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ELECTRON TUBES

Volume I
(1935-1941)

PREFACE

The wealth of material on the general subject of vacuum tubes and
thermionics which was originally published during the years 1935-1948
has required more than one volume for its presentation even though a
very stringent selection process has been followed by the editors.
Accordingly, two volumes are being published at this time.

This book, ELECTRON TUBES, Volume I, is the ninth volume in
the RCA Technical Book Series and the first devoted exclusively to
tubes. It covers the period 1935-1941; the companion book, ELEC-
TRON TUBES, Volume II, carries the series through 1948.

Papers are presented in four sections: general; transmitting; re-
ceiving; and special. As additional sources of reference, the appendices
contain a bibliography on vacuum tubes, thermionics, and related sub-
jects and a reference list of Application Notes. The bibliography has
been included to insure that applicable material on tubes is available
in this volume—at least in reference form. Papers concerning tubes
which relate to specific applications or fields such as television, fac-
simile, UHF, or frequency modulation, are listed in the bibliography;
they are covered, however, in other volumes of the Technical Book

Series.
* * *

RCA Review gratefully acknowledges the courtesy of the Institute
of Radio Engineers (Proc. I.R.E.), the American Institute of Electrical
Engineers (Elec. Eng.), the American Institute of Physics (Phys. Rev.
and Physics), the Society of Motion Picture Engineers (Jour.Soc.
Mot.Pic.Eng.) and .the McGraw-Hill Publishing Company (Elec-
tronics) in granting'to RCA Review permission to republish material
by RCA authors which has appeared in their publications. The appre-
ciation of RCA Review is also extended to all authors whose papers

appear herein.
* * *

Since the days of the earliest discoveries of Fleming and De Forest,
electron tubes have been one of the foundations upon which the entire

—vii—



structure of modern radio, electronics and television has been built.
Progress in tube design and technique has often controlled the rate
of advance in various applications in the communications, entertain-
ment and industrial fields.

ELECTRON TUBES, Volume I, is, therefore, being published for
scientists, engineers and others whose work involves the design of
tubes or their application with the sincere hope that the material here
assembled may serve as a useful background text and basic reference
source to help speed new tube developments and thus advance the
science and art of radio-electronics.

The Manager, RCA Review
RCA Laboratories,
Princeton, New Jersey
March 4, 1949
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THIN FILM FIELD EMISSION*}
By

Louls MALTER

RCA Manufacturing Company, Inc.,
Camden, N. J,

Summary — Aluminum, ozidized electrolytically, and subsequently
treated with caesium and oxygen possesses mew and interesting properties
when subjected to electron bombardment in the presence of an adjacent
collector electrode whose potential is held positive with respeet to the
aluminum. True secondary electron emission from the treated surface
results in the establishment of a positive charge on the surface and a
polarization of the oxide film. This positive charge acting through the thin
oxide film produces a high gradient, resulting in the emission of electrons
through the surface. The emission increases with collector voltage and
beam currents, obeying power laws, but exhibits saturation tendencies. The
removal of the primary beam does not result in the immediate cessation of
the field emission, but rather in a slow decay which is due to the fact that
the surface charge takes an appreciable time to leak away. Similar time
lags are noticed when the beam is first applied, particularly if the collector
voltage has been reversed while the beam impinges on the surface. The
surfaces are also light semsitive, in that light causes a decrease in the field
emission and a speeding up of decay. Attempts were made to demonstrate
this effect for other surfaces, but, with a few exceptions, the results were
negative.

INTRODUCTION

lished recently! under the title “Anamalous Secondary Electron
Emission.” Considerable criticism of this name for the phe-
nomenon involved has arisen as not being descriptive of its apparent
nature and, consequently, the above title suggested by Dr. J. A. Becker
has been adopted.
In a search for a surface possessing a high secondary emission ratio,
a considerable number of composite surfaces of various types were
investigated. In the case of aluminum oxide treated with caesium and
oxygen in a manner to be described below, it was found that a primary
electron beam impinging upon the surface caused a current flow to a
positive collector which, in certain cases, was several thousand times
as great as the primary current. The phenomenon differed from that
in the case of normal secondary emission in that the collector current

THIS paper constitutes a more extended report of a letter pub-

* Decimal Classification: R138.
1 Reprinted from Phys. Rev., July 1, 1936.
I Malter, Phys. Rev., 49, 478 (1936)
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2 ELECTRON TUBES, Volume 1

was dependent upon the collector potential and primary current density.
It exhibited very marked time lag characteristics and was also affected
by light.

EXPERIMENTAL PROCEDURE
A. Tube and circuit

A diagram of the tube employed, together with the accompanying
circuit is shown in Fig, 1.

The cathode was of the barium oxide-strontium oxide type. The
electron gun parts were made of tantalum. The electrodes on the walls
of the tube were platinum formed by the reduction of Hanovia plati-
nizing solution. The regions around the ‘“side contacts” were coated
with silver formed by the reduction of Hanovia silver paste.

The platinum film consisted of two portions, the first serving as
the so-called “second anode” of the electron gun. The second portion
served to collect the electrons emitted from the target. If a single

2%P Anooe CowLecTon
Hearer g,
< /
20 Vaurs & E
qc e[
CanJ \FirsT AnodE A

@_ 1000 YorTs
L — [+

Cod b

Fig. 1—Schematic diagram of apparatus.

film is used as both second anode and collector, a change in collector
voltage (V,) causes a much greater change in beam spot size than if
two separate films are employed as shown. This precaution was neces-
sary in view of the dependence of the collector current upon beam
spot size.

The caesium was produced by exploding compressed pellets of
powdered caesium chromate and zirconium in a side tube.

Two pairs of deflecting coils (not shown in Fig. 1), mounted just
beyond the first anode (at right angles to each other), served to posi-
tion the beam on the target.

®

B. Formation of the oxide film

The aluminum oxide was formed by making the aluminum the
anode in a bath wherein the cathode was a platinum foil. Various
composition baths were tried. Satisfactory results were obtained with
a standard solution of borax and boric acid.
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It has been shown? that for times of formation in excess of a few
minutes the thickness of the oxide film formed is practically inde-
pendent of the time and the bath employed. The thickness is given by
the relation

D=17.0V,

where D is the oxide thickness in A and V is the applied potential in
volts. However, the resistance of the film does depend upon these
factors. No real study of the effect of the nature of the bath upon the
film properties appears to have been made.

If at any time during the oxidation process, the applied voltage is
gradually reduced, it is found that plots of the logarithm of the applied
voltage against the logarithm of the current through the film yield
curves of the form shown in Fig. 2. It is seen that below a certain
voltage the curve is linear. Giintherschulze and Betz? have shown that
over this linear region the current is purely electronic, whereas above
this point ions move through the oxide lattice and contribute to an
increase in its thickness. The portion of the current lying below the
extended linear portion of the curve is electronic, whereas that above
is ionie.

The prepared aluminum foil was mounted on a nickel plate for
support and its edges were painted with willemite in order to permit
the position of the beam to be seen by the fluorescence excited. Equally
spaced circles were scratched lightly on the willemite in order that it
be possible to determine the size of the spot. For intense beams (in
excess of 3 to 4 microamperes) a faint blue fluorescence appeared on
the oxide surface, permitting of a direct determination of the position
and diameter of the electron beam.

The tube was pumped and baked at 475°C until the pressure
dropped below 10—% mm of Hg. After cooling, the parts of the electron
gun were outgassed by means of high frequency and the oxide cathode
activated so as to be thermionically emissive.*

Caesium was now introduced into the tube and the tube then
baked at 200°C for ten minutes. After cooling, oxygen was admitted
into the tube to a pressure of 1 mm of Hg and pumped out after a few
seconds. This treatment was sufficient to bring about the appearance
of the thin film field emission, or enhance it in cases where it was
present prior to any treatment.

2 Giintherschulze and Betz, Zeits. f. Elektrochemie 37, 8-9 (1931).

3 Giintherschulze and Betz, Zeits. f. Physik 92, 367 (1934).
4 Dushman, Rev. Mod. Phys. 2, 381 (1930).
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2.0 It was found impos-

sible to secure completely

o reproducible results. In

] an effort to determine the

o5 possible reason for this,

/|8 all chemicals used were

/’ E.x recrystallized and the

L. £loa water redistilled, and, in

| g addition, the purest ob-

to.l tainable aluminum was

secured from the Rhein-

y s ische Blattmetall A.G.5

/ However, their material

/ was no better in this re-

ooz Spect than the available

/ commercial “electrolytic
Lo,V | |oo condenser” aluminum.

19 .S /6 17 I8 /9 2o

Fig. 2—Current voltage characteristic of

aluminum oxide film after formation in

saturated borax and boric acid bath for
one hour.

EXPERIMENTAL RESULTS

Except where noted the measurement given were obtained from a
tube having aluminum with an oxide thickness of 2000A. While the
exact results obtained differ from those in other foils with the same
oxide thickness, the essential conclusions and laws are the same, the
actual magnitudes only being affected.

A. Variation of eollector voltage (V,)

If the beam current (I,), second anode voltage (Ep,) and spot size
are held constant, the variation of the collector voltage (V,) causes a
rapid variation in the collector current (1,).

The results for different values of I, for the cases wherein (Ep, =
500 volts, Ep, = 48 volts) and (Ep, =250 volts, Ep, = 26 volts) have
been plotted in logarithmic coordinates in Figs. 8 and 4. These com-
binations of Ep, and Ep, yield the same spot size.

In general, it is seen that:

L=By)m W

5 Rheinische Blattmetall A. G. Grevenbroich (Niederrhein).
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At this point, it 32
should be made clear
that the results apply
to only one region of 24
the target. The values
of I, obtained from

E’. = 500 Vours
Ep, = 98 Vorts

\
TR \\\
953 h \ \
PR . \

p
. Pz
iff i g-/.s ] / V/‘;
S}ll ; erenit:. regions of S = / // 7
is surface vary con- 4
siderably. However, © / / % g g: -
if one restricts oneself 08~ 7 @ Ii-
to a particular region / g -:_lr"; :
and is careful not to 0 / @ I.-
alter the surface in /-/ @ Ii= 0.087ua
the manner to be de- .0 4] 79 .6 é .0

scribed below, the re- Log, W

sults are reproducible. In these measurements as well as in those that
follow (except where noted) all the data were obtained at the spot
on the surface which yielded largest collector currents.

B. Variation of beam current

A series of readings were taken, everything being held constant
except I,. The results for Ep, = 500 volts, Ep, = 48 volts, and different
values of V. are plotted in Fig. 5. All of these curves are “repeats.”
It is found that if I, is increased in steps, and corresponding values of
I, obtained, a curve is obtained which does not repeat itself at low
values of I,. However, after the first run, all succeeding curves do
repeat themselves. These stabilized I,, I, points, which are plotted in

30, / Fig. 5, and the curves

) obtained, are the “re-

2] /’A 4 peats” referred to

20 B abo"ll‘e. illustrate th

H < / / . / o illustrate the

& 1] V4 nature of this devia-

9 (Ib:zjy/ 1%4:4“?/ tion for the initial

+ 10 /I 008 run at low values of
= 0. a -

O, J (* . - Ep, =250 Voirs I,, three successive

} Ep, = 26 Vours runs are plotted in

o / , Fig. 6. The circles

-05] are the first run, the

Fig. 8 (above) and Fig. 4 (below)—Varia- crosses and triangles

tion of collector current with collector poten- the second and third,

tial for different values of beam current.

Spot size held constant. respectively. It is
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seen that after the 3.2
first run, the succeed-
ing runs lie along the

Ve =90 Veurs /
/

same line. The nature 29 v —¥

of the polarization V(=70Vou$"§/ /

and time lag effects / y
Ve 50 W

which give rise to the 16 / //< }v‘ 230 Vours

AN

6 + Lee,, I

deviations in the first / //O
run will receive more Ep, =500 Vours
. . . 08 / Ep: = 98 ous
detailed consideration . N
below. / /
Returning to a o /
. . . -08 0.8 /76 249 22
con.sui.eratlon of Fig. 8 + Loo,, T,
5, it is seen that ex- Fig. 5—Variation of collector current with
cept for low values of beam current for different values of collector

V, and I,, the curves voltage. Spot size held constant.
[ 4

are all straight lines of the same slope. These results can be repre-
sented by:

I.= PLo™ @
log,o P as a function of V, is plotted in Fig. 7. If V, < 70 volts,
P — 0.145 X 100.023V¢, 3)

By substituting (3) in (2), there results:

I.=0.145 3 100-23vc (] )0.711, 4)
32 This relation holds
/ for all values of I, and
A/x/ I, except for those be-
24 yond the linear re-
3 / gions of the curves of
2 / Figs. 5 and 6.
g’ ol Ep; = 500 VouTs
+ e/ Ep, = 98 Vours
(o} //::// V., = 675 Vours|
og /(/o// @ First Run

A Secono Rum
X Twmo Run

S8 o 58 76 29 72
8 + Lo6,n T,

Fig. 6—Demonstration of variation between
first and succeeding runs wherein beam current
is varied.
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12

4

Vi

4

-0

Ve

"08 26 30 90 S0

60

20 80 90

Fig. T—Plot of intercepts of collector current
—beam current characteristics as a function
of collector voltage.

C. Variation of spot
size

In order to see
whether Eqs. (1) and
(4) could be expressed
in terms of current
density, a series of
runs were taken at
different spot sizes,
the spot sizes being
determined by deflect-
ing the spot onto the
willemite. Because of
a slight misalignment
of the first anode, the
spot was oval instead
of circular. This
made the determina-
tion of the spot size
quite inaccurate, but
it was felt that an

approximation of the current density law could certainly be obtained.

In Fig. 8, the values of I,/A and I,/A for various values of I, are
plotted on logarithmic scale, where A is the spot size. When consider-
ation is taken of the large error in the determination of A, it seems
that the best representation of the results is a straight line drawn
among the widely scattered points. We have thus:

log 106 I,/A = 1.92 + 0.73 log 106 I,/A.

The fact that the
slope is practically the
same as that for Eq.
(4) indicates that the
linear relationship ex-
pressed in Eq. (5) is
a reasonable repre-
sentation.

(5)

32

Ep, = SO0 voLTs
Ve = 15 VoLTs

o I, 2/00ma
a X,z 27 ma
« Ty « 055 ua

P

6 +loc, L

e

-

pd

I
6+ Loc,, F*

e—=33

(X)

[-X:)

T 7 2] 249

Fig. 8—Variation of collector current divided
by spot size with beam current density.
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The agreement between Eqs. (4) and (5) is very good and conse-
quently Eq. (4) may be generalized into the form:

A(I,/A) = 0.145(10)0-023Vc40.71 (], /A )0.71 (6)

and since Eq. (4) was derived at Ep, =500 volts, Ep, = 48 volts, for
which values A =0.72 cm2; we can insert this value of A in Eq. (6)
and obtain:

J, = 0.160(10)0-023vcy 0.7, N
where Jg=13/A and J,=1I,/A.

Eq. (7) is the law representing the collector current as a function
of beam current, spot size, and collector voltage for the oxide thick-
ness employed and over the surface region investigated. In general,
the law is of the form:

Jo = aefVeJ v, (8)

where a, B8, and y are functions of the oxide thickness and formation
conditions. This law does not apply if V, and I, are above or below
certain values. Possible reasons for this will be discussed below.

D. Decay characteristics

If I, is suddenly reduced to zero by increasing the negative voltage
on the grid of the electron gun, it is found that I, does not immediately
vanish but decreases rapidly at first, and then more slowly, and finally
approaches a zero value asymptotically.

Samples of the decay characteristics for the same surface for
which the preceding gain studies were made are shown in Fig. 9.
Decay characteristics are extremely erratic in that small motions of
the spot position cause large changes in the rate of decay. However,
in general it is true that the greater the gain, the slower the absolute
decay but the more rapid the relative decay. To show the extreme
variability of the decay characteristics another curve is shown in
Fig. 10. This is the decay characteristic for an entirely different sur-
face, formed at the same voltage as the one previously described. The
gains from this surface were slightly higher than from the one
studied. Unfortunately, before further measurements could be made,
this surface was destroyed by overheating with high frequency. The
decay time for this surface was of an entirely different order of
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20

/c\

o

CuRve %
Curve
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Fig. 9—Typical decay characteristic after re-
moval of primary beam.

magnitude, being
measured in minutes
rather than seconds.
Current to the collec-
tor could be detected
after 24 hours.

It has been found
that if log [—log(I./
I1.,)/T] is plotted
against log I, a
straight line is ob-
tained. (T is the de-
cay time). The case
corresponding to Fig.
10 is shown in Fig.
11. The small num-
bers adjacent to the
points represent the

corresponding decay time in minutes. This linearity indicates that
the neutralization of the surface charge is due primarily to the field

emission itself.

If at any time during the decay the lead to the collector is opened
" momentarily, it is found on closing the circuit that I, has dropped to

practically zero. If
V. is reduced at any
time during the decay,
the rate of decrease
of I, is not affected
unless V. is reduced
below some definite
value, this value being
lower the longer the
decay period that has
elapsed.

A more detailed
consideration of the
significance of decay
characteristics will be
given after the theory
of the effect.

2082 1 2 3 9 S 6
10 Ep. = 500 Vours
Ep. = 75 Vouts
So
V. = 135 Vours
I, = 0.05 ua
20
N
) \o\ (UPPER ABSCISSA
s Dl S
N —
2
11— \ ZLOWER iLb:Lbsn
N
os| X \
2 o— o |
0alH
[¢] 20 30 60 80 100 120
MinvuTES

Fig. 10—Example of very slow decay.
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E. ‘“Building-up” characteristics
If, at any time, I, is first cut off by an increase in the grid bias,
and then after I, has dropped to a negligible value, I, is suddenly
restored to its original value, I, returns to its final value very rapidly.
1f, instead of biasing off I,, V. is reduced to zero and then restored
to its original value, I, also returns to its original value very rapidly.
If, however, instead of reducing V, to zero with I, unchanged, V,
is actually reversed in direction so that the collector is negative with
respect to the target, upon restoring V, to its original positive value,
the building-up takes on new and interesting forms. Some of these
results are shown in Fig. 12 for cases wherein V,=22.5 volts and
45 volts. It is seen e
that the lower the /4L
values of I, and V,, ©9 14
the slower the build-
ing up. A curious
feature is the fact 0
. l97.33
that I, remains con-
stant for a consider-
able time before be- -0.]
ginning its rise,
particularly for low
values of I, and V.. -lo
If, instead of re- / 2
versing V,, a negative o
voltage (Vj5) different
from V, is applied to )
the collector and then
-Qs [ X 1.0 73 . 0
the collector voltage Flg 11—Illustration of linear relation obeyed by
is restored to its orig- persistent emission.
inal V, value, the building-up curves are altered. In Fig. 13 are plotted
the building-up characteristics for V, =0, —22.5, —45 and — 67.5
volts, for the case where V, =— 67.5 volts. As V, is made smaller in
absolute value, the building-up becomes more rapid. An interpreta-
tion of the various building-up curves will be given below.

.50

]

-loc, é
-
\

z‘

loc,, [

6 +Loe, I,

F. Scintillations and alteration of characteristics

If V, and I, are increased beyond certain points, scintillations are
observed on the aluminum oxide surface, their number and frequency
increasing as V, and I, are raised. These scintillations alter the sur-
face characteristics and, consequently, in the preceding experimental



work, care was taken
to keep them at a
minimum. Their com-
plete elimination is
impossible except for
very low values of V..
Scintillations are un-
doubtedly due to mo-
mentary ruptures of
the oxide film,
Continued scintil-
lation causes a slow
decrease in the gain
characteristics, but a
very rapid alteration
in the decay charac-
teristics. Continuous
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Fig. 12—Building-up curves obtained after re-
versal of collector potential with beam impinging

on target.
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Under these conditions, the sur-
face was covered with a uni-
formly dense distribution of
pin-points of scintillation.
After one-half hour these scin-
tillations had completely dis-
appeared, but so had the thin
film emission.

G. Light effects

It was noted that the shin-
ing of light upon the surface
always causes a marked de-
crease in I,. In addition, light
causes a marked increase in the
rate of decay after I, is cut off.
The effects upon gain and decay
were most marked for tubes
with the longest decay. In cer-
tain cases a decrease in I, of
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200 microamperes was observed when a flashlight was shone upon the
surface. The same light impinging upon a caesiated silver oxide surface
resulted in a current yield of only 10 microamperes. Thus when used
in this way the device is many times more ‘photosensitive’’ than
the best surface heretofore known,

DISCUSSION OF EXPERIMENTAL RESULTS AND PROPOSED DESCRIPTION
OF THE PHENOMENON

In the case of normal secondary electron emission, the primary
electron reacts with the conduction electrons of the substance being
bombarded in the presence of the force fields of the atoms or ions
constituting the latter, resulting, in certain cases, in the transfer of
sufficient backward momentum to conduction electrons to permit of
their escape through the surface. The theory for the case of the
uniform metallic lattice has been treated by Frohlich.®

Thin film field emission appears to be due to an entirely different
mechanism. The phenomenon appears to be closely related to one
described by Giintherschulze” wherein extremely fine particles of
aluminum oxide (among other substances) sprinkled on a semicon-
ductor which serves as the cathode in a gas discharge, emit a copious
stream of electrons with velocities corresponding to the cathode-anode
difference of potential. In this case, according to Giintherséhulze,
positive ions lodge on the sides of the oxide particles away from the
semiconductor and build up a positive charge thereon. If the gradient
across any of the particles becomes sufficiently great, electrons will be
extracted from the underlying semiconductor. The effect disappears
after several hours, apparently due to the mechanical rupture of the
oxide particles by the high fields and high current densities present,
with a consequent destruction of their insulating structure.

