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PREFACE 

THIS BOOK HAS BEEN WRITTEN PRIMARILY FOR COLLEGE AND UNIVERSITY 

students. Most of the material included in the book has been used dur
ing the past ten years in note form by students enrolled in the electrical 
engineering and engineering physics curricula at The Ohio State Uni
versity. Course prerequisites have included mathematics through 
differential and integral calculus, one year of physics at the sophomore 
level, and one year of work in circuit theory including some treatment 
of differential equations, transients, and Fourier series. The material 
is sufficient for a two-semester course and has been used at The Ohio 
State University during the last quarter of the third year and the first 
quarter of the fourth year of the electrical engineering curriculum. 

The fundamental emphasis of this book is devoted to the circuit 
theory and not to the physics of electron devices. It is believed that 
analysis for the beginning student of electron devices should be limited 
at first to the circuit properties of the device, properties that can be 
determined by measurements at available terminals. Analysis of more 
difficult internal complexities may be deferred until circuit experience, 
confidence, and additional maturity have been developed by the student. 
The usual background of mathematics, physics, and electric circuit 
theory available to the third- or fourth-year engineering student serves 
quite well as preparation for the initial linear circuit theory of electron 
devices, but is inadequate for a thorough appreciation of an analysis 
carried to the level of electron dynamics and electron emission theory. 
These ideas based upon experience in years of teaching have led to the 
arrangement of this book. Some electron and ion physics is, of course, 
necessary, but this material has been integrated in the circuit theory 
where needed and is usually sufficient to satisfy the natural curiosity of 
the thorough student. At The Ohio State University, the material of 
this book is followed by course material devoted primarily to the physics 
of electron devices including field theory, electron dynamics, kinetic 
theory of gases, noise phenomena, and electron emission theory. By the 
time this more difficult material is presented the student has made con-
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vi PREFACE 

siderable progress in his understanding of the electron device as a circuit 
component and is prepared to appreciate an analysis of the internal 
complexities of the device. 

The vacuum tube and the transistor as operated in the linear region 
of their characteristics have been treated in this book as four-terminal 
networks using the generalized admittance or impedance parameters of 
four-pole theory. This method was suggested to me by Mr. J. A. Morton 
of the Bell Telephone Laboratories. Much of the philosophy of presenta
tion of the material of this book and some of the material as well have 
resulted from conferences and correspondence with Mr. Morton. It is 
a pleasure to acknowledge my indebtedness to him. 

I am sincerely grateful to my colleagues at The Ohio State University 
for their many constructive criticisms and suggestions, and to students 
whose questions have often led to an improvement in presentation. Pro
fessor E. E. Dreese, chairman of the department of electrical engineer
ing, has consistently encouraged the completion of the book and has 
offered valuable suggestions for its improvement. I am indebted to 
Professor W. G. Dow of the University of Michigan for introducing me 
to the field of electronics and for his continued interest in and appraisal 
of this book. All of the typing and processing of notes and manuscript 
involved in the preparation of this book has been done by Genevieve E. 
Bohrman whose skillful assistance has been invaluable and is gratefully 
acknowledged. It also seems appropriate to acknowledge my debt of 
gratitude to my wife, Nevada, for her encouragement and for her patient 
acceptance of the encroachment of manuscript preparation upon free 
time. 

E. MILTON BOONE 
Columbus, Ohio 
April 1953 



CONTENTS 

1 • Diodes, Triodes, and Equivalent Circuits 

2 • Tetrodes, Pentodes, and Equivalent Circuits 

3 • Audio-Frequency Voltage Amplifiers 

4 • The Audio-Amplifier Power Stage 

5 • Gas-Filled Tubes as Circuit Elements 

6 • Single-Phase Rectifiers and Power Supplies 

7 • Polyphase Rectifiers 

8 • Tuned Radio-Frequency and Band-Pass Amplifiers 

9 • Radio-Frequency Power Amplifiers 

10 • Vacuum-Tube Oscillators 

11 • Modulation and Demodulation 

12 • Circuit Theory of Transistors 

Index 

vii 

1 

53 

76 

149 

168 

188 

226 

249 

290 

321 

355 

415 

471 





Introduction 

CHAPTER 1 

DIODES, TRIODES, AND 
EQUIVALENT CIRCUITS 

The study of electron devices has become an important and an 
essential part of any curriculum in electrical engineering. The uses of 
electron tubes are so numerous and so varied in complicated communi
cation and industrial-control systems that it becomes necessary to 
consider the electron tube in rather general terms as a circuit element 
of certain particular properties. These circuit properties of electron 
tubes and other electron devices may be analyzed in their dependence 
upon the design of the component elements of the device, or they may 
be determined for practical application by a consideration of the device 
in its envelope as a "black box" from which extend certain terminals at 
which energy, force, voltage, etc. may be impressed and the resulting 
response measured. The latter point of view has the distinct advan
tage of permitting the intelligent use of the electron device as a circuit 
component without a prior knowledge of its interior complexities. 

Engineering consists of a combination of the processes of analysis 
and synthesis. Analysis usually precedes synthesis, but it is of extreme 
importance that analysis be carried only so far as may be required for 
intelligent and efficient synthesis. For example, one may analyze a 
building designed to be a home in terms of its functional parts-kitchen, 
living room, bedrooms, bath, laundry, furnace room, and so on. The 
analysis may proceed much further, however, to include the concrete 
block, brick, cement, lumber, nails, pipes, and other components. The 
degree to which the analysis is carried depends upon the purpose to be 
served. Most electrical engineers who use electron tubes are concerned 
with the utilization of these tubes as component parts of systems. For 
such use, it is unnecessary to carry analysis to the level of complexity 
that becomes essential when the synthetic product is the tube itself. 
The tube engineer and the physicist must analyze the electron tube in 
terms of its dependence upon the materials of which it is built, the 
physical nature of these materials, and the effect of electric and mag-

1 



2 DIODES, TRIODES, AND EQUIVALENT CIRCUITS Ch. 1 

netic field forces upon the motion of electrons within the device. Such 
analysis is complicated and difficult and may be postponed until the 
student has become familiar with the circuit behavior of electron tubes 
as determined at the available terminals of the tube. 

1-1. Electron-Tube Definitions 
Before proceeding with the circuit analysis of electron tubes, it is 

important to define certain terms in common use. It is assumed that 
the word "electron" has a definite meaning to the student from previous 
study or reading in physics, but it is not proposed to define the electron 
in this book. 

The standard definitions proposed by the Institute of Radio Engi
neers for several important terms are given in the following list: 

Electron tube. An electron tube is a device in which conduction of 
electricity takes place between two or more electrodes through an en
closed vacuum, gas, or vapor. 

Vacuum tube. A vacuum tube is an electron tube evacuated to such 
a degree that its electrical characteristics are essentially unaffected by 
the presence of residual gas or vapor. 

Gas tube. A gas tube is an electron tube in which the electrical char
acteristics are substantially affected by the presence of an enclosed gas 
or vapor. 

Element (of an electron tube). An element of an electron tube is an 
integral part of the tube which contributes to its operation. 

Electrode ( of an electron tube). An electrode of an electron tube is a 
conducting element that performs one or more of the functions of emit
ting, collecting, or controlling by an electric field the movements of 
electrons or ions. 

Thermionic tube. A thermionic tube is an electron tube in which one 
of the electrodes is heated for the purpose of causing electron or ion 
emission from that electrode. 

Cathode. A cathode of an electron tube is an electrode through which 
a primary stream of electrons enters the interelectrode space. 

Anode. An anode of an electron tube is an electrode through which a 
principal stream of electrons leaves the interelectrode space. 

Grid. The grid of an electron tube is an electrode having one or more 
openings for the passage of electrons or ions. (ASA* definition, 1941) 
It is the function of the grid to control the flow of electrons between 
electrodes by controlling the electric field in the interelectrode space. 

* American Standards Association. 



Ch.1 VACUUM-TUBE SYMBOLS 3 

1-2. Vacuum-Tube Symbols 
Vacuum tubes are designated in circuit diagrams by certain standard 

symbols. A few of these, essential for present use, are shown in the 
accompanying diagrams. 

Vacuum tube 

Two- electrode tube 
or diode 

Three-electrode tube 
or triode 

Four-electrode tube 
or tetrode 

Five- electrode tu be 
or pentode 

Circuit symbol 

,-k;ode or pl~ 

'f' Cathode 'P' 
Heater- type 

cathode 

Control 

grid 

Filamentary
type cathode 

The first part of this text is devoted to the study of the high-vacuum 
tube and its circuit behavior. Later chapters will be concerned with the 
gas tube and associated circuits. 

A considerable knowledge of the circuit behavior of vacuum tubes 
may be developed from data obtained by measurements made at the 
available terminals of the tube if it is assumed that: (1) The electrons 
set free at a hot cathode are free to move through the interelectrode 
space under the influence of electric-field forces present in that space; 
(2) the electron current to or from an electrode under normal operating 
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conditions of the vacuum tube is dependent only upon electrode poten
tials and not upon the nature of the heated cathode. The last statement 
is true for tubes operated in accordance with usual design specifica
tions. 

1-3. Vacuum-Tube Static Characteristics 
"The electrode current * of an electron tube is the current passing to 

or from an electrode through the interelectrode space. Note. The 
terms cathode current, grid current, anode current, plate current, etc. 
are used to designate electrode currents for these specific electrodes. 
Unless otherwise stated, it is understood that an electrode current is 
measured at the available terminal." 

The measured values of electrode currents as dependent upon voltages 
applied to the tube electrodes may be plotted, and the resulting curves 
are termed the tube static characteristics. The word "static" refers to 
the fact that the changes in electrode voltages are made so slowly that 
the capacitance existing between electrodes has a negligible effect upon 
electrode currents. 

1-4. The Diode Current-Voltage Characteristic 

With a thermionic diode connected as shown in Fig. 1-1, and with 
the cathode or filament heated to the rated temperature by adjusting 
the filament current, the volt-ampere tube characteristic may be ob-

FIG. 1-1. Circuit for obtaining the diode characteristic. 

tained by varying the anode voltage and reading the anode current by 
means of the milliammeter A. A typical volt-ampere characteristic is 
shown in Fig. 1-2, in which the anode or plate voltage eb is plotted as 
abscissa, and the plate current ib as ordinate. This curve is referred to 
as a plate characteristic. 

• IRE Standard definition. 
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It is evident from Fig. 1-2 that the diode is a nonlinear circuit element, 
since the derivative dib/ deb is not constant. The characteristic of a 
linear circuit element such as a resistor is a straight line through the 
origin. The slope of the line, dib/ deb, is constant for a linear circuit 
element and equal to the variational conductance of the element. For 
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Fra. 1-2. Diode characteristic, type-81 rectifier. 

the diode, the quantity dib/ deb is a function of eb and is called the plate 
conductance gp. Its reciprocal is defined as the plate resistance, or 

The plate resistance rp as just defined is sometimes referred to as the 
a-c or variational plate resistance. It is used as a circuit constant when 
the anode voltage varies by such small amounts above and below a 
steady average value that the portion of the characteristic involved is 
approximately a straight line. For a fixed direct voltage, the d-c plate 
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resistance would be used, and is defined as 

where Eb is any plate voltage and Ibis the corresponding value of plate 
current. From the diode characteristics of Fig. 1-2, the a-c plate re
sistance of the type 81 at 80 volts is given exactly by the slope of the 
curve at 80 volts and is found to be approximately 410 ohms. At the 
same plate voltage the d-c plate resistance is Rb = 80/(130 • 10-3) 

= 615 ohms. 
If a diode is connected in an a-c circuit as shown in Fig. 1-3, the anode 

will remain positive with respect to the cathode only during the positive 

a 

FIG. 1-3. 

b 

Diode rectifier circuit. 

half-cycle of the supply voltage. 
When the anode becomes negative 
the cathode becomes positive, re
straining electrons from leaving the 
cathode. (Heater connections are 
not shown in the diagram.) Thus, 
current flows when the anode is 
positive and does not flow when the 
anode is negative. The direction 
of positive sense of current flow as 
indicated by the arrow (Fig. 1-3) is 
opposite to the direction of negative 

electron flow. The diode in Fig. 1-3 is then acting as a rectifier, and a 
battery inserted between a and b with its positive terminal at a will re
ceive a pulsating charging current which flows only in the direction a 
to b. If the applied-voltage wave form is shown and is plotted to the 
same voltage scale as used for eb, the current wave form may be ob
tained by use of the plate characteristic, as shown in Fig. 1-4. Point 1 
on the plate voltage wave corresponds to point 1' on the plate current 
wave. The time axes are plotted to the same scale. The tube current 
corresponding to the voltage at point 1 is determined by projecting 
vertically upward from point 1 to the tube characteristic and thence 
horizontally to the current axis. This current is then properly located 
on the time axis by laying off the angular distance 0 as shown in Fig. 1-4. 

If a resistance load is inserted in series with the diode of Fig. 1-3, the 
plate current wave form can be obtained by a technique similar to that 
employed in Fig. 1-4 if the d-c characteristic for the combined tube and 
load is first found. The new d-c characteristic is determined by the 
voltage drops in both tube and resistance load, and it may be defined as 
the composite characteristic. Since an exact mathematical expression is 
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7 

wt 

not available for the nonlinear tube characteristic, the composite tube
and-circuit characteristic is determined graphically, as shown in Fig. 1-5, 
in which the tube voltage eb is added to the voltage drop across the re
sistor for a given ib in obtaining a point on the composite characteristic. 
Thus, the applied voltage is e = ibR + eb for points on the composite 
characteristic. The tube characteristic must first be obtained experi
mentally. For a given applied alternating plate voltage, the resulting 
plate current wave form may now be determined point by point from 
the composite characteristic as previously shown in Fig. 1-4. 

In Fig. 1-6 is shown a circuit similar to that of Fig. 1-5 except that a 
battery has been included. The effect of the battery, as shown, has 
been to shift the origin of the alternating plate voltage to point Q on 
the composite characteristic. The instantaneous value of the a-c com
ponent of applied voltage referred to the origin at Q is represented by 
the symbol e, and the corresponding instantaneous value of the a-c com-
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Ch. 1 

ponent of plate current referred to the same origin is represented by ip. 
The resulting plate current now consists of two components, one alter
nating, one direct. The value of the d-c component if e is made zero is 
IQ; I avg is the average or d-c component resulting from the application 
of e + Ebb; Iavg and IQ differ from each other because the tube-and
circuit characteristic is not linear. If the maximum value of the alter
nating plate voltage is small, the used portion of the characteristic 
approximates a straight line, and IQ~ I avg• As far as the superposed 
alternating voltage is concerned, the approximately linear characteristic 
is described by an a-c resistance given by the reciprocal of its slope. If 
R were zero, this a-c resistance would be rp. 
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FIG. 1-6. Use of the composite characteristic. 

1-5. Triode Static Characteristics 
The diode current-voltage characteristic ib = f(eb) of Section 1-4 

may be described mathematically from a consideration of the motion of 
electrons in the electric field in the tube. The derivation of an equation 
for the curve ib = f(eb) will be postponed until the circuit properties of 
the tube have been studied. It should be evident from the experimental 
data, however, that the diode behaves as a variable resistance of value 
depending upon the magnitude of the applied anode voltage, provided: 
(1) that the frequencies of any a-c components of plate voltage are low 
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enough that the quantity jwCpke is negligible compared with the electron 
conduction current flowing in the interelectrode space; (e is the instan
taneous a-c component of voltage, plate to cathode; Cpk is the capaci
tance between anode and cathode of the tube, and w = 21rf is the angu
lar frequency of the a-c component of plate voltage); (2) that the cathode 
is capable of supplying at least as many electrons to the plate as are 
called for by the voltages applied. Under these conditions it is found 
that the relation 

ib = ke/2 amperes (1-1) 

where k is a constant, is a good approximation for the diode static char
acteristic. 

The use of a third electrode between the cathode and the anode of 
the high-vacuum electron tube was introduced by De Forest in 1907. 
In modern three-electrode tubes or triodes, the third electrode consists 
of a grid of fine wires which permit free passage of the electrons through 
the spaces between the wires. The electric field at the cathode surface 
is controlled by controlling the electric potential of the grid relative to 
the cathode, with the result that the anode current is dependent upon 
the grid voltage, and can be varied by changing either the plate or grid 
voltage. The anode current ib now becomes a function of two voltages 
or, symbolically, 

(1-2) 

where eb is the anode voltage and ec the grid voltage, each referred to the 
cathode as reference. With three variables involved, a plot of the func
tion ib would be a surface of three dimensions. Because a surface is 
rather inconvenient to sketch, it is perhaps preferable to hold one varia
ble constant while plotting the variation of another variable as a function 
of the third. In this way three families of curves characteristic of the 
triode are obtained: 

(a) The plate characteristics, ib = F1 (eb), with ec constant. 
(b) The mutual or transfer characteristics, ib = F2 (ec), with eb 

constant. 
(c) The anode-voltage-grid-voltage characteristics, eb = F3 (ec), with 

ib constant. 

Typical plate, mutual, and anode-grid families for the type-6C5 tube are 
shown in the sketches (Figs. 1-7, 1-8, and 1-9). 

1-6. The Triode Coefficients 
The slopes of the families of triode characteristics are significant in 

tube and circuit analysis. From the plate family (Fig. 1-7) the plate 
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conductance gP is defined by the relation 

gp = aib/aeb 
and the plate resistance 

(1-3) 

(1-4) 

Examination of the curves shows that, as for the diode, these quantities 
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are not constant. From the mutual family (Fig. 1-8) the slope 

(1-5) 

is defined as the grid-plate transconductance. In regard to the grid-anode 
family of Fig. 1-9, it is evident that the slope is a pure numeric, and the 
ratio aeb/ aec, for one of the curves at constant ib, is a measure of the 
relative effectiveness of the grid and anode in controlling the plate cur
rent ib. Thus, for a change Aec in increasingly negative grid voltage a 
positive change Aeb in anode voltage is required if the current is to re
main constant. Since the grid wires are much closer to the cathode 
than is the anode, Aeb » Aec and the ratio is greater than 1. The 
quantity 

(1-6) 

is defined as the tube amplification factor and is fairly constant for nega
tive grid voltages. 

The similarity in shape of the triode plate characteristics with the 
diode characteristic should be noted. In the triode the anode current 
is found to depend on an equivalent anode voltage (eb + µec). Both 
theoretical and experimental justification exist for the following equa
tion applying to triode plate current: 

(1-7) 

The quantities B and n are constants which are easily determined 
experimentally. For triodes with indireotly heated, equipotential 
cathodes, n is approximately 1.5. The quantity (eb + µec) is called 
the equivalent diode voltage: diode current-voltage equations are found to 
apply quite well to triodes if the diode plate voltage is replaced by 
(eb + µec), It should be noted that ib = 0 for ec = -eb/µ, which is a 
convenient relation for determining the required negative grid voltage 
for effective plate current cutoff, or conversely, for determining µ (ap
proximately) if the cutoff voltage is determined experimentally. 

1-7. Relation between the Triode Coefficients 
Equation 1-2 states that the plate current is simultaneously dependent 

upon values of the plate voltage and the grid voltage. The effect of 
changes of plate and of grid voltages upon the plate current may be 
predicted graphically by the following procedure, as illustrated in 
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Fig. 1-10. First, an initial value of plate current is chosen at Q on the 
plate diagram. With grid voltage held constant, the plate voltage is in
creased by the amount Aeb, and the plate current is seen to increase by 
an amount Aib1 to point M on the ec = Ee plate characteristic. The 
corresponding points Q and M are located on separate mutual character
istics on the mutual diagram. Next, with eb held constant at the new 
value of Eb+ Aeb on the mutual diagram, ec is increased in a positive 

Mutual diagram Plate diagram 

__i_ 

Frn. 1-10. Changes in plate current of a triode resulting from a change, first, in plate 
voltage with grid voltage constant and, second, in grid voltage with plate voltage 

constant. 

direction (made less negative) by an amount Aec, The result is a second 
increase in plate current Aib2 to point Pon the mutual diagram. The 
total change in plate current is then 

and may be computed from Fig. 1-10. Thus, 

8ib 
Aib1 = Aeb tan 01 = Aeb

aeb 

and 

Then 

8ib 
Aib2 = Aec tan 02 = Aec -

aec 
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a relation that is, of course, just the statement of the approximate total 
increment of a function of two independent variables. The relation 

(1-8) 

is the total differential of the plate current obtained from Eq. 1-2. It is 
the graphical significance of this relation for the triode that has just 
been illustrated in Fig. 1-10. 

If now the changes ~eb and ~ec are chosen such that ibis held constant, 
as in Fig. 1-9, dib = 0, and, from Eq. 1-8, 

(
deb) = _aeb = 

dee (ib constant) aec 

aib/aec 
----

ah/aeb 
(1-9) 

or the relation between the triode coefficients becomes 

(1-10) 

The most obvious method of obtaining values for the individual 
triode coefficients is to plot from the experimental data the families of 

Ecc (bias battery) 

Frn. 1-11. Circuit connections for obtaining triode characteristics. 

characteristics and to measure their slopes. The data for plotting such 
tube characteristics may be obtained by connecting tube and meters as 
shown in Fig. 1-11. 

Numerous other methods for determining triode coefficients have 
been worked out and are described in detail in the literature and in 
books on electron tubes. Useful bridge methods of determining µ, rp, 
and 9m will be described in Section 1-14. For use in problems, values of 
µ, rp, and 9m may be obtained from the plate characteristics or from 
manufacturer's data books. 
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1-8. The Load Line. The Dynamic Characteristic 
If the tube whose static plate characteristics were given in Fig. 1-7 is 

connected in a circuit as indicated in Fig. 1-12, the voltage eb is the in
stantaneous total voltage of the anode and eg is the instantaneous a-c 
component of the grid voltage, each referred to the cathode as reference. 
As shown, eg is the instantaneous voltage of an a-c generator connected 
at the tube input terminals in series with the bias battery. For the 
present, attention should be focused on the plate (or anode) mesh only. 
The drop of voltage in the load resistor RL may be shown on the sheet 

Ecc (bias) 

Fm. 1-12. Amplifier circuit. 

with the plate characteristics in a manner analogous to that in which 
the composite characteristic was obtained for the diode. In the plate 
circuit of Fig. 1-12, Kirchhoff's voltage law requires that 

(1-11) 
or 

Now if the relation e = ibRL is plotted on ib - e rectangular coordi
nate paper the result is a straight line, of slope 1/RL, passing through 
the origin of coordinates. This is the method used for the diode (Fig. 1-5) 
in combining the characteristic curves of circuit and tube to obtain the 
composite characteristic. Again the objective is to obtain a composite 
characteristic for tube and circuit, but for the triode the method used 
differs slightly from the diode method because of the fact that the plate
supply voltage for the triode is usually fixed, and plate current is controlled 
by variations in grid voltage. Therefore, it is customary to subtract the 
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voltage drop in the load resistor ibRL from the fixed plate-supply volt
age Ebb to obtain the voltage across the tube eb, The process is repre
sented by Eq. 1-11. A plot of Eq. 1-11 is shown in Fig. 1-13. The 
values of eb represented by points on the line of Fig. 1-13 are the volt
ages that would be measured between plate and cathode of an electron 
tube connected in series with load resistor RL when the currents through 
RL are the corresponding values of ib, 

The load line (Eq. 1-11) may be readily sketched by finding the inter
cepts on the coordinate axes, or by using any known point and the slope 
of the load line, dib/deb = -1/RL, Such a typical load line has been 

eb 

FIG. 1-13. Sketch of the load line eb = Ebb - ibRL-

sketched on Fig. 1-7, for Ebb = 400 volts, RL = 50,000 ohms. It should 
be carefully noted that the load line is completely independent of the 
tube and its characteristics. It is the load resistance characteristic 
analogous to the resistance characteristic used in Fig. 1-5 with the 
diode. 

Intersections of the load line with the plate characteristics of Fig. 1-7 
represent points for which the plate current is such that the sum of the 
voltage across the tube, plate to cathode, plus the voltage drop across 
the resistor is equal to the plate battery voltage. If all such points are 
transferred to the mutual characteristic graph of Fig. 1-8, the resulting 
locus is truly a tube-and-circuit characteristic and is called the dynamic 
characteristic.* At an intersection of the load line with the tube charac
teristic, ib and ec for the particular characteristic will be known and may 
be transferred to the mutual characteristic graph. Load line and dy
namic characteristic will be used in the tube-and-circuit analysis to 
follow. 

* The term "dynamic" as used here is somewhat misleading, although it is in 
common use. Actually the so-called dynamic characteristic includes those points 
(on the mutual diagram) which are composite to tube and circuit resistance in the 
same sense as used already for the diode. 
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1-9. IRE Standard Symbols 
The Institute of Radio Engineers in 1938 adopted a standard system 

of letter symbols for electron-tube currents, voltages, and parameters. 
The diagram of Fig. 1-14 and Table 1-1 illustrate the use of the standard 

TABLE 1-1 

Quantity Letter Subscript 

Voltage E d-c, rms a-c, average, quies- b plate: total, d-c, or qui-
cent, or maximum value escent 
(with extra subscript m) bb plate battery 

e Instantaneous component or p plate: instantaneous 
total value a-c component or rms 

value 
Current I d-c, rms a-c, average, quies- C grid: total, d-c, or qui-

cent, or maximum value escent 
(with extra subscript m) cc grid battery 

i Instantaneous component or g grid: instantaneous 
total value a-c component or rms 

value 

symbols. The complete definitions of current and voltage symbols are 
also given in detail on pages 17 and 19. All voltages are referred to the 
cathode as reference. 

The circuit diagram of Fig. 1-14 shows a triode connected as an ampli
fier. A source of alternating voltage is connected in series with the grid
bias battery in the grid circuit, and there is a load resistance RL in the 
plate circuit in series with the plate battery. The latter is frequently 
referred to as the B supply. Static characteristics of the tube and the 
load resistance characteristic or load line are shown on the ib - eb or 
plate diagram, and the dynamic characteristic has been drawn from 
points transferred to the mutual from the plate diagram. Time axes 
for the plotting of instantaneous values of grid voltage, plate current, 
and plate voltage are shown, and the two latter quantities have been 
obtained by graphical methods identical with those used for the diode 
rectifier in Fig. 1-4. 

Definitions of Standard Symbols. Shown in the diagram (Fig. 1-14) 
are the load line and dynamic characteristics for a triode connected as a 
simple amplifier with resistance load RL. The input, signal, or excitation 
voltage is the alternating voltage eg in series with the grid-bias battery, 
of voltage Ecc• The plate battery voltage is Ebb· The significance of 
the various symbols is shown, and the relations between total values 
and their components are given. The definitions follow: 
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Ebb = plate-supply voltage 
Eee = grid-supply voltage 

ee = instantaneous total grid voltage 
eb = instantaneous total plate voltage 
ie = instantaneous total grid current 
ib = instantaneous total plate current 

Ee = average or quiescent value of grid voltage 
Eb = average or quiescent value of plate voltage 
le = average or quiescent value of grid current 
h = average or quiescent value of plate current 
eg = instantaneous value of the a-c component of grid voltage 
ep = instantaneous value of the a-c component of plate voltage 
ig = instantaneous value of the a-c component of grid current 
ip = instantaneous value of the a-c component of plate current 

Eg = rms value of the a-c component of grid voltage 
Ep = rms value of the a-c component of plate voltage 
lg = rms value of the a-c component of grid current 
Ip = rms value of the a-c component of plate current 
r P = a-c plate resistance 
gm = grid-plate transconductance 

µ = amplification factor 

1-10. Slope of the Load Line. Resistance Load 

19 

The equation of the load line is eb = Ebb - ibRL; the slope dib/deb of 
the load line is -1/RL, At any point P (Fig. 1-14) within the range of 
operation along the load line, the slope of the line can be obtained as 
follows: 

(1-12) 

In Eq. 1-12, t!..ib and t!..eb are the instantaneous changes in plate current 
and plate voltage from their zero signal values and are therefore identi
cal with the instantaneous a-c values, ip and ep. Then, 

ep = -ipRL 

or, in terms of therms values, for sinusoids, 

Ep = -lpRL 

(1-13) 

(1-14) 

Evidently ep and ip are 180° out of phase; since ip increases with in
creasing eg, while ep decreases, ip is in phase with eg, and therefore ep 
and eg also differ in phase by 180°. An examination of Fig. 1-14 will 
show that a positive increase of grid voltage is accompanied by a propor
tional increase in plate current in the positive direction, if the dynamic 
characteristic is linear. By positive direction of increase of plate cur-
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rent is meant an increase of actual, instantaneous plate current flowing 
from anode to cathode as shown on the sketch of plate current (Fig. 
1-14). Referring to the circuit diagram and to the load line, it is evident 
that an increase (in the positive direction) of ib, or of ip, will result in 
an increased voltage drop in load resistor RL and in a corresponding 
decrease in plate voltage. For a pure resistance load, the result is the 
phase reversal of Eq. 1-13 or Eq. 1-14. An important interpretation of 
these equations is simply this: They show that an alternating component 
of plate voltage appears across the load resistor. 

The following relations illustrate the behavior of an amplifier operat
ing in the linear region of its dynamic characteristic: 

For a sinusoidal input voltage, 

eg = y2 Eg sin wt (1-15) 

The total grid voltage is then 

(1-16) 

The instantaneous alternating plate current is (for linear dynamic 
characteristic) 

ip = y2 Ip sin wt 

The instantaneous total current is 

ib = h + y2 IP sin wt 

(1-17) 

(1-18) 

The instantaneous alternating component of plate voltage appearing 
across RL is then 

ep = -ipRL = -0 lpRL sin wt 

The instantaneous total plate voltage is 

eb =Eb+ ep = Eb - y2 IpRL sin wt 

.___.-1--+_..._ _ __,-,,...._+ ___, 

Ebb 

FIG. 1-15. Circuit with inductive load. 

(1-19) 

(1-20) 
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1-11. Effect of Load Impedance. Reactive Load 
In the following analysis, sinusoidal a-c components of voltage and 

current are assumed. If the load impedance (Fig. 1-15) is ZL = RL 
+ jXL, the voltage across ZL will depend upon both the rate of change 
and the magnitude of the plate current, and the operating locus on both 
plate and mutual diagrams becomes more complicated. From Kirch
hoff's law, 

Since 

dib 
Ebb = ibRL + L - + eb 

dt 

ib = h + ip and dh/ dt = 0 

Eq. 1-21 solved for eb becomes 
dip 

eb = Ebb - I bRL - L - - i RL 
dt P 

Also 

(1-21) 

(1-22) 

(1-23) 

so that eb = Eb - ipRL - Ldip/dt = Eb + ep (by definition) (1-24) 

Hence, (1-25) 

Let ip = y2 lp sin wt. 

Then, ep = -( y2 lpRL sin wt + y2 wLip cos wt) 

-y2 Ip -VRL2 + (wL) 2 sin (wt+ 0) 

-y2 Ipl ZL I sin (wt+ 0) (1-26) 

where 0 = tan-1 wL/RL, as shown in the sketch which defines 0. 

Now the load locus is given by the two equations (see 1-24, 1-25, and 
1-21): 

(1-27) 
ib = I b + y2 Ip sin wt 

Equations 1-27 are the parametric equations of an ellipse. The operat
ing locus on both plate and mutual diagrams is an ellipse provided that 
µ, rp, and gm are constants over the operating range. Such an elliptical 
operating locus is undesirable in amplifiers because it indicates phase 
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shift and thus frequency discrimination. An example of the determina
tion of the load locus for an inductive load impedance is given in an 
example problem solution at the end of Section 1-14. 

1-12. The A-C Equivalent Anode Circuit of a Triode Amplifier 

The plate current in a vacuum-tube circuit usually consists of one or 
more a-c sinusoidal components of different frequencies superposed 
upon a d-c component. The purpose of the direct components of cur
rent and voltage is to establish operating points and to supply power for 
operation. The useful output in the vacuum-tube circuit is usually 
alternating current or voltage, or a-c (average) power. For these rea
sons, it is convenient and important to reduce the actual vacuum-tube 
circuits wherever possible to equivalent a-c circuits. This is accom
plished by applying the idea of the superposition principle. The equiva
lent a-c circuit applies only to the sinusoidal a-c components of current 
and voltage. The results of analysis of the equivalent a-c circuit may 
be superposed upon the d-c components to obtain the over-all or total 
values of current and voltage. 

If a vacuum triode is operated with negative grid bias and positive 
anode voltage of such values that the operating point is located on the 
straight portion of the dynamic characteristic, and if the alternating 
input grid voltage is of such value that the grid does not swing positive 
or beyond the linear range of the dynamic characteristic, then the plate 
current of the tube will have a linear dependence upon the grid voltage 
and an a-c equivalent circuit can be obtained and used. The conditions 
shown graphically in Fig. 1-14 comply with these requirements. 

There are several methods of obtaining a mathematical expression 
for the sinusoidal alternating component of plate current. One such 
method assumes that the plate characteristics are a family of parallel 
straight lines and utilizes an equivalent diode voltage and applies the 
superposition principle to separate a-c components from d-c compo
nents. Perhaps the simplest method of all utilizes the relation ib = 
f(eb, ec) which may be expanded about the operating point in a Taylor's 
series. Only two terms of the series are needed if operation is confined 
to the linear portion of the dynamic characteristic. Then, 

dib dib 
Aib = -Aeb + -Aec (1-28) 

deb dee 

in which dib/ deb and aib/ aec are constant, and where Aib, Aeb, and Aec 
may be as large as may be desired so long as the requirement of linearity, 
as specified in the preceding paragraph, is maintained. 

When a signal voltage is applied at the input of the amplifier of 
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Fig. 1-14, the values of ec, ib, and eb change from their quiescent values. 
The change from quiescence of any of these quantities is its instantaneous 
a-c value, where the origins of the coordinates eg, ip, and ep are taken at 
the quiescent points on the mutual and plate diagrams. Thus, 

where the symbols exp and exa are used to explain specifically the 
assumed direction of the instantaneous values of voltage rise. Also, 

oib/aeb = l/rp, 

Equation 1-28 then becomes 

. eKp JJ, 
ip = -+-exa 

Tp Tp 
(1-29) 

For a load resistance RL, the alternating component of plate voltage ep 
becomes (see Eq. 1-13) 

(1-13) 

Equivalent relations for sinusoids may be written using the effective--- ·~ -
values of current and voltage instead of the instantaneous values. 
Equation 1-29 written with effective values is 

Exp µ -IpRL µ 
Ip = --+ - Exa = --+ - Exa (1-30) 

Tp Tp Tp Tp 

-using Eq-. 1-14. From Eq. 1-30-, the- effective valuB of the alternating 
com12onent of plate current is 

µExa 
Ip = --- (1-31) 

Tp + RL 

The form of Eq. 1-31 suggests that, so far as the alternating current is 
concerned, the actual tube circuit of Fig. 1-16 may be replaced by the 
equivalent circuit of Fig. 1-17 in which a generator of effective voltage 

G 
p.,_ _____ _ 

) 
Fm. 1-16. Amplifier circuit. Fm. 1-17. Equivalent a-c circuit. 
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µExa and internal impedance rp is connected to a resistance R£. The 
batteries are not shown since their impedances are negligible compared 
to rp and RL. The grid-circuit generator is connected on one side only, 
since, with negative grid bias, the grid current is negligible and the 
grid-circuit input impedance infinite. 

By the use of the a-c equivalent circuit of Fig. 1-17, the tools of a-c 
circuit theory are made available for solving tube circuit problems, 
provided operation is restricted to the region in which the tube charac
teristics are linear. Equation 1-31 has been written. as a vector relation 
using the effective values of current and voltage, but may be expressed 
in terms of instantaneous values as 

. µexa 
Zp = 

rp + RL 
(1-32) 

The circuit of Fig. 1-16 is that of a voltage amplifier. The output 
voltage of the amplifier is the a-c component of voltage across the load 
resistor RL; the input voltage is the voltage Eg. The voltage ga·in of the 
amplifier may now be obtained from the equivalent plate circuit. In 
the circuit of Fig. 1-16 with the load resistance RL replaced (for greater 
generality) by a load impedance ZL, the voltage drop across ZL is IpZL, 
the output voltage.* The voltage gain may be defined as 

alternating voltage drop across the load impedance 
Voltage gain = A = ------------------

alternating voltage drop across the input 

Then, A = IpZd-Eg, and Ip may be obtained from the equivalent a-c 
circuit (Fig. 1-17) where Exa = Eg. Thus, 

µExa 
lp=--

rp + ZL 
(1-33) 

where ZL = RL + jXL and it is to be understood that these relations 
have meaning only for sinusoidal voltages and currents. The voltage 
gain then becomes 

µZL 
A=---

rp + ZL 
(1-34) 

Equation 1-34 is a convenient one for gain calculations. It should be 
noticed that the gain as defined is a vector quantity. It is customary 
to take the voltage drops in the gain equation as from cathode to plate 

* It is here assumed, as will be shown later, that the equivalent a-c anode circuit 
may be used for any linear load impedance and is not restricted to circuits using 
pure resistance loads. 
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and from cathode to grid. This accounts for the negative sign before 
the grid voltage Eg; since Eg is the rms value of the a-c component of 
voltage rise from cathode to grid, - Eg is the corresponding value of 
voltage drop. 

1-13. Use of the A-C Equivalent Plate Circuit 
It is very important to observe that the voltage of the generator in 

the equivalent plate circuit of Fig. 1-17 isµ times the voltage rise between 
the cathode terminal K and the grid terminal G in the external circuit of 
the tube. The voltage Eg, in Fig. 1-17, is also the voltage rise due to 
excitation, between cathode and grid inside the tube. Only a-c com
ponents are shown on the equivalent circuit, since it represents varia
tions of current and voltage around the operating point which has been 
used as origin of coordinates on the plate and mutual diagrams. All 
batteries are deleted. The tube is replaced by the plate resistance rp 

and a constant-voltage generator of generated voltage µEKG• Now the 
symbol EKG is used to call attention to the fact that the actual voltage 
rise between cathode and grid electrodes inside the tube is the cause of 
a change in plate current. In the circuit of Fig. 1-16, EKG = Eg, the 
voltage of the generator connected to the input terminals of the ampli
fier. In general, however, EKG is not the same as Eg. Frequently, the 
voltage between cathode and grid may involve a voltage drop across, 
for example, a resistor used to supply bias to the grid. In any case an 
inspection of the actual circuit or of the equivalent a-c circuit will dis
close the presence of any alternating voltage other than that of the input 
excitation between Kand G. It is the resultant vector voltage rise be
tween K and G which must always be used as the voltage EKG in the 
expression µEKG for the generated voltage of the equivalent plate-circuit 
generator. 

The recommended procedure in drawing the a-c equivalent plate 
circuit is the following: 

1. Designate the terminals of the tube as P, K, and Gas in Fig. 1-16. 
2. Draw the plate circuit between P and K outside the tube exactly 

as in the actual circuit, and omit batteries or d-c sources except for asso
ciated impedances, if any. 

3. Replace the tube between P and K by a constant-voltage generator 
of internal impedance rp and generated voltage µEKG· 

4. Place arrows on the diagram to show the assumed positive sense 
of current flow and voltage rise of the generator. In this text the posi
tive sense of current is taken toward the plate, and the positive sense of 
voltage rise in the equivalent plate-circuit generator is accordingly 
from P to K. 
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5. Show the external source of voltage excitation, if any, as a genera
tor of voltage rise Eg connected exactly as in the actual circuit except 
that the G terminal is left unconnected to the plate circuit, as in Fig. 
1-17 (except for conditions to be described later). Any connection be
tween G and the plate circuit may be omitted since it has been assumed 
that the grid is negatively biased and that conduction and displacement 
grid currents are negligible. 

Examples of the use of the equivalent plate circuit are given in Sec
tion 1-14. The symbol V with appropriate double subscripts is used 
for voltage drop, E for voltage rise. 

p 
Phones 

G D 
+ 

Ecc 

K 

(a) Actual circuit 

p.,._ ________ _, 

G ) 
K 

R, C 
..__ ______ 

1

_--l'v Oscillator 

(b) Equivalent circuit 

Fm. 1-18. Miller bridge and equivalent a-c circuits. 
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1-14. Applications of the A-C Equivalent Plate Circuit 

A. Measurement ofµ. The circuit shown in Fig. 1-18 has been used 
in the measurement ofµ. The impedance Zeis the impedance looking 
into the terminals of the transformer which couples the headphones into 
the anode circuit. It should be observed that in drawing the equivalent 
a-c plate circuit all batteries are deleted. Points marked P, K, and G 
refer to plate, cathode, and grid, respectively. The tube is replaced by 
the equivalent plate-circuit generator with its internal resistance rp. 
The assumed positive sense of current flow is shown. The drop in 

Oscillator 

'v tEg 

R 

p .,_. ----'I+ 11---
Ebb 

K 

(a) Actual circuit 

R p 

G 

K 

(b) Equivalent a-c circuit 

Fm. 1-19. Circuit for the measurement of Um• 
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voltage between cathode and grid is V KG = -IR1 ; the voltage rise, 
cathode to grid, is EKG = - V KG = IR1 • In the plate circuit, 

From Eq. 1-35, 
(µR1 - R2)I 

Ip=-----
R2 + Tp + Ze 

(1-36) 

If R1 and R 2 are so adjusted that Ip = 0, there will be no sound in the 
headphones. From Eq. 1-36, Ip = 0 if µR1 - R2 = 0, or 

(1-37) 

when a balance is obtained. 
B. Measurement of Um• The circuit shown in Fig. 1-19 may be used 

for the measurement of Um• For a balance, Ip must be zero. From the 
equivalent circuit (Fig. 1-19), since EKG = Eg, 

(1-38) 

(1-39) 

From Eqs. 1-38 and 1-39, 

(1-40) 

For a balance, Ip = 0, R = rp/ µ = 1/ Um, or 

Um= 1/R (1-41) 

C. Amplifier with Inductive Load. In the circuit of Fig. 1-15, let ZL 
= 20,000 + j40,000 = 44,700/63.4° ohms, Ebb= 400 volts, Ecc = 
-8 volts. It is possible, as follows, to obtain the load locus on both 
plate and mutual diagrams with the help of the equivalent a-c plate 
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circuit which has been drawn in Fig. 1-20a. For 

eg = 2 sin wt, V2 Eg = 2 volts, 
- r: µV2Eg 
V2lp =---

Tp + ZL 

If the tube is a 6C5 for whichµ = 20, rp = 10,000 ohms, 

Then, 

G 

40 
V2Ip = ----- = 0.8·10-3/-53.2amp 

30,000 + j40,000 

y2 lpZL = (0.8 · 10-3 / -53.2) (44.7 · 103 /63.4) 

= 35.76/10.2 volts 

P----------, 

ip 

K 

(a) Equivalent circuit 

Fm. 1-20. Equivalent a-c circuit and vector diagram for the circuit of Fig. 1-15. 

These values are shown on the vector diagram of Fig. 1-20b, with y2 lp 
as reference vector; however, they were computed with Eg as reference 
vector. 

In agreement with the theory of Section 1-11, where y'2 Ip was used 
as the reference vector, the parametric equations of the elliptical operat
ing locus are 

ib = I b + y2 Ip sin wt 
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FIG. 1-21. Elliptical load locus, reactive load. 

For direct current only, the load line would be determined by the plate 
battery voltage Ebb = 400, and the slope of the load line, -1/20,000. 
This load line has been drawn on the graph of Fig. 1-21. From the graph 
the operating point is 

h = 7 .6 milliamperes 

Eb = 247 volts 

The instantaneous total values of plate current and of plate and grid 
voltage then are as follows: 

ib = 7.6 + 0.8 sin wt (milliamperes) 

eb = 247 - 35.8 sin (wt + 63.4 °) (volts) 

ec = -8 + 2 sin (wt + 53.2°) (volts) 

The elliptical load locus shown in Fig. 1-21 has been obtained from the 
equations for ib, eb, ec by assigning values to wt. Table 1-2 gives these 
calculations which have been plotted in Fig. 1-21. 

TABLE 1-2. VALUES FOR PLOTTING (FIG. 1-21) 

wt eb ib e, ec 
90° 231 8.4 1.2 -6.8 

270° 263 6.8 -1.2 -9.2 
0 215 7.6 1.6 -6.4 

180° 279 7.6 -1.6 -9.6 
-63.4 247 6.88 -0.354 -8.354 

(180 - 63.4) 247 8.32 +0.354 -7.646 
206.6 283 7.24 -1.97 -9.97 
26.6 211 7.96 1.97 -6.03 
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1-15. The Constant-Current-Generator Equivalent Circuit 

The equivalent tube circuits of Sections 1-12, 1-13, and 1-14 have used 
a constant-voltage generator in the equivalent a-c plate circuit because, in 
general, the student is better acquainted with the constant-voltage 
generator than with the constant-current generator. An equivalent a-c 
circuit using the constant-current generator may be obtained from the 
same fundamental relation, 

(1-28) 

from which the circuit of Section 1-12 was derived.* It will be found that 
the constant-current-generator equivalent circuit used with Kirchhoff's 
current or node equations often simplifies the analysis of tube circuits. 

p Ip a G p 

G 
C!) 

YL "'t "'M Eg ~ 

- 1 gp - ,; Yi 

'-kPgl' 

K 

(a) Actual circuit (b) Equivalent a-c circuit 

Fm. 1-22. Current source equivalent a-c circuit. 

In Eq. 1-28, for linear operation, as explained in Section 1-12, 

The resulting expression may then be written as 

or (1-42) 

and this relation may be applied to the triode circuit of Fig. 1-22 in 

* It is simpler to obtain the constant-current generator from the constant-voltage 
circuit of Fig. 1-17 by applying Norton's theorem, but the approach through the 
interpretation of Eq. 1-42 is preferred because it shows that the constant-current
generator equivalent circuit follows from the same fundamental considerations that 
were applied in obtaining the constant-voltage circuit. 
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which the load admittance is 

and where exa, ip, and exp have been replaced by the corresponding 
effective or rms values. In Fig. 1-22b, Exa = Eg, and Exp = Ep. 
Then the voltage rise, cathode to plate, is Ep = -lpZL and Ip = 
- Ep Y L, and Eq. 1-42 becomes 

(1-43) 

The form of Eq. 1-43 suggests that the plate conductance gp and the 
load admittance Y L are connected in parallel and are fed by a constant
current generator of generated current QmEg. It may be desirable to use 
the symbol VP for voltage drop in the direction from the cathode to the 
plate side of the load impedance, so that 

Then, 

Vxp=Vp=-Ep 

QmEg = Vp(Qp + YL) 

(1-44) 

(1-45) 

The constant-current generator form of the vacuum-tube equivalent 
circuit is shown in Fig. 1-22b, in which the constant-current generator 
of generated current gmEg and shunt resistance rp has been inserted be
tween terminals P and K. The quantity Exa is again the voltage rise 
between cathode and grid terminals inside the tube and, for the circuit 
shown, is equal to Eg. 

The voltage gain of the amplifier circuit (Fig. 1-22a) may be obtained 
from the equivalent circuit (Fig. 1-22b) by applying the definition. 
From Eq. 1-45, 

QmEg = Vp(Qp + YL) 

whence A= Vp = 9m 
-Eg gp+ YL 

(1-46) 

It may be easily shown that Eq. 1-46 is identical with Eq. 1-34 if 9m 
is replaced by µ/rp, gp by l/rp, and Y L by l/ZL. In all respects, results 
obtained by the use of Fig. 1-22b will be identical with those obtained 
from the constant-voltage-generator equivalent circuit if admittances 
are replaced by the corresponding impedances and 9m by µ/rp. It is 
important at this point to emphasize two facts of fundamental impor
tance: (a) An equivalent circuit is never a unique representation of an 
actual network; i.e., there are infinitely many circuits that may be con
sidered equivalent in the sense of having identical input and output 
voltages and currents; (b) in the equivalent circuits thus far used, the 
grid current has been assumed zero, and this assumption is not generally 
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true, even for approximately linear operation, especially as the frequency 
of the input voltage, in the case of the amplifier, is increased. 

Example problem. A type-6C5 triode is connected as an amplifier as 
shown in Fig. 1-16; the load resistance RL = 20,000 ohms, Eb = 250 
volts, Ecc = Ee = -8 volts; from the tube data book, I b = 8 ma, Eg 
= 5 volts rms effective value. 

(a) What is the necessary value of Ebb? 
(b) What is the effective value of the a-c component of plate current 

Ip? Use the constant-current equivalent circuit. 
(c) Compute the output voltage. 

Solution. (a) By Kirchhoff's voltage law, Ebb = ibRL + eb, For 
direct current only, operating condition with zero signal voltage, eb 
= Eb, ib = I b = 8 · 10-3 amp, Ebb = 8 · 10-3 (20,000) + 250 = 410 
volts. 

(b) G P-------....------, 

K 

(b) From Mb = ip = gpep + gmeg, ip = -gpipRL + gmeg, using Eq. 
1-13. In terms of effective values, Ip = -gpipRL + gmEg, or gmEg 
= Ip + IpRL/rp. Evidently Ip flows in R£. Then, 

gmEg 
Ip=----

1 + RL/rp 

2000 · 10-6 (5) 

1+2 

One may also use the gain equation, 

A= 

10-2 10 
=--amp= -ma 

3 3 

10K(20K) 20,000 
Req= =--

30K 3 
A = -2000· 10-6 20,000 = 

3 

V KP = - 4
3° ( -5) = 2 ~ 0 volts 

40 

3 
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1-16. The Four-Terminal Linear Network 
A linear network of electric circuit elements is a network for which 

the response can be expressed as a sum of the excitations, their deriva
tives and integrals, each one multiplied by a suitable constant coefficient. 
The definition of a linear network may be stated more briefly by con
sidering only the steady-state condition that the effective values of 
response currents are, in such a network, related to the effective values 
of the exciting voltages by a linear equation; i.e., one that may be 
graphed on rectangular coordinate paper as a straight line. The re
sponse of such a network may be in the form of either current or voltage 
and may result from the application somewhere in the network of volt
age or of current. The network is said to be bilateral if energy flows 
equally well in either direction between any two pairs of terminals. 
Vacuum tubes are not, in general, bilateral circuit elements, but they 
behave as linear circuit elements if operated in the linear region of their 
characteristics. Although networks in general may have many pairs of 
terminals, there are numerous practical applications of networks that 
have two pairs of terminals, an input pair and an output pair. Exam
ples are the simple T and 1r sections used in elementary network theory. 
Such networks are referred to as four-terminal networks or four-poles. 

In the elementary analysis of four-terminal networks, recourse is 
made to the fundamental circuit laws of Kirchhoff. The use of the 
voltage law has, in the past, been preferred, but in recent years it has 
been found possible to simplify the analysis of many circuit problems 
by the use of the current law. That junction in a network at which 
the summation of the currents is to be found is called a node. The 
equation expressing the law that the vector sum of the currents flowing 
toward a node is equal to the vector sum of the currents flowing away 
from the node is referred to as a node equation. It has been found that 
important simplifications of vacuum-tube network theory may result 
where linear four-terminal network theory and node equations are 
applied. 

Linear four-terminal network theory will be applied to vacuum-tube 
circuits operating in the linear region of their characteristics. A de
scription of a general four-terminal network is needed before the theory 
is applied to the vacuum tube. The "box" of Fig. 1-23 has two input 
and two output terminals. The assumed positive sense of current and 
of voltage drop at the input and at the output terminals are shown by 
the arrows. If now the network inside the box behaves as a linear net
work, it can be shown 1• 2 that the complete performance of the network can 

1 F. Strecker and R. Feldkeller, ENT, 6, 93-112 (1929). 
2 J. A. Morton, paper presented orally before the Winter Convention of the IRE, 

Jan. 1945. 
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be predicted in terms off our parameters which can be measured at the avail
able external terminals. The importance of the preceding statement will 
be appreciated when it is noted that a knowledge of the circuit details 
and physical complexities of the contents of the box of Fig. 1-23 is en
tirely unnecessary in predicting the behavior of the four-terminal net
work, provided the network is linear. 

The behavior of such a linear network as that in Fig. 1-23 may be 
described by any pair of several pairs of equations expressing relations 

- Ii I2 

CD 1 Vi! 4-terminal !½ 2 
network ® 

-

FIG. 1-23. 

among the quantities V 1, 11, V2 , and 12 • These equations may be said 
to define the propertie$ of the four-terminal linear network. If the net
work is linear, then a proportionality exists between current l 1 and 
voltage V 1, between current 12 and voltage V2, between voltage V2 and 
voltage V1, and between current 12 and current 11• The student has 
previously encountered examples of such relationships as are proposed 
for use here in connection with four-terminal networks such as two
winding transformers or T or 1r arrangements of linear impedances. 

M 

CD ® 

L1 L2 

FIG. 1-24. Four-terminal network. 

For example, a two-winding transformer (Fig. 1-24) composed of linear 
elements, has constants z11 = R1 + jwL1, Z22 = R2 + jwL2, Z12 = 
-jwM = z21 , where R 1 and L 1, R2 and L2 are, respectively, the resist
ance and inductance of coils 1 and 2 coupled with mutual inductance M. 
The four-terminal network is described by the equations 

V1 = l1z11 + l2z12 
(1-47) 
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where, with terminals 2 open, and a voltage source connected to termi
nals 1, 12 = 0, and z11 = Vi/11 is defined as the open-circuit driving
point impedance at the input terminals, and z21 = V2/l1 is the open
circuit transfer impedance from 2 to 1. Similarly, with a voltage source 
connected at 2 and terminals 1 open, 11 = 0, z12 = Vi/12, the open
circuit transfer impedance from 1 to 2, and z22 = V 2/ 12, the open-cir
cuit driving-point impedance at the output terminals. For a bilateral 
circuit such as that of Fig. 1-24, z12 = z21 . It is important to remember 
that V1, 11, V2 , and 12 are variables, and that their values depend upon 

FIG. 1-25. Four-terminal network. 

terminating impedances and voltage sources connected to terminals 
1 and 2. 

Another familiar example of a linear four-pole of general interest is 
an arrangement of linear impedances or admittances as a 1r section, as 
in Fig. 1-25. Since, according to a fundamental theorem of linear net
works, any circuit composed of linear, bilateral elements may be replaced 
at a single frequency by an equivalent T or 1r section, the circuit of 
Fig. 1-25 may be used to represent the general four-terminal linear net
work shown in Fig. 1-23. The behavior of the network may be described 
as follows, as may be verified by applying Kirchhoff's laws to the circuit 
of Fig. 1-25. The following node equations are written for nodes a and b: 

11 = V1YA + CV1 - V2)YB = V1(YA +YB)+ V2(-YB) 

12 = (V2 - V1)YB + V2Yc = V1(-YB) + V2(YB + Ya) 

Then, by defining Yu= YA+ YB 

Y12 = -YB= Y21 

Y22 =YB+ Ye 

it is possible to obtain equations analogous to those of Eqs. 1-47. Then, 

11 = V1Y11 + V2Y12 

12 = V1Y21 + V2Y22 
(1-48) 

are equations that define a linear four-pole and describe its performance. 



Ch. 1 FOUR-POLE APPLICATIONS 37 

The admittance y, although related to the components of the equivalent 
1r section as already shown, may be obtained by direct measurement as 
indicated for the z's of Fig. 1-24. The network behavior is easily pre
dicted if either a set of impedances z or the set of admittances y are 
known. Lower-case letters are used for the z's and y's to distinguish 
these quantities from circuit elements connected to terminals external 
to the box. 

1-17. Definitions of the Four-Terminal Network Admittances 
Either set of equations 1-47 or 1-48 may be chosen to describe the 

behavior of the four-terminal network, or four-pole (Fig. 1-23). Equa
tions 1-48 are chosen here because, for vacuum tubes, many circuit 
problems are greatly simplified when node equations and admittances 
are used. · 

The following experimental procedure may be used in the measure
ment of the y's and therefore as a basis for their definition: 

(a) Short-circuit the output terminals, and measure the currents 11 

and 12 and the voltage V1 with a driving generator connected to input 
terminals 1. 

(b) Short-circuit the input terminals, and measure the currents l 1 

and 12 and the voltage V2 with a driving generator connected to output 
terminals 2. 

The following definitions are suggested by the measurements a 
and b: 

Yn = li/V1 = short-circuit driving-point admittance 

Y21 = l 2 /V1 = short-circuit transfer admittance 

Y12 = li/V2 = short-circuit feedback admittance 

Y22 = l2/V2 = short-circuit output admittance 

If the measured values of y21 and y12 are different, then the four-pole 
is not a reciprocal network. In other words, the reciprocity · theorem 
does not apply. 

1-18. Applications of the Four-Pole Theory to Vacuum-Tube 
Equivalent Circuits 

The circuit analysis of a vacuum tube as a linear four-terminal net
work follows easily from Fig. 1-26, the definitions of Section 1-17, and 
Eqs. 1-48. Let it be assumed that the tube and batteries, as included 
between input terminals G-1 and output terminals a-2, are enclosed in a 
box with only the input and output terminals brought out, as shown in 
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Fig. 1-26. The external terminating linear admittances are shown as 
Y1 and Y2 in Fig. 1-26, and the circuit is driven by a constant-current 
generator of generated current l 0 • It is required to determine the volt
age gain and the driving-point admittances at both input and output 

lo 
G 

v.j 4-terminal 
network 

a 

2 

FIG. 1-26. Four-terminal network representing a vacuum tube. 

terminals, with the respective output and input terminal admittances 
connected. In Fig. 1-26, 

12 = - V2Y2 = V1Y21 + V2Y22 

The voltage gain (forward) is obtained from Eq. 1-49 and is 

V2 Y21 
-= -----
V1 Y22 + Y2 

Also, 11 = V1Y11 + V2Y12 

(1-49) 

(1-50) 

(1-51) 

Then the input admittance of the terminated four-pole is obtained from 
Eqs. 1-51 and 1-50 and is 

11 V2 Y21Y12 
Y11 = - = Y11 +-Y12 = Y11 - ----

V1 V1 Y22 + Y2 
(1-52) 

If the driving generator is removed from tp.e input and connected to 
the output terminals, then 

11 = - V1Y1 = V1Y11 + V2Y12 (1-53) 

The voltage gain (backward) is obtained from Eq. 1-53 and is 

V1 Y12 
-=-
V2 Y11 + Y1 

(1-54) 

The output admittance of the terminated four-pole is obtained from Eqs. 
1-49 and 1-54 and is 

(1-55) 
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The input and output admittances of a vacuum tube connected as an 
amplifier may be computed, along with the forward and backward volt
age gains, according to Eqs. 1-50, 1-52, 1-54, and 1-55, provided that 
the tube short-circuit admittances Yij and the external terminations Y1 

and Y2 are known. Several laboratories have made measurements of 
the Yij admittances using equipment and methods developed originally 
at Bell Telephone Laboratories by J. A. Morton.3 The work has not, 
however, progressed far enough to provide sufficient data for all types 
of vacuum tubes. It is therefore necessary to identify the Yij admit
tances with tube and tube-circuit admittances which are already avail
able through manufacturers' ratings of their tube types. Such identifi
cation is desirable also in order to permit a comparison of the four-pole 
theory with older methods of vacuum-tube circuit analysis. In the fol
lowing section, the four-pole theory will be applied in developing the 
vacuum tube equivalent circuits in such a way that the relation be
tween the Yij admittances and the tube parameters will be shown for a 
particular frequency range. 

1-19. Relation of the Four-Pole Admittances Yii to Other Tube 
Parameters 

Grid current was neglected in the analysis which led to the anode a-c 
equivalent circuits of Sections 1-12 and 1-15. Even with negative grid, 
however, small grid currents may be measured with a sufficiently sensi
tive microammeter in the grid circuit. At frequencies above the audio 
range, the capacitances existing between various electrodes in the triode 
introduce reactances which are comparable with other circuit imped
ances. In particular, the grid-to-cathode capacitance and the grid-to
plate capacitance result in components of current in the grid circuit 
which flow even in the absence of any emitted electrons from the cath
ode. It is therefore necessary to include additional circuit elements in 
any equivalent a-c circuit of the triode as the operating frequency is 
increased. In particular, the input circuit of the triode cannot be 
considered as open at the grid terminal. 

The four-pole theory is particularly useful in extending the equivalent 
circuit to higher-frequency ranges. The analysis to be presented in the 
following pages will take into account both conduction and capacitive 
( or displacement) components of grid current. First, the four-pole 
theory will be applied at such low frequencies that capacitances between 
electrodes may be neglected. Then the theory will be applied to the 
array of interelectrode capacitances alone, with the tube cathode cold 

3 The methods of four-pole analysis used here were explained in an oral presenta
tion by J. A. Morton to the Columbus Section of the IRE Apr. 19, 1946. 
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(no electron emission). The results of the low- and high-frequency 
analyses will then be combined to obtain a more general equivalent 
circuit which will describe the behavior of most triodes quite well for 
frequencies up to about 2 megacycles. 

It is found experimentally that conduction grid current depends upon 
both grid and anode voltages. Therefore, the relations 

and 

may be used exactly as in Section 1-12 and expanded about operating 
points in a Taylor series. Again, the first-degree terms only of the ex
pansion are necessary as operation is restricted to the linear region of 
the tube's characteristics. Then the relations 

and 

become, for a-c instantaneous components, 

ig = ggeKa + ggpeKP 

ip = gpge KG + gpe KP 
(1-56) 

In Eqs. 1-56, gg = l/rg = aiJaec is the grid conductance, measurable 
from the slope of the ic - ec grid characteristic. 

ggp = aic/ aeb is the plate-to-grid transconductance, measurable from 
the slope of the ic - eb characteristic. 

gpg = gm = aib/aec is the grid-to-plate transconductance, measurable 
from the slope of the ib - ec characteristic. 

gp = aib/aeb = 1/rp is the plate conductance, measurable from the 
slope of the ib - eb characteristic. 

If effective rather than instantaneous values are used in Eqs. 1-56 
and the new equations 

(a) 

(b) 
(1-57) 

are compared with Eqs. 1-48, then, with lg = Ii, Exa = V1, Exp = 



Ch. 1 FOUR-POLE ADMITTANCES 41 

V 2 , Ip = 12 , the admittances Yii are seen to be related to the tube param
eters as follows: 

Y11 = gg = l/rg 

Y12 = ggp 

Y21 = gpg = gm 

Y22 = gp = l/rp 

(1-58) 

The relations of Eqs. 1-58 apply very well for frequencies of the order of 
1000 cps or lower. In this frequency range, an equivalent a-c circuit 
may be based on Eqs. 1-57, as shown in Fig. 1-27. For zero-conduction 

G 11 12 p 

- 1 gg - 'g 

l"\J tEg= EKG 
vq l"\J tgp½ i 'v gp !½ tEp=EKP gpgVi. 

K 

Frn. 1-27. Equivalent a-c circuit for a triode at low frequencies. 

grid current, gg is zero (rg infinite) and ggp = 0, and the circuit of Fig. 
1-27 reduces to that previously used in Section 1-15 (Fig. 1-22). 

At frequencies of the order of 1000 cps to 1 or 2 Mc per second, 
capacitive susceptances within the tube are not to be ignored. The 
interelectrode capacitances of themselves constitute a passive, four
terminal network between input and output terminals as shown in 
Fig. 1-28. The word passive, as used in connection with the network 

P---

G 

K 

Frn. 1-28. Triode interelectrode capacitances and equivalent passive four-terminal 
network. 
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of Fig. 1-28, refers to the fact that there are no generators or sources of 
energy within the network. 

The contributions of the elements of the passive circuit of Fig. 1-28 
to the admittances Yij are now obtainable by superposing the currents of 
the circuit of Fig. 1-28 with the currents of the circuit of Fig. 1-27. Let 
the currents and admittances of Fig. 1-27 be distinguished from those 
of Fig. 1-28 by the use of single primes for Fig. 1-27 and double primes 
for Fig. 1-28. Then, for Fig. 1-27, 

and, in Fig. 1-28, 

I1' = V1Yu' + V2Y12' 

I2' = V1Y21' + V2Y22' 

Ii'' = V1Y11" + V2Y12" 

I2" = V1Y21" + V2Y22" 

When the input currents of the two circuits are superposed, as is physi
cally true with the two circuits connected in parallel, 

I1 = I1' + Ii'' = V1(Y11' + Yu") + V2(Y12' + Y12") 

and I2 = I2' + I2" = V1 (Y21' + Y21") + V2(Y22' + Y22") 

Finally, the yij's for the complete circuit are given by 

Yu =Yu'+ Yu" 

Y12 = Y12' + Y12" 

Y21 = Y21' + Y21" 

Y22 = Y22' + Y22" 

(1-59) 

The values of Yd are given by Eqs. 1-58. The yd' admittances of 
Fig. 1-28 are obtained by applying the fundamental definitions. With 
a short circuit placed first at the output and next at the input terminals, 
and with a driving generator connected at the unshort-circuited ter
minals, the results are as follows: 

(a) V2 = 0, 

Yn" = 11" /V1 = jw(Cgk + Cgp) 

Y21" = I2"/V1 = -V1(jwCgp/V1 = -jwCgp 

(b) V1 = 0, 

Y12" = 11" /V2 = - V2(jwCgp)/V2 = -jwCgp 

Y22" = 12" /V2 = jw(Cpk + Cgp) 

(1-60) 
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The results of Eqs. 1-58 and 1-60 are combined in accordance with 
Eqs. 1-59 yielding the correct values of Yii to be used in the frequency 
range 1000 to 2,000,000 cps for standard receiving-type tubes as follows: 

Yu = gg + jw(Cgk + Cgp) 

Y12 = ggp - jwCgp 

Y21 = gpg - jwCgp 

1-20. Gain and Input Admittance of a Triode Amplifier 

(1-61) 

The relations of Eqs. 1-50, 1-52, and 1-61 provide the information 
needed to formulate the expressions for forward voltage gain and input 
admittance of a triode amplifier. A case of particular interest is that 
for which the grid bias is sufficient to reduce grid conduction current to 
negligible values. For this case, gg = 0, and ggp = 0. The voltage gain 
(forward) is, from Eq. 1-50, 

A = _ Y21 Ym - jwCgp 

Y22 + Y2 

The input admittance, from Eq. 1-52, is 

Yu =Yu+ Ay12 = jw(Cgk + Cgp) + A(-jwCgp) 

= jw[Cgk + (1 - A)Cgp] 

(1-62) 

(1-63) 

For low frequencies, Eq. 1-62 reduces to Eq. 1-46. Equation 1-63 is 
frequently referred to as the Miller effect. 

A calculation of gain and input admittance for a specific case will 
illustrate the order of magnitude of A and of Yu. Calculations will be 
given for the circuit of Fig. 1-22, with the tube assumed to be a type 
6C5 for which gm = 2000 micromhos, rp = 10,000 ohms, Cgp = 2, Cgk 
= 3, and Cpk = 11 micromicrofarads. The load impedance ZL = 
20,000 ohms. Then, gp + YL = 150· 10-6

, and Eq. 1-62 becomes 

(2000 - j2w · 10-6) 10-6 

A=----------
(150 + j13w · 10-6

) 10-6 

If the frequency is 796 cps, w = 5000 radians per second, and j2w · 10-6 

= j0.01 mho; j130w· 10-6 = j0.065 mho. At this low frequency the 
simpler relation 1-46 applies, and 

A = -2000/150 = -13.3 
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Also, Yn = j5000{3·10-12 + [1 - (-13.3)]2 X 10-12
} 

= j5000(31.6). 10-12 

= j0.158· 10-6 mho 

Zn = 1/Yn = -j6.34 megohms 

The equivalent triode-amplifier input circuit, for 796 cps, is then simply 
a capacitance of 31.6 µµf. If the frequency is increased to 1593 kilo
cycles per second, w = 10 · 10+6, and 

A= 
2000 -j20 

150 + j130 

-10.1/ -41.4 ° 

-7.6 + j6.67 

Yn = jl0•106[3 + (8.6 -j6.67)2]·10-12 

= (133.4 + j202) • 10-6 mho 

This admittance may be represented by a pure resistance Rn in parallel 
with a pure capacitance Cn where 

106 
Rn = -- = 7500 ohms 

133.4 

106 
Xn = - = 4950 ohms 

202 

Cn = 20.2 µµf 

To an external voltage source at 1593 kc, this 6C5 amplifier circuit then 
presents an impedance which is the equivalent of Fig. 1-29. 

R 11 = 7500 ohms C11 = 20.2 µµt 

FIG. 1-29. Equivalent input circuit of an amplifier circuit at 1593 kc. 

The dependence of the input admittance of the triode amplifier upon 
Cgp is brought out by the foregoing computations. The factor (1 - A) 
(Eq. 1-63) emphasizes the contribution of the grid-plate capacitance in 
increasing the input admittance. It is desirable that Y n for an amplifier 
be as small as possible. This requirement has led to the inclusion of ad
ditional grids in vacuum tubes between the plate and the control grid in 
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order to reduce the control grid to plate capacitance. The characteristics 
of such multielectrode tubes will be described in Chapter 2. 

1-21. A Generalized Equivalent Circuit for Linear Operation 
As stated in the preceding section, it becomes necessary to include the 

tube interelectrode capacitances in equivalent a-c circuits which closely 
approximate the actual tube behavior in the range of frequency from 
1 kc to about 2 Mc per sec. The equivalent circuit applicable in this 
range of frequencies is shown in Fig. 1-30, which consists of the circuits 
of Figs. 1-27 and 1-28 superposed. 

G 

Fm. 1-30. Triode equivalent circuit for frequencies up to 1 or 2 Mc. 

The electrodes of a high-vacuum electron tube actually in or adjacent 
to the electron stream must be connected to the terminals available 
external to the tube envelope. These connecting leads have distributed 
inductance and capacitance of such values as to be negligible in the fre
quency range of applicability of the circuit of Fig. 1-30, but begin to 
introduce increases in the driving-point, transfer, and feedback admit
tances for frequencies of the order of 10 to 100 Mc. An attempt to 
represent those additional circuit complexities is made in Fig. 1-31. It 
is evident that the circuit has now become very complicated for analysis, 
but of greater importance is the fact that the new circuit elements can-

Cg,; 

I1 
Lg 

Cgp 
Lp 

Cgk 

v,j Iv, K 

LK 

Fm. 1-31. Equivalent a-c circuit as complicated by lead-wire inductances and capaci
tances for frequencies of the order of 10 to 100 Mc. 
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not be determined individually from measurements made at the external 
terminals. 

At still higher frequencies of the order of 1000 to 10,000 Mc the circuit 
admittances Yii become modified by the effects of the finite transit time 
of the electrons across the interelectrode space, and coupling circuit 
effects may still be of equal or greater importance in spite of improve
ments that are of necessity made in the input and output coupling cir
cuits in the higher frequency range above 100 Mc. 

It is at this point that the four-pole approach to the tube equivalent 
circuit offers its most important contribution. The additional circuit 
complexities are, to a first order of approximation, linear and may be 

lz p 

Fm. 1-32. Generalized equivalent a-c circuit. 

lumped together into the admittances y11 , y12, y21 , and y22 which may 
be determined by direct measurement in the frequency range of inter
est. These admittances as measured at the external terminals contain 
all coupling circuit and transit-time effects. It is then possible to pre
pare a generalized equivalent circuit using only the admittances Yii, as 
shown in Fig. 1-32. 

When measurements of the four-pole admittances of electron tubes 
used in the frequency range 100 to 10,000 Mc are complete, the problem 
of circuit design and application becomes a straightforward analysis of 
the circuit of Fig. 1-32 with the values of Yii as dependent upon frequency. 

1-22. Photosensitive Devices 
Electron tubes which depend for electron em1ss10n upon light, of 

wavelength in the visible spectrum or adjacent to it, are diodes which 
have many important applications. The static characteristics of photo
sensitive devices furnish sufficient information for their circuit use. 
Currents depend upon the available intensity and wavelength of illu
mination upon the photocathode. 

Although several types of photosensitive devices have practical 
importance, only one has characteristics analogous to the diodes dis
cussed in the present chapter and is known as a photoemissive cell. It 
consists of a cathode which emits electrons when illuminated and an 
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anode arranged as shown in Fig. 1-33. The cathode is a metal surface 
of semicylindrical geometry with a coating of the light-sensitive material, 
usually an alkali metal. The anode is 
of such form as not to shield the cathode 
from incident light and may be a straight 
wire as shown in Fig. 1-33. The elec
trons released at the cathode as a result of 
illumination flow from cathode to anode 
and provide the phototube current. An 
output voltage depending on the illumina
tion then exists across the resistance R 
(Fig. 1-33). The tube elements are en-
closed in a glass or quartz envelope from 
which air is evacuated; the resulting tube 

Cathode 
,,.--surface 

Anode 

Frn. 1-33. Schematic electrode 
arrangement of a photocell. 

is considered as a vacuum or gas-filled photocell depending upon the 
internal pressure. 

Typical static characteristics of a vacuum photocell are shown in 
Fig. 1-34. A separate curve is obtained for each value of light flux. A 
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u .E 
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0 
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50 100 150 200 
Anode volts 

250 

Fm. 1-34. Static characteristics and load lines for a vacuum photocell. (Courtesy 
RCA) 

lumen is equivalent to 0.001496 joule per second or 0.001496 watt. The 
standard of illumination or luminous intensity is the lumen per square 
meter which is equal to 0.0929 foot-candle. The lumen per square foot 
is equal to 1 foot-candle. 
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The phototube circuit of Fig. 1-35 is suggestive of one application. 
When light falls on the photocathode, current flows in the phototube 
circuit as indicated by the arrow. If the triode amplifier has been 

FIG. 1-35. Photocell control of relay. 

biased to cutoff by the battery Ecc, the voltage drop IR due to the pho
totube current will provide a positive grid bias such that the triode will 
conduct. If the triode load resistance is a relay, normally open, the 
relay may be made to close by the flow of a few milliamperes of triode 
plate current. If the light is off, the relay will open, since the triode is 
biased to cutoff. Thus, the relay can be controlled by illumination of 
the photocathode. The voltage IR available for biasing the triode will 
depend upon the magnitude of R and also upon the illumination of the 
photocell, as shown by the load lines of Fig. 1-34. 

PROBLEMS 

1-1. The tube characteristic of a certain diode is assumed to be linear. It is found 
that the anode current is 50 ma for an anode voltage of 400 volts. 

(a) Determine the equation of and sketch the anode-current-anode-voltage char
acteristic. 

(b) When the tube is connected in series with the secondary winding of a trans
former in which the secondary voltage is given by e = 300 sin 377t, determine the 
equation of and sketch the anode current as a function of time. 

1-2. Solve problem 1-1 if the tube characteristic is assumed to be a parabola, 
concave up, and if again ib = 50 ma for eb = 400 volts. Compute the plate resistance 
for ib = 10 and for ib = 40 ma. 

1-3. Experimental data on the tube characteristic of a type 81 diode are given in 
the table. If this diode is connected as shown, determine graphically and sketch 

Volts Cb 20 40 60 80 100 
-----------------

Ma ib 18 47 83 129 179 

the plate current, given R = 1000 ohms, e = 80 sin wt. 
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e 

R 

Fm. Pl-3. 

1-4. The plate current of a certain diode is given by Eq. 1-1 and ib = 200 ma 
when the plate voltage is 100 volts. Compute the plate resistance at 25 volts and 
at 100 volts. 

1-5. For a certain triode, the plate current is given by 

For ec = -20 volts, eb = 350 volts, find: 
(a) ib, rp, gm, µ. 

(b) The required plate battery voltage if the operating point is Eb = 350, Ee = 
-20 volts, and RL = 10,000 ohms. 

1-6. Refer to the amplifier circuit of Fig. 1-12. If the tube is a 6C5, its character
istics are given by Figs. 1-7, 1-8, and 1-9, or by the tube manual. 

(a) Taking Ebb = 400 volts, Ecc = -8 volts, and RL = 40,000 ohms, draw the 
load line and the dynamic characteristic, and locate the operating point. 

(b) If eg = 2 sin wt, w = 5000 rad per sec, determine graphically the effective value 
of the alternating component of the plate current assuming linear operation. 

(c) Sketch eg on the mutual characteristic, and locate graphically points for sketch
ing the instantaneous values of plate current and plate voltage. Check the phase 
relation between the alternating components of grid voltage, plate current, and plate 
voltage. 

1-7. For the 6C5 in the circuit of problem 1-6: 
(a) Obtain data from the tube characteristics for plotting anode-grid voltage 

characteristics similar to Fig. 1-9 for h = 6 ma. 
(b) Determine the tube amplification factor. 
(c) Find rp and gm at the operating point, and check the relationµ = rpgm. 
(d) Find the amplifier voltage gain by graphical methods, and compare the value 

obtained with that computed from µRL/(rp + RL). 
1-8. Show that the constant-voltage equivalent circuit of Fig. 1-17 may be con

verted to the constant-current equivalent circuit of Fig. 1-22 (with ZL = 1/Y L re
placing RL) by applying Norton's theorem. Also, show that Eq. 1-46 may be writ
ten as 

where Zeq is an impedance equivalent to rp and ZL in parallel. 
1-9. An amplifier circuit is that of Fig. 1-22a except that a resistor RK is inserted 

in the cathode lead to provide bias voltage equal to the voltage drop lbRK due to 
the d-c component of plate current flowing through RK. The bias battery Ecc is 
removed. Derive a formula for the gain of the amplifier using (a) the constant-volt
age equivalent circuit, (b) the constant-current equivalent circuit. 
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1-10. A 6C5 triode is connected as an amplifier with resistance load, RL = 40,000 
ohms. With conditions identical with those given in problem 1-6, draw the a-c 
equivalent plate circuit, find the alternating component of plate current (effective 
value), and compare with the result obtained by graphical means in problem 1-6. 
Draw the vector diagram, and show the phase relation between Eg and the voltage 
across RL. 

Ecc = - 6 volts 

Frn. Pl-11. 

1-11. The tube in the amplifier circuit shown is a 6J5, rp = 7700 ohms, µ = 20, 
C = 0.l5µf, RL = 10,000 ohms, L = 5 henrys. 

(a) Draw the equivalent a-c plate circuit, neglecting choke resistance. 
(b) Determine the effective alternating currents in choke and load resistor for 

eg = 4 sin 5000t. 
(c) Find the gain of the amplifier. 
(d) Draw a complete vector diagram using the voltage across RL as reference, and 

find the phase relation between the input and output voltages. 

Frn. Pl-12. 

50,000 
ohms 

0.02 µf 

200,000 
ohms 

1-12. In the circuit shown, µ = 20, rp = 10,000, C1 = 10 µf. The drop lbR1 in 
the bias resistor R1 is to be used instead of a battery for grid bias. If the quiescent 
point is to be lb = 5 ma, Ee = -6 volts, determine R1• Find the voltage gain of 
the amplifier and the phase angle between input and output voltages if ei = 3 sin 
10,000t. Draw a complete vector diagram. K = 1000 ohms. 
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1-13. The accompa
nying circuit can be 
used in determining 
(/m• 

(a) Draw the equiv
alent a-c anode circuit. 

(b) Show that, for 
silence in the head
phones, 

rp = Ra(µRi/R2 - 1) 

(c) If µRi/R2 » 1, 
show that 

(Jm ~ R2/R1Ra 

+ 
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FIG. Pl-13. 

1-14. Determine the gain of the circuit shown by deriving from the equivalent 
a-c plate circuit an expression for the gain in terms of µ, RL, rp, and R. 

P---------------------..... 

µ_ 
1"p 

R 

G 

FIG. Pl-14. 

1-15. A type-2A3 triode is connected as an amplifier with cathode bias resistor 
(as in problem 1-12), but with no by-pass condenser. The load resistance is 2450 
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ohms, rp = 800 ohms, µ = 4.2. The tube is to operate at Ee = -45 volts, lb = 
60 ma, Eb = 250 volts. 

(a) Determine the necessary grid-bias resistor and plate battery voltage. 
(b) Compute the gain of the amplifier. 
1-16. Sketch the complete equivalent circuit of a triode for which ic ~ 0, and in

clude all interelectrode capacitances. 
1-17. Sketch the complete equivalent a-c circuit of the amplifier of problem 1-12, 

including all interelectrode capacitances. Next, draw appropriate simplified a-c 
equivalent circuits according to the principle that a series impedance may be neg
lected in a frequency range for which it is equal to or less than 0.1 the magnitude 
of a fixed impedance with which it is in series, for the following frequency ranges: 

(a) 0 < w < 500 
(b) 1500 < w < 2500 
(c) 5000 < w < 50,000 
(d) 50,000 < w < 5 · 106 

Show only those capacitances in a particular circuit for which the reactances may 
not be ignored in a numerical computation of circuit currents. 

1-18. Assume that the tube in problem 1-17 is a 6J5. 
(a) Derive a formula for the input admittance of the amplifier at w = 10 • 106 rad 

per sec, using any appropriate circuit analysis other than the four-pole method. 
(b) Compute the input impedance of the amplifier at w = 10·106 rad per sec. 

G 

Input Output 

Fm. Pl-19. 

1-19. (a) Sketch the equivalent a-c circuit of the four-terminal network shown, 
neglecting interelectrode capacitances. 

(b) Derive expressions for Yn, Y12, Y21, and Y22 in terms ofµ, rp, Om, and RL. 
1-20. Repeat problem 1-19, including all interelectrode capacitances. 
1-21. Derive an expression for the voltage gain of the circuit of problem 1-19. 

Include interelectrode capacitances. 
1-22. Light flux of 0.06 lumen is incident on a type-929 photocell (Fig. 1-34) in 

the circuit of Fig. 1-35. The photocell voltage source is 100 volts, and R = 25 
megohms. Compute the triode bias voltage if Ecc = 20 volts. 

1-23. The photocell of problem 1-22 is illuminated by light of intensity sinusoi
dally varying from 0.02 to 0.1 lumen at 1000 cps about an average value of 0.06 
lumen. If R is 25 megohms, write an expression for the input signal voltage to the 
amplifier. 



CHAPTER 2 

TETRODES, PENTODES,AND 
EQUIVALENT CIRCUITS 

2-1. Ideal Plate Characteristics 
Triode plate characteristics described in Chapter 1 show the depend

ence of plate current upon both plate and grid voltages. The plate 
voltage is ordinarily supplied from a d-c power source of fixed voltage 
rating, and the control of plate current is, for many applications, de
sirably a function of the grid voltage only. Ideal characteristics would 
consist of nearly horizontal, parallel straight lines covering the entire 
plate diagram. A horizontal anode-current-anode-voltage characteris
tic indicates that the plate current is independent of anode voltage. 
Control of plate current in such a case would depend upon grid voltage 
only. 

Plate characteristics approximating the requirement of negligible 
plate voltage control of plate current may be obtained in vacuum tubes 
by using additional grids between cathode and plate. The presence of 
an additional grid between the grid as used in the usual triode arrange
ment and the anode of the tube greatly reduces the effective grid-plate 
capacitance. The result of such a reduction of Cgp is a very desirable 
decrease in the tube input admittance, as shown by Eq. 1-63, page 43 of 
Chapter 1. 

2-2. The Tetrode or Screen Grid Tube 
An arrangement of two grids in a vacuum tube is shown in Fig. 2-1. 

The grid nearer to the cathode is now called the control grid, and the 
second grid because of its function of screening the plate from cathode 
and control grid is called the screen grid. It is usually customary to 
number grids consecutively in multielement tubes beginning with the 
grid nearest the cathode as number one. Four-electrode high-vacuum 
tubes are called tetrodes. 

53 
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p 

FIG. 2-1. Sectional view of electrode arrangement in a cylindrical tetrode. G1 and G2 
are control and screen-grid helices. 

2-3. Tetrode Static Characteristics 
The shielding effect of the two grids between plate and cathode of the 

tetrode is complete enough so that it becomes necessary to operate the 
screen grid at high positive voltages in order to obtain appreciable plate 
current. A connection diagram for a tetrode operated as an amplifier is 
shown in Fig. 2-2. In connecting a tetrode to its d-c power source, the 
screen voltage should never be applied until the plate supply is con
nected, thus avoiding the danger of the entire tube current flowing to 
the screen and destroying the tube. 

Plate and mutual characteristics for a typical screen grid tube are 
shown in Fig. 2-3. As compared with a triode, the following differences 
should be observed: 

1. The slope, aib/ aeb, in the operating region to the right of eb = 125 
volts is smaller and therefore the plate resistance is much larger than 
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Fm. 2-2. Connection diagram for a tetrode. 
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that of a triode. For eb > 125 volts, the plate current depends rela
tively little, compared with the triode, upon the plate voltage. 

2. The slope Um of the mutual characteristics is of the same order of 
magnitude as for a triode of similar dimensions. 
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Frn. 2-3. Static characteristics of a tetrode. (Courtesy RCA) 

3. For a triode, ib = f(eb, ec). For the screen grid tube, the corre
sponding relation is 

(2-1) 

However, ec2 is held constant, and ib is relatively independent of eb, so 
that it may be said that the addition of the fourth electrode has reduced, 



56 · TETRODES, PENTODES, AND EQUIVALENT CIRCUITS Ch. 2 

rather than increased, the number of independent variables. Approxi
mately, then, 

(2-2) 

The accuracy of the approximation is measured by the closeness of the 
mutual characteristics, as shown in Fig. 2-3. 

It should be observed that the plate characteristic for eb between 
20 and 50 volts has a negative slope, indicating a negative plate re
sistance. This portion of the tetrode characteristic has had practical 
application and use as the operating range of a dynatron oscillator. 
For operation as an amplifier, however, the useful plate voltage range is 
that above eb = 100 volts. Both instability and distortion would be 
introduced if operation extends into the region of the plate diagram 
below 100 volts. The problem of distortion will be considered later in 
the chapter. 

2-4. Secondary Emission in the Tetrode 

The plate-current maximum and minimum and the negative plate 
resistance which are typical. of the tetrode plate characteristics at low 
plate voltages are caused by the occurrence of secondary electron emis
sion from the plate. Secondary electrons are emitted from an electrode 
only if the incident primary electrons have a certain minimum kinetic 
energy at impact. For the tetrode of Fig. 2-3, this minimum kinetic 
energy is attained at approximately 20 volts, at which the screen cur
rent begins to increase and the plate current to decrease because sec
ondary electrons from the plate are collected by the screen. With the 
screen voltage at 90 volts, and the voltage of the plate lower than that 
of the screen, secondary electrons set free at the anode are accelerated 
toward the screen. As the plate voltage rises and the secondary emis
sion yield increases, the screen current increases and the plate current 
decreases, as shown by Fig. 2-3, until the current minimum is reached. 
At this plate voltage, secondary emission has its maximum effect upon 
plate current. After the plate voltage reaches equality with the screen 
grid voltage, secondary electrons leave the plate only because of initial 
emission velocities. For plate voltages greater than the screen voltage, 
secondary emission from the plate still occurs, but, since the plate poten
tial is higher than the potential of the screen, secondary electrons return 
to the plate, and no effects of secondary emission are observable. Sec
ondary electrons may also be released at the screen. At high plate 
voltage, such secondary electrons would serve to increase the current 
to the plate and decrease the current to the screen. Occasionally the 
secondary emission from a screen grid may be enough so that the screen 
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current actually reverses as the plate voltage increases, showing that a 
single primary electron may release more than one secondary electron 
upon collision with the screen. In many of the older tetrode tubes the 
plate current also reversed at low plate voltage because of a secondary
electron yield ratio (number of secondary electrons released by one 
primary electron) greater than one. In the modern tubes the anodes 
are covered with certain surface materials such as graphite which de
crease the secondary emission, and thus the effect of secondary emission 
upon anode current is considerably reduced. 

2-5. Tetrode Equivalent A-C Circuit 

In the operating range of the tetrode amplifier, the plate character
istics are quite linear. From the functional relation Eq. 2-1, the change 
in plate current resulting from small changes in electrode voltage is 

a4 a4 a4 
Mb = - Lleb + -- Llecl + -- Aec2 

aeb 8ec1 8ec2 
(2-3) 

Exactly as for the triode, the change in current or in electrode voltage 
from quiescence is replaced by the instantaneous a-c component of cur
rent or voltage. Accordingly, Llib = ip, Lleb = eKP, Llec1 = eKa, and, 
since the screen voltage is held constant, Llec2 = 0. By definition, 

aib (dib) 1 
aeb = deb (eel, ec2 constant) = rp = gp 

(2-4) 

and a4 (dib) -- -g 
aecl - dec1 (eb, ec2 constant) - m 

(2-5) 

As for the triode, if ib is held constant, Llib = 0, and Eq. 2-3 provides 
the relation 

µ, = -aeb/8ec1 = Tpgm 

Equation 2-3 then becomes 

1 
ip = - eKP + YmeKa 

rp 

(2-6) 

Now, for sinusoidal voltages and currents, rms or effective values may 
be used, and, since EKP = -IpZL, where ZL is the equivalent imped
ance between K and P in the circuit outside the tube, 

(2-7) 

Equation 2-7 suggests either the voltage-source or current-source 
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equivalent a-c plate circuit exactly as for the triode. Thus, 

µEKG 
Ip=---

rp + ZL 

suggests an equivalent a-c circuit consisting of a voltage-source genera
tor of voltage µEKG and internal resistance rp connected across the load 
impedance ZL, If, however, Eq. 2-7 is written as 

(2-8) 

it suggests an equivalent a-c circuit consisting of a current-source genera-

P----

K 

Ecc2 

(a) Actual circuit (b) Constant voltage (c) Constant current 

Fm. 2-4. Actual and equivalent circuits of a tetrode at audio frequencies. 

tor of current gmEKa supplying current Ip and IpZL/rp to the imped
ances ZL and rp connected in parallel across the terminals of the genera
tor. The actual and equivalent a-c circuits of the tetrode amplifier are 
shown in Fig. 2-4. The equivalent circuits of Fig. 2-4 are identical 
with those used for the triode. Either the voltage-source or the current
source generator may be used in the equivalent a-c plate circuits of both 
triode and tetrode amplifiers, and the same restrictions as to operation 
over the region of linearity of the dynamic characteristics apply to both. 
The plate resistance rp of the tetrode is ordinarily very large compared 
with the load resistance; in this case, the plate resistance can be omitted 
in Fig. 2-4c, resulting in a significant simplification. 

If all the interelectrode capacitances are included, the equivalent a-c 
circuit is that of Fig. 2-5. Since the screen-cathode capacitance is short
circuited for alternating current by the screen connection to cathode 
through the screen supply voltage, Cg2 k may be omitted. Capacitances 
Cpk and Cg2p provide parallel paths from the plate to the cathode and 
so may be combined. Also Cgtk is in parallel with Cg1g2 through the 
screen connection to cathode. By combining the parallel capacitances 
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FIG. 2-5. Equivalent a-c circuit of a tetrode amplifier, including interelectrode 
capacitances. 

and neglecting Cgtp (which the presence of the grounded screen makes 
negligibly small), the circuit may be simplified as shown in Fig. 2-6 
in which 

and 

Cu = Cgtk + Cg1g2 

C22 = Cpk + Cg2p 

The input admittance is then 

Yu= jwCu 

The output capacitance 0 22 is not appreciably different from Cg2p, be
cause of the shielding effect of the screen between plate and cathode. 

p ...-----...---....... -----. 

K 

Frn. 2-6. Simplified equivalent tetrode a-c circuit. 

The capacitances are now small enough that connecting lead-wire 
capacitances may become equally important; thus it is necessary to 
provide adequate shielding for screen grid tubes to realize best results 
at frequencies much above the audio range. 

2-6. Suppression of Secondary Emission. The Pentode 
Secondary-emission electrons from the anode are attracted to the 

screen only for plate voltages that are lower than the fixed voltage 
applied to the screen grid. The secondary electrons released at the 
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anode would be forced to return to that electrode if its potential were 
higher than any potential in the immediate vicinity. Such a space dis
tribution of potential between a positive screen grid and a less positive 
anode can be obtained if a potential minimum can be provided between 
screen and plate. There are two methods in present use which provide 
the required potential minimum. One of these utilizes a grid of wires 
aligned with screen and control grid wires, located between screen and 
anode, and held at zero potential by direct connection to the cathode. 
The resulting five-electrode tube is called a pentode. The purpose of 
the third grid is to suppress the secondary-emission current to the 

+ 
Eg . -=-Ecc2 

~~+ K ----1..------..1 

Eccl 

Frn. 2-7. Connection diagram for a pentode amplifier. 

screen, and it is called the suppressor grid. The connection diagram of 
Fig. 2-7 is drawn for a tube in which the suppressor-to-cathode connec
tion is made externally, that is, outside the tube envelope, such as for 
the type 59, and the 6J7. With the suppressor connection brought out, 
the tube can be operated as a triode by connecting suppressor grid no. 3 
and screen grid no. 2 to the plate. In tubes such as the 6F6 the sup
pressor grid is connected to the cathode internally. This tube may still 
be operated as a triode by connecting the screen to the plate. 

Suppression of the secondary-emission screen current eliminates the 
negative resistance range in the plate characteristic of the tetrode. 
Typical pentode plate characteristics are shown in Fig. 2-8 for the 6F6. 
The dependence of the plate current upon plate voltage is less evident 
than for the tetrode. At a control grid bias of -30 or -35 volts, the 
plate current is virtually independent of plate voltage, and the plate 
resistance is extremely high. Since the control grid-plate transconduct
ance is approximately the same as for an equivalent triode, the effective 
amplification factor, µ = gmrp, is greatly increased. Depending upon 
the purpose for which the pentode is designed, rp for different pentodes 
varies from about 40,000 to 106 ohms, andµ from 100 to 1500. Although 
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the range of linearity of the pentode plate family extends over a greater 
area of the ib-eb graph sheet, the dynamic characteristic has somewhat 
the shape of the graph of a cubic equation, and this results in a pro
nounced third harmonic in the pentode output, to be discussed in Sec
tion 2-10. It is chiefly the presence of the third harmonic that limits the 
undistorted power output of the pentode. It has been shown that the 
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FIG. 2-8. Plate and control grid characteristics of a type-6F6 pentode. (Courtesy 
RCA) 

curved portions of the ib-eb characteristics for low plate voltages are 
responsible for the third harmonic in the pentode output. Since this 
portion of the characteristic is the result of the suppressor grid action 
being nonuniform across the path of the electrons, a type of suppressor 
was sought that did not require a mechanical grid. This research re
sulted in the beam-power 1 or critical-distance 2 tube. 

2-7. Beam-Power Tube 
The beam-power tube is a tetrode in which the effects of secondary 

emission are largely eliminated by mechanical design of electrodes. 

1 0. H. Schede, Proc. IRE, 26, 137-181 (1938). 
2 H. H. 0. Harries, Wireless Engineer, 13, 190-199 (1936). 
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Suppressor action in the beam-power tube, for example the 6L6, is ob
tained by the use of the effect of electron space charge in lowering the 
potential minimum at low plate voltages. Such a potential minimum 
between screen and plate will result from the presence of electron space 
charge if a sufficient current flows into this region. By careful alignment 
of control and screen grid wires and the use of beam-forming plates at 
cathode potential, a sufficient electron space-charge density is secured 
between screen and anode to produce a potential minimum in that re-
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FIG. 2-9. Static characteristics of a type-6L6 beam tetrode. (Courtesy RCA) 

gion. In other words, the electrons in transit from screen- to plate pro
vide enough negative charge in the interelectrode space between these 
electrodes to produce a potential minimum. The uniformity of the 
space-charge density in the plane of the potential minimum provides a 
much more uniform suppressor effect than a mechanical grid with its 
inevitable potential variation from grid wire to grid wire. 

Typical plate characteristics of the 6L6 beam-power tetrode are 
shown in Fig. 2-9. Certain values of plate voltage and current in the 
region of low plate voltage are critical in the operation of beam-power 
tubes. By this is meant that sudden changes or instabilities occur in 
the plate-current-plate-voltage relation so that the current in this region 
is not a single-valued function of the plate voltage. Linear and stable 
amplifier operation is therefore confined to the region of the flat portions 
of the characteristics, but, as Fig. 2-9 shows, this occupies the greater 
part of the plate diagram. The electrode arrangement in a beam-power 
tube is shown in Fig. 2-10. 
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The term "critical-distance" tube has been applied to the beam-power 
tube because the distance between screen and anode, in addition to the 
electron-beam space-charge density, helps to determine the requisite 
potential minimum. 

The arrangement of electrodes in the beam-power tube permits a 
considerable increase in the transconductance gm for tubes of specified 
size and voltage rating, a fact of importance in the selection of tubes for 
amplifiers designed to operate over a wide frequency range. The beam-

Beam
confining------..._ ... , 
electrode 

Cathode 
Grid 

Screen 

FIG. 2-10. Electrode arrangement in a beam tetrode. (Courtesy RCA) 

power tube approaches the ideal power-amplifier tube whose plate char
acteristics would be flat, parallel, and equally spaced over the entire 
plate diagram. 

2-8. Equivalent Circuits of Pentode and Beam-Power Amplifiers 
The relation between plate current and electrode voltages for the 

pentode is indicated, as was done for triode and tetrode by the relation 

(2-9) 

With screen (ec2) and suppressor (ec3) grid voltages held constant, 
changes in plate current from the value at quiescence (zero signal 
voltage) occur for changes in control grid voltage ec1 and plate voltage 
eb, The result is identical with that for triode and tetrode, so that an 
identical equivalent circuit results. It is usually more convenient to 
use the current-source generator, and frequently the pentode plate re-
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sistance is so much higher than external circuit resistances that it may 
be omitted from the equivalent circuit if the current-source generator 
circuit is used. 

Since beam-power tubes are tetrodes, their equivalent circuits are 
drawn in the same way as for triodes, tetrodes, or pentodes. Therefore, 
it may be stated that triode, tetrode, pentode, and beam-power ampli
fiers may be represented in the linear region of their dynamic character
istics by exactly the same type of equivalent a-c plate circuit. 

