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PREFACE

THis book is intended to provide a refresher course in mathe-
matics for those who have previously mastered the subject
but have forgotten the fundamental facts concerning the
various branches of calculation. It is not intended as a first
course, and it has been presunied ‘that the reader will recall
by a perusal of this book his earlier instructions in the subject.
None the less, it will be found easy to follow by those making
their first acquaintance with mathematics.

I have received a large number of letters from readers of
my journals asking me to prepare such a course so that they
could study for the entrance examinations set by the various
Services and Institutes associated with engineering and
mechanics.

Although in one volume I have covered many of the branches
which are normally comprised by several volumes, I have been
enabled to do this by adopting the plan mentioned above,
namely, of considering the book as a refresher course.

I have given sufficient examples to remind the reader of
the various points associated with particular calculations, at
least one example of each mathematical concept being given.

The book is arranged on the plan I found successful
in teaching mathematics and machine drawing, and the
chapters take the reader up to matriculation standard.
Tables of trigonometrical functions and logarithms which the
reader will find necessary in working some of the examples
are included at the back of the book.

This third edition has been revised.

F. J. CAMM.
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CHAPTER 1
MaTHEMATICAL TERMS AND SIGNS

BEFORE we can use figures to arrive at correct results we must
possess certain tools in the form of the standard symbols.
These symbols are used all over the world and it is very neces-
sary to memorise them, because they are, in effect, the short-
hand of calculation. Here they are :

+ Plus, or add. ~ Difference of.

— Minus, or subtract. < Less than.
X Multiply by. > Greater than.
-~ Divide by. =< Equal to, or less than.
| Divide by. = Equal to, or greater
— Is equal to. than.
Is always equal to. 4 Not less than.

Identical with. + Not greater than.
==, =, or = Approximately oc Varies as.

equal to. o Infinity.
.". Therefore. Parallel with.

".* Since, because. Perpendicular to.

( Single bracket. Vinculum or bar (but
f Double bracket, or the use of brackets
L brace. is preferable).

[ Square bracket.

+ Plus or minus, t.e. either plus or minus, according to
circumstances.

| + Modified plus sign, indicating that direction is taken into
account as well as addition, as in obtaining the vector sum
of two forces.

% Sign of vector subtraction.

The symbols °, ', and ” are used to denote a degree, a minute,
and a second respectively in the sexagesimal system of
measurement, in which a right angle is divided into ninety
equal parts called degrees, each degree is divided into
sixty equal parts called minutes, and cach minute is
divided into sixty equal parts called seconds.

S Sigma, the sum, or ““ summation of the products of.”

= Pi, the ratio of circumference to diameter, also 180° in
circular measure,

6 Theta, any angle from the horizontal.

¢ Phi, any angle from the vertical.

® Circle, or station point. A Triangle, or trig station.

7 Square root. The ./ signis known as a radical. %/ Cube

root. 4/ Fourth root.
I* »
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|5 means factorial 5, or continued product up to 5=1x2x3 X
4x5. The factorial sign is sometimes written thus: !
Hence 5! means the continued product up to 5, and is
the same as |5.

IO n=continued product of numbers up to n=1x2x3 ... n.

a, b, ¢ used for known quantities ; =z, y, z for unknown quanti-
ties. 7 is used in place of any whole number.

A full stop (.) is sometimes (3 Parallelogram.
used instead of the [J Square.

multiplication sign. O Circumference.
8 Sign of differentiation.
= Unequal to. (=) Semi-circle.

Is to. [ Quadrant.

.. As; sois (ratio) —~ Are.
» Not parallel. (), [1, 7\ Vincula.
Z Angle L Right angle. ()

P

is the sign of integration between limits o and x.
o b
The symb(%;.dx means ‘‘ the area beneath the curve whose
a

ordinate is y, from x=a to x=b.”
90°
3 gind 6 means the summation of the cubes of the sines
00

of the angles 0 to 90.

The sign 4 (plus) or — (minus) has a higher separating power
in a formula than X (multiplication); therefore parts con-
nected by X may be multiplied out before passing beyond
the other signs. Remember that plus times plus = +, plus
times minus= —, minus times minug= .

ROMAN NUMERALS

1 2 3 4 5 61 8 9 10 50 100 500 1000

I II IIT Iv v VI VII VIII IX X L C D M
It will be observed that IV =4, means 1 short of 5; in the

same way 1X=9, means 1 short of 10; XL=40, means 10

short of 50 ; XC=90, means 10 short of 100 ; so for 1814 we

have MDCCCXI1V, and for 1944 we have MCMXLIV.

Other Mathematical Terms.—A postulate is something to be
done of which the possibility is admitted. A theorem is a truth
capable of demonstration by reasoning of known truths. A
corollary is a geometrical truth deducible from a theorem.

Operand.—Any quantity or symbol to be operated on. A
Faciend.
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. Q.E.D. stands for guod erat demonstrandum. This is placed
at the end of a theorem to mark that the truth of it has been
proved (popularly, quite easily done /).

Q.E.F.is placed at the end of a problem, and stands for quod
erat faciendum, to indicate that the problem has been done.

A reflex angle is one which is greater than two right angles.
A scalene triangle has three unequal sides. An egquilateral
triangle has three equal sides.

An isosceles triangle has two equal sides.

A right-angle triangle has one angle of 90°, and the side
opposite the right angle is called the hypotenuse.

Atriangleisa plane figurebounded by threestraightlines. Any
one of its points may be considered as the vertex ; the opposite
side to the vertex is called the base, and the altitude of the tri-
angle is the perpendicular distance of the vertex from the base.

A parallelogram is a four-sided figure having opposite sides
parallel.

A square is a parallelogram which has all its sides equal and
all its angles right angles.

A rectangle is a parallelogram having each of its angles
right angles, and its opposite sides equal in length. Thus, an
oblong is a rectangle.

A rhombus, rhomb, or rhomboid is a parallelogram with all its
sides equal but none of its angles is a right angle.

A quadrilateral is any figure enclosed by four straight lines.

A trapezium is a four-sided figure which has only two of its
sides parallel.

Radix.—A quantity regarded as a base or fundamental unit,
as 10 is the radix of the common system of logarithms.

Tangent.—(Geometry) A line touching, but not intersecting,
a curved line or surface; (Trigonometry), one of the three
fundamental functions of an angle (see Chapter XXIII).

Quaternion.—The quotient of two vectors, or the operator
which changes one vector into another, so called because it
depends on four geometrical elements and is capable of being
expressed by the quadrinomial formula :

w+xi +yj + 22k,
in which w, x, y, z are scalars, and ¢, j and % are mutually per-
pendicular vectors whose squares arc —|.

Scalar.—A pure or real number; that term of a quaternion
which is not a vector, but a real number.

Any whole number is known as an integer.

Nought (0) is known as a cypher. Digits are the figures 1, 2,
3,4,5,6,7, 8,9, 0.
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The number preceding the sign of multiplication (x) is
known as the multiplicand. The number following the sign
of multiplication is called the multiplier. The result of multi-
plication is called the product. The two numbers themselves
(the number before the multiplication sign and the number
after it) are called factors of the product.

The number preceding the sign of division (=) is called the
dividend. The number following the sign of division is called
the divisor. The answer to a division sum is called the gquotient.

A prime number is any number which is not divisible by
any other number except unity (1). Hence 1, 3, 5, 7, 11, 13,
17, 19, etc., are prime numbers.

A factor, multiple, or measure, is a number which divides an
exact number of times into any other number. Sometimes it
is referred to as a sub-multiple of the number.

A reciprocal is the quotient obtained by dividing unity by a
number. Thus the reciprocal of 2 is },and thereciprocal of is2.

When any number is multiplied by itself the result is known
as the square, or second power of the number. When the
number is multiplied by itself twice, the result is the cube or
third power of the number. If any number is multiplied by
itself three times, the result is the fourth power, and so on.

A method of indicating the power of a number is to put a
small figure near the right-hand top of the figure; thus, 73 means
7 raised to the third power, or 343, which equals 7x7x 7.

A surd is a quantity which is irrational or indeterminate.
Thus a recurring decimal is a surd, and so is any unending
decimal, like p¢. Such numbers are sometimes called incom-
mensurable numbers.

A wvector is a line whose length represents the amount
of a quantity, and whose direction indicates which way the
quantity is acting.

Acnode.—A point outside a curve whose co-ordinate satisfies
the equation of the curve ; a conjugate point.

Addend.—A quantity or number which i3 to be united in one
sum with another quantity or number. This latter quantity
is called the augend.

Adfected.—Containing different powers of an unknown
quantity.

Aliguot.—Containedin another number without a remainder.

Aliquant—Contained in another number but with a
remainder.

Index.—The number denoting the power of a given quantity.

Exponent.—Same as index.
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The Highest Common Factor (H.C.F.), sometimes termed
the Greatest Common Measure—or Greatest Common Divisor, is
the greatest number which is contained an exact number of
times in each of two or more numbers. It is usually abbrevi-
ated to H.C.F. The usual method of finding the H.C.F. of two
or more numbers is to break each number up into its factors.

Taking the two numbers 15 and 75, the factors are :

15 equals 3 x 5.
75 equals 3 X5 X 5.
The H.C.F. is therefore 3 x 5=15.
Another example : find the H.C.F. of 5005 and 2805.
The factors of 5005 are 5x7x11x13.
The factors of 2805 are 3 xX5x 11X 17.
The H.C.F. is 5x 11, which equals 55.

If a number contains another number an exact number of
times, the first number is termed a multiple of the second.
The smallest number which contains each of two or more
numbers is known as the Least Common Multiple, abbreviated
to L.C.M. It will be observed that in factorising, the factors
are prime numbers. To find the L.C.M. of two or more
numbers, each of the numbers is split up into its prime factors.
When this is done, choose the highest powers of each prime
factor which occur in the products. The L.C.M. is obtained
by multiplying the highest powers together. Thus, the L.C.M.
of 110, 45, and 40 is found in the following way :

110 equals 2x5x11.
45 equals 32 x 5.
40 equals 23 x 5.

The highest powers of 2, 3, 5, and 11 which occur are 23, 32,
5,and 11. Therefore, the L.C.M.is 23x 32 5 x 11, which equals
8x9x5x11, or 3960.

There is a simple way of finding the L.C.M. The numbers are
arranged after one another; separate each by a comma, thus :
110, 45, 40.

Now divide the numbers by any number which is a factor
of two or more of them. Thus :

5)110, 45, 40
2) 22, 9, 8
y 11, 9, 4

The L.C.M. is found by multiplying the divisors by the
numbers in the last line. ~Hence :
5x2x11x9x4=3960.



CHAPTER 11
Fracrioxns

A fraction consists of two numbers separated by a horizontal
line. The one above the line is known as the numerator, and
the one below is the denominator. Thus, }, 1,1, %, 3, £, § are
fractions. The denominator indicates the number of parts
the unit has been divided into, whilst the numerator indicates
the number of those parts we are considering. Thus half a
crown is th of a £, but in relation to 5s. it is 4. There are -
various sorts of fractions. A proper fraction is one which is
less than unity (1). The fractions given above are all proper
fractions. An impraper fraction is one which is more than
unity, such as &*, 13,

When the numerator and denominator of a fraction are
each multiplied or divided by the same number the value of
the fraction is unaltered. For example, } is the same as -,
or -

Aggition.—-When adding, subtracting, or comparing frac-
tions each having the same denominator, it is only necessary to
add, subtract, or compare the numerator of such fractions, but
when the denominators are not similar the fractions must first
be reduced to equivalent fractions each having the same
denominator. Hence, to add Zths and $ths together it is
merely necessary to add the numerators=~2ths. In order to
add together § and & we must convert } into 16ths, by
multiplying the numerator and denominator by 4, producing
j#ths, which added to the {th gives liths as the answer.
Or again, to add together ? and § we can multiply the de-
nominators together, making 63rds. Hence, ?=3}, and §=35.
We can now add the numerators together, making §i. We
could obtain exactly the same result by what is known as
cross multiplication, thus taking the two fractions ? and & we
obtain 9 times 3=27, and 7 times 5=35. We now multiply
the denominators together, thus obtaining -+ %, which=_gZ.
It is always necessary when adding fractions to convert each

of them to a common denominator. It is important to note
14
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that any whole number can always be expressed in a fractional
form, thus 9=3.

A mized number is one consisting of a whole number and a
fraction, thus 5%, 6}, 24, are mixed numbers. These can be
expressed as fractions : 5}=1%"', 2§=15", and 6}=Y". Observe
that in order to convert a mixed number into a fraction the
denominator is multiplied by the whole number and the
numerator added.

It is often convenient when adding up mixed numbers to
add the whole numbers first, but in multiplication and division
it is best to reduce the mixed number to an improper fraction.

Multiplying and Dividing Fractions.—To multiply a fraction
by a number, either multiply its numerator by the number or
dwide its denominator by the number. For example, multiply
£ by 4. Multiplying the numerator we get ;g, which equals
1}. Alternatively, divide 16 by 4 and so obtain ;. To divide
a fraction by a whole number, either divide the numerator by
the number or multiply the denominator by it. Example :
Divide # by 4. Multiplying the denominator by 4 we get .
But § =13, and dividing 12 by 4 we obtain ;% in the same way.

To multiply a fraction by a fraction, multiply the numerators
together and the denominators together. Thus, § X #=33.

Cancelling.—When a number of fractions have to be multi-
plied together the numerators are multiplied together and also
the product of the denominators providing the numerator and
the denominator of the result. Before doing this, it is useftl
to cancel out as far as possible in order to avoid unwieldy
multiplication sums and final cancelling. For example :

9
I

o[ 8
=l oa

s

oo
X

X
T =t
=
X
R
X

o Nfcs
o

From this it will be noticed that the 23’s and the 16’s cancel out,
numerator 5 divides into the 20, leaving 4, denominator 8
divides into numerator 32, leaving 4, which cancels out the
denominator of the fraction #, leaving X £, which equals ..

Dividing One Fraction by Another.—To divide one fraction
by another invert the divisor and multiply the remaining
fraction by it. Example : Divide ;; by i3. Inverting $i we
get 1%, and multiplying 4 by ¢ obtain !}{. This will cancel
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down to }, because 864 is exactly six times 144. We could,
and in practice would, have arrived at this result by cancelling
the fractions themselves, thus :

9 18 1 11
3272127376
2 3
Further Examples.—Divide 3} by 2}.
25 4 _25
279 18
2

Divide {; by 7. Answer, ;.
Divide 1{; by {’T. Answer, 27.
Multiply 1 by . Answer, }.
Multiply & by 74. Answer, 15.
Multiply 4% by 8%. Answer, 34}%.
Divide 4% by 8%. Answer, ? 4 oL
Divide 7% by 3% Answer, 3§
Multiply Z by %. Answer, ‘%g
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that any whole number can always be expressed in a fractional
form, thus 9=32.

A mizxed number is one consisting of a whole number and a
fraction, thus 5%, 6%, 2}, are mixed numbers. These can be
expressed as fractions : 54=Y%', 24=1%", and 6}=1". Observe
that in order to convert a mixed number into a fraction the
denominator is multiplied by the whole number and the
numerator added.

It is often convenient when adding up mixed numbers to
add the whole numbers first, but in multiplication and division
it is best to reduce the mixed number to an improper fraction.

Multiplying and Dividing Fractions.—To multiply a fraction
by a number, either multiply its numerator by the number or
diwvide its denominator by the number. For example, multiply
4 by 4. Multiplying the numerator we get {3, which equals
1}. Alternatively, divide 16 by 4 and so obtain ;. To divide
a fraction by a whole number, either divide the numerator by
the number or multiply the demominator by it. Example :
Divide § by 4. Multiplying the denominator by 4 we get ;.
But f =%, and dividing 12 by 4 we obtain % in the same way.

To multiply a fraction by a fraction, multiply the numerators
together and the denominators together. Thus, § X §=3%.

Cancelling.—When a number of fractions have to be multi-
plied together the numerators are multiplied together and also
the product of the denominators providing the numerator and
the denominator of the result. Before doing this, it is useful
to cancel out as far as possible in order to avoid unwieldy
multiplication sums and final cancelling. For example :

| 2w
Hlba
=l ta

ale

_ s

X
NIH
™l

X
ol S

X

- Do

From this it will be noticed that the 23’s and the 16’s cancel out,
numerator 5 divides into the 20, leaving 4, denominator 8
divides into numerator 32, leaving 4, which cancels out the
denominator of the fraction %, leaving £ X, which equals %.

Dividing One Fraction by Another.—To divide one fraction
by another invert the divisor and multiply the remaining
fraction by it. Example : Divide ;; by ;. Inverting {{ we
get 34, and multiplying 4 by 44 obtain 1i!. This will cancel
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down to }, because 864 is exactly six times 144. We could,
and in practice would, have arrived at this result by cancelling
the fractions themselves, thus :

s A8 1.1 1
327 21=2%3 ¢
2 3
Further Examples.—Divide 3} by 2}.
25 4 3
g9 18

4

-

Divide 45 by 71. Answer, ..
Divide 1%, by *. Answer, 27.
Multiply 1% by . Answer, }%.
Multiply {5 by 74. Answer, 15.
Multiply 4% by 83. Answer, 3443,
Divide 4 % by 81. Answer, 2§}.
Divide %y by 3%. Answer, 315.
Multiply Z by . Answer, %%.



CHAPTER III
CONTINUED FRACTIONS : APPROXIMATIONS

QUITE often in workshop calculations an unwieldy fraction
occurs. A fraction having a large denominator consisting of
a prime number is reduced to simpler terms by means of
continued fractions. In this system of continued fractions
unity is used for the numerator and the denominator is an
entire number or integer plus a fraction.

Continued fractions, therefore, enable us to find another
fraction expressed in smaller numbers which may be sufficiently
approximate to another value expressed in large numbers.

Example : What fraction expressed in smaller numbers is
nearest in value to %% ? Dividing the numerator and de-
nominator by the same number does not change the value
of the fraction. Dividing both terms of %% by 29, we have

1 . . .
53 O what is the same thing expressed as a continued
T
. 1 .
fraction, ,.+ . The continued fraction -—— s exactly equal
7
to %%. 1f, now, we reject the 5\, the fractlon L will be larger

than 5 1-; , because the denominator has been diminished, 5
ERY

being less than 53%. ! is something near %% expressed in
smaller numbers than 29 for a numerator and 146 for a
denominator. Reducing ! and ‘s to a common denominator,
we have ]:l{" and %/g=15§. Subtracting one from the
other we have 1y, which is the difference between } and .

There are fourteen fractions with terms smaller than 29 and
146, which are nearer %'y than } is, such as 1}, 1}, and so
on to %%. In this case by continued fractions we obtain one
apprommatlon namely }, and any other approximations, such
as }§, 14, ete., we find by trial. 1t will be noted that all these
approx1matlons are smaller in value than %%. There are
cases, however, in which we can, by continued fractions, obtain
approximations both greater and less than the reqmred

fraction.
17

.
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In the French metric system, a millimetre is equal to
03937 inch : What fraction in smaller terms nearly expresses
‘03937 inch * -03937, in a vulgar fraction, is {2425, Dividing
both numerator and denominator by 3937, we have 25157

tejecting from the denominator of the new fraction, 133 ‘;;i,.t‘,'h'e
fraction ;5 gives us a pretty good idea of the value of -03937 inch.

If, in the expression o51ains We divide both terms of the frac-

3957
tion 3§12 by 1575, the valuc will not be changed. Performing
the division we have

We can now divide both terms of """, by 787, without
changing its value, and then substitute the new fraction for
'35= in the continued fraction.

Dividing again, and substituting, we have :

LO[ =

5

lo“»—l
|

e
787
as the continued fraction that is exactly equal to -03937.
In performing the divisions, the work stands thus :

3937)100000(25
7814
21260
19685
1575)3937(2
3150
787)1575(2
1574
1)787(787
787

=
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That is, dividing the last divisor by the last remainder, as
in finding the greatest common divisor, the quotients become
the denominators of the continued fraction, with unity for
numerators. The denominators 25, 2, and so on, are called
incomplete quotients, since they are only the entire parts of
each quotient. The first expression in the continued fraction

is 4 or -04—a little larger than -03937. If, now, we take 2..:_ 3
we shall come still nearer -03937. The expression ‘,5%% is

merely stating that 1 is to be divided by 25§. To divide, we
first reduce 25} to an improper fraction, ', and the expression

becomes l,, or one divided by 5. Todivide bya fraction, invert

the divisor, and proceed as in multiplication. We then have
# as the next nearest fraction -03937. gr=-0392+, which is
smaller than -03937. To get still nearer, we take in the next
part of the continued fraction, and have :

1

2541
241

9

P

We can bring the value of this expression into a fraction,
with only one number for its numerator and one number for
its denominator, by performing the operations indicated, step
by step, commencing at the last part of the continued fraction.
Thus, 2434 or 2} is equal to 3. Stopping here, the continued
fraction would become—

[

| S L O



20 A REFRESHER COURSE IN MATHEMATICS

1 1
iy 2 5 ey 2 127 .
Now, 3 equals %, and we have o5 e 25% equals 1%7;

2 3

substituting again, we have ,—1— Dividing 1 by 137, we have

15+. This is the nearest fraction to 03937, unless we reduce

the whole continued fraction :
1

2541

241
241

787

which would give us back the -03937 itself.

127="03937007, which is only 4545 5e00 larger than -03937.
It is not often that an approximation will come so near as this.

This ratio, 5 to 127, is used cutting millimetre thread screws.
If the leading screw of the lathe is 1 to 1 in., the change gears
will have the ratio of 5 to 127 ; if 8 to 1 in., the ratio will be
8 times as large, or 40 to 127 ; so that with leading screw 8 to
inch, and change gears 40 and 127, we can cut millimetre
threads sufficiently accurate for practical purposes.



CHAPTER 1V
DEecimaLs

Definitions.—Any fraction in which the denominator is 10,
or some multiple of 10, is known as a decimal fraction. We
know that in whole numbers each digit to the left increases
in value by ten times. Thus the number 6,843,291 means

unit

tens

hundreds

thousands

ten thousands
one-hundred thousands
millions

SO0 W WD =

Each move to the left signifies a value ten times greater than
that of the place preceding it. Conversely, each move to the
right reduces the value of the digits to one-tenth.

This system is the basis of decimals, and it is also employed
to express numbers which are less than unity. We use a
decimal point to separate the whole numbers from the fraction,
putting the whole numbers (if any) to the left of the decimal
point, and the fractional number to the right of it. Thus
192:375 means one hundred and ninety-two whole units, plus
2;ths of a unit, plus ,3sths of a unit, plus ;45,ths of a unit,
and such a decimal would be expressed verbally as one hundred
and ninety-two, point three seven five.

Subtraction and Addition of Decimals.—The ordinary
rules of arithmetical multiplication and division apply to
decimals, but it is important to keep the decimal points of the
quantities being added or subtracted under one another. Here is
an example of decimal addition :

390625
14-31975
2:47113
125-00139

180-85477

21
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Subtraction is, of course, the reverse :

187-923875
63-198362

124-725513

Multiplication of Decimals.—In multiplication treat the
two quantities as whole numbers. The position of the decimal
point is obtained by counting the number of fractional digits in
the multiplicand and the multiplier, adding these together, and
counting off from the right of the product this number of digits ;
the decimal point is placed to the left of the digit so counted
off. For example : Multiply togcther 39-675 by 84-2163.

84.2163
39675

4210815
58951410
505297800
7579467000
25264890000

33412817025

There are four decimal places in one quantity, and three
in the other: 413 =7, so there will he seven decimal places
in the product, and the latter thus becomes, counting off
seven places from the right,

3341-2817025

The same method applies irrespective of the number of
decimal quantities which are to be multiplied together.

Decimal Approximations. — Now, 3341-2817025 for all
practical purposes can be shortened to 3341-282, rejecting
the remainder of the decimal. Such a shortened result is said
to be approximately correct to three decimal places or to three
significant figures. There is a rule concerning this shortening
process. If a rejected or discarded decimal is 5 or over, one is
added to the next figure to the left. Thus, in the decimal given
above, 7 being greater than 5 is rejected, and the figure 1 to
the left of it is increased to 2. Another method of decimal
approximation which has been approved internationally is to
make the decimals even. That is to say, in the case of (for
example) the number 39-455, we should shorten this to 39-46
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(adding 1 for the 3 which is dropped or for any. number over 5).
In the case of a number such as 39-444 we should merely
shorten this to 39-44. Making the decimals even, it is claimed,
gives a closer average result.

If the result were required approximately correct to one
decimal place, we should shorten 3341-2817025 to 3341-3. If
required correct to one, two, three, etc., decimal places, the
decimals beyond are merely discarded, thus :

3341-281
3341-28
3341-2

are correct to three, two, and one decimal places respectively.

If the decimal is purely fractional and contains a number of
noughts after the decimal point, at least one significant figure
must, of course, be left. For example, in the decimal fraction—

-0000063192

we may shorten it only to -000006.

When multiplying decimals by 10, or any multiple or sub-
multiple of 10, it is merely necessary to move the decimal point
one place for each power of 10 in the multiplier.

Example : Multiply 394-264 by 100.
Answer : 39426-4 (the decimal point moved two
places because 100=10x10).

In multiplying by any multiple or submultiple of 10, the
decimal point is moved, as in the above example, to the right,
if the decimal includes a whole number. If the decimal is
purely fractional, the decimal point is also noved fo the right.

Example : Multiply -38624 by 100.
Answer : 38-624.

The number of places the decimal point must be moved when
multiplying by functions of 10 is fo count the number of digits
in the multiplier and subtract 1 from it. Thus :

To multiply by 10, move decimal point one place (2—1) ;

To multiply by 100, move the decimal point two places
(3=1); :

To multiply by 1000, move decimal point three places

To r,nultiply by 10,000, move decimat point four places

(5—=1);
and so on.
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Division of Decimals.—In dividing decimals by 10 or mul-
tiples of 10, move the decimal point to the left—reversing the
process explained above.

Example : Divide 375 by 100.
Answer : .00375.
Divide 375:625 by 100.
Answer : 3:75625.

Division of decimals is carried out in the same manner as
for whole numbers, and the fixing of the decimal point is the
only part of the process which neceds explanation. For
example : divide ‘95 by -235. In other words, we must find
a number which, when multiplied by -235, produces -95.

It is nearly always convenient to multiply the number in
the divisor by some multiple of 10 which will make it a whole
number. Thus, in the example given, -235x 1000 produces
235. We must, of course, multiply the dividend also by 1000,
thus producing 950. Division is then carried out in the follow-
ing way :

235)950-0(4-04255
940
10-00
940

60-0
47 0
1300
1175

125-0
117 5

The same method is adopted if the divisor includes whole
numbers as well as a decimal fraction. For example, divide
75-00625 by 3-125. Here we multiply the divisor by 1000,
producing 3125 ; multiplying the dividend also by 1000 we
obtain 75006-25. The division is then carried out in the follow-
ing way :
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3125)75006-25(24-002
6250
12506
12500
6250
6250

0000

Recurring Decimals.—In some cases of decimal division the
calculation can be carried on indefinitely, and such decimals
are known as recurring decimals.

For practical purposes it is not necessary to carry calcula-
tions beyond three places of decimals, and usually two or
three significant figures suffice. It is important to remember
that noughts immediately after the decimal point do not count
as significant figures. Thus, in decimals such as -0000329, the
first significant figure is 3, and expressed correct to one
significant figure the fraction is expressed as -00003 ; to twe
significant figures -000032, and so on.

It is always wise to discard the unnecessary figures, because
they make the calculation unnecessarily lengthy and add to
the possibility of error. Remember that for approximate
results any figure over 5 may be added as 1 to the next decimal
place .fo the left. The above .decimal could thus be written
(approximately correct) as -000033.

Recurring, circulating, or repeating decimals are denoted by

a dot over the recurring figure ; thus, -303 means -3033333 . . .
and so on to infinity. Similarly, groups of figures in the

decimal fraction may recur. Thus, -393939, or -73537353. In
this case the dots are placed over the first and last figures of
the recurring group. I shall deal with recurring decimals
later, in connection with the conversion of fractions into
decimals.

Conversion of Decimals to Vulgar Fractions.—It has already
been explained that decimals represent tenths, hundredths,
thousandths, etc., according to the position of the figure from
the decimal point.
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75 375 . 375
Thus - 5—10, 75—100, -375=m, -0375= 10,000° and so on,

In order to convert a decimal into a fraction, it is only
necessary to use it as a nunlerator, with a denominator of 1
followed by as many noughts as there are decimal places in the
fraction. The above examples make this clear. Cancelling
- can then take place in the usual way. Examples :

375

10,000 80(
120)

both numerator and denominator divided by

100 (both divided by 25).

m:% (both divided by 5).

Some fractions and their decimal equivalents occur so often
in calculations that they should be committed to memory.
I give them on page 27.

It should be noted that once the decimal equivalents of },
1, %, 1%, ., and 'y have been memorised, it is an easy matter
to find other fractlonal equivalents in this series. Thus for ¢ o1
merely multiply ‘015625 by 3. Similarly as }=-25, }=half of
that decimal=-125.

Converting Fractions to Decimals.—Reversing the process,
vulgar fractions may be converted into decimals by reducing
them to their lowest terms, and then dividing the numerator by
the denominator. Examples :

2y=16)5-0(-3125 }2=37)19-0(-5135
g 48 185
20 50
16 37
40 130
39 111
80 190

80 183
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-703125
71875
-734375
7500

765625
78125
796875
-8125

-828125
-84375
-859375
-8750

-890625
-90625
-921875
-9375

-953125

-96875

-984375
1-0000
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Sometimes, by multiplying the numerator and denominator
by a suitable number, it is possible to produce the decimal
equivalent without division. Thus :

4 16
2_5:@— 16
23 184
125 "T000 184

Converting Recurring Decimals to Fractions.—Instead of
using noughts as a denominator, nines are used when converting
recurring decimals into fractions. Thus :

331
9738
1=-142857142857142857 . . . . .
142857

=399999 (one 9 for every decimal place); 142857 divides or

cancels into 999999 seven times:%.

These are pure recurring decimals. In the case of mixed
recurring decimals, in which the decimal point is followed by
some figures which do not recur, the rule is : Subtract the non-
recurring figures from all the figures, using the answer as the
numerator, and for the denominator use as many nines as there
are recurring figures, followed by as many noughts as there are
non-recurring figures. Examples :

196—1 195 13

0196="3500 =5900 660



CHAPTER V
DuoDECIMALS .

IN calculations involving feet and inches a system of com-
putation known as duodecimals is used. As calculations in
the building trades are almost entirely confined to feet and
inches, duodecimals are very generally used by surveyors,
architects, bricklayers, painters, and glaziers.

In the normal system of calculation, in order to multiply
feet by inches it is necessary to reduce the feet to inches, and,
similarly, if it is desired to multiply, say, 3 ft. 6 in. by 7 ft. 9 in.,
we should proceed to reduce each to inches, multiplying the
two quantities together in the ordinary way, and then divide
the answer by 144 to obtain the answer in square feet (144 sq.
in. equals 1'sq. ft., and 1728 cu. in. equals 1 cu. ft.).

This somewhat cumbrous method is eliminated by the use
of duodecimals. In this system the unit is the foot, and this
is subdivided into 12 primes (1'), the primes are subdivided
in 12 seconds (111), and the seconds are divided in 12 thirds (1111).
In some textbooks the term parts is used in place of seconds.

Thus, the divisions and subdivisions of the square foot are
termed superficial primes, superficial seconds, superficial thirds,
etc. Similarly, in cubic measure the subdivisions are termed
cubic primes, cubic seconds, cubic thirds, etc.

It will thus be seen that when primes are multiplied by feet
the answer is in superficial primes, the product of feet times
feet being, of course, square feet. Hence, one prime equals
1/, 8q. ft., and therefore one prime multiplied by 1 ft. equals
1/.%X 1, which equals one superficial prime. From this it will
be seen that by multiplying feet and seconds the product will
be termed superficial seconds.

Here is an example :

Multiply 7 ft. 6 in. by 5 ft. 8 in.; then multiply the product
by 8 ft. 24 in.

First write down the two quantities to be multiplied

20
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together, putting like quantities immediately beneath each
.other.

Commence with the number indicating feet in the multiple,
and use‘the lower dimensions as the multiplicand, carrying
1 to the left for each 12 in each product.

Now multiply by the inches, carrying forward the result of
the mental division by 12 and setting the result down to the
right of the former product. Proceed in this manner if there is
a third dimension. Thus :

5 ft. 8!
7 6
39 8
2 100 ou

42 ft. 61 0Ol

In this example 7xX 8=>56. Dividing 56 mentally by 12 we
obtain 4+8. Set down the 8 and carry the 4. Now 7 X 5=35,
and 354-4=39.

Next we multiply by 6, obtaining 6x8=48, and this
divided by 12=4. Hence we put 0 down and carry forward 4.
So 6 X5=30 and adding the 4=34, and 12 divided into this
provides 2 ft. 10!. Adding these together, we obtain as a
result 42 ft. 6! O,

In multiplying by the third dimension (8 ft. 2% in.) this
dimension, in duodecimals, is 8 ft.428/,, in.=8 ft. 2! 611,

Multiply as before :

42 ft. 6! ou
8 2 6
340 ot ot

7 1t on Qi
1 gt 3t QL g

348 ft. 10t 31 oit Q-

i.e. 348 ou. ft.+ ( i_gﬂ’iz) x 1728

120 , 3
iga i) X1728

=348 cu. ft.4-1476 cu. in.

=348 cu. ft.4 (
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Another example : Multiply 5 ft. 8 in.x3 ft. 4 in.

3ft. 4!
5 8
16 ft. 8!
9 91 g
18 ft. 10t 8!
Which equals 18 sq. ft.4 ( %12)—}-1%1) X 144
20
—18 sq. ft.+(i44+144) 144
=18 sq. ft.4128 sq. in. -

Division is carried out as in this example :

Divide 16 sq. ft. 90 sq. in. by 3 ft. 6 in.
3 ft. 6 in.)16 sq. ft. 7! 611(4 5q. ft. 9 sq. in.

14 sq. ft. O!
2 71 6l
2 71 61t

It will be seen that 4 is tried as a multiplier: 4X6=24.
Put down 0 and carry 2; 4x3=12; add 2 and obtain 14.
Subtract, thus getting 2. 7l bring down 61!, Try9: 9X6=54;
put dowlm 6! and carry 4; 9xX3=27; add 4 and obtain 31 :
_ 3l=2.71

“»



CHAPTER VI
SQfJARE Roor aNp CuBe Roor

Square Root.—The method of extracting square root is as
follows :

Mark off the number, the square root of which is to be
found, into periods by marking a dot over every second figure
starting at the decimal point. Draw a vertical line to the
left of the figure and a bracket on the right-hand side. Next,
find the largest square in the left-hand period, and place this
root behind the bracket. Next, the square of this root is
subtracted from the first period, and the next period is brought
down adjacent to the remainder and used as a dividend. Now
multiply the first root found by 2 and place this product to
the left of the vertical line ; then divide it into the left-hand
figures of this new dividend, ignoring the right-hand figure.
Attach the figure thus obtained to the root, and also to the
divisor. Multiply this latest divisor by the figure of the root
last obtained, finally subtracting the product from the divi-
dend. Continue this operation until all the periods have been
brought down. If a decimal fraction is involved, the periods
for the decimal are marked off to the right of the decimal
point.

The following examples will make the process clear. The
first trial divisors are underlined in each case.

Example : Find the square root of 1156.
3|1156(34
9

64} 256
i 256
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Find the square root of 54756 :
2(54756(234
4

43|147
129
464| 1856
1856

Find the square root of 39-476089 :

6[39-476089(6-283
36

122 347
244

1248] 10360

9984

12563| 37689
37689

Cube Root.—Separate the given number into periods by
placing a dot over every third figure above the decimal point.

Determine the greatest number whose cube does not exceed
the number in the left-hand period. This number is the first
part of the required cube root. It is here called a partial
root.”” Subtract its cube from the left-hand period and to the
remainder bring down the next period to form a second
dividend. To form the next divisor, first form a partial divisor
by squaring the partial root, multiplying by three, and adding
two ciphers. The addition to be made to this partial root is
something less than the quotient of the second dividend and
the partial divisor. It has to be found by trial and is here
called the “ trial addition to the root.”” The partial divisor is
increased by—

(@) Three times the product of the partial root (with one

cipher added) and the trial addition to the root ;
(b) The square of the trial addition to the root.
2
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This gives the second divisor, which is then multiplied by
the trial addition to the root. If the product is greater than
the dividend, the trial addition is too large.

If the dividend exceeds the product by an amount greater
than the divisor, the trial addition is too small.

When a trial addition has been found to avoid these
extremes, the next period from the original number is added
to the remainder and the work proceeds as before.

The simplest method of extracting roots is by means of
logarithms, and these will be explained later.

The fourth root of a number can be obtained by finding its
square root, and then extracting the square root of the answer.

Using Tables of Roots.—Most engineering pocket-books
include tables of roots and powers of numbers up to 100 or
200, and the use of these can be extended to apply to larger
numbers, by applying the rule that the square of a composite
number (as distinct from a prime number) ¢s equal to the square
of its two factors multiplied together. For example, suppose
the table of powers extends only to 100, and it is desired to
find the square of 123. Mentally divide 123 by 3 ; the answer
is 41. Find the square of 41 from the table and multiply the
answer by the square of 3=9. The rule to remember is:
Divide the number to be squared by the smallest number or factor
as will bring it within the compass of the table of powers, thus
taking advantage of the highest square in relation to the number
which the table will yield.

The same rule applies when extracting roots, for the square
root, cube root, or any other root of a number is equal to the root
of one of its factors multiplied by the same root of the other factor.

Example : To find the cube root of 512 from a table of roots
which does not go beyond 100, divide the number by some
smaller cube number to bring it within the compass of the
table. In this case we can divide by 8 (2 cubed), the quotient
being 64. From the table we note that the cube root of 64 is 4,
and multiplying this by the cube root of 8 (2) we obtain 4 X 2=
8 as the cube root of 512.



CHAPTER VII
Some SHORT CUTS

PRACTICAL men use a vast number of short cuts in calculations.
A few of the more useful are given.

To multiply by 5, add nought to the number to be multiplied
and divide by 2.

To multiply by 25, add two noughts and divide by 4.

To multiply by 125, add three noughts and divide by 8.

To divide by 5, multiply by 2 and divide by 10.

To divide by 25, multiply by 4 and divide by 100.

To divide by 123, multiply by 8 and divide by 1000.

Division and multiplication by contracted methods have
already been given.

A convenient method of squaring a number is to multiply
the number plus the unit figure by the number less the unit
figure, and add the square of the unit. Example : Square 92.

924 2=94; 92—-2=90
94 X 90=8460

4
2 sq uared=4=8_jt—64

A quick way of multiplying by 9 is to add a nought to the
number to be multiplied and then subtract the number.

Example : 321 X 9=3210—321=2889.

Similarly, when multiplying by 99, add two noughts and
subtract the number ; when multiplying by 999 add three
noughts, and so on.

Contracted Multiplication.—There is a contracted system of
multiplication wkich saves considerable time when results
are only required to be accurat; to the first one or two places
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of decimals. I give an example, showing the usual and con-
tracted methods : Multiply -007435 by 6-325.

Normal Method. Contracted Method.
7435 7435
6325 5236
37175 44610

14870 22305
22305 14870
44610 37175

047026375 047025

It will be noted that in the contracted method the figures
used in the multiplier are reversed, and the rows of figures
resulting from each multiplication are arranged one place to
the right of the previous result of multiplication. Those figures
to the right of the dotted line would not, of course, be written
down in practice. They are ignored, and are merely included
here to indicate the method of working. In practice, therefore,
the first figure is ignored, although any number to be carried
is added in the usual way. The working would thus appear :

7435
5236

44610
2230
148
37

047025
Contracted Division.—Similarly, it is possible to contract

the process of division and one example will suffice : Divide
-031625 by 3-125. Ordinary method :

3125)31-625(-01012
3125
3750
3125
6250
6250
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By observation 3 divides into 31 (the first two significant
figures of the dividend) 10 times. Multiply the divisor by 10,
producing 3125. Subtract this from the dividend, leaving 375.
Now drop the 5 from the divisor, and it will be seen that 312
will divide once into the remainder 375. (If in other examples
this shortened divisor divides into the remainder more than
once—say 5 times—then the figure dropped is multiplied by 5
and the first figure ignored, whilst the second is carried on.)
Deduct 312 from 375, leaving 63. Now drop another figure
from the divisor, leaving 31, which divides twice into 63. We
thus have :

1st division by observation 10
2nd ’s ,, contraction 1
3rd bR b2 bR} 2

‘01012

The position of the decimal point is, of course, fixed in the
manner already explained, and the result is only approximate.