In the case of the thin film field emission the primary electrons
impinging upon the treated aluminum oxide surface cause the release
of true (i.e.,, normal) secondary electrons therefrom, these being
attracted to the collector electrode. If the secondary emission ratio is
greater than unity, more electrons will leave the surface than impinge
upon it. Because of the high resistance of the oxide film, a positive
charge is built up on the surface, this charge ultimately causing the
extraction of electrons from the aluminum and aluminum oxide because
of the intense gradients established. Thus in this case the emitted true

8 Frohlich, Ann. d. Physik 13, 229 (1932).
7 Giintherschulze, Zeits. f. Physik 86, 778 (1933).
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secondary electrons take the place of the arriving positive ions in
Giintherschulze’s experiment.

Concomitant with the building up of the surface charge, the oxide
becomes polarized, the polarization as well as the surface charge per-
sisting after the removal of the primary beam. Evidence for the
persistent polarization of aluminum oxide has been found by Giinther-
schulze and Betz.® In addition, space charges are established within
the oxide, the sign of the charge depending upon the sign of the
collector.

This picture enables the various manifestations of the phenomenon
to be explained in a very convincing manner. These will be considered
in turn.

1.

The reason for the special treatment required with caesium and
oxygen is made clear. This treatment serves to form a thin, noncon-
ducting film on the surface of the aluminum oxide whose true secondary
emission ratio is considerably greater than unity, resulting in the
rapid building up of the positive charge on the surface when bom-
barded with primary electrons. It is believed that the layer of caesium
oxide is monomolecular. This belief is founded upon the following
evidence:

(1) The amount of caesium beyond a certain minimum amount
does not appear to affect the magnitude of the phenomenon.

(2) No change can be detected in the appearance of the oxide
surface. In the case of silver oxide, on the other hand, the reduction
of the oxide to appreciable depths by means of caesium is shown by
the decided change in appearance.

(3) The heat of formation of aluminum oxide is so high that it
cannot be reduced by metallic caesium. It is quite likely, however,
that the heat of adsorption of caesium on aluminum oxide exceeds the
heat of formation of the oxide.

The mere formation of the caesium layer on the surface, while it
enhances the true secondary emission, does not by itself result in the
appearance of the anomalous effect. This is due to the fact that the
pure caesium film on the surfaces is conducting and thus prevents
the positive charge from being established.

2.
The relation between collector current, beam current and collector
voltage is expressed by Eqs. (1) and (4). It is of interest to note

8 Giintherschulze and Betz, Zeits. f. Physik 73, 580 (1932).
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that Eq. (1) is of the same form as the relation between voltage and
current for the composition material “Thyrite.”® For this material the
current is given by:

I=BVm, 9

where B and m are constants which depend upon the proportions and
nature of the constituents. Thyrite is composed of particles of carbo-
rundum coated with silica imbedded in a highly resistive matrix.
Giintherschulze has ascribed the non-ohmic characteristic to the estab-
lishment of high gradients across the particles with a resultant “cold
emission” through the particles. This view is borne out by the fact
that the “cold emission” through the oxide films in this experiment,
i.e., the thin film field emission, obeys a law of the same type.

The identity in form of the Thyrite law, Eq. (9), and the thin
film field emission law, Eq. (1), indicates that in the case of this
effect, the potential of the front surface of the aluminum oxide surface
with respect to the underlying aluminum (denoted by (V,)) is pro-
portional to V,, i.e,

Vs oc Vc'

The time lags which are a feature of this effect are immediately
explained by this picture. If the beam is turned on or increased, it
takes an appreciable length of time for the region being bombarded
to come to equilibrium under the opposing actions of the charging due
to the true secondary emission and discharging due to leakage through
the film, as well as for the polarization of the oxide and internal space
charge to assume equilibrium values.

The time lag of the space charge is apparently very much greater
than that of the surface charge. This belief is borne out by the experi-
ments in which V, was reversed with the beam on. On restoring V, to
its original direction, the surface charge undoubtedly reassumes its
original positive value in a time no greater than the building up re-
quired when V, is not reversed, but merely reduced to zero. Yet, the
reversal of V, greatly increases the building-up time. This increase
can be due only to the fact that the field effective in extracting the
electrons is weakened by the presence of negative space charge pro-
duced while the collector potential was reversed.

The persistence of the surface charge when the beam is cut off
is demonstrated by the slow decay of I,. Only a small portion of the

9 McEachron, U. S. Patent #1,822,742,
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field emission serves to neutralize the surface charge. This is also
borne out by the virtual disappearance of collector current after a
momentary opening of the collector circuit.

4.

The scintillations which appear for intense beams and high collector
voltages are due to a violent breakdown of the oxide film. It was
thought at first that this rupture would occur only if the surface target
potential exceeded the formation voltage of the film. However, it was
soon found that scintillations occurred when the collector voltage was
less than the formation voltage. It was then believed that scintillations
should not occur if the target surface potential were less than the
critical potential V, in the formation curve. (See Fig. 3.) It would
appear that if the surface potential exceeded V, there would be a
tendency for ions to move through the film. However, since there is
no electrolytic bath to supply the loss of ions at the outer surface, a
rupture would occur. However, it was found that scintillations occurred
when the collector voltage was considerably less than V,. Apparently
the breakdown is due to there being weak spots in the oxide film.
When the sample is in the bath, any tendency to breakdown is over-
come by the oxidizing action of the bath. This cannot, of course, occur
in the vacuum tube. It is probable that invisible breakdowns occur
down to very small values of V. Recently, Zauscher!® has established
a relation between film thickness and breakdown voltage for a film in
air. For small thicknesses (< 4000A), the relationship is given by:

Breakdown Voltage =8 X 103d,

where d, the film thickness, is measured in cm.

Thus for the 2000A film studied above, the breakdown voltage is
16 volts, whereas V, is 78 volts and the formation voltage 116 volts.

The deviations from the laws as expressed in Egs. (1) and (4) at
high values of V, may be due to Vs exceeding some definite value which
may be the critical value of Zauscher’s relation.

The fact that the deviation from linearity at the upper ends of
Fig. 8 occur for approximately the same value of 7, and appear to be
independent of V, indicates that Vs is a function of I,/A4 only.

5.
The sensitiveness of the treated surface to light appears to ve
explainable only by the ad hoc hypothesis that the aluminum oxide is

10 Zauscher, Ann. d. Physik 23, 597 (1935).
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photo-conductive. Light falling upon the oxide causes a decrease in
its effective resistance. When the electron beam and light are simul-
taneously impinging upon the surface, the surface equilibrium potential
will take on a smaller value than with the light absent. The light also
causes an increase in decay rates by permitting the surface charge to
leak away more rapidly through the lessened effective resistance of
the oxide film.

THIN FiLM FIELD EMISSION FROM OTHER SURFACES

Giintherschulze and Fricke!! obtained field emission from a number
of substances in a gas discharge where the positive surface charge was
produced by positive ions. A set-up similar to theirs was employed in
which finely powdered material was rubbed onto an aquadag surface.
The tube was treated with caesium and oxygen in the same manner
as for aluminum oxide surfaces. The materials were then bombarded
by an electron beam with an adjacent collector highly positive with
respect to the aquadag. Field emission would be demonstrated by the
presence of scintillations. The following materials were tried in this
way: Ta,0; MgO, CaCO; Al,0; Zn,Si0,, willemite, BeCO;, SiO,,
Zr0O,, and ThO,, all of these materials having yielded positive results
in the experiments of Giintherschulze and Fricke. Scintillations were
observed in the cases of AlL,0, SiO,, MgO, and willemite. The non-
occurrence of scintillations for the other materials does not indicate
that field emission did not occur, but simply that the gradients estab-
lished were not sufficient to cause breakdown. The coverage of the
materials used was too small to enable the demonstration of any field
effects as regards the collector current.

In addition, a number of other oxides were tried in tubes, but the
results were generally negative. However, E. R. Piore, of the Elec-
tronic Research Laboratory of the RCA Manufacturing Company,
obtained a pronounced field effect from Be oxidized in a glow discharge,
then caesiated, and finally heated to dull redness inside the tube by
means of high frequency induction. He has also observed the phe-
nomenon with hot activated barium and strontium oxide cathodes.

The reason for the appearance of .the phenomenon only in the case
of a few out of a host of oxides tried can be accounted for on the basis
of the possible chemical interactions between caesium and oxides. If
an oxide is capable of reduction by the caesium, then the introduction
of caesium into the tube will cause the destruction of the resistive

11 Giintherschulze and Fricke, Zeits. f. Physik 86, 821 (1933).
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properties of the oxide film. This will, of course, prevent the appear-
ance of the field effect. In Table I, column one shows the oxide studied,
column two its method of preparation, column three the heat of for-
mation of the oxide per unit atom of oxygen, and column four the
results achieved in an attempt to obtain field emission.

Table 1. Field emission from various oxides.

1 2 3 4
) HEAT OF FoOR- REsuLTS
MATION PER FOR ANOM-
UNIT OXYGEN ALOUS
OXIDE MODE OF PREPARATION AToM (Cal.) EFFECT
Al,Os  Electrolytically in borax plus boric 126,700 Positive
acid bath
BeO Glow discharge in oxygen ? “
Ca0 “ “ “ “ 151,900 Negative
CbO Electrolytically in . IN H.SO, ? “
Ag-0 Glow discharge in oxygen 7,000 “
CuO “ “" « 3 37,000 (g
and heating in air
NiO Glow discharge in oxygen 57,900 “
and heating in air
Ta:0s  Electrolytically in . IN H.SO, 60,300 “
WO. “ “ “ 65,700 “
ZrO “ “ “ 86,800 “

Since the heat of formation of Cs,0 is 82,700 calories, only the
oxides of Al, Ca, Mg, Si, and Zr in the above list should show the
field effect. The result is believed to be negative in the case of Ca
because of the low resistance of the oxide.

An attempt to evaporate SiO, from a carbon cup subjected to in-
tense electron bombardment, as described by O’Brien,!? failed because
of the reduction of the SiO, by the carbon, with the consequent profuse
evolution of CO resulting in a gas discharge. No further attempt was
made to evaporate quartz. However, the previously described experi-
ment with the quartz powder indicates that it should yield field emission.

The Zr yielded a negative result, although from the figures cited
a positive result should have appeared. However, in heating the tube
to 200°C to promote the distribution of the caesium, apparently the
heat of formation of the zirconium oxide dropped below that of the
caesium oxide. This is evidenced by the decided change in color of
the zirconium oxide during caesiation.

This change in the appearance of the oxide upon caesiation oc-
curred whenever field emission failed to occur. The aluminum oxide,

12 O’Brien, Rev. Sci. Inst. 5, 125 (1934).
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on the other hand, shows no change in appearance under the same
conditions. This is evidence in favor of the belief that the caesium
on the aluminum oxide is in the form of a monatomic layer.
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EFFECTS OF SPACE CHARGE IN THE GRID-ANODE
REGION OF VACUUM TUBES*{

By

BERNARD SALZBERG AND A. V. HAEFF

RCA Manufacturing Company, Inc.,, RCA Radiotron Division,
Harrison, New Jersey

Summary—The effects of space charge in the region between grid and
anode of a vacuum tube, for the case where the planes of the grid and plate
are parallel, are determined from the results of a simple analysis. The main
effects of the space charge are (a) to introduce departures from the linear
potential distribution of the electrostatic case; (b) to set an upper limit,
under certain conditions, for the anode current; (c) to introduce instabilities
and hysteresis phenomena in the behavior of the tube; and (d) to increase
the electron transit time in this region.

Four modes of potential distribution which may ezxist in this region are
treated: (1) Neither potential minimum mor virtual cathode exist; (2)
potential minimum exists; (3) space-charge-limited virtual cathode exists;
and (4) temperature-limited virtual .cathode exists (negative anode poten-
tials). For each cf the various states of operation, expressions are derived
for the distribution of potential and electric intensity throughout the region;
the time of flight of electrons from grid to anode, and from grid to the plane
of zero potential; and the location and magnitude of the minimum potential.
An expression is also derived for the dependence of the anode current on the
space current, grid-anode distance, grid voltage, and anode voltage. Curves
are plotted from these expressions, and it is shown how the behavior of a
large variety of practical tubes can be predicted and explained with their
atd. The assumptions which underlie the theory are stated, and the effects
of the neglected phenomena are discussed qualitatively.

Anode-current vs. anode-voltage and anode-current vs. space-current
curves representing observations made on a specially constructed tetrode are
presented by way of experimental verification of the theoretical results.

For purposes of illustration, application is made of these results to
elucidate the theory of the type of power-amplifier tube which employs a
mintmum potential, formed in front of the anode as a result of the space
charge of the electrons, to minimize the passage of secondary electrons from
anode to grid. In addition, it is shown how the decrease of anode current
with increasing space current, which occurs when a space-charge-limited
virtual cathode i3 formed in the grid-anode region, may be utilized to pro-
vide negative transconductance amplifiers and oscillators. )

1. INTRODUCTION

HE effects of space charge in the region between grid and

ll anode are of fundamental importance in any complete theory
of vacuum-tube behavior. This is particularly true for the type

of tube in which the anode is preceded by a grid electrode operated at
a positive potential. Among such tubes, we may mention the Bark-
hausen-Kurz triode oscillator, in which the grid is operated at a high
positive potential and the anode is either negative or only slightly
positive; the common tetrode r-f and a-f amplifiers, in which the screen

* Decimal Classification: R138.1.
1 Reprinted from RCA Review, January, 1938.
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grid is operated at a relatively high positive potential, and the anode
potential is caused to vary from a high positive potential to a smaller
positive potential, which may be less than the screen-grid potential;
and more recent types of power-amplifier tubes, such as the RCA 6L6,
in which a minimum potential which occurs in the space between
screen grid and anode at relatively low anode potentials is employed
to minimize the passage of secondary electrons (liberated at the
anode) to the screen grid.}-2.3.4

In this paper we wish to investigate theoretically, somewhat more
completely than has been done hitherto, the properties of the grid-
anode region.* The theory is also applicable, with suitable modifica-
tions, to the region between two grids, a problem which has also
received some attention.’ To this end, we postulate an idealized situa-
tion in which electrons pass through the interstices of a plane-accel-
erator grid, the effective potential of which is V,, towards a parallel-
plane anode separated a distance a from the grid and operated at a
potential V,. We assume that all of the electrons have been emitted
from the cathode with zero velocity, and that they pass through the
grid with a uniform velocity corresponding to the potential V,. In
general, we cannot assume that all of these electrons will pass on to
the anode, for the potential distribution in the grid-anode region may
be such that some, or even all of the electrons, will be turned back
towards the grid at some intermediate point in this region. These
returning electrons may be expected to execute excursions about the
grid, a portion being absorbed on each passage through the grid.t?.8°
In view of the uncertainty of the exact fractional absorption of the
electrons by the grid on each complete passage, and to simplify mat-
ters, we shall assume that only two groups of electrons contribute
to the space current: one group consists of the electrons which
initially pass through the grid towards the anode, corresponding to
a current /,; and the second group consists of the electrons which may
be turned back at an intermediate point in the grid-anode region,
corresponding to a current I,-I,. Generally speaking, we are interested
in the dependence of the anode current upon V,, V,, a, and I,; the
time of flight of the electrons; the distribution of potential and electric
intensity throughout the region between the grid and anode; and the
location and magnitude of the minimum potential which may occur
in this region.

As stated above, the problem is only an approximation to the actual

1.2,3, 4, etc. Numbers refer to bibliography. ’

* While we were preparing the results of our investigation for publi-
cation, our attention was called to four recent papers dealing with this
subject. (Bibliography 13, 14, 15 and 16).
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case. The complete treatment of the problem would require taking
into account such things as the Maxwellian velocity distribution of
emitted electrons; the tangential velocities of the electrons due to
grid-wire deflections; the distribution of velocities of the electrons
which pass through the grid, due to the variation of the potential in
the plane of the grid; the presence of secondary electrons liberated
at the anode and accelerator grid; multiple passages of electrons
about the grid, etc. However, the solution of the problem set forth
will ordinarily suffice for a first-order answer, since the effects of
these neglected factors can frequently be inferred, at least, from the
physics of the'situation.
1I. THEORY

The equation which must be solved to determine the properties we

seek is:

daxv
=A4np (p negative) (1)
dz? '
together with
o mvt=eV (2)
and
I= pY (3)

In this problem we do not concern ourselves with the effects of
variations of the potential with time. Consequently we may assume
that both forward-moving and returning electrons alw:iys have the
same velocity at any one point, and thus that the total space charge
in the grid-anode -region depends only upon the absolute values of
the corresponding forward and return currents. For these reasons,
we may define the quantities used in (1), (2) and (3) as

V = potential at any distance, «

z = distance from grid

p = charge density at z

e = electron charge
m = mass of electron

v = absolute value of velocity at z

I = sum of the absolute values of the current densities at 2

Further on we shall have occasion to introduce the following additional
symbols: ,
E = electric intensity at z

m \%
H=16x ( —_— ) 1,, where I, is the current density corre-
2e sponding to the forward-moving elec-
trons
t = transit time for an electron passing from grid to anode
7/ = transit time for an electron passing from grid to point
of zero potential
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Fig. 1—Potential
distribution be-
tween grid and
anode typical of
the case when
neither potential
minimum nor vir-
tual cathode ex-
ist. All of the
electrons which
pass through the
grid are collected
at the anode.

Fig. 2—Potential
distribution illus-
trating the condi-
tions which exist
when a potential
minimum 1is
formed in the
grid-anode re-
gion: All of the
electrons which
pass through the
grid are collected
at the anode.
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Fig. 3—This po-
tential distribu-
tion represents
the case when a
space-charge-lim-
ited virtual cath-
ode exists. Only
part of the elec-
trons which pass
through the grid
are collected at
the anode; the
others are re-
turned towards
the grid at the
virtual cathode.

The boundary conditions for the various states
given in Figures 1, 2, 3, and 4, which depict typical potential dis-
tributions for these states of operation.

By combining (1), (2) and (8), and performing the first integra-
tion of (1) from any point «}, to another point x, we get for the electric

intensity at =,

E == [E— HV,% + HV%]%

LA

--4

~

.—C_J\v.

Fig. 4—This po-
tential distribu-
tion illustrates
the case when a
temperature-lim-
ited virtual cath-
ode exists. All of
the electrons
which pass
through the grid
are subsequently
returned towards
the grid at the
virtual cathode.

of operation are

(4)
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A second integration gives

3H?
— (2 —2,) == [E?— HV,% + HV%]% . [HV% — 2(E — HV,%)] —
4

El [3HV1% - 2E1’] (5)
The time of flight of an electron from z, to z is

T dzx n % z dz
T—T7T1= —_—= — . — 6
L 26 2, V% ®

From (1), (2) and (3)

1 dE

V%= .

m \% dr

(2
2e
so that (6) becomes
1 z dE
T—T=— —_—dzr = - (E — Ey) D

These general equations will now be applied to the various special
states of operation.

1—Neither Potential Minimum Nor Virtual Cathode Exist.—This
mode of operation is depicted in Figure 1. The situation is inter-
mediate between the case when no electrons are present in the grid-
anode region, for which condition the potential distribution is linear,
and the case when enough electrons are present in this region so that
the electric intensity is zero at the grid or anode. In this mode, all
of the electrons which pass through the grid are collected at the
anode.

Usually, I,, a, V,, and V, are specified, and it is required to deter-
mine the distribution of the electric intensity and potential through-
out the region and the time of flight of an electron from grid to anode.
To start with, we must find E,. This can be done by substituting the
conditions that V=V, when z=a, and E=FE, and V=V, when
z=0 in (5). T}_lus,

3H?a

=% [E—H (Vh— V%) 1% [HV % —2(E,;? — HV %)] —
) .
E, [3HV % —2E ] (8)

This equation allows the determination of E, in terms of I, a, V,,
and V,. To put the equation into somewhat more convenient form for
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plotting, divide both sides by H3/2V 3/4, We get an expression involving
the dimensionless parameters, P, and Q,:

o) T () o]

- Qg [3 - 2Q02] (83)

14
A curve of P, vs. — for various values of Q, may now be obtained
Vl

very simply from (8a). This is shown in Figure 5.
For any given set of the four variables, @, can be located in Figure

V.
5. For values of — greater than unity, Q, will range for this case,
VD

vV
from zero to positive values; for values of 2 which lie between unity
g

and zero, @, will range from zero to negative values.

The potential distribution can now be determined by means of (5)
by substituting the condition that E;, =E, and V; =V, when 2, =0.
Doing this, and rearranging, there results

s (2] T(5) voow]

—Q,[3—-Q,%] (9)

This will be recognized as being similar to (8a) except that P
replaces P,, and V replaces V,. Therefore, the same data can be utilized

\%4
to study the variation of V_ with P, (to which the distance from the
g

grid, z, is proportional) for various values of Q,. Figure 5 thus repre-
sents, also, generalized potential distribution curves.

The electric intensgity at any point may be determined by means of
(4) by substituting the condition that E, = E, when V,= V,. This
gives, after some rearrangement,

74 % %
Q:i[Q,’—1+<——> ] (10)
v,
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With the aid of (8a) and (9), (10) can be used to study the varia-
tion of Q (which is proportional to the electric intensity at any

point, ) as a function of P, for various values of -‘—,i
g
The time of flight, r, of an electron passing from grid to anode
is, from (7)

1
T= (E,—E,) (Ta)
4z 1,

T Y7 1T ]

~

\

L
r/
L
L
yd

/1
P

5 \\ A
o..,\ /y‘
eI

0
-,2 =068 -0

Fig. 5—Generalized potential distribution in the grid-anode region. This
plot may be used to determine the particular mode in which the tube is
operating, the anode current, and the electric intensity and potential dis-
tribution within the grid-anode region. Here,

amp. \ %
L% ( ) - a (cm)

cm?
P, =654 .

