The simultaneous solution of the equations for #; and 7., leads to the
more complete equivalent circuit. The results are not at all simple and
the solution is useful only for quite special cases. Rather than derive
the relations, some approximate results will be set down. When an im-
pedance Z,, exists between the screen grid and ground, the transcon-
ductance g, (referring to the plate) can be replaced with another trans-
conductance

Ts
m ———— 9.42
g Om re + Zop ( )
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where r, 18 the source resistance of the
screen, which is analogous to the plate re-
sistance of a triode and is typically on the
Em(ev—e,,)ﬁz—CD r order of 10K or 20K. A more complete
equivalent circuit can now be drawn for
the pentode (a-c variations only) as shown
be, in Fig. 9.26.

It should be pointed out that the screen
grid can be used as a control grid; that is,
an input signal can be applied to the
screen grid rather than to the control grid. In fact, both grids can be
utilized so that two signals may be applied simultaneously.

Fig. 9.26. Equivalent circuit
including a~-c¢ screen effects.

9.6 Certain combinations of tubes

In many instances, desirable circuits may be obtained by operating
two or more tubes in some parallel arrangement. For example, two
triodes can be made to add two signals as shown in Fig. 9.27. A sub-

O Supply

(a)
Fig. 9.27. Two-tube adding circuits.

traction circuit might have the form shown in Fig. 9.28, which also
provides a means of obtaining high gain with a high impedance input
and without a sign reversal from input to output. The circuit of Fig.
9.28 (or some minor modification of it) is widely used as an input sys-
tem to d-c amplifiers because fluctuations in supply voltages and currents
and in tube characteristics tend to be cancelled between the two tubes.

When an input signal exists on a pair of wires such that the system
is balanced with respect to ground, tubes may be operated in a ‘“push-
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O Supply

Fig. 9.28. A two-tube subtracting circuit.

pull” arrangement as indicated in Fig. 9.29. If Z = Z’ in this circuit,
the system behaves like two separate systems with respect to ground
with equal and opposite voltages applied to the two inputs. Fluctua-
tions in tube characteristics and supply voltages tend to cancel in a
push-pull system. Push-pull systems not having balanced circuitry en-
able networks such as bridges to be realized.

In all multiple-tube circuits such as those mentioned, equivalent cir-
cuits permit an analysis to be made in a straightforward manner. Par-
ticular attention should be paid to the d-¢ characteristics to insure that
the tubes will work together harmoniously; that is, one tube should not
force undesirable direct voltages and currents on the other, and so forth.

Supply
Z
—0
O
Input Qutput
e,
O
ZI
Supply

Fig. 9.29. The push-pull circuit.
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9.7 Setting the operating point

When the potentials and currents about which the tube is to be varied
with a signal are determined, a strict d-c approach is called for in which
all inductances are considered short circuits (or resistors) and all capaci-
tors open circuits. If the tube is a triode, the d-c circuit usually has
the form of Fig. 9.30, where Ey; is the power supply voltage and E,, is

e, >
O RL
% +
—_—F
= Ecc B -
o1 =

Fig. 9.30. A tube with generalized biasing.

a direct voltage applied by some means between grid and ground.
Usually, E,. is zero, although it may occasionally be made positive by
attaching the grid to a voltage divider between Ky, and ground. The
operating point is obtained from a graphical analysis on the tube-char-
acteristic curves.

The product (e,’ — ex')is = eyip is the d-¢c power dissipated at the
plate of the triode. It is not safe to exceed a certain value of power

S
~
Y]
; o ’ o
b / oy
/
Py line
Operating point ' )

Fig. 9.31. Maximum-dissipation line.

which is called the “maximum plate dissipation.” The curve of maxi-
mum permissible power Py = (6 — /)7y, where P,y is a constant,
can be constructed on the characteristic curves as indicated in Fig.
9.31. The operating point is restricted to the shaded area of this figure,
which is to the right of the e, = 0 line in the interests of linearity, and
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below the Ppu.x line so that the safe ratings of the tube will not be ex-
ceeded. (It should be remembered that the abscissa of all tube-charac-
teristic curves are in units of voltage with respect to the cathode.)

The operating point should be chosen somewhere in the middle of the
permissible region of the characteristics. It is not good practice to
operate a tube too close to its maximum rating, nor should operation
be too near the zero bias line unless the expected magnitudes of the
sine-wave voltages and currents in the tube are quite small. If the
operating point occurs at a very large value of ¢;, an excessively large
power supply voltage will be required.

Two equations describing Fig. 9.30 are readily seen to be

By, — ipBr, = e
(9.43)
ibRk = ek’

Since the abseissa of the characteristic curves is expressed in units of
e, — e and the grid bias in units of e, = K. — e/, egs. 9.43 can ad-
vantageously be rephrased as

By, — R — e = Epy — tp(Br + Rr) = ¢’ — e’ = e (9.44q)
IibRk = Ecc - (Ecc - ekl) = Ecc — €&¢ (944b)

where e, and e, are values with respect to the cathode.
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Fig. 9.32. Graphical solution for the operating point.

The curve given by eq. 9.44a can be plotted as a straight line on the
characteristic curves. This curve is called the “load line.” At 7, = 0,
ey = Eyp, whereas at e, =0, 7, = Ey/(Ry + Ry) = I,. These two
points define the load line as is indicated in Fig. 9.32. The operating
potnt must lie somewhere on this line.
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Equation 9.44b may also be plotted on the characteristic curves. To
plot this curve, a value of e, is assumed and 7 is calculated to give a
point. (It is assumed that E.. is constant and is known.) This pro-
cedure is repeated for a sufficient number of values of e, to define a
curve. Such a curve, which can be called the “bias line,” is also shown
in Fig. 9.32. The operating point must lie somewhere along this line.

Since egs. 9.44a and b must be satisfied simultaneously, the operating
point must occur at the intersection of the two curves.

When a resistor occurs in the cathode in the manner described, the
tube is said to have ‘“‘cathode biag” (at least in part). If By = 0, ¢
becomes e, and the load line is drawn the same as before. A bias line
is then not required. However, a negative voltage with respect to the
cathode must somehow be applied to the grid. This voltage is the “fixed
bias”’ e, shown on the characteristic curves. To obtain a fixed bias, a
battery can be placed in the grid circuit, the grid resistor can be re-
turned to a negative supply voltage, or the cathode can be operated at
a fixed positive voltage with respect to the grid. The analysis of the
operating point of the cathode follower is done as described; both the
load line and the bias line are required.

If the d-c resistance of the plate load impedance is zero, as when the
load is a parallel-resonant circuit, then the load line for d-c¢ considera-
tions will be determined only by the cathode resistor R;. If Ry is also
zero, the load line will be vertical. For steady-state sine-wave opera-
tion, the plate load impedance may be finite even though the d-c im-
pedance is zero. Then the load line for a~¢ variations will pass through
the operating point with a slope determined by the magnitude of the a-c
impedance. (Strictly speaking, the load line will be a “line” only if the
a-¢c impedance is purely resistive. Otherwise, it will be a more compli~
cated two-dimensional curve such as an ellipse.)

The operating point of a pentode is obtained in a quite analogous
manner if 1t is assumed that the screen voltage is constant at the value
specified on the set of characteristic curves. The only slight modifica-
tion required (which is often ignored) is due to the screen current,
which eauses the cathode current to be slightly larger than the plate
current.

The screen is generally supplied in one of three different ways, which
are shown in Fig. 9.33. The method shown in Fig. 9.33a¢ may be the
most costly way of supplying the screen unless power supplies are already
available. The method of Fig. 9.33b is not good unless the plate supply
voltage is low enough to be within the maximum rating of the screen;
however, it is the simplest and cheapest way for providing the screen
with voltage. The method of Fig. 9.33¢ is a common one. The value
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of the screen dropping resistor is calculated by requiring it to drop the
voltage from the supply voltage to the desired screen voltage while
carrying the proper screen current.

@

(c)

Fig. 9.33. Various methods for supplying the screen. (a) Separate screen supply*
(b) Common plate and screen supply. (¢) Screen dropping resistor.

Another method for obtaining grid bias should be mentioned for com-
pleteness and because it is quite common in some types of amplifying
systems. It would appear at first glance that the circuit of Fig. 9.34
provides no means for holding the grid at an average negative potential.
This will indeed be the case when the source voltage ¢ is zero. How-
ever, when e is a sine wave, the grid will be positive with respect to the

I
© it
. of
Sine wave Re
O

Fig. 9.34. Triode with signal bias.

cathode during the positive peaks of the applied sine wave and grid
current will flow. In fact, the grid acts like the plate of a diode tube.
This will leave a negative charge on the capacitor C; which slowly leaks
off through the “grid-leak’ resistor E,. Then the grid will have an
average negative potential. The charge that leaks off C, is replenished
at each positive peak of the applied sine wave. As long as the amount
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of grid current that flows at the peak of each cycle is small, the nonlinear
distortion that is introduced will not be serious.

The biasing method described in the foregoing is referred to as “signal
bias” or “grid-leak bias” and depends on the presence of an applied
signal voltage. It is sometimes used in addition to a small amount of
cathode or fixed bias, particularly if the loss of signal would result in
excessive current in the tube.

Sometimes in low-cost audio voltage amplifiers a circuit like that of
Fig. 9.34 will be found in which R, is on the order of 10 megohms. In
such circuits, biasing is not obtained from the signal; rather, the minute
second-order electron and ion currents flowing in the very large grid-
leak resistor are sufficient to provide a moderate negative voltage on the
grid.

9.8 Peak voltage and power

Once the operating point has been located, the peak values of voltage
and current obtainable at the output of the tube without excessive non-
linearity may, for the case of resistive loading, be calculated.
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Fig, 9.35. Large signal limits for linearity.

Consider Fig. 9.35, which shows a load line and the operating point
on a set of triode characteristics. It is assumed that the output is taken
from the plate. If a sinusoidal voltage is applied to the grid of the tube
such that e, is varied between maximum limits of 0 and —4 volts (for
example), the output at the plate will vary from Ey, — E,, to Eyy, + E,,/.
If E,, and E,, are not equal, the output sine wave will be somewhat
distorted. If E,, and E,,” are equal and the separation of the grid curves
is constant, there will be negligible distortion and the sine-wave power
dissipated in the load resistance Rz, will be E,,2/2Ry. This power cannot
be materially increased without driving the grid harder, with the result
that e, becomes positive on one peak of the sine wave and/or ¢, becomes
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50 negative on the other peak that the plate current is reduced to zero.
This latter condition is specified in terms of the “cutoff’’ bias, which is
—7 volts for the example of Fig. 9.35. For positive e, grid current
will flow in the tube, which results in one peak of the applied sine wave of
voltage being more or less flattened. If e, becomes more negative than
—7 volts, the other peak of the sine wave will be rather abruptly flat-
tened. Thus it is important that excursions of e, be limited between zero
and the cutoff bias if severe nonlinear behavior is to be avoided.
Operation of a tube in the manner described in Fig. 9.35 and in the
foregoing discussion is termed ‘“‘class-A” operation. It is of interest to

Voltage

Time

Fig. 9.36. Maximum signal in class-A amplifiers.

calculate the maximum possible conversion efficiency of the tube for
this mode of operation. At the very best, E,, can be made as large as
Eyp, which requires among other things that Ry = 0. The waveform
across By would then appear as in Fig. 9.36. The d-c power supplied
to the tube is Ey;2/Ry, if the load resistor is driven with a transformer
or in parallel with an inductor such that the operating point occurs at a
plate voltage equal to the power supply voltage. (If the plate current
is supplied through the load resistor, the d-c power will be 4E3,%/Ry,
the required power-supply voltage being 2F,;.) The a-¢ power in the
sine wave of Fig. 9.36 is E,;2/2R;,. Hence the maximum possible con-
version efficiency is the sine-wave power divided by the d-¢ power, or
50 per cent. (It is only 25 per cent if the plate current is supplied
through the load resistor.) The maximum possible efficiency of class-A
pentodes is slightly less than this because of losses at the screen. For
any applied voltage less than that giving the maximum possible swing
just discussed, less efficient operation of course results. Efficiencies of
class-A power amplifiers designed to handle most signals are rarely made
greater than about 20 per cent in practice because of the distortion
introduced. With feedback, efficiencies of around 40 per cent are prac-
tical. When a class-A power amplifier is used with pulse-type signals,
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efficiencies near 50 per cent may be obtained. If the tube is operated
as an on-off device rather than as a linear amplifier, efficiencies above
50 per cent may be obtained.

The maximum output voltage of the cathode follower cannot be larger
than that required to cause cutoff if distortion is to be avoided, as occurs
when the plate current goes to zero. If I is the current at the operating
point and Ry is the cathode resistor, IRy is the maximum peak output
voltage that can be achieved, which corresponds to a sine-wave power
of I bsz/ 2.

A sine wave causes the instantaneous values of 7, and e; to move
along some path on the characteristic curves. If the sinusoidal varia-

Voltage

0 Time
Fig. 9.37. Step-voltage input.

tions are large, the various tube constants, r, and g, (and to a lesser
extent p), vary as well. This causes some distortion to be introduced
because the vacuum-tube circuit changes from point to point of the
applied waveform. Numerous effects are introduced which we do not
have time to study. However, one example will be indicated in order
to point out what may take place.

Consider the application of a moderately large change of voltage to
the grid of a cathode follower at time ¢ = 0 as depicted in Fig. 9.37.
If this change is positive, the tube will draw more current after t = 0
with the result that r, will be decreased and g, increased ; consequently,
the output impedance of the tube will be decreased. On the other hand,
if this change is negative after ¢ = 0, r, will be increased, g, decreased,
and the output impedance will be increased, perhaps drastically.

Problems

1. Determine the transfer function ez/e, for the circuit of Fig. 9.5b when Y =
G + pC and Yy = Gy + pCr and plot the p-z. Determine the maximum value of
the transfer function. Also determine the maximum value when RC < R;Ck.

2. Determine the transfer function e;/e, for the cireuit of Fig. 9.5b when Y =
G 4 pC 4+ 1/pL and Y = Gy + pCk + 1/pL; and plot its p-z. Find the magnitude
of the transfer function at resonance and specify the half-power bandwidth.

3. A cathode follower is used to drive a 50 Q load. If g, = 5000 micromhos and
rp = 10K, determine the voltage gain e/e, and also the power gain assuming the
impedance of the grid circuit is 500K.
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4. If Ry for a cathode follower is returned to ground as is also the grid resistor,
what Jimits the upper value of RB;? Can you suggest two ways to increase Ry (by
means of various d-¢ connections) without reducing the transconductance of the tube?

5. A grounded-grid stage has a load admittance G + pC + 1/pL. Determine
the expression for the input admittance and plot its p-z. Compare the bandwidth
of the input admittance to that of the plate load.

y Lg i

6. The “cascode” amplifier is shown in Fig. P.6. It consists of a grounded-cathode
stage followed by a grounded-grid
stage. The input impedance of the
grounded-grid stage is usually low
enough to permit assuming the band-
width of the plate load of the grounded-
cathode stage to be much larger than
that of the grounded-grid stage. De- R,
termine the over-all bandwidth and the
transfer function eg/e, neglecting rp. If  o—
e1/e, is on the order of unity, discuss
why it is possible to use a triode for
the grounded-cathode stage rather than
a pentode. ° #

7. Two triodes are connected as
shown in Fig. P.7. Calculate the Fig. P.7.
transfer function eg/e;.

8. If in the circuit of Fig. P.7 the transconductances of the two tubes increase
slightly by the same amount with x remaining constant (possibly due to a fluctua-
tion in the filament supply voltage), what will be the effeet on the transfer function?

Fig. P.6.

O Supply

ez

€

&m
e
Tp
R,
Ry
O-
Fig. P.9.

9. Calculate the input impedance to the circuit of Fig. P.9.
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10. A grounded-cathode pentode tube in a wide-band band-pass amplifier at 60
mes has g, = 5000 micrombhos, a grid-to-cathode capacitance of 4 uuf, and a cathode
lead inductance of 0.2 gh. What will be the input impedance if the plate load re-
sistance at band center is (a) zero and (b) 2K?

Fig. P.11.

11. Calculate the input impedance at the grid of the circuit of Fig. P.11 at the
frequency where the impedance from cathode to ground is purely resistive. Also,
determine this frequency.

12. Calculate the input impedances of the circuits of Fig. P.12 and discuss.

Fig. P.12.

13. Obtain the transfer functions eg/e; for the circuits of Fig. P.13 and plot the
locations of the p-z. Discuss.

Ry

R;

{c)

14. Determine the gain st w = 0 and the bandwidth of the circuit of Fig. P.13a
assuming u = 50, gn = 3000 micromhos, Ry = 500K, Re = 25K, and C = 0.1 4f.

15. Calculate e./e,1 for the circuit of Fig. 9.28 using Zy = Rx, Zr = Rz, and
eys = 0. What will be the effect on the transfer function if the g, of the two tubes
changes in the same manner simultaneously?
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16. At its operating point, a pentode draws 11 milliamperes (ma) plate current
and 2 ma screen current at a screen voltage of 150. The tube is to have its cathode
grounded except at very low frequencies. What cathode resistance is needed to give
a grid bias of 2 volts? What screen dropping resistance is needed when the supply
voltage is 2507 What must be €y (if Cy is infinite) in order that the amplification
be within 10 per cent of that at medium frequencies at 200 cps? What must be Cy,
(if Cy is infinite) using this same criterion? Refer to Fig. P.16.

+ 250 volts supply

™ ]

=C,

Fig. P.16.

17. A triode cathode follower has ¢,, = 5000 micromhos at i, = 12 ma and gn =
2000 micromhos at 74 = 3 ma with g, approximately linearly dependent upon 4 for
intermediate values. Plot the output impedance of the cathode follower as a func-
tion of 7 over this current range assuming p is constant at 40. The value of the
cathode resistor can be computed when the grid-leak resistor is returned to ground
by assuming that a bias of 1 volt and 3 volts give plate currents of 12 and 3 ma
respectively, with the bias for intermediate values varying linearly. Plot the value
of the required cathode resistance as a function of the plate current. Refer to Fig.
P.17.

@ Supply

O

Fig. P.17.

18. Two grounded-grid stages are placed in cascade in a transmission line operat-
ing at high frequencies. The actual circuit (for a-¢ variations only) is shown in Fig.
P.18a. It is desired to adjust G so that the input impedance is equal to Zy = Rp at
the center frequency wo. Then, the equivalent circuit is that of Fig. P.18b. Deter-
mine ez/¢ if g, = 16,000 micromhos, g = 40, R; = 90, C = 15 upuf, and the center
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frequency is 100 mes. On which tuned circuit is the transfer function most de-
pendent?

Wy

wWe

Fig. P.18.

19. Repeat the previous problem for the cascode amplifier of Fig. P.19 using the
same parameters and compare with the results of Prob. 18.

@o
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Low-Pass Amplifiers

Armed with the concept of p-z and equipped with some knowledge of
network design and of simple vacuum-tube circuits, we finally come to
the point where the bits of information so far accumulated ean be com-
bined in order to design complete vacuum-tube systems. The road will
not be at all difficult because it amounts to little more than putting to-
gether the pieces.

10.1 Networks and tubes

A vacuum tube is always operated in conjunction with a network.
Sometimes two or more tubes may be part of the same basic network.
Each basic network has a certain transfer function which is relatively
simple and may represent one function in a cascaded arrangement of
several functions.

Perhaps the one simple function is all that is required to perform some
desired task. In that event, the equivalent circuit must be solved as a
unit and its p-z or defining polynomials adjusted to agree with the de-
sired collection of p-z or the coeflicients of the desired polynomials (for
example, a three-pole maximally flat function).

On the other hand, the over-all function may be quite complex.
Several simple functions, each of whose characteristics are known, can
be cascaded. The p-z of each simple function can be equated to a sub
group of the total desired set of p-z and the type of circuit required as
well as all element values can be obtained quickly.

The reader may ask why the over-all function need be complex when
simpler functions of frequency might be adequate. The answer is basi-
cally a matter of gain. Most multitube linear devices perform the task
of amplifying a signal covering a finite band of frequencies. But only a
relatively small amount of gain with a sufficient bandwidth can be ob-
tained with one tube so that several simple tube-network combinations
in cascade may be needed in order to achieve the required gain along
with an adequate bandwidth. However, the distributed capacitances
always associated with tubes, as well as the coupling and by-pass net-

301
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works needed so that correct operating voltages can be placed on the
tubes, cause each tube-network combination to introduce p-z. The re-
sulting cascaded system then shows a fairly large and irreducible num-
ber of p-z which must be positioned correctly in order to obtain a satis-
factory over-all transfer function with a high over-all gain. The rela-
tively large number of p-z may be employed to advantage in providing
reasonably constant gain and linear phase over the band of frequencies
of interest and a large rejection for frequencies outside the band. The
larger the total number of p-z, the greater can be made this “off-channel”
rejection; consequently, the greater can be made the discrimination of
the system to signals occurring at frequencies outside the band of inter-
est. If rejection without a large amount of gain is required, the network
associated with each tube can be made more complex. This is, of course,
preferable to building up a large number of p-z with an excessive number
of tubes.

To achieve reasonable economy in power-supply requirements, cath-
ode resistor and by-pass networks are often employed so that a small d-¢
potential difference can be placed between the grid and the cathode.
Also, similar resistor and by-pass combinations may be placed at the
screens of screen-grid tubes so that favorable screen voltages can be
obtained without requiring separate power supplies for plates and
screens. To keep the high d-¢ plate voltage of a tube from being ap-
plied to the grid or cathode of a subsequent tube, blocking capacitors
must be introduced. All of these by-pass and blocking circuits are fre-
quency sensitive at low frequencies. In fact, a blocking capacitor causes
the gain to be zero at zero frequency because a zero is added to the
transfer function at the origin of the p plane. The amplifier then actu-
ally displays a band-pass rather than a low-pass characteristic. How-
ever, if the low-frequency effects occur at frequencies that are very much
smaller than the high-frequency cutoff point, the system can be classified
as low pass and the high-frequency p-z can be ignored when studying
low-frequency phenomena, and conversely. As long as the reduction in
gain at low frequencies distorts the desired signal very little, no harm
results from by-pass and blocking circuits.

If the transmission of direct current is important, blocking eapacitors
are not used, direct coupling (through resistors) being employed instead.
Then there are no zeros at zero frequency. As would be expected, more
complex power-supply systems are required for d-¢ amplifiers.

10.2 Building blocks and systems

A cascaded system composed of several tube-network units having
individual transfer functions f (p), fo(p), and so on is shown in Fig. 10.1.
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Each of these tube-network boxes can be termed an “amplifier building
block.”

In obtaining the transfer function of a given block, the input imped-
ance to the following block must be considered as part of the load im-
pedance. For example, the distributed capacitance from grid to ground
of a grounded-cathode amplifier should be considered to be part of the

E—J Tube-network f; (p) Tube-network £,(p) Tube-network f, (p) ?
ut

Fig. 10.1. The cascaded system.

load impedance of the preceding block and not associated with the block
containing the tube that furnishes the capacitance.

If changes in the circuit elements of a block beyond the input to that
block make no changes in the load impedance of the preceding block, the
system consists of isolated tube-network stages. This kind of a system
is the easiest with which to deal because each block can be designed as a
separate entity with little regard for the effects of other blocks (other
than a constant impedance attributed to them). An example of such a
system is one consisting only of grounded-cathode tubes where the grid-
to-plate capacitances are negligible and cathode lead inductance is un-
important.

When the system is not isolated in this sense, the changes referred to
may be small enough to be ignored entirely or may vary so little that
average values may be taken for input impedances. An example of this
is a chain of grounded-cathode stages having small impedances between
cathode and ground with the input impedance at the grid of each tube
dependent upon grid-to-cathode capacitance.

At the extreme is the block whose input impedance is very sensitive
to changes in its output circuitry as, for example, the grounded-grid
amplifier or systems suffering from considerable Miller effect. For such
systems, the separation into separate building blocks may not be justi-
fied and several building blocks may have to be lumped into one and the
composite network solved with a single set of node or loop equations.
However, this approach is difficult and can often be avoided through
approximation. Usually, the input impedances to such blocks will
strongly depend only upon immediately following blocks and the effects
resulting from blocks two or three units down the chain can be ignored.

In the interests of simplicity, we shall concern ourselves only with
isolated systems in this section. Procedures by which complicated trans-
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fer functions can be built up with isolated building blocks can now be
described in a general and rather complete manner. First, consider the
system described by the p-z of Fig. 10.2a in which each pole and each
zero is of order N. Clearly, a cascade of N identical blocks, each of

N
N XN X
XN X
N
{a) (b)

Fig. 10.2, A cascade of identical functions.

which has the p-z of Fig. 10.2b, achieves the desired result. Such sys-
tems are perhaps the most important for low-pass amplifiers.

Next, assume that it is desired to build up the maximally flat function
of Fig. 10.3a. Of course, we could design a single network to realize the

(a) (b)
Fig. 10.3. Cascading nonidentical functions.

poles of Fig. 10.3a. However, we shall restrict our interest to cases
where several stages are desired. To realize the function we could use
three cascaded stages, each of which furnishes poles as shown in Fig.
10.3b. In other words, we require each block to furnish only a few of the
p-z of the desired over-all function. Another way to realize the function
of Fig. 10.3c is to use individual stages having p-z as shown in Fig. 10.4

Fig. 10.4. An alternate cascade with p-z cancellation.
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in which p-z cancellation is advantageously employed. The technique
of p-z cancellation greatly increases the number of different kinds of
building blocks of value for obtaining some given over-all transfer
function.

Figure 10.5 shows an over-all transfer function in which a pole and a
zero occur on the negative real axis in fairly close proximity. If the
effect due to the zero is assumed to be cancelled by that of the pole,

X x I X |
x X X ,
Fig. 10.5. A pole and a zero Fig. 10.6. A pole far out on
in close proximity. the axis.

both can be neglected and the over-all transfer function thereby simpli-
fied. As a practical matter, p-z pairs in close proximity can usually be
neglected. (The precision of a system is often not great enough to tell
whether or not such a pair exists.)

Figure 10.6 shows a transfer function having one pole far out on the
negative real axis. As far as its effect at frequencies near the rest of the
p-z is concerned, it can be neglected and removed from the system.
Unless the off-channel rejection at frequencies far from those near most
of the p-z is important, its inclusion in the system is adding unnecessary
complexity.

The precision with which the desired position of a pole or a zero must
be realized is dependent upon the required precision of the over-all phase
and gain variations with frequency. Happily, surprisingly large devia-
tions can often be tolerated.

10.3 Isolated systems with two-terminal impedances

The most common amplifier building block consists of a grounded-
cathode pentode or triode with but a single load impedance in the plate
or cathode circuit as shown in Fig. 10.7 (which neglects coupling capaci-
tors and power-supply voltages). The capacitances shown in Fig. 10.7
are the total capacitances at the corresponding points in the circuit.
For example, C consists of the output capacitance of tube V', the input
capacitance of tube Vs, and all extra capacitance brought about by cir-
cuit wiring and the tube sockets of ¥V and V. Similar capacitances
exist between cathode and ground. The capacitance to ground at the
output includes the capacitance of any load that the system drives. A
typical minimum value for the interstage capacitance (neglecting Miller
effects) is 15 ppf.



306 Circuit Theory and Design

€
)
O—
In > Cu e
Zy T ? Z,
O

Fig. 10.7. An amplifier with two-terminal interstage networks.

The system of Fig. 10.7 is isolated if the grid-to-plate capacitance is
negligible and the grid-to-cathode capacitance can be assumed to oceur
between grid and ground (as is always true when the cathode is by-
passed to ground with a large capacitor).

We may compute the ratio e;/e¢q of Fig. 10.7 very simply by removing
the corresponding tube-network combination from the circuit and con-
sidering it as a separate entity. Similarly, we may compute ez/e; and
es/es. Multiplying these three functions together gives us the over-all
transfer function.

Let us study the first tube of Fig. 10.7 along with its associated cir-
cuitry. The equivalent circuit is shown in Fig. 10.8a, in which the extra
subscripts on Zj and Zr have been dropped for convenience. Let us

el el
Emley—€,) Emfeg—ey)

Fig. 10.8. Equivalent circuits.

approximate the circuit of Fig. 10.8a with that of Fig. 10.8b, in which the
plate resistance 7, has been placed in parallel with the load rather than
in parallel with the current generator. This approximation is virtually
always justifiable with pentodes. The transfer function is found from
Fig. 10.8b to be

fi=< —0m )( Yi + pCs ) 10.1)
eo  \YL+ pC+ 1/r)/ \Yi + pCi + gm '
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The first term in parenthesis of eq. 10.1 is related to the load imped-
ance, whereas the second is related to the cathode impedance. The ap-
proximation of Fig. 10.8b has enabled us to factor the transfer function
such that cathode and plate circuits can be considered separately. We
may therefore write eq. 10.1 as

a 7 < L ) (10.2)
— = —Onbin\ T .
€9 Yk, -+ Om

where Y} includes the capacitance Cy, and Z;, is the input impedance to
the one-terminal-pair plate-load network of Fig. 10.9. If for the mo-

. ke

z, —> > T Network
o

Fig. 10.9. The general two-terminal interstage network.

O

ment we neglect the factor containing ¥}’ in eq. 10.2, we see that the
transfer function of an isolated stage having a two-terminal impedance s
entirely dependent upon the input impedance to a network. Therefore, the
p-z of the transfer function are those of the network of Fig. 10.9.

Without further ado, we can set down a number of different simple
networks usable as two-terminal load impedances and indicate typical
p-z plots, as in Fig. 10.10. In all instances, the rules governing the p-z of
input immittances (as well as transfer functions) must be obeyed, which
means that the number of p-z can differ at most by unity, and so forth.
In fact, if the capacitance C of Fig. 10.9 cannot be ignored, the transfer
function g,,Z;, will always have one more pole than zero.

Blocks that realize all-pole transfer functions are of considerable
importance. In the type of circuit with which we are dealing here,
obtaining one pole is possible with the R-C circuit of Fig. 10.10a. How-
ever, obtaining two poles without zeros by means of a single tube-net-
work combination is impossible because of the laws governing the rela-
tive number of p-z of input immittances. This means, for example,
that at high frequencies the magnitude of the transfer function will
always decrease as 1/w, never more. However, the R-C circuit of
Fig. 10.10¢ in cascade with the shunt-peaked cireuit of Fig. 10.106 can
be made to furnish, for the two blocks, a pair of complex-conjugate (or
real) poles if the pole of the R-C circuit is made to cancel the zero of the
shunt-peaked circuit.
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Let us now consider the situation when Y’ cannot be ignored, and in
particular, when Y3 = Gy 4 pCi. Then, eq. 10.2 becomes

2=—-g 7. < p + Gi/Ch )
"\ + (Gr + gm)/Ch

€
The factor in large parenthesis in eq. 10.3 has p-z as in Fig. 10.11a. If
Z;, consists of B and C in parallel, the pole of Z;, will be as shown in Fig.

— | |

(a) ()] (c)
Fig. 10.11. Cathode and plate p-z.

(10.3)

x

10.11b and the complete transfer function e;/eg will have p-z as in Fig.
10.11c. If the pole and zero introduced by the cathode circuit are close
to the origin (as when C}, is large), it is primarily the low-frequency be-
havior of the amplifier stage that is affected by the cathode circuit.
However, when Cj is small, the cathode circuit as well as the plate cir-

— - (] ——
(a) (%) (c)

Fig. 10.12. Cathode peaking.

cuit will determine the high-frequency behavior. It is possible to adjust
Gy and Cy so that the zero from the cathode circuit cancels the pole of
the plate circuit as in Fig. 10.12. Then the bandwidth of the amplifier
is increased as compared to that of the plate circuit alone. Cancellation
in this manner is termed “cathode peaking.”” The advantage of cathode
peaking is that low-frequency effects in the cathode due to a large by-
pass capacitor can be avoided with a small peaking capacitor. Also,
some negative feedback can be realized.

It should be observed that the gain at low frequencies with an R-C
cathode circuit is

€1 Gk
——) = —g, R ——m— (10.4)
€0/ w=0 Gk + Im

where Rj, is the value of Zi, at @ = 0. Thus, the gain is less than it
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would be if the cathode were grounded so that B, = 0. With a large
Ck, the cathode is essentially grounded at all but very low frequencies.
The “‘cathode degeneration” that occurs when employing cathode peak-
ing will not, however, reduce the net stage gain for a fixed bandwidth
because the peaking permits the use of a larger plate load resistor than
would otherwise be possible.

The screen circuit of a pentode can be treated much like the cathode
circuit because g, is replaced with g, times a factor containing only
screen circuit parameters, g,/(1 + Z,/r,), which expresses exactly the
same type of behavior as that resulting from a finite cathode imped-
ance; Z, is the analog of Z; and 1/r, is the analog of g,5.

Finally, let us study the properties of the cathode follower. Tube
V3 in Fig. 10.7 is a cathode follower, the transfer function of which is

€ Y/ m
2.1t S O PR . (10.5)
€ 14w Tp erk + u Gm + Yk

k

+Z
14+ u

where Zy is the impedance of the parallel combination of Y3 and Ci3 in
Fig. 10.7, and where the approximation is valid for large u. If, as is
most frequently the case, Y, = Gy + pC; (R and C in parallel), we get

€3 gm/ Cy B gm/ Cx

2 p+lgm+G/Cl p+B

(10.6)

where the approximation of eq. 10.5 is assumed and where B is the half-
power bandwidth in radians. Due to its low output impedance, the
bandwidth of the cathode follower is quite large. The voltage gain at
w = 018 gn/(gm + Gy) which, for g,, > G4, is nearly unity.

The transfer function of the grounded-cathode plate-loaded circuit
with Z; = 0 and with Y, = G + pC was found to be

—gm/C —gm/C
e—1=—ngin g/ = g/

€o =p+G/C—p+B

(10.7)

which is normally adjusted to have a larger gain but a smaller bandwidth
than the cathode follower. If G is increased until the voltage gain at
w = 0, gu/G, is about unity, the bandwidth will be about the same as
that of the cathode follower (assuming the shunt capacitances are about
the same). Of course, negative feedback is not provided as it is with the
cathode follower. It would appear that a statement of bandwidth or
gain is meaningless if considered by itself. However, the product of
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bandwidth and gain, the “gain-bandwidth produect,” is quite meaning-
ful. We shall study this in detail later.

10.4 Isolated systems with four-terminal impedances

A circuit employing a four-terminal network as an interstage network
is shown in Fig. 10.13. At the input to the network, the output capaci-
tance and plate resistance of V; appear. However, the input capaci-
tance of V, does not appear at that point but rather at the output of the
network. The four-terminal network achieves a splitting of the total

€

Bilateral
network

11
i
A

Y

- -

Fig. 10.13. Amplifier using a four-terminal interstage network.

interstage capacitance. We might expect that stage gain-bandwidth
products of perhaps twice those obtainable with two-terminal imped-
ances can be achieved.

The only difference between the transfer function e;/e¢y for Fig. 10.13
and that for two-terminal impedances is that the transfer impedance
Zp of the network is substituted for the input (or load) impedance. The
transfer function analogous to the approximation of eq. 10.2 is

a z ( Y ) (10.8)
&g - gmér Yk/ + gm )
With the two-terminal load impedance, we had e;/e¢y = —gnZin times

the same factor containing Y3’ (where it is assumed that ¥}’ in eq. 10.8
includes shunt capacitance).

e 2!

Bilateral |
Em€ n C =
o b ! network 'l: Co

Fig. 10.14. Equivalent circuit for the four-terminal interstage.
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It was pointed out in Chap. 3 that transfer impedances are much less
restricted than input impedances. In particular, functions with two or
more poles than zeros can be realized with a single four-terminal inter-
stage network.

The remaining discussion here need not be lengthy. All we must do
is study particular transfer impedances as we studied input impedances
before. The basic four-terminal network containing irreducible elements
is shown in Fig. 10.14 from which can be calculated the transfer imped-
ance Zr.

A few specific networks are shown in Fig. 10.15 and typical p-z loca-
tions for the transfer impedances indicated. In some circuits of Fig.
10.15, stray capacitances have been ignored. The circuit of Fig. 10.15f,
when driven with a current generator, is the most efficient wide-band
interstage network employed in practice, the ‘“series-shunt-peaked”
network.

10.5 Transformer coupling

A transformer with a large coefficient of coupling is frequently em-
ployed as an interstage or output network in audio amplifiers. It is also
used in wide-band systems designed for the amplification of fast signals
such as pulses. Basically, the transformer is a four-terminal interstage
network having a low-frequency behavior that to a certain extent is
separable (analytically) from the high-frequency behavior. There is no
fundamental difference between audio and pulse transformers and ordi-
nary 60-cycle power transformers. The only significant differences are
the volume of the iron core material and the thickness of the core lam-
inations. Core volume may be somewhat smaller in audio transformers
and considerably smaller in pulse transformers, depending on the mini-
mum acceptable magnetizing inductance. Lamination thicknesses are
made as small as is practical, particularly in pulse transformers, in order -
to minimize eddy-current losses.

Most low-pass networks do not permit a conjugate match between
different source and load impedances to be realized and consequently
are disadvantageous in many instances where high efficiency is desired.
The only way high efficiencies can be obtained in low-pass systems is to
use near-ideal transformers.

Let us study the transformer operating between source and load
resistances B, and Ry, through a development of its equivalent circuit.
The reader can follow the step-by-step reduction of Fig. 10.16 in order to
study the manner of pulling out and accounting for the various parame-
ters of a practical transformer: the primary and secondary stray capaci-
tances Cy and Cs, leakage reactances L; and Lj, wire resistances B; and
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Fig. 10.16. Transformer reduction.

R,, and the magnetizing inductance L,, and core-loss representation R,
both referred to the primary. We are left with a network of simple cir-
cuit elements and an #deal transformer.

Now we proceed to refer all quantities in the secondary (load side) of
the ideal transformer to the primary in a step-by-step fashion. This
can be done for the load resistor Bz as well so that we need study only

R, L, R, Ry Lyn? +

C(+ = 2
e (T Ln R. n’C, b RL/n e /n

Fig. 10.17. Final transformer equivalent.

the referred values of load voltage and current rather than their actual
values. The completely reduced circuit is shown in Fig. 10.17.

The low-frequency behavior is determined largely by the short-cir-
cuiting effect of the magnetizing inductance L,,; therefore L,, is normally
made relatively large. The high-frequency behavior is determined
largely by the leakage reactances, which must thus be made relatively
small. If the ratio of frequencies at which leakage and magnetizing
inductances are important is to be large (hundreds in audio trans-
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formers), then the ratio of magnetizing inductance to leakage induct-
ance must be large, which in turn requires that the coefficient of coupling
be fairly close to unity.

At low frequencies, leakage reactances and stray capacitances are
relatively unimportant compared to the magnetizing inductance. There-
fore, the circuit valid at low frequencies can be drawn as in Fig. 10.18,

R, +
€s L, Rl_/n2 e/n

Fig. 10.18. Transformer equivalent at low frequencies.

where R, Ry, and R, have been ignored for simplicity. The transfer
function of this circuit has a zero at the origin and a single pole not too
far out on the negative real axis and is the same as that of a simple R-C
coupling circuit.