To ascertain whether any number is divisible by 3, add up
the digits, and if they are divisible by 3 then the number itself
is. For example, take the number 54321 ; these digits add up
up to 15, and as 15 is divisible by 3, 54321 is divisible by 3.
Another example: the sum of the digits of the number
9786354531 is 51, and as 51 is divisible by 3, we know that 3
is a factor of 9786354531. There is no other factor except 9 to
which this rule applies.

If the last two figures of any number are divisible by 4
then that number itself is divisible by 4. For example, take
49732 ; the last two figures (32) are divisible by 4.

To ascertain whether a number is divisible by 11, add up the
first, third, and fifth, etc., digits, and the second, fourth, sixth,
etc., digits. Subtract the smaller number from the larger. If
the answer is either 0 or 11, then the number is divisible by 11.
For example, 152273. Adding every other number, 14+2+47 =
10, and 54+2+43=10; 10—10=0. Therefore 152273 is divis-
ible by 11.

Another example : 1647382 ; 14+4+4+3+2=10; 6+7+8=
21; 21-10=11.



CHAPTER ViIL
. LocariTHMms

LocariTHMS are one of the most important of the labour-saving
methods of calculation. It is necessary to understand the use
of logarithmic tables, for they enable calculations to be made
which are almost impossible by any other method. By means
of logarithms (logs. for short), we are able to carry out the
operations of multiplication, division, involution, and evolution
(not, be it noted, of addition or subtraction). A knowledge
of logarithms is quite essential before the slide rule (a most
useful instrument) can be mastered. The slide rule itself con-
siderably augments the rapid calculation which logarithms
provide. I shall deal here first with common logarithms,
leaving Naperian logarithms or Hyperbolic logarithms until
later. Common logarithms are those calculated to base 10.

In logarithms, the processes of multiplication and division
are converted into those of addition and subtraction. Thus, to
multiply numbers together, their logarithms are added, and
to divide them their logarithms are subtracted. Let us first
define what a logarithm is, and then obtain an idea of how
logarithms are applied.

The logarithm of a number, to a given base, i3 the index of the
power to which the base must be raised to produce the aforesaid
number. Here is a table of the number 3 raised to various
POWers :

31=3 37 =2187
32=9 3% =6561
33=27 3? =19683
34=81 310=59049
356=243 31=177147

38="729 312=531441

a8’
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Suppose we wish to multiply 27 by 19683. We can proceed
by the lengthy way as follows :

19683
27

137781
393660

531441

By means of the table of logarithms, however, we look up
the logarithm of the two numbers, add the two logarithms
together, and then consult the table to ascertain which number
corresponds to the logarithm so obtained. Thus, from the table
we see that—

27=33, and 19683=3°

The two logarithms are therefore 3 and 9 which, added
together, equal 12.

Consulting the table we see that 31*=>531,441.

Observe that we have not multiplied the quantities to obtain
the answer.

The table above is calculated to the base 3. In other words,
it contains the index of the power (1, 2, 3, . . . 12) to which
the base (3) must be raised to produce the numbers (3 tc
531,441).

If we wished to divide two of the numbers in the table we
should subtract their logarithms. For example, 19683 --27.
By ordinary methods this is found to be 729.

But the logarithm of 27 (from the table) is seen to be 3,
and the logarithm of 19683 is 9. Subtracting the loga-
rithms, 9—3=6; the answer therefore to 19683--27 is
39—33=39-3=3%, TFrom the table we see that 39=729, the
answer.

Thege are simple examples of the principle of logarithms.

Common logarithms are, however, calculated to the base 10.
It is obvious that in multiplication and division by logarithms
the numbers to be multiplied or divided will seldom be an exact
power of 10. If they were, logarithms would not be needed,
for we should merely add noughts to the multiplicand accord-
ing to the number of digits in the multiplier. Thus, 10,000 X
100=1,000,000.




40 " A REFRESHER COURSE IN MATHEMATICS

So let us make another table of powers of 10.
1,000,000=10¢%

100,000— 105
10,000—=10¢
1,000—10%

100—=10?
10=10!
1=10°
1 1
. =l—0=1—0-1=10 1
1 1
D= — — = -2
Ol=150=1gz=1"
S S
001 =555 = go=10
11
o e — —4
0001=15,500=T10+=1¢
1 1
g —— = -5
00001 = 155,660 =10 =1¢
000001 = - Lo

1,000,000~ 108~

The Characteristic and the Mantissa.—It is obvious that
any number between, say, 1,000,000 and 100,000 would have
an index or characteristic between 5 and 6, and it is the decimal
part of the index for which we require tables of logarithms.
This decimal part of the index or characteristic is called the
mantissa. Thus the logarithm of a number consists of two
parts—the index or characteristic, and the mantissa.

Now the characteristic (to base 10) of any number can quite
easily be found by observation.

The characteristic of any number greater than unity s always
1 less than the number of digits in the number.

Thus in the table above :

1,000,000 has 7 digits, and the characteristic is 6
100,000 has 6 " . ' 5
10,000 has 5 . . . 4
1,000 has 4 . . . 3
100 has 3 = ,, " ' 2

10 has 2 1

0

1 has 1 v
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The characteristic of any number less than unity is greater by
1 than the number of noughts which follow the decimal point.

The index or characteristic of a number less than unity is also
negative ; this is indicated by placing the negative sign or bar
over the figure, as in the table.

Here are a few examples :

Index or characteristic of 547-062 equals 2
1 ’ ’ 47-062 ”
5 . " 7-062 .
’ ” » 7062 ’
" ” v 07062,
” ,, » 007062 ,,
' ’ ” 0007062 ,,

et SOt DOl D =

The characteristic of 100 is 2, and of -01, 2. The character-
istic of any number over 100 but less than 1000 will also be 2,
plus the mantissa found from a table of logarithms. The
characteristics of any decimal from -1 to -9 will always be 1,
the characteristic of any decimal from -0l to 09 will be 2, the
characteristic of any decimal from -001 to -009 will be 3,
and so on.

The numbers, whether whole or decimal, or whether con-
sisting of a whole number and a decimal, are treated as whole
numbers for the purpose of extracting the mantissa from the
tables.

The characteristic of a number which is a decimal only,
and has no whole numbers before the decimal point, is always
negative. The characteristic of a number consisting of whole
numbers and a decimal will always be positive, and the decimal
part in this latter case is ignored when determining the
characteristic by inspection. Thus, in the number 4890-375,
we ignore the decimal -375, and as the whole number contains
4 digits the characteristic will be 3. We must, however, take
into account both the whole number and the decimal when
finding the mantissa from the tables. We, in fact, proceed as
if the decimal point did not exist.

It is important to remember that the mantissa ts always
positive ; and the mantissa of a number, irrespective of whether it
18 a decimal or contains a whole number and a dectmal, contains
the same digits. It is only the characteristic which varies,

2%
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according to the number. For example, the logarithm of 101
is 2:0043 ; the logarithm of 1:01 is 0-0043, of -101 it is 1-0043,
and so on. The logarithm of all numbers from 1 to 9-999 . . .
will consist of decimals only.

Use of Log. Tables.—Some tables of logarithms are calculated
to four places of decimals, and these are sufficiently accurate
for most purposes. By using such tables we are only able to
extract the logarithms of the first four figures of numbers ;
hence, if we wish to extract the logarithm of 605125 we
must abbreviate the number by the method described in
Chapter IV. In this case we should extract the logarithin
of 605-1.

If the number, however, was, say, 605-175, we should (as 7
is more than 5) call it 605-2. Again, if the expression were
605-045 we should write it as 605-0, because -045 is less than -05
and is therefore nearer to -0 than to -1.

Find the logarithm of 126-5. The characteristic is 2, and
we look up the first two figures of the number (12) in the first
column of the table of logarithms. We next run our eye along
that line and read beneath the third figure of the number (6),
1004 ; continuing, under 5 in what is known as the difference
column, we read 17. We add 17 to 1004, making 1021.

Therefore, 126 equals 102-1021,

Find the logarithm of 146-0. Answer, 2-1644.
Find the logarithm of 17-53. Answer, 1-2437.
Find the logarithm of 1-399.  Answer, 0-1459.
Find the logarithm of ‘1621.  Answer, 1-2098.
Find the logarithm of  -01788. Answer, 2-2524.

The logarithms represent the power to which the base 10
must be raised to produce the number.

This description and these examples are given to indicate
how we extract the logarithms of numbers from tables, for the
object of carrying out the processes of multiplication, division,
involution, and evolution, when we have large and unwieldy
quantities with which to deal, or when we have a large number
of calculations to make. We have seen that in order to
multiply in logarithms, we merely add the logarithms.

I will now give some examples: Multiply 165-3 by 144-6.
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The logarithm of 165-3 is found to be 2-2183, and the
logarithm of 1446 is 2-1602. Add these together :
2-2183
2-1602

4-3785

We now look up the table of antilogarithms (ignoring the
characteristic) and we find that -3785 corresponds to 2391.
We now have to fix the position of the decimal point. We
have seen that the characteristic is always 1 less than the
number of digits. As the characteristic is 4 there will be 5
figures before the decimal point in the answer. Therefore, the
answer is 23910-0, which is approximately correct, because if
we multiply 165-3 by 144-6 in the ordinary way we shall
obtain 23902-38.

Multiply 789-36 by 284-87. As we are using four-figure tables
we must contract each of the two quantities to four figures.
Thus 789-36 becomes 789-4, and 284-87 becomes 284-9.

The log. of 789-4 is 2:8973
The log. of 284-9 is 2:4547

Adding 5-3520
Antilog. of -352==2249.

As the characteristic is 5 there will be six places before the
decimal point, and the answer therefore is 224,900-0, which is
approximately correct. i

In the two preceding examples the characteristic is positive.
In cases where the characteristic of one quantity is positive
and in the other negative, slightly different treatment is
necessary. For example : Multiply 37-65 by -0135.

Log. 37-65=1-5758
and log. -0135=2-1303

Adding  1-7061
Here it will be seen that the positive characteristic added
to the negative produces 1.
Antilog. -7061=>5083.
As the characteristic is I there will be no ciphers before the
decimal point.
Answer : -5083.
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Similarly, when adding two negative characteristics.
‘Suppose the two logs. are 2-3064 and 5-0913.

Adding 2-3064
5-0913

7-3977
Antilog.=2499.
Answer : 000000249,

The treatment is different in cases where the addition of the
two mantiss® provides a ‘‘ carry over.”
For example, in adding the following two logarithms :
2-3164
30112

Adding 2276

Here it will be seen that, in adding the 9 and 3 of the
mantissa, there is a positive | to carry to the left of the
decimal point. (We have already secn that the mantissa is
always positive.)

Adding this 1 to_the positive 2, we obtain 3, which cancels
out the negative 3. Another example: Add together log.
3-1654 and 1-9733.

3-1654
1-9733

31387

The two negative characteristics added together equal 1,
and as there is a positive 1 carried from the addition of the
mantissa, the characteristic of the addition becomes 3, because
44+1=3.

Division by Logarithms.— Division by logarithms is effected
by subtracting the logarithm of the divisor from that of the dividend,
the result of the subtraction being the logarithm of the quotient.

Example : Divide 37-65 by 19-01.
Log. 37-65 =1-5758
Log. 19-01 =1-279

Subtracting : 0-2968
Antilog.=1981.
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As the characteristic is 0, there will be one digit (041)
before the decimal point, and the answer is 1-981.
Divide 5-065 by -0015.

Log. 5:065 =0-7046
Log. -0015 =3-1761

Subtracting : 3-5285
Antilog. of -5285=3377.

As the characteristic is 3, there will be four figures before the
decimal point. Note that the characteristic of the log. being
subtracted is changed from negative to positive.

Answer: 3377-0.

In subtraction, change the sign of the characteristic being
subtracted and add.

Involution.—Logarithms may be used to perform the func-
tions of involution and evolution. The rule is: 7o evaluate
the power of a number (as 7-5%), multiply the logarithm of the
number by tts tndex, and the result is the logarithm of the number
required. Consult the table of antilogarithms for the number
corresponding.

Example : Find the number which equals 7-53.

Log. 7-5=0-8751
Multiply by index 3 3

2-6253
Antilog. -6253=4220.
Characteristic is 2, therefore there will be three figures
before the decimal point.

Answer, 422-0 (actually 421-875).
Evaluate -07355.

Log. -0735=2-8663
Multiply by index 5

6-3315
Antilog. -3315= 2145,

Characteristic is 6, so there will be five ciphers after the
decimal point. Answer, -000002145.
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Remember that the mantissa is always positive, so in
multiplying, the carry over from the decimal part will be posi-
tive and must be subtracted if the characteristic is negative.
In the above example there was 4 to carry ; 5x2=10, and
subtracting the 4 leaves 6.

When the index of a number consists of several figures, and
the number is less than wunity (the characteristic thus being
negative) the whole logarithm must be converted into a negative
number before multiplying by the index.

Example : Evaluate -73573:%,

Log. -735=1-8663
=—1--8663
=—-1337 (-8663 has been subtracted
from 1)
— -1337
. Multiply by index —3-75
6685
9359
4011

501375
Antilog. -5014=3173.
Answer: 3-173.

Remember : When negative signs are multiplied together the
result is positive ; but when the logarithm is positive and the
index megative, the product ts negative. In the latter case the
mantissa must be made positive before referring to the table of
antilogarithms.

Example : Evaluate (7-5)71%
Log. 7-5=0-8751
—1-5%0-87561=—1-31265.
Here the mantissa is negative, and it is made positive in
the following way :
—-31265=1-68735
Therefore —1:31265=2-68735
Antilog. -6874=4868
Answer : -0468.
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The expression (7-5)~1'5 can, of course, also be written

,%1_5, and by’ working it out in this form verification of the
above result can be obtained.

Evolution.—The root of a number can be obtained by dividing
the logarithm of the number by the required root.

Example : Evaluate V2806
Log. 28-06=1-4481
Divide by the root 3= -4827
Antilog. -4827=3-039
Answer: 3-039.
The beginner finds no difficulty in evolution by logs. when
characteristic and mantissa are both positive. When the

characteristic is negative it must be adjusted so that the
logarithm is exactly divisible by the root.

Example : Find the cube root of -625.
Log. -625=1-7959.

The characteristic is negative and the mantissa positive in
this case. Therefore we must add the smallest number to the
characteristic to make it divisible by 3. We, hence, add 2to 1,
making 3. To preserve balance we must add +2 to the man-

tissa ; thus 1-7959 now becomes 34 2-7959.
Dividing by 3 the expression becomes—

1-93196.
Antilog. -932=8551.
Answer : -8351.

The adjustment of the characteristic is, of course, performed
mentally once the principle is mastered.

It is important to remember that, when dividing a logarithm
by a number which is greater than the first figure in the man-
tissa, a cipher must be added. For example : Find the seventh
root of 4.

Log. 4= -6021
,;(-6021): -08601
Antilog. -08601=1219
Answer: 1-219.
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Here it will be seen that 7 will not divide into 6, so a cipher
is added ; 7 divided into 60 gives 8, and so on.
Find the 5th root of -009, or -009%.

Log. -009=3-9542
é(3-9542)=é(5+2-9542)
==1-5908
Antilog. -5908=3897
Answer: -3897.

« The principle of logarithms was discovered by Napier, but
Naperian logarithms (sometimes termed hyperbolic or natural
logarithms, as distinct from common logarithms calculated to
base 10), are calculated to a base which is the sum of the series :

1 1 1 1
2+§+2x3+2x3x4+2x3x4x5 o

The sum of this series to seven places of decimals is 2-7183818
denoted by the symbol e. To convert common into Naperian
or hyperbolic logarithms, multiply by 2-3026 or, more ac-
curately, 2-30258509.

To convert Naperian into common logarithms, multiply
by -4343. . . .

To convert logarithms calculated to base a to logarithms of
base b proceed algebraically, letting z=one base and y the
other.

Let N=the number

Then N=a*
and N=W
Therefore a*=b*
and b=a*
x
—=log. ,b
v g
y_ 1
z log. b

Common logarithms were calculated in this way from Naperian
logarithms.



CHAPTER IX
Tae METRIC SYSTEM

Tar French or metric system used on the Continent, and
which is gradually being introduced in this country, is a great
improvement on the British systems of measurement. It is
a decimal system in which 10 is the unit. The unit of length
is the metre, which is one 10,000,000th part of the length of
the meridian on the north and south line extending from the
equator from one of the poles. Later it was found that this
determination was wrong, and nowadays the metre is defined
as the distance at 0 degree cent. between two marks on a bar
of platinum. This bar is kept at Paris, and is known as the
Metre des Archives. The unit of square measure is the are,
the unit of weight the gramme, and the unit of capacity
the litre.
Prefixes of these units denote multiples and submultiples.

Mega means a million times.
Myria means ten thousand times.
Kilo means a thousand times.
Hecto means a hundred times.
Deca (or Deka) means ten times.
deci means a tenth part of.

centi means a hundredth part of.
milli means a thousandth part of.
micro means a millionth part of.

Capitals are used for the multiples, and small letters for the
sub-multiples.

Length

10 millimetres (mm.)=1 centimetre (cm.).

10 centimetres =1 decimetre (dm.).

10 decimetres =1 Metre (m.).

10 Metres —1 Decametre (Dm.) (sometimes Deka-
metre).

10 Decametres =1 Hectometre (Hm.).

10 Hectometres =1 Kilometre (Km.).

10 Kilometres =1 Myriametre (Mm.).
m
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Square Measure

100 sq. metres =1 Are.

10,000 sq. metres —1 Hectare.
Weight

10 grammes =1 Decagramme.

10 decagrammes =1 Hectogramme.

10 hectogrammes =1 Kilogramme.

1000 kilogrammes ==1 Tonne.
A gramme is the weight of a cubic centimetre of water
at 4 deg. C.

Capacity
1 litre =1 cubic Decimetre.
10 litres =1 Deecalitre.
10 decalitres =1 Heectolitre.
10 hectolitres =1 Kilolitre.

A Litre is a Kilogramme of water at 4 deg. C.

The simplicity of being able to multiply and divide in the
metric system is apparent, for it is only a question of moving
the decimal point. Thus, the metre is 39-37 inches approxi-
mately. A millimetre will be a thousandth part of that, or
-03937, and a kilometre will be one thousand times 39-37, or
39,370-000 inches.

METRIC CONVERSION FACTORS
Equivalents of Imperial and Metric Weights and Measures

Linear Measure

Imperial
1 Inch = 25-400 Millimetres.
1 Foot = 0-30480 Metre.
1 Yard 0-914399 Metre.
1 Fathom = 1-8288 Metres.
1 Pole = 50292
1 Chain - 20-1168 ,,
1 Furlong = 201-168

1 Mile = ¥ 1:6003' Kilometres!
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Metric
1 Millimetre (mm.)

(105 m.)
1 Centimetre (1§ m.)
1 Decimetre (4% m.)

0-03937 Inch.

0-3937 ,,

3-937 Inches.
{39-370113 Inches.

1 Metre (m.)

3-280843 Feet.

1-0936143 Yards.
10-936 Yards.

0-62137 Mile.

1 Decametre (10 m.)
1 Kilometre (1,000 m.)

S"quare Measure

Imperial

6:4516 Square Centimetres.
9-2903 Square Decimetres.
0-836126 Square Metre.
10-117 Ares.
0-40468 Hectare.
259-000 Hectares.

1 Square Inch
1 Square Foot
1 Square Yard
1 Rood
1 Acre
1 Square Mile

A

Metric

0-15500 Square Inch.
15-500 Square Inches.
110-7639 Square Feet.

\ 1-1960 Square Yards.

1 Square Centimetre
1 Square Decimetre

1 Square Metre

1 Are = 119-60 Square Yards.
1 Hectare = 2:4711 Acres.
Cubic Measurement

Imperial
1 Cubic Inch —16-387 Cubic Centimetres.
1 Cubic Foot = 0-028317 Cubic Metre.
1 Cubic Yard = 0-764553 .

Metric
1 Cubic Centimetre —  0-0610 Cubic Inches.
1 Cubic Decimetre (c.d.) = 61-024 ) )

Cubic Metre o [35'3148 Cubic Feet.

— \ 1-307954 Cubic Yards.
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Measure of Capacity

Imperial
1 Pint =0-568 Litre.
1 Quart =1-136 Litres.
1 Gallon =4-5459631 Litre.
Metric
1 Centilitre (,45 litre)  =0-070 Gill.
1 Decilitre (,'; litre) =0-176 Pint.
1 Litre =1-75980 Pints.
Weight
Avoirdupois
1 Grain 0-0648 Gramme.
1 Dram 1-772 Gramunes,
1 QOunce 28-350 "
1 Pound (7000 grains) =  0-45359243 Kilogramme.
; 150-80 Kilogramme,
1 Hundredweight \ 0-5080 Quintal.
1 Ton { 10160 Tonnes of 1016 Kilo-
\ grammes.
1 Grain (Troy) = 0-0648 Gramme.
1 Troy Ounce 31-1035 Grammes.
1 Milligramme (; 555 grm.) 0-015 Grain.
1 Centigramme (; 3 grm.): 0-15¢4
1 Gramme (1 grm.) = 15432 Grains.
1 Kilogramme (1000 grm.) { 2'2(?1.2?;123 b G TRl 0
1 Quintal (100 kilog.) 1-968 Cwt.

1 Tonne (1000 kilog.) —  0-9842 Ton.
_ f 0:03215 Oz. Troy.

1 Gramme (Lgrm.) = } <000 Grains,

METRIC TO ENGLISH CONVERSION FACTORS

To Convert
Millimetres to inches %X 0-03937 or--25-4.
Centimetres to inches % 0-3937 or-+-2-54.
Metres to inches % 39-37.

Metres to feet %X 3-281
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Metres to yards

Metres per second to feet per minute

Kilometres to miles
Kilometres to feet

Square millimetres to square inches
Square centimetres to square inches
Square metres to square feet
Square metres to square yards
Square kilometres to acres

Hectares to acres

Cubic centimetres to cubic inches
Cubic metres to cubic feet

Cubic metres to cubic yards

Cubic metres to gallons (231 cu. in.)

Litres to cubic inches
Litres to gallons
Hectolitres to cubic feet

% 1-:094.

X 197.

% 0-6214 or =—1-6093.
X 3280-8693.

%X 0-00155 or =—645-1.
X 0-155 or=—6-451.

X 10-764.

x1-2.

%X 247-1.

%X 2-471.

% 0-06 or—=—16-383.

% 35-315.

x 1-308.

X 264-2.

X 61-022.

X 0-21998 or —4-545.
% 3-531.

Hectolitres to bushels (2,150-42 cu.in.) X 2-84.

Hectolitres to cubic yards
Grammes to ounces (avoirdupois)

x 0-131.
X 0-035 or —28-35.

Grammes per cubic centimetre to

pounds per cubic inch
Joules to foot-pounds
Kilogrammes to ounccs
Kilogrammes to pounds
Kilogrammes to tons

=27-7.

X 0:7373.
X 35-3.

X 2-2046.
% 0-001.

Kilogrammes per squarc centimetre to

pounds per square inch

Kilos per lineal metre
Kilos per lineal metre
Kilos per lineal metre
Kilos per lineal metre
Kilos per kilometre

Kilos per square centimetre
Kilos per square millimetre

Kilos per square metre

Tonnes per square metre
Tonnes per square metre

Kilos per cubic metre
Kilos per cubic metre
Tounes per cubic metre
Grammes per litre

x 14-223.
X 0:672 =pounds per lineal foot.
X 2:016 =pounds per lineal yard.
X 0-:0003=tons per lineal foot.
% 0-0009=tons per lineal yard.
X 3-548 =pounds per mile.
X 14-223 =pounds per square inch.
x 0-635 =tons per square inch.
% 0-2048=pounds per square foot.
% 0-0914=tons per square foot.
% 0-823 =tons per square yard.
X 1:686 =pounds per cubic yard.
X 0:0624 =pounds per cubic foot.
X 0-752 =tons per cubic yard.
X 70-12 =grains per gallon.
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Kilos per litre X 10-438 =pounds per gallon.
Litres per square metre X 0-0204=gallons per square foot.
Kilogrammetres X 7-233 =foot-pounds.
Kilogrammetres X 0-0387=inch-tons.
Tonne-metres % 3-23 =foot-tons.

Force de cheval X 0-9863=horse-power.

Kilos per cheval X 2:235 =pounds per H.P.

Square metres per cheval x10-913=square feet per H.P.
Cubic metres per cheval X 35-806=cubic feet per H.P.

Calories X 3-968 =heat units.
Calories per square metre X0-369 =heat units per square
foot.

English to Metric Conversion Factors

1 inch =2-54 centimetres, or 25-4 millimetres.

1 foot =30-4799 centimetres, 304-799 milli-
metres, or 0-3047 metre.

1 yard =0-914399 metre.

1 mile =1-6093 kilometres=5280 feet.

1 millimetre =0-03937 inch.

1 centimetre =0-3937 inch.

I decimetre =3-937 inches.

1 Hectometre =0-0621 mile.

1 Metre =39-370113 inches.

3-28084 feet.
1093614 yards.
1 Kilometre =0-62137 mile.
1 Decametre (10 metres)=10-936 yards.

Compound Conversion Factors

Pounds per lineal foot x1-488 =kilos per lineal metre.
Pounds per lineal yard x0-496 =kilos per lineal metre.
Tons per lineal foot X 3333-33 =kilos per lineal metre.
Tons per lineal yard X 1111-11=kilos per lineal metre.

Pounds per mile X 0-2818 =kilos per kilometre.

Pounds per square inch xX0-0703 =kilos per square centi-
metre.

Tons per square inch X 1:575 =kilos per square milli-
metre.

Pounds per square foot X 4-883 =kilos per square metre.
Tons per square foot X 10-936 —tonnes per square metre.
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Tons per square yard X 1-215 —tonnes per square metre.
Pounds per cubic yard x0-5933 =kilos per cubic metre.
Pounds per cubic foot X 16-020 =kilos per cubic metre.
Tons per cubic yard xX1-329 =tonnes per cubic metre.

Grains per gallon X 0-01426=grammes per litre.
Pounds per gallon X 0-09983=kilos per litre.

Gallons per square foot X 48-905 =litres per square metre.
Inch-tons X258  =kilogrammetres.
Foot-pounds X 0-:1382 =kilogrammetres.
Foot-tons xX0-309 =—tonne-metres.
Horse-power X 1-0139 =force de cheval.
Pounds per H.P. X 0-477 =kilos per cheval.

British Unit of Length.—The Imperial Standard Yard is
the distance between the centres of two gold plugs or pins in
the bronze bar used for determining the Imperigl Standard
Yard, measured when the bar is at a temperature of 62 deg. F.
It is supported on bronze rollers placed under it to avoid flexure
of the bar and to facilitate its free expansion and contraction
from variations of temperature. The Imperial Standard is a
solid square bar 38 in. long and 1 in. square in section. Near
to each end a cylindrical hole is sunk exactly 36 in. from centre
to centre. At the bottom of each hole is inserted a gold plug
about ,);th of an inch in diameter, and upon the surface of the
pins are cut three fine lines at intervals of 1;th of an inch,
transverse to the axis of the bar, and two lines at nearly the
same interval parallel to the axis of the bar. These are the
datums from which the measurement is taken. There is no
need to give here a complete list of British weights and
measures.

A complete table of English weights and measures is given
on pages 207 to 210.



CHAPTER X

PROGRESSION : ARITHMETICAL, GEOMETRICAL, AND
HarmoNICAL

A sERIES of numbers which increase or decrease by a constant
difference is known as an Arithmetical Progression. Thus, 1, 4,
7,10, 13,16, . . . is an arithmetical progression, the common
difference being +3. The series 12, 10, 8, 6, 4, 2 is also
an arithmetical progression, the difference here being —2.
We can reduce this to a formula so that when we wish to know
the sum of such a series we do not need to add each term of the
series together separately. Of course, in a simple series like
that given the addition sum could be performed mentally, but
in a complicated series, where each term of the series is a large
number or consists of decimals, it is more convenient to use
the formula.

Let a=the first term of the series, z the last term, n the
number of terms, d the constant difference, and S the sum of
all the terms. We can now arrive at a series of formulae from
which we can find the first term of a series from a total repre-
senting the sum of the series, or we can find the last term,
knowing the first and the number of terms and the difference ;
we can find the number of terms from the sum, the difference,
or, in fact, any function of the series. Here are the formule :

R 7 _28 _S_d_
a=z—d(n—1). a==-—z. a=- Q(n 1)
z2=a+d(n—1).

28 NI z—a
z=——a. z=_+5n—1). n=—+lI
n=;2i

a+z
_z—a 45_(2+4a)(z—a) _ 2(8—an)
d_n—_l' d= 28—a—z * 9= n(n—1)
g_2en—8)

n{n—1) 56
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S="(“—2+z). S=(“—+3)2(2+d—_“-). S=n[a+g(n—l)]

S=n[z—g(n—1)]. a=giJV(;%)2—2dS
= A:}:\/(a—-) +2d8

"_“L:t\/2§z2

When the series. is decreasing make the first term=z, and
the last term a.

A+B
2

Examples in Arithmetical Progression.—I now give examples.
I have presumed the same series throughout so that the reader
may more easgily follow the applications, 5 being the first term of
the series described, the last term 125, and the constant differ-
ence 5, the sum being 1625. Itisimportant to select the correct
formula according to whether it is the sum, the last term, or
the difference which is to be found. Thus, if the first term of
a series is to be found when the last term and the difference is
known, a formula must be selected where a is the first unknown
quantity.

Example.—The first term of a series in arithmetical progres-
sion is 5, and the last term 125, the constant difference being 5.
Find the number of terms in the series.

The Arithmetical Mean of two quantities, 4 and B=

n=%‘+l L2_§_-§+1
=24+1 =25
Or,
he 28 _2x1625
atz 54125
_3250 o

130
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Example —There are 25 terms in a series, the first term of
which is 5, the last 125, the common difference being 5. Find
the sum of a series.

S_n(a—{—i) _25(5-+125)
T2 T2
_ 25%130 3250 B
== =5 =1625
Or,
S=n[a+g(n—l i =25[(5+5(25—1)]
=25(5-+60) —1625
Or,
d 5
S=n[z—5(n—l)] =25[125—§(25—1)]
=25[125—60] =25 X 65 =1625

Example.—Find the last term of a series ;: the first is 5, the
common difference 5, and number of terms 25.

z=a-t+d(n—1) —5+5(2o—1)
—54+120 ~125

Or,
=24 n—1) =192  Des—-1)
—65+3(24) —65--60 ~125

If the sum of the series is known, we could use another
formula :

z=2—S—a _2X1625 _5
n 25
3250
= —5 —130—5 =125

Ezample.—Find the first term of a series of 25 terms whose
sum equals 1625, and last term is 125.

a=2—f—z _2x1625 —195

25
=130—125 =5
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Or,
a—=z—d(n—1)  =125—5(25—1)
=125—120 =5
Or,
_ 1625_50r
a—- -(n ) =225
_65 60 =5

Observe that the number outside the brackets is multiplied
by the number within it. We do not subtract or add it
(according to the sign which prefixzes it) to the number to the
left of it, for this would give an erroneous answer. In the last
example, for instance :

1625 5_ .. .

2—5—-2-_6 5—24=62}, and 62} multiplied by 25—1=24
would be 1500, obviously wrong. ‘

Example.—Find the constant difference in a series of 25
terms, whose first term is 5, last term 125.

z—a 125—5 120
== LS 940
If the sum is also known :
_(z+a) (z—a) _(125+5) (125—5)
28—a—z2 T 2x1625—5—123
_ 130x120 , =15L00=5
3250—130 3120
= 2(S—an) 62
- —an 16256— (5% 25
P = wn—1) _2[ 2;»(25(_1))]
_2(1625—25) =3()_()_0=5
25x 24 600

Geometrical Progression.—A series of numbers which
increase or decrease by a constant factor or common ratio is
known as a geometrical progression. For example, the series
3,9, 27, 81, 243, 729, . . . is in geometrical progressnon the
constant factor bemg 3. Aseriessuch as —% % —1de roer iS
also in geometrical progression, the difference in this case being
—$%, and the terms are alternately positive and negative.
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Let a=the first term of the series, z the last term, n the
number of terms, r the constant factor, and § the sum of the
terms.

_ B —q N a1 _ 5
a=_5 a=8—r(8—2). a=8 =1 ? ar®

n-1
_ o S—a _ r—1 4 _\/E— _S—a
z=S - 2=48 (r"—l) ™l = e T3,

a7”+S—rS—a=0, S:a(r”__l_) S—q (l—’l‘") S:rz—a

r—1 1—r r—1
2l _ 1 logz—log a
e o i T
=1+ log z—log a

log (S-+a)—log (S—2z)
nzlog [a+S(r—1)]—log a

log r
_ 1 log 2—log[zr—S(r—1)]
n=lb = logr o
L] 1\/2_1- 1\/&

T'he Geometric Mean of two quantities, A and B=+/4B.

The reader will be able to understand the application of the
formule for geometrical progression from the examples given
for arithmetical progression.

Harmonical Progression.—Quantities are in harmonical pro-
gression when any three consecutive terms being taken, the
first is to the third as the difference between the first and
second is to the difference between the second and third.
Thus, if a, b, ¢ are the consecutive terms in a series, then if
a:c:a-b:b-c then a, b, ¢ are in harmonical progression, and
if quantities are in harmonical progression their reciprocals
are in arithmetical progression. The harmonic mean of two

24B
A+ B
There is no simple formula for the sum of a harmonical

quantities 4 and B is
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progression, but taking the ordinary harmonic scries 144}
+34...... 1% and calling its sum to » terms Sz, it can readily

be shown approximately that Log(n+1)<Sn<14Log n. In
other words, Sn differs by less than 1 from log n. More exactly
it can be shown though proof is long and difficult, that where
n is very large Sn >log n, by an amount known as 8,

Euler’s constant=0-5772 to four significant figures.

Summary.—Arithmetical progression is a series of numbers
which increase or decrease by a constant or common difference.
Geometrical progression is a series of numbers which increase
or decrease by a constant factor or common ratio. In a later
chapter on Interest, the application of geometrical progression
is given. The formule can also be applied, and probably find
their most frequent application, in calculating speeds in
machine-tool drives which include stepped pulleys.

Harmonical Progression is a series in which, when any three
consecutive terms are taken, the first is to the third, as the
difference between the first and second is to the difference
between the second and third.

When the ratio of a geometrical progression is in excess of
unity, it is known as an increasing progression. When it is
less than unity, it is known as a decreasing progression.



CHAPTER XI
AVERAGES—RATIO AND PROPORTION—PERCENTAGES

Averages.—T'o find the average of a series of quantities the
total of the similar quantities is divided by the number of quanti-
ties. For example, the average earnings of ten men earning
30s., £2, 50s., £3, 70s., £4, 90s., £5, 110s., £6 respectively is
£3, 15s.

If a train completes a journey of 90 miles in 3 hours, its
average speed is 30 miles an hour. It will be seen that the
sum of the terms is equal to the average multiplied by the
number of terms.

Another example : What is the average of -36, -75, -42, -68,
-101, 3-75 1

The sum of these items is 6:061, and there are 6 terms.
Dividing 6-061 by 6 we obtain 1-01016.

Ratio and Proportion.—We often convey an idea of the size
of an object or the length of time which is taken to perform a
certain operation by comparing it with some other known
object or period. For example, we could say that one car is
three times the size of another, or that it takes twice as long
to go from London to Birmingham as it does from London to
Gloucester. This is the principle of proportion, and the relation
which one quantity bears to another is called a ratio. When
comparing two quantities of the same kind we consider how
many times one quantity is contained in the other. We divide
the first quantity by the second and the quotient expresses the
ratio. For cxample, 2s. is to £1 as 1 is to 10. We have divided
2 into 20 and obtained 10 as the quotient. This ratio can be

expressed as 2?0, 20+2, or 20 : 2. Dissimilar things cannot be

expressed as a ratio.

When we desire to divide some number in a given ratio we
add together the two terms of the ratio and express it as a
denominator of the number. For example, divide 125 in the

82
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ratio 2:3. We add 3 and 2 together and obtain 5; thus

%5 =25. We now multiply each term of the ratio by 25, thus

obtaining 50 and 75, which represent the number 125 divided
in the ratio 2 : 3.

Similarly, if 125 were to be divided in the ratio }:} we
reduce these fractions to a common denominator first. Thus,
3=3, and }=3. Now divide 125 by the sum of the two
numerators 3 and 2, or 5, and using 5 as a denominator and 3
and 2 as numerators, we split up 125 in the ratio 4 : 3. Thus

gxl—?—'ﬁ =75, and §x1£15=50. Hence, as we shall see later,

4:1 as 75:50. Note that we do not take 4 of 125 and % of
125 to express the ratio. :

The ratio 3 :6 is the same as 6:12, and we can express
this in the usual way as 3:6::6:12. In this example
the ratios are equal, and the terms are hence said to be in
proportion. Expressed as a rule, four quantities are proportional
when the ratio of the first to the second is equal to the ratio of the
third to the fourth. Thus, 3:4::9:12, or 7:10::35: 50 are
in proportion. The first and last terms of a proportional
expression are called the extremes, and the two middle terms
are called the means. Itis important to note that the product
of the extremes is equal to the product of the means, and this
is a test of whether the terms are in proportion.

It will be observed from this that if three terms of a pro-
portion are known the remaining one can be calculated. For
example, find the second term of a proportion, the first, third,
and fourth terms of which are 3, 6, and 12. Multiply 3 by 12
to obtain 36. Divide by the remaining term (6), and obtain
the second term, 6.

Quantities are in direct proportion when the first is to the
second as the second is to the third. Thus 2:4:8 is a
direct proportion.

When the second term is equal to the third, each is a mean
proportional to the other two. In the above example 6 is a
mean proportional to 3 and 12.

When the ratio of the first to the second is the same as the
second to the third, the latter is a third proportional to the
other two.

The geometrical mean of two numbers is found by extracting
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the square root of their product, thus the geometrical mean of
4 and 16 is V4 x 16=8.
The arithmetical mean is half the sum of two numbers. In

the previous example the arithmetical mean would be
4416 _
T—10.

Percentages.—A percentage is a number or fraction with a
denominator of 100, and it represents the rate of increase or
reduction of one quantity with another quantity of the same

. os_ 10 1 10/ 35 7
kind. Thus, lO/o—m or 50 and l/%é—m, or &5 For
example, suppose the seating capacity of a theatre is 500
and 300 people turn up, we say that %x@:GO% of the

seating capacity is occupied. If we know that the seating
capacity is 500, and we are told that the audience were 60 per
cent. of the total capacity of the theatre, we use 100 as a

denominator : thus, 16_0% X 500=300.

Another example. What is 33} per cent. of £24, 6s. 9d.?

%:%%, and } of £24, 6s. 9d. is £8, 2s. 3d.



CHAPTER XII
INTEREST—DISCOUNT—PRESENT VALUE—ANNUITIES

Simple Interest.—Money which is paid for the use of money
loaned for a certain time, or invested at a fixed rate per cent.,
is known as Interest.

Let P=the Principal or money lent (expressed in pounds).

R=Rate per cent., or the interest on £100 for one year.
A=the Amount, or principal4interest.