Cglp 

Cglg3 

Cg2p 

p 

Cgtk 

K 

Frn. 2-11. Equivalent a-c circuit of a pentode including all interelectrode 
capacitances. 

For pentodes, the capacitance between any electrode and each of the 
other four electrodes in the tube results in a total of ten capacitors to be 
added to the complete equivalent circuit at high frequency. Of the ten 
capacitances, however, that between control grid and plate is negligible 
and those between screen and cathode and between suppressor and 
cathode are short-circuited, as shown in Fig. 2-11. Other capacitors 
are in parallel, so that they may be replaced by a single capacitor of 
equivalent capacity. In this manner the circuit of Fig. 2-11 reduces to 
a simpler circuit with a single input and a single output capacitance as 
in Fig. 2-6. The relation of C11 and C22 to the interelectrode capaci
tances is left as an exercise. 

2-9. Applications of Pentodes 
Pentode tubes designed for power amplification have fairly low plate 

resistances, in the range (for receiving-type tubes) of 40,000 to 300,000 
ohms. Representative power pentodes are the 6F6 and the 25A6. 
Voltage amplifier pentodes have much higher values of plate resistance. 
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Representative types of receiving tubes are: the 1N5-G, plate resistance 
1.5 megohms, input capacitance 3.2 µµf, output capacitance 11 µµf, and 
the 6J7 (see Fig. 2-12): plate resistance 1 megohm. Such tubes are 
recommended for use in voltage amplifiers and as detectors. 

A pentode may be used as a resistance in a circuit to provide a con
stant current. The type 6J7, for example, if biased to -3 volts, would 
pass approximately 2 ma for any plate voltage between 100 and 500 
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Fm. 2-12. Type-6J7 plate characteristics. (Courtesy RCA) 

volts, as an examination of Fig. 2-12 will confirm. This is the basis for 
a number of applications of the pentode, and reference will be made to 
this property of the tube in later chapters. 

2-10. Distortion 
The term "distortion" has been referred to in earlier sections of this 

chapter. It is now proposed to define the term and to apply it in a 
further study of the high-vacuum tube and its characteristics as an 
amplifier. 

The location of an operating point on the dynamic characteristic of 
a triode, tetrode, or pentode determines the possibility and extent of 
linear operation as already described in Chapter 1. It will now be shown 
that operation into the nonlinear region of the dynamic characteristic 
will result in the introduction, into the output of an amplifier, of fre
quencies not present in the input. These frequencies are harmonics of 
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fundamental input frequencies, and the presence of such harmonics in 
the amplifier output is defined as harmonic or amplitude distortion. 
From the point of view of Fourier analysis, harmonic distortion means 
that a sinusoidal (single-frequency) input voltage will come out of the 
amplifier as a nonsinusoidal wave, and this wave will contain harmonic 
frequencies not present in the input. 

The problem of determining the harmonic content of the output of 
an amplifier with sinusoidal single-frequency input may be approached 
by analyzing the dynamic characteristic. With the origin of coordinates 

Frn. 2-13. Dynamic characteristic of an amplifier. 

at the operating point, the equation of the dynamic characteristic is 
expressed as 

(2-10) 

Such a relation is possible because the dynamic characteristic is the 
graphically obtained locus of corresponding values of grid voltage, plate 
voltage, and plate current. It is drawn on the ib-eb mutual character
istics graph, and ip = ib - lb, eg = ee - Ee, as shown by Fig. 1-14. By 
choosing an origin of coordinates at ee = Ee, ib = h, the equation of 
the dynamic characteristic referred to a set of ip-eg coordinate axes may 
be developed by expressing Eq. 2-10 as a power series. This use of a 
series approximation may be very simply explained by the statement 
that the graph of the actual dynamic characteristic is assumed to be 
expressible mathematically in terms of sums of powers of the signal 
voltage eg and that as many terms of the series are used as are necessary 
to give the desired approximation. 

An assumed dynamic characteristic has been drawn for an amplifier 
as shown in Fig. 2-13. Let it be assumed that the curve of Fig. 2-13 is 
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represented about the operating point by the infinite series 

ip = C1eg + C2e/ + C3ei + · · · + Cnegn + · · · 

67 

(2-11) 

in which the constants Ci may be determined as are the coefficients in a 
Taylor series or by selecting a number of points on the curve of Fig. 2-13 
and substituting into Eq. 2-11 the coordinates of such points. Simul
taneous equations involving C1, C2 , C3 , etc., are then obtained from a 
partial series, and the equations may be solved for the constants Ci, As 
many terms must be taken as are needed to approximate the actual 
curve to the desired accuracy, but of course the number of points taken 
from the actual curve must equal the number of constants to be com
puted in order to provide sufficient equations. 

If the grid input signal voltage is restricted in amplitude to values for 
which the curve of Fig. 2-13 is a straight line, then Eq. 2-11 becomes 
simply 

(2-12) 

and, according to the linear circuit analysis of Chapter 1 (Eq. 1-32), 

. µ 
ip = eg 

rp + RL 

Therefore, for linear operation, C1 = µ/(rp + RL), which is the slope of 
the dynamic characteristic at the operating point. If the input signal 
voltage is 

eg = Egm cos wt 

then the a-c component of plate current according to Eq. 2-12 is 

. µEgm 
ip = C1Egm COS wt = --- COS wt = 1pm cos wt 

rp + RL 

Now, if Egm ( = y'2 Eg) is increased until a region of the dynamic 
characteristic is involved where the characteristic can no longer be con
sidered to be a straight line, let it be assumed that two terms of Eq. 2-11 
more accurately represent the portion of the characteristic that is used 
than would a single term. Then, 

ip = C1Egm cos wt+ C2Egm2 cos2 wt 

= C1Egm COS wt+ C2Egm2(l + COS 2wt)/2 

= C2Egm2 /2 + C1Egm cos wt + C2Egm 2 /2 cos 2wt (2-13) 

and it is to be noted that the output current now contains a d-c com
ponent and a second harmonic not present in the input voltage. These 
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quantities are distortion components introduced by the nonlinearity of 
the dynamic characteristic. 

In case the characteristic is adequately represented by three terms of 
Eq. 2-11, and again eg = Egm cos wt, 

ip = C1Egm cos wt+ C2Egm2 cos2 wt+ CaEgm3 cos3 wt 

but cos3 wt = ¼ cos 3wt + ¾ cos wt, so that 

ip = C2Egm2 /2 + (C1Egm + ¾CaEgm3
) cos wt 

+ C2Egm2/2 COS 2wt + ¼CaEgm3 
COS 3wt (2-14) 

where it should be noted that a third-harmonic component is now pres
ent in the output and also that the presence of the cubic term alters 
the fundamental component. 

The foregoing analysis may be indefinitely extended. It is perhaps 
sufficient to state that, in general, the dynamic characteristic may be 
represented to any practical desired degree of accuracy by using enough 
terms of the series of Eq. 2-11. It can be shown that the substitution of 
eg = Egm cos wt into Eq. 2-11 yields an expression that may be reduced to 

ip = B0 + B1 cos wt+ B2 cos 2wt + Ba cos 3wt + · · · 
+ Bn cos nwt + · · · (2-15) 

where the B's represent harmonic amplitudes. 
The next problem is that of determining the values of B0 , B1, B2, etc., 

from graphical data. It is desirable that all data used be obtainable 
from the plate diagram. In the method to be used in the following, all 
measurements may be made on the plate diagram, although the values 
may be represented more clearly in connection with the dynamic char
acteristic. 

The total plate current is obtained by adding the quiescent value J b 

to ip. Thus Eq. 2-15 becomes 
00 

ib = I b + ip = I b + Bo + L Bn cos nwt (2-16) 
n=l 

In practice it is found that the amplitudes of distortion components 
beyond the fourth harmonic are seldom worth the effort of graphical 
computation, particularly as harmonic analyzers have been developed 
and are available for measurement of harmonic amplitudes. Therefore, 
the analysis and the results given here are included because of use in the 
interpretation and extension of amplifier theory. 

For the case of Eq. 2-13 where two terms only of the series are used, 
values of B0 , B1, and B2 may be computed by reading from the graph 
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sheet (Fig. 2-14) the values of ib for particular values of wt. For this 
case, Eq. 2-16 becomes 

ib = I b +Bo+ B1 cos wt+ B2 cos 2wt (2-17) 

In Fig. 2-14, refer to the curve of grid voltage eg = Egm cos wt. For 
wt= 0, ib = ibmax; for wt= 1r/2, ib = h; for wt= 1r, ib = ibmin• These 

wt 

Frn. 2-14. Points for finding second-harmonic distortion. 

values may be obtained, also, from Eq. 2-17. Thus, for 

wt= 0, 

wt = 1r/2, 

wt = 1r, 

= h+Bo 

and these equations may be solved for the harmonic-component ampli
tudes in terms of the values of ib determined from the graph. The re
sults are: 

B 
_ ib max - ib min 

1 -
2 

ib max+ ib min - 2Jb 
B2 = --------

4 

(2-18) 

(2-19) 

(2-20) 

If more components are desired, more terms of Eq. 2-16 may be used, 
and additional values of wt introduced, exactly the same procedure being 
followed as in obtaining Eqs. 2-18, 2-19, and 2-20. A convenient set of 
values of wt for determining five harmonic amplitudes are the values for 
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which Cg is equal to Egm, ½ Egm, 0, -½ Egm, and -Egm• The correspond
ing values of ib obtained graphically from Fig. 2-15 and analytically 

wt 

Fm. 2-15. Points for finding harmonic distortion. 

from Eq. 2-16 up to and including B4 are listed in the following tabu
lation: 

wt Cg ib(graph) ib (from Eq. 2-16) 

0 Egm ib max =lb+ Bo+ B1 + B2 +Ba+ B4 

?T/3 ½Egm ib(½) 
B1 B2 B4 

= h + Bo + - - - - Ba - -
2 2 2 

?T/2 0 I = h+Bo - B2 +B4 (2-21) 

2?T/3 -½Egm ib(-½} 
B1 B2 B4 

= h + Bo - - - - + Ba - -
2 2 2 

?T -Egm ib min = h + Bo - B1 + B2 - Ba + B4 

The foregoing equations may be solved by determinants or otherwise 
for the harmonic amplitudes. The final results are: 

Bo = i(ib max + 2ib(½) + 2ib(- ½) + ib min) - I b 

B1 = ½(ibmax+ib(½) -ib(-½) -ibmin) 

B2 = (ibmax + ibmin - 2Jb)/4 

Ba = ¼(ibmax - 2ib(½) + 2ib(-½) - ibmin) 

B4 = /2(ibmax - 4ib(½) - 4ib(-½) + 6h + ibmin) 

(2-22) 
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It is possible to determine from the plate diagram or from the dynamic 
characteristic the values of ib corresponding to the various selected 
values of eg shown in the schedule of Eqs. 2-21, and thus to compute the 
harmonic-distortion component amplitudes from Eqs. 2-22. The plate 
diagram is always used to obtain the necessary values of ib if the plate 
characteristics corresponding to eg = 0, ½Egm, Egm are available. Har
monic distortion is frequently computed in per cent. For example, the 
per cent third-harmonic distortion is 100 B3/B1• The total per cent 
harmonic distortion is defined as the square root of the sum of the squares 
of the individual per cent harmonic distortions. The second harmonic 
is ordinarily the largest contribution to the total distortion except in the 
case of push-pull or other systems where it is effectively canceled. The 
push-pull connection is discussed in Chapter 3. In amplifiers for sound 
reproduction it is conventional practice to design for less than 5 per cent 
second harmonic. 

2-11. Harmonic Distortion in Tetrodes and Pentodes 
As shown in Section 2-10, the criterion for freedom from harmonic 

distortion of an amplifier tube is the straightness of its dynamic charac
teristic. Because of the bending of the static characteristics for low 
plate voltages, pentodes are found to be limited by third-harmonic dis
tortion. It is easy to eliminate the second harmonic in pentodes by a 
proper choice of load resistance. The amplitude of the second harmonic 
was given by the relation 2-20 as 

ib max+ ib min - 2Jb 
B2 = --------

4 

For pentodes and beam tubes with their flat plate characteristics for 
negative values of control grid voltage, ib min for a fixed-grid swing re
mains practically constant, regardless of the slope of the load line. For 
example, if a load line were drawn through an operating point at I b = 
40.0 ma, Eb = 250 volts, Ee1 = -15 volts for the 6F6 of Fig. 2-8, and 
the control grid swings 15 volts on either side of the bias voltage, then 
ib min is approximately 8 ma for any load resistance RL. However, when 
the grid swing is in the positive direction and reaches zero, ib max will 
vary rapidly with RL if the load line intersects the characteristic for 
Eei = 0 near the rounded knee of the curve. Therefore, for a fixed 
value of ib min and I b, it is easy to select a value of load resistance, and 
hence of slope of the load line for which B2 = 0, which requires that 

ibmax = 2Jb - ibmin 



72 TETRODES, PENTODES, AND EQUIVALENT CIRCUITS Ch. 2 

This particular value of maximum plate current is located somewhere 
along the tube characteristic corresponding to maximum grid swing. 
For the 6F6 operating point and grid swing suggested, 

ib max = 80 - 8 = 72 ma 

The slope of the load line through the 72-ma point on the Ee = 0 char
acteristic would then be the negative reciprocal of 

ileb 250 - 50 
RL = - "-/ -------

Llib (72 - 40.0) · 10-3 

200,000 
---"-/ 6250 ohms 

32.0 

If a load resistor of this value were used, the second harmonic would be 
eliminated. 

For power amplifiers, other considerations relating to optimum values 
of load resistance for best power output impose additional requirements. 
These will be taken up in the chapter on power amplifiers. 

2-12. Variable-Mu Tubes 

It is desirable for certain applications to have the amplification factor 
mu or the control grid-plate transconductance gm of the tube depend 
upon the grid bias. Such a result is achieved by making the pitch of the 
helical control grid winding variable along the length of the grid struc
ture, which amounts to a variable, rather than a fixed, grid-wire spacing 
along the length of the grid. Control of electron flow from the cathode 
is dependent upon the field intensity at the cathode, and thus cutoff of 
plate current occurs for areas of the cathode nearest the closely spaced 
region of the grid at less negative grid voltages than for areas opposite 
the more widely spaced grid wires. Such a tube is called a variable-mu, 
remote cutoff, or supercontrol tube, and is used in radio receivers where 
the grid bias is made to depend upon the received signal so that the vol
ume of the amplifier is automatically controlled. Cutoff for a variable
mu tube is approached asymptotically as compared with the sharp cutoff 
of the tube with uniform grid-wire spacing. A typical remote cutoff 
pentode is the 6K7; a sharp cutoff pentode is the 6J7. The student 
should compare the plate and mutual characteristics of these tubes. 

2-13. Other Multielectrode Tubes 

Many multielectrode tubes combine two or more electrode assemblies 
in the same glass or metal envelope. For example, two triodes or a 
triode and a pentode may be enclosed in the same bulb. They may or 
may not use the same cathode, but each has its typical characteristics 
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independent of the other and so need not be considered as different from 
similar triode or pentode assemblies in separate envelopes. 

Tubes using more than three grids are employed in frequency con
version. Such tubes may have two control grids, two screen grids, and 
a suppressor and are known as pentagrid mixer amplifiers, as for exam
ple the 6L7. The plate current depends upon both control grid signal 
voltages in a way that involves the product of functions of each voltage. 
As the signal voltages may be of different frequencies, a modulation re
sults and new frequencies appear in the output which were not present 
in either input. The pentagrid converter also uses five grids, including 
two control grids. One of these is used in an oscillator circuit, and the 
other obtains signal from a separate source. The two frequencies are 
effective simultaneously upon the plate current, and frequency conver
sion results. 

2-14. Parallel Feed 
In the simple amplifier circuits shown thus far, the direct plate-supply 

voltage has been fed to the plate of the vacuum tube through the load 
resistor. The flow of the d-c component of the plate current through the 
load resistor results in a power loss h 2RL, and in a voltage drop, hRL, 
It is possible to avoid the power loss and to reduce the magnitude of the 
required plate-supply voltage by supplying the direct current and volt-

Fm. 2-16. Parallel feed. 

age to the plate through an inductance of very low resistance. A block
ing condenser is used to prevent direct current from flowing through the 
load resistance. The reactance of the condenser is negligible compared 
with the load resistance in the frequency range in which operation is 
desired. A typical arrangement is shown in Fig. 2-16, in which induct
ance Lis chosen of such size that wL is very large and C is large enough 
that 1/(wC) is very small compared with RL. Except at very low fre-
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quencies neither choke nor condenser need be shown in the equivalent 
a-c circuit, since the choke is assumed to have such high reactance that 
it passes negligible alternating current and may be replaced by an open 
circuit, and since the condenser has such small reactance that it may be 
replaced by a short circuit. This circuit arrangement is known as paral
lel feed. 

If the resistance of the choke is appreciable, two load lines must be 
drawn. These are the d-c or static load line for the resistance of the 
choke, and the a-c or dynamic load line for the resistance of the load. 
If the resistance of the choke is negligible, the static load line is vertical 
and the operating plate voltage Eb is equal to the plate-supply voltage. 
The dynamic load line would then be drawn through the operating 
point with a slope equal to the negative reciprocal of the resistance of 
the load. 

The static load line is used to locate the operating (quiescent) point. 
The a-c or dynamic load locus will then be a straight line if Xe« RL 
and if XL» RL. The dynamic load line is the locus of the a-c com
ponents of load voltage. 

PROBLEMS 

2-1. Using a set of type-24-A plate characteristics, draw a load line to intersect 
the Ec1 = 0 characteristic at ib = 7 ma and the Ee1 = -6 characteristic at eb = 
450 volts. Using parallel feed for the plate circuit and a grid bias of -2 volts and 
neglecting choke resistance and condenser reactance: 

(a) Determine the plate battery voltage and load resistance needed. 
(b) Draw the dynamic characteristic corresponding to your load line, and show 

the operating range for a grid swing of 1.5 volts (on either side of the bias). Deter
mine the voltage gain graphically. Determine rp andµ at the operating point, and 
calculate the gain from the gain formula. 

(c) Compute the per cent second-harmonic distortion for the amplifier. 
2-2. Use the definition of plate resistance to sketch the variation of rp as a func

tion of eb, obtaining data from the type-24-A characteristic for Ee1 = -3 volts. 
Qualitative, rather than quantitative, results are desired. 

2-3. An amplifier with resistance load uses a type-6F6 pentode with a load re
sistance of 5000 ohms; Ebb = 250 volts, Ecc = -10 volts. 

(a) Draw the circuit diagram for parallel feed, showing all grid and battery con
nections. Draw the equivalent a-c plate circuit. 

(b) Draw the load line on a set of plate characteristics, and determine the coordi
nates of the operating point. Obtain the dynamic characteristic. 

(c) If the grid input voltage has a maximum value of 10 volts, determine the volt
age gain graphically. 

2-4. Referring to problem 2-3, determine gm and rp from the graph sheet at or 
near the operating point. Determine the slope of the dynamic characteristic at the 
operating point. Calculateµ and the voltage gain, and compare the latter with the 
value obtained graphically in problem 2-3. 
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2-5. Select a load resistance to be used with the amplifier of problem 2-3 so that 
the second-harmonic amplitude will be zero, and compute the per cent third-har
monic distortion for maximum grid voltages of (a) y2 Eg = 10 volts, (b) y2 Eg = 
20 volts. 

2-6. Simplify the circuit of Fig. 2-11 by combining capacitances in parallel and 
neglecting Cglp• Determine the input and output capacitances in terms of the inter
electrode capacitance of the circuit. 

2-7. Using the plate characteristics of the 6J7 and 6K7 pentodes, construct mutual 
characteristics on the same sheet at eb = 200 volts for each tube, and compare the 
remote and sharp cutoff characteristics. Determine the maximum and minimum 
values of gm for each tube in the range of your drawing. 

2-8. Draw the connection diagram for a 6J7 pentode amplifier circuit, obtaining 
the necessary screen supply voltage from a potentiometer across the plate supply. 
Use a cathode resistor for obtaining grid bias. Show all by-pass condensers. If the 
pentode operates at Eb = 240 volts, Ec2 = 100 volts, Ec1 = -2.5 volts, and the 
load resiistor is 100,000 ohms, find (a) the proper size of cathode biasing resistor, 
(b) the plate-supply voltage. 

2-9. If the signal voltage at the grid of the tube in problem 2-8 is a sine wave of 
frequency 800 cycles, amplitude 2.5 volts, compute the output voltage and the per 
cent harmonic distortion for all harmonics up to and including the fourth. Assume 
that the cathode biasing resistor is well by-passed. 

2-10. Explain, fundamentally, why the insertion of grid wires between control 
grid and anode in a vacuum tube reduces the effective grid-plate capacitance. As
sume that the inserted grid is maintained at a-c ground potential. 



CHAPTER 3 

AUDIO-FREQUENCY VOLTAGE 
AMPLIFIERS 

THE SINGLE-TUBE OR ONE-STAGE AMPLIFIER CIRCUITS OF CHAPTERS 1 
and 2 were introduced to provide examples of tube applications in basic 
circuits. The present chapter will be devoted to a study of methods of 
coupling tubes in multistage amplifiers designed for amplification in the 
audio-frequency range. 

3-1. Amplifier Classifications 

Amplifiers may be classified in respect to their use as voltage, current, 
or power amplifiers. 

Amplifiers, as used in this text, are four-terminal networks designed 
to provide an ·increase in the amplitude of an alternating voltage. This 
voltage is referred to as the signal and is applied at the input terminals 
of the four-pole. If the emphasis is placed upon the production at the 
output terminals of a higher output voltage, with the magnitude of 
output current considered unimportant, the amplifier is referred to as a 
voltage amplifier, and certain types of high-vacuum tubes are designed 
for such use. If the major purpose of the amplifier is to increase the 
amplitude of a current, then a voltage input proportional to the signal 
current is fed into the four-pole at its input terminals and is to be in
creased in amplitude, but the output terminals must be capable of 
supplying a current of amplitude greater than that of the signal current; 
such an amplifier is referred to as a current amplifier. If both current 
and voltage amplitudes are required to be large at the output terminals, 
the amplifier is referred to as a power amplifier. It is generally true that 
vacuum-tube amplifiers are voltage-operated devices; that is, they 
respond to voltage variations at their input terminals. The over-all
output requirement of the amplifier determines the use classification as 
voltage, current, or power amplifier and dictates the essential circuit 
properties of tubes and other circuit components which together com
prise the composite four-pole. 

Amplifiers may also be classified on the basis of frequency range as 
76 
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audio-, radio-, or video- (television) frequency amplifiers, each of these 
requiring circuit elements and tube characteristics to fit the frequency 
range over which amplification is desired. 

An additional standard classification of amplifiers depends upon the 
portion of the a-c input cycle during which plate current flows, and in
cludes class A, class AB, class B, and class C. The period of plate con-

FIG. 3-1. Class-A operation. 

FIG. 3-2. Clas~AB operation. 

FIG. 3-3. Class-B operation. 

Frn. 3-4. Class-C 
operation. 

duction is determined by the grid bias and the excitation amplitude. 
Figures 3-1, 3-2, 3-3, and 3-4 illustrate classes A, AB, B, and C, respec
tively. In each ~gure, bias and input voltage amplitude typical of the 
classification are shown, together with a dynamic characteristic and the 
resulting plate current. It should be particularly noted that class-A 
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operation implies bias on the linear portion of the characteristic and 
small input amplitude E gm with plate current flowing during the entire 
grid cycle; for class-B operation the bias is approximately at cutoff, 
and plate current flows only during one-half the cycle of grid voltage; for 
class-C operation the bias is below cutoff, and plate current flows only 
during a period less than half that of the grid cycle. Since audio ampli
fiers require freedom from distortion, they are always operated class A 
except for power stages where push-pull operation makes class AB or B 
operation possible without excessive distortion. Radio-frequency 
amplifiers employ tuned circuits and may therefore tolerate the dis
tortion inherent in classes other than A. Since plate current flows only 
with signal voltage in classes Band C, and since the grid amplitude may 
be much greater than in class A, the B and C amplifiers operate more 
efficiently than the A class. Class AB is intermediate between classes A 
and B. A further distinction, depending upon grid swing, is in general 
use. If the grid swings into the positive region of the mutual character
istics, grid current is expected to flow and the subscript 2 is used. When 
grid current does not flow, subscript 1 is used. For example, Fig. 3-1 
represents a class-Ai amplifier, Fig. 3-3 a class-Bi. If Eg max were greater 
than Ee in Fig. 3-3, the amplifier would operate class B2 • 

3-2. Distortion in Amplifiers 
In order to describe a sine or cosine wave, three properties of the wave 

must be known. These properties are amplitude, frequency, and phase. 
When a given alternating voltage is fed into an amplifier, it is usually 
desirable that an output voltage of identical frequency but increased 
amplitude result. As shown in Chapter 1, the phase difference between 
input and output voltage for amplifiers with pure resistance load cir
cuits * is 180°. When a number of sinusoidal voltages of different 
amplitudes, frequencies, and phases are simultaneously fed into the 
input of an amplifier, as for the amplification of music or speech, it is 
desirable and necessary that: (1) The amplifier output contain exactly 
the same frequencies as are present in the input; (2) the ratio of the 
amplitudes of output-to-input voltage components of the same frequency 
be the same for all frequencies; this is equivalent to requiring that the 
gain be the same for all frequencies; (3) the relative phase differences 
between the various frequencies be the same in the output as in the 
input. The departure of the amplifier from exact conformity with these 
three conditions is known as distortion. The introduction by the 
amplifier of frequencies not present in the input results from the non-

* This assumes frequencies are low enough that interelectrode capacitances may 
be neglected. 
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linearity of the dynamic characteristic, as discussed in Chapter 2 and is 
known as harmonic distortion. Failure of the amplifier to meet the second 
requirement of equal gain for all frequencies is known as frequency 
distortion and is caused by circuit or tube reactance values which change 
with frequency. If the amplifier circuit introduces a phase shift pro
portional to frequency per stage for all frequencies, requirement 3 is met 
perfectly, but, since reactance values of tube interelectrode capacitances 
and circuit inductive and capacitive reactances vary oppositely with 
frequency, phase distortion will result. For speech or music, the ear 
does not detect small amounts of phase distortion, but it is quite sensi
tive to harmonic and frequency distortion. If curves of gain are plotted 
against frequency, the curves will be straight horizontal lines for an 
ideal amplifier. The departure of the gain from the flat, straight-line 
characteristic of the ideal amplifier is a measure of the frequency dis
tortion of the actual amplifier. 

3-3. Interstage Coupling Circuits 
The coupling circuit between two stages of a voltage amplifier may be 

treated as a four-terminal network. Four coupling circuits that are of 
importance in voltage amplifiers are: 

(a) The direct-coupling circuit in which a single resistance serves 
as the output load of one stage and the input to the following stage. 
A battery is required to correct the second stage bias. 

0---ljl1----+-----o 
Ebb 

(b) The resistance-capacitance coupling circuit is a 1r network as 
shown. The plate supply of the first stage is inserted in series with RL. 

C P10-------...---11----...-----0G2 

Rg 
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(c) The inductance-capacitance circuit is also a 1r network with an 
inductance instead of the load resistance RL used in the R-C circuit. 
The plate supply for the first stage is connected through the inductance 
L. 

(d) The transformer coupling circuit is a transformer of special design, 
as shown. The plate supply for the first stage is connected either in 
series with the primary or in shunt by means of parallel feed. 

The four coupling circuits are analyzed in the following sections. One 
method of analysis is to obtain the four-pole admittance parameters of 
the coupling network, and then to work out the over-all four-pole ad
mittances of tubes and coupling network in tandem. Since the four-pole 
admittance parameters of tubes and of coupling network are frequency
dependent ( except for the direct-coupling network), graphical repre
sentation is usually employed. Such methods are convenient for design. 
For purposes of the present chapter, an elementary circuit analysis of 
each case is preferred. 

3-4. Direct-Coupled Amplifiers 

When very low frequencies or small variations in direct voltages are 
to be amplified, the simplest circuit that may be used for the purpose is 
that shown in Fig. 3-5. The voltage of the required second-stage bias 
battery Ecc2 can be determined if the quiescent current h 1 and the load 
resistor R1 are known. The direct-voltage drop in R 1 is in such a di
rection that G2 is at a lower potential than K 2 • In other words, a nega
tive bias already exists on G2, but in general this voltage would be 
sufficient to bias the tube T2 to cutoff unless a battery is connected to 
correct the bias as shown. The required battery voltage is Ecc2 = 
Va2K2 + h1R1, where Va2K2 is the required negative bias. For ex- ~ 
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ample, suppose that R1 = 100,000 ohms, I bl = 2 ma, Ec2 = -10 
volts= Va2K2 (desired bias). Then Ecc2 = -10 + 200 = 190 volts. 
A battery to supply such a voltage is inconvenient and expensive, and, 

G1 
T1 T2 

Input 

lbzt 
Output voltage 

[bl t 
R2 voltage 

~+ 

K1 

- 11 + 

Eccl Ebbl 

Fm. 3-5. Two-stage, direct-coupled amplifier. 

when it is added to the requirement of the two plate batteries of equal or 
greater voltage, it is obvious that the circuit of Fig. 3-5 is far from ideal. 

A circuit utilizing a single plate-voltage power supply and the poten
tiometer principle was first suggested by Loftin and White. 1 Such a 

R 2 output 

---~-1111----+ ----' 

Fm. 3-6. Two-stage, direct-coupled amplifier using a single power source for plate 
and bias voltages. 

circuit is illustrated in Fig. 3-6, in which Re is the bias resistor for tube 
1. With proper choice of power supply voltage and resistors, the voltages 
required for the circuit of Fig. 3-5 can be supplied as shown in Fig. 3-6. 

1 E. H. Loftin and S. Y. White, Proc. IRE, 16, 281 (1928). 
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The direction of the direct current in the power-supply circuit is such 
that K1 is positive with respect to G1 by the amount of the drop IRc. 
Plate battery voltage Ebbt, of Fig. 3-5, has been replaced by E 24 (voltage 
rise), Ebb2 by E 35• The bias voltage of the second tube can be obtained 
from the relation 

E34 = J b1R1 + V G2K2 

Here V a2K 2 = voltage drop, grid to cathode 

Then, 

= Ec2 , bias voltage (usually a negative number) 
or voltage rise, d-c component, cathode to 
grid 

E34 = J btRt + Ec2 (3-1) 

For example, if R1 = 5Q,000 ohms, h 1 = 1.8 ma, Ec2 = -5 volts, the 
required voltage E34 is given by 

E34 = 1.8 · 10-3 (50,000) - 5 = 90 - 5 = 85 volts 

It should be noted that the cathode of tube 2 is at a higher direct poten
tial than that of tube 1. Either separate heater supplies must be used or 
the insulation of cathode to heater for each tube must be capable of 
withstanding the fairly high potential if a common heater source is used 
for both stages. 

Reference again to Fig. 3-6 will show that the d-c supply voltage E 
will be the sum of E12 + E2a + Ea4 + E45, or 

E15 = E12 + E2a + Ea5 

But, for the direct voltage between K 1 and G1, 

E12 = VKIGl 

Equation 3-3 may be written, with E24 = E bb1, as 

E23 = Ebbl - IbRt + V K2G2 = Ebt + V K2G2 

Further, 

Therefore, the d-c supply voltage is 

(3-2) 

(3-4) 

(3-5) 

E15 = V KIGl + Ebt + V K2G2 + Eb2 + h2R2 (3-6) 

or the numerical sum of the bias voltages, the plate voltages, and the 
direct voltage drop through the load resistor of the last tube. 
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A three-stage direct-coupled amplifier circuit is given in Fig. 3-7. 
The screen voltage of the input pentode and all bias and plate voltages 
are obtained by proper selection of a voltage drop in the potential 
divider circuit. In the third or power stage a pentode is used as a triode. 
In order to avoid undesirable feedback when audio frequencies in the 
voice or music range are used, by-pass condensers would be used across 
all biasing resistors. The capacitances of these condensers are so chosen 

E = input 
g voltage 

'----------4-111111-+ ___ ___. 
E 

Fm. 3-7. Three-stage, direct-coupled amplifier. 

RL3 output 

that their reactances in the range of frequencies to be amplified are 
negligible. 

Direct-coupled amplifiers are most useful at low frequencies and have 
practically zero frequency and phase distortion in their operating range. 
Such amplifiers also find numerous applications where it is required that 
a circuit respond to a very small change in voltage, a change that is not 
necessarily alternating, nor even periodic. Direct-coupled amplifiers 
have been used in biological studies, for counting purposes, and in experi
mental psychology in the study of neural response. They have also been 
used in cathode-ray oscillographs to amplify the input voltage. For this 
application, frequency and phase distortion must be negligible over a 
very wide range of frequencies. 

Direct-coupled amplifiers are used for measurement purposes as in 
vacuum-tube voltmeters designed to measure very low frequency or 
direct voltage. In this, as in most applications of direct-coupled ampli
fiers, one of the major difficulties is that of zero adjustment, or an ad
justment within the amplifier such that with zero input voltage, there 
will be zero output voltage. 

Another important d-c amplifier application is in the field of servo
mechanisms. Servo amplifiers are frequently required to operate at 
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very low frequency and may be required to control, for example, the 
field current of a d-c motor. 

Certain disadvantages of the d-c (direct-coupled) amplifier are in
herent in the circuit itself. Because of the lack of d-c isolation between 
stages, small changes in tube characteristics or in battery voltages in one 
stage are amplified in a succeeding stage so that the tube operating point 
of the later stage may shift out of the linear region of the dynamic 
characteristic. There is also a tendency for the amplifier to "drift," 
which means that a slight change in potential in a given stage may result 
in a larger change in a succeeding stage, sufficient either to overload that 
stage or to bias it to cutoff. The tendency to drift 2 is minimized by 
using small resistors for the potentiometer circuit (Fig. 3-7) which calls 
for a large-capacity power supply and large "bleeder" current, with 
attendant power loss. Refinements in the design of direct-coupled 
amplifiers which eliminate the disadvantages described in the foregoing 
paragraph are described in the literature and should be referred to before 
a serious attempt is made to build such an amplifier. 

3-5. Resistance-Capacitance Coupling 
The d-c coupling existing between stages of the direct-coupled ampli

fiers which have been described in Section 3-4 is eliminated in the 
amplifier of Fig. 3-8 by the blocking capacitor C. The equivalent circuit 

C 

--J 

Frn. 3-8. Intermediate stage of an R-C-coupled amplifier. 

of Fig. 3-8 is the circuit shown in Fig. 3-9, and R 11 and G11 are the re
sistive and capacitive components of the input impedance of the next 
stage. (See Chapter 1, Fig. 1-29.) 

Since the grid-to-anode capacitances may be neglected at audio 
frequencies, each stage of a multistage amplifier may be treated in-

2 A method of drift correction is given by Loftin and White, Proc. IRE, 18, p. 669 
(1930). 
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K 

FIG. 3-9. Equivalent a-c circuit of Fig. 3-8. 

dependently in finding the gain. If, for example, the amplifier stage of 
Fig. 3-8 is the mid-stage of a three-stage amplifier, the over-all amplifier 
gain is given by 

A 
output voltage of last stage 

input signal voltage to first stage 

with proper attention as to the use of voltage drops with respect to the 
common ground terminal. For the separate stages, 

VKG2 
A1 =--, 

VKGI 

For the complete amplifier, 

Vout 
A3=--

VKa3 

Vout V KG2 V KG3 Vout 
A = -- = -- · -- · -- = A1A2A3 (3-7) 

VKGI VKGI VKG2 VKG3 

The importance in many applications of the resistance-capacitance 
method of amplifier coupling requires that the circuit behavior of R-C
coupled amplifiers be discussed in some detail. In the circuit of Fig. 3-8, 
resistors Rk are cathode biasing resistors in which the hRk drop provides 
the proper potential difference Ee between cathode and grid for negative 
grid bias. The capacitors Ck are chosen of sufficiently large capacitance 
and correspondingly small reactance to by-pass the a-c components of 
the plate current around the resistors so that on the a-c equivalent 
circuit of Fig. 3-9 the equivalent parallel impedance of Rk and Ck is 
comparatively a short circuit and is therefore not shown. The function 
of capacitor C is to provide d-c isolation for the following stage. To 
ensure adequate d-c isolation, the dielectric used in C must be of high
quality material of very high insulation resistance. Any d-c leakage 
through the capacitor from the plate supply will tend to produce a 
positive bias on the grid of the next stage. If the amplifier is to have 
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minimum frequency distortion, the reactance of capacitor C must be 
negligible. Practically this requirement is met if Xe at the lowest 
operating frequency is less than one tenth of resistance R2 , for then the 
alternating voltage across R2 is approximately equal to that across R1, 

and the voltage gain is independent of C; therefore the gain will be in
dependent of frequency in the operating frequency range over which 
the input admittance of the next stage remains negligible; Resistance 
R1 (load resistance) and R2 (grid-leak resistance) should be as high as 
possible for maximum gain. The magnitude of R 1 is limited because it 
must pass the d-c component of load current, and too large a voltage 
drop hR1 necessitates too large a plate supply Ebb· From the circuit 
of Fig. 3-8, 

Ebb = f b1R1 + Eb1 + f b1Rk 

The magnitude of R2 is limited because of the flow of grid current to the 
grid G2 • Usually R2 is limited to 1 megohm, for even an extremely small 
grid current would produce an appreciable spurious bias in a resistance 
of several megohms. Since any charge accumulating on coupling 
capacitor C must leak off through R2 , the product R2C is limited in 
magnitude. Too large a product R2C means that a sudden positive 
impulse causing grid current to flow, thus charging the capacitor would 
affect the grid for too long a time; this phenomenon is known as "block
ing." Such conditions limit the size of R2 and C. 

The current-source-generator equivalent circuit has been used in 
Fig. 3-9, and grid conductance has been assumed to be negligible. All 
circuit elements have been shown, but, since the capacitor reactances 
and the magnitude of Y11 for the next stage (see Chapter 1, Eqs. 1-62 and 
1-63) all depend upon frequency, it is possible to establish frequency 
ranges within which the circuit may be very much simplified. In the 
low-frequency range, Xe is greater than one-tenth R 2 ; also, the reactances 
of Cpk and 0 11 and the resistance R11 are so large compared with rp, Ri, 
and R2 that C 11 and R11 may be considered open circuits and omitted 

p ~---------1,_0 2 P ________ 0 2 P __________ o2 

C 

K K K 
(a) Low-frequency range (b) Intermediate-frequency range (c) High-frequP.ncy range 

FIG. 3-10. Equivalent circuits in the low-frequency, mid-frequency, and high
frequency range for an R-C-coupled amplifier stage. 
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from the circuit diagram. The low-frequency circuit is shown in Fig. 
3-lOa. In the mid-frequency range, Fig. 3-lOb, Xe < 0.1R2 and may be 
replaced by a short circuit; Cpk, C11 , and stray wiring capacitances are 
now in parallel and may be replaced by Co, but Xco and R 11 are so large 
compared with the other circuit elements that they may be considered as 
open circuits. In the high-frequency range, Xco is small and may not be 
neglected; Y 11 = G11 + jwCo, and itis assumed that G 11 « wC0, and may 
be neglected. The circuit is shown in Fig. 3-lOc. 

Analysis of the gain and phase shift of the R-C-coupled amplifier 
stage of Fig. 3-8 is now greatly simplified by use of the equivalent 
circuits of Fig. 3-10. In the mid-frequency range, the current umEg 
flows through an equivalent admittance Yeq given by 

Yeq = Yp + Y1 + Y2 = l/Req (3-8) 

where Yp = l/rp, Y 1 = l/R1, Y2 = l/R2 

The output voltage drop of the stage is 

V kg2 = UmE gReq (3-9) 

and the intermediate-frequency voltage gain of the stage is given by the 
relation 

Vkg2 Um 
AI= -Eg = -gmReq = - Yp + Y1 + Y2 (3-10) 

Since AI involves only pure resistance elements, the intermediate-fre
quency gain is independent of frequency. If the following substitutions 
are made in Eq. 3-10, namely 

Y1 + Y2 = y L = l/RL 

where RL = R1R2/(R1 + R2) = the equivalent load resistance 

and 

then Eq. 3-10 may be written in the familar form of 

-µ/rp 
A1=----

l/rp + l/RL 
(3-11) 

In exactly the same manner, the amplifier voltage gain in the high
frequency range may be obtained from the circuit of Fig. 3-lOc. The 
high-frequency gain AH is then given by 

(3-12) 
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For convenience in computation, it is desirable to relate AH to Ar, 
which may be accomplished by noting that Eqs. 3-8 and 3-10 may be 
used in Eq. 3-12, so that 

A 
-gm 

H= 
1/Req + Yu 

YmReq Ar 

1 + ReqYu 1 + ReqYu 
(3-13) 

But Yu = G11 + JwC0 , and Gu is,. assumed to be negligible compared 
with wC0• Then Yu r-v JwC0, and the quantity ReqYu may be written 
as 

Req Y 11 = J21rf C oReq 

If by definition the quantity 1/21rC0Req be replaced by the frequency 
f H, then Eq. 3-13 may be written as 

where 

Ar 
AH-----

- 1 +ifl!H 

1 Yp + Y1 + Y2 iH =---
21rC0Req 21rCo 

Equation 3-14 may now be expressed in polar form as follows: 

(3-14) 

(3-15) 

A _ !Ari~ 
H - v1 + (f/JH)2/oH 

I Ar I / 180° - O (3-16) 
Vl + (J/!H)2 H 

where (3-17) 

As the frequency f increases beyond the intermediate-frequency range, 
the gain decreases and the phase-shift angle OH increases, according to 
Eqs. 3-16 and 3-17. If f becomes equal to f H, 

\ AH I =\AI \!0 = 0.707\ Ar\ 

Therefore, f H i;J that frequency at which the high-frequency gain falls to 
70.7 per cent of the constant gain in the intermediate-frequency range. 
The angle OH is the angle by which the phase difference between output 
and input voltages fails to be 180°. Therefore, OH is a measure of the 
phase shift in the high-frequency range. At the frequency fH, 0 = 45°. 

For the low-frequency gain, the circuit of Fig. 3-lOa provides an easy 
method of obtaining A£. The voltage across rp (or R 1) is the product of 
the current gmEg and the equivalent single impedance connected across 
the terminals of the constant-current generator. If the single resistance 
equivalent to r P and R1 in parallel is 

(3-18) 
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then the voltage across the parallel combination of Rand the impedance 
R2 - }Xe is 

R(R2 - jXe) 
VR - g E 

- m g R + R2 - jXe 
(3-19a) 

Voltage V R is also the drop across (R2 - jXe), and the output voltage 
drop across R2 is therefore 

V kg2 = ( V R. ) R2 
R2 - JXe 

(3-19b) 

From Eqs. 3-19a and 3-19b the low-frequency gain is 

AL = Vkg2I-Eg = -gmRR2l(R + R2 - }Xe) (3-20) 

The numerator and denominator of Eq. 3-20 may be divided by 
(R + R2 ) in order to introduce Req and thereby also A1 into the ex
pression for AL. The result is 

YmRR2I (R + R2) 
AL = - -------

1 - jXcl(R + R2) 

From Eq. 3-8, llReq = llrp + llR1 + llR2 

Use of Eq. 3-18 yields llReq = llR + 1IR2 

so that 

If also, 

where 

Req = RR2I (R + R2) 

Xcl(R + R2) = ll2nfC(R + R2) = hlf 

(3-21) 

(3-22) 

h = 1/21rC(R + R2) = Y2(Y1 + Yp)l21rC(Y2 + Y1 + Yp) (3-23) 

then finally Eq. 3-21 becomes 

A1 
AL = --- (3-24) 

1 -jfL/f 

or AL= IA1 I~ Ar /180+0£ v1 + (!Llf) 2/-0L VI+ (hlf) 2 ~------' C3-
25

) 

where eL = tan-1 hi! 
From Eq. 3-25, fL is the frequency on the low-frequency side of the 
intermediate range at which the low-frequency gain falls to 70.7 per cent 
of the gain in the intermediate-frequency region, and OL is the measure 
of the phase shift at low frequencies. Again, OL = 45° at f = fL. 
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The frequencies h and fn are sometimes referred to as the "half
power" frequencies * by analogy with the criterion for sharpness of 
resonance in resonance curves. For amplifiers, however, the width of 
the frequency band f H - his a measure of the freedom of the amplifier 
from frequency distortion. A typical R-C-coupled-amplifier gain
frequency curve is plotted in Fig. 3-11. For an amplifier to have the 
desirable flat region extended over a wide range of frequencies, fL must 
be small and f H large. The requirements are met according to Eq. 3-15 

log f · 
16° 2 3 4 5 6 

12 

~ 
C: 8 ro 

Cl 

4 

0 
0 10 100 1000 10,000 100,000 1,000,000 

Frequency, cycles per second 

Fm. 3-11. Gain-frequency curve for a typical R-C-coupled amplifier. 

and Eq. 3-23 by making C large, C0 small, and Y1 and Y2 large (R1 and 
R2 small). The last adjustment would require a sacrifice of gain and is 
often justified. For a given set of resistors, R1 and R2, it may be stated 
that the frequency region of constant gain of an R-C-coupled amplifier 
is limited below by the coupling capacitor C, and above by the capacitor 
CO representing the sum of the input capacitance of the next stage, the 
output capacitance of the stage itself, and the capacitance between leads. 
At the high-frequency end, G11 , which was neglected, also contributes to 
the decrease of gain. 

Example problem. For an amplifier stage identical with Fig. 3-8, the 
tube is a 6C5, R 1 = 50,000 ohms, R2 = 100,000 ohms, C = 0.04 µf. 
The total shunt capacitance C0 = 150 µµf, and R 11 is assumed infinite. 
Compute the intermediate-frequency gain, and find the frequencies at 

* These frequencies are also referred to as the "3 db down" frequencies because 
the voltage gain as measured in decibels is down 3 db as referred to the mid-fre
quency gain. 
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which the gain falls to one fourth the gain in the intermediate range. 
Solution. For the 6C5, gm = 2000 micromhos, rp = 10,000 ohms, 

µ = 20. 

A 
-gm 

I= 
2000-10-6 

10-4 + 0.2. 10-4 + 0.1 · 10-4 Yp + Y1 + Y2 

20 
= --= -15.4 

1.3 

Y2(Y1 + Yp) 
!L=------

21rC(Y1 + Y2 + Yp) 

0.1 · 10-4 (1.2. 10-4) 
--------- = 36.8 cps 
6.28(0.04. 10-6) (1.3. 10-4) 

Yp+ Y1 + Y2 l.3·10-4 

f H = 21rCo = 6.28(150 · 10-12) = 138,000 cycles 

For 
I AL I 1 1 

I AI I = 4 = Vl + (36.8/!)2 

(36.8/!)2 = 15, f = 36.8/ vT.5 = 9.5 cps 

For 
I All I 1 1 

~ = 4 = v 1 + Cf /138,000)2 

(f /138,000)2 = 15, f = 138,000y'l5 = 535,000 cps 

Equations 3-16 and 3-25 provide a basis for computing universal 
phase shift and gain curves in which the phase shift and the gain ratios 

IALI IAHI 
-- and --
1 AI I I A1 I 

are plotted against the frequency ratios hi! and f /JH, Such curves 
supply data for any R-C-coupled amplifier stage. A tabulation of such 
data is given in Table 3-1. 

TABLE 3-1. PHASE-SHIFT ANGLES AND GAIN RATIOS FOR ANY 

R-C-CouPLED AMPLIFIER 

h/for 0L or 
flfn 0n f A/Ar f 
10 84.3 0.lfL 0.0995 10 fn 
5 78.7 0.2fL 0.196 5 fn 
2 63.4 0.5fL 0.446 2 fn 
1 45 1.0fL 0.707 1.0fn 
0.5 26.6 2 h 0.893 0.5fn 
0.2 11.3 5 h 0.980 0.2fn 
0.1 5.8 10 h 0.995 0.lfn 
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The values given in Table 3-1 are plotted in Fig. 3-12. Although the 
behavior of an ordinary R-C-coupled amplifier may be predicted by use 
of the curves of Fig. 3-12, it is first necessary to compute h and f H in 
order to use the curves. Having computed these frequencies, however, 
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Frequency as a fraction of fr. or fH 

Fm. 3-12. Universal amplification and phase-shift curves for R-C-coupled amplifiers. 

it is about as easy and perhaps more accurate to use the gain and phase
shift equations 3-16 and 3-25. 

3-6. Inductance-Capacitance Coupling 
The method of coupling shown in Fig. 3-13 is termed inductance

capacitance coupling. In the frequency range over which the gain is 
substantially constant, Xc1 and Xc2 are small compared with R1 and R2 , 

respectively, and may be neglected; XL 1 and XL2 are very large com
pared with rp 1 and R1,rp2 and R2 , so that the equivalent circuit at inter
mediate frequencies is that of Fig. 3-14. The circuit gain analysis may be 
carried out in the same way as for the R-C case, and the response curve 
is similar to that of the R-C-coupled amplifier. Since the frequency 
range for which the gain is flat is limited by the inductances as well as 
the capacitances, the range is less extensive than for the R-C amplifier. 
The chief advantage of the method is that the operating plate battery 
voltages required are much less as a result of the low direct-voltage drop 
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in the inductance. Also, the mid-frequency gain for triodes approaches 
µ. In determining the load line on the plate characteristics, the operating 
point is approximately the intersection between the vertical line eb = Ebb 

FIG. 3-13. Inductance-capacitance-coupled, two-stage amplifier. 

and the characteristic corresponding to the grid bias used. Through the 
operating point, the load line may be drawn with slope corresponding to 
the load resistor R1 (or R2), of Fig. 3-13. 

G1 P1 G2 P2 

rv [Eg1 'v i 1Jl R1 
'v i rp2 R2 

gm1Eg1 gm2Eg2 

Ki K2 

FIG. 3-14. Equivalent a-c circuit of Fig. 3-13 in the intermediate-frequency range. 

3-7. Transformer-Coupled Amplifiers 

The circuit of Fig. 3-15 uses a transformer as a coupling device between 
stages. Transformer coupling has a number of advantages, including 
the following: 

1. Each stage has d-c isolation without the use of capacitors. 
2. The use of a stepup turns ratio makes possible a voltage gain in 

excess ofµ. 
3. Smaller plate supply voltages are required to provide the necessary 

quiescent operating tube voltage and current, and the h 2R losses are 
greatly reduced, as a result of low primary-winding resistance. 
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4. Coupling to an output stage involving two tubes in push-pull is 
easily accomplished by using a center-tapped transformer. The push
pull connection will be discussed later in this chapter. 

(a) Actual circuit 

G2 

R1 R2 

E1 E2 Ru 
C1 C2 

L1 L2 

(b) Equivalent a-c circuit 

FIG. 3-15. Circuits of a transformer-coupled amplifier. 

R1 and R2 are, respectively, the primary and secondary effective 
resistances. 

L1 and L2 are, respectively, the primary- and secondary-winding 
inductances. 

Cm = capacitance between primary and secondary windings 
rp = plate resistance of tube 1 · 
C 1 = Cpk + Gp + lead capacitance 

Cpk = interelectrode plate-cathode capacitance 
Gp = primary distributed winding capacitance 
C2 = Cs + Cu + lead capacitance 
Cs = secondary distributed capacitance 

Cu = input capacitance of next stage 
Ru = input resistance of next stage 
M = mutual inductance between windings 
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The type of transformer used in amplifier coupling and its design are 
determined by the frequency range over which the amplifier is to be 
used. Iron-core transformers are used over the audio range; the cores of 
such transformers are usually constructed of specially designed high
permeability low-loss iron, and the coefficient of coupling is very nearly 
equal to unity. For frequencies in the radio range, air-core transformers 
are used. The turns ratio of audio-frequency-coupling transformers 
does not usually exceed three because of the introduction of secondary 
distributed capacitance between turns and because of the desirability of 
having a reasonably high primary inductance. 

The principal disadvantages of audio-frequency transformer coupling 
include the following: 

1. Transformers are expensive and bulky. 
2. The frequency range in which there is negligible frequency and 

phase distortion is relatively narrow. 
3. Careful shielding is required (contributing to item 1) to prevent 

coupling due to stray magnetic fields. 
Analysis of the equivalent circuit of Fig. 3-15b, like that of the R-C

coupled-amplifier complete equivalent circuit, is complicated unneces
sarily by the presence of circuit elements whose reactances need be 
considered only in certain frequency ranges. It is, therefore, preferable 
to make the necessary approximations in setting up the circuit for the 
low-, intermediate-, and high-frequency ranges rather than to attempt 
a complete solution in which certain terms would be relatively negligible 
in the various frequency ranges. The equivalent circuit of Fig. 3-15b 
may then be simplified for approximate analysis as follows: 

1. In the audio-frequency range over which iron-core coupling trans
formers work satisfactorily the reactance of capacitor C1 and the re
sistance R11 (see Chapter 1, Fig. 1-29) are so high that these elements 
may be omitted from the equivalent circuit. 

2. Capacitance Cm contributes a current component to both primary 
and secondary circuits. These currents, however, become of practical 
importance only at the high-frequency end of the useful frequency 
range of the amplifier because the reactance of Cm is very high in the low
and intermediate-frequency ranges. If the transformer is provided with 
a grounded shield between primary and secondary windings, Cm may be 
reduced to a negligible value at all frequencies. A fairly satisfactory 
approximation for transformers without shielding is to neglect the con
tribution of Cm to current in the primary circuit and to replace Cm by an 
equivalent capacitance connected in parallel with C2 • The equivalent 
capacitance would be equivalent in the sense that it contributes the 
same current component to the secondary circuit as does the actual 
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capacitance Cm. The equivalent capacitance C' may be determined as 
follows: The current through Cm depends upon the voltage across Cm; 
this voltage, as may be seen from Fig. 3-15b, is the vector sum (or 
difference, depending upon relative winding directions of the transformer 
primary and secondary) of the voltages E1 and E2; the assumed relative 
positive sense of these voltages on Fig. 3-15b is purely arbitrary; since 
in magnitude E2 = nEi, where n = N2/N1, the secondary-to-primary 
turns ratio, the current through Cm or through C' is given by 

then 

or (
1 ±n) 

C'= -n- Cm 

The secondary capacitance then becomes 

Co= C2 + C' 

The use of C' in the secondary to replace Cm is a good approximation 
to the extent that the coefficient of coupling k may be considered equal 
to unity. At high enough frequencies, even though k = 0.98, the leakage 
reactances may become appreciable, so that the voltage across C' is not 

FIG. 3-16. Simplified equivalent circuit of Fig. 3-15. 

nE1 because of the voltage drop and the phase shift in the leakage re
actance. The neglect of a corresponding current component introduced 
by Cm in the primary current is justified because the transformer is an 
interstage transformer in which the secondary current is negligible. 
The contribution of Cm to the primary current is negligible compared 
with the primary a-c component of plate current. 

The equivalent circuit of Fig. 3-15b may now be replaced by that of 
Fig. 3-16. Before giving any definitions of the frequency ranges, the 
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mesh equations of the circuit will be written. From Fig. 3-16, 

(3-26) 3 

where 

In the low- and intermediate-frequency ranges, Xco is so high that 
Z 22 may be considered infinite. Then I 2 = 0, and 

11 = µEg/Zn 

. µEg(jwM) 
E 2 = -I1Z21 = JwMI1 = . 

rp + R1 + JwL1 

Now M = kvT;i; and n = N2/N1 = ~ 

whence 

Since k is very nearly unity, M may be replaced by nL1 • Then, 

nµEg(jwL1) 
E2=------

rp + R1 +jwL1 

By definition, the amplifier gain is 

Vkg2 -nµ(jwL1) 
AL = -- = ------

-Eg rp + R1 + jwL1 

If numerator and denominator are divided by jwL1, 

nµ 
AL = - --------

1 - j(rp + R1)/wL1 

(3-27) 

(3-28) 

(3-29) 

(3-30) 

Equation 3-30 should properly be written with ±nµ instead of nµ in the 
numerator, since the phase of the secondary voltage depends upon the 
relative winding directions of primary and secondary. Numerically the 

3 For a discussion of coupled circuits and the use of the double-subscript notation 
see Chap. VII, W. L. Everitt, Communication Engineering, McGraw-Hill Book Co. 
(1937). 
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gain is given by 

(3-31) 

For very low frequencies, wL1 is small and (rp + R 1)/wL1 large, so 
that \ AL \ is small. The primary inductance L 1 may be in the neighbor
hood of 20 henrys. Resistance R1 is usually small compared to rp, and, 
for tubes ordinarily transformer-coupled, rp is in the range 8000 to 15,000 

. (rp + R1) 2 

ohms. As the frequency mcreases from low values, wLi de-

creases and ultimately becomes small compared with unity. The gain 
then approaches nµ as f increases. 

To distinguish between low- and mid-frequency ranges, the low
frequency range will be defined somewhat arbitrarily as the range of fre
quency below that frequency for which 

The intermediate or mid-frequency gain will then be given by 

(3-32) 

and is independent of frequency. Therefore the gain-frequency curve 
for the mid-frequency region wiH be flat and horizontal. 

It is possible to determine the gain in the higher-frequency range over 
which the reactance of C0 may not be neglected by use of the circuit 

a 

Ro Lo 

Co 

b 

(a) 

Fm. 3-l6a. Circuit equivalent to that of Fig. 3-16 as seen at the terminals of the 
capacitor Co. 

of Fig. 3-16. If the secondary circuit is opened at· terminals a-b, the 
equivalent circuit looking to the left may be obtained by an application 
of the mesh equations 3-26 and Thevenin's theorem. If the driving
point impedance as obtained from Eqs. 3-26 is applied to the secondary, 



Ch. 3 TRANSFORMER-COUPLED AMPLIFIERS 99 

rather than to the primary, the impedance at terminals a-b looking 
toward the transformer is given by (see Fig. 3-16a) 

(wM) 2 

Z -R +J"X +----
ab - 2 2 + R + ·x rp 1 J 1 

(wM) 2 

= R2 + (rp + R1)2 + X12 (rp + R1) 

[ 
(wM)

2 
] 

+ j X2 - (rp + R1)z + X12 X1 

If wL1 ~ IO(rp + R1), Eq. 3-33 may be written as 

(wM)
2 

• [ (wM)
2

] 
Zab = R2 + --2- (rp + R1) + J X2 - --

X1 X1 

Now (wM) 2/X1 = k2X1X2/X1 = k2X2 = k2wL2 

Then, let 

and 

(wM)2/X12 = k2X2/X1 = k2L2/L1 = k2n 2 

Ro = R2 + k2n2(rp + R 1) 

Lo = (1 - k 2)L2 

so that Eq. 3-34 becomes 

Zab =Ro+ jwLo 

(3-33) 

(3-34) 

(3-35) 

(3-36a) 

(3-36b) 

(3-34a) 

The equivalent circuit is shown in Fig. 3-16a. The voltage E, according 
to Thevenin's theorem, is given by 

for 

or, using Eq. 3-35, 

µE 8 (jwM) µE 8wM 
E = -----~ --

rp + R1 + jX1 - X1 

w ~ IO(rp + R1)/L1 

E = knµEg ~ nµEg (3-37) 

The output voltage drop of the amplifier stage is the voltage across the 
capacitor C0 • The magnitude of the voltage gain at high frequencies is 
then 

I An I = 11::0 I 
or 

nµ 
An = - ----------

jwCo[Ro + j(wLo - 1/wCo)J 
(3-38) 
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Since Ar= -nµ, Eq. 3-38 may be written as 

AH 1 - = ---------
Ar jwRoCo - w2LoCo + 1 

(3-39) 

If now an angular frequency w0 is defined such that, for w = w0, 

and if 

woLo = 1/woCo or w0
2 

Qo = woLo/Ro 

1/LoCo 

then Eq. 3-39 simplifies to 

AH 1 

Ar j(w/woQo) - w2/wi + 1 

AH I 
--;:==~====:;:=====;./-OH 

Ar V (1 - w2 /wo2
)

2 + (w/woQo) 2 
--

or 

1 (w/woQo) 
OH= tan-

(1 - w2/wo2
) 

where 

is the angle by which AH lags Ar. 
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FIG. 3-17. Universal gain and phase-shift versus frequency curves for transformer
coupled amplifiers. 

If the ratio I~; I is plotted• against :
0 

for several fixed values of 

Q0 , as in Fig. 3-17, it is found that peaks in the curves occur in the 
4 F. E. Terman, Universal Amplification Charts, Electronics, 10, 35 (June 1937). 



Ch.3 TRANSFORMER-COUPLED AMPLIFIERS 101 

vicinity of w = w0, and that the magnitude of the rise of the peak above 

the level I~; I = 1 is dependent upon the value of Q0 • Examination 

of the curves of Fig. 3-17 will show that the flat region of the gain curve 
may be extended by choosing Q0 = 0.75. At w = w0 , it is evident from 
Eq. 3-42b that 

The intermediate-frequency range may now be conveniently bounded 
as follows: 

(3-44) 

The reason for the choice of w = w0/10 for the upper boundary of the 
intermediate angular frequency range is found by substituting w = w0/10 
in Eq. 3-42b. The result is 

I AH I 1 
A1 = V (1 - 0.01) 2 + (1/10Q0)

2 

so that, for Qo ~ 1, 

In the low-frequency range, the gain and phase-angle curves were 
plotted from Eq. 3-31 by assigning arbitrary values to the ratio wLi/ 
(rp + R1). Partial data for the curves are given in Table 3-2. 

TABLE 3-2. VALUES FOR Q0 = 1.25 (FIG. 3-17) 

w w2 w AH - 1--
woQo WO wi 0H Ar 

0.1 0.99 0.08 4.64° 1.01 
0.2 0.96 0.16 9.47° 1.03 
0.3 0.91 0.24 14.8° 1.06 
0.4 0.84 0.32 20.86° 1.10 
0.5 0.75 0.40 28.1° 1.18 
0.6 0.64 0.48 36.8° 1.25 
0.7 0.51 0.56 47.7° 1.32 
0.8 0.36 0.64 60.6° 1.36 
0.9 0.19 0.72 75.2° 1.34 
1.0 0.00 0.80 goo 1.25 
1.2 -0.44 0.96 114.6° 0.945 
1.5 -1.25 1.20 136.2° 0.58 
2.0 -3.00 1.60 152° 0.29 
3.0 -8.00 2.40 163.3° 0.112 
5.0 -24 4.00 170.5° 0.041 

10.0 -99 8.00 175° 0.01 
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It is evident from Eqs. 3-31 and 3-42 from which the curves of Fig. 
3-17 were prepared that an extension of the region of uniform gain to 
low frequencies requires that the ratio (rp + R 1)/L1 be decreased. 
This requires that r P + R1 should be reduced and L1 increased. An 
extension of the region of uniform gain to higher frequencies requires 
an increase in the resonant angular frequency w0, but to increase w0 

requires a decrease in L 0 or in C0, or both. Since L 0 = L 2(l - k2
), a 

decrease in L 0 is obtained by (1) decreasing L 2 , or (2) decreasing the 
leakage inductance by increasing k toward 1. Since C0 depends upon the 
distributed capacitance, the conditions for widening the range of uniform 
gain contradict each other, for an increase in L 1 for the purpose of 
improving the response at the low end requires more turns and introduces 
more distributed capacitance for a fixed-turns ratio, and results in in
creasing L0, rather than in decreasing it as required at the high-frequency 
end. The practical result is that turns ratios for coupling transformers 
seldom exceed 3, and that triodes of reasonably low values of plate 
resistance are used in transformer-coupled amplifiers. The low value 
of Q0 = 0.75 or 0.8 necessary to suppress the resonant peak may be 
controlled when w0 is large by increasing the resistance Ro = R2 + 
k2n2 (rp + R1). This is accomplished by increasing R2 since the second
ary resistance is not involved in determining the low-frequency gain. 
The secondary resistance may be increased by using high-resistivity 
wire for the secondary winding. A very complete study of the design of 
coupling transformers has been made by G. Koehler.6 

It should be pointed out that the phase angle 0L of Fig. 3-17 is given 
by its tangent from the relation (from Eq. 3-30) 

-0L = tan-1 
- (rp + R1)/L1 

From Eqs. 3-30 and 3-32, 

(3-45) 

(3-46) 

so that 0L is the angle of lead of AL with respect to Ar. In the same way, 
from Eq. 3-42b, On is the angle of lag of An with respect to Ar, In each 
case the angles are plotted in Fig. 3-17 as computed from their defining 
equations. The actual angle between output and input voltage depends, 
as has been stated, upon the relative winding directions of the primary 
and secondary of the transformer. 

6 G. Koehler, Proc. IRE, 16, 1742 (1.928). 
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The theory of the transformer-coupled amplifier will be illustrated by 
solving the following sample problem: 

Example problem. An amplifier stage consists of a 6C5 coupled by an 
interstage transformer to a 6F6. The constants of the circuit are: 
For the 6C5, µ = 20, rp = 10,000; for the transformer, R1 = 600 ohms, 
R2 = 25,000 ohms, L1 = 20 henrys, N 2/N1 = n = 3. Assume that the 
coefficient of coupling is 0.995. If the equivalent secondary capacitance 
is 00 = 80 µµf, determine the gain-frequency characteristics of the 
6C5 stage. 

Solution. rp + R1 = 10,600 ohms, l Ar l = nµ = 60 

\ AL [ = 0.707\ A1 I for 

or 
rp + R1 10,600 

wL = = -- = 530 rad per sec 
L1 20 

for I AL l = 0.707\ Ar I 
530 

or h = - = 84.4 cps and I AL j = 60(0.707) = 42.4 
21r 

at w = 530 rad per sec 

The beginning of the intermediate-frequency range is determined by 

or wL1 = 106,000 or f = 5300/6.28 = 844 cps 

Since k2 = 0.99, L0 = 0.01 (180) = 1.8 henrys 

Then, w0 = 1/~ = 1/V 1.8 X 80 · 10-12 

= 1\ • 106 = 83,300 rad per sec 

Ro = R2 + 0.99(9)(10,600) = 25,000 + 94,400 = 119,400 ohms 

Then, Q0 = woLo/R0 = 83,300(1.8)/119,400 = 1.25 

For w = 0.lwo, I AH I = 60/V (0.99)2 + (1/12.5) 2 = 60/0.99 = 60.6 
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The corresponding frequency is 8330/6.28 = 1326 cps. Apparently, the 
region of uniform gain extends only from 844 to 1326 cps and needs to be 
extended by reducing C0 or L 0 . In addition, according to Fig. 3-17, 
there will be a high resonant peak, which will occur near f = 0.8f O or 
10,600 cps, and at this frequency the gain will be 1.36(60) = 81.6. 

The circuit values necessary for computing the expected behavior 
of a coupling transformer are best obtained by laboratory measurement. 6 

With accurate values of transformer constants, amplifier performance 
can be predicted with reasonable accuracy consistent with the approxi
mations used in the foregoing theory. 

3-8. Push-Pull Operation 

Transformer coupling as discussed in the foregoing section or R-C 
coupling as used in voltage amplifiers are usually employed between 
the first and second or between the second and third stages of a multi
stage audio-frequency amplifier. The last stage of an amplifier may be 
expected to deliver the amplified signal at an a-c power level of several 

To preceding 
stage 

-=-,1--+ ___________ __, 
Ecc 

Frn. 3-18. Single-sided output stage. 

watts, and so is called the power stage. Transformers are used to couple 
the power stage to the load and are called output transformers. Such a 
transformer should be thought of as an impedance-matching device to 
match the output impedance of the amplifier to the impedance of a load, 
such as a loudspeaker. The design of an output transformer obviously 
differs considerably from that of a coupling transformer. 

If a power stage is coupled to a load impedance as shown in Fig. 3-18, 
the amplifier is said to be single sided. A number of distinct advantages 
are achieved, however, by using the two-tube arrangement of Fig. 3-19, 
in the power stage. The tubes in the circuit of Fig. 3-19 are said to be 
connected in push-pull; the advantages of the push-pull amplifier over 
the single-sided amplifier are: very much less harmonic distortion, more 

6 F. E. Terman, Radio Engineering, 3d Ed., McGraw-Hill Book Co. 
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Fm. 3-19. Power stage, triodes in push-pull. 

Output 
voltage 

105 

than twice the power output possible with a single tube, and no trans
former core saturation. The reasons for these advantages will be. given 
in the following discussion of the push-pull circuit. 

t 
Time 

Fm. 3-20. Resultant or composite dynamic characteristic of a push-pull class-A 
amplifier. 
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The connection diagram of Fig. 3-19 shows that the grids of the two 
identical tubes driven by the input or coupling transformer T1 will 
swing in the positive direction alternately, so that the grid-to-cathode 
voltage of G1 will be 180° out of phase with that of G2 • If the grid bias 
and the excitation of each tube are such as to provide class-A operation, 
then the plate current of one tube will reach its maximum value at the 
same instant that the plate current of the other tube will be passing 
through its minimum value. This may be shown graphically by the use 
of two identical tube dynamic characteristics, one for each tube, arranged 
as shown in Fig. 3-20, in which the dynamic characteristic of tube 2 has 
been rotated 180° with respect to the characteristic of tube 1, with the 
operating points Q1 and Q2 in vertical alignment. It will be shown later 
that the resultant or composite dynamic characteristic of the two tubes 
is equivalent to the individual dynamic characteristics combined. It 
should be noticed that the individual plate currents ip1 and ip2 (Fig. 3-20) 
do not have identical positive and negative peak values, and are not 
sinusoids because of the curved individual dynamic characteristics, but 
the composite current wave form is symmetrical, and very closely 
sinusoidal. Also, the d-c zero signal components I bl and I b2 are equal. 

3-9. Harmonic Suppression with the Push-Pull Connection 
It will be demonstrated in the present section that (1) no even har

monics of signal frequency exist in the output of a push-pull amplifier 
and (2) that no odd harmonics exist in the plate-supply connection. 

It will be observed that the direct components of plate current h 1 

and I b2 flow through the two halves of the primary winding of the out
put transformer T2 of Fig. 3-19 in opposite directions. As a result, the 
d-c ampere-turns cancel and there is no magnetic core saturation. If 
there are N 1 turns on each half of the transformer primary coil and N 2 

turns on the secondary, the instantaneous ampere turns of primary and 
secondary (for an ideal transformer) are related as follows: 

(3-47) 

where i2 is the secondary current. The instantaneous value of what may 
be called the composite primary current is expressed by the instantaneous 
difference of the total plate currents, or, with I bl = I b2, 

(3-48) 

For identical dynamic characteristics, the series representation of Eq. 
2-11 may be used for each; then, for either ip1 or ip2, referred to an 
origin through Q1 or Q2, 

ip1,2 = C1eg + C2e/ +Gae/+···+ Cnegn + · · · 



Ch. 3 HARMONIC SUPPRESSION WITH PUSH-PULL CONNECTION 107 

If eg1 = ,v2 Eg cos wt is the equation for the input voltage between 
cathode and grid of tube 1, then eg2 = - ,v2 Eg cos wt is the expression 
for the input voltage for tube 2. The alternating components of plate 
currents for the two tubes may then be obtained by substituting the 
respective excitation voltages in the expression for the dynamic character
istic and simplifying, as in Eq. 2-15. The results are 

ip1 = Bo+ B1 cos wt+ B2 cos 2wt + B3 cos 3wt + · · · + · · • (3-49a) 

ip2 = Bo - B1 cos wt+ B2 cos 2wt - B3 cos 3wt + · · · + · · · (3-49b) 

where B1, B2, B3, etc. represent resulting harmonic amplitudes and B0 

is the change in the d-c component. The composite or equivalent in
stantaneous alternating current in the transformer primary winding, 
according to Eq. 3-48, is 

ip' = ip1 - ip2 = 2B1 cos wt+ 2B3 cos 3wt + · · · + · · · (3-50) 

Equation 3-50 shows that even harmonics introduced by nonlinearity 
of the dynamic-tube characteristics are eliminated in the transformer 
primary and secondary windings by the push-pull connection. Because 
of elimination of the second-harmonic distortion, a wider range of the 
tube characteristic may be used, so that an output power more than twice 
that available from a single tube can be obtained. 

If the individual tube plate currents represented by the individual 
tube dynamic characteristics of Fig. 3-20 are combined by algebraic 
addition of ordinates according to Eq. 3-48, the individual dynamic 
characteristics may be combined into a single composite dynamic 
characteristic for both tubes. As shown in Fig. 3-20, the composite 
dynamic characteristic is a straight line. The sinusoidal grid excitation 
voltage has been drawn in the usual way with its time axis through 
Q1 and Q2 • The composite plate current ip' may be obtained directly 
from the composite characteristic, or the individual plate currents may 
be obtained first from the individual dynamic characteristics and then 
combined algebraically according to Eq. 3-48. As previously mentioned, 
it should be observed that the individual currents ip1 and ip2 have un
equal positive and negative amplitudes, but that the composite current 
ip' is quite symmetrical and free from even harmonics. The composite 
current is obtained graphically by adding ordinates of ip1 and ip2 on 
Fig. 3-20. 

The composite characteristic of two identical tubes in push-pull is 
more easily obtained than the individual tube dynamic characteristics. 
Since the two plates of the amplifier tubes in push-pull are connected 
together through a transformer, a change in the voltage of either plate 
will affect the voltage of the other plate. The result is that the individual 
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tube load lines and dynamic characteristics are not independent and 
are not straight lines. This will be shown in the analysis 7 to follow in 
Section 3-12. 

The current in the mid-branch connection through the plate-supply 
battery (of Fig. 3-19) is the sum of the separate tube currents, or, using 
Eq. 3-49, 

ib1 + ib2 = 2(Ib +Bo+ B2 cos 2wt + B4 cos 4wt + · · · + · · ·) (3-51) 

According to Eq. 3-51, the fundamental and odd-harmonic a-c com
ponents of plate current add to zero in this part of the circuit. This 
fact has significance because of implications as to the use of a by-pass 
condenser across a biasing resistor inserted in the plate return, and be
cause of a simplification of the equivalent a-c circuit. With regard to 
biasing, since the principal use of a by-pass condenser is to by-pass the 
fundamental signal frequency around the biasing resistor, the condenser 
may be omitted from the class-A push-pull amplifier circuit. Applica
tion to the equivalent a-c circuit will be discussed in Section 3-10. 

3-10. Push-Pull Equivalent Circuits 

The a-c equivalent anode circuit has been drawn only for linear 
operation, and its use is justified only for negligible harmonic distortion. 
If the harmonic distortion is negligible, as for class-A operation, then, 

Pi--------, 

a • 
Pz-.------...J 

Equivalent a-c circuit of a push-pull class-A amplifier. 

since according to Eq. 3-51 the fundamental does not exist in the con
nection K to a (Fig. 3-19), this connection may be omitted from the 
equivalent a-c circuit of Fig. 3-21. A further simplification of the 
circuit is possible by using the relation between Eg1 and Eg2• Since 

7 B. J. Thompson, Graphical Determination of Performance of Push-Pull Audio 
Amplifier, Proc. IRE, 21, 591 (1933). 
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Eg1 = Eg, and Eg2 = E/180°, the two equivalent generators will be in 
phase with voltage adding in the plate circuit and may be represented as 
one generator as shown in Fig. 3-22. The load resistance RL when re
ferred to the primary circuit becomes (2Ni/N2)2RL, where 2Ni/N2 is 
the primary-to-secondary turns ratio, plate to plate. Since the tubes 
are identical, the two plate resistances 
have been lumped as 2rp. 

A note on the composite current is ap
propriate at this point. According to 
Eq. 3-50, the composite current in the 
absence of harmonic distortion is given by 

(3-52) 

where ip = B1 cos wt is the fundamental 
a-c component for one tube alone. The Frn. 3-22. Simplified a-c equiva-
quantity ip' defined by Eq. 3-50 as the lent plate circuit of Fig. 3-21. 
composite current is equal to twice the 
instantaneous a-c component for a single tube of a pair in push-pull 
operating with negligible harmonic distortion. The composite current 
may be defined as the current flowing in an equivalent single-tube 
circuit. The desirable equivalent circuit for purposes of analysis is 
that which yields the composite current. For effective values and ac
cording to Eq. 3-4 7, 

or 

Nil/= N2I2 

N1(2Ip) = N2I2 
(3-53) 

where Ip is the effective value of the a-c component of plate current for a 
single tube of the push-pull pair. 

Now the power delivered to RL may be expressed in two ways, as 
follows: 

(a) According to Eq. 3-53, for an ideal output transformer (zero 
primary and secondary resistances, unity coefficient of coupling) the 
power output is (3-54) 

where / 2 is the rms value of the current i2 and Ip' the rms value of 
composite current ip'. 

(b) According to the equivalent circuit (Fig. 3-22), 

or (3-55) 



110 AUDIO-FREQUENCY VOLTAGE AMPLIFIERS Ch. 3 

For an ideal output transformer, both Eqs. 3-54 and 3-55 represent the 
power output. Therefore, by equating the two expressions for P 0 , the 
composite current Ip' may be expressed in terms of the constants of a 

new equivalent circuit. Evidently 

Ip' = µEg (3-56) 
rp/2 + (Ni/N2)2RL 

(
N )2 so that the composite single-tube equiv
N~ RL alent a-c circuit involves an equivalent 

generator of voltage µE g and internal re
sistance rp/2 connected to a resistance 
(Ni/N2)2R£. Equation 3-56 shows that 

FIG. 3-23. Composite equiva- the two tubes are in parallel so far as the 
lent circuit. composite current is concerned. The re-

sistance (Ni/N2 )2RL is the resistance as 
seen between plate and mid-tap, a. The equivalent circuit shown in 
Fig. 3-23 is the desired one, since it gives the composite current and 
the correct value of the output current 12• 

3-11. Push-Pull Amplifier Input Circuits 

The input voltage to a push-pull amplifier stage may be supplied by 
any of the usual coupling methods. Figure 3-24 shows an amplifier in 
which transformer coupling to the push-pull power stage is used. The 
d-c components of both plate currents flow through resistor Rc2 pro
viding bias. As shown by Eq. 3-51, the fundamental and all odd har-

Input 

•II~ -B 

+B2 

FIG. 3-24. Two-stage amplifier using transformer coupling. 

E 
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monies are missing in this part of the circuit, so that no reduction of 
voltage will occur (as in the single-sided amplifier) if the by-pass con
denser is omitted. 

If R-C coupling is used, special means must be employed to provide 
the 180° phase relation between the input grid voltages of the two push
pull tubes. A method frequently used for this purpose is shown in Fig. 
3-25 in which an amplifier tube and a phase-inverter tube together 
provide the first stage of amplification and the input to the push-pull 
stage. The output voltage of the first-stage amplifier tube is the voltage 

C 

Input RL1 

E Rc2 

Rc1 

RL2 R3 

C 

Frn. 3-25. Two-stage R-C-coupled amplifier using a phase inverter. 

across R1 and R2 in series; the input voltage of the phase inverter is the 
voltage across R2 ; the amplified output voltage of the phase inverter 
appears across Ra and is the input voltage to the lower tube of the push
pull stage. If the resistors R1, R2 , and Ra are properly chosen, the 
voltage across R1 and R2 in series will be equal in magnitude and 180° 
out of phase with the voltage across Ra. Both tubes of the first stage 
may conveniently be built in the same glass envelope and use a common 
cathode. Examples of this type of dual-purpose tube are the twin 
triodes 6N7 and 12SC7. 

3-12. Composite Characteristics 
Because of the transformer primary winding which connects the plates 

of two tubes operating push-pull, an increase in the voltage at the plate 
of one tube will be accompanied by an equal decrease in the plate 
voltage of the other tube, just as for the grid-to-cathode voltages at the 
input. These relations may be stated as follows: At any instant, with a 
common bias voltage Ee, and an instantaneous grid voltage eg, referred 
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to ground, the instantaneous total grid and plate voltages for tubes 1 
and 2 are given by 

eb1 =Eb+ ep 

eb2 = Eb - ep 

(3-57) 

Equations 3-48 and 3-57 are sufficient to obtain the composite current 
corresponding to any value of the instantaneous grid excitation voltage 
eg if the plate characteristics of the tube are available. For example, 
if a value of eg is specified for a push-pull amplifier operating with a 
given grid bias Ee and plate voltage Eb, the individual plate character
istics in valved are those corresponding to the values of ee1 and ee2 (Eq. 
3-57). The composite current is i/ = ib1 - ib2 . The ee1 characteristic 
relates corresponding values of ib1 and eb1 ; the ee2 characteristic relates 

VI 
(1) 

w 
a. 
E 

20(} 

J 100 
.E 

50 

CV 
i:.,'-

<I.)~ 

0 

50 
VI 

~ 
(1) 
a. 
E 

100 J 
.E 

-~ 
150 

200 
Fm. 3-26. Individual and composite static characteristics and load lines for type-2A3 

tubes in push-pull class-A operation. 
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corresponding values of ib2 and eb2 ; the composite current is the differ
ence of the ordinates of the two characteristics. If two identical graph 
sheets of the plate characteristics are arranged as shown in Fig. 3-26 
with the operating points Q1 and Q2 in vertical alignment, the ordinates 
of the ee1 and. ee2 characteristics corresponding to a given grid excitation 
voltage eg may easily be combined graphically with the aid of dividers. 

ib2 

Frn. 3-27. Method of determining the composite static characteristic for tubes 
connected in push-pull. 

For example, in Fig. 3-26, Ee = -40 volts; if eg = +40 volts, ee 1 = 
Ee + eg = 0, ee2 = Ee - eg = -80 volts. Ordinates of the eel = 0 
characteristic of tube 1 are then combined with ordinates of the ee2 = 
-80 characteristic of tube 2. The resulting or composite characteristic 
is nearly a straight line which relates the values of the composite current 
to the plate voltages of the tubes. For triodes operating class A, the 
push-pull composite characteristics are found to be uniformly spaced, 
nearly parallel and straight lines. 

The method of obtaining points for drawing the composite character
istic is shown more clearly in Fig. 3-27. For eg = 10 volts, ee1 = -40 + 
10 = -30 volts, and ee2 = -40 - 10 = -50 volts. The point A is 
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obtained by subtracting the distance QK2 from QK1 ; also, for point B, 

MB= ML2 -ML1 

If eg = 0, the two ec = -40 characteristics are combined, and the 
resulting composite characteristic passes through the composite oper
ating point Q. 

It should be noted that point B of Fig. 3-27 may be obtained without 
the use of the second or inverted sheet of plate characteristics. The 
ec1 = - 50 characteristic already on the tube-1 characteristics may be 
used. For example, if QR = QM, then RP = M L 2 , and 

MB= RP -ML1 

This corre~ponds to the third and fourth equations of 3-57. Reference 
again to Fig. 3-27 shows that the voltage Eb corresponds to distance 
OQ or to O'Q; distance QM corresponds to a negative numerical value 
of ep, for which eb1 = QM and Eb2 = O'M. 

If one refers again to the push-pull amplifier circuit of Fig. 3-19, the 
voltage across N 1 turns of the transformer primary winding is seen to be 

(3-58) 

If ip', the composite plate current, is increasing in tube 1, vis a voltage 
drop, and 

These relations correspond exactly to the third and fourth equations of 
3-57 where 

Then, 

ep = -v = -ip'(Ni/N2)2RL 

eb1 = Eb - ip'(Ni/N2)2RL (3-59) 

is the equation of the composite load line referred to the origin of coor
dinates % 1 and ib1 (or ip'). The slope of the composite load line is 

dip' 1 
--= ------
debl (N1/N2) 2RL 

(3-60) 

The composite load line is drawn through the composite operating point 
Q (Fig. 3-26) with the slope given by Eq. 3-60. The intersections of the 
composite load line with the composite static characteristics may be 
transferred to the mutual diagram in the usual way to give the corre
sponding composite dynamic characteristic. 

The individual tube-circuit load lines have been obtained from the. 
composite load line and are shown on the diagram (Fig. 3-26). Points 
for the individual load lines are located by projecting vertically from 
intersections of the composite load line with composite characteristics 
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to corresponding points on the individual tube characteristics. The 
individual load lines are of value for computing harmonic components 
and output power in class-B operation, as shown in Chapter 4. 

A numerical example will illustrate the agreement between values of 
the composite current obtained from the equivalent circuit of Fig. 3-23 
and from the graphical solution. Assume that the tubes of Fig. 3-19 are 
2A3's biased to operate at Ee = -40 volts, with Eb = 250 volts. Let 
(2Ni/N2 )

2RL = 4000 ohms, the plate-to-plate resistance, and the 
signal voltage Cg (grid to cathode) = 20 sin wt. Then at a time (wt) 
when Cg = +20 volts, the instantaneous total grid voltage of tube 1 is 
ec1 = -40 + 20 = -20 volts; of tube 2, Cc2 = -40 - 20 = -60 
volts. The composite characteristic for Cg = +20 has been drawn in 
Fig. 3-26, and the composite load line has a slope corresponding to 
(Ni/N2 )

2RL = 1000 ohms. From the intersection of load line and 
characteristic, ip' = 60 ma. From the equivalent circuit (Fig. 3-23) 
usingµ = 4.2, rp = 800 ohms, 

ip' = 4.2(20)/(400 + 1000) = 84/1400 = 0.06 amp 

or 60 ma. The corresponding values of cb1 and cb2 are: cb1 = 187 
(graph) and cb1 = 250 - 0.06(1000) = 190 using Eq. 3-59; cb2 = 313 
(graph) and cb2 = 250 + 60 = 310 using Eq. 3-59. 

Triodes, pentodes, and beam-power tubes are also operated push-pull 
in class AB or class B. The composite static characteristics for triodes 
operated class AB are almost straight lines. The dynamic character
istics for typical class-B operation of triodes are shown in Fig. 3-28. 

wt 

FIG. 3-28. Dynamic characteristics and tube currents, class-B push-pull amplifier, 
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The graphical method of determining the composite static character
istics and the load line applies also to push-pull tubes operated in class 
AB or in class B. Push-pull amplifiers using beam-power tubes fre
quently are operated class AB with low distortion. A further discussion 
of these matters will be given after power relations and efficiency in 
amplifiers have been examined. 

3-13. The Use of Inverse Feedback in Voltage Amplifiers 
As used in relation to amplifier circuits the term "feedback" may be 

defined as the insertion, in series with the input signal voltage of any 

Input 
voltage 

p 

(a) Actual circuit 

Output 
voltage 

p 

G 

(b) Equivalent a-c circuit 

Frn. 3-29. Inverse-feedback single-stage amplifier. 

stage, of a portion of the output voltage of that stage or of a later stage 
of amplification. If the voltage fed back is less than 90° out of phase 
with the signal voltage, the resulting input voltage will be increased and 
the feedback is said to be regenerative, direct, or positive. If the voltage 
fed back is more than 90° out of phase with the signal voltage, the feed
back is said to be degenerative, inverse, or negative, and the resultant 
input voltage will be decreased. If the feedback is regenerative or 
direct, the amplifier output voltage may increase intil the amplifier 
becomes an oscillator. If the feedback is inverse, however, a number of 
effects upon the operating behavior of the amplifier result, as follows: 

(a) The gain is reduced. 
(b) The harmonic, frequency, and phase distortions are reduced. 
(c) The stability of the amplifier is improved. 
(d) The effective output impedance of the ~mplifier may be controlled. 
A short discussion of the effect of inverse feedback on gain, distortion, 

and stability will be given by analyzing simple examples. In Fig. 3-29, 
a triode amplifier is shown with a connection providing both inverse 
feedback and cathode bias. The input signal voltage Ei is in series with 
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the voltage across resistor RK, The voltage fed back expressed as a 
fraction of the output voltage is given by 

lpRK/JpRL = VJIV0 (3-61) 

and is dependent upon the relative magnitudes of RK and RL. The 
voltage rise from the cathode to the grid is 

EKG = Ei - lpRK 

The plate current is then obtained from 

Ip = µ(Ei - lpRK) 

Tp + RK + RL 

whence 
µEi 

Ip = --------
rp + (µ + l)RK + RL 

(3-62) 

It should be noted in Eq. 3-62 that one effect of this type of feedback is 
to increase the effective plate resistance of the amplifier. The output 
voltage drop VO is 

The gain, with feedback, is 

Vo 
A1 = -- = 

-Ei 
(3-63) 

If the grid (through voltage source Ei) were connected directly to K 
(suitable fixed bias being provided), there would be no feedback, and the 
gain would be 

(3-64) 

The relation between A1 and A may now be obtained by dividing 
numerator and denominator of the right side of Eq. 3-63 by rp + RK + 
RL. The result is 

Ai= -µRL/(rp + RL + RK) 
1 + µRK/(rp + RK + RL) 

The quantity µRK/(rp + RK + RL) may be written as 

µRLRK -ARK 
(rp + RK + RL)RL RL 

using Eq. 3-64, so that, finally, 
A 

A1 =-----
1 - ARK/RL 

(3-65) 



118 AUDIO-FREQUENCY VOLTAGE AMPLIFIERS Ch. 3 

If for example the tube in Fig. 3-29 has rp = 10,000, µ = 20, then, if 
RL = 35,000 ohms and Rx = 5000 ohms, 

A = -20(35,000)/50,000 = -14 

Rx/RL = 5000/35,000 = + 
-14 14 

then A1 = 1 - ( -14)-r = - 3 = -4.66 

The percentage decrease in gain due to feedback of this example is then 
(9.34/14) · 100 or 66.6 per cent. Such a decrease is not desirable, but a 

2 - G -

tE, tExa Amplifier l t 
Va ---- -K - I -,,, 

~ad 

-3 -
11iq 

-4 -
f Va 

Feedback network 

Fro. 3-30. Inverse feedback, generalized. 

resulting improvement in freedom from distortion and in stability serves 
to compensate for the reduction of gain. In actual practice it may be 
desirable to provide for more gain than may be required and then discard 
the unnecessary gain by the use of inverse feedback to utilize the de
sirable features of the latter.8 

Before discussing the reduction of distortion by the use of inverse 
feedback, one additional statement concerning Eq. 3-65 should be made. 
If a fraction {3, called the feedback fraction, is defined as the ratio of the 
voltage fed back to the output voltage, then, for the circuit of Fig. 3-29, 
{3 = RK! RL, and Eq. 3-65 becomes 

A1 = A/(1 - {3A) (3-66) 

Equation 3-66 is a general relationship, applicable to any feedback ·lit; 

arrangement, as may be shown by considering Fig. 3-30. The phase 
relation of the output voltage drop V 0 to the input voltage rise Ei 
depends upon the number of amplifier stages and the phase shift in each 

8 H. S. Black, Stabilized Feedback Amplifiers, Electrical Engineering, 63, 114 
(1934). 



Ch. 3 USE OF INVERSE FEEDBACK IN VOLTAGE AMPLIFIERS 119 

stage. However, if the feedback is to be inverse or negative, the gain 
must be decreased so that the actual amplifier input voltage rise EKG 

must be less than Ei, requiring that the voltage fed back be out of phase 
with Ei by more than 90°. It is the function of the feedback network 
to provide the proper magnitude and phase of the voltage fed back. 
The feedback network is in effect a potential divider to provide a fraction 
of the output voltage in series but more than 90° out of phase with Ei, 
From Fig. 3-30, applying Kirchhoff's voltage law, and the double-sub
script notation, 

or 

Thus, 

E12 = VaK + V34 

Ei = EKG + /3Vo 

EKG = Ei - /3Vo (3-67) 

If the gain of the amplifier without feedback is A, then, if one assumes 
steady-state conditions, 

Vo= -AEKa = -A(Ei - /3Vo) 

or 

The gain of the amplifier with feedback is, by definition, 

(3-68) 

which is identical with Eq. 3-66 and applies to any feedback amplifier. 
In general, both ,8 and A are frequency-dependent vector quantities. 

For a single-triode stage of amplification, the vector nature and fre
quency dependence of A was shown by the relation 3-.16 as 

A _ Ymllria/(180° - On) 

H - VI + (f/f n)2 

Since both magnitude and phase shift are involved in the product ,BA, 
it is difficult to interpret Eq. 3-68 over a wide frequency range, particu
larly with regard to the question of stability. For ,8 obtained as a 
frequency-independent fraction of the output voltage, inverse feedback 
is achieved for a single-amplifier stage if A,B is negative, for then A1 is a 
fraction of A. However, if A,B is positive, as is possible with a single 
stage of transformer-coupled amplifier at the high-frequency end of the 
frequency range, the feedback may become regenerative with resulting 
increased gain. If the feedback is regenerative and large enough to 
replace the signal voltage Ei, the latter may be removed, and the ampli
fier becomes an oscillator. It must be remembered in the use of Eq. 3-66 
that, in general, A, ,8, and A1 are complex or vector quantities. 
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To consider the effect of inverse feedback upon harmonic distortion, 
again refer to Fig. 3-30. In general, 

With, for example, a second-harmonic distortion voltage of V d volts 
without feedback, let the total output voltage be Vo', the total input 
voltage Exe'. Then, the vector voltage relation applying is, since the 
distortion voltage is introduced by the amplifier itself, 

(3-69) 

If Eq. 3-69 is solved for Vo', the result is 

V I_ 
0 - (3-70) 

Equation 3-70 shows that the distortion voltage Vd will be reduced as a 
result of inverse feedback in the same proportion as is the gain. For 
example, refer to the circuit previously used where A = -14, A1 = 
-4.66, /3 = ½, 1 - A/3 = 3; if the voltage Ei is adjusted so that the 
fundamental output voltage with feedback is the same as without 
feedback, then the value of signal required in each case can be determined 
from the relation 

(3-71) 

Assume an input voltage Ei1 (no feedback) of 0.5 volt; V0 (no feedback) 
will then be 14(0.5) = 7 volts. With feedback and the same funda
mental output voltage, Ei2 = 7 / 4.66 = 1.5 volts, the required input. 
If the second-harmonic distortion is 10 per cent, the distortion voltage 
would be 0. 7 volt without feedback, and the output voltage VO = 7 
volts (fundamental), with 0.7 volt (second harmonic). With feedback, 
the output voltage, according to Eq. 3-70 will be 

where (-A1Ei2) = 4.66(1.5) = 7 volts (fundamental), and Vd/(1 - A/3) 
= 0.70/3 = 0.233 volt (second harmonic).* The per cent second-har-

* The total output voltage is not 7.233 volts. If the rms fundamental voltage is 
equal to 7, and the rms second-harmonic voltage is equal to 0.233, the rms output 

voltage is V72 + (0.233)2• 
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monic distortion has then been reduced by feedback from 10 per cent 
to 23.3/7 = 3.33 per cent. A similar reduction of noise or hum voltages 
generated in the output circuit results from the use of inverse feed
back. 

In considering the effect of inverse feedback upon frequency and 
phase distortion, the easiest point of view may be based upon a rear
rangement of Eq. 3-66. If both numerator and denominator of Eq. 3-66 
are divided by -,BA, the result is 

-1/,B 
Ai= -l ---l-/,B-A (3-72) 

It is generally true that the feedback fraction ,B can be made independent 
of frequency over a wide range by using pure resistance circuit elements. 

If then I i3A I is large so that I /3~ I «1, the gain approaches ( -~) 

which does not depend upon frequency so that both frequency and phase 
distortions are eliminated. Although the large value of ,BA required 
involves a very great sacrifice in gain, the increase in effective bandwidth 
and the possibility of eliminating the dependence of amplifier properties 
upon the individual tube characteristics frequently justify the use of a 
large value of ,BA. 

Although it is difficult except for specific circuits to show the reduction 
of frequency distortion by inverse feedback, experimental gain-frequency 
curves show it very clearly. Terman 9 has published experimental 
characteristics of an amplifier for which the gain-frequency curve without 
feedback was flat from about 400 to 2000 cps. With feedback, the gain
frequency curve of the same amplifier operating with the same plate 
voltage was flat through a frequency range extending from 30 to 30,000 
cps. 

The reduction of phase distortion as a result of the use of inverse 
feedback is shown by the vector diagram of Fig. 3-31, for a typical 
R-C-coupled amplifier. In this amplifier a fraction of the output 
voltage has been fed back in series with the input signal voltage Ei. The 
accompanying vector diagram has been drawn for a low frequency such 
that the reactance of the coupling capacitor C is 50,000 ohms. If the 
output voltage were maintained constant, and there were no feedback, 
the required value of input voltage Ei would be equal to and coincide 
with the voltage EKG· The phase-shift angle would then be 0L, and the 
phase shift between input and output voltages would be (180° + 0£). 

9 F. E. Terman, Feedback Amplifiers, Electronics, 10, 15 (Jan. 1937). 
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With feedback as shown in Fig. 3-31, however, the phase-shift angle is 
reduced to 0L', and the phase shift differs by about 5° from the 180° 
desired. Because of the decrease in gain due to inverse feedback, it 
would be necessary to increase Ei greatly in order to obtain the same 
output voltage with feedback as without, as the vector diagram shows. 

Example Problem. In connection with Fig. 3-31, the following problem 
solution will illustrate the principles involved in the use of inverse feed
back. Let it be required to determine the gain of the amplifier of Fig. 
3-31 with and without feedback, using 

(a) Ordinary circuit theory. 
(b) The general feedback theory. 

In addition, the complete vector diagram of the amplifier is required. 
Let the frequency be 79.6 cps (w = 500). 

Solution. (The equivalent circuit is shown in Fig. 3-32.) 

Xe= 50,000 

G ?-----------~~----+----~ 
11 + lz 

12 t 0 
0 

f 11 
0 
LO 
r---

R1 0 
Ya 0 

0 
0 
u, 

0 

Rf 
0 
0 
LO 
N 

Fm. 3-32. Equivalent circuit of Fig. 3-31. 