V% (volts) %

Equation (7a) can be put into more convenient form for plotting
by making use of (4). After some rearrangement this gives

To . . 1% % %
;= {t [Q,,’—H— < ¢ > ] -Q, } (11)
Pa V!I

m \* 3a
In (11) 7,=| — represents the time of transit of an
2¢ V%
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electron in a space-charge-limited diode, the electrodes of which coin-
cide with the grid and anode, and for which the electric intensity at the
cathode is zero and the anode voltage is V,. The ratio T is plotted in
To
Figure 6, the necessary data for the curves béing obtained from Fig-
ure 5.
It is of interest to note that when I, = 0, the limiting case for
which the potential distribution is linear, (11) becomes

m % 2a 1
()1—o= | — . . '
2e V,

V,* %
< > +1 (11a)
v,
2.0ht
\\ . ?"0’
.8 —\\%:1 TAO:-_-_
- e
X
1.4
g 3
&l \vﬂ?
. .
2
[ ' J‘E' nd
Y o
R ‘z\[?
\ ' 121 2 1 ‘
ﬁ\,l{g"‘ s 2 ; 145
r}"’ “a JINL 27 _
T oR 04 0 0.4 08 .z 16 26 24 28 3.2 3.6 a0
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Fig. 6—Dependence of transit time upon anode voltage for various values
of parameter P.. 7T is the transit time for electrons which travel from the
grid to the anode. 7’ is the electron transit time from grid to virtual cathode.

3a (em)
7, (sec) = is the electron transit time in a space-
5.95.107 V,% (volts) %
charge-limited diode.

The other limiting cases for the potential distributions under consid-
eration here occur when E, = 0, representing a potential minimum at
the grid, or when E, =0, representing a potential minimum at the
anode. In the first case

m \* 3a _
(D pg—o=| — _— (11b)
2e V¥ + 2V, %
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while in the second case

m \* 3a
My o= — —_— (11e)
a 2¢ V% + 2V, %

2—Potential Minimum Exists.—This mode of operation is shown
in Figure 2. The situation existing here is intermediate between the
case when enough space current flows through the grid so that the
electric intensity is zero at the grid or anode, and the case when the
conditions are such that the electric intensity and the potential are
just zero at either electrode or in the intervening region. In this
mode, also, all of the electrons which pass through the grid are col-
lected by the anode.

Here again, I,, a, V, and V, are usually specified, and it is required
to find the distribution of the electric intensity and potential through-
out the region, the time of flight of an electron from grid to anode,
and the value and location of the minimum potential.

We start by substituting the condition that V=V, and E=E,
when * =0, and V=V, and *x =¢ in (5). This leads to an expres-

Ve .
sion identical with (8a); the variation with —V— of P, for various
14
values of @, is shown in Figure 5. For this mode @, ranges between
Va
0 and — 1 for all values of —V—, as shown in Figure 5. It is important
g

v

to note that for one value of — there can be two values of Q,, cor-
Vﬂ

responding to one value of P,. We shall discuss this peculiarity fur-

ther on.
In the same way, the expression for the potential distribution can

be shown to be formally identical to (9), and the variation of — with
14
P for various values of @, can also be studied from Figure 5. For
14
this mode of operation, — passes through a minimum, representing

9
the potential minimum.

The expression for the electric intensity is derivable, again, from
(4); this is identical with (10). Now E is negative to the left of the
potential minimum, zero at the potential minimum, and positive to the
right of the potential minimum.
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The time of flight, r, of an electron from grid to anode is again

given by (11), and the ratio is also plotted in Figure 6. It is of

To

interest to note that for the limiting condition, when V,=0, (11)

~ gives
' m % 3a 1
N\ 2 V% V. \X v, \*
1-— + (11d)
Vﬂ Vﬂ
The ratio of (11a) to (11d) gives us an estimate of the increase

of the transit time for two important limiting cases which may be
encountered. This is ’

(M pe—o =~ 2 1
Tve=o _Z . [1- (12)

(Vro—o 3 ( Ve >“ < v, >“
) +
v, Va

Thus when V,= Vv, the transit time for the case when a zero-
potential minimum is just formed is three times larger than the transit
time for very low values of anode current.

1t is of considerable interest, in any consideration of this particu-
lar mode of operation, to determine the value and location of the
minimum potential. This may be done indirectly by making use of

Figure 5. Alternately, an implicit expression for the value of = may
[
be derived from (4) and (5). This is

(2 T o) M3 -
(BT[] =

The variation of — w1th ——, for several values of P, is shown in

. g g
Figure 7.

In the same way, by making use of (4) and (5), the location of
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12
the minimum potential can be expressed in terms of - and P, i.e.,

D G T

., is shown in
Figure 8.

Figures 7-11 are of the greatest importance in delineating the prop-
erties of the grid-anode region. We shall make extensive use of these
curves in our discussion.

(X l Fﬂ:°| "’;'/2
r _' r '/ 1.'._'7. =T //
Ay,
;\'oe // /‘\r.uﬁ
XYH 1‘ -
IR ARMmE
4 o ;
A
l‘ N

Va
_— /Va

Fig. 7—Variation of the magnitude of the potential minimum with anode
potential for several values of the parameter P..

Before proceeding to the next case, let us consider what happens’
when, with V,, V,, and a fixed, the current density I, is increased from
zero until the potential minimum which is formed in the grid-anode
region descends to the value zéro. Figure 9, plotted from (13), shows

14 .
the variation of ?c- with P,2 for various values of —>. The rate of
g g
change of the minimum potential with respect to space current is
given by the slope of these curves. Differentiating P, in (18) with

v, \* V., \*
respect to| — , considering — fixed, and equating the

14 14
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derivative to zero tells us that (P,),,, occurs when
Vo

V. v,

v, v, \* T
() ]
VH

Substituting (15) in (13), we find that the maximum current
(density) which can be passed is

1 2¢ \*
(1o) max. = . — . (V2 4V, %)3 (13a)
. 9mra’® m

The value of the potential minimum for this maximum current is given
by (15). Equation (15) is plotted as a dotted line in Figure 7. Figure

1,
11 is a plot of < -—-> . P;2vs, P2 and shows the anode current increasing
1,
directly with the space current until the maximum value, given by
(13a), is reached. At this point the potential minimum descends
abruptly to zero, and a new state of operation sets in.

3—Space-Charge-Limited Virtual Cathode FEaists.—This state of
operation is shown in Figure 3. The situation existing here is such
that at some plane in the region between the two electrodes, or possibly
in the plane at either electrode, the electric intensity and the potential
are zero. Such a point may be called a space-charge-limited virtual
cathode, since it turns out that it behaves in many respects like a space-
charge-limited thermionic cathode. It is pertinent to call attention to
the difference between the virtual cathode of the present case and the
potential minimum of the preceding case. In general, the potential
minimum merely calls for a zero of electric intensity, but not of poten-
tial, since all of the electrons which flow through the grid are collected
at the anode. However, when there is a point of zero potential in the
region between the two electrodes, some of the electrons passing
towards the anode may be turned back towards the grid at this point.

As a digression, we may study briefly the limiting case, when the
anode current is exactly equal to the space current. We have, on putting

V.
—=01in (13),
Vy

1 2¢ \%
I, = . — (VA V)2 (13b)
m
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This is smaller than the current predicted by (13a), the ratio of (13a)

to (13b) being

()]

1+ [ —

Vﬂ
Ve \%
(]

Vg

1%

a
the maximum value of this ratio occurring when — = 1. The ratio

g

Vv
is equal to unity when - 0 or . The difference between (13a) and
g

(138b) is the basis of the hysteresis phenomena characteristic of the
curves shown in Figures 5-11, and will be discussed further on.

We return now to the general case, for which some of the electrons
are turned back towards the grid, and assume for simplicity that such
electrons never again re-enter the grid-anode region.* The anode cur-
rent is then, in view of (1), (2), (3), and the requisite boundary con-

ditions, given by
1 2¢ \¥ V37
IL=—.| — . (16)

m (a-c)?

The total space charge in the region between the grid and the virtual
cathode depends upon both the forward-moving and returning electrons,
and since these electrons have the same velocity at any one point, we

may write
1 2e \%® V32
2, — I, =—- — . amn
97 m c?
m\ * 3H%a
If we divide (17) by I,, and put H = 1C» (—) - I,and P, =
2e 4V %
as before, we get, on rearranging,
c 1
o 5, \* (18)
P, o _—
I,
¢ 1
It is of interest to note that when I, =0, (18) becomes — = .
a 2% p,

* The ensuing treatment can easjly be generalized to include the mul-
tiple-passage case. See, for example, 7, 9 of Bibliography.
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That is, when V, = 0, the virtual cathode (if one exists) is at a distance

a

c= cm from the grid.

2% P,

-In order to use (18) to plot the location of the virtual cathode as

a function of I,, a, V, and V,, we must first derive an expression for
1 \%4

= as a function of =2 and P,. This can be done by dividing (17) by
1, Vy

(16) and making use of (18). There results

-

X % 1
Va = L ) . |Pe—m —m—m— ———
Vg Io < Ia >% (19)
2

1,

\4 .
Equation (19) is used (a) to plot P, vs. = for various values of ——a:‘.

g ]
- . Ia a .
as shown in Figure 5; (b) to plot — vs. — for various values of P,, as
o g

shown in Figure 10;* and (c) to plot < ’ > - P2 vs. P,? for various

o

values of —:, as shown in Figure 11. In addition, by making use in

Vﬂ
¢
(18) of the data furnished by Figure 10, we are enabled to plot — vs.
. a
Ve
7 for various values of P,, as shown in Figure 8.
4

The potential distribution within the grid-anode region correspond-

\ 4 ez \*3
ing to any particular value of ¢ is — = < —_— ) to the left of ¢, and

v, c

14 z-c \'?
—_—= <-—> to the right of ¢. The corresponding electric intensities

V. a-c
4 VvV 4 vV

are E=—— —— and F = + — ——, respectively.
3 czx 3 a-c

* Curves similar to those given in Figure 10 have been given by Tonks?;
his curves however, are restricted to the virtual-cathode case and do not
portray the important hysteresis-effects characteristic of the minimum-
potential case.
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The time of flight of an electron which travels from the grid to the
virtual cathode is simply

m \*% 3¢ ¢
=1 —]. =— .17 : (20)
2e V,2 a

The time of flight of an electron which travels from grid to anode is

m > ¥ T 3¢ 3 (a-¢) :l
r={ — ) a—_
2¢ l_Vg% Vo

VvV, \* ¢ vV, \* 7]
=1, . <_"> +-.l:1—< "> (21)
Vs a Va _
°=I/r'/2
Paz0
\\
0.2 S /l
|G- \l\i 2 22
~20 -16 -12 -0.68 -04 0.4 oa;o 1.2 16 20 24 2.8

- ¥,
3
Fig. 8—Position of the potential minimum and virtual cathode as a function
of the anode potential for various values of the parameter P..

The time of flight for each class of electrons can be plotted with the aid
of (18), as shown in Figure 6.

4—Temperature-Limited Virtual Cathode Exists (Negative Anode
Potentials)—This state of operation is illustrated in Figure 4. The
situation now is such that the electric intensity is negative throughout
the region between the two electrodes, and at some intermediate plane
the potential is zero. The electrons which move through the interstices
of the grid towards the plane of zero potential are gradually deceler-
ated, and finally turned back at this plane toward the grid. Since the
electric intensity at this plane is always finite, the potential distribution
between ¢ and o resembles that of a temperature-limited diode. It turns
out, moreover, that the properties of the plane of zero potential are in
many respects identical to that of the temperature-limited cathode.
Accordingly, we shall designate this plane as a “temperature-limited
virtual cathode”, by analogy with the “space-charge-limited virtual
cathode”,
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Here 1,, a, V,, and V, are specified and it is required to determine
the distribution of the electric intensity and potential throughout this
region, the position of the virtual cathode, and the time of flight of an
electron from the grid to the virtual cathode. We shall not attempt a
rigorous treatment, but instead we shall base our analysis on the same
assumptions as we have made for the preceding cases.

Since the anode is negative, no electrons will be collected. (This is
a consequence of our assumptions regarding the initial velocities of the
electrons emerging from the grid plane: in actuality there is always a
very small anode current as a result of a distribution of initial veloci-
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Fig. 9—Variation of the magnitude of the potential minimum with P,% (to

a

which the space current is proportional) for several values of

V,

ties.) Furthermore, since the electric intensity must be continuous,

and since there is no charge in the region ¢ < & < a, the electric inten-

sity, E, at the virtual cathode (and also to the right of this plane) will
Ve

be equal to
a-c
We now make use of (4) and (5), subject to the appropriate bound-
ary conditions. In (4) we put £, =E, E=E, V,=0, V=V, and
I =2I,. There results
E,=—[E+2HV *]% (22)

In (5) weputz=c¢, 2, =0,E,=FE, V,=V,, and V =0 getting, with
the aid of (22)
3H2c

=% [E3 + (B2 —HV,%). (E2 + 2HV %) *] (23)
2
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Dividing through by 2H*2. V ¥} and making use of our abbreviated

symbolism, we get
R+ (Q2—1).(Q2+2)%

c=F A
2
Now,
[
3H%c V, 3 V, a
P.Q = . =— ———=P,.0Q,—
4V, (a-c) H%*V,% 4 v, c
1 ——
a
1.0 i 1 -
B 2\z )
\
0.8 .{Z_ //
1 | /
242
/
l Paz=2 Paz2Y2,
o\.? . 4 .
—T 0.4-4....\5 2
_‘L’ [
2
R y
Iy AVd
VY
° 0.2 0.8 1.2 1.6 2.0 2.4
*V%s

(23a)

Fig. 10~Dependence of anode current upon anode potential for various

values of the parameter P..

so that
( Va)
c P, 3 v,
— == 1 — ——
a P, 4 PgQ,
and

3 1 Ve
Pa=Pc+_" *
4 Q. ¥,

(24)

(24a)

We may now plot P, as a function of @, by means of (23a). The

Va

corresponding value of P, for any given value of — may then be

14
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(4

found from (24a). This gives us sufficient information to plot — as a
a

Va
function of — for various values of P,: such curves are included in

Vﬂ
Figure 8. We are also enabled to plot, from this information, P, vs.

1%
-2 for various values of @,: this is shown in Figure 5, which may be

VF
used again as a generalized potential distribution plot.

The electric intensity at any point is given by

174 % %
ewfares (L) ] e
. VF

The time of transit of electrons from grid to virtual cathode is,
from (7) and (25),

T

P = [Q+ (@ —2)%] (26)
2P,

T’ Ve :
The ratio — vs. — for various values of P, is shown in Figure 6. The

T, v,
limiting case, I, = o, of (28) is

2 1
T=T.—.

3 < v, >
1— (26a)
VF

III. DiISCUSSION OF THEORETICAL RESULTS

We now proceed to interpret the results of the foregoing analysis.
In the interests of clarity we shall lead up to the general discussion of
Figures 5-11 by providing a preliminary verbal description of the re-
sults of varying first the space current and then the anode voltage for
several representative cases of interest.

A—Preliminary Discussion of Several Particular Situations—
Va

1. Effects of Varying I,, when — = 1.
Vﬂ

To begin with, let us suppose that the effective grid voltage, V,,
the anode voltage, V,, and the grid-anode distance, a, are fixed, and
that it is required to determine the effects of increasing the space
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current, I,. This situation corresponds, for example, to the case of a
tetrode, the screen-grid voltage and the anode voltage of which are
fixed, and the control-grid voltage of which is varied. To fix ideas, we

14
choose 2= 1: a similar interpretation will hold for any other ratio.

g
When the control-grid bias is adjusted to cut off the cathode cur-
rent, the potential distribution is linear, as shown by (a) of Figure 12.
Decreasing the bias causes electrons to flow into the grid-anode region,
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Fig. 11—Variation of the anode current with space current for several
Vﬂ
values of —
[

and the potential is depressed, as shown by (b). A potential minimum
is formed mid-way between the grid and anode. As the space current
is increased, the potential minimum gradually descends until it reaches
a value equal to 0.25 times the grid voltage, as shown in Figure 9.
Up to this point the anode current increases directly with the space
current, as shown in Figure 11. All of the electrons coming through
the grid are collected at the anode. If, now, any additional electrons
are permitted to pass into the grid-anode region, the potential minimum
drops abruptly to zero, mid-way between the grid and anode. This is
shown in Figure 9, the rate of change of the minimum potential with
space current being infinite at this point. Since the minimum is now
zero, some of the electrons are returned towards the grid, thus decreas-
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ing the space charge between the potential minimum and the anode,
and increasing the space charge between the grid and the potential
minimum. This causes an alteration of the potential distribution, the
minimum (now a virtual cathode) shifting abruptly towards the grid
until it reaches a distance from the grid equal to 0.265 times the grid-
anode distance, shown by (d) of Figure 12. Thereafter, as the space
current is increased, the anode current decreases gradually, in accord-
ance with Figure 11, and the virtual cathode retreats toward the grid.
The effect of increasing the space current on the time of flight of an

1.4 T T
wo 8 ovmmm——
.2 V‘Ql---—
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Rt O
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0.2
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Fig. 12—Potential distribution Fig. 13—Variation of electron transit time with
for several values of space’ Va
a space current. =1.
current. — — 1. Vv,

4

electron from grid to anode, and from grid to virtual cathode, is shown
in Figure 13.

It will be observed that the transit time is initially one-third that
of a space-charge-limited diode, the electrodes of which coincide with
the grid and anode and for which the anode voltage is V,=V,. With
increasing space current the transit time rises slowly until a current
corresponding to P,2 =8 is reached. At this point a virtual cathode is
formed, and the transit time rises abruptly from r = 0.500r, to r = r,.
It remains constant thereafter at this value with further increase of
space current. The transit time for the electrons which return toward
the grid when a virtual cathode is formed is initially ' = 0.2657,,
and decreases slowly with increasing space current, since the virtual
cathode retreats toward the grid. The time of flight of electrons from
grid to virtual cathode and back to grid is twice 7’.
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If the space current is now gradually decreased, the anode current
will be found to increase, as shown in Figure 11. The operation now,
however, does not take place entirely along the original curve. This
is due to the fact that, originally, operation began with a potential
minimum; now it takes place with a virtual cathode. When the space
current reaches a value equal to one-half of the current at the transition
value, where the potential minimum had previously shifted abruptly
into a virtual cathode, the anode current becomes equal to the space
current. The virtual cathode is now saturated. At this point the virtual
cathode is mid-way between the grid and the anode, as shown by (e)
of Figure 12. The slightest further reduction of space current causes
the virtual cathode to shift abruptly into a potential minimum, the
value of which is 0.75 times the grid voltage, as shown by (f) of
Figure 12. Any further reduction of space current is accompanied
by a proportionate decrease of anode current, the potential minimum
gradually approaching (a) of Figure 12, The effect of decreasing the
space current on the time of flight of an electron from grid to anode,
and from grid to virtual cathode, is also shown in Figure 13.

The time of flight for electrons moving from grid to anode remains
constant until the virtual cathode disappears; this occurs when the
space current is decreased to a value corresponding to P,2=4. At
this point the transit time drops abruptly to a value r = 0.3667,. With
further decrease of space current the transit time decreases slowly
until the limiting value r=0.333r, is reached for P,> — 0. The
time of flight for the electrons which return from the virtual cathode
increases slowly with decreasing space current, because the virtual
cathode moves out slowly towards the anode. When P,z = 4, the virtual
cathode disappears and the transit time for the electrons which have
been returning for space currents slightly greater than this value, is
" =0.5007,. : :

V.
2. Effects of Varying I,, when —V— = 0.20.
[

In the foregoing we have described in detail what occurs when the
space current between the grid and anode is first increased, and then
decreased. But this description was for the particular case when the
grid and the anode voltages were equal. Similar phenomena, however,

Vv
occur for any other ratio of ——u—, with only slight differences. For
9

14
example, suppose -2 —0.20. Beginning with I,=0, the potential
9
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distribution is linear. As I, is increased, the behavior of the grid-anode
region is initially characteristic of the first mode of operation, i.e.,
neither potential minimum nor virtual cathode exist. Further increase
of I, finally causes a potential minimum to occur at the anode, the
value of this potential minimum being equal to the anode potential. The
corresponding value of P, is given by equation (13) as P, =1.41, the

V3% amp.

a® cm?
Reference to Figure 11 tells us that the anode current will increase di-
rectly with space current until the space-current density reaches a value

equivalent space-current density being I, =4.62 X 10—° X

V3% amp.

1,=17.00Xx10—* , corresponding to a value of P,2=23.00.

a® cm?
This is the maximum anode-current density which can be passed: at
this point the potential minimum, which has decreased to a value
0.0956 times the grid voltage, drops abruptly to zero and becomes a
virtual cathode. The potential minimum, which had initially been
formed at the anode, gradually recedes toward the grid until it reaches
a distance equal to 0.776 times the grid-anodé distance, given by equa-
tion (14). At this point it becomes a virtual cathode, and enables some
of the electrons to return toward the grid. The resulting re-distribu-
tion of space charge causes the virtual cathode to shift abruptly until
it reaches a distance equal to 0.418 times the grid-anode distance,
given by equation (18). Any further increase of I, results in a de-
creased anode current, as shown in Figure 11, the virtual cathode
retreating still further toward the grid. If the space current is then
decreased, the anode current will increase, as shown in Figure 11,
and the virtual cathode will move . back toward the anode. This
behavior will continue until the space-current density reaches a value

V32 amp.

I,=338X10—%X , corresponding to a value of P,2=1.45.

o )

a® cm?