I = Interest.
T—=Time in years.
Then :
» __P(100+RT)
A=P+I=""166—
__PTR
I= 100
1001
P="g7
1001
R="p
1001
PR
_ 1004
1004 RT

It should be remembered that if the time is given in
days, weeks, or months, the 100 in these equations should
be multiplied by 365, 52, or 12 respectively.

Compound Interest.—The interest due at the end of each year
is added to the principal in compound interest, and thus the
principal increases from year to year as the interest is added.

Let A=Amount.

n=Periods, or number of years.
P=Principal.

r=Interest on £1 per year, or stated period.
3 85
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Then :
_Log A—Log P
Log (1-+7)
A=P(1+r)

Discount and Present Value.—Discount represents the differ-
ence between the Amount and its present value. Expressed in
another way, it is the interest on the present value for a given
period.

Banker’s discount, or commercial discount, is the interest
charged on the amount of the debt, and it is hence greater than
the true discount.

The present value of a sum of money which is due at some
future date is that amount of money which, plus its interest
from the present moment to the time when the payment is due,
will equal the given amount.

The present value of £500, for example, due 12 months hence
at 5 per cent. is £475, because the interest amounts to £25.

Let P =the present value.
Dl=banker’s discount.
A =amount oi debt.
r =interest on £1 for one year.
n =number of years.

A = P(Lpnr)
4 _D4nr)
nr
_ 4 _p_g4_ 4 Anr
DAt 14nr~ 1¥nr
!
T 1+nr
Dl=Anr
L _A—P
Pr

Present Value and Discount.—The present value or present
worth of a sum of money due at some future date is equal to
the sum of money which, plus its interest from the present
time to the time when it becomes due for payment, will be equal
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to the given amount. Thus, the present value of £412 in nine
months’ time at 4 per cent. simple interest is £400.

True discount is the difference between the amount and the
present value—the interest on the present value for a given
period.

Banker’s discount is interest on the amount of the debt, and
thus is always greater than the true discounts.

In the example given the banker’s discount would be
£12, 7s. 2id., whereas the true discount is £12.

A=amount of debt. :
D=true discount. A=P(l+nr)

D,=banker’s discount. D,=Anr.
P=ypresent. value. A—P
r=interest on £1 for T™="Pn

one year. A—P
n=number of years. n="p,
D(1+mnr) A
A=—""—— P
nr 1+nr
A Anr
DS l4+nr Ll+4nr

Annuities.—A fixed sum of money paid periodically is an
annuity. The present value of an annuity which is to continue
for n years at compound interest is :

P=1—(141*"y
T

In the case of a perpetual annuity the present value is found
by making 7 infinite in this formula.
Hence in this case :
n
P=—
R
If an annuity is left unpaid for n years the whole amount A
at simple interest (r=interest of £1 for one year) is :

A=nN +n(~-n?—2rn
At compound interest :
n—1
4L Ty

r:
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It is not possible to calculate with any degree of reliability
the present value of an annuity at simple interest.

Let mN =present value of an annuity.
N=annuity.

Then the annuity is worth m years’ purchase.
The number of years’ purchase (m) of a perpetual annuity is :
1 100
m—=-= —
r rate per cent.

In other words, an annuity is worth m years’ purchase.

A debt which bears compound interest is reduced by an
annual payment N,

The formula for finding the debt d after n years, and the
time m when it will be fully paid is :
(Dr—N) (1+7)+N

d="
.

mzL_og N—Log (N—Dr)

Log (1+7)
When n=Dr the debt will never be paid.
To find the annual payment N which will clear a debt D at
r per cent. compound interest in # years :
Ne Dr (14-r)»

(I4r)r=1



CHAPTER XIII
ALGEBRA

WHEREAS in ordinary arithmetical calculation we make use
of the digits 1 to 0 to express quantities, in algebra we make
use of letters of the alphabet as well as the digits. Figures can
refer to yards, or feet, or any of the other units, such as 9 ft.,
10 gals., 4 amperes, 3 acres, 2 1bs., 16s., £27, and so on. The
signs which we use in connection with arithmetic are also used
in algebra, with modifications and additions.

It is customary in algebraic expressions to use the letters
a, b, ¢, etc., for known quantities, and z, y, z for unknown
quantities. One of the difficulties which beginners in algebra
always encounter is the correct use of the plus and the minus
sign. For example, if we are considering the movement of a
train, say, in one direction, we regard that as positive, whilst
when the train travels in the reverse direction we regard that
as negative. We should express the distance covered in the
first direction or the speed at which the distance is covered,
if those factors were known, as +a, and in the reverse direction
as —a. In this connection the signs are used somewhat differ-
ently from their arithmetical use, for in the latter case the plus
sign is merely used in addition sums, and the minus sign in
subtraction sums. Moreover, it is necessary in algebra to get
clearly established in the mind the fact that a quantity may
be subtracted from another quantity smaller than itself. We
must get accustomed to the fact that there are quantities less
than nought. A man may have no money and we can say that
his wealth is represented by o, but if he owes, say, £30, his
wealth is represented by —30, and in temperatures we refer to
degrees below freezing-point (Fahrenheit scale) by prefixing
the — sign to the number of degrees.

In algebra it is customary (although there are exceptions)
to put the plus quantities first, and so eliminate the use of the
plus sign. Thus, z+y means +z+y, and x—y means +z—y.

89
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It is convenient to regard the subtraction of one quantity from
another as the addition of a negative quantity to a positive
quantity. For example, by adding +15 and —24 we should
obtain as an answer —9. This is known as the algebraic sum.
It is important to get this point fixed in the mind. Whereas
in arithmetic the minus sign means subtract, in algebra it
means the addition of a negative quantity.

Also, in arithmetic the multiplication sign is used to indicate
the two quantities that are to be multiplied together. Some-
times in algebra we also use the multiplication sign and in
others it is omitted. For example, ab means that ¢ and b are
multiplied together, and the expression is more convenient
than axb. 1If ordinary digits are included in an expression
such as 25X aXxbXc we should express the quantity as 25abc.
Algebra thus differs from arithmetic, for 9% 12 could not be
expressed as 912.

When two quantities are separated by a plus sign and they
have to be multiplied by two other quantities separated by a
plus sign the expression is written : (x+y) X (a+b), or more
simply (@+4b6) (z-+y).

Quantities such as x-+y—z, or 17aby, are known as quan-
tities, or algebraic expressions.

A quantity such as 7x means that z is to be multiplied by 7.
The numerical part of the quantity is called the coefficient.
The quantity itself, when it consists of a coefficient and a letter
is called a term.

Powers of quantities are expressed as in arithmetic ; thus 2?
means the third power of x, 2 means the square of x, v/ means
the square root of z, and so on. As in logarithms the number
indicating the power is called the index or exponent. In order
that the reader may understand signs used in algebra the
following examples are given :

2tty+tz
If =3, y=17, and z=6, the value of the expression is

x2=9
Yy

=7
=6
22
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Similarly, 2*—y+2z, and giving the same values, would
provide 9—7+12. Adding the positive quantities produces
21, and subtracting the negative quantity gives the answer 14.

Find the value of 32;:_‘1/3;5, where =2, y=3, 2=6, a=T,

b=>5, and ¢=4.
3x2x34+6_24

We have X516 —10

Addition.—When adding algebraic quantities all the like
quantities are added together, particular note being taken of
their signs. When the quantities have a similar sign, the
coefficients are added and the letters annexed. For example :
52+ 12x=17x. Again, 3x+12x—3x+4a+4b=12x+4a+4b.

Subtraction.—Here the terms are arranged as in addition,
but the signs of the terms to be subtracted are changed. Thus,
the minus signs in the terms to be subtracted are changed to
plus and the plus terms are changed to minus. Hence, in
subtracting 7z from 10z, we write : 10z —7x=3x.

Again, from 3z-2y—3z subtract 2x—z.

3x+2y—3z
2x —2
x+2y—22

It will be observed that the process of subtracting a negative
quantity really means the adding of an equivalent positive
quantity.

Multiplication.—We have already seen that the multiplica-
tion sign can often be omitted in algebra, and that xy really
means zXy. Also, z(x—y) is the same as zx(z—y). In
multiplication like signs produce a positive result. When un-
like signs are multiplied together the answer is negative. For
example : 5z X3x=152%, and 5z X (—3x)=—1522.

In multiplying terms which are powers, such as 2x?x 322,
the coefficients are multiplied together, but the indices
are added; thus, in this example, the answer would be
65.

A continued product is obtained when a number of quantities
are multiplied together. For example : The continued pro-
duct of 2z, 3y, and 4z is 24xyz.
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Division.—The same rules as in arithmetic apply. For
example : Divide 27xy2 by 3zy. This should be expressed :

’ 27 xy?

3zy

The result of any division sum can be checked by multiplying

the divisor and quotient together and this should equal the

dividend. The dividend and divisor are arranged according to

the powers of the symbol, and in descending order. Thus :

22422y +-y?)as+ 5ty 4 1023y2 4 102234 5yt - y5(28 4- 322y 4- 3wy 4 13
w8428y 4232
3x‘y+y9x3y’+ 10x2y3
3ty 4 6a3y?+-3x2y3

3a3y2 - Ta2y3 |- 5yt

33y 46225 4 3yt
22y 2y -y
xS 4-2xyt4-y

Here it will be seen that 22 has been divided into the first
term 25 to produce 23. Then the whole of the divisor is multi-
plied by 23 to produce x3-+2x4y 42342, whilst 23 itself is placed
in the quotient ; and so on.

Here are further examples :
a+-b)a*4-3ab+-3ab2 -+ b3(a®+-2ab - b2
a’+-a%

2a%h+-3ab?
2a%b4-2ab?

ab®+4-b3
ab?4-b3

Or,
a®+2ab+-b%)a3+3a%b+-3ab®+b3(a+-b
a’+4-2a%b+4-ab?
 a%42ab b3
a%b+4-2ab24- b8
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a-+byax-t+ay—az-+br+by—bz(zx+y—=z

ax +bx
ay—az+by

ay  +by
—az—bz

—az—bz

Brackets.—Parts of an algebraic expression are often
grouped by means of brackets ( ), and where brackets are used
within a bracket, square brackets [ ] are used on the outside
and the normal bracket within. Sometimes it is necessary also
to usesthe brace { } In other instances a line is placed over
quantities, and this line has the same value as a bracket.
Hence, x+y is the same as (x+y), and x+y Xx—y is the same’
as (z+y)(x—y).

Example : 5x—(2a—3b). The expression means that we
must subtract 2a—3b from 5z.

When a minus sign precedes the bracket, it changes the sign of
all terms within the bracket. The minus sign is equivalent to —1,
and every term within the bracket is thus multiplied by —1.
So, in the example given, 2a becomes —2a, and —3b becomes
-+3b, and the complete expression now reads 5x—2a-3b.

The positive sign outside a bracket does not affect the signs within.

Further examples :

5x+(3a—4b+5¢c)=5x-+3a—4b+5¢
5x—(3a—4b-+5¢c)=5x—3a+4b—5¢
When multiple brackets are used, each form of bracket
indicates that all terms between them must be considered as
one quantity and therefore must be multiplied, divided, sub-

tracted or added as a whole according to the signs which
precede the terms.

Thus, to multiply z+y by a-+b we write :
(z+y)(a+b)
1f we wish to subtract a quantity from this, as 2d, we write :.

(x+y)(a+b)—2d
3%
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and if this quantity is to be multiplied by a further term, say
5z, we write :
5x{(x+y)(a+b)—2d}

Further multiplication, addition, subtraction or multiplica-
tion brings in the use of square brackets. Thus :

2[5x{(x+y)(a+b)—2a} —n)

It is usual, in evaluating an expression of this sort, to remove
the inner brackets first ; thus :

2[5z -{ax+ay+bx+by—2a} —n]
Here x+y has been multiplied by a+b to produce az-+ay
+bx+by.
Next the braces ; multiply ax+ay+bx+by—2a by 5%, pro-
ducing :
5ax?45axy-+ 5bx®+5bey—10ax
We now have
2(5ax?+5axy+ 5bx%+5bxy—10ax—n)
and multiplying that by 2 produces
10ax?+410axy 4 10bx2+4 10bxy — 20ax —2n
Further Examples.—Add : 2a-}+4b+3c+8d, a+t+b—c—d,
182 —3b+3c—4d, and 6b+5¢c+4d.
2a+44b+ 3c+48d
at+ b— c— d
18a—3b+ 3c—4d
6b+ 5c-+4d

Answer: 2la+8b+10c-+7d

Add : a®4-3b—c+5d, 3b+c, a®*+3c, —a?+c—d, c—d, and
4a2—2b+4c—3d.

a?+3b— c+5d
3b+ ¢
a? +3c
—a? 4+ c— d
c— d

4a2—2b-4+-c—3d
Answer : 5a2-+4b-+6¢
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75

Add : 2ab—3ac-+4bx—3ay+3, ac+2ay—4, —ab—2ac—bx

—ay—4, bac+2, and ab+ay.
2ab—3ac+4bx—3ay+3
ac +2ay—4
—ab—2ac— bxr— ay—4
bSac +2
ab + ay

Answer : 2ab-+ ac+3bx— ay—3

If in the last example a=2, b=3, c=4, x=5, and y=6, the

sum would become :
12—244+60—36+ 3=75—60=
84+24— 4=32— 4=

—6—16—15—12— 4

2

or, by substituting in the answer :
1248+445—12—3=65—15=50.

15
28

—53

42
18

50

Subtract : 3x2—2xy+9 from 52 —xy+ab—2.

52— xy+tab— 2
S —2xy + 9

Answer : 2224 xy+ab—11

Subtract : 9a%-+4ab-+b? from a2+2ab-+b2,
a?4-2ab-+b?
9a-+4ab-b?

Answer : —8a®—2ab
Divide : —z+y by —1.
Answer : x—y.

Express —x-+y in another form,
Answer : —(z—y).
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The reader should practise multiplication in algebra and
check the result by dividing the product by one of the two
quantities which, mcltiplied together, produced the products.
The answer should be the other quantity.

Thus : Multiply ax+3by by 4a4-3b.

ax+3by
4a+-3b

4a’x+12aby
+3abx+9b%y
Answer : 4a2x+12aby--3abx4-9b%y

We can now check this back :

ax+3by)dax+12aby+-3abax +9b2y(4a+3b
4a%x+12aby

3abx+9b%y
3abx+49b%y

Or, 4a+-3b)da’x+12aby+-3abx +9b2y(ar-+ 3by
4a%x +3abx

12aby 4 9b%y



CHAPTER XIV
SimpLE EQUATIONS

ALGEBRA is of the greatest use in expressing a problem in its
simplest terms ; it is a system of arithmetical shorthand, more
graphic than words and enabling the relation of the quantities
to one another to be seen at a glance. The problem is con-
verted into symbols, or symbolical expressions.

Thus, the output of a machine may be stated as z, and of
five machines of similar type as 5z ; or if the rate of output cf
a machine is increased by five times, its output would be 5z.

Two numbers may differ by, say, 17. Let x denote the larger
number and y the smaller.

Hence z—y=17.

A car travelling a distance of z miles at a speed of y miles an

hour would takeihours. .

Now, in algebraic calculations certain symbols are assigned
to certain quantities. Thus ¢=time, V and v=velocity, s=
distance, or space, or sum ; g=acceleration due to gravity =
32-2 ft. per sec./per sec. These letters convey what they stand
for at a glance, because they are the initial letters of the
quantities. '

Any arithmetical or algebraic expression such as z+y=9,
3x8=24 is called an equation, since the terms each side of
the = sign are equal, or equated. All expressions which are
separated by the equality sign are therefore equations, whether
the expressions are arithmetical or algebraic.

By means of algebraic equations we are able to find the value
of the unknown quantities, and this process is known as solving
the equation, the answer being the root or solution.

If the problem does not involve the power of any unknown
quantity, it is termed a simple equation ; if one or more of the
unknown quantities are squared, the problem is a quadratic
equation ; if one or more unknown quantities are cubed, the
problem is a cubic equation. If the fourth power is involved, it
is a quartic.

7
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When the equation relates to an algebraic operation only
the expression is known as an identity. Thus (a+b)2=
a?+2ab+b%is an identity, for we have evaluated the expression
(a+b)?, and reached a result beyond which it is impossible to
proceed.

Continuing with simple cquations, let us take the simple
algebraic expression 5a-+9=19. In this expression it is clear
that 5 times the unknown number plus 9=19. It is apparent
that a equals 2, and this simple example is sufficient to illustrate
the process of solving an equation.

Now it is important to remember that the value of an
equation is not altered by multiplying, dividing, subtracting,
or adding to each side of the equation. Whatever is done to
one side of the equation must be done to the other. We can,
if it is convenient to solve the equation in that way, raise each
side of the equation to the second or third power, or to the nth
power, which is another way of saying that if you multiply,
divide, subtract from, add to, or raise to a power the left-hand
side of the equation, we must multiply, divide, subtract from,
add to, or raise to the same power the right-hand side.

Although mentally we have found that the value of a in the
above simple equation is 2, it would, in fact, be solved in the
following way :

5a+4+9=19
Now subtract 9 from both sides, thus :
(5a+9)—9=19—9

Subtracting, 5a=10.

Dividing throughout by the coefficient 5 :

a=2

The balance of the equation is not destroyed, even if all the
signs on each side are changed, thus :

—b5a—9=—19

This merely means that we have multiplied the original
equation by —1..

Another method of solving the equation would be to trans-
pose the figure 9 from one side of the equation to the other,
thus :

5a+9=19
5a=19—9
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This boils down to the well-known algebraic rule :

All the unknown quantities are transposed to one side and ail
the known quantities to the other, dividing, if mecessary, by the
coefficient of the unknown quantity.

Here are some examples :

3x+4+5=20
3x=20—5
3x=15
x=5
2(x+-4)=24
2x-+8=24
2x=24—8
2x—16
=8
3x2—7—=41
3x2—=48
x2=16
=16
=4

(a+b)a+b)=25
at42ab-+b62=25

This is an identity, and numerical values for a and b cannot
be found (except by trial and error) unless we know the valne
of one of the unknowns. We can, of course, observe that, in
this case, a-+b=5.

Br—7=2x+2
5x—2x=2-+7
3x=9
x=3

Note that, when transposing from one side to another, the
signs are chonged. Negative signs become positive and
positive signs become negative.

Thus in the last example +2x becomes —2z, and —7
becomes +7. This rule is most important.
3a2—10a=8a-}a?
3a2—a?=10a+8a
2a2=18a
a®=9a
Dividing by ¢ a=9
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T, x_
3tg=*

Get rid of the fractions by multiplying both sides of the
equation by 9.

9(3)+9(5)=9x4

3x+x=36
42r=36
r=9
55‘(1:+10)—§(x—2)=5£2__5+2

Multiply both sides by 30 to eliminate the fractions :
18(x+410)—20(x—2) =252+ 25-+60
1824180 —202440=252+ 25460
182—45r=—180—40-++254-60

—27r=—135
Divide throughout by —27 :
=5

The reader will become facile at solving equations if he

- practises making up simple problems and expressing the
conditions by symbols. ’

Here are some examples :

The difference between two numbers is 7. Their sum is 13.
What are the numbers ?

Let z=the larger number, and y the smaller.

Then z-+y=13
r—y=1
Subtracting : 2y=6
y=3
Substituting this value in either of the above equations :
z+3=13
r=13—3
=10
or t—3=17
r=T7+43
=10

Problems.—Find three numbers, such that the largest is
equal to the sum of the other two ; the ratio of the latter is
as 2 to 3. If 10 be added to each number the largest number
will be 5 more than half the sum of the other two numbers.
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As the two smaller numbers are in the ratio of 2 to 3, let
3z and 2r represent them ; 5z will therefore represent the
largest number.

Add 10 to each of the numbers :

52410
3z+10
2z+10

5+ 10=13(22+43x+20)+5
. 5e+10=4(52+20)+5
Hence §x=5
r=2

The numbers are therefore 10, 6, and 4.

The result may be checked by substituting these values in
the equation. Thus :

104+10=4%(4+6-+20)+5
20=4%(30)+5
20=15+5

The ratio of two numbers is as 2 to 3, and their sum is 30.
Find the numbers.

Let 2zx=o0ne number.
and 3r=the second number.
Then 3x-+2x=30
5x=30
=6

The numbers are therefore 12 and 18.

A stone dropped from a window takes 3 secs. to reach the
ground. Find the height from which it was dropped. We
must here remember that the velocity of a freely falling body
is 32-2 ft. per sec./per sec. ; and the relation between distance
fallen and time taken-is s=1}g#2, where s=distance in ft., t=
time in secs., and g=32-2.

So: s=}xX32:2% 3
=16-1X9
Height of window=144-9 ft.
In what time will a stone drop a distance of 144-9 ft.?
144-9=3 X 32:2 X 12
1449
16-1-
t=+/9=3 secs.
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By adding 4 to a number, and dividing the result by 5, the
result is one-fourth of the original number. What is the
number ?

x+4_x
5 4
Multiply each side by 20 :
4r+16=5x
5x—4x=16
x=16

Pythagoras’ rule for the length of the hypotenuse of a
right-angled triangle is base®+ perpendicular?=hypotenuse?.
The base of a right-angled triangle is 3 ins. and the hypotenuse
5ins. What is its height ?

b2 p2=h2
9+ p2=25
p2=25—9
p=JI6
=4

One number is one-fifth of another, and their sum is 30.
What are the numbers ?

Let x=the smaller number.

Then 5x=the larger number.

5x+x=30
6x=30
r=>5

The two numbers are thus 5 and 25.

The foregoing are simple equations, involving the use of one
unknown quantity. It is, of course, impossible to lay down
specific rules for every type of problem. The reader must
learn the various tricks of calculation to enable him to solve a
problem. For example, we have seen that the square of two
quantities separated by a plus sign is the square of each quan-
tity, plus twice the two quantities multiplied together. Put
in the form of an equation :

(@+y)P==-+2zy+y
Here is an example of the use which may be made of this
rule :

The product of two numbers is 20. The sum of their squares
is 41. What are the numbers ?
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xy=20
L 22y =40
224yt =41

By addition %22y =81

Factorising (x+y)(x+y), or (x+y)2=81.
Taking the square root of both sides, x+y=
But xy=20

Therefore y:gf
Substituting for y :

x+2—£=9,
Multiplying both sides by « :
x24+20=9z
—92+4+20=0

Factorising (z+4)(x—5)=0
Therefore, either x+ —4 =0 or x—5=0
and x=4or 5
Substituting in 2+y=9
y=either 5 or 4.

If we had also been given the difference of the two numbers
(1), we should praceed thus :

2y =20
L 22y =40
224+ y2=41

Hence 22 2zy+y2=81
Factorising (z+4y)(x+y)=81
Taking square root of both sides, x-y=9
But x—y=1
By addition 2x:=10
Substituting in z-+y=9

Here are some examples for practice. Evaluate y in the
following equation :

Ny—13_ 17y+4  19y+3 5y—25%
%5 ' a1 7 =28/t
Answer : 8.

Remember, it is always advantageous to clear the fractions.
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Give an expression for  in the following equations :

r—y 3a—x_ .
ety T 20 s Answer : x_5a—2y
a—b_a+b . Bac—bc
e % Answer : %
%@—{—b:b;—{—a Answer : a,(—l{——bb

1 1 2 2ab
.’i?a,—i_a:b_a—: Answer : T
P E T gt A : ab
ab bc+ac—a’+ +c nswer : abc

Examples.—A man is older than his wife by 20 years, and
10 years ago the man was twice as old as his wife. What are
their ages ?

Answer : 30 and 50.

At what time between eight and nine do the hands of a
watch make an angle of 180° with each other ¢

Answer : 109 mins. past 8.

What number is that which when multiplied by 3 will be in .
excess of 56 as much as it is now short of it ?

Answer : 28. :

A dry cell has a voltage of 1-25 volts, and it is connected
into a circuit whose resistance is 40 ohms. What is the current
passing through the wire ? The internal resistance of the cell
is 3 ohms. (Note: volts—amps.=ohms.)

Answer : 0-02906 amperes.

Smith can complete a given piece of work in 9 hours. Jones
takes twice that time, whilst Robinson does three-quarters as
much work as Smith in 1 hour. How long will it take Smith,
Jones, and Robinson, working together, to complete the piece
of work ?

Answer : 4 hours.

The value of a fraction is § when 4 is added to its numerator.
The value of the fraction is } if 6 is added to the denominator.
What is the fraction ?

Answer : 5.

If Smith gives 6s. to Robinson, the latter will have twice as
much as Smith ; but if Robinson gives 3s. to Smith the latter
will have the same amount as Robinson. What money has
Smith and Robinson ?

. Answer : 24s. and 30s.



CHAPTER XV
SiMuLTANEOUS EQUATIONS

PAIRS or sets of equations in which the same unknown symbols
appear, which are assumed to possess the same values through-
out, are simultaneous equations. By giving values to one of
the unknown quantities values which correspond can be found
for the other unknown quantity.

For example :

4r—3y=2

This really means that we must find two numbers of such a
value that three times the second, subtracted from four times
the first, equals 2. Now we have previously seen that we can
transpose from one side to the other, and thus 4x—3y=2 is
equal to 4xr=3y-+2.

Now give suceessive values of 1, 2, 3, and so on to y, so
obtaining corresponding values of x. Thus:

y=1,4x= 5; . x= —i
y=2,4x= 8; ' x= .—i
y=3, 4z=11; .. x=%l
y=4, 4x=14; . x:z4

Similarly, we can give values to x and find corresponding
values of y. Later on we shall see the value of this when we
come to plot graphs.

In the above equation we have found corresponding values,
and go if we had a second equation, such as 6x—5y=2, and
give values to either x or y, corresponding values of the other
unknown quantity will be obtained, and we can compile a
similar table of values of x and y, as above. A comparison of

85
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the two sets of values will show that only one pair of values of
z and y satisfies both equations.
Pairs of equations such as
4 —3y=2
2x43y=28
in which the same values of the unknown apply are, as we have
seen, simultaneous equations.

To find the value of two unknown quantities we have
established that it is necessary to have two equations.

In the solution of simultaneous equations we must have as
many independent equations as there are unknowns to be
found. Therefore, if there are three unknowns we should
require three distinct equations ; if there are four unknowns,
as w, x, y, and 2, we should require four equations.

Elimination,—When these equations are given it is possible
by a process of elimination to obtain other equations, in which
some of the unknowns do not occur. There are two methods
generally adopted in solving simultaneous equations contain-
ing two unknown quantities. The first is to find the value of
one unknown in terms of the vther unknown, and then to substitute
the value so found in the other equations.

The second is by multiplication or division, to make the
coefficients of one of the unknowns the same in the two
equations, when by subtraction or division one of the unknown
quantities is eliminated, thus leaving only one unknown, the
value of which will be found by the methods already described.

Example :
52—2y=10
3x— y= 7
Applying the second method, multiply the first equation by
3, and the second by 5. This will produce :

152—6y=30
Subtract 152—5y=35

Multiply throughout by —1 y= 5
Now substitute the value of 5 in the first equation, and we have
52—10=10
from which 5x=20 (transposing the —10 to the right-hand
side of the equation to produce 20).

Hence, x—4.
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By the first metkod 5x=10-2y
1042y
5

3046y
5

and z=

From this 3x=
Now substitute this value in the second equation 3x—y="7.
Wby

Next multiply both sides of the equation by 5 to get rid of
the fraction.

30+ 6y—5y=35
from which 30-+y=35
y=35

Substituting this value, the value of x can be found by the
method already described.

It is very necessary to become adept at solving simultaneous
equations. Here are some examples :

8x— 6y=14
Answer : z=4, y=3
%+%§”=m
3z—l5+6y=108
a 4

- Answer : =13, y=17

2, .

5+y—‘1

1

= 2 =1

S T2y=11

Answer: z=4, y=4%
(a—b)x+ (a+b)y=a*—b®
(a+b)x—(a—b)y=2ab
Answer : z=}(a+b), y=34(a—b)
If 5 be added to the numerator of a fraction its value will be
1, and if 1 be subtracted from the denominator, its value will

be .. Find the fraction. The fraction is thus ’;f/ Add 5 to

5
the numerator :.
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z+5
y 3
Now subtract 1 from the denominator,
L ==
y—1 5
9
Therefore .,a:—;- 10_)
By cross-multiplication 2z+10=y
Or 22— y=—10
From the second equation Sr=y—1
By transposition we obtain y—2x=10
and y—br=1
3x=9
r=3

Substituting this value in any one of theJequations we find that
y¥=16, and hence the fraction is .

If 20 be added to a certain number and the result divided
by 12, the result is one-eleventh of the original number. Find
the number.

x+20 «x
127 1
122 =112+220
122 —112=220

=220



CHAPTER XVI
PErRMUTATIONS AND COMBINATIONS

I xow deal with the question of permutations and combina-
tions, since, before the principles of the binomial theorem can
be understood, it is necessary to understand this branch of
calculation. A permutation is the number of different arrange-
ments that can be made of a number of quantities.

If V represents the variations of » things taken r together :

V=n(n—1)(n—2)(n—3) to r factors.
Here is an examyle :

A licence is numbered BA3456 ; how many are there of a
similar numbering system ? Counting the digits and letters we
can regard the number as being composed of six compartments.
The first two can be occupied by letters, and the remaining four
by digits. It is obvious that the first compartment can be filled
in 26 different ways, because there are 20 letters in the
alphabet. If we put A in the first compartment there are 26
ways, similarly, of filling the second compartment, and similarly
with B in the first compartment, and so on. Therefore, there
are 26+4-26+4264-26 . . . or 26X 26 different ways of filling
the first two compartments. The digits are 1, 2, 3,4, 5, 6, 7, 8,
9, 0, and therefore it is apparent that there are 10 different ways
of filling each of the four remaining compartments, or 104
ways of filling the whole four compartments. Hence the
licences, using four digits and two letters as in the example
given, can be numbered in 262 x 104 different ways. The answer
therefore is that in this series of licences there are 6,760,000
differently numbered licences.

Here is another example :

There are four signalling flags. In how many ways can these
be arranged one above the other ?

Obviously any flag can be placed at the top, and when a
particular flag has been so placed there are three ways of filling
the space below. Therefore, the two upper positions for the
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flags can be filled in 4 x 3 different ways, and hence the whole
series of flags can be arranged in 4xX3x2x1 different ways,
or 24 different ways in all. In other words, the arrangement
is factorial 4, and is usually written mathematically as | 4.
Sometimes the product of a series such as 4xX3Xx2x1 is
written 4 !, and the latter is frequently used.

Thus : 31=3x2x1=6
41=4x3x2x1=24
51=5x4x3x2x1=120
61=6x5X4xX3x2x1=720

Now the factorial symbol ! or | can only be used in connec-
tion with a positive integer. -
It is convenient to define 0 ! or | 0 as equal to unity.

Another example :

If there are six tin boxes, in how many different ways can
any four of them bc placed one above the other ?

From our previous rcasoning it is obvious that the answer
is 6 5x4x3. Thus the number of permutations of six things
taken four at a time and arranged in a row, or one above the
other, is 360.

Usually the permutations of » thirigs taken r at a time is
written "P,, which means the product of r factors decreasing
by one at a time and beginning with n. The last factor will be
n—r-+1, and so we may rewrite the formula given above :

"p—nin—1)n—2)(n—3) . . . (n—r+1)

It is convenient in calculations involving factorial notation
not to multiply large products, but to leave them in factorial
form. Here are some examples :

The index number of a motor car is ABY430. How many
such numbers are there containing three letters and one digit,
three letters and three digits, and three letters and two digits ?

Answer: (1) 263x9; (2) 263x900; (3) 26°x90.

A factory has n football tcams. Each team plays every other
team once ; how many matches do they play ?
Answer : in(n—1).

A bus service has 10 ticket stages. How many different
stage tickets must be printed for this service ?
Answer: 90.
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Combinations.—If there are seven equally good men out of
which a team of three are to be provided, how many different
teams could be selected ¢ It is apparent here that the arrange-
ment of the men within the team does not matter. Therefore
it becomes a problem involving the selection of different
groups and not the formation of different arrangements. Each
of these groups is hence termed a combination of n things taken
r at a time. The number of such combinations is written *C,.

"P, n(n—1)(n—2)(n—3) ... (n—r+1)
E._ | r

uC' —

It is very necessary that the reader should understand the
difference between a combination and a permutation.

Summarising, a permutation ts the order in which things are
taken into account, whereas in a combination the order does not
matter. Hence, xyz, xzy, yxz, yzz, zxy, and zyx are different
permutations of the same combination.

Example : How many different selections of four letters
can be made from the letters u, v, w, x, y, 2z, without restriction,
and secondly, if # must be in each selection:? -

Also, if » and y must be in each selection.

Answer: (1) 15; (2) 10; (3) 6.

In a game of whist 52 cards are dealt in four hands of 13
cards. How many different arrangements of the eards are
possible ?

Answer:

—_—
-
~—

-~



CHAPTER XVII
THE Binomisar THEOREM
WE have already seen that (a+b)?=a?4-2ab4-b2, and that
{a+b)3=a3+3a2b+3ab?+b3.
Similarly (a4 b)*=a4+4a3b+6a2b2{4ab3+b4.
Proof : (a+b)2=(a+b)(a+b)
a+b
a+b

attab
~+ab-4 b2

a®42ab4-b?
(a4-b)*=(a+b)(a+b)(a+b)
a?+2ab4-b?
a+b
a0+ 2a%b+ ab?
a?b+2ab?+4-b3

;13-+ 3a2b+3ab2+ b3

(a+b)=(a-+b)(a+b)(a+b)(a+b)
a3+ 3a2b43ab2+-b3
a-t+b

;z‘ -i— 3adb+3a2b?4-ab?
adb+3a2b?+3abd+ b4

at+4adb+6a2b2+4ab3 4 bt
Observe from these examples that the numerical examples
in the expanded forms (expansions) are similar to expansions
of (1+=)?, (1+%)3, ete., and this must be so for all powers of
the expression.
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For example: (1+z)3=1+3x4 32t 23
and (14x)d=142(1+2x)*=1-+2(1+3x+3x2+2°)
=143x-+3x2+a?
142
14-3x+3x2+ 23
x+3x24 38424
1442+ 62240344

In this product take any coefficient, 6 for example. It is
obvious that this is the sum of 3, the coefficient of 2% in the
product of (14x)3, and 3 the coefficient of z in (1+4x)3. It will
now be seen that the coefficients of x in (1+42)* may be found
from the coefficients of (1+x)3.

Hence 14+3=4; 3+3=6; 3+1=4
and unity as a coefficient at each end.

Now, a binomial is an expression consisting of two terms,
as z+y, and the binomial theorem is the rule or formula by
means of which any power of a binomial may be found without
performing the successive multiplications.

Pascal’s Triangle.—The order of the coefficients in (14-x)3
and (1+x)* will be seen to follow a rule :

1331

AAAA
14641
By this method we can thus find, without calculation, the
coefficients of the terms in the expansion of (1+4x)7 or any other
power of 14x. Pascal’s triangle gives the rule for the
coefficients. Thus in (1+4x)” the triangle would be
11

AA

121
AAA
1331

AAAA
14641

AANANA
15101051

AANAAAA
1615201561

AAAAAAA
172135352171 °
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Readers will here see the connection between permutations,
combinations, and the binomial theorem.

Thus, the binomial thcorem is the formula by which any
power of a binomial may be fuund without performing the
successive multiplications. A binomial is an algebraic expres-
sion consisting of two terms joined by + or —.

Take the product of the n factors of (14 ay)(1+by)(1+cy).

. It is obvious, at a glance, that
(I4ay)(1+by)=1+(a+b)y+aby?
and (1+ay)(1+by)(1+cy)
=14+ (a+b+c)y+(ab+bc+ca)y®+abey®

(1+ay)(1+by)(1+cy)(l+dy) . . .
=1+(a+b+c+d+ C )y
+(ab+bc+ . . . Op°
+(abc+bcd+ N7
—1+(—a)J+(~ab)J +(Sabe)ys .
N =the summation of the products of ab, etc. "We have seen
earlier, when dealing with combinations, that all products such
as ab are all the combinations possible by seclecting two of the
letters of the » series, and, as we have seen, they may be
designated by "CS.
Therefore :  *C, is the number of terms in Zq
"C, is the number of terms in Xab
*C, is the number of terms in Sabe

and

and so on.
Summarising : (14+z)"
=14"Cix+"Cox®*+Cy2® . . . "C,a"
This only applies, of course, when the index is a positive
integer.
For fractional and negative values of n a different rule
applies.



CHAPTER XVIII
ALGEBRAIC FACTORS

I HAVE dealt in an earlier chapter with the elementary
algebraic processes of addition, subtraction, multiplication, and
division, and it is now necessary for the reader to acquire a
knowledge of factors and indices. Inany algebraic expression,
which is the product of two or more quantities, its factors are
those quantities.

The factors of 22-+10x-+21 are x-+3 and z+7, because when
multiplied together they produce that expression. The process
of finding the factors of an expression is known as resolution,
or the resolving of the expression into its factors. It isa process
reverse to that of multiplication. Now in algebra there are
many expressions, or identities, which occur frequently, and
because their factors may easily be recognised they must be
memorised. When memorised, the factors of expressions
having similar form may be extracted on sight and without
calculation. Here they are :

(1) (a-+b) (a-+b), or (a-+b)*=a?+2ab+b?
(2) (a—b) (a—b), or (a—b)2=a?—2ab+b*
(3) (a+bd) (a—b)=a?—b?

(4) a3+b3 =(a+b) (a*—ab+b?)

(5) a®—b® =(a—b) (a*+-ab+b?)

(6) (a+by=a3+3a%-3ab?+b3

(7) (a—b)3=a%—3a?b+3ab?—b?

ad+ b3+ c3—3abec=(a+b+c) (a2 b2+t —bc—ca—ab).

If we meet the expression 22 2xy4-y%, we know at once that
the factors are (x-y) (x+y), from the first of the algebraic
identities given above; because these hold true no matter
what letters are employed.

From this first identity (a+b)?=a?+2ab--b* we deduce the
rule : The square of the sum of two numbers or gquantities is
equal to the sum of the squares of the quantities plus twice their

duct.
pro o
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From the second identity (a—b)% we deduce the rule : The
square of the difference of two numbers or quantities is equal to
the sum of the squares of the quantities minus twice their product.

From the third identity (a+b) (a—b) we deduce the rule :
The product of the sum and the difference of two numbers or
quantities is equal to the difference of their squares.

Suppose we encounter, during calculation, the expression
252—242. Remembering the rule for the third identity, we
write

(254-24) (256—24)=49 X 1=49
This, it will be agreed, can be solved mentally once the rule is
committed to memory. Without knowing the rule, some little
time would be taken to work it out.

Another example :

-245%2—-0412
=(-245+4-041) (-245—-041)
=-286 % -204
=-058344

Suppose we wish to know the factors of a®*—b% Remember-
ing the third identity,

—bA=(a2-b%) (a2—b?)

We know from the second identity that a®*—b%*=(a-b) (a—b);
therefore the factors of
—bi=(a®+b?) (a+b) (a—b)

Therefore, it can be said that a*—b" can be divided by a—b
when n is odd, and when n i an even number it can be divided by
(a+b) and (a—0b); and a™+b" is divisible by a+b when n is odd.

Now let us take the expression a%-+13a-+40, the factors of
which are a+8 and a-+5. Here we see that :

The first term is the product of a and a, or a?.

The middle term is the product of the first term and the
sum of 8 and 5.

The last term is the produc\t of 8 and 5.

From this it is a fairly simple matter to find the factors of
an expression.

Example : Find the factors of a2+48a--15.

We know that the sum of the two numbers must be 8 and
their product 15.

Now 6 and 2, 7 and 1, 5 and 3, 4 and 4 are pairs of numbers
which total 8, but of these only one pair, 5 and 3, will give a
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product of 15. So the two figures required are 5 and 3 and the
factors of a®+8a+ 15 must be (a+5) and (a+3).

Find the factors of x2+422x4105.

The sum of the figures must be 22 and their product 105
Split 22 into pairs of numbers.