(a) For convenience, arbitrarily choose 12 = 1 ma and the output 
voltage drop as the reference vector. Then, 

Ve = I2(-jXe) = 10-3 (-j50,000) = -j50 volts 

The sum of V 0 and Ve is equal to the voltage across R1. Then, 

100 - j50 
I 1 = --- = (2 - jl) · 10-3 amp = 2.24/ -26.6 ma 

50,000 
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By Kirchhoff's voltage law, 

µEKG = I1R1 + (11 + I2)rp 

= 11 (R1 + rp) + I2rp 

= 2.24. 10-3 / -26.6(60,000) + 1- 10-3 c10,ooo) 

Ch. 3 

= 134.4/ - 26.6 + 10 = 120 - j60.2 + 10 = 130 - j60.2 

= 143/ -24.8° 

Then EKG= Vi /-24.8 

= 7.15/ -24.8 = 6.5 - j3.0 volts 

This is the actual resultant input voltage. To find the applied input 
voltage Ei, note that the voltage rise from K to G is 

whence 

EKG = -I2R1 + Ei 

Ei = EKG + I2R1 

= 6.5 - j3.0 + 1 · 10-3 (25,000) 

= 31.5 - j3.0 = 31.8/ -5.46° 

These values have been plotted approximately to scale on the vector 
diagram of Fig. 3-31. The vector gain is 

A1 = V 0/-Ei = -100/0°/31.5/-5.46 = -3.17/5.46° 

Without feedback, 

A= V0 /-EKG = -100/0°/7.15/-24.8 = -14/24.8 

(b) Using the relation 

A1 = A/(1 - A,B), 

-14/24.8 
A - ----=--=-=--

1 - 1 + 14/24.8(0.25/0) 

14/24.8 

1 + 3.18 + jl.47 

= -3.17/5.5° 

1400 

4.42/19.3 

The gain-frequency curve for the amplifier of Fig. 3-31 is flat within 
1.57 per cent from 50 to 100,000 cps, with phase-shift angles varying 
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from +8.7 to -8.5°. Without feedback, however, the gain-frequency 
curve is flat only in the range 400 to 13,800 cps. The phase-shift angle 
for the amplifier without feedback is ( +36.4°) at 50 cycles and ( -36°) 
at 100,000 cycles. 

3-14. Inverse Feedback and Uniformity of Amplifier Operation 
It has already been mentioned in relation to Eq. 3-72 that, for \ /3A \ 

large and 1/\ /3A \ « 1, the amplifier gain becomes dependent only on 
the feedback circuit. For this condition it may then be concluded that 
the amplifier behavior will not change because of small changes in tube 
characteristics, or in power-supply voltages. This is one of the most 
important advantages of inverse feedback because it provides assurance 
that the behavior of the amplifier will remain uniform over long periods 
of time. For vacuum-tube voltmeter circuits employing inverse-feed
back amplifiers, it has meant the possibility of maintaining accurate 
instrument calibration unaffected by tube changes or replacements. 

Even though {3A is not large enough so that A1 ,...._, -1/{3, large changes 
in A result only in small changes in A1. For example, a change AA in 
A produces a change AA1 in A1. Application of differential calculus 
to Eq. 3-72 shows that the fractional change in A1 is 

dA1 dA/A 

A1 (1 - A/3) 
(3-73) 

If A changes by 10 per cent as a result of change in tube characteristics, 
voltage variations, and so on, then dA/ A = 0.1. For the circuit of Fig. 
3-31 in the mid-frequency range, \ A \ = -15.4, {3 = ¼, l - A{3 = 
1 + 3.85 = 4.85. Then, 

dA1/A1 = 0.01/4.85 = 0.0206 

or 2.06 per cent change in gain resulting from a change of 10 per cent in 
the gain of the amplifier itself. 

3-15. Inverse Feedback and Stability 
As already mentioned in the discussion of Eq. 3-66, feedback is 

degenerative or inverse if A.B < 0, regenerative if A{3 > 0. In the 
latter case the gain with feedback is increased with respect to the gain 
without feedback, so that there may be a tendency for the amplifier to 
become unstable.· It is important to examine the complex quantity 
(1 - A{3) throughout the frequency range of the amplifier to see if 
there are any frequencies for which (1 - A/3) has a numerical value 
less than unity, for in such a frequency range the feedback would be 



126 AUDIO-FREQUENCY VOLTAGE AMPLIFIERS Ch. 3 

regenerative and the amplifier might behave as an oscillator. Since the 
complex gain A and corresponding angle OL or On are available from 
universal amplification curves or from gain equations of the type given 
in Sections 3-5 and 3-7 for R-C- and transformer-coupled amplifiers, it is 
an easy matter to plot A.Bin polar form for either of these amplifiers if 
.B is independent of frequency. The resultant graph will then show 
immediately the range of frequencies, if any, for which the feedback is 
regenerative. For example, referring to the R-C-coupled amplifier 
of Fig. 3-31, .B = ¼. In the mid-frequency range, A1 = -15.4/ 0°. 

The values of I ~: I and I ~; \ , and the corresponding phase-shlft angles 

are given in tabular form in Section 3-5, and graphically in Fig. 3-12. 
From the tabulation on page 91 and the computation of fL = 36.8 and 
f H = 138,000 for this amplifier (see page 91), the following values of 
A.B are computed: 

f 
3.68 
7.36 

18.4 
36.8 
73.6 

184 
368 

Mid-frequency range 
13,800 
27,600 
69,000 

138,000 
276,000 
690,000 

1,380,000 

A.B 
0.383/180 + 84.3 
0. 755/180 + 78. 7 
1. 72 /180 + 53.4 
2. 72 /180 + 45 
3.44 /180 + 26.6 
3. 77 /180 + 11.3 
3.83 /180 + 5.8 
3.85 /180° 
3.83 /180 - 5.8 
3.77 /180 - 11.3 
3.44 /180 - 26.6 
2.72 /180 - 45 • 
1.72 /180 - 63.4 
0.755/180 - 78.7 
0.383/180 - 84.3 

The computed values of A.Bare plotted, using polar-coordinate paper, on 
Fig. 3-33; the resulting curve is a circle. The vector 1 / 0 is drawn so that 
the vector difference (1 - A.B) may be shown graphically. A circle of 
unit radius is drawn around the point (1 + jO). Since the vector (1 -
A.B) is drawn from any point on the locus of the vector A.B to the end of 
the unit vector 1/ O°, the numercial value of (1 - A.B) can never be less 
than unity unless the polar plot of A.B crosses inside the circle of unit 
radius with center at (1 + jO). From Fig. 3-33 it may then be concluded 
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that the feedback amplifier of Fig. 3-31 has degenerative feedback at 
all frequencies and does not oscillate. 

If a fraction {3 of the output voltage of a single-stage transformer
coupled amplifier is fed back into the input, the polar plot of the amplifier 

-4 

/ / Increasing 
-' frequency 

Frn. 3-33. Polar plot of A/3 for an R-C amplifier. 

may be obtained from the gain equations or from the gain-frequency 
curves of Section 3-7 (Fig. 3-17). Such a polar plot for a transformer
coupled stage has been drawn in Fig. 3-34, for Q0 = 1.25. At low 
frequencies, the gain approaches 
zero and the phase-shift angle 
approaches - 90°. As the fre
quency increases, the phase-shift 
angle becomes less and the gain 
greater, approaching zero phase
shift angle and uniform gain in 
the mid-frequency range. In the 
high-frequency range the phase 
shift and gain both increase be
cause of resonance effects, and at 
still higher frequencies but with 
small gain the curve of A{3 crosses 
over into the unit circle, so that 
for values of A{3 within the unit Fm. 3-34. Polar plot of A,B for a trans-
circle the feedback is regener- former-coupled amplifier. 
ative. If the curve of A{3 passes 
around the point (1 + jO), the circuit is unstable and the amplifier be
comes an oscillator. Nyquist 10 has developed a general criterion of 

10 H. Nyquist, Regeneration Theory, BSTJ, 11, 126-147 (1932). 
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feedback amplifier stability which may be stated as follows: If the polar 
plot of A,B includes the point (1 + jO), the amplifier will oscillate, other
wise not. In order not to include the point (1 + jO), the numerical 
value of A,B must be very much reduced where the phase shift is large 
so that I A,B I < 1. Bode 11 has shown that for amplifier stability the 
gain must be controlled, i.e., reduced beyond danger of oscillation, over 
a frequency range many times greater than the useful range. 

3-16. Output Impedance and Inverse Feedback 
It was mentioned in Section 3-13 that the effective terminal impedance 

at the output terminals of an amplifier may be controlled by the use of 
inverse feedback. In this connection, it is important to note that there 
are two distinct types of inverse feedback and that the two examples of 
inverse-feedback circuits thus far discussed are examples of the two 
kinds of feedback. In the first example given, the circuit of Fig. 3-29, 
the voltage fed back is proportional to the current flowing in the plate 
circuit of the amplifier. If the load impedance RL (or, more generally, 
ZL) increases, the plate current Ip decreases, and the feedback voltage 
IpRK decreases, but this means that the gain of the amplifier increases 
which will tend to increase IP and so will tend to maintain Ip constant. 
This is known as current feedback, and has the effect of causing the 
amplifier to approach the behavior of a constant-current source if the 
input voltage Ei remains constant. As shown in Eq. 3-62, the effective 
plate resistance or internal impedance of the amplifier is increased by 
current feedback, and this is generally true. If the load resistance RL 
of Fig. 3-29 is replaced by a generator of voltage E, and the input voltage 
source Ei is replaced by a short circuit, solution of the equivalent circuit 
for the impedance Z 0 , looking back into the amplifier at the terminals of 
the generator E shows that Z0 = rp + RK(l + µ), which may be 
described as the output terminal impedance of the amplifier with the 
input short-circuited. 

In Fig. 3-31 the feedback voltage depends upon the output voltage 
and is a fraction of it. If the load impedance is assumed to be an im
pedance ZL in parallel with R0, then the output voltage and also the 
feedback voltage would tend to increase or decrease with ZL, but an 
increasing feedback voltage results in decreased gain, so that the effect 
of this type of feedback is to maintain the output voltage constant. 
This is known as voltage feedback, and amplifiers so equipped approach 
the behavior of a constant-voltage source for constant input voltage. 

11 H. W. Bode, Relations between Attenuation and Phase in Feedback-Amplifier 
Design, BSTJ, 19, 421-454 (1940). 
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The resistance R0 of Fig. 3-31 and Fig. 3-32 may be thought of as the 
feedback network. As such, it is merely a potentiometer connected 
across the load impedance, ZL (ZL is not shown in Fig. 3-31 or Fig. 
3-32). If a generator of voltage E is connected across Ro in the equiva
lent circuit (Fig. 3-32), the effective terminal impedance Zo may be found 
by solving for the current / 1 which would be supplied by the generator E. 
The circuit has been redrawn in Fig. 3-35. For convenience, the re
actance of the coupling capacitor has been neglected, and the input 
voltage source has been replaced by a short circuit. The impedance 

G p.---------------------. a 

b 

FIG. 3-35. Equivalent circuit of a voltage-feedback amplifier in which a generator E 
replaces the load. 

Z0 = E/11 • In the intermediat.e-frequency range and without feedback 
(grid connected directly to K) the impedance Z 0 ' as seen at the terminals 
a-b is given by 

1 
Za' = --------

1/Ro + l/R1 + 1/rp 

With feedback, solution for I 1 gives 

E 1 Zo' 
Zo = - = ----- = ----

11 f3gm + 1/Zo' 1 + f3gmZo' 
(3-74) 

From Eq. 3-10, A = -gmZo', so that 

Zo = Zo' /(1 - {3A) (3-75) 

where {3 = RJIR0 • It has been shown 12 that the relation of Eq. 3-75 
is generally true for voltage feedback. The effective terminal impedance 
of the amplifier is therefore reduced by inverse voltage feedback. By 

12 H. F. Mayer, Control of the Effective Internal Impedance of Amplifiers by 
Means of Feedback, Proc. IRE, 27, 213-217 (1939). 
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using combinations of current and voltage feedback, the amplifier may 
be made to present almost any desired impedance to the load. 12 

3-17. Other Inverse-Feedback Circuits 
Only two feedback circuits have thus far been discussed. These 

circuits are quite basic and illustrate the general principles and properties 
of inverse current and voltage feedback. However, because many of the 
beneficial results derived from the use of inverse feedback increase with 
the gain A, it is desirable to increase A rather than {3, and to use not 
only high-gain stages but several stages of amplification. Triodes have 

Frn. 3-36. Inverse-feedback amplifier. 

been used in the feedback circuits already discussed, but tetrodes and 
pentodes are preferable because high intrinsic gain is desirable. The 
same principles apply to triodes, tetrodes, or pentodes. Many practical 
circuits have been described in the literature. 13• 14 A few other examples 
of typical one- and two-stage circuits will be given here. 

A single-stage circuit is shown in Fig. 3-36 in which both inverse 
current and voltage feedback are employed. Resistances R1 and R2 , 

and Re constitute the feedback network. Condenser C1 is a blocking 
condenser and should have negligible reactance in the frequency range 
of the amplifier. 

A feedback arrangement for the push-pull connection is shown in 
Fig. 3-37, and the inverse voltage-feedback network is seen to be iden
tical with that of Fig. 3-36. No current feedback is utilized because 
of the fact that the fundamental and odd harmonics are not pr~sent in 
that part of the circuit for the push-pull connection, as shown in Section 
3-9. The blocking condenser C1 may be omitted if the connection 

13 F. E. Terman, Feedback Amplifier Design, Electronics, 10, 13 (Jan. 1937). 
14 J. R. Day and J. B. Russell, Practical Feedback Amplifiers, Electronics, 10, 16 

{Apr. 1937). 
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Frn. 3-37. Voltage inverse feedback for a push-pull amplifier stage. 

through R1 is made to the load side of the output transformer. As a 
result of the output voltage stabilizing property of inverse voltage feed
back, the tendency of the gain to fall off at low frequencies because of 
low transformer primary reactance is partially counteracted. 

A two-stage feedback-amplifier arrangement is shown in Fig. ?-38. 
The first stage is R-C-coupled to the second stage; Rd is a dropping 
resistor to provide the proper screen grid voltage for the pentode. The 

C 

Ru 

Rg1 

- + Ebb ___________ __, 

Frn. 3-38. Two-stage inverse voltage feedback. 
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biasing resistors RK1 and RK2 are well by-passed. The load impedance 
is RL2 , and C1 is, as in Fig. 3-36, a blocking condenser. Resistors R1 

and R2 have the same voltage-dividing function as in the circuit of Fig. 
3-36. Differences in the feedback connections of Figs. 3-38 and 3-31 
should be examined and explained. Feedback from the second to the 
first stage of transformer-coupled amplifiers is derived according to 
principles identical with those illustrated in Fig. 3-31. 

It has been shown that the phase-shift angles of individual R-C
coupled amplifier stages approach 90° at low or at high frequencies. For 
three-stage amplifiers, the over-all phase-shift angle may then approach 
270° at the frequency extremes. This means that the polar plot of AfJ will 
cross into the unit circle, so that, to avoid oscillation, the gain-phase 
characteristic must be carefully adjusted at the high and low frequencies 
if oscillation is to be avoided. For transformer-coupled stages, the phase 
shift at high frequencies may approach 180° for a single stage (see Fig. 
3-17), so that great care must be exercised in the design of multistage 
transformer-coupled amplifiers. 

3-18. The Cathode Follower Stage 

The amplifier circuit of Fig. 3-39 will be recognized as a feedback 
amplifier in which the feedback and the output voltages are identical. 

G 

Output voltage 

Fm. 3-39. A cathode follower or grounded plate amplifier. 

This circuit has found many inportant applications which depend upon 
the utilization of one or more of the following list of properties: 

1. Gain Ar, approximately equal but always less than unity. 
2. Higher effective input impedance than that of an ordinary amplifier 

stage. 
3. Low-output terminal impedance which may be made a pure 

resistance, over a large frequency range, of value less than 200 ohms. 
Analysis of the equivalent circuit of the cathode follower is straight

forward and has been left to the problems. The equivalent a-c circuit 
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including the interelectrode capacitances has been drawn in Fig. 3-40. 
Points 1 and P are at the same a-c potential (grounded plate), and, as 
a result, the input signal voltage applied between terminals G and 1 is 
shunted by the grid-plate capacitance. The input and output voltage 
drops may both conveniently be referred to the ground terminal, 1. 
The voltage gain then may be expressed as (see Figs. 3-39 and 3-40) 

(3-76) 

It should be noted that the output voltage of the cathode follower 

G Cgk K 

--
11t 

13 

Cgp 

l5t 
Cpk 

'v tEi t12 tgmEK;4i rp ht RK 

p 

Frn. 3-40. Equivalent a-c circuit of the cathode follower of Fig. 3-39. 

amplifier is in phase with the signal voltage. Analysis of the circuit of 
Fig. 3-40 shows that the voltage gain of Eq. 3-76 is given by 

Ym + jwCgk 
A1 = --------------

Ym + 1/rp + 1/RK + jw(Cpk + C gk) 

which, at low enough frequency, reduces to 

µRK 
A1=-----

rp + (µ + l)RK 

(3-77) 

(3-78) 

Examination of Eq. 3-78 shows that A1 is less than unity. For example, 
with µ = 20, rp = 10,000 ohms, RK = 8000 ohms, A1 = 20(8000)/ 
178,000 = 160,000/178,000 = 0.9. 

The input admittance of the cathode follower may be derived from 
Fig. 3-40 by determining the ratio of 11 to Ei. The result is 

(3-79) 

in which it should be noticed that, with A1 positive and real, the input 
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admittance is a capacitance of value slightly greater than C gp• For 
A1 = 0.9, as in the example already used, 

Yu = jw(Cgp + 0.lCgk) 

The input impedance, 1/Y11, is evidently much higher than for an 
ordinary triode amplifier stage. 

The effective output admittance with input short-circuited may be 
found, also, from analysis of Fig. 3-40. The method of approach is to 
connect an alternating voltage source at the output terminals 1-K, at 
the same time replacing the voltage source, Ei at G-1 by a short circuit. 
If the applied voltage source is E, and the current delivered at terminals 
1-K is I, then the output admittance with input short-circuited is 

Y0 = 1/E = (µ + 1)/rp + l/RK + jw(Cgk + Cpk) 

In the frequency range where C gk and Cpk may be neglected, 

l rp 
Zo = - = -------

Yo (µ + 1) + rp/RK 

If RK is made very much greater than rp, and ifµ» 1, 

Z0 ,...._, rp/µ = 1/gm 

(3-80) 

(3-81) 

(3-82) 

The effective output impedance with input short is therefore very small 
and may be in the range 200 to 1000 ohms. 

These properties of the cathode follower have given it a number of 
interesting applications. It is frequently used as the first stage of a 
multistage amplifier where high input impedance is essential over a wide 
frequency range and where the first stage must handle a wide range in 
values of input voltage and not be overloaded. Such an application is 
the amplifier for the vertical plates of a cathode-ray oscillograph. The 
cathode follower is used also to reduce frequency and phase distortions 
by placing it between two high-gain amplifier stages. Still another 
application is that of impedance matching where it may be used instead 
of a transformer to match a high-impedance circuit to a much lower one. 

3-19. Broad-Band Amplifiers 
Television circuits employ many rectangular wave forms. The 

adequate amplification of these wave forms requires an extremely wide 
bandwidth characteristic. For example, the frame-scanning rate is 30 
complete scans per second, and the amplifier used with the circuit must 
have a flat gain-frequency curve down to 30 cps, and, for adequate 
resolution (satisfactory images), the gain-frequency curve must remain 
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flat up to 3 or 4 Mc per sec. A similar requirement is necessary for 
cathode-ray tube amplifiers. This requirement may be met by the 
proper design of amplifier tubes and by circuit artifices which involve 
compensating for those circuit elements whose characteristics allow the 
gain to decrease at low or at high frequencies. The compensation is 
applied to the R-C-coupled circuit. 

It was shown in Section 3-5 that the gain of an R-C-coupled amplifier 
stage in the high-frequency region of the gain-frequency curve is given by 

(3-83) 

The frequency f H is that frequency for which the reactance of the 
shunting capacitance C0 is equal to the equivalent resistance Req, or 
for which wC 0Req = l. Therefore 

f H = l/21rC0Req 

and the product of mid-frequency gain magnitude and f H is 

gmReqf H = gm/21rCo 

(3-84) 

(3-85) 

The capacitance C0 is determined by the output capacitance of the 
amplifier stage and by the input capacitance of the following stage. 
Thus the product in Eq. 3-85 is determined by properties of both the 

;I 

gmEi 

Frn. 3-41. High-frequency equivalent circuit of one stage of an R-C-coupled 
amplifier. 

tube and the circuit used for the video or wide-band amplifier. For a 
high mid-frequency gain, with a given gm, Req must be high. However, 
a large value of Req results in a low value off H, according to Eq. 3-84. 
As a compromise, small values of Req are used for video amplifiers, and 
special tubes of very large gm are designed in order to increase the product 
gmReq• Pentodes are always used for wide-band amplifiers. The 
familiar equivalent circuit of an R-C-coupled amplifier stage at high 
frequencies is shown in Fig. 3-41. In order to obtain the low value of 
Req needed for large f H, RL is made very small, and is generally of the 
order of 3000 ohms. For pentodes with rp about 1 megohm, and Rg 
500,000 ohms, as used in R-C-coupled wide-band circuits, Req r-.J RL, 
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3-20. High-Frequency Compensation 

A widely used and very effective method of circuit compensation for 
broad-band R-C-coupled amplifiers involves the addition of an induct
ance in series with RL. At low or mid-frequencies, the reactance of the 

L 

inductance L is negligible, but, in the 
high-frequency region, its reactance, com
bined in parallel with that of C0 , re
sults in increasing the circuit impedance, 

Co compensating for the tendency of the 
capacitive reactance to reduce the circuit 
impedance. The circuit is very simple, 
if Req ,...._, RL and is shown in Fig. 3-42. 
A discussion of the effect of inductance Frn. 3-42. Shunt compensation 

of an R-C-stage, wide-band am- L upon the amplifier gain is simplified by 
plifier. a choice of parameters involving fre-

quency ratios. As it is desirable to in
crease the actual half-power frequency f H perhaps by some multiple 
of the uncompensated value, one parameter will be the uncompensated 
half-power or 3 db down frequency. Let this frequency be f2. Its 
value is given by f Hin Eq. 3-84. Therefore, 

(3-86) 

Now the angular frequency at which Land C0 would be antiresonant, if 
connected separately and in parallel, is 

wo = 11-vLCo 
The ratio of w0 to w2 is 

wo 1/VWo RL 

w2 = 1/RLCo = VL/Co 

(3-87) 

(3-88) 

Since, at angular frequency w0 the effective Q of RL and L in series is 

woLLI VL/CQ 
Qo = - = ---- = ---

RL RL~ RL 
(3-89) 

then (3-90) 

The quantity Q0 may be used as the second parameter, or a different Q 
defined as 

(3-90a) 
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may be used. Since the two Q's are related as indicated, either may be 
chosen. The final equations are given using Q0 • The quantity Q ( or 
Q0) is the second parameter, and the third is RL, The circuit reactances 
then may be expressed in terms of w2, Q0, and RL as follows: 

Also, 

gmEi 

. f Q2R 
J 7;_ o L 

(3-91) 

(3-92) 

FIG. 3-43. Circuit of Fig. 3-42 with elements specified in terms of design parameters 
RL, h, and Qo. 

The circuit with elements designated in terms of h, Q0 , and RL is shown 
in Fig. 3-43. The gain is 

(3-93) 

The normalized gain is the gain per unit mid-frequency gain. This 
becomes 

An (-jf2/f)(l + jQ02!/f2) 

( -gmRL) ( -jf2/f) (1 - Qo2J2 /fl + jf /f2) 

or, finally, 
An l + jQ02f/f2 

( -gmRL) l - Qo2J2 /fl + jf /f2 
(3-94) 

The magnitude of the ratio in Eq. 3-94 is 

(3-95) 
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the ratio is a vector quantity of magnitude given by Eq. 3-95 and angle 
of phase lag 

(3-96) 

Curves of the magnitude I 
0
:;L I are sketched roughly in Fig. 3-44 for 

various values of the parameter Q0 • 

It is evident that a considerable extension of the flat portion of the 
gain-frequency curve can be achieved by choosing values of inductance 
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Frn. 3-44. Universal gain curves for a shunt-compensated amplifier. 

and of RL for which Q0 = 0. 707. The values of RL and of L required 
may be obtained from Eqs. 3-86 and 3-90a. From Eq. 3-86, 

RL = l/w2Co (3-97) 

and, from Eq. 3-90a, w2L = Qo2RL 

Therefore, for Q0 = 1/ 0, L = RL/2w2 

(3-98) 

(3-99) 

where it is to be remembered that w2 is the uncompensated half-power 
angular frequency. The value of w2 may be chosen arbitrarily. If then 
it is required that the gain remain virtually flat up to. w = w2 , the 
necessary value of RL may be computed from Eq. 3-97 and the required 
inductance from Eq. 3-99. 

In addition to the requirement of a flat gain-frequency curve, the 
wide-band amplifier must, particularly if used for television service, 
be free from phase distortion. This requirement may be met if the 
amplifier circuit is so designed that the phase shift is directly proportional 
to frequency. The last statement is more easily understood if stated in 
terms of time delay of circuit response than in terms of frequency. 
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Perhaps the best example is a long telephone line. If the signal input 
at the sending end contains many harmonic frequencies as for example 
in the transmission of music, the signal output at the receiving end should 
have the same wave shape as the input signal. However, it is known that 
the velocity of travel of waves on a transmission line depends upon the 
wave frequency and in fact is proportional to frequency. Therefore, it 
may be expected that the higher frequencies in the signal, traveling 
faster on the line than the lower frequencies, arrive sooner. The lower 
signal frequencies are longer delayed by the line. Therefore, the line 
will introduce phase shifts, and the output wave form will not be identical 
with the input wave form. Suppose, however, that the phase shift per 
mile of line is {3 rad. The number of miles of line required to shift the 
phase by 271" rad is defined as the wavelength X of the traveling wave. 
Thus X = 211"/{3, and, since the velocity is given by v = fX, then 

V = 27rf /{3 = w/{3 

Now, however, if the line can be so designed that the phase shift per mile 
{3 is proportional to frequency, say, {3 = kw, then the velocity 

v = 1/k 

is independent of frequency, and the wave form is preserved. A line for 
which the phase shift is proportional to frequency is then referred to as 
a distortionless line. 

From the point of view of time delays suppose that the time delay, or 
signal transit time along the line, is 1/1000 sec for all frequencies from 
50 to 10,000 cps. Table 3-3 in which the time delay is expressed as a 

Frequency, 
f, cps 

50 
100 

1,000 
10,000 

TABLE 3-3 

Fractional 
Time Delay, 

td/T 
0.001/0.02 = io 

1 
To 

1 
10 

Phase Shift, 
0 = wtd = (27r /T)ld 

271"/20 = 18° 
36° 

360° 
3600° 

0/f = k 
H- = 0.36 

0.36 
0.36 
0.36 

fraction of the period T will show that the phase shift of the line is then 
proportional to frequency. 

Now a measurable time delay in the response of any circuit occurs if 
the circuit contains reactances. An amplifier, as a four-terminal net
work, then introduces a phase shift which is proportional to its time 
delay for a given frequency. A wide-band amplifier, therefore, like a 
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long line, must have, in addition to a flat gain-frequency curve, a time 
delay independent of frequency or a phase shift proportional to fre
quency in order to reproduce the input wave shape at the output ter
minals. This consideration is of prime importance for television or 
video applications. 

In order to show the effect of choice of parameter Q0 on the time 
delay and hence on the phase distortion introduced by a wide-band 
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FIG. 3-45. Universal phase-shift curves for a shunt-compensated amplifier. 

compensated amplifier, one may plot 0/w as a function off /f2. If all 
frequencies have the same time delay, then 0/w is constant. Now Eq. 
3-95 may be written as follows: 

Evidently, the phase shift at high frequencies is [180° - (02 - 01)] 

= 180° - 0, where the shift of 180° is produced by the tube and the 
shift of 0 = 02 - 01, by the circuit. Values of 0 may be computed for 
arbitrarily assigned values off /h from Eq. 3-96. In Fig. 3-45 the quan-

tity [ 
2 
.. (; /f 2)] is plotted as ordinate on semilog paper with (f /h) as 

abscissa. Only four values of Q0 have been chosen. The optimum value 
of Q0 = 0.585 does not, unfortunately, coincide with the optimum value 
of Q0 = 0. 707 indicated by the curves of Fig. 3-44, for the gain-frequency 
requirement, so that a compromise must be made between these values. 
The value of L chosen for a single stage is not necessarily the optimum 
value where several stages are to be used. Another consideration which 
will not be discussed here is the transient response of the over-all ampli-
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fier. For more complete design theory reference should be made to a very 
complete study by Bedford and Fredenhall.15 Calculated values are 
given for a few points on the Q0 = 1 curve (Fig. 3-45) in Table 3-4. 

TABLE 3-4. VALUES FOR Q = 1 CURVE (FIG. 3-45) 

flh 
0.2 
0.5 
0.8 
1.0 
1.4 
1.8 
2.0 

0 = 02 - 01, 
degrees 

0.47 
7.10 

27.10 
45.00 
70.00 
79.3 
82.9 

3-21. Low-Frequency Compensation 

0 
360(!/!2) 
0.00653 
0.0394 
0.094 
0.125 
0.139 
0.122 
0.115 

In the low-frequency range of the video amplifier, the extension of the 
region of flatness of the gain-frequency curve toward lower frequencies 
may be accomplished by the use of the circuit of Fig. 3-46. The plate 

C 

RL 

Rg 

C2 

R2 Ri 

-----=-1-+ _________ _____. 
Ecc 

FIG. 3-46. Low-frequency compensation. 

voltage is supplied through a higb resistance R1, necessitating a large 
power-supply voltage. The compensating capacitance 0 1 is connected 
as shown. The high-frequency compensating inductance L in series 
with RL has not been shown since its reactance is negligible in the low
frequency range. The screen-voltage dropping resistor R2 and by-pass 
condenser 0 2 also affect the low-frequency response, and, though they 
are shown in Fig. 3-46, their effects will be neglected in the following 

15 A. V. Bedford and G. L. Fredenhall, Transient Response of Video-frequency 
Amplifier, Proc. IRE, 27, 277-284 (Apr. 1939). 
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analysis. The equivalent a-c circuit is shown in Fig. 3-47, in which the 
plate resistance of the pentode has been omitted. 

In the circuit of Fig. 3-47, if Rg and C were interchanged, it might be 
reasoned that the impedance presented at terminals 1-2 is that of a 

) 

gmEi 

FIG. 3-47. 

2 
I 

bridge circuit. If so, and if the con
dition for bridge balance is met, then 
Z12, although not independent of fre
quency, is a high impedance over a 
wide frequency range. The condition 
for bridge balance is 

wRLC1 = wRgC 

Equivalent a-c circuit of or C1 = RgC/RL (3-100) 
Fig. 3-46. 

It is found that Eq. 3-100 provides a 
sufficiently accurate selection of the compensating capacitance C1• It 
must be remembered, however, that resistance R1 has been assumed 
infinite on Fig. 3-47. For practical purposes, compensation is found 
to be satisfactory if 

A more careful analysis of the circuit of Fig. 3-47 will now be presented 
very briefly. 

The voltage gain of the low-frequency compensated circuit (Fig. 3-4 7) 
is given by 

where· 

Since Ar~ -gmRLRg/(RL + Rg), Eq. 3-101 may be written as 

Ar(l - jXci/RL) 
AL = -----------

1 - j(Xc1 + Xc)/(Rg + RL) 

From Eq. 3-102, AL = A 1 if 

or 

where 

and 

Xci/RL = (Xcl + Xc)/(Rg + RL) 

Ci/C =· (Rg/RL) 

I A1 l/180°-Vl + (Xci/RL) 2/-01 

AL = Vl + (Xc1 + Xc) 2/(Rg + RL) 2
~ 

02 = tan-1 [(Xc1 + Xc)/(Rg + RL)] 

01 = tan-1 [Xci/RL] 

(3-101) 

(3-102) 

(3-103) 

(3-104) 

(3-105) 

(3-106) 

(3-107) 
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It is evident that the same condition 3-103 which ensures a flat gain
frequency curve in the low-frequency region provides the condition 
02 = 01 required for zero phase shift. 

3-22. Compensation for the Bias Impedance 
If a bias resistance is used instead of the fixed bias of Fig. 3-46, both 

phase shift and gain attenuation will occur in the low-frequency range. 
In order to compensate for these effects, the resistance R1 of Fig. 3-46 
may be properly selected. The equivalent circuit (if screen impedance is 
neglected) is shown in Fig. 3-48. Again, the pentode plate resistance 

p C 

Rg 

Frn. 3-48. Equivalent low-frequency circuit of a pentode wide-band compensated 
amplifier. 

has been omitted from the constant-current generator circuit. Let 
Y K = (1/RK) + jwCK and Y1 = (1/R1) + jwC1. The corresponding 
impedances are ZK and Z1. Then, 

EKG = Ei - UmEKaZK 

whence (3-108) 

The voltage V21 = UmEKaZ12, and the gain is 

AL = [V21 Rg]/c-Ei) = - UmRg(Z1 + RL) (3-109) 
Zg (1 + UmZK)(Zg + Z1 + RL) 

where Zg = Rg - }Xe, The quantity Zg + Z1 + RL or Rg - }Xe + 
Z1 + RL differs very little from Rg. For example, if C = 0.1 µf, Rg = 
1 megohm, w,= 500, RL = 3000, then Xe= 20,000 ohms and C1 t'./ 

0.01(106)/3000 = \°- µf and Xe1 = 600 ohms. If R1 be chosen as 10Xe1 

as recommended in Section 3-21, then Z1 t'./ -j600 ohms and Rg -
}Xe+ Z1 + RL becomes 1,003,000 - j20,600 ohms. Therefore, Eq. 
3-109 may justifiably be written as 

UmRLRg(l + Zi/RL) A1(l + Zi/RL) 
AL t'.) - --------

(1 + UmZK)Rg 1 + YmZK 
(3-110) 
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The magnitude of the ratio Ad A1 becomes unity if 

Zi/RL = gmZK 

or if 

This requires that 

RL (~ + jwC1) = 2_ (_!_ + jwcK) 
R1 gm RK 

whence RL/R1 = 1/gmRK 

and 

Ch. 3 

(3-111) 

(3-112) 

Therefore, gain compensation for the bias impedance is achieved if 

and if 

R1 = gmRLRK 

CK= gmRLC1 

(3-113) 

(3-114) 

For a type 6AC7, gm = 9000 micromhos and RK "-1 160 ohms. Thus, 
for the values already used as examples, 

R1 = 9000·10-6 (3000)·160 = 27(160) = 4320 ohms 

(which is somewhat less than 10Xc1), and 

CK = 27 C 1 = 90 µf 

It appears from the foregoing discussion that it may not be possible 
to obtain perfect low-frequency compensation for both bias impedance 
and coupling capacitor in the same stage of amplification. It has been 
recommended 16 that phase shift and gain compensation be properly 
proportioned in fixed-bias stages in order to correct for imperfect com
pensation, including the effects of screen impedance, in self-biased stages. 
The general problem of video amplifier design is only briefly treated 
here, and careful reference to the literature is advised before the design 
of a complete wide-band amplifier is undertaken. 

PROBLEMS 

3-1. If T1 in Fig. 3-6 is a 6J5 and T~ is a 2A3, determine the resistors so that the 
tubes will have the following operating points: 

6J5: Eb = 200 volts, 
2A3: Eb = 250 volts, 

Ee = -6 volts; 
Ee = -40 volts. 

Use R1 = 20,000 ohms, R2 = 500 ohms, and R5 = 1000 ohms. Find the bleeder 
current I and the required power-supply voltage. 

16 Terman, Handbook of Radio Engineering, p. 417, McGraw-Hill Book Co. 
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3-2. Draw the equivalent a-c circuit of the two-stage amplifier of problem 3-1, 
assuming that Re, Ra, R4, and R5 are all adequately by-passed by large-size con
densers. Calculate the over-all voltage gain. If the signal voltage Eg = 0.1 volt, 
compute the effective value of the load current (a-c) in R2. Draw a complete vector 
diagram for the circuit, and determine the phase relation between input voltage 
drop ( -Eg) and the output voltage drop in R2. 

Input tEi 
C1 

3-3. Given R1 = 50,000 ohms 
R2 = 250,000 ohms 
C = 0.2 µf 

Ebb = 400 volts 
C1 = C2 = 10 µf 

RL = 2500 ohms 
Ca = C4 = 1 µf 

C 

R1 RL 

R2 

C2 

C3 C4 

Frn. P3-3. 

(a) Determine Rei and also Rc2 so that the 6C5 will be biased at -8 volts, and the 
2A3 at -43.5 volts. 

(b) Determine the frequencies at which the gain of the first stage will fall to 70.7 
per cent of the intermediate-frequency gain. 

(c) If the amplitude distortion of the first stage is neglected, what is the maxi
mum input voltage Ei for a second-harmonic distortion of 5 per cent in the second 
stage? (A cut-and-try method is required here.) 

3-4. A 6K7 pentode operating at Eb = 250 volts, Ec1 = -3 volts, Ec2 = 100 volts, 
is R-C-coupled to a 6F6 power pentode (Fig. 2-8) operating at Eb = 250 volts, Ec1 

= -16.5 volts, Ec2 = 250 volts. The coupling resistors are R1 = 50,000 ohms, 
R2 = 250,000 ohms, and C = 0.2 µf. The 6F6 is transformer coupled to a 2000-ohm 
load. The output transformer has negligible leakage reactance and d-c resistance, 
and a primary-to-secondary turns ratio of 2 to 1. 

(a) Determine the plate-supply voltage required for each tube. Draw the ampli
fier circuit, using cathode biasing and screen dropping resistors so that a single 
power supply may be used. Compute required values of all resistors. 

(b) Draw the a-c equivalent circuit, and determine the amplifier gain at f = 796 
cps. What circuit elements may be expected to limit the region of uniform gain at 
high frequencies? 

(c) Find the load current (a-c) if the input signal voltage is 0.2 volt rms. 



146 AUDIO-FREQUENCY VOLTAGE AMPLIFIERS Ch.3 

3-5. A resistance-capacitance-coupled class-A voltage amplifier of two stages uses 
a 6J7 (pentode) in the first stage and a 6C5 in the second stage. The load resistance 
for the 6J7 is 250,000 ohms, and the grid leak is 1 megohm. Output resistance for 
the 6C5 is 20,000 ohms. Fixed bias is used. 

(a) Draw the equivalent a-c circuit for the complete amplifier. Neglect inter
electrode capacitances. 

(b) What should be the size of the coupling capacitor C such that the gain 
frequency curve will have 0.707 of its mid-frequency value at f = 20 cps? 

(c) If C = 0.005 µf, what is the over-all gain of the amplifier in the mid-frequency 
range? 

3-6. Derive gain-frequency relations for an L-C-coupled amplifier analogous to 
those derived for the R-C case. 

3-7. Given n = N2/N1 = 3, L1 = 100 henrys, L?. = 900 henrys, R1 = 100 ohms, 
R2 = 1000 ohms, Ebbl = 250 volts, Ebb2 = 400 volts. If the coefficient of coupling 

Eccl = - 8 volts Ecc2 = - 43.5 volts 

Fm. P3-7. 

K is 0.988, and RL = 2500 ohms, compute a gain-frequency curve for the range 20 
cycles to 40 kc per sec, for the first stage. Assume that the total capacitance Co of 
Fig. 3-16 is 50 µµf. 

3-8. Two 6L6 tubes are connected in push-pull and operated class A1 with Eb = 
250 volts, Ec1 = -15 volts, Ec2 = 250 volts. Obtain the composite plate and dy
namic characteristics of the two tubes if the effective plate-to-plate load resistance is 
5000 ohms. Find the fundamental a-c component of plate current fl.owing in the 
transformer primary by graphical means and by use of the equivalent-eircuit. Use 
an input voltage of eg = 15 cos wt. 

3-9. (a) What is the equivalent plate-to-plate load resistance of two tubes con
nected in push~pull and operated class A if the output transformer has a turns ratio, 
primary- (plate side)to-secondary, of 3 to 1 and RL = 4000 ohms? 

(b) If each tube is said to be "working" into the equivalent external resistance 
between its plate and point a of Fig. 3-19, compute this resistance for conditions as 
in part a. 

3-10. Two 2A3 tubes are operated in push-pull class AB1 with Ec1 = -60 volts, 
Eb = 300 volts. Determine graphically the fundamental component of plate cur
rent, if the effective plate-to-plate load resistance is 3000 ohms. Prepare a set of 
composite plate characteristics. 

3-11. (a) Draw the a-c equivalent circuit of Fig. 3-25 for the mid-frequency range. 
(b) If the amplifier and phase-inverter tubes of Fig. 3-25, first stage, are identical 
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and µ, = 20, rp = 10,000 for each, compute R2 (if RL1 = RL2 = 50,000, Ra = 200,000 
ohms) so that the input voltages to the push-pull stage will be equal. 

3-12. Analyze the circuit of Fig. 3-29 for the effect of inverse feedback on fre
quency and phase distortions if RL is replaced by an inductive load ZL = RL + jXL 
where RL = 30,000 ohms, and XL = 2500 ohms at f = 5000 cps, and R1 = 5000 
ohms. Note that fJ is no longer independent of frequency. For the tube, use a 
type 6C5. 

3-13. Derive the mid-frequency gain formula for the amplifier of Fig. 3-31 with 
and without the use of the feedback equation. 

3-14. Plot the curve of gain versus frequency for the inverse feedback amplifier 
of Fig. 3-31, and compare with the curve obtained without feedback. How much 
has inverse feedback extended the region of flatness of the gain-frequency curve? 

3-15. Derive Eq. 3-75 from Fig. 3-35. 
3-16. Obtain an expression for the voltage gain of the amplifier of Fig. 3-36 in 

the intermediate-frequency range. 
3-17. Write an expression for the input voltage of each grid of the push-pull 

amplifier of Fig. 3-37, if the secondary voltage of the top half of the input trans
former is Eg volts. 

3-18. Referring to the amplifier of Fig. 3-38, determine the over-all amplifier 
gain in the intermediate-frequency range if: the pentode is a 6J7 with operating 
values Eb = 250 volts, Ee1 = -3 volts, Ee2 = 100 volts, lb = 2 ma, Ie2 = 0.5 ma; 
the triode is a 6C5 with Eb = 250 volts, Ee = -8, h = 8 ma; Ru = 100,000 ohms, 
Rg = 250,000 ohms, RL2 = 25,000 ohms, C = 0.04 µ,f, Ck1 = 10 µ,f, Ck2 = 2.5 µ,f, 
C1 = 0.4 µf, Cd = 0.1 µf, R1 = R2 = 50,000 ohms. In addition, 

(a) Find suitable values of Rk1, Rk2, and Ebb· 
(b) Draw the complete intermediate-frequency equivalent circuit. 
(c) If the total capacity shunting Rg1 is 80 µµf, compute and plot a gain-frequency 

curve over the range 40 to 40,000 cycles. 
(d) Compute a gain-frequency curve over the same range if R2 = 0, R1 = 100,000 

ohms. 
3-19. A two-stage R-C-coupled amplifier circuit is connected as shown in the cir

cuit of problem 3-3. Feedback may be provided by means of a resistor Ra connected 
directly from plate to plate (between P1 and P2) of the two triodes. Neglecting the 
reactance of the coupling capacitor C, draw the complete a-c equivalent circuit of 
the amplifier, and show that the gain of the second stage will be zero for Ra = l/gm2, 
where gm2 is the grid-plate transconductance of the second tube. Derive the follow
ing expression for the over-all gain of the amplifier: 

where A2 is the gain of the second stage, gm1 is the transconductance of the first 
tube, and 

Yo = l/rp1 + l/R1 + l/R2 + 1/Ra 
with Ya = 1/Ra. 

3-20. Compute the d-c and effective a-c components of current in resistor Ra = 
50,000 ohms of problem 3-19 using the circuit values given in problem 3-3. Neglect 
all condenser reactances, and compute the mid-frequency gain of the amplifier. 

3-21. Compute the gain and input impedance of the cathode follower amplifier 
of Fig. 3-39 at f = 79.6, 796, 79,600, 796,000, and 1,593,000 cps if the tube is a 6C5 
for which rp = 10,000 ohms, µ, = 20, and RK = 10,000 ohms. 
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3-22. Draw the equivalent circuit of the cathode follower (Fig. 3-39), and connect 
a generator of voltage E across the output terminals. Assuming the voltage Eg to 
be zero, derive Eq. 3-80. 

3-23. Determine RK (Fig. 3-39) so that the cathode follower output impedance 
(with input short) will be 400 ohms at 1000 cycles. Assume that the tube is a 605, 
µ = 20, rp = 10,000 ohms. 

3-24. The voltage V applied to the circuit shown is the rms value of an applied 
sinusoidal voltage of variable frequency. Sketch a curve of Vc/V as a function of 

v~ 

T 
I 
I 
I 

Vi: 
f 
I 
I \ I I _1_ 

FIG. P3-24. 

frequency and derive an expression for the upper "half-power" frequency; Ve is the 
rms voltage across C. 

3-25. Derive the expression called for in problem 3-24 by applying four-pole theory 
and determining the four-pole admittances of the circuit. 

3-26. A type 6AB7 is used in one stage of a video (wide-band) amplifier. Assume 
that the total output capacitance Co is 25 µµf; Rg = 1 megohm. Two requirements 
are to be met: (a) The gain must be constant (within ±1 db) up to 4 me; (b) at low 
frequencies, the gain must remain above 0. 707 of the mid-band value for all fre
quencies above 10 cps. Design the stage, and sketch its predicted phase-frequency 
characteristic as in Fig. 3-45. 



CHAPTER 4 

THE AUDIO-AMPLIFIER 
POWER STAGE 

THE WORK OF THE PRECEDING CHAPTERS HAS BEEN CONCERNED PRI

marily with the increase of the voltage level in amplification. The 
present chapter will discuss the problems encountered in the design of 
the output or power stage of an audio-frequency amplifier. The power 
stage is required to provide, as nearly as possible, the optimum coupling 
to the load so that the requisite power will be delivered to the load with 
minimum distortion and at as high an efficiency as possible. 

4-1. Power Relations in Amplifiers 
Power may conceivably be delivered to an amplifier from two possible 

sources, namely, the source of grid excitation, and the voltage sources 
which supply the cathode heating, the screen- and control grid-bias 
voltages, and the plate voltage. In class-A amplifiers where linear 
operation is desired, the grid does not swing positive, grid current is 
very small, and the grid input power is negligible in the audio range. 
Grid- and screen-bias and plate voltages are usually supplied from a 
common power source usually derived from alternating current through 
a rectifier and filter system. Cathode heater or filament power may be 
derived from a low-voltage winding on the power transformer supplying 
the rectifier. The principal source of power is the plate-supply voltage. 

Power is delivered by an amplifier to its load resistance, and the use
ful power output of the amplifier results usually from the a-c com
ponent. In an intermediate stage of a voltage amplifier, the power out
put of the stage might be defined as the a-c power developed in the re
sistor or equivalent resistor in which the input voltage for the succeed
ing stage is developed. For example, the useful output power of an 
R-C-coupled stage of a voltage amplifier would, by definition, be de
veloped in the grid-leak resistor. Since the power so developed serves 
merely to heat the resistor and does not contribute to the power input 
of the succeeding stage, it is evident that intermediate-stage power out
put for R-C-coupled voltage amplifiers has no real significance as power 

149 
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output. Amplifiers, however, generally terminate in what may be called 
a power stage; this supplies both voltage and power to an equivalent 
load resistor, which may be, for example, a relay or a loudspeaker. For 
maximum power transfer, such load resistances usually require match
ing networks or output transformers to match the power tube to its 
load. Optimum values of load resistance will be considered in a later 
section. . 

The following analysis of a power amplifier with a resistance load 
serves the purpose of illustrating fundamental definitions. The circuit 

--I 

t 
Eg C 

Frn. 4-1. Series-fed power amplifier. 

of the amplifier is shown in Fig. 4-1. Linear class-A1 operation is 
assumed. The power input is entirely from the plate supply if grid 
input power may be neglected. The power input, then, is 

Pi = Ebbh watts 

where h = the average (or quiescent) value of plate current. The 
losses supplied by the plate battery are as follows: the d-c heat loss in 
the load resistor h 2RL and in the bias resistor h 2RK and the loss in 
heat at the anode of the tube. The energy dissipation at the anode is 
called the plate dissipation. It is the result of the conversion into heat 
of the kinetic energy of the incoming electrons. The temperature of the 
anode rises until it is able to radiate and conduct the heat of electron 
bombardment away as fast as it is generated. If the plate dissipation 
in watts is Pa, and the power output in watts is P 0 , then the law of the 
conservation of energy requires tha't 

Pi= output+ losses =Po+ Pa+ h 2(RL + RK) (4-1) 

If the effective a-c component of plate current is Ip, then 

Po = lp2RL watts 

The plate dissipation may then be obtained by solving Eq. 4-1; that is, 
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Pa= Ebbh - h 2(RL + RK) - J/RL 

151 

(4-2) 

It is instructive to obtain Pa by another method. If eb and ib have 
their usual meanings, then the average power at the plate is given funda-
mentally by 1 iT 

Pa = - ebib dt (4-3) 
T o 

where Tis the period at the fundamental a-c component of plate cur
rent. Now 

as obtained by applying superposition of d-c and a-c values. Also, in 
Eq. 4-3, 

ib = h + ip 

Then, for ip = 0 Ip sin wt, the integral of Eq. 4-3 results in Eq. 4-2, 
which shows that the maximum plate dissipation occurs when the power 
output is zero. If power is not delivered to the load or biasing resistors, 
it must be dissipated at the plate. The tube should therefore be oper
ated with its plate dissipation at quiescence equal to the rated value. 

Equivalent expressions for the power output may be obtained graphi
cally from the plate diagram. Three typical triode plate characteristics 
and a load line are shown in Fig. 4-2. Assuming linear operation, bias 

r--ebmin_~=hlj 
Fm. 4-2. Load line and plate diagram for a class-A power amplifier. 
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at ee = Ee volts (negative), and a grid swing of eg max = I Ee I volts, 
then, by definition, 

E - eb max - eb min 

p - 2V2 

and I 
_ i b max - ib min 

p - 2v2 

For a resistance load, the power output is 

(eb max - eb min) (ib max - ib min) 
Po;:= Eplp = -------------

8 

(4-4) 

(4-5) 

(4-6) 

The function of the power amplifier is to convert d-c to a-c power, 
controlled by the alternating voltage and resulting electric field between 
grid and cathode. The conversion efficiency of the amplifier is measured 
by what is called its plate-circuit efficiency, defined as the useful plate 
output power divided by the plate input power. If 'YJp is the plate
circuit efficiency, then 

Eplp 
r]p=--

Ebbh 

For the circuit of Fig. 4-2, and from Eq. 4-2, 

Ebbh - h 2 (RL + Rx) - Pa 
'Y/p = 

(4-7) 

Evidently, the plate-circuit efficiency could be considerably increased ~ 

by using parallel feed to eliminate the loss I b 
2 RL. ~ 

4-2. Load-Coupling Circuits 
Series feed as in Fig. 4-1 is wasteful of both power and battery voltage. 

Parallel feed using a choke and condenser as shown in Fig. 4-3, or trans-

----) 
C 

Frn. 4-3. Parallel-fed power amplifier. 
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former coupling as shown in Fig. 4-4, has the advantage of greater plate
circuit efficiency and the additional advantage that no d-c component 
flows in the load resistance. Because of the large value of the quiescent 
or average component of plate current in power amplifiers, the output 

+ 
Ebb -

Frn. 4-4. Power amplifier with output transformer. 

transformer primary inductance may be reduced as a result of iron 
saturation. For this reason, a choke and a condenser may be desirable 
in coupling the tube to the output transformer. As usual, the magnitude 
of choke inductance and condenser capacitance are desirably such that 

Frn. 4-5. Static and dynamic load lines for parallel feed. 

the reactances of neither of them need be shown in the equivalent a-c 
circuit. 

The location of the operating point on the plate diagrams for the cir
cuits of Fig. 4-3 and Fig. 4-4 requires the construction of what may be 
called the d-c load line. This is a load line drawn in the usual way from 
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the point on the voltage axis corresponding to Ebb and with a slope deter
mined by the d-c resistance of the choke or of the transformer primary 
plus the resistance of the biasing resistor. These resistances will be 
small compared with the effective load resistance for a power stage. If 
these resistances were neglected, the d-c load line would be vertical. 
The operating point is then determined by the intersection of the d-c 
load line and the plate characteristic corresponding to the grid bias as 
shown in Fig. 4-5. The a-c load line is then drawn through the operating 
point with a slope corresponding to the a-c resistance of RL in Fig. 4-3 
or to (Ni/N2 )2RL in Fig. 4-4. The required plate-supply voltage is 
approximately the operating voltage Eb. It is assumed that the bias
ing resistors are adequately by-passed, but this is difficult where the 
value of RK is in the range 150 to 750 ohms. Fixed bias may be preferred. 

4-3. Optimum Value of Triode Load Resistance 
For triodes the maximum power output for specified conditions of 

operation is determined by the load resistance. Two cases are usually 
considered. In the first, a small excitation voltage of fixed effective 
value E g is specified; E g is numerically less than the grid bias so that 
operation may be considered as linear, class A1. The equivalent circuit 

G P.-------------

"v tEg 

Fm. 4-6. Equivalent circuit of Fig. 4-3. 

of Fig. 4-3, for example, could then be used and is shown in Fig. 4-6. 
Then 

(4-8) 

Since the excitation is small,µ and rp may be assumed constant, so that 
P O and RL are the variables. As predicted by the maximum power
transfer theorem, the maximum value• of power output will be realized, 
at fixed excitation, for RL = rp. 
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The conditions of the second case are more frequently encountered in 
the use of single-tube power amplifiers. The only restriction upon the 
grid voltage is imposed by the amount of harmonic distortion that can 
be tolerated. This means that the grid should not swing positive or be
low the "knee" of the dynamic characteristic. It is then required to 
determine RL for maximum undistorted power output, given a fixed value 
of the quiescent plate voltage Eb, To avoid distortion, the minimum 

ibmax 

Fm. 4-7. Power-amplifier operation with maximum undistorted power output. 

value of the plate current must never be less than some arbitrary con
stant 11 (Fig. 4-7) determined by the curvature of the plate character
istics. The magnitude of l 1 is determined by the tolerable harmonic 
distortion. Summarizing, the conditions for maximum undistorted 
power output are: 

( 1) ( y'2 E g) = E gm = I E c I 
(2) ib min = 11 
(3) Eb is fixed. 

This requirement is met practically by requiring zero d-c impedance in 
the plate-supply circuit, as provided by parallel feed. Now for an arbi
trary selected value of bias voltage Ee the operating point Q is deter
mined. The maximum and minimum values of plate current and of 
plate voltage, and hence also the value of the power output depend 
upon the resistance of the effective plate load RL, which determines the 
slope of the a-c or dynamic load line. The magnitude of ib min = l 1 

may be selected arbitrarily. If then an optimum load resistance is de
termined by analysis, the resulting harmonic distortion may be checked, 
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and, if a decrease in ib min is permissible, a new value of I 1 may be em
ployed. The load resistance involved is optimum in the sense that it 
provides maximum power output for the assumed value of I 1 and for 
the fixed values of Eb, Ee, and Egm• The problem of analysis, therefore, 
is to determine the best value of RL to use with the given tube for the 
specified conditions. 

The analysis is quite straightforward and proceeds as follows: The line 
ib = 11 intersects characteristic ec = 0 at eb = E 1. Let 0 Ep = Epm, 
and 0 IP = lpm• If it is assumed that the characteristics are linear 
and evenly spaced, the values of Epm and 1pm are as shown in Fig. 4-7. 
The distance d may be expressed as 

Then, Eq. 4-6 yields 

But 

d = 2lpm cot 0 = 2lpmrp 

so that, substituting in Eq. 4-9, one obtains 

P 0 = ½(Eblpm - 2lpm2rp - E1lpm) 

(4-9) 

(4-10) 

(4-11) 

In Eq. 4-11, Eb, rp, and E 1 are constants, and Po depends upon lpm• 
The existence of a maximum value of P 0 may be determined by obtain
ing the derivative of P 0 with respect to lpm• Thus, 

dP0 /dlpm = ½(Eb - 4lpmrp - E1) = 0 

or 

From Eq. 4-10, 
Eb - E1 = Epm + 2lpmrp 

Since numerically Epm = lpmRL 

Eb - E1 = lpm(RL + 2rp) 

Substituting in Eq. 4-12 and simplifying, one obtains 

(4-12) 

(4-13) 

Maximum undistorted power output in a triode amplifier will then be 
realized, according to the conditions assumed, if the load resistance is 
made equal to twice the tube plate resistance. It is assumed, however, 
that the rated plate dissipation will not be exceeded at zero excitation, 
so that it must be determined in practice if the operating point corre
sponding to the assumed value of Eb can be used without exceeding 
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allowable plate dissipation. If the maximum plate dissipation is speci
fied, and no restrictions are placed on plate voltage, Nottingham 1 has 
shown that the optimum plate load for undistorted power output is in 
the range 15 to 20 times the plate resistance. 

To determine the proper value of grid bias, Eq. 4-12 may be written as 

Epm/RL = (Eb - E1)/4rp 

For RL = 2rp, Epm = (Eb - Ei)/2 

From the equivalent circuit, and Egm = -Ee, 

1pm = -µEe/(rp + RL) 

(4-14) 

(4-15) 

Since Epm = IpmRL (neglecting phase), Eqs. 4-14 and 4-15 may be 
solved for Ee. The result is 

(4-16) 

Experience with power triodes shows that E1 is approximately 0.lEb, so 
that it is sufficiently accurate for a first approximation to use 

(4-16a) 

The optimum or maximum power output corresponding to RL = 2rp 
is usefully expressed in terms of Eb and rp. From Eq. 4-15, at optimum 
operation, 

1pm = -µEc/3rp 

and Pomax = ½Ipm2 ·2rp = µ
2E//9rp 

Use of the approximate relation of Eq. 4-16a for Ee yields 

Po max = 0.054Eb2 /rp watts 

(4-17) 

(4-17a) 

the maximum power output that may be expected from a tube of re
sistance rp operating at a plate voltage of Eb. Actually, because of the 
approximations necessary in its derivation, Eq. 4-17a should be con
sidered as an optimistic approximation of the maximum power output. 

4-4. Theoretical Efficiency 
If triode plate characteristics were perfectly straight lines, then 11 in 

Fig. 4-7 would be zero, and 1pm would be equal to I b· This would be the 
ideal situation, and, although the conditions are theoretical, the plate
circuit efficiency determined by assuming straight-line characteristics is 
of value because it provides information as to the maximum possible 

1 Wayne B. Nottingham, Optimum Conditions for Maximum Power in Class A 
Amplifiers, Proc. IRE, 29, 620 (1941). 
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theoretical efficiency of a triode power amplifier. Reference to Fig. 4-7 
shows that the efficiency is (for l 1 = 0, straight-line characteristics) 

(4-18) 

according to Eq. 4-7. For series feed, the d-c loss in the load resistor 
must be considered, so that Ebb = Eb+ hRL, Since h = 1pm for 11 
= 0, then l bRL = Epm, and 

(4-19) 

If the plate characteristics are all straight lines, then that for which ec 
= 0 would be expected to pass through the origin so that E 1 = 0. 
Equation 4-10 may then be written as 

Eb= Epm + 2lbrp 

so that the efficiency may be expressed as 

1/p = Epm/2(2Epm + 2hrp) 

which may be simplified by dividing numerator and denominator by 
Epm• Finally for the series-fed amplifier, the theoretical plate-circuit 
efficiency becomes 

I 
'Y/p = 

4(1 + rp/RL) 
(4-20) 

The maximum possible plate-circuit efficiency of the series-fed amplifier 
is, according to Eq. 4-20, 0.25, or 25 per cent. For the optimum power 
output with fixed Eb, rp = RL, and the upper limit of the plate-circuit 
efficiency is 12.5 per cent. Actual plate-circuit efficiencies are usually 
less than 10 per cent. 

A considerable improvement in plate-circuit efficiency may be realized 
by using parallel feed, thereby practically eliminating the d-c loss due 
to the quiescent or average value of plate current. For parallel feed, 
Ebb = Eb, and Eq. 4-18 becomes, with h = 1pm, 

'Y/p = Epm/2Eb 

Again using Eq. 4-10, with E 1 = 0, 

Epm I 
'Y/p = = 

2(Epm + 21 brp) 2(1 + 2rp/RL) 
(4-21) 

For parallel feed, the maximum possible theoretical plate-circuit effi
ciency is, from Eq. 4-21, 50 per cent. For the optimum conditions of 
maximum undistorted power output, RL = 2rp, the value of 'Y/p drops to 
25 per cent. It should be noted that the maximum value of theoretical 
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plate-circuit efficiency corresponds to infinite load resistance and there
fore to zero output power. Actual values of plate-circuit efficiency at 
optimum conditions are around 20 per cent. 

4-5. Optimum Operation of Power Pentodes and Beam Tubes 
As shown in Chapter 2, the amplification factor is much higher for 

pentodes than for triodes whereas the grid-plate transconductance gm 
is of the same order of magnitude. The shape of the static characteris
tics of pentodes is such that a much greater range of alternating plate 
voltage swing is available, so that botli the power output and the plate
circuit efficiency are greater for pentodes than for triodes. Pentodes, 
however, introduce greater harmonic distortion than triodes, and, since 
the minimum distortion is comparatively high, it is harmonic distortion 
rather than maximum power output that determines the optimum load 
resistance for pentode power amplifiers. It is important to note that the 
definition of optimum operation for a triode cannot be used for either 
beam or pentode power amplifiers because of the change in shape of the 
plate characteristics. In fact, RL is usually a small fraction of rp for 
best operation. 

It was shown in Chapter 2, Section 2-11, that the second-harmonic 
amplitude B2 in pentode amplifiers can be reduced to zero by a proper 
choice of load resistance. This value of load resistance is a first approxi
mation to the optimum value for a single tube but does not yield maxi
mum power output. Since minimum distortion is the determining 
factor, the optimum load resistance is approximately that for which 
B2 = 0. The best value of RL is most easily determined experimen
tally. If determined by computation, the approach is a method of suc
cessive approximations beginning with the assumption of a value of 
ib max near the knee of the ec = 0 pentode plate characteristic. The 
allowable plate dissipation then determines a trial value of Eb since 
Pa r-..1 Eb(ib max/2). A value of grid bias Ee is then chosen, and a trial 
RL is determined by the operating point and the value of ib :nax on the 
ec = 0 characteristic. If the value of I b at the operating _point differs 
appreciably from ib max/2, the process is repeated. For each trial RL, 
the harmonic distortion and the value of Po are computed, and curves 
are plotted to show the best combination of values. Unfortunately, 
maximum P O does not coincide with minimum harmonic distortion. 

The variation of PO with RL is easily understood if the power output 
equation 

P 
_ (eb max - eb min) (ib max - ib min) 

0 -

8 

is interpreted with the help of a set of pentode plate characteristics and 
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Frn. 4-8. Typical power-pentode static characteristics and load lines. 

a load line, as shown in Fig. 4-8. The slope of the load line corresponds 
to RL "-' 4000 ohms. The second-harmonic plate-current amplitude, 
assuming an operating point of Eb = 250 volts, Ee = -10 volts, and a 
grid swing of 10 volts, is approximately 

102 + 20 - 2(56) 10 
B2 = ------- = - = 2.5 ma 

4 4 

= ¼(102 + 79 - 37 - 20) = 1 ~ 5 = 41.6 ma 

The per cent second-harmonic distortion is (B2/B1) X 100 or 6 per 
cent. Since 

396 - 68 328 
--- = - = 164 volts 

2 2 2 

164(41.6 X 10-3) 
P 0 = ------- = 3.4 watts 

2 
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If now RL is increased to 6000 ohms, ib min ~ 20 ma remains constant, 
but ib max decreases to 91 ma. The plate swing increases, however, so 
that the power output is increased to approximately 3.8 watts, but the 
per cent second-harmonic distortion is now < 1 per cent. If RL is in
creased to 7000 ohms, PO is slightly increased, but the second-harmonic 
distortion is about 3.6 per cent. Evidently, RL = 6000 ohms is reason
ably close to the optimum value. 

In connection with Fig. 4-8, it is important to notice that the value 
of eb min becomes quite small as RL increases. It will be remembered 
from Chapter 2 that the screen grid current is high for very low plate 
voltages, so that there is danger of exceeding the rated screen dissipation by 
using high values of load resistance. It is important to remember that 
for pentodes or tetrodes the plate voltage must never be suddenly re
moved or greatly reduced unless the screen voltage is first removed be
cause the flow of electrons to the screen may destroy the tube. 

The same considerations as to optimum operation apply to beam
power amplifier tubes as to pentodes. The beam-power tubes have more 
nearly linear characteristics over a wider region of the plate diagram 
than pentodes and so are capable of delivering larger power output with 
less distortion than pentodes of equivalent size. Both pentodes and 
beam-power tubes are frequently operated in push-pull to reduce har
monic distortion. Choice of load resistance is then influenced by the 
requirement of minimum third-harmonic distortion. 

4-6. Class-AB Power Amplifiers 
Because serious distortion would otherwise result, class-AB audio

frequency amplifiers are always operated push-pull. The composite 
characteristics of triodes in push-pull class-A operation are nearly 
straight, parallel, evenly spaced lines, as shown in Fig. 3-26. Composite 
characteristics for the same tubes operating class AB have been drawn 
in Fig. 4-9, and, although the curves have been drawn as straight lines, 
some points obtained by the graphical method described in Section 3-12 
fall slightly off the lines. However, operation is almost linear and the 
distortion is small, since even harmonics are eliminated by the push-pull 
connection. Because of the symmetry of the composite characteristics, 
the maximum instantaneous value of the composite current is equal to 
the negative of the minimum value, or ibmax = -ibmin; ib(½) = -ib(-½), 

and, since h = 0, the harmonic-amplitude equations of Section 2-10 
become, for the composite current, 

Bo= B2 = B4 = 0 

B1 = f (ib max+ ib(½)) 

B3 = ½(ib max - 2ib(½)) 

(4-22) 



162 

200 

<I) 

~ 150 
a. 
E 
~ .E 
.... ";,;, 100 

50 

THE AUDIO-AMPLIFIER POWER STAGE 

Type-2A3 characteristics 

[f? 
I & 

I 

eb, volts 

..-Composite load line 

Frn. 4-9. Composite triode characteristics for push-pull operation, class AB. 
-60 volts, Eb = 275 volts; (Ni/N2) 2RL = 1000 ohms. 

Ch.4 

Application of these relations to Fig. 4-9 shows that the third-harmonic 
distortion is very small. 

Composite characteristics for positive grid swings have been drawn 
for two 6L6 beam-power amplifier tubes in push-pull, class-AB opera
tion, and are shown in Fig. 4-10. Although not straight Jines, the com
posite characteristics are more evenly spaced than the individual char
acteristics, and the distortion is small. The composite characteristic 
for eg = 20 volts differs very little from the individual E cl = 0 charac
teristic. Although the composite quiescent plate current I b is zero, the 
individual quiescent plate currents are not zero. It was shown that the 
even harmonics are present in the mid-tap-to-cathode return, a-K, of 
Fig. 3-19. In case a biasing resistor is used in class-AB operation, a by-
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pass condenser must be used, if feedback effects are to be avoided, al
though no condenser is necessary in class-A1 push-pull operation. In 
the biasing resistor of the class-AB-operated push-pull amplifier, the 
biasing current is J b avg = I bl + B0 at maximum excitation, where B0 

is the d-c component resulting from distortion. The grid bias, therefore, 
increases at high values of signal voltage, so that the distortion also in-
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FIG. 4-10. Individual and composite static characteristics for two type-6L6 beam 
tetrodes in push-pull operation. Ec1 = -20 volts, Eb = 375 volts. 

creases with the excitation, requiring that the bias resistor must be 
selected approximately as though the operation were to be limiting 
class A.* 

Because of the greater grid bias of class-AB operation, the operating 
plate current is smaller, a~d the operating plate voltage may be in
creased without exceeding the limiting plate dissipation. The result is 
a greater power output at higher efficiency. The power supplied to the 
tube increases with the signal voltage Eg for fixed Ebb, and, since the 
power to the load also increases, the plate dissipation (which is the dif
ference between the input to the tube and the output) may either in
crease or decrease. In class-AB operation, Pa generally increases with 
Eg. It will be remembered that the reverse is true for class-A operation. 

* By limiting class-A operation is meant that ib = 0 for the most negative value 
of instantaneous grid voltage. 
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4-7. Optimum Class-A1 and AB1 Push-Pull Operation 
For push-pull operation in either class A1 or AB1 for triodes where 

the composite plate characteristics are equally spaced parallel straight 
lines, Fig. 4-11 applies. Since the distortion is justifiably neglected, and 
the output transformer is assumed to be ideal, the power output is given 
by P 0 = ½Epmlpm, and the grid swing may have any value from zero to 

FIG. 4-11. Composite static plate characteristics and load line for a push-pull triode 
amplifier. 

the magnitude of the grid bias. Then, from Fig. 4-11, 

where Rep is the reciprocal of the slope of the composite characteristics, 
and is usually obtained from the slope of the eg = 0 characteristic. The 
maximum plate swing from quiescence is then 

so that 

(4-23) 

(4-24) 

It is evident from Eq. 4-24 and Fig. 4-11 that P 0 depends upon 1pm and 
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therefore upon the slope of the load line. For maximum P 0 , 

or (4-25) 

If the effective load resistance is RL', then Epm = lpmRL', and, from 
Eq. 4-23, 

(4-26) 

If Eq. 4-26 is substituted in Eq. 4-25, the result is 

(4-27) 

Therefore, for either class-A1 or AB1 push-pull operation of triodes the 
optimum operating load resistor is that for which the slope of the com
posite load line is equal numerically to the slope of the composite static 
characteristics, or 

(4-28) 

where RL is the actual secondary load resistance. 
In push-pull amplifiers using power pentodes or beam tetrodes, the 

optimum load resistance is determined by distortion in about the same 
way as for the single-tube power amplifier. The effective resistance 
should be such that the composite load line intersects the composite 
characteristic for maximum grid swing in the vicinity of the knee of the 
curve. 

PROBLEMS 

4-1. A type-10 power-amplifier triode is used in a circuit like that of Fig. 4-1 ex
cept that fixed bias is used. The tube and circuit constants are: rp = 5000 ohms, 
µ = 8, RL = 10,000 ohms, Ebb = 630 volts, Ee = -30 volts. 

(a) Locate the operating point (Eb, lb), assuming fixed bias. 
(b) For a grid swing of Egm = 30 volts, determine the per cent second-harmonic 

distortion and the output voltage and power. 
(c) Compute the plate dissipation and the plate-circuit efficiency. 
(d) If parallel feed is used as in Fig. 4-3, find the new value of Ebb so that the same 

operating point and load line may be used as in parts a and b. Assume an ideal choke 
and condenser. 

(e) Compute the power output, plate dissipation, and plate-circuit efficiency for 
the shunt-feed system. 

4-2. The power stage of a voltage amplifier uses a 2A3 triode operating at Eb = 
250 volts, Ee = -45 volts. If Egm = 45 volts, compute the second-harmonic dis-
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tortion, the power output, and the average or direct plate current for the following 
values of load resistance: 

(a) RL = 400 ohms 
(b) RL = 800 ohms 
(c) RL = 1600 ohms 
(d) RL = 3200 ohms 
4-3. Given: T1, a type 605, µ. = 20, rp = 10,000, RL1 = 50,000, R1 + R2 = 

100,000, R2 = 5000. Reactances of all condensers negligible. T2, a type 45, µ. = 

FIG. P4-3. 

3.5, rp = 1600, Ni/N2 = 2, RL2 = 800 ohms. For the transformer, (,JL1 and (,J~ 

are much greater than the winding resistances. 
(a) If T1 operates at Ee = -8 volts, lb = 4 ma, and T2 operates at Ee = -50 

volts, h = 34 ma, Eb = 250 volts, find: Rc1, Rc2; Ebbl, Ebb2· 
(b) Draw the equivalent a-c circuit. 
(c) For Eg = 5 volts, find the input voltage to the second stage and the gain of 

the first stage. Do not neglect the feedback in finding the gain. 
4-4. In the circuit of problem 4-3, compute the output power of the final stage, 

the plate-circuit efficiency of each tube, and the plate dissipation of each tube. 
Assume that distributed capacitance in the transformer may be neglected. 

4-5. A power-amplifier stage consists of a 25A6 power pentode with an effective 
load resistance of 4000 ohms operating with Eb = 135 volts, Ec1 = -20 volts, 
Ec2 = 135 volts; rp = 36,000 ohms, Ym = 2450 micromhos. Determine the output 
power, plate dissipation, and plate-circuit efficiency if the tube is transformer
coupled to the load resistance through an ideal transformer, and Egm (sinusoidal) is 
20 volts. 

4-6. Determine the best value of load resistance to be used with the amplifier of 
problem 4-5 by computing power output, d-c components and total harmonic dis
tortions up to the third, and plate-circuit efficiencies for the following effective values 
of load resistance: 2000, 4000, 6000, 8000, 10,000, and 12,000 ohms. Tabulate and 
plot the results. 

4-7. Determine the proper value of load resistance to be used with a power-ampli
fier stage in which the tube is a 6L6 operating with a fixed bias of Ee1 = -15 volts, 
Eb = 250 volts, Ec2 = 250 volts. The load is coupled to the tube through an ideal 
transformer of turns ratio 2 to 1 stepdown (tube to load). It is desired that the 
load resistance be chosen so that the second-harmonic amplitude B2 will be zero. 
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For this value of load resistance and with Egm = 15 volts, compute: (a) the funda
mental and third-harmonic amplitudes, (b) the d-c component of plate current, 
(c) the fundamental and total power outputs, (d) the plate dissipation and plate-cir
cuit efficiency. 

4-8. Two 6F6 power pentodes are connected in push-pull and operated class AB2. 
The plate-supply voltage is 400 volts, Ee1 = -25 volts, Ec2 = 250 volts, and the 
peak value of the sinusoidal input voltage, grid to cathode is 35 volts. The trans
former is assumed to be ideal and has a turns ratio, tube to load, of 2 to 1. 

(a) Prepare a set of composite plate characteristics. 
(b) Obtain a composite dynamic characteristic for each of three values of effec

tive plate-to-plate load resistance as fo11ows: 5000 ohms, 10,000 ohms, and 20,000 
ohms. 

(c) For each load resistance of part b compute the per cent third-harmonic dis
tortion, the d-c supply current, and the power output. 

4-9. Two 2A3 triodes are connected in push-pull and operated class AB1, at Eb 
= 300 volts, Ee = -60 volts. What should be the value of load resistance for 
maximum undistorted power output if the ideal output transformer has a stepdown 
turns ratio of 3 to 1. 

4-10. Design an audio-frequency amplifier to deliver a minimum of 5 watts to a 
250-ohm load if the maximum input signal voltage is 0.2 volt. Draw the complete 
circuit, and compute a11 circuit constants. Discuss the expected behavior of your 
amplifier as to efficiency and distortion. 

4-11. Two 6F6 pentodes are connected in push-pu11 and operated class AB from 
a 350-volt power supply. The grid bias is -25 volts, screen voltage 250 volts. 

(a) Draw the composite static characteristics. 
(b) Calculate output power, plate dissipation, and plate-circuit efficiency for a 

plate-to-plate load resistance of 10,000 ohms, peak signal voltage, grid to ground 
of 40 volts. 



CHAPTER 5 

GAS-FILLED TUBES 
AS CIRCUIT ELEMENTS 

THE ELECTRON TUBES DESCRIBED IN THE CIRCUIT APPLICATIONS OF 

preceding chapters have been high-vacuum tubes. The vacuum in a 
high-vacuum tube is desirably as high as possible, although it is prob
able that many high-vacuum tubes of the receiving type operate quite 
satisfactorily at pressures of the order of 10-5 millimeter of mercury. 
The residual gas pressure for high-vacuum tubes should be less than 
10-6 mm of mercury. 

It is the objective of the present chapter to present the gas-filled elec
tron tube as a circuit element. The extremely interesting and highly 
important internal physics of the gas-filled tube will be ignored-as was 
done in the case of the high-vacuum tube-until the behavior of the 
tube has been described in terms of simple current and voltage measure
ments made at the available external tube terminals. Then, after hav
ing achieved at least a degree of familiarity with the circuit behavior 
of both vacuum and gas-filled tubes, the student should find that a 
more extended analysis into the internal physical behavior of electron 
tubes in general will serve to answer a number of important questions 
which will have occurred to him and will enable him to use and to select 
tubes for specific applications with considerable assurance. 

5-1. Effect of Gas upon the Diode Characteristic 
Essentially the addition of certain gases to the envelope of a high

vacuum electron tube converts the tube from a variable resistance to a 
switch. Relatively few gases are satisfactory for the purpose, and the 
gases commonly used are mercury vapor, and the inert gases helium, 
argon, neon, krypton, and zenon. Hydrogen has been used for some 
applications. Many gases cannot be used because they "poison" the 
oxide-coated cathodes used in most tubes, reducing the available emis
sion current. Gas pressures used in gas-filled tubes are roughly in the 
range 0.003 to 0.2 mm of mercury. 

The fact that low-pressure gas added to the envelope of a high-vacuum 
168 
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diode gives to the tube the properties of a switch may be very briefly 
explained. The diode characteristic shown in Chapter 1 (Fig. 1-2) is 
typical of the high-vacuum diode, and of the triode for a constant grid 
voltage. If the anode voltage (Fig. 1-2) is increased sufficiently to draw 
to the anode all of the available emission current from the cathode, the 
diode characteristic curve would flatten horizontally at this voltage and 
would remain flat at higher voltages since additional current is not 
available. This behavior is illustrated 
in Fig. 5-1, where the current is shown 
as emission limited at a voltage eb'. 
The cathode of the tube operates at a 
fixed heater voltage, and therefore just 
as much current is available at anode 
voltages, less than eb'' as at voltages 
greater than eb'· As previously stated 
the anode current is a definite function 
of the anode voltage for values of 
eb < eb". It suffices for present pur
poses to state that electrons emitted 
from the hot cathode at low anode volt-

FIG. 5-1. Emission limitation of 
anode-current, high-vacuum di

ode. 

ages do not all proceed to the anode because the electrons already on 
their way to the anode exert large repulsive forces on electrons very 
near the cathode, forcing many of them to return to the cathode. 
This effect is described by saying that the current is limited by space 
charge. Thus, in Fig. 5-1, the anode current is limited by space charge 
for voltages less than eb", and by the ability of the cathode to emit 
electrons at its operating temperature for voltages greater than eb'· 
The region between eb' and eb" is a transition region between the two 
conditions. 

If now mercury vapor is added to the high-vacuum tube, enough 
mercury atoms are ionized by electron collision to provide the positive 
ions which neutralize the electron space charge. Such neutralization is 
possible because the positive ions move very slowly compared with the 
electrons and move toward the negative cathode. The restraining 
effect of electron space charge upon electron flow from the cathode is 
removed at very low voltages, of the order of 10 to 20 volts for mercury, 
and the full emission current is made available at 10 or 20 volts instead 
of 400 volts. As soon as the anode voltage is increased enough to pro
vide the necessary positive ions, the fuJI cathode emission current sud
denly becomes available. Thus the diode behaves as a switch, open for 
anode voltage less than the critical value, closed for anode voltages 
equal to or greater than the critical value. 



170 GAS-FILLED TUBES AS CIRCUIT ELEMENTS Ch. 5 

5-2. Volt-Ampere Characteristics of the Gas-Filled Diode 
Two or three general classifications of gas-filled diodes are in general 

use, depending upon the mechanism of electron release at the cathode. 
For present use, the tubes will be classified as cold-cathode or as hot
cathode tubes. The characteristic of a typical cold-cathode gas-filled 
diode is shown in Fig. 5-2. The tube begins to conduct at around 120 
volts, but, after the tube "fires," the operating range of plate current 
extends from 5 to 30 or 35 ma at an anode voltage of 105 volts. The 
flow of current in the tube is accompanied by a luminous discharge of 
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Fm. 5-2. Plate-current-plate-voltage characteristic of the VR-105 cold-cathode tube. 

color depending upon the nature of the gas used. The particular value 
of current after discharge is initiated depends not at all upon the tube 
but upon the external circuit. It is therefore necessary to include suffi
cient circuit impedance in series with the tube to limit the current to 
values within its rating. 

The constant voltage drop V0 across the gas tube during conduction 
is 105 volts for the cold-cathode tube of Fig. 5-2. The particular value 
of V0 for a given tube depends upon the tube design and the nature of 
the gas used. The thermionic or hot-cathode gas tube differs from the 
cold-cathode tube particularly in the magnitude of V0 and the respec
tive current ratings. A typical mercury-vapor diode characteristic for 
a hot-cathode tube is shown in Fig. 5-3. The tube drop V0 is 15 volts 
over the entire operating range of plate current. 

Cold-cathode tubes are also referred to as glow-discharge tubes. The 
discharge in hot-cathode tubes is known as an arc discharge. The 
mechanism of electron release at the cathode accounts for the differ
ences in VO between glow and arc tubes. 

Cold-cathode glow-discharge tubes are quite rugged and are being 
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designed for switching operations in communication applications to 
have an operating life of 10 to 20 years. The hot-cathode arc-discharge 
tube is not so durable because of its heated cathode. The cathode coat
ing used for hot-cathode tubes is nearly always a barium or strontium 
or mixed barium and strontium oxide coating. It is found experimen
tally that oxide coatings can withstand ionic bombardment from mer
cury ions without damage if Vo remains below about 22 volts. If suffi
cient electron emission from a heated cathode is available before the 
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Frn. 5-3. Characteristic of a hot-cathode mercury-vapor diode. 

application of plate voltage, the tube drop quickly falls to 10 or 15 volts 
when anode voltage is applied. However, if the cathode has not been 
given sufficient time to reach the rated emission temperature, the avail
able current may not be sufficient to provide the arc discharge when 
anode voltage is applied, and, since the characteristic V0 for a glow dis
charge is considerably in excess of the safe value of 22 volts, the cathode 
may be destroyed. Therefore, the manufacturer always specifies a 
preliminary heating time for hot-cathode gas tubes to ensure adequate 
emission before the application of plate voltage. 

5-3. Rating of Gas-Filled Diodes 
Gas-filled diodes are designed primarily for rectifier service. The cir

cuit of a half-wave rectifier is shown in Fig. 5-4, in which RL is the load 
resistor, and the inductance Land capacitor Care used to filter the d-c 
output across the load. The dot near the cathode indicates that the 
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tube is gas-filled. The tube conducts only when the anode is positive 
and must be designed to hold the circuit open against the inverse peak 
voltage of the transformer secondary winding when the anode is nega
tive. Such tubes are given the following ratings by the manufacturers: 

I. Filament or heater current and voltage and filament heating time 
before the application of anode voltage. 

2. Tube voltage drop, or the voltage across the tube, anode to cath
ode, when conducting. The exact value of this voltage cannot be speci
fied since it is found to vary with the age of the tube. For a mercury
vapor tube, it is usually between 10 and 20 volts, and may be assumed 
to be 15 volts in computation of circuit behavior. 

r_____,@ 

JI 
L 

Frn. 5-4. Circuit of a half-wave rectifier, with filter. 

3. The maximum instantaneous anode current is specified, and is 
usually about four or more times the maximum average anode current. 
A direct current equal to the maximum average anode current may be 
continuously delivered by the tube without injury provided that the 
maximum values of the peaks of the current wave during the conduct
ing period are not in excess of the maximum instantaneous anode cur
rent rating. The maximum time of averaging the anode current is 
specified by the manufacturer. For example, the 323A Western Elec
tric mercury-vapor-and-argon-filled tube is rated 1.5 amp maximum 
average anode current with time of averaging 5 sec or less. The maxi
mum instantaneous anode current is 6.0 amp. If 2.5 amp flow for 
3 sec and no current flows for 2 sec of the 5, the average current will be 
(3·2.5)/5 = 1.5 amp over the 5 sec; if 5 amp flow for 1.5 sec of each 
5 sec, Iavg = (5 · l.5)/5 = 1.5 amp. However, if 6 amp fl.ow for 5 sec, 
and the current is zero for 15 sec, and this cycle of operations is repeated, 
the average current is (5 · 6)/20 = 1.5 amp over the 20-sec period of 
the cycle, but the tube rating is greatly exceeded, since during the maxi
mum time of averaging the anode current (5 sec) the average anode 
current is (5 · 6)/5 = 6 amp. Fundamentally, the rating of tubes like 
other electrical apparatus, depends upon the ability of the tube to rid 
itself of the heat generated at anode or grid. In the example quoted, 
the approximate rated tube voltage drop is 15 volts. If the tube oper
ates on the 5-amp 1.5-sec, 0-amp 3.5-sec cycle, the number of joules or 
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watt-seconds of energy dissipation at the anode in 20 sec would be 
5(15)(1.5)(4) = 450 watt-seconds. For the 6-amp 5-sec, 0-amp 15-sec 
cycle, the plate energy dissipation in 20 sec is 6(15) (5) · 1 = 450 joules. 
The total energy involved is the same in each case, but the maximum 
rate at which heat energy may be radiated, conducted, or convected 
away from the anode of this tube is (1.5) (15) = 22.5 joules per second, 
according to its rating. For the 5-1.5, 0-3.5 cycle, the average rate is 
not exceeded over the 5-, or over the 20-sec interval, but in the 6-5, 
0-15 cycle, the average dissipation rate is 6· 15 = 90 joules per second 
over the first 5 sec. As the anode may be expected to get rid of only 
22.5 joules per second during this interval, heat accumulates and the 
probable result would be the cracking of the glass envelope around the 
base, and the loss of the tube. 

4. The maximum inverse peak voltage is the maximum instantaneous 
voltage that the tube may be expected to withstand without breakdown 
when the anode is negative. For the 323A previously mentioned, this 
rating is 500 volts. 

5. Deionization time is the time required for recombination of ions 
with electrons after the anode voltage becomes negative. For the West
ern Electric 323A, the nominal deionization time is 1000 µsec. If the 
anode voltage applied to a 323A connected as in Fig. 5-4 is 2200 sin 
377t, the inverse voltage at t = t1 + 10-3 is (for 377t1 = 1r rad) 

e = 2200 sin (1r + 0.377) 

= -2200 sin 0.377 = -115 volts 

This voltage might be sufficiently high to initiate a glow discharge in the 
reverse direction if sufficient ions remained in the tube. It is obvious 
that the deionization time will limit the frequency at which the tube 
will operate successfully as a rectifier. 

5-4. Three-Electrode Gas-Filled Tubes 
Two types of gas-filled triodes are in common use. The grid-glow 

tube operates with a cold cathode and a glow discharge, the thyratron 
with a heated cathode and an arc discharge. Grid control is, in each 
case, limited to the selection of the particular value of anode voltage at 
which glow or arc will be initiated between cathode and anode. After 
ignition or breakdown occurs, the grid becomes surrounded by a sheath 
of positive ions so that its field does not extend beyond the sheath, and 
the grid has no control over anode current. It merely controls the 
voltage at which current begins to flow and serves as the "trigger" that 
"fires" the tube. The same statement applies somewhat less emphati-
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cally to grid-glow tubes. For both grid-glow tubes and thyratrons an 
additional rating is necessary-the maximum instantaneous forward 
voltage, which is the maximum positive anode voltage for which the 
grid can prevent the ignition of glow or arc. 

The structure of a typical thyratron is illustrated by the sketches of 
Fig. 5-5. The cathode shown in b is of the inward-radiating type, open 
only at the top, and heated indirectly by a heater element in the inner 
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Fm. 5-5. Typical electrode arrangement in a thyratron. 

cylinder. The outside of the inner cylinder, the vanes, and the inside 
of the outer cylinder are coated with a highly emissive oxide layer. 
The assembly of anode, grid, and cathode given in Fig. 5-5a shows that 
the grid almost completely shields the cathode and is a hollow cylinder 
with a baffle between anode and cathode. For decreasing the deioniza
tion time, thyratron grids frequently are made with regularly spaced 
lattice-work openings in the grid to allow ion recombination in the cooler 
regions as quickly as possible after arc extinction. 

,5-5. Glow Tubes and Applications 
Construction and ratings of glow tubes are so very different for the 

various applications that few general statements can be made. Such 
tubes are used as light sources, voltage regulators, rectifiers, relaxation 
oscillators, and as circuit-protective devices. The neon-sign tube is a 
glow tube used as a light source, as are the glow tubes of the strobotac. 
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A very important application of glow tubes is voltage regulation. 
The d-c supply voltage of Fig. 5-6 may be slightly variable as a result 
of line or source regulation. A series resistor and voltage-regulator tube 

+ 

D-c 
supply 

R 

Load 
resistance 

FIG. 5-6. Glow tube used as a voltage regulator. 

are connected as shown. The regulation characteristic of the tube is 
shown in Fig. 5-2. Since the anode voltage remains practically con
stant for a wide range of current, the voltage across the load resistor 
will remain constant. If, for example, there is a small increase of the 
supply voltage, the increase in current will flow 
through the tube, the voltage across the load re-
sistor remaining fixed. Cathode 

The electrode arrangement of the glow tube of 
Fig. 5-2, the type-VR-105, is shown in Fig. 5-7. 1 1 

. /-tt-~, The starting voltage in these tubes may be / 1 1 \ 

greatly reduced by providing a projection extend- ~-' 

ing from the cathode almost to the anode. As 
FIG. 5-7. Typical elec-

current increases, progressively larger areas of trode arrangement in a 
the cathode (outer cylinder) become covered with glow tube. 
glow. 

A glow tube connected in parallel with a circuit element serves to 
protect that element from voltages higher than its voltage rating. The 
breakdown voltage of the glow tube should be approximately the upper 
limit of the voltage rating of the device to be protected, and the normal. 
voltage across the tube should be too low to maintain the glow discharge. 

In the circuit of Fig. 5-8, a glow tube is shown connected as a relaxa
tion oscillator. When the switch Sis first closed, the capacitor C begins 
to charge through resistance R, and the voltage ec across tube and capaci
tor rises until the ignition potential of the tube is reached. At this volt
age the tube breaks down, the capacitor discharges through the tube 
until the voltage ec falls to a value insufficient to maintain the discharge; 
at this instant the glow disappears, and the voltage ec begins to rise again. 
This behavior is shown in Fig. 5-9, in which the voltage across the capaci
tor is plotted against time. Since the voltage ec is a transient voltage at 
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the terminals of a charging or discharging capacitor, it is not difficult 
to obtain an approximate formula for the frequency of oscillation. The 

+ 

R 

D-c supply 

C 

o ____ ...,,,./ ____ ..,_ _____ ---J 

s 
FIG. 5-8. Relaxation oscillator circuit. 

charging current may be expressed as 

i = dq/dt = C dec/dt 

and, if E = the d-c supply voltage, then 

E = RC dec/dt + ec (5-1) 

The solution of Eq. 5-1, with zero initial capacitor voltage, is 

ec = E(l - E-t/RC) (5-2) 

If the discharge time is neglected, the frequency of the oscillation ob-

.,,,,,,,,,.✓---
/ 

Fm. 5-9. Saw-tooth wave form of a relaxation oscillator. 

tained from Eq. 5-2 and from Fig. 5-9 is 

1 
f=------

E-E 
RC In e 

E-Ei 

(5-3) 
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where Ei and Ee are, respectively, the ignition and extinction potentials 
of the tube. 

It is important that the charging rate of the R-C circuit of Fig. 5-8 
be slow enough relative to the discharge rate of the capacitor through 
the tube that the voltage ec will quickly fall below the value required to 
maintain the glow. Otherwise, the voltage of the capacitor may reach 
a steady value intermediate between Ee and Ei, while the current 
through R is conducted continuously through the tube. In such a case 
the capacitor is said to "block" the oscillation. Blocking is avoided by 
choosing R large enough that the available continuous current through 
the tube when conducting is not large enough to maintain the discharge. 

Frequency of the oscillation is controllable, according to Eq. 5-3, by 
adjusting the product RC. The oscillation frequency can be made ex
tremely small, as low as a fraction of a cycle per minute, or high enough 
to be in the upper audio range where deionization time imposes an 
upper limit on the frequency. 

The wave shape of the relaxation oscillator is controllable by adjust
ing the voltage of the supply circuit. If a linear rise of potential before 
breakdown is desired, a high potential is used so that breakdown occurs 
relatively low down on the ec vs. t curve.* 

5-6. Arc Tubes and Applications 
In tubes designed to carry relatively high currents-several amperes 

-at low tube voltages, arcs rather than glows are required. Arc dis
charges are obtainable by providing, as previously mentioned, a source 
of electrons at the cathode. Two types of electron source are in com
mon use. These are the thermionic, oxide-coated cathode, and the 
mercury-pool cathode. Thermionic cathodes are used for rectifier and 
special control tubes carrying currents ranging from a few milliamperes 
to several amperes. The mercury-pool tube is a very rugged device 
capable of supplying hundreds of amperes but requiring special arc
initiating devices, all of which are designed to initiate or maintain what 
is called a cathode spot upon the surface of the mercury. Although an 
adequate and universally accepted explanation of the mechanism of 
electron emission from a cathode spot is still to be found, it is known 
that such a spot is capable of delivering almost unlimited currents. In 
the large metal-tank, mercury-arc power rectifiers used in supplying 
large amounts of d-c power in electric traction, elevator, and other simi
lar applications, a special auxiliary anode is required to operate con
tinuously to maintain the cathode spot. A number of anodes, one or 

* A linear rise of condenser voltage may also be obtained by using a pentode in
stead of resistance R. This is referred to in the problems. 
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more for each phase of a three-phase system, are commonly operated 
from the same pool. It is the function of the auxiliary anode or "keep
alive" circuit to maintain the cathode spot at all times. The operating 
characteristics of this type of rectifier will be described further in 
Chapter 7. 

The efficiency of a tube depends upon its energy dissipation. With 
their almost completely enclosed and inward-radiating cathodes and 
their low tube drop, the mercury-vapor arc tubes are the most efficient 
of the gas-discharge tubes. 

Applications of the arc tubes are extremely numerous, and only a few 
fundamental applications will be selected for discussion. These include 
rectifiers, control applications, and inverters. 

5-7. Tungar Rectifiers 
The tungar rectifier is a two-electrode, gas-filled tube using a thermi

onic cathode and differing from other rectifiers in one important feature 
-the use of a relatively high-pressure gas, usually argon, or argon
mercury vapor. The gas pressure is usually between 1 and 5 mm of 
mercury. The cathode is a very heavy filament of thoriated or oxide
coated tungsten, operated at high temperature to provide the large 
currents-6 to 8 amp-required in battery charging, which is the 
principal application of these tubes. It is the function of the high
pressure gas in the tube to retard the evaporation of the coating of the 
filament, as well as to supply the ions required for removing the limita
tion due to space charge. 

5-8. Thyratron Characteristics and D-C Control 
The grid of the thyratron has only "trigger" control over anode cur

rent. The adjustment of grid bias serves to select a particular value of 
anode voltage at which the tube fires. When direct anode voltages are 
used, the grid may be biased to hold the anode circuit open, and a sep
arate circuit may be employed to control the bias such that the tube 
fires as the result of some event actuating the grid-control circuit. 
Before giving circuit diagrams and specific examples, it is necessary to 
examine the grid-control characteristics of typical thyratrons. In Fig. 
5-10 are the grid-control curves for a typical negative-grid thyratron, 
the Westinghouse WL-631. Similar characteristics for a positive-grid 
thyratron, the General Electric FG-33 are shown in Fig. 5-11. In the 
latter tube, shielding of the anode by the grid is complete enough that 
positive grid voltage is required to fire the tube. A tube in which the 
type of grid-control characteristic, positive or negative, may be selected 
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FIG. 5-11. Grid-control characteristics of the FG-33 thyratron. (Courtesy General 
Electric Company) 
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is illustrated in Fig. 5-12. This is a four-electrode gas tube known as a 
shield-grid thyratron. The sketch was drawn from a Westinghouse 

WL-632 tube. A few control charac-

Anode 

Shield 

teristics for this tube are shown in 
Fig. 5-13. 