At this point the virtual cathode is at a distance equal to 0.719 times
the grid-anode distance, as given by equation (18). The slightest
further reduction of space current permits enough electrons to pass
abruptly through the virtual-cathode barrier toward the anode so that
the space-charge distribution is radically altered, the virtual cathode
disappears, and the anode current rises abruptly to the full value of
space current. (An interesting observation about this example is that’
at this unstable point the virtual cathode does not become a potential
minimum, but disappears.) From this point on, any further reduction
of space current results in a proportionate reduction of anode current,
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as shown in Figure 11, and the potential distribution becomes more
and more linear.

3. Effects of Varying V,, when P, =1.0.

Let us now suppose that the grid-anode distance, a, the effective
grid voltage, V,, and the space-current density, /,, are fixed, and that it
is required to determine the effects of varying the anode voltage, V,.

- This situation corresponds, for example, to the case of a tetrode, the
screen-grid voltage and the control-grid voltage of which are fixed,
and the anode voltage of which is varied.

To begin with, we assume that the control-grid voltage is set at a
value which provides a space-current density corresponding to a value
of P, =1.0. When the anode voltage is negative, the anode current is
zero, and all of the electrons are returned toward the grid at the
temperature-limited virtual cathode. The potential distribution for

Ve
14

g

cathode is given by Figure 8 as ¢ = 0.645 a. When V, =0, then I, =0,
and ¢ =0.707 a, as shown by (b) of Figure 14. As V, is made more
positive, the anode current rises as shown in Figure 10 and the space-
charge-limited virtual cathode moves toward the anode. (If there had
been no movement of the virtual cathodé, the anode current would
rise as V,%%) This continues until V,=0.068 V,, while the anode
current density rises to I, = 0.413 I,, and the virtual cathode moves
to ¢=0.793 a, as shown by (¢) of Figure 14. The slightest further
increase of anode voltage results in an abrupt saturation of anode
current, the rate of change of anode current with anode voltage being
infinite at this point, as shown by Figure 10. The virtual cathode
disappears at this point, and the potential distribution is of the form
shown by (¢’) of Figure 14, characteristic of the mode for which
neither potential minimum nor virtual cathode exist. Further increase
of anode voltage leaves the anode current, which is now equal to the
space current, unaffected. However, when V, reaches 0.75 V,, a poten-
tial minimum appears at the anode, as shown by (d) of Figure 14.
With increasing anode voltage this minimum recedes toward the grid,
approaches V, in value, and finally disappears, as shown in Figures 7
and 8.

If the anode voltage is now decreased, the anode current remains
at saturation value until ¥V, =0, as shown in Figure 10. The potential
minimum re-appears at the grid when V,=1.23 V, moves toward
the anode as V, is decreased, and reaches the anode when V,=0.75 V,
ag before At this point the minimum disappears. When V, =0, the

= —0.2 is shown by (a) of Figure 14. The pcsition of the virtual
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potential distribution is abruptly altered, and a virtual cathode is
formed at a distance ¢ = 0.707 a, as shown by (f), (f') of Figure 14.

The time of flight of an electron moving from grid to anode, and
from grid to virtual cathode, is shown for increasing and decreasing
anode voltages in Figure 6.

4. Effects of Varying V,, when P, = V2, P,= 2 V2.

Similar interpretations hold for any other value of the parameter
P,. As a matter of interest, the various forms of the potential
distribution for the particular cases p,= V2 and P,=2V2 are
shown in Figures 15 and 16. For the first of these, as the anode
voltage is increased from a negative value, the potential distribution
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Fig. 14—Potential distribution for Fig. 15—Potential distribution for

various values of anode voltage. various values of anode voltage.
P,.=1. P. =V 2

passes from the state described by Case 4, which is characterized by
a temperature-limited virtual cathode, (a), to that described by Case
3—the space-charge-limited virtual cathode case, (b), (¢); thence
abruptly to that described by Case 2, for which a potential minimum
is formed, (¢’), (d); and then finally to that described by Case 1,
for which neither potential minimum nor virtual cathode exist. The
behavior for decreasing anode voltage is successively illustrated by
@), (), (&), (H); (g), (9", (a) of Figure 15. The abrupt decrease
in anode current again occurs at a lower value of V, than that required
for the abrupt rise, as shown in Figure 10.

B—General Discussion of Curves.—The four distinct modes of



EFFECTS OF SPACE CHARGE IN GRID-ANODE REGION 43

potential distribution which are treated in the foregoing analysis rep-
resent a somewhat arbitrary and simplified division of the potential
distributions which may occur in the grid-anode region. This simpli-
fication is made possible by the original assumptions that the electrons
have all been initially emitted from the cathode with zero velocity
and that no velocity distribution has been introduced during the passage
of the electrons through the structure. In the rigorous treatment of
this problem the separate analyses of the four modes of potential dis-
tribution would merge into a single general analysis. However, such
a treatment would be considerably more involved, and the main results
at least can probably be anticipated by combining the various results
found here for the individual states of operation on common graphs.
This has been done in Figures 5-11.

GRID ANODE

@<

Pa=2{2

Fig. 17—Anode-characteristic oscil-
logram of special pentode showing
Fig. 16—Potential distribution for the hysteresis and instability phe-
various values of anode voltage. nomena similar to curve marked
P.=2v2 P, =2V 2 in Figure 10.

Vv
Figure 5 is a plot of P, vs. —a, for various values of Q,. If I, V,,
V,

V,, and a are given, this plot enables one to determine the electric

al®

V,%

intensity at the grid, since P, is proportional to and Q, is pro-
Eg
portional to P As was pointed out in the analysis, these curves
L%V,
also represent a generalized potential distribution plot if P, is replaced
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xl,¥% V.
. and — is replaced by —. For
V,n %4

g

by P, which is proportional to
9 g

the temperature-limited virtual cathode case (negative anode poten-
tials) the scale of ordinates represents V2 P, instead of P,. This results
from the fact that all the electrons which pass through the grid toward
the anode are turned back toward the grid at the virtual cathode,
and the space charge corresponds to a space current of 2 /, instead of

I,
I,. The parameter Q, is replaced by — in the space-charge-limited
]
virtual cathode case because this quantity is of greater practical sig-
nificance. However, if the electric intensity at the grid is required
for this case, it can be found very quickly from the relation

Ia 12
Qg:— 2— -
1,

It will be observed that there occurs a curious overlapping of the

various possible states of operation in different regions of the plot.
v, 1

For example, for 0 =— =1 and —— = P, = /2, there may be a

V, V2

virtual cathode, a potential minimum, or neither potential minimum

nor virtual cathode. Again, for —2=0 and P, = /2, theremay be a

V!/

virtual cathode or a potential minimum. To put it in another way,
the potential at any point in the region, for certain values of I, V,,
V, and @, is multi-valued. This is a typical hysteresis phenbmenon,
and in order to determine which of the values of potential is the cor-
rect one it is necessary to know, as in all cases of hysteresis, the
previous history of the region. This point will be discussed in further
detail in connection with the other figures.

vV
Figure 9 is a plot of = vs. P,% for various values of —Yi The
. g 9
curves shown in this plot indicate how the minimum potential varies
with space current, since P,* is proportional to /,. The section of the
plot. which lies to the left of the lightly-dashed line connecting the

v, v,
points o =1, P,=0]) and =0, P=1) delineates the

g g
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operating region in which neither potential minimum nor virtual
cathode occur. The lightly-dashed line which starts at the point

<:”c =0, P2= 1) and passes through the point <—c=0.25, P2= 8)
g 9

is a parametric line which indicates the points at which the
rate of change of the potential minimum with (increasing)
space current is infinite. If the grid and anode potentials of a
given tube are fixed and the space current is increased from
zero, the potential minimum shifts abruptly at these points into a
virtual cathode. The lightly-dashed line which starts at the point

Vv, Ve
( ” =0, Pa2=1> and becomes asymptotic to — =1 for very
g g
large values of P,? is a parametric line which indicates the points at
which the virtual cathode shifts abruptly, with decreasing space cur-
rent, into a potential minimum. The heavily-dashed continuations of
the individual curves represent mathematical solutions of equation
(13) which are probably unrealizable, at least in the steady-state or
low-frequency operation of the tube.

These curves exhibit the instabilities and hysteresis phenomena
which are characteristic of the grid-anode region, and again illustrate
the necessity for a knowledge of the previous history of the operation
of the tube in order to predict its future behavior.

I,
. P2 vs. P,2 for various values of

o

Figure 11 is a plot of (

——1, "These curves illustrate the variation of the anode current with
9
space current for several particular values of the ratio of anode poten-
tial to grid potential. It will be observed that if the space current is
increased from zero, the anode current bears a linear relation to the .
space current until a maximum value, given by equation (13a), is
reached. At this point a virtual cathode is formed and the anode cur-
rent is abruptly reduced. Thereafter, the anode current decreases con-
tinuously with increasing space current. If the space current is now
decreased, the anode current will increase until the virtual cathode
disappears. At this point the anode current becomes exactly equal
to the space current, the phenomenon being an abrupt one for values

14 14
of — =1. For —2 > 1 this discontinuous phenomenon does not occur.
Vﬂ Vﬂ



46 ELECTRON TUBES, Volume I

Further decrease of space current causes the anode current to decrease
linearly with space current. The portions of these curves in which
the anode current decreases with increasing space current are inti-
mately associated with the presence of a virtual cathode, and can be
utilized to provide a negative-transconductance amplifier or oscillator.
This matter will be elaborated upon in section D of this discussion.
The dotted appendages of the individual curves in this graph rep-
resent mathematical solutions of equation (19) which are probably
unrealizable in the steady-state or low-frequency operation of the tube.
The terminations of these dotted sections upon the linear portion of
unit slope, common to all of the curves, are given by equation (13b).
On occasion these values have been assumed, incorrectly, as giving
the maximum anode-current density which can be obtained.’
Vc Vd
Figure 7 is a plot of — vs. 7— for various values of P,. The
9 9
curves shown in this plot illustrate the variation of the minimum
potential with anode potential for several values of space current.

V. V.
The dotted line connecting the points =0, =0 and
Vﬂ Vﬂ

V. Va

_—=1 —=1 passes through the points on the individual
v, v,

curves at which a potential minimum is suddenly formed when the

anode potential is increasing. The dotted line which becomes asymp-

Vv

totic to the value — =1 passes through the points on the individual
9

curves at which the virtual cathode is abruptly transformed into a

potential minimum when the anode potential is increasing. The third

v, V
dotted line, which starts at the point =0, =0 and
Vﬂ Vﬂ
. Ve V,
passes through the point{ — =0.25, — =1 ), is a parametric
v, v,
line which indicates the points on the individual curves at which the
potential minimum shifts abruptly, with decreasing anode potential,
into a virtual cathode.
The curve which represents the case P, =0 degenerates into a
V. Vs
point located at { — =1,

4 Vﬂ

=1 >, since this is the only value
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1%
of the ratio = for which the electric intensity can be zero in the

g
absence of space current. The curves which represent the case P, =1

consist of two discontinuous- sections, the first being a portion of the
axis of abscissas (this corresponding to the virtual cathode), and the
second being the curved portion which begins on the first dotted line,
which 'represehts the potential minimum. For this case, when the
anode potential is increased from negative values, a virtual cathode
is first formed which presently disappears abruptly, and then for some
greater value of anode potential, a potential minimum is formed. For

1

values .of P, =——, neither potential minimum nor virtual cathode
V2

is formed with increasing anode voltage until —6-50.888. Then a

g
potential minimum is formed.

. c 12
Figure 8 is a plot of — vs. —2 for various values of P,. These
a

curves show the position of the virtual cathode and potential minimum
for several values of space current plotted against different anode
potentials. 'The sections of the various curves which lie to the left
of the axis of ordinates reveal the location of the temperature-limited
virtual cathode. The sections of the same curves which lie to the
right of the axis of ordinates indicate the location of the space-charge-
limited virtual cathode and potential minimum. The dashed-line por-
tions of the curves for P, =1 and- V2 are mathematical solutions of
equation (18) which are probably unrealizable in the ordinary opera-
tion of the tube. Figures 7 and 8 together give the location and mag-
nitude of the potential minimum under various operating conditions.
This information is of considerable value to a proper understanding
of the operation of the tube.
Ia Va
Figure 10 is a plot of — vs. V_ for various values of P,. These
/] 9

curves show the variation of the anode current with anode potential
for several particular values of space current. It will be observed
that as the anode potential is increased from zero, the anode current
increases from zero relatively slowly at first and then more rapidly.
This rapidity of increase of anode current is more pronounced for the
smaller values of space current. The initial variation of anode current

3 .
with anode potential is approximately a — -power law, such as obtains
2
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in the case of an idealized diode. As the anode potential increases,
however, the returning current (corresponding to the electrons which
return toward the grid from the virtual cathode) decreases because
the anode current increases. This results in a movement of the
virtual cathode toward the anode, and thus causes a further increase
in the anode current. The net result is similar to that which would
exist if the cathode of the idealized diode moved toward the anode
with increasing anode potential, i.e., the current would increase more

3
rapidly than predicted by the — -power law. It will be observed fur-
2

ther that for the curves which represent the cases P,=1 and Ve,
the anode current saturates abruptly with increasing anode potential.
This action indicates an instability in the plate characteristic for
relatively low values of space current. For values of P, greater than
2, the saturation of anode current occurs at a finite rate, i.e., the
saturation is a stable phenomenon. If the anode potential is decreased
toward zero, after the saturated condition has been attained, the
anode current does not vary with anode potential entirely as before.
For example, in the case P, =2 V2, the anode current saturates with
vV
increasing anode potential at the value —2 =224 With decreasing
g
anode potential, the anode current remains saturated until the value
v,

= 1.0 is reached, and thereafter follows the same law of variation
g

as occurred for increasing anode potential. This “overhang” of anode

current illustrates the hysteresis phenomena which occurs in the plate

characteristic.

The dashed-line portions of the curves for P, =1 and V2, which
indicate a negative-resistance anode characteristic, represent mathe-
matical solutions of equation (19) which are probably unrealizable
in the steady-state or low-frequency operation of the tube. The exist-
ence of such solutions has been used, unjustifiably, to form the basis
of a negative-resistance explanation of Barkhausen-Kurz oscillations.’
Such oscillations can be explained more satisfactorily by an analysis
which takes into account, at the start, the effect of the transit time of
the electrons.

Before leaving the discussion of Figure 10, it should bz pointed
out that curves representing values of P, less than 1 have been omitted
from this plot, since the analysis indicates the physically unrealizable
phenomenon of a saturation current “overhang” into the negative
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Va 1
region of —. The value P, = ——

v, V2

which, with increasing anode voltage, the anode current rises gradually.

represents the limiting case for

For values of PuéT_: the anode current saturates abruptly at
V2
£
Ve
- T 7’ V.
Figure 6 is a plot of — and vs, — for various values of
To T Vo

P,. These curves 'show the variation with anode potential of the
transit time, 7, for the electrons which travel from the plane of the
grid to the anode, and of the transit time, 7/, for the electrons which
travel from the plane of the grid to the virtual cathode. The curves
illustrate the magnitude of the effect on the transit time of the elec-
trons which can occur in the presence of space charge.

IV. EXPERIMENTAL VERIFICATION

To obtain experimental verification, at least of a qualitative nature,
" of the main features of the theoretical results, a special pentode was
constructed. The tube consisted of an indirectly-heated cathode having
an area of 6.3 sq cm; a control grid, the potential of which was
varied to alter the space current between the screen grid and anode;
and a screen grid spaced 1.5 cm from a suppressor grid located in
front of, and very close to an anode having an area of 9 sq cm. The
suppressor grid was connected to the anode to prevent any secondary
electrons, which might have been emitted from the anode, from seri-
ously disturbing the space-charge conditions in the region between
screen grid and anode. The electrodes were made slightly concave to
minimize spreading of the electron stream, and large enough in-area
to minimize edge effects.

Oscillograms of the anode and transfer characteristics of this tube
were taken on a special cathode-ray curve tracer built by Mr. O. H.
Schade, of this laboratory.* The characteristics were determined in
this way because the heavy currents would have damaged the tube
if the tube performance had been observed by the usual point-by-point,
method.

Figure 17 is an oscillpgram record of the variation of anode current
with anode voltage, the control-grid voltage being 150 volts and the

* This device was described by Mr. Schade hefore the Rochester Con-
vention of the I.R.E. on November 20, 1935,



50 ELECTRON TUBES, Volume 1

screen-grid voltage being 120 volts. It will be observed that the anode
current increases uniformly, as the anode voltage is increased from
zero, until the point marked ‘¢’ where saturation is reached, and therc-
after changes very slowly with further increase of anode voltage.
When the anode voltage is decreased, the anode current remains vir-
tually constant until the point “d” is reached, at which point the anode
voltage is considerably less than at the point “¢”’. With further de-
crease of anode voltage, the anode current drops discontinuously an(_i
then decreases uniformly on the same curve as obtained with increas-
ing anode voltage. This behavior is qualitatively similar to the theo—
retical curve marked P, =2 V2 of Figure 10.

Fig. 18—Anode-characteristic oscil- Fig. 19 — Transfer-characteristic

oscillogram of special pentode
showing the hysteresis and insta-
bilities characteristic-of the curve

logram of special pentode showing
the hysteresis and instabilities_ sim-
ilar to curve marked P.=1V2 in V.

Figure 10. marked — = 0.4 of Figure 11.

Figure 18 is a similar oscillogram record, the control grid now
being at 200 volts and the screen grid at 250 volts. This characteristic
shows an abrupt increase of the anode current at the point “b”’ when
the anode voltage is increasing, and an abrupt decrease of the anode
current at the point “e” when the anode voltage is decreasing. This
behav1oi is qualitatively similar to the theoretical curve marked
P, =\/2 of Figure 10. The faint irregular traces which are present
at the abrupt changes of anode current are probably mainly due to
the unavoidable reactance of the tube connecting leads.

Figure 19 is an oscillogram record of the variation of anode cur-
rent with control-grid voltage, to which the space current is propor-
tional. The screen grid was maintained at 300 volts and the anode at
120 volts, This record is in qualitative agreement with the curve



EFFECTS OF SPACE CHARGE IN GRID-ANODE REGION 51

for —:i: 0.4 of Figure 11. It will be observed that the anode current
g9

increases uniformly, except at the point “f”, with increasing space
current until a virtual cathode is almost formed at the value corre-
sponding to the point “a”. Further increase of space current causes
the formation of a virtual cathode between screen grid and anode,
with an attendant sudden decrease of anode current, as indicated by
the point “b”. Still further increase of space current is accompanied
by a uniform decrease of anode current. (The negative slope of the
I, vs. V, characteristic in this region represents a negative transcon-
ductance and can be utilized to form the basis of a novel type of
amplifier and oscillator.) If the space current is now decreased, the
anode current increases until the point “d” is reached, at which point
an abrupt increase of anode current takes place. The point “d’” corre-
sponds to a lower value of space current than the point “a”, in accord-
ance with theoretical expectations, and marks the sudden disappearance
of the virtual cathode and the formation of a potential minimum.
Further decrease of space current is accompanied by a decrease of
anode current, the same path now being followed as for increasing
space current,

The curious kink in the early portion of the curve, indicated by
the point “f”’, may be accounted for as follows: Since the control grid
was operated at positive potentials in order to obtain sufficient space
current for the experiment, it is to be expected that the possibility
of primary and secondary emission from this grid is great. At rela-
tively low values of control-grid voltage, corresponding to relatively
low values of space current, these electrons contribute to the ancde
current. As the control-grid voltage is increased, the space current
increases sufficiently so that the value of the potential minimum which
has been formed in the region between screen grid and anode becomes
less than that of the control grid. As a result the electrons emitted
from the control grid are confronted by a potential barrier which
they are unable to penetrate and consequently they execute excursions
about the screen grid until captured. The slope of the I, vs. V, curve
is greater for values of V, corresponding to the range between zero
and the point “f” than for the range above “f”. This is accounted for
by the explanation given above, because for values of V, less than
those corresponding to “f” the electrons which are emitted from the
control grid contribute to the anode current. Beyond this point these
electrons do not contribute to the anode current, but instead because
of their multiple excursions about the screen grid, they increase the
value of space current and actually cause the anode current to increase
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at a lower rate with control-grid voltage than before. Approximate
calculations which have been made support this explanation, but their
reproduction at this point would be out of place.

V. ILLUSTRATIVE APPLICATIONS

The theoretical results which have been presented in the foregoing
treatment are applicable to a wide variety of vacuum-tube problems.
For purposes of illustration, we will now discuss two such problems,
both of considerable practical interest.

1—The Type 6L6 Beam Power,Tub;z.—This tube is a quasi-pentode
power amplifier which employs a minimum potential, deliberately
formed in front of the anode by utilizing the space charge of the
electrons, to minimize the passage of sectndary electrons from anode
to screen grid. The ‘existence, under certain conditions, of a potential
minimum or virtual cathode in the region between screen grid and
anode has been known for some time,*™* and the applicability of the
phenomenon to the minimization of the (undesired) passage of
secondary electrons from the anode to the grid has also been recog-
nized for some time.’'5-57 Recently, however, the subject has received
considerable attention,?3-41%11 and it appears to us that a number
of misconceptions which have arisen concerning the theory of opera-
tion of such a tube can be cleared up by means of the foregoing theory
with certain modifications, of a quantitative nature, introduced by the
factors which we explicitly neglected at the start.