21 and 1
20 ,, 2
19 ,, 3
18 ,, 4
17 ,, 5
16 ,, 6
15 ,, 7
14, 8
13 ,, 9
12 ,, 10

11 ,, 11

Inspection shows that only one pair of numbers gives the
product 105, and those are 7 and 15. Hence the factors of 22+
2224105 are (z+15) and (x+7).

The factors may also be found by Substitution, that is, by
substituting a value for z to bring the quantity to zero. Take
the expression x%2—15x+-56.

Inspection shows that two possible factors of 56 are —8 and:
—17, which equal —15 when added together, and +56 when
multiplied together. To check this assume x=8.

Then 64—1204-56=0. As x=S,
80 x—8=0 and therefore —8 must be a factor.
Now try the other factor, 7.
49—105+4-56=0

This value of x also satisfies the equation. As z in this case
equals 7, then x—7=0, and so the factors of x2—15x2-+56
must be (r—8) and (x—7). Prove by multiplying them
together :

z—8

x—7

x?—8zx
—Tx-+56

22— 152456
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Examples.—Factorise the following :

Answer :
Answer :
Answer :
Answer :
Answer :

Answer :

—3a—54
(a+6) (a—9).
—22a+57
(a—3) (a—19).
22— 10x+42y—5y*—32y+-21
(x—3+5y) (x—7—y).
2%y +bxy—4xr+6y—8
(xy+3y—4) (z+2).
ax?y+bx?y+3ay+3by—az—bz
(x*y+3y—z) (a+b).
1222 —34ay+ 14y®
(3x—Ty) (4x—2y).

What quantity must be added to 22— 2zy to make it divisible

by z—y !

Answer :

Y

In the last example, proceed as follows :

12224 34xy -4 1432 12(»1?2'- 1.75!'!/+ij2)

- l'.’.{x“— - u—l—(uJ) +%y2”‘(gy)2}

2
Note: The term (’}%y) is half the coefficient of xy multiplied

by y and all squared.

12{(x—i—;y)2 iz}
~l2{ x—12J 2 ilﬂ)z}
;:12(x——2y+—y)(x—i—;y‘}éy)
—1’(1——.1/)( —gy)
7
3

=3 X4(x-ly)(

(tx—2y)(32 —Ty)

)



CHAPTER X1X
INDICES

WE have seen, in a previous chapter on logarithms, that the
number which expresses the power of a number is termed the
index.

Hence in x2, y5, ad, ay, zy’, the indices are, respectively,
2,5,4,2,and 7.

The rules regarding indices which have been given in connec-
tion with logarithms also apply in algebra. We have seen
that, in multiplying two numbers, such as 10% and 103, we add
the indices, and write 105 as the product. It is important to
remember that we must, when multiplying, only add the
indices of similar quantities. If we wish to multiply 73 by 5
we must not add the indices and write 75. Simple arithmetic
would prove that to be wrong ; but if we need to multiply 72
by 75, we may add the indices, and express the product as 78.

The rule is : To multiply together different powers of the same
quantity, add their indices, when the numbers are positive.

Thus, ztx a3=(x X T Xx Xx) (x X X 2)=24+3=27.

When one power is to be divided by another, the index of the
divisor must be subtracted from that of the dividend.

25_(eXTXTXTX2)

=\ -3
x? (xXx)

Thus :

x -
Therefore : x—2=x5 t=g3

When the indices are symbols, the plus sign must be placed
hetween them when the different powers of the same quantity are
to be multiplied together, and the minus sign must be placed between
them when they are to be divided.

m

Thus 2™ X z® would be written z™+" and i_” would be
written ™",

When a power of a quantity is itself to he raised to a power,
the indices must be multiplied together. Thus—

(22)B=g2 X6=210

99
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Similarly V7 is written xt
8V« is written xt

1 . .
\—/z is written x—#

1
= 1s written z—%
5vz

Fractional Indices.—The rules apply to fractional and
negative indices. When multiplying a fractional power of a
quantity by the fractional power of another quantity the
indices are added, and similarly when dividing such fractional
powers of quantities the indices are subtracted.

Thus atxzt=atti=2" and atxat=zt+i=xt; rixai=1l,
and so on.

Hence 2t means the cube root of x

x} means the square root of x
2t means the cube root of x2

also L —gpi-t—gt

and x—*=x&—&=x—&
xt
xb
=
and (22)3=(x3)? (both equal «¥).
It is most important that the rules of indices be learned,
and the following examples should be worked out :

and at—t—=20—1

28 DY)
Answer : a2t
2126 3¢ 2376
Answer : x5, or at, or Vz
26
xt
Answer : a8
(x5)3
=
Answer : 13
b xt
Answer : x—t
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r—t
z—¥
Answer : 2°=1
x—t
“xt
1
Answer : 2-1, or z
Notice that the sign of the index of the denominator is

changed. Thus, in the last example :

x—t 1
—g=x"t-t=x-1 or =
x x

Our knowledge of arithmetical fractions shows that :—‘.
i
o2 g etc., must all equal 1, because the numerators
xh xz’ ™
divide once into the denominators. The expressions are thus.
similar to %, g, ::);—,;5), —g, etc., all of which equal 1.
Another example :  (x5)2
(x?)*
— PX2 e pxd
—gl0-8 '

=x2



CHAPTER XX
ArceBrAIc Fracrions, H.C.F., anp L.C.M.

Fractions.—Algebraic fractions are treated in the same way
as arithmetical fractions, but in algebra it is often more con-
venient to write out the factors of an expression in simplifying
the fractions. Factorisation of algebraic expressions has
already been dezlt with.

Remember that, as in arithmetic, when comparing, adding,
or subtracting fractions, they must have a common denomina-
tor, and the latter should for ease of working be as small as
possible.

Take, for example, 5a+—

Multiply the numerator and denominator ‘of } by 5a, ob-

taining 550%; now multiply the numerator and denominator

1 .. 4
of 52 by 4, obtaining 300" Thus 20a becomes a common
-denominator

_ ba __5a+4
Hence +4 20a+20a %0a .

Examples.—Simplify (2+21 ) ' (4x_§:)

Express this as a fraction in the usual way :

gt o

4:1:—%
x

Now simplify by reducing to a common denominator :
xz+1
2x
422 —4
x

102
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Here it will be seen that the numerator and denominator

of } have been multiplied by x to produce é%: . Asin arithmetie,
the value of a fraction is not altered if numerator and de-
nominator are both multiplied or divided by the same number
~—any convenient number.

z, 1 x41

5o 3= 9z

Now for the denominator portion. Here we write 4z ag

Thus,

4 .
ix and multiply numerator and denominator by x, producing

4x? 4z 4 C 4x2—4
— . g0 we now have — — —, which is the same as
x xr z z

Next write the whole as an ordinary fraction :
z+1 z
27 N 44
Note here the application of the rule for division in fractions,

which applies : Invert the divisor and multiply. It will be
422—4

seen that thus becomes 4_xzx__4 Applying the usua}

rules, the expression becomes :
z(x+1)

2x(4x2—4)
- x(x+1)
T4 x2zx(z+1)(x—1)
1

8(z—1)
Here it will be seen that xz(x-1) has cancelled out, leaving
1 for the numerator and 8(z—1) as the denominator.

In this example advantage has been taken of factorisation
to effect cancellation of quantities common to numerator and
denominator. :

Highest Common Factor.—It is not always possible, however,
to factorise, and we therefore, as in arithmetic, make use of
the Highest Common Factor (H.C.F.), which is tantamount,
as in arithmetic, to finding the Greatest Common Multiple
(G.C.M.)
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The highest common factor of two or more expressions is the
highest expression which will dwvide without remainder into each
of the expressions.

Suppose we wish to simplify :

at+ad+2a—4
ad+3at—4
First we divide the denominator into the numerator thus :
a*+3at—4)at+ad+2a—4(a—2

a%+3a3—4a
—2a3+6a—4
—2a3—6a?4-8
6a’-+6a—12

This equals 6(a2-+a—2).
Now divide a®+3a2—4 by a?+4a—2.
) a*+a—2)a*+3a>—4(a+2

at+a-—-2a
202420 —4
2a%+2a—4

The Highest Common Factor is, as shown above, a2+a—2.

Lowest Common Multiple.—We find the Lowest Common
Multiple when we wish to compare, subtract, or add two
fractions. The lowest common multiple of the denominators
of a fraction is the smallest expression into which each of the
expressions can be divided without a remainder.

One method is to find the H.C.F. of the expressions in the
manner indicated above, divide one of the expressions by it,
and then multiply the other expression by the quotient.

In the above example the H.C.F. of the two expressions has
been found to be a?+a—2.



CHAPTER XXI
QuapraTIC AND CUBIC EQUATIONS

FacTogs, indices, H.C.F.,L.C.M., and fractions are necessary for
a proper understanding of methods of solving quadratic equa-
tions. Aswe haveseen,any equationin which the highest power
of the unknown quantity is 2, such as 22432, is known as a
quadratic equation. If the highest power is 3, the equation is a
cubic equation, and if the highest poweris 4,itisa quarticequation.

The well-known identity a?+2ab+b% is a quadratic
expression, and the solution of such equations is concerned
with finding their roof. A quadratic equation may contain
the unknown in its first and second powers, or it may contain
only the second power of the unknown. The simplest quad-
ratics to solve fall in the latter class, and I shall deal with
those first. Let us take a simple example :

5x2=20

Then :cz=2,,9=4
5

And z=V4
=42 (plus or minus 2)

It is important to remember the rule that all quadratic
equations have two rools. We have seen in an earlier chapter
that when two positive quantities are multiplied together the
product is positive, and also that when two negative quantities
are multiplied together the result is also positive. When a
negative quantity is multiplied by a positive quantity the
result is negative. Hence the rule : The two roots of a positive
quadratic are positive or negative.

A real value for a negative quantity cannot be found, and
so such quantities are termed ¢maginary quantities, and when
roots of quadratics reduce to negative quantities they too are
said to be imaginary and without practical meaning.

The square root of any positive number must, therefore, be
positive or negative, and although in ordinary arithmetic we
express the square root of a number as two positive quantities,
they are really positive or negative.

4* 105
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Solve : x:Z{)
3z
By cross multiplication 3x2=75
and x2=zf—)
22=25
r =425
x =435
Solve : 5224+ 125=0
bx?=—125
x2=—25
r=4vV—25

This is an example of an imaginary quantity.

Now, in quadratics of the form ay®+4by=16 it is nearly
always convenient to equate the quantity to zero as in the
above example :

ay?+by—16=0

It is necessary to understand what is meant by a perfect
square before we deal with the general methods and formulee
for the solution of quadratics. For example, the quantity
a?+10a-25 is a perfect square because its roots are - (a45).
Thus :

Va:+10a+25=+(a+5)

Also Va®—8a+16 is a perfect square because the factors
are +(a—4).

From these two expressions we can deduce arule. Let ustake
the first two terms of each of the above expressions, a2+ 10a
and a®—8a. It will be seen that to convert both to a perfect
square 25 has been added to the first, and +16 to the second.

- . - 102 8)2

It is obvious that 25= ( ?) ,and 16= (2)
This, it will be seen, is in cach case the square of half the
coefficient of @, and the rule is : 7o convert an expression such

2
as x*xy into a perfect square, (;) (the square of half the co-
efficient) must be added to it.
2
Hence x?+yx becomes a perfect square, when % is added
to it.
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So, in a general quadratic of the form ay?+by-+c=0, we
must first make the coefficient of y* equal to 1 by dividing
throughout by a, and the equation becomes

b ¢
24 ° =
J +ay *a 0

Transposing :

c

y2+zy=—a_

Now convert the left-hand side into a perfect square by
adding the square of half the coeflicient of y (applying the rule
already given), and to preserve the equality of the equation
add the same quantity also to the other side.

2
The square of half the coefficient of y is (!)%) and the

equation becomes :

ity (8)' = (£)
b (2= (L)%

Clearing the brackets from the right-hand side :

b e

il ()~ S

By bringing the right-hand side to the common denominator
4a? and factorising the left-hand side, we have

(3/+‘c_)'_1;)2=”b2 4(.14‘;16

Extract the square root of both sides :

b b2—4ac
yhoe=+ \/ da®

Now transfer 2—2 to the other side :

b, /b—dac
vzt

From which y= -—2%:}:2}“\/5?‘_;71416
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Here it will be seen that the square root of the denominator
4a? has been placed outside the square-root sign, and :

—b+44/b*—4ac S
y=- _\§/a_ B
This formula may be generally applied in the solution of
quadratic equations. The 4 sign gives two possible solutions :

—a /b=
= —b \)/;) 4ac
and y— —b+/b*—4ac

2a
The solutions are, of course, imaginary if the quantities
embraced by the square-root sign evolve as negative quantities.
Although two roots are obtained from a quadratic equation
only one of them is feasible in: relation to practical examples,
and the other is ignored.

Examples.—Solve the following quadratic equations :

3a2—3a=16
Answer: a-=2-863 or —1-863
§—4x»— 1
x
Answer: a=-75, or —1
9r—20=2a?

Answer: x=d4orb

Cubic Equations.—A cubic equation is expressed in the
standard form : :

axd-+bat+cx+4+d=0

This is solved in the following manner :
b B, /& B
v=—go+ [~5+4/ 5+ 7]
B A3 By}
-5/ +e]
h A b c
where ——§a2+a
20 bc d

and  B=gru—zaty



Solve :

Answer :

Solve :
Answer :

Solve :
Aunswer :

QUADRATIC AND CUBIC EQUATIONS
223 —3x—1=0
14++/3
2

,and —1
23 —6a2+-6x+8=0
4, and 14-4/3

x3—24x—§2:0
—4, and 24-24/3

109

As already indicated, cubic equations are best solved

graphically.



CHAPTER XXII
GRAPUS

If two quantities bear such a relation to one another that a
change in one brings about a corresponding change in the other,
such are easily represented by means of a graph. A graph is
drawn on squared paper. Squared paper, according to the
purpose for which it is to be used, can be obtained with equi-
spaced vertical and horizontal lines, of almost any desired
spacing. Usually the lines (for convenience in plotting decimal
quantities) are -y in., or 1 mm., apart. Sometimes the spaces
are {5 in., } in., or 4 in. apart. A typical picce of graph paper
is reproduced in Fig. 1, showing that the intersecting equi-
-gpaced lines divide the paper into squares. The horizontal line
OX is the axis of abscissee. The vertical line OY is called the
axis of ordinates. Every vertical line'is an ordinate, and every
horizontal line is an abscissa.

The space between two ordinates along the line OX may be
taken to represent one unit of measurement of one of the
quantities, and the space between two absciss® on the line OY
may be taken to represent the unit of the other quantity ; or
two or more squares, or a fraction of a square, may represent
the unit. It is not necessary to employ the same number of
squares to represent a unit of each of the quantities. For
example, one square may represent a unit of one of the
quantities, and 14 squares, or two or more squares, may repre-
sent a unit of the other. We soon learn how to decide the
number of squares to allocate as a unit in each case, in order
that the graph may be plotted in the required space.

If we mark along the line OX a distance equal to seven
spaces, and along the line OY a distance equal to five spaces,
we obtain two points. If we erect a line vertically from the
point OX and draw another line horizontally from the point
on OY the two lines will intersect. If we deal with a number
of observations in the same way we shall obtain a series of such

points. These are usually marked with a small x or circle at
110
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the points of intersection. It is not, of course, necessary to
draw these intersecting lines, as the lines already on the paper
act as guides. If these points are connected together by means
of a thin piece of wood or celluloid bent to lie along the various
points a curve is obtained. It may be impossible for the curve
to touch all of the points because the line would be irregular or
broken. In this case a line which averages the points, that is to
say, a line which lies evenly among them, may be drawn, and
such a line represents the average value of the results plotted.
It also serves to indicate errors of plotting or observation.
Sometimes a straight line will connect the points, but in graphs
such a straight line is still referred to as a curve.

The great advantage of a graph in plotting experimenta’
results is that it enables the relation between two quantities or
any change in the relation between those quantities to be seer
at once, whereas such changes may not be discerned by
ordinary methods of calculation. A simple example wil.
illustrate the great advantage of graphs.

We know that 240 pence make one pound. We can plot a
graph of the relation 240=1, and so be able to ascertain how
many pence there are in any number of shillings, or any frac-
tion of a pound. In such a case we should take 20 squares to
represent the pound along the line OY, and 24 squares (each
square representing ten pennies) along the line OX (Fig. 1).
Connecting the two points to the origin O, we obtain a curve of
the relation between pence and pounds. If, therefore, we desire
to know what fraction 180 pence is of one pound we should
count 18 spaces along the line OX and note the point where it
cuts one of the ordinates.

Equivalent values of relations can be read off direct. The
vertical distance along a graph is called the y co-ordinate, and
the horizontal distance the x co-ordinate. Suppose, therefore,
that we plot two values, say, four spaces along the x co-ordinate
and 5 spaces along the y co-ordinate. By joining the point of
intersection to the origin in O, a straight line is obtained.
When the relation between two variables results in a straight
line we are enabled to find what is known as the equation of the
line. The equation of such a line takes the form :

y=ax+b

Now a and b are constants, and if the values of x and y are
inserted values of @ and b can be ascertained. Fig. 2 gives an
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example. It will be seen that the y co-ordinate and the x
co-ordinate intersect at 24 spaces and 40 spaces respectively.
Thus, from this graph we can compile values of z and y.

When =40, y=24
=24, y=14-4
x=16, y= 96

Similarly, we can obtain by direct measurement on the graph
any other value of z in relation to y.
Let us insert a pair of these values in the equations :

y=ax+b
24 =40a-+b
Subtract : l4ﬁ;24a+11
9-6=16a
9-6
a=T6 =6
Now incorporate this value of a in the equation (given above)
24=40a-+b
24=40X -6+b
24=4-+b

from which it is apparent that b is O. Thus the equation of the
line is :
y="6x

From this it is obvious that when the equation of a line
is of the form y=axz-b, then by giving to z the values of
1,2,3,4,. .. the corresponding values of y may be found
ind the line obtained by plotting.

From a group of values of any two quantities which vary
with each other we are able by plotting those values on squared
paper to draw a line which averages the potnts. Once the line
is drawn we can find its equation, and when the lines of the
equation are obtained, then for any value of one of the quanti-
ties we are able to obtain the corresponding values for the
other, either by calculation from the equation or by inspection
of the graph.

Also, if we are given the equation of a line we can assume
values for one of the variables, and by calculation find the
values of the other. It is always advisable to give definite
numerical values to @ and b, and to plot the line from them.
Next, give a different set of values for @ and b, and plot the line
again. It will then be noted that the inclination or slope of the
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line depends upon the point at which the line cuts the axis of
y on b. In other words, the slope depends upon the term a.
Although the terms z and y have been used, other letters can,
of course, be used—in fact, are used in some standard equations
from which graphs are plotted.
Ohm’s Law is a good example, where
I E
R
E=Voltage, I =Current, and R=Resistance.
Let us take the simple equation :

Then

SHILLINGS

At i
O o 20 0 4 50 60 20 8 S0 /00 (O 20 X
PENCE

Fig. 1.—8Simple graph.

Now let us plot a graph from these values, as in Fig. 3. It
will be secn that starting from O the first dot is placed at 2 on
the y co-ordinate.

Now taking succeeding values a dot is made at the intersec-
tion of 1 on the X co-ordinate with 3 on the OY co-ordinate; at
the intersection of 2 with 4 ; and 3 with 5. Connect the points
with a line. The line should be drawn as fine as possible so
that the graph may be accurately read.

Now let us assume that this line represents the relation of
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two variables 4 and B. We substitute these in the equation
previously given. Thus :
A=aB+b

and in this we substitute the known values of two points in the
line. This will yield two equations from which we calculate
a and b.

For example, the values along OY may represent values of A,
and along OX values of B.

In the graph Fig. 4, when 4 is 5, B is 3.

When 4 is 4, B is 2.

We can now substitutc these values in the equation :

5=ax3+4b
4=ax24b
l=a
a—1

Substituting this valuc in the equation 4=2a+b, b—2.

Fig. 2.—Another simple graph.

Now further substitute these values in the equation
A=aB+b

We obtain A=B42

The term b decides the point in the axis of  from which the
line is drawn, and by altering its value (letting the value of a
remain constant) parallel lines will be obtained.

When the magnitude of a is changed, with & remaining
unaltered, a series of lines is obtained which are drawn from
the same point, although the slope of each in relation to the
axis z will be different.
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Now revert to the equation y=az+b, and let a =] and b=0,
producing y=z. When plotted this produces the line xx
(Fig. 4). If bisequated to 2 (b=2), then y=r+2 y=2. When
this line is plotted it will be parallel to line zz, but two squares
above it, as yy.

If we make a—4, we shall obtain y=4x+2,
be plotted.

These are straight line graphs, but all graphs are not straight
lines. After plotting the various points and connecting a line

GRAPHS

and this should

—
__]\—_lL -

EEEEEEN

Fig. 3.—Another type of simple graph.

through them, a curved line is often obtained, and it is almost
impossible to find a law or equation which will express the
relation between the two variables. So we may resort to the
artifice of plotting one of the variables, and quantities which
are derived from the other, such as the squares, the reciprocals,
or the logarithms, to produce a straight line.

Here is a table showing values of  and corresponding values
of y:

z|10]15

20|25

30(35

1520

Y.

2.3 |27

30|34

40|45
37 1 3:9

50160

41 |4-55

Fig. 5 is a graph plotted from these values, and it will be

seen that the graph produced is a curved line.
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It is important, before plotting a graph, to choose a value
for each space which will enable the graph to be plotted
accurately. The greater the number of squares assigned to
each unit of the values more accurate will be the result. At the
same time, the number of values to be plotted will to some
extent decide the value of each space, so that the graph can
be kept within reasonable proportions. Generally, if a small
number of values are to be plotted, the number of spaces

J

ol / 2 3 4 5 6 7 x
Fig. 4.—- further example.
allotted to each unit may be as large as the graph paper will
allow, especially if the values contain decimals, when a space
may be given the value of -1, or 10 spaces may equal -5. The
values or quantities to be plotted will decide the exact value.

From what has been said it will be clear that, having plotted
a graph from a series of related quantitics, intermediate values
of each can be read off.

If we plotted a graph of the squares or the cubes of all
numbers from 1 to 10, for example, we could read off the squares
or cubes, or the square roots or cube roots of any number within
those limits.

It is often convenient to plot the logarithms of one series of
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quantities. This is the case when plotting the results of a
formula which would produce an irregular curve, as already
noted. By plotting the logarithms of one series, the resulting
graph is approximately a straight line. I shall return to this
point later.

Simultaneous equations can conveniently be solved by means
of graphs, the algebraic methods having already been given.
For example, solve the simultaneous equations by means of

a graph

2x+3y=12 . . . . .. (1)
6x—3y=12 . ... .. (2)
Taking (1) it is obvious that
122
=g (3)
and (2) y=2x—4 ... ...... (4)

Taking (3), when =0, then y=4, and when =3, y=2.
Plot these two values. Treat equation (4) in a similar way. It
will be noted that the two lines intersect, and it is said that this
point of intersection is common to both lines, and the values of
z and y which it indicates are the solution to the two equations
(1) and (2). The reader should practise solving some of the
simultaneous equations given earlier by means of graphs ; and
also plotting curves from any series of related values.

We have seen that, by giving values to x in an equation
which expresses the relation between two variables, the corre-
sponding values of y can be found.

When a curve is of the form y=aa? it is known as a parabola,
and such a curve can be plotted from the equation :

x? ’
Sy
2
From which 4y=2? or y=yg

Giving values of 1, 2, 3, 4 . . . to x, we shall obtain corre-
sponding values of y. Make a list of the related values :

x 01 2 3 4 5
y 0 } 1 21 4 6}
The curve must thus pass through the origin O of the graph
(O being the point of intersection of the two axes).
Now in the chapter on Algebra we saw that when a number,
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either positive or negative, is squared, the product is positive.
Hence for each value of y there will be two values of z, equal in
magnitude, but one positive and the other negative, and when
plotted these will give two identical curves in reverse, making a
combined curve (a parabola) of which half an egg forms a rough
example.

7 T
T

T
11

-1

1
il
1

Fig. 5.—Plotting a curve.

It has been assumed that the constant a is positive and=1} ;
if a is negative and of the same magnitude the equation would
be :

y=—4a*
and this will produce another parabola, but inverse to the first
and symmetrical to it.

[World Radio Histol
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It will be found that the equation x2+y?=20 (or x*+4y?=
any number other than 0) will produce a circle when plotted
(see Fig. 6). Procecd thus :

2t +y2=20
y:=20—2?
y=-4+/20—2x?

Give values of 0, 1, 2, 3, 4, etc., to z, and calculate the
corresponding values of y.

x 0 1 2 3 4 447
y 447 436 4 332 2 0

Remember that there will be two values of ¥ equal in magni-
tude, but of opposite sign, and the values of z will similarly be
positive and negative. When plotted, the curve produced will
be a circle of radius 4-47.

The Hyperbola.—Another curve which frequently occurs in
graphs is the hyperbola. This curve is such that the difference
of the distances from any point on it to two fixed points,
the foci, is a constant. Such a curve is shown in Fig. 7.

The equation of a rectangular hyperbola is

zy=c
c=a constant

For example, let zy=10

_ 1o
Tz
From this, when
z=1, y=10
r=2, y=>5
z=4%, y=20
= 1(1)0, y=1000

It will be seen that, as the value of x is reduced, the value
of y is increased ; when x=0, y=%), and is infinite in value.

Hence it will be observed that as the value of z is reduced,
the curve gradually approaches the line oy, but it does not
cut the axis at any definite point from the origin. The sign
for infinity is o, and so when =0 y=o ; and when y=0
r=0o.
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Asymptotes.—In Fig. 7 the lines or axes ox and oy are said
to cut the curve at an infinite distance from the origin o.
These two lines are called asymptotes.

Taking the equation zy=8, make a table of corresponding
values :

B D T T |
x=0'1l2’3;4|5:617|8|
1 [ | | | | I
1_—oos4l§l2'§'é§1'
| 3 513 7
Y
T T T T T 1
EEEEEEREEE
B S PP ] |
L LA s N
[ ] I I\
B 2T N
—_t 1 L | S S I |
EREEREIEEEIEN
l;%lf—/
J—fl-; ﬁl
}
N7
NEEpn
N 5J';‘i'l
1 | | [

Fig. 6.—Graph of equalion z*+y2=20.

These values are plotted, producing the curve shown in
Fig. 7. It is of the greatest importance. It is a rectangular
hyperbola, and represents the curve of expansion of a gas,
or superheated steam.

The constant ¢ in this case is found by multiplying pressure
and volume together. If pressure be denoted by p, and
volume by v, c=pv.

When an equation imposes a law on a point whose motion
is represented by the graph, the path traversed by the point
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is referred to as the locus, and the equation of the line or path is
that which connects the co-ordinates of the point with the law.

It is not possible to give examples of every application of
graphs, but some are given to indicate the variety of uses to
which they may be put.

When graphs are plotted showing the relation between
force and distance, between torque and radian angle, be-
tween speed and time, between area and length, and, in fact,
between any similar relationships, it is often necessary to calcu-
late the area under the curve. Thus, in a graph showing the

1
|

T

o / 2 3 4 S§ 6 7 8 9X
Fig. 7.—Rectangular hyperbola.

relation between force and distance, or between torque and
radians, the area under the curve would represent the work
done or the energy stored.

If the graph shows the relation between speed and time for
a given acceleration, the area beneath the curve indicates
distance travelled.

The area may be found by Simpson’s mid-ordinate rule,
sometimes known as the 1 4 2 4 1 rule. In a drawing office
an instrument known as a planimeter would be used for

measuring the area. I shall deal with methods of calculating
areas later.
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When it is necessary to plot logarithmic values, special
graph paper with logarithmic, or semi-logarithmic, rulings
may be obtained.

Y

\ 6 z
N /

| |
N T
| |
/ l ]
1—5-4-3? \'[kza};s,
| f o4 T\T |
‘ / -3 ixi
l } \/
N

I e ]'
|

/ IR
/ | A

Fig. 8.~The parabola. A graph of the equation 4y—x*=0.

It has been shown to be a fairly simple matter, when we
have an equation such as y=5z+16, to find corresponding
values of x and y. In practice, however, we often have to
find the equation or law connecting two variables. Fortun-
ately, the law connecting such variables is known in many
cases, such as Ohm’s law showing relation between current,
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voltage, and resistance ; Hooke’s law connecting the tension
of a spring with its extension ; Boyle’s law, and so on. But
in the workshop or laboratory we may obtain results from
experiments which we must endeavour to correlate, to see if
the results obey some law.

40 l T "‘
35—-—4‘—0—‘—1—— %B—
J‘,__ 1
30 ! ] ,—
25——L—1-!§ 'l,'
LAl
20 lll :‘llv
| \l(;
15 —ﬁilli'1
R 4NNNEEE
AT
= li[ I
|I1 I
0T, 2 3 4 56 7 8 9 /0

Fig. 9.—Graph of equation y=7+ 3522

For example, the following results were obtained from tests
conducted to show the relation between, say, the load on a
bearing and the corresponding friction :

| Load=z | 1|15 |2 | 23 |25 |27 | 28 |
| | |
| Friction—y | 11 | 15 ‘21-4 253 | 20 | 32 346 \
]
B \
| 8 |

B 122 |4 | 529 625 | 7:29 | 784

The assumption was that the ‘relation followed the law
y=a-+ba?, where 2% =t.
Then y=0bt-+a
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In the above table it will be seen that the load=z, and
these values have been squared to produce the values for z2.

To test the assumption plot a graph of y with correspond-
ing values of ¢, as in Fig. 9, producing the straight line 4 B.

Now select any two points on the plotted line, such as BC.

From the equation y=bt-+a

21=4b+a
36=8%1b+4a
Subtracting : 15=4}b
b=3-5 approx.
and a=7
As 21=4b+-q, and b=3-5 the equation becomes :
y="743-5x2

This is the law connecting the two quantities given in the
table.

The subject of graphical solution of problems is, of course,
a large one, but I have given sufficient cxamples to refresh .
the reader’s memory of one of the easiest of the mathematical
methods of calculation.



CHAPTER XXIII
MENSURATION—TRIGONOMETRY

Terms.—Mensuration is the branch of mathematics which
deals with the rules for finding the lengths of lines, the areas
of surfaces, and the volumes of solids. There are various sub-
divisions of this subject.

Geometry is the science of the properties and relations of
magnitudes in space of lines, surfaces, and solids.

Longimetry is the measurement of distances.

Planimetry is the measurement of plane surfaces; in other
words, plane geometry as distinct from solid geometry.

Stercometry is the science of measuring solids—solid
geometry.

Trigonometry is the branch of mathematics which deals with
the measurement of the sides and angles of triangles, and
particularly with functions of angles—the sine, cosine, tangent,
secant, cosecant, and cotangent.

In order to refresh his memory as to the names of the
various geometrical figures, the reader should study the
diagrams accompanying this chapter.

Sexagesimals.—We will take trigonometry first. When
dealing with angles we make use of the sexagesimal system of
measurement in which each degree is divided into 60 equal
parts termed minutes, and each minute is further divided into
60 parts termed seconds. A circle contains 360 degrees or four
right angles of 90 degrees. The three angles of any triangle
always total 180 degrees.

Degrees are denoted thus: 19°.

Minutes are denoted thus: 27,

Seconds are denoted thus: 35”.

Although the sexagesimal system is generally emplcyed
throughout the world, it has the objection that there are two
multipliers, 60 and 90, and for this reason the centesimal system
was proposed. This is a French system in which the right
angle is divided into a hundred parts or grades. Each grade
consists of a hundred minutes, and each minute one hundred

seconds. However, it has not been adopted.
126
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The Radian.—Another system of measurement of angles is
used in the higher branches of mathematies, and it makes use
of the unit called the radian and it is the unit of circular
measurement. 1t is sometimes denoted by 1°. [t will be as
well to understand how this unit is derived. Draw a circle of
any radius and step off on the circumference a distance equal
to the radius. Join thesc two points to the centre 0. The
angle AOB (Fig. 10) is the angle (a radian) which is taken as
the unit of circular measurement, and in terms of which we
measure all others. 1t is well known that the circumference of a

Fig. 10.—Diagram explaining Fig. 11.—Diagram showing
radian. relation between radius
and circumference.

circle has a constant ratio to its diameter. We can prove this
oy examining Fig. 11. It will be seen that Oe, 0b, ete., are equal,
and that OF and OD are equal, and that the lines ed and ED
are parallel.
Therefore ED :Qig
ed  oe

As the figure shown by Fig. 11, if completed, would form a
regular polygon, the length of the perimeter, presuming the
poiygon to have n sides, will be nED ; in other words, the
number of sides multiplied by the length of one side.

Therefore we have :
Perimeter of larger polygon _nED ED OE

Perimeter of smaller polygon™ ned  ed = oe

This must be true irrespective of the number of sides the
polygon contains.
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Now, presume a polygon having
an infinitely large number of sides.
Then the perimeter would equal
the circumference of the circle.

Then,

Circum. of larger circle ~ OF
Circum. of smaller circle”  oe

or
Radius of larger circle ~ OF
Fig. 12.—Regular polygon. Radius of smaller circle ~ oe

Therefore :

Cir!cum. of_la.rger circlg_Cir_cum. of smaller qirqlg
Radius of larger circle  Radius of smaller circle

Tt is clear from this that the circumference of any circle

VY

Fig. 13.—The polygon (Fig. 12) rearranged as a recltangle.

divided by its radius is the same for circles of all diameters.
In other words, the ratio is constant.

The radian is a constant angles-lgj' A right-angle
™

=:—; radians.
_180°
™
=180°x%-3183098862 . . . . .
=57-2957795°

570

=57° 17" 44-8” approximately
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It is obvious, therefore, that a right angle is g radians

360°=4 right angles=2 = radians.
Hence, 180°=2 right angles== radians.

The number of radians in any angle is equivalent to a
fraction having as a numerator the arc which the angle sub-
tends at the centre of any circle, and a denominator which is
the radius of that circle.

The Value of Pi.—The value of this constant is always
denoted by the Greek letter pi, written =. We can prove that
pi=3-14159 approximately. Actually, no one has ever worked
out its exact value,although somemathematicianshave pursued
it to more than 100 decimal places. Let us take a circle 4 in.
in diameter, and divide the circumference in 24 equal parts,
constructing the polygon shown in Fig. 12. We know that
=X diameter equals the circumference, and taking the very
approximate value of = to be 31, the circumference of the circle
will be 127 or 12-571. Now let us consider the polygon as a
series of triangles, rearranging them as shown in Fig. 13. If
we calculate the length of each piece of the circumference and
multiply by 24 the result should be the same as multiplying
the diameter by pi. The angle contained by each triangular

piece will be %) degrees, or 15 degrees, and, as we shall see

later, the length of the arc will therefore be sin 15 degrees
multiplied by the radius. We consult a table of sines, and find
that the sine of 15 degrees is -2588. Multiplying this by the
radius (2) we obtain -5176. Multiplying this again by 24 we
obtain 12-4224. This compares with 12-571 obtained above.
By taking a greater number of triangles, however, so that
the curved arc is almost a straight line, we shall obtain a
result practically accurate. The difference shown above is
accounted for by the fact that the hase of each triangle is
curved. As I have said, pi cannot be worked out exactly,
and it is considered as of incommensurable magnitude, that
is to say, it cannot be exactly calculated. For ordinary cal-
culations 3} is sufficiently accurate. Other values of pi
adopted according to the degree of accuracy required in
calculations are :
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3-1412

3-1416

3-14159
3-14159265358979323846

Correct to six decimal places, pi equals ‘1%, which equals

3-14159203. 1t will be seen that 3}, or :2,72-, equals 3-142857.

Thus, this value is only correct to the first two decimal places.
Usually the value, 3-14159, is taken for accurate calculation.

Trigonometrical Ratios.—In any right-angle triangle
(Fig. 14) the sides vary in relation to one 7
another according to the angle of the /’]
opposite side. Thus, the sine is obtained
by dividing the perpendicular by the hypo-
tenuse. For any given angle this value
will hold true no matter what the size of
the triangle happens to be. For example,
if the perpendicular were 2, and the hypo-
tenuse 3, the sine would equal £, or -6666. . . .

If we double the size of the triangle, the c4— :
perpendicular would be 4, and the hypo-  Fig. 14 Right-
tenuse 6, which still equals -6666. . . . "dled triangle.
Obviously, the value of the sine will vary according to the
angle, which will control the height of the triangle.

Similarly, the cosine of an angle is found by dividing the
base by the hypotenuse ; the tangent is found by dividing the
perpendicular by the base ; the cotangent by dividing the base
by the perpendicular ; the cosecant by dividing the hypotenuse
by the perpendicular, and the secant by dividing the hypo-
tenuse by the base.

The amount by which the cosine falls short of unity, that is
to say, 1 minus cos A4, is known as the versed sine, written
versin, and the amount by which the sine falls short of unity,
that is to say, 1 minus sin A4, is called the coversed sine, written
coversin. .

The abbreviations for all of these terms are as follow :

Sine=sin.
Cosine=cos.
Tangent=tan.
Cotangeni=cot.

o
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Cosecant=-cosec.
Secant=sec.
Versine=vers. or versin.
Coversed sine=coversin.
It is not often that the two latter ratios are used.

In trigonometry of the circle and hyperbola (hyperbolic
trigonometry) the following terms are used :
sink =hyperbolic sine.
tanh=hyperbolic tangent.
cosh =hyperbolic cosine.
It will be seen from the foregoing that some of the ratios
are reciprocals of the others.

Thus :

. Perp.

S =
[ ine gyp‘
_ayp.
lCoseoant =Perp

B
( Cosine =%
_nyp.
lSecant =Base
_ Perp.
[ Tangent =Base
C _Base
otangent= Perp.
Hence, we may write :
Cotangent= langent
Secant = 1.
cosine
Cosecant =.i—-
sime

There are many other ratios whlch may be deduced and
which are given later.
Evaluating the above, by cross multiplication :
Cotan. X tan. =1
Sec. xXcos. =1
Cosec. X sine.=1
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Therefore, if one of the trigonometrical ratios of an angle
be known, we can calculate the other ratios.

OY e

(o
Circle Sector= b Circle ring |
20ch Arcs=abc

c b .
/ ]
@ a o) !
f E) b
( a
b

Orameter=ab Segments=  Chord=ab
abc & ade

Tangent =
cab Le=RL

” a
VAN L
r b

Radian. ab=oa. Radwss0e Corner segmenr O:I :gzzn ' \
=abco '

Figs. 15 to 26.—Terms reluting to the circle.

Pythagoras’ Rule.—The rule relating to right-angled
triangles is : The square of the base, plus the square of the
height, is equal to the square of the hypotenuse.

As the square of the base added to the square of the height
equals the square of the hypotenuse, it follows that if we know
the length of two sides of a right-angled triangle we can cal-
culate the length of the third side. In Fig. 69 let the length of
the base be 3 in., and the height 4 in. Then :

Hypotenuse= /3242
= J9+16

J25

5
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If we were given the lengths of the hypotenuse and one
other side we subtract from the square of the hypotenuse the
square of the other known side, and the square root of the answer

Recrtangular prism Parabolic spindile

. v.n\\\\\\\\\\\\\\\\\\vm\. N

DM

Cask shape
S e [
Hexagonal =1 \ l
= ¥ 1
prism =1 |
7
Square
pyramid Wedge

Triangular
pyramid Hexagonal
[ pyramid

| Figs. 27 1o 35.—Various solids.

is the length of the third side. If the two known sides in the
example given are the hypotenuse and the base :
52—32=height?
25—9 =height*
height= /16
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Frustum of Frustum of Frustum of
Square Pyramic  Hexagonal Prism Cone
Cylinger

Sphere

Torus

Figs. 36 to 46.— Further solids.