At high frequencies, the reactance of L,, is so large that it can be
neglected. Therefore, the equivalent circuit becomes that shown in

MW £LLN l

+

T RL/n2 e /n

Fig. 10.19. Transformer equivalent at high frequencies.
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Fig. 10.19, where R;, Rs, and R, have again been neglected for simplic-
ity. The reader should be quite familiar with the circuit of Fig. 10.19
by now.

The p-z plot of the fransfer function of the transformer-coupled circuit
will have a form typically like one of those shown in Fig. 10.20. A trans-
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Fig. 10.20. Transformer p-z plots.
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former with a large magnetizing inductance is entirely equivalent to a
series-peaked type of low-pass circuit in cascade with an R-C coupling
circuit and an ideal transformer. These general characteristics are about
the same even when R;, Rs, and R, are not neglected.

If one of the two shunt capacitances C; or C; is neglected (as is some-
times a valid approximation when the step-up or step-down turns ratio
is large), the number of high-frequency poles is reduced from three to
two. If both capacitances are neglected, there is only one high-fre-
quency pole and the transfer function cannot be made to show a high-
frequency peak.

Frequently, the plate current of a tube driving a transformer flows
through the primary winding. This current tends to saturate the core
with d-c flux and, if too large, greatly reduces the magnetizing induct-
ance and increases the leakage inductances. It is always important not
to exceed the manufacturer’s ratings in this regard. When a transformer
is in a push-pull circuit with the power-supply connection brought to a
center tap on the primary, the direct currents to the two tubes result in
opposite magnetizing effects so that there is no d-¢ magnetization of the
core.

10.6 Building blocks with feedback

Certain feedback arrangements are capable of realizing desirable
transfer functions. Of special interest is the “feedback pair” shown in
Fig. 10.21, which furnishes two complex-conjugate poles and no zeros.

Fig. 10.21. The feedback pair.

Feedback triples and so on can also be built in order to realize various
all-pole functions where the poles are complex. It is an easy matter to
change bandwidth by modifying the feedback resistor R.

It should be observed that the feedback pair is just one of a multitude
of building blocks that requires the use of more than one tube. Since
it is a simple one, it is best studied in this chapter, although more com-
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plex feedback circuits will be studied in later chapters. For some rea-
son, the feedback pair has not been nearly as popular as is warranted by
its excellent characteristics and utter simplicity. (It gives poles having
imaginary parts without the use of inductance.)

Assume that the two tubes of Fig. 10.21 are identical and that r, can
be neglected (1, >> Ry). Also, assume that the plate load impedances
are identical. We shall confine our interest to the high-frequency be-
havior and therefore assume that the cathodes are essentially at ground
potential (large Cy). With these assumptions, the equivalent circuit is
that of Fig. 10.22.
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Fig. 10.22. Equivalent circuit of the feedback pair.
The equations at the nodes where voltages e; and e; exist are

(G + Gy + pCey — Gez = —gmey
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—/
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Q

(10.9)
'—Gez + (G + G1 —I— pC’)eg = —(Omf2
From these equations, we obtain the transfer function as
e _ [9mlgm — D1/C? (10.10)
e p*+pl2(G+ G1)/Cl+ {[Glgnm — G) + (G + G)T/C?}
which has a pair of complex-conjugate poles at
*___G+G1<1:E.'G(gm_G)> (10.11)
Py, 1 C 2 G + G] '

Often, g, > G permitting G to be neglected in the factor (g, — @).
If also G > G4, we have

(10.12)

* — _g_l_<1ij gmG>
P, 71 C G1

It is evident that the feedback resistor G can be varied to change the
imaginary part of the pole position without affecting the real part.
This causes the bandwidth to vary.
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10.7 Low-frequency behavior

A typical circuit for a tube with screen and cathode by-passing is
shown in Fig. 10.23, where the supply bus can be assumed to be at
ground potential as far as alternating voltages and currents are con-
cerned. To obtain the low-frequency circuit, all distributed and other

_ Power
7 supply
Screen {a-c ground)
m Coupling
1
d 1“_

Cathode

J é)

e

Fig. 10.23. By-passing and coupling circuits.

small eapacitances are ignored and all small inductances are considered
to be short-circuited or are replaced with loss resistors.

The cathode, screen, and coupling networks supply p-z to the transfer
function es/e; as shown in Figs. 10.24a, b, and c¢ respectively. All of
these are characteristic of high-pass circuits; thus, each plays a part in

*——o I X © I % L
| | |
(a) (b) (c)

Fig. 10.24. Low-frequency p-z. (a) Cathode. (b) Screen. (c) Coupling.

reducing the gain at low frequencies. By making the product of the
resistance and capacitance (the “R-C product” or ‘“time constant’’) of
each circuit larger, the pole, in each case, is moved closer to the zero and
the gain at low frequencies is increased accordingly.

Sometimes a ‘‘compensating circuit’” helps bring up the low-frequency
response. Such a circuit in the plate load appears in Fig. 10.25; at high
frequencies, the impedance of C is so small that point “z” can be as-
sumed to be at ground potential. It should be observed that this eir-
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cuit can entirely remove the effects of the screen or the eathode by-pass
network by p-z cancellation. It is widely used to improve the long-time
response of pulse amplifiers. The optimum design criterion for low fre-
quencies (to be derived in Sec. 10.11) is as follows: when the sum of the
low-frequency pole positions is equal to the sum of the low-frequency

X Power
W - Supp]y
o . R ta-c ground)
-5 ¥ R,
Compensating
O =c
-Screen or cathode T
C;
(a) (b)

Fig. 10.25. Low-frequency compensating circuit.

zero positions, optimum low-frequency compensation (in one sense) has
been achieved.

10.8 The gain-bandwidth product

The grounded-cathode tube with an R-C plate load has a voltage gain
at w = 0 of ¢,,/G and a bandwidth of G/C, where G and C are the input
conductance and capacitance of the plate load impedance. Thus, the
gain-times-bandwidth product is

(GB)stage = (gm/C) (G/C) = gu/C (10.13)

This factor is dependent only upon the tube transconductance and
(irreducible) stray capacitance C and appears to be a measure of tube
performance. The minimum possible value of C is the sum of the out-
put capacitance of one tube plus the input capacitance of the following
tube or the load that the tube drives. The factor varies over quite large
ranges, being about 400 X 10° radians per second for typical tubes de-
signed for wide-band amplifiers. The minimum possible value of the
capacitance is entirely dependent upon the tube and the tube alone.
When the tube is in a circuit, the minimum possible value will be some-
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what larger by virtue of the stray and other capacitance introduced by
the wiring (or purposely introduced).

If N building blocks are cascaded in an isolated system and the over-
all gain is Gr at w = 0 (considering only the high-frequency p-z), a
geometric mean stage gain can be defined as (Gr)'/Y. The GB product
applied to the complete system is defined as the mean gain times the
over-all bandwidth By as

(GB)system = (GT)I/NBT (10.14)

If all N stages consist of simple and identical R-C networks, the GB
product per stage is ¢,,/C and the mean stage gain is g,,/G. The over-
all bandwidth is less than that of each stage because of the bandwidth-
narrowing equation. Then

(@B)eystem = (gm/C) (@Y — 1)% (10.15)

When many stages are employed, the system gain-bandwidth product
becomes much less than that for a single stage. This means that each
stage must have a much wider bandwidth than that desired for the en-
tire system; hence, tubes must be liberally added to bring up the gain to
that required because increasing the bandwidth of a stage also reduces
its gain. It should be apparent that it is impossible to build an ampli-
fier with a gain greater than unity using R-C plate loads if the required
bandwidth is greater than the g,,/C of the tubes to be employed.

As an example, assume that an amplifier having a gain of 10* and
bandwidth of 60 X 10° radians per second is to be designed with tubes
having a g,./C of 400 X 10° radians per second and with identical B-C
plate loads. If ten stages are used, the narrowing factor is 0.268. Thus,
each stage must have a bandwidth of 60/0.268 = 224 X 10%. This
means that the stage gain is 400/224 = 1.78. Ten such stages give a
gain of 320, which is not nearly enough. So, we try 14 stages in an at-
tempt to solve the problem. The narrowing factor becomes 0.225.
This leads to a mean stage gain of 1.5; thus, the over-all gain is 290
which is even less. Fewer stages actually give more gain! It appears
that the design problem cannot be solved with R-C interstage networks.
The situation would be even worse had we used nonidentical E-C net-
works. In fact, when the mean stage gain is (¢)’¢ = 1.65, an amplifier
having identical R-C plate loads will have the maximum possible over-all
gain for a given over-all bandwidth.

We have demonstrated that, with a given number of tubes and with
a given bandwidth, a certain gain may be achieved. With the same
number of tubes and the same over-all bandwidth, the question then
arises as to the possibility of obtaining more over-all gain.
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The GB product of the R-C network is g,/C. Some other two-ter-
minal networks, when used with the same tube, have GB products larger
than g,,/C. This helps to increase the over-all gain. In addition, some
of the circuits are not as severely affected by bandwidth narrowing as
the R-C circuit, which gives an even greater improvement. For exam-
ple, a cascade of identical shunt-peaked circuits adjusted to be maxi-
mally flat can solve the design problem posed in the example. A cascade
of series-shunt-peaked stages (four-terminal network) results in a very
efficient solution.

A general expression valid whenever identical single-tube stages are
cascaded is

(GB)system = (gm/C) (k) (Fw) (10.16)

where g,,/C is the figure of merit for the tube as has previously been de-
scribed, k is the advantage factor of the interstage circuit relative to the
R-C two-terminal network, and Fy is the narrowing factor for N stages.
1t must be assumed that the individual stages are relatively flat with the
gain dropping off smoothly with frequency if eq. 10.16 is to be valid; if
a peak in the amplitude response exists, cascading will magnify the peak
and eq. 10.16 will not be accurate.

The factor k for R-C stages is unity. For other two-terminal imped-
ances it may be somewhat larger, up to about two. For four-terminal
interstage networks, the relative advantage factor will often be about
two and may be as high as about four. The bandwidth-narrowing fac-
tor depends on the form of the interstage network. For some ecircuits
it may decrease rapidly and for others relatively slowly as the number
of cascaded stages N is increased. Clearly, Fy cannot exceed unity.

One of the more efficient four-terminal interstage circuits applicable
to a cascaded system of identical stages is the series-peaked circuit ad-
justed to be maximally flat. It has three poles. The factor & for this
circuit (assuming that the output capacitance of the tube rather than
the input capacitance of the following tube is the basically irreducible
element) can be as large as 2.0, depending on the ratio of tube output to
input capacitances. The big advantage comes because the narrowing
factor is small. With this circuit in the previous example (and for
k = 2), the maximum stage gain-bandwidth product (g,./C times the
advantage factor k) is 800 X 10%. For five stages, the narrowing factor
is (2”% — 1)’ = 0.727. Thus, each stage must have a bandwidth of
60/0.727 = 82.5 X 105. The mean stage gain is therefore 800/8.25 =
9.7 giving a total gain of (9.7)% = 87,500, which is more than that re-
quired by the example. Four stages would have been adequate. The
use of this circuit to obtain a design for the amplifier of the example
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furnishes a rather striking comparison to the abortive attempt with
simple R-C networks.

Another good solution to the amplifier problem of the example is had
with three feedback pairs (six tubes) which has the advantage of requir-
ing no inductance, merely simple (and cheap) resistors. If each pair
is maximally flat and identical, the mean stage gain-bandwidth product
(applicable to each pair) is g,,/C' = 400 X 10°. The narrowing factor
is (2% — 1) = 0.715. The bandwidth required per pair is 60/0.715 =
84 X 10°, which causes the mean stage gain to be 400/84 = 4.76. Thus
the over-all gain is (4.76)¢ = 12,000, which is also a solution to the prob-
lem. Extra tubes are required as compared to the amplifier employing
series-peaked circuits but several inductances are made unnecessary,
the adjustment of the amplifier is simpler, and some negative feedback is
provided.

In all previous examples, the problem of obtaining a gain of 10*
rapidly becomes more difficult as the required bandwidth exceeds 60 X
10° radians per second by any appreciable amount. When the required
bandwidth is on the order of 120 X 109, it appears economically imprac-
tical to build high-gain systems consisting of identical cascaded stages.
It can be concluded that a system of cascaded identical stages is limited
when high gain must be obtained with large bandwidths, even though
more advantageous circuits are employed.

Another and quite dissimilar method exists for building wide-band
amplifiers; that is, all the stages can be made different so that the en-
tire amplifier has a single n-pole maximally flat or equal-ripple or similar
response. For example, a six~pole maximally flat function can be made
from three feedback pairs, each pair furnishing one pair of complex-
conjugate poles in the six-pole function. Alternately, three shunt-
peaked stages followed by three R-C stages to cancel the zeros can be
made to provide a six-pole maximally flat function. Actually, a con-
siderable variety of circuits can be operated in tandem to give the de-
sired function, each stage contributing a few of the total number of p-z.

Since each stage is quite different, it is not too easy to define a stage
gain-bandwidth product. For example, the stage that furnishes the end
poles of a maximally flat all-pole function, when considered by itself,
may be more characteristic of a band-pass than a low-pass function.
Similarly, a stage that contributes but a single pole will not lock maxi-
mally flat at all. However, we can still define a mean stage gain and an
over-all bandwidth as before. The main effect on the system gain-
bandwidth product is to remove the narrowing factor. For a relative
advantage factor k of unity, we get

(@B)eystem = gn/C (10.17)
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which applies when the amplifier consists of feedback pairs or shunt-
peaked and R-C' combinations to give an n-pole (no zero) maximally
flat transfer function.

If an amplifier having a bandwidth any smaller than g¢,,/C is to be
built, any desired gain can be achieved by making the entire amplifier
have a single maximally flat transfer function. For our example, we
can use two feedback pairs and an R-C stage to give a five-pole maxi-
mally flat function with five tubes. The mean stage gain is 400/60 =
6.67, giving a total gain of (6.67)° = 13,000. If the pairs were arranged
to give a medium-ripple Chebyshev response, the gain could be made
considerably greater. When a maximally flat system is converted to
one with a Chebyshev behavior, all the poles are moved slightly closer
to the origin without changing the bandwidth. This increases the gain
of each stage and results in

(GB)eystem > gm/C (10.18)

with the inequality growing as the size of the ripples in the pass band is
increased.

Some interstage networks, when used to provide part of an over-all
maximally flat or equal-ripple function, yield an advantage factor k
greater than unity. For example, a series-peaked circuit followed by a
shunt-peaked circuit can be made to give a four-pole maximally flat
funetion with an appreciable advantage factor.

The types of building blocks required in an amplifier are largely de-
pendent on the required over-all gain-bandwidth product. If this prod-
uct is large, maximally flat or equal-ripple functions may be best. If
small, a cascade of identical stages will probably be most efficient. The
number of tubes required can be determined trying various systems on
paper, the solution requiring the fewest tubes being the most efficient.
However, if the number of tubes required when a simple interstage sys-
tem is used is not much greater than the number required for a more
sophisticated system, the simplicity of the former may actually cause it
to be a better solution to the problem.

In this connection, a ‘“valid law” relating to psychology can be stated.
That is, any system subject to tuning or trimming adjustments by rela-
tively untrained individuals should be as simple as possible because the
individuals will be likely at some time to try to make adjustments.
These persons should not be given the opportunity to change anything
but tubes; hence, a multitude of tubes is not too serious from this point
of view, but complex interstage networks and critically tuned circuits
are serious. One approach to the problem of the ambitious neophyte is
to seal the entire amplifier so tight in a container that even the most
persistent individual will have trouble dissecting it.
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10.9 Some specific design comparisons

Let us compare interstage schemes for several amplifiers where each
amplifier has four tubes (as an example). The comparison will be made
on the basis of the over-all gain for a fixed over-all maximally flat band-
width B. In the process the element values will be found, which are
the important aspects of the high-frequency design. It will be assumed
that the tubes are identical; therefore, the transconductance g, and the
total interstage capacitance C of each of the four stages will be assumed
to be the same.

The very great emphasis that seemingly has been placed on maximally
flat functions should not be taken too literally. These functions are
merely representative. More important, they have simple mathe-
matics, which makes them ideal for comparison purposes. If, say, a
linear-phase function were actually desired, a comparison yielding rela-
tive efficiency based upon the maximally flat function would be nearly
correct, for the linear-phase function, although specific numerical values
of bandwidth and gain might differ.

First, consider four identical E-C stages. The mean gain is ¢,,R and
the over-all bandwidth is (2% — 1)*/RC = 0.435/RC. Thus, the mean
gain times the over-all bandwidth is 0.435¢,/C. We shall compare all
other designs to this four-stage E-C amplifier. For a given C and B,
the R-C stage has only one design parameter R, which must be R =
0.435/BC.

Let us now try a cascade of four identical shunt-peaked circuits, each
of which is maximally flat. From Chap. 5, the general narrowing factor
for N stages is

By\> 2N — 14 V@V — 1)2 4 42(2VY — 1
(1) _ + vV )2+ 46%( ) 10.19)

B 14+ /1 4+ 45t

where 6 is the zero distance when the poles are normalized to lie on the
unit circle. If § = 2o = (1 + 2’%* = 1.554 is used in eq. 10.19 for
N = 4, we get By/B = 0.623.

The maximally flat shunt-peaked network (8 = 2a) normalized to
Ry = 1 and with poles on the unit circle has a bandwidth of 1.11. Also
Lo = 0.643 h and Cy = 1.554 f (as in Chap. 5). In the circuit we must
design here, the required over-all bandwidth is B. The bandwidth per
shunt-peaked stage must therefore be B/0.623 = 1.605B. Thus we
must unnormalize the bandwidth of the circuit by the factor 1.6058/1.11
= 1.44B for bandwidth. If (' is the actual interstage capacitance, then
C = 1.554/144BR, or R = 1.08/BC. Then L = 0.643R/1.44B =
0.446R/B.
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We found the resistance for four E-C stages to be 0.435/BC. Thus,
the ratio of the resistance of each of the four shunt-peaked stages to that
of each of the four R-C stages is 1.08/0.435 = 2.48. Therefore, the four
shunt-peaked stages will have a gain (2.48)* = 38 times as large as the
four R-C stages for the same over-all bandwidth.

Now let us try four identical maximally flat series-peaked stages.
For unity bandwidth, R =1, C; = %, L = %, and C; = 4. The nar-
rowing factor is (2% — 1)’ = 0.757. For an over-all bandwidth B, the
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Fig. 10.26. Shunt-peaked and E-C p-z.

stage bandwidth must therefore be B/0.757 = 1.32B. In order to make
this problem interesting, assume that the total unavoidable interstage
capacitance € is contributed in a 1:2 ratio by stray and tube capaci-
tances. Thus, the output capacitance of one tube is C/3 and the input
capacitance to the next tube is 2C/3. However, the maximally flat
series-peaked circuit requires a 1:3 capacitance ratio, which means that
the larger capacitance must be increased by padding from 2C/3 to C,
which is the original total unavoidable interstage capacitance. We
therefore find C = 1.5/1.32RB, or B = 1.135/BC. Also, L = 1.33R/
1.32B. A single series-peaked stage therefore has a gain 1.135/0.435 =
2.61 times that of a single R-C stage for the same over-all bandwidth to
give an over-all gain 46.5 times as large. Had the tube capacitance ratio
been 1:3 without padding, the relative gain would have been 2.61 X 1.5
= 3.91 for an over-all gain advantage of 230.

Let us now try some composite systems. First, we shall use a shunt-
peaked stage in caseade with an R-C stage to give a two-pole maximally
flat function. Two such pairs of stages give a cascade of two two-pole
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functions with a narrowing factor of (2”% — 1)* = 0.802. Each pair
must therefore have a bandwidth of B/0.802 = 1.248B, where B is the
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Fig. 10.27. Poles of the feedback pair.

over-all bandwidth. The relevant
p-z plot for each of the two pairs is
shown in Fig. 10.26, where sub-
script 1 applies to the shunt-peaked
stage and subscript 2 to the R-C
stage. Let C; = Cy = C be the
total interstage capacitance. Then
(L1C)"*=1/1.248B and L, = 0.643/
B2C. From the pole dimensions,
R, = 1.135/BC and R; = 0.566/BC.
The over-all gain is proportional
to (1.135)%(0.566)% = 0.414. The
over-all gain of four R-C stages
with the same over-all bandwidth is
proportional to (0.435)* = 0.036.
Thus, this system has 11.5 times as

much gain as four R-C stages.
Now let us consider two identical maximally flat feedback pairs. The
poles of one pair are shown in Fig. 10.27, where G, is the plate load

conductance, C is the interstage ca-
pacitance, and G is the feedback re-
sistance. (It should be noted that
the dimensions of Fig. 10.27 are sub-
ject to some approximations.) The
over-all bandwidth is B and the
plate loads G; and capacitances C
are assumed the same for all four
tubes. We find Ry = 1.135/BC =
1/(gm@®”. The gain at o = 0 is
not simply gn.R;. Since the phasor
length from each pole is (2)”¢ times
that when no feedback exists, the
mean gain is g,R:/(2)*% = 0.802¢,./
BC. Thisis 0.802/0.435 = 1.84 times
as large as the gain per R-C stage and
hence the over-all gain is 11.5 times
as large.
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Fig. 10.28. The four-pole function
using feedback pairs.

So far, we have talked of cascades of identical functions, with the
cascade of shunt-peaked circuits and series-peaked circuits evidently
most efficient. Now let us consider a single over-all n-pole maximally
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flat function of bandwidth B. We can, for example, use two different
feedback pairs to give poles as in Fig. 10.28, where subscripts 1 and 2
apply to the two different pairs respectively. We find By = 1/(BC cos
22.5°) and R, = 1/(BC sin 22.5°). The gain per stage of the first pair
at w = 0 is ¢, cos 22.5° = ¢,,/BC. Bimilarly, the gain of each tube
in the second pair is ¢,,Rs sin 22.2° = ¢,,/BC. This fortuitous occur-
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Fig. 10.29. The four-pole function with B-C and shunt-peaked circuits.

rence enables us to calculate the mean stage gain of a 2n~-tube maximally
flat 2n-pole function utilizing n feedback pairs simply as ¢,,/BC. The
over-all gain advantage of this four-stage amplifier as compared to the
four-stage R-C' amplifier is then simply (1/0.435)* = 28.

Now let us study a system with two B-C stages and two shunt-peaked
stages worked into a single four-pole maximally flat function. Let 1, 2,
3, 4 subscripts designate the four stages. The p-z plot is shown in Fig.
10.29. We find L3 = Ly = 1/B%C, Ry = 2 co0s 22.5°/BC, Ry = 2sin
22.5°/BC, Rz = 1/(2BC cos 22.5°), and Ry = 1/(2BC sin 22.5°). The
total gain at «w = 0 is therefore (g,,/BC)*. As with feedback pairs, we
find that we may calculate the mean stage gain of a 2n-tube maximally
flat 2n-pole function utilizing n pairs of R-C' and shunt-peaked circuits



328 Circuit Theory and Design

as simply ¢,,/BC. [Had we used an extra R-C stage here (or with feed-
back pairs) to give a single maximally flat function with an odd number
of poles, the mean gain-bandwidth product would still be ¢,,/C.]

We could go on as we have done calculating various amplifiers and
comparing their over-all gains to that of four stages of R-C circuits for
the same over-all bandwidth. For example, we could use two shunt-
peaked circuits and two series-peaked circuits (with the zeros of the
shunt-peaked circuit cancelled) to get a very efficient over-all eight-pole
gain function. Other combinations could be dreamed up as well. For
example, we might try a cascade of four series-shunt-peaked circuits to
give a highly efficient transfer function having both poles and zeros.
However, enough examples have been given to demonstrate the design
techniques adequately.

10.10 Some practical matters

Vacuum tubes of a given type will rarely be identical. Some have
transconductances smaller than others (although still considered good
tubes) which causes them to yield somewhat less gain than might be
obtained with different tubes. In addition, plate resistances and dis-
tributed capacitances may vary. In fact, variations in tube parameters
of 10 or 15 per cent from tube to tube are to be expected.

Circuits that are overly sensitive to the magnitude of tube capacitance
and plate resistance, and feedback circuits sensitive to transconductance,
may become mistuned or maladjusted if tubes are changed. Such cir-
cuits should be avoided where possible; otherwise, methods for making
tuning or gain adjustments must be furnished.

The inclusion of means for making tuning adjustments is not always
desirable or necessary in low-pass amplifiers, although their ineclusion is
often necessary in band-pass amplifiers. Capacitance ean be varied by
including small variable capacitors in the circuit in shunt with tube ca-
pacitances or elsewhere. However, if it is important that distributed
shunt capacitances be kept to a minimum, variable capacitors should
be avoided because of the additional circuit capacitance they introduce.
If coils are present, they can be tuned by means of a slug inserted in the
middle of the coil. A copper slug decreases inductance, whereas a fer-
rous slug increases inductance. Coils may be “trimmed”’ by adjusting
the number and/or spacings of the turns. This method for making tun-
ing adjustments avoids both slugs and variable capacitors.

When stages of an amplifier handle fairly large signals (which would
normally be those stages near the output), some saturation may oceur.
The actual gain function of frequency may be quite different from that
when the signal level is small. Saturation effects are common in ampli-
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fiers tuned to give a maximally flat or similar type of transfer function
with saturation occurring in the stage or stages furnishing the poles
nearest the edge of the band. A typical result of saturation is to give a
tilted shape to a response that would otherwise be flat. If such effects
must be minimized, it is best to use simple one-pole functions for those
stages of the amplifier which must handle fairly large signals.

Almost all amplifiers have incorporated in them a means for changing
the gain. Three methods are generally employed. The most obvious is
to use a variable resistor in the grid circuit of a tube as a manual gain
control. This method is not desirable in wide-band amplifiers because
of the large capacitance introduced by the potentiometer and because
its variation will have some effect on the tuning of the circuit. In fact,
trouble on this account is often met in audio-frequency circuits where
the resistance load may be on the order of 1 megohm.

A second method for obtaining gain control, useful when pentode tubes
are employed, is to supply one or more of the screens from a variable-
voltage power supply, the variation being accomplished by means as
simple as that afforded with a potentiometer. Reducing the screen volt-
age of a pentode reduces its transconductance and hence the gain. This
method is very effective when applied to several tubes simultaneously.
However, if the transconductance is changed too much, some of the
parameters of the tube (capacitance and plate resistance) may be
changed enough to cause detuning. In the case of tubes handling large
signals, it must be remembered that a reduced transconductance may
introduce saturation because the dynamic range is decreased.

The third method for obtaining gain control is that of changing the
grid bias. The grid-bias voltage has a strong effect upon the transcon-
ductance (particularly with “remote cutoff’”’ tubes). Bias control can
be effected with a potentiometer as a by-passed cathode bias resistor
where stray capacitances are unimportant. Alternately, the grid of a
tube may be returned to an adjustable negative voltage. Bias varia-
tions permit a very large change in gain to be obtained, particularly if a
negative voltage is applied to the grids of several tubes of a multitube
amplifier simultaneously. With an “automatic volume control” (AVC)
circuit (which is common in band-pass amplifiers but not in low-pass
systems), the signal at the output of the amplifier is converted to direct
current, filtered (so that the filtered signal has negligible components at
frequencies falling in the pass band of the amplifier), and applied at
such a polarity to the grids of the tubes that an increase in the output
voltage tends to reduce the gain of the amplifier. The result is that the
output of the amplifier will change but little in magnitude even though
the input (carrier level) changes considerably.
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Any gain control that changes the transconductance of a tube will
also change the plate resistance in almost direct proportion because the
amplification factor ¢,r, remains approximately constant. Thus, cir-
cuits may be detuned considerably when the gain is changed because of
the change in plate resistance. This is most noticeable in triodes but
not so much in pentodes because the plate resistance of a pentode can
more easily be made quite large compared to the impedance level of the
interstage network with which the pentode operates.

10.11 Step-function response

The response of a network to a transient input disturbance is fre-
quently of more direct interest than is its steady-state behavior. Al-
though the steady-state characteristics and the transient response are
intimately related (one can be calculated from the other), it is frequently
more significant to calculate the transient response directly.
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Fig. 10.30. Typical step-function response.

The standard input waveform used in transient calculations is the
step function EU (£}, which is zero for ¢ < 0 and constant at E for all
¢t > 0; at { = 0, the input rises abruptly from zero to a constant K.
The response of a system to a step function is usually adequate for de-
termining the most important transient characteristics of the system.
A typical low-pass step-function response (normalized to unity mid-
band gain) is shown in Fig. 10.30. The ideal response can be considered
to be the step function itself. The four most significant characteristics
of the actual response are the ‘“rise time,” the “overshoot,” the “delay,”
and the “sag.”

The rise time is the time period required for the output to go between
10 and 90 per cent of its ideal final value. When the rise time is short,
the amplifier is said to be “fast.” Approximately, the rise time is in-
versely proportional to the bandwidth, and in low-pass systems is ordi-
narily dependent upon only the high-frequency p-z.
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A factor of merit often used with wide-band amplifiers is the gain
divided by the rise time, which is quite analogous to the gain-bandwidth
product. For the simple R-C interstage network driven with a pentode,
this factor is

Gain gmR gm

Rise time  2.2RC - 2.2C

(10.20)

where C is the total interstage capacitance.

Approximately, the gain/rise time factor varies according to circuitry
much as does the gain-bandwidth product. However, the factor can be
made appreciably larger for a given bandwidth if some overshoot is per-
mitted as compared to a system having the same bandwidth that does
not introduce overshoot. The advantage obtained by employing four-
rather than two-terminal interstage networks is appreciable, although
the improvement in the gain/rise time factor may not be as large as the
improvement, in the gain-bandwidth product unless an appreciable over-
shoot can be tolerated.

When identical stages are casecaded and when the overshoot due to
one stage is small (1 or 2 per cent or less), the rise time increases about
as the square root of the number of cascaded stages. When nonidentical
stages are cascaded, the over-all rise time can be calculated approxi-
mately as the square root of the sum of the squares of the individual rise
times. Therefore, if one stage is appreciably slower than all the rest,
the rise time will be largely dependent upon this one stage. When the
overshoot due to one stage is larger (5 to 10 per cent), the over-all rise
time will be appreciably less than that calculated from the square root
relation.

A useful rule to remember is that when overshoot is small the product
of the amplifier over-all half-power (radian) bandwidth and the 10-90-
per-cent rise time (in seconds) lies in the range 2.2 to 2.8. When the
overshoot is appreciable, this factor will be large, while values around
2.2 are applicable when the overshoot is small.

Previously, we compared various amplifier funetions to the simple
R-C interstage network in terms of the improvement in the gain-band-
width product. We can make a similar comparison on the basis of the
gain/rise time factor. The ratio of the gain/rise time for any circuit to
that for the simple R-C circuit is termed the “relative speed” of the
circuit.

The overshoot is, as the term implies, the amount by which the re-
sponse exceeds the ideal value. It is usually expressed as a percentage
and, like the rise time, is dependent upon the high-frequency p-z. When
considerable overshoot exists, the output tends to ripple somewhat
about the ideal value before finally settling down.
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Overshoot is a direct result of oscillatory transient partial ocutputs
and consequently will not occur if all the poles of the transfer function
are purely real (except in special cases such as an overpeaked cathode-
peaking circuit). When a transfer function does have complex poles,
the severity of the overshoot is more or less proportional to the close-
ness of the poles to the jw axis. For this reason, Chebyshev functions
are normally not employed for amplifiers designed to handle transient
disturbances. Rather, linear-phase functions are preferred with maxi-
mally flat functions utilized when high speed rather than overshoot is
of primary importance. Large improvements in the gain/rise time ratio
can be realized by admitting even small amounts of overshoot.

When several stages are cascaded, the overshoot of the cascaded sys-
tem may or may not be larger than the overshoot attributable to one
stage. As stages having small overshoot (1 or 2 per cent) are cascaded,
the overshoot increases slowly if at all. 'When the individual stages have
overshoots on the order of 5 or 10 per cent, the overshoot increases about
as the square root of the number of stages cascaded.

Some representative figures of overshoot are worthwhile additions
here. All-pole maximally flat functions with one, two, three, four, and
six poles have overshoots of 0, 4.3, 8.15, 10.9, and 14.3 per cent respec-
tively.

A cascade of identical one-pole functions (which never have over-
shoot) has a rB of 2.2 for all numbers of cascaded stages, where B is
the over-all bandwidth.

A cascade of one, two, three, four, and six identical two-pole maxi-
mally flat functions has an overshoot of 4.3, 6.25, 7.7, 8.4, and 10 per
cent respectively.
¥ A cascade of one, two, and four identical three-pole maximally flat
functions has an overshoot of 8.15, 11.2, and 14.2 per cent respectively.

The two-pole Q-D function (see
Chap. 5) is also the two-pole maxi-
mally flat function. A three-pole

e,

L Q-D function has an overshoot of
- . about 12 per cent.
T In addition to the previous figures,
19 some data regarding specific net-

works are of value. The shunt-
o- peaked circuit of Fig. 10.31 can be
Fig. 10.31. The shunt-peaked cireuit. described with the parameter L/C

(for 1 2 resistance). There is no over-
shoot for L/C < 0.25. The circuit is maximally flat when L/C =
(2)*% — 1. For L/C = 0, 0.25, 0.414, 0.5, and 0.6, the overshoot is 0,
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0, 3.1, 6.7, and 11.4 per cent respectively, and the relative speed is 1.0,
1.4, 1.7, 1.9, and 2.1 respectively.

The linear-phase circuit with element values as given in Fig. 10.32
has a speed advantage of 1.77 and an overshoot of only 1 per cent.

O

b
035 h -~ 022f

Fig. 10.32. The linear-phase circuit.

A four-terminal linear-phase type of network is shown in Fig. 10.33.
It has a relative speed advantage of about 2.5 with only 1-per-cent
overshoot. A 2:1 capacitance ratio is employed.
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Fig. 10.33. The series-shunt-peaked cireuit.

The delay of the output step function is another measure of transient
response. It is the time period by which the actual output lags the ideal
step-function output and is measured from ¢ = 0 to approximately the
50-per-cent value on the rising part of the actual response. The delay
was discussed in Chap. 5 in terms of Q-D functions and was shown to be
given by

Delay = —Z pole positions + Z zero positions = T' — = (10.21)
where the pole positions are in themselves negative and low-frequency

p-z are ignored. If the transfer function F(p) is expressed in polynomial
form (considering only high-frequency p-z), the delay can be determined
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from
1+ 77+ ap*+---

1+ Tp + bgp® +---

The sag is, as its name implies, the amount by which the output falls
below the ideal output. It is usually expressed as a percentage of the
ideal output over a prescribed time interval, for example, 10-per-cent
sag in 100 microseconds. Sag is due entirely to the low-frequency p-z
and is a consequence of the inability of an a-c amplifier to support a
d-c output.

Most low-pass amplifiers have low- and high-frequency effects that
are widely separated in frequency. Therefore, the low- and high-fre-
quency transient responses can generally be calculated separately and
then superimposed, the low-frequency sagging behavior being pieced on
the end of the fast-rising part of the response.

If all the high-frequency p-z are neglected, the transfer function gives
the low-frequency behavior. This function must have an equal number
of p-z; if it does not, the gain will not be constant at mid-band fre-
quencies. Thus, the low-frequency transfer function will have the form

n n -1 n—2 - n—gq
P(p) = "+ an;lp + afl_zp S R i Sy ) (10.23)
P"+ by -+ bip + b

Let a step function be applied at the input of the system at ¢ = 0.
A very short time after { = 0 all the integrals of the input must be very
small. Therefore, we are led to divide the numerator and the denom-
inator of eq. 10.23 by p" and expand the denominator into the numera-
tor as

Fip)=H

(10.22)

L4 (@nes/p) + (anafp?) +- -
1+ (bpa/p) + (bn_z/pz) o

2
Ong = bay  OGpeg — bp_g — Gu_yba_1 + by

14 + . +oee
p P
(10.24)

F(p) =

For small time, the response to the unit step function can therefore
be written

o(t) = UQ) + (@ns — ba_) f UG dt

+ (@n—g — bpg — @n_1bn_y + bn_12)fo(t) dt dt

-+ higher order integrals (10.25)
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where we have interpreted p to be the derivative operator. Integrating
eq. 10.25 from ¢ = 0 to time ¢, we get

e(t) = UQt) + (ap—1 — ba)t
tz
+ (an——z — bpg — Gn1bp_g — bn——12) 'é'

+ higher order powers of time (10.26)

The initial slope of the output is simply a,..; — bn_;. Since g, is
the negative of the sum of the zero positions, and b,_; is the negative
of the sum of the pole positions, and because all p-z normally have nega-
tive real parts, the slope will be downward if the zeros are nearer the
origin than the poles (not counting the zeros exactly at the origin), and
conversely. The initial slope can be made zero with a low-frequency
compensating network. Then, the output is

2
e(d) = U®) + (ap—2 — by_s) 5 + higher powers of time (10.27)

The long-time step-function behavior is shown in typical form for
various amounts of compensation in jFig. 10.34. A considerable im-

Response \
QOvercompensated

Flat compensated
Undercompensated

Time —>

Fig. 10.34. Long-time step-function response.

provement in the long-time behavior results from nearly flat compensa-
tion.

A practical amplifier is never driven with an ideal step function.
Rather, the rise time of a practical input step function is best made
comparable to the rise time of the response of the amplifier to a perfect
step function. There is no point in overdesigning a transient amplifier.
In other words, there is no justification for building an amplifier very
much faster than the expected input signal. This is equivalent to say-
ing that it is pointless to build an amplifier with a bandwidth much
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larger than the bandwidth of the signal source used to drive the am-
plifier.

It is often helpful to hypothesize a fictional amplifier which, when
driven with an ideal step function, yields the practical amplifier input.
The p-z of the practical amplifier, along with those of the hypothetical
amplifier, can then be worked into a single over-all function. When this
is done, the practical amplifier itself may have a rather poor response to

+E +E
0 0 T
T i —> ! —
-E
(a) (%)

Fig. 10.35. Construction of an ideal pulse.

an ideal step function, although the response to the practical input step
function may be quite satisfactory.

Input signals other than the step function are often of interest, an
especially important one being the rectangular pulse diagrammed in
Fig. 10.35a. If it is observed that a pulse of duration 7T can be con-
structed from a step function at { = 0 followed by a negative step func-
tion at ¢ = T, then the method for evaluating the pulse response from

Pulse
response

Response to step at t=7

Fig. 10.36. Calculation of pulse response.
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the step-function response should be clear. All that must be done is to
add to the step-function response at ¢ = 0 the response due to the nega-
tive step at { = T. Thisis indicated in Fig. 10.36. In a similar manner,
the response to a more arbitrary input can be constructed by adding
together the responses to several step functions of various amplitudes
and times of occurrence, as directed from the approximation to the actual
input with a number of superimposed steps.

Problems

1. The amplifier of Fig, P.1 is to have a two-pole maximally flat transfer function
es/e; with a bandwidth of 8 mes. Determine R;, L, and Re assuming g, = 5000
micromhos, 7, = 1M and 20K, C; = 17 puf, and Cz = 200 puf. Determine the
voltage gain at @ = 0. Also determine the power gain at w = 0 if the grid-circuit
impedance is 500K. What peak output signal can be furnished by the cathode fol-
lower if %, = 30 ma at the operating point?