When direct voltages are used on 
thyratron anodes, the grid loses 
control after triggering the tube, and, 
if the anode current is to be re-

grid u....._ __ ....,. duced to zero, the anode circuit must 
be opened either by a switch or by 
electrical means. Means of d-c con
trol vary in the methods used to 
interrupt the anode current, but 

cathode most of these methods employ the 
container voltage of a capacitor to apply a 

momentary positive voltage at the 
cathode with respect to the anode, 
preventing electrons from leaving 
the cathode long enough for deioni-

Frn. 5-12. Electrode arrangement of • zation to take place, and for the grid 
a shield-grid thyratron. to regain control. One such circuit 

is that of Fig. 5-14. When switch 
S1 closes, the grid voltage becomes zero, and the tube fires. The cur
rent through R1 is given by 

(5-4) 

where V0 is the tube drop when conducting. The current through R2 

can be obtained by solving the circuit equation 

(5-5) 

since i2 = C dec/dt, where ec is the instantaneous potential across the 
capacitor terminals. The resulting value of i2 is given by 

(5-6) 

The charging current i2 flows through the tube in the forward direction 
from anode to cathode, and the ultimate voltage across the capacitor 
will be just that across Ri, or E - Vo, If switch S 2 closes after the 
capacitor charging current has become approximately zero, the full 
voltage of the capacitor, (E - Vo), is impressed across the tube, but, 
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since terminal 2 is positive, terminal 1 negative, the anode becomes 
negative with respect to the cathode; the cathode emission current is 
held at the positive cathode, deionization occurs, and the anode current 
is interrupted. Meanwhile, if S1 has been opened, the grid regains ~on
trol, provided that the anode voltage does not reach the reignition value 

ec=-E 

Fm. 5-15. Capacitor voltage versus time curve for the circuit of Fig. 5-14. 

before sufficient deionization has occurred. With S2 closed and the tube 
not conducting, the capacitor begins to charge in the opposite direction 
through S2 and ultimately would reach the supply potential E, with 
terminal 1 positive. A graph of capacitor voltage versus time for the 
sequence of events just described is shown in Fig. 5-15. The original 

T~ control 
circuit 

R 

C 

+ 
E 

+ 
-=-Ecc 

R 

Fm. 5-16. Basic counter or inverter circuit. 

direction of capacitor voltage, with the potential of terminal 2 greater 
than that of terminal 1 by (E - V0 ) volts, is shown as a positive volt
age, and the reverse, with terminal 1 at a higher potential than 2, is 
shown as negative on the graph. At time t1, switch S1 closes, the tube 
fires and the capacitor begins to charge. At t2 switch S2 closes, S1 opens, 
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and the capacitor begins to discharge. At t3 the capacitor discharge is 
complete, and the capacitor begins to charge in the opposite direction. 
If, at t4 , switch S1 closes (S2 opens), the tube fires and the capacitor 
again discharges. At t5 the entire sequence of events begins to repeat. 

In applications of the basic circuit of Fig. 5-14, switch S1 may be 
controlled, as a relay, by a phototube or high-vacuum-tube circuit or 
both. If S2 is replaced by another thyratron, the circuit is that of 
Fig. 5-16. The graph of Fig. 5-15 applies to the circuit of Fig. 5-16 ex
cept that the lower extreme value of voltage is ec = - (E - V 0 ) instead 
of - E, since the thyratron acts as an imperfect switch requiring a volt-

C 

L 

R 

- + + 
E 2 

Frn. 5-17. Basic series control circuit. 

age of V0 volts to keep it closed. The circuit of Fig. 5-16 is the funda
mental circuit for the parallel inverter, to be described later, and has 
been used for high-speed counting. 

Another method of d-c control is that illustrated by the circuit of 
Fig. 5-17, in which the capacitor C is in series with the inductive load 
and the supply voltage. The anode current is the charging current 
C dec/dt of the capacitor. Before firing, the tube itself acts as a con
denser of small capacitance, plate to cathode, in series with C. Since 
the induced charges on the two series capacitors will be equal, the 
greater voltage q/Cpk, will exist across the tube. When the tube fires as 
a result of a positive grid impulse from the control circuit, the following 
relation is an expression of Kirchhoff's voltage law for the plate circuit: 

(5-7) 

Since current can flow only while the capacitor is charging, the anode 
circuit will be open when the capacitor becomes fully charged. The 
solution of Eq. 5-7 for the condition R2 /4L2 < l/LC is 

ec = e-at(A COS bt + B sin bt) + (E - Vo) 

where a= R/2L, b = Vl/LC - R 2/4L2 
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If C » Cpk, then q0/C « q0/Cpk, where q0 = the initial capacitor 
charge before the tube fires. Neglecting the initial value of ec before 
the tube fires, the following boundary conditions may be used: 

(1) ec = 0 at t = 0 
(2) i = 0 at t = 0 

From these, 
A= -(E-Vo) 

a 
B = - b (E - V0 ) 

and e, = (E _ V,) [ 1 _ .-,, c cos bt: a sin bt)] (5-8) 

The solution in Eq. 5-8 does not take into account the fact that the 
voltage across the tube will change suddenly from VO to a much larger 

Frn. 5-18. Sketch of the graph of Equation 5-8 for small resistance R. 

value when the current i becomes too small and deionization occurs. 
However, the equation does show that the capacitor voltage oscillates 
about the value (E - V0 ) and would ultimately approach that value if 
the tube continued to conduct and the tube drop remained constant at 
Vo. By differentiation of Eq. 5-8 the maximum value of ec may be 
shown to approximate 2(E - V 0 ) for R small. The graph of Fig. 5-18 
shows the theoretical variation of ec with time after the tube fires.* For 
R large, the circuit is not oscillatory, and the maximum value of ec is 
the limiting value, (E - V 0). 

In order for the tube to fire again, the capacitor must be discharged. 
This may be accomplished by the use of another thyratron. If the sec
ond thyratron is connected with its cathode to terminal 1 and its anode 
to terminal 2 (Fig. 5-17), the capacitor would discharge through tube 2 

* Assuming that the tube continues to conduct as a switch. 
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and load impedance, but, if tube 1 were still conducting, the d-c supply 
would be short-circuited. In order to avoid this, the circuit of Fig. 5-19 
may be used. 

In Fig. 5-19, if tube 1 is conducting when tube 2 fires, but, if at that 
time the capacitor is nearly charged, then the capacitor discharge cur
rent flows in the direction i32 through the inductance L1. The induced 
voltage in Li, opposing this current is such as to make terminal 1, and 
therefore the anode of tube 1 negative, so that the arc is extinguished 
in tube 1. If Lis the primary of a transformer, the circuit becomes that 

[ 

] 
FIG. 5-19. Series control or series inverter using two tubes. 

of a series inverter in which an a-c output is available at the secondary 
of the transformer. The grid-control circuits may be controlled either 
from a separate a-c source or from the proper selection of constants to 
provide an oscillating, self-excited circuit. In the former case, the fre
quency of the a-c output is controlled by the frequency of the grid sup
ply; in the self-excited circuit, it is controlled by the circuit constants. 

The circuit of Fig. 5-20 is that of a parallel inverter. An inverter is a 
circuit providing a-c power from a d-c source. The behavior of the cir
cuit has been briefly explained in the discussion of Fig. 5-16. Inverters 
have been developed that technically would make possible long-distance 
d-c power transmission, and this may eventually become an important 
electronic application in the power field. Power would be generated as 
alternating current, perhaps at some remote waterfall, such as Victoria 
Falls in Africa. The voltage would then be raised by high-voltage stepup 
transformers to 300 kv, or more. This would be rectified and then trans
mitted by means of a d-c transmission line. Because of the capacitance 
and inductance of long transmission lines, it is impossible to transmit 
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+ 
L 

C 

Input Ede 

Rg 
Rg 

Frn. 5-20. Parallel inverter. 

even commercial power frequencies a distance of 900 miles, approxi
mately the distance of Victoria Falls from the nearest industrial center. 
But, with d-c transmission, power could be transmitted at high voltage 
much longer distances. To be used at the receiving end, however, the 
high voltage must be reduced. The first step in this process is efficient 
inversion to alternating current and then transformation downward to 
the 2300, 440, 220, or 110 volts alternating current used for distribution 
and utilization. As has been stated, such a process is entirely feasible, 
technically. It has not as yet become justified, economically. 

PROBLEMS 

5-1. An RCA VR-105 tube is used as a voltage regulator in the circuit of Fig. 5-6. 
If the load current varies from a minimum of 40 to a maximum of 65 ma, what value 
of resistance R should be used? (Note: the operating range, Fig. 5-2.) D-c supply 
voltage = 125 volts. 

5-2. Using the value of R determined in problem 5-1, how much supply voltage 
fluctuation is possible without changing the output voltage, if the load current re
mains fixed at 50 ma? 

5-3. Derive completely Eq. 5-3. 
5-4. A thyratron is used in the relaxation circuit of Fig. 5-8. The tube is a WL-631 

(Fig. 5-10), operating at a condensed mercury temperature of 40° C. A 50-ohm re-
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sistor is used in the anode circuit of the thyratron, R of Fig. 5-8 is 200,000 ohms, 
C = 0.02 µf. It is desired that the tube fire at 400 volts. Draw a circuit diagram 
showing all circuit elements. Assume a tube voltage drop of 15 volts when con
ducting and that E = 2000 volts. The tube circuit opens at an anode current of 
15 ma. Find (a) grid-bias voltage required, (b) frequency of the saw-tooth wave, 
(c) the time required, approximately, for the capacitor to discharge when the tube 
fires. 

5-5. In the circuit of Fig. 5-16, C = 2 µf, R = 1000 ohms, tube drop is 15 volts, 
E = 250 volts direct current. 

(a) When tube 1 fires and steady conditions have been reached, what are the cur
rents through the resistors and the voltages, relative to cathode, of the anodes? 

(b) Tube 2 fires. Draw an equivalent circuit, and find how long a time is required 
for the capacitor voltage to pass through zero. 

(c) Sketch the voltage across the capacitor, assuming that each tube fires when 
capacitor voltage reaches 215 volts. Approximate the frequency of the capacitor 
voltage wave. 

5-6. If the charging current of the capacitor in Fig. 5-8 is constant and equal to I, 
show that (neglecting capacitor discharge time) the frequency of oscillation of the 
resulting saw-tooth wave is 

and is therefore independent of the magnitude of the supply voltage. 
5-7. Draw a wiring diagram showing how a pentode might be used instead of R 

in Fig. 5-8 to provide a constant charging current. If the pentode used is a 6J7 
operated at Ec1 = -3 volts, Ec2 = 100 volts, compute the oscillation frequency if 
Ei = 110 volts, Ee = 10 volts, C = 2 µf. 

10,000 ohms 

E volts 
(d-c) 

+ 
45 

vi 40 
~ 35 
E 30 
-~ 25 
~ 20 

:.:, 15 
... 10 

5 

Starting' 
~oltage 

0 ........ ___ ........ ..._...__._ ____ _ 

0 

FIG. P5-8. 

40 80 120 
eb, volts 

5-8. The characteristic for the glow-discharge tube T is given by the ib-eb graph. 
(a) If R1 = 10,000 and E = 300 volts, find the voltage across R1, the current in 

each resistor, and the tube current, if the tube is conducting. 
(b) What are the maximum and minimum values of E such that the voltage across 

R1 remains constant and the tube current does not go above 30 nor below 5 ma? 



CHAPTER 6 

SINGLE-PIIASE RECTIFIERS 
AND POWER SUPPLIES 

ELECTRIC POWER IS GENERATED AS ALTERNATING CURRENT. WHEN 

d-c power is required, conversion from alternating to direct current is 
accomplished by use of a commutator on the shaft of the generator, or 
by the use of rectifiers. By definition: 1 "A rectifier is a device which 
converts alternating current into unidirectional current by virtue of a 
characteristic permitting appreciable flow of current in only one di
rection." 

Oxides of copper and of selenium have rectifying properties and are 
widely used for low-voltage applications. A vacuum tube conducts only 
when its anode is positive with respect to its cathode and, as shown for 
the diode of Chapter 1, may be used as a rectifier. The discussion of this 
chapter will be confined to thermionic high-vacuum-tube rectifiers and 
to gas-filled thermionic and mercury-pool cathode-tube rectifiers in 
single-phase circuits. Such equipment may be used to supply d-c power 
in many applications, particularly to vacuum-tube plate circuits. 

6-1. The Half-Wave Rectifier Circuit 
The tube of Fig. 6-1 will conduct current only during that portion of 

the transformer secondary a-c cycle during which the tube anode is 
positive with respect to its cathode. The positive half-cycle is shown in 
Fig. 6-lc. If the tube is a high-vacuum diode, the anode current will 
begin to flow when the anode becomes positive, as indicated in Fig. 6-lc. 
If the tube is a gas-filled diode, current will not flow until the anode-to
cathode voltage has reached the breakdown value. This occurs when 
e = Ei, wt = ai, as shown in Figs. 6-lb and e. The idealized tube 
characteristics are shown in Figs. 6-ld and f. It is assumed in the draw
ings that the breakdown voltage is equal to the tube drop. 

The current through the load resistance R of Fig. 6-la is unidirectional 
but pulsating. From the point of view of Fourier analysis of the wave 

1 American Standard Definitions of Electrical Terms, p. 79, published by AIEE. 
188 
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form, the current i has a d-c or average value and many a-c harmonic 
components. An important measure of rectifier circuit performance is 
the ripple voltage, which is defined as the alternating component of the 
unidirectional voltage. The per cent ripple is defined as the ratio of the 
effective or root-mean-square value of the ripple voltage to the average 
or d-c value of the total voltage, expressed in per cent. Other criteria 

§Ill 
(a) Circuit connections 

(d) Idealized diode 
characteristic 

(f) Idealized gas tube 
characteristic 

(b) Plate-to- ground voltage 

~ 2(?\ 
(c) Cathode-to- ground voltage 

and load current diode 

(e) Cathode-to- ground voltage 
and load current gas tube 

Frn. 6-1. Half-wave rectifier circuit and wave forms. 

wt 

of rectifier circuits used as power supplies are voltage regulation, power 
output, and efficiency. The definitions of these quantities are the same 
as for any other electrical equipment to which they may apply. 

6-2. The Half-Wave-Rectifier High-Vacuum Tube Circuit 
An ideal rectifier would have the properties of a perfect switch, closing 

when the voltage is in the forward or conducting direction, and opening 
when the voltage reverses. The idealized tube characteristic of Fig. 
6-ld is the characteristic of an ideal rectifier in series with a resistance 
Rb of value determined by the slope of the tube ib-eb characteristic. An 
expression for the current i, approximate because Rb is not a constant, 
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may then be written as follows: 

Em 
i=---= sinwt 

R+Rb 

e 
0 <wt< 1r, 

1r < wt < 21r, i = 0 

The maximum value of the output voltage ek is then R !-mRb R. 

average or direct current is defined by the relation 

I i2r 1 i1r Ide = - i d(wt) = - Im sin wt d(wt) 
21r O 21r 0 

where 

From Eq. 6-2, 
I Em 

I =-I =---
de 'Tr m 1r(R + Rb) 

and E -IR------EmR I ( Em ) 
de - de - 1r(R + Rb) - 'Tr l + Rb/R 

Ch.6 

(6-1) 

The 

(6-2) 

(6-3) 

(6-4) 

If the origin for the load current is chosen as in Fig. 6-2, the Fourier 
analysis of the wave may be carried out in the usual way 2 by evaluating 

-71" -71"/2 0 71"/2 71" 371"/2 wt 

Frn. 6-2. Load-current wave form. 

only the cosine coefficients. Because of the choice of origin, no sine 
terms will be obtained. Then 

1f1r Bn = - i cos n(wt) d(wt) 
'Tr -1T 

(6-5) 

Equation 6-5 applied to Fig. 6-2 yields the expression 

Im ( -2 ) n1r Bn = - --- cos-, 
1r n2 

- 1 2 
n ;;e 1 (6-6) 

2 K. Y. Tang, Alternating Current Circuits, Chap. 17, 2d Ed., International Text
book Co. 
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For n = l, Eq. 6-5 shows that 

B1 = Im/2 

The Fourier series for the current i is then as follows: 

Im ( 1r 2 2 
i = - 1 + - cos wt + - cos 2wt - - cos 4wt 

1r 2 3 15 

2 2 ) + - cos 6wt - - cos 8wt · · · -
35 63 

(6-7) 

-1r/2 < wt < 1r/2, i = Im COS wt 

i = 0 

The current is shown, by Eq. 6-7, to contain the fundamental and all 
the even harmonics of the supply frequency. If the effective value of 
the voltage ek is required, it may be obtained from the current series by 
multiplying by R and applying the fundamental relation 2 that the 
effective value E of the voltage of any nonsinusoidal wave is given by the 
square root of the sum of the squares of the average and of the effective 
values of the harmonic components. Thus, if E1, E2, E4 , E6, E8, etc. 
are the effective values of the respective harmonic components in the 
wave ek = iR, then 

E = VEac2 + E12 + E22 + E42 +· · ·+ En2 (6-8) 

In the same way, the effective value of the a-c portion of the voltage 
wave is expressed as 

Eac = V E12 + E22 + E42 + · · · + En 2 

From Eqs. 6-8 and 6-9, 

(6-9) 

Eac = VE2 
- Eac2 (6-10) 

The ripple factor, by definition, is expressed as the ratio 

r = E., = v'E
2 

- Eal v'I2 - Ia.2 = ✓ E2 _ 1 (6-ll) 
Eac Eac lac Ea/ 

where I represents the effective current of the nonsinusoidal wave. For 
the half-wave vacuum-tube rectifier, the effective voltage is obtained 
by definition from the relation 

E = RI = R / __!:_ f 1r i2 d(wt) 
~ 21r -r 
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The current i is expressed as in Fig. 6-2. The result is 

E = R[Im/2] 

From Eqs. 6-4 and 6-12 

Ede = Um/-rr)R and E/Ede = 1r/2 

Then, r = v1r2/4 - 1 = 1.21 

and the per cent ripple is 121 per cent. 

Ch.6 

(6-12) 

(6-13) 

Examination of Eq. 6-4 shows that the circuit load voltage may be 
expected to vary considerably with variation of R unless R is always 
much larger than Rb. Equation 6-4 may also be rearranged as follows: 

IaeR = Ede = Em/1r - IaeRb 

(6-4a) 

(6-14) 

Equation 6-14 shows that the no-load direct voltage is equal to Em/1r 
but that the voltage decreases linearly with current at a rate dependent 
upon the magnitude of Rb. An expression for the voltage regulation in 
terms of the load current may be obtained from Eq. 6-14. 

The d-c power output of the rectifier is expressed as the product of the 
d-c components of current and voltage, or, from Eqs. 6-3 and 6-4, 

(6-15) 

The power supplied by the secondary of the transformer delivering 
effective current I may be expressed as 

Pin = l 2 (R + Rb) 

where, from Eq. 6-12, I = E/R = Im/2 = Em/2(R + Rb) 

Then, Pin= Em2/4(R + Rb) 

and the efficiency of rectification is given by 

Po 4R 0.406 
7J=-= = 

Pin 1r2 (R + Rb) l + Rb/R 
(6-16) 

The theoretical maximum efficiency of the half-wave vacuum rectifier 
is evidently 40.6 per cent. It may easily be shown from Eq. 6-15 that 
the maximum power output occurs for R = Rb. For this value of load 
resistance the efficiency of rectification is only 20.3 per cent. The 
dependence of the efficiency of rectification upon the load current is 
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conveniently shown by rearranging Eq. 6-16 with the aid of Eqs. 6-4a 
and 6-14. The result is 

~ = 0.406 (1 - ;m Jd,Rb) (6-17) 

Example problem. The plate resistance of a certain rectifier tube is 
obtained from its plate characteristic by assuming the characteristic 
to be a straight line passing through the origin and one point on the 
characteristic. If Rb = 500 ohms, and the tube is connected as a half
wave rectifier with a load resistance of 5000 ohms, find the output 
current and voltage (direct), the power output, and the rectifier effi
ciency if the transformer secondary voltage is 350 volts (rms). 

Solution. 

Em = 350y2 = 495 volts from Fig. 6-la 

Im = Em/(R + Rb) = 495/5500 = 0.09 amp = 90 ma 

lac = Im/1r = 28.6 ma 

Eac = Rlac = 143.0 volts 

Po = Eacldc = 4.1 watts 

The effective current in the transformer secondary winding is 

I = Im/2 = 45 ma 

Pin= (45) 2 ·10-6(5500) = ll.13watts 

'YJ = 4.1/11.13 = 0.368 or 36.8 per cent 

0.406 0.406 
or 

'YJ = 1 + 500/5000 = LJ = 
0

'
368 

6-3. The Full-Wave Vacuum-Tube-Rectifier Circuit 

The negative half-cycle of the applied voltage wave of Fig. 6-1 may 
also be utilized if applied to the anode of another tube, or to a second 
anode in the same tube, connected as shown in Fig. 6-3a to the center
tapped secondary winding of a transformer. When anode 1 is negative, 
anode 2 is positive, and current continues to flow through R in the 
direction shown. If the potential difference between the two ends of 
the secondary winding at any instant is 20 volts, with, for example, 
anode 2 positive, then anode 2 is 10 volts higher in potential than the 
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ground or mid-tap connection, and anode 1 is 10 volts lower than ground. 
At every instant, the voltages of anodes 1 and 2 with respect to ground 
are equal but _opposite. This may be expressed mathematically by the 
relations 

e2 = -Em sin wt = Em sin (wt+ 180°) 

The secondary voltage rise may be expressed as 

e21 = -e2 + e1 = 2Em sin wt 

(6-18) 

The voltage wave forms of Eq. 6-18 are shown in Fig. 6-3b, and the load 

K 

!e2 

"'-----+----.....1 Anode 2 i j R 

(a) 

(b) 

~ i i 

Time ----- (c) 

FIG. 6-3. Full-wave rectifier circuit-high-vacuum tube. (a) Full-wave circuit. 
(b) Applied anode-to-ground voltage. (c) Load voltage and current. 

current and voltage, cathode to ground, in Fig. 6-3c. As shown in Fig. 
6-3b, anode 1 conducts during the half-cycle in which it is positive; 
then the current shifts to anode 2 as the voltage of anode 1 falls below 
zero and that of anode 2 becomes positive. The currents i 1 and i 2 of 
anodes 1 and 2 are identical in form, but i2 is displaced 180° along the 
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time axis from i1• If an origin is chosen as shown for Fig. 6-2, the 
Fourier series for i 1 is (from Eq. 6-7) 

Im ( 1r 2 2 2 ) 
i1 (wt) = - 1 + - cos wt + - cos 2wt - - cos 4wt + - cos 6wt - • · · 

1r 2 3 15 35 

while (6-7) 

i2 = i1(wt + 1r) 

Im ( 1r 2 2 2 ) = - 1 - - cos wt + - cos 2wt - - cos 4wt + - cos 6wt - · · · 
1r 2 3 15 35 

(6-7a) 

The current i through the load may be obtained as the sum of i 1 + i 2 or 

2 ( 2 2 2 ) i = - I 1 + - cos 2wt - - cos 4wt + - cos 6wt + · · · -
7r m 3 15 35 

(6-19) 

Since the load current does not contain the fundamental, smoothing 
or filtering the output is easier than for the half-wave circuit. The d-c 
components of the tube currents flow through the secondary winding in 
opposite directions, and as a result d-c magnetization of the core is 
avoided, and the necessary a-c magnetizing component is smaller than 
that required by the half-wave circuit. The secondary instantaneous• 
ampere turns may be expressed as N2 (i1 - i2), where N 2 is the total 
secondary turns. The primary ampere turns for a primary load current 
of i0 would be i 0N1. Then, i 0N1 = N 2 (Im cos wt), obtained by sub
tracting i2 (Eq. 6-7a) from i 1 (Eq. 6-7). Since the primary load current 
is sinusoidal, transformer efficiency is higher, and inductive interference 
with telephone and other communication circuits is much less than in the 
case of the half-wave circuit. In Fig. 6-3 with the origin as in c the 
load current and voltage, a-c and d-c components may be expressed as 
follows: 

7r 'Tr 
- - <wt< -

2 2' 

'Tr 'Tr 
- <wt< 3-
2 2' 

Em 
i = cos wt, 

Rb+ R 

Em 
i = - ---cos wt, 

Rb+ R 

The peak value of the rectified current wave is 

(6-20) 

e2 = -Em cos wt 

(6-21) 
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and the effective value of the rectified current is 

] = J2-f 1r i2 d(wt) = Im_ 
271" -7r v2 

The effective a-c value of the rectified voltage wave is 

E =RI= Rlm/V2 

and the average or direct load current is 

The direct load voltage is 

The ripple factor is 

Since 
Rlm/V2 11" 

-E-dc = (2/11")Rlm = 2V2 
E 

r= 
~ \jg - l = 0.48 

Ch. 6 

(6-22) 

(6-23) 

(6-24) 

(6-26) 

The power output, power input to the rectifier and the efficiency are 
obtained as for the half-wave case. 

0.812 ( 71" ) = ---- = 0.812 1 - -Rbldc 
1 + Rb/R 2Em 

(6-27) 

(6-28) 

(6-29) 

The theoretical maximum efficiency of the full-wave rectifier is then 
just twice that of the half-wave rectifier, and the per cent ripple has been 
reduced from 121 to 48. 
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6-4. The Full-Wave-Rectifier Circuit with Gas-Filled Tubes 
The conduction period during the positive half-cycle of a gas-filled 

diode rectifier is somewhat less than 180° because the tube does not 
begin to conduct until the anode voltage exceeds the critical value Ei of 
Fig. 6-la and ceases to conduct when the anode voltage falls below this 
value. The ignition voltage Ei is equal, practically, to the operating 
tube drop Va. The wave forms of transformer secondary voltage e1 

and e2 and of output voltage and current are shown in Fig. 6-4 for a 
gas-filled tube in a circuit identical with that of Fig. 6-3a. The con-

e 

Em 

wt 

FIG. 6-4. Wave forms of input and output voltage and output current of a full-wave 
rectifier using gas-filled tubes. 

duction period extends over an interval of 20 rad in each anode's positive 
half-cycle. For anode 1, i1 becomes zero when e1 = V0 , or 

(6-30) 

For mercury-vapor tubes, VO is usually between 10 and 20 volts. If 
Em = 500 volts, Va = 15 volts, 0 I'-' 88.3°. In this case, little error 
would result if tube drop were neglected. 

During the conduction period for anode 1, the expression for current i 
may be obtained by applying Kirchhoff's voltage law, 

. Em COS wt - Vo 
i=------

R 
-0 <wt< 0 (6-31) 

The load voltage ek is 

ek = iR = Em cos wt - Va (6-32) 

The curves for these equations have been plotted in Fig. 6-4, in which 
the ratio Va/Em has been made large enough that curves for ek and e1 



198 SINGLE-PHASE RECTIFIERS AND POWER SUPPLIES Ch. 6 

are easily distinguishable. The average output voltage Eac as obtained 
from Eq. 6-32 is as follows: 

l f8 
Eac = - (Em COS wt - V0 ) d(wt) 

1r -0 

2 ( Vo ) = - Em sin 0 - - 0 
1r Em 

(6-33) 

The average output current is 

Eac -2 ( Vo ) Ia =-=-E sin0--0 
c R 1rR m Em 

(6-34) 

The d-c power output is 

4E 
2 

( V )
2 

Pac= Eaclac = + sin0 - -
0 

0 
1r R Em 

(6-35) 

The average power input to the rectifier is given by 

1 f 1r'
2 2 i 8 (E cos wt - V) 

Pin = - e1i d(wt) = - Em COS wt m 
O 

d(wt) 
1r -1r12 1r o R 

Em
2 

( V 0 
) =- 0--sin0 

1rR Em 
(6-36) 

Finally, the rectifier efficiency is expressed as 

'Y/ = Pac = ~ [(sin 0 - V 0 /~m0)
2

] 

Pin 1r (0 - Vo/Em sm 0) 
(6-37) 

If V0 /Em is small enough that 0 is approximately 1r/2, sin 0 = l; then the 
expression for efficiency becomes 

'Y/ = 8
2 

[ (1 - 7r V0 /2Em)
2

] 

7r 1 - 2V0 /1rEm 
(6-38) 

The maximum theoretical efficiency would be obtained if V0 = 0. 
From Eq. 6-38 for V0 = 0, 'Y/ = 0.812, which is the same as the maximum 
theoretical efficiency of the high-vacuum-tube full-wave circuit. How
ever, the efficiency is independent of the load, which is a rather important 
gas-tube rectifier property, not possessed by the high-vacuum tube 
circuit. 

If tube drop is neglected, the ripple factor for the full-wave rectifier 
using vapor tubes is the same as for the high-vacuum-tube full-wave 
circuit, but is greater with decreasing values of conduction angle 20. 
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6-6. Filters 
Circuit elements which store energy, e.g. capacitors and inductors, 

may be used to reduce the ripple in the rectifier output. Combinations 
of capacitances and inductances used to reduce ripple in a rectifier 
output are known as filters. The action of the filter is to store energy 
when the rectifier voltage is high and to discharge energy to the load 
when the rectifier voltage drops. The behavior of single filter elements 
will be considered first, and comb~nations of capacitive and inductive 
elements will then be discussed. 

6-6. The Capacitance Filter 
A full-wave circuit with capacitance filter and gas-filled tubes is shown 

in Fig. 6-5a. It will be shown in the discussion to follow that such a 
filter should not be used with vapor-type tubes, but may be used with 

(a) 

Fm. 6-5a. Full-wave rectifier with capacitance filter. 

high-vacuum tubes. In Fig. 6-5, the positive half-cycles of voltage are 
shown for each tube. The current ic through the capacitor is determined 
by the time rate of change of the voltage across the capacitor. If ec 
is this voltage, 

(6-39) 

The voltage across the resistor is always the same as that across the 
capacitor, since they are in parallel. The current iR in the resistor is then 

(6-40) 

and the tube current i is the sum 

i = ic + iR = C dee/ dt + ec/ R (6-41) 
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The current is limited by the restriction that it can never become 
negative since the tubes conduct only in the positive direction. If at any 
instant i becomes zero, then the load current iR will be determined 
entirely by the discharge of the capacitor, for the tubes will deionize, and 
the circuit from transformer to load will be open. 

In the analysis of the circuit of Fig. 6-5a, t = 0 will be chosen at the 
instant when the applied voltage e1 has reached its positive maximum, or 

e1 = Em cos wt (6-42) 

If the tube drop is V0 volts when conducting, 

ec = e1 - Vo = Em COS wt - Vo (6-43) 

and, at t = 0, dee/ dt = 0, and the capacitor current is zero. Tube 1 
will be conducting, and the tube current will be 

d Em COS wt - V 0 

i = ic + iR = C - (Em COS - V0 ) + ------
dt R 

Em COS wt - V 0 = -wCEm sin wt+-----
R 

(6-44) 

Equation 6-44 will hold as long as the current is positive, that is, until 
i = 0. If wt1 = 01 when i = 0, then, if tube drop is neglected, 

Em/R cos 01 = wCEm sin 01 

or tan 01 = l/wCR (6-45) 

The angle 01 may be referred to as the "cutout" angle. After i becomes 
zero, Eq. 6-41 may be solved for ec, Thus, 

0 = C dec/dt' + ec/R 

and 

(6-46a) 

(6-46b) 

where t' is measured from that time at which i = 0. Then, referred to 
the original time axis, 

t' = t - t1 

or wt' = wt - 01 (6-47) 

Equation 6-46 now becomes 

ec = A f - (wt-01)/wCR (6-48a) 
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and, since ec = Em cos 01 (neglecting tube drop) when wt = 01, then 

A = Em cos 01 

and ec = (Em COS 01) E -(wt-01)/wCR (6-48b) 

Equation 6-48b will hold for values of wt between 01 and the value 
wt2 = 02 at which tube 2 fires. With C charged to a potential ec, the 
voltage across tube 2 will not actually become positive, and the tube 
cannot fire, until e2 exceeds ec by the amount of the voltage V0 • Again 
neglecting tube drop, tube 2 fires when the rising voltage e2 equals the 
exponentially decreasing voltage ec as given by equation 6-48b. Then, 
when tube 2 fires, 

or (6-49) 

Equation 6-49 is most conveniently solved for 02 by plotting the curves 

YI = k1 E - <02/wCR) where k1 = /hf wCR cos 01 

and Y2 = - cos 02 

with 02 as abscissa. The angle 02 may be called the "cut-in" angle. 
The curves of Fig. 6-5 show the effect of the capacitor upon the output 

voltage. During the interval 01 < wt < 02 , the load voltage is prevented 
from dropping to zero by the capacitor. Filtering would be perfect if the 
load current were zero, since then the capacitor could not discharge, 
and ec would remain at the peak value Em. Effective filtering also de
pends upon the magnitude of the capacitance of the capacitor. As 
indicated by Eq. 6-45, cutout occurs earlier in the cycle, 01 approaches 
zero, as G increases. Also, the larger the value of C, the smaller the rate 
of discharge or decay of capacitor voltage, as showµ by Eq. 6-46a. 
However, it must be remembered that a capacitor does not pass direct 
current. The average value of the current ic of Fig. 6-5 must therefore 
be zero, requiring that the cross-hatched areas above and below the 
wt axis be equal. Then, as C increases, it is evident from Fig. 6-5 that the 
interval (02 - 01) increases since 01 approaches zero and 02 increases 
toward 1r; at the same time, interval ¢ decreases. Since the requirement 
of equal areas must be met, the capacitor current becomes more and 
more peaked. The surge of current i at cut-in may greatly exceed the 
rating of a gas-filled rectifier tube even though the average current is 
well below the average rated value. For this reason, capacitor input 
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filters are not used with vapor tubes, but may be used with high-vacuum 
tubes since the current at cut-in is limited by the tube plate resistance. 

e 

wt 

FIG. 6-5. Tube current, capacitor current, and load voltage for a full-wave rectifier 
with capacitor filter. 

The output-voltage wave form of the rectifier with capacitor filter may 
be approximated by drawing straight-line segments as shown in Fig. 
6-6. The average of such a triangular-topped wave is 

(6-50) 

where Er is the maximum change in voltage during discharge of the 
capacitor. Since the capacitor has been assumed to be discharging at a 

\ 

'Ll \ I 
02 \ 

\ I 
✓ 

Em 

! 
Ede 

! 
FIG. 6-6. Use of straight-line segments to approximate output voltage of Fig. 6-5. 
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constant rate, the current delivered by the capacitor to resistance R 
during this interval will be constant. Then the magnitude of the slope 
of the line segment over the interval 02 may be obtained as follows: 

Since ee = q/C 

dee 1 dq Ide 
--=--

dt Cdt C 

or (6-51) 

during the interval 02 • From Fig. 6-6, over the interval 02, ec = eR, 
and 

-dee/d(wt) = -deR/ d(wt) = Er/02 

so that (6-52) 

It is easily shown that the effective (rms) voltage of the ripple portion 
of the wave of Fig. 6-6 is independent of the slopes of the line segments 
and depends only upon the peak value of the voltage. If the time axis 
were made to coincide with Ede in Fig. 6-6, the root-mean-square value 
of the ripple voltage obtained in the usual way is 

(6-53) 

The ripple fraction for the rectifier is then, by definition, 

ldc02 82 

(2V3 )wCRide - 4V3 1rJCR 
(6-54) 

The value of 02 , in radians, is required before the ripple fraction may be 
found. Equation 6-54 is somewhat misleading since, ·· apparently, r 
increases with increasing 02 • Inspection of the graph of Fig. 6-6 shows, 
however, that an increasing 02 is accompanied by a decreasing value of 
Er since the point of intersection of the line segment with the rising 
cosine curve will move upward along the curve. A commonly used 
method of approximation of the ripple fraction in this case is to assume 
that the capacitor discharges for one-half cycle. This corresponds to 
02 = 1r, and results in a less exact but more convenient expression for r. 

From the foregoing analysis, it should be evident that the capacitor 
is an effective filter at light load, that is, for R large and I de small. Also, 
filter action improves with increasing C, and the output voltage is high, 
but the tube currents are peaked, and gas tubes should not be used. 
The voltage regulation is also very poor. 
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6-7. The Voltage Doubler 
A practical application of the principles discussed in the preceding 

section is found in the circuit of the voltage doubler (Fig. 6-7). The 
circuit is similar to that of a full-wave rectifier, with two filter capacitors 
in series shunting the load resistance. The voltage eR across the load is 
at any instant equal to the sum of the two capacitor voltages, ec1 + ec2 • 

Capacitor C1 charges when tube 1 is conducting, a-c supply terminal a 

R 

Frn. 6-7. Voltage doubler circuit and capacitor voltage wave forms. 

positive. Capacitor C2 charges during the next half-cycle, when tube 
2 conducts an4 terminal bis positive. When steady-state conditions are 
reached, the capacitors charge and discharge as shown by the graphs of 
Fig. 6-7. The anode of tube 1 becomes positive with respect to its 
cathode at time t1 ; tube 1 conducts until .time t2 , delivering current to 
the load and charging C1. At t2 , the tube current i 1 becomes zero 
and would reverse except that the tube will not pass inverse current. 
The circuit to the a-c supply is then open, and C1 supplies current to R, 
aided by C2 in series, until tube 1 again conducts at time t4 • Meanwhile 
the a-c supply is again connected to the load through C1 at t3 when tube 
2 begins to conduct. Between t3 and t4 the charge on C2 is replenished. 
The voltage eR has been obtained by adding ordinates of the ec1 and 
ec2 curves. For light loads, the voltage eR is approximately twice the 
peak voltages of the supply, neglecting tube drop. The circuit has been 
used as a power supply for loads requiring small current and has the 
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advantage of requiring no transformer. The average load voltage Eac 
is twice the average voltage of either capacitor, and the ripple magnitude 
is the same as that of cc1 or cc2 , The ripple frequency of CR is twice the 
ripple frequency of cc1 or cc2 , The ripple factor may be obtained by the 
same procedure as that used in Section 6-6. 

6-8. The Inductance Filter 
A single inductance used as a filter in a full-wave circuit is connected 

in series with the load as shown in Fig. 6-8. Essentially, the filter action 
of the inductance is to oppose any change in the current through it and 

R 

b 

FIG. 6-8. Full-wave circuit with inductance filter. 

to add its voltage to that of the rectifier. It is desirable that the iron 
of the inductance should not saturate with load current. If it may be 
assumed that there is no cutout or cut-in of tube current, as was the 
case for the capacitor filter, the open-circuited voltage at the terminals 
a-b of Fig. 6-8 will be a rectified sine loop voltage as in Fig. 6-3b. The 
Fourier series expression for the sine loop voltage is identical with the 
series for current (Eq. 6-19) except that Em replaces Im, where Em is the 
peak value of the transformer secondary voltage between anode and 
mid-tap. The tube drop or tube resistance will be neglected in the analy
sis to follow: Transformer secondary leakage reactance and resistance, 
and also the resistance of the choke will be neglected in the preliminary 
analysis. The voltage applied at terminals a-bis given by 

2Em ( 2 2 2 ) 
c b = -- 1 + - cos 2wt - - cos 4wt + - cos 6wt - · · · + 

a 11" 3 15 35 
(6-55) 

In applying the superposition theorem, Cab may be thought of as repre
senting the voltages in series of one d-c generator and many a-c genera
tors of frequencies 2w/21r, 4w/21r, 6w/21r, etc. Currents in the load 
circuit resulting from the application of the several generators may be 
obtained one at a time, by superposition, by using one generator at a 
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time. For example, the peak value of the second-harmonic component 
of load current is 

4Em 
12 - ---;::==== 

m - 31r-VR2 + (2wL) 2 
(6-56) 

The fourth-harmonic amplitude is 

4Em 
]4 ---~==== 

m - 151r-V R2 + (4wL) 2 
(6-57) 

Now for effective filtering, 2wL is large compared with R. Then, approxi
mately, 

l4m/I2m rv lo 
and the higher harmonics are progressively smaller fractions of I 2m. It 
is therefore justifiable, as a useful approximation, to replace the circuit 

L 

a 

4Em 
3

71" cos 2wt 

R 

b 

FIG. 6-9. Approximate equivalent to the circuit of Fig. 6-8. 

to the left of terminals a-b in Fig. 6-8 by an equivalent circuit consisting 
of a d-c generator and an a-c second-harmonic generator in series, as 
shown in Fig. 6-9. The currents in the load are then as follows: 

and 

where 

Ide = 2Em/1rR 

. 4Em 
i2 = -v 2 2 cos c2wt - o) 

31r R + (2wL) 

0 = tan-1 (2wL/R) 

(6-58) 

(6-59) 

The ripple is produced by the second harmonic of load current. The 
ripple fraction is, by definition, 

I2m/V2 
r=---

lac 3v'l + 4w2L2/R2 
(6-60) 
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Equation 6-60 shows that, for a given choke, the effectiveness of the 
filter is greater, the smaller the value of the load resistance R, and there
fore increases with increasing load current. This contrasts with the 
capacitance filter which, as has been noted, was most effective for small 
load current. 

If, in Eq. 6-60, 4w2L2 /R2 is large compared with unity, 

r = ,v2R/6wL (6-61) 

so that, with a given load resistance, the ripple fraction decreases with 
increasing L. Since the capacitor is most effective for small load currents 
and the choke for large currents, it may be surmised that the use of series 
choke and shunt capacitor together will provide effective filter action 
over most of the load range of a power supply. 

6-9. The L-Section Filter 
The circuit of a full-wave rectifier power supply with combined choke

capacitor or L-section filter is shown in Fig. 6-10. The resistance RB 
is known as a "bleeder" resistance and is permanently connected across 

Fm. 6-10. Full-wave rectifier with L-section 
filter and bleeder resistance. 

0 
> 

A 

l 
I 
~ I bleeder 

Load current 

Fm. 6-11. Load voltage curve 
for a full-wave rectifier. 

the load terminals of the rectifier. The required value of RB will be found 
in the analysis of the circuit. Experimentally, the load voltage as a 
function of load current follows a curve similar to that shown in Fig. 
6-11. A large voltage drop occurs for a small increase of current from 
the no-load value. After point A is passed, the voltage decrease with 
load is at a very much smaller rate. It is therefore desirable for improved 
voltage regulation to operate the rectifier only for values of current to the 
right of point A on the curve. A bleeder resistor is therefore chosen so 
that with the load completely removed the rectifier will operate at 
point A. The reason for the large change of voltage to the left of point 
A is that the tube anodes are not conducting for their full half-cycles, but 
cutout and cut-in are occurring. 
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Typical filter-circuit values require an inductance around 20 henrys, 
and a capacitor of 4 to 8 µf. With such values, and a 60-cycle power 
source, 2wL ,...._,, 15,000 ohms; Xe = 1/2wC ,...._,, 300 ohms. For practical 
purposes, the reactance of the capacitor should be small compared to the 
effective load and bleeder resistances. In the absence of cutout and 
cut-in, the equivalent applied voltage at terminals a-b of Fig. 6-10 is the 
same as that used in the approximate analysis of the inductance filter. 
For R = the effective load resistance (actual load in parallel with RB), 
and Xe« R, 

Then, the second-harmonic current amplitude in the capacitor is given, 
approximately, by 

4Em/(37r) 
l2m=------

(2wL - 1/2wC) 
(6-62) 

The peak ripple voltage across the capacitor, and also across the load, 
is I2m(-jXe) = Erm which, in magnitude, is 

1 
E 

1 

= 4Em/(37r) 
rm (4w2LC - 1) 

(6-63) 

The ripple fraction is 

r=------
Ede 

3(4w2LC - 1) 
(6-64) 

A sketch of the ripple current is given in Fig. 6-12, where the second
harmonic ripple current is shown superimposed upon the direct com
ponent. If the load resistance increases, the value of I de decreases, but, 
since the peak value of the ripple current is independent of R, according 
to Eq. 6-64, a critical value of R is reached as shown in Fig. 6-12b. If 
the current I de were further decreased beyond the value shown in Fig. 
6-12b, the ripple component would try to become negative. Since the 
rectifier tube does not pass inverse current, cutout occurs. The critical 
load resistance corresponding to tangency of the ripple current with the 
time axis is the required value of the bleeder resistance. From Fig. 
6-12b, 
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or, since 2wL » 1/2wC, 

(6-65) 

The required value of RB may then be expressed, for a 60-cycle supply, as 

RB = 113IL (6-66) 

It has been shown experimentally by Dellenbaugh and Quinby 3 that 
point A of Fig. 6-11 corresponds to a value of RB = IO00L. In view of 
the approximations used in the derivation of Eq. 6-66, the confirmation 
is satisfactory. Dellenbaugh and Quinby also showed that improved 

wt 

(a) 

(b) 

Frn. 6-12. Second-harmonic ripple current. 

operation results if RB = 500L. The latter value of RB is recommended, 
particularly for gas tubes, in order to decrease the ratio of the peak 
alternating current to the direct current. 

Equation 6-66 has been interpreted as giving the critical value of RB 
for a given L. It may also be used as the recommended relation of 
Dellenbaugh and Quinby to give a minimum value of inductance for a 
given load resistance R. Thus, 

L 0 = R/500 (6-67) 

At full load, the value of R is least, and also the required value of L. 
Since the iron core of an inductor tends toward saturation with in-

3 QST, 16 (Feb., Mar., Apr. 1932). 
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creasing load current, it is possible to provide sufficient inductance at 
both full load and no load, even though L decreases, by proper design of 
an air gap in the iron core of the inductance. Such an inductance is 
called a "swinging choke" and may be designed to provide a value of L 
which though variable with load, always exceeds the critical value 
specified by Eq. 6-67. 

In the design of a power supply, the permissible ripple fraction r is 
usually specified. By solving Eq. 6-64, the necessary value of LC may be 
expressed as follows: 

1 ( 0.471) LC=- I+--
4w2 r 

(6-68) 

Usually more than one filter section is used. If n identical L sections 
are used in tandem, it may easily be shown that the value of r is given 
approximately by 

r = y2/3(4w2LC - 1r 
From Eq. 6-69, with w = 377, 

LC = 1.76[1 + (0.471/r) 11n] 

where C is in microfarads. 

6-10. The Capacitor-Input Filter 

(6-69) 

(6-70) 

The addition of a capacitor between terminals a and b of Fig. 6-10 
considerably complicates the analytical determination of filter constants 

L a 

R 

b 

Fm. 6-13. Capacitor-input, -ir-section smoothing filter. 

required to provide a given value of ripple fraction. The full wave 
rectifier circuit using such a 1r-section low-pass filter is shown in Fig. 6-13. 

Because of energy storage in the filter elements, the wave form of the 
voltage at filter input terminals a-b is similar to that shown in Fig. 6-6. 
A simple analysis of the circuit to obtain an expression for the ripple 
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fraction may be based upon the results of Section 6-6, where it was 
shown that the transformer secondary winding is connected through 
the rectifier tube to the filter input during only a portion cj,/71' of the period 
of the half-cycle transformer secondary voltage, as indicated in Fig. 
6-5. If the capacitance C1 is of the order of magnitude normally required 
for adequate filter action, and if the tube resistance is relatively small, 
C 1 charges quickly to a voltage which differs very little from the peak 
value of the transformer secondary voltage. The time required for such 

/ / 
/ / 

I I 

I I 

I 
I 

---~ 
--l<t> ~ -J<t>I- wt 

FIG. 6-14. Approximate wave forms of tube current i and input voltage at a-b, 
Fig. 6-13. 

restoration of the voltage of C1 is represented by angle cf, in Fig. 6-5 and 
also in Fig. 6-14. The peaks of current under conditions shown in Fig. 
6-14 are sharp and of relatively large magnitude. It has already been 
mentioned in Section 6-6 that gas-filled tubes are likely to be damaged 
by current overload during conduction periods if used with a capacitance 
input filter. 

It will be observed that the peaks of current 6ccur during the angular 
time interval near the voltage maxima of the transformer secondary 
voltage. Let it be assumed that the average value of this current flows 
through choke and load. Then, 

1 f'lr 
Ide = - i d(wt) 

271' -'Ir 

(6-71) 

also, the second-harmonic voltage component, peak value, is given by 

1f1r l2m = - i COS 2wt d(wt) 
71' --,r 

(6-72) 

It is assumed that during the duration of the current pulse cos 2wt r-..1 1. 
Then, 

1 f,r 
l2m r-..1 - i d(wt) = 2ldc 

71' -'Ir 

(6-73) 
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and the effective value of the second-harmonic component of tube 
current is 

(6-74) 

Several additional assumptions may be made in obtaining a simple 
approximation for the ripple fraction. These include: 

1. That all of / 2 flows in C1• 

2. That 2wL » I/2wC1 and that 

I/2wC2 « R 

Then, if the effects of higher-harmonic components are neglected, the 
ripple voltage across C1 is 

(6-75) 

It is further assumed that all the voltage Vc1 exists across inductance L, 
requiring a current of magnitude 

(6-76) 

in the inductance. 
If all the current h flows through C2 , the output ripple voltage is 

(6-77) 

and from this result, the ripple fraction is 

(6-78) 

Equation 6-78 provides a reasonably good practical expression for the 
ripple fraction. Usually, C1 = C2 , and L may be chosen arbitrarily 
from available commercial chokes. The resulting filter has somewhat 
inferior characteristics (including voltage regulation) compared with 
the choke input type but requires a lower transformer secondary voltage 
for a given required output voltage. 

6-11. Grid-Controlled Rectifiers 
When gaseous rectifiers with grids are used in rectifier circuits, the 

function of the grid is to delay the initiation of tube conduction until a 
definite, calculable time in the a-c cycle of positive anode voltage. After 
conduction begins, the field of the grid does not extend beyond its 
ion sheath and it exerts no further control upon the anode current. 
With an alternating voltage applied to the anode, however, the anode 
voltage falls below the value necessary to maintain the arc as the positive 
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half-cycle approaches completion, so that conduction ceases, and the 
grid regains control during the negative half-cycle. There are many 
different circuits used in controlling the time of initiation of arc discharge 
in thyratrons, but the methods may be classified as d-c, a-c, or combi
nations of the two, depending upon the nature of the grid voltage. With 
these various grid control circuits, it is possible to control the magnitude 
of the rectified direct load voltage or current continuously or with a 
fixed magnitude to specify whether the load current flows or does not 
flow. The latter method is referred to as on-off control. The general 
principles of such control methods will be analyzed briefly in the fol
lowing paragraphs. 

6-12. Critical Control Curves 
The grid-control characteristics of three typical thyratrons were 

shown in Figs. 5-10, 5-11, and 5-13 of Chapter 5. In rectifier appli
cations, the anode voltage is a function of time, and it is desirable to be 
able to specify the critical firing control-grid voltage also as a function 

e 

-6 

d 
300 ----------

C 

a 

-4 -2 0 
ecrit 

Control 
characteristic 

'a' 

Ee 

7: 

Frn. 6-15. Critical control characteristic for a thyratron. 

wt 

of time. Since the anode and critical firing voltages are related experi
mentally as shown, for example, by Fig. 5-10, it is easy to obtain a 
critical firing voltage curve as a function of time. The process is illus
trated in Fig. 6-15, in which points from a control characteristic have 
been transferred to a graph of the time-varying positive half-cycle of the 
anode voltage. Points a, b, c, d, and e on the critical control character-
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istic transfer to points a, a', b, b', c, c', d, d', and e during the positive 
half-cycle. If the grid voltage is also a function of time, the tube begins 
to conduct at that instant in the positive half-cycle at which the actual 
grid voltage crosses the critical firing curve from below. Two actual 
grid voltages are shown in heavy black ink. The horizontal line at - 3 
volts corresponds to a fixed d-c grid bias. The intersection of this line 
with the critical firing curve shows that conduction would begin at a 
time corresponding to point c or at wt = 11"/6 in the cycle. If an alter
nating voltage of peak value 8 volts and phase lag 90° (referred to the 
anode voltage) is applied to the grid, the firing point corresponds to the 
intersection at point f. Evidently, the ignition angle a may be varied 
from approximately zero to approximately 11" rad by varying the angle 
of phase lag ct, of the alternating grid voltage behind the anode voltage, 
but a can be varied only between approximately O and 11" /2 rad by vary
ing only the amount of d-c bias grid voltage. If both an a-c and a d-c 
component of voltage are simultaneously applied to the grid, and if the 
a-c component lags the anode voltage in phase by 11" /2 rad, then con
siderable variation in a may be achieved by varying the d-c component 
alone. These three methods of varying a are known as d-c bias, phase
shift, and bias-phase control. Circuits for accomplishing the required 
variations in a are described in later sections. 

6-13. Load-Current Analysis, Resistance Load 
The resistance R in the circuit of Fig. 6-16 is the load resistance in 

which it is desired to control the magnitude of the rectified direct current 
by adjustments in the grid control circuit of the thyratron T. If the 

R 

-i 

A-c source, e T 

To grid control 
circ~ 

FIG. 6-16. Single-phase, grid-controlled rectifier. 

grid control circuit is adjusted so that the ignition angle is a (Fig. 6-17), 
then the tube conducts during the interval a < wt < (11" - 8) during the 
positive half-cycles. The angle 8 depends upon the tube drop, since 
conduction ceases when the anode voltage falls below the value necessary 
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e 

21T' 
wt 

Frn. 6-17. Current wave form, half-wave, grid-controlled rectifier. 

to maintain the arc and cannot begin until the applied anode voltage 
exceeds this value. 

If the applied voltage e is a sinusoid given by 

e = Em sin wt 

then the instantaneous anode current during a complete a-c cycle is 
expressed as follows: 

and 

. Em sin wt - V 0 

1, = ------ for a < wt < 1r - o 
R 

i=O 

i = 0 

for O < wt < o 

for 1r - o < wt < 21r 

The direct current in the load resistance R is then given by 

1 J1r-o (Em sin wt - Vo) 
lac = - ----- d(wt) 

21r a R 

(6-79) 

(6-80) 

In cases where the tube drop is small compared with the peak value of 
the applied a-c anode voltage, o is a very small correction on 1r and may 
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be neglected. In such cases, 

and 

1 
Ide = -- [Em(l + cos a) - Vo(7r - a)] 

27rR 

Ch. 6 

(6-81) 

(6-82) 

If tube drop is neglected completely, the load direct current may be 
varied from a minimum of zero, for a = 11", to a maximum of 

I Em 
I de = ; R for a = 0 

This control of large values of current may be achieved quite economi
cally by controlling the ignition angle through the use of low-voltage 
low-current control grid circuits. 

6-14. Bias Control 
A circuit for bias control involves any arrangement by means of which 

a variable direct voltage may be applied to the grid. Such an arrange
ment is shown in Fig. 6-18. Instead of the potentiometer, a voltage 

Load 

R 

A-c source 

Fm. 6-18. Bias-control circuit. 

divider consisting of a fixed resistor in series with a phototube may be 
used, thus providing a control voltage dependent upon light intensity. 

6-15. On-Off Control 
An on-off circuit in which the main load current is interrupted or 

permitted to flow by switching in the grid circuit is shown by Fig. 6-19. 
If the switch Sis open, the load current is zero, since the tube is biased 
below the critical control voltage. If switch Sis closed, the grid voltage 
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is made equal to that of the anode, and the tube conducts with a con
duction period of o < wt < (1r - o) in the positive half-cycle. Other 

s 

A-c source 

Load 
+ 

FIG. 6-19. On-off control circuit. 

positions of the switch and of R1 are possible and should suggest them
selves to the student. 

6-16. Phase-Shift Control 
The control of average current in a thyratron circuit by shifting the 

phase of the alternating grid voltage with respect to the anode voltage 
is the method best adapted to most thyratron control applications and 

tan 0 = 't 

~l 
(a) 

-----Es----
p 

(b) 

FIG. 6-20. Circuit and vector diagram for thyratron phase shift. 

is often used where automatic control or servomechanisms are employed. 
The control of the firing angle a of Fig. 6-15 may be accomplished by use 
of the general circuit of Fig. 6-20a. The vector diagram for the circuit 
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is shown in Fig. 6-20b where the impedance Z1 is a pure resistance, and 
Z 2 is a pure inductive reactance. Thus the current I lags the voltage 
by angle 0, where 

tan 0 = wL/R 

From Kirchhoff's voltage law, Es = E 1 + E2 = I(Z1 + Z2). Also, 

E1 = V KG+ IZ1 (6-83) 

where E 1 is the voltage rise across the indicated half of the supply 
transformer secondary winding and V KG is the voltage drop between 
terminals K and G. If the voltage rise between these two terminals is 
specified, Eq. 6-83 becomes 

EI + EKG = IZ1 = IR 

and E2 = IZ2 +EKG= jwLI + EKG 

(6-84) 

(6-85) 

as shown on the vector diagram (Fig. 6-20b). Now, if R is varied and 
L remains fixed, 0 can be made to change from approximately zero for 
very large R to approximately go0 for very small R. The resulting locus 
of the end of the vector V R may most easily be determined from the 
vector diagram, 

(6-86) 

Since Es, the voltage of the secondary of the transformer, is constant, 
Eq. 6-86 is the polar form of the equation of a circle, with center at 
(Es/2, 0°) or (Ei, 0°), that is, at point P. * The radius of the circle is 
Es/2 (see footnote) 

so that (6-87) 

For the physical case in question, the point Q moves in a semicircle, and, 
if Eq. 6-87 is used, cj, = 2 0. Therefore, as 0 varies from Oto go0

, cj, varies 
from O to 180°. If the phase-shifting circuit is then connected so that 
EKG is the voltage rise between cathode and grid of the thyratron before 
ignition, the circuit will provide continuous control of the magnitude 
of the average anode current, provided the applied anode voltage is in 
phase with Es, This latter condition can easily be obtained, as shown 
in the circuit of Fig. 6-21. 

* Consider the equivalent equation in polar coordinates p = a cos 0. By trans

formation to rectangular coordinates p = -V x2 + y2
, cos 0 = x/-V x2 + y2

, -V x2 + y2 

= ax/-Vx2 + y2 or x2 + y2 
- ax+ a2/4 = a2/4, and, finally, (x - a/2)2 + y2 = 

(a/2)2, the equation of a circle, center at (a/2, O), radius a/2. 
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It is assumed in the circuit of Fig. 6-21 that the phase-shifting trans
former secondary voltage Es = E 1 + E2 is in phase with the anode 
supply voltage E. If so, an increase of R will cause a decrease in angle 0 
and twice as much decrease in angle cf>. Before the tube fires, the circuit 

Rload 

!IE 
tE2 L 

tE1 
_______ ----4.,__ __________ K 

Frn. 6-21. Phase-shifting circuit for thyratron control. 

K to G is assumed to be open; also grid-limiting resistor Rg is large 
compared with circuit impedance in the phase-shifting circuit, and so 
current I is very closely the same as in Fig. 6-20a where the terminals 
K to G are open. Since, then, an increasing R is accompanied by a 
decreasing phase lag cf>, the average current will increase with increase 
of R. 

The wave forms of the tube current and of the voltage across the tube 
are shown in Fig. 6-22 for the circuit of Fig. 6-21 with a pure resistance 

e 
i /~ ---, 

etube. / I'\ 

y i \ 

I ..... ---~\ 
' 

I i\_\ _li-Yo 
' 

~a~ 
[\ t I wt 

\ I/ 
I f\ / ~etube 
I 
I "- I/ 
I "'-- ./ 

I 

FIG. 6-22. Tube voltage and current wave forms. Thyratron with resistance load. 

load. The voltage across the tube is the applied alternating voltage 
until the tube fires. At wt = a, the ignition angle, the tube voltage falls 
to a value equal to the conduction tube drop V0 and remains at this 
voltage until the current decreases to zero. This occurs approximately 
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at the instant in the applied a-c cycle when the applied voltage equals V 0 

(toward the end of the positive half-cycle). At this instant, the applied 
voltage is just sufficient to maintain the arc so that the voltage across 
the resistance is zero. The conduction current becomes zero and the 
tube voltage for the remainder of the cycle is equal to the applied voltage. 

If Rand L (Fig. 6-20) are interchanged in position in the circuit, the 
result is a shift of 180° in the phase of voltage Exa. The new position 

L E 

K 

FIG. 6-23. Phase-shift circuit with no control. 

of EKG is shown by the vector diagram of Fig. 6-23. From the circuit 
and vector diagrams, 

E1 = V KG+ I(jwL) = -Exa + I(jwL) 

or E1 + Exa = IjwL 

and E2 =IR+ Vax= IR+ Exa 

The grid voltage Exa now leads the applied anode voltage E, which is 
assumed to be in phase with Es = (E1 + E 2 ). The tube will fire as 
early as possible in the anode positive half-cycle, and a change in phase 
angle <I> will have no effect upon the average current. In other words, 
there is no control. In case a phase-shift control circuit is incorrectly 
connected and exerts no control over the average current, control may 
be obtained either (a) by interchanging the positions of R and Lin the 
circuit, or (b) by reversing the phase of the phase-shifting transformer 
secondary voltage. 

Phase-shift control may be provided by using an R-C instead of an 
R-L circuit. In this case the current will lead the voltage Es, and control 
will be obtained if R and C are connected in the proper positions with 
respect to the terminals of the phase-shifting transformer in exactly the 
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same way as explained for the R-L circuit. It should be noted that 0 
must always be an angle of lag of the grid voltage EKa behind the applied 
anode voltage E in order to obtain control. 

6-17. The Use of Saturable Reactors in Phase-Shift Control 
Saturable iron-core reactors have been used in phase-shift control 

circuits because of the wide range of reactance variation controllable 
by means of a few milliamperes of direct current. The direct current 

0-c winding to vacuum ~ 
tube control circuit I A-c supply I 

Frn. 6-24. Phase-shift control circuit using saturable reactor. 

+ 

may be supplied from a small, receiving-type high-vacuum triode. The 
grid voltage of the triode may then be used to control the direct voltage 
of the output circuit. It is possible by this means to control the arma
ture and field currents of a d-c motor supplied from an a-c source, and 
thus to control the speed of the motor through the variations of the grid 
voltage of a small triode. A typical phase-shift control circuit using a 
saturable reactor is shown in Fig. 6-24. Two thyratrons are used in a 
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full-wave rectifier circuit. The a-c windings of the saturable reactor are 
wound in such a way that their fluxes cancel in the d-c winding. The 
d-c winding has many more turns than the a-c winding. High-per
meability iron is used. In a typical reactor with a 3300-ohm d-c winding, 
2.5 ma of current will saturate the reactor. A typical saturation curve 
is shown in Fig. 6-25, in which the d-c flux is plotted against the control 

X 
::I 

;:;:: 

Control current (d-c) 

FIG. 6-25. Typical saturation curve. 

direct current. As the current i increases beyond the knee of the satu
ration curve, the inductance L decreases rapidly, which means that the 
angle </> of phase lag decreases, since 

</> = 2 arc tan wL/R 

The tubes therefore conduct longer, and the load voltage is increased. 
This method of control has been applied to d-c motor speed control in 
applications where extremely accurate and extensive speed control is 
necessary. A circuit similar to Fig. 6-24 is used for the field excitation, 
and another separate circuit for the armature supply. A standard 
reference voltage is provided from a small full-wave rectifier circuit 
using cold-cathode voltage-regulator tubes. A portion of this fixed 
voltage is compared with a voltage proportional to armature speed. If 
the speed is not as specified, the difference or error voltage actuates the 

. grid of a vacuum triode in which the plate current in turn controls the 
grid voltage of a second triode. The plate current of the second triode 
is the d-c control current of the saturable reactor. Thus control can be 
made automatic, and the motor may be driven at any predetermined 
fixed speed, even with variable load, where the necessary vacuum-tube 
control circuits are utilized. 4 

4 E. E. Moyer, Electronic Control of D-C Motors, Electronics, 16 (May, June, 
July, Sept., Oct. 1943). 
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PROBLEMS 

6-1. Compute the ripple factor for the wave shown. 

8 

6 

e 

0 ,__ __ ..__ __ ...._ __ ..__ __ ...._ _ __, 

0 2 4 
t 

FIG. P6-1. 
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6-2. A type-5Z4 diode full-wave rectifier is connected as shown in Fig. 6-3a. 
The plate characteristic (for one plate only) may be plotted from the following (eb, 
ib) values: (10 volts, 45 ma); (17.5, 100); (22.5, 150); (27.5, 200); (40, 355). 

(a) Plot the diode plate characteristic, 
(b) For R (Fig. 6-3a) = 5000 ohms, obtain the composite characteristic. 
(c) If e1 = 200 cos wt, where w = 377 rad per sec, obtain data for and sketch a 

complete cycle of the voltage between anode 1 and the cathode. What is the maxi
mum inverse peak voltage? 

6-3. Apply circuit analysis to the circuit of Fig. 6-3a, and compute Im, Ide, P0 , 

Ede, Pin, and the efficiency for a load resistance of 
R = 5000 ohms. Use the tube of problem 6-2. ~ 

6-4. The rectifier circuit shown uses copper oxide 
rectifiers for battery charging. The voltage E, to cen
ter tap, is 8.48 volts, rms. Resistance and reactance 
of the transformer are negligible. The battery volt
age is 6 volts, its internal resistance 0.1 ohm. The 
rectifier resistance is 0.5 ohm in the conduction direc
tion. 

(a) Sketch the voltage and current wave forms, and 
write the equations for the instantaneous voltages e1, 
e2, and the current i. 

(b) If the ammeter is a d-c meter, compute its read
ing. 

(c) If the ammeter is an a-c meter reading rms cur- FIG. P6-4. 
rent, compute its reading. 

6-5. For problem 6-4, compute: (a) power delivered by the transformer, (b) power 
in rectifier and battery resistances, (c) total losses and power delivered to the battery. 

6-6. A gas diode is used in a half-wave circuit to supply a 500-ohm resistance load 
from 220 volt a-c mains. The breakdown and maintaining voltages are constant 
at 10 volts. Calculate the readings of the following instruments: (a) a d-c ammeter 
in series with the load, (b) an a-c ammeter in series with the load, (c) a d-c voltmeter 
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placed across the tube, (d) an a-c voltmeter placed across the tube, (e) a wattmeter 
connected with its current coil in series with the load and its voltage coil across the 
input. 

6-7. In the circuit shown, the transformer secondary voltage, plate to plate, is 
500 volts rms (center-tapped). For C = 4 µf, R = 1000 ohms, find the angles, as 
measured on the time axis, at which cutout and cut-in occur; obtain equations for 
and plot ic, iR, io, and eR for cut-in and cutout periods. Neglect tube drop. 

60 cycles 
(a-c) 

Frn. P6-7. 

6-8. Derive Eq. 6-53 from Fig. 6-6. 

C R 

6-9. Compute the ripple fraction for the circuit of problem 6-7. What is the d-c 
output voltage? 

6-10. A full-wave rectifier circuit uses a type-82 full-wave mercury-vapor tube 
and an L-section filter consisting of a 20-henry inductance and a 20-µf capacitor. 
The transformer secondary voltage is 500 volts rms (250 volts to center tap). The 
load resistance is 500 ohms. Assume that w = 400 rad per sec, and neglect tube 
drop. 

(a) Sketch the rectifier circuit diagram. 
(b) Sketch the approximate equivalent circuit, and write the equations for (1) the 

instantaneous current in the capacitor, (2) the total voltage-d-c and superimposed 
a-c-across the load. 

(c) Compute the ripple fraction. 
(d) Compute the inverse peak voltage across the tube. 
6-11. Specifications for a full-wave single-phase power supply to operate from 

115 volt 60-cycle mains are as follows: 
(a) Output 250 ma at 1500 volts. 
(b) Ripple fraction not to exceed 0.001. 
The tubes to be used are type-866-A mercury-vapor rectifiers, rated 15 volts arc 

drop, inverse peak voltage 7500, maximum average current 250 ma. 
Specify filter elements and power-transformer secondary voltage, assuming choke 

resistance of 75 ohms and bleeder resistance of 50,000 ohms. Assume that the full
load choke inductance may be only one-half the inductance at no load. 

Compute (1) the expected full-load to no-load voltage regulation of the power 
supply, (2) the peak inverse voltage on the tube anodes, (3) the expected per cent 
ripple. 

6-12. Derive Eqs. 6-69 and 6-70. 
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5 volts 

ec - 5 0 + 5 

Frn. P6-13. 

6-13. A thyratron rectifier is connected as shown: 

E1 = 220 volts rms 
E2 = 10 volts rms 
Rg = 50,000 ohms 
Z1 = R = 1732 ohms 
Z2 = jwL = jlOOO ohms 
RL = 50 ohms 
V0 = 15 volts when conducting 

225 

Ecc ~ 

Assume sinusoidal voltages, and that E2 is in phase with E1. If the control charac
teristic of the thyratron is as shown on the accompanying sketch, determine the fol
lowing: (a) the ignition angle a, (b) the direct load voltage across RL, (c) the wave 
form of the conduction current for one cycle and of the anode-to-cathode voltage. 

6-14. For the assumed positive sense of voltage rise in problem 6-13, what should 
be the values of Z1 and Z2 if an R-C phase-shift circuit is used and R = 2000 ohms, 
if it is specified that a 90° phase lag is required for EKa, behind E1. For this circuit, 
compute the ignition angle, with the thyratron biased as in problem 6-13. 
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POL YPHASE RECTIFIERS 

7-1. Polyphase Rectifiers in General 
Single-phase rectifier circuits were described in Chapter 6. The 

ripple factor was shown to be large, even for the full-wave case, in the 
absence of filtering. By the use of filtering with the L-section filter, 
for example, it was shown that the ripple fraction can be reduced to 
very small values. Direct-current power supplies for small power ap
plications are usually designed for single-phase operation with filters. 
Where the power requirements are large, however, and where d-c power 
requirements in kilowatts must be met with small ripple fraction, the 
single-phase filter becomes uneconomical, and polyphase rectification 
is used for reasons to be brought out in the following paragraphs. Radio 
transmitters as well as electric railway motors may be supplied with 
d-c power from polyphase rectifiers. 

Practically all large electric-power systems in the United States gen
erate and distribute three-phase power. Where d-c power requirements 
are to be met, power conversion from alternating to direct current is 
practicable through the use of motor-generator sets, rotary convertors, 
or mercury-arc rectifiers, and, of these methods of conversion, the mer
cury-arc rectifier has the highest efficiency and in addition has no mov
ing parts. It has therefore been very extensively used either in the form 
of multianode, single-tank rectifiers, or as single-anode, sealed-off 
ignitrons. In the power applications to be dealt with in the present 
chapter, either all the anodes of the rectifier operate from a common 
cathode such as the mercury pool in a tank rectifier, or else the cathodes 
of separate tubes or ignitrons are connected together externally, so that 
the circuit applications are the same in either case. Several of the more 
commonly used polyphase circuits will be described in order to present 
the fundamental principles of polyphase rectifier operation. The 
analysis to be given is purposely made very brief since many excellent 
books provide detailed analysis of polyphase power-rectifier circuits. 
The student will find that the sketching of current and voltage wave 
forms will of ten serve as a key to problem solutions. 

226 



Ch.7 THE THREE-PHASE HALF-WAVE CIRCUIT 227 

7-2. The Three-Phase Half-Wave Circuit 
Practically all polyphase rectifier circuits used for power rectification 

in the United States employ the delta connection for transformer 
primary windings. In drawing circuit diagrams, such as Fig. 7-1, it is 
convenient to sketch corresponding primary and secondary windings 
parallel to each other though separated by some distance on the wiring 

b 
C 

Primary 

2 

FIG. 7-1. Three-phase, delta-wye rectifier circuit. 

sketch. For example, primary winding a-b corresponds to secondary 
winding 0-3. The ends of the secondary windings are connected to the 
anodes of three rectifier tubes whose cathodes are connected together. 
The cathode return from the d-c load circuit requires a neutral connection 

Fm. 7-2. Wave form of secondary and rectified load voltages for the circuit of Fig. 
7-1 with resistance load. 

in the secondary circuit, which is conveniently supplied by the use of 
a wye-connected secondary. 

The positive sense of voltage rise in the secondary circuit is shown by 
the arrows and the three secondary voltages are represented by ei, e2 , 

and e3• The vector relation and the wave form of these voltages are 
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shown by Fig. 7-2, in which sinusoidal secondary transformer voltages 
are assumed. As shown in Fig. 7-2, the anodes conduct in consecutive 
order 1, 2, 3, 1, 2, 3, etc. The voltage of the cathodes ek is always less 
than that of the conducting anode by the amount of the tube drop, 
which is assumed to be constant during conduction, as in Chapters 5 
and 6. The conduction current shifts or commutates from anode to 
anode, and the reason for this shift may be seen from an application of 
Kirchhoff's voltage law to the circuit. Suppose, for example, that anode 
1 is conducting and the interval of time t0 to t3 is considered during 
which both anode 1 and anode 2 are positive. For any time between 
t0 and t1, with anode 1 conducting, and with tube voltage drop V0 , 

(7-1) 

where V k2 is the a~sumed voltage drop between cathode and anode of 
tube 2. The anode-to-cathode voltage drop of tube 2 is V 2 k = - V k 2 • 

Then, 
(7-2) 

According to Eq. 7-2 and the wave forms of Fig. 7-2, e2 < e1 for t0 < t 
< ti, and (e2 - e1) is negative. Tube 2 cannot conduct until V2k ~ V0 ; 

at t = ti, e2 = e1, and V 2k = Vo, At this instant, the voltage of anode 2 
is, for the first time in the interval t0 < t < t1, sufficiently positive with 
respect to its cathode for the tube to conduct. As soon, therefore, as 
e2 is equal to and ready to exceed e1, V 2k ~ Vo, and tube 2 conducts. 
Conversely, between t1 and t3 , with tube 2 conducting, 

(7-3) 

so that V 1k = (e1 - e2) + Vo, and, since e2 > e1 for t1 < t < t3, 
Vik < V 0 , and anode 1 cannot conduct. To summarize, the following 
relations have been stated as applying in the time interval during which 
anodes 1 and 2 are both positive: 

to < t < ti, 
t1 < t < t3, 

(e2 - e1) < 0 

(e2 - e1) > 0 

As soon as (e2 - e1) becomes positive, the arc is commutated from 
anode 1 to anode 2. The voltage (e2 - e1) is called the commutating 
voltage. 

Some general conclusions may be drawn from Figs. 7-1 and 7-2. If 
a polyphase rectifier has p anodes and one of the p anodes is conducting 
at all times during the a-c cycle of the supply voltage, and all anodes 
conduct for equal intervals of time, then the conduction angle of any 
one anode is 21r / p rad. 
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The rectified voltage ek differs from the secondary voltage of the con
ducting anode by the amount of the constant tube drop. If tube drop 
is neglected, the analysis of the output circuit is greatly simplified. Let 
ed = the instantaneous value of the rectified voltage, which is actually 
ek but approximately ei, or e2 , or e3 during the respective conducting 
periods of these anodes. This rectified voltage is shown for the general 

-1r/p 1r/p 31r/p wt 

Frn. 7-3. Rectified-voltage wave form of a p-anode rectifier. 

case of a p-anode rectifier in Fig. 7-3. The vertical axis has been chosen 
so that the Fourier analysis of the voltage ed will be simplified. In the 
interval 

-1r/p < wt < 1r/p, ed = Em cos wt (7-4) 

where Em is the peak voltage to neutral of the transformer secondary. 
Also, for 

1r/p < wt < 31r/p 

ed = Em cos (wt - 21r/p) (7-5) 

Let Ed be the average value of the rectified voltage. Then, 

p f1r/p p 1f' 

Ed = - Em cos wt d(wt) = -Em sin -
~ -~ 7f' p 

(7-6) 

If Em = V2 Es, where Es is therms value of the secondary voltage to 
neutral, then 

(7-7) 

The ratios of Ed to Es as computed from Eq. 7-7 are tabulated according 
to number of anodes as follows: 

p 2 3 6 12 24 00 

-----------
Ea;Es 0.90 1.17 1.35 1.40 1.41 v2 
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7-3. Harmonic Analysis, p-Anode Rectifier 
The amplitude of any harmonic in the general wave form of Fig. 7-3 

may be obtained by applying the Fourier analysis to the wave form. 
The symmetry of the wave form of Fig. 7-3 about the vertical axis (even 
function) indicates that only cosine terms are needed in the Fourier 
representation. Then, 

00 

ed(wt) = Ea + I: Ekm cos kwt 
k=l 

(7-8) 

where Ekm is the amplitude or peak value of the kth harmonic of voltage. 
The wave form of Fig. 7-3 is repetitive at intervals of 21r/p rad. 
Therefore, 

ed (wt+ 
27r) =Ea+ 'E Ekm cos (kwt + k 

27r) 
P k=l p 

must be identical with ed(wt). This requirement will be met provided 
that 

k21r/p = 21rn 

where n is any integer. Therefore, 

k = np (7-9) 

and only those harmonics are involved that are multiples of p. For 
p = 3, only the third, sixth, ninth, etc. harmonics are to be expected. 
For p = 6, the fundamental frequency component is the sixth. 

In accordance with the methods of Fourier analysis, 

lfr 
Ekm = - ed cos kwt d(wt) 

7r -'II" 

(7-10) 

Because of symmetry of the wave form of Fig. 7-3, Eq. 7-10 reduces to 

pf'll"/p 
Ekm = - ed cos kwt d(wt) 

7r -1r/p 

2p i1r/p 
= - Em COS wt cos kwt d(wt) 

1r 0 

( 
2p . 1r) cos k1r/p 

= - -Em s1n-
1r p k2 -l 

(7-11) 

Also, Eq. 7-8 becomes 

p 1r [ 
00 

(-2 cos n1r) ] ea = - Em sin - 1 + I: 2 2 cos npwt 
1r P n=l n p - l 

(7-lla) 
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If k is replaced by np, the nth-harmonic ripple fraction may be expressed 
as follows: 

Enpm V2 
Tn = V2 Ea= [(np) 2 - 1] 

For p = 3, n = 1, the fundamental ripple fraction is 

r1 = y2/8 = 0.177 

For p = 6, n = 1, 

r1 = y2/35 = 0.0401 

7-4. Load Current 

(7-12) 

The use of a high-current smoothing inductive reactor in series with 
the load of Fig. 7-1 permits the assumption of a constant load current 
as shown by Fig. 7-4. The load current for any anode conducting for 

Anode 2 3 

wt 

FIG. 7-4. Load current with heavily inductive load circuit. 

21r/p rad of each cycle is Ia amp; therms value of the secondary current 
is given by 

1 f1r/p Ia 
- Ii d(wt) = _ r 
21r -1r/p V p 

(7-13) 

The secondary volt-ampere requirement for a load current of I a amp is 
then-pE8 I 8 • A quantity known as the secondary utilization factor (UF)s 
is defined as the ratio of the d-c power output of the rectifier to the volt
amperes supplied in the secondary. Thus, using Eqs. 7-13 and 7-7, 
one has 

Eaia Ea V2p sin 1r/p 
(UF)s = - = _ 1- = 

pE8 Is VP Es 7r 
(7-14) 

It can be shown that (UF) 8 has a maximum value of 0.675 for p = 2.69. 
A tabulation of values of (UF) 8 indicates that p = 3 is the best practical 
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choice as far as the highest secondary utilization factor is concerned. 
The decrease in (UF)s with increasing number of anodes or phases in-

p 2 3 6 12 
--

(UF)a 0.637 0.674 0.55 0.40 

dicates that a higher secondary kilovolt-ampere rating is required for 
a given d-c power output as the number of phases increases. This is one 
of the principal disadvantages of polyphase rectifiers, but special second
ary winding connections to be described later permit the reduction of 
ripple fraction through the use of six anodes while securing effectively 
the secondary utilization factor of the three-phase star arrangement. 

7-5. Six-Phase Star or Three-Phase Full-Wave Circuit 
Six-phase rectifier operation may be achieved by the use of center taps 

on each of the three secondary windings of Fig. 7-1. The center taps 
are all connected together as the neutral, as shown in Fig. 7-5. The 
voltages, with respect to neutral of the two ends of each center-tapped 

~ 
Primary 

Secondary 

Frn. 7-5. Six-phase star or three-phase full-wave rectifier connection. 
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winding, are 180° out of phase, exactly as in the single-phase full-wave 
case. The resulting phase relations between the respective anode 
voltages are then as shown by the vector diagram of Fig. 7-6. The 
rectified voltage wave form consists only of the caps of the sine waves. 
Assuming perfect commutation, each anode conducts for 1r/3 rad of 
each cycle. The conduction-current wave forms are shown in Fig. 7-6 
for anodes 6, 1, and 2. 

/ /'\ /'\ /'\ / 
I I\/ \/\I \I / 

I I I i V \/ / 
/ / / \ / \ /\ /' / 

I rr-7! \/ \/ \ I \1 ___________ ! __!L____[_ ~--y__ _j/__ _jf_ __ --

e4 el I wt 

-~~---~ wt 
___ Cl_ ___ _ 

wt 

Fm. 7-6. Vector diagram of six-phase star rectifier, with rectified-voltage wave form. 

An advantage of the six-phase star circuit over the three-phase 
half-wave is the fact that the d-c components cancel in the secondary 
windings of the six-phase star, thus avoiding any tendency toward core 
saturation. This is the usual advantage possessed by any full-wave 
circuit over the half-wave circuit. Occasion will be found to refer to 
this advantage in circuits to be described in later paragraphs. 

7-6. Overlap; the Effect of Transformer Leakage Reactance 
It has been assumed that commutation from one conducting anode 

to the next is instantaneous. Actually, as a result of the presence of 
leakage inductance in the transformer secondary windings, there is a 
period of overlap during which the current of the outgoing anode de
creases toward zero while the current of the incoming anode rises toward 
its maximum value. The inductance involved includes not only the 
leakage inductance of the transformer secondary windings, but also 
inductances, including leakage inductances, reflected into the secondary 
from the primary circuit. A portion of the rectified wave form of 
Fig. 7-6 has been reproduced in Fig. 7-7, with the vertical axis coinciding 
with the intersection of the voltage waves e1 and e2 • Tube drop has 
been neglected. 

Let L = the leakage inductance per phase, referred to the secondary 
winding. With the origin of coordinates chosen as in Fig. 7-7, the 
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e 

1r/p~ 1wt 
I I 
I I r--,i--r--
1 I I 
I I I 
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I / Em . 1r I 
I I -sin- I 
I X P I 

/ I 
I I 

I 
I 
I 
I 

/ u-~J\ \wt 

Em . 1r -sm
X P 

I \ 
I \ 

1"'-.Plot of equation for i)\ 
I --+-__ l__ __ _ 

FIG. 7-7. Overlap of conducting anodes. 

equations of the overlapping voltage waves e1 and e2 are 

e1 = Em cos (wt + 1r/p) 

e2 = Em cos (wt - 1r/p) 

\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

Ch. 7 

(7-15) 

If anode I continues to conduct after e2 exceeds ei, the following re
lation is obtained by applying Kirchhoff's voltage law around the circuit 
0-1-K-2-0, Fig. 7-5; 

e1 - L dii/ dt + L di2/ dt - e2 = 0 

or (7-16) 
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Also, the sum of the instantaneous anode currents during overlap is 
equal to the constant load current Id, or 

i1 + i2 = Id 

From Eq. 7-17, di1 di2 _ O 
dt + dt -

(7-17) 

(7-18) 

Now Eq. 7-16 may be written as follows, if tube drop is neglected: 

whence 

e1 - L dii/dt = e2 - L di2/dt = ed 

ed = (e1 + e2)/2 

From Eqs. 7-16 and 7-18, 

(7-19) 

(7-20) 

e1 - e2 = 2L dii/dt (7-21) 

or Em[cos (wt+ 1r/p) - cos (wt - 1r/p)] = -2Em sin wt sin 1r/p 

= 2L dii/ dt (7-22) 
From Eq. 7-21, 

Em 1rf i1 = - - sin - sin wt wdt 
wL p 

Em 1r 
= - sin - cos wt + C 1 

wL p 

where C1 is a constant of integration. At time t = 0 (Fig. 7-7) the 
current in phase 1 is equal to the load current Id, and the current in 
phase 2, anode 2, is zero, with anode 2 beginning to conduct. Therefore, 

C I 
Em. 1r 

1= d--sm
wL p 

and, after t = 0, the expression for current i 1 is given by 

I Em . 1r ( ) i1 = d - - sm - 1 - cos wt 
wL p 

From Eq. 7-17, and with wL = X, 

E 1r 
i2 = Id - i1 =_.:'.:sin - (1 - cos wt) 

X P 

According to Eq. 7-20, the voltage ed during overlap is 

ed = ½Em[cos (wt+ 1r/p) + cos (wt - 1r/p)] 

= Em COS wt COS 1r/p 

(7-23) 

(7-24) 

(7-25) 
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At wt = u, the angle of overlap as shown on Fig. 7-7, 

Em 1r 
i1 = 0 = Id - -- sin - ( 1 - cos u) 

so that 

X P 

IdX 
cosu = 1 - ---

Em sin 1r/p 

Ch. 7 

(7-26) 

Computation of the angle of overlap is possible from Eq. 7-26 if the 
reactance X is known. The rectified voltage equation during overlap 
(Eq. 7-25) has been sketched in heavy black ink with p = 3, on Fig. 7-7. 
The actual output voltage, beginning with wt = 0, follows the solid 
black portion of the cosine curve, Eq. 7-25, for O < wt < u. At the end 
of this interval, the current i2 reaches the d-c value Id· In the interval 
u < wt < 21r/p, di2/dt = 0, and ed = e2 (see Eq. 7-19). The effect of 
the leakage inductance and resulting overlap is shown, in Fig. 7-7, to 
cause a distortion of the output-direct-voltage wave form. The new 
value of the average output voltage Ed is given by 

Ea = ~ [f."Em COS wt COS; d(wt) + .r:•IP Em COS ( wt - ;) d(wt)] 

= pEm sin~ - pXId =~(Em sin~ - IdX) 
1r p 21r 1r p 2 

(7-27) 

which indicates that the output voltage decreases linearly with load 
current Id, Since, from Eq. 7-26, 

7r 
IdX = Em sin - (1 - cos u) 

. p 

p . 1r [ ( 1 - cos u) ] 
Ed= -Emsm- I - -----

7r p 2 

P 1r( 2 u) = - Em sin - 1 - sin -
'Tr p 2 

2u = Eda - Eda sin -
2 

(7-28) 

where now Eda is the direct output voltage found before (Eq. 7-6) by 
neglecting the leakage inductance. The quantity Eda sin2 u/2 is evi
dently a decrease in direct output voltage due to leakage reactance. 
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Expressions for the currents i 1 and i 2 may be obtained in terms of the 
angle of overlap u by use of Eq. 7-26 in the form 

Thus, 

and 

Em sin rr/p 1 

IdX 1 - cos u 

ii = Id (l __ 1_-_co_s_w_t) 
1 - coa u 

. (1 - cos wt) 
i2 = Id 

1 - cosu 

(7-29) 

(7-30) 

Therms value of the secondary current Is was computed in Eq. 7-13 
for the condition of zero overlap. The dependence of Is upon the angle 
of overlap may be obtained from Eqs. 7-29 and 7-30 and Fig. 7-7. 
During the indicated intervals along the wt axis, the respective currents 
in phase 2 are given by the following: 

0 <wt< u, i2 given by Eq. 7-30 

u <wt<(:), Id constant 

(:)<wt < +u, i 1 given by Eq. 7-29 

for the interval 0 < wt < u in which the current is identically the same 
at the end of the conduction period of anode 1 as at the end of the con
duction period of anode 2. Then, therms phase current is 

1 [iu J (21r/p) iu ] 
l/ = 

2
rr 

O 
ii d(wt) + u Ii d(wt) + 

0 
i 1

2 d(wt) 

= Ii { 1 _ _E_ [sin u(2 + cos u) - u(l + 2 cos u)] l (7_
31

) 

p 2rr (1 - cos u)2 

The expression for I 8 may be simplified by the substitution 

sin u(2 + cos u) - u(l + 2 cos u) 
2111/;(u) = ---------

(1 - cos u)2 
(7-32) 

A series for if;(u) may be convenient for computation, and is given by 

2u ( u
2 

) if;(u) = - 1 + - + .. · 
15rr 84 

(7-33) 
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The function y;(u) determines the correction to be made in the expres
sion previously developed for 18 ; thus, Eq. 7-31 becomes 

I,= ~ v'1 - p,/,(u) (7-34) 

The effects of overlap upon rectifier performance may be shown 
graphically. Curves are available in various references 1

•
2 and will not 

be repeated here. 

7-7. The Three-Phase Bridge Circuit 
A three-phase circuit which achieves an output wave form equivalent 

to that of the six-phase star is known as a three-phase bridge circuit and 
is shown in Fig. 7-8. The secondary 1ine-to-line voltages EcB, EBA, and 

A------------------. 

Secondary 

Frn. 7-8. Three-phase bridge. 

EAc are applied to the load through two tubes in series. For example, 
EcB is applied through tubes 5 and 3 when B is positive with respect 
to C; EBA is applied through tubes 4 and 2 when A is positive with 
respect to B. Later by 1r rad in the a-c cycle, these voltages have re
versed polarity. Thus, for example, when C is positive and B negative, 
EB O is applied through tubes 6 and 2. In each cycle, each tube conducts 
for two 60° intervals, overlap being neglected. An advantage of the 
three-phase bridge circuit is that it combines the desirable secondary 
utilization factor of the three-phase circuit with the wave form of the six
phase star. Further, current flows in both directions in the transformer 

1 Marti and Winograd, Mercury Arc Rectifiers-Theory and Practice, McGraw
Hill Book Co. 

2 Millman and Seely, Electronics, McGraw-Hill Book Co.; MIT Staff, Applied 
Electronics, John Wiley & Sons. 
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secondary winding, eliminating the tendency toward core saturation. 
An analysis of this circuit has been called for in the problems. 

7-8. The Three-Phase Double-Wye Circuit 
One of the most frequently used polyphase rectifier circuits is the 

three-phase double-wye shown in Fig. 7-9. The delta-connected primary 

Frn. 7-9: Circuit and secondary-voltage wave forms of a three-phase double-wye 
rectifier. 

is not shown. The circuit consists essentially of two wye-connected 
secondaries with neutrals connected together through a center-tapped 
inductor known as an interphase reactor or transformer. Secondary 
windings 0-1 and O' -4 are fed by the same primary winding and have 
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voltages 180° out of phase. The same relation exists between windings 
0-3 and 0' -6 and between 0-5 and 0' -2. The vector diagrams of the re
spective secondary-phase voltages are shown in the lower parts of 
Fig. 7-9, along with the wave forms. At a time such as ti, anodes 1 and 2 
are both conducting; voltages e6 and e3 are zero, and e5 and e4 are nega
tive. At t2 , there is commutation of conduction current from 1 to 3. 
Meanwhile, anode 2 continues to conduct until t3 when anode 4 takes 
over. Two anodes, one from the odd-numbered group and one from 
the even-numbered group, conduct simultaneously, and the two groups 
of anodes are enabled to behave independently of each other as a result 
of the presence of the interphase reactor. Overlap resulting from trans
former leakage reactance has been neglected in the foregoing. 

In the following analysis tube drop will be neglected. The voltage 
across the interphase reactor is shown in assumed positive sense by the 
arrow (Fig. 7-9), and the voltage between mid-tap and either end of the 
interphase reactor is represented by e£. Kirchhoff's voltage law will 
now be written for time t1, first for a loop involving the two conducting 
anodes and the interphase reactor, and second for a loop including one 
conducting anode and the load. For this purpose, the voltage across the 
smoothing choke will be neglected. The equations, with v = the volt
age drop across the load, are: 

From Eq. 7-35, and the sum of Eqs. 7-36 and 7-37, 

and 

(7-35) 

(7-36) 

(7-37) 

(7-38) 

(7-39) 

One of the important differences between the six-phase star and the 
three-phase double wye is the load wave form. For the six-phase star, 
the load wave form is identical with the secondary voltage of the con
ducting anode during its period of conduction, if tube drop and overlap 
are neglected. For the three-phase double-wye circuit, however, the 
load voltage wave form is the average of the voltages of the two wind
ings supplying the simultaneously conducting anodes, as shown by 
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Eq. 7-39. The sketch of v given on Fig. 7-10 was obtained from Eq. 7-39 
where 

and e2 = Em cos (wt - 1r /3) 

with the origin of coordinates taken as shown on Fig. 7-9. Then, 

(7-40) 

for the interval during which anodes 1 and 2 conduct simultaneously. 
Then, at t = t2 , the current shifts from 1 to 3, and shortly thereafter, 

e2 + e3 V3 . 
v = --- = --Emsmwt 

2 2 
(7-41) 

The caps of the two waves for which the equations are given by Eqs. 7-40 
and 7-41 are portions of the output voltage waves from their intersec-

e 

wt 

Fm. 7-10. Load-voltage wave form, resistance load, for three-phase, double-wye 
circuit. 

tions to the right and to the left (Fig. 7-10) until similar intersections 
with other average voltages v are encountered. The complete output
voltage wave form may be plotted from equations obtained from the 
individual secondary-winding voltages combined two at a time as in 
Eqs. 7-40 and 7-41. 

Another method of analysis avoids writing the individual equations 
for the separate portions of the various anode voltages by using the 
Fourier series to represent the wave tops between intersections of the 
positive portions of the waves of Fig. 7-9. Two Fourier series are needed, 
one for the odd-, the other for the even-numbered group of voltages, 
under the condition of zero load. Let ed1 (wt) represent the no-load 
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voltage of the odd-numbered group of windings, lower part of Fig. 7-9, 
and ed2 (wt) the even-numbered voltage wave form. Equations 7-8 and 
7-11 provide the relations from which the series may be written. For 
p = 3, 

3V3 cos n1r 
Eanm = - --Em----

1t' (3n) 2 - 1 

3V3 [ -2 cos n1r ] 
and ed1 (wt) = -- Em I + I: 2 cos 3nwt 

21r n=l (3n) - 1 

3V3 ( 1 2 = -- Em 1 + - COS 3wt - - cos 6wt 
21r 4 35 

+ ~ cos 9wt - · · · +) 
80 

(7-42) 

The even-numbered voltages lag the odd voltages by 1r/3 rad but 
are otherwise identical. Therefore, 

ed2(wt) = ed1 (wt - 60°) 

= 
3 V3 E (1 - ~ cos 3wt - ~ cos 6wt - ~ cos 9wt - • · · -) 

21r m 4 35 80 

(7-43) 

The load voltage v as expressed by Eqs. 7-39 and 7-41 involves spe
cific sine-wave caps. For the general case, using the series, 

v = ed1 + ed2 = 3 V3 Em (1 - ~ cos 6wt - ... ) 
2 21r 35 

(7-44) 

and the fundamental frequency is the sixth harmonic, as for the six
phase star. The interphase reactor voltage eL as given by Eq. 7-38 
becomes 

ed1 - ed2 3 V3 Em (1 1 ) 
eL = --- = --- - cos 3wt + - cos 9wt + · · · 

2 21r 4 40 

3V3Em( 1 ) = --- cos 3wt + - cos 9wt + · · · + · · · 
81r 10 

(7-45) 
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The analysis for the current in load and secondary is facilitated by 
the use of Eq. 7-45. Since two anodes overlap at all times, each con
tributes half of the direct current Id· The wave form is complicated, 
however, by the current in the interphase reactor. The voltage eL in 
each half of the interphase reactor produces a current i£ lagging the 

I wt 
I 

I 

-r Group 1, 
Id/Z currents 

~· 
wt 

Group 2, 
voltages 

-r--~I r - i~ - r-. - ,... 
Id/2 I - .. .. .. 

t 

wt 

Group 2, 
currents 

FIG. 7-11. Anode voltages and currents, three-phase double-wye. 

voltage. If the resistance of the interphase reactor is neglected, and 
if eL be represented by the first term only of Eq. 7-45, then 

3V3Em V3Em 
iL = --- cos (3wt - 90°) = --- sin 3wt 

87r(3wL) 811"wL 
(7-46) 

This current h flows through the two windings, one of group 1 and the 
other of group 2, which are operating in parallel, and is therefore super
imposed upon their normal load currents. This superposition is shown 
by the heavy-line curve in Fig. 7-11. The amplitude of h must of neces
sity be less than ½Id in order for the anodes to pass current always in the 
forward direction. For the maximum value of h to flow, the load 
current must be such that 

iLmax = Jd/2 = eLmax/3wL (7-47) 

Let X = 2(3wL), the entire reactance of the interphase reactor at the 
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third-harmonic frequency. Then Eq. 7-47 may be written as 

2(3V3 Em) 3V3 Em l.17Es 
Ii=-----=---=---

81rX/2 21rX X 

Ch.7 

(7-48) 

where Ii may be referred to as the transition or critical load current, 
and an abrupt change in output voltage may be expected as the load 
current is increased from zero and as it passes through the transition 
value. For values of load current less than Ii, the relations previously 
derived do not hold, for the rectifier does not pass reverse current. At 
zero load current, the current h must become zero, since conduction in 
the inverse direction through one of the overlapping anodes would be 
required for its existence. Therefore, at no load, there is no voltage 
across the interphase reactor and the neutrals of the two wye-connected 
secondary windings are at the same potential. The rectifier then be
haves, for zero load, as a six-phase star connected rectifier, and the no
load voltage is 

6 1r 3V2 
Ed= -Em sin-= --Es= l.35Es 

7r 6 7r 

At transition, 

(7-49) 

(7-50) 

Thus, the per cent regulation between zero load and the load corre
sponding to transition is 

100(1.35 - l.17)Es/l.17E8 = 15.4 per cent 

Between zero load and critical load current, the drop in voltage depends 

l.35Es 

1J7Es,--~'il -------
1 

I 
I 
I/Id' 

Load current 

Fm. 7-12. Voltage regulation of double-wye rectifier. 

upon the interphase reactor, but, for loads greater than Ii, the drop in 
voltage depends upon the leakage reactance of the transformer. The 
curve of Fig. 7-12 shows a typical variation of output voltage with in
creasing load current. 
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The angle of overlap between consecutively conducting anodes for 
load currents exceeding Ii may be found by applying Eq. 7-26. Let 
X' be the leakage reactance per phase referred to the secondary. Then, 

or 

From Eq. 7-27, 

Id/2X' 
cosu = 1 - ----

Em sin 71"/3 

IX' 1r 
_d_ = Em sin- (1 - cos u) 

2 3 

(7-51) 

(7-52) 

(7-53) 

where I d/2 for the three-phase double-wye case replaces the Id in the 
general case of Eq. 7-27. From Eqs. 7-52 and 7-53, 

3Em 1r ( 2 U) Ed= --sin- 1 - sin -
1r 3 2 

2u 
l.17Es cos -

2 
(7-54) 

The secondary utilization factor of the three-phase double-wye 
circuit is exactly the same as that of the three-phase half-wave circuit, 
but the primary utilization factor is very good and exactly the same as 
that of the three-phase bridge circuit. Both primary and secondary 
utilization factors are better for the three-phase double-wye than for 
the six-phase star. The comparative values are as follows: 

Double wye 
Six-phase star 

(UF)v 
0.955 
0.78 

PROBLEMS 

(UF)s 
0.675 
0.551 

7-1. Assuming a one-to-one primary-to-secondary turns ratio, sketch the primary 
current wave form for a three-phase half-wave rectifier circuit. Assume that all 
harmonics existing in the secondary wave form (except of course the d-c term) are 
reflected in the primary current. Compute the primary and secondary utilization 
factors. Neglect overlap. 