The objectives which were sought in the development of this tube
were improvements over a-f power output tubes then available with
regard to power output, efficiency, power sensitivity, and distortion. -
These objectives could best be attained by a high-transconductance
tube having an anode characteristic as close as possible to that of an
ideal pentode.! Although the usual pentode anode characteristic ex-
hibits no trace of the secondary-emission phenomena typical of the
conventional tetrode, it is invariably marked by a relatively slow initial
rise of anode current with anode voltage and by a rather gradual
saturation of the anode current. These undesirable features can be
charged mainly to the presence of the suppressor grid, and therefore
it was decided to dispense with this grid and replace it, at least as
far as its effect on preventing the flow of secondary electrons from the
anode to the screen grid was concerned, by a potential minimum. The
ultimate result of this development was the 6L6, the anode character-
istic of which is reproduced in Figure 20. ’

In general, the main features of the curves shown in this figure
agree qualitatively with those of the idealized curves shown in Figure
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10. For example, the curves corresponding to the largest values of
space current, i.e., highest values of control-grid voltage, tend to
saturate at higher values of anode voltage and also exhibit the abrupt
type of saturation predicted by the theory for values of P, less than 2.
The smooth type of .saturation shown in Figure 10 for larger values
of P,, which was verified experimentally in Figure 17, is also evident
in Figure 20. However, there are several discrepancies between the
theoretical results for the idealized parallel-plane tube and the curves
of Figure 20. One of these lies in the fact that none of the curves
saturate immediately, whereas the theory indicates that for P, less

1
V2

smallest positive anode potential. This lack of agreement can be
attributed in small part to the Maxwellian distribution' of velocities
of electron emission, and in much greater part to the angular deflec-
tion of the electrons which occurs because of the wire grid structure.?
This effect is most pronounced at the very lowest values of space
current: at the higher space currents, where a virtual cathode is
formed, this effect is entirely overshadowed by the behavior predicted
by the theory. Another discrepancy is to be observed in the curve
for E,, = — 30 volts, which exhibits negative anode conductance for
anode voltages between 25 and 75 volts. This can doubtless be explained
by the existence of a potential minimum, the value of which is too
high to provide a suitable retarding field for the proper suppression
of secondary electrons which are emitted from the anode. A further
discrepancy. is to be observed in the fact that all of the curves have
4 finite slope in the saturation region. This is probably due in main
part, to the penetration of the anode field through the screen grid,
and perhaps also to the slight contribution to the anode current of
primary and secondary electrons from the screen grid. A more serious
discrepancy, from an academic point of view, is the relatively narrow
area of the hysteresis loops which are to be observed in the curves
for E,, = +10 volts and E,, = + 15 volts. This may be due to the
edge effects introduced by the zero potential “beam-forming” plates.

It may be well to point out here that the behavior of the initial
portions of all of the theoretical curves of Figure 10 and also the
corresponding portions of the experimental curves of Figures 17, 18,
and 20, is at variance with that deduced by J. H. O. Harries,® shown
in his Figure 9 as curve G A D E. Harries invokes the electron-
velocity spread at the grid to explain the actual curvature of the rising
portion of the anode characteristic, but it appears from the theoretical
results that the curvature can be present even in the absence of a

than the anode current should rise to saturation value for the
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well-defined distribution of velocities of the electrons which pass
through the grid. Nor is the suggestion of S. Roddal! that the work
of Below and Schulze indicates that this curvature is due primarily
to the angular deflection of electrons in the neighborhood of the screen
grid valid, except (as we have mentioned above) for very low values of
space current. As Harries pointed out,!! this is because Below explicitly
neglected the possibility of the formation of a virtual cathode.? The
suggestion of Bell!® that the “detailed mechanism” of the anode char-
acteristic of tubes, nstensibly utilizing a potential minimum to mini-
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Fig. 20—Anode characteristic of RCA-6L6.

mize the passage of secondary electrons from the anode to the sereen
grid, may be due largely to the inherently steep initial rise of the
tetrode plus the somewhat reduced secondary emission of electrons
from the anode is interesting, but hardly satisfying as a complete
theory. Finally, in passing, we wish to call attention to the possibili-
ties of obtaining misleading results when using long glass tubes such
as that of the “sliding-anode” tube employed by Harries.2? This has
been pointed out by I. Langmuir'? in a discussion of Lilienfeld’s work.

2—Negative-Transconductance Amplifiers and Oscillators.—To illus-
trate the application of the negative-transconductance features of Fig-
ure 11, in which the anode current decreases with increasing space
currentb, a special pentode capable of operation with negative control
voltage was constructed. The relative spacings of the electrodes were
K-G,: Gy-G3: Gy-Gy: G3-A=0.6: 0.6: 1.0: 8. The first grid was
used as a negative-control electrode, the second grid as a positive-
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accelerator electrode, the third grid as a positive electrode for con-
trolling the velocity of the electrons entering the G;-A region where a
virtual cathode was formed, and the anode was used as the output
electrode. The tube could be used as an amplifier and as an oscillator
having several unique properties.

For an oscillator application, a typical circuit is shown in Figure
21. The control grid is coupled to the plate circuit by means of a large
blocking condenser, C,q;, the negative bias being supplied to the grid
through a high resistance B,. The grid excitation is adjusted by sliding

LN

1

Ve, Tvq, g, *Vo

Fig. 21—Schematic circuit of negative-transconductance oscillator.

the tap along the plate inductance. In this circuit the grid voltage is
essentially in phase with the anode voltage, so that the tube oscillates
only when the transconductance is negative. The condition for oscilla-
tion requires that the negative transconductance be greater than the
sum of the internal anode conductance and the external circuit con-
ductance, which includes the anode circuit proper and the reflected con-
ductance of the grid resistor. Typical operating conditions were: g,, =
— 2500 pmhos, g, = 500 pmhos, y. =200 umhos, V, =210 volts, I, =
55 ma, V3 = 200 volts, I; = 25 ma, V, = 200 volts, I/, =25 ma, V; = —12
volts, I; = —0.2 milliamperes, A = 30 meters, V,, = 15 volts.

In order to obtain a larger plate swing without destroying the vir-
tual cathode, and also to obtain a larger effective negative conductance
by reducing the anode conductance, an additional screen grid may be
placed in front of the anode. In this way the space-charge conditions
in the G5-G, region can be adjusted independently of the output circuit
impedance by control of the potential of the screen grids G; and G,. A
tube of this type with relative electrode spacings of 0.6:0.6:1.0:8.0:2.0
showed an anode conductance of only 40 umhos in the negative-trans-
conductance region.
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VI. CONCLUSIONS

The effects of space charge in the region between grid and anode
are of fundamental importance in determining the behavior of vacuum
tubes, particularly when the anode is preceded by a grid operated at a
positive potential. The effects of space charge between the grid and
anode of a parallel-plane vacuum tube have been determined in this
study from the results of a simple analysis. The assumptions which
underlie this analysis necessarily introduce modifications of the theory,
but as the experimental verification indicates, these do not invalidate
the main results, and their effects can be taken into account in a qualita-
tive way.

The principal effects of the space charge in the grid-anode region
are: (a) to introduce departures from the linear potential-distribution
characteristic of the electrostatic case; (b) to set an upper limit to
the current which can be collected at the anode, the limiting current
density being

(V% + V%)3
(Iy) max. = 2.33 X 10— X ————————amp per cm?
a
where V, and V, are the effective grid and anode voltages, respectively,
and a is the distance between grid and anode; (c¢) to introduce insta-
bilities and hysteresis phenomena in the behavior of the tube; and (d)
to increase the electron-transit time in this region.

For the four modes of potential distribution which have been
treated, expressions have been derived for the distribution of potential
and electric intensity throughout the grid-anode region; the time of
flight of electrons from grid to anode, and (when a zero-potential plane
is formed) also from grid to this plane of zero potential; and the loca-
tion and magnitude of the minimum potential. A formula has also
been derived for the dependence of the anode current on the space cur-
rent, grid-anode distance, grid voltage and anode voltage. These ex-
pressions have been plotted, using dimensionless parameters, in Figures
5-11.

The experimental verification of these theoretical results indicate
that the theory can be employed in a qualitative way at least, to predict
and explain the behavior of a large variety of vacuum tubes. This has
been done for the 616 ‘“beam power” tube, and for amplifier and oscil-
lator tubes which make use of the decrease of anode current with in-
creasing space current which the theory predicts.
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FLUCTUATIONS IN SPACE-CHARGE-LIMITED
CURRENTS AT MODERATELY HIGH
FREQUENCIES *t

By

B. J. THOMPSON, D. O. NORTH AND W. A. HARRIS

RCA Manufacturing Company, Inc.,
Harrison, New Jersey

PART I — GENERAL SURVEY
By B. J. Thompson

Summary—This paper is presented in five parts of which this is the
first, serving as an introduction to the others which present detailed analyses
of fluctuations in space-charge-limited currents in diodes and negative-grid
triodes, in multi-collector tubes, and in tubes with appreciable collision
ionization, and of the fluctuations in vacuum-tube amplifiers under operating
conditions. The purpose of this part is to present the theoretical and his-
torical backgrounds for the other parts.

Previous work led to a recognition of the fact that fluctuations in space-
charge-limited currents are less than in temperature-limited currents. At-
tempts were made to explain the actual magnitude of such residual fluctua-
tions in terms of thermal agitations in the internal resistance of the tube at
cathode temperature. Agreement between such explanation and experi-
mental results was not observed, the observed mean-square value of fluctua-
tions being only about six-tenths of the predicted value.

It is clear that the thermodynamic reasoning on which the thermal
agitations argument is based cannot properly be applied to a case such as a
vacuum tube in which the drift velocities of the electrons greatly exceed
the thermal velocities. A microscopic examination of the mechanism of
space-charge reduction of shot effect is required, therefore.

The number of emitted electrons having velocities greater than any
fixed value fluctuates at random. If the retarding potential (virtual cathode)
established mear the cathode by the space charge were fixed in magnitude,
the current passing to the anode would show fluctuations identical with
those observed in temperature-limited currents of the same value. Since
this is mot the case, it is apparent that the retarding potential fluctuates
with fluctuations in emission in such a way as to oppose the changes in
anode current.

The method of analysis is to determine the effect on the potential mini-
mum of a small pulse of electrons of each velocity group from zero to infinite
velocity, and from this effect the change in anode current. The average
rate of emission of electrons of each velocity group is known for a givenm
cathode temperature. The mean-square fluctuations in number emitted 1s
proportional to the average number. From this and from the effect of elec-
trons of different velocities on the anode current, the total current fluctua-
tions may be determined by integration.

* Decimal Classification: R138.1.
T Reprinted from RCA Review, January 1940 et seq.

58



FLUCTUATIONS IN SPACE-CHARGE CURRENTS 59

It has been observed that fluctuations in positive-grid tubes excced
those i triodes. This difference must be due to flictuations in division
of current between positive grid and anode. Such fluctuations in division
can be accounted for by the fact that, for each pulse of excess emission con-
fined to a small arca of the cathode, there must be a compensating reduc-
tion of anode current extending over a considerable area. The initial excess
pulse will flow chicfly to the grid or to the anode, while the compensating
pulse will divide between the two.

Fluctuations in anode current caused by collision ionization have been
observed, but are of little importance under practical conditions. Ballan-
tine’s analysis 1s incomplete because of difficulties arising from the study
of the effect of a single ion. It is more convenient to treat the ion flow as
a continuous stream as is done in the case of electron currents.

The application of the methods of approach outlined in this part will
be given in the later parts of this paper.

A—INTRODUCTION

EW technical problems have been the subject of so much dis-
Fcussion over such a long period without general agreement as

that of the random fluctuations in plate current of a space-
charge-limited vacuum tube. Until recently this lack of agreement
embraced experimental fact as well as theory. In this situation, it was
natural that the theories should be nearly as numerous and as dis-
similar as the authors thereof. Now, however, it appears that there
is something approaching general agreement on the observed facts.
The time seems ripe, therefore, for agreement on theory. It is the
hope of the present writer and his collaborators to present in this
series of papers a reasonably complete theoretical analysis of fluctua-
tions in vacuum-tube amplifiers under operating conditions, and experi-
mental confirmation thereof.

The work on which these papers are based extends over a period
of more than ten years. While we have found ourselves in disagree-
ment with many of the papers which have appeared on this subject,
we have delayed presenting our work in published form until repeated
experimental verification and continued analytical refinement, together
with the acceptance of our conclusions by others, have convinced us of
the soundness of our results. In the course of preparation of these
papers, we have received further assurance from the publication by
distinguished German workers of results closely similar in part to
ours.

The extensive literature on the subject of current fluctuations is, to
some extent, an indication of its importance. Vacuum-tube amplifiers
enable us to perceive extremely minute electrical impulses, the minute-
ness being limited only by the magnitude of the inevitable extraneous
background of “noise”. This application of amplifiers is of major
importance and “noise” is the only serious technical limitation at
present.
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The desired signal which is introduced into an amplifier is not, in
itself, free from noise. The amplifier, however, introduces additional
noise which often is greatly in excess of the inherent noise of the sig-
nal. It is recognized that both the circuits and the vacuum tubes of
the amplifier contribute to the amplifier noise. In many circumstances,
circuit noise predominates; in other cases—notably of late, television
amplifiers—tube noise is the limiting factor.

The extraneous background noise produced by a vacuum tube may
be divided into three general classifications:

1. Disturbances caused by wall charges, vibration of electrodes,
faulty contacts, etc. These are largely confined to the lower frequencies
and may be reduced without theoretical limit by more careful tube
design and construction.

2. Flicker effect, caused by random changes in surface conditions
of the emitter. This disturbance is confined chiefly to frequencies
below 500 cycles per second, and may be reduced by choice and treat-
ment of the emitter.

3. Fluctuations in space-charge-limited currents associated with
the random emission of electrons. These disturbances are distributed
uniformly over the whole frequency spectrum from zero to frequencies
such that the electron transit time is comparable with the period.
They are of a fundamental nature.

Because the first two effects are largely confined to the lowest
frequencies and because they may be controlled by well-known means,
this part and subsequent parts of the paper will deal solely with the
third class of fluctuations.

In an attempt to present our work in the form most convenient to
possible readers, whose interests may vary from the purely theoretical
to the intensely practical, we shall divide the material into several
parts, of which this is Part 1. These parts will, in effect, be inde-
pendent papers which may be read separately, though, of course, each
part will use without repetition of proof the pertinent conclusions of
other parts. These parts are as follows: '

Part I. General Survey, by B. J. Thompson.

Part II. Fluctuations in Diodes and Triodes, by D. O. North.

Part III. Fluctuations in Multi-Collector Tubes, by D. O.
North.

Part IV. Fluctuations Caused by Collision Ionization, by B. J.
Thompson and D. O. North.

Part V. Fluctuations in Vacuum-Tube Amplifiers, by W. A.
Harris.



FLUCTUATIONS IN SPACE-CHARGE CURRENTS 61

The titles of Parts II, III, and IV list the major sources of noise
which will be treated separately.

It is the purpose of this general survey to present the historical
and theoretical backgrounds for the individual analyses. Those who
are concerned solely with the application of the results will be inter-
ested chiefly in Part V, since the rest of this part and Parts II, III,
and IV describe how the results are obtained.

B—FLUCTUATIONS IN SPACE-CHARGE-LIMITED DIODES AND TRIODES
1. HISTORICAL SURVEY

Historically, the first publication concerning current fluctuations
was the classic paper by Schottky! in 1918 in which he predicted that
there would be fluctuations in the plate current of a temperature-
limited diode, the mean-square value of which is proportional to the
plate current, the electron charge, and the frequency interval over
which the measurement is made. Subsequently this prediction was
verified experimentally.

In 1928, Nyquist? and Johnson3 published their important papers
showing that there are fluctuations in voltage across the terminals
of an open-circuited resistor, the mean-square value of which is pro-
portional to the resistance, the absolute temperature, and the frequency
interval over which the measurement is made.

It was recognized that these two types of fluctuations set a mini-
mum limit to the magnitude of signal which may be perceived by
means of a vacuum-tube amplifier. As early as 1925, however, it was
recognized that the shot-effect formula of Schottky does not apply
directly to space-charge-limited currents, the careful measurements
of Hull and Williams! having shown a reduction to as low as 16 per
cent of the root-mean-square temperature-limited shot effect. The
question then arose as to the lowest magnitude of fluctuations to be
expected under operating conditions.

One view, attractive in its simplicity, was that in the presence of
“complete space charge” the fluctuations would be zero. The fact that
they were not found to be zero was taken to be an indication of the
lack of complete space charge.

The first attempt at a complete analysis of the problem was that
of Llewellyn’ in 1930. The fluctuations were divided into two com-
ponent parts: that resulting from the lack of complete space charge
(measured by the rate of change of plate current with emission cur-
rent) and appearing as a' fraction of the temperature-limited shot
effect, and that produced by thermal agitations in the plate resistance
of the tube, demonstrated by thermodynamic considerations to be
effectively at the cathode temperature.
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This analysis was widely accepted, but came to be recognized as
suffering from the grave defect that the predicted values of shot effect
or of thermal agitations taken alone often considerably exceeded the
total measured fluctuations. The published measurements of Pearson®
and of F. C. Williams’ and unpublished work of others established
this fact clearly and led to an attempt to obtain agreement between
theory and measurement by dropping the shot-effect component and
making the quite reasonable substitution of cathode resistance for
plate resistance in computing the thermal agitations of a triode.® This
still left an excess of ‘“theoretical”’ over measured fluctuations.

F. C. Williams’ appears to have been the first to point out in a
published paper the fallacy of viewing the anode current fluctuations
as thermal agitations in the internal anode resistance. It seems clear
that thermodynamic reasoning cannot be applied to a situation where
the drift velocities of th2 electrons are greatly in excess of their
thermal velocities.

In November, 1936, Dr. North and I presented at the Rochester
Fall Meeting of the 1. R. E. a brief summary of our theoretical and
experimental work which will form a considerable part of the present
contribution.® As relates to diodes and triodes, it was shown by a
microscopic study of the actual mechanism of reduction of shot effect
by space charge that the magnitude of mean-square current fluctua-
tions should be approximately six-tenths of the thermal agitations in
a resistor equal in magnitude to the cathode resistance at the cathode
temperature. This result was stated to be in agreement with expeari-
mental observations.

At about the same time Schottky published the first!® of a pro-
jected series of papers;!! this constituted the first published attempt
to analyze the actual mechanism of space-charge reduction of shot
effect. Unfortunately, the different effects of different velocity class:s
of electrons were ignored, leading to an erroneous result.

A subsequent paper by Schottky and Spenke!? has corrected the
errors and omissions of the earlier papers. So far as relates to fluctua-
tions in space-charge-limited diodes and triodes, these writers are now
in substantial agreement with the results presented by us in 1936 and
now published in detail.

Rothe and Engbert!® have published a large number of measurs-
ments on a variety of tubes which establish more firmly the experi-
mental facts.

2. NATURE OF THE PROBLEM

The analysis of fluctuations in temperature-limited currents (to
be called true shot effect) is based on the assumptions that the emis-
sion of any one electron is an independent event determined solely by
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chance and uninfluenced by the emission of other electrons at that or
any other time, and that all emitted electrons instantaneously pass
to the anode. Under such conditions, it is shown that the number of
electrons emitted in successive equal time intervals varies according
to the laws of probability and that this variation in number constitutes
a spectrum of alternating-current components having constant ampli-
tude independent of frequency. A tuned circuit through which the
anode current flows will develop a voltage the mean-square value of
which is proportional to the plate current, the square qf the resonant
impedance, and the band width over which the circuit responds. To
give a numerical example, a circuit of 50,000 ohms impedance having
an effective band pass of 10,000 cycles per second through which a
temperature-limited current of one milliampere flows will develop a
voltage of 89 microvolts across its terminals, independent of the
resonant frequency. This prediction has been accurately verified.

The assumption of complete randomness of electron emission
applies equally well to the space-charge-limited case, of course. It is
obvious that the second assumption of instantaneous passage of all
electrons to the anode is not justified, however. The mechanism of
space-charge limitation of anode current is such that part of the
emitted electrons are turned back to the cathode. As the total emission
is arbitrarily increased—by increasing cathode temperature, for
example—a larger fraction of the electrons is turned back. This resul‘s
from the mutual repulsion between electrons, the presence of one
clectron tending to turn back following electrons. It is to be expected,
then, that when an instantaneous excess of electrons over the average
number happens to be emitted, a greater fraction of the total numbexr
of electrons will be returned to the cathode. It follows that the anode
current fluctuations will be reduced by the action of the space charge
to a value less than the true shot effect. We shall call this value the
reduced shot effect.

It seems clear that it will be necessary to examine minutely the
mechanism of space-charge limitation of anode current in order to
determine the effect of space charge on shot effect.

Before proceeding with a discussion of the problem, it may be well
to pause here and clear up several points which have tended to becloud
the technical issues in the past, both by leading to experimental error
and by confusing theoretical discussion.

It has been erroneously stated that, since shot effect is produced
by the arrival of individual discrete electrons at the anode, nothing
may be expected to reduce its magnitude for a given current. Shot
effect is not a matter of the discreteness of the electron, directly. A
current of 1.0 milliampere corresponds to a flow of nearly 10!¢ elec-
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trons per second. If they were to arrive at the anode at a uniform
rate, there would be no frequency component below 10'® cycles per
second.

It has been erroneously stated that shot-effect currents are the
same in the presence of space charge as with temperature limitation
of emission and that the reduction in shot-effect voltage results only
from the shunting effect of the lower anode resistance in the case of
space-charge limitation.

On the other hand, experimental results have frequently been pub-

lished in which the varying shunting effect of the anode resistance
was ignored.