=
AA
A A A4
o

Fig. P.1.

2. Repeat Prob. 1 using a two-pole equal-ripple function with 1/(1 + &% = 0.9
and having the same half-power bandwidth.

3. An audio-frequency voltage amplifier using a cascade of three triodes with
p = 20 and rp = 50K is to have an over-all bandwidth of 10 kes. The eapacitance
C is 20 puf. Determine R such that the voltage gain es/e; at w = 0 is an approxi-
mate maximum. Include Miller capacitance in your calculations. Use Cgp = 5 puf.
Refer to Fig. P.3.

- € €3
c To
e R Coax C R CT
[on = . L 1 <]

Fig. P.3.

4, An audio volume control has the equivalent circuit shown in Fig. P.4. Calcu-
late ez/e; and plot the gain characteristics when the arm of the control is 4, %, and
all the way up from the ground side.
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Fig. P4.

5. Derive the design equations for cathode peaking; that is, derive the proper
relations between the resistances and capacitances of Fig. P.5 in order that p-z
cancellation take place.

-]
1L
L}
[}

p —O

Fig. P.5.

6. Cathode peaking may also be used with the shunt-peaked circuit as indicated
in Fig. P.6. Derive the design relations for the maximally flat transfer function.

X X
X X
Cathode Plate Both

— &)
- I -

(b}
Fig. P.6.

T

-

7. It is desired to build a two-terminal low-pass interstage having a frequency
above the pass band where the transfer function goes to zero. The plate network
and the p-z of the input impedance are shown in Fig. P.7. For an amplifier using
three (approximately) maximally flat stages of this sort with a bandwidth of 10 mes
and with zeros at 20 mes, determine the gain at o = 0 and sketch the magnitudc of
the over-all transfer function. Determine the network element values.
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Fig. P.7.

8. One method of feeding voltage to the plate of a tube is through a large in-
ductance as shown in Fig. P.8, which is termed ‘‘choke feed.” Determine the p-z of
the transfer function assuming C. is very large. Derive an expression for the low-
frequency cutoff point and also derive an expression which must be obeyed if the p-z
of the transfer function are to lie on the negative real axis.

C.
o @ L C R Load

=

]|
4]

g Supply
Fig. P.8.

9. An amplifier has N identical stages. Derive an expression for the low-frequency
half-power point resulting from R-C coupling networks.

10. An amplifier has N identical stages. Derive an expression for the low-fre-
quency half-power point resulting from cathode resistors and by-pass capacitors.

11. An amplifier has N identical stages. Derive an expression for the low-fre-
quency half-power point which results from screen resistors and by-pass capacitors.

12. Design s compensating network to completely cancel cathode by-pass effects.

13. Design a compensating network to completely cancel screen by-pass effects.

14. A given stage has cathode and screen by-passing and a coupling network.
Derive the equation from which a compensating circuit can be designed to com-
pensate for the screen, cathode, and coupling all at the same time.

15. Is it more expensive to obtain by-passing at the screen or at the cathode?
(Expense is proportional to the product of the capacitance and the d-c working
voltage of the by-passing capacitor.)

; [ .
@ 2o or 18

-

11}

O~

-
Fig. P.16.

16. A two-terminal-pair interstage having a maximally flat three-pole transfer
function is shown in Fig. P.16. C; is the output capacitance of V; and C; is the
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input capacitance of Vs. C2 must be padded with C3 (unless Cs happens to be the
proper value to use) so that Cs + C3 = 3C; in order that the transfer function be
maximally flat. 'What is the advantage factor compared to the E-C interstage having
a total interstage capacitance of C; 4 C2? Assume Cg = 2C.

17. If the network of Prob. 16 is turned end for end, the circuit of Fig. P.17 re-
sults, where now it is necessary to add a capacitance Cs' in parallel with C; such
that C; + C3' = 3C2. What is the advantage factor as compared to the R-C inter-
stage having a total interstage capacitance of C1 -+ Cs? € and (s are the same as

in Prob. 16.
)"
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=

ca':lL C =

Fig. P.17.
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18. Repeat Prob. 16 using the Q-D function instead of the maximally flat function.

19. A typical audio output stage is shown in Fig. P.19. Normally, the coefficient
of coupling of the transformer is close to unity. Locate the p-z of the transfer func-
tion and sketch the gain as a function of frequency.

M
ng Elq
Fig. P.19.

20. Determine suitable values of Li, Lo, C, and Cj for the circuit of Fig. P.19 if
R =59 Ry =300Q, Li/L: = 100, and 4 = 0.98 in order that the gain character-
istics be reasonably flat and have lower and upper cutoff points of 120 and 8000 cps
respectively.

21. Tt is desired to build an amplifier having a bandwidth of 4.8 mes and a voltage
gain of 10,000. If it can be done, how many R-C stages are required using tubes
with a g,/C of 50 mcs and what is the actual gain?

22, Repeat Prob. 21 using a cascade of identical shunt-peaked two-terminal inter-
stage networks adjusted to be maximally flat.

23. Repeat Prob. 21 using a cascade of identical two-pole maximally flat functions
with each two-pole function realized with a shunt-peaked circuit and an B-C circuit.

24. Repeat Prob. 21 using a cascade of identical feedba,ck pairs. Use the maxi-
mally flat two-pole function for each pair.

25. Repeat Prob. 21 using a cascade of circuits such as that of Fig. P.16.

26. Repeat Prob. 21 using feedback pairs to give a single n-pole maximally flat
funection.

27. Repeat Prob. 21 using shunt-peaked and R-C interstage networks to get a
single n-pole maximally flat function.

-
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28. Adjust the parameters of the four-terminal interstage network of Fig. P.28 to
give the maximally flat function and compare the bandwidth with that when ¢’ = 0.
Assume €’ is an adjustable parameter for the purpose of setting the frequency of
infinite attenuation. Can higher gain-bandwidth products be obtained with all-pole
functions or with functions having zeros on the jw axis outside the pass band (with

the same number of poles)?
1t
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Fig. P.28.

29. An amplifier has N identical low-pass R-C (one-pole) interstage networks.
Let each stage have a normalized bandwidth of unity. Calculate and plot the im-
pulse response of the amplifier for N = 1, 2, and 4. Also plot the step-function
response.

30. A transfer function is defined by two poles at p1, p1* = —1 & j8. Calculate
and plot the step-function response for 8 = 0, 0.5, 1, and 2. Is the real part of the
pole position usually related to an R-C product?

31. Sketch the magnitude of the functions of frequency of Prob. 30. Discuss the
relationship between frequency and transient response.

32. A two-pole maximally flat function has a bandwidth B. A rectangular pulse
is applied. If the final value of the step-function response is unity, what input pulse
width produces a pulse output that barely rises to unity? (Use graphical methods.)

33. Sketch the pulse response for the particular pulse width found in Prob. 32.
Also sketch the response for pulses half this long and twice this long.

34. The impulse response of an amplifier achieves a height V,.. A very short
rectangular pulse can approximate an impulse. If the height of the applied pulse is
maintained constant, how does the height V., vary with the width of the applied
pulse T? (Short pulses are sometimes used for determining the impulse response
experimentally.)

35. The step-function response available at the input to an amplifier is like the
output of an hypothetical amplifier having the transfer function [B/(p + B)]* when
driven with an ideal step. This signal is to be amplified by two shunt-peaked stages
(8 not necessarily 1.554). Design the amplifier so that its output will be the same
as the ideal step-function response of a transfer function [5B/(p + 5B)]*. How does
the rise time of the actual input compare with that of the actual output? Sketch
the gain function of frequency of one of the amplifier stages.
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Band-Pass Ampliﬁers

There is little essential difference between band-pass and low-pass
amplifiers that are dependent upon two- and four-terminal interstage
networks. Of course, the networks themselves will be somewhat dif-
ferent: they will be band-pass rather than low-pass networks. Thus,
part of what we have to say here can be rather brief.

However, there are several types of band-pass amplifiers that do not
have obvious low-pass counterparts, for example, devices that utilize
feedback. In addition, there are certain band-pass systems that are
rarely used for low-pass systems, for example, the cascode amplifier.
We shall discuss typical circuits of this general type in sufficient detail
to indicate the principal techniques of value.

11.1 Isolated stages with two-terminal networks

There is little need to go into a lengthy discussion regarding isolated
amplifiers (grounded-cathode tubes) having two-terminal interstage
networks. The principles are essentially identical to those of low-pass
amplifiers, including bandwidth-narrowing considerations. Besides,
there are only two important types, the “single-tuned” circuit and the
“dominant-pole” circuit.

A reasonably simple two-terminal impedance can do little more than
place a pair of complex-conjugate poles near the center frequency of the
amplifier and fairly close to the jw axis. Figure 11.1 shows all the essen-
tials of the simplest band-pass functions. Figure 11.1a corresponds to
the single-tuned circuit of Fig. 11.2, whereas Fig. 11.1b is that of the
dominant-pole circuit in which one pair of complex-conjugate poles out
of some arbitrary number of p-z largely determines the band-pass na-
ture of the function.

The circuit of Fig. 11.2 ean be driven with either a triode or a pentode.
However, at all but the lowest frequencies, pentodes are generally em-~
ployed because the Miller capacitance associated with triodes can be
severe enough to cause instability if not carefully neutralized. In Fig.
11.2 @ is the sum of the circuit conductance @’ and the plate conductance
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Fig. 11.1. Parallel-resonant and dominant-pole characteristics.
1/rp. The transfer function is
€1 m ( P )
a__on (11.1)
€o C \p* + p(G/C) + (1/LC)
The poles are located at
o fl @ wa
PLP = Toe = e T \ac '
The bandwidth B can be identified in Fig. 11.1¢ as
B=G/C (11.3)
which is twice the real part of the pole position.
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Fig. 11.2. Parallel-resonant circuit as a plate load.
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The stage gain (at center frequency) times the bandwidth between
half-power points is ¢,,/C, which is the same as that for the simple RB-C
low-pass function. Bandwidth narrowing is also the same. It should be
noted that the bandwidth is the total bandwidth between half-power
points, whereas for the R-C circuit it is the bandwidth measured from
w = 0. .

The center frequency is that where the phase shift is zero and also is
the frequency of the peak of the amplitude characteristic. (The fre-
quencies of zero phase shift and of the peak do not correspond exactly
for most dominant-pole circuits except when the bandwidth is very
small.) The center frequency of the single-tuned circuit is 1/(LC)%,
which is the point of intersection of the jw axis and the circle centered
at the origin drawn through the poles.

The similarities between the single-tuned circuit and the low-pass
R-C circuit should be noted by the reader. They result from the low-
pass and band-pass equivalence of the two circuits.

The quality factor @ of a tuned circuit is an important and useful
measure. For the single-tuned circuit where the resistance is in shunt
with the inductance, it is

_ Center frequency C/G _ R
"~ Bandwidth = (LO)¥  (L/O)%

= woRC = R/woL (11.4)

The higher the @, the more “selective” is the circuit.

The fundamental definition of @ is 27 times the energy stored in the
circuit divided by the energy dissipated per cycle. It is easy to prove
that this general definition leads to the same result as eq. 11.4 for the
simple parallel-resonant circuit. If e, is the peak value of the sine-wave
voltage across capacitor C at resonance, then e,,?C/2 is the energy stored
in the parallel-resonant circuit. (When the energy in the capacitance
is a maximum, that in the inductance is zero, and conversely.) The
average power dissipated is clearly e,,2/2R; hence, the energy dissipated
per cycle is e,’/2Rf,, where f, is the resonant frequency in cycles per
second. Therefore, Q@ = 2n(e,2C/2)/(en>/2Rf0) = woRC, which is eq.
11.4.

It is a simple matter to cascade single-tuned circuits. If all the cir-
cuits are identical, the resulting amplifier is said to be “synchronously
tuned.” Bandwidth narrowing is the greatest disadvantage of the syn-
chronous-tuned amplifier. By making G and L (and perhaps C) differ-
ent for different stages, single-tuned circuits can be used to build up any
number of more complex all-pole band-pass functions, such as maximally
flat, equal-ripple, linear-phase, and so on. A very common procedure is
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to use a cascade of two- or three-pole maximally flat functions. For
example, a nine-stage amplifier can be built with a cascade of three tri-
ples, each of which is identical and maximally flat.

Tuning an amplifier consisting of single-tuned circuits is particularly
simple. A signal generator at the frequency of a pole is applied to the
input and the interstage related to that pole is tuned (usually the in-
ductance) to give a maximum reading on a voltmeter at the output.
The same procedure is carried out for each pole. No matter how com-
plex is the all-pole function and whether wide or narrow band, this
procedure is exact for the single-tuned circuit. It is not exact for other
dominant-pole band-pass circuits, although it becomes accurate in the
narrow-band case.

11.2 Isolated stages with four-terminal networks

Only two four-terminal interstage networks are of widespread impor-
tance: the transformer-coupled interstage and the double-tuned capaci-
tance-coupled interstage.

The transformer-coupled network is shown in Fig. 11.3 along with a
plot of the typical positions of its p-z. The transformer network having
two node pairs can be solved to obtain

€2 Imbwi09 P

- _ . (11.5)
2 (1 — B2 (C1C2)*  p* + b3p® + bap® + bip + bo
where
wi wa
by3=—+—
T Q
wiwy w12+ we?
b2 = 2
Q1Q2 1—k
11.6
w12w2 ‘*’22‘4’1 ( )
bl = 2 + 2
Q1 — k%) (1 — k%)
2 2
w1 Wwo
b() = 1— k2
and where
w = 1/(I,C)** wy = 1/(L;C5)%
(11.7)

Q1 = 1/(inIsGy) Q2 = 1/(waLyGy)

The denominator of eq. 11.5 cannot be factored in general. Such
networks must be synthesized through either approximation or coeffi-
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cient matching. In coefficient matching, a desired polynomial is set up
and the coefficients by, by, by, and b3 are equated to the numerical values
of the coefficients of the known polynomial. This method can always be
employed providing the network is capable of having p-z in the desired
positions. However, the numerical problems are severe if the bandwidth
is small (that is, small differences between large numbers).

) G -]-c1 Czl G,
T " - T '} X

k X

+ O
b

8méo

)

L

(a) (b)

Fig. 11.3. Equivalent eircuit of the transformer-coupled interstage.

Rather than solve this general case, let us obtain approximations of
importance for narrow-band functions. If @; = @2 = @, w; = wy = wo,
and k% < 1 in eq. 11.5, approximate pole positions can be found as

wy . k
p1, 1%, P2, p2* = — 20 =+ Jao (1 + 5) (11.8)

For this “equal-@”’ condition, it is an easy matter to find the desired
circuit parameters for a maximally flat or any other pole configuration
requiring two pairs of complex-conjugate poles where the poles are the
same distance from the jw axis. It should be apparent from eq. 11.8 that,
for a maximally flat function, it is necessary that & = 1/Q. This par-
ticular value of & is called “critical coupling.” When eritical coupling
is employed, the bandwidth is B = (2)%wek = (2)*%we/Q. The mid-
band gain is most easily determined from the pole positions and the
multiplier of eq. 11.5. The phasor length from the zero at the origin to
the center frequency is simply «wo. FEach pole near —jwy has a phasor
length of very nearly 2wy. Each pole near +jwo has a phasor length
B/2. Thus, the mid-band gain is approximately wy/[(2w0)2(B/2)?]
times the multiplier of eq. 11.5, which (assuming k% < 1) is gnkwo/
(C1C9)*. From these various relations, the gain-bandwidth product is
calculated to be :

(GB)stage = gm/(20102)% (11.9)

which can be as large as (2)*¢ times that of the single-tuned cireuit if €
and Cs are each half the total interstage capacitance.
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Another special case of interest is that when one of the @’s is much
larger than the other. Then, one of the two conductances can be ap-
proximated as zero. Assume G; = 0so that @; = ». Also, assume that
w; = wy = wy and k% K 1. Then, we can find approximate pole posi-
tions as

(O]
?1 pl*y P2, P2* = - —- =+ jwo
40Q2

If Q; = « instead of Qy, eq. 11.10 will apply if @2 is replaced with @;.

The poles of eq. 11.10 will have the same real part only if &£ > 1,/2Q,.
For values of k less than this, the poles lie along a line parallel to the
real axis of the p plane. When k = 1/2Q,, the poles lie at the same point.

The poles for one @ infinite can easily be placed to give a maximally
flat or similar function. For the maximally flat function, the bandwidth
is wo/(2%Q,), which requires that k& = 1/(2%Q,). The gain-bandwidth
product is

[1 (K — (1/2Q5)"1"
+

5 } (11.10)

(GB)stage = gm/(C105) (11.11)

which can be as much as twice that of the single-tuned circuit.

When identical maximally flat transformer-coupled stages are cas-
caded, bandwidth narrowing is the same as that for cascaded low-pass
two-pole maximally flat functions; for N stages it is (2/¥ — 1)*%. Mul-
tiplying the narrowing factor by the stage gain-bandwidth product
gives the system gain-bandwidth product.

Of course, several transformer-coupled stages can be cascaded with
no two being the same to give a single over-all maximally flat, equal-rip-
ple, linear-phase, or similar function, having an even number of poles.
(An extra single-tuned circuit can be used to make the over-all function
have an odd number of poles.) Such systems have been called “stagger
damped” because the most observable physical difference between the
various interstages is the difference in the loading resistors.

The narrow-band approximation in which the poles are placed on a
semicircle is a good approximation for the double-tuned mutually cou-
pled circuit up to bandwidth-to-center-frequency ratios of about two.
It is rare that bandwidths larger than this are required. (See Chap. 4.)

Another frequently employed mutually coupled interstage network is
that shown in Fig. 11.4a. This circuit is of most value in tuned radio-
frequency amplifiers where a small bandwidth is suitable and when
large gain-bandwidth products are not of primary importance. The
circuit is likely to be found in all but the cheapest communications re-
ceivers. Only one element need be changed, usually C, in order to tune
the network. Several stages may be tuned simultaneously by mechani-
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cally ganging their capacitors together. Normally, the transformer is
made to have an appreciable step-up ratio and the coefficient of coupling
is made small. The advantage of a large step-up ratio is that the over-
all voltage gain can be made quite large at resonance without the voltage
gain from grid to plate being so large that stray feedback becomes a
problem.

The equivalent circuit of Fig. 11.4a¢ is shown in Fig. 11.4b. Let us
assume that the primary impedance and coupling coefficient are so small

{a)

Fig. 11.4. The single-tuned mutually coupled circuit.

that the primary stray capacitance C; can be ignored. The secondary
stray capacitance Cs will be assumed to be part of capacitance C. Also,
the primary wire resistance will be neglected in comparison with the
plate resistance. These assumptions permit us to calculate the primary
current without regard for the secondary circuit as

= €y

- (11.12)
T + ply

1
The voltage induced in the secondary as a result of the primary cur-
rent is =M pt;. The current that flows in the secondary is therefore

& Mpiy
Ry + pLe 4+ 1/pC

(11.13)

12

Combining eqs. 11.12 and 11.13 (noting also that e; = 13/p(C), we get

)] :Fp,]t[p
—=— (11.14)
eo  (p"LoC + pR2C + L)(pLy + 1p)

The single real pole at p = —r,/Ly is very far from the origin when a

pentode is employed because r, is large. Thus, this pole may be neg-
lected ; that is, we can ignore pL, in the factor (pL; 4 rp). Then, sub-
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stituting p = gmrp, wo> = 1/L2C, and Q = woLy/Ry = 1/weR:C, we get

e Fg,,Map?
L LY (11.15)
e P+ pwo/Q + wo

which is funetionally the same as the transfer function of a pentode
with a parallel-resonant two-terminal load impedance. The gain at
band center is g,Mwo@ and the bandwidth is we/Q.

When the circuit is tuned, capacitance C is normally varied. As C
increases, frequency wo decreases as (1/C)” and Q decreases (approxi-
mately) as (1/C)*. Thus the gain at band center decreases as 1/C and

X
X
iy O
..I_ o J. N 3
Em®o ) G, CIT Ly G, CZT Ly (23 ————
&
e X
(a) ) x

Fig. 11.5. The double-tuned capacitance-coupled circuit.

the bandwidth remains approximately constant. These effects limit the
practical frequency tuning range to something on the order of 2:1 or
3:1. A greater tuning range with approximately constant gain can be
obtained by varying the inductance rather than the capacitance or by
varying both (as is done in “butterfly’’ resonant cireuits).

The double-tuned capacitance-coupled circuit also makes use of two
resonant circuits but, unlike transformer-coupled eircuits, coupling is
by means of a capacitor rather than a mutual inductance. Its circuit
and typical p-z locations are shown in Fig. 11.5. There are three zeros
at the origin rather than one as with transformer coupling. The reader
can observe that this has little effect when the bandwidth is small but
causes the amplitude function to become lopsided in the wide-band case
with the voltage gain falling off only as 1/w at frequencies far above those
of the poles. One result of the three zeros at the origin is that the gain-
bandwidth product is no better than that of the single-tuned ecircuit for
large bandwidths. However, when the bandwidth is small, the gain-
bandwidth product is as large as that of the transformer-coupled circuit.
We shall study only the narrow-band network here, which occurs for
C,» small compared to C; and Cs.

Consider first the equal-@ situation in which both resonant ecircuits
are identical; that is, C;, = Cy = C, Ly = Ly = I, and Gy = G5 = G.
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The coefficient of coupling can be defined as & = C,,/C. The transfer
function is

€2 gmk p3
2= . - - (11.16)
€o C(1 + 2k) p* + bgp® + bop® + bip + bo
where
_ 2w0(1 + k)
°T Q0 + 2k
_ 2wo?(1 + k) wo?
2T 142k QX1+ 2k)
11.17
, Oug? ( )
' QU+ 2k)
4
wo
bo =
T 142
Assuming k « 1, the four poles are found to be
* L 3 (1:{:E> (11.18)
P1, P17, D2, P2 20 0 2 .

To be maximally flat, £ = 1/Q. Then the gain at band center is
gm@/2Cwo and the bandwidth is 2”%w,. The gain-bandwidth product
is thus found to be gn/(2%C) which, when C is half the total interstage
capacitance, is (2)* times as large as that of the single-tuned circuit.

Assume now that one of the two circuits of Fig. 11.5 has an infinite Q.
Let us assume for simplicity that L; = L, = L, C; = C; = C, and
either G; or Gy = 0. Because either conductance can be set equal to
zero with no change in the form of the equations, subscripts on ¢ and @
need not be used. The equations are the same as eqs. 11.16 and 11.17
except that b; and bg must be halved and the term wo?/Q*(1 + 2k) de-
leted from the expression for b;. Then, assuming k << 1, the poles are

[¥* — (1/2Q)°)*

- } (11.19)

Wi
P1, pl*: D2, p2* = - :L—g' ﬂ:jwo [1 =+
To be maximally flat, it is necessary that & = 1/(2”%Q). Then, the
gain at band center is 2*%,Q/woC and the bandwidth is 2*%%s,/4Q. The
gain-bandwidth product is therefore g¢,,/C, which can be as much as
twice that of the single-tuned circuit, assuming C is half the total inter-
stage capacitance.
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When the maximum possible value of @ is desired in any resonant cir-
cuit, little or no external loading conductance is added to the circuit.
Then, the bulk of the loss resistance occurs in series with rather than in
parallel with the inductance (except for some loss in the relatively large
plate resistance of the tube). If the @ is at all high, the series resistance
can be converted to an equivalent shunt conductance to give a resonant
circuit having the same @ and behaving much the same way. (See
Sec. 3.6.)

11.3 Note on approximate solutions for pole positions

The method for obtaining the approximate pole positions given in
Sec. 11.2 is of sufficient interest to warrant a brief discussion. As an
example, we shall consider the equal-@ mutually coupled circuit. We
start by assuming that the four poles all have the same real part —a
and assume imaginary parts 8y and 8. Then, the denominator must
factor as

(0® + 2ap + @® + 8.7 (P + 20p + o + B5°) (11.20)
The coefficient of p? is equal to bs. Thus

da=b; a=w/2Q (11.21)
The coefficient of p° is equal to b as
ot + &*(B1° + B2%) + 61782 = bo (11.22)
and that of p? must be equal to by
60 + 1% + B2 = by (11.23)

Substituting between eqs. 11.22 and 11.23
B1t — B12(by — 6a%) + [bo — ot — (b — 62)] = 0 (11.24)

Solving for 8,2 and dropping all terms of higher degree in « than the
second

812 = (b2/2) — 3a® =+ [(b2/2)? — by — 2a%by + 4] (11.25)

Approximating by neglecting all but the most important terms and

assuming k << 1 in the expressions for by and by, and also substituting for
« from eqgs. 11.21, we get

B2 = wo?(l = k) (11.26)

Finally, taking the square root, expanding the radical, and retaining
only the most significant term

B1, B2 = wo(l == k/2) (11.27)
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11.4 Exact factorization for equal-Q circuits

For certain four-terminal interstage networks such as the double-
tuned capacitance- or inductance-coupled resonant circuits, an exact
factorization of the fourth-degree polynomial in p is possible if the cir-
cuits have the same @ and the same resonant frequency.

AN O AWV AN
YI + VA aZ
i Y Y S e e z @
O
(@) (b)

Fig. 11.6. Semisymmetric pi and T networks.

General examples of semisymmetrie pi and T networks are shown in
Fig. 11.6, for which it should be easy for the reader to verify that

€9 Y’

Pi: 2= (11.28)
o Y[aY + (a + 1)Y7]
19 z

T: =2 (11.29)

0 ZlaZ + (@ + 1)Z]
Whenever the two shunt arms of a pi (or the two series arms of a T)

network contain the same factor, a partial factorization of the transfer
function is possible. In the general pi network, let us set

p* + p(G1/Cy) + 1/L,Cy
1

Y=C
P
2 Ga/C. 1/LyC
aY=Cgp + p(Ga/C2) + 1/L5C, (11.30)
p

YV =9pC3 or 1/plLs
In order for ¥ and aY to have a common factor, we are led to set

1/L101 = 1/L202 = w02
(11.31)

G1/C1 = G3/Cs = wo/Q1 = wo/Q2 = wo/Q
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which does not require that C; and C; be equal. Then

e —gnY3p? [ 1 ]
eo  P°+ (wo/Qp + wo® Lp(Cy + )Y’ + C1Calp? + (wo/Q)p + wol

(11.32)
where it has been assumed that 75 = —gnep.

For the inductance-coupled circuit, Y’ = 1/pLg; for the capacitance-
coupled circuit, Y’ = pC3. In either case, the fourth-degree polynomial
in the denominator of the transfer function has been broken into the
product of two quadratic expressions which ean easily be factored. Un-
fortunately, when one @ is infinite, a general factorization does not ap-
pear possible.

11.5 Feedback systems

The number of different arrangements of feedback useful for obtain-
ing band-pass characteristics is almost limitless. We shall discuss a few
specific examples, which demonstrate most of the basic types.

The first circuit we shall consider is the feedback pair. This cireuit
is quite analogous to the low-pass feedback pair discussed in Chap. 10.
It consists of two stages of single-tuned networks, each of which has the
same center frequency and the same bandwidth. Without feedback,
the system becomes a two-stage synchronous-tuned amplifier in which
the poles lie at the same points on the p plane. By employing a small
amount of resistive plate to plate feedback, these poles are caused to

O = =

Fig. 11.7. The feedback pair.

separate, giving the effect of two nonidentical single-tuned circuits.
The circuit is shown in Fig. 11.7. Let

Yi=7Y; =G+ pC + 1/pL (11.33)

and assume the transconductances of the two tubes to be gn1 and gmse
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respectively. Then
e gmi(gme — G)p*/C

- 11.34
€0 p*+ bsp® + bep® + bip + bo (11.34)
where
by = 2(G+ G")/C
bs = 2/(LCY + (G + 2GQ + g.G")/C?
(11.35)

by = 2(G + @) /(LC?)
bo = 1/(LC)2

There are two zeros at the origin, as in the two-stage synchronous-
tuned amplifier, and four poles. For narrow bandwidths, the poles are at

G+ & [ (G’ (gmz — G
4 | wp 2 ——
2C 2C

where wo? = 1/LC. For G’ K gme and G, the conductance G’ can be

neglected in some terms of eq. 11.36. When tuned for maximal flatness,
the gain-bandwidth product for the pair is

D1, pl*: D2, P2* = - :I (1136)

Im1(gme — G') o m1Gmz

¢z T
which is essentially the same as that of a maximally flat amplifier built
up from isolated stages with parallel-resonant circuits. The advantage
of the feedback pair is that identical resonant circuits can be used and
some negative feedback provided. The principle of the feedback pair
can be extended to several stages with feedback applied to all stages as

-@@

=

(11.37)

Fig. 11.8. The feedback quadruple.

is indicated in Fig. 11.8. Then, an N-stage amplifier can be made to
have a single N-pole maximally flat or similar transfer function.

The second type of feedback band-pass network we shall discuss is a
quite different type useful at low frequencies where inductances are not
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convenient or may not exist in reasonable form. Consider a circuit
consisting of a null network, a tube, and a feedback path. A null net-
work is one furnishing a pair of zeros on or near the jw axis. The circuit
with a “twin-T” null network is shown in Fig. 11.9. Since our main
interest is in low-frequency operation, the distributed capacitances will
be neglected. We shall also assume that the plate resistance of the tube

O Supply

40
VWA VWA
G L G
I I
c _[ c Out
eU GI Cl
O - -0

Fig. 11.9. A twin-T feedback amplifier.

is so small and the plate load resistance Ry so large that both can be
neglected. Similarly, the interstage coupling network will be neglected.
Finally, we shall assume that tube V; draws considerably more current
than Vy such that ex/eq =2 1, and that the plate voltage of V5 is given by

o = —pfey — ex) = —ples — €o) (11.38)
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Fig. 11.10. Equivalent circuit of the twin-T feedback amplifier.

With these assumptions, the equivalent circuit takes the form shown
in Fig. 11.10. A straightforward application of nodal analysis obtains
the characteristics of both the twin-T network and the desired transfer
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function e,/eg. First, we obtain for the twin-T network alone

ey C°C'[p® + (2G/C")p* + (2G%/CC")p + (GPG"/C*C")) (11.39)
e - Denominator '

In order to operate as a band-pass amplifier, the twin T must have
zeros on the jw axis at the resonant frequency wg. This causes the sys-
tem to have no feedback at resonance, whereas at all other frequencies
negative feedback reduces the gain. Thus we want the numerator of eq.
11.39 to factor according to

0+ )@ + wo®) = p* + ap® + wo’p + awo® (11.40)

By equating the coefficients of the polynomials of egs. 11.39 and 11.40,
we get

4G/C" = @'/C  we? = 2G7/CC" (11.41)

Both the numerator and denominator of the expression for e,/e, will
now contain an identical factor which cancels, thereby simplifying the
twin-T function. The result is

& _ o - »° + (2G%/CC)
—_— = p =
€a p* + [(2G/C) + (4G/C")]p + (2G/CC")

(11.42)

If negative feedback is to be most effective, the phase shift near the
null frequency should average at zero degrees. This means that the

(]
7-1 wp I

x
x

. V7+1 w

f
Fig. 11.11. P-z of the twin-T network.

phase shift will be £=90 degrees just above and just below wy. Conse-
quently, we are led to set the real part of the denominator equal to zero
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at p = =£jwy. This determines G’ and C’ uniquely as
C'=C G =4G (11.43)

The p-z of the resulting null network are shown in Fig. 11.11.
Rather than solve the complete set of equations to find the transfer
function e,/ey, we can use Fig. 11.10 and eq. 11.42. We have

e = —ule, — eg) (11.44)
Substituting for e, from eq. 11.42, we get

€a I
e 1+ pF(p)

We see that the poles of F(p) become the zeros of the transfer function.
Substituting for F(p) in eq. 11.45, we get :

ea _ /(1 + wllp* + (66/C)p + (26°/C?)]

(11.45)

= 11.46)
€ p® + {6G/[C(1 + wl}p + (2G7/C?) (
The poles of e,/e; are at
* = 3G + @76 (1 )/ (11.47)
TR S 7 21 + u)? ‘
3G
C(l+p)

——X

W, = vga

X

Fig. 11.12. P-z of the twin-T feedback amplifier,
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where the second term in the square root is almost always entirely
negligible. The p-z of e,/eq are shown in Fig. 11.12, from which the
nature of the band-pass behavior of the transfer function is quite evi-
dent. At resonance, the gain is seen to be u. The bandwidth is clearly
(6G/C)/(1 + ). Large values of u contribute to high gains and to nar-
row bandwidths. For a given g, increasing G/C increases the bandwidth
but does not change the gain at resonance nor the resonant frequency.

11.6 Regenerative feedback

Sometimes regenerative feedback can be advantageously employed for
obtaining a band-pass characteristic. A rather general equivalent cir-
cuit for such systems is shown in Fig. 11.13, where ¢, is the applied sig-
nal. The output from the network is a voltage ez, a fraction &k of which

QO+

uley+key). Network ey

) ==

Fig, 11.13. Block diagram of a feedback amplifier.

is added to e, with the sum applied to the voltage generator. It is as-
sumed that % is real and positive. Actually, Fig. 11.13 is applicable to
all kinds of feedback devices including servomechanisms.

For the present example, it will be assumed that the network consists
of a two-section R-C filter. The equivalent circuit is shown in Fig. 11.14.

[:3% ey

T

Fig. 11.14. A feedback amplifier employing a low-pass network.

Riey+key) (3 C

L

The plate resistance of the tube can be assumed to be part of the con-
ductance G. We find the transfer function assuming e, to be the output
as

e u@ [ P+ (G/C)

= - 11.48
p* + (3G/C)p + [G*(1 + kn)/02]] (1148

€y C

The p-z of this function are shown in Fig. 11.15.
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The amplifier described could also be used as a low-pass amplifier.
(If the zero in the transfer function is not desired, the output can be
taken as e, rather than ¢;.) Another R-C section could be added to the
network. Then the poles could be put very close to the jw axis. In fact,
they could then be made to lie to the right of the jo
axis, in which event the circuit would be a “phase- X
shift’” oscillator.

Regenerative amplification has a drawback in
that the bandwidth may be quite sensitive to changes
in the parameters of the tubes (that is, plate resist-
ance, transconductance, and so forth), and for this
reason it is not widely favored for stable systems.

The circuit of Fig. 11.14 is somewhat useful be- Fig. 11.15. ~ P-z of

o . s the feedback ampli-
cause it is not excessively sensitive to tube charac- fier.
teristics.

Had a three-section R-C network been used, very narrow bandwidths
and extremely high gains at resonance could be obtained, but not with
any great stability. With three sections and operating the tube in a
nonlinear but stable region, the circuit is that of a ‘‘regenerative
detector.”

A regenerative circuit admirably suited for demonstrating different
kinds of feedback, as well as one having several practical applications,

[0}

X

Feedback loop

R, VW
RAAAA R l
Ls L C
es Zg—> T
Signal loop ﬁ"
s

Fig. 11.16. Tuned circuit with feedback.

is shown in Fig. 11.16. The Q of the resonant circuit will be assumed
high enough so that no appreciable differences result using either the
series resistance or its shunt equivalent.

For purposes of simplifying the ensuing discussion, let us assume that
the inductances of the feedback and signal loops are small compared to
L so that any capacitances in shunt with them can be neglected. Fur-
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ther, assume that the impedance looking into the feedback loop Z; is
much smaller than r, and also that the impedance looking into the sig-
nal loop Z, is much smaller than R,. Then the tube and signal sources
can both be treated as ideal current generators, and the equivalent cir-
cuit becomes as shown in Fig. 11.17.

Because of the assumptions we have made, the voltage induced in L
by the signal and feedback circuits may easily be calculated; for the sig-
nal it is £G,M pe, and for the feedback it is 4¢,,M pe,, where the &

mgmeu
o/

L;

o

v

R

Gses Ly

i),

%
gL

s |

A
M,
Fig. 11.17. TFirst equivalent of the tuned eircuit with feedback.

signs depend upon the connections (or winding directions) of the feed-

back and signal coils. Finally, we may draw the very simple equivalent
circuit shown in Fig. 11.18.
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*GMspes  EgmM;pe, R _l_ +
L ; c

Te_”

Fig. 11.18. Final equivalent of the tuned circuit with feedback.

In solving for the current 7, only one loop equation is required. We get,

. =G Mpes £ gnM pe,
7 =
R+ pL 4 (1/pC)

(11.49)
The voltage e, is given by

ey = (1/pC)¢ (11.50)
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Substituting eq. 11.49 in eq. 11.50, we get the transfer function as
ey +G.M, 14
e  LC [pz + [(BRC F gnM;)/LClp + (1/LC)

which has poles at

] (11.51)

RC F g M 1 RC F g, M2
RBOT gnMy [ <__9_£> } (11.52)

*:— —— —
b1 1 9LC Nze 9LC

The winding direction of the signal coil merely determines the sign of
the transfer function. The winding direction of the feedback coil is

X X
e
X
[ . W b SH—
*
X
Sax
(a) (b) (c)

Fig. 11.19. Effect of feedback on the pole locations.

much more important. In fact, for g,,M; > RC, the poles can be made
to lie in the right half-plane.

The three feedback conditions are shown pictorially in Fig. 11.19.
In a, no feedback exists, which occurs when M,y = 0. Then, the band-
width is B/L and the poles lie in the left half-plane. In b, there is posi-
tive feedback and the poles lie right of their positions with no feedback.
The bandwidth, if the system is stable, is

B guM
B=—_ (11.53)
L LC -
which is less than that with no feedback. The gain at resonance is
, G.M, |
Gain = ———— (11.54)
RC — g.My

which is larger than that with no feedback. When the system with
positive feedback is stable, the effect of feedback is to inerease the @ of
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the circuit giving: 1. higher gain at resonance; 2. narrower bandwidth;
and 3. higher output impedance (assuming voltage e, represents the
output). When the poles lie quite near the jw axis, the gain and band-
width are quite sensitive to variations in tube and circuit parameters.

If we make My large enough so that ¢,,M; = RC, the gain becomes
infinite and the bandwidth zero. Any further increase in M will result
in oscillations; the circuit is called a ‘“tuned-grid” oscillator and has an
oscillation frequency of approximately (1/LC)%.

If the connections to the feedback coil are reversed so that negative
feedback results, quite the opposite effects are obtained as shown by
Fig. 11.19¢. As compared to the system without feedback, we get:
1. lower gain at resonance; 2. wider bandwidth; and 3. lower output
impedance. In addition, the transfer function becomes less sensitive to
tube characteristics.

When positive feedback is employed but not enough to cause insta-
bility, the device is known as a regenerative amplifier and can be made
to provide voltage gains of many thousands with quite small band-
widths. If in this condition there exist nonlinearities in the plate-cur-
rent grid-voltage relationship, detection of a modulated wave can simul-
taneously be accomplished at the plate; the device is then a regenerative
detector.