7-2. Compute the primary utilization factor for the six-phase star rectifier cir
cuit, with assumptions as in problem 7-1. 
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7-3. Compute (UF)a and (UF)p for the three-phase double-wye circuit. Sketch 
primary-current wave forms as in problem 7-1, but neglect the third-harmonic com
ponent of current in computing (UF)p, 

7-4. A certain double-wye rectifier is required to deliver 1000 kw at a full-load 
output voltage of 625 volts. It is specified that the transition current be 2 per cent 
of full-load current. The allowable voltage regulation from critical to full load is 
4 per cent. Compute (a) inductance of the interphase reactor, (b) maximum per
missible transformer leakage reactance. 

7-5. A three-phase double-wye rectifier circuit is rated to supply 600 kw at 600 
volts. The tube drop is 20 volts. The output current is assumed constant, and 
overlap is neglected. Compute (a) the transformer secondary voltage per phase, 
(b) the ratio of d-c power delivered to the load to the power delivered at transformer 
secondary, (c) the direct current supplied by each anode, (d) the rms value of sec
ondary-winding current to each anode, (e) the required kva ratings of primary and 
secondary. 

7-6. The equation for the rectified voltage of a p-anode rectifier, if tube drop is 
neglected, is 

p 1r [ '"' (-2 cos n1r) ] ed = - Em sin - 1 + LJ 2 2 cos npwt 
1r p n=l n p - 1 

(a) Obtain an expression for the ripple factor for a three-phase half-wave rectifier 
for a resistance load with no filter. 

(b) Derive an expression for the ripple factor if an L-section filter of series in
ductance and shunt capacitance is connected between rectifier and load. In each 
case, approximations are suggested. 

7-7. Derive an expression for the efficiency of rectification of a p-anode rectifier 
with pure resistance load RL, tube drop Vo, peak secondary voltage to neutral Em. 

FIG. P7-8. 

7-8. Two simultaneously conducting anodes of a three-phase double-wye rectifier 
are shown in the sketch. Voltages e1, e2, and eL are voltage rises in the indicated 
positive sense; v is the instantaneous load voltage drop. Take e1 = Em cos wt as 
reference voltage. Neglect tube drop. -

(a) Obtain expressions for the instantaneous values of eL and of v from the given 
data, and sketch v on the same diagram with e1 and e2. 

(b) By the use of the proper limits, namely, 0 < wt < 1r /3, for v in part a, show that 
the rectified direct load voltage is Ed= l.17E8 , where Es = Eml\/2. 
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7-9. The primary-secondary transformer winding relations for the three-phase 
double-wye circuit above are shown partially by the sketch below. Sketch the block 
current diagrams for (a) the two secondary windings and (b) the primary winding. 

Primary 

FIG. P7-9. 

Show proper phase relations. (c) Derive the following over-all (all-winding) volt
ampere relations: 

(1) (va)p = l.225Eald 
(2) (va) 8 = y3 Esld 

(Ia is the direct load current.) 
7-10. A three-phase, double-wye rectifier delivers 100 kw at 500 volts direct cur

rent and operates delta to double wye from a 2300-volt line. Tube drop is 20 volts 
when conducting. Do not neglect it. Find (a) the required transformer turns ratio, 
(b) the input kva rating required. 

7-11. The secondary-winding voltage of a six-phase star-connected rectifier trans
former is 550 volts rms. Tube drop is 20 volts when conducting. The transformer 
is rated 2 kva. Compute the maximum d-c power and direct load current which 
may be delivered to a resistance load without exceeding the transformer rating. 

7-12. Derive the following relations for a three-phase double-wye rectifier: 
(a) cos u = 1 - 0.408/aX' /Es 
(b) Ed = 1.17E8 - 0.239ldX' 

where the symbols have their usual meanings and X' is the leakage reactance of 
each secondary individual winding. 

7-13. A delta-to-double-wye rectifier transformer is delivering 200 kw at 250 
volts direct current. Arc drop is 20 volts and must not be neglected. The trans
former is fed from a 13,000-volt three-phase system. 

(a) Determine the secondary voltage to neutral, rms. 
(b) Assuming the usual block currents, sketch the current wave forms in correct 

phase relation for the two secondary windings, fed from a single primary winding. 
(c) Sketch the primary-winding wave form. 
(d) Sketch the line-current wave form. 
(e) Compute the maximum values of primary and of line currents. 
7-14. It is desired to use three transformers with center-tapped secondary wind

ings in a six-phase star rectifier. The rectifier is to supply 500 kw at 500 volts. 
The rectifier is to operate from a 440-volt line. Neglect overlap and tube drop. 
Find (a) Erma of secondary winding, (b) volt-ampere rating of secondary winding, 
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(c) volt-ampere rating of primary winding, (d) ripple factor, (e) wave form of line 
current to primary winding if primary coils are connected in delta. 

7-15. It is required to provide d-c power of 220 kw at 550 volts. An a-c power 
system will supply power at 2300 volts line to line, three phase. Specify primary 
and secondary transformer ratings, including kva and rms voltage if (a) a delta to 
six-phase star connection is used, (b) a delta to three-phase double-wye connection 
is used. Neglect leakage reactance and arc drop. 

7-16. Assume that the leakage reactance (per primary winding) of the three-phase 
double-wye transformer used to supply the load in problem 7-15 is 6 per cent as 
given by Xp = 0.06Ep/lp, where Ep and Ip are therms primary voltage and current. 

(a) Compute the necessary inductance of the interphase reactor if it is required 
that transition from six-phase star to double-three-phase operation occur at 20 amp 
load current. 

(b) Compute the voltage regulation of the rectifier between full load and transition. 
7-17. Including the effects of leakage reactance (problem 7-16): 
(a) Compute the actual full-load voltage with the transformer used, three phase 

double wye, and sketch ed(wt). 
(b) Make any indicated corrections in transformer turns ratio (problem 7-15b) to 

overcome the effects of overlap. 
7-18. Analyze the delta-wye three-phase bridge circuit of Fig. 7-8 as follows: 
(a) Sketch the load-voltage wave form, neglecting tube drop. 
(b) Sketch the anode current block wave forms, identifying with specified anodes 

and secondary voltages. 
(c) Show that E 8 = KEa, neglecting tube drop and overlap, and find K. 
7-19. (a) Specify transformer primary and secondary ratings for a three-phase 

bridge rectifier supplying 10 kw d-c power at 5000 volts. Neglect overlap. 
(b) Analyze for overlap and specify the nature of the needed corrections if trans

former leakage reactances are 7 per cent per primary winding. 



CHAPTER 8 

TUNED RADIO-FREQUENCY AND 
BAND-PASS AMPLIFIERS 

THE CIRCUIT THEORY AND BEHAVIOR OF ELECTRON TUBES HAS BEEN 

illustrated in earlier chapters by providing first-order linear analysis of 
behavior of high-vacuum tubes as used in audio-frequency voltage and 
power amplifiers. The present chapter is concerned with a brief analysis 
of the tuned radio-frequency and of the intermediate-frequency band
pass amplifier. In each of these tube applications, the circuit theory is 
somewhat' more complex than for the audio-frequency range, and it is 
advisable to begin the study by presenting, in the first sections, the 
necessary review of circuit theory. 

8-1. Tuned Circuits 
If the current flowing in a series circuit of R, L, and C is plotted 

against frequency, the result is illustrated by the curve of Fig. 8-1. It 
is assumed that the current is supplied by a constant-voltage generator 
of variable frequency and negligible internal impedance. The sharpness 
of resonance of the circuit, which is a measure of its frequency-selective 
property or selectivity, is usually expressed by the frequency interval 
h - Ji = Aj, the bandwidth of the circuit. The frequencies Ji and h 
are defined by the reactances 

and 

from which the bandwidth is 

!if= R/21rL 

(8-1) 

(8-2) 

(8-3) 

At resonance Xr = wrL - 1/wrC = 0 and Ir = E/R. At either fre
quency, Ji or h, \II = E/V2J.i2 = 1/V2 Ir, and the power delivered 

249 
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(oriYI) 
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E 

------"\.I>-------' 

Frn. 8-1. Resonance curve for series R, L, C circuit. 

to the circuit is one-half that delivered at the resonant frequency. The 
ratio 

(8-4) 

is the fractional frequency discrimination of the circuit. Here, Q8 

= WrL/R. 
In a parallel circuit of Rar, L, and C, the magnitude of the impedance 

depends upon frequency as shown in Fig. 8-2, where it is assumed that 
both reactive elements have negligible losses, and that the current is 

I - ---------

z - Rar L C or IZI 
IVI 

f1 far f2 f 

Frn. 8-2. Resonance curve for a parallel R, L, C circuit. 
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supplied by a constant-current generator of variable frequency and 
very high internal resistance. Again, the angular frequencies w1 and 
w2 are defined by the susceptances 

and 

The bandwidth is 

l/w1L - w1C = l/Rar 

w2C - l/w2L = l/Rar 

h - Ji = !J.f = l/21rRarC 

and the fractional frequency discrimination is 

!J.f l 1 
----=-

where 

(8-5) 

(8-6) 

(8-7) 

(8-8) 

(8-9) 

The admittance of the circuit is Y, the impedance Z. The impedance is 
given by 

l/Z = l/Rar + j(wC - l/wL) (8-10) 

At the frequency of antiresonance, the total susceptance becomes zero, 
or 

and Z = Rar• 
Equation 8-10 may be expressed in terms of Qp as follows: 

RM (w l ) - = 1 + jwarCRar - - ---
Z War WarwLC 

= 1 + jQp(f /far - f ar/f) 

From Eq. 8-12, 
Rar 

Z=--------
1 + jQp(f /far - far/J) 

(8-11) 

(8-12) 

(8-13) 

from which may be obtained a normalized resonance curve of \ Z I/ Rar 
plotted against Qp(f /far - f ar/f), Fig. 8-3. 

The normalized resonance curve is frequently presented in terms of 
the frequency off-resonance expressed in fractional form. A quantity 
that may be referred to as the fractional frequency deviation from 
resonance is defined as 

so that 

0 = (f - far)/far 

J/far = 1 + O 

(8-14) 

(8-15) 
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IZI 
R 1.0 

0.707 

0.2 

-2.0 -1.0 0 1.0 2.0 

FIG. 8-3. Universal resonance curve for the circuit of Fig. 8-2. 

In terms of the parameters QP and o, Eq. 8-13 becomes 

Z 1 

Rar 1 + jQpo(2 + o)/(1 + o) 
(8-16) 

If the circuit is sufficiently selective, o « 1, and Eq. 8-16 becomes 

Z 1 
-~---- (8-17) 

The bandwidth, from Eq. 8-17, may be obtained from the requirement 
that 

C 

(8-18) 
or 

R 
201 = 2(!1 - far)/far = ~J/far = 1/Qp 

L If the circuit of Fig. 8-2 is represented 
as shown in Fig. 8-4, Eq. 8-17 still 
applies, with Qp = WarL/ R. 

A useful interpretation of Qp (or of 
Q8 ) may be obtained as follows. Assume 

FIG. 8-4. Another form of the par-
allel-resonant circuit. that the voltage across the circuit of Fig. 

8-2~.is sinusoidal. Then, the maximum 
energy stored in the capacitor in a cycle is 

½CVm2 
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where V m is the peak value of the voltage. The energy dissipated in 
the resistance per cycle is 

i T Vm2 sin2 wt Vm2 

---dt=-T 
O Rar 2Rar 

The ratio 

Maximum energy stored in a cycle 

Energy dissipated per cycle ½CVm2 /Rar)T 

= fRarC = 2rrfRarC /2rr = Qp/2rr 

Therefore, a more general definition of Q may be stated as 2rr times the 
ratio of energy stored to energy dissipated per frequency cyc]e. In this 
form, the parameter Q is usefully applied to circuits having distributed 
constants. Examples of such circuit elements are sections of trans
mission lines, wave guides, and cavity resonators. 

8-2. Tuned Coupled Circuits 

If Ri, R2, L1, L2, C2 are, respectively, the primary- and secondary
circuit constants of the magnetically coupled circuit in Fig. 8-5, then, 

M 
,,.......--.. 

.------------, ----------

® 

Frn. 8-5. Tuned secondary coupled circuit. 

with Xp = wL1, X 8 = wL2 - l/wC2 , Xm = wM, the driving-point im
pedance as seen at the secondary terminals 2 is 

Z22' = R2 + jXs + Xm2 /(R1 + jXp) 

= R2 + 2 Xm 2 2 R1 + j (x s - 2Xm 2 2 Xp) 
R1 + Xp R1 + Xp 

(8-19) 

If the secondary reactance X 8 is adjustable, the secondary current will 
be maximum (resonance) when the circuit is closed at 2 if 

(8-20) 



, 
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The circuit impedance as seen at terminals 2 becomes a pure resistance, 
R22' or 

(8-21) 

In case the primary reactance only is adjustable, as in Fig. 8-6, since at 

M 
,,----.. 

....----t-------1-F---, .---------, 

CD 

FIG. 8-6. Coupled circuit with primary tuning. 

terminals 1 the driving-point impedance is 

-R m R ·x- m X X 
2 

( X 2 ) 

-
1 + Ri + Xs 2 2 + :J P Ri + Xi 8 (8-22) 

then the primary current will be maximum, the power delivered to the 
secondary will be maximum, and thus also the secondary current will be 
a maximum if Xp is tuned such that 

X 2 
X = m X 

P Ri + Xs2 s 
(8-23) 

The drivi~g-point impedance at 1 is then a pure resistance of value 

(8-24) 

The secondary-current response as a function of frequency has a 
resonant peak, similar to that of Fig. 8-1, at the resonant frequency, 
regardless of whether the tuning is done in the primary or in the sec
ondary. For the case of two tuning adjustments, one in the primary and 
one in the secondary, as in Fig. 8-7, the response current has, in general, 
two resonant peaks. The optimum tuning adjustment is that for which 
the driving-point impedances at 1 and at 2 are both pure resistances. 
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L @ 
2 

f 

Frn. 8-7. Coupled circuit with both primary and secondary tuning. 

The requirements are those of Eqs. 8-20 and 8-23 occurring simulta
neously. The result obtained by eliminating Xm 2 from Eqs. 8-20 and 8-23 
is that 

(8-25) 

where RP and Ra include all the resistances of the respective meshes, 
including those of the generator and of the load. The driving-point 
impedances become 

(8-26) 

and (8-27) 

Therefore, the simultaneous adjustment, at a given frequency of primary 
and secondary reactances according to Eqs. 8-20 and 8-23 results in an 
impedance match with maximum power transfer in both primary and 
secondary meshes. The corresponding expression for Xm is 

(8-28) 

The response curve of secondary current (Fig. 8-7) depends upon the 
amount of coupling between primary and secondary circuits. Thus, if 
Xm is less than ~ the coupling is said to be insufficient, and a 
single resonant peak of secondary current occurs at the resonant fre
quency. If both primary and secondary meshes are tuned according to 
Eqs. 8-20 and 8-23 at the same frequency of resonance, then a series of 

.. 
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curves similar to those shown in Fig. 8-8 may be obtained as the value of 
k, the coefficient of coupling, is varied. Curve 1 has insufficient coupling, 
and curve 2 has critical coupling for which 

(8-29) 

f 
Frn. 8-8. Secondary resonance curves, 1 to 4, with respectively increasing k. 

The secondary response curve of the double-tuned circuit can be made to 
approximate a band-pass filter characteristic, as illustrated in Fig. 8-9, 
by properly coupling the circuits together. This is the fundamental 
problem of design of a band-pass amplifier. 

Fm. 8-9. Ideal and actual frequency characteristics of a band-pass amplifier. 
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8-3. Analysis of the Tuned Coupled Circuit 

Before beginning the study of the tuned amplifier, it seems desirable to 
present a more complete analysis of the tuned coupled circuit than was 
given in Section 8-2. In particular, it is important to know the con
ditions under which two resonant peaks occur in the secondary response 
curve, the location of the peaks, and the bandwidth of the secondary 
response when two peaks occur. This information is desirably presented 
in terms of circuit Q, the critical coefficient of coupling, and the resonant 

.fi, 
1 M R2 

) 
C1 - -11 12 

Iv, L1 Lz Cz Iv, 

Fm. 8-10. Coupled circuit, with tuning capacitors so adjusted that both primary and 
secondary are tuned individually to series resonance at w = w0• 

frequency. The objective of the present section is to present such a 
general analysis. This analysis will later be used for the study of the 
tuned radio-frequency and tuned band-pass amplifiers. 

The commonly used, inductively coupled circuit is shown in Fig. 8-10. 
The mesh equations for the circuit are 

where 

V1 = I1Z11 + I2Z12 

0 = I1Z12 + I2Z22 

Zn = R1 + jX11 = R1 + J(wL1 - I/wC1) 

Z22 = R2 + jX22 = R2 + j(wL2 - I/wC2) 

Z12 = -jwM 

The secondary current 12 is then given by 

- V1Z12 
12 =------

Z11Z22 - Z1i 

and the voltage across C2 by 

(8-30) 

(8-31) 

(8-32) 
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Now k = M/VLiL2, the coefficient of coupling; it is assumed that the 
primary and secondary are individually tuned to series resonance at 
w = w0 and that the two circuits are then coupled together magnetically. 
Then, 

the primary and secondary circuit Q's are, respectively, 

and 

Qi= wLi/Ri 

Q2 = wL2/R2 

(8-33) 

(8-34) 

where w is any frequency near resonance. The first and second equa
tions of 8-31 may then be revised so as to involve the Q's, w0, and k so 
that 

Zu = Ri + jwLi(l - wa2/w2) = wLi[l/Qi + j(l - 1/F2)J 

Z22 = wL2[l/Q2 + j(l - 1/F2
)] 

where F is a frequency ratio, 

F = w/ wo = f / f o = 1 + o (8-35) 

Also, in Eq. 8-32, M = k~. Thus, Eq. 8-32 expressed as a volt
age ratio becomes, with some algebraic simplification, 

(8-36) 

Equation 8-32 is the fundamental equation from which nearly all the 
following equations and interpretations are to be derived. No approxi
mations have been used in the derivation of Eq. 8-36. 

In case Qi and Q2 are very large (negligible Ri and R 2), Eq. 8-36 
becomes 

V2 k~ 
-=--------
Vi F 2 [k2 

- (1 - 1/F2
)

2J 
(8-37) 

At resonance, F = l, and 

(8-38) 
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At resonance, but with R1 and R2 not neglected, 

V 2 kvi:;JL;_ 

V1 k2 + l/Q1Q2 
(8-39) 

The voltage ratio V 2 /V 1 becomes maximum at a critical value of k = kc, 
which, from Eq. 8-39 is (by maximizing V2/V1 ) 

the critical coupling. Since 

kc = M/VL1L2 = ~/wVL1L2 

the corresponding value of wM is 

wM= v'R;fi; 

(8-40) 

(8-41) 

The resistance coupled into the primary at resonance with critical 
coupling is 

w
2M 2/R2 = R1R2/R2 = R1 

Thus at resonance, with k = kc, the secondary current reaches the maxi
mum possible value, and the maximum possible voltage ratio V2/V1 is 
then 

(
V 2) _ kc vi:;JL;_ _ 1 ~ {£; 
V1 max - 2kc2 - 2 Q1Q2 ~Li (8-42) 

8-4. Condition for Double Peaks 
The coupling necessary to produce two peaks of the given curve, 

V2/V1 vs. J /Jo, may be obtained to a very good approximation from 
Eq. 8-36 by noting that the frequency ratio F = J /Jo remains reasonably 
constant, and not too different from unity, in the range of frequency of 
interest, while the quantity (1 - 1/F2

) varies rapidly with very small 
changes in F. Therefore, it is justified that the factor Fin the denom
inator of Eq. 8-36 be considered constant in the vicinity of a peak of the 
curve (V2/V1), but that the frequency-dependent variable be designated 
as 

a = (I - 1/F2
) (8-43) 

With Eq. 8-36 written as 

I 
V 2 I kvi:;JL;_ 

V1 = p2 /(k2 + kc2 - a2)2 + (Q1 + Q2)2 a2 
~ Q1Q2 

(8-44) 
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the derivative of I V 2/V 1 I with respect to a2 becomes zero for 

2(k2 + kc 2 - a2) = (Q1 + Q2)2 
Q1Q2 

(8-45) 

Therefore, a critical value of the frequency-varying quantity a2 may be 
found from Eq. 8-45 as 

a2 = kc2 [ k: + 1 - ~ (Q1 + Q2
)

2

] (8-46) 
kc 2kc Q1Q2 

A corresponding critical value of a = (I - 1/F2
) then requires that 

or 

which becomes (8-47) 

Thus, if the actual-to-critical coupling ratio exceeds the value given by 
Eq. 8-47, two peaks of the secondary response curve occur. The fact 
that the critical values of a = (I - 1/F2

) represent frequencies at which 
the ratio I V 2/V1 I is maximum rather than minimum may be shown by 
sketching the gain curve or by locating the minimum which occurs 
between the two maxima. 

It should be observed from Eq. 8-47 that for identical coils, that is, 
for Q1 = Q2 , the condition for double peaks becomes simply 

(8-48) 

The frequencies at which the peaks occur may be found closely enough 
for practical purposes by use of Eq. 8-46, from which 

and (8-49) 

where wi' is the lower, w2' the upper angular frequency at which the 
peaks, corresponding to the + or - sign in Eq. 8-49, occur. For spe-
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cific values of the Q's and the coefficient of coupling, the frequency inter
val f 2' - f1' between peaks may easily be computed from Eq. 8-49. 

In the particular case for which Q1 = Q2, and provided k » kc, 

(8-50) 

If, in addition, k is small compared to unity, which is frequently the 
case, the binomial theorem applied to Eq. 8-50 yields 

Fp,.....,, l ± k/2 

which shows that, for the approximations used, 

and 

Then, 

or 

wi' = wo(l - k/2) 

w2' = wo(I + k/2) 

N' = h' - Ji' = kf o 

(8-51) 

(8-52) 

(8-53) 

Aiken 1 has shown that the bandwidth over which \ V 2/V 1 I ~ the gain 
at resonance is equal to y'2 t::.f', where t::.f' is the frequency interval 
between peaks. 

The magnitude of the ratio V 2/V 1 at the two peaks may be found by 
substituting into Eq. 8-44 the values of Fp from Eq. 8-49. Substitution 
shows that the peaks are not quite equal in magnitude, but, since Fp 
= w' / w0 is so nearly equal to unity, the difference is small and is ordi
narily neglected. 

8-6. Bandwidth for Narrow-Band Circuits Critically Coupled 

The case for which identical coils are used is a practical one and if, in 
addition, critical coupling is used, a considerable simplification in de
sign formulas may be realized. Equation 8-44 with Q1 = Q2 and k = kc 
becomes 

(8-54) 

1 C. B. Aiken, Two-Mesh Tuned Coupled Circuit Filters, Proc. IRE, 26, 230 (Feb.) 
672 (June 1937). 
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At the resonant frequency, F = I and a = 0 so that 

Then 

~ 
Ares= ---

2kc 

A 2k/ 1 

Ares F2V 4k/ + a4 
- F2V I + ( a2 /2k/)2 

(8-55) 

(8-56) 

The bandwidth for this important case as applied to narrow-band cir
cuits is obtainable from Eq. 8-56. Since F is so nearly unity between 
half-power points, the condition for which A/ Ares = I/ y2 is 

a2/2kc 2 = 1 (8-57) 

or 
a f2 -fo2 

V2 kc = I = V2 J2 Q 
(8-58) 

Now !:::,.f = 2(! - f 0 ), where f is the frequency of the upper half-power 
point on the gain ratio curve. Then, with f = f O + 1::,.f /2, Eq. 8-58 
becomes 

Af/2(2fo)(l + !:::,.f /4fo) V2 
-------- = --

fo2(I + t:,.J/2fo) 2 Q 
(8-59) 

The quantity !:::,.f /f O « I for the broadcast receiver. Thus, for such an 
application Eq. 8-59 reduces essentially to 

1::,.f = V2~ 
Q 

(8-60) 

which gives a convenient expression for the effective bandwidth of 
identical coils each tuned to resonance at f = fo and critically coupled. 
Since the coupling is critical, there is only one peak of the resonance 
curve. 

8-6. Calculation for Two Resonant Coupled Circuits, k > kc 
It will be assumed that Q1 = Q2 is known and that each circuit is 

individually tuned to resonance at f = f 0 • Since k > kc, there will be 
two peaks. If the two coils are identical and if L1 = L2 and k are known, 
then the circuit behavior is determined and may be predicted. The gain 
at resonance V 2/V1 may be computed from Eq. 8-39, critical coupling 
from Eq. 8-40. The frequencies at which the peaks of the gain-frequency 
curve occur may be obtained from Eq. 8-49, and the gain at the peaks 
from Eq. 8-44. The frequencies above and below resonance at which.the 
gain falls to the value at resonance may be simply obtained from the fact, 
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mentioned before, that the frequency interval between these frequencies 
is -v'2 times the frequency interval between peaks. Additional points 
on the gain curve may be computed from Eq. 8-36 or from Eq. 8-44, 
if required. 

8-7. The Tuned Voltage Amplifier 
Requirements of radio receivers usually involve amplification of the 

modulated carrier frequency voltage induced in the receiving antenna 
by the received radio wave. The necessary amplifier must, in general, 

IZI 

FIG. 8-11. Impedance-frequency characteristic. 

meet the following three requirements: (1) It must provide the maximum 
gain available from a single stage, and is therefore operated as a class-A 
amplifier; (2) it is required to amplify over a relatively narrow band
width which is a small percentage of the center frequency in the band; 
(3) it is expect-ed to provide voltage gain of such small value for fre
quencies outside the specified band that such frequencies are in effect 
rejected by the amplifier. 

Power levels of such a tuned amplifier are low, and power efficiency 
is not an important consideration. In order to satisfy the requirements 
specified, a tuned circuit is usually employed involving a parallel com
bination of inductance and capacitance. At the resonant frequency and 
over a small range of frequencies centered about the resonant frequency, 
as shown by Fig. 8-11, the impedance of the circuit is maximum and is 
effectively a pure resistance. Thus, it is possible to design the resonant 
circuit as a load impedance such that an impedance match is achieved 
between the high impedance of the tube and the impedance of the load 
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over a limited range of frequencies. Frequencies outside this limited 
range over which amplification is desired are attenuated by the tuned 
circuit and may be neglected in the amplifier output. 

Circuits employed as load impedances for tuned radio-frequency am
plifiers cannot utilize iron cores because of excessive iron losses at radio 
frequencies. In addition, distributed capacitances of iron-core trans
formers are such that the reactance of the transformer primary may 
actually decrease with frequency at high enough frequencies. Pentodes 

a 

b 

B+ 

(a) Direct coupled 

L 

a 
M 

,,..---..,_ a 

b b 

B+ B+ 

(b) Single-tuned (c) Double-tuned 
transformer coupled transformer coupled 

FIG. 8-12. Typical circuits of tuned voltage amplifiers. 

are used to provide high gain and also because of their negligible grid
plate interelectrode capacitance. Triodes, if used because they are less 
noisy than pentodes, require special circuit arrangements to neutralize 
the effects of currents flowing in the grid-plate capacitance. Triodes 
may be used without neutralization if connected with the grid at ground 
potential. The grounded-grid method of operation and neutralizing 
circuits will be discussed in a later section. 

Typical tuned voltage amplifier circuits are shown in Fig. 8-12. Power 
supply connections are indicated and only the load or coupling circuits 
are shown in Figs. 8-12b and 8-12c. The response characteristics of 
Figs. 8-12a and b are similar to that shown in Fig. 8-11. The response 
characteristic of Fig. 8-12c is described as a band-pass characteristic as 
shown by Fig. 8-9. 

For the single-tuned case, the transformer coupling Fig. 8-12b is 
preferred to the so-called direct coupling because fewer circuit elements 
are required for d-c isolation. 
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The tuned radio-frequency amplifier circuits of Fig. 8-12 operate 
class A and may be analyzed from their equivalent a-c circuits. The 
equivalent a-c circuit of Fig. 8-12a is shown in Fig. 8-13. The coil re-

L 

C 

R 

gmEi 

FIG. 8-13. Equivalent a-c circuit of Fig. 8-12a. 

sistance is shown as R. The admittance of the parallel L-C combination 
alone is given by 

ha = R• +R(wL)2 + j ( wC - R2 :~wL)•) 

= R(l: Q2) + j [ wC - wL(l: l/Q2)] 
(8-61) 

Now the coil Q = w0L/R is assumed to remain reasonably constant in 
the vicinity of the resonant angular frequency w0 • For values of Q ~ 10, 
Q2 » 1, and 1/Q2 « 1, so that a very good approximation for Y LC is 
available and is written as follows: 

YLC = 1/RQ2 + j(wC - 1/wL) (8-62) 

At resonance the circuit impedance is (Zeq)o; with RQ2 replaced by 
w0LQ, and w0C = I/w0L, the gain of the amplifier is given by A 0 = 
-gm(Zeq)o = -gm/(Yeq)o which becomes 

Ao= 
I/rp + 1/Rg + I/woLQ 

YmwoLQ 

1 + w0LQ(l/rp + I/Rg) · 

The gain at any frequency near resonance is 

A= 
Yeq gP + Gg + 1/RQ2 + j(wC - 1/wL) 

where 

(8-63) 

(8-64) 
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As previously shown in the discussion of Section 8-1, introduction of 
o = (w - w0 )/w0 into the expression for an impedance or admittance of 
a narrow-band circuit may simplify the expression. The circuit ad
mittance takes the form 

Yeq = gp + Gg + 1/RQ2 + jwoC(w/wo - wo/w) (8-65) 

Since w/w0 = o + 1 and w0/w = 1/(o + 1) ~ 1 - o for o « 1 (which 
is true for w near w0), then 

Yeq = gp + Gg + 1/RQ2 + jwoC(2o) (8-66) 

Since w0C = 1/RQ, the ratio of the gain at frequencies near resonance 
to the gain at resonance becomes 

A 1 
- = ---------

1 . (2o/RQ) 

+ J gp + Gg + 1/ RQ2 

Ao 
(8-67) 

From Eq. 8-67, the bandwidth is obtained from the value of o for which 
A/Ao = 1/(1 ± j). If the upper frequency for which the gain is 3 db 
down is w2, then 02 = (w2 - wo)/wo 

Then, (8-68) 

Thus, the bandwidth of the parallel L-C circuit alone is (t:..f)w = f 0/Q, 
but the bandwidth of the tuned amplifier is 

(8-69) 

The ratio of the bandwidth of the tuned L-C combination to the band
width of the amplification curve has been defined 2 as the ratio of the 
effective Q of the amplification curve to the actual Q of the tuned circuit 
and is 

(t:.f)w 1 
--=-------

N woLQ(gp + Gg) + I (8-70) 

2 Terman, Radio Engineer's Handbook, p. 435. 
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8-8. Single-Tuned, Direct-Coupled, Broad-Band Amplifier 

In television circuits as contrasted with radio-receiver applications, 
much greater bandwidths are required. It has already been mentioned 
in Chapter 3 in connection with compensated broad-band amplifiers 
that bandwidths in excess of 4 Mc are required in the video output sec
tions of a television receiver. Television channel allocations are 6 Mc 
wide. For instance, channel 2 employs frequencies in the range 54 to 60 
Mc, and channel 10 covers the range 192 to 198 Mc. At such frequencies, 
the ratio o = (f - J0)/J0 is of the order of 3/57 1'/ 0.053 or 3/195 = 
0.0154; thus the approximations requiring o « 1 are met as before. 
However, the bandwidth requirement of 4 to 6 Mc is such that the 
effective shunting resistance for a coupling circuit such as that of Fig. 8-2 
is of the order of 4000 ohms. The total shunt capacitance C (Fig. 8-2 or 
8-13) is the tube output plus the stray wiring plus the following stage 
input capacitance and is not adjustable. The required inductance Lis 
that required to resonate with C, which is generally in the range 6 to 10 
µµf. If C is taken as 10 µµf, Jo = 57 Mc, L = 0.78 microhenry. Since 
.1f /Jo = 4/57 = 1/Q, woCRar = Q = 14.2, and Rar = 3980 ohms. Be
cause of the low value of the required shunt resistance, it is possible 
practically to ignore the pentode plate resistance which, in general, is in 
excess of 500,000 ohms. Therefore, the gain equation as obtained from 
Fig. 8-13 with L, C, and R in parallel and Rg and rp removed, is 

A= y 1 + jR(wC - 1/wL) 

gmR gmR 

1 + jQ[f /Jo - fo/f] 1 + j2oQ 
(8-71) 

Here Q = w0CR, and R is the effective shunting resistance including the 
input resistance (Miller effect) of the following stage. The bandwidth 
11/ = 1/(21rRC). 

8-9. The Single-Tuned, Transformer-Coupled, Radio-Frequency 
Amplifier 

The equivalent circuit of Fig. 8-12b has been drawn in Fig. 8-14. It 
may be assumed that the input to a second stage of amplification is 
shunted across C2 • Certain justifiable approximations and assumptions 
at broadcast frequencies in the range 500 to 1600 kc may be used. 
These are: (1) the input conductance of the second, negatively biased, 
stage is negligible; (2) the input capacitance of the second stage and stray 
wiring capacitances are small corrections on the required value of C2 and 
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are included in C2 ; (3) the tube plate resistance is very large compared 
with either the winding resistance R1 or the reactance X 1 = wL1 ; if for 
example L1 is of the order of 100 microhenrys, and f = 1000 kc, then 

a M 
p 

R1 R2 t 
I 

r ) ~ 
I 

G PQ) • I 
L1 L2 C2 E2 

• I 
® 

I 
I 
I 

b I 

FIG. 8-14. Equivalent a-c circuit of Fig. 8-12b. 

X 1 = 628 ohms, which is small compared with the plate resistance of a 
pentode or high-mu triode. 

The voltage gain of the amplifier may be obtained from Fig. 8-14 and is 

I2(I/jwC2) 
A=----

Ei 

Since 
-µEiZ12 

12 =------
Z11Z22 - Z122 

where Z12 = -jwM, 

then 

Zn r-,J rp + jwL1, 

X22 = wL2 - I/wC2 

µwM/(wC2) 
A=-------------

(rp + jwL1) (R2 + jX22) + w2 M 2 (8-72) 

Now the tuning adjustment C2 will provide a maximum gain at a spec
ified frequency, and the proper design choice of M will ensure that an 
optimum value of the maximum gain will result at this frequency. At 
this point a distinction should be made between mutual coupling re
quirements needed for pentodes as compared with triodes in the tuned 
amplifier. The distinction is easily stated. Pentodes have intrinsically 
higher gains than triodes and are generally operated in circuits having 
much less than critical coupling. The use of a small value of M, much 
less than optimum, is recommended for the pentode amplifier in order to 
reduce the possibility of oscillations which may occur with close coupling 
in spite of the small capacitance between control grid and plate. With 
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optimum coupling, the plate load impedance of a pentode may be com
parable with the reactance 1/ (wC gip); in the case of a triode, neutralizing 
circuits are used, and the tube plate resistance is smaller, so that opti
mum coupling may be used. 

The gain at resonance of a pentode tuned radio-frequency amplifier 
may then be obtained very easily from Eq. 8-72. Tuning is such that, 
approximately, at the specified resonant frequency w0 , 

X22 = woL2 - l/woC2 = 0 (8-73) 

Then, 
µwoM/woC2 

Ao= 2 
rpR2(1 + jw0Li/rp) + w M 

and with w0Li/rp « 1, the gain becomes 

gmwoM(woL2/R2) gmwoMQ2 
Ao = 2 2; = 2 2 

1 + wo M r pR2 1 + w0 M / r pR2 
(8-74) 

and is approximately, for (w0M) 2 /rpR2 « 1 

Ao~ gmwoMQ2 (8-75) 

This voltage gain (Eq. 8-74 or 8-75) is not the maximum voltage gain 
which may be obtained with simultaneous adjustment of C2 and design 
or adjustment of M. Nor can the value of Ao be increased indefinitely 
as M increases, as may erroneously be concluded by using Eq. 8-75 alone, 
for, with increasing M, the approximation used to obtain Eq. 8-75 no 
longer holds. An optimum value of M for maximum A 0 exists and may 
be obtained from Eq. 8-7 4 by differentiation, or from the requirement for 
an impedance match in the secondary circuit, mesh 2. The impedance 
in mesh 2 at any angular frequency w is 

(8-76) 

For optimum resonance, tuning should be such that, at w = w0 , 

] 
1 wo2M 2 

X22 = woL2 - -- = ----- (woL1) 
wo woC2 r/ + (woL1) 2 (8-77) 

and coupling should be such that 

(8-78) 



270 TUNED RADIO-FREQUENCY AND BAND-PASS AMPLIFIERS Ch. 8 

From Eqs. 8-77 and 8-78, 

X22] R2 wo2M 2 w0
2
M 2 

X1 wo = rp = rp 2 + (woL1) 2 = rp 2[1 + (woLi/rp) 2] 

If woLi/rp « 1, 

then 

whence 

and 

(8-79) 

(8-80) 

(8-81) 

It is shown, then, that for optimum tuning, the capacitance C2 is ad
justed according to Eq. 8-81 rather than Eq. 8-73. However, with 
w0Li/rp « 1, (w0Li/rp)R2 is small so that Eq. 8-73 is a reasonable 
approximation. Also, the optimum value of M may be obtained from 
Eq. 8-80. With optimum tuning and coupling, the total mesh impedance 
of mesh 2 is 2R2 , which provides a perfect impedance match and max
imum power in mesh 2. 

The gain at resonance with optimum tuning and coupling may then 
be obtained from Eqs. 8-74 and 8-80 and is 

(8-82) 

a form particularly useful for triodes. 
The bandwidth of the single-tuned transformer-coupled circuit may 

be determined from Eq. 8-72. At any angular frequency w near reso
nance, 

YmM/R2C2 
A=--------------

(1 + jQ2(w/wo - wo/w) + w2M 2 /rpR2J 
(8-83) 

The same substitution of w/w0 = o + 1 may be used as in Eqs. 8-65 
and 8-66. The value of C2 used is that required for resonance at w0 ; 

M/R2C2 = w0M/w0R2C2 = Q2w0M. Then, with some algebraic re
arrangement, Eq. 8-83 becomes 

YmwoMQ2 
A=---------

1 + w2 M 2 /rpR2 + j20Q2 
(8-84) 

and (8-74) 
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Thus, 
A 

Ao 

1 

( 
1 + w2 

M
2 

/ r R ) 
and since 2 2 P 

2 
differs very little from unity, 

1 + w0 M /rpR2 

A 1 
- ~ ---------

1 + 
. 20Q2 

J 2 2; 1 + w0 M rpR2 

Ao 

and\ A/Ao\ = 1/\/'2 for 

• (8-85) 

(8-86) 

If reference is made to Eqs. 8-17, 8-67, and 8-70, it may be seen that the 
effective Q of the circuit is the coefficient of 2o when the ratio of the gain 
at any frequency to the gain at resonance is expressed in the form of 
Eq. 8-85. If the effective Q is Qe, then, 

Qe (~!)LC 1 
- = --- = ------
Q2 N 1 + wo2M 2 /rpR2 

(8-87) 

Equation 8-87 applies, subject to the approximations used in its deri
vation, to transformer-coupled single-tuned circuits using either triodes 
or pentodes. Triodes may be chosen in an effort to reduce noise, and, 
with the triode amplifier, optimum coupling may be used, and, from 
Eqs. 8-80 and 8-87, the bandwidth is seen to be twice the bandwidth of 
the tuned secondary circuit (Qe = ½Q2). This may require using less 
than optimum coupling to decrease the bandwidth where necessary for 
the required selectivity. For the pentode case, however, the coupling is 
very much less than optimum, so that the bandwidth of the amplifier 
approaches that of the tuned circuit. 

Optimum coupling and design for optimum coupling are indicated 
where a transformer-coupled single-tuned circuit is used to couple an 
antenna to the grid of a vacuum tube. In this case the design procedure 
may be made to yield unique design values, provided critical coupling 
is used. Design procedures for single-tuned, transformer-coupled inter
stage circuits may require arbitrary selection of one or more parameters 
so that the factors of engineering experience and judgment may enter. 
Such matters belong more properly in a text on communication circuits. 
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8-10. The "Band-Pass" Amplifier. Theory 
A reasonably general analysis of two circuits tuned to the same fre

quency and coupled together magnetically was given in Sections 8-3 and 
8-4, where it was shown that double peaks of the response curve of the 
circuit will occur if the coupling is made to exceed a specified value given 

• 

{,' 
1 t' 2 

FIG. 8-15. Gain-frequency curve 
for band-pass amplifier. 

FIG. 8-16. Amplifier with band-pass cou
pling. 

by Eq. 8-47. The gain-frequency characteristic of such a circuit is 
shown in Fig. 8-15, and the circuit as used for an amplifier coupling or 
load is shown in Fig. 8-16. The effective bandwidth of the amplifier is 
approximately f 2 - f 1 ; input frequencies well outside this interval are 
amplified in voltage very little at the output. Amplification is provided 
only for a band of frequencies centered about f 0 . This type of amplifier 

1 

2 

FIG. 8-17. Equivalent a-c circuit of Fig. 8-16. 

is particularly useful as an intermediate-frequency amplifier in a super
heterodyne receiver, in which the center frequency and the pass band 
can remain fixed. The amplifier operates class A. 

The equivalent a-c circuit of Fig. 8-16 is shown in Fig. 8-17. The 
theory developed in Sections 8-3 and 8-4 may be shown to be applicable 
to the circuit of Fig. 8-17. Since pentodes are generally used, rp is high 
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and may be omitted. Also, identical coils are often used for L1 and L2 • 

The new and simplified equivalent circuit is shown in Fig. 8-18. For tele
vision applications, the capacitances C are determined by the total of 
residual capacitances of the circuits, assumed to be the same. For broad
cast radio-receiver applications, the capacitances C are small, fixed 

R R 

C C 

gmEi 

FIG. 8-18. Simplified equivalent circuit of a double-tuned pentode amplifier. 

capacitors. If resistances Rs exist in shunt with the inductances, and if, 
for such resistances, 

Rs» wL 

then it may easily be shown that the impedance equivalent to Rs and L 
in parallel is R + jw0L where 

Then Q = woL/R = Rs/woL 

The mesh impedance of the secondary is 

Zs = R + j(wL - 1/wC) 

The impedance reflected into the primary from the secondary is 

(8-88) 

(8-89) 

(8-90) 

The current gmEi divides between C and the primary such that the 
current I 1 is 

(8-91) 

The voltage E2 (Fig. 8-18) is then 
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and the voltage VO is given by 

E2 
Vo= R + j(wL - 1/wC) [-j(l/wC)] 

-jwM(l/wC)2gmEi 

[R + j(wL - 1/wC)]2 + (wM) 2 
(8-92) 

The voltage V0 becomes maximum at a frequency w = w0 for which 

woL = I/woC 

provided that the coupling is critical. Critical coupling, as previously 
defined, requires an impedance match in the primary (or secondary) 
which is achieved if the reflected impedance at w = w0 is 

Zr = (woMc) 2 /R = R 

or 

For these conditions, then, 
. gmEi . gmEiL 

Vo max = -J 2Rwo2C2 = -J 2RC 

The maximum amplifier gain is 

A _ Vo max _ • gm 
0 max - - Ei - J 2Rwo2C2 

and the gain at any angular frequency w and for any coupling is 

jgmwM(l/w2C2
) 

A=-----------
[R + j(wL - I/wC)]2 + w2M 2 

(8-93) 

(8-94) 

(8-95) 

(8-96) 

It is proposed to express the relative gain A/ A 0 max in terms of the di
mensionless parameters Q, F = f /Jo, and 'Y = k/kc, The parameter 'Y 
is the ratio of the actual to the critical coefficient of coupling. Substi
tutions may be made as follows: 

M= kW= kL 

Mc= kcL 

wM = ~ (woMc) ( M) = FR'Y 
wo Mc 

Thus 
(8-97) 

w 
wL = - (woL) = FRQ 

wo 

~ = wo (-1-) = !_ (woL) = RQ 
wC w woC F F 
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A wM(2R)wo2 /w2 

Then, 
Ao [R + j(wL - 1/wC)]2 + w2M 2 

(8-98) 

A 2-y/F 
becomes (8-99) 

Ao [1 + jQ(F - 1/F)]2 + (-yF) 2 

which may be used to plot relative gain-versus-frequency curves (re
ferred to gain at the peaks) for identical coils tuned to resonance at 
f = Jo and coupled together. 

It can be shown that the center of symmetry of the relative gain
frequency curve is not a vertical line, although the gain-frequency curve 
is very closely symmetrical about a vertical line at the frequency Jo for 
all frequencies not too far removed from f 0 • A useful parameter is the 
width t:J..f of the relative gain-frequency curve between two frequencies 
for which the relative gain has the same magnitude. Let the relative 
gain be Ar = A/ A 0 • Then the quantity (F - 1/F) has two values for 
which the relative gain is a given value of Ar, If the upper and lower of 
these two frequencies, which are above and below f 0, are designated, 
respectively, by fa and lb, then the width of the curve between them is 
given by 

(8-100) 

It is easily shown in the case of the tuned circuit of R, L, and C in 
parallel that the resonant frequency is the geometric mean between fre-
quencies Ji and h as defined in Section 8-1. That is, Jo = VJi/2. 
Similarly here it is true that 

(8-100) 

so that the quantity (F - 1/F) becomes 

(
fa fo) _ fa 2 

- fafb _ fa - f b _ Aj _ lb fo 
--- - ----------
Jo la lafo lo lo Jo lb 

(8-101) 

where t:J..f is the width of the relative gain curve between any two fre
quencies above and below resonance for which the relative gain is Ar. 
The quantity !:J..f/fo may also be expressed as Af /fo = Ua - fo)/fo + 
(!0 - !b)/fo which is equivalent to 2o as previously defined. 

In terms of t:J..f and the frequency ratios, Eq. 8-99 then becomes 

2-y/F 
A=---------

r (1 + jQ Af /lo)2 + (F-y) 2 
(8-102) 
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However, F = f /Jo differs very little from unity over the useful band
width. Therefore, approximately, 

2,, 
A=--------

r (1 + jQ Af/fo)2 + 'Y2 
(8-103) 

and, in magnitude, 
2,, 

I Ar I = V(l + 'Y2 - (Q df /fo)2J2 + 4(Q df /fo) 2 
(8-104) 

Peaks of the relative gain curve will correspond to values of Aj for 
which the denominator of Eq. 8-104 becomes minimum. It may be 
shown by differentiation of this denominator as a function of Aj that the 
minimum value is obtained for 

(Af)p = fj_ V y 2 - 1 (8-105) 
Q 

which is the frequency interval between peaks. \ 
It is of interest to solve Eq. 8-104 for Af as a function of 'Y, Q, Jo, and 

relative gain Ar. After both sides of Eq. 8-104 are squared, the result 
may be obtained by solving a biquadratic equation and is 

!!.f = f,,_ / -y2 - 1 + 27 ✓ l - 1 
Q ~ Ar2 

(8-106) 

The bandwidth 3 db down then follows immediately from Eq. 8-106 by 
placing Ar = 1/0 and is 

(Af)Bw = i_!!_ V y 2 + 2y - 1 
Q 

(8-107) 

If the inductances are critically coupled, 'Y = 1, and the bandwidth is 

(AJ)Bw = -v2fo/Q (8-108) 

Now the gain at the peaks for 'Y > 1 is the same as the maximum gain 
at resonance with 'Y = 1. From Eqs. 8-95 and 8-88, 

I Ao max I = (Jmwo 2L 2/2R = (JmRs/2 

Also, from Eq. 8-89, 
Q = RswoC 

so that Eq. 8-107 may be written as 

(Af)Bw = _f_:}__ V -y2 + 2y - 1 
woRsC 

(8-109) 

(8-110) 
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For a specified coupling ratio 'Y, a specified bandwidth (~f)Bw, and a 
known shunt capacitance C, the required value, for design, of the 
shunting resistance Rs is then obtained from Eq. 8-110. 

As an example of a double-tuned amplifier computation, suppose an 
interstage is required between two pentodes for which gm = 5000 micro
mhos, rp = 1 megohm. The output plus stray capacitance of the first 
tube is taken as 10 µµf which is equal to the input plus stray capacitance 
of the second stage. Thus C = IO µµf. If the amplifier stage is to 
operate as an intermediate-frequency amplifier of a television receiver, 
the center frequency of the response (gain-frequency) curve may be 
chosen asf0 = 22.25 Mc, or w0 = 140· 106

• Thus, w0C = 1400· 10-6 and 

w0L = 106/1400 = 714 ohms 

The required inductance is 

714 
L = --- = 5.1·10-6 henry 

140-106 

If the bandwidth is specified as 4.35 Mc, a convenient value of coupling 
ratio 'Y may be chosen arbitrarily, or it may be fixed by a requirement on 
the variation of gain between peak and minimum values. For present 
purposes, if 'Y is selected as 3, then, from Eq. 8-110, 

22.25 · 106 v'i4 
R = --------- = 13 700 ohms 8 

140·106(10·10-12)(4.35·106
) ' 

The required Q is 

Q = woCR8 = (1400· 10-6)13,700 = 19.2 

Since, for critical coupling, 

Thus, 

woMc = wokcL = R 

kc = R/woL = 1/Q 

'Y = k/kc = kQ 

so that the required coefficient of coupling is 

k = 'Y/Q = 3/19.2 = 0.156 

which is easily obtained. The relative gain at resonance may be obtained 
from Eq. 8-104. Thus 

\ Ar \~f=O = 2'Y/(1 + 'Y2
) = 0.6 
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so that I A !w=wo = 0.6 [gain at the peaks]. The gain at the peaks, from 
Eq. 8-109, is 

I I 
YmR8 5000· 10-6(13,700) 

Ao max = -- = ------- = 34.2 
2 2 

and I A !w=wo = 20.5 

The frequency interval between peaks is, from Eq. 8-105, 

22.25 · 106-VS 
tJ.f = ---- = 3.28 Mc 

19.2 

Since (!J.f)Bw = 4.35 Mc, a rough sketch of the response curve can be 
drawn easily from the data that have been computed. The circuit is 
shown as an equivalent a-c circuit in Fig. 8-19. 

:::.::: 
:::.::: ~ r--.. 
0 ~ rp. 0 :::t L L=5.lµh Rs C 0 C 8 II ...... 

~ 

Frn. 8-19. Equivalent a-c circuit of an intermediate-frequency amplifier with band
width of 4.35 Mc, k = 0.156, Jo = 22.25 Mc. 

8-11. Gain-Bandwidth Products 

It has been shown by Wheeler 3• 4 and others that there are definite 
limitations to the amount of amplifier gain that can be realized over a 
certain bandwidth. Conversely, the maximum bandwidth that can be 
achieved with a specified gain is definitely limited by the constants of 
tubes and circuits comprising the amplifier. These facts have been dealt 
with in the literature. For present purposes, the gain-bandwidth prod
ucts of the tuned voltage amplifiers just discussed will be examined. 

The capacitance-coupled (direct-coupled) circuit of Fig. 8-12a has a 
gain at resonance given by Eq. 8-63 in magnitude as 

(8-111) 

where 
Q 

Qe=---------
l + w0LQ(l/rp + 1/Rg) 

(8-112) 

3 H. A. Wheeler, Proc. IRE, 27, 429 (July 1939). 
4 J. A. Morton and R. M. Ryder, BST J, 29, 496 (Oct. 1950). 
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The bandwidth is given by Eq. 8-69 and may be written as 

!if= fo/Qe 

Thus, for this amplifier, the gain-bandwidth product is 

gm 
2 

gm 
Ao(tif) = YmwoLfo = - wo L = -

211" 211"0 

279 

(8-113) 

(8-114) 

since w0
2 = I/LC. An inspection of Fig. 8-13 shows that C includes the 

output capacitance of the amplifier stage itself plus the input capacitance 
of the following stage, if any. The gain-bandwidth product is limited, 
therefore, by the magnitude of the transconductance of the tube Ym and 
the capacitances associated with the coupling circuit and with the tube. 
So far as the tube alone is concerned, an important merit figure known as 
the gain-band figure of merit for amplifier use is the product in Eq. 8-114 
in which C is the sum of the input and output capacitances of the tube 
alone. 

_The gain-bandwidth product for the single-tuned, transformer-cou
pled circuit of Fig 8-12b may be obtained from the resonant gain of 
Eq. 8-74, equivalent Q of Eq. 8-87, and bandwidth of Eq. 8-86. The 
result is 

Ao(fif) = (gmwoMQe)Uo/Qe) = Ymwo2M/(211") 

For w0
2 = I/L2C2, 

for the general case of either pentodes or triodes. 

(8-115) 

(8-116) 

For the case of the double-tuned circuit, the gain-bandwidth product 
may be computed easily for critically coupled circuits having equal Q's. 
The gain, as obtained from Eqs. 8-96 and 8-97 is 

jgm'YRQ2/F 
A = ---------

[I + jQ Af /fo] 2 + ( 'YF) 2 

fYm'YRQ2 
l"J ____________ _ 

= [1 + 'Y2 
- (Q tif !fo) 2] + j2Q Nlfo 

(8-117) 

for which the magnitude is 

A - gm'YRQ2 

I I - V[l + 'Y2 
- (Q tif /fo)2J2 + 4(Q tif /fo) 2 (8-118) 

Thus, for critical coupling, 'Y = 1, and, at f = Jo, tif = 0, A = Ao max· 

Then, 
I Ao max \ = YmRQ2 /2 (8-119) 



280 TUNED RADIO-FREQUENCY AND BAND-PASS AMPLIFIERS Ch. 8 

The corresponding bandwidth is given by Eq. 8-108. The gain-band
width product is 

I Ao max l(Af)Bw = YmRQfo/Y2 

YmRfo ( 1 ) Ym 
= V2 RwoC = V2 (21rC) 

(8-120) 

If the C's (Fig. 8-19) are not equal, it can be shown that Eq. 8-120 
becomes, for shunt capacitances Ci and C0, 

(8-121) 

The gain-bandwidth tube merit figures may now be computed for the 
single-tuned, direct-coupled case for comparison with the double-tuned, 
transformer-coupled case. For the single-tuned case, from Eq. 8-114, 
with C = Ci + Co, 

(Ao Aj)i = Ym/21r(Ci + Co) 

and, from Eq. 8-121 for the double-tuned case (subscripts max and BW 
omitted), 

If the same tube is used, the ratio of the gain-bandwidth products is 

(Ao Llfh/(Ao Afh = (Ci+ Co)/V2 VC:C0 (8-122) 

For a comparison of relative magnitudes, assume that Ci = C0 ; then, 

(8-123) 

The gain-band tube merit figure is therefore larger by a factor of y2 for 
the double-tuned circuit, for the same tube. Also, the double-tuned 
circuit response characteristic has steeper sides, more nearly approximat
ing the ideal band-pass characteristic. 

Tube design has taken into account the need, in certain applications, 
for high gain-band products. Examples are: (1) the 6AB7 television 
amplifier pentode, with Ym = 5000 micromhos, Ci = 8, C0 = 5 µµf, 

(Ao Af) 1 ::: 61 Mc per sec, (A 0 Afh = 89 Mc per sec; (2) the 6AK5 
miniature pentode amplifier, with Ym = 5000 micromhos, Ci = 4, C0 = 
2.8 µµf, (Ao Afh = 117 Mc per sec, (Ao Af) 2 = 168 Mc per sec. 

8-12. Bandwidth of Cascaded, Tuned Amplifiers 

The over-all gain requirement of an amplifier is frequently such that 
several stages connected in cascade are necessary. The over-all gain of 
the complete amplifier is then the product of the gains of separate stages. 
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The response characteristic of the tuned amplifier has sloping sides, as 
has been shown. The product of two such characteristics results in a 
characteristic having a somewhat different bandwidth than either com
ponent. This effect of stage-gain multiplication upon bandwidth may 
rather easily be analyzed in the case of the single-tuned circuits of Fig. 
8-12 by expressing the voltage gain at any frequency near resonance in 
terms of the gain at resonance, or, preferably, by using the ratio of these 
two gains. For the circuit of Fig. 8-12a, the gain ratio is given by Eq. 8-67. 
Since RQ2 = w0LQ, the gain ratio may be expressed in terms of the 
equivalent Qe of Eq. 8-112 as 

A/ A 0 = 1/(1 + J2oQe) (8-124) 

Similarly, for the circuit of Fig. 8-12b, the gain ratio in terms of Qe of 
Eq. 8-87 is identical in form with that of Eq. 8-124. The bandwidth of 
n identical single-tuned amplifier stages (all tuned to the same resonant 
frequency) may then be obtained from the over-all gain-ratio expression 
for the n stages, since 

I 
~In 
Ao 1 

1 

becomes equal to 1/ y2 for 

rv 1 + c20Qe) 2r = 2½ 

Thus, 20 = (Di.f)nlfo = (211
n - 1)½ /Qe 

(8-125) 

(8-126) 

(8-127) 

and, since the bandwidth for a single stage is f 0 /Qe, the over-all band
width is a fraction, (21/n - 1)½, of the single-stage bandwidth. For 
two stages, (V2 - 1)½ = VOAf4 = 0.644; for three stages, (2½ - l)½ 

= ~ = 0.510. The quantity (211n - 1) ½ may be called the band
width reduction factor. 

The bandwidth reduction factor for cascaded double-tuned stages is 
more difficult to compute in general terms. The gain at any frequency 
off resonance is given, in magnitude, by Eq. 8-118. The relative gain, 
as previously used, is then referred to the gain at the peaks. From 
Eqs. 8-119 and 8-118, 

I 
A I 2-y 

j Ar I = Ao max = -V[l + 'Y 2 - (Q Di.f /fo) 2]2 + 4(Q Di.j/fo)2 

and, for critical coupling, 'Y = 1, the relative gain reduces to 

1 

-Vl + ¼(Q Di.f/fo) 4 

(8-128) 

(8-129) 
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Then, for n identical stages critically coupled, 

1 

and the bandwidth 3 db down is that value of N for which 

1 + ¼(Q 11f /fo) 4 = 21/n 

Thus, the over-all bandwidth of then-stage amplifier is 

(N)n = (21/n - l)¼y2 fo/Q 

(8-130) 

(8-131) 

(8-132) 

The bandwidth reduction factor here is then equal to the square root of 
that (Eq. 8-127) encountered for the single-tuned cases previously con
sidered. It is to be expected that the bandwidth reduction would be 
smaller for the double-tuned circuit since its response characteristic has 
more nearly vertical sides, approximating the ideal band-pass filter re
sponse characteristic. 

8-13. Staggered Tuning, Response Characteristic 
Single-tuned circuits are more easily adjusted and aligned than those 

with two tuning capacitors. The advantage of the double-tuned circuit 
in providing a band-pass response is responsible for its usefulness in 
receivers. However, an equivalent or improved response characteristic 
can be obtained by using two single-tuned stages in cascade, each tuned 
to a frequency slightly displaced on either side of the center of the de
sired transmission band. This effect may be easily understood with the 
aid of the gain-ratio equation for the single-tuned circuit (Eq. 8-124). 
The quantity 2oQe may be considered the independent variable in a 
graph of I A/ A 0 I as a function of frequency off-resonance. Let 

X = 2oQe (8-133) 

so that I :o I = I I : jx I = v' 1 ~ x2 
(8-134) 

The graph of Eq. 8-134 is identical with that of Fig. 8-3. It has been 
shown that a desirable over-all characteristic results from stagger-tuning 
two stages such that 

(8-135) 

for the first, and 

(8-136) 
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for the second. The over-all gain-ratio is 

I:. I,., 1 

v'[l + (x + 1)2][1 + (x - 1)2
] 

(8-137) 

which has been shown graphically in Fig. 8-20, in addition to the response 
characteristics of the component stages. The resultant response curve 
has also been normalized (each ordinate has been divided by the ordinate 
of maximum gain) to permit easier comparison with the components. 

1.0 !Joi 

-1 2 4 5 +x 

Frn. 8-20. Response characteristics of individual components and of resultant am
plifier, stagger-tuned. 

The resultant has a reasonably good band-pass characteristic, steeper 
sides, and a bandwidth that is greater than that of either component. 
In terms of units of x, the bandwidth of each component is 2. The gain
ratio equation for the resultant reduces to 

I:. I,., 0.5 
(8-138) 

the maximum gain occurs at x = 0 where the gain ratio is equal to 0.5. 
The gain ratio falls to 0.707 of its maximum value at x = ± 0. Thus, 
the bandwidth of the resultant response in units of x is 2 0, or y2 
times that of either component. 

8-14. The Grounded-Grid, or Cathode Input, Amplifier 
The desirable linearity of triodes in addition to their better noise 

properties as compared with pentodes leads to choice of them in many 
amplifier applications. At radiobroadcast frequencies, the interelec
trode capacitances cause trouble, as has previously been discussed in 
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Chapter 1. Certain methods of connecting the driving generator or 
signal source and also the load permit special advantages in terms of in
put impedance, gain, and useful frequency range with no additional 
added circuit elements. In previous chapters, two connection methods 
have been described and analyzed. These are the grounded cathode 
described in Chapter 1, and the grounded plate or cathode follower in 
Chapter 3. A third possibility, the grounded grid connection, has not 
been described and has several interesting properties which will be dis
cussed in the following paragraphs. 

p K p 
K Ip I -µEKG I 

I I 
I I 

G I G I 
I I 

...L 
'f"Cgk 

..L 
Cgp--r-

I I 
I I 
I I 
I I 
I I 

FIG. 8-21. Grounded-grid amplifier and equivalent a-c circuit. 

The circuit connections for a grounded-grid triode amplifier are shown 
in Fig. 8-21, where a sinusoidal signal source of rms voltage Ei and in
ternal impedance Zk is driving the amplifier, and a load impedance ZL 
is connected between plate and ground. The interelectrode capacitances 
C gk and C gp are in parallel with signal source and load, respectively. The 
shielding between plate and cathode of tubes designed for grounded-grid 
operation is good enough so that Cpk may be omitted from the equivalent 
circuit. This is analogous to the reduction of C gp in tetrodes or pentodes 
with grounded screen grids. 

Analysis of the equivalent circuit of Fig. 8-21, neglecting C gk and C gp 

which may be combined with Zk and ZL, and neglecting grid current, 
provides the following pertinent relations: The gain of the amplifier is 

(µ + l)ZL 
A=------

r P + ZL + (µ + l)Z k 
(8-139) 

the input impedance at the terminals of the constant-voltage signal 
generator is 

(8-140) 
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the tube input impedance is 
rp + ZL 

Zkg =---
µ+l 

(8-141) 

The analysis shows that: (1) There is no 180° phase shift introduced by 
the tube; if Zg and ZL are pure resistances, input and output voltages 
will be in phase; (2) for Z k small, the gain approximates that of the 
grounded-cathode amplifier; (3) the input impedance at terminals K-G 
is small; for example, the 6C5 with a load impedance of 20,000 ohms, 

Ebb 

----11----
-

Fm. 8-22. Grounded-grid circuit with tuned input and output. 

µ = 20, rp = 10,000 ohms, would present an impedance Zkg = 30,000/21 
= 1430 ohms. The impedance at the terminals of the load impedance 
looking back into the tube circuit is 

Zpg = rp + (µ + l)Zk (8-142) 

which for the 6C5 with negligible Zk would be approximately 10,000 
ohms. Thus the amplifier behaves as an impedance transformer useful 
for coupling low input impedances to high-impedance loads. It is 
evident that the frequency may reach fairly high values before the 
shunting reactance of C gk becomes small enough to be comparable with 
the tube input impedance. 

Tuned circuits are often used with grounded-grid operation. A typical 
circuit is shown in Fig. 8-22. Grounded-grid operation is indicated 
where triodes are required or preferred, or where neutralization of C gp 
is difficult, and in specific applications where it is necessary to operate 
the grid at ground potential. The close-spaced triodes such as the 
General Electric 2C-40, 2C-43 and the Western Electric 416-A are de
signed primarily for grounded-grid operation and employ coaxial or 
wave-guide input and output connections. 
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PROBLEMS 

8-1. The circuits shown are identical at a certain frequency fr• Prove that Q3 = 
wrL1/R1 and Qp = R2/wrL2 are equivalent. 

• Wv 
Coil 1 

'omf' 
R1 R2 L1 

L2 

Coil 2 

Fm. P8-l. 

8-2. If the Q8 of coil 1 in problem 8-1 is equal to or greater than 10, and a variable 
capacitor C1 is added in series with L1 and is adjusted for resonance at fr, obtain an 
approximate expression for the magnitude of a capacitor C2 in parallel with L2 such 
that coil 2 will be in antiresonance at fr, Compare the impedances of the two cir
cuits at fr, 

I IN 

L ·-r 
R I 

I 
I 

V Vc 

\ I I 
I 
I 

• __j_ 
FIG. P8-3. 

8-3. The voltage V applied to the circuit shown is the rms value of an applied 
sinusoidal voltage of variable frequency. Sketch a curve of V c/V as a function of 
frequency, and derive an expression for the upper "half-power" frequency; Ve is 
therms voltage across C. 

8-4. Derive the expression called for in problem 8-3 by applying four-pole theory 
and determining the four-pole admittances of the circuit. 

C 

FIG. P8-5. 

8-5. The circuit shown is to be used as the load of a tuned radio-frequency ampli
fier. 
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(a) Show that the impedance of the circuit at the antiresonant frequency is Q2R1 

where Q ~ 10. 
(b) By comparing with the circuit of Fig. 8-2, show that Eq. 8-10 may be applied 

to the circuit of this problem provided that Rar in Eq. 8-10 is L/CR1• 

8-6. An antiresonant matching network is required at Jar = 4 · 106 cps to match 
a generator of 100,000 ohms impedance and to have a bandwidth of 50 kc. Deter
mine all circuit constants necessary. 

8-7. A radio-frequency coil has an inductance of 50 microhenrys, and Q = 20. 
It is to be used in a parallel-resonant circuit, with far = 4 Mc. Find (a) the required 
tuning capacitance in micromicrofarads, (b) the bandwidth. 

FIG. P8-8. 

8-8. Given Q1 = wLi/ R1 = 100, L1 = 50 microhenrys, determine the maximum 
gain at 800 kc and the bandwidth. 

C 50K 

FIG. P8-9. 

8-9. A pentode amplifier tube of rp = 106 ohms, gm = 2000 micromhos is coupled 
to a 50,000-ohm load as shown; coil inductance L = 0.5 millihenry, and Q = 60. 
If the condenser is tuned to antiresonance at Jo = 106 cps, find (a) the gain of the 
amplifier at f = .fo, (b) the bandwidth. 

8-10. For the 6AK5, rp = 250,000 ohms; output capacitance = 3 µµf. For the 
single-tuned coupled circuit, as shown, it is required to couple the plate of the 6AK5 
to the 100-ohm line (input impedance = Ro) at a carrier frequency of 1.59 Mc per 
sec. The required bandwidth is 53 kc per sec. The stray wiring capacity in the 
plate circuit of the tube is 5 µµf; the minimum capacity of the tuning condenser is 
10 µµf. It may be assumed that woL2 = Ro, k = 0.2, and the coil Q's are each 100 
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M 

L1 ~-t, Tra:smission line 
Z 0 = R 0 = 100 ohms 

R1 

---...--

B+ 
FIG. P8-10. 

(coils alone). Determine L2, L1, and the setting of C1 for maximum power transfer 
at Jo = 1.59 Mc per sec. 

8-11. Design a single-tuned, transformer-coupled circuit to match a 100-ohm line 
to the grid of a 6K7 pentode at 1050 kc and to meet the following additional require
ments: (1) to have a bandwidth of 9.55 kc at 1050 kc; (2) to tune over the range 
556 to 1590 kc. Additional data are: Input capacitance of the 6K7 = 7 µµf; maxi
mum value of tuning, condenser, 350 µµf; resistance of primary coil may be neglected; 
coupling between primary and secondary to be kept at the minimum possible value. 

Rg 

Frn. P8-12. 

8-12. For the pentode amplifier shown, class-A operation is assumed. The band
width desired is 10 kc at a C setting of 100 µµf. The inductance L = 100 micro
henrys. A lossless inductance is assumed. 

(a) Compute the maximum gain of the amplifier. 
(b) At what frequency does the maximum gain occur if C = 100 µµf? 
(c) Compute the maximum gain, the frequency at which it occurs, and the band

width if C = 350 µµf. 
8-13. The primary and secondary circuits of a band-pass transformer are identi

cal. The transformer is used with a 6D6 amplifier tube and is designed to transmit 
450 kc with a bandwidth of 20 kc. The resonant peaks are selected at 7.5 kc above 
and below the center frequency, 450 kc. Compute k and the coil Q's for (a) an al
lowable gain variation in the pass band of 1 db, (b) an allowable gain variation in 
the pass band of 0.5 db. 
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8-14. C1 = 10 µµf, R1 = 13,700 ohms, L2 = 6.4 µh, R2 = 5000 
L1 = 5.1 µh, gm = 5000 · 10-5 mho, C2 = 8 µµf, gm = 5000 · 10-5 mho 

k = 0.156, rp = 106 ohms, rp = 106 ohms 

Given: e, = 0.0172 cos (151 · 106t) the input voltage to the intermediate-frequency 
amplifier. Find e0 ut(t). Sketch the over-all response curve of the amplifier. Specify 
its bandwidth and gain. 

I C1 
I 

I R1 L1 l 
I L1 I L2 I R1 I 

..L ..L 
Tei c2T R2 

I 
B+ 

I I 
I I 
I I 

Fm. PS-14. 



CHAPTER 9 

RADIO-FREQUENCY POWER 
AMPLIFIERS 

THE RADIO-FREQUENCY AMPLIFIERS DISCUSSED IN CHAPTER 8 ARE 

essentially voltage amplifiers; they are used in radio receivers where 
power levels are low, particularly in the radio-frequency components of 
the system. For purposes of generation and transmission of radio
frequency (r-f) power, it is necessary to operate tubes at or near the 
maximum rated power level, and to design circuits for high-power 
efficiencies. 

It is frequently shown in elementary circuit texts that a circuit con
sisting of a lossless charged capacitor C connected to the terminals of a 
lossless inductor L would provide, across the common terminals of C 
and L, a sinusoidally varying voltage. The expression for this voltage 
lS 

VLC = V,cos(;~ct) 
where VO is the voltage to which the capacitor was charged before its 
connection to the inductor. The point of this discussion is that a 
physically realizable parallel combination of L and C may be used as a 
source of sinusoidal oscillations if a means is provided for supplying the 
energy required for load and for circuit losses. For example, if a battery 
could be connected in such a way as to provide short-duration regularly 
repeated pulses of current to the tuned L-C circuit, both the losses and 
the load power requirements would be supplied and the circuit would 
provide an a-c output from a d-c source. The battery switching circuit 
necessary might be called a synchronous switch, and, for best results, 
the switching frequency should be the same as the output frequency 
which would require an increment of energy to the L-C storage or "tank" 
circuit once each cycle. 

The vacuum tube, properly biased, provides the synchronous switch 
required. Synchronism or timing is provided by a signal voltage in the 
grid circuit of the tube, which is biased either at cutoff, class B, or beyond 

290 

• 
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cutoff, class C. Such synchronous switches are called class-B or C 
amplifiers, and each has important applications in radio-frequency 
transmitter use. 

The circuit of a class-B or C amplifier (Fig. 9-1) is capable of a much 
higher operating efficiency than the class-A circuits of Chapter 8. The 

C 

eg 

G11i----+ --'------1-11\li---+ ____, 
Ecc Ebb 

Fro. 9-1. Class-B or C amplifier circuit. 

L 

R 

Tank 
circuit 

reason for this increased efficiency is that current flows in the plate 
circuit of the tube only during the portion of the plate-voltage cycle 
during which the plate voltage is minimum. If the tank circuit is 

wt 

Fro. 9-2. Phase relations, class-C amplifier. 
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resonant at the frequency of the signal voltage, eg, assumed to be sinus
oidal, then at this frequency the tank circuit impedance is a pure re
sistance, Rar• The phase relations between grid and plate voltages and 
plate current are then as shown by Fig. 9-2. The phase relations are the 
same as for the class-A case with resistance load, but plate current 
flows only during the portion of the signal voltage cyc1e that ec is above 
cutoff. 

Tuned class-B and C radio-frequency amplifiers are used to build up 
the power level at a specified frequency or over a band of frequencies as 
required in a radio transmitter. Such amplifiers are inherently non
linear, and large-amplitude harmonics are generated and appear in the 
plate current. Although the amplitude of some of these harmonics may 
be comparable with the amplitude of the fundamental, the use of a tuned 
circuit with effective Q of 10 or more is sufficient to reduce the harmonic 
output to negligible values. 

9-1. External Characteristics of Class-Band C Power Amplifiers 

The analysis of operation of class-Band C power amplifiers is involved 
because of the discontinuous intermittent character of the plate-current 
pulses. It is therefore desirable to interpret the experimentally obtained 
characteristics of the over-all amplifier before considering the necessarily 
approximate analysis or graphical determination of operating behavior. 

The independent variables involved in class-C operation are shown in 
Fig. 9-2 and are, in standard IRE symbols, Ee, Eg, Eb, and Ep (or Rar). 
The dependent variables are the currents ib and ic and their components, 
the alternating current in the tank circuit, and the derived quantities of 
power output, power input, and efficiency. Although the large number of 
variables necessitate a tremendous number of measurements for a com
plete description, typical measured values are available 1 and are very 
helpful as an aid to the understanding of class-B and C amplifier oper
ating behavior. 

Typical examples * of external characteristics are shown in Figs. 9-3 
and 9-4. Measurement of the tank current may be obtained by inserting 
an a-c ammeter in series with the capacitance C of Fig. 9-1. The meas
ured value of the tank current is, for high Q circuits, very closely the 
rms value of the current component at frequency f 0, the antiresonant 
frequency to which the tank circuit is tuned. 

The important properties of the curves of Figs. 9-3 and 9-4 are the 
following: 

1. For Eb = 700 volts (Fig. 9-3) the tank current, and hence also the 
output voltage, is linearly related to the driving grid voltage for all 

1 W. L. Everitt, Communication Engineering, pp. 531-544, McGraw-Hill Book Co. 
* Taken from Communication Engineering, by W. L. Everitt, with permission. 
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values of E gm < 120 volts. The plate operating voltage and the bias 
are adjusted for class-B operation, since, for the tube used (µ r--.J 8) 

1000~--~-----------

C/) 
Q) 

800 

cii 600 
Cl.. 

E 
~ 
·E_ 400 
~ 

200 

Ee = - 88 volts 
Rar = 5800 ohms 

40 80 120 
-y2. Eg, volts 

160 200 

FIG. 9-3. Tank current as a function of Eg and Eb, Ee and Rar constant. 

µEe = 8(-88) = -704 volts, and Eb+ µEe r--.J 0, the tube is biased 
approximately at cutoff with zero signal. This arrangement is often 

1000 

800 

~ 600 
Cl.. 

E 
~ 
-~ 400 
..s-

200 

Ee = - 88 volts 
Rar = 5800 ohms 

100 200 300 400 
Eb, volts 

500 600 700 800 

FIG. 9-4. Tank current as a function of Eb and Eg, Ee and Rar constant. 

referred to as a linear amplifier, and is used in the amplification of 
amplitude-modulated voltages applied in the grid circuit. In the case 
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shown, the variations in amplitude of the input grid voltage should not 
exceed 120 volts. 

2. Saturation effects are shown in Fig. 9-3 and may be explained with 
the aid of Fig. 9-2, in which the plate and grid voltages are referred to 
the same zero voltage axis. With increasing amplitudes of eg and eb, the 
grid voltage at its positive peak may equal or exceed the plate voltage at 
its negative peak, and, since these peaks occur simultaneously, secondary 
electrons released at the plate will begin to be collected at the grid when 

V) 

~ 

100..-------~--~--------, 
Ee = - 88 volts 
Rar = 5800 ohms 

~ 60 t-----+---+----+---+-

E 
-~ 

100 200 300 400 500 600 700 
Eb, volts 

Fm. 9-5. Variation of total plate current with plate voltage, class-B or C amplifier. 

ec > eb, For this condition the tank current curve begins to level off. In 
case of a secondary-emission yield ratio exceeding unity at the plate, an 
actual decrease in plate current (a dip in the top of the ib vs. wt curve, 
Fig. 9-2) will occur ·at the peaks of the grid swing. 

3. The curves of Eb = 200, 400, or 700 volts are typical class-C char
acteristics for a large grid-voltage amplitude. The class-C character
istics are better illustrated in Fig. 9-4, which shows that the a-c response 
in the tuned circuit is linearly dependent on the d-c component of plate 
voltage except for very small values of Eb, Such characteristics as that 
for V2 Eg = 200 volts have led to the use of the class-C amplifier as a 
modulator. For this purpose, a constant-amplitude grid voltage ob
tained from the output of a radio-frequency oscillator is applied in the 
grid circuit, and the plate circuit has a variable-amplitude audio-fre
quency voltage source in series with the fixed d-c supply voltage. Oper
ation should be such that V2 E g is sufficient to cause the tank current 
to level off, requiring usually a grid bias voltage approximately twice 
that required for zero-signal cutoff. Thus, according to Fig. 9-4, the 
voltage in the output will faithfully reproduce the variations of audio
frequency plate voltage, producing a modulated wave. 



Ch. 9 CHARACTERISTICS OF CLASS-B, C POWER AMPLIFIERS 295 

Another characteristic of interest is shown in Fig. 9-5. Here the 
dependence of total plate current upon the d-c component of plate 
voltage is shown for three different values of grid-voltage amplitude. 
The importance of linearity here is again related to the use of the class
C amplifier as a modulator. For a characteristic such as that for -y12 E g 

= 200 volts, the load resistance presented by the class-C amplifier tube 
to the audio-frequency modulator is constant, an important requirement 
for distortionless representation of the audio-frequency wave form. The 
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Frn. 9-6. Plate-conversion efficiency, class-B or C amplifier. 

peak driving grid voltage must therefore be high enough to produce the 
tank current saturation shown by Fig. 9-3. 

The power requirements of radio transmitters are sufficiently high that 
the conversion efficiency of the class-B or C amplifier is an important con
sideration. Losses in both grid and plate circuits must be reduced to a 
minimum. The grid drive must be adjusted for best operating efficiency. 
A typical curve of conversion efficiency is shown in Fig. 9-6, for the same 
tube and operating conditions that supplied the data for Figs. 9-3, 9-4, 
and 9-5. A comparison of Figs. 9-3 and 9-6 will show that very little is 
gained in efficiency by driving the grid voltage beyond the value required 
for tank current saturation. However, because grid current flows, 
losses in the grid circuit will increase with excessive grid drive, with no 
increase in efficiency. The efficiency plotted in Fig. 9-6 is the ratio of 
the a-c power output (proportional to the square of the tank current, 
IT) to the d-c power input in the plate, Ebbh- Class-B operating 
efficiency is illustrated by the curve for Eb = 700 volts, class-C by the 
Eb = 300 volts curve. By reducing Eb to 350 volts, 2Eb/ µ ,...._, 7 ~ 0 = 87.5 
volts. The grid bias is Ee = -88 volts, so that the amplifier is biased 
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for recommended class-C operation at Eb = 350 volts. There is very 
little difference 2 in efficiency near saturation between curves for Eb = 
300 and Eb = 500 volts. 

9-2. The Problem of Analysis, Tuned Power Amplifiers 
The observed operating characteristics of tuned power amplifiers 

have been described in preceding sections, and certain applications have 
been suggested by the measured characteristics. Ideally, a synchronous 
switch supplying power to the tuned circuit should connect the d-c power 
source to the circuit only during a very short or infinitesimal interval 
at the negative maximum of the fundamental, or selected harmonic, 
voltage across the capacitor. The current flowing through the switch 
during the short interval of connection must necessarily be very large 
in order to supply the power output as well as the losses of the amplifier. 
The vacuum tube, as a switch, cannot deliver unlimited pulses of current 
because of cathode emission limitations. The tube must supply current 
over the entire positive half-cycle of the driving grid voltage or over a 
large fraction of the half-cycle in order to supply power requirements. 
Thus, for class-B tuned power amplifiers, the operating angle of con
duction is 180°, but for class-C operation the angle is less than 180°, and 
its best value for optimum operation is a design parameter which is not 
known in advance and which is difficult to specify in general. 

It is the function of analysis to select the independent variables, the 
dependent variables, and the engineering criteria of efficient operation 
of a device or system, and then to attempt to obtain relations between 
the variables such that the desired criteria can be described in their 
quantitative dependence upon the variables involved. The final results 
lead to an intelligent choice of parameters and to a knowledge of the 
conditions for optimum operation. Usually simplifying assumptions are 
necessary in order to obtain usable analytical expressions. Experi
mental verification is always necessary to determine the accuracy of the 
analytical approximations. 

In the case of the tuned power amplifier, analysis of the class-B case 
is possible with the aid of numerous simplifying assumptions, and the 
results are valuable as a guide to the understanding of operating behavior 
and to design. For the class-C case, however, semigraphical methods 
based on tube characteristics are usually resorted to, and such methods 
are inherently unsatisfying because they apply to individual tubes and 
circuits already selected and do not result in general principles which 
contribute to a final solution of the engineering problem. A brief dis
cussion of the semigraphical method, applicable to both class-B and 

2 See Communication Engineering, op. cit., p. 536. 
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class-C operation, will be given in a later section. A simple analysis of 
the class-B case following the approach first used by Everitt 2 is given in 
the following section. 

9-3. The Class-B Tuned Power Amplifier 
It has been observed that experimentally obtained class-B character

istics have led to the description of this amplifier as linear. Therefore, 
it may not be too surprising that linear methods of analysis provide 
usable results. It is assumed: 

1. That the tuned circuit is tuned to parallel resonance at the fre
quency f O of the driving grid voltage. 

2. That the grid voltage is sinusoidal. 
3. That the Q of the tuned circuit is high enough so that its impedance 

ZL is negligible at harmonics of f 0 • 

4. That the triode characteristics are linear. 
5. That the bias is such that ib = 0 for zero signal voltage. 
The method of Chapter 1 may be used in obtaining a suitable ex

pression for the triode plate characteristics. The functional dependence 
of plate current upon plate and grid voltage is expressed as 

(9-1) 

A Taylor series may be used to represent the function in the vicinity of 
any set of values of ec and eb for which ibis continuous and has continuous 
and finite derivatives. In Chapter 1 the expansion was obtained at the 
operating point where the origin of coordinates had been established. 
This may easily be seen from the general expansion, according to Taylor's 
series in two independent variables, as follows: 

+ (eb - Eb) 2 
82 

2 
ib(Ec, Eb)] + higher-order terms (9-2) 

8eb 

Now ib(Ec, Eb) = h, the current at the operating point; (a/aec)ib(Ec, 
Eb) = gm as measured at the operating point; (a/aeb)ib(Ec, Eb) = 
gp = 1/rp as determined at the operating point. For the linear approxi-
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mation, higher-order terms may be neglected. Thus, 

ib = lb+ ip =lb+ gm(ee - Ee) + gp(eb - Eb) (9-3) 

Since ee = Ee+ eg, eb = Eb+ ep, the expression 

ip = gmeg + gpep 

used in Chapter 1 is obtained. 
In class-B operation, 

(9-4) 

(9-5) 

because the tube is biased to cutoff with zero signal. Then, Eq. 9-3 
becomes 

ib = Ym [ (,, + :: eb) - ( E, +::Eb)] (9-6) 

and with gp/gm = 1/µ, and Ee+ Eb/µ = 0 as required for class-B bias, 
there is obtained the relation 

(9-7) 

a linear approximation for the tube characteristics for ib ~ 0. The 
parameters gm andµ are the familiar ones of class-A analysis. The tri-

(ec + eb/µ) 

FIG. 9-7. Linear approximation for plate current of a triode. 

ode characteristics in terms of the equivalent diode voltage (ee + eb/ µ) 
are reduced to a single characteristic as shown in Fig. 9-7. The slope of 
the line is seen to be gm. 

The tuned circuit presents an impedance 

Rar 
ZL =----

l + j2Qoo 

which is Eq. 8-17 of the preceding chapter. Here 

Qo = woL/R 

and o = (w - wo)/wo 

(9-8) 

(9-9) 

(9-10) 
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is the fractional frequency off-resonance. At w = w0, the angular 
frequency of the sinusoidal grid input voltage, o = 0, and the tank 
impedance is a pure resistance 

Rar = L/RC (9-11) 

For this frequency, the voltage across the load impedance is sinusoidal 
and of angular frequency w0 • Whatever the nature of the plate-current 
pulse wave form, a Fourier analysis of the plate current will provide the 

e ,--eb T 
Eplm 

-r 
Ee wt 

-r 

FIG. 9-8. Phase relations in the c1ass-B amplifier. 

various harmonic amplitudes. For Q0 high, say, in the range 10 to 100 
or more, it can easily be verified that the separate or combined harmonic 
voltages sustained across ZL by the plate-current pulses are negligible 
in comparison with the voltage produced by the component of angular 
frequency w0 • Therefore, the phase relations between the various 
voltages and currents are as shown by Fig. 9-8, in which all voltages 
and the current are referred to the same reference axes. Here Ep1m is 
the peak value of the fundamental frequency a-c component of voltage 
across ZL, 

The equations of the instantaneous values of grid and plate voltage 
as shown by Fig. 9-8 are the following: 

Cc = Ee+ Egm COS wot 

The plate current as given by Eq. 9-7 then becomes 

ib = gm(Ec + Egm COS wot+ Eb/µ - Ep1m/µ COS wot), 

(9-12) 

(9-13) 
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which reduces, since Ee + Eb/µ = 0, to 

ib = gm(Egm - Ep1m/µ) cos wot, (2n - ½)1r ~ wot~ (2n + ½)1r 

= lbm cos wot (9-14) 

(2n - J)1r ~ w0t ~ (2n - ½)1r 

in accordance with the diagram (Fig. 9-8). Thus, the pulses of current 
are rectified half-cosine waves. 

In terms of the peak value of total plate current, a Fourier analysis 
of the current pulses of Fig. 9-8 provides a necessary relation between 
the amplitude lpim of the fundamental-frequency current component 
and I bm• Since the choice of origin has been such that the expression for 
current during the period of tube conduction is an even function, only 
cosine terms will be involved in the Fourier analysis. Then, 

Similarly, 

1f1r 
lplm = - ib cos wot d(wot) 

71" -'Tr 

2 i1r12 l 
= - Ibm cos2 wot d(wot) = -Ibm 

71" 0 2 

1 
lb avg= -lbm 

7l" 

(9-15) 

(9-16) 

The amplitude of the current pulse in Eq. 9-14 has been expressed as 

hm = gm(Egm - Ep1m/ µ) 

Then, from Eq. 9-15, and since Eplm = lp1mRar, 

lplm = ½gm(Egm - lp1mRar/µ) 

(9-17) 

(9-18) 

If Eq. 9-18 is solved for lp 1m, the result may be written as follows: 

lplm = µEgm/(2rp + Rar) (9-19) 

The form of Eq. 9-19 suggests an equivalent a-c circuit for the funda
mental component of the class-B linear amplifier. The circuit is shown 
in Fig. 9-9 and applies only to the calculation of the fundamental a-c 
component of plate current of angular frequency w0 • The gain of the 
amplifier for resonant-frequency components is easily obtained from 
Fig. 9-9 and is 

(9-20) 

Equation 9-20 illustrates one of the important properties of the class-B 
amplifier, namely, that the gain at frequency f O is independent of voltage 
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amplitude. Thus an amplitude-modulated, radio-frequency voltage 
applied at the grid will be amplified without distortion. The external 
characteristics already discussed confirm this conclusion, provided that 
the proper adjustments in circuit operation are made. 

Fm. 9-9. Equivalent circuit of the class-B amplifier for the current component of 
resonant frequency Jo. 

The average value of the plate current is given by Eq. 9-16 and, with 
the help of Eqs. 9-15 and 9-19, may be expressed in terms of Eg as 

I bavg = ~ 2V2 lpl = -2V2-2 
__ µ_E_g_ 

7r 7r 2rp + Rar 
(9-21) 

Therefore, as the external characteristics have already shown, both the 
average value of the plate current and the effective (or peak) value of 
the fundamental component of plate current are proportional to the 
driving grid voltage to the extent that rp and µ are constants. 

The power output, power input, plate dissipation, and efficiency are 
now very easily expressed in terms of the fundamental component of 
current or of load voltage. In particular, the efficiency of conversion in 
the plate circuit may be written (using Eq. 9-21) as 

Po Ipi2Rar 1r lp1Rar 1r Eplm 
'r/p = Pi = Ebblbavg = 2V2~ = 4 Ebb 

(9-22) 

The maximum theoretical efficiency is obtained if Ep 1m = Eb,...._, Ebb, and 
is 78.5 per cent. The actual operating efficiencies of a class-B amplifier 
as already indicated are usually in the range 55 to 65 per cent. If E gm 

were increased sufficiently that Eplm = Eb (Fig. 9-8), then the maximum 
value of Cc might exceed the minimum value of cb. Secondary electrons 
released at the plate would be collected by the grid, a dip in the top of the 
plate current pulse might result, and the linear relations assumed and 
desired would no longer hold. It is therefore necessary that cc max remain 
less than or at most equal to cbmin for linear operation. 
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For the condition (see Fig. 9-8) 

or (9-23) 

(where it must be remembered that the value to be assigned to Ee is 
negative) then since Ee = -Eb/µ, the necessary value of Egm may be 
obtained from Eq. 9-23, from which 

( 1) ( 1) µEgmRar Egm = Eb 1 + - - lp1mRar = Eb I + - - ----
µ µ 2rp + Rar 

Finally, ( 1) [ 2r p + Rar ] Egm = Eb 1 +-
µ 2rp + (µ + l)Rar 

(9-24) 

is the necessary value of grid driving peak voltage for optimum power 
output for a given plate supply and resonant load impedance Rar• The 
corresponding values of fundamental a-c component and of average 
plate current are, respectively, 

and 

lp1 = _I_ [ (µ + I)Eb ] 
V2 2rp + (µ + l)Rar 

2 (µ + l)Eb 
I bavg = - -------

71" 2rp + (µ + l)Rar 

.The efficiency corresponding to Eq. 9-23 then is 

11" (µ + I)Rar 

4 2rp + (µ + l)Rar 

The plate dissipation is 

and, since Ebb "-J Eb, 

2 (µ + I)Eb2 

Pp = - -------
11" 2rp + (µ + I)Rar 2[2rp + (µ + l)Rar]2 

(9-25) 

(9-26) 

(9-27) 

(9-28) 

(9-29) 

Equation 9-29 involves the tube parameters rp and µ, the allowable 
plate dissipation, and the operating plate voltage ( or plate-supply 
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voltage) in addition to the resonant load resistance Rar• The necessary 
value of Rar may be obtained from Eq. 9-29 for the condition of ec max = 
eb min and for a given tube and plate supply. The result is best expressed 
as a quadratic in Rar which may be solved after numercial values have 
been inserted. This relation is given in the following form: 

2 [ 4rp Eb
2 (1 2)] [ 4ri 4rpEb

2 
] R + --+- --- R + ------- -O 

ar µ + 1 Pp 2 7r ar (µ + 1) 2 1r(µ + l)Pp -

(9-30) 

In case a maximum safe value of eb is specified by the tube manu
facturer, it is evident from Fig. 9-8 that Ebb or Eb should not exceed one 
half of eb max· The plate dissipation is a limiting factor in tube operation. 
The value of Pp used in Eq. 9-30 was the plate dissipation existing when 
the amplifier is delivering its optimum power output. In case the load 
were suddenly disconnected without the plate supply being disconnected 
or in case of a loss of grid excitation, the full input power Ebbl avg must be 
dissipated at the plate. The rated plate dissipation may then be ex
ceeded. The plate temperature will rise until the plate can radiate and 
conduct away energy at the same rate it is being supplied. 

The foregoing linear algebraic analysis of the class-B tuned power 
amplifier is simple and straightforward and valuable as an aid to the 
understanding of amplifier operation. It should be remembered, how
ever, that it is approximate and may be considerably in error if the linear 
range of operation is exceeded. 

9-4. Graphical Solution, Class-B or C Tuned Power Amplifiers 

The graphical solution to be presented in the following pages applies 
equally well to both class-Band class-C operation, but, since the class-C 
case requires the use of a graphical method in order to determine the 
operating angle of plate-current conduction, emphasis will be placed 
upon class-C operation. The use of a high-Q tuned circuit providing, 
as it does, a sinusoidal response at resonant frequency to a sinusoidal 
grid signal voltage of the same frequency, permits a particularly simple 
representation of what may be called the path of operation 3 on ec-eb 
coordinate axes. If both eg and ep are sinusoidal, have equal periods, and 
differ in phase by 1r rad, it may be shown that the path of operation is a 
straight line. On ec-eb axes, constant-current characteristics may be 
drawn, just as in Chapter 1 where the slopes of such curves were used to 

3 I. E. Mouromtseff and H. N. Kozenowski, Analysis of the Operation of Vacuum 
Tubes as Class C Amplifiers, Proc. IRE, 23, 752-778 (1935). 
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illustrate the region of constancy of µ for the triode. The determination 
of two points on the path of operation is illustrated in Fig. 9-10. The 
quiescent point Q is determined by the choice of the plate-supply voltage 
Ebb and the grid bias voltage Ecc• One other point is needed, such as P, 
and is determined by an arbitrarily selected pair of values of eb min and 
ec max• Thus the graphical method is cut-and-try. Points along the 

Wot 

Frn. 9-10. Determination of the path of operation on the ec-eb diagram. 

path of operation correspond to instantaneously occurring values of 
eb and ec, so that values of w0t may be assigned to each point of the line. 

The problem to be solved is that of obtaining values of plate and 
grid currents for enough values of w0t to plot these current pulses as 
functions of time. Manufacturers of transmitter tubes usually supply a 
set of constant-current curves plotted on ec-eb axes for the purpose of 
graphical determination of class-C (or B) amplifier operation. The inter
sections of the plate or grid constant-current curves with the path of 
operation provide the data for a set of values of ib(w0t). In order to 
avoid interpolation between constant-current curves caused by the 
selection of arbitrary values of w0t, the intersections available may be 



Ch. 9 GRAPHICAL SOLUTION 305 

used and the corresponding values of ee read directly from the vertical 
scale. Since ee = eg + Ee, the phase angles w0t may be computed from 
the following relation: 

(9-31) 

A set of constant-current curves for the type-892 power triode is 
shown in Fig. 9-11. Calculations will be made from Fig. 9-11 for typical 
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Frn. 9-11. Constant-current curves for the type-892 power triode. (Courtesy RCA) 

operating values of Eb = Ebb = 8000 volts, Ee = Eee = - 1000 volts, 
E gm = 1700 volts, and eb mini ee max = 1. Now 

eemax = Ee+ Egm = -1000 + 1700 = 700 volts = ebmin 

The coordinates of Q are eb = 8 kv, ee = -1000 volts; the coordinates 
of P are eb = eb min = 700 volts, ee = 700 volts. The operating line has 
been drawn and the coordinates of the intersections of the operating 
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line with the constant-current curves have been recorded, along with 
computed values of the corresponding phase angles, in Table 9-1. 

TABLE 9-1 

ib ic eb ec ec - Ee cos wot wot 
0 0 4100 -80 920 0.540 57.3° 
0.025 0 3950 -60 940 0.553 56.1 
0.20 3600 +20 1020 0.600 53.1 
0.50 3350 80 1080 0.635 50.5 
1.0 3000 170 1170 0.688 46.5 

0.20 2700 230 1230 0.724 43.6 
2.0 2500 280 1280 0.753 41.1 
3.0 2100 380 1380 0.811 35.7 

0.40 1950 410 1410 0.829 34.0 
4.0 0.80 1600 500 1500 0.882 28.0 
4.3 1.20 570 1570 0.924 22.4 
4.4 1.60 630 1630 0.959 16.0 
4.45 2.00 660 1660 0.975 12.7 
4.5 2.40 670 1670 0.982 11.0 

A sketch of the grid- and plate-current pulses (Fig. 9-12) shows that 
the wave forms differ considerably from partial cosine waves. Data for 

5 

-60 -40 -20 0 20 40 60 
w0 t, degrees 

Frn. 9-12. Plate- and grid-current wave forms for class-C amplifier. 

the grid-current curve were not available for -10° < w0t < 10°, and 
this part of the curve has been drawn in by guess. It is assumed that 
grid current begins to flow when the grid becomes positive with respect 
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to the cathode. According to Fig. 9-10, this occurs at eg = j Ecc I, or 

COS 0c = \ Ecc I/Egm = 1000/1700 

whence 0c = ±54°. Similarly, point S (Fig. 9-11) marks the beginning 
of plate-current flow, and the corresponding half-angle of conduction 
may be computed from either the ec or the eb coordinate of point S. Thus 
the graphically determined data for ib(w0t) and for ic(w0t) are obtained. 