Is

Ege

1T=15enT

+/'#'/I_
Eo la
1
— -Eg 0
.—Eo
Fig. 1

Shot effect is essentially the varying rate of flow of electrons
between cathode and anode brought about by the random rate of emis-
sion of electrons. The study or discussion of current flow in a vacuum
tube is expedited by assuming no external impedance in any electrode
circuit. We shall, therefore, make this assumption, unless otherwise
stated. The fluctuation voltage in the anode circuit for any fluctuation
current may be obtained in the same manner as for varying currents
of other origin: by multiplying the alternating component of current
by the effective anode impedance, including the internal anode resis-
tance in parallel with the external circuit. The internal anode
resistance has no unique influence on shot effect. Of course, measure-
ments of shot effect require an impedance in the circuit. The experi-
mental results presented in these papers represent either the current
which would flow in the electrode circuit without impedance, or the
voltage developed across a stated impedance, including the internal
electrode resistance.
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3. GENERAL THEORETICAL CONSIDERATIONS

In a temperature-limited diode, there is an accelerating field at
the cathode and all emitted electrons pass over to the anode. According
to the well-known formula for true shot effect, the mean-square fluctua-
tion current i’ produced by an anode current I is @ = 2el Af where e
is the electron charge and Af is the frequency band over which the
measurement is made. If the total temperature-limited current I is
divided in any arbitrary fired manner, the mean-square fluctuation
current of any part of the current is tn proportion to that part, thus
corresponding to true shot effect. This is stated axiomatically, and
will be called the principle of fixed division. It applies to divided
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cathodes, divided anodes, selected velocity groups, or any other fixed
division.

Let us consider the velocity distribution of the emitted electrons,
shown in Figure 1. This is really a plot of the current which would
flow to a negative electrode closely surrounding the cathode, the
potential of the electrode being E, and the current flowing to it, I.
As the electrode is made more negative, fewer electrons have sufficient
velocity of emission to reach the electrode against the retarding field.
If the potential be set at —E%,, a current I, will flow to the electrode,
electrons having lower velocity being turned back. Since we are
fixing the division of the total current by the retarding potential
—FE,, there will be true shot-effect fluctuations in current I,.

The potential distribution in the space between cathode and anode
in a parallel-plane diode with space-charge-limited current is repre-
sented in Figure 2. Near the cathode there is a potential minimum of
magnitude E,, (negative) at a distance z,, from the cathode. Between
this potential minimum and the cathode, all electrons having an initial
velocity of emission E, normal to the cathode less than E,, (expressed
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2E e %
in electron volts, the actual velocity being given by v = .
m
where v is the velocity, e is the electron charge, and m is the mass

of the electron) are turned back to the cathode. All electrons with
greater initial velocity pass to the anode. The values of z,, E,, and
plate current I,, may be determined for given cathode temperature,
electron emission, electrode spacing, and anode potential from well-
known analyses.!

From our discussion of the fluctuations in current flowing to a
retarding electrode, we must conclude that, if E,, remains constant, the
fluctuations in plate current of the space-charge-limited diode must be

Eoe
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équal to the true shot-effect value. The study of the effect of space
charge on shot effect is then the study of the behavior of the potential
mintmum with fluctuations in emission.

Qualitative considerations show that E, does not remain fixed,
however. Its value is determined at any instant by the instantaneous
space-charge distribution between cathode and anode. When the
number of electrons having velocities of emission in excess of the
mean value of E,, is momentarily in excess of the average, the number
of electrons passing across the cathode-anode space increases and, as
a result of their space-charge effect, E,, becomes more negative, thus
turning back a certain number of electrons which would otherwise
have passed to the anode. When the number of high-velocity electrons
is less than the average, E,, becomes less negative than the mean value
and some of the lower-velocity electrons are permitted to pass over to
the anode.

To determine the magnitude of the reduced shot effect it is neces-
sary to analyze the quantitative relations between instantaneous
velocity distribution and instantaneous value of potential minimum.
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Let us consider again the velocity distribution of emitted electrons.
Figure 38 shows the current corresponding to the average number of
electrons in each velocity group (£, + AF), where velocity of emission
E, is expressed in volts as before. The total area under the curve (on
to infinity) is equal to the total average emission from the cathode.
The area under the curve to the right of £, (the potential minimum)
is equal to the average anode current. The area to the left of E,,
represents the current turned back to the cathode by the potential
minimum. This curve represents average conditions, only. From our
previously stated principle of fixed division, we know that the current
corresponding to each velocity group of electrons fluctuates at random.
If the velocity increment is made small enough, all electrons in a given
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velocity group have the same space-charge effect on the potential
distribution and, hence, on the potential E,. Knowing as we do the
fluctuations in number of electrons in each group and being able to
calculate the effect of each group on the potential E,, we are in a
position to determine the over-all net fluctuations.

To simplify the physical viewpoint in this analysis, let us consider
a vacuum tube in cross-section, Figure 4. We may say that, since the
fluctuations in current are small compared to the average current, the
fluctuations in ¥, are small compared to the average value of E,,. We
may then apply the principle of superposition. Let us say that the
emission is constant outside of the differential strip dy. Within dy
it fluctuates at random. E,, is, of course, constant except for infinitesi-
mal changes produced by fluctuations in emission within dy. An excess
number of electrons of any velocity group emitted within dy will pass
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to the anode if their initial velocity E, is greater than E,, or will be
returned to the cathode if it is less than F,,. Whichever course they
take, their effect on F, (an infinitesimal effect) may be calculated.
Suppose a group of electrons having a velocity greater than E, be
emitted. These electrons pass on to the anode and, on their way, add
to the space charge and depress the potential E,, over a considerable
area. This lowering of E,, turns back some of the lower velocity elec-
trons in the region adjacent to dy, so that, in effect, there is a com-
pensating current flowing in the opposite direction which reduces the
effect of the original group of electrons.

If the velocity of this group of electrons is less than E,,, none of
the electrons reach the anode hut E,, is depressed by the additional
space charge, with the result that there is a reduction in anode cur-
rent.

For each velocity group of electrons in dy which reaches the anode
there is, then, a compensating current in the opposite direction the
magnitude of which depends on the velocity of the electrons. The net
current pulse due to this group of electrons is the difference between
the current flow corresponding to the electrons and the compensating
current.

For each velocity group of electrons which fails to reach the anode,
there is a negative pulse of anode current, the magnitude of which
depends on the velocity of the electrons.

By integrating in the proper way the effect of each velocity group
of electrons in dy on the resulting anode current we may find the net
fluctuations produced by the random emission of all the current in dy.
Integrating over the entire cathode area will then give us the total
fluctuations in current.

Simple considerations show that it is really unnecessary to inte-
grate over the whole cathode surface, however. The effect of a given
velocity group of electrons emitted in one place is the same as that of a
similar group distributed over the entire cathode surface, so long as
the group is infinitesimal in size. We may, then, for analytical pur-
poses equally well consider the velocity groups distributed over the
entire cathode surface. The actual mathematical process to be fol-
lowed will then be the dividing of the total cathode emission into an
infinite number of velocity groups, the multiplying of the mean-square
fluctuation current corresponding to each velocity group by a factor
indicating the relative effect of electrons of each velocity on the anode
current, and the integrating of the product for the entire range of
velocities. The result is the total mean-square fluctuation in anode
current.
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In the above discussion it is implicitly assumed that a fluctuation
involving a given velocity group of electrons persists long enough for
a new equilibrium to be established. This simplifies the analysis, but
renders it inapplicable to frequencies such that the transit time of an
electron is comparable with the period—frequencies of several hundred
megacycles per second in usual tubes.

The application of the diode analysis to triodes is obvious. We see
that the addition of a negative grid between cathode and anode has
little effect on the fluctuation current for a given anode current, but
chiefly serves to alter the internal anode resistance of the tube.

It has been customary to view reduced shot effect and thermal

agitation as identical, or at least closely related. The above discussion
had laid the background for an analysis without mention of thermal
agitations nor has any mechanism for establishing thermal equilibrium
between the electron stream and the cathode been found or assumed.
Does this mean that the thermal-agitations viewpoint is considered
false? .
The answer is yes to the extent that that viewpoint is used as a
means of predicting the reduced shot effect without detailed micro-
scopic analysis. Reduced shot effect is essentially shot effect in the
presence of space charge and should be approached from the shot-
effect and space-charge viewpoints. The thermal-agitations viewpoint
is useful only in the interpretation and application of the results.

Part II continues the above analysis and presents an experimental
verification of the results.

C—FLUCTUATIONS IN PosITIVE-GRID TUBES.
1. HISTORICAL INTRODUCTION.

Comparatjvely little attention has been accorded to the question
of current fluctuations in screen-grid tubes, it being generally im-
plicitly assumed that, where the cathode current divides between two
electrodes such as the screen and the anode, the fluctuations would
divide in the same manner. (Here I ignore the question of thermal
agitations in the plate resistance, for so far as I know this concept
has never been seriously applied to screen-grid tubes.) It was fairly
generally recognized, however, that triodes were ‘quieter” than
tetrodes and pentodes, though a very great deal of confusion was
introduced by a general failure to take into proper consideration the
greater shunting effect of the lower plate resistance of triodes.

About 1933, Mr. Stuart Ballantine very courteously told me of his
experimental results which showed greater fluctuations in the anode
current of screen-grid tetrodes than in that of triodes. He was able
to account for this by the fluctuations in emission of secondary elec-
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trons from the screen grid. Measurements which I undertook as a
result of this with suppressor-grid pentodes seemed to show that this
explanation, while undoubtedly based on an existing phenomenon, was
incomplete, since no important difference in fluctuations appeared to
exist between tetrodes and pentodes although it was known that the
suppressor grid effectively prevented secondary emission.

In 1935, Messrs. S. W. Seeley and W. S. Barden called to the atten-
tion of Dr. North and me their ingenious measurements!> with sup-
pressor-grid pentodes in which a resistance in the cathode circuit
(see Figure 5) should ‘“‘degenerate” practically all cathode-current
fluctuations, and, therefore, should eliminate the component of anode-
current fluctuations resulting therefrom. Nevertheless, they observed
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large fluctuations in the anode current. These could not be accounted
for by thermal agitations in the cathode resistor. The conclusion was,
therefore, that there was a fluctuation in division of current between
screen and gnode. That this was so they verified by direct meas-
urement,

On the explanation of the Seeley and Barden effect is based the
analysis presented in Part III by North. This analysis was made
immediately after the discussion with Messrs. Seeley and Barden. It
was presented in brief at the Rochester Fall Meeting of I. R, E. in
November, 1936.°

In December 1937, Rothe and Engbert!* published a qualitative
theory which explains the fluctuations in division of current between
screen and anode as resulting from the chance determination of the
destination of the electrons which either strike close to edges of the
screen wires or pass on to the anode after narrowly missing the wire.
The measurements which they report are in agreement with those
reported by us.
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2. THEORETICAL CONSIDERATIONS

The explanation of the fluctuation in division of the eurrent be-
tween screen and anode which was offered (and later developed in
detail by Dr. North) is as follows:

Consider a vacuum tube as shown in cross section in Figure 6.
Suppose that an excess number of electrons of high velocity is emitted
over some short period of time at point (a). These electrons will pass
through the region of potential minimum and will pass on to the posi-
tive screen-grid wire directly before them (the negative control grid
is omitted for simplicity). On their way, they increase the space
charge of the space through which they pass to greater than the
normal value. This increase in space charge depresses the potential
of the potential minimum, thus bringing about a reduction in current
below the normal value in the area surrounding the closely confined
initial impulse in the manner discussed under (C). This reduction in
current is in effect a compensating current flowing in the opposite
direction to the initial impulse. The difference between the two cur-
rents is the net fluctuation which would exist in a diode.

In the case of the positive-grid tube, however, the initial impulse
just considered went entirely to the screen grid. The compensating
current, being distributed over a considerable area, divides between
screen and anode almost as the average current divides. If the screen-
grid current is a small fraction of the anode current, the screen-current
fluctuations will be almost uncompensated and it would, therefore, be
expected that the magnitude of these fluctuations would be given by
the formula for true shot effect. If the net cathode-current fluctuations
are small, the plate-current fluctuations must be approximately the
same as the screen fluctuations.

Of course, this explanation ignores the effect of the cathode resistor
in the Seeley and Barden experiment. The degenerative fluctuation
voltage fed back to the grid through the action of this resistor merely
makes more certain that the compensating current is distributed over
a large cathode area. )

Rothe and Engbert!® have assumed that the arrival of a certain
class of electrons at the screen is entirely fortuitous. That is, electrons
emitted directly under the edge of the screen wire have the same
chance of reaching the screen wire as of reaching the anode. This
leads to the conclusion that some fraction of the current in the screen
should fluctuate at random.

This last analysis should lead to correct results for extremely
minute grid wires, such that the motions of electrons in directions
parallel to the cathode as the result of random velocities of emission
would be large compared to the grid wire diameter. It appears, how-
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ever, that it would be difficult to apply quantitatively in the practical
case, The analysis presented by North should give quantitatively cor-
rect results in the case of infinitesimal as well as of finite collectors.

In the event that an intermediate collector of current intercepts
a large continuous area, the conclusions arrived at by North would be
invalid. This is because the fluctuation in distribution of current could
occur only at the boundaries of the large area.

D—FLUCTUATIONS CAUSED BY COLLISION IONIZATION

No vacuum tube is perfectly evacuated. The residual gas molecules
will occasionally be struck by an electron on its way from cathode to
anode. If the velocity of the electron is sufficient, the molecule may
lose an electron, thus becoming a positive ion. The effect of the positive
ion is well known to be that of increasing the electron current which
may flow across the space. Inasmuch as the formation of positive ions
is a random event, the current produced by them must fluctuate at
random, and thus be a source of noise.

The existence of such an effect has long been recognized. Ballan-
tine!® in 1933 analyzed the effect of a single ion and from that arrived
at the nature of the qualitative relationship between ion current and
plate-current fluctuations. He found experimentally that this relation-
ship was correct. It was not possible, however, to determine analyt-
ically the magnitude of fluctuations to be expected.

In Part IV of this paper, I present an analysis which was carried
out in 1933. This treats the flow of positive ions toward the cathode
as the movement of a positively charged continuous stream through
the negatively charged electron stream, in the same manner as is con-
ventionally done in treatments of electron-space-charge effects. This
is a great simplification as compared with Ballantine’s analysis of the
effects of a single ion. It is justified because it may readily be shown
that the average distance between ions is extremely small as compared
with electrode spacings, even under conditions most unfavorable to
the assumption.

E—OTHER SOURCES OF FLUCTUATIONS

We have already considered the fluctuations caused by random
emission of electrons from the cathode, by inconstant division of cur-
rent between positive electrodes, and by varying production of positive
ions. There are other sources of fluctuations.

It is well known that positive ions may be emitted from a hot
cathode or may be formed at its surface and that these ions cause
fluctuations in cathode current.!” Experimentally, we have detected
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the effects of such ions only in special cases. Under normal conditions
this source of fluctuations need not be considered.

Flicker effect, wall charges, microphonics, etc., have been mentioned
and dismissed from our present consideration.

Secondary emission from the screen grid plays a small part in
determining the fluctuations in current of screen-grid. tetrodes. The
prevailing use of suppressor-grid pentodes makes it unnecessary to
concern ourselves with this.

Grid current produced by gas ionization will develop a fluctuation
voltage in an impedance in the grid circuit according to the shot-effect
formula. With usual values of grid current this fluctuation voltage
may be ignored, though it may readily be taken account of if necessary.

The analyses which have been made do not apply at the highest
frequencies. Further, at ultra-high frequencies there are other sources
of noise. These matters we hope to discuss in another paper.

F—CoNCLUSION

This introductory part of our paper has, by its nature, been devoid
of results. The succeeding parts, of which the next is Part II, Fluctua-
tions in Diodes and Triodes, by D. O. North, will continue the analyses
by more rigorous methods and will present the results.

REFERENCES

1 W. Schottky, “Spontaneous Current Fluctuations In Various Conduc-
tors”, Ann. Physik, 57, pp. 5641-567, (1918).

2 H. Nyquist, “Thermal Agitation of Electric Charge in Conductors”,
Phys. Rev., Vol. 32, No. 1, pp. 110-113, July, (1928). '

3J. B. Johnson, “Thermal Agitation of Electricity in Conductors”, Phys.
Rev., Vol. 32, No. 1, pp. 97-109, July, (1928).

1 A. W. Hull and N. H. Williams, “Determination of Elementary Charge
E from Measurements of Shot Effect”, Phys. Rev., Vol. 25, No. 2, pp. 147-173,
February, (1925).

5 F. B. Llewellyn, “A Study of Noise in Vacuum Tubes and Attached
Circuits”, Proc. I.R.E., Vol. 18, No. 2, pp. 243-265, February, (1930).

6G. L. Pearson, “Shot Effect and Thermal Agitation in an Electron
?in‘:;;;lt Limited by Space Charge”; Physics, Vol. 6, No. 1, pp. 6-9; January,
9 .

7 F. C. Williams, “Fluctuation Voltages in Diodes and in Multi-electrode
Valves”; Journ. I.LE.E., Vol. 79, No. 477, pp. 349-360; September, (1936).

8 This method of calculating the fluctuations in a triode was suggested
by Mr. W. A. Harris in a discussion of a paper at the Rochester Fall Meet-
ing of L.LR.E., November, (1935).

9B. J. Thompson and D. O. North, “Shot effect in space-charge-limited
vacuum tubes”, Electronics, Vol. 9, No. 11, p. 31, November, (1936). (Sum-
mary)

B. J. Thompson, Electronics, Vol. 10, No. 2, p. 34, February, (1937).
(Letter)

10 W, Schottky, “Shot Effect and the Virtual Cathode”, Die Telefunken-
rohre, Vol. 8, pp. 175-195, (1936).



74 ELECTRON TUBES, Volume 1

11'W. Schottky, “The Connection Between Corpuscular and Thermal
Fluctuations in Electron Tubes”; Z. Physik, Vol. 104, pp. 248-274, (1937).

12 W, Schottky and E. Spenke, “The Space-Charge Reduction of Shot
Effect”, Wissenschaftliche Verdffentlichunpen aus den Siemens-Werken,
Vol. 16, No. 2, pp. 1-41; July, (1937).

13 H. Rothe and W. Engbert, “The Fluctuation Noise of Amplifier Tubes
in the Range between 150 and 15,000 Kilocycles per second”, Die Telefunken-
Rohre, No. 11, pp. 183-212, December, (1937).

141, Langmuir and K. T. Compton, “Electrical Discharges in Gases;
Part II”; Reviews of Modern Physics, Vol. 3, No. 2, pp. 241-245, April,
(1931).

135S, W, Seeley and W. S. Barden, a paper presented at the Rochester
Fall Meeting of I.R.E., November, (1985).

16 S. Ballantine, “Fluctuation Noise Due to Collision Ionization in Elec-
t(ronic) Amplifier Tubes”, Physics, Vol. 4, No. 9, pp. 294-306; September,

1933).

17.{. S. Donal, Jr., “Abnormal Shot-Effect of Tons of Tungstous and

Tungstic Oxide”, Phys. Rev., Vol. 36, pp. 1172-1189, October 1st, (1930).



FLUCTUATIONS IN SPACE-CHARGE CURRENTS 75

PART II—DIODES AND NEGATIVE-GRID TRIODES
By DwiGHT O. NORTH '

Summary—A quantitative theory of shot effect in the parallel-plane
diode is formulated for any degree of space charge, and for frequencies
such that transit-time effects are of no concern. Beginning with the steady-
state description of a diode showing a Maxwell-Boltzmann distribution of
emission velocities, the theory i8 founded upon a determination of the new
steady state which results from the injection of a small additional emission
comprised of electrons of a specified velocity.

The fluctuations in a diode current I are expressed by
T=T? . 2elAf.

For a temperature-limited diode it has long been known that I'*—=1. For
a diode with anode potential sufficiently negative (retarding field), I* =1
also. For the usual space-charged-limited case, i.e., any instance in which
there is a virtual cathode, I* is less than unity, but in this paper I* is
computed by numerical integration for only those instances in which the
anode current is a small fraction of the emission.

In this last case the shot-effect formula is also written, phenomeno-
logically, to correspond with Nyquist’s well-known expression for thermal
agitation in a passive network of conductance g, thus:

=20 - 4kTgNf.

Here T 13 absolule cathode temperature and g is diode conductance. The

2
dimensionless factor 0 is found to be virtually a constant (0 N-—-—)
3

for the whole range of nmormal anode potentials with asymptotic value,

aT
o~s(1-1)
4

in the limit of high anode potential. That is, the mean-square moise gen-
erated by emission fluctuations is roughly mumerically equal to two-thirds
of the noise of thermal agitation generated by a resistance of magnitude
equal to the a-c resistance of the diode and possessing a temperature equal
to the cathode temperature.

The theory is extended to cover shot effect in the anode circuit of a
triode with negative grid. Unless the amplification factor p is very low,
the same formulas apply, except that g is now interpreted as the con-
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ductance of the ‘“equivalent diode”. Following recent practice, the anode-
circuit shot effect is exressed in terms of an ohmic resistance Ror; at room
temperature To in the grid circuit, the thermal agitation of which produces
an equal fluctuation in the anode circuit, thus:

] T 1
Rytf=— + — + —,
a To gn
gm .
where gm is the tramsconductance and o = —. For modern tubes, o lies
g

between 0.5 and unity.

The diode in thermal equilibrtum (diode of any geometry, all at one
temperature, no source of energy) 18 analyzed to show that the fluctuations
can be quantitatively reckoned as either shot effect or thermal agitation
with the same numerical results. It is argued that here only can these
distinct concepts be merged into one.

Diode measurements show noise consistently higher thon the theoretical
predictions, the factor of disagreement amounting to an order of magnitude
at high currents. This is qualitatively accounted for in a satisfactory man-
ner in terms of a small amount of elastic reflection of electrons at the anode,
an hyopthesis supported by published experimental work.

Negative-grid triodes are usually not subject to such complications;
this is evidenced by good agreement between the triode formulas and
measurements of a variety of modern tubes, including not only the usual
quasi-cylindrical structures, but even one flat structure with a V-type
filament. The theory is, therefore, believed to be extensively valuable as
a guide to low-noise amplifier design.