World Radio Histo
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Similarly, knowing the hypotenuse and the height :

52—42=hase?
25—16=base?
base= /Y
=3
Often, however, we are given the angle and the length of
—p I
| Square Rhombus
| ab=bccd:=da 8b=bc=cd=ds ‘
H
] c d c |
)
; o |
db:a;z:d(‘ ad =8 32 be RL RL :
6= o
a b “R L RL
d . ‘
"?ecrongle
ob=dc & ad=bc |
c
Trapezium F) X b [
abzz=dc \ 9\ |
3
| X .
| Paralielogram |
| |
l Ellipse Parabola R

Figs. 47 to 53.—Quadrilaterals, etc. [

one side, and we then make use of the trigonometrical ratios—
sine, cosine, tangent, ete.

For example, we are given the angle 4 as 60 degrees, Fig. 70,
and the length of the base as 3 in. We have seen that
Perp.
Base

BC
or tan a—= 5

tan a=
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Consult a table of natural tangents, and read off the tangent
of 60 degrees. It is found to be 1-7321. Therefore :

BC
1-7321 =3

By cross multiplication :

BC=3x1-7321
=5-1963

= - |

S20Re2

| Hexagon Ocragon
(6 equal sides) Bequal sides) Pentagon
(Sequal sides)

' Polygon Heptagon

Tequa!
0"::[,};/ ( eqs 1des)
' sides) l

Figs. 54 to 58.— Polygons.

I R | ]

Similarly, if we were given the perpendicular, and the angle
as 60 degrees :

g 5-1963
1.7321=
AR
Hence :
ABX1-7321=5-1963
_ 5-1963
AB=\"739)

=3



136 A REFRESHER COURSE IN MATHEMATICS

Similar triangle

f (grearer than R L)
1 Obruse angle

o
Corresponding sides '
30° sre proportional
ad : be : cf as oa :0b : oc
60° as od :oe : of

3 vnequal l
sides

Complementary Angles

Supplementary
Angles

Scalene Triangle

Eguilateral
triangle
ab=bc=ac
(a/l less
than R L) a ¢
D }
/sosceles
Acute engle triangle triangle i
3b=HcC
, |
] l
® |
o
b
Arms of an angle

’ 0d & o0bH
Right angle triangle

| Figs. 59 to 68.—"1'riangles.

. i I
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More conveniently, it is always wise to select a function
which places the unknown side as a numerator. Thus, given
the angle and the base, we should select the cotangent, which
Base
Perp.
Remembering that the cotangent has the same value as the

is, as we have seen, .

o,.po
Perpendicular

Base

Fig. 69.—Diagram

giving proof that 342,4?: 5 2
the square on the
perpendicular, plus
the square on the
base, 18 equal to the
square on the hypo-

lenuse.

tangent of the complementary angle, it is obvious that cotan
60 degrees is the same as tan 30 degrees (in other words, 90
degrees —60 degrees), and, by consulting the tables, we find
that tan 30 degrees is -5774. Therefore :

AB
STT4=; 1963
AB=:5774 %X 51963
=3-000
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If we were given the angle and the perpendicular, and
required to find the hypotenuse, we should use the cosecant of

~

1

5-/1836

Perpendicular

Base

Figs. 70 to 72.— Right-angled
triangles;_

the angle; if the hypotenuse
and angle were given and re-
quired to find the perpendicular
we should use the sine ; if the
hypotenuse and angle were
given and we required to find
the base we should use the
cosine; and if the base and
angle were given and we re-
quired to find the hypotenuse,
we should use the secant.

As the sine and cosecant are
reciprocals,

1
sin 60°

As the cosine and secant are
reciprocals,

cosec A°=

L
gec 60°

As the tangent and cotangent
are reciprocals,

cos A°=

1
cot 60°

Thus, the sine of any angle
is the same as the cosine of 90
degrees minus that angle. The
cosine of any angle is the same
as the sine of 90 degrees minus
that angle. The tangent of
any angle is the same as the
cotangent of 90 degrees minus
that angle. These rules hold
in the converse—that is to
say :

tan A°=

cosec 4=sin (90°—4)
sec A=cos (90°—4)
cot A=tan (90°—4)
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Now, memorige the following rules :
Given the angle and the hypotenuse, multiply the latter by
the sine to obtain the perpendicular.

Given the angle and the perpendicular, multiply the latter
by the cosecant to obtain the hypotenuse.

Given the angle and the hypotenuse, multiply the latter by
the cosine to“obtain the base.

Given the angle and the base, multiply the latter by the
secant to obtain the hypotenuse. :

Given the angle and the base, multiply the latter by the
tangent to obtain the perpendicular.

Given the angle and the perpendicular, multiply the latter
by the cotangent to obtain the base.

We can now construct a table, and in this connection
reference should be made to Fig. 71.

l Parts to be Found (see Fig. 71).

Parts o . [ — -
Given.
|| iven 4 . B . b .
| ]
! i
a and ¢ | sin A=a—| cos B=2 (6= \/(:T_?l
c c
i a
a
a and b | tan A=5- l cot B=b. ( c= JaP+ b
| I |
|
b |
cand b | cos A=E sin B= - a=\/ci—b72l
A . . B _l,, R
lA andal B=90"—A "b:v:axcotA c:xﬁﬁaz
R SR e ey R
Aandb |b’=90 =~ Aja=bxtan 4 l c= b
[ | cos 4
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There are many standard trigonometrical formulse which
are derived from the standard functions of angles. I give the
more important of them here :

tan 45°=1
sin? ¢4-cos? =1
sec? §=1+tan? g
cosec?® 6= 1--cotan 6
vers 6=1—cos ¢
sec 8=1--cos 6
coversin §=1—sin
cotangent §—1 - tan
cotangent 6=—cos--sin
sin?4-cos?=1
sin 0°=0
cos 0°=1

sin 30° ;

; 60°=1
COs O j
cos 30° ‘/7‘
sin 45°—=cos 45° =
sin 60°— V3

sin 90° =1

cos 90°=0
sin 15°= V3 :»—l
24/2
V3+1

] [5°= """
cos 94/3
tan ¢ X cotan =1
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Complementary Angles.—
cos §=sin (90—46)
sin 6—=cos (90—0)
tan ¢=cot (90—0)
sec §—=cosec (90—0)
cot 6=tan (90—¥6)
cosec #=sec (90— 0)

Angles between 90° and 180°. —When ¢ is between 90° and
180° :
cot #=—cot (180-—6)
tan = —tan (180—0)
sin 6= sin (180—6)
sec #=—sec (180—40)
cosec 6= cosec (180—0)
cos 6— —cos (180—0)

Sine Rule.—In any triangle
0 9 O
sind sin B sin (
Here are some examples which the reader should work out,
and verify the answers. The examples all relate to Fig. 72

The angle A is 27 degrees and the base is 3-25. Find the
hypotenuse (remember that the secant—1--cos). Answer :
3-6476.

Angle A is 47 degrees and the perpendicular is 4-45. Find
the base. Answer : 4-1496.

Angle A is 64 degrees, and hypotenuse is 7-38. Find the
perpendicular. Answer : 6-6331.

Angle 4 is 31 degrees, and the base is 2-18. Find the
perpendicular. Answer : 1-3099.

Angle 4 is 71 degrees, and the perpendicular is 3-74. Find
the hypotenuse (remember cosecant=1--sin). Answer :
3-955.

These examples should be varied, and the other sides of the
triangle calculated, to check the previous answers.



CHAPTER XXIV
AREAS OF CIRCLE, TRIANGLES, AND QUADRILATERALS

THE reader after a little practice should be able to calculate
the lengths of sides of triangles and to calculate angles. As
every triangle contains 180 degrees it is a simple matter in a
right-angle triangle, where one of the angles is 90 degrees

F C £ D

A 8

Fig. 73.—Diagram illustrating area of triangle.

and the other is known, to calculate the third angle. For
example, if one of the other angles is 30°, 90°430°=120°, and
180°—120° gives the third angle as 60 degrees.

Area of Triangles.—The various forms of triangles and
quadrilaterals have already been given. First draw the
rectangle ABCD (Fig. 73), and then construct on it the paral-
lelogram ABEF. 1t is obvious that the arga of the rectangle
and of the parallelogram are equal because parallelograms on
the same base and of the same altitude must equal one another.
It is also obvious that the triangle A BD is one-half the area of
the rectangle ABCD. 1t is also apparent that the triangle A BF
is one-half the area of the parallelogram ABEF. It follows,
therefore, that the two triangles ABD and ABF must also be
equal in area. Expressed as a rule : The area is equal to half
the product of the base and the altitude in each case. Expressed
in the more usual way :

Area of triangle=}(base X altitude)
=4ab

Thus, if we know two sides of a right-angle triangle, we can
142
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find the area. For example, a right-angle triangle has sides of
lengths 6, 8, and 10 ft. respectively. Obviously the longer side
must be the hypotenuse, so we ignore that and multiply 6 and
8 together, dividing the result by 2. The area of the triangle
will therefore be :

$(6x8)
=‘§2§=24 sq. ft.

If a triangle has two equal sides, then the angles opposite
those sides are equal and it is an isosceles triangle. 4

c

A / 0 / 8
Fig. 74.—Area of equilateral triangle.

An equilateral triangle has sides of equal length, and there-
fore each angle must be 60 degrees, that is to say, 180 degrees
divided by 3.

If each side of the equilateral triangle is 2 in. long the
area will be ADXCD. We must calculate CD by Pythagoras’
Rule (Fig. 74).

AD*+CD?=AC?
CD—+/2T12
=v3
Therefore, when one angle of a right-angle triangle is 60 degrees
the three sides are in the ratio of 2, 1, and V'3 to one another.
Hence, the area of the triangle ABC=%x2X V3=v3. We

see, hence, that to calculate the area of an equilateral triangle
we must know the vertical height.



144 A REFRESHER COURSE IN MATHEMATICS

We can also calculate the area of a triangle if we know the
length of the three sides by applying the formula :
Area=1/g(s—a)(s—b)(s—¢)
Where 8:a+1:+c

.
=~

and a, b, ¢ are the lengths of the sides respectively. In other
words, the length of each side is subtracted from half the sum of the
sides and the three remainders are multiplied together. The result
is multiplied again by half the sum of the sides, and the square

© D

A 8
Fig. 75.—Area of rhombus.

root of the product is extracted to obtain the area. This rule also
applies to right-angle triangles.

[n the right-angle triangle dealt with in the previousexample;
in which the sides were 6 ft., 8 ft., and 10 ft., respectively,

p=GEEHI0_ ),

Area:\/12~(12—6)(12—-8)(12—lO)
=1/12(6)(4)(2)
=1/576
=24 sq. ft.

Area of Rhombus.—1t is important to remember, as will be
seen from Fig. 75, that the diagonals of a rhombus intersect one
another at right angles. It will be observed from this illustration
that OB represents the height of the triangle ABD, and OC the
height of the triangle ABD, and OC the height of the triangle
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ADC. From this we deduce that the area of a rhombus is equal
lo the area of the two triangles. This equals :

}AD X OB)+}AD x 0C)
—=1(ADx BC)

It will be seen, therefore, that the area of a rhombus is equal
to half the product of the two diagonals. It is important to
remember that all the sides of a rhombus are equal in length. In
examinations it is usual to give the length of a diagonal and
the length of one side, from which the student is asked to
calculate the area. This is done using the rule given previously,
calculating the area of the triangle A BD and multiplying by 2.

D

8
Fig. 76.—Area of quadrilateral.

Area of Quadrilaterals.—All four-sided figures are known as
quadrilaterals whatever the lengths of their sides (Fig. 76).
Divide the figure into two triangles; obviously the area of the
quadrilateral is the sum of the areas of the two triangles.
Perpendicular to AC erect the lines #B and ED, thus creating
right-angle triangles ABF and ECD. Obviously the area of
the triangle ACD=3(AC X DE), and the area of ABC=
LAC x FB). It follows that the area of the quadrilateral
=31AC(FB+DE).

Reduced to a rule, the area of the quadrilateral is equal to
half the product of one of the diagonals and the sum of the two
perpendiculars.

Polygons.—A figure having more than four sides is known
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as a polygon, and it is well to learn the correct names of figures
having various numbers of sides.

A three-sided figure is a triangle.

A four-sided figure (square, rectangle, parallelogram, tra-
pezium, rhombus) is known as a quadrilateral.

A rectangle is a four-sided figure containing four right angles.

A five-sided figure is known as a pentagon.

A six-sided figure is known as a kexagon.

A seven-sided figure is known as a septagon, septangle or
heptagon.

An eight-sided figure is known as an octagon.

A nine-sided figure is known as a nonagon.

A ten-sided figure is known as a decagon.

An eleven-sided figure is known as an undecagon, endecagon
or hendecagon.

A twelve-sided figure is known as a duodecagon or dodecagon.

A fifteen-sided figure is known as a quindecagon.

Two lines which intersect one another are known as an
angle. A six-sided figure as shown in Fig. 77 contains six

Fig. 77.—Area of regular hexagon.

equal equilateral triangles, and thus the figure is a regular
hexagon. Obviously the area of the figure is six times the area
of one triangle. 1t will be found from previous reasoning that
the area of a hexagon @ —

3 ‘—
=:—2a2\/3

where a=length of one side.
A shorter rule for the area of a hexagon is: 2-598 (Length of
side)2.
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It follows that if we know the area of a hexagon we can find
the length of the side. For example, if the area of a hexagon 18
480 sq. ft. we have :

480=2-598a%.
480

Therefore a?= 5598

/380
“‘\/ 3-598

a=+/180-47
a=13-44 ft. (approx.).

D C

80°
\

Fig. 78.—Area of trapezium.

To find the area of an irregular polygon divide the figure into
a number of triangles, calculate the area of each triangle, and
add the results together.

Square Root of 2 and 3.—As the square root of 3 and the
square root of 2 frequently occur in calculations, they should
be memorised. The square root of 2 is 1-414, and the square
root of 3 is 1-732.

Area of Trapezium.—To find the area of a trapezium divide
the figure into two triangles, ABC and ACD (Fig. 78), and
calculate the areas in the ordinary way. The altitude of the
triangles may be found by erecting a line from C, perpendicular
to AB. It will be found after a few examples have been worked
out that to obtain the area of a trapezium it is only neces-
sary to multiply the sum of the parallel sides by one-half the
perpendicular distance between them.
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Area of Annulus.—The area of an annulus is the difference
of the areas of the two circles. Thus, in Fig. 79, the area of
the outer circle is = R2, and the area of the inner circle is =2,
Hence :

Area of annulus—=r»R2—nr2,
As 7 is common to both, we may write :
Area of annulus—=(R2 - r2)

w(R {r)(R—r).

Here it will be seen that the bracketed quantity has been

Fig. 79, Annulus.

factorised, as explained in the chapters on algebra. It will be
seen from this last formula that to find the area of an annulus
we multiply together the sum and the difference of the two
radii and then by =,

Length of Coil of Belting.- The rule to find the length of a
’_::‘ (D-+d), where L—length of belt
in feet, #—=3!, n=number of turns and fractions of a turn in
the coil, D-—outside diameter of roll in inches, d—inside

rolled coil of belting is L

diameter of roll in inches. As, however is constant, the

ka
24
formula may be rewritten thus : L—-139n (D-+d).

Area of an Ellipse.—The area of an ellipse is =ab (Fig. 80).
This can be proved in a manner similar to that already given
for proving the area of a circle.

Another practical proof is to draw two ellipses of identical



AREAS OF CIRCLE, TRIANGLES, AND QUADRILATERALS 149

size, and to circumscribe one of them with a rectangle. Divide
this into four equal rectangles. Now divide one rectangle into
seven equal strips, and cut away the shaded part (Fig. 81).

Fig. 80.—Ellipse.

Now cut out the other ellipse, and place it in one pan of a pair
of scales, and the other in the second pan of the scales. It will
be found that the weights of each are equal. As the shaded

/{

MR
—f X -
Fig. 81.—Diagram to prove formula for area of ellipse.

portion has an area equal to 3} X the area of one rectangle, it
is obvious that the area of an ellipse is wab.

The circumference of an ellipse can only be calculated
approximately. The formula yielding a fairly close result is :
m(a+b)

where a is half the major axis, and b half the minor axis.

In other words, the length of the circumference of an ellipse is
found by multiplying half the sum of the major and minor axis
by .
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Centre of Gravity.—The centre of gravity of a body is that
point through which the resultant of the gravity of its parts
passes in every position a body can assume. It is well known

P N A

Fig. 82.—The centre of gravity of a triangle.

that every particle of a given body is attracted by the earth,
and the weight of the body represents the total force which
gravity exerts on the particles. The forces acting on the body
are directed towards the centre of the earth, and their resul-

N

Fig. 83.—Finding centre of gravity of irregular figure.

tant, in other words, the weight of the body, will act through
a definite point, known as the centre of gravity. It is obvious
that with a symmetrical figure the centre of gravity will co-
incide with the geometrical centre. With a circular disc of
metal, or any other substance, the centre of gravity will be the
centre from which the circle is struck, provided the disc is of
uniform thickness.
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With a triangle, the centre of gravity will be in a line which
joins the vertex to the middle point of the opposite side, as in
Fig. 82. The centre of gravity of the triangle is the point of
intersection of the two bisecting lines, Fig. 82.

With an irregular figure, sus-
pend it from any two points, as in
Fig. 83; the point of intersection
of the two lines will be the centre of
gravity.

Area of Sector of Circle.—A circle
contains 360°. It therefore follows
that the area of a sector will bear the
same relation to the area of the
circle as the included angle A bears
to 360° (Fig. 84). From this (re-
membering that the area of a circle

g ! g Fig. 84.—A e ¢
is =r2) it is easy to arrive at the " of ;e::lzfs gmer

formula for a sector of a circle.
The formula is (letting A4 denote the angle in degrees of the
sector) :

wrl,

£S

360

In circular measure it is more usual to denote the angle by 6.
We have seen that 360°=2xr radians, and therefore we can

rewrite the formula :
A4 r2= i';rr
360" 2
Ezxample.—The diameter of a circle is 6 ft. What is the area
of a sector containing 45° ?

Area of circle =32

2

Area of sector:%vr?
L
1
=gX 3-1416 X9
=3-5343 sq. ft.

We can also calculate the area of a sector if we are given
the length of the arc (such as BC, Fig. 85), for the length of
the arc bears the same relation to the circumference as the
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area of the sector does to the total area. Hence, if the
length of the arc BC (Fig. 84) is 4-5 ft. the area of the sector
will be

xd "
4.:’

A Jo'rz

=6-75 sq. ft.

4 | : ¢
\  Length of Circular
Are.—It is often
necessary to find the

centre of a circle
when only a circular
arc is given. Let
BACbethearc(Fig.
83). Draw the line
BC to cut the arc at
any two convenient
points. Using B and
(' as centres and any
convenient radius, bisect AC and 4B. Produce the bisecting
lines, and the point O at which they intersect is the centre of
the circle.

When the angle and radius are found the length of the arc
can be calculated.

(o)

Fig. 85.—Finding radius and length of circular arc.

C

NN\

Fig. 86.—Dividing a line into a number of equal parts.

4
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To Divide a Line into Equal Parts.—Suppose it is required
to divide a line into a number of equal parts, say 11. Draw a
line at any angle from A4 (Fig. 86) and step off with the dividers
(opened to any convenient distance) 11 equal distances, and
connect B to C. Lines drawn parallel to BC from the points
marked on AC will cut 4B into equal divisions.

Finding Radius ot Circle from Arc and Chord.—Assume the
length of the arc to be 2-5 in., and the chord 2 in.

Let a =length of arc.
c¢=length of chord.

b=1-2 “;“
Jaleulate 4 = /(56 1-25b24-0-6256%)
Then radius r= )(;
In the example given, a=2-5
c=2
2:5—2
b=12 25 =0-24.
A= J(1-241:25 x 0-2424-0-625 X 0-24?)
= J(1:24-0-0724-0-00865)
= J1-:28=1-131
2-5
and so =5 1.131 =1-103

Calculating Altitude of Triangle from Two Angles greater than
90°.—A trigonometrical problem often encountered is illustrated
in Fig. 86a, where it is necessary to calculate the altitude from
two angles greater than 90°. The following is the method of
solving such problems :

DB=AB cot 32

CB =AB cot 42

CD=DB—-CB=AB cot 32— AB cot 12
=AB (cot 32—cot 42).

Assuming DC in  Fig. 86a to be
200 ft. :

IS (1.6923 Lol 106)_) Fig. S6a.—Calculating
. D 200 200

= e —4( . height from two angles
1-6003 —1-1106 4987 P grealer than 90°.




CHAPTER XXV
VOoLUME—WEIGHT—MASS—DENSITY—SOLIDS

Volume, Weight, and Density.—It is well known that the

volume of a rectangular solid is found by multiplying the length,
breadth, and height together ; the units of length, breadth, and
height must, of course, be similar. If one dimension is given in
ft. and another in in. the ft. must be reduced to in. or the
in. to ft. Thus, in Fig. 87, which
represents 1 cubic ft., the volume or
cubical content is 12X 12x12=1728
cubic in.
- The gallon is the British unit
of volume and capacity ; it is the
volume occupied by 10 Ib. of chemi-
cally pure water at a temperature
of 62° F. Nearly all bodies expand
when hot and contract when cold.

Thus, when hot, 1 cubic ft. of water
would occupy a greater volume than

Fig. 87.—Volume of cube. 1 cubic ft., and when cooled to a

temperature lower than 62° F. it
would occupy less than 1 cubic ft. Hence, it is necessary
to state the temperature of the water in defining its
volume.

At 32° F. the weight of a cubic ft. of water is 62-418 1b.

At 62° F. the weight of a cubic ft. of water is 62-355 1b.

At 212° F. the weight of a cubic ft. of water is 59-64 Ib.

For ordinary calculations the weight may be taken as
62-3 1b. Often the weight of 1 cubic ft. of water is taken as
1000 oz. (62-5 1b.), which equals 6} gallons.

A pint of water weighs 1} 1b. approx.

The metric unit of volume is the litre, which is (very
approximately) a cubic decimetre (see section on the metric
system), or 1000 cubic centimetres. This equals 1-76 English
pints.

154
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Mass.—The quantity of matter a body contains is known as
its mass. The pound avoirdupois is the British unit of mass.

The metric unit of mass is the kilogram. 1t is the mass of a
platinum cylinder deposited in the French archives.

A litre of pure water weighs, at 4° C., 1 kilogram, or 1000
grams. .

The weight of a body is defined as the attractive force exerted
(at the surface of the earth) upon it. The force is greatest at
the poles and least at the equator. This force is known as
gravity. The force of gravity varies with the distance from the
centre of the earth. At this point the force of gravity is nil,
and there the weight of the body would also be nil.

The acceleration due to g, of a free falling body, is 32-2 ft.
per sec./per sec.

Density.—The mass of the unit of volume of a body is known
as its density. 1f the unit of mass is 1 b, and the unit of
volume 1 cu. ft., then the density is the number of pounds in a
cubic foot of the substance ; in the metric system the density
is the number of grams in a cubic centimetre of the substance.

Specific Gravity.—The relative density of a substance is the
ratio of its weight to that of an equal volume of another, and
standard, substance. Distilled water is the standard substance
adopted. The relative density of a substance is known as its
specific gravity. 1f the specific gravity of a substance is stated
to be 9-7, then the weight of 1 cu. ft. of that substance is 9-7
times the weight of a cu. ft. of pure water. Hence the weight
would be :

9-7 X 62-:3=604-31 1b.

Volumes of Solids.—The regular solids are the cube, ftetra-
hedron, octahedron, dodecahedron, and icosahedron.

A cube has six equal and square faces.

A tetrahedron has four equal faces, each of which is an
equilateral triangle.

The octahedron has eight equal faces, each of which is an
equilateral triangle.

The dodecahedron has twelve equal faces, each of which
is a pentagon.

The icosahedron has twenty equal faces, each of which is
an equilateral triangle.

Other solids are the cone, cylinder, pyramid, sphere, and
prism or parallelopiped.
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When one end of a line, as XY (Fig. 88), passes through a
fixed point, whilst the other describes a curve, the figure
described is a pyramid ; and if the curve described is a circle,

Fig. 88.—Right and oblique cones.

the figure traced will be a right cone if the fixed point is exactly
over the centre of the circle. If the fixed point is not so
located, the figure traced will be an oblique cone.

Various prisms are shown in Figs. 89 to 92.

Figs. 89 to 92.—Prisms. ~=

World Radio Histo
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If a line, as X Y (Fig. 93), traces the contour of any rectilinear
polygon, the figure so described is a prism and the prism is
designated according to the shape of its ends. Thus, there are
hexagonal, pentagonal, triangular, etc., prisms.

[

X Y
Fig. 93.—Regular polygon.

A right prism (sometimes termed a parallelopiped) has its
ends perpendicular to its side faces. If the ends are not
perpendicular it is termed an oblique prism.

The volume of a right prism is }ound by multiplying together
the length, breadth, and height ; and the volume of an oblique
prism 18 the area of the base multiplied by the altitude (Fig. 94).

Fig. 94.—Oblique prism.

The volume of a cylinder is found by multiplying the area of
the base by the height, or :
wreh

The surface of a cylinder consists of the area of the two ends,
plus the area of the curved surface.

Area of curved surface ==dh, or 2xrh

Area of two ends —=2mr?

Total area =2mrh+2nr?
=2mr(h-+r7)
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The volume of an oblique cylinder (Fig. 95) is :
Area of base X height=n72h

A cylinder cut by a planc not parallel to the base is termed a
Jrustum of a cylinder. The volume of a frustum of a cylinder

Fig. 95.—O0blique cylinder.

(Figs. 96 and 97) is found by multiplying the area of the base

by the mean height A.
Volume of frustum of cylinder—=r24

(e

The end surface of a cylinder cut by a plane not parallel
to the base is an ellipse.
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7.—Cylinder and frustum of cylinder.

<X

Figs. 96 and

The volume of a hollow cylinder is obviously the volume of
the outer cylinder, less the volume of the imaginary inner
cylinder=-7854 (D2—d2)h.

~—
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Pyramids.—Draw a cube as Fig. 98, and from a point repre-
senting the centre of the cube construct the square pyramid
shown. From inspection of the diagram it is obvious that the
cube contains six such pyramids, and therefore the volume of
the pyramid is } the volume of the cube.

Fi}. 98.—Pyramid. Fig. 99.—Calculating slant height of pyramid

If the length of one side of the cube be x, then the volume of
the pyramid will be :

1
-éxa
Taking half the cube, the volume of the pyramid will be :

Lo z_1,

59, X 2—3.9, h

(h being the height of the pyramid).
Therefore,

Volume of pyramid=}(area of base X height).

The total surface area of any pyramid is the sum of the
areas of the triangles plus the area of the base, and if the latter
is a regular polygon, the triangles will be isosceles triangles.
Draw perpendiculars from the vertex O (Fig. 99), from which
the area of each triangle will be :

Length of side X OP
2
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The total surface of all the faces will be :
(sum of all thqqsid_eS)

== P
5 o
Letting I equal OP, and a the length of one side,
Total area of all triangles;.—’lz'a

Let n represent the number of sides,

Then lateral surface of all the triangles:%!

In other words, the total surface of the triangles equals half the
perimeter of the base X the slant height.

Fig. 100.—Pyramid.

The total area=area of base+area of triangles.-

The slant height OP (Fig. 99) can be calculated from the
trigonometrical formula previously given.

If a pyramid be cut across a plane parallel to its axis, each
face will form a trapezium (Fig. 100). We have already seen
that the area of a trapezium is found by multiplying half the
sum of the parallel sides by the distance separating them. Let
this distance be I, the length of the smaller side ab, and the
longer AB. Then :

Area of each trapezium:ab\—%‘i«lfx

{
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And, letting n represent the number of sides, the total surface
of all the trapeziums will be :

~(ab+AB)l

Expressed as a rule, the total area of the trapeziums is found
by multiplying the sum of the perimeters of the end polygons by
half the distance between them.

Cone.—A pyramid on a circular base is a cone and the same
rule for volume applies :

Vol. of cone=;(area of base and height)

ol -

xrih

]

The volume of a cone is therefore one-third the volume of a
cylinder of the same base and height.

The lateral surface of @ cone is found by multiplying the
circumference of the base by the slant height and dividing by 2.

The slant height of a cone is found from the formula :

= VI

where s=slant height, h=vertical height of cone, and r=
radius of base.

As with a frustum of a pyramid, the curved surface of a
cone may be considered as consisting of a number of trapeziums,
the cireular ends forming the parallel sides, and the slant
side being the distance between them. Therefore, the curved
surface of a frustum of a cone

(R4

R and r represent the radius of the base and of the small end
respectively.
Total area (curve surface plus area of ends) is found from
the formula :
#(R4r)l+m(R24-1?)
6
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Solid Ring or Torus.—A solid ring may be considered as a
cvlinder bent into circular form, and it is apparent (Fig. 101)
) that the height of such a cylinder
will be equal to the mean diameter
of the ring. The mean diameter
may be found by adding together
the inner and outer diameters and
dividing by two.

The surface area is equal to the
circumference of a cross section multi-
plied by the mean length.

The mean length is =C.
A+B

2
3 Therefore, total area=2rrx2zR,

where r=radius of cross section, and
Fig. 101.—Solid ring. R=mean radius.
27r X 2n R=4=2Rr

Mean diameter is

The volume of a solid ring
i8 the area of a cross section S
multiplied by the mean length.

Area of cross section=mr2, 4
Mean length =2=R. “"‘
Volume =mr2x2xR

=2n2Rr2,

Also, if the solid ring is rect-
angular the mean diameter is
multiplied by the area of the
cross section to obtain the
volume.

Sphere. — A sphere is a
semi-circle rotated about its
axis (the diameter). Any
plane section of a sphere

. . '
is a circle, and if the plane.y |

|
passes through the centre of ’
a sphere, the section will ‘. o
be a great circle. Now, the DLV T,
area of the great circle is, '

, 2 Fig. 102.—The surface area of a
as we have seen, iy and sphere is equal tothe surface area
the area of a kemzspkere of its circumscribing cylinder.
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is 2772, Therefore, the area of a sphere will be twice that,
namely 4=r2, or wd?.

The area of a sphere 18 the same as the area of a cylinder which
exactly encloses the sphere (Fig. 102).

e —— —

— ~

~ ~

Fig. 103.—The ambiguous case, when two sides of a triangle and
one angle are given ; there can be two solutions, as shown here.

The volume of a sphere is § the volume of the cylinder
enclosing it.
The volume of a cylinder is 2773, and dividing this by §r, we

obtain }=73, which equa.ls-gd”.

Fig. 104.—To construct a triangle where the lengths
of the three sides are known, draw one side, and
from each end describe arcs of a radius equal
to the length of each of the other sides.

Circumscribing Circle.—The radiqs of a circle which may be
inscribed in a triangle is found from the formula :

. abe
4 x area of triangle
where a, b, and ¢ are the lengths of the sides of the triangle.

b c
9p—_% 0 __¢_
& sind sin B sin C
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¥igs. 105 lo 108.—One method of drawing an ellipse.

World Radio Histor)
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CAST IRon WROUHT iRON WROUGHT STEEL Casr SYeeL
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Figs. 109 to 122,—The conventional methods of cross-hatching various materials
in sectional drawings.
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Inscribed Circle.—T'his ix found from the formula :
R:;'\llbu of trmnglg

s
_\/(8—(1)(8—11)(8—0)
o s

:(s—a)tnn‘;z(.s-—h)tunITf:(s—c)t:m(_—;

= -

where s=sum of lengths of sides.

Escribed Circle.—To find the radius of the circle touching
side a and sides b and ¢ produced :

area of triangle _ /s(s—mi—c)f
s—a \ (s—a)

Figs. 103 and 104 show two examples of the construction of
triangles. 1t is very important to remember the point illus-
trated in Fig. 104, as it frequently occurs in examinations.

Area of Irregular Figures.—A reliable method of calculating
the area of irregular figures, such as the diagram 4 BDC, is
given on page 167.

Divide the base line 4B into any convenient number of
equal parts. The greater the number the more accurate the
result. At the centre of each part erect ordinates, as shown
dotted. Now measure the height of the ordinates aa, bb, cc,
dd, ee, ff, g9, kh, and add them together. Divide their sum by
the number of ordinates. This will give the mean height H, or
mean ordinate AJ. A simple method of obtaining the total
length of the ordinates is to use the edge of a piece of paper,
- starting with ae and adding bb, cc, ete. The area is then found
by multiplying 4 B by AJ.

The Trapezoidal Method.—Divide the base into a number
of equal parts (say 8), spaced a distance s apart. Let the lLieight
of each ordinate be %y, h,, ks, hy, ete., and the mean height A.
Then :

h:é{;(hl+119)+hz+h,,+h4+115+h6+h,+hs}

(The number of ordinates is always 1 more than the number
of parts.) Expressed as a rule : Divide the base info any number
of equal parts, and add half the sum of the end ordinates to the
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sum of all the others. Multiply the result by the common tnterval
s to oblain the area ; or divide the result by the number of spaces to
obtain the mean ordinate.

Mean ordinate xlength=area of figure.

h 0
g ]
t , -
J /e/‘—/‘I/W/‘:/W
[t - - L iy iduie ikl Sl B - - _-J"‘--
: g : ; | :
l’ b < //‘ 5 | 3 i
ol ‘I’ . /ﬂ E E ': o
: ! : i : i !
l : : i : ! ! !
| = ! i : ; : 1
0 N T T R O I
: ' ! ! i i ] :
a b c d e f g h

Fig. 123.—Area of irregular figures.

Simpson’s Rule.—Probably the most accurate method.
Divide the base 4 B into an even number of equal parts (say, 6)
to produce an odd number of ordinates (7), spaced a distance
¢ apart. Then :

s ,
Area ABDJ=§{h1+h7+4(h2+h4—|—hs)—|—2(h3+h25)}
This reduces to :
%(A 1 4B+20)

where A=sum ot first and last ordinates,
B=sum of even ordinates,
C=sum of odd ordinates.

Expressed as a rule :

Add together the extreme ordinates, four times the sum of the
even ordinates, and twice the sum of the odd ordinates (omitting
the first and last) ; then multiply the result by one-third the space
between the ordinates.

In the case of an irregular figure in which the end ordinates
are zero, then A is zero, and the formula then becomes :

%(0+4B-|—2C)
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MANOGANY OR Oan
Eaowny E0GE T Tons

ENGINEERS
DRAWING BOARD

S/ZES .
HALF IMPERIAL ___ 23X 16"
IMPERAL 3Mx23”
DOUBLE ELEPHANT 417x 28°]
- . 42°%29°
ANTIQUARIAN _ 54%33"
EXTRAANTI. __ T0%36"
HMAMBURG 627 42"

PLATE GLASS

N

BRASS SLOTS ALLow FOR
EXBANSION OR CONTRACTION OF WOOD 3

DESK PATTERN
TRACING TABLE

TRACING CLOTH
PINNED B FRAME

FOLDING TYPE DRAWING TaBLE

ANSLE OF BOARD ADIUS TABLE
COMBINED DRAWER
AND TRay For

INSTRUMENTS

RATTERN 7 &
DOrawmns Boarp
Srano

Figs. 124 to 128.—Drawing-boards, tables, etc.
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e
HALF SET OF COMRASSES

EXTENSION
Bars

e, D

FPENCI FOINT FEN FOINT
SPrRIMG BOowS
OWIDERS

PEN

FPevert

rHINMGE

¥

DRAWING PEN

RoAaD OR ODOUBLE PEN
(FOR DRAWING FURALLEL LINES)

Beqn FROPORT/ONAL
OwioeRs

ADINSTABLE
OINT 7O
INOICATE
DISTANCE ARSmT
Wiees Ok LINES
Vs L

Figs. 129 to 145.—Various drawing instruments.



170 A REFRESHER COURSE IN MATHEMATICS

! T GLASS GRATICULES
: SUPPLIED _ 7O MEASURE
> lloon. & Yo T, M.M.

MEASURING MrcrRoscoPE
FOR ScREW THREADS £Te.

ADIUSTABLE TO
AMAGNIFY BETWEEN
LOL£ 60 Drams.

Two 7YPES OF

CORNER CURVE
FLEXIBLE CURVES VT Ayt

ANGLES.

MINGED LINKWORN HOLDS
STEEL STRIP N POSITION

Figs. 146 to 153.— Various useful devices for drawing, etc.
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In some cases, where the irregular figure is bounded by two
curved lines, it is convenient to divide the figure into two parts,
and calculate the area of each independently.

When the area is completely bounded by an irregular curve,
parallel lines are drawn, touching the top and bottom of the
curve, and vertical lines touching the sides. The figure is thus
enclosed in a rectangle, and by means of ordinates the area
can be found as before.

For any reasonably smooth curve the ordinatc y at a
distance z from the origin can be represented very nearly by
an expression of the form y=a-+br+cz®.

Now the area of any vertical strip of height y and width dx
is ydz and so the area under the curve between z=0 and =1L
is—

=Ié 6a+3bL+2cL?).

Now the ordinate at the left-hand end where z=0 is
a+bx04cx0:=a.

The ordinate at the right-hand end is a4-bL-4-cL2

The sum of these is 2a—+b6L-+cL?, and subtracting this from
the quantity in the round bracket above the remainder is
sat-2bLtcLt=4(a+ L4 E

at2bL+oLi=4{at+F+).
L 2

The mid-ordinate is a+b ( —2) +c(%) which is just one-

quarter of the remainder. Hence

L (left-hand ordinate4 )

~L L 2 3

_7/d.v=f (a-{-bx-{-carﬂ)dar::aL-{—b—éL +i

0 0 3
( )

Area,=—t—3 4 X mid-ordinate 4
right-hand ordinate
If a figure is divided into four equal widths the formula is
applied first to the left-hand half and then to the right-hand
half, and the total area for an overall length L is then—

I L 1L X
o A+4B+0)+57(CH4D+E)

=é(A 4+ 4B+2C+4D+E).

Where A and E are the end ordinates, and B, C, and D tho
equidistant intermediate ones.



CHAPTER XXVI
THE INFINITESIMAL CALCULUS : DIFFERENTIATION

TEcHNICAL students who, in the course of their mathematical
studies, have made some acquaintance with the calculus and
find it a little puzzling at first, are often disposed to ask,
" What is the use of it ? ”* This question is not easy to answer
in a few words, but it may clear the ground to say at the
outset that in very few calculations in engineering design is it
necessary to use the * infinitesimal calculus ”—to give it its
full name. On the other hand, a working knowledge of the
calculus may occasionally save time in calculation. The
Josition is something the same as if a child were to ask what
is the use of the multiplication tables. It might be said in
reply that the multiplication tables are not essential (because
what they do can also be done by somewhat laborious adding),
but they are extremely useful in saving time.

Generally speaking, use of the calculus in mathematical work
is advantageous, not becauss it gives a result that cannot be
got in any other way, but because it gives the result with less
labour (and often with higher accuracy) than is possible by
more elementary methods. The designer need rarely be beaten
because he knows no calculus, but he can sometimes do things
more quickly if he can use it. Here again it may be interjected
that a theoretical knowledge of the calculus is not quite the
same thing as ability to use it advantageously in practical
calculations.

The subject of the infinitesimal calculus is divisible into two .
main subjects, * differential calculus” and “integral cal-
culus,” which are related to each other in much the same way
as are multiplication and division in arithmetic. It may be
noted that the word ** calculus ” literally implies nothing more
than a system of calculation, but its present-day use implies
“ calculus of infinitesimals,” and the meaning of that is
* mathematical relations between infinitely small quantities.”
It is here, right at the very beginning of the subject, that

172



THE INFINITESIMAL CALCULUS : DIFFERENTIATION 173

students’ doubts may arise because they realise that infinitely
small quantities have no essential place in practical engineer-
ing. The objection is not a serious one, however. 1t has a
parallel in the subject of mechanics, where attention is often
devoted to movements of *‘ particles ”” connected by *‘ weight-
less inextensible strings * and sliding over ‘ perfectly smooth
surfaces.” In each case these unpractical subjects are selected
for discussion so that the student may concentrate at first on
fundamentals, leaving the entanglements of practical details
to be overcome later.