If the feedback of a regenerative detector is increased to the point
where the poles lie very slightly right of the jw axis so that the tube oscil-
lates weakly, a carrier input signal near the oscillation frequency will
mix with the oscillations to produce an audio-frequency beat note which
can be amplified and applied to headphones or a speaker; the regenera-
tive detector can then be used for the reception of keyed continuous-
wave signals.

As might be expected, the operation of regenerative amplifiers and
detectors is quite critical, the operator of the device often being called
upon to make adjustments. For this reason, as well as the sometimes
excessively narrow bandwidth, regenerative detectors and amplifiers are
not often used in spite of their simplicity and very great sensitivity. A
further disadvantage is that moderately strong signals tend to overload
them. Actually, the circuit of Fig. 11.16 is only one out of an almost
unlimited number that can be used as regenerative amplifiers or de-
tectors.

Suppose the feedback is increased to the point where sustained and
strong oscillations can take place. Also suppose the grid of the tube is
biased beyond cutoff so that no current flows. Of course, no oscillations
can then exist. If the bias voltage is suddenly increased, the tube will
build up oscillations exponentially. These oscillations are started by
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thermal noise fluctuations and/or switching transients; some variation
at the grid must exist in order to start the sequence of feedback events
that finally results in sustained oscillations. The stronger the noise,
the sooner are these oscillations likely to build up after the plate cur-
rent is turned on. A signal at the grid will cause the tube to build up
oscillations much the same as noise. If the grid is rapidly switched from
beyond cutoff to conduction with an external periodic voltage (the
“quench” voltage), the waveform at the plate of the tube will consist
of repetitive bursts of the sine wave at the oscillation frequency. When
a signal is present, each burst builds up sooner; consequently, the pulses
of sine wave bursts at the plate will be wider. The waveform at the
plate can be passed through a low-pass filter (of bandwidth less than
the repetition rate of the quench voltage) to yield the modulation on the
input signal. Such a device is known as a separately quenched superre-
generative detector. Its bandwidth is about that of the resonant circuit
without feedback and its sensitivity is very great. It has the further
advantage of discriminating against certain types of interference such
as that coming from automobile ignition. An important disadvantage
is that the quench frequency must be at least twice that of the highest
modulation frequency to be received. Also, since the detector can gen-
erate a sine wave of appreciable magnitude, it is often not attached
directly to an antenna because of the interfering signal that would be
radiated. Rather, it may be decoupled from the antenna with an am-
plifier stage.

By means of an £-C charging circuit in the grid, the superregenerative
detector can be made to generate its own quench voltage; the device is
then said to be self-quenched. The sine-wave bursts at the plate for
this device are all similar; it is the spacing between them (hence the
repetition rate) that is proportional to the magnitude of the applied
signal.

One-tube self-quenched superregenerative detectors having high sensi-
tivities (transfer power gains of millions) and being the ultimate in sim-
plicity can be made to operate successfully from frequencies of a few
times the quench frequency to far into the microwave region and, in
fact, are often used for radar beacons and compact transmitter-receivers.

11.7 Grounded-grid amplifiers

In order to give some indication of methods of analysis applicable to
grounded-grid systems, we shall study the cascode band-pass amplifier
system in a little detail. The cascode amplifier is important because it
has small circuit noise (the smallest of any band-pass amplifier known)
and a reasonably high gain, and can be made to operate at relatively
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high frequencies. It consists of two tubes which may be either triodes
or pentodes, with triodes best for low noise. The amplifier circuit is
shown in Fig. 11.20. The first stage has a grounded cathode and the
second a grounded grid. The plate load on the first tube is the sum of

Fig. 11.20. The cascode amplifier.

the circuit load ¥; and the input admittance of the second tube. With
reference to Chap. 9 and assuming that both Z; and Z, are parallel-
resonant circuits, we can draw the equivalent circuit shown in Fig.
11.21, where Yi, is the input admittance at the cathode of the second

I € O
+
Ci| & CZ,J_LZ
Bmi€y L, — o Y, | &meey > T2 €y
-t

D

| =13

O

Fig. 11.21. Equivalent circuit of the cascode amplifier.

tube. When the plate circuit of the second tube is resonant

1+ gmor,
Y, = o Imele2 (11.55)
Tp2 + Ito

which is so large that we can consider the load on the first tube to be
purely resistive over the most significant parts of the gain function
yielded by the tuned circuit load on the second tube. Then, for all fre-
quencies reasonably near the resonant frequency

€1 —Gm1 Jm1
2. ~ I 1 56)
ey [(1 4 gmarpe)/(rp2 + R2)l + Gy + (1/151) Gm2

where the approximation is valid for ¢.,,e much larger than Gy, G, and
1/rpa, and for Be < rpa.
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The ratio of ey/e; is easily found from Fig. 11.21 to be

6_2 _ (gma/C2)p
er  p°+ {[Ga + (1/rp2)]/Celp + [1/(LaC2)]

Combining egs. 11.56 and 11.57, we get the over-all transfer function as

€2 Im1 4
Z = i 1.58
€ Cy [p2 + (G2'/C2)p + [1/ (chz)]] (1158

where G2’ = G5 + 1/rp,s. This expression is identical with that of a
single grounded-cathode stage with a parallel-resonant interstage
network.

Cascode amplifiers can be built with triodes rather than pentodes
because the Miller effect is not too pronounced owing to the very low
voltage gain (but high power gain) of the first stage (although neutrali-

(11.57)

T

zation may sometimes be required, particularly for low-noise applica-
tions). Cathode lead inductance in the second tube is unimportant
because of the low impedance level and because it can be made part of
the interstage network. In addition, if the grid of the first stage is
driven from a low-impedance source, cathode lead inductance in that
stage is relatively unimportant. In any event, resonant by-passing of
the cathode of the first tube can be achieved without too much trouble
because it will be little affected by conditions in the plate circuit.

The cascode amplifier can be constructed with a single tube envelope
containing two triodes. Then, the circuit is no more complex or larger
physically than a single pentode circuit. In recent years the cascode
amplifier has gained fame even to the layman as the input stage of tele-
vision receivers (following the antenna), although it originally was de-
veloped as the input stage of radar intermediate-frequency amplifiers.

When several grounded-grid stages are operated in cascade, desirable
results are not achieved unless impedance transformation between the
plate of one stage and the grid of the following stage is carried out.
This is indicated in Fig. 11.22. Such amplifiers yield moderate power
gains from the cathode of one stage to the cathode of the next. Actu-

- o

Fig. 11.22. A cascade of grounded-grid stages.
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ally, transformers provide only one means for obtaining impedance trans-
formation. Of course, a transformer equivalent may also be used. In
addition, L, T, and pi impedance-matching sections (see Chap. 8) are
applicable.

Let us obtain the gain of a grounded-grid stage in a cascade of such
stages. We shall assume that all impedances are matched. In Chap. 9
the voltage gain from the cathode to the plate of the stage was
found to be (1 + u)/2. The source is one tube and the load is the fol-
lowing tube. The source impedance is consequently 7,, which is to be
matched by means of a transformer to the input impedance at the
cathode which, at resonance, is given by eq. 11.55. Thus, the impedance
transformation ratio (assuming identical stages) is 7,[(1 4 gmr)/
(rp + R)]. If the losses in the transformers are small, all loading will be
furnished by the input impedance of the tube and the impedance trans-
formation ratio becomes 1/(1 + p). Thus, the transformer turns ratio
should be 1: (1 4 x)* and the voltage gain from the plate of one tube to
the plate of the next will be (1 + x)*/2. The need for high u tubes is
apparent. Grounded-grid amplifiers (other than in association with the
cascode amplifier) are useful as band-pass amplifiers above frequencies
of several hundred megacycles per second. Other types are preferred at
lower frequencies.

11.8 Some practical matters

When triodes are employed as grounded-cathode amplifiers in a band-
pass amplifier and when the voltage gain from grid to plate is at all
appreciable, neutralization must be employed in order to keep the sys-
tem stable. One neutralization method was mentioned in Chap. 9, in
which a coil is placed between grid and plate and tuned to resonance
with the grid-to-plate capacitance at the center frequency of the ampli-
fier. Unfortunately, this simple method of neutralization is often not
adequate as, for example, when it is applied to an amplifier stage that
must be tuned. It is not a simple task to tune the neutralizing induc-
tance when the amplifier is tuned because the adjustment is fairly criti-
cal. A self-adjusting method is shown in Fig. 11.23, which requires a
balanced resonant circuit. The voltages at the two ends of the coil are
equal in magnitude and 180 degrees out of phase. Consequently, the
positive Miller capacitance from grid to plate can be cancelled with a
negative Miller capacitance purposely introduced. This form of neu-
tralization is sensitive to tuning only to a second order and thus need
not be adjusted as the amplifier plate cireuit is tuned.

Doubling and trebling the input carrier frequency in an amplifier can
be accomplished by operating the tube in a nonlinear region of its char-
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acteristics. As a doubler, the frequency at the plate will be just twice
that at the grid; thus the resonant circuits in grid and plate are tuned to
quite different frequencies so that Miller capacitance will not lead to
instability and neutralization need not be employed (as long as the band-
width of the resonant plate load is not too large).

Band-pass amplifiers used with receiving apparatus may often be
required to have extremely high voltage gains, perhaps millions. This
introduces stability problems. A signal near the output of the amplifier
may find its way back to the input by any one of a number of paths and
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Fig. 11.23. Self-adjusting neutralization.

cause oscillation or misalignment of the tuning characteristic. The
troublesome path may be the extremely small mutual inductance or
capacitance between input and output. The path may even be fur-
nished by radiation as in an antenna. Such feedback paths can be over-
come only with careful shielding and physical separation of input and
output. Tubes should have metal shields about them and the stages
should be laid out in a straight line. If a voltage gain in excess of a few
thousand is needed, a long, narrow, shallow, and completely enclosed
chassis should be employed (which acts like a waveguide beyond cutoff).
It may be found that a high-impedance input will cause trouble. Reduc-
ing the impedance level of the input signal may resolve the difficulty. It
is often necessary to thoroughly shield the cables and connectors asso-
ciated with the amplifier as well. In fact, double-layer shielding of ca-
bles is often necessary. If very high gains are desired, it may even be
necessary to build two or more amplifiers occupying different chassis
with the amplifiers separated by a considerable physical distance. The
designer should be well aware of feedback paths whenever he builds an
amplifier with a voltage gain above 100 (which can be obtained in some
amplifiers with but a single tube).
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Undesirable feedback may also be introduced in power-supply wiring,
that is, through the screen, plate, filament, and automatic gain control
(AGC) leads. Although the source impedance of a power supply is
small, it may take only a fraction of an ohm to cause trouble. To com-
bat feedback due to these paths, “graded filters” are often employed
with multistage amplifiers having gains in excess of a few hundred. The
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Fig. 11.24. Graded filtering.

-

power-supply lead is introduced at the output stage and gradually fed
to the input stage with an R-C or L-C filter section between each stage.
The attenuation through each filter section should be greater than the
forward gain of each stage. The general scheme of such filters is shown
in Fig. 11.24. The filament leads to the tubes can be filtered in an analo-
gous manner, which may be necessary when the stray capacitance be-
tween the filament and other electrodes is not negligible.

Another thing that can cause feedback is the “ground loop.” Signal
currents can flow in parts of the chassis and therefore flow through a
small but nevertheless finite impedance. The resulting induced voltages
may introduce trouble. For this reason, the ground connections appli-
cable to each stage should be fastened to the same point so that signal
currents in the chassis can be localized as much as possible. A linear
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arrangement of tubes and separate ground connections at opposite ends
of the chassis for input and output cables helps.

Finally, even though the grid-to-plate capacitance of a pentode is
small, it may be large enough to introduce troublesome Miller feedback
in a grounded-cathode amplifier, especially if the operating frequency is
high. Although the feedback may not be sufficient to result in oscilla-
tion, it may be large enough to introduce tuning difficulties by causing
the various interstage networks to react upon one another.

Problems

1. Design a synchronous-tuned amplifier having a center frequency of 30 mcs, an
over-all bandwidth of 2 mes, and a voltage gain of 100,000 using tubes with g, =
5000 micromhos and a gain-bandwidth product of 60 mes. Show cathode resistors
(68 ©2) and suitable by-pass capacitors. Also show suitable plate, screen, and filament
graded filters.

2. A typical circuit at the input to a band-pass amplifier is shown in Fig. P.2.
* Plot the p-z of e1/¢s and develop suitable design procedures for determining the ele-
ment values of the circuit given B, and C. A conjugate match is required to the
source resistance K.

€
3 .L
R G
€5 * L, L, T ¢

Fig. P.2.

By-pass
T

3. Redesign the amplifier of Prob. 1 as a cascade of maximally flat pairs.

4. Redesign the amplifier of Prob. 1 as & cascade of maximally flat triples.

5. The band-pass amplifier in a broadcast receiver makes use of two identical
double-tuned equal-@ stages. If g, = 1500 micromhos, C1 = Cs = 40 puf, and Ly =
Lo, determine L, ¢, and k in order that the amplifier have a bandwidth of 10 kes at
465 kes where each transformer is identical and maximally flat. Determine the gain
at band center. Also, determine the series equivalent of the shunt resistance of the
coil.

6. Repeat Prob. 5 assuming one @ of each transformer is infinite.

7. Repeat Prob. 5 using the equal-@ double-tuned capacitance-coupled circuit.

8. Compare the exaet and approximate pole locations for the double-tuned mu-
tually coupled and capacitance-coupled circuits. Use equal @’s and equal resonant
frequencies.

9. A double-tuned mutually coupled equal-@ circuit with both resonant frequencies
equal is used to obtain a pass band of 20 to 35 mecs where C; = Cp = 20 puf. The
pi equivalent of the transformer is employed. Draw the circuit and label all element
values. Use the exact factorization for determining all parameters but use the nar-
row-band approximation in locating the proper band-pass poles to give a maximally
flat function.

10. A capacitance unavoidably exists across the mutual element in the equivalent
pi of Prob. 9 resulting in a parallel resonance at 40 mes. Sketch the magnitude of
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the transfer function (first locating the p-z) and compare to that when the bridging
capacitance is zero. May the existence of this capacitance be of value in some cases?

11. The transformer-coupled interstage network has a pi equivalent which cannot
be realized unless all the inductances are positive. The borderline situation arises
when one of the shunt inductances goes to infinity, resulting in the circuit of Fig.
P.11. Obtain the transfer function for this network in the form of eqs. 11.5 and
11.6 using Ql = Rl/wlLl; Q2 = Rg/szg, w12 = 1/L1(;'1, and w22 = 1/LzCz.
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Fig. P.11.

12. Determine the coefficients by, b1, be, and bz for the maximally flat band-pass
function using a double-tuned transformer for a pass band of 20 to 35 mes.

13. For @1 = » and C; = €2 = 20 puf, determine element values of Fig. P.11 to
obtain the transfer function of Prob. 12. Determine the gain at band center and
the gain-bandwidth advantage factor.

14. Factor the transfer function of Prob. 11 using the narrow-band approximation.

15. Put the transfer functions for the circuits of Fig. P.15 in factored form.

Vv o
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(a)

(d)

Fig. P.15.

16. Using the results of Prob. 15, plot the locations of the p-z of the transfer func-
tion of the circuit of Fig. P.16. Also, determine the equivalent circuit using two
identical transformers.
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17. Plot the p-z of the transfer function of Fig. P.17.
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Fig. P.17.

18. Design a feedback pair with a maximally flat pass band of 60 to 65 mes using
tubes with a ¢,,/C of 40 mcs and C = 20 puf.

19. Obtain the design relations for the feedback pair when the load capacitance
of the second tube is twice that of the first tube.

20. Determine the design relations for the feedback triple and apply them in the
design of the pass band of Prob. 18.

21. Design a twin-T feedback amplifier having as narrow a pass band as is possible
at a frequency of 150 cps. Use a tube with u = 70. Use R = 500K in the twin-T
which can be assumed to be large compared to r, and Ey.

22. Use two twin-T feedback amplifiers to get a maximally flat pass band 10 cps
wide at 200 cps using p = 70 and B = 500K and the same approximations as in
Prob. 21.

23. Design a cascode amplifier using triodes with g,, = 5000 micromhos to have a
pass band 9 mes wide centered at 200 mes. Use C; = Cp = 18 puf. (Refer to Fig.
11.20.)

24. Design a four-stage grounded-grid amplifier chain using L-section constant-k
matching in the input and for all interstage networks. For the interstage design,
neglect the input capacitance of the tube compared to the output capacitance. Use
a parallel-resonant circuit at the final output with a bandwidth of 100 mcs. The
source resistance is 50 €, ¢ = 80, and g = 12,000 micromhos. Determine the over-
all voltage gain and the over-all bandwidth. The center frequency is 400 mes. Each
tube has an output capacitance of 5 puf and an input capacitance of 15 uuf. Do not
add loading to the interstages.
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Feedback Amplifiers
and Stability

We have already treated some feedback devices, notably certain
kinds of low-pass and band-pass amplifiers. However, the treatment
was limited to simple systems where the transfer function (with feed-
back) could be factored in general terms so that the positions of the p-z
could be determined explicitly. Whenever such is the case, feedback
devices offer no special problems, the methods we have already studied
being adequate for purposes of analysis and design. One exception to
this may occur; the behavior of the system whose p-z are known may
admit of improvement by the addition of corrective networks.

We have not discussed devices whose transfer functions are so complex
that they cannot be factored in general unless all coefficients are numeri-
cal. (Even then, factorization may be impractical.) When such sys-
tems must be studied, new methods of attack are practically mandatory.
It is the purpose of this chapter to introduce some of these concepts as
well as to study certain aspects of stability. It will be found that the
p-z concept is a useful adjunct to studies of feedback systems, even
though the exact positions of the p-z are not known.

The last topie in this chapter is a discussion of design methods employ-
ing p-z techniques. In this, the open-loop transfer function is tailored
so that when feedback is applied, the closed-loop behavior follows some
prescribed characteristic, such as a maximally flat, equal-ripple, or linear-
phase function. These procedures are clearly precision design methods.
They will be applied again in Chap. 14.

12.1 Generalized single-loop feedback circuits

Most feedback devices can be diagrammed in block form as shown in
Fig. 12.1. The input voltage is eg and the feedback voltage is e3. The
output may be e, ey, or ¢3. For the present, we shall define the charac-
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teristics of the boxes of Fig. 12.1 as

A Lk ap ot

—KG = —K = —
i "B, "1 bip+ bep? A+ -

(12.1)
A 1+ ayp+ a’p? +- - -
K2G2 = K ——2 = Kg llp 2’p2
B, 1+bp+b'p*+---
which exemplify the special case of finite gain at w = 0 and imply that
the behavior of the system at high frequencies is of most concern (that

Adding device

€3

> — -KG; »  K3G, °
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Fig. 12.1. General single-loop feedback ecircuit.

is, low-frequency p-z, if any, are ignored). The negative signs in eq.
12.1 and Fig. 12.1 permit K; and K, to be taken as positive numbers,
which is a matter of convenience.

Any impedance seen by the input voltage ey can be lumped into Z;,.
If in the physical circuit an impedance appears to be connected between
the feedback voltage and ground, its effects can be lumped into the
transfer function Ko(Gs. As a result, virtually all single-loop feedback
deviees can be put in the form of Fig. 12.1.

The equations defining the system are

€1 = ¢+ €3
€y = —K1G161 (122)
é3 = K2G262

Substituting between these equations, we obtain three transfer func-
tions as

e 1 BB,

e 14 KiG1KsGy BBy + KiA1KyA,

e —K,G

Z__ (12.3)
€o 1 + K1G1K2G2

€3 —K1G1K2G2

€0 1 + K1G1K2G2
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Since the poles of all these functions are the same, stability studies
can be made of any one of the three. In general, the transfer function
will have zeros as well as poles, and if the degree of B;B; is higher than
the second (in all cases it is higher than that of K 4:Kz45,), factoriza-
tion problems will be introduced.

Let us define a composite transfer function as

A

where A and B are polynomials with values of unity at w = 0. Then,
egs. 12.3 become

€1 _ 1 _ B

e 1+KG B+ KA

€9 €1 1 (63)

Z = —KiGy, — = - 12.5
€y b €9 K2G2 €0 ( )
es  —KG —KA

o 1+ KG B+ KA

We shall confine our studies to the transfer functions e;/ep and es/eqy
except when K,@, is a simple real number. Then there is no essential
difference between the transfer functions ez/eq and e3/ey. Should ey be
the desired output voltage and K»Gs frequency sensitive, it can most
easily be found by dividing es/ep by KoGa. Usually, KGs is a fairly
simple, passive, and known transfer function.

If the feedback loop of Fig. 12.1 is removed, the transfer function es/eq
becomes .

€3 €3

B_2_ _ka (12.6)
€y €1

which is termed the “open-loop” transfer function, or sometimes the
“loop” function. Since this function plays such an important part in
egs. 12.5, it might be expected that its study (that is, the study of the
open-loop characteristics) leads to a knowledge of the “‘closed-loop”’
system (that is, the system with feedback).
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12.2 Open-loop plots and p-z positions
For simplicity let us assume that K>G; = 3, a real number. Then

a__ B
6 1+ KGf
(12.7)
€2 _ —K1G1
e 14 KGB

which is typical of many feedback amplifiers. The quantity 8 is termed
the “feedback factor,” which represents the fraction of the output volt-
age fed back and added to the input. The quantity K8 is the amount
of feedback and is often expressed in decibels.

/\<————K1GIB atw= o——’

1+ K,G,B

Increasing w

Fig. 12.2. Typical locus plot of a low-pass open-loop system.

The function K{G;8 can be written in terms of the variable jw and
plotted as a locus on a locus plane. (Note: We shall term + K@ rather
than — K@ the open-loop locus when referring to locus diagrams.) A
typical plot is shown in Fig. 12.2 in which the phasor K,G18 = KG is
shown emanating from the origin. Another phasor is shown emanating
from the —1 point and terminating on the locus. This second phasor is
clearly the quantity 1 + K;G18 = 1 + K@, which is the denominator
of all the closed-loop transfer functions. The transfer function e;/ep is
simply given by the inverse of this phasor. Clearly, the transfer function
es/eq is given by 1/8 (a number) times the ratio of the two phasors shown
in Fig. 12.2.

If the open-loop transfer function is stable, then for small 8 (8 = 0
vielding the open-loop transfer function), the closed-loop transfer func-
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tion must also be stable. As 8 or K is increased, the entire locus is ex-
panded. This causes the phasor 1 + K{G48 to be shorter in length at
some frequency. Three cases are exemplified by Fig. 12.3. As K8 is
increased, a peak is developed in the value of e;/eq (and ep/e) at the
frequency at which the locus comes closest to the —1 point. This means
that the closed-loop transfer function has a pole to the left of the jw axis
but near it. If the value of K, is increased to a critical value, the locus
will pass through the —1 point. Then, the phasor 1 4+ K;G,8 becomes
zero in length at some frequency and the closed-loop function e;/eq has a
pole exactly on the jw axis. Any further increase in 8 will cause the locus

-
-1l
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\ €0 1 2 3
N -
w4 -"" Unstable
W —>
(a) (b)

Fig. 12.3. Effects of changing the feedback K8.

to encircle the —1 point, which is equivalent to the pole being moved to
the right half-plane to give an unstable system, that is, an oscillator.
From this it can be seen that for typical open-loop functions the eritical
frequency is that where the phase shift of the open-loop transfer function
is 180 degrees. The system with feedback will oscillate if the open-loop
gain K,G; times the feedback factor 8 is equal to or larger than unity at
this frequency. If it is desired that the system be stable, it is necessary
that the loop gain at the 180-degree phase-shift frequency be less than
unity.

The open-loop value of e3/eg at w = 0 of the system of Fig. 12.1 and
eqgs. 12.7 is —K; (where G} and (5 are both defined as unity at @ = 0).
The gain at @ = 0 with feedback is 1/8 for K8 >> 1; the gain of the sys-
tem is then fairly independent of the open-loop gain K; and conse-
quently is fairly insensitive to the variations of vacuum tubes. This is
one of the advantages of negative feedback. If all the benefits of feed-
back are desired, it is necessary that K8 be quite large. If K G is to
be maintained less than unity at the 180-degree phase-shift frequency
while K18 is to be made much larger than unity, rather severe restric-
tions are imposed upon the open-loop transfer function. This will be
considered in more detail later.



Feedback Amplifiers and Stability 377

The transfer function ey/eo from eqs. 12.7 is often written in a slightly
different form, which helps simplify numerical and graphical manipula-
tions. By dividing the numerator and denominator of egs. 12.7 by K18,
we geb

PR (12.8)
e (1/Ki8) + G4 ‘

The phasors Gy and (1/K8) + G, are shown in Fig. 12.4. To work
from this plot, the locus of G, which is normalized to unity gain at

1

Kg TG

G,

Fig. 12.4. Locus plot normalized to gain.

w = 0, need be drawn only once. All changes in K; or 8 can be handled
by merely moving the point located at —1/K;8.

As a more specific example of what we have been talking about, re-
call the null-network feedback amplifier described in Chap. 11 which
employs a twin-T circuit. It can be diagrammed as in Fig. 12.5, where

e )
0 é €2 Twin-T 3
G

Fig. 12.5. Block diagram of the twin-T feedback amplifier.

ey Tepresents the output and u is the amplification factor of the tube.
Except for a constant multiplier gy, we may consider ¢; to be the output.

Various locus plots for G are shown in Fig. 12.6. In Fig. 12.6a the
zero lies on the jw axis and the phase shift is 4-90 degrees at frequencies
near the zero. In b the zero is also on the jw axis but the phase shift is
not +90 degrees. In this case it can be observed that the transfer fune-
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tion e,/eq as given by the reciprocal of the phasor shown in Fig. 12.6b
is not symmetric about the center frequency. In ¢ the zero lies slightly
left of the jw axis. Then, although the phase shift is correct, the band-
width with feedback becomes larger and the gain at the center frequency
smaller as compared to that when the zero lies on the jw axis. In d the
zero lies slightly right of the jw axis (the function G is no longer mini-
mum phase), which causes the function with feedback to have a higher

‘EOZ'? B J
1+KG

(a) (b)

N A
TN/ N/

{c) d)
Fig. 12.6. Locus plots for the twin-T feedback amplifier.

gain and a smaller bandwidth as compared to that when the zero lies
exactly on the jw axis. In this case the system has some positive feed-
back at the center frequency, whereas when the zero lies on the jw axis
there is no feedback at the center frequency.

12.3 The general effects of negative feedback

Consider the feedback circuit of Fig. 12.7 in which a disturbing voltage
e; s added at a point within the system. It will be assumed that there
exists voltage gain both prior to and after the point where e, is added.
Voltages e; and e; are given by

ez = —K1GhKyGae; + Ko(oe,
(12.9)
e1 = €y + feg \



Feedback Amplifiers and Stability 379
Combining these expressions

— K G1K5Gs N K,G,
= e e
14 KiGiKoGoB 1+ K1G1KoGofB

ex
e e
S ! -K;G, > K.Gy eg

Bes
Fig. 12.7. Feedback system with internal disturbance.

At moderately low frequencies, (1 = G5 =2 1 and eq. 12.10 is approxi-

mately
-1 1

o~ e +
B+ 1/KiK, ° K8+ 1/Kze

z (12.11)

€3

which, for K; and K, large and 8 not too small, is approximately

€o €x

egg—‘—

B KB

From this it can be seen that the effect of the disturbing voltage e, at
the output is reduced by the factor 1/K;8, and the gain with feedback is
dependent upon the feedback factor 8 only. If K, the gain prior {o the
point where the disturbance is introduced, is large, the effect of e, at the
output may be entirely negligible. Thus we conclude that hum or other
noise added to a feedback amplifier after the input voltage has under-
gone some amplification will be greatly reduced by feedback. By the
same token, disturbing voltages introduced prior to the gain —K; will
not be reduced at the output. In other words, feedback has no benefits
when disturbances occur at the input. As a result, the input stage or
stages of an amplifier to which feedback is to be applied are often rather
carefully built. The designer may even go so far as to use precision
wire-wound resistors and other high-quality components in the early
stages of feedback amplifiers designed to transmit direct current because
instability in tube operating points and circuit elements is equivalent to
low-frequency disturbances.

(12.12)
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Also roughly equivalent to a disturbing influence e, are nonlinearities
introduced by vacuum tubes. Since nonlinearities are generally asso-
ciated with the output stage or stages of an amplifier where signal levels
are large, negative feedback can do much to reduce them. Of course,
feedback has no beneficial effects when the nonlinearities are excessive,
as when a tube saturates.

Consider now the feedback device shown in Fig. 12.8. Here we have
shown an equivalent source and source resistance R; within the feed-

VWW €2
Rs
€g €
- KGe, Z; load
e
Amplifier =
Bey

Fig. 12.8. Feedback system with output impedance.

back loop. Zz, is the load applied to the system. It is our purpose to
determine the effective output impedance of the amplifier with feed-
back. Without feedback, the output impedance is obviously B,. The
transfer function is found to be

@ _  —l(KGZ0)/(B, + Zu)] (1213
eo 1+ [(KGBZL)/(Rs + Z1)] .
For Z;, = «, the transfer function is
€9 —KG
<——> = —— (12.14)
€0/ L=« 1 + KGB

If Z1, is made equal to the equivalent output impedance of the ampli-
fier with feedback Z,u:, the value of ey/eq will be precisely half that at
Zy = ». Thus

—KG& _ (—KGZout)/(Rs + Zout)
2(1 + KGB) 1 + [(KG.Bzout)/(Rs + Zout)]

(12.15)
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Solving for Z.., we get

B,
Loyt = ————— 12.16
ut 1 +KGB ( )

from which we see that the output impedance with feedback may be
considerably less than that without feedback. At low frequencies
where G =21, Z,u = R,/(R, + KB), which may be a very small re-
sistance. However, at high frequencies, KG8 must become small in the
interests of stability. At high frequencies, feedback therefore has little
effect in reducing the output impedance. Likewise, it has little effect in
reducing the severity of the various kinds of disturbances and nonlineari-
ties within the amplifier if these disturbances represent high-frequency
phenomena.

It should be observed that when the load impedance is known it can
be included as part of the circuitry inside the feedback loop and its pres-
ence accounted for without necessitating a separate analysis; the trans-
fer function K@ is replaced with a new function KGZr/(R; + Z1) =
K'®, where K’ is the value of this new function at w = 0, and ¢ is
unity at o = 0. If Z; has a shant resistance in part, K’ will be less than
K. Clearly, the effect of load Zy, is small if the open-loop output imped-
ance R, is small. If an amplifier must operate under a variety of load
conditions, it is wise to make the output stage of the amplifier have a
low output impedance, as when the output stage in itself is some type of
feedback amplifier, such as a cathode follower or a grounded-cathode
tube with resistive plate-to-grid feedback. The function G has a fre-
quency sensitivity that is dependent upon the reactance of the load.
This can have rather serious consequences if R, is not small. It is not
unusual for an amplifier that is stable with Z1, purely resistive to become
unstable with a capacitive load.

So far, we have talked about voltage feedback in which a sample of
the output voltage is used as a feedback quantity. We may also use
current feedback in which the feedback voltage is proportional to the
load current. Feedback then acts to stabilize the load current rather
than the load voltage. The same beneficial effects in regard to reducing
sensitivity to noise and other disturbances as well as to nonlinearities
are obtained with current feedback. However, whereas voltage feed-
back causes the output of a feedback amplifier to behave more like an
ideal voltage source (as a cathode follower), current feedback tends to
cause the amplifier to behave more like an ideal current source (as a
grounded-cathode pentode). Consequently, the equivalent output
impedance of an amplifier with current feedback may be extremely
large.
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12.4 High-frequency stability

Consider a typical feedback device having finite gain at w = 0 and a
real feedback factor 8 as shown in Fig. 12.9. The transfer functions of
interest are

€1 _ 1
0 1+ KGB
(12.17)
€y —K@
€y - 1 + KGﬂ

Suppose a rather conventional amplifier is used to provide the open-
loop function. Then all the p-z of —KGB (due to stray capacitances,

and so forth) will lie roughly the same distance from the origin of the p
plane as indicated in Fig. 12.10a to give a locus plot as shown in Fig.
12.105. 1If the number of poles in excess of zeros is at all large (three or

€9 €y KG €y

Be,

Fig. 12.9. A simple feedback system.

ﬁ———-Kﬁh—’I
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X
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Fig. 12.10. Typical uncompensated amplifier characteristics.

more), it will be found that very little feedback (small K8) is permissible
without introducing an excessive high-frequency peak or complete in-
stability. Since in the limit the poles of Fig. 12.10a may be due solely
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to stray capacitance (and perhaps the leakage inductance of a trans-
former), little can be done to increase the amount of feedback without
purposely narrowing the open-loop bandwidth. From this we conclude
that the benefits of feedback can never be obtained over a bandwidth
larger than that realizable without feedback.

The simplest and most foolproof way of designing a feedback amplifier
which is stable with large amounts of feedback is simply to shunt some
signal point in the system to ground with a single relatively large capaci-

L I - 14"——1(8—1
C L/

(a)

X | -.11'_ Kﬁ—’l

x

)
Fig. 12.11. Use of a single pole for bandwidth degradation. (a) Before. (b) After.

tor so that the ratio of the open-loop bandwidths before and after inten-
tional “bandwidth degradation” of the open-loop funetion is large.
Then, the open-loop p-z plots and loci are as shown in Fig. 12.11, Sim-
ply, the modified open-loop system acts like a one-pole function (which
can never be unstable) for all frequencies below that where the phase
shift contributed by the high-frequency poles becomes appreciable.
The result, of course, is to greatly decrease the gain where the phase
shift is 180 degrees, which allows KB to be increased correspondingly.
The open-loop bandwidth of the degraded system should be about the
same as that required by the signals to be amplified with the feedback
amplifier if the maximum benefits of feedback are desired. Very ap-
proximately, if a 100-kcs bandwidth is desired over which feedback is
fully effective and if it is desired that K8 = 100, the bandwidth of the
system before degradation should be at least 100 X 0.1 = 10 mes.
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The problems associated with obtaining both large bandwidth with
feedback and large KB should be noted. Of course, the actual band-
width with feedback will be much larger than the bandwidth of the de-
graded open-loop system; however, feedback is not fully effective over
the entire bandwidth with feedback because K@ decreases with fre-
quency rapidly above the cutoff frequency of the degraded stage.

Any one of many two-terminal interstage networks is an alternative
to the single capacitor for degrading the bandwidth in order to achieve

-
X -1

(a) (b)

Fig. 12.12, Use of two poles for bandwidth degradation.

the same general effects as given with the capacitor. The reason such
networks can be used is that the phase shift is always bounded by 90
degrees. The shunt-peaked interstage network (8§ < 1.554) is one well
suited to this application.

A slightly more complex method for increasing K3 is to decrease the
bandwidth at two points in the circuit. Then the p-z plot and locus
are as shown in Fig. 12.12. With this method, an increase in the open-
loop bandwidth for the same KB as compared to the previous method
can sometimes be obtained. If the phase shift contributed by the high-
frequency poles is appreciable, this method may not be as good as that
previously deseribed (unless zeros are introduced, as will be described
later).

Figure 12.13 shows how circuits such as the shunt-peaked one act to
nullify the effects of high-frequency poles on the negative real axis of
the p plane by moving the poles up the imaginary axis. Until the fre-
quency i8 so high that it is nearly equal to the distances of the complex
poles from the origin, the phase shift contributed by the high-frequency
poles is quite small; by the time their phase contribution is appreciable,
the poles near the origin have reduced the gain considerably.

A quite common stabilizing procedure in feedback amplifiers is that
of adding some capacitance from output to input, which gives the feed-
back voltage a leading component and is somewhat equivalent to put-
ting a pole of the open-loop function at low frequencies. It has the
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advantage of lessening saturation problems, A very small capacitor
goes & long way in this regard.

Frequently, the designer of a feedback amplifier is forced to accept a
certain type of behavior to begin with. Most commonly, he must deal
with a circuit that may be narrower than he desires. For example, it
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Fig. 12.13. Phase-shift reduction with the shunt-peaked function.

may be required to drive a load containing a large shunt ecapacitance, or a
transformer with a large leakage reactance, or perhaps an electrome-
chanical device which is relatively ponderous. If the designer is fortu-
nate, the low-frequency poles may already be in the optimum positions,
thereby allowing him to use the maximum amount of feedback without
corrective networks. As is more often the case, the unavoidable pole is
too near the origin. When this is so, some type of lead network in cas-
cade with the amplifying system is suggested, as exemplified by Fig.
12.14.
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Fig. 12.14. Increasing bandwidth with a lead network.
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x

Another situation where a lead network is useful is where too many
low-frequency poles exist. Two different approaches to this problem,
as given by different kinds of lead networks, are indicated in Fig. 12.15.

Sometimes some moderate-frequency pole is not near enough to the
origin. Then a lag network is called for as shown in Fig. 12.16.

Frequently, it is desirable to have a flat gain characteristic with feed-
back. Little we have said so far indicates methods for achieving this.
If the transfer function with feedback is not too complex, it can be
equated to a desired transfer function and the coefficients of the powers
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Fig. 12.15. Use of lead networks for pole removal.

of p equated in order to determine the necessary design relations. How-
ever, this procedure becomes unmanageable if the number of p-z is large.

I | L
a2, - LY. S + 3

Fig. 12.16. Decreasing bandwidth with a lag network.

The general transfer funetion for the single-loop system with purely

real 8 can be multiplied by 8 to give
¢} 2 _ ——E{ﬂi—— (12.18)
€o 1 + KGﬁ

It 1s possible to find contours on the locus plane which are curves
along which the magnitude of eq. 12.18 is constant. If the open-loop
function KGB can be made to follow one of these curves, the gain with
feedback will be constant with frequency. The technique we are about
to discuss is valid only if the feedback factor is real.

Let KGB be expressed in terms of its real and imaginary parts as

KG8 = R + jX (12.19)
We want
K@ R+ jX
. i I = ' +J — | = Constant = (k)%  (12.20)
1+ KG8! |1+R+jx
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or 9 2
R24+ X
A (12.21)
(14 R)?+ X*?
from which
X2 (R b )2 k (12.22)
+ 1—%/ (1 —k? '

Equation 12.22 describes circles whose centers are on the real axis at
Ry = k/(1 — k) and which have radii (k)’?/(1 — k). The constant k&

R=c

=7

Fig. 12.17. Circles of constant gain with feedback.
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will be equal to or less than unity. Some of these circles are indicated in
Fig. 12.17. The two intercepts of the circles with the real axis are

Ri, Ry = Ryl &£ (1 4 1/Rg)" (12.23)
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4
Fig. 12.18. Actual and ideal loci.
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To use the constant-gain loci, the intercept farthest out on the real
axis is equated to the desired value of KGB8 = KB at w = 0. The re-
sulting situation is depicted in Fig. 12.18, in which both the desired
locus (for constant gain with feedback) and the actual system locus are
shown.