THEORY

INTRODUCTION AND REVIEW OF STEADY STATE

N PART I it was shown that an adequate analysis of space-charge-
l reduced shot effect must recognize that the reduction associated

with fluctuations in emission of electrons having a specified emis-
sion velocity is, inter alia, a function of that velocity. This investiga-
tion will, therefore, be confined initially to ascertaining the net fluc-
tuations in current which occur as a consequence of true shot fluctus-
tions in the emission of electrons of a specified velocity. The total
reduced shot effect, measurable in a -suitably connected circuit, will
then be established by summing over the whole gamut of initial
velocities. :

It can be seen immediately that the character of the results will
be determined largely by the Maxwell-Boltzmann (M-B) laws of dis-
tribution. At the same time it becomes apparent that the theory will
have to be founded upon a steady-state description which embodies
these laws. As often happens, the processes of analysis are impeded
least by confining ourselves to a parallel-plane model, for the desired
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description of the steady state is well known.?2?¢ Whether or not the
results obtained can be applied to other types of structure is a question
relegated to subsequent experimental studies. The treatment and
notation of Fry and of Langmuir will be employed here inasmuch as
these references are likely to be most accessible. To conserve space
and to avoid unreasonable repetition of these published works, it will
be assumed henceforth that the reader is acquainted with the general
nature of these papers, particularly the work of Fry.

The steady-state potential within a space-charge-limited parallel-
plane diode, the cathode of which produces an unlimited supply of elec-
trons with zero emission velocity, is represented by the well-known

expression,
E!< 97 /‘/—-1> /3, (1)

in which E is the potential at a distance x from the cathode, 7 is the
cathode current per unit area, s is the mass of an electron, and e its
charge (throughout, this symbol implies a positive quantity). The
potential of such a hypothetical case is illustrated by curve A of Fig-
ure 1,

In actuality there is a finite emission current I, per unit area
possessing a M-B distribution described by the usual exponential law.
If we let v, be the normal component of an electron’s initial veloc1ty,
and if we define two useful equivalent potentials, thus

1 kT
—mvli=eV, — =V, (2)
2 e
one aspect of the M-B distribution can be written
Ve
I, v,
dly=—-¢ dv,. 3)

In (2), k is Boltzmann’s constant (= 1.37 X 10— ergs/°K), and T is
the absolute cathode temperature. Equation (3) defines the portion

1 P, S. Epstein, “Theory of Space-Charge Effects,” Verh. d. Deut. Phys.
Gesell Vol. 21, p. 85, (1919).

2. Fry “The Thermionic Current Between Parallel Plane E]ec-
trodes: Velocities of Emission Distributed According to Maxwell’s Law,”
Phys. Rev., Vol. 17, p. 441, (1921).

3 1. Langmuir, “The Effect of Space Charge and Initial Velocities on
the Potential Distribution and Thermionic Current Between Parallel Plane
Electrodes,” Phys. Rev. Vol. 21, p. 419, (1923).

4. Langmuir and K. T. Compton “Electrical Discharges in Gases,”
Rev. Mod. Phys., Vol. 3, p. 191, (1931).
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dl,, of the total emission eurrent I,, composed of electrons whose initial
normal velocities, expressed in terms of the equivalent potential V,,
lie within the narrow limits V, and V, + dV,. The actual potential
function, therefore, has the appearance of curve B, the potential
minimum E,, adjacent to the cathode serving as a gate which permits
electrons of higher velocity to proceed to the plate., These constitute
the cathode (or anode) current /. The rest of /,, consisting of electrons

whose emission velocities are such that —m v < |e E,,|, is returned
2

CATHODE ANODC

E B

o]
? X —>
Em

—{ Xm

Fig. 1—Potential functions in a space-charged-limited diode.

to the cathode without having crossed the potential minimum or
“virtual” cathode.

The potential function in this case is best described by replacing
E and z by quantities » and £, respectively, having the following
definitions,

E—-F,
§=— (42)
Ve
T 3/4
=4 ——~—> ml/t eV/2 V2 (x — 2,,). (4b)
2kT

It should be noted that the origin of coordinates is thereby shifted to
the potential minimum. In the a-space, to the left of the virtual
cathode, ¢ is negative; in the B-space, to the right of the virtual
cathode, £ is positive; while 7 is positive in both spaces. The steady-
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state potential distribution then appears, in Fry’s notation, as the
solution of the cryptic differential equation,

--¢ n)» 5)
|

¢ (n) being shorthand for either of two expressions,

40
- la-space B -SPACE /I
”
30 /
/
4
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Fig. 2—Solutions of the differential equation: (T) =¢(n).
3

2

¢ (1) =£”“II< /% — e erf T]’”). (6)

™

The upper sign is used for the a-space, the lower sign for the f-space,
and the error function is defined:

2 Yy
erfy=—— et dx (1)
EA
The solution of this equation has already been effected by mechan-
ical means, with the assistance of series approximations. It is plotted
in Figure 2 which, in terms of » and £, embodies all plots of £ against
z, such as curve B, Figure 1. The solution is tabulated in Table I,
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taken intact from Langmuir’s paper.! In Table II there are listed the
values of ¢, for values of » <10, and of ¢g for values of 7 < 100.
These were calculated directly from (6) with the help of tables of
the error function, except for values of ¢z for n > 1 which were com-
puted from the asymptotic series. The series expansions are very
valuable in checking the tables, and, in addition, give much informa-
tion as to the behavior of the functions.

TABLE 1
7 —&a és 7 —& & 7 —& és
0.00 0.0000 0.0000 3.0 2.2338 4.4750 20 2.5538 14.8260
0.05 0.4281 0.4657 3.2 22650 4.6524 25 25539 17.1931
0.10 0.5941 0.6693 34 22930 4.8261 30 19.4253
0.15 0.7167 0.8296 3.6 2.3183 4.9963 35 21.5522
0.20 0.8170 0.9674 3.8 23410 5.1634 40 23.5939
0.25 0.9028 1.0909 4.0 23615 5.3274 45 25.5643
0.30 0.9785 1.2042 4.5 2.4044 5.7259 50 27.4740
0.35 1.0464 1.3098 5.0 24376 6.1098 60 31.141
0.40 1.1081 1.4092 5.5 2.4634 6.4811 70 34.642
0.45 1.1648 1.5035 6.0 2.4834 6.8416 80 38.007
0.50 1.2173 1.5936 6.5 2.4990 17.1924 90 41.258
0.6 13120 1.7636 7.0 25112 17.5345 100 44.412
0.7 1.3956 1.9224 7.5 2.5206 17.8690 150 59.086
0.8 1.4704 2.0725 8.0 2.5280 8.1963 200 72.479
0.9 1.5380 2.2154 9.0 2.5382 8.8323 300 96.877
1.0 1.5996 2.3522 10 2.5444 9.4465 400 119.185
1.1 1.6561 2.4839 11 2.5481 10.0417 500 140.068
1.2 1.7081 2.6110 12 2.5504 10.6204 600 159.885
1.4 1.8009 2.8539 13 2.5518 11.1845 700 178.861
1.6 1.8813 3.0842 14 2.5526 11.7355 800 197.146
1.8 1.9515 3.3040 15 2.5531 12.2747 900 214.850
2.0 2.0134 3.5151 16 2.5534 12.8032 1000 2.5539 232.054
2.2  2.0681 3.7187 18 25537 13.8313 ‘
2.4 21168 3.9158
2.6 21602 4.1071
2.8 21990 4.2934

When 7 << 1,
1 1
$gt(m) = | n+—2* +—7]3+——— —77+_,7+__,
2 W
When n >> 1,
2 1 1 3 15
duly) ~ 27— — !t —1—— 1——F—
V7 Vg2 27y 47>  8»®

2 - 1 1 3 15
dp(n) ~ 74 1+ ——— +— 4|1

™

t Langmuir, loc. cit.

-

:3)
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TABLE 11

7 e () ¢s(n) n ¢p(n)
0.00 0.0000 0.0000 10 2.75
0.01 0.0109 0.0093 15 3.51
0.02 0.0224 0.0180 20 417
0.03 0.0345 0.0265 25 4.75
0.04 0.0469 0.0347 30 5.29
0.05 0.0599 0.0427 35 5.77
0.06 0.0731 0.0505 40 6.23
0.07 0.0867 0.0583 45 6.65
0.08 0.1009 0.0657 50 7.06
0.09 0.1153 0.0731 60 7.81
0.1 0.1300 0.0804 70 8.51
0.2 0.2944 0.1484 80 9.15
0.3 0.4897 0.2101 90 9.77
0.4 0.7164 0.2672 100 10.32
0.5 0.9764 0.3210
0.6 1.2722 0.3720
0.7 1.6068 0.4208
0.8 1.9836 0.4674
0.9 2.4067 0.5125
1. 2.8806 0.5560
2. 11.846 0.932
3. 36.94 1.23
4. 105.68 1.50
5. 293.1 1.77
6. 802.8 1.99
7. 2,190 2.20
8. 5,960 2.39
9.

16,200 2.57

It will be convenient to use Subscripts 1 and 2 to denote values of
quantities such as £ or 5 at the cathode and anode, respectively. This
brief description of the steady state is then completed by observing
that

I/I,=¢m, 9)

When I, I, and T are specified, the operating voltage (E,— E,) can
be found! by first evaluating 5, from (9). The value of £, is then
located in Table I. Knowledge of the distance (x, — x,) between elec-
trodes permits £, to be derived from (4b). The value of 7, is then
located in Table I, and the desired (E, — E,) from (4a). The process
of finding I, when the operating potential is specified, follows the same
tactics; various values of I are assumed and the corresponding poten-
tials determined; the I which corresponds to the specified (E,—E,)
is then located by interpolation or read from a current-voltage plot.

1 Langmuir and Compton, loc. cit.
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ANALYSIS OF SHOT FLUCTUATIONS

Upon this steady-state foundation the succeeding analysis of fluc-
tuations will be constructed. Inasmuch as all of the work entails
numerical integration, one very important simplifying assumption
will be made. It will be supposed that

I/, 0. (10)

In effect, this means that £, will always be assigned the asymptotic
value, —2.554, which is suggested by Figure 2 and tabulated in Table I.
Although this may at first appear to be a most severe limitation, it
is not, in fact. For example, reference to Table I shows that £, is only
169 below its asymptotic value when 5, = 3.0, which is to say, in view
of (9), when I/I,=¢3%~1/20. One may expect to run across dis-
agreement between theory and measurement on this account in case
thoriated or pure-tungsten emitters are used. But, ordinarily, oxide-
coated cathodes produce enough emission to place I/I, far below the
figure cited, so that, in such applications, the assignment of discrep-
ancies to this limitation of theory will not be just. Nevertheless one
should not lose sight of the assumption, for it is tantamount to what
might be termed “complete space-charge limitation”, and the final
expressions to be evolved are valid only in this domain. If, for instance,
the noise is measured while the cathode temperature (emission) is
slowly dropped, one should expect the measured shot effect to depart
eventually from the theoretical value given in this paper, and to move
to higher levels through an uncharted region, finally arriving at a
magnitude prescribed by Schottky’s original formula for true tem-
perature-limited shot effect simultaneously with the disappearance of
the last vestige of a virtual cathode. The transition region is left
unanalyzed in this paper, not because it is not understood, but simply
because it requires much crank turning, yet promises little of practical
interest.

The only further limitation of note is the confinement of discussion
to frequencies low compared with the reciprocal of the electron transit
time. Although there is every need for an understanding of shot
fluctuations at ultra-high frequencies, it comes not on the wings of
the morning, but only through a comprehension of the phenomena at
frequencies unmolested by transit angles. This particular limitation
simplifies the treatment tremendously. For, as pointed out in Part I,
we shall consequently be concerned with fluctuations of a duration
great enough that the analysis need only search for the description
of the new equilibrium state into which the diode settles when, 1n
addition to its original emission I,, one admits a small steady incre-
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ment i, (v,) possessing a specified normal emission velocity v,. Despite
the fact that fluctuations in emission really do occur at random over
the surface of the cathode, so that, to be exact, every emerging electron
should be regarded as a “noise” electron, we shall nevertheless suppose
i, to be spread uniformly over the cathode area, even as I, itself. That
no precision is sacrificed through use of this artifice was proven in
Part I, where the question was discussed in detail.

Hereafter, for brevity, we shall suppose the cathode potential to
be zero (E; =0). As before, we shall replace »; by an equivalent
potential V defined in the manner of (2),

1
—mvii=c¢eV, . (11)
2

Let us further define a dimensionless quantity,

VB + E"l
A= (12)
Ve

it being understood that E,, is negative. This quantity can be used in
place of v, to designate the emission velocity of electrons comprising
.. If v, be chosen so that i, crosses the potential minimum to strike
the anode (V,> —E,,), A is positive. For smaller choice of v, such
that the electrons proceed only part way to the potential minimum,
stop, and return to the cathode, A is negative; in fact, — 5, <A <0,
the lower limit corresponding to v, = 0. In the 5, £ diagram, Figure 2,
the turning point for these electrons will, of course, be a function of A
and will be that point for which = — A,

We are now prepared to construct a—for the moment—purely
formal expression for the space-charge-reduced shot current fluctua-
tions in the anode circuit. For every i,(A) we shall find the new
equilibrium current I (identified with a fixed emission I,, and there-
fore not including 7,(A) itself) which flows in the presence of 7,(A).
This permits a determination of the net increase in anode current
over the steady-state I which flows in the absence of i,(A). Both I
and I are to be evaluated under the assumption that the electrode
spacing and operating voltage are held fixed.* The ratio of this net
increase in anode current to the quantity 7,(A) will, for small 7,, be a
function of A and not i,. It will be denoted by y(A) and is of value

* In Part I it was shown that the basic quantity to be determined is
the fluctuation current. The voltage it produces across a connected circuit
is only a simple problem in algebra involving both the external circuit and
the internal impedance of the tube. Fluctuations of the latter, although
certainly present, being initiated by fluctuations in space charge, represent
a negligible contribution to the fluctuation voltage and will not be further
discussed.
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in that it represents the linear reduction factor by which a change in
emission is converted into a change in plate current. Now confining
our attention to the emission current d/, composed of electrons whose
normal emission velocities lie between A and A + dA, we find from (3),
(9), and (12) that its magnitude is

dly =1 dA (13)

This differential-sized emission current exhibits true shot fluctuations,
expressible by the following well-known formula for the mean-square
fluctuation current i 1n a band width Af-

d (i), = 2e(dl) A, (14)
or. in terms of (13)

d (i), = 2elAf (e d)). (15)
But every variation in emission is, as we have said, linearly reduced at
the anode by the factor y(A) The resulting fluctuations in anode

current to be associated with electrons of this velocity class are,
therefore,

d (@) =2elaf [y*(A) e dA]. (16)

Since the fluctuations in emission of one velocity class are presumably
independent of fluctuations in all other classes, the total fluctuation
current in the anode circuit is the integral of (16) over A:

2= Zelaf/ Y?(A) e dA. (17)

m

The quantity 2elAf is recognized as the true shot effect to be
expected from a temperature-limited current I. The mean-square
fluctuations in the present space-charge-limited current I are, there-
fore, reduced below the true shot effect by the factor,

I"-’:/ y2(A) e dA. (18)
—m

This is the quantity of principal interest. The evaluation of the
integral will be treated in two sections, thus:

It = T,2 4 T

o o (19)
Fa2:/ Y (AYe—MdA, Fﬁz :/ y2(A)e~MdA.
-m o
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The subscripts « and B are appropriately used to signify the reduction
factors associated with the two main groups of electrons, those whose
emission velocities are insufficient to take them across the virtual
cathode and out of the a-space, and those whose velocities permit them
to enter the B-space and thus proceed to the anode. It should be
observed that there is an intrinsic distinction to be made here, namely,
fluctuations 7, (A > 0) contribute directly to the anode current, whereas
fluctuations 7,(A < 0) do not.

More precisely,

I1—171
y(A) = , — 7 < A <0, a-group,
ts(A)
200
f—1 '
y(A) =1+ ,0 < A < o, B-group. .
1,(A)

Inasmuch as the great majority of a-group electrons are returned
before coming very near to the potential minimum, we should expect
to find T',? << Tg This will be borne out in the succeeding analysis.
Furthermore, for either group, one should expect L)im %(A) = -,
since an electron which comes permanently to rest* in the virtual
cathode produces a permanent decrease in plate current. And yet, for
the B-group, Lim y (1) =1, since the influence of an electron in transit
A= 0

must be a monotonic decreasing function of its transit time. It follows
that there must be a certain A >0 such that y(A) =0. One should
reasonably expect this A to correspond to a velocity at the virtual
cathode roughly equal to the mean velocity of the M-B current I at
the same point. In other words, one should predict y(A) =0, for
A ~m/4. This also will be verified.

EVALUATION OF T'g?
When, in addition to the M-B emission J;, a current i,(A > 0) is
produced at the cathode, the anode current I which is derived from I,
can be represented as the solution .of

dp\2 & 2 . .
<-> =TT VA=V :l+qb(77) (21)
d I /=

* The nature of the potential function in the vicinity of the virtual
cathode, (8), permits this view, for it shows that an electron just able to
reach the potential minimum requires an infinite transit time.
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or
dp\?* <
—) =—F (n,A) + ¢ (1) (22)
d¢ 1
where
2
F(n,)\)*—‘-—;[\/n+)\—\/x]. (23)
Vo

This expression is valid in both the - and B-spaces, with the under-
standing that the appropriate form of ¢ (1) be employed in each case,
cf. (6). The construction of (21) will not be entered into; the reader
will find it simple enough if he avails himself of the methods employed
by Fry in developing the basic equation (5). That (21) is correct can
be inferred from the following useful identity:

/ F(pA) e d = (7). (24)

This means, naturally, that if, instead of confining i, to a specified
velocity A, we distribute its velocities so that at the virtual cathode 7,
has the same velocity distribution as I, (21) reduces to the same form
as (5) in the B-space, which not only is absolutely necessary, but
should be sufficiently convincing that (21) .is properly constructed.

Now, since we always assume ¢, << I, and I, we shall continually
neglect all but the lowest power of ¢,/I or 7,/I. The differential equa-
tion can, therefore, be written

14, F(pA) dn
dé=x| 1——— . (25)
21 ¢(m oM~

where the proper sign is to be used for each space.

For the B-space:—

A A
Integrate (25), 0 < £<&,0 << 7,

A

N
G 1i, % PO
§2=/ ot — dy. (26)
o ¢ﬂ(77)l/2 2 1 A ‘nbﬂ("l)x/: .

Solution of the unperturbed problem, (5), gives
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n dn
£y = _ (26a)
o ¢ﬁ(7’)1/2

A A
The differences (n —17) and (£ —£) evaluated at end points are also
to be looked upon as first-order infinitesimals The difference between
(26) and (26a) is, therefore,

A v

A N2 — N2 14, " F(nA)

£ —dn (27)
dp(n)? 2 I ), ¢s(n)3n

—fm—

For the a-space:—
A similar treatment shows

A
T — M 1 e, ™ F(q,A)
+ —— —dy (28)

A
—&=~—
Saln)1? 2 I Jo  dalm)i?

We shall set up the difference between (27) and (28) First, however,

we define

1
D=—(§—- £+ ¢5(7,2)—1/2 + @a ()12 (29)
2

Then observe that, for small variations, and with the aforementioned
stipulation that the operating potential is invariant, there follows from
the definitions. (4a) and (4b)*

N A Em_Em 1 -1
M MmE M M=
2 2 1 1 Ve f ]

I
g
|
I
1

(30)

A A f_ I—1
(EZ—gl)—(‘f2_§l):(£2_$l) 7—1. :“(fn—‘fl ] '

When (29) and (30) are used in taking the difference of (27) and
(28), rearrangement of terms shows

i - I F(n,)») " F(9,A)
= — dn + —dn |.
. 95..(7))“/" o Ps(n)3?
The negative sign confirms the view that every transit of an electron

of this group effects a momentary drop in the M-B space current. With
regard to (20), we have finally:
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F(n,/\) ®F(A)
y(A)= 1——~ dn + —dn |. (31)
AZ0 <f>.y(n)3/~ o Ps(m??
From this point evaluation of y(\) proceeds, perforce, numerically.
And there is now introduced, for simplicity, the previously discussed
assumption that the emission I, is copious enough to warrant postulat-
ing
I1/1,=0,

which reduces in (31) to the equivalent statements,

N1 =X, g) == 2554: ¢a(’71)= ®©,
so that

1
D= ;(52 + 2.554) + ¢ﬁ(’72)—1/2 ’ (32)

a function of 5, alone. Likewise y(A) itself reduces to a function of
n, and A alone.

The numerical work was carried out with the help of a computing
machine and Tables I and II, together with auxiliary tables con-
structed from these, e.g., $.()%?2 and ¢g(5)%/2 The details are for
the most part uninteresting and will be described only in brief. After
a value of A was chosen, y(A) was found from (31) for a series of
values of 7,, 5 < 5, < 100, by trapezoidal integration. This computa-
tion was repeated for a large number of selected A’s, 0.05 <A < 5.
Both of the integrands in (31) become infinite at the origin; hence,
in the range 0 <7 < 0.01, these integrals were evaluated directly,
using the series expansions (8). The outcome is a numerical repre-
sentation of y as a function of two parameters, 7, and A, in the
domain:

5 < 1, < 100

0.05

AN

A<S.

The representation cannot be carried to A = 0, for y exhibits a logarith-
mic discontinuity at this point. It could have been carried to zero for
72, but there is little point in it for when 75, =0, the virtual cathode
has moved over to the anode and there is no “gate” action—hence no
reduction in shot effect—so that we know a priori that I’ =Tg =1,
More will be said of this situation later. The range of 7, was limited
to values thought to be of practical interest. For example, V, is about
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0.1 volt for oxide-type cathodes, whereas the operating potential is
typified by 3 volts, in which event 7, is approximately 30.