The needed values of the average grid current, the average value, and 
the amplitude of the fundamental a-c component of plate current may 
now be obtained from the values of ic(w0t) and ib(w0t) which are available. 
Graphical integration is indicated by the equations 

1 f7r 
lcavg = - ic(wot) d(wot) 

271" -71" 

(9-32) 

1 f7r I bavg = - ib(wot) d(wot) 
271" -71" 

(9-33) 

and 1 f7r lplm = - ib(wot) cos (wot) d(wot) 
71" -71" 

(9-34) 

since the functions ic and ib are known graphically but not analytically. 
If the trapezoidal rule for graphical integration is used, and if the values 
of ib and ic are read at n equal intervals along the wt axis between 0 and 71", 

then the integrals Eqs. 9-33 and 9-34 may be expressed approximately 
as follows: 

1 [ib(O) n . (k7f')] J b avg = - --+ :E ib -
n 2 k=l n 

(9-35) 

lplm = - -- + :E ib - COS -
2 [ib(O) n (k11") (k7f')] 
n 2 k=l n n 

(9-36) 

Equations 9-35 and 9-36 indicate that the required values may be ob
tained by addition of ordinates at regular intervals along the w0t axis, 
and without plotting ib(w0t) provided ib has been obtained from Fig. 
9-11 at the stated intervals. Interpolation must be resorted to in any 
event, and so it seems preferable to interpolate from a graph of ib instead 
of guessing at the points along the operating line between constant
current curves. Readings taken from the ib and ic curves of Fig. 9-12 
are recorded in Table 9-2 along with the corresponding values of w0t and 
cos w0t. Columns for the computed products and for the sums as in-
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dicated in Eqs. 9-35 and 9-36 have been included. For 10° intervals, 
n = 18; k1r/n = k1r/l8 rad, or lOk degrees. 

TABLE 9-2 

k1r ib(~) cos(~) ib (~)cos(~) . e,r) Egm cos(~) (k1r) · e,r) e,r) k - ic - ec- ic-ec-
n n n n n 

----
7r 

1 - 4.1 0.985 4.04 2.5 1675 675 1690 
18 
7r 

2 - 4.1 0.940 3.86 1.3 1600 600 780 
9 

7r 
3 - 4.0 0.866 

6 
3.47 0.7 1473 473 331 

21r 
4 - 2.0 0. 766 

9 
1.53 0.3 1302 302 90.6 

51r 
5 -

18 
0.5 0.643 0.32 0.1 1092 92 9.2 

Sums 14. 7 
i(O) 2.05 

13.22 
2.05 

4.9 
1.4 

2900.8 
ic(0)ec(0) 2,8(700) 980 

2 16. 75 15.27 6.3 

From the values in the tabulation, 

havg = 16.75/18.00 = 0.93 amp 

Ip1m = 15.27 /9 ,..._, 1. 7 amp 

le avg = 6.3/18 = 0.35 amp 

The power output of the amplifier is then 

--=--=-
2 2 3881 

P 0 = Epmlp1m/2 = 7300(1.7)/2 = 6200 watts 

The power input to the plate circuit is 

Pb = Ebbhavg = 8000(0.93) = 7450 watts 

The plate conversion efficiency is 

T/b = 6200/7450 = 0.83 

The required load resistance at antiresonance is 

Rar = Epm/Ip1m = 7300/1.7 ,..._, 4300 ohms 

The plate dissipation is 

Pp = Pb - P 0 = 1250 watts 
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The necessary grid driving power is given by the fundamental equation 

(9-37) 

and may be computed using the graphically obtained data from the 
corresponding summation, which is 

_ 1 [ic(O)ec(O) ~ . (k-rr) (k1r)] 
Pc - - ----+ £..J2c - ec -

n 2 k=l n n 
(9-38) 

The required values for the example of the type 892 have been recorded 
in the tabulation. From these, 

Pc = 3881/18 = 215 watts 

the necessary grid driving power. The power Pc is necessary at the grid
cathode terminals to drive the tube. However, the flow of electrons to 
the grid constitutes a flow of current in such a direction in the bias supply 
circuit (Fig. 9-1) as to charge the bias battery or to deliver energy to 
the bias supply. This energy must be supplied by the excitation source, 
the grid-cathode circuit behaving as a rectifier with grid current flowing 
during that portion of the a-c cycle for which the grid is positive with 
respect to the cathode. The total amount of the grid driving power is 
then given by 

(9-39) 

This example solution of the class-C tuned power-amplifier problem 
shows a simple method of obtaining the required information as to plate 
and grid current wave forms and operating angle from which the average 
and fundamental components of the currents may be found. There 
remain the problems of optimum operation and of the design of the 
tuned circuit. Optimum operation may be determined by assuming 
eb min = ec max as in the example, and trying several operating lines 
through the Q point recommended by the tube manufacturer. This 
procedure will enable the designer to select the best values of Rar, E gm, 
and Ee. The method is equally applicable to power pentodes. The 
problem of tuned circuit design is discussed in the following section. 

9-6. Analysis of Load Coupling, Class-B or C Amplifiers 
The tuned circuit of the class-B or C power amplifier will in general 

be much more complicated than the simple R, L, C combination of 
Fig. 9-1. In particular, the final stage preceding the radiating antenna 
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of a transmitter will involve antenna tuning and impedance matching 
sections necessary to present the proper load to the tube and to the 
transmission line leading to the antenna. However, the effective load 
circuit for such a case may be represented as shown in Fig. 9-13a, and 
this in turn may be reduced, at the frequency w0 only, to the familiar 
circuit of Fig. 9-13b. By means of tuning and proper design of the 
impedance matching and transmission circuits, the actual load im
pedance and also the impedance at terminals a-b will be made pure 
resistances at w0 • Then, if C2 is chosen such that the reactance of £ 2 

a 

fi;' M Cz 

LI Lz Impedance 

Cl 
matching Actual 

and load C 

R1 Rz 
transmission 

circuits 

b 

(a) 
(b) 

FIG. 9-13. Load circuit of a tuned power amplifier. 

is canceled at w0, the impedance reflected into the tube plate circuit load 
will be a pure resistance in series with R1 and £ 1 and of magnitude 

Thus the effective resistance in the circuit of Fig. 9-13b at w0 is 

and the effective or loaded Q of the tuned circuit at w0 is 

QeI = woLi/Re 

The unloaded Q of the primary circuit of Fig. 9-13a is 

(9-40) 

(9-41) 

(9-42) 

(9-43) 

at the fundamental frequency. Some idea of the desired magnitudes of 
Q1 and Qe1 may be obtained by considering the efficiency of transfer of 
power from the primary to the secondary circuit (Fig. 9-13). In terms 
of the tank current It, the power delivered to the primary circuit is 
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Ie2 (R1 + R1') whereas that delivered to the secondary is It2R1'. The 
efficiency is then given by the ratio 

(9-44) 

which may be expressed in terms of the loaded and unloaded Q's with the 
help of Eqs. 9-42 and 9-43. The result is that 

(9-45) 

from which it follows that Q1 should be as large, Qe1 as small, as practi
cable. However, the entire analysis fails if Qe1 is so small that the 
voltage across the tuned circuit is not sinusoidal. The circuit loaded Q 
must necessarily be sufficiently 1arge to ensure the required selectivity 
and to reduce the power at frequencies other than f O to negligible values. 
As previously stated, it becomes necessary to require that Qe 1 be not less 
than 10, and desirably in the range between 10 and 15. 

The values of L1 and C 1 needed for design may be determined uniquely 
in terms of Qei, Rar, and w0 • At the frequency w0, for which the equiva
lent circuit of Fig. 9-13b is correct, the admittance at the terminals of 
C1 is 

from which 

and 

If Qel ~ 10, 

Then, 

y = -R-e 2_+_R_:-02_L_1_2 + j ( woC, - -R-e 2-:-0-~->-L-1-2) 

Rar = Re(l + Qel 2) 

woC1 = Qei/Re(l + Qei2) 

and, from Eqs. 9-42, 9-48, and 9-50, 

C1 = Qe12 ~-1- = ~ 
wo2L1(l + Qei2) - wo2L1 woRar 

From Eq. 9-43, 

and, from Eqs. 9-41, 9-42, and 9-52, 

(9-46) 

(9-47) 

(9-48) 

, (9-49) 

(9-50) 

(9-51) 

(9-52) 

(9-53) 
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The secondary circuit parameters may likewise be computed from the 
resistance Rab and secondary circuit Q's. If 

and 

and 

Q2 = woL2/R2 

Qez = woL2/(R2 + Rab) 

woL2 = l/woC2 

(9-54) 

(9-55) 

(9-56) 

then the desired relations may be easily derived in terms of the Q's, w0 , 

and Rab• The resistance Rab, though not the actual load resistance, will 
be known from the design of the transmission and matching networks and 
may therefore logically be used in computing the remaining circuit 
constants. Since 

then 

Also, from Eqs. 9-54 and 9-57, 

L2 = Q2Qe2Rablwo(Q2 - Qez) 

The remaining parameter M is given by Eq. 9-40 as 

M 2 = Ri'(R2 + Rab)/wo2 

which becomes 

(9-57) 

(9-58) 

M2 = Rar(Q1 - Qe1) (woL2) = RarRabQ2(Q1 - Qe1) (
9
_
59

) 

wo2Qe12Q1 Qe2 wo2Qe/Q1 (Q2 - Qe2) 

Although relations have been readily obtained between the load 
circuit parameters, the required resistances and the various Q's, the real 
problem is the proper selection of the Q's to provide the required Rar, a 
high tank circuit efficiency, and the necessary selectivity. As the re
quired Q's depend upon the particular application involved, no definite 
specifications on their magnitudes can be stated until the requirements 
of the application are known. The unloaded Q magnitudes available 
depend Upon size and power level. For low-power applications the coils 
are measured in dimensions of a few inches and have Q's ranging from 
100 to 200. High-power level transmitters may use coils of a few feet 
in length having Q's in the range 500 to 800. 

A worth-while analogy may be drawn between the operating principles 
of a class-C amplifier and a pendulum clock. The period, or the fre
quency of oscillation, of the pendulum depends upon its length. If the 
mass of the bob is large, considerable stored energy is converted from 
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potential to kinetic between the highest and lowest points of the swing of 
the pendulum. If energy sufficient to supply the losses is delivered by an 
escapement mechanism at the end of the swing, the pendulum will 
continue to oscillate with simple harmonic motion. 

In the analogous class-C amplifier case, the electron tube provides the 
mechanism for supplying power at the minimum values of the plate 
swing. The stored energy transfers from L to C and back at a rate 
determined by the magnitudes of Land C, and will be zero in the in
ductance and maximum in the condenser, when the tank current is zero, 
maximum in the inductance and zero in the condenser when the tank 
current is maximum with time rate of change zero. If the energy 
storage is large compared with the rate of dissipation (high Q), the 
resulting oscillations will be very closely sinusoidal, that is, contain 
negligible harmonic frequencies. 

9-6. The Class-C Frequency Multiplier 

The class-C amplifier is often used as a frequency multiplier simply 
by tuning the load circuit to a multiple of-usually twice or three times
the frequency of the grid voltage. Energy is delivered on each positive 
grid swing but only once every n cycles of the load voltage where the 

Fm. 9-14. Phase relations in a class-C frequency tripler. 

output voltage is the nth harmonic of the grid signal frequency. A 
sketch of the desired phase relations among load voltage, grid voltage, 
and plate current shows that the duration of the plate-current pulse 
should not exceed one-half cycle of the load voltage. For a tripler, as 
shown in the sketch (Fig. 9-14), the angle 20b should not exceed 60°. It 
is evidently necessary to bias the grid very much farther below cutoff 
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than for amplification at the fundamental frequency, and the driving 
grid voltage must have a correspondingly large amplitude if triodes are 
used. Multipliers frequently use tetrodes or pentodes because of the 
smaller bias voltages required. 

9-7. Neutralization of Triode Tuned Power Amplifiers 
Triodes are used for high-power-level amplification in radiobroadcast 

transmitters partly because of the difficulty of cooling screen grids of 
pentodes at power levels of several hundreds or thousands of watts. The 
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FIG. 9-15. Circuit and schematic of a class-C tuned amplifier showing the feedback 
path through C gp• 

grid-plate capacity of a triode used in the grounded-cathode circuit is a 
source of difficulty because it couples the output or load circuit to the 
input circuit. As previously discussed, both input and output circuits 
are tuned to the same frequency at which power amplification is desired. 
The power and voltage levels in the output circuit are much higher than 
in the input circuit. Conditions are therefore such that currents of 
appreciable magnitude will flow through the coupling capacitance Cgp 

from the output to the input. For example, the type-892 triode has a 
grid-plate capacitance of 30 µµf, which represents a reactance of about 
5300 ohms at 1000 kc. The current at load- and source-resonant fre
quency fo produced in this reactance by the voltage across it will flow 
through the grid-to-cathode impedance of the input source and produce 
across this impedance a voltage of exactly the same frequency. If this 
voltage happens to be in phase with the input signal voltage, the output-
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voltage amplitude will build up, as will the voltage due to feedback in 
the input. This unstable condition will terminate in a stable one in 
which the amplifier produces its own exciting voltage and becomes an 
oscillator. As shown in the following chapter, this behavior is deliber
ately provided for in an oscillator, but must be avoided in the amplifier. 
The feedback requirements for oscillation may be more easily under
stood by referring to Fig. 9-15. Here a class-C tuned amplifier circuit 
is shown in Fig. 9-15a with a signal of frequency fo and rms voltage Eg 
impressed at the grid, and a resulting output voltage AEg across the 
output tank circuit. Here A is the amplifier gain at frequency fo, and 
only the fundamental or Jo component of output voltage is considered. 
The circuit of Fig. 9-15b is intended to represent a schematic equivalent 
a-c circuit at frequency f0 • Here the grid-cathode and plate-cathode 
capacitances have been included with the total grid and plate impedances 
to ground, respectively, Zg and ZL. Grid-plate capacitance Cgp is 
shown. It is assumed that a class-A equivalent circuit may be used to 
explain the effect of C gp• It is also assumed that the feedback through 
C gp provides a current in Z g of the proper phase and magnitude neces
sary to produce Eg exactly. Therefore, the external source of Eg may be 
removed, as shown in Fig. 9-15b. The feedback requirement just 
stated may be formulated with the aid of 
Fig. 9-15b as follows: The positive voltage 
drop lZg must replace -Eg, or Vg=-Eg 

(AEg)Zg 
-----= -E 
Zg + 1/jwCgp g 

(9-60) 

from which a requirement is imposed upon 
Zg, namely, 

j(l/wCgp) z =----
g 1 + A 

(9-61) 

The interpretation of Eq. 9-61 is merely 
that, for A a real positive number, Zg AEg= Yg+ vCgp 
must be an inductive reactance of fairly 
small magnitude. In general, both the 
L1-C1 and L 2-C2 circuits become inductive 
at frequencies slightly below f O; therefore, Vcgp 

I 

the condition for oscillation is present, and F 9 16 v t d" IG. - . ec or 1agram 
means must be taken to prevent the feed- for the circuit of Fig. 9-15b. 
back. The vector diagram of Fig. 9-16 has 
been drawn with current I as reference for I Zg I < 1/wCgp, whence 
Vg < Vcgp• 
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A knowledge of the nature of the positive feedback through C gp leads 
easily to methods of preventing it. One method would be to connect 
an inductance of susceptance 1/wLN = wCgp in parallel with Cgp• The 
resulting tuned circuit would present such high impedance between P 

] 
FIG. 9-17. Negative susceptance neutralization of Cgp• 

and G (Fig. 9-15b) that the feedback current would be reduced to a 
negligible value. However, the tuned circuit would present a high 
impedance only at one frequency and would therefore be useful only 
in fixed-frequency applications, such as transmitters in which this 
neutralizing method has found extensive use. The arrangement is 
shown in Fig. 9-17, in which the capacitor C is a blocking condenser of 
negligible reactance. 

The neutrodyne method of neutralization is illustrated by the circuits 
of Fig. 9-18. The principle involved is merely the cancelation at node G 
of equal currents 180° out of phase arriving through C gp and through 
CN. The additional coil L2 closely coupled to L1 provides a voltage 
equal to but 180° out of phase with the voltage across L1 . If the voltages 
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FIG. 9-18. N eutrodyne method of neutralization. 
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across L1 and L2 are each equal to E, the circuit may be represented 
schematically as in Fig. 9-18b. It is convenient to apply Norton's 
theorem at the terminals of the impedance Zg. The resulting current
source circuit is shown in Fig. 9-19. Since current I is the difference 
between currents jwC gpE and jwCN E which would flow in a short circuit 
placed between G and K, the current-source current is zero for CN = Cgp 
at any frequency, and thus no voltage derived from the output will 
exist across Z g if connected between G and K. 

Tests for proper adjustment of CN can be accomplished by applying 
excitation voltage to the grid circuit, disconnecting the plate supply, and 

C 

G K 

C= Cgp+ CN 

I= E (jwCgp - jwCN) 
=jwE(Cgp- CN) 

Fm. 9-19. Current source equivalent of Fig. 9-18b. 

checking for energy in the plate coil by means of a small search coil con
nected to a sensitive detector. The variable CN is then adjusted until 
the reading of the detector is zero or minimum. 

Class-C amplifiers connected in push-pull are easily neutralized by 
the connection of two neutralizing condensers from the plate of each 
tube to the grid of the other. The balanced voltages of the output coil 
are already available without the use of an additional coil. 

9-8. Power Supplies and Bias Sources for Tuned Power Amplifiers 
Class-B and class-C amplifiers used in broadcast transmitters require 

high voltage and large amounts of d-c power and are usually supplied 
from polyphase rectifiers similar to those discussed in Chapter 7. Filters 
are necessary and are simplified by the use of polyphase rectification. 

Bias voltage may be derived from the output of a rectifier and filter, 
or from resistors and resistor-capacitor combinations connected in 
cathode or grid circuits. A combination of power source providing bias 
to cutoff plus additional cathode or grid bias is preferred because of 
danger to self-biased tubes which would occur upon loss of grid excita
tion. Automatic safety cutouts are used with commercial transmitters 
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to remove plate voltage instantly in the event of the loss of grid signal 
voltage. 

Since grid current flows in class-C or B tuned power amplifiers, the 
source and polarity of bias voltage in the circuits of Fig. 9-20 should be 
evident. Electrons flowing to the grid produce the external conventional 

] 
------------'K 

] 
Rg 

FIG. 9-20. Use of grid current in producing bias. 

current in the indicated direction. The direct current le is the average 
of the grid-current pulses. 

9-9. The Grounded-Grid Tuned Power Amplifier 
Neutralization is unnecessary if the grounded-grid connection is used. 

This fact becomes particularly important at frequencies high enough 
that distributed circuit parameters make neutralization very difficult. 
The schematic circuit of Fig. 9-21 provides interesting information as to 

Fm. 9-21. Grounded-grid, tuned power amplifier. 

power relations in the grounded-grid circuit. The currents and voltages 
shown on the diagram are the peak values of the fundamental a-c com
ponents. Since Eim and E0m, the peak input and output voltages at 
frequency Jo, are in phase, and since the peak plate current flows through 



Ch. 9 PROBLEMS 319 

the signal generator, then the available output power is 

(9-62) 

The power input supplied by the driving or signal generator is 

(9-63) 

in which Pg = Eiml gm/2 is grid dissipation, but the component of driving 
power Eimlpm/2 is recognized as part of the output. 

PROBLEMS 

9-1. Positive pulses of current of rectangular wave shape are applied at a uniform 
rate of 796,000 per second to a circuit consisting of an inductance of 80 microhenrys 
in parallel with a capacitance of 500 µµf. The coil Q is 40. Pulse duration is 0.0471" 
µsec, amplitude 0.5 amp. 

(a) Compute the amplitudes of the fundamental and of third-harmonic compo
nents of impressed current. 

(b) Compute the peak values of fundamental and of third-harmonic frequency 
voltages across the parallel circuit. 

9-2. If the circuit of problem 9-1 were tuned to the third harmonic of the current 
wave, compute the voltage across the tuned circuit at third-harmonic frequency. 

9-3. Assume that the current pulse of problem 9-1 consists of half sine waves of 
the same repetition rate but of amplitude 100 ma. If the tuned circuit consists of a 
coil of Q = 50, L = 20 microhenrys, and C = 500 µµf, determine the effective alter
nating voltage across C and the power delivered to the tuned circuit. 

9-4. Refer to manufacturer's data on a type-806 power amplifier, and obtain the 
values of µ and rp necessary for analysis of the.tube as a class-B power amplifier 
operating at Eb = 2000 volts, Ee = -150 volts, Egm = 180 volts. If the maximum 
allowable plate dissipation is 150 watts, compute the impedance of the tuned cir
cuit at resonance, assume Cb min = Cc max• 

9-5. Compute the power output and the plate-circuit efficiency for the amplifier 
of problem 9-4. 

9-6. A class-B amplifier using a type-810 triode is to be operated at 30 Mc. Typi
cal operating conditions are: 

Eb = 1500 volts 

Ee = -50 volts 

Egm = 110 volts 

PP = 125 watts, maximum 

If Cb min = 2cc max, compute for a plate supply of 1500 volts (a) power output, (b) 
plate efficiency, (c) operating plate dissipation, (d) L and C of tuned circuit if the 
loaded Q = 15. 
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9-7. A type-891 power triode operates as a class-C power amplifier at: 

Eb = 8000 volts 

Ee = -1800 volts 

Egm = 2400 volts 

lb = 1.15 amp 

le= 0.09 amp 

Ch.9 

If eb min = ec max, and fo = 1.59 Mc, compute (a) the average plate current (d-c), 
(b) the fundamental component of plate current lp1m, (c) the power output, (d) the 
power input to the plate, (e) the plate conversion efficiency, (j) the required load re
sistance at antiresonance, (g) the plate dissipation, (h) the grid driving power, (i) 
the elements of the tank circuit if the loaded Q is 20. 



CHAPTER 10 

VACUUM-TUBE OSCILLATORS 

THE POSSIBILITY THAT A VACUUM-TUBE AMPLIFIER MAY BECOME AN 

oscillator has been referred to in preceding chapters where precautions 
needed to prevent such an event have been discussed. The present 
chapter, however, will be concerned with the solution of the problem of 
producing a-c output power at constant frequency at the output termi
nals of a vacuum-tube amplifier which supplies its own input. It is 
basic in the vacuum-tube production of alternating voltage or power 
from a d-c source to provide a means whereby the kinetic energy of the 
electron stream may be converted into the alternating field energy at the 
output terminals. This general principle applies to any type of vacuum
tube oscillator; however, the material of the present chapter will be 
primarily concerned with the rather conventional vacuum-tube oscil
lators which provide single-frequency (sinusoidal) output voltage in the 
audio- and radio-frequency ranges up to a few megacycles. Such 
oscillators can provide a better frequency stability and a wave form 
more nearly sinusoidal than is possible by any other means. 

10-1. Simplified General Theory of Oscillators 
The conditions essential for producing a sinusoidal voltage across the 

terminals of a tuned L-C circuit were discussed briefly at the beginning 
of Chapter 9. It is instructive to examine the same circuit except that 
now it is assumed that the elements are not lossless, so that an equivalent 
circuit must involve a resistance. Suppose, for example, the switch in 
the circuit of Fig. 10-1 is closed suddenly at a time when no energy is 
stored in Lor C. The current gmeg shown as driving the equivalent a-c 
circuit is initially zero since eg, the input signal voltage at the grid, is 
zero. It is interesting to write and solve the node equation at node P 
at the initial instant of closing the switch. Since a voltage cannot 
instantly be impressed upon a capacitance, initially the node voltage V 
at the plate will be zero. At any instant, the sum of the currents at 
node P must be zero, or 

321 
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( 1 1) dV I it 
V -+- +C-+- Vdt=O 

rp RL dt L 0 

(10-1) 

Let the combined resistance of rp and RL in parallel be R. It is then 
convenient to differentiate Eq. 10-1 with respect to time and to divide 

p V p 

L RL 
C 

rp 

11~ K 
gmeg 

Ecc 
-

Frn. 10-1. Circuit of a dynatron oscillator. 

through by C in order to obtain the differential equation 

d2V/dt2 + (I/RC) dV/dt + (I/LC)V = 0 

V 

L 
C 

(10-2) 

which is in a form quite familiar to student~ of electric-circuit theory. 
The solution of Eq. 10-2 is easily obtained by the usual methods. If the 
constants of the circuit are such that 

I/LC > I/(2RC) 2 

and with a= I/2RC, b = VI/LC - I/(2RC) 2 

then the solution is 

V = e-at(K1 sin bt + K2 cos bt) (10-3) 

The condition that V = 0 at t = 0 requires that integration constant 
K 2 = 0. Then the solution 

V = K 1e-t/2RC sin (VI/LC - l/(2RC) 2)t (10-4) 

shows that a damped sinusoidal voltage exists across the tuned circuit 
for the conditions assumed. 

Additional interesting interpretations of Eq. 10-4 are now possible 
and provjde the reasons for the introduction of the differential equation 
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and its solution at this point. The expression for the quantity b may 
be revised as follows: 

b ="' = -V~c .J1 - (2~~)2 = "'o .J1 - 2(R/JL/C)2 (10-5) 

Here w0 = 1;-VW, the resonant frequency of the parallel combination 

of Land C, and, since w0L = VL/C = 1/w0C, the effective circuit Q 
may be introduced as * 

(10-6) 

Equation 10-4 now becomes 

V = K1e-tJ2
RC sin wo(Vl - 1/4Qe2)t (10-7) 

which shows that the voltage V is a damped sinusoid provided Qe > ½; 
also, the angular frequency approaches w0 if 1/ 4Qe 2 « 1. Thus, if 
Qe ~ 5, the angular frequency is practically that of the tuned circuit. 

The question of damping as represented by the factor e-tl2
RC is 

of equal interest. If by some means R = rpRL/(rp + RL) could be made 
infinite, then the exponent t/2RC would become zero, and the output 
voltage would be a pure sine wave with no damping. This could occur 
provided rp is negative and equal in magnitude to RL. The possibility of 
a negative rp exists as shown by the plate characteristic of a tetrode at 
low plate voltage (Fig. 2-3). In fact, the dynatron oscillator depends 
upon just this negative slope region of the tetrode plate characteristic 
to eliminate damping. Another and more important possible inter
pretation, however, is that the resistance RL represents the source of all 
losses in the tuned circuit. If by connection of the tube to the tuned 
circuit not only the losses but also the power output can be supplied, 
then RL is effectively canceled. This is, again, the class-C synchronous 
switch interpretation of Chapter 9. 

One further interpretation of Eq. 10-7 is the possibility that the tube 
provide in effect a negative resistance of magnitude such that R is 
negative but not zero. In such a case, the exponential e-tt2RC increases 
with time and the oscillation amplitude increases or builds up. This is, 
of course, the expected behavior as any generator begins to build up 
voltage, but in the case of the tube the important question of what 
ultimately limits the oscillation amplitude must be answered. The 
answer is that limitation is imposed by the properties of the tube itself. 

* See Eq. 8-9, Chapter 8. 
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The plate resistance and transconductance can no longer be considered 
constants but are dependent upon the location of the operating point 
which shifts position, as the oscillation amplitude builds up, in the 
direction of current saturation in the nonlinear region of the tube charac
teristics. Thus, the operation is inherently nonlinear, and harmonics 
are introduced in the output unless special means external to the tube 
are provided to limit the amplitude of oscillation. 

The possibility is inherent in the circuit of Fig. 10-1-and has perhaps 
been suggested by the discussion-that a properly designed coupling 
loop connected in the grid circuit could be used to provide a fraction of 
the voltage V to be used as grid excitation. In this case, the circuit 
becomes a feedback amplifier in which all the excitation is derived from 
the output in the form of regenerative feedback. This is a much more 
practical concept and type of oscillator than the dynatron. The analysis 
of such oscillators is given in the following section. 

10-2. Conditions for Oscillation of an Amplifier 
A vacuum-tube amplifier is capable of producing an a-c power gain 

through transfer of energy from the electron-stream kinetic energy to the 
energy of the a-c field in the output circuit. Because of this power gain, 
it is possible to feed back a fraction of the output power into the input 
in such a way that stable self-oscillations are produced. The remaining 
output power is available for a useful load. The design specifications of 
most interest for such oscillators are the following: 

(a) The magnitude and stability of the output frequency. 
(b) The magnitude of the output power. 
(c) The efficiency of operation. 
(d) The dependence of the frequency, power, and efficiency upon the 

load admittance. 
Because of the positive feedback necessary to establish self-oscillation, 

it is inherently necessary that some part of the oscillator system provide 
a limiting action to establish a stable equilibrium and to prevent the 
amplitude from growing without limit. This limiting action generally 
arises from nonlinearity in the electron-stream portion of the device, 
unless amplitude-limiting circuits designed for that purpose are provided. 
Although in the absence of external amplitude-limiting circuits the 
nonlinearity would seem to rule out the use of the four-pole theory, 
in fact a considerable amount of qualitative and some quantitative 
information may be obtained by the use of the four-pole admittance 
concepts, or by other methods of linear circuit analysis. 

It has frequently been possible in previous amplifier analysis to 
assume the feedback admittance y12 to be negligible. Actually, of 
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course, amplifiers are designed to make the feedback admittance negli
gible, whereas the feedback admittance is necessary for the tube trans
ducer to operate as an oscillator. Because of the positive feedback, an 
oscillator is driven as an amplifier from its own output, and the necessary 
energy is provided by the d-c plate supply. A four-pole equivalent tube 
circuit with input and output terminations is shown in Fig. 10-2 and is 

Fm. 10-2. Equivalent circuit of an amplifier, driven from the output. 

assumed to be driven from a generator of current 12 connected across 
the output. 

The voltage V2 in Fig. 10-2 is built up by the driving generator. The 
current 12 is then given by the expression 

12 = V2(Y2 + Y22) + Y21 V, = V2 ( Y2 + Y22 + ;: Y21) (10-8) 

The relation (10-9) 

was derived in Chapter 1 (Eq. 1-54) and is referred to as the backward 
voltage gain. 

It is required that the tube circuit of Fig. 10-2 behave as an oscillator. 
As such, it will require no driving generator of current l 2 • Let it be 
assumed that a certain steady amplitude of the voltage V2 will be main
tained by the circuit as an oscillator. Thus, as exciting current 12 is 
reduced gradually to zero, voltage V 2 must approach a steady value if 
the circuit oscillates. The necessary condition for l 2 to approach zero 
and for V 2 to approach simultaneously some steady value not equal to 
zero is, from Eqs. 10-8 and 10-9, for the sum of the admittances to reduce 
correspondingly until in the limiting case for l 2 ~ 0, 

Then, the condition for oscillation must be 

(10-10) 
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which may be written in the form 

1 + AbY2if (Y22 + Y2) = 0 

or AbA = +1 (10-11) 

since A = -y2i/(y22 + Y2) (derived in Chapter 1, Eq. 1-50) is the for
ward voltage gain of the circuit as an amplifier. 

Admittance y22 may be separated into two parts: Ye which depends 
only upon the circuit, and Ye which depends only upon the electron 
stream. Since y21 depends upon the electron stream, let Ye be grouped 
with Aby21 so that in Eq. 10-10 a separation may be effected between 
circuit-dependent and electron-stream-dependent admittances. Thus, 
let 

and since 

Ye= Ye+ Aw21 

Y22 =Ye+ Ye 

then, Eq. 10-10 becomes Y2 + Ye + Ye = 0 

(10-12) 

(10-13) 

(10-14) 

Here the admittance Ye is dependent upon both the voltage V2 and the 
angular frequency w and may be expressed functionally as Ye(V2, w). 

In terms of component conductances and susceptances, the conditions 
for oscillation voltage amplitude V2 to exist at a fixed frequency are 

and 

G2 + Uc + Ge (V 2) = 0 

B2 + be + Be(V2) = 0 

If a simple antiresonance is assumed, then 

B2 + be = wC - 1/ wL 

(10-15) 

(10-16) 

where C and L are the equivalent net capacitance and inductance of the 
circuit portion. If further, 

Be(V2) = wCe(V2) (10-17) 

then wC - l/wL + wCe(V2) = 0 

or w2 = 1/L[C + Ce(V2)] (10-18) 

and -Ge(V2) = G2 + Uc (10-19) 

Equation 10-19 states that equilibrium will be established at that value 
of V2 for which -Ge(V2) becomes equal to G2 + Uc, and Eq. 10-18 
provides information as to the dependence of w upon Ce(V2) as well as 
the circuit constants. Thus, both the frequency and the power output 
V iG2 are dependent upon the load admittance. Variations of the power 
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output and frequency with load admittance are often presented in a 
form known as a Riecke diagram. 

The interpretations that have been obtained from the condition 
AA b = 1 for the sustained oscillation of an amplifier are generally 
applicable to oscillators. The requirement that AAb = 1 may be called 
a criterion for self-excitation. Another approach to the criterion for 
the self-excitation of a single tube amplifier or oscillator is available 
through the feedback theory of Chapter 3. This requirement for self-

Amplifier 
gain A To load 

- - - - - ----- - ~-.--+-----

Feedback 
network 

{3 = Vr 1"6 

Frn. 10-3. Oscillator input supplied by feedback from its output. 

excitation, known as the Barkhausen criterion, is very easily obtained 
from the diagram of Fig. 10-3. The voltage gain of the amplifier is 

(10-20) 

The output voltage is impressed across the feedback network which 
provides the voltage 

(10-21) 

at its own output. The feedback network is required to provide the 
proper magnitude and phase of Vr such that it is identical with the 
voltage Vi. If Vi= V1, then Eq. 10-20 becomes 

or 

A = Va/Vr = Va/JJVo = 1/,8 

A,8 = 1 

which is the requirement for self-excitation and oscillation. 

(10-22) 

(10-23) 

The application of Eq. 10-23 to a vacuum-tube amplifier of gain A, 
load impedance ZL, results in a requirement on ,8. Thus, 

or (10-24) 
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which is known as the Barkhausen criterion for sustained oscillations. 
If ZL is a pure resistance, the minus sign in Eq. 10-24 represents the 180° 
phase reversal necessary in the feedback network in order to provide 
the proper voltage phase at the input. If ZL is complex, then an ad
ditional phase correction in the feedback network is necessary. The 
required feedback network gain {3 therefore depends upon both load and 
tube. 

10-3. Application of Oscillation Criteria to the Tuned-Plate Oscillator 
Certain interesting results may be obtained by an application of 

Eq. 10-11. If the separation into electronic and circuit parts of the 
admittances of Eq. 10-14 is possible, the same results may be obtained 
more easily by direct resort to Eq. 10-14 or to Eqs. 10-15 and 10-16. 

p 

K 

Fm. 10-4. Actual and equivalent circuits of a tuned-plate oscillator. 

However, it is difficult to write down immediately the separation in
dicated in Eq. 10-14. Therefore, Eq. 10-11 will be applied directly to 
the case of the tuned-plate oscillator. 

The circuit of the tuned-plate oscillator is shown in Fig. 10-4 and is 
the same as that shown in Fig. 10-1 except that feedback is provided. 
Resistance Rg is a biasing resistor, Cg a by-pass condenser. The equiva
lent a-c circuit is drawn under the assumption of linear operation. Re
sistance R is the effective value of the resistance of the load, as seen 
from the tank circuit and includes the coil resistance of the inductance 
L. It is assumed that the load is either directly in series with L or is 
coupled into the tank circuit. 

An application of Kirchhoff's current or node equation to the equiva
lent circuit of Fig. 10-4 gives the following: 
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or 
1/rp + jwC + 1/(R + jwL) 

(10-25) 

Also, the voltage V 1 is given by 

V1 = jwMh = jwM (- V
2
• ) 

R +JwL 

so that Ab = Vi/V2 = -jwM/(R + jwL) (10-26) 

The condition for self-sustained oscillation is given by Eq. 10-11. Thus, 

( -jwM ) [- gm ] = + l 
R + jwL l/rp + jwC + l/(R + jwL) 

and 
jwM l/rp + jwC + l/(R + jwL) 

R +jwL gm 

l jwC(R + jwL) + 1 =-+-------
µ gm(R + jwL) 

(10-27) 

Equation 10-27 may be simplified by multiplying through by [(R + 
jwL)/jwC]. The result, with some algebraic simplification, is 

M R + jwL R l ( 1 ) - - + --- + - + j - wL - - = 0 
C jµwC gm gm wC 

whence, by rationalization, 

(!:__ + !!:_ _ M) + j [~(wL -~)- _!!_] = 0 (10-28) 
µC gm C gm wC µwC 

Thus, the following two equations result: 

and 

From Eq. 10-29 

L/µC + R/gm - M/C = 0 

(wL - l/wC) - Rgm/µwC = 0 

M = L(l/µ + RC/Lgm) 

(10-29) 

(10-30) 

(10-31) 

which specifies the value of M required for sustained oscillations. For M 
greater than the value given by Eq. 10-31, the oscillation amplitude will 
increase until the current is driven into nonlinear regions of the tube 
characteristics such that gm andµ will satisfy Eq. 10-31. The quantity 
L/RC = Rar, the impedance of the load at the resonant frequency. 
Thus, Eq. 10-31 written as 

-M/L = -(l/µ + l/Rargm) 
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will be recognized as the Barkhausen criterion of Eq. 10-24, with -M/L 
proportional to /3. From Eq. 10-30, 

w2 = ~(1 + R) 
LC rp 

(10-32) 

or with wo2 = I/LC, w = w0Vl + R/rp (10-33) 

Now w0 is the natural angular frequency of the tuned circuit. Thus, Eq. 
10-33 indicates that the oscillation frequency is slightly greater than the 
natural frequency of the tuned circuit, but that the difference is small 
if rp » R. 

Another interpretation of Eq. 10-29 is that, for a fixed M, the bias is 
such as to provide the necessary value of 

gm = µRC/(µM - L) (10-34) 

Oscillations in the tuned-plate oscillator are self-starting if the value of 
gm at zero bias is greater than the critical value impose_d by Eq. 10-34. 
The presence of the biasing resistor Rg causes a shift in operating point 
as oscillations begin and build up, and grid current begins to flow. The 
stable operating point is that for which the average value of gm between 
extreme values of grid voltage is that specified by Eq. 10-34. The 
quantityµ is reasonably constant over the same range. 

The analysis given herein for the tuned-plate oscillator applies reason
ably well for frequencies such that lumped circuit values may be used. 
For higher frequencies where the circuits must be analyzed in terms of 
distributed constants, a different analytical method is utilized. 

10-4. Vector Diagram of the Tuned-Plate Oscillator 

The vector diagram of the tuned-plate oscillator is obtained from the 
equivalent circuit, and assumed linear operation. Although operation 
is not linear, the vector diagram is instructive and reasonably accurate. 
The steps taken in the preparation of the vector diagram of Fig. 10-5 are 
listed in their proper sequence as follows: 

(1) Assume current has reference vector; draw: 
(2) Rh 
(3) ;jwLh 
(4) -V2 =Rh+ :iwLh 
(5) le = ;jwC(- V2) 
(6) Ip = - V2gp = - V2/rp 
(7) gm V1 =le+ Ip+ h and must be perpendicular to h. 
(8) V1 = Eg = gm V1/gm 
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-Eg 

FIG. 10-5. Vector diagram of the tuned-plate oscillator. 

In order for V 1 or E g to lead h by 90°, 9m V 1 must lead ( - V 2). The 
tuned circuit then behaves as a capacitance, and the reactance curve 
of Fig. 10-6 indicates that the frequency at which the tank circuit 
presents a capacitive reactance is greater than Jar• 

X 

---------t"----_.,.--,..-------f 
fa,./ 1. I 

I I 
I I 
I I 
l I 
I 
I 
I 

FIG. 10-6. Reactance curves for the tank circuit of a tuned-plate oscillator with 
negligible R. 
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10-5. Classification of Feedback Oscillator Circuits 
Oscillator circuits have been classified as those that do and those that 

do not have external feedback networks. For the first group, those 

Fm. 10-7. Prototype oscillator circuit, plate supply not shown. 

providing external feedback circuits, Jen 1 has shown that four basic 
circuits may be derived from a single prototype, shown in Fig. 10-7. 
Three are obtained by omitting one inductive element successively from 

Ci Cl Li 

L3 C3 L3 

C2 L2 C2 

Type 1 Type 2 

Lr {;=}! 
C3 L3 

L2 C2 L2 

Type 3 Type 4 

FIG. 10-8. Basic feedback oscillator circuit types derived from the prototype of 
Fig. 10-7. 

1 C. K. Jen, Proc. IRE, 19, 2109 (Dec. 1931). 
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each of the three parallel tuned circuits, the fourth by making one of the 
resonant circuits conductively separate from the remaining portion. 
Inductive coupling may exist among all three coils. 

The four derived circuits are shown in Fig. 10-8. This classification 
has been used by Thomas 2 to show that the commonly used oscillator 
circuits may be derived from the four types. The tuned-plate oscillator, 

Tuned-plate circuit Tuned-grid circuit 

Frn. 10-9. Tuned-plate and tuned-grid practical type-1 circuit derivatives. 

for example, is type 1 with C1 and C2 removed. A similar circuit, the 
tuned-grid oscillator, also may be derived from type 1 by removing C1 

and C3 • Practical arrangement of the tuned-plate and tuned-grid circuits 
are given in Fig. 10-9. The elements Rg and Cg are added to provide 
grid bias. A third and very frequently used circuit, the Hartley circuit, 

R-f by-pass 

Series-fed Shunt-fed 

FIG. 10-10. Hartley oscillator circuits, type-1 derivatives. 

may be derived from type 1 by omitting C2 and C3 • Since the two coils 
have a common terminal, they may be represented as a single coil with a 
tap connection for the cathode as shown in the practical circuit of Fig. 
10-10, which includes both series- and shunt-fed versions. The use-· 
fulness of the Hartley circuit depends largely upon the fact that a single 

2 H. A. Thomas, Theory and Design of Value Oscillators, Chapman & Hall, London. 
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tapped coil may be used, with the tap joint adjustable if desired. The 
series-fed circuit is usually avoided because of the shunting capacitance 
of the power source. 

The type-1 circuit of Fig. 10-8 with all elements present except 
mutual coupling between L2 and La and with or without the capacitive 

Rg 

FIG. 10-11. Tuned-plate, tuned-grid type-1 derivative without external coupling C1• 

coupling C1 between grid and plate circuits is called the tuned-plate, 
tuned-grid circuit. Where shielding is employed between plate and grid 
circuits, feedback depends upon the grid-plate capacitance Cgp + C1 

or C gp alone. The oscillation frequency is determined by the grid
circuit tuning, since the loading of the plate circuit results in a lowering 

R-f by pass 

R-f choke 

--11-

FIG. 10-12. The Colpitts oscillator, type-2 derivative. 

of its effective Q. The plate-circuit tuning may then be used to adjust 
oscillator loading. A practical form of this circuit is shown in Fig. 10-11. 

The type-2 circuit of Fig. 10-8 has one important derivative, the 
Colpitts oscillator of Fig. 10-12. This circuit may be derived from 
type 2 by omitting La and C1. The practical circuit of Fig. 10-12 uses 
shunt feed to the plate. Tuning capacitances C1 and C2 are ganged 
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(tuned with a single adjustment) once their proper capacitance ratio 
has been determined. 

No practical circuits seem to have developed from the type-3 proto
type, but the type 4 is represented by the Meissner circuit in which C 2 

and C3 and the coupling between L2 and L3 are omitted. This leaves the 
nonconductively coupled L 1-C 1 circuit as both tank circuit and feedback 
path between plate and grid. A practical form of this circuit may be 
arranged as shown in Fig. 10-13. 

Cg 

.__ _ __.__ __ -----1,1-____. 
----------Li----------

FIG. 10-13. Meissner oscillator, type 4. 

10-6. Electron-Stream Feedback Coupling 
A problem common to all the oscillator circuits thus far described is 

the change of frequency which tends to accompany a change in load 
impedance. Such frequency changes may be prevented or reduced by 
the proper circuit isolation of the oscillator tuned circuit from the load. 
One practical means of accompUshing this isolation is to connect a 
class-A amplifier, called a buffer amplifier, as the oscillator load, and to 
drive a class-C power amplifier from the output of the buffer amplifier 
which takes negligible grid current at its input terminals and thus pro
vides a constant high-impedance load for the oscillator. 

It should be kept in mind that oscillators, unless provided with ex
ternal amplitude-limiting circuits, operate class C. Another means of 
accomplishing isolation of oscillator tuned circuit from load is provided 
in a single tetrode or pentode tube by using cathode, control grid, and 
screen as a triode oscillator and coupling in the load circuit as a class-C 
amplifier through the plate. The circuit is drawn in Fig. 10-14 as a 
Hartley circuit, but the method may be applied to any of the circuits 
that have been described. The screen acts as the anode in the triode 
oscillator section, but sufficient current passes through the screen to 
the anode of the pentode to provide the voltage and power output of the 
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load, just as described in Chapter 9 for the class-C amplifier. Since 
power coupling to the load is through the electron stream, the circuit 
is said to be "electron-coupled." It is an effective means of improving 
frequency stability. 

It is experimentally observed that a small increase in screen voltage 
of the electron-coupled oscillator results in a small increase in frequency, 
but that a small increase in plate voltage causes a small decrease in 
frequency. These separate effects may be utilized to nullify each other 
by supplying the screen voltage at an experimentally adjusted tap on a 
potentiometer, as shown in Fig. 10-14. 

c~Load 

Fm. 10-14. Electron-coupled Hartley oscillator circuit. 

10-7. Control of the Stability of the Output Frequency 
The effect of load variations in causing changes in output frequency 

has been mentioned in Section 10-6, where isolation of the load by use 
of a class-A buffer amplifier stage or by use of the electron-coupled load 
has been suggested as a possible solution. The effect of load on fre
quency is often ref erred to as frequency pulling. In low-power circuits, 
the effect may be minimized by inserting sufficient attenuation or 
resistance between oscillator and load. 

Oscillation frequency changes, however, result from a number of other 
causes. These include mechanical and thermal effects such as vibration, 
shock, and changes in temperature which affect frequency-critical 
physical properties such as dimensions and resistivity, resulting in 
changes of L, M, C, and R of the external network. They also include 
voltage variations which affect the magnitudes of plate and grid resist
ances, r P and r g, and the transconductance, gm. These also vary with the 
amplitude of oscillation. Adequately regulated power supplies are 
essential for maintaining constant frequency of an oscillator but are not 
sufficient. Although tube amplification factor µ varies very little with 
Ebb, its variation may not be neglected where extreme frequency sta
bility is necessary. Effects of plate resistance variation upon frequency 
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may be minimized by adding a high resistance to the plate circuit so 
that the percentage variation due to changes in rp will be small. This 
is known as resistance stabilization. 

Llewellyn 3 in 1931 analyzed the problem and obtained an interesting 
and useful pmctical solution by mathematical analysis. A brief account 
of this analysis and an example of its useful results should be of interest 
at this point. Principles rather than details are important and will be 
stressed. The analytical method depends upon the fundamental prin
ciple, already used in the foregoing, that, if an energy-storing circuit 

G P 

Zm __ __, 

~ 

FIG. 10-15. Generalized feedback-oscillator equivalent circuit, with stabilizing 
impedances Z 4 and Z 5 • 

oscillates, or 1s m steady oscillation, no external exciting alternating 
voltage source is needed. To present this principle quantitatively, 
Llewellyn assumed a circuit of R, L, and C in series with a vacuum tube 
and an a-c source of sinusoidal excitation of rms voltage E. Although 
the vacuum-tube circuit is nonlinear, the alternating voltage at steady 
state across the tube may be expressed rigorously in terms of a Fourier 
series and represented at one frequency as I(r + }X) in Kirchhoff's mesh 
equation for the tube circuit, Eq. 10-35, where I is therms mesh current. 
Thus, 

E = (R + }wL + 1/JwC + r + }X)I (10-35) 

From Eq. 10-35, if steady oscillations exist, then E = 0, but I ~ 0, so 
that the conditions for oscillation are: 

and 

R + r = 0 

wL - 1/ wC + X = 0 

(10-36) 

(10-37) 

Now a number of the feedback oscillator circuits that have been 
discussed, including the Hartley, Colpitts, and Meissner circuits, may be 
represented by the same generalized equivalent circuit (Fig. 10-15). 
Impedances Z4 and Z5 have been inserted for the purpose of securing 

s F. B. Llewellyn, Constant Frequency Oscillators, Proc. IRE, 19, 2063 (1931). 
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the independence of frequency and applied voltage which is the desired 
end result of the analysis. The problem then is to determine the con
ditions imposed upon Z4 and Z5 • Since Ei = I 3rg, the mesh equation 
for the plate mesh is 

µl3rg = l1(Z1 + Z5 + rp) + l2(Z1 + Zm) - l3Zm 

or 0 = 11 (Z1 + Z5 + rp) + I2(Z1 + Zm) - [3(µrg + Zm) (10-38) 

and for the other meshes 

0 = I1(Z1 + Zm) + I2(Z1 + Z2 + Z3 + 2Zm) - l3(Z2 + Zm) (10-39) 

0 = -I1Zm - l2(Z2 + Zm) + la(rg + Z2 + Z4) (10-40) 

This set of three equations is in homogeneous form; that is, the variables 
with their coefficients are arranged on one side, but only zeros occur on 
the other side of each equation. In this form, a solution 4 exists pro
vided that the determinant of the system is zero. If a solution exists, 
currents 11, 12 , and 13 of fixed frequency exist, and, since there is no 
external excitation, the system is behaving as an oscillator. Therefore, 
the condition for oscillation is that 

where 

Z11 Z12 Z13 

Z21 Z22 Z2a = 0 

Z31 Z32 Z33 

Z11 = Z1 + Z5 + Tp 

Z12 = Z1 + Zm = Z21 

Z13 = -(µrg + Zm) 

Z22 = Z1 + Z2 + Za + 2Zm 

Z2a = -(Z2 + Zm) = Za2 

Z33 = Tg + Z2 + Z4 

Z31 = -Zm ~ Zia 

(10-41a) 

(10-42) 

From Eq. 10-41a, and with two terms combined by factoring, one may 
obtain the condition for oscillation in the form 

Z11Z22Z33 + Z12Z23(Z31 + Z13) - Z122Za3 - Z2a2Zu 

-Z1aZa1Z22 = 0 (10-41b) 

which is merely the expansion of the determinant of Eq. 10-41a. If now 

4 See E. A. Guillemin, The Mathematics of Circuit Analysis, pp. 16-17, John Wiley 
& Sons. 
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it is assumed that circuits external to the tube have negligible losses, the 
impedances Zi, Z2, Z3, Z4, Z5 , and Zm become pure reactances. Substi
tutions into Eq. 10-41b from Eq. 10-42 then provide the relation, with 
X22 = X1 + X2 + Xa + 2Xm, 

[rp + j(X1 + X5)](jX22)[rg + j(X2 + X4)] 

+[j(X1 + Xm)][-j(X2 + Xm)][-(µrg + j2Xm)] 

-[j(X1 + Xm)J2[rg + j(X2 + X4)] - [-j(X2 + Xm)]2[rp + j(X1 + X5)] 

-[-(µrg + jXm)](-jXm)UXd = 0 

which reduces to the two equations: 

-X22[rp(X2 + X4) + rg(X1 + X5)] - (X1 + Xm)(X2 + Xm)µrg 

+(X1 + Xm) 2rg + (X2 + Xm) 2rp + X22Xmµrg = 0 

(10-43) 

X22[rprg - (X1 + X5)(X2 + X4) + Xm2] - 2Xm(X1 + Xm)(X2 + Xm) 

+ (X1 + Xm)2(X2 + X4) + (X2 + Xm)2(X1 + X5) = 0 (10-44) 

The second of these equations, 10-44, may be written as 

{
2Xm(X1 + Xm) (X2 + Xm) - (X1 + Xm) 2(X2 + X4)} 

- (X2 + Xm)2(X1 + X5) 
X22 = --------------------

rprg - (X1 + Xs)(X2 + X4) 

(10-45) 

from which it may be seen that, if X 4 and X 5 have the proper values at 
the frequency of oscillation, which is the frequency at which the second 
mesh has zero reactance, then this reactance X22 will be zero at the reso
nant frequency whatever the values of rp and rg. The numerator of 
Eq. 10-45 is zero for values of X4 and X 5 for which 

2Xm(X1 + Xm)(X2 + Xm) = (X1 + Xm)2(X2 + X4) 

+ (X2 + Xm 2) (X1 + X5) (10-46) 

It has been shown by Llewellyn that the requirement for frequency 
stabilization stated in Eq. 10-46 leads to physically realizable or possible 
values of rp, rg, and µ necessary to sustain oscillations. Also, stabiliza
tion is achieved with reasonable values of X4 and X 5• It may also be 
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concluded from Eq. 10-46 that stabilization may be achieved by the use 
of only one reactance, either X 4 or X 5 but not both. Thus, if plate 
impedance stabilization alone is used, X 4 = 0, and 

(10-47) 

A similar relation may be obtained for X 4, grid stabilization, with 
Xs = 0. 

The Hartley circuit may now be chosen as a specific example. Refer
ence to the circuit of Fig. 10-10 shows that Xm = w0M, X 1 = w0L 3 , 

and X 2 = w0L2 • Then Eq. 10-47 becomes 

(10-48) 

which turns out to be a negative quantity. If a capacitive reactance is 
required, then 

and 
1 

C5=-w2-[L_+_L_(_L3_+_M)-2--2M_(_L3_+_M_)] 
0 3 2 

L2+M L2+M 

But w0 is the resonant frequency for which 

whence 

X22 = X1 + X2 + X3 + 2Xm 

= woL3 + woL2 - l/woC3 + 2woM = 0 

wo2 = I/C3(L3 + L2 + 2M) 

Finally, then, the necessary capacitance for plate stabilization is 

C3(L3 + L2 + 2M) 
C5=-L-3_+_L_2_( __ L-3=_+ ___ M=_)_2_-2_M_(_L_3_+_M_) 

L2+M L2+M 

(10-49) 

(10-50) 

Actually, of course, a high-impedance choke in parallel with C5 is re
quired to by-pass the direct current to the plate. A corresponding 
expression may be derived for C 4 if grid stabilization alone is used, or 
stabilizing reactances may be used in both grid and plate leads simultan
eously. For tunable oscillators, stabilization would require new values 
of capacitance at each frequency unless M were zero, and £ 3 = L 2 • 
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In this case, the value of the stabilizing capacitance would depend upon 
C3 only, and tuning could be accomplished by simultaneous variation 
of L3 and L2 with fixed Ca and C5 . For applications to other circuits 
and for experimental confirmation of the theory, reference should be 
made to the original paper by Llewellyn. 

The problem of frequency stabilization of an oscillator has many 
aspects, and there are numerous methods of solution. This section has 
been concerned primarily with the means of minimizing the effects upon 
frequency of the changes in voltage-dependent tube parameters. The 
following section deals briefly with the use of crystals of quartz or 
tourmaline in the precise control of oscillator frequency. 

10-8. The Piezoelectric Crystal-Controlled Oscillator 
The important frequency-controlling properties of a properly prepared 

quartz or tourmaline crystal are dependent upon the piezoelectric effect 
which, simply stated, consists of the mechanical vibration in thickness, 
bending, or shear of the crystal in response to an alternating voltage 

Electrodes 

Crystal r 
(a) Circuit arrangement (b) Equivalent electric circuit 

Frn. 10-16. Electrode arrangement and equivalent electric circuit of a piezoelectric 
crystal. 

properly impressed upon the crystal, and of the converse effect of the 
appearance of an alternating voltage between electrodes containing the 
crystal if mechanical vibrations are present. Electric energy may be 
stored in the crystal in the mechanical vibrational form and recovered 
with small loss of energy. The properly prepared crystal has a natural 
resonant vibration frequency of the value desired; the Q or energy 
storage-to-dissipation ratio is higher than may be obtained with ordinary 
tuned circuits with an order of magnitude of several to many thousands. 

The crystal properties are ideal for use as the tuned circuit of an 
oscillator. A typical crystal designed for a resonant thickness vibration 
and electrical frequency of 430 kc is rectangular in shape with dimensions 
3.33 cm long, 2.75 cm wide, and 0.63 cm thick. If such a crystal is 
mounted between capacitor plates, as shown in Fig. 10-16a, its equivalent 
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electric circuit 5 is shown by Fig. 10-16b. The capacitance 0 1 is the 
capacitance between electrodes with the crystal inserted but not vi
brating. The series circuit of R, L, and C represents, respectively, the 
electrical analogs and counterparts of the frictional losses, the vibrating 
mass, and the reciprocal elastic constant or compliance of the vibrating 
crystal. For the 430-kc crystal of dimensions as given, R rv 4500 
ohms, L = 3.3 henrys, C = 0.042 µµf, and 0 1 = 5.8 µµf. The approxi
mate Q of the crystal is about 2300. The equivalent circuit indicates 
the presence of two resonant frequencies, but in general the series
resonant frequency of L and C is desired. 

Lt 

Crystal 

The most commonly used circuit arrangement of a crystal-controlled 
oscillator is probably the tuned-grid, tuned-plate circuit with the crystal 
used as the high-Q tuned-grid circuit which determines oscillation fre
quency. The arrangement and equivalent crystal circuit are shown by 
Fig. 10-17. Tuning of the plate tank circuit is such that the tank circuit 
presents an inductive reactance to the tube, and influences the frequency 
primarily through the input admittance in parallel with the crystal at 
the grid-cathode input. This effect on frequency, however, is usually 
so small as to be negligible, and the main effect of plate tuning is to con
trol the amplitude of oscillation at the crystal-resonant frequency. 
Pentodes are often used in the circuit of Fig. 10-17, and require less grid 
drive and thus entail smaller crystal currents and heating for a given 
output than triodes, but may require the addition of a small capacitance 
grid-to-plate to supply the feedback available through Cgp in the triode. 

Crystals permit the control of frequency to an accuracy of 1 to 10 
cycles per megacycle over a range of frequencies roughly from a few 
thousand cycles to 10 or 15 Mc per sec. Power output varying from 5 
to 15 watts is available from practical, crystal-controlled oscillators. 

5 K. S. Van Dyke, The Piezoelectric Resonator and Its Equivalent Network, 
Proc. IRE, 16, 742 (1928). 
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Crystals are prepared by cutting the natural quartz crystalline form 
in specified directions and at the proper angles with the main crystal 
axis. The methods of preparation are too involved in technical detail to 
present much importance with respect to the objectives of this book and 
so are omitted. An interested reader is referred to the references.6 A 
particularly interesting development 7 is the so-called GT-cut crystal 
which has practically zero temperature coefficient of frequency change in 
the temperature range 0° to 100° C. 

-----Eo ---------------, 

Amplifier 

FIG. 10-18. Bridge-stabilized oscillator circuit. 

10-9. Other Methods of Frequency Stabilization 
The oscillation amplitudes of oscillator circuits which have been 

discussed in preceding sections have been limited by nonlinearity of tube 
characteristics. This limitation on amplitude results in harmonic 
distortion and consequent frequency variation. It would be desirable 
for an oscillator to operate only over the linear range of tube character
istics, and this is possible if means be provided to limit oscillation ampli
tude by circuits external to the tube. Two such circuits which permit 
class-A linear operation of the oscillator tube are of interest here. The 
first is the bridge-stabilized circuit of Meacham,8 shown in Fig. 10-18. 
The output of the amplifier is connected across one diagonal of the 
bridge, the input across the other. The bridge is in a state of near but 
not complete balance. Impedance Z4 = R4 + jX4 is a crystal operated 
at series resonance, so that X 4 = 0 at the desired frequency. Resistance 
R1 is a tungsten-filament lamp of low wattage and of cold resistance 
such that initial oscillation buildup is permitted, but of gradually in-

6 R. A. Heising, Quartz Crystals for Electric Circuits-Their Design and M anufac
ture, D. Van Nostrand Co. (1946). 

7 W. P. Mason, Low-Temperature Coefficient Quartz Crystals, BSTJ, 19, 74 
(1940). 

8 L. A. Meacham, The Bridge-Stabilized Oscillator, Proc. IRE, 26, 1278 (1938). 
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creasing resistance as the oscillation amplitude builds up and the tem
perature of the tungsten filament increases. At the desired amplitude, 
the bridge is only slightly unbalanced, but is kept in as nearly exact 
balance as possible. A slight unbalance is necessary in order to supply 
sufficient feedback voltage Ei to sustain steady oscillation. Accordingly, 
at the desired operating amplitude and frequency the resistance of R 1 is 

+ 

FIG. 10-19. Linear oscillator, with self-controlled bias. 

----r 
I 

Bias 
voltage 

I 

___i 

made slightly smaller than the balance requirement R2R3/ R4 • At this 
value of R1 the attenuation through the bridge, which is 

(10-51) 

is just equal to the gain of the amplifier, 

(10-52) 

so that the oscillation criterion A,B = l is met. Under these conditions, 
the amplifier operates on a strictly class-A basis with no frequency 
variations-over short intervals-of more than 2 parts in 108

• 

Another amplitude-limiting circuit permitting class-A operation is 
shown in Fig. 10-19. The circuit will be recognized as a tuned plate 
oscillator, with the grid feedback coil connected in series with a bias 
voltage of magnitude depending on the magnitude of the oscillation 
amplitude. The rectifier supplying bias is fed by an amplifier for 
which the input is proportional to the oscillator output voltage. If the 
oscillation amplitude increases, so does the negative grid bias. An 
equilibrium is reached at an amplitude for which the values of gm and rp 
as determined by the bias are such as to sustain oscillations, according 
to the Barkhausen criterion (Eq. 10-24). 
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10-10. Resistance-Capacitance Tuned Oscillators 
An oscillator designed primarily for laboratory use and using an 

R-C-coupled, two-stage amplifier with positive feedback and no tank 

--;r 
I 
I 
I 

11 
I 
I 
I 

--------.--,-1 

C 

Amplifier 
gain A 

Fm. 10-20. R-C tuned amplifier. 

Va 
I 
I 
I 

Load 

circuit of L and C is shown schematically in Fig. 10-20. The feedback 
network consists of impedances 

and 

Z1 = R1 + l/jwC1 

R2(l/jwC2) 
Z2 = -----

R2 + l/jwC2 

(10-53) 

(10-54) 

The capacitance C has negligible reactance at the oscillation frequency 
and is intended merely as a d-c blocking capacitor. The feedback 
fraction (3 is given by 

(10-55) 

Application of the requirement for oscillation, 

(10-56) 

leads to two necessary conditions to meet the magnitude and phase 
requirements for sustained oscillation. These are: 

(10-57) 

which specifies the frequency at which the feedback network provides the 
proper phase-the frequency of oscillation-and 

(10-58) 
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which specifies the amplifier gain required for oscillation in terms of the 
constants of the feedback network. A simplified case is that for which 
R1 = R2 = R and C1 = C2 = C. In this case, 

and 

w = 1/RC 

A= 3 

(10-59) 

(10-60) 

In practice, the R-C tuned oscillator takes the form shown in Fig. 
10-21. It has been shown 9 that, if R 1 C1 = R2C2 , the curve of the voltage 

Frn. 10-21. Practical form of the R-C tuned oscillator. 

ratio Vo/Vi has a maximum at the angular frequency given by Eq. 
10-57 and is similar to a resonance curve. Negative feedback has also 
been included in Ra and R4 • Resistance Ra is a small incandescent 
lamp providing a temperature-sensitive variable resistance. An in
creased oscillation amplitude is accompanied by increasing current and 
higher resistance in Ra and consequently of increased negative feedback, 
reduced gain, and reduced input. Thus, the oscillation amplitude is 
stabilized at values determined by the proper proportions of R4 and Ra. 

An important property of this oscillator is its wide tuning range. 
For the conditions applying to Eq. 10-59, the frequency is inversely 
proportional to C and not to the square root of C as is true of the L-C 
tuned oscillator. Therefore, tuning over a 10-to-1 frequency range is 
easily possible, and a change in frequency band with another 10-to-1 
range is possible by tapping resistances R 1 and R2 • Ganged condenser 
and resistor control settings permit easy frequency and band selection. 

9 F. E. Terman, R.R. Buss, W. R. Hewlett, and F. C. Cahill, Proc. IRE, 27, 649 
(1939). 
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10-11. The Multivibrator 
The multivibrator is an R-C-coupled amplifier feeding its own input. 

Although its circuit is similar to that of the R-C tuned oscillator of 
Section 10-10, its behavior and applications are very different. It be
longs more properly to a class of electron-device circuits described as 
timing, triggering, pulse-forming, or wave-shaping circuits. It does 
oscillate, however, in the sense that it shifts quickly from one point of 
operation to another along a current-voltage characteristic which has a 
negative-resistance region. It can be analyzed in terms of this negative-

C1 P2 

G2 

R2 
K K 

-
FIG. 10-22. An amplifier circuit which becomes a multivibrator if a is connected to G1. 

resistance characteristic or by considering the circuit as a regenerative
feedback amplifier. The latter approach is considered briefly in the 
following paragraphs. 

The two-stage, R-C-coupled amplifier circuit of Fig. 10-22 will oscillate 
if terminal a is connected to grid G1 . No biasing sources are needed. A 
single plate-voltage source may be used, and the circuit diagram is 
usually arranged as shown in Fig. 10-23, known as a plate-coupled 

+-------+-----------------...... Ebb 

Tube 1 

FIG. 10-23. Typical multivibrator circuit obtained from Fig. 10-22 with a connected 
to G1 and with only one plate-voltage source. 
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circuit. The coupling capacitors are connected from the grid of one 
tube to the plate of the other, as shown. 

A switch S has been included in the plate circuit of tube 2 (Fig. 10-23) 
in order to provide a starting point for a discussion of the behavior of 
the multivibrator. Tube 1 will conduct heavily if plate voltage is 
applied, since the bias of tube 1 is zero. The capacitors C1 and C2 both 
charge, G1 reaching the potential eb1 of the plate of tube 1 and C2 reaching 
the potential Ebb of the source. The voltage eb1 may be found from a 
load line determined by the voltage Ebb and the resistor R1 • With G1 

fully charged, the current in R2 is zero, and the bias voltage of the grid 
of tube 2 is zero. Thus, if switch S is closed, tube 2 will immediately 
conduct. The voltage eb2 will drop from its previous value of Ebb 

because of the voltage drop in R3 and will quickly approach an equi
librium value determined by R3 and Ebb and analogous to the value eb1 

reached by tube 1. The conduction of tube 2 provides a discharge path 
for C2 through tube 2 and provides a negative voltage ee1 at G1 which 
reduces the plate current of tube 1. Since the voltage across C2 , initially 
Ebb, cannot change suddenly, the bias voltage ee1 on tube 1 at the in
stant after S closes is 

(10-61) 

This is sufficient to bias tube 1 well below cutoff. Since ibt is reduced 
to zero, eb1 rises to the supply voltage Ebb· The increased charging 
current through G1 and R2 biases tube 2 positively; ib2 is further in
creased and R2 is shunted by a grid resistance Rg2 resulting from grid 
conduction current. The grid resistance Rg2 is small compared with 
R2, and thus G1 charges quickly, reducing the bias on tube 2 to zero. 

The zero-bias conduction of tube 2, however, is not the end result but 
a condition persisting for a relatively long time period during which the 
voltage across C2 , which was responsible for the bias of tube 1 to cutoff, 
decreases as the charge on C2 leaks off. The leakage path is through R4 

in series with (R3rp2 )/(R3 + rp2 ), where rp2 is the plate resistance of 
tube 2. Let the leakage path resistance for G2 be Ra; then, 

where 

Ra = R4 + R3rp2/(R3 + rp2) ~ R4 

R4 » R3rp2/(R3 + rp2) 

Then the voltage ee1 is given by 

(10-62) 

(10-63) 

which shows that the bias on tube 1 ultimately is reduced to a value such 
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that tube 1 conducts again. But, as tube 1 conducts, the voltage ec2 of 
G2 drops to a negative value 

(10-64) 

which biases tube 2 to cutoff. In addition, eb2 rises to Ebb, producing a 
suddenly increased positive bias on G1 so that tube 1 conducts heavily. 
Tube 2 remains cutoff until the charge on C1 is reduced sufficiently that 
the grid voltage 

(10-65) 

rises to the conduction value of tube 2. Here 

Thus, the operation is repeated. For the symmetrical multivibrator, 
the two halves of the circuit are identical, with R1 = R3 , R2 = R4 , and 
C1 = C2 • The tubes are also identical so far as possible. Such a circuit 
is known as a free-running plate-coupled multivibrator. 

10-12. Wave Forms of the Free-Running Multivibrator 
The wave forms of the plate voltages and of the grid voltages of the 

tubes of a multivibrator are of particular interest. An attempt has been 
made in the following paragraphs to develop these wave forms in a step
by-step procedure. A specific circuit (Fig. 10-24) has been chosen for 
this purpose. It is assumed, initially, that tube 2 is not conducting 
and that its grid voltage is below cutoff but rising toward cutoff. The 

Tube 1 Vx 

R2= 250 K 

Cx = Cy= 0.04 µf 

FIG. 10-24. Free-running, symmetrical multivibrator. 
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tubes are identical and have plate characteristics as shown by Fig. 
10-25, on which the load line corresponding to R1 = 30,000 ohms has 
been drawn. The intersection of the load line and the ec = 0 character
istic shows that the plate voltage of either tube when conducting with 
zero bias is eb1 = eb2 r-..; 82 volts. 

16.-----,-----,--------.-----------------

Er = 6.3 volts 

0 ......_ _ _._ _ ___,c_ _ _._ _ __,_ __ ...1.----=:::~=--.l----.l....--L---....J 

0 100 200 300 400 500 
e b• plate volts 

FIG. 10-25. Plate characteristics for the triodes of Fig. 10-24. 

Capacitor Cy was responsible for the cutoff of tube 2 because, when 
tube 1 began to conduct, Cy was fully charged to Vy = 300 volts, and 
the conduction of tube 1 provided a discharge path for current iy to flow 
through R2 toward G2 • The discharge circuit is shown by Fig. 10-26. 
The voltage drops around the discharge path through the tube are 
given by 

(10-66) 

Just before tube 1 began to conduct, iy was zero and Vy = 300 volts. At 
conduction of tube 1, eb1 falls to 82 volts, but Vy cannot change instantly. 
Therefore, the initial value of iy is given by 

(10-67) 

\ 
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R1 

Pz 

1/v ~ 300 

+ - --volts 

G1 + -
Cy 

Rz Rz ecz 

FIG. 10-26. Discharge of Cy and charge of Cx, 

Thus, the initial negative bias on tube 2 was 

(10-68) 

For the circuit of Fig. 10-24, this bias is 

Cc2 = - (300 - 82) = - 218 volts 

Then the equation for the instantaneous bias on tube 2 is, according to 
Eq. 10-65, 

= -218e-10oot (10-69) 

where time t is measured from the beginning of conduction of tube 1. 
The grid-voltage wave form for tube 2 is shown in Fig. 10-27 along with 
the other wave forms of interest. Attention should be focused first 
over the time interval O to t1 during which tube 2 does not conduct. 
During this interval the voltage eb2 is constant at 300 volts, ec1 is constant 
at zero, and eb1 is constant at 82 volts. 

During the interval 0 < t < t1 the capacitor Cx (Fig. 10-26) had 
charged to a potential of Vx = Ebb = 300 volts. The charging current 
ix had the direction shown so that ec1 had actually become positive for a 
short interval at the beginning of conduction of tube 1. The grid 
resistance shunting R2 when ec1 is positive may be of the order of 500 to 
1000 ohms. At t = 0, the voltage equation around the circuit through 
C x (Fig. 10-26) is 

Ebb = [R1 + R2Rg/(R2 + Rg)]ix + Vx ~ R1ix + Vx (10-70) 
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ec2 

+100 

0 -t 

-100 

-200 

eb2 

300 

200 

100 

t1 t2 

eel 

-100 

-200 

ebl 

300 

( l 200 

100 

t1 t2 

FIG. 10-27. Voltage wave forms for the multivibrator of Fig. 10-24. 

Also, at t = 0, tube 1 had just begun to conduct so that the voltage of G1 

with respect to ground was the cutoff voltage (Fig. 10-25) 

eel = -Eco~ -22 volts 

Since the voltage at P 2 just before tube 2 ceased to conduct had been 

eb2 = 82 volts 

then the value of Vx:a(t = 0 was 

Vx = 82_ + 22 = 104 volts 
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The initial value of the current ix, as given by Eq. 10-70, is then, approxi
mately, 

ix I".,/ (Ebb - Vx)/R1 = (300 - 104)/30,000 amp = 6.53 ma 

The positive bias resulting is then 

For Rg = 1000 ohms, ec1 = 6.53 volts. This short-duration positive 
bias is shown at the beginning of the interval 0 < t < ti of Fig. 10-27. 

At time t1 (Fig. 10-27) ec2 reaches the cutoff voltage Eco I".,/ -22 
volts. At this instant tube 2 begins to conduct, and the series of events 
already described for tube 1 now applies to tube 2. The discharge of Cx 
biases tube 1 to ec1 = - 218 volts and reduces ib1 to zero; eb1 rises 
toward Ebb = 300 volts, and thus capacitor Cy charges so that ec2 be
comes suddenly positive. Plate voltage eb2 is reduced to a value below 
82 volts during the interval of positive grid voltage ec2 , but returns 
quickly to the stable value of 82 volts as ec2 reaches zero. Grid voltage 
ec1 rises exponentially until, at t2 , tube 1 conducts again, and the cycle 
is repeated. 

The frequency of oscillation may be obtained approximately from 
Eq. 10-63, or, for the specific circuit discussed, from Eq. 10-69. The 
period of oscillation is 

From Fig . . 10-27 and Eq. 10-69, 

elOOOT/2 = 218/22 = 9.9 

T = In 9.9/500 

and f = 500/2.29 = 218 cps 

PROBLEMS 

10-1. Draw the linear equivalent circuit of a Hartley oscillator. Write the equa
tions for currents and voltages as in Section 10-4, and draw the vector diagram. 
Is the frequency of oscillation greater or less than the resonant frequency of the 
tuned circuit? 

10-2. Repeat problem 10-1 for the Colpitts circuit. 
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10-3. A tuned-plate oscillator uses a type-800 triode and is operated at 1.59 Mc 
with: 

Eb = 750 volts 

Ee= -100 volts 

Egm = 225 volts 

h = 70 ma 

le = 15 ma 

If eb min = ec max, and the tank circuit loaded Q is 15, tuning capacitance = 200 µµf, 

compute (a) the power output and efficiency, (b) the constants of the tank circuit. 
Use the class-C amplifier analysis of Chapter 9. 

10-4. The tube of problem 10-3 is operated in a Hartley circuit. Again compute 
the power output, circuit constants of tank circuit (C = 200 µµf, Qe = 15), and os
cillator efficiency. 

10-5. An oscillator operating under class-A conditions uses a triode with rp = 
8500 ohms, µ = 16 in a Colpitts circuit for which the inductance is 20 microhenrys 
and the capacitors are each 500 µµf. Determine the conditions required for oscilla
tion and the osciJlation frequency if the coil Q is 20. 

10-6. Obtain a relation similar to Eq. 10-47 for the value of X4 necessary for grid 
stabilization of an oscillator, with Xs = 0. 

10-7. Apply the relation obtained in problem 10-6 to the Colpitts oscillator, and 
obtain relations analogous to Eqs. 10-49 and 10-50. 

10-8. Compute the grid-stabilizing element necessary for the oscillator of prob
lem 10-5. 

10-9. Design a resistance-capacitance tuned oscillator to operate in the audio
frequency range at 796 cps, and compute the expected output voltage. Work out a 
tuning arrangement to tune over the audio range. 

10-10. Sketch wave forms for the voltages V:i: and Vy and for the currents ix and 
iy of the multi vibrator (Fig. 10-24). 

10-11. Compute capacitances for a symmetrical, free~running multivibrator using 
type-6J5 tubes and designed to operate at 5000 cps if, in Fig. 10-24, R1 = 20K, 
R2 = 400K, and Ebb = 300 volts. 



CHAPTER 11 

MODULATION AND DEMODULATION 

AN ELECTRON-TUBE-CIRCUIT FUNCTION, SUCH AS THAT OF THE AMPLl

fier, rectifier, control device, or oscillator, has been introduced in previous 
chapters in connection with discussion or analysis of the tube as a cir
cuit element. It becomes increasingly important with increasing knowl
edge of components for the student of electron tubes to understand the 
requirements imposed upon the tube as a circuit component by the 
system in which the tube is a vital part. Component development 
proceeds in a direction determined by system requirements. Communi
cation system requirements involve tubes as modulators or demodulators 
(detectors). It will not be assumed that the terms modulation and 
demodulation are as familiar as, for example, are the terms amplification 
or rectification. It therefore becomes necessary, (1) to examine briefly 
the needs of a communication system which necessitate the processes 
known as modulation and detection, (2) to define the terms necessary in 
describing the processes of modulation and detection, and (3) to discuss 
briefly the circuit theory of the electron tubes involved in these 
processes. 

Communication systems differ tremendously in complexity but they 
all exist for the same fundamental system function-the transmission of 
intelligence or information from one space location to another. Primitive 
man used modulation in the process of communicating by smoke signals. 
The amount of information that can be conveyed by a single, continuous 
column of smoke is very small compared to the possibilities available in 
the use of discrete puffs of smoke released at intervals according to a pre
arranged code. 

Electric communication systems operate by virtue of the transmission 
of energy in wave form through space, either guided by conductors as 
in telephone or telegraph communication, or as radiated from antennas 
in radio and television broadcasting. The first question to be answered 
is: What is a wave? The Institute of Radio Engineers, Standards on 
Radio Propagation, 1948, provide the following definition: A wave is 
"a physical activity in a medium such that at any point in the medium 

355 
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some of the associated quantities vary with time, while at any instant of 
time, they vary with position." In the case of a radio wave propagated 
through space, the associated quantities which vary with both time and 
distance are the electric and magnetic field intensities. The electric field 
intensity is measured in volts per meter at any given point. At such a 
point, a voltage is induced in a receiving antenna, and, if the voltage is 
sinusoidal and of peak value V m, it may be represented by the equation 

V = Vm COS wt (11-1) 

which is not the equation of a wave but rather of the voltage at the 
antenna terminals which are fixed in space with respect to the earth. 
The equation of an unattenuated voltage wave traveling on a trans
mission line may take the form 

v = V m cos ( wt - /3X) (11-2) 

At any fixed value of x, the voltage varies sinusoidally with time, while, 
at any instant, it also varies sinusoidally with distance from the origin x. 
Equation 11-1 is frequently referred to as the equation of a wave in 
discussions of modulation. It is a cosine wave and has sinusoidal wave 
form but is not a wave in the sense of the IRE definition. However, in 
defining modulation, it is desirable to consider only the wave forms of 
voltage and current at circuit terminals adjacent to the transmitting 
medium in order to avoid the additional complications of waves travel
ing.in guided paths aJong wires or in space. 

11-1. The Reasons for, and Nature of, Modulation 
Just as a single smoke column may convey a minimum of information 

of the yes or no variety, so a single-frequency tone or note conveys very 
little information. Either it is there or it is not there; it may convey an 
answer, yes or no, but little else. It is possible to determine its frequency, 
or measure its amplitude, or to compare its phase with respect to a ref
erence. However, amplitude, phase, and even frequency may be altered 
by the transmitting medium, so that the reliable information content of a 
single-frequency voltage or current is very small. If the single-frequency 
tone is intermittent so as to represent a code of dots and dashes separated 
by intervals of silence, the amount of information that can be transmitted 
is enormously increased. This process may be regarded as an elementary 
form of modulation and results in increasing the possible information 
content of a signal, one of the important reasons for modulation. 

The simple example of modulation by interrupting a single-frequency 
tone has other implications which are of interest. According to the 
Fourier theorem, any transient voltage or current can be expressed as 
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a continuous band or spectrum of frequencies. In order for a single 
frequency to exist, it must always have been in existence, at constant 
amplitude. The use of a telegraph key in modulating a 1000-cps tone 
results in the introduction of a bandwidth requirement upon the trans
mitting equipment. A relation between information content and band
width of a signal was suggested in 1928 by Hartley in the following form: 
The amount of information that can be transmitted by a communication 
system is proportional to the product of the bandwidth of the system 
and the time available for transmission. Although qualitative, this 
principle is a useful concept and has proved to be the first step in a 
quantitative theory of information or of communication presently in a 
rapid process of development.1 

The process of modulation consists in the alteration, according to 
a signal or intelligence to be transmitted, of the amplitude, frequency, 
or phase of a voltage wave which can be transmitted by the transmitting 
medium. Even if the original voltage wave is sinusoidal, alteration of 
amplitude, frequency, or phase imposes a bandwidth requirement of a 
severity depending upon the type of modulation used and the particular 
system involved. In other words, the bandwidth necessary depends 
upon the quality requirements on reproduction of the signal. The 
original, unmodulated voltage, is called the carrier. The carrier fre
quency must be selected so that efficient transmission is possible. 

The Standards on Antennas, Modulation Systems, and Transmitters 
published in 1948 by The Institute of Radio Engineers provide defini
tions of terms, some of which are included in the following list. In 
each case, the wave referred to is a time-varying quantity, usually a 
voltage, at a fixed location, as already explained. Order and numbering 
have been selected for convenience. 

1. Carrier. A wave suitable for modulation by a modulating wave. 
Note. Examples of carriers are a sine wave and a recurring series of 
pulses. 

2. Modulating wave. A wave that causes a variation of some charac
teristic of the carrier. 

3. M adulated wave. A wave, some characteristic of which varies in 
accordance with the value of a modulating wave. 

4. M adulation ( of a carrier) : 
(1) The process by which some characteristic of a carrier is varied 

in accordance with a modulating wave. 
(2) The variation of some characteristic of a carrier. 
5. Modulator. A device to effect the process of modulation. 

1 C. E. Shannon, A Mathematical Theory of Communication, BST J, 379 (July), 
623 (Oct. 1948). 
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6. Amplitude modulation or AM. Modulation in which the amplitude 
of a wave is the characteristic subject to variation. 

7. Angle modulation. Modulation in which the angle of a sine-wave 
carrier is the characteristic subject to variation. Note. Phase and 
frequency modulation are particular forms of angle modulation. 

8. Angle or phase of a sine wave. The measure of the progression of 
the wave in time or space from a chosen instant or position. Note. In 
the expression for a sine wave the angle or phase is the value of the en
tire linear function. Note. In the representation of a sine wave by a 
rotating vector, the angle or phase is the angle through which the vector 
has progressed. 

9. Frequency modulation or FM. Angle modulation in which the 
instantaneous frequency of a sine-wave carrier is caused to depart from 
the carrier frequency by an amount proportional to the instantaneous 
value of the modulating wave. 

IO. Instantaneous frequency. The time rate of change of the angle of 
a wave which is a function of time. Note. If the angle is measured in 
radians, the frequency in cycles (per second) is the time rate of change 
of the angle divided by 21r. 

11. Frequency swing. In frequency modulation, the peak difference 
between the maximum and the minimum values of the instantaneous 
frequency. 

12. Phase modulation or PM. Angle modulation in which the angle 
of a sine-wave carrier is caused to depart from the carrier angle by an 
amount proportional to the instantaneous value of the modulating 
wave. 

13. Phase deviation. The peak difference between the instantaneous 
angle of the modulated wave and the angle of the carrier. 

14. Sidebands. All the frequencies produced by modulation. Note. 
In a modulation system with a sine-wave carrier the upper sideband 
includes those frequencies that are higher than the carrier frequency; 
the lower sideband includes those frequencies that are lower than the 
carrier frequency. 

15. Transducer. A device by means of which energy can flow from 
one or more transmission systems to one or more other transmission 
systems. Note. The energy transmitted by these systems may be of 
any form-for example, it may be electric, mechanical, or acoustical
and it may be of the same form or different forms in the various input 
and output systems. 

16. Limiter. A transducer whose output is constant for all inputs 
above a critical value. Note. A limiter may be used to remove ampli
tude modulation and transmit angle modulation. 
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17. Discriminator. A device in which amplitude variations are derived 
in response to frequency variations. 

18. Deviation ratio. In a frequency-modulation system, the ratio of 
the maximum frequency deviation to the maximum modulating fre
quency of the system. 

19. Detection. The process by which a wave corresponding to the 
modulating wave is obtained in response to a modulated wave. 

20. Detector. A device to effect the process of detection. 
It is now possible with the aid of the foregoing list of definitions to 

discuss modulation and its usefulness more completely. Modulation is 
employed to shift or translate signal frequencies from a frequency range 
that is very difficult to transmit to another that may be easily trans
mitted. For example, radiobroadcast transmission of audio frequencies 
centered around a carrier of 10,000 cycles would require a transmitting 
antenna of dimensions of the order of 30,000 meters, the wavelength 
of a 10,000-cycle radio wave. A vertical radiator of one-eighth wave
length would be 3750 meters or about 12,300 feet high! As a further 
complication to this absurd requirement, only one audio-frequency 
program could be broadcast at one time because of interference. Modu
lation, then, not only permits the selection of a carrier frequency suit
able for efficient and economical transmission, but, in addition, by 
frequency translation, a large number of carriers may be transmitted 
simultaneously, by wire or radio-communication systems; tuned circuits 
may be used to select a particular carrier, and the signal frequencies then 
may be recovered from the carrier by the process of detection. 

Comments with respect to definitions 3 and 8 may be helpful. In 3, 
"value of a modulating wave" usually refers to its amplitude. With 
respect to the first note under definition 8, the angle or phase of a sine 
wave of voltage in the relation 

V = V m COS (wt + 0) 
is the quantity 

q,(t) = (wt + 0) 

which is the entire linear function of time. 

11-2. Mathematical Formulation of a Modulated Wave 
The discussion of this section will be limited to amplitude and angle 

modulation. Many other systems exist, notably those using pulses, such 
as pulse-duration, pulse-position, and pulse-time modulation, all of which 
are defined by the IRE Standards already referred to. 

In amplitude and angle modulation, the carrier is usually a sine wave 
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which may be described as a voltage by the equation 

Ve = A COS ¢(t) 

Ch. 11 

(11-3) 

in which A is the instantaneous amplitude of the carrier voltage and 
¢(t) is its instantaneous angle or phase. In amplitude modulation A is 
made dependent upon the signal voltage or modulating wave ( definition 
2) and becomes a function of time. In angle modulation ¢(t), already 
a function of time, is made to vary in accordance with the modulating 
wave. The frequency of the carrier is (definition 10) given by 

21rfc = (d/dt)¢(t) (11-4) 

In general, the modulating wave is not a sinusoid but may be repre
sented in terms of sinusoidal-component frequencies by means of a 
Fourier series. The equation of any one frequency component of the 
modulating wave may then have the form of 

(11-5) 

Then, amplitude modulation is obtained if A depends upon the modulat
ing wave as given by 

(11-6) 

where Ac is the amplitude of the unmodulated carrier and ka is a con
stant of proportionality. The corresponding AM wave, according to 
Eqs. 11-3 and 11-6, then may be expressed as 

(11-7) 

where </J(f) = Wcf 

and we = 21rfc = d¢(t)/dt is the fixed angular frequency of the carrier. 
Angle modulation, as shown by the definitions, may be either phase 

or frequency modulation, and it is important to distinguish carefully 
between the two. 

Phase modulation requires that ¢(t) depend upon the instantaneous 
values of the modulating wave. According to definition 12, the carrier 
angle is caused to depart or deviate from its unmodulated value by an 
amount proportional to the instantaneous value of the modulating wave. 
This definition, stated symbolically, then requires that 

(11-8) 
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where kp is a design constant of proportionality. The expression for the 
phase-modulated voltage wave then becomes 

(11-9) 

It should be observed that the instantaneous angular frequency of the 
phase-modulated wave, which is 

(11-10) 

has a maximum deviation from the carrier frequency proportional to 
the modulating frequency. However, the maximum deviation of angle 
or phase (Eq. 11-8) is independent of the modulating frequency and 
proportional to the amplitude of the modulating wave. 

The definition of frequency modulation (definition 9) requires that 

(d/dt)<J>(t) = w(t) = We + k1Am COS Wmt (11-11) 

where again k1 is a design constant. The instantaneous angle <J>(t) then 
may be found from Eq. 11-11 as 

t 

<J>(t) = i (we + k1Am COS Wmt) dt = Wet+ (k1Am/wm) sin Wmt (11-12) 

where <J>(O) is assumed to be zero. Here it should be observed that, in 
frequency modulation (1) the maximum frequency deviation is inde
pendent of the modulating frequency and (2) the maximum angular 
deviation is inversely proportional to the modulating frequency. The 
fundamental differences between phase and frequency modulation are 
found in the quantities 

(11-13) 

which is the amplitude of the phase deviation in phase modulation, and 

(11-14) 

which is the amplitude of the angular-frequency deviation in frequency 
modulation. These quantities are each independent of the modulating 
frequencies and proportional to the amplitude of the modulating wave. 
Also, the amplitude of the angular-frequency deviation in phase modula
tion is 

(11-15) 

which is proportional to modulating frequency, whereas the amplitude 
of the phase deviation in frequency modulation, 

(11-16) 



362 MODULATION AND DEMODULATION Ch. 11 

is inversely proportional to modulating frequency. The equation of the 
FM voltage wave is, using Eqs. 11-3 and 11-12, 

(11-17) 

A discussion of amplitude and frequency modulation is given in following 
sections. Phase modulation is important primarily with respect to 
systems of frequency modulation and will not be considered further 
except in relation to frequency modulation. 

11-3. Amplitude Modulation 
The equations of carrier and of sinusoidally modulated AM voltages 

were given in Section 11-2. In Eq. 11-7, it is convenient to define 

(11-18) 

as the modulation factor or degree of modulation. Sketches of carrier 
and of modulated wave are given in Fig. 11-1. The quantity lOOma is 
called the per cent modulation. It is customary to restrict modulation 

1v r~-T\ -~-T\-T\-~-T\-T\-w----~ 
--WJl_VJIJl_m __ ~-:~-

1 Unmodulated earlier, u = A,cos w~ 

Modulated wave Ac (1 + ma cos Wm t) cos Wet 

FIG. 11-1. A carrier, before and after amplitude modulation. 

to 100 per cent, which results in doubling the carrier amplitude at the 
peak of the modulating wave and in reducing it to zero at the minimum 
of the modulating wave. For ma >' l, periods of zero amplitude of the 
modulated wave would result. 
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The expression for the sinusoidally modulated wave (Eq. 11-7) may 
be transformed trigonometrically with the aid of the cosine product-to
sum transformation. The result is 

V = Ac(l + ma COS Wmt) COS Wet 

= Ac COS Wet+ maAc/2 COS (we+ Wm)t 

+ maAc/2 COS (we - Wm)t (11-19) 

which shows that three frequencies are present in the modulated wave. 
These three frequencies are: (1) the carrier, fc, (2) the upper side fre-

A 
Ac 

Carrier, 
Modulating 

Upper side I frequency 
Lower side frequency 1 

t frequency\, _.l'.. ma ma/2 

fm (fc - fm) le (le+ Im) f 

Fm. 11-2. Frequency spectrum, carrier-modulated by a single frequency. 

quency, fc + fm, (3) the lower side frequency, fc - fm• The distribution 
of these frequencies and the modulating frequency fm with their relative 
amplitudes may be shown as a frequency spectrum as in Fig. 11-2. The 
modulating frequency is shown although it does not appear in Eq. 11-19, 
the equation of the modulated wave. 

In general, the modulating wave is not a sinusoid. For example, if 
speech or music is to be transmitted, frequencies covering most of the 
audible range are involved. Although the audible spectrum is generally 
considered to cover the range from 20 to 20,000 cps, a bandwidth of 3000 
cycles is adequate for speech transmission, and 10,000 cycles for program 
broadcast by radio. In either case, the equation of the modulating wave 
may be written as a Fourier series, and, if it is so expressed, the product 
of each term of the series with the quantity cos wet may be replaced by 
two sinusoidal terms involving, respectively, the sum and the difference 
of carrier and modulating component frequency. The result is a trans
lation of all the modulating frequencies f to bands Uc + f) and Uc - f) 
symmetrically disposed on either side of the carrier and referred to as 
the upper and lower sidebands. The component frequencies of the com
plex modulating wave have varying amplitudes A, and the translated 
sideband spectrum will have amplitudes kaA/2 = maAc/2. The band
width available for transmission must be sufficiently wide to permit, at 
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the receiver, the desired accuracy of reproduction of the modulating 
wave. 

Another interesting interpretation of Eq. 11-19 is possible by the use 
of the familiar method of vector representation of sine waves. In Fig. 
11-3, the carrier voltage is represented by a vector of length Ac rotating 
counterclockwise with angular velocity we, Added to the carrier voltage 
are the two side frequencies, rotating with angular velocities (we + wm) 

and (we - wm). To an observer riding with the carrier and referring 
all motion to the carrier vector, we is zero. Thus, to such an observer 
the carrier vector is stationary, the upper side frequency vector appears 

Frn. 11-3. Vector representation of an amplitude-modulated wave. 

to have an angular velocity of +wm, counterclockwise, while the lower 
side frequency vector appears to be rotating clockwise with angular 
velocity -wm. Since the initial phase of the two side frequency com
ponents is the same for each, the resultant vector is always in line with 
Ac and either adds to or subtracts from its magnitude, because the 
components perpendicular to Ac cancel. The wave form of the modu
lated wave may now be obtained in the usual way by plotting the pro
jection on the vertical axis of the resultant vector. The cancelation of 
the normal components shows that the resultant vector rotates with 
constant angular velocity we, which shows that no frequency or phase 
modulation is present in the modulated wave. With either but not both 
of the normal components present, as is the case where one sideband is 
suppressed, the resultant vector varies in angular velocity with respect 
to the carrier, introducing angle modulation. 

The distribution of power in an AM wave may be easily found since 
the power in a component frequency is proportional to the square of the 
amplitude of that component. Thus, for the carrier modulated by a 
sinusoidal frequency, the total power is 

(11-20) 
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of which the carrier power is 

Pc= kA?/2 (11-21) 

and the power associated with the sidebands is 

Psb = kma2A//4 (11-22) 

where k is a factor of proportionality. The ratio of power in sidebands 
to power in carrier is then 

(11-23) 

The factor H in Eq. 11-20 is necessary because Ac is the peak value of 
the amplitude. Thus, for sinusoidal 100 per cent modulation, the power 
in the sidebands is one-half that in the carrier. Since the sidebands con
tain all the intelligence, the power associated with the carrier is waste. 
The complete signal may be recovered if both the carrier and one side
band are suppressed and not transmitted, and this is done in very long
range radiotelephony and in carrier-current telephony, although by 
virtue of the additional equipment needed the method is not economical 
for other applications. 

11-4. Methods of Producing Amplitude Modulation 

Use of the nonlinear tube characteristics. One of the earliest methods 
of producing amplitude modulation was based upon the use of the non
linear portion of a tube characteristic. If such a characteristic may be 
represented as a second degree curve (as in Chapter 2 in connection with 
distortion), then carrier plus modulating frequencies expressed as a sum 
and substituted in the second-degree term would result in products of 
the carrier with each modulating-frequency term. Such products, as 
already shown, may be replaced by single-frequency terms involving 
the sum and difference of carrier and modulating-frequency components. 
Unfortunately, there are also distortion terms present derived from the 
squares of separate components and from the products of modulating 
frequencies with each other. These must be eliminated by the tuned 
circuit. This process, known as square-law modulation, although not 
used in commercial broadcasting, does have its place in communication 
generally and has been thoroughly discussed in many textbooks.2 

Use of a linear characteristic. Plate modulation. The external charac
teristics of a properly biased and driven class-C amplifier have led to its 
use as a modulator of approximately linear characteristics. This prop
erty was mentioned in Chapter 9 in the discussion of class-C amplifiers 
and is illustrated by Figs. 9-3, 9-4, and 9-5. These show: (1) that, if the 

2 See, for example, Applied Electronics, MIT Staff, John Wiley & Sons. 



366 MODULATION AND DEMODULATION Ch. 11 

a-c grid excitation is sufficiently large to produce tank-current saturation 
the tank current and hence also the amplifier output voltage are linearly 
dependent upon the d-c component of plate voltage; (2) the load re
sistance presented at the plate terminals of the class-C amplifier tube 
to a modulator is constant, as shown by Fig. 9-5 for the characteristic 
labeled v'2 Eg = 200 volts. Thus, an a-c source of modulating voltage 
connected in series with the plate supply of the class-C amplifier, and of 
frequency small compared with the frequency of the carrier, will de
termine the amplitude of the carrier output during the a-c cycle of the 

C 

"\., 

fm 

• Modulated 
output 

Fm. 11-4. Simplified circuit diagram of a plate-modulated class-C amplifier. 

modulator. Amplitude modulation which can be made, with proper 
adjustment, a reasonably close approximation of that described by 
Eq. 11-19 is achieved by this method which is known as plate modulation 
of a class-C amplifier. The modulating source is, in general, a push-pull 
audio-frequency amplifier, operating class B. A simplified circuit is 
shown in Fig. 11-4. Voltage Eg is the carrier voltage and is derived 
originally from an oscillator. The audio or modulating frequencies are 
represented by the output of the audio oscillator of peak voltage Eam in 
the plate circuit. Neutralizing and radio-frequency by-passing capac
itors and radio-frequency chokes have been omitted, but are necessary 
in a practical circuit. Bias is obtained by a combination of grid leak 
and fixed bias. 