12.5 Low-frequency stability

Many feedback amplifiers need not transmit very low frequencies;
consequently, interstage coupling circuits and interstage and output
transformers can be employed. Such circuits (as well as by-pass cir-
cuits) introduce low-frequency p-z with the result that excessive lead-
ing phase shift may occur at low frequencies. For example, four stages
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Fig. 12.19. Behavior of four coupling networks.

of R-C coupling networks give a locus somewhat like that shown in
Fig. 12.19. It is assumed that the gain at high frequencies (neglecting
high-frequency p-z) is K8. Clearly, for small K3, the system with feed-
back must be stable if the open-loop function is stable. However, for
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Fig. 12.20. Behavior of four by-pass networks.

larger KB, the transfer function can develop a peak at low frequencies
corresponding to a pole in the left half-plane near the jw axis. Causing
KB to increase even further results in the pole moving across the jo axis.
Then the function of Fig. 12.19 is that of a type of phase-shift oscillator.
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Cathode and screen by-pass circuits also introduce a leading phase
shift at low frequencies as, for example, several similar by-pass circuits
shown in Fig. 12.20.

An amplifier consisting of several stages can have a large number of
low-frequency p-z, perhaps as many per stage as are contributed by two
by-pass networks and one coupling network. With R-C plate loads,
each stage will contribute only one high-frequency pole. Consequently,
the problem of low-frequency stabilization can be considerably more
difficult than that of high-frequency stabilization. The problem is
heightened by the difficulty of obtaining reasonably simple low-fre-
quency compensating networks that furnish complex p-z. The result
of all this is that screen and cathode by-pass networks in a feedback
amplifier are often either not used or are cancelled with lag networks
(for example, low-frequency compensating circuits and cathode peak-
ing to avoid cathode by-passing without loss in voltage gain).

To solve the problem of the zeros furnished by coupling networks and
perhaps the magnetizing inductance of a transformer, a technique analo-
gous to the single capacitance shunt for obtaining high-frequency stabil-
ity can be employed. That is, all the coupling networks except perhaps
one or two are made to have little effect down to very low frequencies.
The low-frequency cutoff point of one or two of the coupling networks
is made as large as is permitted by the design specifications of the feed-
back amplifier. The result is a low-frequency p-z collection something
like that shown in Fig. 12.21. The coupling network having the pole

(@) &
Fig. 12.21. Stabilization of coupling networks.

most distant from the origin forces the open-loop gain to a low value
before the total leading phase shift becomes 180 degrees.

Much of the problem of low-frequency stability can be avoided by
making part of the amplifier direct coupled, as is fairly common practice
(although certainly not economical unless absolutely necessary). Of
course, in feedback amplifiers designed to transmit direct currents, the
problem does not arise.
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The technique used for improving the long-time response of video
amplifiers is also applicable in feedback amplifiers. That is, the sum of
the low-frequency pole positions of the closed-loop transfer function can
be made equal to the sum of the low-frequency zero positions. How-
ever, this does not also guarantee stability, which means that considera-
tions of degrading as discussed before must also be kept in mind.

The most economical way to obtain low-frequency compensation is
to use a complex feedback 8. If a relatively large capacitor is placed in
series with the feedback path (and if the feedback path also has resistive
loading), then 8 becomes B¢p/(p + a), where By is real and is the value
of this complex feedback at all but very low frequencies. For a given
value of a, the system is made stable at low frequencies by suitable
degradation. Then the parameter a can be adjusted to give optimum
low-frequency compensation. This type of complex feedback amounts
to an effective low-frequency compensating circuit. The design details
are left to the reader as an exercise.

12.6 Linear range and intermodulation

All practical amplifying devices have definite maximum voltages or
currents that can be obtained. It is not possible to do more than cut
off a tube or drive its grid more than slightly positive. A stage of an
amplifier (or several stages) without feedback will have a curve of input
versus output that has a shape something like that shown in Fig. 12.22

Output e,

Fig. 12.22. Typical input-output characteristics.

(neglecting frequency-varying effects). No matter how large the input
is and how much feedback is applied, the output is definitely bounded at
the limits of saturation.

The output-input relationship can be expanded in a Taylor series about
zero a-c signal level to give

dey 1 (dzel) , 1 <d3e1) s
_ta (Y e (Y sy (1204
a= ot oi\gn) @ T ai\as) @ (12.24)
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The first term of this series represents the linear output-input relation-
ship. The first derivative is the gain, which is the slope of the input-
output characteristic at e = 0, the second derivative gives the curva-
ture of the input-output characteristic. All the higher derivatives
(second and above) measure the amount that the input-output charac-
teristic deviates from linearity. Because of saturation limits, all of
these higher order derivatives can never be zero.

If ¢q is a signal represented with a collection of sine waves as a Fourier
series or integral, the components ey?, o, and so forth, in eq. 12.24, when
expanded, will show additional harmonically related frequency com-

Input

Fig. 12.23. Input-output characteristics with feedback.

ponents and cross products between frequency components that may not
have been present in the input. Thus, there will always exist some
“harmonic distortion,” which is a consequence of the nonlinearity of the
output-input relationship. If ey is small, the powers of ¢ will be even
smaller and the harmonic distortion will be small. In other words, the
distortion suffered by signals which are small in magnitude compared to
the limits of saturation is small.

It is possible to reduce the magnitudes of the higher derivatives of
eq. 12.24 in order to reduce the distortion. The most economical way
to do this is with negative feedback. Consider Fig. 12.23 in which curve
@ represents the system without feedback. Curve b is for the system
with typical amounts of feedback. Curve ¢ is for an infinite amount of
feedback. In all cases, the gain has been normalized to be the same for
small signals. If the signal is less than the saturation limits, the effects
of negative feedback in reducing distortion should be clear; there will
be no distortion when the feedback is infinite (neglecting frequency-
varying effects). However, for signals larger than the saturation limit
no amount of feedback will help, and with practical amounts of feedback
considerable distortion will result unless signal levels are maintained
moderately below the saturation limits.
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At low frequencies (neglecting low-frequency p-z), feedback can be
quite effective if K8 is large. However, at the higher frequencies KG8
must be made small in the interests of stability; thus, feedback is not
effective for high-frequency signal components, which will therefore suf-
fer much more distortion than low-frequency components. In fact, the
high-frequency feedback may be more characteristic of positive than
negative feedback, with the result that the distortion given the high-
frequency components of the signal can be worse than with no feedback
at all. These distorted high-frequency components will beat with the
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Fig. 12.24. Waveforms associated with a narrow stage.

Time ———

low-frequency undistorted components to introduce spurious compo-
nents which may be in the frequency range occupied by the desired sig-
nal. If amplification with low distortion is desired, the gain function
of the system with feedback must drop off smoothly at high frequencies
s0 that high-frequency components will be attenuated as much as pos-
sible. In feedback audio amplifiers, a high-frequency peak is particu-
larly bad, often resulting in an amplifier that sounds worse with than
without feedback! As a result, the closed-loop transfer function of audio
amplifiers should never be made equal ripple or maximally flat; rather,
linear-phase functions and even those with purely real poles are more
suitable.

It was observed that negative feedback increases the bandwidth of a
(possibly degraded) amplifier. The saturation limits also have a rather
profound effect on this. Let us take as an example an amplifier which,
without feedback, has some given bandwidth. To this amplifier is ap-
plied a step function. Let us also assume that the bandwidth is deter-
mined by one particular stage which has been shunted to ground with a
capacitor (which can represent a capacitive load or ponderable electro-
mechanical output device). The output from this stage will have the
appearance of curve a of Fig. 12.24. Now suppose feedback is added



Feedback Amplifiers and Stability 393

around the entire amplifier. The linear theory predicts the bandwidth
with feedback will be increased over that without feedback. Then the
output from this particular stage must be faster (if the system is linear),
as indicated by curve b. This particular stage 1s within the feedback
loop; consequently, the only way its output can be made faster in spite
of capacitance loading is to momentarily overdrive the input. The in-
put time function to this stage must have an appearance something like
that of curve ¢ of Fig. 12.24 in order that the output from the stage be
like that of curve b.

For small inputs to the feedback amplifier, the peak of curve ¢ may be
moderate. However, for larger inputs, even though the desired output
waveform is within the saturation limits, the peak of curve ¢ of Fig.
12.24 may be far above the saturation limit. In other words, the peak
of curve ¢ may be flattened, resulting in distortion and a smaller effective
over-all bandwidth than exists when the signal level is small.

The severity of an effect such as that depicted by Fig. 12.24 is propor-
tional to the ratio of typical signal levels to saturation limits and con-
sequently will be most severe if the open-loop bandwidth limitation
occurs in the last stage or stages of a feedback amplifier. If the designer
has any choice, he should degrade the bandwidth of a feedback ampli-
fier in the earlier stages of the system. Of course, he has no choice if the
degradation is furnished by a ponderable load.

Frequently, phenomena such as those described make it wise to use
output stages having much larger power-handling capabilities than
those inferred by average output signal levels if only small amounts of
distortion can be tolerated. However, the output stage will not be nearly
as bulky as that required in a system giving the same amount of output
with the same distortion but without feedback.

12.7 Precision design methods

Let us examine the simple feedback system in detail to see what can
be done in the way of precision design. The methods to be described
are general. They will be developed by means of numerical examples.

Figure 12.25 shows the simple system again. It will be assumed that
ey is the input, ez is the output, and 3 is a real number. The ruling equa-
tions are

€3 A
2 - _KG=-KZ=
€9 B
(12.25)
€3 —KG - KA

oo 1+ KGB Bt KA

where 4 and B are polynomials in p.
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Let us consider only the high-frequency behavior by neglecting all
low-frequency p-z. Typical uncompensated amplifier functions will
have a number of poles (say n) because of stray capacitance and other
factors. The poles of KG cause lagging phase shift and reduce the gain
at high frequencies. It is the lagging phase shift that creates stability
problems. Therefore, it is best for the compensated amplifier to have no
more poles than the uncompensated amplifier.

For simplicity and because it appears to be a good technique, let us
stipulate that the closed-loop transfer function have only poles. This
means that the function 4 in egs. 12.25 is unity and that the open-loop

function as well as the closed-loop function has only poles. Typical
uncompensated amplifiers do not have zeros (ignoring coupling and by-
pass networks). Whatever compensating networks we decide to use
may have zeros, but only if the zeros are cancelled by poles from other
interstage networks in the amplifier. (The introduction of zeros that are
not cancelled will be described later.)

Thus we have the open- and closed-loop transfer functions reduced to

31 ey KG C£]

Bes

Fig. 12.25. The simple feedback amplifier.

€3 '—Kbo
5. ko= - (12.26)
e P*+ bnad™ -+ bip + bo
— Kb
% 0 (12.27)

1 Pt by -t bap® + bip + bo(1 + KB)

where the open-loop transfer function es/eq at w = 0is — K, as has been
our convention.

Equation 12.27 gives the closed-loop behavior as an n-pole (no zero)
transfer function. For any given KB, we may adjust the coefficients
bo, b1, b, - - - so that the function is maximally flat, equal ripple, or some
other prescribed function, with whatever bandwidth appears reasonable.
Once we have determined these coefficients, then the open-loop transfer
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function is determined. In particular, the locations of the poles of the
open-loop function are determined. These data can then be used to
determine suitable amplifier interstage networks so that the open-loop
function will be as required.

As an example, let us study a three-pole amplifier made up, for ex-
ample, from two or three grounded-cathode tubes. Let us require the
closed-loop function to have a third-order pole on the negative real axis.
This does not give a very sophisticated transfer function, but it may be
quite justifiable for a high-fidelity audio amplifier or a pulse amplifier
having a step-function response without overshoot. The closed-loop
bandwidth should not be larger than the bandwidth of the uncompen-
sated amplifier, or else trouble will be encountered in the compensation.

We thus have the closed-loop transfer function

es _ (—Ka)/(1+ Kp)  (—Ka’)/(1 + K§)
e (p + a)® p® + 3ap? + 3a®p + a®

(12.28)

Comparing eqgs. 12.28 and 12.27, the required open-loop transfer
function is seen to be

e _ (—Kd®)/(1 + KB)
es  p°+ 3ap® + 3a%p + a3/(1 + KB)

If KB is large, the coefficient of p° in eq. 12.29 will be small. This
results in the open-loop function having one pole near the origin, which
amounts to bandwidth degradation.

Let us normalize to frequency by setting @ = 1. The closed-loop
half-power bandwidth is therefore (2% — 1)’¢ = 0.51 (bandwidth nar-
rowing). To be specific, let us set K8 = 100 (which is a large amount
of feedback). The open-loop function becomes

(12.29)

e3 —0.0099K
—=— 5 (12.30)
ez p° + 3p° 4+ 3p 4+ 0.0099
which can be factored with numerical methods to give
é3 —0.0099K
2= (12.31)
e (p+ 0.00331)(p% + 2.997p + 2.99)
which has poles at
1 = —0.00331
(12.32)

P2, pg* = —1.5 + j0863
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The closed-loop function is shown in Fig. 12.26a. The corresponding
open-loop function is shown in Fig. 12.26b, where the pole near the origin
gives bandwidth degradation and where the complex poles indicate the
need for a resonant-type interstage circuit for optimum compensation
of the amplifier. The pole locations in Fig. 12.26b are typical of the re-
sults of precision design.

Suppose we had wanted the three-pole system to have a maximally
flat closed-loop transfer function with a bandwidth B normalized to

X

— ] —-i —0.00331

(a) (b)
Fig. 12.26. Open- and closed-loop functions.

unity. Again, we shall use K5 = 100. The closed- and open-loop trans-
fer functions are

e —0.0099K
e PP+ 2p*+2p+1
(12.33)
3 —0.0099K
e;  P° + 2p% + 2p + 0.0099
The poles of the open-loop function are at
p1 = —0.00497
(12.34)

P2, p2* = —0.998 =+ 70.996

which have positions similar to those of the previous example, even
though the closed-loop transfer function is quite different. Note, how-
ever, that the wider band closed-loop function has indicated somewhat
less bandwidth degradation.

Finally, let us consider a four-pole system. In order to have a numeri-
cal example, we shall take K8 = 100 as before and a closed-loop transfer
function having a fourth-order pole on the negative real axisat p = —1.
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The closed- and open-loop transfer functions are

es  —0.0099K —0.0099K

e (pH+D* P H4apPtepPtdp+1
(12.35)
€3 —0.0099K

2 p* 4 4p° + 6p2 + 4p + 0.0099

With numerical factoring, we find the poles of the open-loop transfer
function as

It

p1 = —0.00248

Dy = —2 (12.36)
p3, p3* = —1 =41

which has the same basic characteristics as those displayed by the three-
pole function.

So far, we have discussed only the case for real 8. Quite commonly,
B is complex, most frequently having the form

ap + 1
= — 12.
B = Bo bp + 1 (12.37)

where it is almost always desirable to have a > b. For ¢ = b, 8 is
purely real, which is the situation already discussed.

For g given by eq. 12.37, the closed-loop transfer function can be
found from eq. 12.27 as

€3

a -
—Kby(bp + 1)

@" + ba_1p™ Tt + -+ bip)(bp + 1) + bol(b + KBoa)p + (1 + KBy)]
(12.38)

and the open-loop function is given by eq. 12.26 as before.

Whenever a and b are not equal, the closed-loop transfer function
has a zero which cannot be cancelled with a pole. The zero position is
determined entirely by the 8 circuit. If a rectangular plot of the de-
nominator of eq. 12.38 is set up, it will be observed that for b > a
stability is worsened as compared to 8 purely real. On the other hand,
for @ < b, stability is improved because the coefficient of the first power
of p is increased.
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Figure 12.27 shows the standard feedback ecircuit modified with
capacitors. A simple analysis of the 8 circuit of this figure gives

B'_Bap-l—l_ R, { pEiCy + 1 }
“bp+1 R+ Ry [{[RiBo(Ch + C2))/(Bi + Ra)}p + 1
(12.39)

which can be adjusted to give either a > b or b > a.
Frequently, stray capacitance makes it impossible to neglect Cs. It
is possible to add a small C; in parallel with B; to make 3 purely real.

e, €y €3
-KG

G
Beg T
-I--c2 R,

R,

Fig. 12.27. Feedback circuit with complex g.

From eq. 12.39, the condition yielding 8 = By in spite of capacitance is
found by equating the pole and zero positions as

RICI = R202 (1240)

If C; is finite and C; is not added to the circuit, stabilization may be
considerably more difficult.

In order to tie down some of the theory expounded so far to a practical
example, consider the circuit of Fig. 12.28. The feedback is from the
output to the cathode of tube V' and is controlled by the size of the feed-
back resistor B. Actually, instead of adding the input ¢; and the feed-
back voltage, we are subtracting them; however, because subtraction is
but a special case of addition, the circuit of Fig. 12.28 falls into the
category of circuits we have described. This amplifier has a trans-
former output. The polarity at the output can be made either positive
or negative by simply reversing the connections to the transformer sec-
ondary; if the connections are wrong, the feedback will be positive rather
than negative and the circuit will oscillate.

Let us assume that the transformer has a large enough step-down ratio
and a purely resistive load so that we may neglect the secondary stray
capacitance. Also, assume that the plate current of tube V' is relatively
small so that we can neglect any loading on the output by the feedback
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circuit. The amplifier of Fig. 12.28 can then be made to correspond to
the p-z of Fig. 12.26. The one pole near the origin is furnished by the
R-C plate load on tube V;. The pair of complex-conjugate poles is fur-
nished by the output circuit of tube V,. If incidental resistance, sec-
ondary capacitance, and magnetizing inductance are all neglected, the

n:1

Ml

Load R,

Fig. 12.28. A feedback amplifier.

equivalent output circuit, referred to the primary, will be as shown in
Fig. 12.29, where n is the transformer turns ratio. This equivalent can
be adjusted to have a pair of complex-conjugate poles in the desired
positions.

Typically, the circuit of Fig. 12.28 would have a transformer step-
down ratio of about n = 50 (as when the load is a speaker) and a value
of K of perhaps 200. Because we have set K8 = 100 in previous numeri-
cal examples, we shall assume this K8 here also, which requires that

TS —
L+ n2L2

Eme€s CD T C, anL

Fig. 12.29. Equivalent output circuit of the feedback amplifier.

B8 = 100/200 = 0.5. Accordingly, feedback resistor R will be relatively
small. The gain with feedback is found from eq. 12.27 tobe K/(1 + K@)
= 200/101 =2 2. Although the voltage gain is small, the power gain is
considerable because the load impedance is small.

In the actual amplifier, we would be likely to by-pass the cathode of
Vs and perhaps the screen of V, (but not usually the screen of Vs,
which is often returned directly to the plate supply voltage). Also, we
would use an R-C coupling network between V; and V. The mag-
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netizing inductance of the transformer and the load resistor provide
another coupling network function. Therefore, the amplifier has effec-
tively two coupling networks, a cathode by-pass circuit, and a screen
by-pass circuit. The low-frequency p-z collection is therefore as shown
in Fig. 12.30. If the R-C coupling time constant is made large, the open-
loop low-frequency cutoff will be determined primarily by the magnetiz-
ing inductance of the transformer, as in Fig. 12.30a, and the system will
be stable. Because of saturation problems related to a degraded stage
(see Sec. 12.8), it is probably better to make R-C small and use a trans-

Transformer R-C coupling

Cathode Screen |~ Coupling Cathode Scree\nx

XOXOX
Transformer

(a) (b)
Fig. 12.30. Low-frequency p-z of the feedback amplifier.

former with a large magnetizing inductance so that the low-frequency
cutoff is determined by the R-C coupling network, as in Fig. 12.30b.

A small capacitor in shunt with feedback resistor R of Fig. 12.28
overcomes capacitance from the cathode of V; to ground (which in-
cludes cathode-to-filament capacitance) as described before.

The amplifier we have been discussing has poles as given by Fig. 12.26,
which are normalized to frequency. Suppose the amplifier is an audio
amplifier and it is desired to obtain the full benefits of feedback up to
about 5000 cps. Of course, feedback will provide some benefits to much
higher frequencies. Accordingly, the bandwidth of the degraded stage
must be about 5000 c¢ps. Since the poles of the output stage are about
300 times as far from the origin of Fig. 12.265 as the pole of the degraded
stage, the natural bandwidth of the transformer should be roughly 300
X 5 or 1.5 mes. Thus the transformer leakage reactance should be
quite small. It has already been pointed out that the magnetizing in-
ductance should be large. In essence, a high-quality transformer is
necessary. Lower quality units do not permit the full benefits of feed-
back to be obtained at frequencies as high as 5000 cps (or do not per-
mit such large values of Kf).

Several other tuning schemes for the audio amplifier of the example
come to mind. In particular, if the transformer is somewhat over-
damped, the transfer function of the output stage will have two poles on
the negative real axis. One of these two poles can furnish bandwidth
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degradation. The second pole can be cancelled with a zero obtained
from the plate load of tube V3. The pair of high-frequency complex-
conjugate poles can also be furnished by the output circuit of tube V;.
If the load on V; is a shunt-peaked circuit modified to the extent of
adding a resistance in parallel with the capacitance (in addition to the
resistance in series with the inductance), the desired pole and zero loca-
tions can virtually always be realized. This particular tuning scheme is
capable of realizing the poles of Fig. 12.26b with less expensive and more
readily available transformers which do not have natural bandwidths as
large as megacycles. Of course, if the output stage degrades the band-
width, saturation problems with high-frequency signals may be encoun-
tered, as in a pulse amplifier for fast signals. However, if the bandwidth
of the degraded output stage is large enough to accommodate most ex-
pected signal frequencies (as is the case in the audio amplifier when the
degraded bandwidth is on the order of 5000 cps), saturation problems
are minimized.

Had there been a total of three tubes in the amplifier of the example,
the open-loop function would have four poles, which should be located
according to eqs. 12.36. The output stage, as before, could furnish the
complex-conjugate pair of poles, and the first and second stages the
poles on the negative real axis. One of the plates of the first two stages
should be degraded with a shunt capacitor, preferably the first, if pos-
sible, because of saturation problems. If K8 = 100 for the four-pole
system (as in the three-pole system) and K = 10,000 (which is typical),
8 becomes 100/10,000 = 0.01 and the closed-loop gain at low frequen-
cies becomes 10,000/101 = 99. With the particular numbers used, the
three- and four-pole systems reduce nonlinearities in the output stage
equally. Feedback with the four-pole system also reduces nonlineari-
ties in the stage that drives the output stage, which is not true for the
two-tube amplifier. As before, a less costly output transformer can
be operated somewhat overdamped to furnish real poles and p-z can-
cellation can be employed. The first interstage can furnish one high-
frequency pole if its plate load is a simple R-C circuit. The second stage
can furnish the complex-conjugate pair of high-frequency poles and one
zero for cancelling purposes if its plate load is the modified shunt-peaked
circuit.

So far, we have considered only all-pole closed- and open-loop func-
tions. The addition of zeros can considerably increase the degraded
open-loop bandwidth for a given K3 and for a given number of poles ¢n
excess of zeros (which is the only fair comparison because each interstage
must furnish at least one more pole than zero due to stray capacitance).
However, the arbitrary placement of zeros and subsequent analysis does
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not appear to result in a facile method for introducing zeros. Therefore
a slightly different approach is needed.

Consider again the Nyquist plot where the closed-loop transfer func-
tion is given by 1/8 (a simple number) times the ratio of the two phasors,
KGB and 1 + KGB. If Kp is large, the open-loop locus KGB8 can be
quite irregular for frequencies lower than the over-all 180-degree phase-
shift frequency without resulting in a significant irregularity in the
closed-loop transfer function; the ratio of the two phasors changes but
little even though each phasor individually may change considerably.
Since the open-loop function at these lower frequencies is dependent
primarily on the bandwidth degrading function (the one low-frequency
pole), it would appear that the most promising way for introducing
zeros is in association with the degrading function and without modi-
fications in the locations of any of the high-frequency poles.

With certain restraints, it should therefore be possible to utilize a
“cluster” of both p-z at low frequencies as a substitution for the one
degrading pole found necessary before. Of course, the closed-loop
transfer function will no longer be precisely that specified and realized
with simple one-pole degradation, although it may be close enough to
make the difference insignificant. There are three restraints placed
upon the cluster of p-z. The first is obvious; that is, the gain of the clus-
ter function at w = 0 must be the same as that of the single-pole fune-
tion in order that the open-loop gain K will be unchanged. The second
restriction is that the cluster must always have one (and only one) more
pole than zero. This insures that the high-frequency asymptotic be-
havior of the cluster will be the same as that of the simple one-pole
function. This second restriction allows the degrading function to be
obtained with any reasonable input impedance having some shunt ca-
pacitance. The third restraint, which is not too specific, is that the
high-frequency asymptotic behavior of the cluster must be reached be-
fore the phase shift contributed by the high-frequency poles becomes
too large.

The irregularity at low frequencies because of the cluster must not be
excessive if the closed-loop transfer function is to be essentially the same
as with the simple one-pole bandwidth degrading function. From the
Nyquist plot, it should be apparent that larger values of K8 permit
more irregularity. The greater the irregularity, the greater can be made
the open-loop degraded bandwidth. Therefore larger values of K3 need
not always require smaller. open-loop bandwidths, as seemed necessary
with one-pole degradation.

As a specific example and for a normalized one-pole degraded band-
width of 1 radian, let us study the replacement of the one-pole function
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with another function (the shunt-peaked function) having one zero at
z; = —2 and two poles at p1, p;* = —1 £ j1. This function obeys all
the restraints listed (with the proper constant multiplier). It is a low-
pass type of function with a slight peak at a frequency somewhat below
its half-power frequency. The bandwidth of the simple one-pole func-
tion is unity (by normalization). The bandwidth of the new funetion
is 1.8; therefore, an 80-per-cent increase has been achieved in the de-
graded open-loop bandwidth. If more irregularity can be tolerated
(that is, a larger peak), a greater advantage is possible.

Let us return now to the two-stage audio amplifier with transformer
output used as an example before. The open-loop function now has one
pair of high-frequency complex-conjugate poles (in the same positions
as before because we have modified only the degrading stage), one pair
of low-frequency complex-conjugate poles, and one low-frequency zero.
The transformer output stage can furnish the pair of low-frequency poles
quite easily; however, the natural bandwidth of the transformer is now
5000(2)% = 7070 cps and, by itself, has a two-pole maximally flat
transfer function. (The bandwidth of the transformer is not increased
by as much as 80 per cent because the transfer function of the trans-
former does not include the low-frequency zero.) The high-frequency
poles and the low-frequency zero can easily be realized with the modi-
fied shunt-peaked cireuit as the plate load of the first stage.

Degrading functions containing several p-z can realize quite consi-
derable benefits in increasing the degraded bandwidth. What results is
a function similar to that found with Bode’s log-frequency procedure
(see references for Chap. 12), except that more control is exercised here
on the high-frequency characteristics. When several p-z are employed,
the Nyquist plot may extend far into the region where the phase shift
is greater than 90 degrees (but safely less than 180 degrees) before the
open-loop gain falls to a low value.

The equation applicable to the simple one-pole bandwidth degrading
function is

1
(12.41)
pta

where the single pole is at p = —a. A degrading function with n poles

and having the correct low- and high-frequency behavior is

n—1 n—2
+ @ +-tap+a

p 2P 1D 0 (12.42)

P" 4 buap™ ™ e+ bip - aee

For a given «, it is evident that the degraded open-loop bandwidth
may be made many times larger than «, subject only to the restraint
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that the asymptotic behavior is reached before the total open-loop phase
shift becomes too large. If a, 5 = b,_; in eq. 12.42, the frequency
where the asymptotic behavior is reached is minimized. Thus it is
probably wise to make the sum of the pole and zero distances of the
cluster function approximately equal, although this is not necessary if
the asymptotic behavior is reached before the high-frequency p-z con-
tribute an appreciable phase shift.

In the specific example given before, the one-pole degrading function
was normalized to 1/(p + 1) and the specific cluster function was
(p+ 2)/®* + 2p + 2). A somewhat greater degraded bandwidth can
be obtained by making the cluster function more irregular, as (p + 2)/
(p? + p + 2), which slightly increases the frequency where the asymp-
totic behavior is reached. A much larger degraded bandwidth can be
realized by moving the p-z of the cluster function further from the origin
and/or by using more p-z in the cluster function. However, in order
that eq. 12.42 be satisfied, it may not be possible to have the same rela-
tive p-z positions. For example, in place of the cluster function (p + 2)/
(p* + 2p + 2), we might use (p+ 4)/(®* + 4p + 4). Because eq.
12.42 must be satisfied, the new cluster function has a different p-z
arrangement and the degraded bandwidth has not nearly been doubled
even though the zero distance has been doubled.

In general, it will be found that as the degraded bandwidth is made
larger and larger relative to that applicable to one-pole degradation, the
cluster function must have more and more p-z. In the last analysis,
this means that, for a given K8 and for given high-frequency p-z dis-
tances, the larger the degraded bandwidth is made, the more the system
will cost because more p-z must be used in the cluster.

If the total open-loop phase shift where the cluster function reaches
its asymptotic behavior is appreciably larger than 90 degrees, the ap-
proximation of the one-pole function with the cluster function (which is
supposed to keep the closed-loop transfer function unchanged) begins
to break down and a high-frequency peak in the closed-loop transfer
function may develop. In such a case, it may be necessary to decrease
the feedback B somewhat below its idealized value.

12.8 Analog computer amplifiers

A special case of the simple feedback circuit of Fig. 12.25 is the analog
computer amplifier. However, the addition of the input and feedback
signals is done in a somewhat different manner. The circuit is shown in
Fig. 12.31, where ¢; is the input, Z’ is an unavoidable impedance (usually
stray capacitance possibly in parallel with a grid-leak resistor), Zy, is the
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external load on the system, and R, is the open-loop output impedance
of the amplifier.

KGe,

ey=Pe;

e

Fig. 12.31. Analog computer amplifier circuit.

The two node equations required for the solution of the circuit of
Fig. 12.31 are

(Yo + V' 4+ Yi)eg — Yiez = Yooy

(12.43)
— (Y1 — GKGea + (Y1 + YL + Gsles = 0
from which
63 _ Y2 [ (GsKG - Yl) ]
e YiLl[(V1 + Y+ Y)Y+ Y+ Go)/Y1] + (GKG — Y,)

(12.44)

At low frequencies and for large K, eq. 12.44 is very nearly equal to the
ratio —Y,/Y.

Let us restrict our interest to the simple analog inverting amplifier
where Y; and Y, are conductances, although we shall allow for a small
capacitance in shunt with @;. The unavoidable admittance Y’ will be
assumed to consist of resistance and capacitance in parallel. The load
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will be assumed somewhat capacitive as well. Accordingly

Yy =G+ pCy
Yo =G,
(12.45)
YI — G’ + pC’
Yy =G, + pC1

Capacitance C; will be adjusted to give a real feedback factor 8 in spite
of the unavoidable capacitance C’, which requires

(64 (12.46)
which results in

Vi+Y:+Y G+6G+EF
Y, Gy

(12.47)

Finally, the open-loop no-load transfer function KG will be assumed to
have only poles as

K K
KG = — = ~
B 14 bip - bep® A+ 4 bup”

(12.48)

Substituting egs. 12.45, 12.47, and 12.48 in eq. 12.44, we obtain the
closed-loop transfer function as

€3 Gg

€ G+ pC,

G:K — B(G; + pCy)
X {{(Gl + G2 + GGy + G + Go) + p(C1 + CL)]}/Gl} (12.49)
+ [G:K — B(Gy + pCy)]

Normally, G; and C; are small and the open-loop no-load gain K is
large. For all ordinary frequencies, it is thus often permissible to neglect
the factor B(G; + pC1) in comparison with G,K. Then, the closed-loop
transfer function has only poles and is given by

€3 Gz k
—_= - < ) (12.50)
e Gy + pC1 \k + (1 + bp)B
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where
Ci+ CL

b= ——
G1+GL+G3

(12.51)

and k is the adjusted loop gain, which accounts for the load on the ampli-
fier and the d-c feedback factor, as

Gy + G G + @
k(1+ 2t )(1+ 1+ L>=K (12.52)
G @,

The accuracy of the amplifier at low frequencies (ideally, ez/e; =
—Gy/@Gy) is perfect to the extent that k/(1 + k) is unity. If k is greater
than 1000, the accuracy is better than 0.1 per cent. More load G, and
larger closed-loop gain G/Gy result in lower values of k.

A typical analog computer amplifier is a three-stage direct-coupled
amplifier having a beam-power output stage. It also has a differential
input stage in order to realize maximum d-c stability. A d-c input volt-
age of zero must result in a d-¢ output voltage of zero. A typical un-
compensated amplifier is shown in Fig. 12.32. The potentiometer in
the cathode of the first stage adjusts for best compensation against d-c

~0O + 350
volts
1 * i

'/ f g — 190 volts 0

(L -~ 350 volts
Fig. 12.32. A d-c amplifier.

drift (due to power-supply variations and tube operating point insta-
bility) and also ean be used to zero the output voltage. (The grid that
is returned to the cathode also affords a convenient place to inject a d-c
stabilizing signal from an a-c¢ “chopper’’ amplifier.)
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The amplifier of Fig. 12.32 has no low-frequency poles or zeros because
no by-passing or coupling circuits are employed. The low-frequency
open-loop no-load gain is typically about 5000. The various plate load
and divider resistances (except the load resistor of the last stage) are
typically on the order of hundreds of thousands of ohms to megohms.
Thus, the uncompensated amplifier has only a moderate bandwidth as
limited by stray capacitances. The output resistance R, is on the order
of a few thousand ohms.

Because of the resistive divider in each interstage, and because stray
capacitance appears at two places in each interstage (tube output and
input capacitance), the open-loop no-load function G has four high-
frequency poles. We may place small capacitors across the interstage
divider resistors (shown dashed in Fig. 12.32) in order to achieve the
same effects as in the 8 circuit, where in spite of eapacitance 8 could be
made purely real. This trick reduces the number of high-frequency
poles from four to two. Including the load, it will therefore not be neces-
sary to work with functions having more than three high-frequency poles.

Let us assume that the function G corresponding to the amplifier of
Tig. 12.32 has two poles and no zeros as

1 1
G=—=—-"""7—+ (12.53)
B 14 bip-+ bop
Substituting eq. 12.53 in eq. 12.50, we get
e G k
S ( . ) (12.54)
el G1 + pCy \e + (1 + bp) (1 + b1p + bep?)

which can be adjusted as desired by suitably choosing b; and by, which
determines the open-loop poles. The pole introduced by the factor G4
+ pC; is usually not important at the frequencies of interest and is
neglected. In any event, it has no bearing on stability.

For simplicity, let us assume that B, is small so that the pole due to
the load can be neglected. Except in unusual circumstances, this ap-
proximation is justified. Then, eq. 12.54 becomes

€3 Gy < k/by

_ 12.55
e Gy + pC1 \p* + (b1/bg)p + (1 + k)/bz) ( )
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In order to have a specific example, let us demand that the closed-loop
transfer function have a second-order pole on the negative real axis at
p = —a. Then

by

14k 2
= q =
2b, bo

a (12.56)

The open-loop no-load transfer function is therefore

/4R
P+ 20p+ /(LK)

(12.57)

which has poles at
py,pe = —axaVl—1/1+ k)= —2a, —a/[2(1 + k)] (12.58)

where the approximation is valid for large k.

The undegraded stage has a pole due to stray capacitance whose posi-
tion determines the closed-loop pole position at —a. The degraded stage
is shunted with a capacitor (at the plate) so that its pole is 1/[4(1 + k)]
times as far from the origin as that of the undegraded stage. Of course,
the degraded bandwidth can be increased with more sophisticated de-
grading functions as described in Sec. 12.7.

Problems

1. A feedback device is diagrammed in Fig. P.1. Obtain the expression for e;/e,.
Find the positions of the p-z of e1/ep. What relationship must be satisfied if the gain
function ei1/ep is to be maximally flat?

€ -
2 -KG=__Kb €1

pitap+b

Be,

’

T—M—]

Fig. P.1.

2. If it is desired to have exactly e1/eg = —p for the system of Fig. P.1 at w = 0,
what must be the coefficients a and b and what must be 8?

3. Suppose @ = 2 and b = 1 and the open-loop gain at w = 0 is 1000 in Fig. P.1.
What must 8 be to give a fairly flat function? Sketch the closed-loop gain and phase
functions for g twice that required for approximate flatness. Can this system ever
be unstable?
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4. Tt is desired to double B over that giving flatness in Prob. 3 without changing
the open-loop gain at o = 0. What must the new open-loop function be to give
the same closed-loop function? Sketch the p-z of KG before and after this modifica-
tion.

5. Suppose the open-loop function is

—KG = —-K Tzii?__~
P+2p+1
What must now be 8 (approximately) to give a fairly flat closed-loop transfer func-
tion? Assume 2K = 1000.

6. If in Prob. 3 3 = 1, what must be made the value of X for approximate flatness?

7. Suppose the bandwidth of Prob. 3 (closed-loop) is to be doubled without chang-
ing B or K. Sketch the required pole positions of the open-loop function. Show the
p-z of two lead networks required to correct the original transfer function.

8. Suppose in Fig. P.1

—1000

—K@Q = ——2
(p +1)°

At what value of 8 and at what frequency will the system begin to oscillate? Sketch
the closed-loop gain function with frequency for 8 = 2, 3, and £ this critical value.
9. Suppose that a lead network is used in cascade with the function of Prob. 8
such that
—4000

—KG = ———————
(»+D¥p +4)
which has the same open-loop gain at @ = 0. At what value of 8 and at what fre-
quency will this system oscillate? Sketch the closed-loop gain function for 8 half
the critical value.
10. If in the cireuit of Fig. P.1

—1000 X 10%

—KG =
(p + 1003%(p + 10%)

what must the value of 8 be in order that KG approximate a constant gain up to
roughly the 180-degree phase-shift frequeney? (Use the contours of constant gain.)

11. The poles at —107 of Prob. 10 are presumably due to B-C interstage networks.
Suppose shunt-peaked interstages are used instead such that

102 10%(p + 107)3
—> L —
( + 1008 (p* + 107p + 102

Plot the p-z of the new open-loop transfer function and determine g8 such that the
closed-loop gain will approximate a constant in the pass band. Compare the results
to those of Prob. 10.
12. A lag network is used in cascade with the open-loop function of Prob. 10
having the form
10~%(p -+ 107)

(» + 109
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Plot the p-z locations of the open-loop function and determine g8 for approximately
constant gain in the pass band. Compare to the results of Probs. 10 and 11.
13. An open-loop function relating to a mechanical regulating device is

K 0.1
(@ + D(p +0.1)

The feedback factor 8 is unity. What must K be in order that the system be ap-
proximately flat with feedback and what is the bandwidth with feedback?
14. In cascade with the function of Prob. 13 is placed a lead network with the
transfer function
2(p +0.1)

p+02

What must K be in order that the system be approximately flat and what is the
bandwidth with feedback? Compare with the results of Prob. 13.
15. An open-loop transfer function is

—~10,000 X 102
(p + 1073

and the feedback factor 8 is complex having capacitance feedback such that
14+ 10_3P>
B=b 15107

What 8o (at @ = 0) is required to have a fairly constant closed-loop gain and what
is the resulting bandwidth? Compare to that when 8 is constant at .