Scope of the Differential Calculus.—The calculus is used in
dealing with quantities that change or that may be changed.
In engineering practice there are many quantities that change
continuously ; for example, the pressure of the gas in the
cylinder of an internal combustion engine. In engineering
design everything is likely to change because the basic pro-
cedure is very often “ cut and try.” Certain dimensions are
assumed (i.e. guessed), the main elements of the design are
based on them, and the result reviewed. 1f it is not satisfactory
in some respect, changes are made in one or more of the
assumed quantities and the results of such changes are investi-
gated. It is necessary to answer the question, 1f we change
A4 by so much, how much will B and C be altered ? If there
are known mathematical relations between A4, B, and C, the
differential calculus will answer this question more quickiy
than will the obvious way of going through all the original
calculations again on the basis of the new value of 4. In brief,
the change produced in B by a certain change in 4 is equal to
that change multiplied by the * differential coefficient of 53
with respect to A.” This quantity with the long name,
¢ differential coefficient of B with respect to 4,” is denoted in

B
mathematical shorthand by (%1, and an essential part of the

subject of the differential calculus is concerned with the rules
for determining the differential coefficients of mathematical
functions of a quantity.

Function.—The word “ function ”’ used in the last sentence
has a special and clearly definable meaning. If the value of
a quantity B can be expressed mathematically in terms of a
quantity A—that is to say, if we have a mathematical expres-
sion whose value is always equal to that of B when the
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appropriate value of A4 is inserted in it—then B is said to be
a “ function of A4.” It is equally true to sayv that A is a function
of B.

Rate of Change.—When the value of A is changed, the value
of B will (nearly always) change, and the change in B divided
by the change in 4 is the “ rate of change of B with respect
to A,” and it is the differential coefficient of B with respect
to 4. By mathematical convention, dB means (not in this
case d times B) ‘‘ change in B,” and d4 is the corresponding
change in 4.

Now, strictly speaking, rate of change is the same thing as
“ratio of changes ” only when those changes are very small
ones, and in fact, unless we specify that the changes shall be
infinitely small, the ratio of them has no definite value.

For example, let a quantity ¥ be connected with a quantity
x by the relation y—5a2. Suppose that in the first instance
x=2, then y is equal to 20.

Now consider what happens when z undergoes certain
typical changes as worked out below in tabular form.

Original —2. Original y=20.
s - - S .
| Change l New z Newy | Change | Change iny
ol £ \ ny  [Changein x|

|1 3 5 25 25
05 | 25 31-25 11-25 22.5 ]

025 2.25 25313 5313 | 21-25
01 21 2205 205 205
0-01 201

20-2005 0-2005 " 20-05 l

Here are five changes in z ranging from 1 down to 0-0l.
It will be noticed that the value of the ratio (change in y)
(change in x) is not constant, but varies with the amount of
the change. As the change in x diminishes towards zero, the
change in the ratio also diminishes, not towards zero but
(apparently) towards the value 20. Actually it can be proved
mathematically that the ratio does become 20 when the
change in z is infinitely small. It is necessary to use some
such expression as this last one and not to say ** zero,” because
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otherwise it could be objected that if the change is zero there
is no change at all, and discussion of ratios of changes becomes
meaningless.

So the differential coefficient properly so called is the ratio
of the changes when they are infinitely siall. A good deal of
the usefulness of differential calculus in practical mathematics
is, however, dependent on the fact that the ratio of the changes
is nearly equal to the differential coefficient even when the
changes are not infinitely small. For example, the table shows
that when z changes by 0-1, y changes by as much as 2-05,
which is certainly not infinitely small, but the ratio of the
changes is 20-5, which is nearly equal to the differential
coefficient, 20. .

Determination of Differential Coefficient.—The numerical
example discussed above shows how the value of the differ-
ential coefficient can be determined (very nearly) in any
particular instance by purely arithmetical work. Can it be
determined for any given mathematical function by a straight-
forward mathematical process ? The answer is ‘* Yes,” the
process is called  differentiation,” and it can always be
carried out by following a few simple rules, no matter how
complicated the mathematical function may be.

In the following, the variable quantities are x and y;
the others are constant :

d
y=(ax+b)* d—i:na(ax—}-b)"" (1)
-y=a sin (nx+0b) %:m cos (nx—+b) (2)
dy .
y=a cos (nx+0b) 7= "a sin (nx+b) (3)
y=a tan (nz-+b) %:mx sec? (nx+b) (4)
y=abe=+? %:aeb“‘*" log,b (5)

The quantity e in (5) is the * base of Napierian logarithms,”
2-71828.

These formulse cover many of the cases encountered in
engineering mathematics. For example, if y=4? the differ-
ential coefficient of ¥ with respect to x is determined by the
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use of (1), the values of the constants in this special case being
a=4, b=0, n=3, and so

‘E’—,;:;(th-m)“-’=12:v2
ax

Again, if y=12 cos (—2x+7), the differential coefficient
is determined by the use of (3), the values of the constants
being a=12, n— 2, =7, and so

{ . -
& 94 sin (—2047)
an

In addition to the formule given above, there are certain
rules that make it possible to differentiate combinations of
functions. In the following, u, v, w, etc., are functions of z :

dy du  dv dw .
y=u-+v-tw ... etc. d.v_'d—x—rda;_’_(lu;_i_ .. .etec. (6)

] ) dy ~du, dv
y=uvw . .. etc. dz &x-(vu .. .)—i—(—l—x(uw. .Y
Cdw
—rz‘(uv ..+ .. ete. (7)
y=u/v dy ¢ du doy, ,
dx b(v;lx_u(l_x)/ ¢ (8)

For example, if y=(x+1) sin (2x—1), this is dealt with
by means of (7), and

dy d(x+1) . o
dr~ dz M (2e—1)+

Using (1) and (2) this becomes—

Z'Z-—-sin (2z—1)+[2 cos (2x—1)] (x41)

Variables.—In accordance with established convention,
the preceding examples have used x and y as the variable
quantities. In engineering problems it very often happens
that one of the variables is time measured from some selected
instant. For example, the distance of a moving point from
some fixed point may be denoted by s. The instant under
consideration may be defined as ¢ units of time later than some
particular instant. Then the rate of change of s with ¢ is the
rate of change of the distance of the moving point from the

d[sin (22— 1)]

dx

(1)
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fixed point, and this is what is known as the “ velocity " of
the moving point relative to the fixed point.
Hence, the differential coefficient of distance with respect

to time—or z—':—is the velocity of the point. Similarly, the

differential coefficient of velocity with respect to time—or %}

where v represents velocity—is the acceleration of the point.

. . ds . dv. d sds .
Incidentally, since v—zt, the acceleration 7 lscﬁ (d—t>’ which

is written and is the second differential coefficient of s

G
de?
with respect to ¢.

If the relation between s and ¢ can be expressed mathemati-
cally, velocity and acceleration at any instant can thus be
determined by means of the differential coefficients.

Example in Kinematics.—If in a reciprocating engine the
crank-throw is r, and the length of the connecting rod is L,
the distance of the cross-head pin from the centre-line of the
crankshaft is (very nearly)

r2 72
s—L—‘E+r cos (6-28nt)+4—L cos (12-56nt) . .. (9)
where 7 is the speed of the crankshaft in revolutions per second
and t is the time in seconds from an instant at which the
crank is on inner dead centre.

On differentiating this expression with respect to ¢, the
quantity L= 211: disappears because, L and r being constant,
their rate of change is zero. The other two terms are dealt
with by use of (3), and

Z—;=—6-28nr sin (6-28nt)—12-56 41: sin (12-56nt) .. . (10)
This represents the velocity of the cross-head pin at any instant
defined by the value of .

Differentiating (9) with respect to ¢,
%9=—(6-28n)2r cos (6-38nt) —(12-56n) Z—I-/cos (12-56nt) (11)

This represents the acceleration of the cross-head pin at any
instant defined by the value of ¢.

nr
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The simplest alternative method of determining velocity and
acceleration of the cross-head pin is a graphical one (F ig. 154).
The positions of the crank-pin, after suitable equal intervals
of time, are marked on the circle representing its path. The
corresponding positions of the cross-head pin are determined
from these as centres by striking arcs (of radius representing
the length of the connecting rod) intersecting the straight path
of the cross-head pin. Consequently, the distance through
which the cross-head pin moves during any one of the selected
short intervals of time can be determined by direct measure-
ment and thus the mean velocity over that interval of time is
easily calculated. This may be taken as the velocity of the
cross-head pin at the middle instant of the interval concerned.

628 n¢

LT . N

Fig. 154.—Diagram showing method of determin-
ing the velocity and acceleration of the cross-
head pin of a reciprocating engine.

The acceleration at the beginning of any interval is the
difference between the distance covered in that interval and
that covered in the preceding interval, divided by the square
of the interval.

The graphical method is thus simple in principle, but it
has to be carried out with great accuracy if the result (particu-
larly the figure for acceleration) is to be reliable.

Use of the calculus makes it easier to attain a high standard
of accuracy.

Maxima and Minima.—When a quantity varies, it often
does so in such a way as to attain one or more maximum or
minimum values. For example, the velocity of a cross-head
is zero at each end of its stroke and attains a maximum value
somewhere near the middle of the stroke. If the changing
values of any such quantity are expressed graphically (as, for
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example, variations of atmospheric pressure are traced by a
recording barometer), the maximum and minimum values, and
the positions they occupy, can be seen at a glance. 1f, how-
ever, the variations of the quantity can be expressed mathe-
matically, the differential calculus may be used to ascertain
maximum and minimum values and where they occur.

When a quantity is increasing, its value at any instant is
greater than it was at a slightly earlier instant, so that the
change in value between the earlier instant and the later one
has been positive. The change in time from one instant to a
later one is also positive. Consequently, the rate of change
of the quantity with time is positive because it is equal to a
positive quantity divided by a positive quantity.

Similarly, when one quantity is decreasing, whilst another
one is increasing, the rate of change of the former with respect
to the latter is negative.

If a quantity is increasing during one interval of time and
decreasing during an immediately following interval, there
will be some instant at which it is neither increasing nor
decreasing, because it has just finished increasing and is just
about to begin decreasing. At that instant the quantity has a
maximum value.

Similarly an instant that lies at the end of a period of
decrease and the beginning of a period of increase, marks a
minimum value of the varying quantity.

At any such instant the rate of change (the differential
coefficient) is neither positive nor negative, but is zero. It
may be concluded, therefore, that when the differential
coefficient of A with respect to B is zero, A has either a
maximum or a minimum value. Conversely, to ascertain
when A has a maximum or minimum value it is only necessary
to determine when its differential coefficient is zero. To
decide whether any one of these ‘stationary values is.a
maximum or a minimum, a little more work has to be done.

In the neighbourhood of a maximum value the rate of a
change is first positive, then zero at the maximum, and then
negative. In other words, the rate of change is decreasing
in the neighbourhood of a maximum, or again, the rate of
change of the rate of change is negative at a maximum value.
Conversely, the rate of change of the rate of change is positive
at a minimum value.

In this way it is possible to decide whether any particular
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value that makes the rate of change zero is a maximum or
a minimum.

Example of Determination of Maxima and Minima.—These
points may be illustrated by considering the previous
“ Kxample in kinematies.” While the crankshaft rotates,
the value of s, the distance from crankshaft to cross-head pin,
is continnally varying. Has it any maximum or minimnm
values 7 The geometry of the mechanism makes it clear that
the answer is * Yes,” but it is instructive to consider how the
differential caleulus answers the question.

The variation of ¢ with time will have a maximum or mini-
mum value ifj—': ever becomes zero. Now the value of %':
at any instant is given by equation (10) and for the easier
understanding of what follows, the quantity sin (12-56nt) is
replaced, according to a standard trigonometrical transforma-
tion, by 2 sin (6-28nt) cos (6-28nt). After further simplification
(10) becomes

ds oo r .
3 =6-28nr sin (6-28nt) [(1+—J cos (6:28n) | . ... (12)

Similarly (11) becomes

d3s r

—— =—(6:28n)%r | cos (6-28nt)+~ cos (12:56nf) | . . . (1t
5= —(6-28n)r [cos (6-28nt)+ cos (12:56nt) | ... (13)
Examination of (12) shows that %:O, when sin (6-28n¢)=0,

that is, when 6-28nt=0, 3-14, 2 x 3-14, etc. or when
I 1 3 to
y 2n7 n) .)71,’ e *

P

t=0

. . . 1.
and since n is the number of revolutions per second, o 18 the

number of seconds per revolution. Consequently the values of
¢ correspond to 0, 4, 1, 2, etc., revolutions of the crank from
the inner dead centre. In other words, the maximum and
minimum distances of the cross-head from the crankshaft
occur when the crank is at the inner and outer dead-centres.

To determine the values of these maxima and minima and
to use the calculus method of showing which is which, the
various values of 6-28nt are inserted in (9) and (13), with the
following results :
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6-28nt 0 314 2x314 | 3x314
' b;l_‘l(_ ‘>8nt) 0 0 0 0

cos (6-28nt) T o T 1
| cos (12-56int) 1 l —l __l

h' L-.——r_ L__-r L-+-r _L— r
| dg‘; - (6-28n)*r ' (1»228;»)—; (6 3280 )2 | —(6-28n)r

‘ (6
| d? X(l+;‘4> ><( 14 2) ><<l +2) ><< -1 2)

. d*s
) f — - -
ign of o;

As the nature of the mechanism is such that ] is less than 1,

the sign of (——1—{-2) is negative.
1t will be seen that the stationary values of s are alternately

L+r and L—r, and the signs of agree that these are

dt
maxima and minima. From the geometry of the mechanism
it is obvious that these values are correct, but the calculus
method of determining maxima and minima can often lead to
results that could not be derived in any other way.

For example, suppose that it were required to know the
maximum velocity of the crank-pin. This occurs (since

2
velocit, 2 when s “=0 and from (13), this is the case when
Y dt dr
cos (6-28nt)+-r— cos (12:56n)=0 . . . . (14)

By use of the trigonometrical identity cos 24 =2 cos?4 —1,
equation (14) is converted, after some rearrangement into

0052(6-28nt)+§L—r cos (6-28nt)—3=0
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whence cos (6-28nt):—41;j;\/((4£;)2+%) ... (135)

Of the two values suggested by (15), the one involving two
minus signs is inadmissible since it would make the cosine
less than —1. The remaining value gives two values of (6-28nt)
less than 360°, or in other words, two different angular positions
of the crank corresponding to maximum or minimum velocities
of the cross-head.

To take a numerical example, let L=4r,
when cos (6-28nt)=—1-+4+/1-5=0-2247,
and from trigonometrical tables

6:28nt=77° 1" or —77° I,
To decide whether these angles give maximum or minimum
2 3
velocities, the sign of the differential of (;—;, i.e. %is considered.
Differentiating (13) with respect to ¢,
d3s N 2r . -
=5 =(6-28n)%r [sm (b-28nt)+7 sin (12-06nt)]

d
When 6-28r¢=77° 1’, both terms inside the square bracket
3
are positive and therefore Z—tf is positive, so that the velocity

of the cross-head pin for that crank position is a minimum.
As will be seen presently, the velocity is then negative (i.e.
towards the crankshaft), so that an algebraic minimum velocity
from the crankshaft means a numerical maximum velocity
‘owards the crankshaft.

When 6-28nt=—77° 1, both terms inside the square
3

‘rackey are positive and therefore ZTf is positive, so that the

velocity of the cross-head pin for that crank position is a
maximum from the crankshaft.
The actual velocities are obtained by use of (12), thus—

ds . PR 1 o o
Ei:—G-ZSnr sin 77° 1 [1-}-4 cos 77° 1 ]
=—6-36nr
and
dS . o 17 1 o 7
= =628 sin (=77 1)[1+Z cos (—77 1)]

=6-36nr
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The two velocities are thus equal and opposite and are
slightly greater than the crank-pin velocity which is 6-28nr.
The maximum (maximum outward) and minimum (minimum
inward) velocities occur when the cross-head is at a distance
from the crankshaft centre line determined by use of (9), thus—

= ——.r_g o 3 7_2_ =40 o
s=L 4L+r cos 77° 1 +4L cos 154° 2
and writing L= 4r, this becomes
I 4 I (—o-
s=4r— 16+0 4147—!—16 (—0-8094)

=4-112r
The extreme distances of the cross-head pin from the
crankshaft centre-line are L—r=3r, and L+-r=>5r, so that
these maximum velocities occur not at mid-stroke (which is
s=4r) but at a point farther away from the crankshaft than
mid-stroke.

Calculus of Small Differences.—A knowledge of the differ-
ential coefficient of one quantity B with respect to another 4
makes it possible to calculate by how much B will change
when A4 is changed by a small amount, or vice versa. The
differential calculus is not essential for such calculations, but
it is very often more accurate than the more elementary
method.

For example, let a quantity y be connected with a quantity =
by the relation—

y=0 sin x.

Now suppose that it were asked, “ 1f y changes from the
value 4 to the value 4-01, by how much does x change ?”
To answer this problem directly it would be necessary first to
find the original value of x from

sin x—é
6
then to determine the second value of z from
sin x=4—'(£
6

and then to obtain the difference between the two values of
by subtraction. Trigonometrical tables would be needed and
interpolation would be required. By use of the principles of
the calculus, however, a formula can be derived for easy and
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more accurate solution of this problem without using trigono-
metrical tables.

Thus Z%:G cos x=06+/(1 —sin3x)

—6 (Y= —
VA= (§))=vE6—y)
Now % is (very nearly) the ratio between any small change

Ay in y and the corresponding small change Az in x, i.e.—

(Y
Ay_(dar:) o
or
Ay
v=dy\=_, AV
A ((—ZZ) V(36—y?)
If the initial value of y is 4 and the new value 401, then
y=4-01—4=0-01, and so
Av= 00 _o.00224
VvV (36—16)

In this formula the value given to the y in the denominator
is the initial value 4. It is'more accurate to use the value
4-005 half-way between the initial value 4 and the new value
4-01, but the gain in accuracy in this case is not worth the
extra trouble involved in squaring 4-005 as compared with
squaring 4.

This calculation is an example of the use of the ‘ calculus
of small differences,”” a branch of mathematics which makes
use of the fact that although a differential coefficient is strictly
the ratio between two infinitely small quantities, it is very
nearly the same thing as the corresponding ratio between
two quantities that are small but not infinitely small. Its
advantage is that it shows how to calculate a difference
directly instead of by the obvious, but less accurate, method
of subtracting one quantity from another that is not much
different.



CHAPTER XXVII
INTEGRATION

THE normal meaning of the term ‘‘ to integrate ” is ‘‘ to make
into one whole ” and in mathematics the meaning is similar,
but is perhaps more accurately defined as *‘ to determine the
whole from a knowledge of the relations between its infinitely
small parts.” This definition hints at the converse relation
between integration and differentiation, which is a determina-
tion of the relations between infinitely small parts. In what

B
M

O N P Q C

Fig. 155.—Area of irregular figure.

circumstances is it necessary to deduce the whole from
consideration of its infinitely small parts ? An important
example may be understood by reference to Fig. 155.
Suppose that it is required to know the area of the figure
ABCD, in which AD and BC are perpendicular to DC and
AB is curved. An easy way of determining the approximate
value of the area is to divide it into vertical strips by the lines
EN, FP,and GG, tojoin AE, EF, FG,and G B by straight lines
and to add together the areas of the four strips. (The area of

sach strip is equal to its horizontal width multiplied by the
185
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average of the heights of its sides.) The area so determined is
actually greater than the area required, because the lines AE,
EF, FG, and GB all lie above the original curve 4 B.

Now suppose that a straight line HJ is drawn to touch the
original curve at a point half-way between 4 and E, JK is
drawn touching the curve between £ and F and KL and LM
are similarly located. Then the total area of the four strips
bounded at their tips by HJ,JK, KL, and LM may be deter-
mined as before and this is less than the required area because
HJ,JK, KL, and LM all lie below the curve 4 B.

It is clear from the diagram that the difference between
the total area of the larger strips and the total area of the
shorter strips is small and therefore that the area below the
curve A B, although not exactly determined, is known within
reasonably narrow limits of error. It is also fairly obvious
that if the original figure were divided into (say) eight strips
instead of four, the limits of error would be even narrower
because the differences between curve, chord, and tangent are
reduced when a shorter piece of the curve is considered. It
can be said, in fact, that the differcnce between the total area
of the strips and the area under the curve can be reduced to
any desired amount by dividing the given figure into a suffi-
ciently large number of strips. If an infinitely large numnber of
strips be used, the difference becomes zero, or in other words,
the method of adding areas of strips becomes accurate.

If there is a known mathematical relation between the
ordinate of the curve (i.e. its height above DC) at any point
" and the horizontal distance of the point from A4 D, the integral
calculus provides a means of adding together the areas of an
infinite number of infinitely narrow strips—an operation that
is otherwise impracticable. It is necessary to state here,
however, that whilst the strict straightforward process of
integration can often be carried out with no difficulty, and
sometimes with a certain amount of difficulty, there are
circumstances in which it cannot be carried out at all. In
other words, there are mathematical functions that cannot
be integrated accurately, and in such cases it may be essential
to adopt the graphical method of determining the area, using
any conveniently large number of strips for the purpose.
There is thus a sharp distinction between differentiation and
integration in that whilst every mathematical function can be
differentiated, by following certain fairly simple rules, it is
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quite easy to write down any number of functions that, in
the strict mathematical sense, cannot be integrated at all.

Relation between Integration and Differentiation.—In Fig. 156
the upper curve is one that is defined by a known mathematical
relation (for example, y=3x2) between the height y of the
curve at a point distant z from A0. The point B is any typical
one; BD=y and OD is xz. The area of the figure boundel
by the straight lines AO, OD, and DB, and the curve itself
between A and B is denoted by c. Since the area depends on
the distance between AO and BD, the value of ¢ depends on
0D, or in other words, C is a function of z.

Now consider an ordinate CE, a little to the right of BD.

C
A/\}

v yedy
P 4
x+dx

O DE

Fig. 156,—Curve of known relation.

The short distance DE may be regarded as a small change
in z and denoted by dx. The height CE will be slightly
different from BD and may be denoted by y+dy. The area
under the curve between 4 and C is slightly greater than ¢
and the difference may be denoted by dc. This difference is
the area of the strip DBC'E, whose width is dx and whose mean
height is between y and (y+dy). When BD and CE are
infinitely close together, dy is infinitely small, so that y and
(y+dy) are equal, the mean height of the strip is y, and its
area is ydz. Hence—

dc
de=ydr, or - =y
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The differential coeflicient of ¢ with respect to x is therefore
¥, but as the function ¢ is at present unknown, whereas yisa

. . . de :
known function of z, the relation dz—Y expresses the fact that

¢ is the function of 2 whose differential coefficient with respect
toz is equal to y. The mathematical process of integrating ”’
the areas of the strips thus resolves itself into finding the
function which, when differentiated, will give y. The relation
between integration and differentiation is similar to that
between division and multiplication, because when we divide
P by @, we find the quantity which when multiplied by @
will give P.

Symbol for Integration.—The area ¢ under the curve 4B is
the sum of the arcas of an infinitely large number of strips
(whose individual areas are each dc=ydx) lying between the
ordinate AO (for which x=0) and the ordinate B (for which
r=0D). This is expressed in mathematical shorthand by
writing

z=0D
c= ydx
=0

The symbol/mezms * the sum of.” The symbol dx shows

that x is the independent variable. This indication must
always be given because the sign ﬁs meaningless without it.

The quantity y (which must in any particular case be repre-
sented as a function of x) is the quantity to be integrated.
The notes x=0 and z=0D indicate the “limits” between
which the integration is to be carried out. The mathematical
operations involved in determining ¢ by this integral formula
are—

(1) Determine the function of x whose differential coefficient

with respect to x is y.

(2) Find the value of that function when z=0D.

(3) Find the value of that function when x=0.

(4) Subtract the second value from the first value.

The reason why this procedure is correct is that any ordinate
of the curve is equal to the differential coefficient (with respect
to ) of the area under the curve up to that ordinate.
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Limits of Integration.—The last statement above is true
irrespective of the position of the left-hand limit of the curve
and consequently integration, interpreted as reversed differ-
entiation, cannot determine the area under the curve unless
both left- and right-hand limits are defined. This is in
accordance with the fact that the addition of a constant to a
* function of x does not alter the differential coefficient of that
function of x with respect to z, because the differential co-
efficient of a constant is zero. If the limits are not defined,
the value of the integral must be expressed with the addition
of an “ arbitrary constant ”’ whose value must be determined
with the aid of some additional information.

In the following list of some standard integrals, the arbitrary
contant is denoted in each case by C :

Some Standard Integrals—

f(ax—l—b)"dx - %14-(‘ (16)
fa sin (nr+b)dr =:"—°°S’—1(zm+b)+c (17)
fa cos (nx+bydr = ¢ s&:zji)_{_c (18)
[ a sestnetb)i @ tan Lﬁ"f ., 0 (19)
/ a tan (nz—b)dx ~=%log, cos (nz+b)+C (20)
f ab @+ gy Zl)l(;g+2 +C 21)

If u, v, w, ete., are functions of x—

f(u+v+u'+et0-)dz=fudx+fvdx+fwdx+et,c.+C

(22)

fuvdx=y‘udx—/(ﬁdx)%dx+0 (23)

For example, using (22), (17), and (18),

f(3 sin 2x+42 cos 2x)dx
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= ‘/‘3 sin 2x dx+/2 cos 2x dx

—3 cos 2 2 sin 2x
8 2 2 2
- 53 Cl+ é' - | (‘2

P

= —:i_zcos 2x+sin 2x4-C

EKach integral gives rise to an arbitrary constant (denoted
by C, and C,) but the sum of any number of arbitrary constants
is only one arbitrary constant and this is denoted by C.

Using (16),

r=2 (—2x4+1)p3qa=2
fx-:1("2x+1)2dx'_[(—2)x3 ]x:l
(—2x241)p  (—2x141p

o —6 —6
=4-5—1=4-333
Equation (23) is occasionally useful in evaluating the
integral of the product of two functions of z. 1t must be
emphasised, however, that it is not certain to help in any
particular case because it merely substitutes the integral of
the product of two other functions of a for the original integral.
It is useful only if the second term on the right-hand side is

eagier to evaluate than is ﬁtvdx.

It may be mentioned again that there are many mathematical
functions that cannot be strictly integrated inasmuch as no
function can be found on differentiation to give the original
function. In such a case, however, the numerical value of the
integral between specified limits may be found by plotting
the curve of the function between those limits and determining
the area under the curve by dividing it into strips, or by use
of the planimeter. Here the approximate method gives an
answer, whereas the exact method fails to work at all. What
we may call the *“ separate strip ’’ method always gives a result
of adequate accuracy ; sometimes the integral calculus can be
used and when it can it is usually quicker and more accurate.

Moment of Inertia.—The energy possessed by a body by
virtue of velocity is called its ¢ kinetic energy ” and is equal
to half the mass multiplied by the square of its velocity. If a
body is rotating about a fixed axis, different parts of it have
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different velocities, and consequently it is more difficult to
calculate its kinetic energy. To take the simplest case—that
of a disc rotating about its axis—points on the curved surface
have the greatest velocity of any, whilst points on the axis have
no velocity at all.

The velocity of any point is equal to the angular velocity of
the disc multiplied by the distance of the point from the axis.
Consequently, all points at any particular radius may be
lumped together in calculating kinetic energy because they
have a common velocity. Further, all points lying in a cylin-
drical ring (as shown in Fig. 157)
whose inner and outer radii are
r and (r+4dr) lie at nearly the
same radius r if dr is very small.
The volume of such a ring is equal
to the circumference multiplied
by the thickness multiplied by the
width, and the mass is equal to
that product multiplied by the
density of the material, or

Mass=2= r dr w 8, where s is
the density.

The velocity of the ring is equal
to r times the angular velocity,
assuming that the value r is taken
as a sufficiently close approxima-
tion to the distances of the axis
from the various particles of ; o Avical vi
material which a,ctlll)a,lly range HAh SR R L
from r to (r+dr). If the angular velocity is A, the square of
the velocity of the ring is A%, and the kinetic energy is |

3 Mass z (Velocity)? == A% w 73 dr.

The same expression, with suitable values of w and 7,
applies to any ring. The values of =, 4, and s are common to
all rings. (In the particular case shown, that of a flat-sided
disc, the value of w is also common to all rings.)

The total kinetic energy of the whole disc is the sum of the
values of this expression for all rings, or

=A2 g w (Sum of 73 dr for all rings).

The value of the quantity within the bracket may be

estimated by dividing the disc into thin rings and adding
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together 73 dr for all of them. For example, if the radius of the
disc is 10, and it is decided to consider rings of thickness 1,
then dr=1, and the calculation of »*dr would proceed thus—

r rd dr r3dr
0 0 1 0
1 1 1 1

2 8 1 8
3 27 1 27

4 64 1 64
5 125 | 125
6 216 | 216
7 343 1 343
8 512 1 512
9 729 1 729

Total r3dr=2025

On the other hand, if it were decided to use rings of thickness
2, then dr=2, and the calculation would proceed—

r 73 dr ridr
0 0 2 0
2 8 2 16
4 64 2 128
6 216 2 432
8 512 2 1024

Total r3dr=1600

This gives a smaller result than before, because the steps
are coarser. Thus for the ring whose inner and outer radii
are 2 and 4, the value of 73 dr is 22X 2=16. The corresponding
value on the basis of dr=1 is derived from a ring for which
r=2 and another for which =3, and is

28x1+433x1=35.
1t is true to say that the thinner the rings the greater will the
total r* dr become, and it may be expected that the choice of
infinitely small rings will yield a definite value for 73 dr because
that is actually the only perfectly correct procedure.
The integral calculus enables that summation to be effected

. r=b
because the expression f re—a r3 dr means ‘‘ the sum of the
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quantitics 73 dr between r=a and r=b when dr is infinitely
small >’ and because there is a mathematical process for finding
the value of that expression. In the special case just con-
sidered the maximum and minimum values (the limits) of
are 10 and 0, and so b=10 and a=0. Hence :
r=10 , riq r=10 _ 10000 O .
Sz ora=[5]," o= T —g =0

So the sum of 3 dr calculated on dr=2 is 1600, on dr=1 it is
2025, and on dr=1% it will be something greater than 2025,
whilst the integral calculus tells us (what we could not find by
the simple arithmetical method) that if dr=0 the sum of
73 dr=2500, and this is the correct answer.

The quantity =sfw 3 dr is called the “ moment of inertia ”
of the disc about its axis.

If w is constant for all rings, thenfu 3 dr=w/r3 dr, and

the integral is easily evaluated as was done above. If w is not
constant but can be expressed in terms of 7, it may, or may not,
be possible to evaluate the integral according to the complexity
of the expression wr3. If it is possible, the value of the integral
may be expressed as a general formula in terms of the outer
radius of the disc or, in the case of a ring, in terms of its outer
and inner radii. If it is not possible, the arithmetical method
based on rings must be used, and the thinner the rings the more
accurate will be the result.

Mean Values.—\What is meant in general by a *“ mean value ”
is well illustrated by the case of mean velocity. If the velocity
of a body varies over a given interval of time, the mean
velocity for that period is equal to the total distance covered
divided by the time. If the distance covered cannot be deter-
mined by actual measurement, it can be calculated, if the
variation of velocity with time is known, by dividing the whole
interval into very short intervals, multiplying the velocity at
the middle of the short interval by the length of the short
interval (this giving the distance covered during that interval),
and adding together all the quantities so obtained. The result
divided by the whole interval is the mean velocity during the
interval.

Here again it may be surmised that the calculated value of
the mean velocity will depend on the shortness of the intervals

7
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chosen for the basis of the calculation. The shorter (and
therefore the more numerous) the intervals, the more accurate
will be the result, and if the velocity can be expressed mathe-
matically in terms of time the integral calculus will be able to
give the mean velocity with perfect accuracy if the mathe-
matical function is one that can be strictly integrated.

In general, if a quantity y depends on a quantity x, the
mean value of y while z changes from a to b is

(/:—:2 y dx)/(b—a)

For example, if y=4a%, the mean value of y between 2=2
and x=4 is

(/;—z_‘;. $o dz) /(4-2)
~([%] g)/2:(32—2)/2=15
8

when x=2, y=é=4, and when =4, y=32.

The arithmetic mean of the smallest and greatest values of y
is $(4-+32)=18, and this is seen to be greater than the true
mean value of y.

As usual ;f—=2 y dx represents the area under the curve of y

between the limits x—a and x=b, and so even if the integral
cannot be evaluated mathematically, it can be evaluated by

drawing the curve and determining the appropriate area by any
convenient method.

. Mean Height of Sine Curve.—The sine curve is important in
several branches of engineering, and it is instructive to con-
sider the application of the integral calculus to the determina-
tion of its mean value. It is illustrated in Fig. 158, which
shows a complete ‘“wave-length ” w of a sine curve whose
“ amplitude ” is . This means that the value of y varies
between -}-b and —b.

The equation of the curve shown, i.e. the relation between
the x and y of any point on it, is

x
= 1 2 —_
y=>b sin ™~

(As x increases from 0 to w, y rises from 0 to 1, falls to —1, and
rises again to 0.)



INTEGRATION 195

Now the mean height of the curve between any two points
4 and B whose distances from 0 are ¢ and f is, according to
the general formula,

Y=fp gin 2:° _
(= bain 2rg &) /U=0)
x
The integration of b sin 2, is a special case of (17) where

23 ..
a=b, n= }/-‘L’ and b—0. As the limits x=f and x=c are defined,

- w

|
I

J
i

..X.|

1y
4

Fig. 158.—The sine curve.

no arbitrary constant appears. Therefore

Mean height—= [—-b% cos 2"'5}] gf_j_c/ (f=0)
g [(oosrf)(oozeg)] 20

1f the lower limit ¢=0, i.e. if 4 coincides with 0, the expres-
sion becomes simplified because the second term in the square
bracket is then the cosine of zero, which is unity, and we have

- b 9.4 -
H-:Mea.nhelght—g—ﬁ.[l—-cos.ha] e (25)

The following special values of f may be noted. If f=u,
H—0. This is because in a complete wave-length there is as
much positive as negative, and the total is nothing.

2b
If  f=jw H——==00637b

2

If f=tw. H 2 0-6370
™
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These values of /1 are the same because the second quarter
of the wavelength is the mirror image of the first quarter and
the two quarters therefore have the same height.

It is interesting to apply the differential calculus to (25) in
order to determine what length of the curve, starting from 0,
will give the greatest mean height. In this operation f is the
independent variable and // the dependent variable. = Conse-
quently it is necessary to differentiate /7 with respect to f, and
this is an example of use of the formula (8), where

u=1—cos 21r‘£ and v=f
w
. . bw L .
The quantity — is a multiplying constant and remains un-
m

changed on differentiation.
In differentiating u, the differential coefficient of 1 is zero.

4
The second term is a special case of (3) where a=—1, n="—r
and b=0. w
)

So du_2m sin 21:1

af w w

dv

(‘U_—l

dil b 2% f S :
" . = . i) Ded (e RS e
Therefore : 7= I:f o Sin 2w (l cos _-n-u')]/f

Using the trigonometrical transformations,

. . 0
sin =2 sin 5 €08
2

2

. .0

and 1—cos §=2 sin2 =
dil _ _bw . =f ol o f Lowf
d_f_z: sin ” [_75} cos #ﬁ-_bm _z;]

For a maximum value of /f, the quantity in the square
bracket is zero, and this means that

tan ﬁ: 2 d
w w

This equation cannot be solved directly, but examination
of the trigonometrical tables shows that it is satistied if
5}:]-]62 approximately

or if [=03Tw
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Inserting this value of fin (25), it is found that the maximum

. . b
value of the mean height is H,,, .)‘,;_,4[1 }-0-684]=0-723b,

occurring at a distance 0-37w from the start.

If the values of H be plotted for a range of values of f, the
curve is found to be a sine curve with constantly diminishing
amplitude, and the value H=0-723b at f=0-37w is the crest
of the first and highest wave.

MATHEMATICAL AND GENERAL CONSTANTS

(For fuller Mathematical Tables and Formule the reader
should obtain Mathematical Tables and Formule, 3s 6d.,
or 3s. 9d. by post, from the Publishers of this volume.)

I foot-pound =1-3825x 107 ergs.
1 horse-power =33,000 ft.-Ib. per min.=746 watts.

1 atmosphere —14-7 Ib. per sq. in.=2116 lb. per sq. ft.=760
mnm. of mercury= 108 dynes per sq. cm. (nearly).

A column of water 2-3 ft. high is equivalent to a pressure of
1 1b. per sq. in.

The length of seconds penduium=39-l4 in.

Joule’s Equivalent to suit Regnault’s H

i | 744 itlb.=1 Fahr. unit.
11393 ft.-lb.=1 Cent. unit.

Regnault’s H=606-5+305 ¢° C.=10824--305 t°F.
pu 10846—479,
log,e p=:6-1007———?—g
where log,, B=3-1812, log,, C=5-0882.
p is in Ibs. per sq. in., ¢ is absolute temperature Centigrade.

u is the volume in cu. ft. per 1b. of steam.
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Volts X amperes=watts.
1 electrical unit=1000 watts-hours.

e=DBase of Napierian (named after Napier, discoverer of
logarithms) or natural hyperbolic Logarithms=2-7183818.

To convert Napierian logarithms to common logarithms
multiply by p=(-4343).

To convert common to Napierian logs. multiply by
,%:2-30258509, or 2-3026 approx.

7=3-1415926535879323846

or 3-14159 approx. or 3-1416
or 3.142 or 31=3-142857.
355

w correct to six decimal places=—13.

Log m=0-49714987269413385435.

The base of Napierian or hyperbolic logarithms is the sum of
the series :

1 1 1 1
2+Q+2x3+2x3x4+2x3x4x5+ T

g=32-182 f/s2=98 cms./s2. =32-2 approx.

1 gallon=-1606 cu. ft.=10 Ibs. of water at 62° K.

1 pint of water=1} lbs.

1 cu. ft. of water weighs 62-3 lbs. (1000 oz. approx.).

1 cu. ft. of air at 0° C. and 1 atmosphere weighs -00559 1b.

1 radian=1—18r0=57-2958 degrees.

. ™ .
= radians=180°. 5 radians=90°.
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Approxzimation
(1+a):=142a
(14+a)!=143a

1
lj:a_l:Fa

(1:[:a)2’1q:2a
m=1¥3“

l+a 142

1 —a
I+a

Vita=1+}a
Vita=ltla

a=small quantity

T—=1-2a

Trigonometry

sin? 4-4cos® A=1

sec? A=1-+tan® 4
cosec? A=1-+4cot? 4

cosA / /s(s a)

smA/ \/(s b) (s—c¢)

tan/z (s b) (s —c)

T s(s—a)
sinA_sin B_sin C

1

a b

c

2R

t, B_C—b___c tfy
an D) _b+c CcO 2

c2=a2+b2—2ab cos C

1-+tan?4 =sec?4

Calculus
ga—v (ae®)=ae* : f ae*dr—ae*
d% (ax*)=anx""! fax”d.v::tnj_lx"“

d a
7z (@ log.x) =7 log,e

gx (a cos bx)=—ab sin bx \/‘a cos bx dxu—B sin bx

a
f de:a log,x

dix (a sin bx)=ab cos bx /a sin bx dx=—tg cos bx

(% (a tan bx)=ab sec® bx _/‘a tan bxr dr= 'b log sec bx
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The formule in the first column remain true when z is
replaced by z-+C, where C' is any constant.



PULLEYS
Nole.—xl= Ratio of distances moved by W and F.

SINGLE F1XED PuULLEY SINGLE MoVABLE PULLEY

force is applied
at “a’ and
acts upward,
the result

will be the
same.