Plate modulation is used at high-power levels, utilizing the high effi
ciency of the class-C amplifier. A simple analysis of the power relations 
involved is essential in order to avoid exceeding the plate dissipation 
ratings of the tubes involved in both the modulator and the class-C 
amplifier. The d-c and audio-frequency components of plate voltage 
(Fig. 11-4) may be expressed as 

Eb(t) = (Ebb + Eam COS Wmt) = Ebb(l + Eam/Ebb COS Wmt) (11-24) 
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It is assumed that the tank circuit presents a negligible impedance to the 
modulator at the modulating frequencies. The tube, as shown by 
Fig. 9-5, presents a resistance Rb = Eb/h which is constant. Other 
components of the total plate current include the fundamental radio
frequency component of the carrier and its harmonics, and frequencies 
introduced by tube nonlinearities, but these are not matched in fre
quency by corresponding frequencies in the modulator input and thus 
do not contribute to modulator power. The d-c and slowly varying 
components of plate current which contribute to modulator power may 
then be expressed as 

Eb(t) Ebb + Eam COS Wmt ( Eam ) 
I b(t) = -- = ------- = h 1 + - COS Wmt 

Rb Rb Ebb 
(11-25) 

where 

h = Ebb/Rb (11-26) 

Then the average power supplied in the plate circuit is 

= ~ i 2

1r Eb~[ b (1 + Eam COS Wmt)
2 

d(wmt) 
211" 0 Ebb 

= Ebb[ b(l + ½Eam2 /Ebb2
) (11-27) 

The interpretation of Eq. 11-27 is simplified by reference to Fig. 11-5, 
where a class-C linear characteristic is shown. This idealized charac
teristic is similar to the one already mentioned (Fig. 9-4) except that 
the radio-frequency peak output voltage at carrier frequency, I rXc = 
Epm, is shown instead of fr. The instantaneous values of carrier ampli
tudes are obtained from the characteristic as indicated. The quantity 
Ecm = Ac is the unmodulated carrier amplitude. It is evident that, 
for 100 per cent modulation, Eam = Ebb· Since the modulation factor 
is Eam/Ebb, then Eq. 11-27 becomes 

Pb = Ebbh(l + ma2 /2) 

Since Ebbh is the power delivered by the plate supply, then 

Pm = (ma2/2)Ebblb 

(11-28) 

(11-29) 

is the power supplied by the modulator. The power delivered by the 
audio-frequency modulator is then, for 100 per cent modulation, half 
the power delivered by the d-c plate supply. 
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If the plate-circuit conversion efficiency of the class-C amplifier is 'Y'/pe, 

the a-c power output supplied to the unmodulated carrier wave is 

(11-30) 

(Actually, this power is supplied to the input terminals of an output 
transformer. The efficiency of this transformer is involved in determining 

Epm 

......... _ 

FIG. 11-5. Class-C linear-characteristic, plate-sinusoidal modulating wave, and 
modulated-output wave, linear-amplitude modulation. 

the actual power output.) The power output of the class-C amplifier 
when plate-modulated by the sinusoidal voltage Eam cos wmt is then 
obtained from the average plate input power (Eq. 11-28) and is 

(11-31) 

Here it is assumed that the class-C amplifier plate efficiency remains 
constant over the audio cycle. Thus, it may be observed that 

Poem =Poe+ 'Y'/pePm (11-32) 
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where, in terms of the earlier notation, 

(11-33) 

the power supplied to the sidebands which is derived from the modulator. 
The plate dissipations of amplifier and modulator tubes may now be 

determined. For the class-C amplifier tube, the plate dissipation with 
no modulation is 

(11-34) 

With modulation, the class-C-amplifier tube-plate power dissipation is 
the power supplied in the plate circuit minus the output power, or 

Ppcm = Pb - Poem (ll-35a) 

which, with the aid of Eqs. 11-28 and 11-31, may be written as 

Ppcm = Ebbh(l + ma2/2)(1 - 'Y/pc) (11-35b) 

A comparison of Eq. 11-35b with Eq. 11-34 will show that modulation 
increases the plate dissipation of the class-C amplifier tube by a factor of 
1 + ma2 /2 or, at 100 per cent modulation, by 3/2. In other words, a 
50 per cent increase in plate dissipation must be expected to accompany 
100 per cent modulation. It is therefore necessary to operate this tube 
at two thirds of rated plate dissipation when unmodulated. 

The plate dissipation Ppm of the modulator tubes may be expressed 
in terms of the power output of the modulator. Since the power output 
of the modulator is Pm, its power input is (1/rJpm) Pm, where 'Y/pm is the 
plate-conversion efficiency of the modulator. Then the plate dissipa
tion of the modulator tubes is 

Ppm= -
1
-Pm - Pm= ma

2 

Ebbh (-
1
- - 1) 

'Y/pm 2 'Y/pm 
(11-36) 

Specific values of efficiency are necessary in order to compare the 
necessary plate dissipation rating of the class-C amplifier tube with the 
modulator tubes. Efficiencies of 'Y/pc = 0.8, 'Y/pm = 0.5 are obtainable. 
For these values, 

Ppm = (ma2 /2)Ebbh 

and Ppcm = (1 + ma 2/2) (0.2)Ebbh 

If ma= 1, 
Ppm/Ppcm = 0.5/0.3 = 1.67 

For the set of values chosen, the total plate dissipation required for the 
modulator tubes is considerably greater than for the amplifier. Results 
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given neglect modulating transformer efficiency. The ratio Ppm/Ppcm is 
much greater if a class-A modulator is used. 

Plate modulation is more commonly used for transmitters than any 
other method. It has the advantage of linearity and low distortion. Its 
disadvantage is the fact that operation is required at high-power levels. 
Low-level modulation is used, but requires class-B radio-frequency power 
amplification to raise the power level to the desired value. Class-B 
radio-frequency amplifiers are inherently lower in efficiency than class C. 

~ 
A-f modulating 
voltage input 

Class-C 
amplifier 

FIG. 11-6. Grid-bias-modulated class-C amplifier. 

Grid-bias modulation of a class-C amplifier. Another method of 
amplitude modulation involves a variation of grid-bias voltage by the 
modulating source. Again, a class-C amplifier is used, but adjustments 
are made such that at the crest of the modulation cycle, when the grid 
is least negative, the grid excitation is not large-enough to produce tank
current saturation. Thus, the grid-bias modulated class-C amplifier 
operates at much lower efficiency than with plate modulation. How
ever, power requirements from the modulator are much smaller. Figure 
11-6 is a simplified circuit diagram of a grid-bias-modulated class-C 
amplifier (neutralizing or by-pass circuit elements not shown). The 
radio-frequency carrier input is of constant amplitude. The audio- or 
modulating-frequency voltage, frequently obtained from a class-A push
pull amplifier, in series with the bias battery causes the bias to vary at a 
rate that is very slow compared with the rate of variation of the radio
frequency carrier voltage. The external characteristic of interest is a 
plot of the class-C-amplifier output voltage as a function of the instan
taneous values of modulating plus bias voltage. Desirably this charac
teristic should be linear, but in general it varies somewhat from linearity 
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at high output voltages. Typical characteristics are supplied by the 
tube manufacturer. 

Other methods of modulating the class-C amplifier. Other methods of 
approximately linear amplitude modulation are used and depend fun
damentally upon the same principles that apply to the plate and grid
bias modulation methods. Control grid-bias modulation is used with 
tetrodes and pentodes; screen-grid modulation, similar to plate modula
tion, requires less modulating power, but tetrodes and pentodes do not 
provide the degree of linearity of characteristic available from triodes. 
Cathode modulation, in which the modulating voltage is applied between 
cathode and ground of the class-C amplifier, involves the modulating 
voltage in both grid and plate circuits, and combines some of the features 
of both grid and plate class-C modulation. Reference should be made 
to the literature and to texts on radio or communication engineering for 
details on linear amplitude modulation. 

11-5. Frequency Modulation 

It was shown in Section 11-2 that a voltage wave frequency modulated 
by a sinusoidal modulating wave may be represented by the equation 

(11-17) 

The instantaneous frequency of the modulated wave as given by Eq. 
11-11 is 

(11-37) 

Thus the instantaneous frequency (definition 10) has a maximum 
value of 

f max = f c + k1Am/21r cps 

and a minimum value of 

f min = f c - k1Am/21r cps 

The frequency swing (definition 11) is 

f max - f min = k1Am/1r 

The maximum frequency deviation from the carrier frequency is 

(11-38) 

(11-39) 

(11-40) 

(11-41) 

or one-half the frequency swing. The deviation ratio (definition 18) is 

O = k1Am/21rfm = k1Am/Wm = llw1/wm (11-42) 

provided wm is the maximum modulating frequency of the system. In 
the following, the deviation ratio will be used with fm defined as any 
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modulating frequency. Thus, o is a variable which depends upon f m 

and upon Am. 
An analysis of the FM wave (Eq. 11-17) for its frequency spectrum 

can be carried out by expanding the equation as follows: 

v = Ae[cos Wet cos (o sin Wmt) - sin Wet sin (o sin Wmt)] (11-43) 

The quantities cos (o sin wmt) and sin (o sin wmt) have been expanded 
in a Fourier series. The coefficients of the sine and cosine terms of the 
series are themselves functions of o which are very frequently en
countered in engineering analysis-the Bessel functions of the first kind. 
Further information regarding the Fourier expansion and Bessel func
tions as used here is readily available in texts on advanced calculus and 
electric-circuit analyses.3• 4•5 The Bessel functions may be thought of as 
quite analogous to the trigonometric functions sine and cosine if the 
latter were defined only by their power series representation. The Bessel 
functions as represented graphically have some resemblance to damped 
sinusoids. Extensive tables of values of these functions are available. 

The expansion of Eq. 11-43 into frequency components may be com
pleted by the use of the relations 

COS (o Sin Wmt) = Jo(o) + 2[J2(0) COS 2wmt + J4(0) COS 4wmt 

+ · · · + J2n-2(0) COS (2n - 2)wmt + · · · 
(11-44) 

and sin (o sin Wmt) = 2[J1 (o) sin Wmt + J3(0) sin 3wmt + ... 
+ J2n-1(0) sin (2n - l)wmt + · · · (11-45) 

where J 2n(o) is a Bessel function of the first kind and of even order 2n; 
the Bessel functions do not involve t. Reference to Eq. 11-43 will show 
that each term of the series in Eq. 11-44 will be multiplied by cos wet, 
and each term in Eq. 11-45 will form products with sin wet. As already 
shown in the section on amplitude modulation, each such product may 
be replaced by two terms involving, respectively, the sum and difference 
of carrier and modulating frequency or its multiple. The result as ob
tained from Eqs. 11-43, 11-44, and 11-45 with use of the trigonometric 
identities 

and 

cos x cosy = ½[cos (x + y) + cos (x - y)] 

sin x sin y = ½[cos (x - y) - cos (x + y)] 

3 F. S. Woods, Advanced Calculus, 1926, Revised Ed., Ginn and Co., Boston. 
4 E. A. Guillemin, The Mathematics of Circuit Analysis, John Wiley & Sons (1949). 
5 L.B. Archimbau, Vacuum-Tube Circuits, John Wiley & Sons (1948). 
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is the following: 

V = Ae[Jo(o) cos Wet+ J1(0) cos (we+ Wm)t 

-J1(0) COS (we - Wm)t + J2(0) COS (we+ 2wm)t 

+ J2(0) COS (we - 2wm)t + J3(0) COS (we+ 3wm)t 
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- J3(0) COS (we - 3wm)t] + · · · + · · · (11-46) 

The form of Eq. 11-46 is such that the frequency spectrum of the FM 
wave can easily be determined. It consists of the carrier, and of an 
infinite number of sidebands (where wm represents any frequency in the 
modulating wave) symmetrically distributed about the carrier. The 
amplitudes of these sideband frequencies and of the carrier depend upon 
the value of o, which is determined by the frequency bandwidth allotted 
by statute, usually in terms of the maximum permissible frequen.cy 
deviation from the carrier. An idea of the order of magnitude of the 
Bessel functions of o is given by Table 11-1. 

TABLE 11-1. SELECTED VALUES OF THE BESSEL FUNCTIONS 

0 Jo(o) J1(0) J2(0) Ja(o) J4(o) 
0 1.000 0.000 0.000 0.000 0.000 
0.5 0.938 0.242 0.0306 
1.0 0.765 0.440 0.115 0.0196 0.0025 
1.5 0.512 0.558 
2.0 0.224 0.577 0.353 0.129 0.034 
2.5 -0.048 0.497 
3.0 -0.260 0.339 0.486 0.310 0.132 
3.5 -0.380 0.137 
4.0 -0.397 -0.066 0.364 0.430 0.281 
4.5 -0.321 -0.231 
5.0 -0.178 -0.328 0.0466 0.365 0.391 
5.5 -0.007 -0.341 
6.0 0.151 -0.277 -0.243 0.115 0.358 
7.0 0.300 -0.005 -0.301 -0.168 0.158 
8.0 0.172 0.235 -0.113 -0.291 -0.105 
9.0 -0.090 0.245 0.145 -0.181 -0.265 

10.0 -0.246 0.045 0.255 -0.058 -0.220 

It is evident from Eq. 11-46 that a large number of frequencies are 
included in the FM wave spectrum even though only one modulating 
frequency is present in the modulating wave. In order to examine an 
actual frequency spectrum of an FM wave, and to compare the relative 
amplitudes of the components, it is necessary to assign a numerical 
value to o. The maximum frequency deviation from carrier permitted 
by Federal Communication Commission regulations is 75 kc above 
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or below the carrier. In Eq. 11-41, then, !1w1/21r = 75,000. The 
value of o = 11wJ/wm (Eq. 11-42) then depends upon the particular 
frequency chosen in the modulating wave. If f m = 5000 cps, o = 
75,000/5000 = 15. It then becomes necessary to compute Jn(15) as 
required by Eq. 11-46 for as many values of n as may be necessary be-
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Frn. 11-7. Graph of the values of J n(15) for O < n < 20. 

fore the magnitude of J n(15) becomes negligible in comparison with 
amplitudes occurring earlier in the series. A curve of Jn(15) plotted for 
values of n in the range 0 < n < 20 (Fig. 11-7) shows that terms of the 
series beyond that corresponding ton = 20 have negligible amplitudes. 
The necessary frequency bandwidth, then, required to transmit the 
FM wave is 2(20fm) or 40(5000) = 200,000 cps or 200 kc. The relative 

Iv/Ac 

" I I 111 I I I I I I I I I I I i I I I I I I I 11 I I I I 11 I I I ' . 

I J : 1 3 5 7 9 11 13 15 17 191 
. fm = 5000 cps 1~ nf m 
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Fm. 11-8. FM frequency spectrum, l:!.w1/21r = 75 kc, wm = 5 kc, o = 15. 

magnitudes of the various components of the FM frequency spectrum 
are easily determined by scaling the curve at integer values of n. The 
algebraic sign has been ignored in preparing the frequency spectrum of 
Fig. 11-8, which shows the distribution of frequencies around the carrier 
when the carrier voltage is frequency-modulated with a 5000-cycle vol
tage wave, with o = 15. The bandwidth of 200 kc required to transmit 
all frequency components corresponds exactly with the bandwidth 
allowed by the FCC. 

It is of interest to compare with Fig. 11-8 the frequency spectrum 
necessary for a 3000-cps frequency. For fm = 3000 cps, o = 7

3
5 = 25. 
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Values for J n(25) obtained from tables 6 h~ve been used to construct the 
spectrum of Fig. 11-9. It should be observed that a slightly smaller 
bandwidth is necessary for transmission of the 3-kc modulating wave; 
although a larger number of frequency components are involved, they 
are more closely spaced. 

The value of o is determined by the selection of the quantities tJ.w1 and 
wm. The required bandwidth then depends upon the number of terms 
of the series (Eq. 11-46) necessary to provide for all frequency com
ponents of appreciable amplitude. In practice, the maximum frequency 
deviation from carrier, !J.wr, is fixed by statute, as already mentioned. 
The required transmission bandwidth is then determined by the range 

t 
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l 

Fm. 11-9. FM frequency spectrum, Awtf21r = 75 kc, wm = 3 kc, 5 = 25. 

of modulating frequencies that it is necessary or desirable to reproduce 
at the receiver. The bandwidth problem is illustrated by Figs. 11-10 
and 11-11. The effect on bandwidth of variations in o with varying 
tJ.w1 and fixed wm is shown in Fig. 11-10; the more realistic case with !J.wr 
fixed and wm variable is shown in Fig. 11-11. Although values of !J.wr and 
of wm used in these figures have been chosen so as to conform with 
available tabulations of Bessel functions, the bandwidth required for 
transmission of most of the side frequency components is seen to be 
equivalent to 2(!J.wf /21r). The magnitude of the carrier varies also with 
o because of the term J 0 (o). Since J 0 (2.4) = 0, the carrier disappears 
for a frequency such that !J.wr/ Wm = 2.4. This has been used to de
termine the frequency deviation !J.wr. Since !J.w1 is dependent upon the 
modulation frequency amplitude (Eq. 11-41), then two modulating 
signals of equal amplitudes but of different frequencies would produce 
the same frequency deviation but would require a different number of 
side-frequency components. Suppose, for example, that !J.w1 /21r = 
75,000 cps as determined by the equal amplitudes of two audio com
ponents of frequency 15,000 and 3000 cps, respectively. For the 15,000-
cps signal, o = 5, and Fig. 11-10 shows that approximately 7 side fre
quencies are required, or an over-all bandwidth of 2(7) (15,000) = 

6 E. Jahncke and F. Emde, Tables of Higher Functions, 4th Revised Ed., B. G. 
Teubner, Leipzig (1948). 
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210,000 cps. In the case of the 3000-cps signal, o = 25, and Fig. 11-9 
shows that 30 side frequencies are adequate. The corresponding band
width required for the 3-kc signal is 2(30)3000 = 180,000 cps. Since, 
in general, the amplitudes of the higher audio frequencies in speech or 
music are small, the corresponding frequency deviations are reduced, 
involving a smaller value of o and consequently fewer side frequencies. 
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Frn. 11-10. FM frequency spectrum with variable-frequency deviation, tiw1/21r, 
and constant f m = wm/21r. 

Thus, a choice of 200 kc bandwidth is practical and adequate. Usually, 
the number of side frequencies required is of the order of magnitude and 
slightly larger than o. 

It will be remembered that, in amplitude modulation, the carrier 
power remains constant, and the power in the sidebands is supplied by 
the modulator. It has been remarked that, in frequency modulation, 
the carrier amplitude remains constant, but the FM spectra show that 
the effect of modulation is to cause a change in the amplitude of the 
carrier considered as one component in the frequency spectrum. Fre-
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FIG. 11-11. FM frequency spectrum with variable wm and constant Awt/21r. 

quency modulation results in a change in the distribution of power among 
the component frequencies of the spectrum with no change in the total 
power. In other words, the power in the side frequencies is derived 
from the carrier. This constancy of power may be shown with the aid 
of Eqs. 11-17 and 11-46. Before modulation, with o = 0, the carrier 
power is given by 

(11-47) 

where G is a constant of proportionality. Aftet modulation, the power 
in the FM wave is 

00 

Pcm = GA/[Jo2 (o) + 2 L Jn2 (o)] (11-48) 
n=l 

But it has been shown in the theory of Bessel functions that 

00 

Jo2 Co) + 2 I: Jn2 Co) = 1 (11-49) 
n=l 

for all values of o. Therefore Pcm = Pc, which shows that the power in 
the side frequencies is derived from the carrier. 
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11-6. Production of FM Wave 
A discussion of FM transmitters is not appropriate to the purposes 

of this text. However, the circuit application of electron tubes is 
pertinent, and a few such applications will be discussed. !Iii"· 

If either the inductance or the capacitance of the tank circuit of an 
oscillator could be varied in magnitude at any selected audio frequency, 
the output of the oscillator would be frequency-modulated. A means of 

a 

b 

C 

\ 
Modulating voltage RI Ematfm 

--------------------
~B-

B+ B+ 

Oscillator Reactance tube 

Frn. 11-12. Tuned-plate oscillator with reactance-tube modulator. 

accomplishing this objective is found in the use of a vacuum tube with 
suitable external circuit shunted across the tank circuit of the oscillator. 
Proper choice of circuit and vacuum-tube constants will result in the 
alternating current to the tube circuit leading-or lagging-the a-c 
plate voltage by 90°, with the magnitude of the circuit current con
trolled by an audio-frequency modulating voltage applied to the grid. 
The tube thus applied is known as a reactance tube and is commonly 
used in frequency modulation. The circuit of Fig. 11-12 shows a re
actance tube used as part of the tuned circuit of a tuned-plate oscillator. 
The terminals a-b connect the reactance tube, a pentode, across the 
oscillator tuning condenser. The class-A equivalent circuit of the re
actance tube at a-b (Fig. 11-13) is to be analyzed for its input ad
mittance. The modulating voltage across R may be regarded merely 
as a means of controlling or varying the tube transconductance gm, For 
any value of gm, it is required to determine the admittance Y. Let the 
oscillator radio-frequency output voltage be designated as VP as re
ferred to ground. Then the input current to the reactance tube is 
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Frn. 11-13. Equivalent circuit of the reactance tube, Fig. 12-12, 
as seen at terminals a-b. 

given by 

Since 

I = I 1 + YmE KG + I 2 

EKG= I2R 

I = I 1 + I 2 (gmR + 1) 

379 

(11-50) 

(11-51) 

For a pentode, rp is large enough that / 1 may be neglected in comparison 
with the other two current components. The current I becomes 

I = Vp (2 + YmR + 1 ) ~ Vp [ YmR + 1 ] 
rp R + 1/jwcJ R - j(l/wC) 

(11-52) 

and the admittance Y is given by 

I YmR + 1 
Y=-=----

Vp R - j(l/ wC) 
(11-53) 

which, when rationalized, may be written in the form 

w2C2 R(gmR + 1) . C(gmR + 1) 
y - ------+ Jw ----

R2w2C2 + 1 R2w2C2 + 1 
(11-54) 

The problem of design of the reactance-tube circuit consists of the 
proper proportioning of C and of R such that, in the range of oscillator 
frequency deviation, R though large is small compared to 1/wC, and 
Rgm is large compared with unity. Since it is required that R2w2C2 « 1, 
and gmR » 1, then 

(11-55) 

The quantity w2C2 R2gm is a small variable conductance in parallel with 
rp and desirably negligible. The quantity 

(11-56) 
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is a variable capacitance shunted across the tuning capacitor of the 
oscillator tank circuit and controllable in magnitude by variation of gm. 
A curve of gm as a function of control grid voltage for a type-7C7 pentode 
is shown in Fig. 11-14. The variation of gm is linear over a large portion 
of the range. In order to establish the required orders of magnitude 

-8 -6 -4 -2 
Control-grid voltage 

2500 

2000 _g 
E 
0 

1500 -~ 
E 

1000 J 
500 

Fm. 11-14. Variation of Um with control-grid voltage, type 707. 

necessary for the approximations specified, it may be necessary to 
operate the oscillator at frequencies lower than the desired carrier fre
quency, then to pass the FM wave through a frequency multiplier and 
class-C amplifier before transmission from the transmitting antenna. 
In order to ensure that the center frequency remain stable within the 
specified range of ±2 kc, a sample of the output frequency may be 

A-f 
signal 
source 

Reactance 
tube 

Discriminator 

Oscillator 

Mixer 

Frequency 
multiplier 

Crystal 
oscillator 

Fm. 11-15. Block diagram of an FM transmitter. 

Class-C 
amplifier 

compared with a crystal oscillator frequency, and the difference fre
quency voltage is rectified and fed back to the reactance-tube-modulator 
control grid as a bias correction for any error. A circuit called a fre
quency discriminator may be used to provide the correcting bias as 
illustrated in the block diagram of Fig. 11-15. 
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The reactance-tube modulator of Fig. 11-12, as shown by the analysis, 
is a variable capacitance. A variable inductance is obtained from a 
properly designed circuit arranged as shown by Fig. 11-16. Other re
actance-tube circuits have been included in the problems. 

The frequency deviation produced by a reactance-tube modulator 
can be computed approximately by using a linear approximation for the 
gm-ee characteristic of Fig. 11-14. An idealized gm-ee characteristic, 
as shown in Fig. 11-17, may be expressed as the equation of a straight 
line. The transconductance may be expressed in terms of any known 

R 

C 

Fm. 11-16. L-type reactance tube. 

point on the line, such as that determined by the bias voltage Ee, the 
value of gm = gmo at this zero signal voltage, and the slope of the line. 
However, the intercept form of the equation of the line is more con
venient. Thus, from Fig. 11-17, 

(11-57) 

is the equation of the characteristic, where gm2 is the value of gm at the 
vertical intercept and - E 1 is the total grid voltage at the horizontal 
intercept. If the instantaneous value of the modulating voltage shown 
in Fig. 11-17 is 

(11-58) 

then, referred to the ee axis, this voltage is given by 

ee = Ee + Em COS Wmt (11-59) 

where, as usual, Ee has a negative numerical value. The instantaneous 
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value of Ym as the modulating voltage varies as obtained from Eqs. 11-57 
and 11-59 and is 

(11-60) 

FIG. 11-17. Idealized um-ec characteristic. 

From Eqs. 11-56 and 11-60, 

Ce = Ym2CR(l + Ec/E1 + Em/E1 COS Wmt) (11-61) 

The oscillation frequency of the oscillator, if determined by the con
stants of the tank circuit, is given by 

(11-62) 
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where Lt is the inductance and Ct the capacitance of the tank circuit 
elements. An expression for the instantaneous frequency as obtained 
from Eqs. 11-62 and 11-61 is 

1 
f = ---,============= (11-63) 

21rVLt[Ct + <Jm2CR(l + Ec/Ei + Em/Ei COS Wmt)] 

and the carrier frequency fc is the value off in Eq. 11-63 when the 
modulating voltage Em cos wmt is zero. Therefore, 

1 

fc = 21rVLt[Ct + <Jm2CR(l + Ec/E1)] 
(11-64) 

and the ratio of fife may be expressed in the form 

f { [ Ym2CREm COS Wmt ] i-½ - = 1 + 
fc CtEl + <Jm2CR(E1 + Ee) 

(11-65) 

If the value in the bracket (Eq. 11-65) is small compared with unity, the 
binomial expansion will result in an infinite series converging rapidly 
enough so that only the first two terms need be retained for a first 
approximation. In this way, 

(11-66) 

If now the quantity k1 in Eq. 11-37 is sought in Eq. 11-66, it may be 
identified with the coefficient of (Em/21r) cos wmt in 

[ 
7r<Jm2C Rf c ] Em 

f = fc + - ---------- -- COS Wmt 
CtEl + <Jm2CR(E1 + Ee) 21r 

(11-67) 

or, 
7r<Jm2CRfc 

k1 = - ---------
CtE1 + <Jm2CR(E1 + Ee) 

(11-68) 

The required relation for FM, 

f = f c + k1Em/21r COS Wmt (11-37) 

is then realized, subject to the approximations made, since <Jm2 , C, R, Jc, 
Ct, E 1, and Ee are all constants. 

Other systems of frequency modulation are used and are discussed in 
radio and communication engineering texts and in the literature.7•8 

7 See E. H. Armstrong, Proc. IRE, 24, 689 (1936). 
8 J. F. Morrison, Proc. IRE, 28, 444 (1940). 
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Only one other method will be described here, a more recent development 
involving a new electron tube, the General Electric phasitron.9 

11-7. Frequency Modulation by Means of the Phasitron 
Frequency modulation is derived from phase modulation in the 

phasitron. The tube has a cylindrical cathode consisting of a standard 
6J5 assembly coated for 0.25 inch. Two cylindrical anodes coaxial with 
the cathode and operating at a positive potential with respect to the 
cathode are used to provide a flat disk of electron flow from the cathode. 
The active portion of the electron stream is limited by the edges of two 
focusing electrodes, which shape the flat disk so that it tapers to a thin 
outer edge before reaching the first anode. The thin-edged, tapered 
disk of electron flow passes between a so-called neutral plane and a set 
of 36 grid wires supported in a plane perpendicular to the cathode axis 
by radial slots in a ceramic core. The grid wires are connected such that 
every third wire is part of the same circuit operating at the same poten
tial. There are thus three groups, of 12 radial wires each, distributed 
over the flat surface of the ceramic support. Each group of wires is con
nected to one leg of a three-phase, wye-connected, radio-frequency in
put circuit supplied by a crystal-controlled oscillator. The neutral of 
the ·wye-connected secondary winding is maintained at +so volts 
direct current. The three-phase connection provides a rotating electric 
field between the grid wires (called deflectors) and the neutral plane. 
The effect of the rotating field upon the thin disk of flowing electron 
space charge-which flows between deflector grids and neutral plane-is 
to warp the disk into ruffles similar to those shown in the sketch of 
Fig. 11-18. The ruffles, not the electrons, rotate with the three-phase 
electric field and impinge upon the first anode in which openings are 
arranged to match the positions of the ruffles. As the ruffles rotate, the 
edge of the ruffled disk passes in successive order either through an open
ing in the anode or against the barrier between anode openings. The 
second anode collects the electrons which pass through the openings in 
the first. A push-pull tuned circuit connected between the anodes is 
driven by the alternate collections of electrons by the two anodes and 
supplies a radio-frequency voltage at the crystal oscillator frequency 
which is approximately 230 kc and must be multiplied to the required 
carrier value. 

The tube as thus far described provides only a carrier frequency, but 
the rotating ruffles in the electron disk can easily be shifted in phase and 
in spatial position with respect to the first anode openings by the appli-

9 F. M. Bailey and H. P. Thomas, Phasitron FM Transmitter, Electronics, 19, 
108 (Oct. 1946). 
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cation of a magnetic field parallel to the axis of the tube and perpendic
ular to the direction of electron flow. The magnetic field is controlled by 
an audio-frequency modulating coil surrounding the anodes. The mag
netic field is concentrated by means of the second focusing electrode
which is constructed of magnetic material and serves the dual purposes 
of focusing and of supplying the magnetic flux for modulating the elec
tron flow. The magnetic flux of the modulating field is confined to a 

First anode 

Anode opening 

Frn. 11-18. Ruffled, rotating electron disk of a phasitron. (Courtesy 
General Electric Co.) 

narrow region at the edge of the deflector or ruffle-producing grid. The 
magnetic field either advances or retards the phase of the rotating 
ruffles with respect to the anode openings by rotating the whole disk. 
The magnetic field thereby introduces a corresponding phase shift in 
the tuned circuit. The phase deviation of the output voltage is almost 
linearly dependent upon the magnetic field strength for values ranging 
from + 15 to -15 gausses. 

The conversion necessary from phase modulation to frequency modula
tion is accomplished by keeping a constant direct voltage across the 
modulating coil at all audio frequencies such that, with the coil behaving 
as practically a pure inductance L at all frequencies in the range from 
50 to 15,000 cps, the alternating component of coil current Em/(wmL) and 
also the resulting magnetic field are inversely proportional to modulating 
frequency fm, Thus, the requirement of k1Em/wm for the deviation 
ratio is met. 
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The advantage claimed for the phasitron is that the necessary fre
quency multiplication is reduced by its use. For the range 88 to 108 Mc 
required carrier frequency, a multiplication in frequency of 432 is re
quired at the phasitron output, as compared with 7000 in some other 
systems. 

11-8. The Problem of Detection 
The transmitted wave arriving at its destination requires demodula

tion in order to make available the information content which had 
originally been inserted on the carrier through the process of modula
tion. The process of demodulation or detection (definitions 19 and 20) 
depends of course upon the nature of the modulated wave, so that the 
detection of AM waves is a process completely different from that re
quired for FM waves. An ideal detector will exactly reproduce at the 
receiver the wave form of the original modulating wave. In effect, the 
process involves the frequency translation back from the band rep
resented by the carrier and its sidebands to the original frequency band. 

11-9. Detection of AM Waves 
Principles rather than methods are primarily of interest in introduc

ing the subject of detection of AM waves. However, the principles in
volved are so intimately related to the detectors themselves that an 

Modulated 
input 

l ~ 
C R V Wmt 

J_ 
Ideal demodulated output 

Frn. 11-19. Ideal demodulated output. 

attempt will be made to integrate a discussion of both principles and 
methods in the present section. 

The demodulation of AM waves is accomplished in radio receivers 
generally by the use of linear detection. This method involves a diode 
rectifier which conducts only during the positive half-cycles of the radio
frequency carrier. The principle of operation is to be found in the re
quirement that the voltage across the R-C output circuit (Fig. 11-19) 
follow the envelope of the AM wave. An ideal demodulated output as 
shown by Fig. 11-19 is not achieved. Actually, as reference to Chapter 6 
will show, the circuit is the same as the half-wave rectifier with capaci
tance filter when conduction occurs only as long as a positive voltage 
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exists between anode and cathode. The voltage across the tube reaches 
zero and then becomes negative at a time immediately following the peak 
of the positive radio-frequency half-cycle because this voltage is the dif
ference between the instantaneous applied voltage and the voltage V 
across the capacitance C. The diagram of Fig. 11-20, although much 
exaggerated, shows the wave forms of the applied radio-frequency volt
age positive half-cycles, of the detector output voltage V, and of the 

R-f 
voltage 

~\ 

Demodulated 
output voltage, V 

I I 
Tube I I 

currentJD l 
FIG. 11-20. Wave forms of voltage v, Fig. 12-19, and of tube current for diode 

detector. 

pulses of plate current. The diagram is similar to that of Fig. 6-5, and 
the principles involved are identically the same. The only difference is 
that the peak voltages of the detector input wave vary in amplitude 
according to the modulating wave. It may be concluded that the de
modulated output voltage Vin Fig. 11-20 is a very poor approximation 
of the envelope of the modulated wave, but actually the difference in 
frequencies between carrier and modulation components is so much 

Modulated 
input 

To a-f 
amplifier 

FIG. 11-21. Linear detector and R2-C2-coup1ing circuit. 

greater than that shown in Fig. 11-20 that a very good approximation 
of the envelope can be achieved with the proper design of the load cir
cuit, R and C. The linear detector circuit of Fig. 11-19 is followed by 
an audio amplifier in the receiver. Either R-C or transformer coupling 
to the input of the audio amplifier may be used in order to eliminate the 
d-c component of the detector output voltage. The R-C circuit is 
shown in Fig. 11-21; the requirements to be met by C2 and R2 are 
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identical with those required in audio-amplifier R-G-coupling circuits 
as discussed in Chapter 3. A rough idea of the magnitudes required of 
G1 and C2 is to be found in the requirements that the reactance of G1 

should be negligible compared with R1 at radio (or carrier) frequencies, 
and that of C2 negligible with respect to R2 at audio-or modulation
frequencies. Capacitance G1 then becomes a radio-frequency by-pass 
to ground; resist~nce R = R1R2/(R 1 + R2 ) then becomes approxi-

Frn. 11-22. Linear diode-detector characteristic, with one r-f half-cycle, varying 
bias voltage v, and pulse of diode current. 

mately the audio-frequency output impedance, provided the reactance 
of G1 at audio frequencies is large compared with R 1• Under such con
ditions, the effective, slowly varying (a-f) bias of the diode is determined 
by the voltage drop in resistance R produced by the audio or modulation 
component of current in the output. This component may be thought 
of as the average of the pulses of plate current (Fig. 11-20). Such an 
explanation is only approximate but has the merit of simplicity. It is 
further illustrated by Fig. 11-22, which shows the tube characteristic as 
linear and the slowly varying output voltage V as a cathode bias. The 
variation of V is the result of the amplitude variations of the carrier 
voltage; Vis the product of the d-c component of the diode plate current 
(which is the average of the pulses of current shown in Figs. 11-20 and 
11-22) and the load resistance of the diode. At the input terminals 
(Fig. 11-21) the modulated voltage is given by Eq. 11-19 as 

V = Ac(I + ma COS Wmt) COS Wet 
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The current pulse during the conduction period is then given by 

Ac 
i = --- (1 + ma COS wmt) COS Wet, 

rp + R 
-01 < Wet < 01 (11-69) 

Since the pulse duration is 201 (Fig. 11-22), the average current over a 
period of the radio-frequency cycle is 

1 I'll" ia = - i d(wct) 
271" -11" 

1 J 01 
Ac =:= - --- (1 + ma COS Wmt) COS Wet d(wet) 

271" -01 rp + R 
(11-70) 

If cos wmt is assumed to be constant over the period 201 of duration of i, 
then 

Ac 
ia = ---- (1 + ma cos wmt) (sin 01) 

7r(rp + R) 

Ac sin 01 maAc sin 01 ---- + ----- COS Wmt 
7r(rp + R) 7r(rp + R) 

(11-71) 

The output voltage of the detector is iaR; thus, the output voltage con
tains only the modulating-frequency components and no distortion 
terms, and the detection is linear. 

It may be observed from the foregoing discussion that the variables 
of importance in the operation of a linear diode detector are the voltage 
amplitudes of the carrier, the average plate current of the tube, and the 
direct voltage across the detector load. The amplitude of the carrier 
voltage, the direct component of plate current, and the direct voltage 
across the load all vary at an audio- or modulating-frequency rate. 
These three related variables are frequently presented graphically, either 

rv · R-f 
oscillator 

+ 

Frn. 11-23. Circuit arrangement for measurement of rectification or detector 
characteristics. 
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by the tube manufacturer or by measurements "'made on the diode detec
tor circuit as shown in Fig. 11-23. Families of curves derived from meas
urements of Er, ia, and V are usually presented as shown in Fig. 11-24 
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Fm. 11-24. Rectification characteristics for a linear diode detector and several load 
characteristics. 

for a type-6H6 diode. Curves of average rectified current ia are plotted 
against output voltage V, which is plotted on the negative side of the axis 
because it provides, in effect, a negative bias for the diode. A curve is 
drawn for each selected value of therms voltage of the radio-frequency 
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oscillator, and the family of curves so obtained constitute the recti
fication characteristics of the tube. 

In the case of a single load resistor, as in Fig. 11-19, the load resistance 
characteristic may be plotted on Fig. 11-24 just as the load line is drawn 
on the plate characteristic diagram of a triode amplifier. Several load 
resistance characteristics are shown. Physically realizable combinations 
of average rectified current and direct voltage V across the load resist
ance are represented by the intersections of a load line with the curves 
of constant rms carrier voltage. For example, if the rms value of un
modulated carrier voltage is 15 volts, and the load resistance R (Fig. 
11-19) is 100,000 ohms, then the average rectified current is about 175 
µamp, and the output voltage is 17.5 volts. If the carrier is amplitude
modulated 33½ per cent, the maximum rms voltage will be 20 volts, 

., the minimum 10 volts. Variations in ia will be in the range 230 to 120 
µamp, and V will vary from a maximum of 23 to a minimum of 12 volts. 
The operating locus will be along the load resistance characteristic. 
Point Q (Fig. 11-24) is the operating point. 

If the detector output is R-C-coupled to the input of an audio ampli
fier, as in Fig. 11-21, then a load line determined by the value of R1 may 
be drawn as in Fig. 11-24 to locate Q; the operating dynamic load line 
may then be drawn through point Q with a slope determined by R = 
R 1R2 /(R 1 + R2 ), if the reactance of C2 is negligible at the modulation 
frequency. For values of R1 = R2 = 100,000, the dynamic load line 
corresponds to R = 50,000 ohms and has been drawn on Fig. 11-24. The 
operating locus is therefore limited to the range of values along the 
dynamic load line extending from the intersection of the line with the 
V axis and thence upward through Q to a maximum determined by the 
allowable modulation. The allowable modulation possible without dis
tortion may be determined from the value of Er corresponding to the 
rectification characteristic which intersects the load line at the hori
zontal axis. If R (Fig. 11-19) were infinite, the load line through the 
origin would coincide with the horizontal axis, and V would equal the 
peak value of the radio-frequency carrier voltage since the condenser 
would charge to this value and remain charged. Therefore, the values 
of V at the intersections of the rectification characteristics with the V 
axis are the peak voltage amplitudes of the unmodulated carrier. The 
allowable modulation factor for the case R1 = R2 = 100,000 (Fig. 11-21) 
may be determined from the intersection of the dynamic load line with 
the V axis, which occurs at approximately V = -9 volts. The recti
fication characteristic which, if drawn on the graph, would intersect 
the V axis at -9 volts would have Er = 9/V2 = 6.35 volts. Accord-
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ing to Eq. 11-19, the minimum carrier amplitude is 

Since Er = 15 volts, and the minimum magnitude of Vis 9 volts, then 

y2 (15) (1 - ma) = 6.35y2 

whence ma = 1 - 6.35/15 = 1 - 0.423 = 0.577 

is the maximum allowable value of the modulation factor for the circuit 
if linear operation is desired. 

11-10. Circuit Requirements for Linear Detection 
Two requirements must be met by the diode detector circuits of 

Figs. 11-19 or 11-21 in order to secure the high-quality distortionless ,, 
operation of which the diode detector is capable. 

The first requirement may be understood by reference to Fig. 11-20. 
During the period of zero tube current, the capacitor discharge through 
resistance R (Fig. 11-19) should reduce the voltage Vat a rate equal to 
that at which the modulation or envelope voltage is decreasing in order 
that the variations in V should reproduce the modulation voltage. Al
though the actual envelope of the AM carrier varies sinusoidally only 

v, 
I 

t = ta 

b 
',, 

', -------
Time t 

Frn. 11-25. Sketch of the top portion of the carrier envelope, 
Ve = Ac(l + ma COS Wmt). 

in the case of a single, sinusoidal modulating frequency, a satisfactory 
design value of the RC product obtained at the highest component audio 
or modulating frequency is also satisfactory for lower component fre
quencies. The rate of decrease of output voltruge V necessary for the 
sinusoidal modulating angular frequency wm of Eq. 11-19 is then the same 
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as that of the envelope Ve (Fig. 11-25) or 

The magnitude of the necessary rate of decrease of V will depend upon 
time during the modulating-frequency cycle (Fig. 11-25). Peaks of 
carrier voltage touch the envelope many times during the period of de
crease of the audio cycle. At any one of these times, it is necessary that 
the voltage across C decrease at least as rapidly as the envelope in order 
to avoid the condition represented by the dotted exponential decay 
curve of Fig. 11-25 and known as diagonal clipping. Since the capacitor 
voltage exceeds the peak carrier voltages occurring during the time 
interval between points a and b (Fig. 11-25), the tube does not conduct, 
and the output voltage does not reproduce the modulating wave form 
so that distortion results. If at some time during the period of decrease 
of the voltage Ve = Ac(l + ma cos wmt) when the tube current becomes 
zero the voltage across capacitance C is Va, then before conduction is 
resumed near the peak of the next positive radio-frequency half-cycle, 
the output voltage V is given by 

where 

Since 

t' = t - ta 

dV /dt = -(1/RC)Vae-t'/RC 

and since it is required that 

'for t > ta in order to reproduce the envelope, then 

dV /dt = -Ac(l + ma COS Wmt)/RC 

(11-73) 

(11-74) 

(11-75) 

(11-76) 

(11-77) 

follows from Eq. 11-76 substituted in Eq. 11-75. From Eqs. 11-72 and 
11-77, the rate of fall of envelope and capacitor voltage will be the same if 

from which 
1 + ma COS Wmt 

WmRC = ---. --
ma Sln Wmt 

(11-78) 

Equation 11-78 may be regarded as affording a maximum value of the 
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product RC, since, the larger the product RC, the slower the rate of 
capacitor discharge. The expression on the right side of Eq. 11-78 has 
a maximum value fort such that wmt = 0, or 

cos 0 = -ma 

which, from Fig. 11-25, requires that 0 lie in the range 90 to 180°. Thus 

(11-79) 

and (11-80) 

It would appear from Eq. 11-80 that the diode detector cannot cope 
with a signal for which ma = 1. However, for the frequently used 
values of C = 100 µµf and R = 250,000 ohms, and at f m = 5000 cps, 
ma = 0.786. At fm = 796 cps, ma = 0.994. Thus, this combination of 
values might be satisfactory for frequencies less than 5000 cps. 

The second circuit requirement is that the impedance of the de
tector load circuit at modulating frequencies should differ as little 
as' possible from its resistance to direct current. The impedance at 
modulating frequency of the load circuit of Fig. 11-21 is approximately 
R' = R1R2/(R 1 + R2 ), provided the reactances of C1 and C2 are such 
that these elements may be neglected. The impedance at d-c is R 1. 

The average direct voltage across the load, as obtained from Fig. 11-25, 
has a magnitude equal to Ac. The peak variation from average of the 
modulation voltage is maAc. The peak variation from average of the 
sinusoidal modulating voltage cannot exceed the average without in
troducing distortion, because the negative peaks would dip below the 
axis, and clipping would result since the tube does not conduct current 
in the inverse direction. Again, there is imposed a restriction on ma 
since, to avoid distortion due to clipping, 

or 
R' R2 

ma~-=---
R1 R1 + R2 

1 
(11-81) 

The requirement R1 « R2 is difficult to meet since R2 is limited by re
quirements at the grid of the amplifier and R1 cannot be greatly reduced 
without lowering the output voltage of the detector. A compromise is 
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indicated, and may be secured by use of the circuit of Fig. 11-26 where 
an additional resistance Ra is introduced in series with R1• The max-

Fm. 11-26. Detector load and coupling circuit for reducing distortion. 

imum value of ma (which, according to Eq. 11-81, is the ratio of modu
lating a-c impedance to d-c resistance) now becomes 

R1 + R2Ra/(R2 + Ra) 
ma~---------

- R1 + Ra 
(11-82) 

and may be written as 

1 
ma ~ --------------

- 1 + Ra2 / (R1R2 + R1Ra + R2Ra) 
(11-83) 

It is possible for ma to approach unity if Ra is small and R1 large, and 
thus the d-c resistance of the load is kept large. 

A completely mathematical analysis of the linear diode detector based 
upon an assumed linear diode characteristic has been developed 10 and 
should be of interest to students who wish to pursue the subject further. 

11-11. Receivers for AM Waves 
The problem of tuning AM receivers and of providing the necessary 

over-all radio-frequency gain has led to the almost universal use of the 
superheterodyne system. The tuning problem involves the simulta
neous adjustment of the tuned circuits of one or more stages of radio
frequency amplification which precede the detector in addition to de
tector input circuit tuning. The 9-to-1 variation in tuning capacitance 
C necessary to produce the 3-to-1 variation of resonant frequency in the 
range 550 to 1650 kc greatly affects the bandwidth unless the equivalent 
shunt conductance Geq is varied such that Geq/C remains constant. But, 
if Geq varies, so does the gain at resonance. These difficulties have been 

10 See, for example, W. L. Everitt, Communication Engineering, pp. 427-433, McGraw
Hill Book Co. (1937). 
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avoided by the almost universal use of the heterodyne principle, which 
involves the generation by the receiver itself of a radio frequency which 
may be tuned or adjusted as desired. The local oscillator which supplies 
the locally generated radio frequency is tuned to a frequency f x such 
that the difference between f x and the carrier frequency f c is always the 
same, whatever the value of fc• The difference frequency, f x - f c, is 
known as the intermediate frequency (or i-f) and may be designated Ji. 
The usually chosen value of Ji in the commercial broadcast band is 465 kc. 
Thus, the required frequency variation of the local oscillator is from 
1015 to 2115 kc in order to supply a constant difference of 465 kc when 
combined with any signal or carrier frequency in the range 550 to 1650 

Antenna 
fc + fm 

fc 
fc- fm 

R-f 
amplifier 

fx- fc- fm 

fx- fc 
fx- fc + fm 

Mixer 

Local 
oscillator, 

(,: 

~ + fm 

~ 
l-fm fm 

1-f 
Detector 

A-f 
amplifier amplifier 

Fm. 11-27. Block diagram of a superheterodyne receiver. 

fm 

Speaker 

kc. The same difference could be achieved if the local oscillator worked 
over the range 85 to 1185 kc, but the percentage change in frequency 
would be much greater, involving a tremendously larger over-all tuning 
capacitor variation. 

The operation of a superheterodyne receiver is illustrated by the use 
of the component-block diagram of Fig. 11-27. All carriers and their 
sidebands exist as induced voltages in the antenna. The radio-frequency 
amplifier and the antenna circuits are tuned to a selected carrier, and 
the same adjustment simultaneously tunes the local oscillator to a fre
quency 465 kc above that of the selected carrier. The mixer is a com
ponent, thus far not discussed, which combines the frequencies f x, f c, 

fc + fm, and fc - fm and produces the difference frequencies fx - fc, 
f x - Uc + f m) and f x - Uc - f m) at the mixer output. The input to 
the intermediate-frequency amplifier is then a band of frequencies 
Ji+ fm, Ji - fm centered around the same intermediate frequency, Ji, 
whatever the signal. Thus the intermediate-frequency amplifier may 
be designed with fixed tuning and for high gain and fixed bandwidth. 
Doubly tuned circuits are used to provide the band-pass characteristic 
discussed in Chapter 8. The intermediate-frequency amplifier provides 
voltage of the proper magnitude for the detector, usually of the linear 
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diode type. The detector, as already shown, again translates the fre
quency to the audio- or modulating-frequency range and eliminates the 
carrier, providing only modulating frequencies f m at its output for audio 
amplification. 

Components of the receiver of Fig. 11-27 have been considered in 
previous chapters. The audio-frequency amplifier was discussed in 
Chapters 3 and 4, the radio-frequency amplifier in Chapter 8, the 
oscillator in Chapter 10, and the linear AM detector in the present 
chapter. The frequency-shifting device as a modulator has also been 
discussed in the present chapter, but frequency changing as usually 
accomplished in a mixer or frequency converter requires additional 
discussion. 

11-12. The Heterodyne Oscillator 
The adjective "heterodyne" has been defined by Webster as "pertain

ing to the production of a difference frequency between two radio fre
quencies." The heterodyne oscillator is a generator of audio- or of 
radio-frequency voltage obtained as the difference between two fre
quencies. It is perhaps better known as a beat-frequency oscillator. 

The beat-frequency or heterodyne oscillator was not discussed in 
Chapter 10 because it depends functionally upon the process of modu
lation or of demodulation. It may appropriately be included here as an 
introduction to the use of difference frequencies in the superheterodyne 
receiver. 

If two alternating sinusoidal voltages of slightly different frequencies 
are added together, the resulting wave form, although somewhat re
sembling the wave form of a modulated wave, does not contain a new 
frequency. The frequencies present in the additively synthesized wave 
are merely those of the two components. However, if the synthesized 
wave is applied to a nonlinear device for which the response current is 
related to the applied voltage 'by a power series such as 

(11-84) 

then, as shown in Chapter 2, new frequencies result from the terms 
involving products. A modulator or detector characteristic (of response 
current as a function of applied voltage) which can be approximated by 
the first two terms of Eq. 11-84 is called a square law characteristic. 

The heterodyne principle is illustrated in the circuit of the beat
frequency oscillator (Fig. 11-28). The complete oscillator circuit would 
involve two oscillators of outputs e1 = Em1 cos wit and e2 = Em2 cos w2t, 
a demodulator (or modulator), and an amplifier at the output of the 
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demodulator. The demodulator portion is shown in Fig. 11-28 and 
consists of a pentode operating in the nonlinear region of its character
istic. The load circuit consists of a parallel combination of R and C of 
such magnitudes that the output voltage at the difference frequency 
w1 - w2 far exceeds that at the sum of (w1 + w2), for which C provides a 
low-impedance by-pass. 

The frequencies of interest at the output (Fig. 11-28) are obtained 
from the second-degree term of Eq. 11-84. However, it may be worth 

Osci113 
J---

e1 
R 

Output 

Oscilla3 --
e2 

FIG. 11-28. Demodulator portion of a heterodyne or beat-frequency oscillator. 

while to examine the frequencies that result from other terms as well. 
In Fig. 11-28, the a-c component of grid voltage is given by 

(11-85) 

From Eq. 11-84, the corresponding plate current as obtained from the 
first three terms only is 

ip = (½C1Emi2 + ½C2Em22) + (C1Em1 

+ ¾C3Em13 + JC3Em1Eml) COS wit 

+ (C2Em2 + ¾C3Em23 + JC3Em12Em2) cos w2t 

+ ½C2Em12 
COS 2w1t + ½C2Eml COS 2w2t 

+ ¼C3Em13 
COS 3w1t + ¼C3Em23 

COS 3w2t 

+ C2Em1Em2 COS (w1 + w2)t + C2Em1Em2 COS (w1 - w2)t 

+ ¾C3Em12Em2 COS (2w1 + w2)t 

+ ¾C3Em12Em2 COS (2w1 - w2)t 

+ ¾C3Em1Eml COS (2w2 + w1)t 

+ ¾C3Em1Eml COS (2w2 - w1)t (11-86) 

It should be observed that the nonlinearity of the tube-response char-
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acteristic has introduced the following frequencies not present in the 
original oscillator input voltages: 

2w1, 2w2, 3~1, 3w2, w1 + w2, w1 - w2, 2w1 + w2 

2w1 - w2, 2w2 + w1, 2w2 - w1 

For the case of a beat-frequency audio oscillator, w1 and w2 are both 
radio frequencies, and so are every other one of the frequencies in the 
foregoing list except (w1 - w2). Therefore, the condenser C by-passes 
all but the difference frequency (w1 - w2), and the output voltage am
plitude at (w1 - w2 ) is the only appreciable output. 

11-13. Mixers and Frequency Converters 
The Institute of Radio Engineers Standards on Electron Tubes, 1950, 

provides the following pertinent definitions of terms useful in the dis
cussion of the mixers and frequency converters as used in superhetero
dyne receivers: 

1. Conversion Transducer. An electric transducer in which the input 
and output frequencies are different. Note. If the frequency-changing 
property of a conversion transducer depends upon a generator of fre
quency different from that of the input or output frequencies, the fre
quency and voltage or power of this generator are parameters of the con
version transducer. 

2. Heterodyne Conversion Transducer (converter). A conversion trans
ducer in which the output frequency is the sum or difference of the input 
frequency and an integral multiple of a local oscillator frequency. Note. 
The frequency and voltage or power of the local oscillator are parameters 
of the conversion transducer. Ordinarily, the output signal amplitude 
is a linear function of the input signal amplitude over its useful operat
ing range. 

3. Mixer Tube. An electron tube that performs only the frequency
conversion function of a heterodyne conversion transducer when it is 
supplied with voltage or power from an external oscillator. 

4. Converter Tube. An electron tube that combines the mixer and 
local-oscillator functions of a heterodyne conversion transducer. 

5. Conversion Transconductance ( of a heterodyne conversion trans
ducer). The quotient of the magnitude of the desired output-frequency 
component of current by the magnitude of the input-frequency (signal) 
component of voltage when the impedance of the output external 
termination is negligible for all of the (other) frequencies which may 
affect the result. 

To the foregoing definitions, there may be added the statement that 
the combination of signal and local oscillator frequencies in order to 
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produce an intermediate frequency may be thought of as modulation, 
has been referred to frequently as detection ( the first detector), but is 
now known as frequency conversion. The theory of frequency conversion 
has been dealt with in the literature by numerous writers. It has been 
shown 11 that the general principles of modulation or frequency con
version by applying signal and local oscillator voltages on the same or 
different grids of the conversion transducer are the same for all types 
of tubes. The determination of the conversion transconductance may 
be accomplished by use of a curve of signal electrode transconductance 
as a function of local oscillator voltage. Such a curve is analogous to the 
curve of Fig. 11-14 except that the transconductance is represented as a 
function of time and is then analyzed from the experimental char
acteristic by Fourier analysis for the nth-harmonic component at local 
oscillator frequency as expressed in the relations 11 

00 

gm = ao + L an cos nwot 
n=l 

00 

= aoEms COS wsl + ½Ems L an COS (nwo + Ws)t 
n=l 

00 

+ ½Ems L an COS (nwo - Ws)t 
n=l 

= ~ [~ f1r gm cos nwof d(wot)] 
2 7r -'Ir 

(11-87) 

(11-88) 

(11-89) 

It is assumed in this analysis that the signal voltage is very small 
compared with the local oscillator voltage. The signal voltage is e8 = 
Em cos w8 t; the local oscillator angular frequency is nw0. The conversion 
transconductance at intermediate angular frequency wi = (nw0 - w8 ) 

is given by Eq. 11-89. 
Mixing and conversion circuits have been described, using diodes, 

triodes, tetrodes, pentodes, hexodes, heptodes, and octodes. Modern 
superheterodyne receivers use the heptode or pentagrid converter, but 
early superheterodynes used tetrodes and pentodes. A circuit in which 
the local oscillator voltage is derived from a separate oscillator is shown 

11 E. W. Herold, The Operation of Frequency Converters and Mixers for Super
heterodyne Reception, Proc. IRE, 30, 84 (Feb. 1942). 
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in Fig. 11-29. The tube, type 6SA7, is a pentagrid converter with grids 
2 and 4 serving as screen grids, grid 5 as a suppressor. The signal voltage 
e8 is applied between grid 3 and cathode; the local oscillator voltage 
enwo is applied between grid 1 and cathode and modulates the electron 
stream. Grids 3, 4, and 5 and the plate constitute a pentode for which 
the electron source is the modulated space-charge cloud of electrons 

3 
+Vii 

+ ½-2, Vc4 

Frn. 11-29. A pentagrid mixer circuit using a separate, external local oscillator. 

which have passed grid 2. Screen grid 2 located between grid 1 (the 
modulator grid) and grid 3 (the input grid) accelerates electron flow and 
also prevents coupling between the modulator and input grids. The 
same tube may be used in a self-oscillating circuit as shown in Fig. 11-30. 
Here the frequency-converter tube can itself supply the local oscillator 
frequency and mix it with the radio input frequency to provide the 

~f cut 

Frn. 11-30. Mixer and local oscillator functions combined in heterodyne conversion 
transducer. 

desired intermediate frequency. The oscillator will be recognized as the 
Hartley circuit. 

Another, somewhat different heterodyne conversion transducer cir
cuit which uses a pentagrid converter is shown in Fig. 11-31. Grids 1 
and 2 with the cathode are connected in a tuned-grid triode-oscillator 
circuit, with grid 2 supplying a positive voltage. The triode-oscillator 
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circuit supplies to the region of grid 4 through screen grid 3 an electron 
stream varying at oscillator frequency. An additional signal is imposed 

+¼2 

Frn. 11-31. Pentagrid converter. 

upon the electron stream by the input radio-frequency signal voltage on 
grid 4, so that the plate-current variations are the result of the com
bination of oscillator and signal frequencies. Grids 3 and 5 accelerate 

-----4 -----3 -----2 ------1 

the electron stream and, in addition, shield 
the signal grid, 4, from the other electrodes. 

The pentagrid mixer tube and circuit of 
Fig. 11-29 and the converter circuit of Fig. 
11-30 will operate effectively at higher 
frequencies than is possible with the pent
agrid converter circuit of Fig. 11-31 be
cause of better isolation of signal and 
oscillation sections of the tube. A com
bination of triode-hexode, for example, 
the 6K8 shown schematically in Fig. 11-32, 
can be used to cover an extremely wide 
range of frequencies and is used in all
wave receivers. Isolation of oscillator 

Frn. ll-32, Electrode arrange- from mixer section is achieved by using 
ment of the triode-hexode con-

two electron streams derived from the two verter, 6K8. 
sides of a cathode sleeve. The grid of the 

triode oscillator section at the bottom (Fig. 11-32) is connected intern
ally to the grid of the hexode mixer section. The hexode unit uses two 
screen grids, 2 and 4, connected together, and the radio-frequency signal 
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is applied between hexode grid 3 and the cathode. The oscillator fre
quency from the triode section is transferred to the hexode mixer 
section through hexode grid 1. 

11-14. Detection of FM Waves 
Receivers for FM waves are similar to those for AM in respect to 

radio-frequency amplifier, local oscillator and frequency converter (two 
converters may be used to produce a final intermediate frequency in 

V 

f 
FIG. 11-33. Use of a resonance, characteristic of a tuned circuit as a discriminator. 

two stages), and intermediate-frequency amplifier. The stages following 
the intermediate-frequency amplifier, however, must convert a fre
quency-varying wave of constant amplitude to an amplitude-varying 
wave at audio or signal frequency as input to an audio-amplifier stage. 
Such a requirement results in one or more component stages which are 
peculiar to the FM receiver. 

Noise, including static and interference from other electric equipment, 
modifies or amplitude-modulates an AM wave and is received and con
verted into audio output along with the signal in an AM receiver. The 
noise-free advantages of frequency modulation are achieved partly by 
virtue of complete freedom from amplitude variations of the radio
frequency carrier. In order to eliminate any amplitude variations that 
may exist, a device known as a limiter is used in many FM receivers 
immediately following the intermediate-frequency amplifier. The limiter 
consists merely of a tube circuit which, by virtue of a dynamic charac
teristic that is flat on each end, passes only a given amplitude. Another 
FM feature is the fact that any frequency or frequency variation of 
amplitude less than half the desired signal frequency amplitude will not 
produce interference at the receiver output. For these reasons, much 
greater gain may be used in FM receivers without excessive noise being 
produced in the output. 
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The conversion from frequency to amplitude modulation and fre
quency translation to the audio or signal range is accomplished by a unit 
known as a discriminator. One method of converting from frequency 
to amplitude variations involves the use of a portion of a resonance 
curve, as shown by Fig. 11-33, where a sinusoidal variation of frequency 
is shown converted by the voltage resonance characteristic of a tuned 
circuit into voltage or amplitude variations. This method is not too 
useful because of the nonlinearity of the tuned-circuit characteristic. 
Two frequently used practical discriminator circuits are discussed in the 
following section. 

11-15. FM Discriminator Circuits 
The FM discriminator combines the functions of conversion to am

plitude modulation with detection. Two types of FM detectors are to 
be described. The first, shown in Fig. 11-34, involves a pentode double-

L3 

Frn. 11-34. A practical discriminator circuit. 

tuned transformer-coupled amplifier circuit and two diodes used as de
tectors. Capacitors C1 and C2 are tuning condensers; at the center fre
quency, Jo, woL1 = I/woC1; woL2 = I/woC2; Cs is a by-pass of negligible 
reactance for intermediate frequency; C3 and C4 are also adequate by
passes for intermediate frequency. Inductance L3 is a radio-frequency 
choke. Tube connections are omitted, but class-A operation of the 
pentode is assumed. The equivalent a-c circuit is given by Fig. 11-35. 
The various voltages are shown on the circuit diagram: V1 is the input 
voltage with respect to ground and appears across the radio-frequency 
choke if the reactance of C 4 is negligible; V 12 and V 13 are the voltages 
across the two halves of the transformer secondary; V 3 and V 4 are direct 
voltages across resistors R3 and R4, and R3 = R4; V 3 = I 2R3 ; V 4 = 
l3R4; the output voltage Vo = V3 - V4. A qualitative explanation of 
the circuit behavior may be given in terms of the parameters of the cir
cuit with the help of a vector diagram. 
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The voltage Ei is the input voltage at the grid of the pentode. The 
frequency of the voltage Ei is centered about the intermediate-frequency 
center frequency but varies on either side of this frequency fo by the 

M Tube 2 2 

~ 
rp 

L1 

t ½ 

} t½2 l"\ t C2 ½ 
C1 t ½3 l:ube3 

4 Va 

Iv./ C4 
gmEi 3 

V1--
-

L3 

Fm. 11-35. Equivalent a-c circuit of the discriminator of Fig. 12-34. 

half bandwidth necessary to contain all the signal frequency spectrum. 
At fo, both primary and secondary transformer circuits are resonant as 
already specified. It will be shown that, to a good approximation, volt
age V1 and V2 are in phase quadrature atf = fo; since V2 = V13 - V12, 

the phase relations are as shown by the vector diagram of Fig. 11-36a. 

(a)f = /0 (b) f = /0 + M 

Fm. 11-36. Vector diagrams showing the phase relations of voltages on the r-f side 
of the detector of Fig. 12-35. 

The voltages producing current in the diode detectors as obtained by 
inspection of the circuit (Fig. 11-35) are Va = V1 + V12 across points 
2 and 4, including tube 2, and Vb = V 1 + V 13 across 3 and 4, including 
tube 3. These voltages are shown for f = fo in Fig. 11-36a, and are 
equal since the magnitudes of V 12 and V 13 are equal. Therefore, for 
identical diodes, the output voltages V 3 and V 4 are equal, and Vo = 
V 3 - V 4 = 0 at f = fo, since on the d-c side of the rectifier V 3 and V 4 

are direct voltages and phase is not involved. 
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At frequencies off resonance, V 2 is no .longer in phase quadrature 
with V 1• The angular deviation from phase quadrature is dependent 
upon the frequency deviation from resonance. Therefore, as shown by 
Fig. 11-36b, for a frequency on one side of resonance, Va becomes greater 
in magnitude than Vb; therefore, V3 > V4 and V3 - V4 is a positive 
voltage. For a frequency on the other side of resonance, the reverse 

f 

Fm. 11-37. Discriminator or FM-detector output characteristic. 

condition is true so that l Vb! > Jva !, V3 < V4, and V3 - V4 is a 
negative voltage. As the frequency varies above and below resonance, 
the magnitude and polarity of the voltage V0 will also vary, translating 
frequency variations into output voltage variations as shown approxi
mately by the curve of Fig. 11-37. The discriminator characteristic of 
Fig. 11-37 is linear over a certain range of frequency. If this range is 

R2=R3 

L2 C2 

/2i2 
R2 j 

L1 Vo 

R3 

B+ L3 C3 
. 

F~G, 11-38, FM discriminator using two stagger-tuned circuits. 
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sufficient to include the FM frequency spectrum, the output voltage will 
be a faithful replica of the signal voltage. 

A second practical method of FM detection is illustrated by the cir
cuit of Fig. 11-38, which involves three tuned circ,uits. The input cir
cuit, L1-C1, is tuned to the center intermediate frequency f 0 ; the L 2-C2 

V 

f 

FIG. 11-39. Response characteristics of the diodes of Fig. 11-38 and their 
difference, Vo 

circuit is tuned to a frequency somewhat higher, the L 3-C3 circuit is 
tuned to a frequency somewhat lower than f 0 • The result is that the 
diodes produce outputs across their respective load resistors R2 and R3 

which have maximum values at different frequencies, as shown by the 
dotted curves of Fig. 11-39. The voltage V0 is the difference, V2 - V3 , 

of the diode outputs, and is shown by the full-line curve of Fig. 11-39. 
It has been shown experimentally 12 that, if the Q's of the secondary 
circuits are each twice the Q's of the primary, which in turn should be 
equal to the ratio of carrier frequency to 3~f, where ~f is the deviation 
from the mean frequency, then the detector response (Fig. 11-39) will 
be linear over most of the frequency deviation between h and !3. 

a C 

'I) Ra 

FIG. 11-40. Equivalent a-c circuit of Fig. 11-34 without L3 

11-16. Analysis of an FM Discriminator Circuit 

The equivalent circuit of the discriminator of Figs. 11-34 and 11-35 
has been redrawn in Fig. 11-40, with the inductance L3 omitted. The re-

12 M. G. Crosby, RCA Review, 6, 89 (July 1940). 
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sistance Rd replaces the diode circuit and its loading. Coil resistances 
R1 and R2 are shown in the equivalent circuit of Fig. 11-40 but with high 
Q coils assumed, R 1 and R2 will be neglected in the circuit analysis to 
follow. 

The circuit to the left of terminals a-b may be simplified for analysis 
by the use of Thevenin's theorem. The impedance looking to the left at 
a-b is Zg = (rp - jr/wC1)/(w2C/r/ + 1), which reduces to 

Zg = I/w?C1 2rp - j(I/wC1) (11-90) 

if wC1rp » 1; since a pentode is used, rp » (1/wC1) so that the approxi
mation is justified. Similarly the impedance Zed looking toward the 
diode load at terminals c-d is given by 

Zed = 1/w2
C2

2
Rd - j(l/wC2) (11-91) 

provided 

The revised and somewhat simplified approximate equivalent circuit 

a 

b 

C 

1 

w
2C/Rd 

FIG. 11-41. Approximate equivalent of the circuit of Fig. 11-40. 

has been drawn in Fig. 11-41. The voltage E of the equivalent Thevenin 
generator is given by the expression 

gmEi (_ 1 ) YmEi 

= 1 + l/jwC1rp \iwC1 ,-...; jwC1 
(11-92) 

where again use is made of the fact that l/wC1rp is negligible compared 
with unity. 

It is convenient to use the fractional frequency deviation from res
onance as previously defined, namely: 

o = ( w - wo) / wo or w / wo = 1 + o (11-93) 
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The impedance of the primary mesh than may be expressed as 

Z11 = R11 + j(wL1 - l/wC1) 

= R11 + jwoL1(w/wo - wo/w) 

= R11 + jwoL1 (1 + o - -
1
-) 

1 + 8 

Since 1/(1 + o) ,_,, 1 - o for o « 1, then 

Z11 = R11(l + j20Q1) 

where Q1 = w0Li/R11 

and Ru = 1/wa2C/rp 

Similarly, the impedance of the secondary mesh is 

Z22 = R22(l + j20Q2) 

where Q2 = woL2/R22 

and R22 = l/wo2C22Rd 

The mutual impedance is 

Z12 = -jwM = -j(wo + Aw)M 

= -Jwo(l + o)M 

409 

(11-94) 

(11-95) 

(11-96) 

(11-97) 

(11-98) 

(11-99) 

(11-100) 

(11-101) 

The driving-point impedance at the terminals of the Thevenin generator 
lS 

where the second-order term 82 has been neglected. The product oh? 
is also very small since the coupling is small. Equation 11-102 may 
first be expressed as 

Z ' = ~ I + ·20Q + - 1 
-

2
----

w L [ Q Q (k
2 + 2ok2

)] 

11 Q1 J 
1 

1 + j20Q2 
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and, since 2ok2 « k2, a further simplification is possible so that 

Z ' = woL1 [1 + ·20Q + k2Q1Q2 ] 
11 

Q1 J 
1 

1 + j20Q2 

The current / 1 is then easily expressed as 

11 = E/Z11' 

and the voltage V 1 across terminals a-bis 

V1 = l1Zab = EZab/Z11' 

Ch. 11 

(11-103) 

(11-104) 

The impedance Zab looking to the right (Fig. 11-41) is given by 

Zab = jwL1 - Z1l /Z22 

w 2M 2 (1 + o) 2Q 
- ·w L (1 + o) + 0 2 

- J 
O 1 

woL2(1 + j20Q2) 

- ·w L 1 + o + 2 

[ 
k2 (l + o)

2Q ] 
- J 

O 1 
j(l + j20Q2) 

(11-105) 

Again, neglect of second-order terms involving o2 and k2o results in 
simplification. Equation 11-105 after algebraic revision may be written 
as 

(11-106) 

The equations needed for the analysis of the discriminator circuit must 
provide expressions for the voltages V 1 and V2 • These may be obtained 
more easily if equal coil Q's are assumed. Thus, with Q1 = Q2 = Q, 

Zab j(l + o + j2oQ - jk2Q)Q 

Z 11' (1 + j2oQ) 2 + k2Q2 

so that, from Eqs. 11-104, 11-107, and 11-92, 

jQ(l + o + j2oQ - jk2Q)gmEi 

V
1 = [(1 + j2oQ)2 + k2Q2]jw0C1(l + o) 

and, if k2Q is neglected, 

which is the first required equation. 

(11-107) 

(11-108) 
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The expression for V 2. is next to be found. Since 

I1Z12 VdwoM(l + o)Q 
12 = - -- = (11-109) 

Z22 ZabWoL2(l + j2oQ) 

then V2 = I2(l/jwC2) = l 2/jwC2(1 + o) (11-110) 

Thus, . [ YmE;Q
2
woM ] 

V2 = -; (1 + j20Q)2 + k2Q2 (11-111) 

The phase of voltages V1 and V2 may be compared for any value of o. 
Thus, at J = Jo, o = 0, and, from Eq. 11-108, 

V1 = {lmEiQwoLi/(1 + k2Q2) 

and V2 = -jgmEiQ2woM/(1 + k2Q2) 

(11-112) 

(11-113) 

From Eqs. 11-112 and 11-113, it is observed that, at J = Jo, V2 lags V1 

by 90° as shown by Fig. 11-36a. The ratio of V2 to V1 is 

V2 . Q(M/L1) 

V1 = -J 1 +j2oQ 

(~~ v,)/-90° 
V2 --------

- 1 + j2oQ 
or (11-114) 

If o = (f - JO) /Jo is positive, J > JO and 0 = tan -t 2oQ is a positive 
angle, so that the phase angle of V2 with respect to V1 is (-90° - 0). 
Thus, for J > Jo, V2 lags V1 by more than 90°, as shown in Fig. 11-36b. 
However, for frequencies below resonance, J < Jo and o is negative, so 
that 0 = tan -l 2oQ is a negative angle. Let 0 = -cf,, where cf, > 0. 
Then the phase of V 2 becomes ( - 90° + cf,), and V 2 lags less than 90° 
behind V1. 

PROBLEMS 

11-1. The equation of a nonlinear triode dynamic characteristic may be expressed 
in power series form as 

ip = C1eg + C2e/ + Caeg3 + · · · + Cnegn + · · · 
Two alternating-voltage sources are connected in series in the grid circuit. Their 
voltages are, respectively: 

e1 = A1 cos wet and e2 = A2 cos wmt 

where we = 211" -106 rad per sec, wm = 211" • 103 rad per sec. · Using only the first three 
terms of the power series, obtain answers to the following: 

(a) What terms of the series produce modulation of the output current? 
(b) What are the frequencies present in the plate current? 
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(c) Identify carrier, upper and lower side frequencies, and distortion (undesired) 
components. 

(d) Design a load circuit that would provide the necessary bandwidth, and ob
tain relative amplitudes referred to carrier of the component frequencies in the out
put load voltage. 

11-2. Typical operation of a type-805 triode as a class-C amplifier is given by 
the manufacturer as follows: 

D-c plate voltage 1250 volts 
D-c grid voltage -100 volts 
Peak r-f grid voltage 230 volts 
Direct plate current 200 ma 
Direct grid current 40 ma 
Grid driving power 8.5 watts 
Power output 170 watts 

For the conditions given, compute (a) the plate dissipation rating, (b) the plate
circuit conversion efficiency. 

11-3. The type 805 of problem 11-2 is to be 100 per cent plate-modulated by an 
audio source. The plate dissipation under plate modulation is not to exceed that 
when the tube is used as an unmodulated class-C amplifier. Compute (a) the im
pedance of the 805 plate circuit presented to the audio modulator, (b) the maximum 
allowable audio power input, with 170 watts power output. 

11-4. Plate dissipation rating of a type-892-R power triode used as a class-C radio
frequency power amplifier at 800 kc and typical operating characteristics are sum
marized as follows: Maximum plate dissipation is 4000 watts. Typical operation is: 

Eb = 10,000 volts 
Ee = -1300 volts 
Egm = 2150 volts (peak r-f grid voltage) 
lb= 1.40 amp 
le= 0.24 amp 
Grid driving power 495 watts 
Power output 10,000 watts 
(a) If this amplifier is to be 100 per cent plate-modulated, what should be the 

new plate dissipation rating? 
(b) If the output transformer is 90 per cent efficient, compute the power output. 
(c) What should be the value of lb as Eb is reduced to 8000 volts? 
11-5. Two type-891-R tubes in push-pull operate class B and supply audio

modulating power to the class-C amplifier of problem 11-4. Typical operating values 
for two tubes are: 

Eb = 8000 volts 
Ee = -860 volts 
I b = 0.5 amp (zero signal) 
h = 2.1 amp (maximum signal) 
Peak a-f grid-to-grid voltage 2260 volts 
Effective load resistance, plate-to-plate, 8000 ohms 
Maximum signal driving power 50 watts 
Maximum signal power output 10,000 watts 
(a) Find the turns ratio of the output transformer of the modulator. 
(b) Find the plate dissipation of the modulator tubes. 
11-6. Assuming that average plate current and tank current are linearly related 

to instantaneous grid voltage for a grid-modulated amplifier, analyze the amplifier, 
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and obtain expressions for tank voltage, input plate power, power output,, efficiency, 
and plate dissipation. Define al1 symbols. 

I I I I 
{1 (t) = AmCOSWmt 

I \ I \ 
' 

I I \ 
\ I \ \ t 

\ I \ j \,, 
f2 (t) 

~t 

J i\ I ~ 
fa(t) 

I 
!/ \ V \ I 

I \ J \ / t 

\ V \ V 

FIG. Pll-7. 

11-7. The sketch shows three time-varying functions, f(t). Each is to be taken 
as a modulating wave in (a) phase modulation, (b) frequency modulation. For each 
case, sketch wave forms showing (1) phase deviation from wet, (2) frequency devia
tion from we, 

11-8. An 80-Mc carrier of unmodulated amplitude 20 volts is frequency modu-
lated ±75 kc by a 15-kc sinusoidal voltage of amplitude 10 volts. 

(a) Write the equation of the instantaneous carrier voltage. 
(b) Plot the frequency spectrum, and calculate the necessary bandwidth. 
11-9. For a deviation ratio of o = 5, what percentage of the total energy of an 

FM wave is contained in side frequencies beyond the seventh? See Eq. 11-80. 
11-10. Analyze the circuit of Fig. 11-16, and obtain an expression for the input 

impedance. State the requirements for a variable inductive input. 
11-11. A reactance-tube circuit is shown in the accompanying diagram. Derive 

expressions for the resistance and for the reactance or susceptance at the input ter-
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minals a-b if (a) Z1 is a resistance Rand Z2 is an inductance L, (b) Z1 is an inductance 
L and Z2 is a resistance R. 

b----+---..._ __ _..... ...... _____ __, 
B+ 

Fm. Pll-11. 

11-12. (a) Obtain an equivalent circuit for the reactance tube modulator involv
ing only elements in parallel with Ct• 

(b) If the Ym-ec characteristic of the reactance-tube modulator is the same as 
that given by Fig. 11-14, and with Ee = -3 volts, eg = em = 3 cos wmt, f = 15,900 
cps, 21rfCR = 0.1, design the reactance-tube circuit such that a frequency deviation 
of 5 per cent is possible. 

a 
R-f by-pass 

C 

Lt 
Ct 

Eg 

b 

Fm. Pll-12. 

11-13. Obtain an expression for the instantaneous frequency of the oscillator of 
problem 11-12. 

11-14. The output of a linear 6H6 diode detector is R-C-coupTed to the input of 
an audio amplifier. The rms value of the unmodulated carrier voltage is 10 volts, 
applied at the input of the diode; R1 (Fig. 11-21) is 200,000 ohms, and the grid-leak 
resistance of the amplifier input is also 200,000 ohms. The carrier is 75 per cent 
modulated by an audio frequency of 7960 cps. 

(a) What should be the maximum value of C1 for no distortion (Fig. 11-21)? 
(b) Compute the allowable percentage modulation for no-negative peak clipping. 



CHAPTER 12 

CIRCUIT THEORY OF TRANSISTORS 

THE TRANSISTOR, AT THE TIME THIS IS BEING WRITTEN, IS SOME THREE 

years old and is just at the beginning of its applicational development. 
It is already invading the field of the vacuum tube in low-current, low
power applications and promises to replace receiving-type vacuum tubes 
in scores of important applications within the next few years. This 
chapter will be devoted to the circuit theory of the transistor but will 
not completely neglect the fascinating physical theory of transistor 
action. In fact the chapter will begin with some of the fundamental 
physical concepts. 

12-1. Conductors, Insulators, and Semiconductors 
A brief account of the electron theory of metals serves as a convenient 

starting point in a presentation of the elementary physical theory of 
transistor behavior. Since transistors as presently constructed are tiny 
pieces of solid germanium with three properly connected circuit terminal 
wires, it may reasonably be enquired how the conducting mechanism of 
the solid state can perform functions that permit the transistor to am
plify as does the three-electrode vacuum tube. In order to provide a 
satisfactory answer to such a question, it is desirable in the beginning 
to compare solid-state conductors, insulators, and semiconductors on the 
basis of energy-level diagrams. 

An energy-level diagram of a metal (Fig. 12-1) is a graphical repre
sentation of energy states or levels which may be occupied by the 
valence or conduction electrons of the metal. At absolute zero of 
temperature, all valence-electron kinetic energies in a metal are repre
sented by horizontal lines below the Fermi level. Each line corresponds 
to a specific level of electron kinetic energy measured in joules or in 
electron-volts* plotted on a vertical energy scale with its zero level as 
shown. The energy states available to electrons are characteristic of the 

* An electron-volt is the amount of energy possessed by an electron that has been 
accelerated from rest by a difference of potential of one volt. It is therefore equiva
lent to 1.6 · 10-19 joule. 

415 
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crystal structure in the solid state just as the line spectrum of a luminous 
gas is characteristic of the gas. At zero degrees absolute, all energy 
levels of a metal below the Fermi level are filled. At temperatures 
greater than absolute zero, electrons in metals may occupy levels 'above 
the Fermi level between V N and Va electron volts. At sufficiently high 
temperatures for electrons to have kinetic energies in excess of Va 
electron volts, electrons may escape from the metal. This is the mecha
nism of emission of electrons from heated cathodes. 

I 
I 
I 
I 
I 
I Va------
1 

I 
I __ F:_"rl_2! ~vel 

VN ======:::::::::: I 
I 
I 
I 
Io------
1 

I 
Metal 

Va-----
Empty or 

conduction band 

Forbidden 
region 

Insulator 

Schematic 

I 
I 
I 
I 
1Va 
I 
I 

Empty or 
conduction band 

Intrinsic 
semiconductor 

FIG. 12-1. Schematic energy-level diagrams for a metal conductor, an insulator, 
and a semiconductor, not to scale and not to the same scale. 

The energy-level diagrams of Fig. 12-1 illustrate the differences in a 
metallic conductor, an insulator, and a semiconductor. There is no 
filled energy band in the case of the conductor. Electrons are easily 
displaced above the Fermi level by thermal or field energy and are free 
to exchange energy with applied electric fields as is necessary in electric 
conduction. 

The number of valence electrons of an insulator is the exact value 
needed to fill all energy levels of the filled band completely. Also, the 
electron configurations are such that no energy levels are possible in a 
band of several electron-volts in width located just above the filled 
band. Therefore, it is extremely difficult to displace an electron from 
the filled band to the conduction band which remains empty even at 
fairly elevated temperatures. 

The semiconductor is similar to the insulator except in the width of 
the forbidden region which, instead of several electron volts as for the 
insulator, is only about 1 electron volt wide. At absolute zero, the 
semiconductor is an insulator, but at sufficiently elevated temperatures 
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electrons from the filled band may be displaced to the conduction band. 
In such an event, electrons can move around in the filled band since 
vacancies exist there, and the electrons that have been displaced to the 
conduction band are free to exchange energy with the electric field so 
that both mechanisms contribute to conduction. In the case of the 
filled band, the motion of electrons in progressively filling vacancies is 
equivalent to a motion in the opposite direction of the vacancies that the 
electrons leave behind in the material. This situation leads to the con
cept of "hole" current which will be an important concept in transistor 

[mpty 
band Li V1 

L ,------,-------,--____,_l 
LiV + + + + + + + +--r"~-Donor 

T levels 

r ~: 1/»i:::! ~~~ % Filled bands 1/ m »:½: 0' //) 
n-type 

Empty 
band L _______ 6, V2 

Li V _ _ _ - - - - - J_ - Acceptor 

t~~t levels 

%. Filled bands ~ 
%/ /m: 

p-type 

Fm. 12-2. Extrinsic semiconductors. 

action. The semiconductor described by the energy-level diagram of 
Fig. 12-1 is referred to as intrinsic. Intrinsic semiconductors are not 
important as transistors. 

Extrinsic semiconductors are illustrated by the diagrams of Fig. 12-2. 
Extrinsic semiconductors were of very great technical importance as 
silicon or germanium crystal diode rectifiers or detectors long before the 
advent of transistors. The properties of the extrinsic semiconductor 
depend upon the presence of small quantities of impurities within the 
crystal structure of the semiconductor. Wilson 1 has listed four types of 
such semiconductors of which two are shown in Fig. 12-2. 

It will be observed that the extrinsic semiconductor has the same band 
structure as the intrinsic. The difference is that impurity atoms present 
in small numbers in the crystal lattice provide extra energy levels which 
lie in the normally forbidden region between a filled band and an empty 
band. These extra energy levels lie either very close (,....._, 0.1 e v) to the 
empty band or to the filled band. If the extra energy levels are filled 
at 0° K with electrons, they act as donors of electrons to the empty band 
at higher temperatures. Conduction is the result of electron motion in 
the empty band and is termed "n-type" for negative-charge carrier. 
The donor levels, if filled, are electrically neutral; if empty, as at normal 
room temperatures, each has a single charge of +e = l.6 · 10-19 coulomb. 

1 A. H. Wilson, Semiconduction and Metals, pp. 45-46, Cambridge University Press, 
Macmillan. 
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The other type of extrinsic semiconductor shown in Fig. 12-2 has 
extra energy levels (due to impurity atoms) lying close to the filled 
band in the forbidden region. These levels, normally empty at 0° K, 
act as acceptors of electrons from the filled band at higher temperatures 
leaving empty levels or holes in that band. Conduction is now possible 
in the filled band because an electron may be transferred by field action 
into a vacant level. As an electron moves into a vacancy from left to 
right, the vacancy moves the same distance from right to left, and is 
equivalent to a positive-charge carrier moving from right to left. The 
conduction is said to be p-type, and holes are the carriers. A filled 
acceptor level has a negative charge of e coulombs but is electrically 
neutral when empty.2 

It is possible by use of two different types of impurity atoms to have 
both donor and acceptor levels existing simultaneously in the same 
material. In this case conduction is both n- and p-type. Finally, it may 
be stated that a semiconductor that conducts by electrons in a nearly 
empty band is n-type; a semiconductor that conducts by hole motion 
in a nearly filled band is p-type. Thus the impurities provide electrons 
in the otherwise empty band or holes in the otherwise filled band and 
thus control the conductivity. 

12-2. Some Quantitative Physical Data on Semiconductors 
Quantitative data and orders of magnitude of physical constants of 

electronic semiconductors of the type discussed in Section 12-1 may be 
of interest at this point. Electrical resistivities of electronic semi
conductors at or near room temperature fall in the range 102 to 10-6 ohm 
cm; at the same temperature, metals have resistivities around 10-5 ohm 
cm, and insulators vary in resistivity from 106 to 1015 ohm cm or higher.3 

One of the distinguishing differences between metal conductors and semi
conductors is the dependence of resistivity on purity. The resistivity of 
a metal is decreased by purification, whereas the resistivity of a semi
conductor is decreased by the addition of impurities. 

The width of the forbidden region may vary from O electron volts 
for a conducting metal to 10 electron volts for an insulator. For silicon, 
a semiconductor, it is 1.2 electron volts. Pearson 3 states that the 
addition of 3 boron atoms for every 10,000 silicon atoms to a sample of 
as pure silicon as is possible to prepare reduced the resistivity by a factor 
of 500. The width .1 V of the forbidden region is related to the semi-

2 Torry and Whitmer, Crystal Rectifiers, pp. 45-49, Radiation Laboratories Series, 
McGraw-Hill Book Co. 

3 G. L. Pearson, The Physics of Electronic Semiconductors, Trans. AIEE, 66, 
209-214 (1947). 



Ch. 12 QUANTITATIVE PHYSICAL DATA ON SEMICONDUCTORS 419 

conductor resistivity by the equation 

P = Aefl.V/2kT (12-la) 

derived by Wilson, 1 where A is a quantity varying very slowly with 
temperature, pis the resistivity in ohm centimeters, Tis the temperature 
in degrees Kelvin, and k is Boltzmann's constant which is 8.69 • 10-5 

electron volts per degree. The value of AV may be determined from a 
plot of In p against 1/T which, at sufficiently high temperatures in which 
conduction is intrinsic, is a straight line of slope AV /2k. Values of AV 
given in Table 12-1 have been obtained in this manner. 

TABLE 12-1 

From G. L. Pearson 3 

Material 
Diamond 
Boron 
Cu20 
Silicon 
Germanium 

AV, electron volts 
7 
2 
1.4 
1.2 
0.76 

The energy differences AV1 and AV2 for the n- and p-type extrinsic 
semiconductors of Fig. 12-2 depend upon both the kinds and the amount 
of impurity present in the crystal structure. These differences are found 
to vary from 0.001 to 0.3 electron volts. 

It has been shown 4 that the conductivity of a semiconductor con
taining holes and electrons is given by the relation 

(12-lb) 

where 'Y is the conductivity in mhos per centimeter, e is the electronic 
charge in coulombs, Ne and N h are, respectively, the electron and hole 
concentrations per cubic centimeter, and ge and gh are, respectively, the 
electron and hole mobilities in centimeters per second per volt per 
centimeter. 

The Hall effect has been of very great importance in the measurement 
of constants such as those occurring in Eq. 12-lb. If a magnetic field 
is applied in a direction perpendicular to the direction of flow of current 
in a long thin semiconductor ( or conductor), the charge carriers, both 
electrons and holes, are crowded toward the same side of the semi
conductor, and, as a result, a measurable voltage appears across the 
transverse dimension of the semiconductor. By measuring n- or p-type 

4 W. Shockley, Electrons and Holes in Semiconductors, Chaps. 1 and 8, D. Van 
Nostrand Co. (1950). 
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semiconductors at such temperatures that only one carrier type is in
volved, Eq. 12-lb for an n-type semiconductor becomes 

'Y = eNege (12-lc) 

A similar equation results for p-type. Such equations, combined with 
Hall-effect measurements and experimental determination of 'Y, permit 
the evaluation of both carrier concentration and mobility. Mobilities 
determined by use of the Hall effect for germanium and for silicon are as 
shown in Table 12-2. 

Semiconductor 
Material 

Germanium 

Silicon 

TABLE 12-2 

Mobility, cm/sec per volt/cm 

Oe Oh 
2600 (Hall mobility) 1700 
3600 (Drift mobility) 1700 

300 100 

12-3. Illustrations of the Effect of Added Impurities 
Studies of the crystal formation of germanium show that the atoms 

are arranged 5 somewhat as shown by Fig. 12-3. Since the valence of Ge 

G) G) ® 

® G) G)--G) 

G)- G)--0 
FIG. 12-3. Arrangement of atoms and electron-pair bonds in a crystal of pure 

germanium. 

is 4, each atom has a charge of +4 and is surrounded by 4 neighbors, ar
ranged like the bases on a baseball diamond. The bonds between 
neighbors are electron-pair bonds, since each Ge atom contributes 4 

5 William Shockley, Holes and Electrons, Physics Today, 3, 16-24 (Oct. 1950). 
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electrons. This configuration is a stable one. All possible energy states 
are occupied, and conduction is impossible unless the valence-bond 
structure is altered. This may occur, either as a result of an increase 
of temperature or by the absorption by an electron of a photon of energy. 
In the case of pure Ge, an intrinsic semiconductor, this would require a 
wavelength of 

A = 12,400/0.76 = 16,300 A 

or shorter. For example, visible light of wavelength A = 6000 A would 
provide an energy of 

Vph = 12,400/6000 = 2.06 electron-volts 

which is more than adequate to transfer an electron across the forbidden 
region and into the empty conduction band. In such an event, a hole-

CD -CD- CD 
-=-----8 -------

-CD-

-CD -CD -G) 
FIG. 12-4. Production of a hole-electron pair by absorption of a photon by an 

electron of the middle atom of the array. 

electron pair is created, with a hole in the filled band and an electron in 
the empty band. This situation is illustrated by Fig. 12-4. The freed 
electron is now free to move about through the crystal. Another electron 
may be displaced from its position in the bonded structure and may 
move into the hole left by the first electron. One hole still remains, and 
one free electron, but both have moved. There is accordingly a net 
displacement of the hole, which carries a charge of + e. The freed 
electron tends to drift in a direction opposite to the direction of an 
applied field. Similarly, a hole tends to drift in the direction of the field, 
because a hole is a localized disturbance of the valence electrons. The 
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motion of holes and electrons have been directly observed 5 in experi
ments on transistor action. Thermal agitation of the crystal lattice 
serves .continually to break up electron-pair bonds with the formation 
of hole-electron pairs, but the reverse process is equally rapid so that, at 
room temperature, a balance is reached such that the concentration of 
holes and electrons is sufficient to provide, for germanium, a resistivity 5 

of 60 ohm cm. This is the phenomenon of hole-electron conduction in 
equal concentrations characteristic of intrinsic semiconductors. 

G) - - G) - - G) 
8 Donated 

electron 

G) - - 0- -G)-
-~Donor 

impurity 

G) - - G) - - G) 
Frn. 12-5. Production of an n-type Ge semiconductor by the addition of a donor 

impurity of valence 5. 

The extrinsic semiconductor may be similarly explained. For example, 
if the middle germanium atom in the array of Fig. 12-3 is replaced by an 
impurity atom of valence 5, for example antimony, the semiconductor 
becomes n-type, since the extra valence electron brought in by the 
antimony has no place to go and at temperatures above 0° K wanders 
around the crystal in the conduction band ready for acceleration by an 
electric field. This state of affairs is illustrated by Fig. 12-5. Similarly, 
if the middle germanium atom of Fig. 12-3 is replaced by a gallium atom 
of valence 3, p-type germanium results. The gallium atom accepts an 
electron in addition to its own three and becomes a negative ion at the 
expense of an electron from the electron-pair bond of a Ge atom. The 
result is a hole, as illustrated by Fig. 12-6. 
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It is interesting to note that, if donors and acceptors are installed in the 
Ge crystal lattice in equal numbers, the resulting conductivity is the same 
approximately as though neither were present. The explanation is that 
the electrons supplied by the donors combine with the holes produced 
by the acceptors such that the equilibrium concentration of holes and 
electrons is the same as that occurring as a result of thermal agitation in 
pure Ge. 

B4
e-

Stolen ! 
result, positive hole 

G)- -(f)-
-~Acceptor 

impurity 

Frn. 12-6. Production of a p-type Ge semiconductor by the addition of an acceptor 
impurity of valence 3. 

12-4. Boundary-Layer Effects in Semiconductors 
The experimental fact that a metal in contact with a semiconductor 

can be used as a rectifier has had great commercial importance in supply
ing crystal rectifiers and detectors in many communication applications. 
The theory of point contact rectification as presently developed 6 re
quires the presence of a barrier layer of space charge in the semiconductor 
adjacent to the metal contact. The space-charge layer in n-type ger
manium is believed to result from positively ionized donor atoms bound 
in the surface layers from which the released electrons have been drained 
away, leaving the positive charge unneutralized. Donor ion space 
charge is neutralized by conduction electron space charge in the interior 

6 J. Bardeen and W. H. Brattain, Physical Principles Involved in Transistor Ac
tion, BSTJ,)8, 239 (Apr. 194m. 
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of the material where the concentrations are equal. There is evidence 
that the barrier layer occurs at the surface in both silicon and germanium 
and that it is independent of the metal contact. A potential-energy
level diagram for a metal-semiconductor contact is curved at the bound
ary, as shown in Fig. 12-7, because of the space-charge layer. The 
height of the conduction band rises with respect to the Fermi level as the 

Fermi level 

Metal 

Filled band 
semiconductor 

Conduction band 

'/ 

FIG. 12-7. Energy-level diagram at a contact surface between a metal and a semi
conductor. 

surface is approached, and there is an indicated inversion from n- to p
type. It is believed that electrons trapped in surface states on the semi
conductor compensate the surface-charge layer. The theory indicates 
that the barrier layer is about 10-4 cm in thickness. 

For n-type germanium, a forward voltage is such that the germanium 
is negative, the metal point contact positive. Such a voltage reduces the 
thickness of the barrier layer and produces relatively large current flow 
across the metal-semiconductor contact. A reverse voltage increases the 
thickness of the barrier layer, so that current flow is reduced and recti
fying action results. A typical diode characteristic for high-back
voltage n-type germanium is shown in Fig. 12-8. The battery polarities 
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corresponding to the forward and backward directions are also m
dicated. 

A frequently given explanation of the rectification at a metal-semi
conductor contact is based upon the raising or lowering of energy levels 
in the semiconductor by the applied voltage. For n-type germanium, 
the levels are raised by a voltage in the forward direction in which the 
germanium is negative with respect to the metal point contact. The 

-40 

Backward direction, 
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about 2 µa at - 1 volt, 

10 

36 µa at - 30 volts µa 

2 

Forward direction, 
scale, milliamperes, 
about 7 ma at 1 volt 

V, volts 

FIG. 12-8. Diode characteristic for high-back-voltage n-type germanium . 

. barrier to electron flow from germanium to metal is thereby reduced, 
while the barrier from metal to germanium remains the same. In the 
backward direction with the germanium positive, the levels of energy in 
the semiconductor are lowered, which raises the barrier and reduces the 
electron flow from semiconductor to metal. 

12-5. The Transistor 6 

In its earliest form, the transistor consisted of a point-contact rectifier 
similar to those shown in Fig. 12-8 except that two metal point contacts 
instead of one were used. One of the point contacts, called the emitter, 
is biased slightly in the forward or highly conducting direction. The 
other, called the collector, is biased heavily in the backward or low
conducting direction. The third electrode is a large, nonrectifying 
contact to a large surface of the semiconductor and is called the base. 



426 CIRCUIT THEORY OF TRANSISTORS Ch.12 

The arrangement of the type-A transistor is shown in Fig. 12-9 as a 
four-terminal network with emitter base as input terminals and collector 
base as output terminals. If the current source a-c signal generator and 
load are connected as indicated in Fig. 12-9, the transistor can be used 
as an amplifier. 

The germanium semiconductor used in the type-A transistor is n-type. 
Its resistivity is of the order of 10 ohm cm, and its material is the same 
as that used in high-back-voltage germanium rectifiers. The contacts 
are made from phosphor bronze, are wedge-shaped, and cover an area 
of approximately 10-5 cm2 each. The point contacts are located with 
separations varying from 0.005 to 0.025 cm. 

g 

Signal a-c 
generator 

Emitter Collector 

~,1-
Ge block 

+ -
Base II~ 

Transistor 
4-pole 

Fm. 12-9. The type-A transistor. 