16. An amplifier has an open-loop gain of 500 and an output impedance of 5K.
For a 8 such that the closed-loop gain at « = 0 is 100, find the output impedance at
@ = 0. What is the approximate output impedance at frequencies near the 180-
degree phase-shift point? If a gain of 100 is obtained in the amplifier before an
internal disturbance is introduced, what will be the magnitude of the disturbance at
the output at @ = 0 and at frequencies near the 180-degree phase-shift point?

17. The amplifier of Fig. P.17 is to be used as a band-pass regenerative amplifier.
Assuming r, K R, er = €y, e1 = —puley — 1), and Br > R, determine the center fre-

kEz

Fig. P.17.
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quency of the transfer function e;/¢g and the bandwidth in terms of g, R, C, and the
potentiometer fractional setting k.

18. Three coupling networks with B = 100K and €' = 0.01 uf exist in a feedback
amplifier. If the open-loop gain at mid-band frequencies is 1000, what must be 8 in
order that the gain with feedback will have only a slight peak at low frequencies?
What is the low-frequency half-power point?

19. If one of the three capacitors of Prob. 18 is reduced to 0.001 uf, what do g
and the half-power point become?

20. A three-stage feedback amplifier has an open-loop gain of 1000. The three
cathodé by-pass and coupling networks give an open-loop transfer function

(i) Ge)
p + 100/ \p + 100
What maximum value of 8 can be used if a very slight low-frequency peak is the
most that can be tolerated?
21. Repeat Prob. 20 if one of the three coupling networks is changed to p/(p + 500).

22, The amplifier of Fig. P.22 has C = 18 uuf and Ry = 2K. The tubes have
gm = 4000 micromhos and K8 = 19. The closed-loop transfer function is to have a

Screen feedback

R;

@

7
.|]}>
S

Fig. P.22.

third-order pole on the negative real axis. Determine R, R3, and L. What are the
open-loop pole positions? What is the closed-loop bandwidth? What is the closed-
loop gain? Note that the first stage is degraded by using a large plate load resistance.

23. Repeat Prob. 22 to get a closed-loop threc-pole maximally flat transfer func-
tion. Compare results to Prob. 22.

24. Repeat Prob. 22 to get a closed-loop three-pole Q-D transfer function. Com-
pare results to Prob. 22.

25. Suppose B for the amplifier of Prob. 22 is found to be 1.2 times as large as
assumed in the design. Plot the actual magnitude of the closed-loop transfer func-
tion and compare to the desired function.

26. A wide-band ten-stage amplifier having identical R-C stages has an over-all
gain of 40,000 and a stage bandwidth of 20 mes. One of the stages is degraded with
a shunt capacitor in order that unity feedback (8 = 1) can be used. What must be
the pole position of this degraded stage so that the amplifier with feedback will be
marginally stable? Sketch the closed-loop transfer funetion for a shunt capacitance
twice the critical value.
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27. Feedback is applied to the amplifier of Prob. 26 without degrading one stage.
What is the critical value of 87 Sketch the magnitude of the closed-loop transfer
function for 8 half the critical value.

28. A 30-mcs band-pass amplifier has a fairly flat over-all transfer function de-
fined by several poles. The over-all voltage gain is 10,000 and the input terminal is
at an impedance level of 1000 2. What size capacitance between output and input
will cause the system to oscillate? If the impedance level of the input is reduced to
50 ©, what size capacitance between input and output will result in oscillation?

29. A three-pole amplifier has K8 = 99. Find and plot the open-loop pole posi-
tions in order that the closed-loop transfer function be maximally flat with a (nor-
malized) closed-loop bandwidth of unity.

30. A shunt-peaked function with a second-order pole at p = —a and a zero at
p = —2a is used in place of one-pole degradation for the amplifier of Prob. 29.
Find the parameter a. Plot the resulting closed-loop gain funetion of frequency and
compare with that of Prob. 29.

31. Repeat Prob. 30 using a more complicated degrading function; a second-order
pole at —a, a simple pole at —3a, and simple zeros at —2a and —4a.

32. Determine the output ey in terms of the two inputs e; and es for the feedback
amplifier of Fig. P.32, assuming the amplifier itself (as represented by the box) has

VWA
Zy
o 2 9
o—VWW— —
r
0-—‘!1-\/\?\1/\/“— €3
Fig. P.32.

an infinite input impedance and a zero output impedance.  Also, obtain approxima-
tions valid for very large x. Do this for the following:

a. Zy = Ry, 7y = Ry, Zy = Rs (summing amplifier).

b. Z1 = R1, Z\ = Ry, Z2 = 1/pC> (integrating amplifier).

c. Y1 =pCy, VY = pCl, Zy = Ry (differentiating amplifier).

33. The amplifier of Fig. P.32 has Z; = Ry, Z' = =, and Zs = Ry. The gain u
is real and F(p) is a three-pole function having a value of unity at w« = 0. Two of
the poles are at —a and one of them is at —b, where a > b. What must be b in
terms of @, u, Ry, and Ry in order that the amplifier be stable?

34. Repeat Prob. 33 for the integrator using Z; = 1/pCs instead of Rs.

35. Repeat Prob. 33 for the differentiator using Z; = 1/pC1 instead of R;.

36. If in Prob. 33 4 = 10%, By = Ry = 10° @, and @ = 10° radians, what must b
be so that (a) the system will be stable and (b) the transfer function with feedback
will be reasonably flat?

37. Repeat Prob. 36a using C = 1078 { in place of Rs.

38. Repeat Prob. 36a using C = 107%{ in place of Ri.

39. Comparc the values of b for Probs. 36, 37, and 38. Discuss the relative diffi-
culty of stabilizing the three feedback amplifiers.

40. In the differentiator of Prob. 38, a small capacitor of value 0.05 uf is placed in
parallel with Rs. Determine the value of b required to keep the system stable and
discuss the accuracy of the resulting computation of the derivative.
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41. Using the approximation for large p and assuming F(p) = 1, determine the
differential equations solved by the circuits of Fig. P.41.

R,

(a) (b) (c)

R, C

(d)
Fig. P.41.

42. Assuming large x and F(p) = 1 and using only two-terminal E-C impedances
for Zy and Zg in Fig. P.32, explain the permissible locations of the p-z of the transfer
function. What desirable extension ean be had by utilizing four-terminal networks
instead of two-terminal networks?

43. Determine the p-z of the transfer functions of the circuits of Fig. P.43 and also
write down the differential equations solved with the circuits. Values are in megohms
and microfarads.

1/2 3
1/2 : ”
o—-| o
2
(@) N ()
1t
1/10
2 L, 12
1 1 e

0—*/\/\/\/‘—1—\/‘/\/\/‘— —0
T 1/2
- ©
Fig. P.43.

44, If 4 = 10° and F(p) has three poles with two of them at p = —10% where
must the third pole be in order that the amplifier of Fig. P.43a¢ be stable?
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Oscillators

In the design of feedback devices, stability studies are carried out to
insure that the system will operate in a condition considerably removed
from that of instability so that the transfer function is suitable for the
transmission of signals. In oscillators, on the other hand, design is
carried out to insure that the system will not be stable; in other words,
the transfer function must have poles on or to the right of the jw axis.

There are innumerable different tube-circuit combinations that act to
produce oscillations. These various devices have been invented over a
period of several decades and often a type of oscillator bears the name
of its inventor. Actually, there are only trivial differences between most
of the circuits. The similarities will be stressed here.

In order to oscillate, the linear transfer function must show poles in
the right half-plane. Thus, oscillations will build up exponentially after
the system is initially energized with a speed proportional to the real
part of the pole position. Obviously, the amplitude must eventually be
limited by system nonlinearities. Then a linear analysis is no longer
strictly valid and waveforms will no longer be perfect sinusoids. How-
ever, the linear analysis can often be extended so that a good estimate
of the magnitude of oscillations can be obtained.

13.1 Theory of frequency and required gain

If the K@ locus of open-loop transfer function encloses the point —1,
the system will oscillate. This phenomenon is the basis of practically
all oscillators. Thus, we can diagram
an oscillator as shown in Fig. 13.1. The ey Al es
diagram is simpler than that for ampli- — -KG=-K E‘]

fiers because in studying conditions for
oscillation no special output terminal

-

need be considered. Further, any load- Feedback
ing on the feedback path can always be iz 13.1. Block diagram of an
considered to be part of —KG so that oscillator.

415
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the feedback voltage can be assumed to be applied to a point having
infinite impedance. For example, a common type of oscillator is shown
in Fig. 13.2, in which the capacitance C, in part contains the input
capacitance at the grid and R, contains in part the input resistance
to the grid if the grid draws current or if the frequency is so high that
transit time or cathode lead inductance is important.

Rz R3
—AMA—T—AMA— e
& g ! l e
@ . Cl Rl CZ b Cx Rx
P T
=
) {a)
p R2 R3
WW—AMA, e
€y €1 ‘I-
R/ ¢ C; ==C R,
a T T
-
) (5

Fig. 13.2. Phase-shift oscillator employing a low-pass circuit.

The “input’”’ can be considered to be a noise voltage (a “test’” signal)
applied in series with the grid, which permits the setting up of the
transfer function both with and without feedback. This is not only
convenient but it is a realistic way to formulate the problem because
the oscillations are actually started by thermal agitation or switching
transients which can be likened to noise.

Two conditions are required in order that a feedback system oscillate.
First, the open-loop locus must have a shape suitable for encircling the
—1 point (or —1/K point if the function is normalized to gain). Sec-
ond, the gain must be made large enough. The oscillation frequency
will be that frequency where the phase shift is some odd multiple of
180 degrees if the tubes themselves provide an odd number of phase
reversals between the input and the output of the open-loop system.
The phase shift provided by the network must be an even multiple of
180 degrees otherwise.
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Consider a generalized open-loop transfer function as given by eq. 13.1

e A ao + a1p + azp? +- - -
2_ Lo _g» 1P 2P2 (13.1)
€o B bo + bip + bop® + - -
Let us manipulate the transfer function as
A AB* Ev A 4 Od A)(Ev B* d B*
_gi_ _& =_K(v + Y(Ev B* 4 0d B¥)
B BB* BB*
EvA+4+0dA)yEvB—-0dB
_ —K( )(Ev ) (13.2)
BB*
Collecting even and odd parts
KA = —KX
7=
(EvAEvB —-0dAOdB)+ (0OdAEvB — EvAOdB) (13.3)

BB*

The function BB* for p = jw is purely real. The first quantity in
parenthesis in eq. 13.3 will also be purely real for p = jw, whereas the
second quantity in parenthesis will always be purely imaginary. Thus
we can form the tangent of the phase angle of the transfer function as

OdAEvB—EvA OdB)
EvAEvB—0d40dB/,j

The phase angle will be some multiple of 180 degrees when the nu-
merator of eq. 13.4 with p = juw is zero as

OdATLvB~TEvAOdB =0 (13.5)

jtan @ = ( (13.4)

The solution of this equation yields in general several frequencies at
which the phase shift is even as well as odd multiples of 180 degrees.
The system may not be capable of oscillating at all of these frequencies;
however, a simple inspection is usually adequate to determine at which
frequency or frequencies the system can be made to oscillate.

At a frequency w; where eq. 13.5 is satisfied, the open-loop gain must
be equal to or greater than unity. If eq. 13.5 is placed in eq. 13.3, we get

<~—K(EV AEvB—0dAOo0d B)) > 1
BB* p=]'wi_

(13.6)

which determines the minimum value of K required to sustain oscilla-
tions.
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Many oscillator open-loop transfer functions have either no zeros or
zeros only at the origin of the p plane. In this case the equations sim-
plify greatly. The equation of an open-loop function having zeros only
at the origin is given by eq. 13.7

kd

A
K¢ = -K2 - _K - (13.7)
B bo + bip + bop® +- -

Two situations arise, depending upon whether the number of zeros at
the origin rin eq. 13.7isodd (r = 1, 3,5, ---) oreven (r = 0,2, 4, ---).
It is to be noted from eq. 13.7 that

OdA =0, reven
EvAd=0 rodd

(13.8)

Substituting eqs. 13.8 in eq. 13.5, the equations from which the oscil-
lation frequency can be determined become

EvAOdB =0, reven
OdAEvB =0, rodd

Substituting eq. 13.7 in these general equations and factoring out and
cancelling Kp" (zero is not a possible oscillation frequency in linear
oscillators), we get the equations yielding the oscillation frequencies
from

(13.9)

Od B = byp + bsp® + bsp® +---= 0, reven

(13.10)
EvB =0by+ byp?+bsp*+---=0, rodd

A factorization of these polynomials yields zeros on the jw axis which
are the frequencies at which the phase shift of the open-loop transfer
function is some multiple of 180 degrees.

The required gain for oscillation can be found by placing egs. 13.7,
13.8, and 13.9 in eq. 13.6 as

Ev A p" )
—K = —K >1 at p=jw;, reven
Ev B Ev B
(13.11)
Od A p" .
K = _ >1 at p=jw, rodd
Od B Od B

If the open-loop transfer function has zeros on the jo axis at finite
values of p (perhaps in addition to zeros at the origin), eqs. 13.10 and
13.11 also apply. In all cases, however, some thought must be given
to whether the phase shift is an odd or even multiple of 180 degrees at
the frequencies determined by egs. 13.10.
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13.2 Examples of oscillator calculations

As a first example, consider the oscillator of Fig. 13.2. Converting
the voltage source to a current source, we get the open-loop circuit of

R, Ry e

W_LWW L > Togrid

~ Ci1 C; Jrcx

Fig. 13.3. Open-loop circuit for the phase-shift oscillator.

Ry

8meg GD R,

1l

—

Fig. 13.3, in which R, is the parallel combination of r, and R;". With
three node equations, we get a transfer function with three poles and
no zeros. A typical locus diagram of the open-loop transfer function is
shown in Fig. 13.4. Rather than solve for the general network, we shall
make assumptions to simplify the drudgery, which do not change the
principles to be demonstrated in the least. Assume that

'G1=G2=G3=G

Gainatw=0
G, =0 (13.12) e————>
Cl = C2 = Ca: =C Q
Then, the open-loop transfer function be- Increasing w
comes
e —gunG®
6_0 - p3C3 + 5G02p2 + 6G2Cp 4+ @3 Fig. 13.4. Open-loop locus of
(13.13)  the phase-shift oscillator.

. * . . . . .
In this case, r is even. Hence, the oscillation frequency is determined

from
2

6G
0d B = p°C® + 6G*Cp = pC?® (p2 + 777) =0 (13.14)
from which
wo = (6)%G/C = 2.45/RC (13.15)

The gain at the oscillation frequency is

EV A —-gmG2 ng
Ev B p=jw, 5GC p° + G p=jwg 29

In order that the system oscillate, the gain at low frequencies g,k
must be at least 29. Because of gain-bandwidth limitations in tubes,
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the circuit could be made to oscillate up to about 2 mes. When the
R’s and (’s are not all the same, the gain required at low frequencies
can be reduced considerably below 29 (minimum of 8); however, the

C C C
€z
e, ) Increasing w
@ Ry R R R -1
=
| fa)

(b)

Fig. 13.5. Phase-shift oscillator employing a high-pass circuit.

practical upper limit for such oscillators is not more than a few mega-
cycles per second.

Consider now a rather different type of oscillator useful at low fre-
quencies where stray capacitances are not important, as shown in Fig.
13.5¢. The open-loop locus is sketched in Fig. 13.5b. Let us assume
that R; is very large (so that it can be ignored) and that the plate re-

€z
1t “ > To grid

upCe;
(5 = R R R

Fig. 13.6. Open-loop equivalent.
sistance of the tube is very small. Then, the equivalent circuit becomes
that shown in Fig. 13.6. The transfer function is

e _ —u(pC)?
e p°C® + p?6C%Q + p5CG? 4 B

This function has an odd number of zeros at the origin; hence, the
oscillation frequency is found from

Ev B = G® + p%(C%G = 0 (13.18)

(13.17)

from which

@
©)*C

Wy =

(13.19)
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The gain at this frequency is

T - C 3
<_K-p ) =<?7;@J_7) =2 (13.20)
Od B Dp=jwy p°C*° + p5CE p=juwy 29

Thus, the amplification factor of the tube must be at least 29. With a
nonuniform filter, the required amplification factor may be as small as 8.

13.3 The various types of oscillators

Consider the oscillator depicted in Fig. 13.7a. The equivalent cireuit
is shown in Fig. 13.76. This is essentially the circuit of the “Colpitts”

L |
e
ey T 2 >To grid

O
€ -l- _|_ Em¢€o
@ C, == C; R
-

TCZ R rp v

-
(a) (b

Fig. 13.7. An oscillator employing an L-C pi network.

oscillator more commonly seen in diagrammatic form as in Fig. 13.8. 1f
the ground node is assumed to be the cathode (which may not actually
be the case in the physical device but can be assumed so for the purpose
of analysis), the circuit of Fig. 13.8 can be redrawn as in Fig. 13.7a.

. 1
e ———
Tt
e~

Fig. 13.8. The Colpitts oscillator.

The locus plot of the open-loop transfer function can have two dif-
ferent appearances, depending on the value of R, as shown in Fig. 13.9.
For small R, the gain drops off with frequency more or less uniformly
and is roughly similar to that of the first example of the preceding sec-
tion. When the gain function in the open-loop varies relatively slowly
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with frequency, the oscillator is said to be of the “phase-shift” type.
Both of the examples used in the preceding section fall into this category
as well as the present example for small R.

On the other hand, when the gain function has the appearance of a
band-pass function as in the Colpitts oscillator with large R, the oscilla-
tor can be said to be of the “resonant” type. It must be emphasized,
however, that there is no essential difference between the equations and

Large R
Small R

Fig. 13.9. Open-loop loci for the Colpitts oscillator.

basic requirements for oscillation in either type of oscillator. The phase-
shift type makes use of a low-pass or a high-pass network, whereas the
resonant type makes use of a band-pass (or rejection) network. The
upper frequency limit for oscillators of the phase-shift type can thus be
expected to be dependent upon the tube gain-bandwidth product,
whereas the upper frequency limit of the resonant type is dependent on

1l
it
S

&

L, Jl-cl R,
11 Cer

€y .
1t —> To grid
el 51 I
Lz . R2 Rl Cl Ll

T

Fig. 13.10. The tuned-plate tuned-grid oscillator.

e 1 1AW
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(b)
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the magnitude and bandwidth of the resonant peak of the transfer func-
tion which, at very high frequencies, is ultimately determined by transit
time and cathode lead inductance in the tube.

As a further example of a resonant osecillator, consider the tuned-plate
tuned-grid oscillator of Fig. 13.10. The circuit is a double-tuned capaci-
tance-coupled network with the coupling

furnished by the capacitance between grid
and plate of the tube. A typical open- -1

loop locus plot for the “TPTG” oscillator /l

is shown in Fig. 13.11. The open-locp
transfer function has three zeros at the
origin and two pairs of complex-conjugate iz 13.11. Open-loop locus of
poles. (If a plate-to-grid inductor is em- the TPTG oscillator.
ployed rather than a capacitor, the device
becomes a Hartley oscillator and the filter structure is the double-
tuned mutually coupled circuit.)

Of course, oscillators with two or more tubes can also be of value;
however, unless some special feature is desired such as linearity of fre-

Fig. 13.12. A three-stage phase-shift oscillator.

quency tuning or large tuning range, more than one tube is somewhat
wasteful. As an example, consider the three-tube phase-shift type of
oscillator of Fig. 13.12. Its open-loop circuit is shown in Fig. 13.13.
All tubes are assumed identical and plate resistances are ignored. The

&n/C )3 e

- KG=- (p+1/RC

Fig. 13.13. Block diagram of the three-stage oscillator.
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oscillation frequency is that where each stage produces 60 degrees of
phase shift giving
wo = (3)*/RC (13.21)

The minimum gain required per stage is two; thus, such a phase-shift
oscillator is capable of oscillating at a frequency as high as half the
gain-bandwidth product of the tubes. Changing R and C by means of
switches, it can be made to oscillate from this upper frequency to as
low a frequency as is desired. A one-, two-, or three-section variable
capacitor or resistor permits the frequency to be varied continuously.
If R < rp and C is much larger than the total stray interstage capaci-
tance, the oscillation frequency will be relatively independent of tube
operating points and tube changes.

An oscillator often mistakenly considered to be a unique type is the
so-called electron-coupled oscillator. This device utilizes a tetrode or
pentode tube with the cathode, grid, and screen acting as a triode
oscillator and with the output taken from the plate. Its advantage is
that variations in the circuitry at the plate have only a second-order
effect on the oscillation frequency. However, it is functionally no dif-
ferent than a triode oscillator followed by a pentode isolating amplifier.
If the plate current in the electron-coupled oscillator is distorted from
a pure sine-wave form, multiples of the oscillation frequency ean be ob-
tained from a resonant circuit in the plate tuned to the desired har-
monic. In this way, the oscillator can be made to generate an output
frequency higher than that of the oscillating part of the circuit. Most
single-tube oscillators are not as good as the electron-coupled oscillator
as harmonic generators because of the difficulty of finding a place in the
circuit where a resonant circuit tuned to a harmonic frequency may be
placed.

13.4 Electromechanical oscillator elements

The piezoelectric crystal has the property of developing an internal
electric field when mechanically strained, and conversely, being mechan-
ically strained when acted upon by an electric field. There exists a
natural resonant frequency to the mechanical vibrations so that they
become larger in amplitude when driven by an alternating electric field
at the resonant frequency. The device when placed in a suitable erystal
holder has an equivalent electric circuit of the series-resonant type as
shown in Fig. 13.14. The capacitance €’ is that furnished by the crystal
in its holder (as well as any additional stray capacitance resulting from
external circuitry) and is calculable as an ordinary parallel-plate capaci-
tor. Small variations in the resonant frequency may be obtained by
adding a variable capacitor in shunt with C”.



Oscillators 425

A crystal will oscillate at any one of several harmonically related
frequencies. Thus, its equivalent circuit has not only a series-resonant
circuit representing the lowest mode but also other series-resonant cir-
cuits representing the harmonic modes.

The main feature of the crystal is that the inductance of its equivalent
circuit is extremely large (on the order of henrys at radio frequencies),
whereas R and C are very small. Thus, the Q of the device is extremely
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Fig. 13.14. Equivalent circuit of the crystal.

large, often as large as hundreds of thousands, which is several orders
of magnitude larger than that obtainable with ordinary coils and capaci-
tors. Thus, oscillators using crystals can be made to be extremely stable,
stabilities of one part in millions not being uncommon.

Since the vibrations of the crystal are mechanical, it would be ex-
pected that the frequency range of crystals is limited. This is in fact

Motion ., -

Electromagnetic
coupling

G/
Fig. 13.15. The tuning fork.

true, crystal fundamental frequencies up to but a few megacycles per
second being the practical limit. However, a crystal can be made to
vibrate at harmonics of its fundamental frequency, which allows the
practical upper frequency limit of crystal oscillators to be extended to
something on the order of 100 mes. If crystal-controlled frequencies in
excess of this are desired, frequency-multiplying amplifiers are required.

An audio frequency equivalent to the crystal is the tuning fork. It
t00 is a high- mechanically resonant circuit, although the @ is nowhere



426 Circuit Theory and Design

near as high as that of the crystal (on the order of thousands). The
tuning fork is made of magnetic material (at least partly) and is coupled
to an electric circuit by means of a coil as in Fig. 13.15. The changes in
position of the fork induce voltages in the coil, and conversely, currents
in the coil create forces on the fork.

Variations in temperature have some slight effects on the natural fre-
quency of crystals and other electromechanical resonators. Obviously,
operating the device in a temperature-controlled oven will control this
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Fig. 13.16. P-z of crystal admittance.

effect. Some crystals have temperature coefficients that are practically
zero over a temperature range near the ambient.

The @ of electromechanical circuits is limited by the resistance of
leads carrying electric currents and also by loading provided by the air
on the sides of the vibrating material. Consequently, if the maximum
obtainable @ is desired, the device must be operated in an evacuated
chamber. With air loading @’s on the order of thousands are common
with crystals, whereas when operated in a vacuum @’s of hundreds of
thousands can be obtained. (However, when a crystal is placed in a
circuit, plate resistances and the like cause the circuit @ to be less than
the natural @ of the crystal.)

The input admittance of the equivalent circuit for the crystal of Fig.
13.14 (neglecting all but the fundamental frequency) is

oC’ p* + p(R/L) + (1 + C/C")/LC
p* + p(R/L) + 1/LC

which has p-z as shown in Fig. 13.16. The value of B/2L is so small
that the imaginary part of the p-z positions is essentially no different
from the radial distances of the p-z from the origin. For C/C’ < 1, the

Y=

(13.22)
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distance between the pole and the zero is very nearly (C/2C")/(LC)*.
Typically, this distance is considerably larger than the real part of the
p-z positions.

Notice that at frequencies near the pole the crystal behaves as a
series-resonant circuit with a resonant frequency relatively independent
of the shunt capacitance C’. If the ultimate in oscillator stability is de-
sired, the crystal is operated in this manner so that changes in tube and
cireuit capacitances that might be in shunt with €’ will have little effect
on the frequency.

When the crystal is operated as a series-resonant device, it is most
important that it be placed in a low-impedance vacuum-tube circuit be-
cause B is small (less than a few hundred ohms). If this is not done,
the @ of the resonant circuit including external circuit loading will be
much less than that of the natural crystal.

If a coil is placed in parallel with the erystal (operating in a series-
resonant mode) such that the added coil is resonant with capacitance
(", the @ of the series-resonant circuit will be little affected. However,
the @ of the parallel resonance will be much reduced so that the exact
series-resonant frequency will be less dependent upon tube and circuit
shunt capacitance. In fact, the parallel resonance of the crystal may
be made almost unnoticeable in this manner.

At frequencies near the zero of Fig. 13.16, the crystal behaves like a
parallel-resonant circuit. When the crystal is used in this mode, slight
adjustments in frequency can be made by varying C’; however, the
range of these adjustments is small because C/C’ is always very much
smaller than unity. Nevertheless, the range is adequate to permit in-
struments such as secondary frequency standards to be precisely ad-
justed. Also, a slight amount of frequency modulation can be obtained
by electronically varying the capacitance in shunt with ¢’. To obtain
maximum stability when operating a crystal as a parallel-resonant cir-
cuit, any tube or other capacitance in shunt with ¢’ must be relatively
constant and the impedance level of the circuit must be high.

Any oscillator with a series- or parallel-resonant circuit that deter-
mines to a large extent the oscillation frequency (a resonant type of
oscillator) can be made into a crystal oscillator by simply replacing the
resonant circuit with a crystal. The only limitations are those pertain-
ing to the maximum frequency of oscillation and of maximum permissible
power; a crystal may be damaged (physically cracked or burned) if it is
foreed to carry too large a current at resonance.

A crystal or other electromechanical resonant circuit can be used for
filtering as well as for frequency determination in oscillators. Because
of the very large values of @ obtainable with such devices, they are
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useful in band-pass amplifiers. Since the crystal has closely spaced
parallel- and series-resonant frequencies, it can be made to pass a very
narrow band of frequencies while at the same time rejecting a frequency
very near the desired frequency. All but the cheapest communications
receivers are equipped with a crystal-filter circuit that can be switched
into the intermediate-frequency amplifier.

13.5 Tuning methods

Tt is often desirable to have some mechanism for tuning oscillators.
Tuning may be achieved either mechanically or electrically. Mechan-
ical tuning is obtained by varying the value of one or more circuit ele-
ments, which adjust the frequency to some fixed value. Also, mechan-
ical scanning at rates of a few cycles per second for sweep generator
purposes can be achieved by motor-driving some tuning element. Elec-
tronic tuning causes the oscillation frequency to be proportional to a
voltage, which permits the production of frequency-modulated signals.

The most common mechanical tuning method is that of varying a
capacitor or several capacitors simultaneously. In a resonant-type oscil-
lator, the frequency is usually proportional to 1/(LC)* so that a 4:1
change in capacitance is required to give a 2:1 change in frequency. In
an R-C phase-shift oscillator, a 4:1 change in capacitance results in a
4:1 change in frequency. Inductance tuning is another common means
for changing frequency. In this, a ferrous (or sometimes copper) slug
is moved in and out of a coil or sometimes a short-circuited turn is
varied in position. Finally, resistance may be varied, which is particu-
larly convenient in phase-shift oscillators at low frequencies.

Of more interest for presentation here are methods for obtaining elec-
trical tuning. We shall mention several different schemes for doing this.
First, and somewhat related to conventional mechanical methods, is the
use of ferromagnetic cores for coils and ferroelectric dielectrics for ca-
pacitors. In the former, a current can be passed through a bias wind-
ing to change the permeability of the “ferrite” core and consequently
change the inductance of the coil. In the latter, a bias voltage applied
across a capacitor can change the dielectric constant and consequently
change the capacitance. It appears that the application of ferrites to
resonant-type oscillators can result in frequency tuning ranges of 2:1 or
more up to frequencies of 100 mes or so. There are, however, disad-
vantages to present ferroelectric and ferromagnetic materials. The first
is a rather annoying temperature sensitivity and the second is a hysteresis
effect that shows up in a curve of oscillation frequency versus control
current or voltage.

Another electrical tuning method also analogous to mechanical tuning
is obtained with controllable resistors and consequently is most ap-
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plicable to phase-shift types of oscillators. For example, vacuum or
crystal diodes (crystal diodes are “noisier” than vacuum diodes) can be
used in place of resistors in B-C phase-shift oscillators. Diodes have the
property of having a resistance that decreases as d-c control current
through them is increased; consequently, a biasing current can control
frequency in a suitable oscillator employing diodes. An example cap-
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Fig. 13.17. A tunable oscillator employing diodes.

able of tuning a range of 3:1 is shown in Fig. 13.17. The main disad-
vantage of diode-controlled oscillators is that the oscillation magnitude
must be small in order that the diode provide a large range of resistance.
Another method for obtaining controlled resistance variations is with
cathode followers in which the output resistance is varied according to
the plate voltage (hence current).

The most common scheme for obtaining electronic tuning is not analo-
gous to mechanical methods; it employs a “reactance tube.” Kssen-
tially, a reactance tube draws a reactive current from some point in an
oscillating circuit and consequently acts as a reactance which can be
varied by changing the amount of current in accordance with a control
voltage. Basically, the reactance modulator has the form shown in Fig.
13.18. (It should be pointed out that the reactive current need not be
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Fig. 13.18. A general reactance-tube circuit.
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drawn from the same point in a circuit at which is obtained the control
voltage eventually applied to the grid of the reactance tube.) A com-
mon practical embodiment is shown in Fig. 13.19, in which the R-C

Reactance
tube
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Fig. 13.19. A widely used reactance-tube modulator.
network has wC >> R at resonance so that e; lags e; in phase by nearly
90 degrees.

The equivalent circuit of Fig. 13.19 is shown in Fig. 13.20. The input
impedance, assuming that es/e; = 1/pRC and that e, is essentially zero

<j3 — % L. 8 ¢”“1T

Fig. 13.20. Equivalent circuit of the widely used modulator.

as far as e; is concerned, is readily found from the node equations as

(4] p/Co

Z=—=— - (13.23)
¢t P+ pl(Go + @) /Col + [(1 + gnlo/RC)/LoCo]
If we let w, be the resonant frequency with g, = 0 as
we? = 1/LyCy (13.24)
then the resonant frequency with g¢,, not zero is
wo = wo(1 + gmlo/RC)™ (13.25)

The tuning range obtainable with the circuit of Fig. 13.19 is gen-
erally not more than a few per cent, primarily because the R-C' phase-
shift network reduces the voltage applied to the grid of the reactance
tube by a fairly large amount. A greater tuning range (about 20 per
cent) can be obtained with the reactance-modulated phase-shift type of



Oscillators 431

oscillator shown in Fig. 13.21. In this circuit, the phase shift across
each of the two sections of the low-pass constant-k filter is 90 degrees,
resulting in a reactance-tube grid voltage 90 degrees out of phase with
its plate current. The current drawn by the reactance tube lags the
voltage e; by 90 degrees and consequently acts like a variable inductance
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Fig. 13.21. A wide-range reactance-modulated phase-shift oscillator.
in parallel with C. The equivalent open-loop circuit for this oscillator
is shown in Fig. 13.22. A nodal analysis leads to
esfeo = —gm1/[p°(2L*C?) + p*(2L*C*G) + p*(6LC?)

+ p?(4LCG + LCgms) + P(AC + LGgmz) + (G + gm2)] (13.26)

This circuit can oscillate at two different frequencies. With the cir-
cuit element values shown in Fig. 13.21 and with R not too large, the
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Fig. 13.22. Equivalent cireuit of the wide-range oscillator.

gain required for oscillation at the lower frequency is smaller than that
required at the higher frequency. Oscillations will therefore occur at
the lower of the two possible frequencies. This frequeney is
,_ 3 (1 (1 — 2LGgns/C) /)
T 2Le 3

(13.27)

wo
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The minimum frequency is given when gne = 0. The maximum fre-
quency occurs when the square root in eq. 13.27 is zero, which requires
that gme = C/2LG.

The last type of electronically tunable oscillator to be described here
is the parallel-network oscillator. In this, two parallel and different
networks have their outputs combined. Changing the relative gains of
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Fig. 13.23. Block diagram of a parallel-network oscillator.

the two channels (perhaps by means of transconductance variations)
results in frequency tuning. The block diagram for this circuit is shown
in Fig. 13.23. The open-loop transfer function is

€2

0
The adding device can be either a tube or can be made of passive circuit
elements.

A practical embodiment of a parallel-network oscillator is shown in

Fig. 13.24. When g, is zero, oscillation will occur near frequency wy;

gml B
——
@ Adder Broad band

It

Fig. 13.24. A resonant-type parallel-network oscillator.
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when g, is zero, it will occur near frequency w;. The variation of g,
and gma can be accomplished with a balanced control voltage so that,
when ¢,,; is large, gm2 is small and conversely. In this manner, a con-
tinuous frequency control between frequencies w; and wy can be ob-
tained. The limiting tuning range of the circuit of Fig. 13.24 appears
to be dependent upon the gain-bandwidth product of the tubes em-
ployed.

The parallel-network oscillator makes use of a type of network we
have not discussed; that is, a composite network made up by adding
the outputs of two or more separate networks, all of which are driven
from the same source. If the individual networks have the same p-z,
the over-all transfer function will have the same p-z as one of the net-
works. If the individual networks all have different p-z, the over-all
transfer function has all the poles of all the networks as well as a num-
her of zeros whose positions on the p plane can be varied by changing
the relative gains of the individual networks.

13.6 Amplitude and stability of oscillations

The p-z plot of the linear closed-loop transfer function of an oscillator
must show at least one pair of complex-conjugate poles to the right of
the jw axis if the gain is sufficient to cause oscillation. Usually the real
part of this pole position is proportional to the gain, as is indicated in

X X X
K<K, K=K, K>K,
X ’ X

Fig. 13.25. Effect of gain on a pole position.

Fig. 13.25, where K is the actual gain and K, is the critical gain. The
gain when oscillations first build up from noise and/or switching tran-
sients must be greater than the critical gain. After oscillations have
been established, the gain must not fall lower than the critical gain or
else the oscillations will die out, which results in an unstable os-
cillator.

Now consider the input-output amplitude function of the amplifying
device contained in an oscillator. It will be characterized by gradual
saturation limits. When a sine wave is applied to the input, a some-
what distorted sine wave (obtained by graphical construction) will ap-
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pear at the output, as indicated in Fig. 13.26. Although the output
sine wave will be somewhat distorted, a first approximation is to assume
that the peak value of the output wave is the peak value of the funda-
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Saturation characteristic
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Fig. 13.26. Input-output saturation curve.

mental Fourier component of the wave.

If we assume this, we may

plot from Fig. 13.26 a new curve giving the ratio of eqy to €;, as indi-
cated by Fig. 13.27 in which both e,y and e;, are sine waves.

oot

ein——>

Fig. 13.27. OQutput sine-wave amplitude.

The gain of a device is defined
as the ratio of output to input.
This ratio can be obtained from
the curve of Fig. 13.27 to yield
a plot as indicated in Fig. 13.28.
The result is a curve which gener-
ally shows that maximum gain oc-
curs for small input signals with
the gain uniformly decreasing as
the input signal level increases.

When an oscillator is initially energized, signal levels are small, maxi-

mum loop gain exists, and the poles lie in the right half-plane.

ever, as the oscillation builds up,
the loop gain is decreased, which
causes the poles to move towards
the jo axis. Ultimately, the stable
situation is reached when the level
of oscillation has increased to the
point where the gain is reduced to
the critical value and the poles lie
on the jw axis. Knowing the gain

How-

e —

Fig. 13.28. Gain to the fundamental
component.
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versus input sine-wave magnitude function of the oscillator amplifying
system and knowing the critical gain, a fair estimate of signal level
can often be obtained.

In order to use a curve of output versus input, the load into which
the nonlinear amplifying device operates must be known. This may
generally be calculated from circuit element values if the oscillation
frequency is known. In addition, these data, along with the graphically
constructed output waveform, permit a Fourier analysis to be made in
order to determine the magnitudes
of the various harmonics in the Tout
output.

It should be clear that the self-
regulating mechanism associated
with oscillators allows considerable In—-
liberty in adjusting the level of oscil-
lation by adjusting the gain. In
fa:Ct’ if the output-input curve is Fig. 13.29. Characteristic not favoring
slightly curved down to very small small oscillations.
input levels, the oscillator can be
made to oscillate very weakly. Then the pole moves but a short
distance from starting to sustained oscillations and it can be expected
that the frequency of oscillation will be quite independent of system
gain. If the input-output characteristics have a form something like
that shown in Fig. 13.29, it may not be possible to obtain weak oscil-
lations; rather, the system may go into moderately strong oscillations
abruptly.

Depending upon the circuit configuration, the frequency when oscilla-
tions start to build up may be materially different from that in the
stable condition. We would then expect that changes in gain because of
such things as power-supply variations and temperature would have an
appreciable effect upon the frequency of oscillation as well as on the
amplitude of oscillation. For this reason, automatic amplitude con-
trolling devices are often added to oscillators when stability is important.
Also, the oscillator may be operated in a temperature-controlled environ-
ment. An amplitude control system can be patterned after the auto-
matic volume control system found in most receivers. Also, nonlinear
resistors can be employed for amplitude control so that the resistance
varies in accordance with the level of oscillation, which in turn controls
some subsidiary feedback loop. For example, a light bulb in the cathode
of a tube heats when the level of oscillation increases, with the result
that its resistance increases, causing increased cathode degeneration and
resulting in lower gain.
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In addition to effects caused by gain variations, changes in oscillation
frequency can occur because of changes in tube and circuit parameters.
To a certain extent, the oscillation frequency is dependent upon tube
plate resistance and interelectrode capacitances. All these parameters
may vary from tube to tube and with time and applied power-supply
voltages. Some oscillator circuits are more stable than others from this
standpoint. These effects can be determined from a study of the linear
system equations. We shall not dwell upon them here.

The output waveform of an oscillator is dependent upon two factors:
the amount by which the loop gain exceeds the critical gain at the start
of oscillations, and the type of frequency-dependent circuits employed.
Clearly, if the loop gain is large, stable oscillations will drive the tubes
further into the saturation region and thus distort and flatten the wave-
form considerably. In order to get the most nearly sinusoidal output
possible, it is therefore necessary that the loop gain be only slightly
greater than the critical gain. Also, the saturation characteristics must
be relatively symmetric so that both positive and negative peaks of the
generated waveform are distorted similarly. This reduces the second-
harmonic component of the output leaving the third harmonic as the
major component of distortion (which is much easier to remove through
filtering than is the second harmonie).