Vi

,,v = 2

DoUBLE MOVABLE DousLE MOVABLE MULTIPLE MOVABLE
PuLLEY PULLEY PuLLEY

If “n” =any
number of

s

0" = number of
movable pulleys

w
F = 28 W =2nF

A'2)
y =2

Figs. 159 to 165
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PARALLELOGRAM OF FORCES

F.W:F =sinfa 4+ B):
sinf3

Wif=sinu+8: 7

_L__..__-.-T-

™

) sl a
i poWsin
sin (a 4 B;
_ W sin a W sin «
/=3%m (@ + B) = sin (@ + B)
W+ F2 4 /3 — __ Wsiny
2Ffcos (o + B) f=sn W+ 8)
INCLINED PLANE £
£
w
h
oc
No Friction No Friction
Wh ) _ ySine _ .cos B
F=3"=Wsina F"WcosﬁW_Fsinor.
Fl F With Friction
= kR sina . g cos & + sin &
F-wp.sinB+oosB
where p = coefficient of fnction.
sin (¢ + a)
15 cos (§ — ¢)
where ¢ = limiting angle of re-
resist.
w=tan¢
WEDGE
R 1
F= R— "
a
F = force required to drive the
wedge.

Figs. 166 to 170.
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FORCE ACTING AT AN ANGLE

N £ Let line F represent the magni-

tude and direction of a force

b a acting at an angle oC to move

the body B on line CD. Then

the line a represents a part of F

which presses the body B against

CD. The line b represents the

magnitude of the force which
actually moves the body B.

b=+4/Fs—gq* b="Fcosa

FORCE BY A ScrREw

P = pitch of screw (distance

between threads)

7 = radius on which force Facts. n == 3-1416.

wPpP F2rr

Srr =P

Formulae relative to force acting at an angle
and force by a screw

PENDULUM

Ui

F:W = P:2ny F =

Figs. 171 and 172.

<

N

&
.|
-

i
|
|

0 s s D

Figs. 173 to 175,

The Simple Pendulum, ¢ = 7r'\/ : , where / = length ot pen-
dulum 1n inches ; ¢ = time in secs. of one o_sEillatlon, g = 32097
tt. per sec. or 385°163 in per sec. ¢ = 21r'\/ itor 25 Swings.

The Compound Pendulum, in which o = centre ot suspension
and / = equivalent length ot simple pendutum to give same time
a*W +bw

t oscillation, /== __ 1% °
ot oseifiahion. i= TV tw
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LEVERS

L L v?
) F iy
¢ %:—l._..a L (‘}i
o
F:W =1[:L FL =WI! F:W =[:L FL = WI!
wi _FL W RVIIREIE
= W = T F = T w T
e e e —
b 1 & ||
6 P Q R l
’ F
h ; - To find Fulcrum C when three
m forces act on one lever.
. Rx = Qa + P(b + a)
F:W =1L FL = WI x =92+ Pb+a)
F_WI _FL ' R
I T

Q = Weight of the lever.

x = distance from centre
of gravity of lever to
fulcrum,

_WI—-0x
Fe——

n.n’ = number of
revolutions of
the wheels

V = velocity of F.
V'’ = velocity of W.

Figs. 176 to 182.
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CENTRIFUGAL FORCE

F = Centrifugal force in pounds

M = Mass or weight of revolving
body in pounds.

v = Velocity of revol. body in

ft. per sec. g = Coefhicient of terrestrial
Acceleration = 32:2.
(N © = 3-1416.
F = Mv?  Mv? B _ 4MRn*n® MRn?
gR ~ 32:2R 60%g — 2933
M FER _2033F o _ Mv:_ 203F
v Rn? Fg =~ Mn?
n = A [200F v (e
MR M
Centrifugal Ten- Centrifugal Ten-

sion (lbs.) of a Ring

W _
;
!

4

IH IR B D WL

Figs

@WWMWMWWM

R = Rad. of circle in which body
revolves (ft.).

n = Number of revolutions per
minute.

sion of a Gnnd:
stone. Circle-plane,
Cylinder rotating
round its centre.
MRn?
4150

Centrifugal Tension of a Cylinder
rotating round the diameter of

1ts base.
Mn?y/ 478 + 32
10260
GOVERNOR
_ 60 jg_5416 5416
2r \'h vh T ylcosa
no 2993 ;_ 2033 _ h
n? nicosa  cosa
2933 h __
cosa = T = I= vii—n?
183 1o 187.
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MOMENTS OF INERTIA

PARALLELOPIPED CYLINDER

3o x—a [HED o . I
4

> 412+ b2 T S
5 & x=\j-4-l =l +a?+al gy C—_— JZ’ + 3rt
a 12 — . 13
1 .
o

Coxic FrusTUM

o h# (R243ReA6r7) | 3 l{'—r')
10\ R*4r*+Rr 20 \ R3—r3
Cone FLYWHEEL

X=

20

FLYWHEEL WITH ARMS

Ri4r? | | dritbt
2 12
= BW(RTS %) + w{dr bY)
12(W+w)

XYW w)=W

Fiys. 188gl0 195.
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THE GREEK ALPHABET

The Greek alphabet is as follows :

A a (alpha) N v (nu)

B B (beta) = ¢ (x1)

I' y (zamma) O o (omicron)
A § (delta) i1 = (pi)

E ¢ (epsilon) P p (rho)

% { (zeta) 3 o (sigma)
H 7 (eta) T 7 (tau)

® ¢ (theta) Y v (upsilon)
I ¢« (iota) ® ¢ (phi)

K « (kappa) X x (chi)

A A (lambda) ¥y (psi)

M p (mu) ? w (omega)

A USEFUL SERIES

«

2 x3 4
ltatgntntnt -
m m—n\58
log,’ - ')[ m+n)+3 m—l—n) +o m—l—n) +

logx ‘2[(x+1)+3(x+1) t5 (x+l)

: e o
sin §—6— ,+5, i+

6% ¢°
cos §— 2,+4, git

tan36 tn50 tn"&
#=tan _a; +a a7
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POWERS AND ROOTS OF = AND ¢

s I I R Y |
R AR AR v

| |
n 71': | n?
|
| r= 3142 0-318] 9-870
| 2r= 6:283| 0159 | 39-478

| 3= 1871 | 0-637: 2.467
[ l:;: 1-047 | 0955  1-097
|

| sr= 4189 0230| 17546
| ol o

| T- 0785 1214 0617
| 2= 0524 | 1010  0-274
xi— 9-870 | 0-101| 97-409
29— 31-086 | 0-032| 961-390

E]

= 0-098 110-186} 0-0095

g=32:2 | 0-031{1036-84
29=064-4 0-015 I 4147-36

| .

| 33,386-24
| 267,090

| | | I
31-006 | 1772 | 0:564 | 1465 | 0-683
218050 | 2:507 | 0-399 | 1-845 | 0-542 |

3-878 [ 1-253 | 0-798 | 1-162 | 0-860 |
| | |

1-148 [ 1-023 | 0-977 11-016 0-985

|
0-622

|
73-496 | 2:047 | 0-489 | 1-612

1 | |
0-484 | 0-886 | 1-128 | 0-923 1-084l

|
0-144 | 0-724 | 1-382 | 0-806 | 1-241
961.300 | 3-142 | 0-318 | 2145 | 0-466

29,809-910 | 5-368 | 1-796 | 3-142 | 0-318 |

0-001 | 0-313 | 3-192 | 0-461 | 2-168 |
5674 | 0-176 | 3181 3314
| 8025|0125 | 4007 | 0-249

1

ENGLISH WEIGHTS AND MEASURES

Long Measure

-001 in.
21 inches
4 inches
12 inches (in.)
3 feet
5} yards
40 poles (220 yards)

8 furlongs (1760 yards)

3 miles
1 chain

10 chains
6 feet

=1 mil

=1 nail

=1 hand

=1 foot (ft.)

=1 yard (yd.)

=1 rod, pole, or perch
=1 furlong (furl.)

=1 mile (m.)

=1 league

=100 links (22 yards)
=1 furlong

=1 fathom

6080 feet or 1-1516 statute mile=1 nautical mile
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Area
(Square Measure)
144 square inches =1 square foot

9 square feet =1 square yard
30} square yards =1 square pole
40 square poles 1 rood
4 roods 1 acre (4840 sq. yards)
640 acres =1 square mile

Measure of Capacity
(Liguid or Dry Measure)

4 gills =1 pint | 3 bushels =1 bag

2 pints 1 quart 4 bushels =1 coombe

2 quarts —1 pottle 8 bushels =1 quarter

2 pottles =1 gallon 12 bags =1 chauldron
4 quarts =1 gallon 5 quarters—1 load or wey
2 gallons =1 peck 2 loads or

4 pecks =1 bushel I weys =1 last

Measures of Volume and Capacity
(Cubic Measure)

1728 cubic inches 1 cubic foot
27 cubic feet = 1 cubic yard

1 marine ton= 40 cubic feet

0 1 stack —108 cubic feet
1 cord =128 cubic feet

Wine Measure

4 gills =1 pint
2 pints 1 quart
4 quarts 1 gallon
10 gallons 1 anker
18 gallons 1 runlet or rudlet
314 gallons 1 barrel
42 gallons 1 tierce
63 gallons 1 hogshead
2 tierces 1 puncheon

14 puncheons =1 pipe or butt
2 pipes =1 tun
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Ale and Beer Measure

4 gills =1 pint

2 pints =1 quart

4 quarts =1 gallon

9 gallons =1 firkin

2 firkins =1 kilderkin
2 kilderkins =1 barrel

1} barrels =1 hogshead
11 hogsheads =1 puncheon

1} puncheons or

2 hogsheads =1 butt or pipe

2 pipes =1 tun
Troy Weight
3-17 grains =1 carat
24 grains =1 pennyweight (dwt.)

20 pennyweights
12 ounces (troy)
1 pound (troy)

=1 ounce (oz. troy)
=1 pound (troy)
—5760 grains

1 pound (avoirdupoig) =7000 grains (troy)

Avoirdupois Weight

27-34375 grains =1 dram
16 drams =1 ounce (0z.)
16 ounces =1 pound (Ib.)
14 pounds =1 stone
2 stones (28 1bs.) =1 quarter
100 1bs. =1 cental
4 quarters =1 hundredweight (cwt.)
20 cwt. =1 ton

Apothecaries’ Weight
20 grains or minims=1 scruple

3 scruples =1 drachm
8 drachms =1 ounce
12 ounces =1 pound

Apothecaries’ Fluid Measure
60 minims =1 fluid drachin
8 drachms=1 fluid ounce
20 ounces 1 pint (pt. or Uctarius)
8 pints =1 gallon (gal., C., or Congius)
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Diamond and Pearl Weight

3-17 grains =1 carat, or
4 pearl grains=1 carat
1514 carats =1 ounce (troy)

Paper Measure
24 sheets=1 quire
20 quires=1 ream

2 reams =1 bundle
10 reams =1 bale

UNITS AND EQUIVALENTS

One ft. 1b. =1 Ib. raised 1 foot high
One B.T.U. =1055 joules

One B.T.U. =T78-8 ft. lbs.

1 watt =10 ergs per second

1 watt =23-731 foot poundals per sec
1 watt =0-7376 ft. Ib. per second
1 watt =0-001341 h.p.

One H.P. hour =0-746 kW. hour

One H.P. hour =1,980,000 ft. 1bs.

One H.P. hour =2-545 B.T.Us

One kw.H. (kilowatt hour)=2,654,200 ft. 1bs.

One kw.H. =1000 watt hours

One kw.H. =1-34 H.P. hours

One kw.H. =3412 BT.Us

One kw.H. =3,600,000 joules

One kw.H. -859,975 calories

One H.P. =746 watts

One H.P. —=0-746 kW.

One H.P. =33,000 ft. 1bs. per minute
One H.P. —550 ft. 1bs. per second
One H.P. —2545 B.T.U.s per hour
One H.P. -42-4 B.T.U.s per minute
One H.P. =0-707 B.T.U.s per second

One H.P. =178,122 calories per second
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Mensuration
A and a=area. n°=number of degrees.
b=base. p=perpendicular.
C and c=circumference. R and r=radius.
D and d=diameter. s=span or chord.
h=height. v=versed sine.
Square

a=side? ; side=+/a; diagonal=side X V2.

Side X 1-4142=diameter of circumscribing circle.
Side x 4-443 =circumference of circumscribing circle.
Side X 1-128=diameter of circle of equal area.

Area in square inches X 1-273=area of equal circle.

Circle

u:nr2=d2i—r=-7854d2='5cr.
¢=2mr, or nd=3-14159d, or 3-1416d approx.-—-3-54w/a-=3;(l

22
or 7d approx.

Side of equal square=-8862d.

Side of inscribed square=-7071d.

d=-3183c.

Circle has maximum area for given perimeter.

Annulus
a=(D+d) (D—d) £=Z(D2—d2).

Segment of Circle

a—=area of sector—area of triangle
-443?’\/ (0-6250)2+ (39)2.
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Length of Arc
Length of arc—-0174533n°r B

J(3V/ e s)

Approx. length of are=}(8 X chord of } arc—chord of whole
arc).

(3 chord)
v

d

radius of curve s +v
Tey T2

Sector of Circle

n° .
— % area of circle.

a=-57 X length of arc 360

Rectangle or Parallelogram
a=bp.

Trapezium
(Two Sides Parallel)

a=mean length of parallel sides X distance between them.

Ellipse
a— :Dd —xRr.

/1)2-’;—(1"z Da
C=1y 9 X approx., or = ) approx.

Parabola
a= gbh.

Cone or Pyramid

i . ]
Surface — U™ ofBasgxsla.nt ength+area of base.

Volume=area of base X; vertical height
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Frustum of Cone
Surface—(C—-c¢) X } slant height4-area of ends.
Volume=-2618%(1?*+d*+ Dd)
=1h(A+a+VAXa).
Prism
Volume=area of base X height.

Wedge
Volume=1(length of edge+2 length of back)bh.

Prismoidal Formula
The prismoidal formula enables the volume of a prism,
pyramid, or frustum of a pyramid to be found.

_end areas—++4 X mid area

Volume: 6 - X height.
Sphere
Surface=d?r =4nr®
. = 4
Volume =6 —gnr

Segment of Sphere
r=rad. of base.

Volume:%h(3r2+h2)_
r=rad. of sphere.
Volumezgh2(3r_h)_
Cube
Volume=1length X breadth X height.
Spherical Zone
Volume ‘gh(yl2+|{2+,2)_

Surface area of convex part of scgment or zone of sphere
==md(of sphere)h
—2mrh.

Mid-spherical zone :

Volume=(r+ glﬂ):-
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Spheroid

Volume=revolving axis? X fixed axis X Z

Cylinder
Area=2nr24-ndh.
Volume =m=r2h.

Torus or Solid Ring
Volume=2»2Rr2
=19-74Rr?
=2-463Dd?.

UNITS
Velocity, Acceleration, Force, Energy, and Power

Derived Units.—Derived units are units for the measurement
of quantities which are based upon the fundamental units.

Absolute Units.—These are derived units referred directly
to the fundamental units of mass, length, and time.

Fundamental Units.—The fundamental units are the units
of length, mass, and time.

Arbitrary Units.—These are arbitrary combined units, not
related to the fundamental units ; thus the weight of 1 pound
is an arbitary unit because it depends upon the locality of the
earth and upon the size and density of the earth.

At any instant the linear velocity of a particle is the rate
at which its position is changing. The unit of velocity is a rate
of change of position of 1 ft. per second, or 1 centimetre per
second. Velocity is expressed by length divided by time, and
the dimensions of a velocity are therefore length divided by
time. This is expressed hy the dimensional equation
V=LT-.\

Acceleration is the rate at which velocity is changing at any

instant. The dimensions of acceleration are L7-2 or Ve and
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are expressed in feet or centimetres per second per second. On
the C.G.S. system, that is in centimetres and seconds, accelera-
tion of gravity is 981 centimetres per second per second, and
the acceleration of gravity in feet per second per second is
981 5
305 2%

Momentum is the product of mass and velocity at any

instant. Its dimensions are therefore J—I—L=M Lr-1,

T
Force is measured by the rate at which the momentum of a
body is changing at the particular instant. The dimensions

of force are I% or MLT-2.

Newton’s Laws of Motion.—(1) A body cannot change its
own linear or angular momentum except by the application of
some external force or torque. (2) Force is measured by the
rate of change in momentum in the direction of the impressed
force. (3) If any force acts on two bodies, the change in
momentum in both of them is the same. :

The Dyne.—The unit of force on the centimetre-gramme-
second system is the dyne. It is the force which after acting
on a mass of 1 gramme for 1 second gives it a velocity of 1
centimetre per second.

The Poundal.—The unit of force in the foot-pound system
is the poundal. It is defined as the dyne, but with the pound
and foot substituted for gramme and centimetre. The poundal
is an absolute unit of force on the f.p.s. system, but the weight
of 1 pound is a gravitation and arbitrary unit and varies with
the locality. The poundal is the unit of force which, acting
on the mass of 1 pound for 1 second, increases its velocity by
1 foot per second.

Distinction must be made between linear velocity, accelera-
tion, momentum, and force, and angular velocity, acceleration,
momentum, and torque or angular force. In the linear quanti-
ties we have m or mass, and v which stands for linear velocity
of the centre of mass or centre of gravity, but in the angular
equivalent we have to substitute for mass the moment of
inertia round the axis of rotation K, and for an element of path
ds, an element of angle dé.

Moment of Inertia.—The moment of inertia round any axis
is defined as the sum of each element of mass of the body,




216 A REFRESHER COURSE IN MATHEMATICS

cach multiplied by the square of its perpendicular distance
do
dt’
d%* dé

acceleration is FTiR The angular momentum is Kt and the
. . d
torque or angular force or impressed couple is Kae

Energy or Work.—When a body is displaced against the
action of a force tending to move it in the opposite direction,
work is said to be done or energy expended on it. In the case
of a mass m raised to height % against the uniform acceleration
of gravity g, work equal to mgh units is done.

The Foot- Pound.—The unit of work in mechanical engineer-
ing is the foot-pound, and it is the work done in lifting 1 pound
1 foot against gravity. This, however, is dependent on the
acceleration of gravity at the locality.

The Foot- Poundal.—The absolute unit of work in the foot-
pound system is the foot-poundal, which is nearly equal to

from the axis, thus the angular velocity is The angular

B2 foot-pounds.

The Centimetre-Dyne or Erg.—The unit of work on the
C.G.S. system is a centimetre-dyne, which is called the erg.
Ten million ergs are called 1 joule. The dimensions of work
are those of force multiplied by length or M L27-2.

The Horse- Power Hour.—This is a common engineering unit
of work. One horse-power equals a rate of doing work of
33,000 foot-pounds per minute, or 550 foot-pounds per second.
A horse-power hour is the amount of work done when 1 horse-
power continues for one hour. It is therefore equal to 1,980,000
foot-pounds. It is therefore a gravitation unit and depends on
locality. As 1 foot-pound is approximately equal to 32-2
foot-poundals, 1 horse-power hour is equal to 63-75 times 106
foot-poundals, which equals 1,980,000 times 32-2.

The dimensions of power are those of work divided by time,
which equals ML*7T-3. The change ration from f.p.s. to c.g.s.
is therefore 421,390.

Power.—Power is the rate of doing work. The c.g.s. unit
of power is therefore 1 erg per second. The f.p.s. unit of power

is 1 foot-poundal per second.
The Kip is the kilo pound, or 1000 Ib.
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ELECTRICAL UNITS

The volt is the practical unit of electromotive force, or
difference of potential or electrical pressure.

The ohm is the practical unit of resistance, which varies
directly as the length and inversely as the area of section of a
conductor.

The ampere is the practical unit of strength of current, or
velocity. It is often described as the measure of current
density.

The coulomb is the practical unit of quantity, and repre-
sents the amount of electricity given by 1 ampere in 1 second.
(The term “ coulomb ” is becoming obsolete.)

The farad is the unit of capacity of an electrical condenser ;
one-millionth of this, or the micro-farad, is taken as the prac-
tical unit. A condenser of 1 farad capacity would be raised
to the potential of 1 volt by the charge of 1 coulomb of
electricity. :

The watt is the practical unit of work, and is the amount
of work required to force 1 ampere through 1 ohm during
1 second.

The joule is the mechanical equivalent of heat, or the work
done in generating one heat unit or calorie, and is equal to
1 watt per second. The watt-hour joule=107, or 10,000,000
ergs. The Board of Trade Unit equals 3,600,000 joules, and
is known as the Kilowatt-hour. Named after Joule, the
English physicist. Joule’s Law states that the heat pro-
duced by a current I passing through a resistance R for
time ¢ is proportional to I2Rt; 1 calorie=4-2x107 ergs, or
4-2 joules.

The henry is the unit of inductance or the coefficient of
self-induction.

The volt may be understood as a measure of pressure, the
ampere of quantity, the watt of power ; thus a current of 10
amperes at 10 volts=100 watts.

The Board of Trade Commercial Unit=1 kelvin=3,600,000
joules=1000 watt-hours=1 kilowatt per hour=1-3¢ H.P. for
1 hour. It equals a current of 1000 /amperes at an EM.F. of
1 volt flowing for 1 hour. For private lighting it may te taken
as 10 A 100 V, and for public lighting 5 A 200 V.
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1
1
1

m

Measure of Electrical Work

A=strength of current in amperes.
V =electromotive force in volts.
O=resistance in ohms.
C=quantity of electricity in coulombs.
t=time in seconds.
H.P.=actual horse-power.
W=units of work or watts (1 unit=10 million ergs
=absolute C.G.S. measurement).

vV C
A—a— 7 C=At.
AV A0 W
H-P 246 =746 — 745
W=A4V=A420.
watt 15 of a H.P.=1 volt ampere=107 ergs per second.

kilowatt=1000 watts=10'° ergs per second.
kilowatt-hour=1-34 H.P. acting for 1 hour—=say, 2% million
foot-1b.

Electrical Equations

Amperes X volts=watts.

Joules -seconds=watts.

Coulombs per second =amperes.

Watts =746 =eflective H.P.

Coulombs = volts=farads.

0-7373 foot-lb. per second=1 joule,

Volts X coulombs=joules.

Watts X 44-236 =foot-1b. per minute.

Kilowatts X 1-34=H.P.

An erg is the work done by 1 dyne acting through 1 centi-
etre. A dyne is 51 of a gramme. A gramme is the weight

of a cubic centimetre of pure water at 4 deg. C.=0-00220462 1h.

1

erg=0-00000007373229 foot-lb., and 1 million ergs=0-07,

ete., foot-lb.; 107 ergs=10 million ergs=0-7, etec., foot-Ib.
==] joule.

Ohm’s Law

A law which gives the relations existing in any cireuit

between current, voltage, and resistance. The formula is
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current=voltage--resistance, which is set down in mathe-
matical form thus : I=ﬁ (1 being the clectrical symbol for

current, E the symbol for voltage, and R the symbol for resist-
ance). From this equation it is obvious that the voltage can
be found by multiplying the current by the resistance
(E=IxR); and the resistance is given by dividing the voltage

by the current ( =lf ) . Inall the above equations the three

terms must be in the units of the respective measurements,
namely, [ in amperes, E in volts, and R in ohms. For an
example, take a circuit consisting of a battery of 6 volts, across
which is joined a resistance of 3 ohms, and this results in a
current of 2 amps.

>

Current= f—; =2 amps.

. 6
Resistance=3;= 3 ohms.

Voltage=2 X 3=6 volts.
Ohms’ Law for 4.C.—Circuits having inductance : 1= %
For A.C. circuits having capacity only, the formula is:
I=2nfcE, or E=2_1r1f—0' Where f=frequency in cycles per
second, C=capacity, V=voltage, apd L=inductance in

Y

¥ .
Henrys. Expressed another way I=, where Z=impedance
/

of circuit.
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NATURAL SINES, GOSINES, AND TANGENTS

Degrees. l Sine. | Cosine. lTangent. Degrees. Sine. Cosine. lTanxent.
|——|—]- |
{ \ i |

30° | -0087 | -9999 | -0087 | 23° o' | -3907 | -9205 | 0-4245
| 1° 0’ | o174 | -9998 ‘0174 | 30’ | -3987 | -9170 Io~4348|
o’ | 0262 | 9997 | -0262 24° 0 | 4067 @ 9136 | 04452 |

2° 0’ | -0349 | ‘9994 | ‘0349 30" | :4147 | -9099 | 04557
|30 ‘ 0436 | 9991 | -0437 | 25° 0" | -4226 | -gob3 | 04663 |
3° 0 | -0523 | -9986 | -0524 | " 30’ | ‘4305 | -go25 | 0-4770
o’ | -0610 | 9981 | -0612 | 26° o’ ‘4384  -8988 | 04877

| 4° 0 ‘ <0698 | ‘9976 | -0699 I 30" | 4462 | -8949 o-4986|
o) | 0785 | -9969 | -0787 || 27°°0’ | 4540 -8910 | 0-5005

5° o’ | -0872 ( 19962 | 0875 30°  -4617 -8870 o-5zo6|
0" | -0959 | ‘9954 | -0963 || 28° 0’ | 4695 = -8829 | 0-5317

6° 0o’ | ‘1045 | -9945 | ‘1051 | 30° | 4772 8788 | 0-5430
30° | ‘1132 | -9936 | ‘1139 || 29° o' | 4818 | ‘8746 | 0-5543

| 7° 0o | ‘1219 | -9926 | -1228 II 30" | -4924 | -8704 ‘o-5658|
30° | ‘1305 | -9914 | ‘1317 || 30° o’ 5000 | -8660 | 0-5774

8% o' | ‘1392 | ‘9903 ‘1405 || 30’ | -5075 @ -8616 | 0-5891

| 30° | ‘1478 | ‘9890 | -1495 | 31° 0’ | -5150 | -8572 | 0-6009
9° o | ‘1564 | ‘9877 | -1584 |l 30° | -5225 | -8526 | 0-6128

| o | 1650 | -9863 | 1673 H 32° o' | -5299 | ‘8480 | 06249
| 10° 0" | -1737 | -9848 | -1763 30’ | 5373 | -8434 | 06371 |
| 390 | 1822 | 9833 | 1853 | 33° o' | 5446 | 8387 | 06404
11° 0’ | ‘1908 | 9816 | -1944 | 30" | 5519 | ‘8339 | 0-6619 |
| 30" | ‘1994 | -9800 | 2035 | 34° o’ | -5592 | ‘8290 | 06745
12° o’ | 2079 | -9782 | -2126 | 30" | -5664 @ 8241 | 0-6873
| 30" | -2164 | 9763 l -2217 || 35° o | -5736 | -8192 | 0-7002 |
13° o' | ‘2249 | 9744 | -2309 | 30’ | -5807 | 8142 | 0-7133 |
30" | -2334 | 9724 | 2401 || 36° o -5878 | -8090 | 0-7265

[ 14° 0’ | 2419 | -9703 ‘ -2493 ‘ 30" | -5048 | -8039 | 07400
i o' | -2504 | -9682 | -2586 || 37° o’ | 6018 7986 | 07536
15° o' | 2588 | 9659 | -2679 30° | -6088 | 7934 | 0-7673

f 30° | -2672 | -9636 l ‘2773 || 38° o’ | -6157 | -7880 07813 |
16° o’ | 2756 | -9613 | -2867 o’ | -6225 | 7826 | 0:7954

| 30° | -2840 | 9588 | -2962 ” 39° o’ ’ +6293 | 7772 | 0-8098
117° 0 | 2924 | -9563 | ‘3057 ' o' | -6361 | -7716 0-8243[
i 0’ | '3007 | -9537 | ‘3153 || 40° O’ | -6428 | 7660 | 0-8391
18° o’ | -3090 | ‘9510 | :3249 030: 6494 I +7604 | 0-8541
[ 3071 -3173 ‘ ‘9483 | ‘3346 | 41°°0" | 6561 | -7547 | 0-8693
19° 0" | 3256 | ‘9455 | -3443 | 30" | +6626 | -7490 | 08847
30’ | -3338 l ‘0426 | -3541 || 42° o' | 6691 | "7431 | 0:9004
20° o’ | 3420 | -9397 | :3640 30" | -6756 | -7373 | 0:9163
30" | +3502 | 9367 | -3739 || 43° o’ | -6820 | 7314 | 09325
21° o’ | -3584 | -9336 | -3839 30’ | 6884 | -7254 | 0-9489
| 30" | -3665 l ‘9304 | 3939 || 44° o' | 6947 | -7193 | 0-9657
22° 0 | -3746 | 9272 | -4040 030’ 7009 | 7132 | 0-9827
30’ ' 3827 | -9239 ’ ‘4142 || 45° o’ | 7071 | 7071 |l-oooo




NATURAL SINES, COSINES, AND TANGENTS 221

NATURAL SINES, COSINES, AND TANGENTS—contd.

| I | o . o
Degrees. Sine. Cosine. | Tangent. ! Degrees. l Sine. Cosine. l Tangent.
45°30° | -7133 | -7009 | 1-0176 || 68° o’ | 0-9272 3746 24751 |
46° 0" | -7193 | -6047 | 10355 || 30" | 0°9304 | -3665 25387 |

30’ | -7254 | ‘6884 1-0538‘ 69° o’ 10-93,3,6l 3584 2:6051

Rachizal=n gl iE 1

o |- g | 1- 5 . 74
' 48° o: <7431 | -6691 | 1-1106 o3,o: 0:9426 | -3338 I 2-8239 |
30 7490 | 6626 | 1-1303 || 71° O | 0:9455 | 3256 2:9042 |
49° 0’ | 7547 | "6561 | 1-1504 30 0-9483| ‘3173 2:9887
30’ | 7604 | -6495 | 1-1709 || 72° o’ | 0-9510 | -3090 30777 |

| 50° o’ | -7660 | 6428 | 1-1918 30’ | 0-9537 | -3007 3-1716

| 3% | 7716 | 6361 | 1-2131 || 73° o’ | 09563 | -2924 3:2907
51° o' | 7771 | 6293 | 1-2349 | 300 | 09588 | -2840 33759

l 30’ | -7826 | -6225 | 1-2572 || 74° 0' | 09613 | 2756 34874
52° o | 7880 ! -6157 | 1-2799 | <,3,01 | 009636 | 2672 | 3-6059

. 30" | -7934 | 6088 | 1-3032 || 75° o’ | 09659 | -2588 3-7321 |

| 53° o’ | -7986 | -6018 | 1-3270 30’ | 09682 l 2504 | 3-8667

l 30’ | -Bo39 5948 | 13514 I 76° o’ | 09703 | 2419 40108 |
54° o' | -Bogo | -5878 | 1-3764 30" | 0-9724 | 2335 41653 |

’ 30" | ‘8141 | -5807 | 1-4020 || 77° ©° | 0:9744 | -2249 43315 |
55° o | 8192 | -5736 | 1-4282 30’ |o-9763 2164 | 45107

| <,3,01 | 8241 | -5664 | 1-4550 || 78° o: 0-9782 | -2079 4°7046

| 56° o 8290 | -5592 | 1-4826 || 30 ,0-9800| ‘1994 I 49152
[ 30’ l -8339 | -5519 | 1-5108 || 79° o: 09816 | 1908 | 51446 |
100 | Eskn e | x| a0 ooty | | ssns

o' | 8434 | - 1 . . 671
.58° o’ | -8480 | 5299 | 1-6003 || 30’ ,0-98631 ‘1650 | 59758
30" | 8526 | ‘5225 I 16319 ” 81° o’ | 0-9877 | ‘1564 6-3138
59° o’ | -8572 | ‘5150 | 1-6643 30’ ‘0-9890l ‘1478 I' 6-6912
30’ | -8616 | -5075 I 1-6977 || 82° o' l 0-9903 | -1392 7-1154
60° o' l -8660 | -5000 | 1-7321 I 30" | 0-9914 | ‘1305 ‘ 7-5958 |
30’ | ‘8704 | ‘4924 | 1-7675 l 83° o’ | 09926 ‘ ‘1219 8-1444
61° o' | ‘8746 | 4848 | 1-8041 30" | 09936 | ‘1132 | 8-7769]
307 | 8788 | -4772 | 1-8418 || 84° o’ | 09945 | 1045 | 95144
62° o’ | -8830 | -4695 | 1-8807 30" | 09954 | 0059 | 103854 |
30’ | -8870 | 4618 | 1-9210 || 85° 0’ | 0-9962 | -0872 | II'4301
63° o’ | -8g10 ' ‘4540 | 1-9626 | 03,0: | 0-9969 ( 0785 12:7062
30’ | -8949 | ‘4462 | 2:0057 || 86° o’ | 0-9976 | ‘0698 | 14-3007

‘8088 | -4384 | 20503 | 30’

09981 | -0610 16°3499
-go26 | -4305 | 20965 || 87° o

0-9986 | ‘0523 19-0811

|
|
|
30
66° o’ | 9135
o 9171

-Q063 | 14226 | 2:1445 30’ 10-9990‘ ‘0436 22-9038

-9100 | 4147 | 2:1943 || 88° 0’ | 09994 | ‘0349 | 28-6363

4067 | 2-2460 || 30" | 0:9997 | -0262 38-1885

-3988 | 2:2998 || 89° o’ | 09998 | -0174 l 57:2900Q

67° o' | -9205 | 3907 | 2:3559 i lo-9999 0087 | 114:3887
30’ ‘0000 o

30
-923g| -3827 | 2-4142 H 90° 0’ | 1-0000



Logarithms

10
11
12
13
14

15
16
17
18
19

20

22
23
24

25
26
27
28
29

o 1 z | 3 l 4 5 i 6 | 7 I 8 | o 1 2 3 45 6| 7 89
! ! [ | | |
0000 | 0043 | 0086 | 0128 | 0170 | 0212 | 0253 | 0294 | 0334 | 0374 4 812 | 17 21 25 | 29 33 37
0474 | 0453 | 0492 | 0531 | 0569 | 0607 | 0645 | 0682 | 0719 | 0755 4 8 11|15 19 23 26 30 34
0792 | 0828 | 0864 | 0899 | 0934 | 096g | 1004 ’ 1038 | 1072 | 1106 3 7 10| 14 17 21 | 24 28 31
1139 | 1173 | 1206 | 1239 | 1271 | 1303 | 1335 | 1367 | 1399 | 1430 3 610 | 13 16 19 | 23 26 29
1461 ’ 1492 | 1523 | 1553 | 1584 | 1614 | 1644 | 1673 ’ 1703 | 1732 3 6 9 1215 18| 21 24 27
1761 | 1790 | 1818 1847 | 1875 | 1903 | 1931 ‘ 1959 | 1987 | 2014 3 6 8| 11 14 17| 20 23 25
2041 l 2068 | 2095 | 2122 | 2148 , 2175 | 2201 | 2227 | 2253 | 2279 3 5 8 111310 18 21 24
2304 | 2330 | 2355 | 2380 | 2405 | 2430 | 2455 | 2480 l 2504 | 2529 2 5 7 | 10 12 15 | 17 20 22
2553 | 2577 | 2601 | 2625 2648 | 2672 | 2695 I 2718 | 2742 | 2765 2 5 7 ‘ g 12 14 | 16 19 21
2788 | 2810 | 2833 | 2856 2878 | 2900 | 2923 | 2945 | 2967 | 2080 | 2 3 7 [ 9 11 13 | 16 18 20
I |

3010 . 3032 | 3054 | 3075 | 3096 l 3118 | 3139 ' 3160 | 3181 | 3201 2 4 6 8 11 13| 15 17 19
3222 | 3243 | 3263 | 3284 | 3304 | 3324 | 3345 | 3365 | 3385 3404 | 2 4 6 81012 | 14 16 18
3424 | 3444 | 3464 | 3483 | 3502 | 3522 | 3541 | 3560 | 3579 | 3598 | 2 4 6| 8 1012 | 14 15 17
3617 | 3636 | 3655 | 3674 | 3692 ] 3711 | 3729 | 3747 | 3766 | 3784 | 2 4 6 | 7 o 11|13 15 17
380z | 3820 | 3838 | 3856 | 3874 | 38092 | 3909 | 3927 | 3945 3962 | 2 4 5| 7 911 | 12 14 16
3979 ' 3997 ] 4014 | 4031 | 4048 | 4065 | 4082 | 4099 | 4116 | 4133 | 2 3 5| 7 9 10 | 12 14 15
4150 | 4166 | 4183 | 4200 | 4216 | 4232 | 4249 | 4265 4281 | 4298 2 3 3 7 8 10| 11 13 15
4314 l 4330 | 4346 | 4362 | 4378 | 4303 | 4400 | 4425 | 4440 | 4456 | 2 3 3| 6 8 o | 11 13 14
4472 | 4487 l 4502 | 4518 | 4533 | 4548 | 4564 | 4579 | 4594 | 4609 1 2 3 5| 6 8 9 | 11 12 14
4624 | 4639 4654 4669 | 4683 | 4698 | 4713 | 4728 | 4742 | 4757 | 1 3 4| 6 7 9| 10 1213

L

I




4771
4914
5051
5185
5315

5441
5563
5682
5798
5911

6021
6128
6232
6335
6435

6532
6628
6721
6812
6902

6990
7076
7160
7243
7324

4786
4928
5065
5198
5328

5453
5575
5694
5809
5922

6031
6138
6243
6345
6444

6542
6637
6730
6821
6911

6998
7084
7168
7251
7332

4800
4942
5079
5211
5340

5465
5587
5705
5821
5933

6042
6149
6253
6355
6454

6551
6646
6739
6830
6920

7007
7093
7177
7259
7340

4814 |
4955
5092
5224
5353

5478
5599
5717
5832
5944

6053
6160

6263
6365
6464

6561
6656
6749
6839
6928

7016
7101

7185
7267
7348

4829
4969
5105
5237
5366

5490

5611
5729
5843
5955

6064
6170
6274
6375
6474

6571
6665
6758
6848
6937

7024
7110
7193
7275

7356

4843
4983l
5119
5250
5378 |

5502
5623

6946

7033‘
7118
7202
7284
7364

4857

4997
5132
5263
5391

5514
5635
5752
5866

5977

6085
6191
6294
6395
6493

6590
6684
6776
6866
6955

7042
7126
7210
7292
7372

4871 | 4886 | 4900
5011 ' 5024 5038
5145 | 5159 | 5172
5276 | 5289 5302
5403 | 5416 | 5428
5527 | 5539 | 5551
5647 | 5658 | 5670
5763 | 5775 | 5786
5877 | 5888 | 5899
5988 | 5999 | 6oro
6096 | 6107 | 6117
6201 | 6212 | 6222
6304 | 6314 | 6325
6405 | 6415 | 6425
6503 | 6513 | 6522
6599 | 6609 | 6618
6693 | 6702 | 6712
6785 | 6794 | 6803
6875 | 6884 | 6893
6964 | 6972 | 6981
7050 | 7059 | 7067
7135 | 7143 | 7152
7218 | 7226 | 7235
7300 | 7308 | 7316

7380

7388 |7396
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Logarithms—continued

{
o | 1 | 2 | 3 4 5 | 6 | 7 8 | 9 1 2 3/ 4 56| 789
— |— |
7404 | 7412 \ 7419 | 7427 j 7435 | 7443 | 7451 | 7459 | 7466 | 7474 1 2 21 3 4 5| 5 6 7
7482 | 7490 | 7497 | 7505 | 7513 | 7520 | 7528 | 7536 | 7543 | 7551 1 2 21 3 4 5| 5 6 7
7559 | 7566 | 7574 | 7582 | 7580 | 7507 | 7604 | 7612 | 7619 | 7627 | 1 2 2| 3 4 3 | 5 6 7
7634 | 7642 | 7649 | 7657 | 7664 ’ 7672 | 7679 | 7686 | 7604 | 7701 | 1 1 2 | 3 4 4| 5 6 7
7709 | 7716 | 7723 | 7731 | 7738 | 7745 | 7752 | 7760 | 7767 | 7774 1.1 2| 3 4 4 5 6 7
| |
1
7782 | 7789 | 7796 | 7803 | 7810 | 7818 | 7825 | 7832 J 7839 | 7846 | 1 1 2| 3 4 4 5 6 6
7853 | 7860 | 7868 | 7875 | 7882 | 7889 | 7896 7903 | 7910 | 7917 | 1 1 2| 3 4 4 5 6 6
7924 | 7931 | 7938 | 7945 | 7952 | 7959 | 7966 | 7973 | 7980 7987 | 1 1 2| 3 3 4 5 6 6
7993 | Booo | Booy 8014 | Bo21r | 8028 | Bo35 | 8041 | 8048 8os5 1 1 2 3 3 4 5 5 6
8062 | 8069 | 8075 ' 8082 I 8089 ' 8096 8102 | 8109 | 8116 8122 11 2 3 3 4 5 5 6
1
8129 | 8136 | 8142 | 8149 | 8156 | 8162 | 8169 8176 | 8182 | 8189 1 1 2 3 5 6
4 | 3 4 5