3 
Load 

resistance 

Transistor action consists of the control of the magnitude of collector 
current by controlling the magnitude of the emitter current. The emitter 
current consists of holes flowing into the semiconductor, and the collector 
current of electrons flowing out of the semiconductor. The collector
current change resulting from a change in emitter current may be larger 
than the change in emitter current. 

12-6. Performance Data Comparison, Transistors and Vacuum Tubes 
The transistor, as a system component, compares favorably in many 

respects with vacuum tubes and is superior with regard to low operating 
temperature (no heater power), space requirements, resistance to shock 
and vibration. Limitations on transistor application are due to low 
power and temperature ratings and low upper-frequency limits. The 
upper-temperature limit at this writing is about 80° C. The comparison 7 .. 
in Table 12-3 between vacuum tube and transistor affords an indication 
of the tremendous possibilities inherent in the use of transistors for CW 
transmission application. The best transistors available in October 1951 
are used in the comparison. 

7 Data obtained from oral presentation by J. A. Morton to a joint meeting of 
Columbus sections of IRE and AIEE, Oct. 30, 1951, and available in The Transistor, 
a compilation of selected reference material prepared by the Bell Telephone Labs. 
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TABLE 12-3. DATA COMPARISON, TUBES AND TRANSISTORS 

Figure of Merit Vacuum Tube Transistor 
Amplification 

Gain per stage 20-40 db 20-40 db 
Noise figure 0-30 db 10-50 db at 1 kc 
Operating frequency range 0-60,000 Mc 0-30 Mc 
Power output 0 to kilowatts 0-2 watts 
Class-A efficiency 35% 35--49% 
Class-B efficiency 79% >80% 

Generation 
Frequency range 0-60,000 Mc 0-300 Mc 
Efficiency 60-70% >70% 
Power output 0-100 kw 0-10 watts 

Other ratings 
Heater power 25 mw-1 watt 0 
Plate dissipation 25 mw-1 watt 
Total power dissipation 50 mw-2 watts Type A, 4-50 mw 

Junction, 1-100 µw 
Space required 0.125--1.0 cu in. 0.0005-0.02 cu in. 
Developmental age 40 years 3 years 
Upper temperature limit >200° C 80° C 

12-7. Static Characteristics of the Type-A Transistor 8 

In beginning the circuit theory of the transistor, it seems desirable to 
utilize as far as possible the techniques that have been found useful in 
vacuum-tube circuit theory. It is soon found to be impossible, however, 
to depend upon one-to-one comparisons or analogies. For example, the 
vacuum tube requires fixed-voltage supplies which desirably are regu
lated and which present negligible internal impedance. The vacuum 
tube is short-circuit stable, whereas just the reverse is true of type-A 
transistors, which need current sources of high impedance as power 
supplies. In the case of vacuum tubes, the fundamental functional 
relations are written for currents with voltages as independent variables 
as 

ic = Fc(ec, eb) 

ib = Fb(ec, eb) 

(12-2) 

(12-3) 

which may be represented by the several well-known sets of static 
characteristics. The transistor, however, is a current-controlled device, 
and its static characteristics are better expressed by the relations 

Ve = F1(ie, ic) 

Ve = F2(ie, ic) 

(12-4) 

(12-5) 

where the independent variables ie and ic are, respectively, the total 
8 R. M. Ryder, The Type A Transistor, Bell Laboratories Record (Mar. 1949). 
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values of emitter and collector current, and Ve and Ve are the correspond
ing values of emitter and collector voltages measured relative to the base. 
There are, then, six possible sets of curves depicting the voltage-current 

0.8 

0.4 

Zl 0 
0 
> 

.::: 
;:::,.."' -0.4 

-0.8 

-1.2 
0 

-10 

-20 

Zl 
0 
~ -30 

;:::.."" 

-40 

Input 
characteristic 

slope= r11 

Forward 
characteristic 

slope= r
21 

Feedback 
characteristic 

slope= r12 

Output 
characteristic 

slope= r22 

-60,..._ _ __.._ __ ...._ _ __...._ _ __.._ _ __.. 
-0.5 0 0.5 1.0 1.5 2.0 -4 -3 

le, milliamperes 
-2 -1 

le, milliamperes 
0 

Fm. 12-10. Four sets of static characteristics for the type-A transistor. (Repro
duced from Bell Laboratories Record, with permission) 

relationships of the transistor. Four of these have been shown in Fig. 
12-10. They have been designated as follows: 

Ve = fi(ie), ic constant, the input characteristics 

Ve = f2(ic), ie constant, the feedback characteristics 

Ve = fa(ie), ic constant, the forward characteristics 

Ve = f4(ic), ie constant, the output characteristics 
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12-8. Equivalent Circuits of the Grounded-Base Transistor 

The transistor, considered as a four-pole, may be accurately described 
circuitwise by the following linear approximations, provided the varia
tions of the currents from values at quiescence are small: 

ave ave 
!:::.Ve= -Aie +-Aie 

aie aie 
(12-6) 

ave . ave . 
AVc = - !:::.ie + - !:::.ic 

aie aic 
(12-7) 

The terms involved in Eqs. 12-6 and 12-7 may be defined in a manner 
entirely analogous to that used for vacuum tubes in Chapter 1. The 
resistances 

ru =-, 
aie 

ave 
r22 = - (12-8) 

aic 

are the slopes of the appropriate static characteristics in the vicinity 
of an operating point. The differences 

(12-9) 

may be defined as instantaneous a-c values of the respective voltages and 
currents. A convenient set of equations applicable for small signals in 
any frequency range and for any linear network apply very well to the 
transistor. These are 

V1 = I1z11 + I2z12 

V2 = I1z21 + I2z22 

(12-10) 

(12-11) 

in which subscript 1 refers to the input terminals, subscript 2 to the 
output terminals of the four-pole. The currents and voltages are effec
tive sinusoidal components and the z's are the open-circuit driving-point 

11 12 

rl ! V2 
ZL 

CD ® 
'v t l 1 Z21 

Generator Load 

Frn. 12-11. Equivalent a-c circuit of a transistor according to Eqs. 12-10 and 12-11. 

input, feedback, transfer, and output impedances at the specified fre
quency. 

An equivalent circuit for the transistor may be obtained from Eqs. 
12-10 and 12-11 and is shown in Fig. 12-11.. In relation to the circuit 
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of Fig. 12-9, which may be described as the grounded base circuit, I 1 is 
equivalent to le, 12 to le; at low enough frequencies, z 11 = r 11 , z 12 = r12, 

z 21 = r21 , and z22 = r22, as already defined from the slope of the static 
characteristics. 

With the load connected, the input impedance of the circuit of Fig. 
12-11 as obtained from Eq. 12-10 is 

Z11 = Vi/11 = Z11 + (I2/I1)Z12 

From Fig. 12-11, V2 = -I2ZL, and from Eq. 12-11, 

I2/I1 = -z2i/(z22 + ZL) 

Therefore, 

(12-12) 

(12-13) 

(12-14) 

In a similar manner, the impedance at the output terminals of Fig. 12-11 
with the generator impedance Zg connected across the input terminals is 

(12-15) 

An equivalent circuit with only one voltage generator instead of the 
two shown in Fig. 12-11 may be obtained by algebraic manipulation of 
Eqs. 12-10 and 12-11 and reinterpretation of the result. Thus, Eq. 
12-10 may be written as 

V1 = I1(Z11 - Z12) + (/1 + I2)Z12 

and Eq. 12-11 as 

V2 = I1(z21 - z12) + I2(z22 - z!2) + (/1 + I2)z12 

which reduce identically to Eqs. 12-10 and 12-11. However, if 

and 

then 

and 

Z11 - Z12 = Ze 

Z12 = Zb 

Z22 - Z12 = Zc 

V1 = l1Ze + (/1 + l2)Zb 

V2 = I1Zm + I2Zc + (/1 + I2)Zb 

(12-16) 

(12-17) 

(12-18) 

(12-19) 

(12-20) 

(12-21) 

From these equations, a somewhat more useful equivalent circuit may 
be derived and is shown by Fig. 12-12 just below the schematic circuit 
of the transistor. It should be noted that the new circuit conveniently 
permits the lumping of the emitter, collector, and base impedances in 
corresponding legs of the T section. 
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The transistor impedances z 11 , z12 , z 21 , and z22 are measured by use of 
a high-impedance a-c generator providing a small, known alternating 
current in the audio range. A high-impedance vacuum-tube voltmeter 
may be used to read the voltages. The necessary readings are indicated 
by Eqs. 12-10 and 12-11, where open circuit at either output or input 

E---------.. 

B 

,--------c 
Schematic 

circuit 

Equivalent circuit 

:Frn. 12-12. Another equivalent a-c circuit for the transistor. 

terminals is assumed. The voltmeter impedance must be sufficiently 
high. Some average values obtained 9 in this way for the type-A tran
sistor grounded-base amplifier are the following: 

D-c operating point le = 0.6 ma, 

le= -2 ma, 

Ve = 0.7 volts 

Ve = -40 volts 

zu = 530 ohms, 

z12 = 290 ohms, 

Z21 = 34,000 ohms 

z22 = 19,000 ohms 

Ze = re = Z11 - Z12 = 240 ohms 

Ze = re = Z22 - Z12 ,..._, 19,000 ohms 

Zm = rm = Z21 - Z12 ,..._, 34,000 ohms 

Zb = rb = Z12 = 290 ohms 

A variation on the equivalent circuit of Fig. 12-12 is possible by 
converting the voltage generator Zml1 to an equivalent-current generator 
of shunt impedance Ze and generated current (Zm/Ze)I1 = al1• The 
ratio a should be regarded as the ratio of the generated current of the 

9 R. M. Ryder and R. .J. Kircher, BST J, 28, 367-400 (July, 1949). 
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indicated current-source generator to the emitter current. The modified 
circuit is shown in Fig. 12-1~. 

A condition necessary for the stability of an amplifier circuit is that 
the circuit determinant of the system of equations must be positive. 

11-----,A,v'------='----'''v,.,._--.-12 
Ze Zc 

Fm. 12-13. Modification of the equivalent circuit of Fig. 12-12; a = Zm/Zc. 

The circuit determinant as obtained from Fig. 12-11 is 

A = (z11 + Zg)(z22 + ZL) - Z12Z21 (12-22) 

Figure 12-14 shows the transistor equivalent circuit of Fig. 12-13 con
nected as an amplifier. As the given data show, the emitter, collector, 
and base impedances are resistances in the audio range. The analogous 
vacuum-tube circuit is the grounded-grid circuit which has been drawn 
on the same figure for comparison. The circuit equations are 

Eg = I1(Rg +re+ rb) + I2rb 

0 = l1h + arc) + I2(rc + RL + rb) 

the system determinant may be simplified by use of 

Re= Rg + re 

and is 

For stability, then, 

or 

(12-23) 

(12-24) 

(12-25) 

(12-26) 

(12-27) 

(12-28) 

(12-29) 

The inequality will certainly be satisfied for rb = 0 or for positive values 
of rb provided Re is large enough and rm small enough. It may be seen 
from this that the amplifier stability characteristic is improved by the 



Ch. 12 CIRCUITS OF THE GROUNDED-BASE TRANSISTOR 433 

insertion of high resistances in emitter and collector circuits, but not in 
the base circuit. The feedback impedance is in the base circuit, and a 
low value of this impedance is important for amplifier stability. 

Circuit of grounded-base transistor amplifier 

Circuit of grounded-grid tube amplifier 

Transistor grounded-base amplifier 
Equivalent a-c circuit 

Fm. 12-14. Transistor-amplifier grounded-base circuit and tube analogy. 

The input and output impedances of the amplifier of Fig. 12-14 follow 
directly from Eqs. 12-14 and 12-15 with substitution of the appropriate 
relations between the z's and the r's. The operating power gain, defined 
as the ratio of the power output to the power available from the driving 
generator, is easily derived from the equivalent circuit and has been left 
as a problem exercise. The derivation of an expression for insertion 
power gain, which is the ratio of the power output to the power that 
would be delivered to RL by the driving generator if directly connected 
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to RL, has likewise been left as a problem exercise. The operating power 
gain for the amplifier of Fig. 12-14, G0 , is given by 

(12-30) 

and the insertion power gain by 

Gi = (Rg + RL)2[-(rb + rm)/ A]2 (12-31) 

12-9. The Grounded-Emitter Type-A Transistor Amplifier 

The analogy between grounded-base transistor and grounded-grid 
tube leads to the search for other analogies. If the analogy is completed, 
the emitter becomes analogous to the tube cathode, and the collector is 
analogous to the tube plate. The grounded-emitter circuit is found to 
have high input and output impedance and provides a phase reversal 
between input and output provided the quantity a = l. These are the 
attributes of the grounded-cathode tube, and the analogy is close. 
However, if a > l, sufficient feedback exists to spoil the analogy to 
quite an extent. In fact, the output impedance on open circuit is usually 
negative. Resistance added to the collector lead may be required to 
provide stability by reducing a to a value of unity. 

The grounded-emitter connection is shown in Fig. 12-15. The ar
rangement of battery sources will require further discussion. The 
direction of the emitter current I e of the equivalent circuit should be 
noted and is taken in the same direction as in the original equivalent 
circuit. Since 

the circuit mesh equations are 

Eg = I1(Rg + rb + re) + I2re 

0 = Ierm + I2(rc + re + RL) + I1re 

= I1(re - rm) + I2(rc +re+ RL - rm) 

The determinant of the system of equations is 

(12-32) 

(12-33) 

A = (Rg + rb + re)(rc +re+ RL - rm) - re(re - rm) (12-34) 

An application of the fundamental definitions of z11 , z1 2, z 21 , and z22 , to 
the equivalent circuit of Fig. 12-15 shows that 

Zu =Tb+ re, I2 = 0 (12-35) 

Z21 = Te - Tm, I2 = 0 (12-36) 

Z12 = re, 11 = 0 (12-37) 

Z22 = re + re - rm, 11 = 0 (12-38) 
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Then the general four-pole equations 12-14 and 12-15 for the input and 
output impedances give 

and 

re(re - rm) 
Rn = Tb+ re - -------

re + re - Tm + RL 

re(re - rm) 
R22 = re + re - Tm - ----

Tb+ re+ Rg 

(12-39) 

(12-40) 

The same relations may be obtained by direct solution for Vii I 1, and 
for V2/12 with the generator-replaced by its internal impedance. 

B 

E 

Circuit of the grounded-emitter type-A transistor 

Grounded cathode, analogous tube amplifier 

Equivalent a-c circuit of the transistor 

Fm. 12· 15. Circuit, tube analogy, and equivalent circuit of the grounded-emitter, 
type-A transistor amplifier. 
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Application of the definition of operating power gain to the equivalent 
circuit of Fig. 12-15 shows that 

(12-41) 

If a generator of resistance RL and generated voltage EL were connected 
at the emitter-collector terminals, and a load resistance Rg were then 
connected to the base-emitter terminals, an operating power gain may be 
derived for this reverse direction and is 

(12-42) 

The properties of the grounded-emitter amplifier as compared with 
those of the grounded-base circuit are brought out in the solutions to 
problems 12-10 and 12-13. 

12-10. The Grounded-Collector Type-A Transistor Amplifier 

Only one tube-connection analogy remains. This is the grounded
plate or cathode follower circuit; the remaining transistor arrangement is 
grounded collector. The circuit is drawn in Fig. 12-16. It seems desir
able to postpone the question of biasing until a later section and to focus 
attention on the a-c equivalent circuit. Therefore, batteries have not 
been shown in the transistor circuit of Fig. 12-16. 

The analogy between grounded-collector and grounded-plate circuits 
is fairly close, according to Ryder and Kircher,9 provided again that 
a = I. Thus, the grounded-collector transistor circuit is found to have 
high input and low output impedances, and zero phase shift between 
input and output circuits. However, it is found 9 that, as a exceeds 
unity, the grounded-collector transistor becomes bilateral and, at a = 2, 
provides equal operating gains in each direction! For a > 2, trans
mission gain in the direction 2 to 1 exceeds that from 1 to 2 (Fig. 12-16), 
and a phase inversion occurs 2 to 1 with no phase reversal 1 to 2. Since 
the device will, under suitable conditions, amplify in either direction, a 
generator of voltage EL, internal impedance RL, has been connected at 
2 to provide for the calculations of the 2-to-1 operating power gain, etc. 

According to Fig. 12-16, the mesh equations are 

and 

The system determinant is 

(12-43) 

(12-44) 
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B 

CD C ® 

Grounded-collector type-A circuit, 
batteries omitted 

Tube analogy - grounded plate or cathode follower 

Equivalent a-c circuit 

437 

Fm. 12-16. Grounded-collector amplifier circuit of the type-A transistor, and 
grounded-plate tube analogy. 

The four-pole open-circuit parameters are: 

Z11 = rb + re, with 12 = 0 (12-46) 

Z21 = re, with 12 = 0 (12-47) 

Z12 = re - rm, with /1 = 0 (12-48) 

Z22 = re + re - rm, with /1 = 0 (12-49) 
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Then, the input impedances at 1 and at 2 are, respectively, 

Tc(Tc - Tm) 
Ru = Tb+ Tc - ------

Te + Tc - Tm + RL 

and 
Tc(Tc - Tm) 

R22 = Te + Tc - Tm - ----
Tb+ Tc+ Rg 

Ch. 12 

(12-50) 

(12-51) 

The forward 1-to-2 operating power gain (generator EL removed) is 

IiRL ( Tc)
2 

G12 = 2 = 4RgRL - - (12-52) 
Eg /4Rg Ll 

and similarly the backward 2-to-1 operating power gain is 

G21 = 4RLRg[-(Tc - Tm)/ Ll]2 

= 4RLRg[ -Tc(l - a)/ Ll]2 

= (1 - a) 2
G12 (12-53) 

It may be seen from Eq. 12-53 that, as stated before, if a = 2, G 21 = G 12 • 

Calculation of the operating characteristics of a grounded-collector 
amplifier has been assigned as a problem. 

The analogy between the various tube and transistor circuit con
nections has been shown to be close, provided the quantity a = rm/re 
= 1. In cases where a > 1, the analogy breaks down, and, in some 
cases, the transistor circuit performs easily functions that would be 
impossible for a single vacuum tube. 

12-11. Frequency Characteristics of the Type-A Transistor 

The equivalent T circuit of resistances re, Tb, and r c is remarkably 
constant with frequency. Although a small amount of capacitance is 
found in the collector circuit ( chargeable to leads, wiring, and cylindrical 
case of the unit), capacitance effects are relatively unimportant in 
setting the upper frequency limit of usefulness of the type-A transistor. 
The important limitation seems to be the, carrier transit time. The 
important factor which reduces the power gain with increasing frequency 
has as yet not been adequately defined, but is analogous to the voltage 
amplification factor µ of vacuum-tube triodes. This quantity, a, is a 
current amplification factor which is very nearly the same as the quantity 
a = r ml Tc already defined. 

The definition of a proceeds exactly as does that of µ for vacuum 
triodes. The functional relation (Eq. 12-5) is 

Ve = h(ie, ic) 
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If small changes in ie and ie are made, the resulting change in Ve is given 
by 

If the small changes die and die are properly proportioned, then no change 
in the magnitude of Ve will occur. Since Ve remains constant, dve = 0, 
and 

(12-54) 

which defines the current amplification factor. The reason for the minus 
sign is that the slope of the characteristic ie = f(ie), with Ve constant is 
negative. Since 

(12-55a) 

a is positive. This point can be made clear by sketching a typical curve, 
which has been done in Fig. 12-17 by taking one point at Ve = -20 volts 
from each of the output characteristics of Fig. 12-10. From Eq. 12-54, 

(12-55b) 

as defined by Eq. 12-8. The type-A transistor values previously used 
were r21 = 34,000 ohms, r 22 = 19,000 ohms. Thus a = 1. 76 as com
pared with the value of 1.87 obtained by transferring points from the 
graph of output characteristics (Fig. 12-10). Since 

rm Z21 - Z12 
a=-=----

re Z22 - Z12 

34,000 - 290 ____ r-..;1.76 
19,000 - 290 

there is very little difference in this case between a and a. 
The insertion power gain of the grounded-base amplifier is given by 

the general four-pole formulas 

G, = I (Z, + /iZL)Z21 /' (12-56) 

where 

Because of the difficulty of obtaining a load resistance RL which would 
be both constant over a wide frequency range and large compared with 
the collector resistance, a small resistance of 75 ohms constant over a 
wide range of frequency, has been used 9 to terminate the grounded-base 
transistor amplifier in frequency tests. Then, for the typical values 
used, with a constant-current generator of large Zg = Rg, Li = (530 + 
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Rg) (19,000 + 75) - 290(34,000) ,....._, Rgz22 for high enough Rg, Thus 

Gi ,....._, I RgZ
21 

j

2 

= cl (12-57) 
RgZ22 

for the conditions specified. Curves of current amplification factor 
a as a function of frequency and with collector voltage constant for 
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Fm. 12-17. Constant collector-voltage characteristic for a type-A transistor, and 
the current amplification factor a. 

the low RL, high Rg condition have been obtained by measurement 9 and 
are shown in Fig. 12-18. The cutoff frequency is defined as the frequency 
for which a 2 has been reduced to one-half its value at low frequency. 

Statistical variation experienced in cutoff frequency of type-A tran
sistors is tabulated in Table 12-4. Both n-type and p-type germanium 
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Frn. 12-18. Experimentally· determined curves of a versus frequency.9 (Obtained 
from curves presented by reference 9, with permission). 

TABLE 12-4. STATISTICAL CUTOFF FREQUENCY DATA * 

Per Cent Having Cutoff 

Jc, 
Mc per sec 

1 
2 
4 
6 
8 

10 
12 
14 

as Good asfc 
n-Type p-Type 

Ue Oe 
98 100 
90 99 
74 94 
61 86 
47 75 
35 63 
23 51 

37 

* Obtained from curves presented by reference 9. 
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are represented, and the p-type is superior because of greater mobility 
of the control-(emitter) current carriers which are electrons for p-type 
Ge. It is found that the cutoff frequency increases with collector 
voltage and is approximately proportional to collector voltage. It 
should be remembered that the rapid progress in transistor research and 
development has, even at the time of this writing, rendered the data of 
this section more or less obsolete. Any evaluation of the capabilities of 
transistors for immediate use should utilize the most recent available 
information. To a large extent, the most important function of this 
chapter is to present principles of circuit analysis rather than data about 
transistors. 

12-12. Type-A Transistor Amplifiers in Cascade 
It is possible to connect any one of the transistor connections pre

viously discussed with any other one in the same multistage amplifier, 
so that a number of available arrangements exist. Grounded-base 

I I 
L------------_j 

FIG. 12-19. A three-stage, transformer-coupled grounded-base transistor amplifier 
using type-A transistors. 

cascade stages using type-A transistors will provide about 5 db of in
sertion power gain per stage with feedback neglected and with direct 
coupling between stages. Transformer-coupled stages, as shown in 
Fig. 12-19, will provide around 15 to 20 db of power gain per stage. 
Some mismatch between stages may be required in the interests of 
stability. 

It is possible to use the grounded-base transistors directly connected 
in a multistage amplifier. Analysis is simple provided the feedback 
resistance r12 = rb is neglected. An equivalent circuit for the indicated 
stage (Fig. 12-20) will be analyzed. This stage represents any stage of 
the amplifier, so that Eg' and R/ are not the voltage and impedance of 
an external driving generator, but are the voltage and internal impedance 
of the generator equivalent of the preceding stage. Similarly, RL' is the 
impedance of the following stage. These impedances may be termed 
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iterative impedances, 10 since in a cascade arrangement of four-poles an 
impedance terminating any given selected four-pole which replaces the 
continued cascade of remaining four-poles will allow them to be removed 
without alteration of the impedance property at the input to the cascade. 
If the base resistance rb = r12 is neglected in the circuit of Fig. 12-20, 
then the iterative impedance Rg' would be r22 since an impedance and 
generator identical with that on the right side of Fig. 12-20 has been 

,-.------------, 
I I 

I I L ____________ J 

r-------------, I I 

R' L 

Fm. 12-20. Equivalent circuit of one stage of a multistage grounded-base amplifier. 

replaced at the left by Rg' and E/. Similarly, RL' = r11 • The mesh 
equations are: 

(12-58) 

The circuit determinant is 

(12-59) 

with the iterative impedances inserted and r12 = 0. Thus the insertion 
power gain becomes 

10 E. A. Guillemin, Communication Networks, Vol. II, p. 166, John Wiley & Sons. 
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(12-60) 

The equivalent circuit of a typical stage of the transformer-coupled 
amplifier of Fig. 12-19 is shown in Fig. 12-21. First, the transistor and 
the transformer are represented in Fig. 12-21a as two four-poles in cas
cade; second, these two four-poleR are combined into one four-pole in the 

2 

1 

2 

2' 

(a) Circuit with two 4-poles in cascade: the transistor, 
1-2 to 1'-2', and the ideal transformer, l'-2' to 3-4 

11 12 3 

l I\ Zn 2 22 

v, l n:! 
R' /, 

i 11212' t JI 2:n' 
n n 

4 
(b) Combination of the two 4-poles into single 4-poles 

v, I 
4 

R' L 

Fm. 12-21. Equivalent circuit of one stage of Fig. 12-19 and reduction to a single 
4-pole. 

following manner. Consider the over-all four-pole 1-2 to 3-4, and 
assume the transformer to be ideal. Then, z11 , z12, z21, and z22 are the 
parameters of the over-all four-pole, and the fundamental definitions 
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may be applied with first 12 = 0, then / 1 = 0 to determine the over-all 
parameters. The results are: 

Z11 = Z11' 

(12-61) 

(12-62) 

These are shown on the resulting four-pole (Fig. 12-2lb). The turns 
ratio of the transformer is n. Again, for simplicity, the impedance z12 ' 

= r12 is neglected. Thus, the iterative impedances obtained by inspection 
of Fig. 12-21 are 

(12-63) 

and (12-64) 

The circuit equations may be written from Fig. 12-21 whence, with 
r12 = 0, the circuit determinant reduces to 

The insertion power gain is 

Ii(r11 + r22/n2)2 

Eg'2 

(12-65) 

(12-66) 

It is possible to maximize Gi by proper choice of n. Typical computa
tions are suggested in the problems. 

The grounded-cathode cascade for vacuum tubes is especially desirable 
for high-gain amplifiers, and it might be expected that a grounded
emitter cascade would be desirable for high-gain transistor amplifiers. 
This is true provided precautions are taken to ensure stabilization, 
which may be accomplished if a = (rm/re) is made equal to unity. The 
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circuit of Fig. 12-22 shows such an arrangement 9 in which a resistance 
Ra has been added to the collector such that a ,-...; I. 

----1 
-----+----+ ____ .__ __________ J 

I I 
i-----------------~ 
I rmle : 
lrb - I 

I L ______________ J 

R' L 

FIG. 12-22. Grounded-emitter cascade, with stabilizing resistance Ra~ Tm - re, 
and equivalent pircuit of one stage. 

The analysis of Fig. 12-22 is carried out in the usual manner. For 
convenience, let 

Then, Eg' = (Rg + rb + re)I1 + rel2 

0 = (re - rm)l1 + (Re +re+ RL' - rm)I2 

(12-67) 

(12-68) 

(12-69) 

Now, in case the feedback impedance re is neglected, there results, with 
re = 0, the iterative impedance requirements 

(12-70) 

and, since the internal impedance of the equivalent generator of the 
collector arm is re + Ra - rm, 

Then 

and 

A = (Re - rm+ rb) 2 

Gi=rm2/A 

(12-71) 

(12-72) 

(12-73) 

The behavior of this cascade stage is considered in problems 12-17 and 
12-18. 
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An example of noniterative coupling is given by Fig. 12-23 for which 
the tube analog is a grounded grid followed by a cathode follower. 
Such a combination 9 has been used to match and feed a 600-ohm line 
with Gi of 16 db and bandwidth about 1 Mc. Another application 

: 
FIG. 12-23. Grounded-base, grounded-collector cascade. 

involved a 75-ohm coaxial line and provided a value of Gi of 20 db over 
the video band of 100 cps to 3.5 Mc. 

It has been shown that the grounded-collector stage provides a 
usable amplification in the reverse direction. This may be utilized as 

: 
B2 • 

: 
FIG. 12-24. Grounded-emitter, with reversed grounded-collector cascade. 

shown in Fig. 12-24 which provides a higher power-output level since 
the output electrodes involve the base and collector terminals. Sta
bilization is accomplished by insertion of a resistor in the emitter lead of 
the first stage. 

12-13. The Type-A Transistor Power Stage 
Analysis of the large signal properties of the transistor depends upon 

the use of the static characteristics as in the case of vacuum tubes. 
The static characteristics are useful, also, in circuit design for maximum 
power output with minimum distortion. The output characteristics of a 
type-A power transistor are shown in Fig. 12-25, along with a grounded
base circuit considered as a power stage. According to the circuit 
(Fig. 12-25) 

(12-74) 

which is the equation of the load line on the ( - V c, - I c) characteristic 
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sheet. Thus, the int.ercepLs of the load line are given by 

le= 0, 

Ve= 0, 

Ve = -Ebb volt:-, 

le = -Ebb/Jlz., amp 

Ch. 12 

If the small-signal operating point be specified as (-Ico, - Vco), and 
the load resistance as RL, then the necessary voltage of the collector 

le, collector current, milliamperes 
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Frn. 12-25. Output characteristics for a type-A power transistor. (Courtesy Bell 
Telephone Laboratories) 

voltage source is given by Eq. 12-74, and the load line may be drawn 
through the operating point in a manner completely analogous to that 
used for vacuum tubes. 

12-14. The n-p-n Junction Transistor 
The theoretical work of Shockley 11 on the potential distribution and 

rectification of junctions between p- and n-type germanium has led to 
the n-p-n junction transistor, a truly amazing device. The behavior 12 

of transistors built in accordance with Shockley's theory has been found 
11 W. Shockley, The Theory of p-n Junctions in Semiconductors and p-n Junction 

Transistors, BST J, 28, 435-489 (July 1949). 
12 W. Shockley, M. Sparks, and G. K. Teal, p-n Transistors, Phys. Rev., 83, 151 

(1951). 
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to be in excellent agreement with the theory. As Shockley 11 has stated, 
"the p-n-p transistor has the interesting feature of being calculable to a 
high degree.'' 

The circuit behavior of the junction transistor will be of primary 
interest here rather than the physical theory which is absorbingly 
interesting but quite demanding of an extensive background in theory 
of solid-state physics for its complete appreciation. The circuit behavior 
has been clearly described by Wallace and Pietenpol 13 whose paper is 
the source of most of the material to be presented in the following pages. 

(p-type layer of Ge 

Emitter n-type / n-type Collector / 

-y;- Ge v Ge --r; 

Base 

I 

FIG. 12-26. The n-p-n junction transistor. 

The n-p-n junction transistor consists of a tiny bar of germanium in 
which a thin layer of p-type germanium is interposed between much 
thicker regions of n-type. Ohmic or nonrectifying connections are made 
to the three regions of the germanium, and contact "cats-whisker" types 
of emitter and collector as used for type-A transistors are unnecessary. 
A schematic diagram of the n-p-n transistor is shown in Fig. 12-26. It 
may be observed that emitter and collector are symmetrically located 
with respect to the p-type layer. As shown by Shockley, 11 the junction 
between p- and n-type germanium may behave as an emitter. The 
entire assembly may be enclosed in a hard plastic bead of about 9-16 
inch in diameter or smaller, with connections brought out as wire ter
minals. The p layer may be less than 0.001 inch thick. The n-p-n 
transistor, in contrast with the type A, has complete freedom from 
short-circuit instability and has positive input impedances, regardless 
of the connection as grounded base, grounded emitter, or grounded 
collector. It will provide 40 to 50 db of power gain per stage and operates 
at class-A efficiencies of 48 or 49 per cent out of a possible 50 per cent. 
In addition to its small size, the n-p-n junction transistor is extremely 
rugged, relatively free from microphonics, and has a noise figure in the 
range 10 to 20 db compared with 60 db for the type A. Probably the 

13 R. L. Wallace, Jr., and W. J. Pietenpol, Some Circuit Properties and Applications 
of n-p-n Transistors, BST J, 30, 530-563 (July 1951). 
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most striking property of this transistor is its required operating power 
consumption which is as low as 0.6 microwatt needed from a power 
supply in order to operate as an audio amplifier. This should be con
trasted with the power requirements for heaters alone of the smallest 
miniature vacuum tubes. Two of the most serious limitations of n-p-n 
junction-type as well as of the type-A transistor are the low upper limits 
of operating frequency and temperature. These are mentioned in the 
tabulation of transistor properties given earlier. 

12-15. Static Characteristics of the n-p-n Transistor 
The static characteristics of the n-p-n junction transistor differ 

markedly from those of the type A. The collector or output character
istics of the latter were similar to triode characteristics; junction tran
sistor characteristics resemble static plate characteristics of an ideal 
pentode. In examining and using the characteristics, it must be kept in 
mind that the junction n-p-n transistor has a p-type base, which entails 
different current signs. The assumed positive sense of current fl.ow for 
the junction transistor is shown in Fig. 12-26. If currents and voltages 
have the positive sense indicated by Fig. 12-26, they are called positive. 
The arrow on the emitter connection has been reversed since the base 
is p-type and requires electron injection from the emitter rather than 
hole injection as in the type-A transistor. The collector requires a posi
tive supply voltage, and the current flow is in the direction indicated on 
Fig. 12-26 as shown by the collector characteristics of Fig. 12-27. The 
emitter current is negative and flows out of the emitter terminal (elec
trons flow in). Thus the emitter requires a bias such that current can 
flow from the emitter into a suitable current source. The corresponding 
collector and emitter currents are almost equal in magnitude. Since 
they are opposite in sign, the greater part of the current flow in to the 
collector flows out through the emitter electrode, leaving very little 
current flowing in the base electrode. The solid portions of the Ve-le 
characteristics represent the range of normal operation. The dotted 
portions of these curves correspond to cutoff, which for the transistor 
means zero collector voltage. A very wide range of collector voltages 
are available, and these may be controlled by minute changes of emitter 
voltage, producing relatively large changes in emitter current and in 
collector current. The static characteristics are such that high-voltage 
amplification may be expected between a low-impedance source and a 
high-impedance load. 

The emitter voltages are so small that the desired bias emitter current 
can be calculated as 
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Fm. 12-27. Static characteristics of an n-p-n transistor. (Courtesy Bell Telephone 
Laboratories) 
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FIG. 12-28. Static n-p-n characteristics for very low-power operation. (Courtesy 
Bell Telephone Laboratories) 
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where Vee is the battery voltage used and R is the series resistance bP
tween battery and emitter-base circuit. 

One of the very striking properties of the n-p-n transistor is its low
power operation. This can be understood more clearly by examining 
a set of collector characteristics drawn on a scale of le and le in micro
amperes and Ve in the voltage range between O and 2 volts, as in Fig. 
12-28. The transistor can deliver useful gain with very small distortion 
in this low-power range. Collector power necessary is less than 100 
microwatts. 

12-16. Circuit Parameters of the n-p-n Transistor 
Again the circuit parameters r11 , r12, r2 1, and r22 of the four-pole 

transistor equivalent circuit are determined preferably by a-c measure
ments as in the type-A case. The same equivalent circuits involving the 
T of elements re, rb, and re with generator of voltage lerm will be used. 
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Fro. 12-29. Dependence of T-network parameters on emitter current. (Courtesy 
Bell Telephone Laboratories) 
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These parameters, and a as well, depend upon the emitter current as 
shown in the graphs of Figs. 12-29 from which the magnitudes of the 
five parameters can be determined. Values plotted in the graphs were 
determined by measurement, 13 but, in the case of re, Shockley 12 has 
shown that 

re = kT/ele (12-75) 

where k is Boltzmann's constant, T the temperature in degrees Kelvin, 
e the electronic charge, and le the emitter current. At a temperature 
around 80° F such that kT/e = 25.9, values obtained from Eq. 12-75 
check well with the curve of r8 as a function of le. 

12-17. Generalized Circuit Relations for the n-p-n Transistor 
The various circuit connections such as the grounded base, grounded 

emitter and grounded collector discussed for the type-A transistor are 
applicable to the n-p-n unit, but the discussion can be shortened in 
view of the experience already available with the type-A circuit. Since 
a < l always for the n-p-n transistor, stability problems encountered 
previously with the type-A units, particularly with respect to impedance 
matching, will not occur. 

The four-pole equations 

V1 = l1r11 + l2r12 

V2 = l1r21 + l2r22 

(12-76) 

apply to the circuit of Fig. 12-30, regardless of connection as grounded 
base, grounded emitter, or grounded collector, provided only that signal 
amplitudes and operating points are such as to provide linear operation. 

- -
ii 12 

I V1 
Transistor v, l 

Fm. 12-30. Generalized small-signal circuit of the transistor with terminations. 
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For the generalized circuit of Fig. 12-30, then, the following relations 
may be written immediately from the fundamental equations 12-76 and 
are identical with corresponding relations derived for the type-A tran
sistor (see Eqs. 12-14, 12-15). 

The input impedance at terminals 1 is 

and at 2 iR 

The voltage gain of the four-pole terminated in R1., is 

From the second equation of 12-76, since V2 = -I2RL, 

Then, 
r21RL 

A=-----
(r22 + RL)Ru 

(12-77) 

(12-78) 

(12-79) 

(12-80) 

(12-81) 

If V 2 /Eg is required, it is necessary only to add Rg to r11 in Eq. 12-81. 
Then, 

V2 r21RL 

Eg (r11 + Rg)(r22 + RL) - r12r21 
(12-82) 

The image impedances of the four-pole (Fig. 12-30) are impedances 
R II and R 12 of such value that 

and 

Thus the proper selection of Rg and RL will result in an impedance match 
at both the input and the output. The values of Rn and R12 may be 
found in terms of the four-pole parameters. If RL in Eq. 12-77 is re
placed by R12 , then R11 becomes Rn; thus, 

(12-83) 

Similarly, in Eq. 12-78, if Rg = R11, then 

(12-84) 
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Equations 12-83 and 12-84 may be solved for Rn and R12; the results 
are: 

Rn= 

R12 = 

r11 
- (r11r22 - r12r21) 
r22 

r22 
- (r11r22 - r12r21) 
r11 

The circuit mesh equations of the circuit of Fig. 12-30 are 

The determinant of the system is 

The operating power gain is 

(12-85) 

(12-86) 

(12-87) 

(12-88) 

(12-89) 

The value of G0 becomes maximum for impedance matches at both input 
and output terminals. Thus, if Rg = Rn, and RL = R12 as defined by 
Eqs. 12-85 and 12-86 are substituted into Eq. 12-89, the result is the 
maximum available power gain. The result, after algebraic simplifica
tion, is 

(12-90) 

12-18. The Grounded-Base Circuit, n-p-n 
A practical arrangement of the grounded-base circuit and an equiva

lent a-c circuit are shown in Fig. 12-31. Calculation of the circuit 
properties of the stage may be carried out in terms of re, rb, re, and rm, 
or the four-pole equivalents of these may be used in Eqs. 12-76 to 12-90. 
Application of Eq. 12-76 and the r definitions to the circuit of Fig. 
12-31 show that 
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rn =re+ rb 

r21 =rm+ rb 

r12 = rb 

r22 =re+ rb 

a = r2i/r22 = (rm + rb)/(re + rb) 

457 

(12-91) 

from which the four-pole parameters may be computed in case values of 
the T-network parameters are supplied by the manufacturer. 

Fm. 12-31. Biasing circuit and n-p-n equivalent a-c circuit, grounded base. 

A set of values of circuit parameters for an early development n-p-n 
unit is given herewith for comparison with the type-A transistor: 

re = 25.9 ohms 

rb = 240 ohms 

re = 13.4· 106 ohms 

rm = 13.1 · 106 ohms 

re - rm= 0.288·106 ohms 

a= 0.9785 

It has been shown 13 that a grounded-base stage using this transistor has 
the circuit properties listed in Table 12-5. It is suggested that the given 
results should be computed as an exercise. 
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TABLE 12-5. CALCULATED CIRCUIT PROPERTIES OF AN n-p-n JUNCTION-TYPE 

GROUNDED-BASE TRANSISTOR 

Terminations, ohms 
Resistance Tabulations, ohms 

Circuit 
Property 

R, = 0 
R, = 0 RL = 0 R, = co RL = co R, = Rn RL = R12 Rr = 25 

RL = co RL = 200,000 

---------
V2/Eg 4.93-104 

---------
R{1 31.1 266 91 

---------
R22 1.56 •106 13.4 · 106 4.58-106 

---------
Go 5300 or 37 .2 db 

---------
Go max 27,000 or 44.3 db 

Transistor 4-pole parameters: 

r11 = 266 ohms; r12 = 240 ohms 
r21 = 13.1 · 106 ohms; r22 = 13.4 · 106 ohms; a = 0.9785 

12-19. The Grounded-Emitter Circuit, n-p-n 
The grounded-emitter circuit shown by Fig. 12-32 provides very high 

power gains-about 50 db-and has impedances of the order of hundreds 

Practical form of the circuit 

Equivalent a -c circuit 

R' L 

Frn. 12-32. Grounded-emitter circuits of an n-p-n transistor. 
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of ohms at the input and hundreds of thousands of ohms at the output. 
Voltage phase reversal is experienced, and voltage gain is of the order of 
30 db without interstage coupling transformers. The biasing collector 
voltage may be provided for as shown in Fig. 12-32. The collector bias 
will be practically the same as the supply voltage since the emitter 
voltage is in the range 0 to -0.25 volt. The base is shown without d-c 
bias. Operated in this manner, the base will reach a potential equal 
in magnitude to that of the emitter. Since the condenser eliminates 
the d-c component of base current, the d-c components of emitter and 
collector currents will be exactly the same. 

Figure 12-28 shows that le is somewhat less than 20 µamp for le = 0. 
Suppose that a remains constant as le increases. As le increases, so 
does le, but, for an increase Ale in emitter current, the increase Ale = 
a Ale is somewhat less than Ale since a < 1. Therefore, one may com
pute the value of le or of le at which the two currents become equal, 
since, beginning with le = 0, 

le = Ale = l co + Al c = l co + a Ale = l c 

whence (12-92) 

where lco is the value of le for zero emitter current. Thus, Eq. 12-92 
permits the calculation of the emitter (and collector) current which 
will flow in the grounded-emitter circuit if no d-c connection is made to 
the base. Since a is nearly equal to 1, le or le for the grounded-emitter 
connection with floating base change very rapidly with a. It is possible 

R 

FIG. 12-33. Reduction of collector current by resistance R by-passing C of Fig. 12-32. 

to reduce le or le, which may be desirable in order to reduce power 
consumption, by providing a path for direct current to flow from the 
base. If a small current is drawn from the base, the reduction in collector 
current is a/(1 - a) microamperes per microampere drawn from the 
base. The reason for this reduction is that the base floats at a small 
positive potential with respect to ground. Thus, if a resistor is added to 
the circuit as shown in Fig. 12-33, and the current directions are as 
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shown, then, in general 
le= le+ h 

but initially, that is, before the insertion of R, 

lcl = lei 

But 

after the insertion of R. Therefore, 

Ale= Ale+ h 

Again if it is assumed that a is constant and equal to Al cl Ale, 

a Ale = Ale+ lb 

and Ale = -h/(l - a) 

Ch. 12 

(12-93) 

which is a decrease in le if h is positive. Since initially the collector 
and emitter currents were equal (before addition of R), Eq. 12-93 is ap
proximately also the change in collector current. More accurately, the 
change in collector current resulting from the connection of R is 

a 
Ale= a Ale= - --h 

l-a 
(12-94) 

again a decrease for lb positive. If R is decreased toward zero, the 
emitter-to-base potential difference becomes zero, and the collector cur
rent decreases to the value corresponding to Ve = 0 (Fig. 12-28). This 
result is quite analogous to the flow of grid current through a grid-leak 
resistor in a vacuum tube resulting in a reduction of plate current be-

Fm. 12-34. Use of a biasing resistor R to increase the collector current by providing 
a current through the base in the direction shown. 

cause of an increasingly negative grid bias. The insertion of resistance 
in the emitter circuit would result in the emitter becoming positive with 
respect to the base, which would still further reduce the collector current, 
as may be seen by referring to Fig. 12-28. 
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Another connection of a biasing resistor as shown in Fig. 12-34 pro
duces an increase of Ve with respect to the base equal to the voltage 
across R. As may be seen from Fig. 12-28, this increase results in an in
crease in le. An analysis based on Fig. 12-34 shows that the increase of 
I e is given by 

where 

a 
~le =--h 

1 - a 
(12-95) 

(12-96) 

The mesh equations for the equivalent a-c circuit of Fig. 12-32 are 

V1 = I1(rb + re) + I2re 
(12-97) 

whence, by inspection, 

(12-98) 

The same values of re and rm used for the grounded-base stage give 

r21 = 25.9 - 13.1 · 106 = -13.1-106 ohms 

All the remaining four-pole parameters of the grounded-emitter circuit 
are positive. Thus, from Eq. 12-81 or 12-82, the voltage V 2 is 180° out 
of phase with V 1 or with E g, as in the case of the grounded-cathode 
vacuum tube with resistive load at low frequency. 

In case RL of the equivalent a-c circuit of Fig. 12-32 is infinite, 12 = 0. 
Then, from Eq. 12-97, 

If RL were zero, V 2 = 0, and 

Tm - Te 
12 =-----11 

re+ re - Tm 

(12-99) 

(12-100) 

But, with rm = 13.1-106 ohms, re = 25.9 ohms, re = 13.4· 106 ohms, 
re - rm = 0.288 · 106 ohms, 

Tm rm/re a 
12 "-' --11 = ---11 "-' --11 = 45.511 (12-101) 

re - rm 1 - r ml re 1 - a 

which is a measure of the current amplification possibilities of the 
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grounded-emitter circuit and shows that the current amplification of the 
amplifier increases rapidly as a ~ 1. 

Calculated va]ues of the circuit properties of a grounded-emitter 
transistor amplifier are summarized in Table 12-6. 

TABLE 12-6. CALCULATED CIRCUIT PROPERTIES OF AN n-p-n GROUNDED

EMITTER TRANSISTOR 

Terminations, ohms 
Resistance Tabulations, ohms 

Circuit 
Property 

R, = 0 
R, = 0 RL = 0 R, = oo RL = oo R, = Rn RL = R12 RL = oo 

V2/E, -4.93•104 

12/11 45.5 

Ru 1440 266 619 

R22 1.56 ·106 0.288·106 0.671 ·106 

Go max 2.02 • 105 or 53 db 

Transistor 4-pole parameters: 

ru = 266 ohms; r21 = -13.1 ·106 ohms 
r12 = 25.9 ohms; r22 = 0.288·106 ohms; a= 0.9785 

Since the size of the output image impedance, 671,000 ohms (Table 
12-6) is so large compared with that of the input image impedance, 619 
ohms, it is evident that impedance matching between stages can be 
achieved only by using stepdown interstage transformers. A two-stage 
circuit is shown in Fig. 12-35. Such a circuit enclosed in a transparent 

[ 
Fm. 12-35. A two-stage, grounded-emitter, transformer-coupled n-p-n transistor 

amplifier. 
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plastic similar to lucite and occupying a total volume of less than 1 
cubic inch has been constructed 13 and provides an over-all power gain 
of about 90 db. 

12-20. The Grounded-Collector Circuit, n-p-n 
The grounded-collector transistor, like the vacuum-tube cathode 

follower as already discussed, will provide high-input and low-output 
impedances and no phase reversal. The circuits of Fig. 12-36 show the 
biasing methods, and the equivalent a-c circuit. The base may be 
allowed to float and will reach a very small positive potential with 
respect to the emitter as discussed in connection with the grounded
emitter stage. A high resistance connected in such a way as to produce 
biasing current out of the base, as shown in Fig. 12-36b, reduces the 
collector current but, if connected as in Fig. 12-36c to permit the flow of 
direct biasing current into the base, will increase the collector current. 

The circuit equations of Fig. 12-36d are 

(12-102) 

whence 

(12-103) 

If operated between a zero-impedance generator and an infinite-imped
ance load, 12 = 0, and 

(12-104) 

a gain slightly less than unity. If RL = 0, V2 = 0, and, from Eq. 12-102, 

1 
(12-105) 

The same n-p--n transistor values previously used give 

(12-106) 
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C 

(a) No d-c bias, emitter to base 

--1--

(b) Biasing current lb reduces collector current 

(c) Biasing current lb increases collector current 

(d) Equivalent a-c circuit 

R' L 

FIG. 12-36. Circuits and biasing of the grounded-collector stage. 

Ch. 12 



Ch. 12 FREQUENCY LIMITATIONS OF THE n-p-n TRANSISTOR 465 

Other computed values are listed in Table 12-7. 

TABLE 12-7. COMPUTED CIRCUIT PROPERTIES OF A GROUNDED-COLLECTOR 

n-p-n TRANSISTOR AMPLIFIER 

Circuit 
Property 

Rg = 0 
RL = 00 

V2/E, ~1 

12/Ii 

R11 

R22 

Go max 

Terminations, ohms 
Resistance Tabulations, ohms 

Rg = 0 RL = 0 Rg = 00 RL = 00 

-46.5 

1445 13.4 · 106 

31.1 0.288· 106 

Transistor 4-pole parameters: 

rn = 13.4•106 ohms; 
r21 = 13.4-106 ohms; 

r12 = 0.288·106 ohms 
r22 = 0.288 · 106 ohms 

Rg = Rn RL = R12 

139,000 

2990 

46.5 or 16.7 db 

12-21. Frequency Limitations of the n-p-n Transistor 
The frequency limitations of the n-p-n transistor seem to be somewhat 

more severe than those of the type A. The explanations for the observed 
frequency effects have been given by Shockley in terms of the physics of 
the transistor as a semiconductor. There are, in brief, three principal 
effects. The first, explained as a dispersion in transit time of electrons 
crossing the player is measured in terms of a decrease in a with frequency 
and leads to a frequency cutoff at a frequency for which a 2 is reduced by 
a factor of one half, as already explained in the case of the type-A 
transistor. This frequency cutoff is, according to Shockley, inversely 
proportional to the thickness of the p layer and may be expected to occur 
at a frequency between 5 and 20 Mc in transistors having parameters 
as used in example computations of preceding pages. 

A second frequency response limitation is dependent upon an effective 
capacitance at the emitter junction in shunt with re. The shunted re 
and rb are in series with the source impedance so that the cutoff fre
quency (at which the response is down 3 db) depends upon Rg and rb but 
ultimately upon rb. Thus this cutoff frequency increases as rb decreases, 
and is of the same order of magnitude as the a-cutoff frequency. 

The third and most important cause of limited frequency response 
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is the fact that the p and n layers at the collector junction behave as the 
plates of a capacitance of appreciable magnitude. This capacitance also 
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(a) Relation, Cc to Ve , for le= 1 ma 

(b) High-frequency circuit (c) Simplified high
frequency circuit 

FIG. 12-37. Collector junction capacitance and its dependence on collector voltage. 
(Courtesy Bell Telephone Laboratories) 

depends upon collector voltage as shown by Fig. 12-37. The cutoff fre
quency produced by this capacitance is much lower than that produced 
by either of the other two. The equivalent T circuit with the collector 
capacitance Cc is shown in Fig. 12-37. The collector arm and its current 
source may be replaced by a voltage-source generator of impedance 
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rc(l/jwCc) 
Ze =-----

Tc+ 1/jwCe 1 + jwCere 
(12-107) 

and generated voltage 
Tmle 

Ee = ale[zc] = ---- = Zmle 
1 + jwCcrc 

(12-108) 

The frequency response of the circuit for any of the three connections 
of interest can then be analyzed by use of Ze and Zm instead of re and rm 

in the derived equations. The simplified circuit is shown in Fig. 12-37 c. 
The low-frequency gain V 2 /Eg = A (Eq. 12-82) takes the following 

forms for the indicated transistor connection as expressed in terms of the 
T-network parameters: 

Grounded base: 
(rm+ rb)RL 

A=-----------------
(re +Tb+ Rg)(rc + rb + RL) - rb(rm + rb) 

(12-109) 

Grounded emitter: 

(re - rm)RL 
A = -----------------

(re + rb + Rg)(re + re - rm) - re(re - rm) 
(12-110) 

Grounded collector: 
rcRL 

A = -----------------
(rb +re+ Rg)(re + re - rm) - rc(rc - rm) 

(12-111) 

The numerical values given for the T-network parameters are such that 
the following approximations are justified: 

(rm+ rb) ,-...J Tm 

Then, for the grounded-base connection, the low-frequency gain may 
be expressed in the form 

aRL 
A=--------

R0(1 + RL/rc) - arb 

where 

(12-112) 

(12-113) 

At higher frequencies such that the circuit of Fig. 12-37c must be used, 
the high-frequency gain as obtained from Eq. 12-112 with the help of 
Eqs. 12-107 and 12-108 is 
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aRL A 
AH=--------------

Ro - arb + RoRdrc + RoRdwCc jwCcRoRL 
1+-----

Ro - arb + RoRL/ re 

(12-114) 
Thus, I AH/A I 1/y2 at a frequency fc such that 

(12-115) 

which is defined as the collector cutoff frequency. If RL = 20,000 ohms, 
Rg = 25 ohms, Cc = 7 µµf, and, with a = 0.9785, re = 13.4-106 ohms, 
Te = 25.9 ohms, Tb = 240 ohms, then Ro = 290.9, and Jc = 0.227 · 106 

cps. 
Collector cutoff frequencies for the grounded-emitter and grounded

collector stages may be computed from equations derived in a similar 
way from the respective four-pole parameters and the voltage gain 
equations. The results are summarized in Table 12-8. 

TABLE 12-8. TABULATION OF COLLECTOR CUTOFF FREQUENCY AND GAIN FOR 

VARIOUS CIRCUITS AND TERMINATIONS, n-p-n TRANSISTOR 

Terminations, ohms 

Cutoff Frequency 
and Power Gain 

R,=Rn R, = 25 R, =25 R, = 1000 R, = 1000 R, = 1000 R, = 139,000 
RL = R12 RL = 2·105 RL = 2·104 RL = 105 RL = 104 RL = 1000 RL = 25 

Grounded le 3390 cps 23,500 cps 227,000 cps 
base 

Go 44.3 db 37.2 db 27.8 db 

Grounded le 3740 cps 11,120 cps 97,900 943,000 cps 
emitter 

Go 53 db 50 db 41.3 db 31.4 db 

Grounded le 320,000 cps 9.77 · 106 cps 
collector 

Go 16.7 db 1.8 db 

12-22. Transistor Noise 
The problem of noise in transistors has been a difficult one. Noise 

figures around 60 db were recorded for the earlier forms of the type-A 
transistor, and measurements 13 of the n-p-n units show noise figure 
values varying from 10 to 17 db for collector voltages between 2 and 16 
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volts. Additional reductions of noise should accompany continued 
development of the device as increased knowledge of the factors con
tributing to noise becomes available through research. 

PROBLEMS 

12-1. The density of Ge is 5.46 g per cc, its atomic weight 72.60. Find (a) the 
mass of one Ge atom (see mass of the atom of unit atomic weight), (b) the number of 
Ge atoms per cubic centimeter in solid Ge, (c) the number of electrons involved in 
the electron-bond pairs per cubic centimeter. 

12-2. Suppose that 4 µg of antimony are thoroughly mixed in molten form with 
100 g of pure germanium and that the antimony atoms substitute for Ge atoms uni
formly throughout the solid material, after solidification, as indicated in Fig. 12-5. 
Compute (a) the density of antimony atoms, (b) the density of donated electrons, 
assuming uniform distribution. 

12-3. If ge = 3600 cm per sec per volt per cm for the carriers of problem 12-2, 
compute (a) the conductivity, (b) the total resistance of a bar of such n-type ger
manium 1 inch long and 0.005 by 0.005 inch in cross section. 

12-4. Compute the conductivity of p-type Ge containing 1 µg of gallium per 100 g 
of germanium. 

12-5. If generator and load are connected to the terminals of the circuit of Fig. 
12-11, the determinant of the system of equations is 

A = (zn + Zg)(z22 + ZL) - z12z21 

Derive equations for the input and output impedance of the circuit at terminals 1 
with ZL connected at 2 and at terminals 2 with Zg connected at 1. 

12-6. Derive the expression for the operating power gain of the circuit of Fig. 
12-11, and show that it is 

Go = 4RgRL I -z2i/ A 12 

12-7. Show that the insertion power gain of the circuit of Fig. 12-11 is 

Gi = I (Zg + ZL)Z2i/ A 1
2 

12-8. Operating data and parameters for a grounded-base type-A transistor am
plifier are as follows: 

D-c operating point: I e = 0.6 ma, 
le= -2.0 ma, 

Circuit parameters: zn = 530 ohms = ru 
r12 = 290 ohms, 
r22 = 19,000 ohms 

Ve= 0.7 volt 
Ve = -40 volts 

r21 = 34,000 ohms 

The amplifier is driven by a generator of 500 ohms internal resistance and operates 
into a load resistor of 20,000 ohms. 

(a) Compute the input resistance Rn and the output resistance R22. 

(b) Compute the operating power gain Go, 
(c) Compute the insertion power gain Gi. 
(d) Compute the voltage gain A. 
12-9. Derive Eqs. 12-39 and 12-40 by direct application of Kirchhoff's laws to 

the circuit of Fig. 12-15. 
12-10. Derive the expressions 12-41 and 12-42 for the forward and backward 

operating power gains of a grounded-emitter type-A transistor amplifier. 
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12-11. If the transistor of problem 12-10 is connected grounded emitter between 
a generator of Rg = 500 and a load of RL = 20,000 ohms, compute the following: 
(a) the input and output resistances, (b) the forward and reverse operating power 
gains, (c) the forward voltage gain, (d) the insertion voltage gain (this is the voltage 
across RL with the transistor inserted divided by the voltage across RL if the gen
erator is directly connected to RL). 

12-12. A grounded-collector type-A transistor amplifier has re = 250 ohms, rb = 
250 ohms, re = 20,000 ohms, and rm = 40,000 ohms. If Rg = 20,000 ohms, RL = 
10,000 ohms, compute (a) Rn and R22, (b) G12 and G21, the operating power gains in 
each direction, (c) G12 and G21 for RL = Rg = 20,000 ohms, (d) the voltage gain, 
each direction. 

12-13. A four-pole linear active network is composed of a general four-pole in 
cascade with an ideal transformer. Obtain the over-all four-pole impedance parame
ters if (a) the transformer is connected stepdown with turns ratio n to 1 at the in
put of the general four-pole, (b) the transformer is connected stepdown with turns 
ratio n to 1 at the output of the general four-pole. In both cases, n > 1. 

12-14. Determine the conditions for obtaining the maximum insertion power gain 
per stage of the grounded-base, transformer-coupled amplifier of Fig. 12-21, and 
compute Gi and Gi max for the circuit parameters of problem 12-8. 

12-15. Check the stability criterion of the grounded-emitter cascade stage of 
Fig. 12-22 for Ra = 17,000 ohms. 

12-16. Compute Rn, R22, and Gi for the grounded-emitter cascade stage of Fig. 
12-22 with Ra = 17,000 ohms, rb = 290 ohms, rm = 34,000 ohms, re = 19,000 ohms, 
and re = 240 ohms. 

12-17. Assume an operating point of Ieo = -9 ma, Vco = -36 volts for the 
transistor represented by Fig. 12-25, and determine, from the graph, the values of 
r22, r21, and a in the vicinity of the operating point. 

12-18. Draw a load line corresponding to RL = 5000 ohms on the output charac
teristic sheet (Fig. 12-25), and determine the following (use the operating point of 
problem 12-17): 

(a) Collector source voltage required. 
(b) Power output corresponding to a variation of emitter current from Oto 10 ma. 
12-19. Sketch a load line corresponding to 6000 ohms on a set of output charac-

teristics for the n~ transistor. For an operating point corresponding to an 
emitter current of -2.5 ma, Ve = 15 volts, determine the following: 

(a) I e at the operating point. 
(b) The collector voltage swing corresponding to a variation in emitter current 

from 0 to -5 ma caused by a sinusoidal a-c signal in the emitter circuit. 
(c) The a-c power delivered by the transistor. 
(d) The transistor collector circuit conversion efficiency. 
(e) The voltage gain. 
12-20. Compute the circuit properties of the transistor grounded-base amplifier 

of Table 12-5, and fill in, in addition, the first three vacancies in the last column. 
12-21. The transistor amplifier stage of Fig. 12-31 is required to operate at I e = 

-2 ma, Ve = +20 volts. The turns ratio of the ideal transformer is 4 to 1 stepdown. 
(a) Determine suitable voltages of the biasiQ.g batteries and a value of R. 
(b) Compute the voltage and operating power gains if the circuit is driven by a 

generator of internal impedance 500 ohms and RL = 500,000 ohms. Compare the 
phase of input and output voltages. 
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Acceptor, 418 
Admittance, cathode follower, 133-134 

four-pole, 36-43 
input, terminated four-pole, 38 

tetrode amplifier, 59 
triode amplifier, 43-44 

output, terminated four-pole, 38 
Aiken, C. B., 261 
Amplification factor, current, for tran

sistor, 438-440 
definition, voltage, for tube, 11-12, 

14 
measurement of, tube, 27 

Amplifier-a-£ power, 149-167 
class AB push-pull, 161-163 
distortion, class AB, 161-163 

power tetrodes and pentodes, 159-
161 

load-coupling circuits, 152-153 
maximum power output from, 155-156 
optimum operation, tetrodes and pen-

todes, 159-161 
plate dissipation, 150-151 
plate efficiency, 152 

theoretical optimum, triodes, 157-
158 

power output, 149-152 
Amplifier-a-£ vacuum tube, 76 

broad-band (wide-band), 134-144 
cathode follower, 132-134 
circuit, elementary, 15, 17, 23, 31 
classification, 76-77 

Amplifier-a-f vacuum tube, class A, 
76-77 

broad-band, 134-144 
degenerative, 116-134 
direct coupled, 80-84 
distortion in, 65, 78, 159-161 
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Amplifier-a-f vacuum tube, dynamic 
characteristic of, 15-17, 66 

equivalent a-c circuit of, 23, 31 
feedback in, 116-134 
grid-bias voltage for, 14, 15, 22, 25, 49, 

50 
inductance-capacitance-coupled, 92 
input admittance of, 43-44 
load line for, 15-17, 74, 153-154 
load resistor for, 15 
output impedance of, 128-129 
phase reversai in, 19-20 
quiescent operating point for, 13, 17, 

22, 23 
reactive load, effect of, 21, 29-30 
resistance-capacitance-coupled, 79, 

84-92 
transformer-coupled, 80, 93-104 

. voltage gain of, definition, 24, 32 
Amplifier-r-f class A, 263-285 

see also Tuned amplifier, Single-tuned 
amplifier, and Double-tuned am
plifier. 

cascaded, 280--282 
direct coupled, tuned, 263-267 
double-tuned, transformer-coupled, 

272-278 
general requirements for, 263 
grounded grid, 283-285 
single tuned, transformer-coupled, 

267-271 
stagger tuning of, 282-283 
tuned circuits for, analysis, 249-262 

Amplifier-r-f power, 290-320 
analysis, problem of, 296 
applications of, 292 
circuit for, 291 
class B, algebraic analysis, 297-303 
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Amplifier-r-f power, class B, equivalent 
circuit of, 301 

graphical analysis, 303-309 
linear properties of, 293-294 
phase relations, 299 
plate dissipation, 302-303 

class C, analysis of, 297-303 
external characteristics, 293-294 
frequency multiplier, 313-314 
grid- and plate-current wave forms, 

306 
grid driving power, 309 
grid-modulated, 370 
mechanical analogy for, 313 
modulator use, 294 
phase relations, 291 
plate-modulated, 366 
synchronous switch, 290 

efficiency of, 295, 301 
grounded-grid circuit, 318-319 
load-coupling analysis, 309-313 
neutralization of triode, 314-317 
power supplies for, 317-318 
secondary emission effects, 294 
tank circuit, 291 
tank current, 292, 293 

Amplifier, transistor, see Transistor am
plifier. 

Amplitude limitation, oscillator, 324 
Amplitude modulation, definitions for, 

358 
degree of, or factor, 362 
efficiency, 368-369 
frequency spectrum, 363 
grid, of class-C amplifier, 370 
methods of producing, 36~371 
modulated carrier, equation, 363 
modulating wave, equation, 360 
nature of, reasons for, 356-359 
per cent of, 362 
plate, of class-C amplifier, 365-368 
plate dissipation, 369 
power distribution in, 364-365 
power relations in, 367-370 
receiver for AM waves, 396 
sidebands, 363 
vector representation of AM waves, 

364 
Angle modulation, 358, 360 
Anode, 2 

Arc discharge, 171 
Archimbau, L.B., 372 
Arc tubes, 177 
Armstrong, E. H., 383 
Atoms, arrangements of, in germanium, 

420 
impurity, in germanium, 422-423 

Bailey, F. M., 384 
Band in energy-level diagram, 416 
Band-pass amplifier, 272-278 

see also Doubled-tuned transformer
coupled amplifier. 

Bandwidth, definition of, 249-250 
double-tuned coupled circuit, 261-:-262 
double-tuned transformer-coupled am

plifier, 276 
expression for, parallel circuit, 251 

series circuit, 249 
FM requirement, 373-376 
single-tuned direct-coupled amplifier, 

266 
single-tuned transformer-coupled am

plifier, 271 
Bardeen, J., 423 
Barkhausen criterion, oscillators, 327-

328 
Barrier layer in rectifier, 423-424 
Beam tetrode or beam-power tube, 61-63 

electrode arrangement, 63 
static characteristics, 62 

Beat-frequency oscillator, 397-398 
Bedford, A. V., 141 
Bessel functions, brief table, 373 
Bias, grid, 14, 15, 22, 25, 49, 50 
Bias control of thyratron, 216 
Bias impedance compensation, 143 
Biasing resistor, 25, 49, 50 
Bias methods, transistors, see Transistor 

amplifier circuits-n-p-n. 
Bias-stabilized oscillator, 344 
Black, H. S., 118 
Bleeder resistor, 207-209 
Bode, H. W., 128 
Boltzmann constant, 419 
Brattain, W. H., 423 
Bridge connection, three-phase rectifier, 

238 
Bridge-stabilized oscillator, 343 
Broad-band amplifier, 134-144 
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Broad-band amplifier gain-frequency com
pensation, 136-144 

phase-shift compensation, 138-141 
time delay, 138-141 

Buffer amplifier, use of, 335 
Buss, R. R., 346 
By-pass capacitor, 50, 51, 75, 141, 143 

Cahill, F. C., 346 
Capacitance, interelectrode, 41 

effect of, 43-46, 53, 279, 283-285, 314-
317 

grid plate, 43, 53 
of pentode, 64 
of tetrode, 59 

Capacitance filter, analysis, 199-203 
ripple factor, 203 

Capacitor, by-pass, 50, 51, 75, 141, 143 
Capacitor-input filter, 210-212 

ripple factor, 212 
Carrier wave, 357 

amplitude-modulated, 362 
amplitude of, 360 
frequency of, 360 

Cascaded amplifiers, 280-282 
bandwidth, 281 
bandwidth reduction factor, 281-282 

Cathode, 2 
mercury pool, 177 
oxide-coated, 177 
photosensitive, 46-48 

Cathode follower, 132-134 
input admittance, 133 
output admittance, 134 
voltage gain, 133 

Cathode spot, 177 
Characteristic curves ( terminal charac

teristics), class-B and C ampli
fiers, 293-294 

cold cathode gas diode, 170 
composite, diode, resistance load, 8 

load line, push-pull, 112 
static characteristics, push-pull, 

beam tetrode, 163 
triode, 112, 113, 162 

constant current, triode, 11, 305 
critical grid voltage, 213 
dynamic, 11, 15-17, 30, 66 
germanium diode, 425 
hot cathode gas diode, 171 

Characteristic curves ( terminal charac
teristics), mutual, triode, 11 

tetrode, 55 
photocell, vacuum, 4 7 
plate, triode, 11, 30, 350 

beam tetrode, 62, 163 
diode, 5, 169 
pentode, 61, 65, 160 

rectification, type-6H6 diode, 390 
transistor, n-p-n, 451, 452 

type A, 429, 448 
type-FG-33 thyratron, 179 
type-WL-631 thyratron, 179 
type-WL-632 thyratron, 181 
type-6C5 triode, 11 
type-6F6 pentode, 61 
type-6J7 pentode, 65 
type-6L6 beam tetrode, 62 
type-24-A tetrode, 55 
type-81 diode, 5 

Class-A, AB, B, or C amplifier, defini
tions, 77 

Class-B amplifiers, r-f power, see Ampli
fier, r-f power. 

Class-C amplifiers, r-f power, see Ampli-
fier, r-f power. 

Cold-cathode tube, 170 
Colpitts oscillator, 334 
Commutation in rectifier circuit, 228,233 
Composite (push-pull), dynamic char-

acteristic, 105, 106, 107 
equivalent circuit, 110 
load line, 114-115 
plate current, 106, 107, 109, 112-116 
static characteristics, 111-115 
tube circuit, 110 

Conductance, mutual, see Transconduc
tance. 

Conduction angle (or period), rectifier, 
197,202,211,214,228 

Conductor, energy-level diagram for, 416 
Constant-current characteristic curves, 

11, 305 
Control, of thyratrons, d-c, 181-185 

phase shift, 217-221 
Control characteristic, thyratron, 179. 

181, 213 
Control grid, 53 
Conversion efficiency, class-A a-f power 

amplifier, 152, 157-158 
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Conversion efficiency, class-B r-f power 
amplifier, 295 

class-C r-f power amplifier, 295 
rectifier, 192, 193, 196, 198 

Conversion transconductance, 399, 400 
Conversion transducer, 399 
Converter, frequency, 399 
Coupling, coefficient, 256, 274, 277 

critical, 259-261, 274 
tube-to-load, 309-313 

Coupling circuits, a-f amplifiers, 79 
Critical anode voltage, 213 
Critical coupling, 259-261, 274 

coefficient, 256, 274, 277 
double-tuned circuit, 259 

Critical-distance tube, 61 
Crosby, M. G., 407 
Crystal, piezoelectric, 341 

equivalent circuit, 341 
oscillator control, 341-343 

Current, feedback, 128 
grid, see Grid current. 
plate, see Plate current. 
space-charge limitation of, 169 

Current amplification factor, 438-440 
Cutoff, definition, 12 

grid voltage, 12, 293 
remote, 72 
sharp, 72 

Day, J. R., 130 
De Forest, Lee, 10 
Demodulation, see Detection. 
Detection, definition of, 359 

of AM waves, 386 
circuit requirements for linear, 392-

395 
linear diode detector, 386-392 
measurement of detector character

istics, 389-390 
of FM waves, 403 

discriminator, stagger-tuned, 406-
407 

discriminator circuit, 404-406 
discriminator circuit analysis, 407-

411 
problem of, 386 

Detector, 359 
Deviation ratio, see Frequency modula

tion. 

Diode, circuit symbol, 3 
gas, 168-173 

anode current ratings for, 172-173 
deionization time in, 173 
effect of gas in, 168-169 
filament heating time, 172 
inverse peak voltage rating of, 173 
voltage drop in, 170-172 
volt-ampere curve for, 170-171 

vacuum, as linear detector, 386-392 
characteristics of, 5, 8 
rectification characteristics of, 390 

Direct-coupled a-f amplifiers, 80-84 
Direct-coupled r-f amplifier, bandwidth, 

266 
reduction factor, in cascade, 281 

voltage gain, 265, 267 
relative, 266 

Direct coupling, 79 
Discriminator, see also Detection of FM 

waves. 
circuit of, 404 
definition of, 359 

Distortion, 65 
class-AB push-pull, 161-163 
in amplifiers, 78 
in power tetrodes and pentodes, 159-

161 
phase, 138-141 

Donor, 417 
Double-tuned amplifier (transformer

coupled), 272-278 
bandwidth of, 276 

reduction factor, in cascade, 281-282 
circuit of, 272 
computations, example, 277-278 
coupling, critical, 274 
equivalent a-c circuit of, 272-273 
gain-frequency curve for, 272 
voltage gain, 274 

relative, 275-276 
Double-tuned coupled circuits, 257-262 

bandwidth for, 261-262 
critical coupling, 259 
double peaks, condition for, 259-261 
frequencies at peaks, 260 
voltage gain, 258-259 

Dynamic characteristic, 11, 15-17, 30, 66 
Dynatron oscillator, 322-323 

negative resistance characteristic, 56 
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Efficiency, see Conversion efficiency. 
Equivalent circuit (a-c), applications, 

26-27 
beam tetrode amplifier, 63 
current source, 31-33 
four-pole, 34-46 
pentode amplifier, 64 
tetrode amplifier, 59 
transistor amplifier, 429, 431, 432 
triode amplifier, 22-25 
voltage source, 23-24 

Electrode, 2 
beam-confining, 63 

Electron-coupled oscillator, 336 
Electron-volt, 415, 416 
Emission limitation of current, 169 
Emitter of transistor, 426 
Energy-level diagram, conductor, 416 

insulator, 416 
semiconductor, 416 

Everitt, W. L., 97, 292, 296, 395 

Feedback, degenerative, 116 
direct, 116 
inverse, effects of, 116 
negative, 116 
Nyquist's stability criterion, 127-128 
oscillator analysis, 327-328 
oscillator basic circuits, 332 
oscillators, 324, 337 
positive, 116 
regenerative, 116 
voltage amplifiers, 116-134 

Feedback current, 128 
Feedback fraction, 118 
Feedback network, 118-119 
Feedback voltage, 128 
Feldkeller, R., 34 
Fermi level, 415, 416 
Filter circuit, rectifier, 199 

capacitor input, 199-203, 210-212 
inductor input, 205-210 

Firing, of gas diode, 170-171 
of thyratron, 178-181 

Foot-candle, 47 
Fourier analysis, 66 

interphase reactor voltage, 242 
rectified full-wave, 195 
rectified half-wave, 191 

Fourier analysis, rectifier output voltage, 
three-phase double-wye, 242 

Four-terminal network theory, 34-36 
admittances, 36-37 
applications to vacuum tubes, 37-46 
generalized equivalent circuit, 46 
impedances, 35-36 
oscillator application, 325-326 
parameters, 35-36 

Fredenhall, G. L., 141 
Frequency, instantaneous, 358, 361 
Frequency compensation, high fre-

quency, 136-141 
low frequency, 141-144 
wide-band amplifiers, 136-144 

Frequency ~onverter, definitions, 399 
pentagrid converter, 401, 402 

Frequency deviation, fractional, 251-252 
in FM, 361 
see also Frequency modulation. 

Frequency distortion, 78 
reduction by inverse feedback, 121-122 

Frequency modulation, 358, 361-362 
bandwidth required, 373-376 
center frequency stability, 380 
design of reactance-tube circuit, 379-

383 
deviation ratio, 359, 371, 374, 375, 376 
equation of FM wave, 371 
frequency deviation, computation, 

381-383 
maximum, 371 

frequency spectrum, analysis, 372-373 
graphical, 37 4-377 

frequency swing, 358, 371 
instantaneous frequency, 371 
methods of producing, 378-386 
phasitron modulator, 384-386 
power distribution in sidebands, 377 
reactance-tube modulator, 378-384 
sideband frequencies, 373-376 
transmitter, block diagram, 380 

Frequency stability of oscillators, 336 
Frequency stabilization of oscillators, 336 

see also Oscillators. 
Frequency swing, see Frequency modula

tion. 
Frequency trippler, 313 
Full-wave rectifier, see Single-phase rec

tifier. 
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Gain, definitions of, insertion power gain, 
433-434 

operating power gain, 433-434 
voltage, 24 

of feedback amplifier, 117-118 
Gain-band merit figure, tube, 279, 280 
Gain-bandwidth product, direct-coupled 

r-f amplifier, 278-279 
double-tuned transformer-coupled r-f 

amplifier, 280 
R-C amplifier stage, 135 
single-tuned transformer-coupled r-f 

amplifier, 279 
Gain-frequency curves, for double-tuned 

transformer-coupled amplifier, 272 
for R-C amplifier, 92 
for shunt-compensated amplifier, 138 
for transformer-coupled amplifier, 100 

Gas-filled tube, 168 
arc voltage drop, 171 
classification of, 170-171 
cold cathode, 170-171 
current-voltage characteristics, 170-

171 
glow tube, 173, 17 4 
hot cathode, 170-171 
inverse peak voltage rating, 173 
ratings for, 171-173 
relaxation oscillator, 176 
thyratron, 173, 17 4 
tube conduction voltage drop, 170-172 
voltage regulator, 175 

Germanium, 420-423 
n-type, 417, 422, 425 
p-type, 418, 423 

Grid, 2 
control, 53 
screen, 53 
suppressor, 60 

Grid control (gas-filled tubes), critical 
characteristic, 213 

ignition angle, 213-215 
of rectifiers, 212 
trigger action in, 173, 213 

Grid-controlled rectifier, bias control, 
214, 216 

bias-phase control, 214 
load-current analysis, resistance load, 

214-216 
on-off control, 216-217 

Grid-controlled rectifier, phase-shift con-
trol, 214, 217-221 

Grid current, 19, 24, 39-41 
Grid driving power, 309 
Grid-glow tube, 173 
Grid modulation, see Amplitude modula

tion. 
Grounded-base transistor, 429 

amplifier circuit, 426 
equivalent a-c circuits, 429-433 
four-pole parameters, 431 
insertion power gain, 434 
operating power gain, 434 
tube analogy, 433 

Grounded-collector transistor, 436 
amplifier circuit, 437 
four-pole parameters, 437 
input and output impedances, 438 
operating power gain, 438 
tube analogy, 437 

Grounded-emitter transistor, 434 
amplifier circuit, 434-436 
four-pole parameters, 434 
input and output impedances, 435 
operating power gain, 436 
tube analogy, 435 

Grounded-grid amplifier, 283-285 
equivalent a-c circuit, class A, 284 
input impedance of, 284 
output impedance of, 285 
tuned power application, 318-319 
voltage gain, 284 

Guillemin, E. A., 338, 372, 443 

Half-power frequency, 90, 136 
for parallel resonant circuit, 251 
for series resonant circuit, 249 

Hall effect, 419-420 
Harmonic amplitudes, 68-70 
Harmonic analysis, p-anode rectifier, 

230-231 
Harmonic distortion, reduction by in

verse feedback, 120 
tetrodes and pentodes, 71-72, 79 
triodes, 67-70 

Harmonic suppression, push-pull, 106-
108 

Harries, H. H. D., 61 
Hartley oscillator, 333 
Hartley, R. V. L., 357 
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Heising, R. A., 343 
Herold, E. W., 400 
Heterodyne converter, 399 
Heterody~e oscillator, 397-399 
Heterodyne principle, 397-399 
Hewlett, W.R., 346 
Holes in semiconductor, current due to 

motion of, 421-422 
nature of, 417 
production of, 421-422 

Ignition angle, 213-214 
Ignitron, 226 
Impedance of an amplifier, effect of feed

back, 128-130 
input, 43-44 
output, 128-130 

Inductance filter, 205-207 
ripple factor, 207 

Inductor-input filter, 207, 210 
ripple factor, 210 

Information content, 357 
Insertion power gain, definition, 433 

of transistor amplifier, 434, 439, 444, 
445,446 

Instantaneous forward voltage, maxi
mum, 174 

Insulator, energy-level diagram for, 416 
Interelectrode capacitance, 41 

effect of on input admittance, 43 
pentode equivalent circuit including, 

64 
tetrode equivalent circuit including, 59 
triode equivalent circuit including, 45 

Intermediate frequency or i-f, 400 
Intermediate-frequency range, see Mid

frequency range. 
Interphase reactor, 239 

current, 243 
voltage, 242 

Interstage coupling circuits, 79 
Inverse feedback, cathode-follower cir-

cuit, 132-134 
circuit arrangements, 130-132 
current, 128 
effect, on amplifier stability, 125-128 

on frequency and phase distortion, 
121-122 

on harmonic distortion, 120 
on output impedance, 128-130 

Inverse feedback, effect, on uniformity of 
operation, 125 

on voltage gain, 117-118 
effects of, 116 
example problem, 123-124 
gain equation, 118 
Nyquist's criterion for stability, 127-

128 
plot of A/3, for R-C amplifier, 127 

transformer-coupled amplifier, 127 
push-pull circuit, 131 
voltage, 128 
voltage amplifiers, 116-134 

Inverter, parallel, 182, 186 
phase, 111 
series, 185 

Ions in gas-filled tubes, 169 
IRE standard symbols, 18-19 

Jahncke, E. (and Emde, F.), 375 
Jen, C. K., 332 

Kircher, R. J., 431 
Koehler, G., 102 
Kozenowski, H. N., 303 

L-C-coupled amplifier, 92 
Leakage inductance in rectifier trans

former, 233 
Leakage reactance, effect of, in polyphase 

rectifier, 233-238 
Limitation of current by space charge, 169 
Limiter, amplitude, 358 
Linear amplifier, class A, 22, 76-77 

class B, 297-303 
Linear operation of triode amplifier, 22 
Llewellyn, F. B., 337 
Load impedance, reactive, 21, 28-30 
Load line, 15-17 

composite push-pull, 114-115 
dynamic, 7 4, 153-154 
static, 74, 153-154 

Load resistor, 15 
Loftin, E. H. (and White, S. Y.), 81 
Lumen, 47 

Marti, 0. K., 238 
Mason, W. P., 343 
Maximum instantaneous forward volt

age, 174 
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Maximum power output ( class-A ampli
fier), large signal, undistorted, 
155-156 

small fixed signal, 154 
Mayer, H. F., 129 
Meacham, L.A., 343 
Meissner oscillator, 335 
Mercury-arc rectifier, 177, 226 
Mercury-pool tube, 177 

ignitron, 226 
Merit figure, tube, gain-bandwidth, 279-

280 
Metal, energy-level diagram for, 416 
Mid-frequency range (intermediate-fre

quency range), 86-87, 90, 98, 100 
Miller, J. M., 43 

Miller bridge, 26 
Miller effect, 43 

Millman, Jacob, 238 
Mixer, pentagrid, 401 

tube, definition, 399 
Modulated wave, mathematical formu

lation, 359-362 
Modulation, 355 

definition of, 357 
nature of, 357, 359 
reasons for, 356-357, 359 
sidebands, 358 
types of, 358-359 

Modulator, 294, 357 
Morrison, J. F., 383 
Morton, J. A., 34, 39, 84, 278, 426 
Motor control, d-c, by thyratrons, 221-

222 
Mouromtseff, I. E., 303 
Moyer, E. E., 222 
Multielectrode tubes, 72 

pentagrid converter, 73 
pentagrid mixer, 73 

Multivibrator, 347-353 
wave forms, 349-353 

Mutual conductance, 12, 14 
measurement of, 28 

Negative feedback, see Inverse feedback. 
Negative resistance, oscillator theory, 

323 
tetrode, 56 

Neutralization, negative susceptance, 
316 

Neutralization, neutrodyne, 316-317 
of electron space charge, 169 
of r-f triode, 314-317 
theory, 315 

Nottingham, Wayne B., 157 
Nyquist, H., 127 

stability criterion, 127-128 

Operating locus, elliptical, 21, 28-30 
Operating power gain, definition, 433 

matched, 456, 458, 462, 465 
of transistor amplifier, 434, 436, 438, 

456,458 
Oscillators, 321-353 

amplitude limitation, 324 
Barkhausen criterion, 327-328 
bias-stabilized circuit, 344 
bridge-stabilized circuit, 343 
buff er amplifier use, 335 
Colpitts, 334 
conditions for oscillation, 324 
crystal control, 341-343 
crystal-controlled tuned-grid, tuned-

plate, 342 
crystal equivalent circuit, 341 
design specifications, 324 
dynatron, 322 
electron coupling, 336 
feedback, basic circuit types, 332 

generalized equivalent circuit, 337 
use of, 324 

frequency stability, 336 
frequency stabilization impedances, 

design of, 336-341 
general principles, 321 
general theory, simplified, 321-324 
Hartley, 333 
isolation of tuned circuit, 335 
linear analysis, feedback approach, 

327-328 
four-pole approach, 325-326 

Meissner, 335 
multivibrator, 347-349 

wave forms, free running, 349-353 
negative resistance, 323 
R-C tuned, 345-346 
relaxation, 176 
tuned-grid, 333 
tuned-plate circuit, 328-331 
tuned-plate-tuned-grid, 334 
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Oscillators, vector diagram of tuned
plate, 330-331 

Overlap (polyphase rectifier), 233-238 
angle of, p-anode rectifier, 236 

three-phase double-wye, 245 
correction due to, 237-238 

Parallel feed, 73 
Pearson, G. L., 418 
Pentagrid converter, 400, 402 
Pentagrid mixer, 401 
Pentode, circuit symbol, 3 

connections, 60 
equivalent circuit for amplifier, 64 
in broadband amplifiers, 135, 141 
interelectrode capacitances, 64 
in tuned amplifier, 264-278 
plate characteristics of, 61, 65 
static characteristics, 61, 65 

Phase compensation, 138-141 
Phase deviation, 358, 361 
Phase distortion, 79 

compensation, video amplifier, 138-141 
reduction by inverse feedback, 121-

122 
Phase-inverter circuit, 111 
Phase modulation, 358, 360-361 
Phase-shift control of thyratron, 214 

circuits for, 217-222 
use of saturable reactors, 221 

Phase-shift curves, shunt-compensated 
amplifier, 140 

Phasitron, 384-386 
Photocell, vacuum, 4 7 

control of relay, 48 
Photosensitive devices, 46 

static characteristics, 47 
Pietenpol, W. J., 449 
Piezoelectric crystal in oscillators, 341-

343 
Plate (anode), conductance, 5 

resistance, 5, 14 
Plate characteristics, see Characteristic 

curves. 
Plate dissipation, in a-f amplifiers, 150-

151 
in plate modulation, 369-370 
in r-f power amplifiers, 302, 308 

Plate efficiency, see Conversion effi
ciency. 

Plate modulation, see Amplitude modu
lation. 

Polar diagram of feedback amplifier, 
R-C-coupled, 127 

transformer-coupled, 127 
Polyphase rectifiers, 226 

commutating voltage, 228 
commutation of current, 228 
harmonic analysis, p-anode rectifier, 

230-231 
ignitrons, 226 
interphase reactor, 239 
interphase reactor current, 243 
interphase reactor voltage, 242 
load-current wave forms, 231 
overlap, 233-238 

angle of, 236 
correction due to, 237-238 

p-anode rectifier analysis, 229 
ripple factor, 230-231 
secondary current, effective value, 231 
six-phase star, 232-233 
three-phase bridge circuit, 238 
three-phase double-wye circuit, 239-

245 
three-phase half-wave circuit, 227 
transformer leakage reactance, effect 

of, 233-238 
utilization factor, 231-232, 245 

Push-pull, advantages of operation in, 
104-105 

composit.e dynamic characteristic, 
105-107 

composite equivalent circuit, 110 
composite load line, 114-115 
composite plate current, 106-107, 109, 

112-116 
composite static characteristics, 111-

115 
input circuits, 110 
operation, 104-116 

Push-pull amplifier operation, class A, 
104-116 

class AB, 161-163 
class B, 115-116 
optimum class A1, 164-165 
optimum class AB1, 164-165 

Q of circuit, effective, in tuned amplifier 
271, 278, 279, 281 
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Q of circuit, fundamental definition, 
253 

loaded, in tuned power amplifiers, 310-
313 

parallel circuit, 251 
series circuit, 250 
transformer-coupled amplifier circuit, 

271 
Quiescent operating point, Q, 7, 9, 13, 17, 

22, 23 

Rating of gas tube, 171-173 
R-C-coupled amplifier, 79, 84-92 

plot of A,B for, 127 
push-pull, with phase inverter, 111 

R-C tuned feedback oscillator, 345-346 
Reactance-tube modulator, 378-384 
Receiver, for AM waves, 396 

superheterodyne, 396 
Rectifier, bleeder resistance, 207 

definition, 188 
full-wave, gas-filled, 197-198 

vacuum, 193-196 
grid-controlled, 212 
half-wave, circuit, 189 

vacuum, 189-193 
ripple factor, 189, 191 
ripple voltage, 189 
tungar, 178 

Regulator, voltage, 175 
Relaxation oscillator, 175-179 
Resonance curve, double-tuned coupled 

circuit, 255-256 
fractional frequency deviation, 251-

252 . 
series R, L, C circuit, 250 
universal, parallel R, L, C circuit, 252 

Ripple factor, 189, 191 
capacitor-input filter, 212 
inductor-input filter, 210 

Russell, J. B., 130 
Ryder, R. M., 278, 427, 431 

Screen grid, 53 
Screen-grid tube, see Tetrode. 
Secondary emission, 56 

in r-f power amplifiers, 294 
suppression of, 59-60 

Seely, Samuel, 238 
Self-bias, 25, 49, 50, 333, 334, 344 

Semiconductor, boundary-layer effects 
in, 423-425 

conductivity of, 419 
energy-level diagram for, 416 
extrinsic, 417 
forbidden region, 416, 418, 419 
germanium, 420-423 
Hall effect in, 419-420 
hole-electron pairs in, 421-422 
intrinsic, 416 
n-type, 417, 422 
p-type, 418, 423 

Series feed, 333 
Shannon, C. E., 357 
Sheath, positive ion, 173 
Shede, 0. H., 61 
Shield-grid thyratron, 180 
Shockley, W., 419, 448 
Shunt feed (parallel feed), 73, 333, 334 
Sideband frequencies, see Frequency 

modulation. 
Sidebands, see Modulation. 
Single-phase rectifier circuits, 188-225 

bleeder resistance, 207 
capacitance filter, 199-203 
capacitor-input filter, 210-212 
conduction angle, gas-filled tubes, 197, 

198 
d-c power output, 192, 196, 198 
efficiency, full-wave circuit, 196, 198 

half-wave circuit, 192 
filters, 199 
full-wave circuit, advantages, 195 
full-wave vacuum-tube circuit, 193-

196 
half-wave vacuum-tube circuit, 189-

193 
harmonic current components, 191, 

195 
inductance filter, 205-207 
inductor-input filter, 207-210 
ripple factor, 191 
voltage doubler circuit, 204 

Single-tuned circuit, optimum adjust
ments, 253-254 

Single-tuned transformer-coupled r-f am
plifier, 267-271 

bandwidth, 271 
optimum resonance, conditions for, 

269-270, 271 
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Single-tuned transformer-coupled r-f am
plifier, Q, effective, 271 

voltage gain, 268-269, 270-271 
Space-charge limitation of current, 169 
Space-charge neutralization, 169 
Sparks, M., 448 
Stability, of amplifier, effect of inverse 

feedback, 125-128 
Nyquist's criterion, 127-128 
of transistor amplifier, 432 

of oscillator, 336-341 
Staggered tuning of amplifiers, 282-283 

bandwidth of, 283 
relative gain, 282 
response characteristics of, 283 

Standard symbols, IRE, 17-19 
definitions, 18-19 

Static characteristics, 4 
see also Characteristic curves. 
beam-power tube or beam tetrode, 62 
circuit for obtaining, diode, 4 

triode, 14 
composite, beam tetrode, 163 

diode, 6-9 
triode, 112, 162 

diode, 5, 8 
pentode, 61, 65 
tetrode, 55 
triode, 11 

Strecker, F., 34 
Superheterodyne receiver, 396 
Suppressor grid, 59-60 
Sweep circuit oscillator, see Relaxation 

oscillator. 
Synchronous switch, 290 

Tang, K. Y., 190 
Tank circuit, 290, 291 
Tank current, 292, 293 

curves for, 293 
measurement of, 292 

Taylor series, 67, 297 
Teal, G. K., 448 
Terman, F. E., 100, 104, 121, 130, 144, 

266,346 
Tetrode, 53 

beam-power, 61-62 
circuit symbol, 3 
composite push-pull characteristics, 

163 

Tetrode, equivalent a-c circuit, 57-58 
input admittance, 59 
static characteristics, 55 

Thomas, H. A., 333 
Thomas, H. P., 384 
Thompson, B. J ., 108 
Three-phase double-wye circuit, 239-245 

Fourier analysis of wave forms, 242 
interphase reactor, 239 
interphase reactor current, 243 
interphase reactor voltage, 242 
overlap angle, 245 
transition current, 244 
voltage regulation, 244 
wave forms, load voltage, 241, 243 

secondary voltage, 239 
Thyratron, 173, 174, 178 

control characteristics, 179, 181, 213 
d-c control, 181-185 
d-c motor control, 221-222 
electrode arrangement, 174 
ignition angle, 213-215 
inverter. circuits, 182, 185, 186 
phase-shift control, 217-221 
shield grid, 180 

Time delay on line, 139 
of wide-band amplifier, 140-141 

Torrey, H. C., 418 
Transconductance, 12, 14 

measurement of, 28 
Transducer, definition of, 358 
Transformer-coupled amplifier, 80 

audio-frequency voltage, 93-104 
plot of A,8, 127 
single-tuned r-f, 267-271 

Transistor, current amplification factor, 
438-440 

junction, n-p-n, 448-450 
nature of, 425 
noise, 468 
performance data comparison, 427 
type-A point contact, 426 

Transistor-n-p-n junction, 448-450 
circuit parameters, 453 
image impedances, 456 
static characteristics, 450-452 

Transistor-type A, cascade arrange
ments, 442-447 

equivalent a-c circuit of, 429, 431, 432 
frequency characteristics, 438-442 
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Transistor-type A, power stage, 447 
static characteristics, 427-428 

Transistor amplifier circuits--n-p-n, 
biasing, grounded collector, 464 

grounded emitter, 459-461 
collector current control, 459-460 
frequency limitations, 465-468 
generalized circuit relations, 454-456 
grounded base, 456-458 
grounded collector, 463-465 
grounded emitter, 458-463 

Transistor amplifier circuits-type A, 
cascade arrangements, 442-447 

condition for stability of, 432 
general four-pole, 429 
grounded base, 429-434 
grounded collector, 436-438 
grounded emitter, 434-436 
power stage, 44 7 
T network, 431, 432 

Transmitter, FM, block diagram, 380 
Triggering of thyratron, 173, 178, 213-

214 
Triode, amplification factor, 11-12 

circuit symbol, 3 
coefficients (or parameters), 10-11, 14 
composite push-pull characteristics, 

112, 162 
constant-current characteristics, 10-

11, 305 
equivalent a-c circuit, 22-23 
load resistance, optimum, 154-156 
maximum undistorted power output, 

155-156 
mutual characteristics, 10-11 
plate characteristics, 10-11 
plate current, linear approximation 

for, 298 
plate resistance, 11, 14 
theoretical plate efficiency, 157-158 
transconductance, 11-12, 14 

Trippler, frequency, see Frequency trip
pler. 

Tube, definitions, 2 
vacuum, circuit symbols, 3 

Tuned coupled circuits, 253-262 
analysis of, 257-259 
band-pass characteristic, 256 
bandwidth, double-tuned circuit, 261-

262 

Tuned coupled circuits, double-tuned, 
254-256 

optimum adjustment, double-tuned, 
255 

primary, 254 
secondary, 253 

resonance curves, double-tuned cir
cuit, 256 

single-tuned, 253-254 
voltage gain, double-tuned circuit, 

258-259 
Tuned direct-coupled amplifier, band

width, 266 
voltage gain, 265, 267 

relative, 266 
Tuned-grid oscillator, 333 
Tuned-plate oscillator, 328-331 
Tuned-plate, tuned-grid oscillator, 334 

crystal-controlled, 342 
Tuned r-f power amplifiers, 290-320 

analysis of, class B, 297-303 
discussion, 296 

applications of, 292 
circuit for, 291 
conversion efficiency of, 295, 301 
example solution for, 305-309 
external characteristics of, 292-295 
graphical analysis of, 303-309 
grounded-grid circuit of, 318-319 
linear properties of, 292-295 
load coupling, analysis of, 309-313 
neutralization, triodes, 314-317 
phase relations, class B, 299 

class C, 291 
power supplies and bias for, 317-

318 
secondary emission effects, 294, 301 
variables used in analysis of, 292 

Tuned r-f voltage amplifiers, class A, r-f, 
263 

direct-coupled circuit, analysis, 265-
266 

impedance characteristic, 263 
in cascade, 280-282 
requir"ements for tuned class A, 263 
single-tuned direct-coupled, 264-267 
single-tuned transformer-coupled r-f, 

267-271 
typical circuits, 264 

Tungar rectifier, 178 
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Utilization factor, 231-232, 245 
six-phase star, 245 
three-phase double-wye, 245 

Valence electrons, 415-416 
Van Dyke, K. S., 342 
Variable-mu tubes, 72 
Video amplifier, 134-144 

frequency compensation, high, 136-
141 

low, 141-144 
phase distortion compensation, 138-

141 
time delay, 138-141 

Voltage amplification factor, 11-12, 14, 
27 

Voltage doubler, 204 
Voltage feedback, 128 
Voltage gain, backward, 38 

definition, 24 
double-tuned amplifier, 274-276 
doubled-tuned coupled circuit, 258-

259 
feedback amplifier, 117-118 
forward, 38 
grounded-grid amplifier, 284 

Voltage gain, transformer-coupled r-f am
plifier, 268-269, 270-271 

triode amplifier, 43 
Voltage regulator tube, 175 
Volt-ampere characteristic, see Charac

teristic curves. 

Wallace, R. L., Jr., 449 
Wave, 139 

carrier, 357 
definition of, 355-356 
equation of, 356 
frequency, 139 
modulated, mathematical formulation 
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