Perhaps of greatest importance in realizing a near sinusoidal output,
particularly when oscillations of large magnitude are desired, is the type
of circuit employed. The distorted sine wave appears first at the plate
of the oscillator tube, primarily as a distorted current waveform. The
output from the oscillator, if obtained at the plate, will be dependent
upon the plate load impedance. Clearly, if the plate load is a high-Q
parallel-resonant circuit, considerable attenuation of the harmonics will
occur and the plate voltage waveform will be a much less distorted
sine wave than is the plate current waveform. In general, it can be ex-
pected that resonant-type oscillators (having circuit bandwidths less
than those needed to support harmonics of the fundamental) are better
from the standpoint of output purity than are phase-shift types. Fur-
ther, high-Q resonant circuits are better than low-@ circuits. Similarly,
it can be expected that phase-shift oscillators employing low-pass net-
works give outputs with less distortion than those with high-pass net-
works,

13.7 Ultrahigh-frequency equivalent circuits

As will be recalled from Chap. 7, the equations for any two-terminal
pair can be written in a number of ways. Of particular interest, and
with reference to Fig. 13.30, are
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1 = y11% + Y12
_ (13.29)
12 = Yo19¢1 + Y22

€ = lebil + 212%2 (13.30)

2 = 221"y + 222% .
For bilateral networks, y12* = y21% and 2,5° = 251> This equality is not
lrue for networks containing energy

sources such as vacuum tubes, iransis- by <2

tors, and related devices. e 2
It should be clear to the reader that & Network ez

the equivalent circuits of Figs. 13.31a o— ———0o

and b represent egs. 13.29 and 13.30
respectively. These equivalent circuits
contain two generators. When the net-
work has three rather than four terminals, we can replace one of the
two generators with an impedance. If the impedance is selected prop-
erly, the equivalent circuits of Fig. 13.31 become those of Fig. 13.32,
The reader should have no difficulty proving this equivalence.

Fig. 13.30. Nomenclature for the
general two-terminal pair.
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Fig. 13.31. Equivalent circuits of the two-terminal pair.
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Fig. 13.32. Modified equivalent circuits containing one generator.
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In particular, we can use the representations of Fig. 13.32 for just
the active device itself. For example, Fig. 13.32a represents a nega-
tive-grid triode or a pentode with a constant screen-to-cathode voltage
when the admittances are associated with stray capacitances, plate re-
sistance, and transconductance. For triodes and pentodes, Fig. 13.32a
leads to the equivalent circuit of Fig. 13.33.
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Fig. 13.33. Vacuum-tube equivalent with noise generator.
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We can proceed to attach all manner of external circuit elements to
the representation of Fig. 13.33. Then, if we assume that the current
generator produces a noise current —g,eo and calculate the transfer
function, the open-loop oscillator transfer function is defined. It is this
procedure that has been employed in earlier parts of this chapter.

At very high frequencies, the circuit of Fig. 13.33 must be modified.
First, the inductances of the lead wires must be accounted for. Rather
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Fig. 13.34. Vacuum-tube equivalent with lead inductances.
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than go back to the basic circuit of Fig. 13.32 and define new admit-
tances, it appears more meaningful to modify Fig. 13.33 directly. The
modification is shown in Fig. 13.34, where L;, is the cathode lead induct-
ance, L, is the plate lead inductance, and L, is the grid lead inductance.

The next thing to be accounted for at very high frequencies is the
transit time of the electrons in the tube itself. Transit time introduces
two significant modifications. First is a loss at the grid, partly in the
form of a conductance increasing as the square of frequency. We shall
represent this phenomenon with an admittance Y in parallel with the
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grid-to-cathode capacitance. ' In addition, the transconductance g, is
affected; its magnitude decreases with frequency and its phase becomes
more lagging. To a good approximation, we can represent the current
generator of Fig. 13.34 with an ideal current generator at the end of a
low-pass filter.

The final high-frequency equivalent for the tube becomes that shown
in Fig. 13.35. This circuit is the one that.must be used in oscillator
calculations at ultrahigh frequencies and at microwaves. Clearly, cal-
culations become quite complicated, particularly at frequencies where
the phase shift contributed by the filter is appreciable.

Plate
Lp
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(s rFHH—o0 Grid
Low-
ToT™3
LWV —0 Cathode

Fig. 13.35. Complete high-frequency equivalent.

Of course, the complete filter representation for transit time is almost
never required. Rather, a one- or two-section approximation (either an
R-C or an L-C filter) is generally adequate.

It should be noted that triode oscillators at frequencies as high as
10,000 mes have been reported. Phase shifts due to transit time may,
in some cases, amount to hundreds of degrees. In fact, it is possible to
build a phase-shift type of oscillator where the required 180-degree
phase shift is contributed primarily by transit time. Even at moderate
frequencies, the phase shift resulting from transit time may be large
enough to require a significant correction to oscillator calculations that
neglect transit time.

Finally, it should be mentioned that transistor oscillators can be
studied in much the same manner as has been done here. The R-C
filter equivalent then applies to the current gain parameter a and may
be important even at relatively low frequencies. With transistors, it
may be more convenient to employ the T equivalent of Fig. 13.32b
rather than the pi equivalent.

Problems

1. An open-loop transfer function has poles at —1, —2, —3, —4, and —5 and no
zeros. At what frequency can an oscillator with these poles be made to oscillate if
(a) K is negative and (b) K is positive?
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2. Repeat Prob. 1 for a function having n zeros at the origin and » poles at —1.
3. If the function of Prob. 2 is
Kp™
(+D"

what minimum value of K is required at each of the possible oscillation frequencies?
K may be either positive or negative.
4. An oscillator has an open-loop function

+Kp
p? 4+ 2ap + b

At what frequency will it oscillate and what minimum value of K is required?
5. An open-loop transfer function is

+Kp
(®* + 2ap + b)(p? + 2ep +d)

Plot the p-z (assume the high-Q case) and show the point on the jw axis at which
oscillation will occur. Determine the minimum required value of K. Show the cir-
cuit of the oscillator.

6. Repeat Prob. 5 assuming three zeros at the origin rather than one.

7. A one-tube oscillator employs a narrow-band double-tuned mutually coupled
interstage network with one @ infinite. Assuming the function is maximally flat
(for convenience only), determine the effect on the oscillator frequency of a small
change in the capacitance in shunt with each side of the transformer.

8. Repeat Prob. 7 using the double-tuned capacitance-coupled cirenit.

9. For the Colpitts equivalent circuit of Fig. 13.7, neglecting the plate resistance,
derive a relation between the minimum g, R at the oscillation frequency and the ele-
ment values, and in particular the capacitance ratio Cs/C1.

10. Broad-band resonant circuits tuned to the same frequency are employed in a
TPTG oscillator and a crystal is placed between grid and plate. The device does not
oscillate without the crystal in spite of the grid-to-plate capacitance. Draw the
equivalent circuit and determine the oscillation frequency relative to the center fre-
quency of the broad-band circuits.

11. A crystal is used in place of the grid resonant circuit in a TPTG oscillator.
The parallel-resonant frequencies of the lumped-element circuit and the crystal are
approximately the same. At what frequency will the device oscillate?
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12. A phase-shift oscillator has the circuit of Fig. P.12. Determine the oscillation
frequency and the required g, R at this frequency in terms of R, C, and gme. What
is the ratio of maximum and minimum frequencies obtainable by varying gme from
zero to some maximum value?

13. A parallel-network oscillator has ideal phase-shifting networks such that the
open-loop gain is

—(K1e7TP 4 Koe™07P)

where K1 = Ko(l & k) and K3 = Ko(1 F k) and 0 < k < 1. Determine the oscilla-
tion frequency and the frequency tuning range. Sketch the open-loop gain at the
oscillation frequency as functions of k for @ = 1, 1.5, 2, and 3.

14. An open-loop transfer function is

e2=-Kffeodtdt

What values of K are required for oscillation when the loop is closed and what is
the oscillation frequency? What is unusual about such an oscillator? Will the sys-
tem start spontaneously?
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Servomechanism

Functions

In this chapter, we shall discuss the basic properties and ruling equa-
tions of linear servomechanisms. The details of the gadgetry will be
minimized; only the barest essentials of these will be presented. We
shall not treat servomechanism design in the conventional manner
which makes use of the Nyquist plot; rather, we shall develop methods
by which the closed-loop behavior can be made a maximally flat, equal-
ripple, or some other prescribed function. In addition, we shall discuss
rate feedback, the effect of a load, and the integrating servomechanism.

14.1 The definition of a servomechanism

Before we get too far, it must be emphasized that a linear servo-
mechanism is nothing more than a type of feedback device. However,
because of its special usefulness and unique circuitry, the special title of

e=0; +36, =036,
g, Add
i ~KG 8, +KG 8
{in)
{Out) (Out)
B I B
12 L i
(a) (b)

Fig. 14.1. Block diagrams for single-loop servomechanisms.

servomechanism is given. Anything that is not a servomechanism can
be called a feedback amplifier or a regulator.

Let us diagram a general feedback device as in Fig. 14.1, where the
open-loop function is —K@ for Fig. 14.1a and +KG for Fig. 14.1b.
The circuit of Fig. 14.1¢ is perhaps more familiar because we used it
exclusively in Chap. 12. However, that of Fig. 14.15, which uses a
subtractor rather than an adder, is just as good a representation of a
feedback device. The closed-loop functions corresponding to the cir-

442
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cuits of Fig. 14.1 are

— K@
Output 4 |1+ Kas 0
utpu
put _ %o _ (14.1)
Input 0; +KG
—————— subtractor
1+ KGB

from which we see that the difference between the two representations
of Figs. 14.1 is quite trivial.

Let us define a servomechanism as a feedback device in which the
transfer function with feedback is precisely +1/8y at zero frequency,
where By is the value of B at w = 0. This requires that the open-loop
function =K@ have at least one pole precisely at the origin of the p plane.
In addition, the feedback voltage must be finite at w = 0.

The reader probably realizes the problems involved in putting a pole
of the open-loop transfer function precisely at the origin of the p plane
with methods we have so far studied. In fact, the only way it can be
done with electronic circuits is to use a precisely controlled amount of
positive feedback. Because of vacuum-tube instability, it is essentially
impossible to maintain a pole precisely at the origin; rather, the pole
will wander back and forth about the origin. If we desire any precision
at all, this kind of positive feedback must therefore be rejected.

It must be concluded that a servomechanism is a feedback system em-
ploying two different kinds of energy (such as electric and mechanical or
electric and hydraulic); otherwise a pole of the open-loop transfer func-
tion cannot be placed eractly at the origin of the p plane.

There are innumerable different types of linear servomechanisms.
However, their basic properties are all similar to those of the simple
servomechanism employing an electronic amplifier and a d-¢ motor;
consequently, we shall study mainly this one type.

Any all-electronic feedback device we shall term a feedback amplifier.
Any feedback device utilizing some type of nonelectric energy and one
that does not have a pole of its open-loop transfer function at the origin
of the p plane will be termed a regulator.

14.2 The motor as an output device

The motor of a d-¢c servomechanism is generally a shunt- or com-
pound-wound motor with a separately excited main field. On the field
winding is impressed a direct voltage so that the field in the motor is
constant. The control voltage is impressed on the armature so that
armature voltages of opposite polarities cause rotation in opposite direc-
tions.
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If 8,, is the angular rotation of the shaft of the motor, ¢ is a constant
voltage applied to the armature, and we disregard transient disturbances
for the moment, then

b = Ky ) edt = (K,/p)e (14.2)

which describes a transfer function having a pole exactly at the origin
of the p plane; as long as a voltage is applied to the armature, the
armature rotational angle 6,, grows linearly with time. K, is called the
“yelocity constant’’ because

P, = K = — = wpy (14.3)

where w,, is the angular velocity of the armature which is proportional
to the applied voltage e through the constant K,. K, must of course
also contain conversion units between voltage and angular velocity.

If a voltage e is abruptly applied to the armature of the motor at
rest, the armature will gradually come up to its final speed. The delay
in achieving a constant speed is due to two factors. The first is the
inertia of the rotor and the viscous frictional damping resulting from
the retarding effect of bearings and windage. The second is the opposi-
tion to current change brought about by the resistance and inductance
in the armature itself.

To determine the relationship between applied voltage and armature
angle 6y, it is necessary to study the electromechanical differential equa-
tions of the motor. The torque T furnished by the armature with a
constant magnetic field is proportional to the armature current. This
torque overcomes three opposing torques; one due to acceleration, an-
other to frictional damping, and the last to a load torque

d%6,, de

T = hia = J = +f7;’1 + Tp = (Jp* + /p)m + T (14.4)

where J is the rotational moment of inertia of the armature and any
load connected rigidly to the armature, f is the viscous friction constant,
Ty, is the load torque, and k; is called the “torque constant.”

It is important to limit ourselves to viscous friction where the retard-
ing force is proportional to speed. If we wish to study the effects of
Coulomb friction (static friction), we must be willing to study rather
complicated nonlinear equations.

The current that flows in the armature ¢, is due to an applied voltage
e. A single loop equation is sufficient for determining the relation be-
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tween 7, and e. Summing voltage drops, we get

dig db,, .
e = I, - La — + ka = (Ra + pLa)la + pkaem (145)
dt dt
The terms 4R, and L,(d7,/dt) will be recognized as those pertaining to
a simple R-L circuit. The term k,(d8,,/dt) is the back voltage of the
motor, which is proportional to speed, and characterizes a d-¢ motor
acting at least partly as a d-c generator.
If egs. 14.4 and 14.5 are combined to eliminate the armature current
14, the transfer function of the motor is obtained as

_ [ke/ (fRe + Kaki)le — {{Ra(pLa/Ro + 1)/ (fRa + koke)} T,
P L)/ (JRa + kak)1p® + [(Rod + Lof)/(fRa + kaky)lp + 1}
(14.6)

The complete transfer function of the motor is therefore seen to have
two inputs, one the voltage e and the other the load torque Tz. One of
the three poles is at the origin, and the other two can be found by
factoring a quadratic. For 7'z, = 0, we may write

Hm K’U
— = (14.7)
e pTp+1H(Twp+1)

from which the velocity constant may be identified.

The poles of eq. 14.7 usually will be real; however, if the constant k,
relating to the back voltage of the armature is quite large, they may be
complex. For simplicity, we shall assume in this chapter that T; and
T. are both real, in which case it is helpful
to consider 7T'; as primarily the inertial
time constant and 7, primarily the induc-
tive time constant of the armature. In
fact, in the limiting case of small k,,
T; — J/f and Ty — Ls/Ra. The reader gig 149, Transfer function of
should remember, however, that %k, is a typical motor.
never zero and sometimes the poles of eq.

14,7 may be complex. Assuming them to be real does not seriously re-
strict the presentation here.

If we define o; = 1/7; and «, = 1/T,, eq. 14.7 may be written

m

x

(254

Ko,
0, = e
p(p + a)(p + ar)
which has poles as shown in Fig. 14.2, Effectively, the motor acts like

(14.8)
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a two-stage R-C low-pass amplifier followed by an ideal integrator. If
the armature of the motor is ponderous, «; and «, will be small; that is,
the bandwidth of the filter preceding the ideal integrator will be small.
Since the bandwidth of the closed-loop system is dependent upon the
bandwidth of the open-loop system, we can expect to build broader
band (hence ‘‘faster”) servomechanisms by using small servo motors.
This, of course, is intuitively evident.

Most servomechanisms employ a d-¢ motor as deseribed. Some, how-
ever, make use of a two-phase a-c induction motor. A fixed alternating
voltage is applied at one of the two stator windings of the induction
motor, and at the other stator winding (the control winding) an alter-
nating voltage of the same frequency but 90 degrees out of phase is
applied. The result is that the motor rotates with a torque proportional
to the magnitude of the quadrature voltage. By reversing the polarity
of the alternating voltage applied to the control winding (which causes
it to become lagging by 90 degrees rather than leading or conversely),
the motor will change its direction of rotation. Many servomechanisms
utilizing a two-phase motor “chop” (that is, modulate) a direct voltage,
amplify it, and apply it to the control winding. Therefore, the transfer
function relating the d-¢ source voltage to the output angle of the motor
is similar to eq. 14.7. The d-c motor is preferable in larger servos be-
cause its starting torque is larger than that of a two-phase induction
motor of comparable size. However, when torque requirements are
small as in instrument servos, the two-phase motor may permit a faster
servo to be built because the moment of inertia of the rotor can be made
quite small.

Some servomechanisms make use of a hydraulic motor and pump.
They too can be expressed in the form of a transfer function such as
that of eq. 14.7. The derivation of the equations, however, requires
some knowledge of fluid mechanies, which cannot be presumed here,

14.3 Error detection

The block diagrams of Fig. 14.1 give no clue as to how the mechanieal
output is converted to a feedback voltage or how the addition or sub-
traction of the feedback and input is mechanized. The simplest method
employs a potentiometer coupled to the output shaft of the motor and
supplied with a fixed direct voltage. The circuit diagram of the input
and feedback may appear as in Fig. 14.3. In Fig. 14.3¢, an input
voltage having a value between zero and V controls the output angle.
For any given input ep and if the angle 6, is not correct, e, -+ ¢y will
not be zero and the motor will be caused to rotate in a direction such
as to make e, + e small, ultimately resulting in an “error voltage” e
of zero. In Fig. 14.3b, the input is a mechanical input, the only differ-
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ence between Figs. 14.3a and b being that in b a method is indicated by
which an input angular rotation is converted to an input voltage. In
either Fig. 14.3a or b, as long as ¢ is small and E is large compared to
the resistance of the potentiometers, the error voltage is equal to half
the sum of ¢y and e¢,. The two resistors B in Fig. 14.3 need not be

€y R
(In)

+V -V

€ -I - €m

-V R R +V

(b)

Fig. 14.3. Potentiometer error detection.

equal. In fact, these two resistors are equivalent to the resistors of an
analog computer amplifier.

The more commonly used error detecting and subtracting system
makes use of “synchros.”” A synchro system consists of a motorlike
device coupled mechanically to the shaft of the servo motor and a
similar device for introducing the input angle 8, to the servo. Figure
14.4 indicates how these devices can be located. The magnitude of the

Constant
® o alternating

voltage
A-c error
voltage @—_
Q
by

Fig. 14.4. Synchro error deteetion.
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a-c¢ error voltage is proportional to 6; — 6y, and is either in phase with
the constant alternating voltage applied to the output synchro or 180
degrees out of phase with this voltage, depending upon whether 6, is
larger or smaller than ;. Therefore, if the a-c error voltage is phase-
detected and filtered, there results a d-¢ error voltage proportional to
6; — Bo. (It should be noted that the filtering of an error signal may
introduce additional poles in the transfer function of the system.)

Any of the various error detecting and adding schemes we have dis-
cussed reduce to the same thing as far as the over-all servo behavior is
concerned, which permits us to symbolize most servos as a bloek dia-
gram according to Fig. 14.1. It is important to be cognizant of the
various constants of proportionality relating the value of the input 6,
and output 8y to the error e.

14.4 The simple servomechanism
Let us diagram a simple servomechanism as in Fig. 14.5 in which the
error ¢ is given by the linear difference between the input and the out-
put. This linear difference may be multiplied by a factor which includes
€=0; -4,
b;

kF

Gear ratio m

-
Armature

Fig. 14.5. A servo with unity feedback.

conversion units between mechanical and electrical variables (volts per
degree, and so forth). However, we may always include the constant
multiplier in the function kF of Fig. 14.5 so that the error e can be
written simply as §; — 8,. The transfer function of the motor suitably
modified by the gear ratio m (a torque advantage is obtained by gearing
down the motor) is found from eq. 14.7 as

fo K,/m
o _ (14.9)
e pTp+1)Tp+1)

The over-all open-loop transfer function of the system of Fig. 14.5 is
clearly

o X0 - kFK,/m
€ p(Tep + D(Twp + 1)

(14.10)
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in which the value of kFK,/m at w = 0 is the effective velocity con-
stant k,. Until the integrating servomechanism is discussed, it will be
assumed that F is unity at w = 0.
With € = 8; — 6y in eq. 14.10, the closed-loop transfer function be-
comes
fo K@ k.F

— = = (14.11)
8; 1+ KG p(Tp+ D(Tp+ 1) + k.F

For the present, let us assume that F = 1 at all frequencies. Then,
the open-loop locus K@ of eq. 14.10 appears as in Fig. 14.6. The main
difference between this locus and that applicable
to a typical feedback amplifier as studied in
Chap. 12 is that at small » the locus is large and
has a phase angle of ~90 degrees owing to the -1
ideal integration. Because of the 90-degree phase
lag given at very low frequencies, it might be
expected that the stabilization of servos is
more of a problem than that of feedback am-
plifiers. On the other hand, the servo is such
a low-frequency device that it is not necessary
to worry about stray capacitances with the i 146, Nyquist plot
result that the total number of poles of a servo of the simple servo.
open-loop function may be considerably less
than the number associated with a multistage feedback amplifier.

The critical gain of the system must not be exceeded if the system is
to be stable. In other words, at the 180-degree phase-shift frequency,
the value of the open-loop transfer function must not exceed unity
(where we ignore the special cases when the locus is not similar to that
of Fig. 14.6). Multiplying out the open-loop function of eq. 14.10, we
get

Increasing w

B k,
K@ = 3 5
€ TTop*+ (T +Top°+p

(14.12)

The phase shift is 180 degrees when the odd part of the denominator
of eq. 14.12 is zero. This frequency is

wo = 1/(TiT»)"% = (ary) (14.13)

which is the geometric mean of the open-loop pole positions on the
negative real axis of the p plane. At this frequency, the value of the
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open-loop transfer function is

B0 ~k, 7T, )
<~> = (14.14)
€/ p=jwa T, + T,

in which the negative sign shows it to be the 180-degree frequency.
The value of eq. 14.14 must not be more negative than —1 if the system
is to be stable. Therefore the critical value of &, is

ket = /T3 4+ 1/Tr = a; + a; (14.15)

which is the sum of the pole distances from the origin of the p plane.
In order to have a large open-loop gain and hence a “tighter” feedback
system, it is necessary that «; and/or a, be large so that the critical
value of k, can be made large. This requires a motor having a small
moment of inertia and/or a small armature circuit time constant. For
motors of even modest size, only a relatively small open-loop gain is
permitted.

Let us now study the system in the closed loop. Equation 14.11 for
F =1 can be written

D

0 koo,

— = : (14.16)
i "+ (a4t a)p® + ap + ke,

which is a three-pole transfer function. The open-loop and resulting

closed-loop pole positions are indicated in Fig. 14.7 for a stable system.

X
-« ;s
AVa AV A AV2
[a) el Lal
- Xy ———»
X

{a) (b)

Fig. 14.7. Poles of the system with and without feedback. (@) Open loop. (b)
Closed loop.

Two different situations arise: o; and «, approximately equal and «; and

a, appreciably different. To study the case when they are equal, let us

normalize to a; = a, = 1. Then the closed-loop transfer function is

0 k'u

—=— 5 (14.17)
i P2+ p+ ke

which, no matter how %, is adjusted (the critical value being two), gives

>
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a rather poor (that is, nonflat) low-pass transfer function. If k, is too
large, there is a severe peak at high frequencies that does not disappear
until &, is reduced to the point where a badly sagging low-pass function
is obtained.

When normalized to o; = 1 and for a more general a,, eq. 14.16 is

D

0 kvar
—=— 5 (14.18)
i p + (ar + l)p + arp + kvar
which does not give a very satisfactory transfer function for «, some-
what different from unity, although it may be adequate for some pur-

}
|

% + 1=

x
i
X

X
x

{a)

\AY] b
+ X—O = * * +-

()

Fig. 14.8. Use of lead and lag networks. (@) «r too large. (b) «, too small.

poses. The best compromise appears to have «, larger but not much
larger than «; (or conversely).

For any given «, and «; in eq. 14.16 or the normalized version of this
equation, some k, may be determined with trial and error procedures
(the rectangular plot is convenient) which gives the most desirable
closed-loop transfer function. This value of k, will typically be approxi-
mately half the critical value.

For a, = «;, the closed-loop transfer function is not too good. Simi-
larly, for e, < o; or @; < @, it is none too desirable. For some inter-
mediate value where o, and «; are different but not greatly different,
the behavior may be acceptable. Therefore it may be desirable to change
the positions of the open-loop poles of the system. A lag network (for
the function F of Fig. 14.5) is valuable when o, is too large, as is indi-
cated in Fig. 14.8a. A lead network can be used when «, is too small,
asin Fig. 14.86. In both cases it has been assumed that «; is unchanged.
In this manner the simple servo can sometimes be compensated to a
satisfactory degree.

If it is desired to increase the speed of the closed-loop system appre-
ciably, it is necessary to increase the bandwidth of the open-loop system.
This can be accomplished by moving the pole at «; due to the armature
inertia of the motor further out along the negative real axis of the p
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plane and adjusting the pole at «, to give a satisfactory closed-loop
behavior. This too can be done with simple lead and lag networks.
However, the only way a servo can be speeded up is to apply larger
voltages to its armature. Therefore, too much “lead compensation”
will result in saturation of the motor when the input to the servo 6;
changes rapidly. No amount of lead compensation can make the motor
increase its speed faster than that given at the saturation level. We con-
clude that discretion is called for when attempting to speed up a servo,
no matter how sophisticated the compensating networks are.

14.5 The precision design of the simple servomechanism

Maximally flat, equal-ripple, and similar functions (which give ap-
preciable overshoot) are highly suited as servo closed-loop functions.
Thus, if we can adjust the gain as well as «, and «o; related to the open-
loop funetion to give a maximally flat or similar closed-loop function,
our design would be just about the best we could expect to achieve.
Suppose, for example, we want to adjust e, o;, and k, in eq. 14.16 to
give the maximally flat closed-loop function of bandwidth B as

% B (14.19)
9; p®+ 2Bp® + 2B%p + B3 '

A moment’s reflection shows us that we cannot realize the function of
eq. 14.19 by adjusting the parameters of eq. 14.16. Therefore, a different
approach is needed. We start by assuming an open-loop function as

6 kb
e (14.20)
e p°+ap°+bp
which leads to a closed-loop function
by kb

— = 14.21
6: p°+ ap® 4+ bp + kb (14.21)

Now let us determine the coefficients a, b, and &, so that eq. 14.21 will
be maximally flat. By comparing coefficients of egs. 14.19 and 14.21,
we get

kb =B b=2B> a=2B (14.22)
from which )
ks, = B/2 (14.23)
The required open-loop transfer function is therefore
b B3

== 14.24
¢ p(p*+2Bp + 2B (1429
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which has poles at

pr =10
(14.25)
D2, p2* = —B +jB

the positions of which are shown in the p-plane sketch of Fig. 14.9. If
the simple servo had an open-loop function like that of Fig. 14.9 rather
than that of Fig. 14.7, adjusting the loop gain

according to eq. 14.23 would automatically give

the desired maximally flat closed-loop transfer */”—T
function of bandwidth B. In order to get the / » |VZB
function of Fig. 14.9, a compensating network AN
must be placed in cascade with the open-loop { P
function which has zeros to cancel the poles of \\ //

the original open-loop characteristic and complex- \>K\
conjugate poles as in Fig. 14.9. The original open- T~

loop function and the proper compensating net-
work function are shown in Figs. 14.10a and b me 149, Desired
respectively. open-loop poles.
Figure 14.10b is characteristic of a high-pass
filter if (2)*B is larger than the mean zero distance. In other words,
it is a sophisticated kind of lead network. As (2)*B is made larger, the
bandwidth with feedback B will be increased and the servo will be
faster, at least up to the point where saturation begins to be troublesome.
Let us now describe the maximally flat servo in more detail. It will
have the circuit of Fig. 14.5 and will be ruled by egs. 14.9, 14.10, and

+’/~—T
P2 SR // @ v2—B
’4—- i—» l
* % © 1o
or «——(Xr\\—-——>
*\\
g
(a) (b

Fig. 14.10. Structure of the compensating function.

14.11, with the function F given by

_2BXTip + D(Top + 1)
p® + 2Bp + 2B°

F (14.26)

which is unity at zero frequency. When eq. 14.26 is substituted in eq.
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14.11, the closed-loop function becomes

6o 2B%,
== 5 (14.27)
;. p(®® + 2Bp + 2B%) + 2B%,
which is maximally flat as desired if
by = kK,/m = B/2 (14.28)

which is the required loop gain of the system. The larger the closed-
loop bandwidth B is made, the larger the gain can be made and the
faster the servo will be, as long as saturation does not become a problem.
In fact, the required loop gain is directly proportional to the closed-loop
bandwidth.

The compensating function of Fig. 14.10b has poles with imaginary
parts. Therefore, if the transfer function of the compensating network
is to be obtained with bilateral or isolated networks, inductors must be
employed. However, the use of inductors at the very low frequencies
associated with servomechanisms is often impractical, which generally
implies that the compensating function must be realized with a feedback
amplifier. In the language of servomechanisms, the system would then
be said to have a “minor loop,” that is, a feedback network in cascade
with the open-loop system. However, there is nothing mysterious about
a minor loop, as it is but a direct consequence of obtaining an open-loop
transfer function having complex poles without inductance in the com-
pensating network.

Let us now see how these same techniques apply to the design of a
fourth-order servo, that is, a servo having an open-loop transfer function
with three poles in addition to the one at the origin. We shall assume
the open-loop transfer function to be

6 k,
0 _ (14.29)
€ p<Tip + 1)(Trp -+ 1)(sz + 1)

If T, is small compared to T; and T,, then it may be possible to
simply ignore 7,p compared to unity and design the system as has
already been discussed. (Alternately, a lead network could be added
to make T, smaller.) We shall assume here that 7', cannot be ignored.

We want the closed-loop function to be maximally flat and have a
bandwidth B. Therefore, we desire .

B4
2= : (14.30)
6; p*- 2.62Bp® + 3.42B%* 4+ 2.62B%p + B*

>
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which requires the open-loop transfer function to be

6o 2.62B%k,
—-=— P Z (14.31)
e p(P® + 2.62Bp? + 3.42B%p + 2.62B%)
which can be factored with numerical methods as
fo 2.62B%,
— = 2 5 (14.32)
e plp+ 1.5B)(p? + 1.12Bp + 1.74B%)
The required value of %, is seen to be
4
» = 0.382B (14.33)

T 26288

which, for the same bandwidth, is somewhat less than that required for
the simpler three-pole system. This, after all, was to be expected. The
designer is always fighting phase shift in a feedback system and a four-
pole open-loop transfer function is more of a problem in this regard
than a three-pole transfer function. However, if T, is small, a lag net-
work will be required (that is, one pole will be brought closer to the
origin) which permits more lead to be employed before getting into
saturation difficulties. This makes the four-pole system almost as good
as the three-pole system.

The required compensating network function F for this four-pole
example must be

_2628°(Tp + 1)(T'op + H(Top + 1)
(p + 1.5B)(p? + 1.12Bp + 1.74B?)

(14.34)

which has p-z as shown in Fig. 14.11 (where o, = 1/T,). In no case is
it advisable to use a compensating function having more poles than
zeros as this but emphasizes the problem of lagging phase shift.

X

- Y ———}

O S
=4

L)
b 4

-— O

Ay

X

Fig. 14.11. Compensating function for a fourth-order system.
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14.6 Compensating networks

There are innumerable feedback amplifiers that furnish p-z as in Fig.
14.10b without the use of inductance. The twin-T feedback amplifier,
for example, was found to furnish two real zeros and one pair of com-
plex-conjugate poles. The bridged-T feedback amplifier will also accom-
plish the desired result. As a specific example, consider the eircuit of
Fig. 14.12¢ in which assumptions similar to those made in connection
with the study of the twin-T feedback amplifier of Chap. 11 are made

© Supply

€3
R-C ]
network
ey=u(e; = Bey)
e €3
f Bey % G(p)
Beg

= .
a) {b) ;'

Tig. 14.12. A feedback amplifier for use in compensation.

so that ea = ule; — Bes). The equivalent circuit of Fig. 14.12q is shown
in Fig. 14.12b. If we designate the ratio es/es by G{(p), then

___ B
€ 1 + uBG(p)

(14.35)
6 uG(p)

e 14 uBG(p)

We shall assume that one of the functions of eqs. 14.35 is to have the
form of eq. 14.26, which is the compensating function F(p) for the third-
order servo. (Of course, the functions of eqgs. 14.35 can be multiplied
by any constant by means of a gain control.) It is therefore evident
that the function G(p) of egs. 14.35 must have two and only two poles
which are restricted to the negative real axis and which must be simple
because G(p) is to be an R-C network. If we take ¢; to be the output
from the compensating network, then the poles of G(p) must be at «;
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and a,, whereas if we take e; to be the output, the zeros of G(p) must
be at o; and «,. If G(p) is a function with poles at «; and «, but with
no zeros (a two-section R-C low-pass filter), then the output must be es.
However, if G(p) does not have zeros, we cannot separately specify the
bandwidth of the closed-loop system but must accept what the adjust-
ment of the circuit of Fig. 14.12 calls for (although «; and «, can be
made anything within reason by also using simple lead and/or lag net-
works in cascade with the open-loop system). Because this case is the

Cwle: O
r T .

Fig. 14.13. The two-pole low-pass filter.

(o,

simplest, we shall study it first. Assume that G(p) is given by the net-
work of Fig. 14.13, which has a transfer function

€3 1
B _ o) = 14.36
P P T (14.36)

The transfer function of the compensating feedback amplifier can
then be found as
e Top+ D(Typ+1
o u(Top+ DT+ 1) .
ee Tip+DTwp+ 1)+ uB

In order that the denominator of eq. 14.37 have poles at —B =+ jB,
it is necessary that

g = a? + o
o= 200,
(14.38)
B = 223 + og
2

A more versatile compensating network results by allowing the func-
tion G(p) to have both p-z. Then, assuming e, is the output as in the
previous example, G(p) becomes

ap® +bp + 1

= (14.39)
Tp+DTp+1)

G(p)
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and the transfer function of the feedback amplifier is

es w(Tp + )(Typ + 1)
2 _ . (14.40)
er (Top+ 1)(Twp+ 1) + pB(ap” + bp + 1)

where the previous example was the special case of this more general
expression fora = b = 0,

The relationships between the parameters of the denominator in order
that eq. 14.40 have poles at —B =+ jB are

T+ T,
T:T, + pBa
(14.41)
1 .
R oB?
TiTr + upa

For any given problem, T; and T, are known. Also, the bandwidth
B is usually specified. This leaves a, b, and p8 as parameters to be
determined. There are two equations but three parameters; therefore,
either a, b, or uB can be chosen. However, if uf is arbitrarily chosen,
the required function G(p) may be nonminimum phase. Although a
suitable network can be designed in this event, it is simpler to require
that G(p) be minimum phase. Then, the coeflicients a and b will not
be negative, which is assured if

1+ uf > 2B°T.T,
1+ ug 2 B(T: + 1Y)

As a specific example, assume T; = 1, T, = 0.2, and that the desired
closed-loop bandwidth is B = 10 radians per second. Then, u8 must

m(_
R —WWI—O

< 139 T T
e,

(@) {b)
Fig. 14.14. The function G(p) for the example.

(14.42)

x

0

not be less than 39. Let us take it to be equal to 39. Then, a = 0,
b = 0.0718, and the resulting p-z of G(p) are as shown in Fig. 14.14a.
A network suitable for obtaining this G(p) is shown in Fig. 14.14b.
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14,7 Tachometer feedback

Tachometer feedback provides another means for putting the poles of
the open-loop transfer function where they are desired. A tachometer
is a speed measuring device fixed to the shaft of the servo motor. The
output from the tachometer is a voltage proportional to the speed of
the motor p8,. If the tachometer is fed back around only the servo
motor and is not injected into the major feedback loop, the closed-loop

3 kF e e | Motor 0y

Tach
hpb,

Fig. 14.15. A servo with tachometer feedback around the motor.

system is as shown in Fig. 14.15. Let us analyze a typical motor with
tachometer feedback. If the transfer function of the motor alone is

o _ by (14.43)
¢ p(Top + D(T.p+ 1) '

then the transfer function of the motor with tachometer feedback is

o ky
i 14.44
¢ Pl(Tp+ D(Tp + 1) + Hk (14.44)

from which it can be seen that a pole still exists at the origin, thus per-
mitting the motor with tachometer feedback to be used within the feed-
back loop without violating the basic requirement of a servomechanism.
Equation 14.44 may be written

o koo,

e - plp® + plar + o) + arai(1 + hk,)]

(14.45)

which can be made to have complex poles. In particular, if we wish it
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to have poles at —B = jB, then

B = a; + ay
2
(14.46)
i, = e
2000

Tachometer feedback around the servo motor is thus an alternative
to a compensating network. However, whatever bandwidth results
must be accepted.

Tachometer feedback may be placed in parallel with the feedback of
the major feedback path rather than just around the motor in order to
accomplish much the same thing. However, the closed-loop bandwidth
can then be made anything within reason by introducing simple lead
and lag networks in cascade with the open-loop system.

14.8 The effect of a load

Several different types of loads can be placed on the output motor of
a servomechanism. The easiest type with which to deal is the ponderous
load rigidly attached to the shaft of the servo motor, thereby adding
additional moment of inertia and viscous friction. The behavior of a
servo with this type of load is easily calculated by including the inertia
and damping of the load as part of the armature inertia and damping.
The system is analyzed accordingly, that is, as one having a larger mo-
ment of inertia and a larger damping than that given by the armature
of the motor alone. Of course, the effect of a load must be translated
to the armature of the motor if gearing is employed.

The more difficult type of load with which to deal is a varying torque
load applied to the output shaft of the servo. This kind of load is
essentially outside the servo feedback loop. To make matters more
complex, the torque may be applied through elastic and massive mem-~
bers. We shall first consider the torque to be independent of the servo
output angle and proceed to formulate an equivalent circuit.

Equation 14.6, suitably modified to account for a gear ratio m and an
amplifier in cascade with the system having a transfer function kF, is

_ (kFK,/m)e — (RaKo/mk)(Top + DTz
p(Top + D(Twp 4+ 1)

where T, = Ly/R,, which may approximate T, if the motor back voltage
(as a generator) is small. The block diagram of the system described
by this equation is shown in Fig. 14.16, which can be drawn directly

X (14.47)
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from an inspection of eq. 14.47. The system described by this diagram
is quite similar to that of a feedback amplifier with an internal dis-
turbance.

The closed-loop behavior of the system of Fig. 14.16 ecan be deter-
mined as

_ ka 0 (Rakv/kkt)(Tap =+ 1)
TP T + DT+ )+ kF T p(Top+ D(Tep+ 1) + kF

(14.48)

L

where k, = kK,/m is the effective velocity constant. It is assumed that

TL
4; € LF kR, (RyK,|mk,) (T, p+1) 0,
T,p+1 p(T;p+1) (T, p+1)

Fig. 14.16. Block diagram of a servo with a load.