8195 | 8202 | 8209 | 8215 | 8222 | 8228 | 8235 8241 | 8248 | 8254 1 1 2 3 3 4 5 5 6
8261 | 8267 | 8274 | 8280 | 8287 | 8293 1 8299 | 8306 | 8312 | 8319 I 1 2 3 3 4 5 5 6
8325 | 8331 | 8338 | 8344 | 8351 | 8357 | 8363 | 8370 | 8376 8382 | 1 1 2| 3 3 4 4 5 6
8388 | 8395 | 8401 | 8407 | 8414 | B420 | 8426 | 8432 8439 | 8445 1 1 2 2 3 4 4 5 6
8451 | 8457 | 8463 | 8470 | B476 | 8482 | 8488 | 8404 | 8500 | 8506 1 1 2 2 3 4 4 5 6
8513 | 8519 l 8525 | 8531 | 8537 | 8543 | 8549 | 8555 | 8561 , 8567 | 1 1 2| 2 3 4| 4 5 35
8573 | 8579 | 8585 l 8591 | 8597 | 8603 | 8609 | 8615 | 8621 | 8627 1 1 2 2 3 4 4 5 5§
8633 | 8639 ' 8645 | 8651 | 8657 | 8663 | 8669 | 8675 | 8681 | 8686 1 1 2 2 3 4 4 5 5
8692 | 8698 | 8704 l 8710 | 8716 | 8722 , 8727 | 8733 | 8739 | 8745 1 1 2 2 3 4 4 5 5




8750
8814
8871
8927
8982

9036
9090
9143
9196
9248

9299
9350
9400
9450
9499

9547
9595
9643
9689
9736

9782
9827
6872
9917
9901

| 702
8876
8932
8987

9042
9096
9149
9201
9253

9304
9355
9405
9455
9504

9552
9600
9647
9694
9741

9786
l 9832
9877
9921
| 9905

| 0706

I 8820 |

8882
8938
8993

9047
9101
9154

| 9206

9258

9309
9360
9410
9460
9509

9557
9605
9652

| es/4
8825

9699

9745

9791
9836
9881
9926
9969

8831
8887

8943
8998

99053
9106
9159
9212
9263

9315
9365
9415
9465
9513

9562
9609
9657
9703
9750

9795
9841
9886
9930
9974

A
8837
8893
8949
9004

9058
9112
9165
9217
9269

9320
9370
9420

9469
9518

9566
9614
9661
9708 |
9754

9800
9845
9890
9934
9978

el e
8842
8899
8954
9009

9063

9117
9170
9222
9274

9325
9375
9425
9474
9523

9571 |

9619
9666
9713
9759

9803
9850
9894
9939
9983

N A

8848

8904
8960
9015

9069
9122
9175
9227
9279

9330
9380
9430
9479
9528

9576
9624
9671
9717
9763

9809
9854
9899
9943
9987
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Antilogarithms

*00

02
-03
04

-OS
-06
-07
-08
-°9

*10
*IX
12
B &
‘14

-15
-16

-17
18

‘19

*20
*21

i
o 1 2 3 4 5 6 7 8 9 I 2 3| 45 6 7 89
1000 | 1002 | Y005 | 1007 | 1009 | I0I2 | 10I4 | 1016 | 1019 | 102I o o 1 I 1 1 2 2 2
I023 | 1026 | 1028 | 1030 | 1033 | 1035 | 1038 | 1040 | 1042 1045 o o 1 I 1 I 2 2 2
1047 | 1050 | 1052 | 1054 | 1057 | 1059 | 1062 | 1064 | 1067 | 1069 | o o 1 I 1 1 2 2 2
1072 | 1074 | 1076 | 1079 | 1081 | 1084 | 1086 | 1089 | 1091 | 1094 | © o 1 I 1 1 2 2 2
1096 | 1099 | 1102 | 1104 | I107 | 1109 | III2 | 1114 | IT17 | 1119 o’'1r 1 I 1 2 2 2 2
1122 | 1125 | 1127 | I130 | 1132 | 1135 | 1138 | 1140 | 1143 | 1146 o 1 1 I 1 2 2 2 2
1148 | 1151 | 1153 | 1156 | 1159 | 1161 1164 | 1167 | 1169 | 1172 o 1 1 I 1 2 2 2 2
1175 | 1178 | 1180 | 1183 | 1186 | 1189 | 1191 | 1194 1197 | 1199 o 1 I I 1 2 2 2 2
1202 | 1205 | 1208 | 1211 | 1213 | 1216 | 1219 | 1222 | 1225 | 1227 o I 1 I 1 2 2 2 3
1230 | 1233 | 1236 | 1239 | 1242 | 1245 | 1247 | 1250 | 1253 | 1256 o 1 1 I 1 2 2 2 3
1259 | 1262 | 1265 | 1268 | 1271 | 1274 | 1276 | 1279 | 1282 | 1285 I G § I 1 2 2 2 3
1288 | 1291 | 1204 | 1297 | 1300 | 1303 | 1306 | 1309 | 1312 1315 o 1 1 1 2 2 2 2 3
1318 | 1321 | 1324 | 1327 | 1330 | 1334 | 1337 | 1340 1343 | 1346 o I 1 1 2 2 2 2 3
1349 | 1352 | 1355 | 1358 | 1361 | 1365 | 1368 | 1371 1374 | 1377 o I I T2 2 2 5 3
1380 | 1384 | 1387 | 1390 | 1393 | 1396 | 1400 | 1403 | 1406 1400 | o 1 1| 1 2 2 2 3 3
I413 | 1416 | 1419 | 1422 | 1426 | 1429 | 1432 | 1435 1439 | 1442 o1 1| 1 2 2 2 3 3
1445 | 1449 | 1452 | 1455 | 1459 | 1462 | 1466 | 1469 | 1472 | 1476 o 1 1 | I 2 2 2 3 3
1479 | 1483 | 1486 | 1489 | 1493 | 1496 | 1500 1503 | 1507 | 1510 o1 1| 1 2 2 2 3 3
1514 | 1517 | 1521 | 1524 | 1528 1531 l 1535 | 1538 | 1542 | 1545 o1 1| 1 2 2 2 3 3
1549 | 1552 | 1556 | 1560 | 1563 | 1567 | 1570 | 1574 | 1578 | 1581 o I 1 ’ I 2 2 3 3 3
1585 | 1589 | 1592 | 1596 | 1600 l 1603 | 1607 | 1611 | 1614 | 1618 o I I 1 2 2 3 3 3
1622 | 1626 | 1629 | 1633 | 1637 | 1641 | 1644 ‘I 1648 | 1652 | 1656 [ o I I 2 2 2 3 3 3




[+

36

.z;
25
26
27
28
29
‘30
32
‘33
*34
35
37
39
-40
-42
‘43
‘44

45

-46
*47

49

1738
1778
1820
1862
1905
1950

1995.

2042
2089
2138
2188

2239
2291
2344
2399
2455

2512
2570
2630
2692
2754

2818
2884
2951
3020
3090

1742
1782

1824 |

1866

1910 |

1954
2000
2046
2094

2143
2193

2244
2296
2350
2404
2460

2518

2576
2636

2698 |

2761

2825
2891 |
295SI
3oz7
3097I

1746
1786
1828
1871
1914
1959

2004
2051
2099
2148
2198

2249
2301
2355
2410
2466

2523
2582
2642
2704
2767

2831
2897
2965
3034
3105

1750
1791
1832
1875
1919
1963

2009
2056
2104

2153
2203

2254
2307
2360
2415
2472

2529
2588
2649
2710
2773

2838
2904
2972
3041
3112

1754
1795
1837
1879

1923
1968

2014
2061
2109
2158
2208

2259
2312
2366
2421
2477

2535
2504

2655
2716
2780

2844

2911

2979

3048
3119

1758 | 1762
1799 | 1803
1841 | 1845
1884 | 1888
1928 | 1932
1972 | 1977
2018 | 2023
2065 | 2070
2113 | 2118
2163 | 2168
2213 | 2218
2265 | 2270
2317 | 2323
2371 | 2377
2427 | 2432
2483 | 2489
2541 | 2547
2600 | 2606
2661 | 2667
2723 | 2729
2786 | 2793
2851 | 2858
2917 | 2924
2985 | 2992
3055 | 3062

|
|
\

3126 islssi

1766

1807
1849
1892
1936
1982

2028
2075
2123

2173
2223

227§
2328
2382
2438
2495

2553
2612
2673
2735
2799

2864
2931
2999
3069
3141

1770
1811
1854
1897

1941
1986

2032
2080
2128
2178
2228

2280
2333
2388

2443
2500

2559
2618
2679
2742
2805

2871
2938
3006
3076
3148

1774
1816
1858
1901
1945
1991

2037
2084
2133
2183

2234

2286
2339
2393

2449
2506

2564
2624
2685
2748
2812

2877
2944
3013
3083
3155
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Antilogarithms—continued

3162 l 3170 | 3177 | 3184 | 3192 | 3199 | 3206 | 3214 3221 3228
3236 | 3243 | 3251 | 3258 | 3266 | 3273 | 3281 | 3289 3296 = 3304
3311 | 3319 | 3327 | 3334 | 3342 | 3350 | 3357 3365 3373 3381
3388 | 3396 | 3404 | 3412 | 3420 | 3428 | 3436 | 3443 | 3451 | 3459
3467 | 3475 |3483 3491 | 3499 | 3508 ‘3516 3524 | 3532 | 3540

3548 | 3556 | 3565 | 3573 | 3581 | 3589 | 3597 3606 3614 | 3622
3631 | 3639 | 3648 | 3656 | 3664 | 3673 | 3681 | 3690 | 3698 3707
3715 | 3724 | 3733 | 3741 | 3750 | 3758 | 3767 | 3776 | 3784 | 3793
3802 | 3811 | 3819 | 3828 | 3837 | 3846 | 3855 | 3864 | 3873 | 3882
3890 | 3899 | 3908 | 3917 | 3926 | 3936 | 3945 | 3954 | 3963 | 3972

3981 | 3990 | 3999 | 4009 & 4018 | 4027 4036 | 4046 4055 | 4064
4074 ‘ 4083 | 4093 | 4102 | 4111 | 4121 | 4130 | 4140 | 4150 | 4159
4169 | 4178 | 4188 | 4198 | 4207 | 4217 | 4227 | 4236 4246 @ 4256
4266 | 4276 l4285 | 4295 | 4305 | 4315 | 4325 ‘4335 4345 | 4355
4365 | 4375 | 4385 | 4395 | 4406 | 4416 | 4426 | 4436 | 4446 | 4457
4467 | 4477 | 4487 | 4498 | 4508 | 4519 | 4529 | 4539 | 4550 | 4560
4571 | 4581 | 4592 | 4603 | 4613 | 4624 | 4634 | 4645 | 4656 | 4667
4677 | 4688 | 4609 | 4710 | 4721 | 4732 | 4742 | 4753 | 4764 4775
4786 | 4797 | 4808 | 4819 | 4831 | 4842 | 4853 | 4864 | 4875 4887
4898 | 4909 l4920 ]4932 4943 | 4955 | 4966 | 4977 | 4989 | 5000

T | l ,
5012 | 5023 | 5035 | 5047 | 5058 | 5070 | 5082 | 5093 j 5105 | 5117
5129 | 5140 | 5152 | 5164 ‘ 5176 ' 5188 \ 5200 i 5212 | 5224 | 5236
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2 15
5370
5495

5623
5754
5888
6026

6166

6310

6457
6607

6761
6918

7079
7244
7413
7586
7762

7943
8128

8318
8511
8710

8913
9120
9333
9550
9772

| D&Vl D& [ s
l 5383 | 5395
5508 | 5521
| 5636 | 5649
5768 | 5781
| 5902 | 5916
| 6039 | 6053
| 6180 | 6194
{
6324 ’6339
| 6471 | 6486
‘6622 | 6637
6776 | 6792
‘ 6934l 6950
7096 | 7112
7261 | 7278
| 7430 '7447
7603 | 7621
7780 | 7798
7962 | 7980
8147 @ 8166
8337 | 8356
8531 | 8551
8730 | 8750
8933 | 8954
9141 | 9162
9354 | 9376
9572 | 9594
9795 | 9817

5408
5534

5662
5794
5929
6067
6209

6353
6501
6653
6808
6966

7129
7295
7464
7638
7816

7998
8185
8375
8570

8770 |

8974
9133
9397
9616
9840

7852

| 8810

| 9016

JIVy
5433
5559|

5689
5821
5957
6095
6237

6383
6531
6683
6839
6998

7161
7328
7499
7674

8035
8222
8414
8610

9226
9441
9661
9886

O ke
5445
5572

5702 }

5834

5970 |
6109

6252

6397

6546
6699
6855
7015

7178
7345
7516
7691
7870

8054
8241
8433
8630
8831

9036
9247
9462
9683
9908

JI0D
5458
5585

5715
5848
5984
6124
6266

6412
6561
6714
6871
7031

7194
7362
7534
7709
7889

8072
8260

8453 |

8650
8851

9057
9268
9484
9705
9931

S
5470
5598

5728
5861
5998
6138
6281

6427

6577
6730

| 6887

7047

7211
7379
7551
7727
7997

8091
8279
8472
8670

|

8872

9078
9290
9506
9727
9954

5483
5610

5741
5875
6012
6152
6295

6442
6592
6745
6902
7063

7228
7396
7568
7745
7925

8110
8299
8492
8690
8892

9099
9311
9528
9750
9977

-
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3 4 5 7
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3 4 5 7
3 4 6 7
3 4 67
3 4/ 6 7
3 5 6 8
3 5 6 8
3 5 6 8
3 5 6 8
3 5 7 8
3 5 7 8
4 5 7 9
4 5 7 9
4 5 7 9
4 6 7 9
4 6| 8 9
4 6 8 10
4 6 8 10
4 6 8 10
4 6 8 10
4 6| 8 11
4 7| 911
4 7 9 I1
5 7| 911
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INDEX

A

Abbreviations, trigonometrical, 129,
Abscisse, 110.

Absolute units, 215.
Acceleration, 216.

— due to g, 155.

— units of, 215,

Acnode defined, 12,
Acute-angle triangle, 136.
Addend defined, 12.
Addition in algebra, 71.
— of decimals, 21.
Adfected, meaning of, 12.
Air, cubie foot, weight of, 198.
Ale measure, 209,
Algebra, 69.

— addition in, 71.

— brackets, 73.

— division in, 72,

— multiplication in, 71.
— subtraction in, 71.
Algebraic eliminations, 86.
— expansion, 92,

— expression, 70.

— factors, 95.

— fractions, 102,

— identities, 95.

— identity, 78.

— indices, 99.

— — fractional, 100,

— problems, 80.

— quantities, 70.

— sum, 70.

— symbols, 77.

— term, 70.

— transposition in, 79.
Aliquant defined, 12,
Aliquot defined, 12,
Alphabet, Greek, 206.
Ampere, 218.

Angle, arms of, 136.

— complementary, 136.
— definition of, 146.

— obtuse, 136.

— reflex, 11.

— sign, 10.

— supplementary, 136,

Angles, complementary, formuke
for, 141.

Anker, 208.

Annuities, 67,

Annulus, 131,

— area of, 148,

— formule for, 212,

Antilogarithms, 43, 226.

Apothecaries’ fluid measure, 209,

— weight, 210.

Approximation, 17, 199.

— deeimal, 22,

Arbitrary units, 215.

Are, 131.

—and chord. calculatiug
from, 153.

— cireular, length of, 152,

— length of, 212.

— sign, 10.

Are, 50.

Area, annulus, 148,

— circle, 142,

— circle sector, 151.

— ellipse, 148.

equilateral triangle, 143,

great circle, 162.

— hemisphere, 162.

hexagon, 147.

measures of, 208,

— metric measure of, 50.

— quadrilateral, 142,

quadrilaterals, 145.

rhombus, 144,

solid ring, 162.

sphere, 162.

— torus, 162,

trapezium, 147, 160.

— triangles, 142,

— under curve, graphs, 121,

Arithmetical mean, 64.

— progression, 57.

Asymptotes, 120,

Atmosphere, 197. -

Attractive foree, 155.

Averages, 62.

Averaging the points of graph, 112,

Avoirdupois weight, 209.

radius
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B

B.T.U., 210, 217.

Bag, 208.

Bale, 210.

Bankers discount, 66.
Barrel, 208, 209.

Beer measure, 209.
Belting, length of coi }.148.
Binomial, 93.

— theorem, 92.

Board of Trade Unit, 217.
Bracket sign, 9.

Brackets, 73.

Bundle, 210.

Bushel, 208.

Butt, 208, 209.

C

Calculus, differential, 172.

— infinitesimal, 172.

— integral, 185.

— of small differences, 173.

— standard expressions, 199.

Calories, 210.

Cancelling fractions, 15.

Capacity, measures of, 208.

— metric, 50.

— unit of, 154.

Carat, 209, 210.

Cask shape, 132.

Cental, 209.

Centesimal system, 125.

Centi, 49.

Centimetre, 49.

— dyne, 216.

Centre of gravity, 150.

Centrifugal force, 204.

— tension, 204.

Change, rate of, 174.

Characteristic of logarithm, 40.

Chauldron, 208.

Chord and are, calculating radius
from, 153.

— of circle, 131.

Circle, 125, 131.

— area of, 142,

— calculating radius from chord
and arc, 153.

— chord of, 131.

— ocorner segment of, 131.

— degrees contained in, 125.

231

Circle, diameter of, 131.
— escribed, 166.

— formule for, 211.

— funections of, 131.

— graph of. 120.

— great, 162.

— inscribed, 166.

— quadrant of, 131.

— radius of, 131.

— ring, 131.

— sign, 10.

— sector of, 131, 212, 213.
— — area of, 151.

— tangent of, 131.

— zone, 133.

Circular are, 131.

— — length of, 152.
Circumference and radius relation,

— of ellipse, 149.

Coeflicient, 70.

— differential, 175.

Column of water, 197.

Combinations, 89.

Common denominator, 102.

— logarithms, 38.

— — converting to Naperian, 48.

Complementary angle, 136.

— angles, formula for, 141.

Compound conversion factors, 54.

Cone, 133, 155, 161, 212,

— frustum of, 133, 213.

— moment of inertia of, 205.

— oblique, 156.

— right, 156.

— slant height of, 161.

— volume of, 161.

Congius, 209.

Conic frustum, moment of inertia of,
205.

Constant, mathematical, 197.

Content, cubical, 154.

Continued fractions, 17.

— produet, 71.

— — sign, 10.

Contracted division, 36.

— multiplication, 35.

Conversion factors, metric, 50.

— of Naperian logarithms, 48.

Converting decimals to vulgar frac-
tions, 25.

Coombe, 208.
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Co-ordinate of graph, 111,
Cord, 208.

Corner segment, 131,
Cos, 130.

Cosee, 130.

Cosecant, 129.

Cosh, 130.

Cosine, 129,

— hyperbolic, 130.
Cosines, 220.

Cot, 130.

Cotangent, 129,
Coulomb, 218.

Coversed sine, 129,
Coversin, 130.

Cross hatching, 165,
Cube, 155, 213,

— of a number, 12.

— root, 32,

— — sign, 10.

Cubic equations, 77, 108.
— foot, 208.

— inch, 208.

~— measure, 208,

- primes, 29.

— seconds, 29,

— thirds, 29.

— vard, 208.

Cubical content, 154.
Curve, arca under, 121,
— sine, mean height of, 194,
Cvlinder, 133, 155, 214,
— frustum of, 158.

~— hollow, volume of, 158.

— moment of inertia of, 203.

- oblique, volume of, 157.
— surface of, 157.

~-— volume of, 157, 163.
Cypher, 11.

D

Deca, 49.

Decagon, 146.
Decagramme, 50.
Decalitre, 50.
Decametre, 49.

Deci, 49.

Decimal approximation, 22,
— division of, 24.

— equivalents, 27,
— recurring, 12,

— subtraction of, 21.

INDEX

Decimals, 21,

— addition of, 21.

— converting fractions to, 26.
— — to vulgar fraetions, 23,
— equivalent, 27,

Decimals, multiplication of, 22.
— recurring, 25.

— — converting to fractions, 28,
Decimetre, 49,

Definitions, 11.

— geometrical, 125,

Degree, 125,

Deka, 49,

Denominator, 14,

— cominon, 102,

Density, 154, 153.

Derived units, 214.

Diameter of cirele, 131,

Diamond weight, 210,

Difference of, sign, 9.

Differences, caleulus of small, 183,
Differential calculus, 172,

— eoeflicient, 173,

Differentiation and integration, rela-

tion between, 187,
Digits. 12,
Direction proportion, 63,
Discount, 66.
Dividend, 12, :
Dividing fractions, 15,
Division by logarithm, 44,
— by three, 37.
— contracted, 36,
— in algebra, 72.
— of decimals, 24,
—— short cut, 35.
— sign, 9.
Divisor, 12.
Dodecagon, 146.
Dodecahedron, 155.
Drachm, 209,
Dram, 209.
Drawing boards, sizes of, 168.
— instruments, 169, 170.
Dry measure, 208,
Duodecagon, 146.
Duodecimals, 29,
Dyne, 215.

E

Electrical equations, 218,
— horse-power, 197,
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Electrical, units, 197.

— work, measure of, 218.

Elimination in algebra, 86.

Ellipse, 134, 158, 213,

— area of, 148.

Ellipse, circumference of, 149.

— drawing, 164.

Endecagon. 146,

Energy, 217.

— kinetic, 191.

— units of, 214.

English to metric conversion factors,
54

Equality sign, 9. .

Equation of a line, 111.

— quadratic, 77.

— root of, 105.

Equations, cubic, 77, 108,
electrical, 218.

— simple, 77.

— simultaneous, 85.

— — graphical solution of, 117.
— solving, 77.

Equilateral triangle, 136, 143.
— triangles, 11.

Equivalents, 210.

Erg, 216.

Ergs, 210.

Escribed circle, 166,

Euler’s constant, 61.
Evolution by logarithm, 47.
Expanded forms, algebraic, 92.
Expansions, 92.

Exponent, 12. 70.
Expressions, algebraie, 70.
Extremes, 63.

F
Faciend, 12.
Factor, 12.
— highest common, 103.
Factorial sign, 1¢.
Factors, algebraic, 95.
Farad, 217.
Fathom, 207.
Figures, irregular, area of, 166.
Firkin, 209.
Fluid drachm, 209.
— measure, apothecaries, 209.
— ounce, 209.
Flywheel, moment of inertia of,
205.

Foot, 207.

— pound, 198, 210, 216.

— poundal, 216.

— poundals, 210.

Foot, square, 208.

Force, 216.

— acting at an angle, 202,

- attractive, 155.

— centrifugal, 204.

— de cheval, 55,

— exerted by wedge, 201.

— of screw, 202.

units of, 214,

Forces, parallelogram of, 201.

Formula mensuration, 211.

— prismoidal, 213,

Formule, trigonometrical, 140.

Fourth power of a number, 12,

— root sign, 10.

Fraction, decimal, 21.

— improper, 14.

— of decimals, 21,

— proper, 14,

Fractional indices, 100.

Fractions, 14.

— algebraic, 102.

— cancelling, 15.

— continued, 17.

— converting recurring decimals fo,
9

— — to decimals, 26.
— dividing, 15.
— multiplying, 15.
— vulgar, converting decimals to,
25.
Frustum conic, moment of inertia
of, 205.

— of cone, 133, 213.
— of cylinder, 158.
— of hexagonal prism, 133.
— of pyramid, 133.
Function, 173.
Fundamental units, 214,
Furlong, 207.

G
g, acceleration due to, 155.
— powers and roots of, 207.
G.C.M., 12, 103.
Gallon, 154, 208, 209.
— equivalents, 198.
Geometrical mean, 63.
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Geometrical, progression, 59.
Geometry defined, 125.

Gill, 208.

Governor, formula for, 204.
Grades, 125.

Grain, 209, 210.

Gramme, 49.

Graph, averaging the points, 112.

— co-ordinate of, 111.

— inclination of, 112.

— of circle, 118.

— origin of, 111.

— paper, 110.

— plotting, 114,

— simple, 115.

Graphs, 110.

— area under curve, 121.

— averaging the points, 112.
— slope of, 112.

Gravity, 155.

— centre of, 150.

— specific, 155.

— symbol for, 77.

Great circle, 162.

Greater than, sign, 9.
Greatest Common Measure, 12.
— — Multiple, 103.

Greek alphabet, 206.

H

H.C.F., 103.

Hand, 208.

Harmonical progression, 60.
Hectare, 50.

Hecto, 49.

Hectogramme, 50.
Hectolitre, 50.

Hectometre, 49.
Hemisphere, area of, 162.
Hendeeagon, 146,

Henry, 217.

Heptagon, 135, 146.
Hexagon, 135, 146.

— area of, 147.

— regular, 146.

Hexagonal prismn, 132.

— — frustum of, 133.

— pyramid, 132,

Highest Common Factor, 103.
Hogshead, 208, 209.

INDEX

Hollow cylinder, volume of, 158.
Horse-power, 197, 210.

— — hour, 210, 216.
Hundredweight, 209.
Hyperbola, 119,

Hylperbolic cosine, 130.

— logarithms, 38.

— — converting to common, 198,
— sine, 130. .

— tangent, 130.

— trigonometry, 130.
Hypotenuse, 129, 137.

i

Icosahedron, 155.

Identities, algebraic, 95.

Identity, algebraic, 78.

Imaginary quantities, 105.

Imperial weights and measures,
metric equivalent of, 50.

Improper fraction, 14.

Inch, cubic, 208.

— square, 208.

Inclination of graph, 112.

Inclined plane, 201.

Incommensurable magnitude, 128,

— numbers, 12,

Indeterminate guantity, 12.

Index, 12, 40, 70.

Indices, 99.

— fractional, algebraic, 100.

Inertia, moment of, 190, 216.

— moments of, 205.

Infinitesimal calculus, 172.

Infinity sign, 9.

Inscribed circle, 163, 166.

Integer, 11.

Integrals, standard, 189.

Integration, 185.

— and differentiation, relation be-
tween, 187.

— limits of, 189.

— sign, 10, 198,

— symbol for, 188.

Interest, 65.

Involution by logarithm, 45.

Irrational quantity, 12.

Irregular figure, area of, 166, 185.

— polygon, area of, 147.

“Is to” sign, 10.

Isosceles triangle, 11, 136.
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Joule, 217.

Joules, 210.

Joule’s Equivalent, 197.
Joule’s Law, 217.

K
- Kilderkin, 209.
Kilo, 49.
Kilogram, 155.
Kilogramme, 50.
Kilogrammetres, 55.
Kilolitre, 50.
Kilometre, 49.
Kilos per cheval, 55
Kilowatt hour, 211, 218.
Kinematics, examples in, 177.
Kinetic energy, 191.
Kip, 217.
Knot, 208.

L

L.C.M., 13, 104.

Last, 208.

League, 207.

Least Common Multiple, 13.

Length, metric measure of, 49.

— of arc, 212.

— of circular are, 153.

Levers, 203.

Line, dividing into equal parts, 153.

— equation of, 111.

Link, 207.

Liquid measure, 208.

Litre, 50, 154.

Load, 209.

Log, 10, 197.

— pi, 198.

Logarithm, characteristic of, 40.

— division by, 44.

— evolution by, 47.

— mantissa of, 40.

— tables, use of, 42.

Logarithmic cosines, 226.

— sines, 222.

— tangents, 230.

Logarithms, 38, 292,

— base of, 39.

— common, 38.

— — converting Naperian to, 48,
198.

— hyperbolic, 38.

235

Logarithms, involution by, 45.
— Naperian, 38.

— — base of, 175.

Long measure, 207.
Longimetry defined, 125.
Lowest Common Multiple, 104.

M
Magnitude, incommensurable, 128.
Mantissa of logarithm, 40.
Marine ton, 208.
Mass, 154, 155.
— British unit of, 155.
Mathematical constant, 197.
— terms and signs, 9.
— — defined, 11.
Maxima, 178.
Mean, arithmetical, 64.
— geometrical, 63.
— height of sine curve, 194.
— proportion, 63.
— proportional, 63.
— values, 193.
Means, 63.
Measure, 12.
— ale, 209.
— apothecaries’, 209.
— beer, 209.
— cubic, 208.
— dry, 208.
— Greatest Common, 12.
— liquid, 208.
— paper, 210.
— wine, 208.
Measures and weights, 207.
— of area, 208.
— of capacity, 208.
— of volume, 208.
Mega, 49.
Mensuration, 125, 211.
Metre, 49.
— derivation of, 49.
Metric capacity, 50.
— conversion factors, 50.
— measure of length, 49.
— prefixes, 49.
— square measure, 50.
— system, 49.
— to English conversion factors, 50.
— weight, 50.
Micro, 49.
Microfarad, 217.
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Mid-ordinate rule, 121, 171.
Mil, 207,

Mile, 207.

— naautical, 207,
— square, 208,
Milli, 49.
Millimetre, 18, 49.
Minima, 178.
Minus sign, 9.
Minute, 125.
Mixed number, 15.

Moment of inertia, 190, 205, 215.

Momentum, 215.

Motion, Newton’s laws of, 215.

Multiple, i2.

— Least Common, 13.
— Lowest Common, 104.
Multiplicand, 11.
Multiplication contracted, 35.
— in algebra, 71.

— of decimals, 22.

— short cut, 35.

— sign, 9.

Multiplier, 11.
Multiplying fractions, 13.
Myriametre, 49.

N
Nail, 207,
Naperian logarithms, 38, 193,
— — base of, 175.
— — conversion of, 48,

— — converting to common, 198.
s

Nautical mile, 207.

Newton’s laws of motion, 215.

Nonagon, 146.
Number, mixed, 15.
— power of, 12.

— square of, 12,

Numbers, incommensurable, 12.

Numerals, Roman, 11.
Numerator, 14.

0
Oblique cone, 156.
— cylinder, volume of, 157,
Obtuse angle, 136.
Octagon, 135, 146.
Octahedron, 155,
Octarius, 209.
Ohm, 217.
Ohm’s lLaw, 113, 122, 218,

INDEX

Operand, 11,
Ordinates, 110.
Origin, 111,
Ounce, 209, 210.

I)
Paper measure, 210.
Parabola, 117, 122, 134, 212,
Parabolic spindle, 132,
Paraholoid, 133.
Parallel sign, 9.

Paralielogram, 11, 134, 146, 213.

— of forces, 201.
— sign, 10.
Parallelopiped, 155.
— moment of inertia of, 205.
Pascall’s I'riangle, 93.
Pearl weight, 210,
Peck, 208.
Pendulum formule, 202,
— length of, seconds, 198.
Pennyweight, 210.
Pentagon, 135, 146.
Percentages, 64,
Pereh, 207.
Perfect square, 106.
Permutations, 84,
Perpendicular sign, 9.
Phi, 10.
pi, 10.

powers and roots of, 207.
— proof of, 126, 128,
Pint, 154, 208.
Pipe, 208, 209,
Plane, inelined, 201.
— surfaces, 134,
Planimeter, 121,
Planimetry defined, 125.
Plus or minus sign, 9.
— sign, 9,
Pole, 207.
— square, 208,
Polygon, 135, 145, 156,
— irregular area of, 147,
Postulate defined, 11.
Pottle, 208.
Pound, 209.
— avoirdupois, 133,

. Poundal, 215,

Power, 217.
— of a number, 12,
units of, 214,



INDEX 237

Powers and roots of pi and g, 207.
— of algebraic quantities, 70.
Present value, 66.
Prime number, 12,

— superficial, 29.
Primes, 29.

Prisiy, 155, 214

— hexagonal, 132,

— rectangular, 132,

— right, 157.

— triangular, 132,

— volume of, 157.
Prismoidal formula, 213.
Prisms, 136, :
Problems, algebraie, 80.
Produect, 11.

— continued, 71.

— — sign, 10,

— factors of, 12,
Progression, arithmetical, 57.
— geometrical, 59.

+— harmonical, 60.
Prolate spheroid, 133.
Proper fraction, 14.
Proportion, 62.

— direct, 63.

— mean, 63.
Proportional mean, 6.
— sign, 10.

Pullexs, 200,

Puncheon, 208, 209,
Pyramid, 155, 212,

— frustum of, 133.

— hexagonal, 132.

— square, 132.

— surface of, 160.

— triangular, 132.

— volume of, 159.
Pyramids, 159.
Pythagoras’ rule, 131.

Quaternion, 11,

Q.E.D, 1L,

Q.E.F, 11.

Quadrant, 131.

— sign, 10.

Quadratic equation, 77, 105.
Quadrilateral, 11, 146.
Quadrilaterals, areas of, 142, 145.
Quantities, imaginary, 105.
Quart, 208,

Quarter, 208, 209,
Quartic, 103.

| Quaternion, 11.

Quindecagon, 146.

Quire, 211.

Quod erat demonstrandum, 11.
— — faciendum, 11.
Quotient, 12,

R

Radian, 126, 128, 131, 198.

Radieal, 10.

Radius and circumference, relation
betwecen, 126,

— of circle, 131.

— from arc and chord, 153.

Radix, 11.

Rate of change, 174.

Ratio, 62.

Radios, trigonometrical, 129,

Ream, 210,

Reciproeal, 12,

— trigonometrical, 130, 138.

Rectangle, 11, 134, 146, 212,

Rectangular hyperbola, 120.

—— prism, 132.

— solids, volume of, 154.

Rectilinear polygon, 156.

Recurring decimal, 12.

— decimals, 25.

— — converting to fractions, 28.

Reflex angle, 11.

Regnault’s H, 197.

Regular hexagon, [46.

— solids, 155.

Resolution, 95.

Rhomboid, 11.

Rhombus, 11, 134, 146,

— area of, 144,

Right cone, 156.

— prism, 157.

Rightangle, radians containedin, 129.

Right-angle triangle, 11, 136.

King, circle 131.

— solid, 214.

Rod, 207.

Roman numerals, 10,

Rood, 208.

Root, cube, 33.

— of an equation, 105.

— sign, 10.

— square, 32.
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Solids, regular, 155.

Roots of pt and g, 207.
— tables of, using, 34. — volume of, 155.
Rudlet, 208. Specific gravity, 155.
Runlet, 208. Sphere, 133, 155, 162, 213.

S — area of, 163.

— sector, 133."

— segment of, 124,
— volume of, 163.
Spherical zone, 213.
Spheroid, 214.
— prolate, 133.
Spindle, parabolic, 132,
Spiral, length of, 148,
Square, 11, 134, 146.
— pendulum, 197. — foot, 208.
Section lining, 165. — formule for, 211.
Sectional drawings, cross hatching. | — inch, 208.

Scalar, 12.

Scalene triangle, 11, 136.
Screw, foree of, 202.
Seruple, 209.

See, 130.

Secant, 129.

Second, 125.

Seconds, 29.

5. | — measure, metric measure of, 50,
Sector of circle, 131, 212. — mile, 209.
— — area of, 151. — of a number, 12.
-— sphere, 133. | — perfect, 106.
Segment, corner, 131. — pole, 209.
— of circle, 131, 211. — pyramid, 132.
— of sphere, 213. -— root, 32,
Semi-cirele sign, 10. — — sign, 10.
Septagon, 146. — —of 2 and 3, 147.
Septangle, 146. — sign, 10.
Series, useful, 206. — yard, 208.
Sexagesimals, 125. Squared paper, 110.
Sheet, 210. Stack, 209.
Short cuts, 35. | Stereometry defined, 125.
Sigma sign, 10. Sub-multiple, 12.
Signs, mathematical, 9. Subtraction in algebra, 71.
Similar triangles, 136. | Summation sign, 10.
Simple interest, 65. Superficial prime, 29.
Simpson’s mid-ordinate rule, 121. — second, 29,

— rule, 167. l — third, 29.
Simultaneous equations, 85. Supplementary angle, 136.
Sin, 130. Surd, 12.
Sine, 129. Surface of cone, 161.
— curve, mean height of, 194. — of eylinder, 157,
— hyperbolic, 130. — of pyramid, 159.
|
1

— rule, 141. Symbol for integration, 188.
Sines, 220. Symbolical expressions, 77.
Sinh, 130. Symbols, algebraie, 77.

Slant height, 160.

— — of cone, 161.
Slope of graph, 112.
Solid ring, 214.

— — area of, 161.
— — volume of, 162.
Solids, 133, 154.

— mathematical, 9.
— standard, 77.

T

Tables of logs, use of, 42.
~— trigonometrical, 220.
Tan, 130.
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Tangent, 129.

— defined, 11.

— hyperbolic, 130.

— of circle, 131.
Tangents, 220.

Tanh, 130.

Tension, centrifugal, 204.
Term, algebraic, 70.
Terms, mathematical, 9.
Tetrahedron, 155.
Theorem binomial, 92.

— defined, 11.

Therefore sign, 9.

Theta sign, 10.

Third power of a number, 12.
Thirds, 29.

Tierce, 208.

Time, symbol for, 77.
Ton, 209.

Tonne, §0.

— metres, 55.

Tonnes, 55.

Torus, 133, 214.

— area of, 161.

— volume of, 162.
Transposition in algebraic, 79.
Trapezium, 11, 134, 146.
— area of, 147, 160.
Trapezoid, 212.
Trapezoidal rule, 166.
Triangle, acute angle, 136.
— ambiguous case, 163.
— circle inscribed in, 163.
— defined, 11.

— degrees contained in, 125,
— drawing, 163.

— equilateral, 11, 136.

— isosceles, 11, 136.

— Pascall’s, 93.

— right-angle, 11, 136.
— scalene, 11, 136.

— sign, 10.

— vertical height of, 143.
Triangles, areas of, 142,
— gimilar, 136.

— various forms of, 136.
Triangular prism, 132,

— pyramid, 132.
Trigonometrical abbreviations, 129.
— formule, 140, 199, 206,
— ratios, 129,

— reciprocal, 130, 138,

Trigonometrical tables, 220.
Trigonometry, 125.

— defined, 125.

— hyperbolie, 130.

Troy weight, 209.

Tun, 208, 209,

U
Undecagon, 146.
Unequal to, sign, 10.
Unit, electrical, 198.
Ungits, 210.
— absolute, 214.
— arbitrary, 214.
— derived, 214.
— electrical, 217.
— fundamental, 214.
— of acceleration, 214,
— of energy, 214.
— of force, 214,
— of power, 214.
— of velocity, 214.

| v

Value, present, 66.

Values, mean, 193.
Variables, 176.

Varies as, sign, 9.

Vector, 12,

— sign, 9.

Velocity, symbol for, 77.
— units of, 214.

Vers., 130.

Versed sine, 129,

Versin, 130.

Vertex, 159.

Vertical height of triangle, 143.
Vincula, 10.

Vinculum, 9.

Volt, 217.

Volume, 154.

— measures of, 208,

— of cone, 161.

— of cylinder, 157, 163.
— of frustum of cylinder, 158.
— of hollow cylinder, 158.
— of oblique cylinder, 158.
— of prism, 157.

— of pyramid, 159.

| — of solid ring, 162.
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Volume of sphere, 163. Weight of apothecaries, 209.
— of torus, 162. | — ot air, 198.
— unit of, 154. — of water, 154, 198.
Vulgar fractions, converting deci- | — pearl, 210.

mals to, 25. — troy, 209.

| Weights and measures, 207.
— — — metric equivalents of, 50.
W Wey, 208.
Wine measure, 208,

Water, column of, 197. Work, 217,

— cubic foot, weight of, 198.
— weight of, 154.
-— — of pint, 198.

Watt, 210, 217. . . M
Watts, 198. Yard, 207.
Wedge, 132, 213. — square, 208.

— force exerted by, 201. l

Weight, 154, 155. ‘ .
— avoirdupois, 209. ! Z
— diamond, 210. | Zone, circle, 133.
— metric measure of, 50. | — spherical, 213.