F is unity at w = 0 as before. For Tr = 0, eq. 14.48 reduces to equa-
tions previously described.

Let us first study the behavior of the servo to independent load varia-
tions. The behavior to combined input and load variations can in this
event be obtained by superposition. The first thing we note from eq.
14.48 is that increasing k, the open-loop gain prior fo the point in the
equivalent circuit where the load torque is introduced, reduces the
severity of load torque effects. In other words, a high gain results in a
large correcting torque for a small error. However, no matter how high
k is (barring infinity), some error always results from a finite constant
load torque.

With many servos, it is more important to minimize variations in 6
with load torque than it is to give faithful reproduction to input changes
6;. It would then be expected that the design of the system should be
based on a different criterion. First and most important is a large value
of kk:;. In addition, the bandwidth of the system must be large enough
to insure that corrections for changing load torques will be made without
too great a delay. A large open-loop gain can be achieved by making
the closed-loop bandwidth large. Although this may lead to saturation
for large changes in the input 6,, saturation may not at the same time
be a serious factor for changes in 1.
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The compensation of servo open-loop functions for minimizing varia-
tions in load torque is more difficult than that for faithful reproduction
of input signals. One thing that does help considerably is tachometer
feedback around the entire system. Then the error becomes §; — 6, —
hpfy instead of simply 8; — 8;. With tachometer feedback, eq. 14.47
leads to a closed-loop function (with 8; = 0 for simplicity in studying
load effects) of

. —(Tap + D(Rako/kk)
C T p(Tp + DT + 1) + pUkF) + koF

A locus diagram of the denominator of eq. 14.49 shows how the system
becomes more stable as the tachometer feedback factor A is increased.

So far, we have assumed a load torque 7z independent of 8y and 9.
However, this is often not the case. As an example, consider the servo
on a ship used to turn the rudder. The load torque is zero when the
rudder is in the neutral position but increases as the rudder angle in-
creases. If 77 is linearly dependent on 6y, we can write T = gfo,
where ¢ is a constant of proportionality. Equation 14.48 for this case
becomes

o k,F
8; p(Tip+ )(Tp + 1) + koF + (gRoko/kk)(Tup + 1)

which can be made flat by means of compensating networks but which
no longer has a zero error except in the trivial case when 6y = 0.

The most difficult type of load torque to analyze occurs when a fre-
quency-sensitive coupling exists between the servo and its load, for ex-

T,  (14.49)

(14.50)

0, 6, 9
: KG 2 Coupling z

Load

Fig. 14.17. Servo with coupling and load outside the loop.

ample, when a somewhat flexible shaft is used with a massive load.
The circuit of such a system is shown in Fig. 14.17. The angle 67 may
then not be in phase with 6. The over-all transfer function is no longer
completely controlled by feedback. What is perhaps more serious is
that there will be a frequency-sensitive relationship between the torque
on the servo motor and the angle 8y, analogous to a feedback amplifier
with a reactive load. This will not only affect the shape of the closed-
loop function but might actually cause an otherwise stable system to
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become unstable. The best procedure in such cases (although it may
not often be possible) is to put the output sensing device at the ultimate
load on the system as shown dashed in Fig. 14.17. Although this will
complicate the open-loop function by introducing additional frequency-
sensitive mechanical elements (mass and spring constants are analogous
to inductors and capacitors), at least there is a more predictive control
over the system.

14.9 The integrating servomechanism

It was found that the only way to have an output precisely equal to
an input at very low frequencies and without load was to have a feed-
back system with an open-loop characteristic which shows a pole pre-
cisely at the origin of the p plane. If one pole at the origin gives such
great benefits, perhaps two can give even more. Suppose an ideal inte-
grator is placed in cascade with the open-loop system. Then, if any
constant error exists because of a constant load torque, the error will be
continually integrated until a correcting torque large enough to over-
come the error is finally applied to the load by the servo motor. In
other words, an integrating servo will not have a steady error when a
constant load torque exists.

Let us study the simple integrating servo by assuming the function
F of eq. 14.48 is given by F'/p. Of course, the meaning of the velocity
constant &, must then be modified; it affords a definite interpretation
only if F is finite at w = 0. Equation 14.48 becomes

kF!
o = — -0
p’(Tip + D(Trp + 1) + k,F
_ p(Rakv/kkt)(Tap + 1)
P(Top + V(Tip + 1) + k,F’

The factor p in the numerator of the second term of eq. 14.51 shows
the low-frequency torque error to be zero, whereas the constant term

13

T, (14.51)

iy /D

@
{ncreasing w

Fig. 14.18. Open-loop locus of an integrating servo.
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E.F' in both numerator and denominator of the first term of eq. 14.51
shows the no-load error to be zero, just as in the simple servo. Note,
however, that if F’ is a constant there is no term proportional to p in
the denominator and hence the system will not be stable. In order to
be stable, the open-loop locus must appear somewhat like that shown in
Fig. 14.18. The shape of this locus requires that the open-loop phase
shift be less than 180 degrees at medium frequencies. This in turn
requires lead compensation, which can be obtained by making the func-
tion F have the form

Tp + 1

p

F (14.52)

rather than simply 1/p (which is equivalent to having the funetion F’
equal to Tp + 1). The existence of the factor Tp + 1 furnishes the
missing power of p in the denominator of eq. 14.51.

The integrating servo can also be stabilized with F’ a constant with
tachometer fcedback. The best procedure is to employ both lead com-
pensation and tachometer feedback.

Of course, the integrator in cascade with the system can never be pre-
cisely realized with purely electric circuits. However, a precision analog
computer integrating amplifier can be made to have a pole near enough
to the origin to satisfy practical requirements.

14.10 Cluster functions in servo design

With feedback amplifiers, it was found that zeros could be added to
to the open-loop transfer function of a system having only poles with
beneficial results. The closed-loop behavior remains essentially that of
an all-pole function, but the degraded bandwidth can be increased con-
siderably as compared to that given by a simple one-pole bandwidth
degrading function.

A similar situation is found in the servo with real feedback. How-
ever, the one-pole degrading function cannot be avoided; it is the single
pole at the origin which defines a servomechanism. In feedback ampli-
fiers, the one-pole degrading function can be replaced with a cluster of
p-z with the number of poles exceeding the number of zeros by one.
With a servo, a cluster of p-z can be added with the number of added
poles equal to the number of added zeros. In neither case are the high-
frequency poles changed. The addition of the cluster in feedback am-
plifiers permits the open-loop degraded bandwidth to be increased. In
the servo, the addition of a cluster can increase or decrease the velocity
constant without appreciably affecting the closed-loop gain character-
istics.
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Let a servo with an optimized all-pole closed-loop transfer function
have the corresponding optimized open-loop transfer function

fo bok,
L — (14.53)
€ p@" + bayp" "t + -+ bip + bo)

where the velocity constant is k,.

In cascade with this tailored open-loop function, let us place a suitable
cluster function, which must asymptotically approach unity at high
frequencies, and which must have the same number of p-z. It must
therefore have the general form

A R T
P+ dpap” Tt + o+ dip + do

With the function of eq. 14.54 in cascade with the open-loop charac-
teristic of eq. 14.53, the velocity constant becomes

(14.54)

k,,ao
k) = (14.55)
do

If the mean zero distance of the cluster (ag)!/™ is less than the mean
pole distance (dg)!'™, the velocity constant is reduced and the servo is
sald to have “derivative control.” Although a reduced velocity con-
stant is not always desirable, derivative control does have the advantage
of reducing the closed-loop phase lag.

If the mean zero distance of the cluster is greater than the mean pole
distance, the effective velocity constant is increased and the servo is
said to have “integral control.” In fact, if dy = 0 in eq. 14.54, one of
the poles of the cluster lies at the origin, the velocity constant goes to
infinity, and an integrating servo results. In other words, the integrat-
ing servo is merely a special case of integral control.

With derivative control, the Nyquist plot at medium frequencies will
tend to phase angles less than 90 degrees. With integral control and at
medium frequencies, the phase shift is larger and the Nyquist plot will
tend more to phase shifts approaching 180 degrees; in the limit of the
integrating servo, the Nyquist plot of Fig. 14.18 results.

The number of p-z in the cluster function is dependent on the eco-
nomics of the situation, that is, on how complex the designer is willing
to make the compensating networks. Clearly, if a large number of p-z
is used, the closed-loop characteristics of the servo can be made better.
The simplest possible cluster function is obviously (p + ao)/(p + dq),
which is a simple lead or lag network function.
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Problems

1. A simple servo with unity feedback has an open-loop transfer function
ky/[p(p + 1)(0.1p 4+ 1)]. Determine the critical k,. Plot the magnitude of 8,/6; for
%, equal to 3, 1, and 2 the critical value.

2. A lag network (0.1p + 1)/(0.4p + 1) is used with the simple servo of Prob. 1.
Caleulate the critical k, and plot the magnitude of 60/0; for k, equal to %, 3, and %
the critical value.

3. A lead network (p + 1)/(0.5p + 1) is used with the simple servo of Prob. 1.
Calculate the critical k, and plot the magnitude of 8y/6; for k, equal to 3, 3, and 2
the eritical value.

4. The lag network of Prob. 2 and the lead network of Prob. 3 are both used with
the simple servo of Prob. 1. Calculate the critical &, and plot the magnitude of 64/6;
for k, equal to 3, 1, and Z the critical value.

5. A simple servo with unity feedback has an open-loop transfer function
ko/[p(® + 1)(0.2p + 1)(0.05p + 1)]. Calculate the eritical k, and plot the magnitude
of 69/0; for %, equal to & and % the critical value.

6. For the servo of Prob. 1, determine the numerical positions of the p-z of a
compensating function such that the closed-loop transfer function will be maximally
flat with a bandwidth of (a) 1 radian, () 2 radians, and (¢) 3 radians. In each case,
determine the critical gain and the required gain. Express the required gain as a
percentage of the critical gain.

7. Plot the transfer function magnitudes versus frequency for the compensating
networks of Prob. 6.

8. Repeat Prob. 6 using the Q-D function rather than the maximally flat function
for the closed-loop behavior.

9. A special-purpose servo is to have a closed-loop transfer funetion 1/(0.5p + 1)32.
Determine the p-z of the compensating function to work with the servo of Prob. 1.
Determine the critical and required values of k,.

10. Determine the p-z locations of a compensating network for the servo of Prob.
5 such that the closed-loop transfer function will be maximally flat and have a band-
width of 2 radians.

11. The feedback amplifier of Fig. 14.12 uses a two-pole no-zero function G(p)
obtained with the network of Fig. 14.13. Determine the element values of the net-
work such that, when used with the servo of Prob. 1, the closed-loop transfer func-
tion will be maximally flat. Determine the closed-loop bandwidth and the critical
and required values of %,.

12. A lead network (p + 1)/(0.3p + 1) is used with the servo of Prob. 1. In
addition, the feedback amplifier of Fig. 14.12 with the G(p) of Fig. 14.13 is used.
Repeat Prob. 11 for this case.

13. Design the lead network of Prob. 12 using two resistors and one capacitor to
be driven from a cathode follower (that is, a voltage source).

14. Determine the element values of the circuit of Fig. 14.14b to give the p-z of
Fig. 14.14a. Assume the network is driven from a voltage source.

15. A servo with its amplifier has an open-loop transfer function k,/[p(2p + 1)
(0.2p + 1)]. The over-all feedback is 6y + hpfy obtained by means of a tachometer.
Obtain the values of &, and & so that the closed-loop transfer function will be max-
imally flat.

16. A lag network (0.2p + 1)/(0.4p + 1) is placed in cascade with the open-loop
system of Prob. 15. With this lag network, repeat Prob. 15.
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17. A lead network (2p + 1)/(p + 1) is placed in cascade with the open-loop sys-
tem of Prob. 15. With this lead network, repeat Prob. 15.

18. Repeat Prob. 15 using a Q-D three-pole closed-loop tramsfer function and
compare values.

19. A servo is designed to regulate against varying load torques with no interest
in inputs 6;. Tachometer feedback is used to give behavior as described by eq.
1449, M T; =1, T, =02, T, = 0.3, and F = 1, what is k, so that the function
6o/T'r, will be fairly flat, and what is the bandwidth?

20. Suppose the function F in Prob. 19 and eq. 14.49 is a lead network (p + 1)/
(0.5p + 1). What value of k, is required so that the function 6o/7T7, will be approxi-
mately flat and what is the approximate bandwidth?

21. A simple servo with three poles including the one at the origin has &k, = 5
and a maximally flat three-pole closed-loop transfer function with a (normalized)
bandwidth of unity. Determine and plot the open-loop pole locations.

22. A cluster function (p + 0.1)/(p + 0.05) is added to the open-loop system of
Prob. 21. Determine the new velocity constant. Plot the resulting elosed-loop gain
function and compare with that of Prob. 21. It may be necessary to reduce the
new value of k, slightly in order to avoid a high-frequency peak. If so, what should
this adjusted value be?

23. Repeat Prob. 22 for the cluster functions:

a. (p +0.2)/(p +0.1).

b. {(p +0.2)/(p + 0.05).

¢. (p+01)/(p+02).

Compare results to those of Probs. 21 and 22.

24. Repeat Prob. 22 for the cluster function

{(p +0.1)(p +02)
(p + 0.05)(p + 0.15)

25. Add the cluster function (p + 0.1)/p to the servo of Prob. 21. Determine
the velocity constant and plot the closed-loop gain function.
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The source references to early and fundamental work by such men as
Cauer, Foster, Campbell, and others have been included, although their
contributions are adequately described in more recent texts in perhaps
more readable form.

The presentation and approach used by the author in matters relevant
to p-z represent a departure from standard methods. Consequently, in
most cases the treatment in other books will look different from that
here. However, if the reader looks between the lines of the references,
similarities will be found. Perhaps the greatest difference between the
author’s treatment and that of others is the striet adherence to the
phasor interpretation here; almost all the references that mention p-z
develop the concepts from potential theory, contour integration, and
analogs, or as a consequence of the Laplace transformation.
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the methods employed by the author. However, only a few of these
articles have been referenced because they are, for the most part, either
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York, 1935.
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1953.

3. W. R. Lepage and 8. Seely, General Network Analysis, McGraw-Hill Book Co.,
New York, 1952.

The prineipal departure of the present book from refs. 1, 2, and 3 is
the adoption of the superscript notation to avoid confusion between
admittances and impedances and other quantities arising from nodal
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and loop analyses. Also, the author has adopted the convention of
showing the negative sign in the off-diagonal terms. Reference 2 is
thorough in presenting graph theory as applied to electric networks.
As contrasted to this book, the references cited do not lay as much em-
phasis on the manipulation of ideal transformers and determinants. A
thorough review of determinants will be found in
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New York, 1949,
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reading) book
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Co., New York, 1945.

Bode’s book contains a large number of circuit theorems, many of
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The author assumes responsibility for the various classifications of net-
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Chapter 4. The locations of the p-z of specific kinds of networks
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found widely scattered in the literature and are often merely presented
with the assumption that the reader is already acquainted with the
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serious students of modern network theory, primarily because of the
diversified criteria that lead to a definition of a ‘“desirable’” network
function. Reference 3 has an elementary treatment of maximally flat
and Chebyshev functions (which were originally developed by mathe-
maticians rather than network theorists). Reference 1 discusses several
functions as applied to lattice filters. Scattered material can also be
found in ref. 6. Also see the references listed for Chap. 6. The treat-
ment of the general Q-D function originates with the author.

14. J. L. Stewart, “Quasi-Distortionless Filter Functions,” Trans. I.R.E., PGCT-2,
Dec. 1953, pp. 39-54.

Chapter 6. Material on modern network synthesis is continually
coming out in the literature and several advanced textbooks are cur-
rently being written. Of major importance is

15. D. F. Tuttle, Jr., Network Synthesis, John Wiley & Sons, New York, 1957.
Also of fundamental importance is the article

16. E. A, Guillemin, “A Summary of Modern Methods of Network Synthesis,”
Advances in Electronics, Vol. 3, Academic Press, New York, 1951.

Also see

17. “Proceedings of the Symposium on Modern Network Synthesis,” Polytechnie
Institute of Brooklyn, New York, 1952.
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In addition to these, a continuing series of transaction publications
by the Professional Group on Circuit Theory of the Institute of Radio
Engineers is of major importance. The papers published in these trans-
actions in many cases include those given at National and Western
conventions of the Institute of Radio Engineers. Convention papers
may be published separately as part of the “Convention Record.” Some
of these papers contain excellent and comprehensive bibliographies, for
example

18. 8. Winkler, “The Approximation Problem of Network Synthesis,”” Trans.
I.R.E., C'T-1, No. 3, Sept. 1954, pp. 5-20.

The design of the general maximally flat filter function is the author’s
own.

19. J. L. Stewart, “Shunt Capacitance and Maximally Flat Filter Design,” I.R.E.
Convention Record, Part 2, 1955, pp. 59-63.

A detailed study of ladder filters and their design for maximally flat,
Chebyshev, or linear-phase behavior will be found in

20. E. Green, Amplitude-Frequency Characteristics of Ladder Networks, Marconi’s
Wireless Telegraph Co., Marconi House, Chelmsford, Essex (England), 1954,

Of major importance to modern network synthesis is the (difficult to
read) article

21. 8. Darlington, “Synthesis of Reactance 4-Poles which Produce Prescribed In-
sertion Loss Characteristics,” J. Math. and Phys., Vol. 18, No. 4, 1939, pp. 257-353.

A fundamental treatment of optimum mismatch using Chebyshev
functions is given in

22. R. M. Fano, “Theoretical Limitations on the Broad-Band Matching of Im-
pedances,” J. Franklin Inst., Vol. 249, Jan./Feb. 1950, pp. 57-83, 139-154.

The limitations introduced by shunt capacitance were first subjected
to a critical analysis by Bode (ref. 6).
Additional references of importance (now mainly historical) are

23. C. M. Gewecrtz, Network Synthesis, Williams and Wilkins, Baltimore, 1933.
24. W. Cauer, Theorie der Linearen W echselstromschaltungen, Becker and Erler,
Leipzig, 1941. (Reprinted by Edwards Brothers, Ann Arbor, Mich., 1948.)

Chapters 7 and 8. The theory of image-matched filters dates back
many years and is treated in a large number of texts. One of the most
complete is ref. 1. Design data and tables will be found in

25. F. E. Terman, Radio Engineer’s Handbook, McGraw-Hill Book Co., New
York, 1943.
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A recent and fairly comprehensive text on the subject is
26. M. B. Reed, Electric Network Synthesis, Prentice-Hall, New York, 1955.
A very early text on image-matched filters is

27. T. E. Shea, Transmission Networks and Wave Filters, D. Van Nostrand Co.,
New York, 1929.

The invention of image-matching concepts is attributed to Campbell
and Zobel.

28. G. A. Campbell, “Physical Theory of Electric Wave Filters,” Bell System
Tech. J., Vol. 1, No. 1, 1922,

29. 0. J. Zobel, “Theory and Design of Uniform and Composite Electric Wave
Filters,” Bell System Tech. J., Vol. 2, No. 2, 1923.

Chapter 9. The study of the properties of tubes with the aid of p-z
nomenclature is evidently new. However, most of Chap. 9 is but a
slight extension of methods employed by almost every author of books
on electron-tube circuits, for example, ref. 25 and

30. F. E. Terman, Electronic and Radio Engineering, fourth edition, McGraw-Hill
Book Co., New York, 1955.

The behavior of tubes at very high frequencies is considered in

31. G. E. Valley and H. Wallman, Vacuum Tube Amplifiers, M.I.T. Radiation
Lab. Series, Vol. 18, McGraw-Hill Book Co., New York, 1948.
32. K. R. Spangenberg, Vacuum Tubes, McGraw-Hill Book Co., New York, 1948,

Chapters 10 and 11. Reference 31 is a fairly large book devoted
entirely to vacuum-tube amplifiers and is one of the best references on
this subject. Useful material can also be found in refs. 3, 25, and 30.
An elementary treatment somewhat similar to that in this book will be
found in

33. T. L. Martin, Jr., Electronic Circuits, Prentice-Hall, New York, 1955.
34. M. E. Van Valkenberg, Network Analysts, Prentice-Hall, New York, 1955.

Credit for the discovery of the maximally flat amplifier, and the origi-
nal basis for the design of isolated systems on a precision basis, should
go to Butterworth.

35. S. Butterworth, “On the Theory of Filter Amplifiers,” Exp. Wireless, Vol. 7,
Oct. 1930, pp. 536~541.

The importance of Butterworth’s work seems to have been overlooked
for a long time, until rediscovered and extended in 1941.

36. V. D. Landon, ‘“Cascade Amplifiers with Maximal Flatness,” RCA Rev., Vol.
5, Jan. 1941, pp. 347-362, and Vol. 5, Apr. 1941, pp. 481-497.
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Chapter 12. The most complete available treatment of feedback
amplifiers is ref. 6, in which the log-frequency design procedure (origi-
nated by Bode) is described in detail. In addition, almost every text
on electron-tube circuits has some material on feedback, for example,
refs. 25 and 30. However, none make free use of the phasor interpreta-
tion of p-z. The precision p-z method, including the concept of the
cluster function, originates with the author,

Data concerning analog computer amplifiers can be found in

37. I. A. Greenwood, J. V. Holdam, and D. Macrae, Electronic Instruments,
M.LT. Radiation Lab. Series, Vol. 21, McGraw-Hill Book Co., New York, 1948.

38. G. A. Korn and T. M. Korn, Electronic Analog Compuiers, McGraw-Hill
Book Co., New York, 1952.

Chapter 13. The author’s treatment of oscillators is somewhat dif-
ferent in detail from that described in the references; in particular, it is
more generalized. A comprehensive study of oscillators and an extensive
bibliography on the subject will be found in

39. W. A. Edson, Vacuum T'ube Oscillators, John Wiley & Sons, New York, 1953.

The behavior of oscillators at very high frequencies is analyzed in
detail in

40. D. R. Hamilton, J. K. Knipp, and J. B. H. Kuper, Klysirons and Microwave
Triodes, M.IT. Radiation Lab. Series, Vol. 7, McGraw-Hill Book Co., New York,
1948.

Studies of electronic tuning will not be found elsewhere except as ap-
plied to specific devices. The parallel-network oscillator originates with
the author.

41. J. L. Stewart, “Parallel-Network Oscillators,” Proc. I.R.E., Vol. 43, No. 5,
May 1955, pp. 589-595.

Chapter 14. This chapter on servomechanisms is just as applicable
to feedback amplifiers. The treatment is considerably different from
that found in most of the references, although the approach is in some
respects similar to

42. M. R. Aaron, “Synthesis of Feedback Control Systems by Means of Pole and
Zero Locations of the Closed Loop Function,” Trans. AIEE, Vol. 70, 1951, pp.
1439-1446.

43. J. G. Truxal, Automatic Feedback Control System Synthesis, McGraw-Hill Book
Co., New York, 1955.

Most of the important work pertaining to servomechanisms is re-
ported in the Transactions of the American Institute of Electrical
Engineers.
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Other general references to servomechanisms are not similar to Chap.
14, although they are many and varied. Perhaps of greatest value are

44. G. S. Brown and D. P. Campbell, Principles of Servomechanisms, John Wiley
& Sons, New York, 1948.

45. H. Chestnut and R. W. Mayer, Servomechanisms and Regulating System Design,
Vol. 2, John Wiley & Sons, New York, 1955.

46. H. M. James, N. B. Nichols, and R. 8. Phillips, Theory of Servomechanisms,
M.LT. Radiation Lab. Series, Vol. 25, McGraw-Hill Book Co., 1947.

47. 1. Lauer, R. Lesnick, and L. BE. Matson, Servomechanism Fundamentals,
MecGraw-Hill Book Co., New York, 1947.
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Adding amplifier, 288 Analog, 97
Admittance, see Immittance Analog computer amplifier, 282, 284, 404
Advantage factor, for gain bandwidth, | Analytic function, 58
321 Approximation, 91, 151
for gain/rise time, 331 Argument, 57
Algebra, fundamental law, 64 Arithmetic symmetry, 138
All-pass network, 93, 259 Automatic volume control, 329
All-pole network, 181 Available power, 197
Amplification factor, 269
Amplifier, adding, 288 Back voltage, 445
analog computer, 282, 284, 404 Band-elimination, function, 96
cascade, 158, 301 transformation, 139
cascode, 363 Band-pass, function, 71, 95
cathode follower, 272, 277, 296, 310 transformation, 137, 139
choke feed for, 339 Bandwidth, degradation of, 383, 395
class-A, 295 half-power, 92, 137, 344
compensation for servomechanism, 456 narrowing of, 158, 320
differentiating, 414 ratio of, 92
direct-coupled, 407 tolerance, 162, 206
feedback pair, band-pass, 3563 Bartlett’s theorem, 232
feedback pair, low-pass, 316, 322, 326 | Bias, 292
four-terminal interstage for, 311 Bias line, 292
gain control for, 329 Bilateral network, 22, 32
graded filters for, 368 Bisection theorem, 232
grounded-cathode, 271 Branch, 10
grounded-grid, 265, 274 Brick-wall function, 151
grounded-plate, see Cathode follower Bridge network, 94, 96
integrating, 413 Bridged-T network, 233, 260
inverting, 405 Building block, 303
null network feedback, 355, 377 Butterworth function, see Maximally flat
push-pull, 289 function
R-C, 320, 324 By-passing, 318, 388
regenerative, 358
stagger-damped, 347 Cancellation, p-z, 90
stagger-tuned, 344 Canonic networks, 118
subtracting, 289 Capacitance, 2, 6
summing, 413 grid-to-cathode, 276
synchronous-tuned, 344 grid-to-plate, 281
transformer-coupled, 313 negative, 283
tuning of, 328 ratio of input to output, 206
twin-T feedback, 355, 377 Capacitance-coupled double-tuned cir-
two-terminal interstage for, 305 cuit, 145, 349
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Cascade stages, 158, 301
Cascode amplifier, 363
Cathode, 267
bias, 292
degeneration, 310
follower, 272, 277, 296, 310
impedance, 307
lead inductance, 270, 279, 438
peaking, 309, 338
Cauer network, 116
Center frequency, 137
Characteristic curves for tubes, 268,
285
Characteristic resistance of filters, 240,
242
Chebyshev, functions, 159, 247, 263
polynomials, 161
Choke feed, 339
Class-A operation, 294
Closed-loop transfer function, 374
Cluster function, 402, 464
Coefficient of coupling, 5
Coefficients, of maximally flat function,
157
of polynomials, 64
Colpitts oscillator, 421
Compensation, amplifier for servomech-
anism, 456
circuit for low frequency, 318
function for servomechanism, 453
function for transient response, 336
Complex feedback, 397
Complex variable, 57
Composite amplifier, 326
Composite filter, 252
Computer, see Analog computer amplifier
Conjugate-analytic function, 58, 62
Constant-k filter, 241
Constant-resistance network, 225, 258
Continued fractions, 75
Contours of constant gain, 386
Cosinusoid, 104
Coupling coefficient, 5
Coupling network, 318
stability with, 388
Critical coupling, in double-tuned eir-
cuits, 346
Critical frequency for oscillation, 376
Critical gain for oscillation, 433, 449
Crossover frequency, 136
Crystal, 424
filter, 427
harmonics, 425
oscillator, 427
Current feedback, 34, 381
Current generator, 11, 17
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Current insertion ratio, 223
Cutoff bias, 295

Darlington network, 177, 196, 201
Darlington’s theorem, 177
Decomposition of lattice, 234
Degenerative feedback, 34
Delay, 333
Delay function, 95, 97, 168
Derivative control, 465
Derivative function, 96, 172
Derivative operator, 19
Determinant, 20
Determinant manipulation, 42
Differentiating amplifier, 414
Direct-coupled amplifier, 407
D-c magnetization, 316
Distinct p-z, 72
Distortion, 391
Dominant pole, 342
Dot convention, 4
Double-tuned circuit, capacitance-cou-
pled, 145, 349
factorization, 351, 352
mutually coupled, 143, 345
Dual networks, 38

Efficiency of conversion, 294
Electron-coupled oscillator, 424
End section, 248

Equal ripple, see Chebyshev
Equilization, see Compensation
Equivalent network, 43

Error voltage, 446

Essential singularity, 59

Even function, 68

Even part, 66

Excess immittance, 193
Exchange of sources, 17
Expansion in integrals, 99
Exponential function, 97, 168

Factoring, numerical methods, 127, 132
of double-tuned circuits, 351, 352
Feedback, complex, 397
current, 34
degenerative, 34
regenerative, 34, 358
voltage, 34
Feedback factor, 375
Feedback network, definition, 33
Feedback pair, band-pass, 353
low-pass, 316, 322, 326
Ferroelectric tuning, 428
Ferromagnetic tuning, 428
Filters, graded, 368
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Fixed bias, 292
Foster network, 118
Four-terminal interstage, 311
Frequency, 18
multiplication, 366
normalization, 124
Frequency transformation, 135
band elimination, 139
band-pass, 137, 139
high-pass, 135
Fundamental law of algebra, 64

Gain-bandwidth product, 311, 319, 322

of all-pole filters, 207

of maximally flat amplifier, 327
Gain control, 329
Gain function, 71
Gain/rise time, 331
Gear ratio, 448
Geometric symmetry, 137
Gewertz’ method, 190
Graded filters, 368
Graph of a network, 10
Green’s function, 101
Grid-leak bias, 293
Grid-to-cathode capacitance, 276
Grid-to-plate capacitance, 281
Ground, 10
Ground loop, 368
Grounded-cathode amplifier, 271
Grounded-grid amplifier, 274, 365
Grounded-plate amplifier, see Cathode

follower

Half-power bandwidth, 92, 137
Hartley oscillator, 423

Heaviside calculus, 98

High-pass function, 95

High-pass transformation, 135
Hurwitz polynomial, 65, 77, 88, 129

Image impedance, 216, 218, 222, 229

Image match, 216

Imaginary axis, 57

Imaginary part, 19-

Immittance, 24
excess, 193
input, see Input impedance
output, see Output impedance
transfer, 25

Impedance, see Immittance

Impedance, matching, 256
normalization, 47, 122
transformation, 47

Impulse, 98

Impulse response, 98
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Incidental dissipation, 88, 90
Inductance, 2, 6
leakage, 5
mutual, 3
negative, 5, 8
Induction motor, 446
Inertia, 444
Infinite product, 79
Initial conditions, 17, 104, 111
Initial slope, 335
Initial value, 111
Input impedance, 25, 113
of bilateral networks, 87, 128
of L-C networks, 88
of R-C and R-L networks, 89
of T and pi networks, 214
with grid-to-ground impedance, 276,
281
with grid-to-plate impedance, 281, 284
Integral control, 465
Integrating, amplifier, 413
function, 96
servomechanism, 463
Interaction factor, 228, 245
Internal disturbance with feedback, 378
Insertion ratio, 223
Inversion of bands, 241
Inverting amplifier, 405
Isolated amplifier stages, 303
Isolated network, 33
Tterative match, 216

Kirchhoft’s laws, 9

L network, 228

L section, 238

Ladder, L-C, 187
network, 38, 93

Lag, compensation, 385, 451
function, 95, 97, 168

Laplace transform, 104, 106

Lattice, 94, 96, 230
constant-resistance, 258
decomposition, 234
equivalent, 232
image-matched filter, 261

Lead, compensation, 385, 451, 464
function, 95, 97, 169
network, 451

Lead inductance, cathode, 270, 279, 438

Left half-plane, 59

Linear-phase circuit, 333

Linear-phase function, 163

Linearity, 18

Load, effect of feedback, 380
servomechanism, 460
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Load line, 291

Locus diagram, 128

Locus plane, 127

Loop equation, 14

Loops, number of, 10

Low-frequency behavior, 318

Low-frequency compensation, 318, 334,
390

Low-pass function, 71, 94

m-derived filter, 247
Matching network, 256
Maximally flat, coefficients, 157
filter, 203
function, 152, 244, 247, 263
transient response, 332
Maximally flat phase, 166
Maximum power, 31, 224
Mean gain, 320
Miller capacitance, 366, 369
Miller effect, 281
Minimum phase, 93
Minimum reactance and susceptance, 193
Minor, 21
Minor loop, 454
Mismatch, 206, 225, 244
Motor, 443
Multiply-derived filter, 254
Mutual impedance, 21
Mutual inductance, 3
Mutually coupled double-tuned circuit,
143, 345

Narrow-band approximation, 142, 144
Narrowing, bandwidth, 158
Negative, capacitance, 283
inductance, 5, 8
resistance, 86
Negatives, 67
Neutralization, 281, 366
Node equation, 12
Node pairs, number of, 10
Nonlinear operation, 295
Nonlinear resistor, 435
Nonminimum phase, 93
Nonplanar network, 36
Normalization, frequency, 124
impedance, 47, 122
Norton’s theorem, 30
Null function, see Band-elimination func-
tion
Null network feedback amplifier, 355, 377
Nyquist plot, 129, 375

0Odd function, 68
0Odd part, 66

Index

Open-circuit parameters, 212
Open-loop bandwidth, 383
Open-loop transfer function, 374
Operating point, 290
Operator, derivative, 19
even part, 68
imaginary part, 19
odd part, 66
real part, 19
Oscillation frequency, 416
Oscillator, 85
amplitude control, 435
frequency, 417
gain, 434
tuning, 428
waveform, 436
Oscillators, Colpitts, 421
electron-coupled, 424
Hartley, 423
parallel-network, 432
phase shift, 359, 416, 420, 422
R-C, 429
reactance-modulated, 431
tuned-grid, 362
tuned-plate tuned-grid, 423
Output impedance, 273
with feedback, 380
Output transformer, 399
Overshoot, 331

p equations, 68
P plane, 57
p-z, cancellation of, 90
distinct, 72
Parallel-network oscillator, 432
Parallel-resonant circuit, 37, 86, 91
Partial fractions, 72, 81
Pass band, 239
Pentode, 284
Phase, function, 71
linear, 163
maximally flat, 166
minimum, 93
nonminimum, 93
Phase-shift oscillator, 359, 416, 420, 122
Phasor, 59
P1 network, 41, 214, 229, 437
Pi section, 238
Plate dissipation, 290
Plate resistance, 269
Point of infinite gain, 217
Point of infinite loss, 217
Pole, 56
Pole at infinity, 184
Polynomial, 64
Chebyshev, 161



Polynomial, coefficients, 64
Hurwitz, 65, 77, 88, 129
quadrantal symmetry, 66
reactance, 65

Positive-real criterion, 87, 109

Power ratio, insertion, 223

Prediction function, 169

Predistortion, 90

Pulse response, 336

Push-pull amplifier, 289

Q (quality factor), 92, 344
Quadrantal symmetry, 66
Quasi-distortionless function, 168, 332

R-C, amplifier, 320, 324
by-pass circuit, 307, 310, 318, 388
coupling eircuit, 318, 388
network, 68, 89, 121
oscillator, 429
product, 318

R-L network, 89, 121

Ramp function, see Slope function

Rational fraction, 64

Reactance, 78, 87
minimum, 193
modulated oscillator, 431
modulator, 429
polynomial, 65
tube, 429

Real axis, 57

Real part, 19, 190

Reciprocal network, 37, 92

Reciprocity, 26, 28

Rectangular plot, 130

Reference node, 9

Reflection coeflicient, 197

Regeneration, 34, 358, 367
amplifier, 358
detector, 359, 362

Regulator, feedback, 443

Relative speed, 331

Relaxation oscillation, 85

Residue, 74

Resistance, 2, 6
negative, 86
nonlinear, 4356
tuning in oscillators, 429

Resonant by-passing, 280

Resonant frequency, 92

Resonant oscillator, 422

Reverse funetion, 217, 223

Right half-plane, 59

Ripple tolerance, 162

Rise time, 331

Routh’s criterion, 77
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Sag, 334
Saturation, 328, 390
Screen, impedance in series with, 287,
310
source resistance, 288
voltage supply, 293
Secondary electrons, 284
Selectivity, 92
Self-impedance, 21
Separate part, 9
Separation property of p-z, 88, 89
Series-derived section, 249
Series-peaked circuit, 69
frequency transformation, 135
gain-bandwidth, 321, 325
normalization, 126
synthesis, 200
transformer equivalent, 315
transient response, 332
Series-resonant circuit, 37, 92
Series-shunt-peaked circuit, 313, 333
Servomechanism, 443
Short-circuit parameters, 212
Shunt capacitance, 206
Shunt-derived section, 253
Shunt-peaked circuit, 114, 307
cluster function, 403
compensating, 384
gain-bandwidth, 156, 324
normalization, 126
synthesis, 155, 193
transient response, 332
Signal bias, 293
Simple p-z, 72
Single-loop feedback, 373
Single-tuned amplifier, see Synchronous
tuning
Single-tuned circuit, see Parallel-resonant
circuit ’
Single-tuned mutually coupled circuit,
348
Singularity, 56
essential, 59
Sinusoid, 103
Slope function, 103
Source transformation, 17
Stage, 33
Stagger-damped amplifier, 347
Stagger tuning, 344
Steady state, 18, 107
Step funection, 99
Step-function response, 103, 330
Stop band, 239
Stray capacitance, 270, 305
Subtracting circuit, 288
Summing amplifier, 413
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Superposition, 23, 27

Superregenerative detector, 363

Susceptance, minimum, 193

Susceptance polynomial, see Reactance
polynomial

Symmetric network, 32, 44

Synchro, 447

Synchronous tuning, 344

T network, 41, 214, 229, 437
T section, 238
Tachometer feedback, 459, 464
Tangent function, 77, 165
Taylor approximation, see Maximally
flat function
Termination, 243, 245
Tetrode, 285
Thévenin’s theorem, 28
Time constant, 318
Time series, 111
Tolerance bandwidth, 162, 206
Tolerance, ripple, 162
Torque constant, 444
Transconductance, 269
Transfer function, 27, 82, 131
Transfer immittance, 25
Transformation, band-elimination, 139
band-pass, 137, 139
frequency, 135
high-pass, 135
impedance, 47
source, 17
Transformer, equivalent, 9
feedback amplifier with, 400
ideal, 6
interstage circuit, 313
pi equivalent, 5
referring elements, 7

Index

Transformer, T equivalent, 5

turns ratio, 6
Transit time, 230, 438
Transitional coupling, see Critical cou-

pling in double-tuned circuits

Translation theorem, 112
Transmission line, 119
Trigonometric formulas, 49
Triode, 267, 270
Tschebysheff, see Chebyshev
Tuned-grid oscillator, 362
Tuned-plate tuned-grid oscillator, 423
Tuning adjustments, 328
Tuning fork, 425
Twin-T feedback amplifier, 355, 377
Twin-T network, 96
Two-terminal impedance, 342
Two-terminal interstage, 305
Two-terminal pair, 211

Unilateral network, 32
Unit cosinusoid, 104
Unit impulse, 98, 110
Unit sinusoid, 103
Unit step function, 99
Unstable network, 32

Vector, see Phasor
Velocity constant, 444
Viscous friction, 444
Voltage divider, 30
Voltage feedback, 34, 381
Voltage generator, 14, 17
Voltage insertion ratio, 223

Zero, 56
Zero at infinity, 184
Zero locations, 84
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