This stage of the calculations, being intermediate, merits only
momentary attention to the nature of the function y. In Figure 3,
curve B shows y(A) when 5, =30. The unbroken line contains the
calculated values; the dashed line shows the logical extrapolation in
both directions. As predicted, the point for which y = 0 lies near =/4.
Plots of y for other choices of 5, show precisely the same qualitative
character and need not be exhibited. It is now patent from Figure 3

]

0.5 .~ ASYMPTOTICALLY |
—"
0.4 //
8 /
0.3
Y(\)
0.2

—0.3

—0.4

LOGARITHMICALLY
] _TOo= |

Fig. 3—Shot-effect reduction factor ¥ as a function of N (velocity) for
A—the a-group of electrons which fail to reach the virtual cathode. B—the
B-group of electrons which traverse the virtual cathode.

that the reduction factor varies so widely with the emission velocity
of the electrons that it is absolutely necessar& to investigate each
velocity class separately. The point is emphasized by the offensive
behavior of fluctuations associated with electrons barely able to cross
the virtual cathode (A slightly > 0), these fluctuations proving to be
so over-compensated (y < —1, y2> 1) that their net fluctuations are
in excess of the true or temperature-limited shot effect.

This portion of the analysis is completed with a numerical integra-
tion of (19); giving I'y? as a function of 7,. For example, the value
of T'g2 when 7, =30 was found by squaring the ordinates of curve B,
Figure 3, multiplying by e and making a trapezoidal integration over
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the range 0.05 < A < 5, for which numerical values of y(A) had been
computed. The additional contributions, 0 <A <0.06 and 5 <A < o,
were calculated by direct integration from series approximations. The
former can be handled in no other way because of the logarithmic
discontinuity at the origin; the latter is a relatively insignificant con-
tribution since £ vanishes rapidly. The result is tabulated in Table
III and plotted in Figure 4. The heavy line contains the calculated
values, while the light line shows the logical extrapolation. The dashed

24

|__—-TO 1 AS 9,~0

22

20

.08 \

\
06 \ \
2 3
RN f
\ N T
\ NG SN 9(1‘}5")
~
o2 \ \r\ ~k~-| n,
N —ty= -l
0 20 40 60 0 100 120 140 160 180

72

Fig. 4—Shot-effect reduction factors for the case, I/I. << 1.

line shows the asymptotic form approached for large y,. This is found
from (31) through consideration of the largest 7,-terms only, and
use of the asymptotic form of ¢gz(n) as given in (8). In brief, for
large 7,, the first indicated integral in (31) vanishes in comparison
with the second, and 2D can be replaced by £,. The second integral
has already been shown to possess a logarithmic discontinuity for
A =0. This can be overlooked, however, for the integral is otherwise
an increasing function of 7, so that, for any finite A, choice of a
sufficiently large 7, permits that portion of the integral which depends
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on 7. to overshadow the portion which depends on logA. Assuming
finally that A << ., one finds

3 1
y~—— (xﬂ——ﬁ). (33)
A>0 Vi 2
N2 —> X

It is quite apparént that this form bears only a very slight resemblance
to the curve of Figure 3 and approaches incorrect limits for both large
and small A. The difference in appearance means only that 7, =30
is too small to permit the use of (33). Of the incorrect lower limit
enough has just been said to justify the omission from (33) of tne
additive term which contains the proper logarithmic discontinuity.
That the upper limit is incorrect is only natural in view of the assump-
tion A << 9,. In spite of this, relation (33) may be used to find the
asymptotic form of I'g? because of the rapid attenuation furnished
by £*. The result of putting (33) into (19) is

9 m
g?~—|1—— (34)
N2 7> © 73 4

EVALUATION OF T[,?

This study parallels the other so closely that its description can
be made brief. Since the current i, consists, in this case, of electrons
which have normal emission velocities insufficient to carry them over
the virtual cathode (—»; <A < 0), and since those electrons of a
specified velocity A turn about at the point 5= — A, it will be under-
standable that, in contrast with (21), there are now three distinct
differential equations, the simultaneous solution of which determines
the M-B anode current i derived from the M-B I, when an additional
i,(A < 0) is produced at the cathode.

dn \* A )
For the B-space: — ] =¢s(n), 0< <y
dé¢
dy 2
For the a-space: | — | =¢.(3), 0< < —2A > (35)
dé¢
d77 2 2.a A
3 1 |
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4

where G(pA)= Vo +A. (36)

T

As before, the construction of these equations will not be described:
it is simple, but lengthy. The stamp of credibility is affixed by noting

o 2 .
G(pA) e dr=—2 [ — /2 —en erfn‘/’] = ¢a(n)— ¢p(n),
[ NG ?

7 ™
37

which the reader can interpret, like (24), to mean that under the
proper conditions (M-B distribution of ¢,) the set (35) reverts to the
form (5).

Repeating the process of taking the infinitesimal difference between
the solution of (85) for f.and the unperturbed solution of (§) for I,
we arrive by familiar stages at the statement,

1 m G(n,A)
y)=—— — " 4. (38)
<0 2D J_, Pa(n)3/2

Again it is convenient to suppose the emission I, very copious, so that
D takes the form (32) and the upper limit of the integral above is
made infinite. The integral then becomes a function of A alone; and
one numerical integration, therefore, suffices to permit representation
of y for all values of 7,, since 7, influences the function only thro,hg’h
the definition of D.

These integrations were performed for chosen values of A in the
range 0.01 < — A < 8, observing the same precautions at discontinui-
ties and methods similar to those outlined earlier. A sample plot for
172 =30 is shown in Figure 3, curve A.

Finally T';? is determined from a numerical integration of (19)
with the result:

0.729
T2 = o (39)

This function has a marked maximum at », ~ 0.8, when I';2 ~ 0.0513,
but vanishes rapidly, of course, as 7. approaches zero. The values of
T,? versus 7, are also listed in Table III and plotted in Figure 4.
The expectation that I',> << Ts? is confirmed. For a practical instance,
say n, =30,'P,2/P2= 0.11; for larger 73, the ratio diminishes slowly.
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COMPOSITION AND INTERPRETATION

The measuring device cannot discriminate between I, and I'g
The important quantity, their sum I'? is shown in Table III. And in
Figure 5, T is plotted against 7,. This curve, in effect, describes the
ratio of r-m-s current fluctuations appearing in the anode current of
a space-charge-limited parallel-plane diode to the fluctuations in an
equal temperature-limited current. Once more, the heavy line contains
the calculated values, while the light line shows a reasonable extra-
polation. The asymptotic curve for large 7, is again included for com-
parison. The trend with both temperature and applied potential should
be self-explanatory.

Rough agreement with experience is already noticeable, for most
reports of noise measurements on modern amplifying tubes indicate
an r-m-s reduction of 1/3 to 1/5. But Figure 5 is an inconvenient
basis for comparison because the parameter 7, is difficult to ascertain.
It requires knowledge of the depth of the potential minimum, which,
in turn, requires a determination of the ratio I/I,. A plot of T against
(92 —7,) is hardly an improvement because of serious errors that
may arise when the applied voltage is not corrected for contact
potential. A much more useful universal parameter is found as fol-
lows. Starting with

E,
N2e—M = —
Ve
br—& o I/?
15
mm =log —,
I

oI

and defining the diode conductance by g = (i.e., the reciprocal
2
of the a-c diode resistance), one can demonstrate that, under the

assumption of invariance of I, and T when [ is altered by varying E.,

= Ddg(n2)!/2. (40)
9V,

The quantity on the left will become our new parameter, replacing 7,
and being defined by (40) which is principally a function of 7, only,
and becomes entirely independent of %, if it is again supposed that
1/1,=0. This assumption was made in plotting I/g V. against 7, in
Figure 5.
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Fig. 5—Shot-effect reduction factors for the case, I/1, << 1.

From the two curves of Figure 5, the plot of T' in Figure 6 was
made. This curve is entirely suitable for experimental checks of the
analysis since current, conductance and cathode temperature are acces-
sible parameters. Too, the reader has no doubt foreseen that represen-
tation of T in this way permits a test of the theory against non-planar
structures.

The analysis might logically terminate at this point were it not
for widespread curiosity over the connection (if any) between this
type of shot effect and the current fluctuations of thermal origin
(Brownian movement) known to exist in any short-circuited ohmic
resistance. According to Nyquist’s formula,! the thermal current
fluctuations in an ohmic resistance whose conductance is g, and whose
temperature is T are represented by

2 =4kTgAf.
(k = Boltzmann’s constant, f = band width)

Let us then suppose that our space-charge-limited diode exhibits
pseudo-thermal fluctuations (that they cannot be considered truly
thermal has been emphasized in Part I). We, therefore, describe the
space-charge-reduced current fluctuations by the empirical formula,

=9 - 4kToNf, (41)

1 H. Nyquist, “Thermal Agitation of Electric Charge in Conductors,”
Phys. Rev., Vol. 32, p. 110, July, (1928).
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Fig. 6—Shot-effect reduction factors for the case, I/1, << 1.
TaABLE III
1
72 £ #a(7)% D Tz Tz I T gVe [}
0 0 0 =) 0 1 1 1
5 6110 133 5.08 0.0282 0.1663 0.1945 0.441 6.76  0.657
10 9.447 166 6.60 0.0167 0.1043 0.1210 0.348 10.96 0.663
15 12.275 1.87 1.95 0.0115 0.0775 0.0890 0.298 14.9 0.663
20 14.826 2.04 9.18 0.0086 0.0621 0.0707 0.266 18.7 0.661
25 17.193 2.18 10.33 0.0068 0.0619 0.0587 0.242 22.5 0.660
30 19.425 2.30 11.43 0.0056 0.0448 0.0504 0.224 26.3 0.663
35 21.55 2.40 12.47 0.0047 0.0394 0.0441 0.210 29.9 0.659
40 23.59 2.50 13.47 0.0040 0.0352 0.0392 0.198 33.7 0.661
45 25.56 2.58 14.45 0.0035 0.0319 0.0354 0.188 37.3 0.660
50 27.47 2.66 15.39 0.0031 0.0291 0.0322 0.179 40.9 0.658
60 31.14 2.79 17.21 0.00256 0.0248 0.0273 0.165 48.0  0.655
70 34.64 2.92 18.94 0.0020 0.0217 0.0237 0.154 55.3 0.655
80 38.01 3.02 20.61 0.0017 0.0192 0.0209 0.145 62.2 0.650
90 41.26 3.13 22.23 0.0015 0.0173 0.0188 0.137 69.6 0.654
100 44.41 3.21 23.80 0.0013 0.01567 0.0170 0.130 764  0.649

1/1,— 0 so that § = —2.55, m = o
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and our problem is to discover the relationship between 6 and 7, or
I/g V., Since we have formerly written

T=T? - 2eIAf, (42)

identification of (41) with (42) shows that

1 1 1
f=—T1I =—-I‘2D¢8(7)3)1/2. (43)
2 gv, 2

The right-hand side is a combination of known functions of », and
serves to define 6. Values of 6, calculated in this manner, are listed in
Table III and plotted in Figures. 5 and 6 against », and I/9V,,
respectively. The asymptotic value is also shown (dashed line); its
magnitude is found from (34) together with

2
=Dgg(np)V/? ~—n,, (40a)
g9V, 3
(92— )
so that
T
0~38 (1 —_ —-> =0.6438. (44)
% (79— ) 4 .

In this place it should be recorded that the asymptotic solution was
first developed by W. A. Harris of these laboratories. Working along
similar lines and independently, he arrived at the above expression in
March, 1936, prior to the completion of the author’s analysis. Indeed,
the simplicity of his result, together with its substantial accord with
contemporary experimental work,! added incentive to the more detailed
study just described.

The value of § for vanishing 7, (incipient retarding field condi-
tion) is also found easily from the following limit values:

= Doy (ng) 1 =1
9V,
nfﬂno {Ta?=0, 2 =Ty2=1, so that (45)
1
o=—.
& 2

1G. L. Pearson, “Shot Effect and Thermal Agitation in an Electron
Current Limited by Space Charge,” Physics, Vol. 6, p. 6, January, (1935).




FLUCTUATIONS IN SPACE-CHARGE CURRENTS 97

It is interesting to note how rapidly 4 rises and how closely it cor-
responds to the asymptotic value (44) throughout the whole practical
working range. (Slight fluctuations in the tabulated values are to be
attributed wholly to small errors arising in the numerical work.) Be-
cause of this fortunate property, equation (41) recommends itself as
the formula for space-charge-reduced shot noise most useful in engi-
neering application; and for most purposes sufficient accuracy will be
obtained by assuming 6(n,) to be simply a constant equal to the
asymptotic value, namely, 0.644. Although, whenever one is principally
interested in the noise reduction attributable to space charge, it will
be convenient to revert to (43):

gV, 9V,

=29 ~1.29 - (43a)

Inasmuch as I increases more rapidly than g as (say) voltage is raised,
it is apparent that although TI'? becomes smaller it decreases more
slowly than the true shot effect increases so that the net result is a
steadily increasing noise proportional to the diode conductance. It may
be said then that the mean-square noise generated by emission fluctua-
tions in a space-charge-limited diode is roughly numerically equal to
two-thirds of the noise of thermal agitation generated by a resistance
of magnitude equal to the a-c resistance of the diode and possessing
a temperature equal to the cathode temperature!. Yet the two phe-
nomena must not be confused in concept. For, thermal agitation is
known to be a form of Brownian movement, and finds its origin in the
equipartition of energy among the various mechanical and electrical
degrees of freedom of a substance in thermal (i.e., kinetic or statis-
tical) equilibrium. The diode, on the other hand, while clearly in a
stationary state, cannot be regarded as a system in a condition of
thermal equilibrium so long as there is a battery providing plate
voltage and energy. The mechanics of the two phenomena are, there-
fore, distinct; the formulas alone exhibit a resemblance. The only
instance in which complete identification can be made is that in which
the plate voltage is zero and the whole diode (anode as well as cathode)
is brought to a common temperature. This interesting situation will
be discussed briefly in a later section.

It is of interest to perfect the picture of shot noise by considering
the case of a retarding field. The mean-square noise at the threshold

1In our oral report of this week (Rochester Convention, November,
1936), we quoted “six-tenths” instead of the present “two-thirds,” (cf.
Electronics, Vol. 9, No. 11, p. 31, November, 1936). The alteration follows
discovery of a numerical error which required that all values of T * be
raised by the factor 16/3.
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of a retarding field condition has already been shown, (45), to be
precisely half the thermal-agitations value. One can easily demonstrate
that equations (45) are all valid throughout the retarding-field region.
There is no virtual cathode, hence no space-charge reduction; - and
since I/g V,=1, it is numerically immaterial whether one regards
the noise as true shot effect expressed by

2 = 2el Af,
or half-thermal fluctuations expréssed by

1
P=—.4kTgAf.
2

CATHODE ANODE

Fig. 7—Schematic survey of shot effect in a parallel-plane diode,
all modes of operation.

This identification was first remarked in print by F. C. Williams,?
who also showed good experimental agreement with the theory, and
pointed out the nature of the modifications necessary when the formu-
las are to be adapted to cylindrical structures. These modifications
are of no great consequence unless the ratio of anode to cathode
diameter is much larger than customary in conventional equipotential-
cathode structures.?

We are now in a position to diagram the shot effect for virtually
all modes of operation of a diode which approximates a parallel-plane
structure. The applicable formulas will be either or both of (41) and
(42). In Figure 7 four operating regions, (a)—(d), are schematically
demarcated by three curves of space potential. Curve I represents

. l“Fluctuation Noise in Vacuum Tubes Which Are Not Temperature-
Limited,” Journ. L.LE.E., Vol. 78, No. 471, p. 326, March (1936).
2 Cf. footnote, p. 468.




FLUCTUATIONS IN SPACE-CHARGE CURRENTS 99

that potential distribution for which the virtual cathode coincides with

oF
the cathode <a—:0 at cathode> ; curve I shows qualitatively a
z
mode of operation such that I/I,=1/5 (say); curve III gives the
potential distribution for which the virtual cathode coincides with
the anode <Z—E—= 0 at anode) , which is the condition of incipient re-
z

tarding field. Region (a) : there is no virtual cathode, and the diode
is, therefore, temperature-limited so that the classical shot-effect
formula obtains, i.e.,, I' =1. No significance can be attached to (41)
for, except for field currents or other anomalous behavior, g =0.
Region (b): no tabulation has been made for this region where I/I,
is not sufficiently small that the present analysis can be used with
negligible error. Close study is so lengthy and provides so little addi-
tional engineering information that mention will be made here of only
a few rough estimates of error incurred if the tabulated values of
I'* and 6 are employed. The value I/I,=1/5 is of course an arbitrary
choice for the boundary curve II. If 5, =10 (anode potential approx-
imately 1 volt, for a cathode temperature of 1000°K), the tabulated
value of I is low by approximately 1 per cent and 6 is low by approx-
imately 1%, per cent, when I/I;=1/5. Larger values of 5, (higher
anode potentials or lower cathode temperatures) reduce the error.
For I/I,=1/3 and the same 7,, the errors in I and 6§ are approximately
4 and 6 per cent, respectively. And for I/I,=1/2 the errors are only
about 10 and 15 per cent, respectively. It is clear, then, that I'? departs
appreciably from the tabulated values only when the tube is nearly
temperature-limited and then climbs rapidly to unity as I approaches
I.! Region (c): this is the region of practical operation of virtually
all biased diodes giving high emission. The virtual cathode effects a
reduction in emission fluctuations, and the tabulated values of I"? and 6
should show negligible error. Region (d): with the appearance of a
monotonic retarding field, the virtual cathode and, therefore, the reduc-
tion of shot effect simultaneously vanish. Throughout this region
I?=1, § =1/2, and when used in their respective formulas, they pro-
duce identical numerical results.

ISpenke has carried out the complete numerical integration for two
examples and shows for them the sharp rise of ' to unity described here;
E. Spenke, “The Space-Charge-Reduction of Shot Effect,” Wiss. Versff.
aus den Siemens-Werken, Vol. 16, No. 2, p. 19, July, (1937). In a more
recent study, Rack has shown graphically the influence of the ratio I/I., for
the complete range, 0.05 < 1/1, < 1; A. J. Rack, “Effect of Space Charge
and Transit Time on the Shot Noise in Diodes,” B.S.T.J., Vol. 17, No. 4,
p. 592, October, (1938).
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THE DIODE IN THERMAL EQUILIBRIUM

It was mentioned above that one could expect the shot effect in a
diode to be completely identified with the thermal agitations of its
resistance only when the diode is unenergized and the whole of it put
at one temperature. Let us demonstrate this identity by showing that
the formula for shot effect proves to be, in this instance, identical with
Nyquist’s expression for the thermal agitation. Consider an electrode
(1) surrounded by an electrode (2), the material of which each is
constructed being unimportant. The electrodes are short-circuited and
the diode is maintained at temperature 7. Both surfaces emit, but
at rates which are not necessarily equal, since, for example, the work
functions are not prescribed. Yet the current I,, that portion of the
emission from the first electrode which is absorbed by the second,
must be equal to I, (similarly defined) on the average. This statement
will be recognized as a direct outcome of the second law of thermo-
dynamics. The average current through the short-circuiting link is
therefore zero, but fluctuations are present nevertheless. If these
fluctuations are traced back to variations in emission, they are prop-
erly labeled “shot effect”; yet, if they are simply accepted as a manifes-
tation of Brownian motion, they are just as properly termed “thermal
agitation”.

Adhering for the moment to the latter point of view, we find that
Nyquist’s formula provides a valid measure of the fluctuations. For,
we need only observe that we have here a two-terminal, unenergized
circuit element at a uniform temperature. Its short-circuit fluctuations
are, therefore,

T=4kTgAf, (46)

A

where ¢ is the real part of the diode admittance at the frequency in
question. Confining ourselves, as usual, to frequencies at which transit-
time effects are negligible, we may say that g is simply the low-fre-
quency conductance. It is not difficult to obtain an expression for g.
Suppose that a voltage E is included in the circuit, making the outer
electrode more positive. In case the situation is not complicated by
individual collisions,! it can readily be shown by kinetic theory that

E
ILi/I,=¢ ’ (47)

e

1This assumption is reasonable, except for exceedingly high space-
charge densities, not likely to be encountered in practice. Cf. I. Langmuir
and K. T. Compton, “Electrical Discharges in Gases,” Rev. Mod. Physics,
Vol. 3, No. 2, p. 220, (1931).
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regardless of the geometrical configuration, coefficients of reflection,
contact potential, etc. Consider now variations of I, and I, against F
with T fixed:

al, oI, ©°oF

n I, v,

The conductance is, therefore,

o, —1I,) I
9= ——— =—, (48)
oF Vv,

E=0
11:I2=I

where I is the equilibrium current emitted by either electrode and
absorbed by the other. And this expression is valid whether or not
there exists a virtual cathode in the equilibrium state. Consequently,
the thermal fluctuations can be written

2= dlepf (49)

Turning now to the kinematic viewpoint, we note that the emission
current from either electrode exhibits true shot effect, so that the
mean-square current fluctuations in the short-circuiting link are simply
the sum of the separate shot effects associated with the currents /, and
I,. To calculate this sum, we must first determine the space-charge-
reduction factor T for each current. Suppose that the equilibrium
state is perturbed by the injection of an additional small steady emis-
sion i, from the first electrode. The emission velocities of the electrons
comprising ¢, will be permitted any values whatever. The question is:
In what way is the original equilibrium affected? Now except for
individual encounters, which we suppose highly improbable, the elec-
trons in ¢, disturb the equilibrium only in so far as they introduce a
potential field superimposed upon that which existed initially. The
diode, therefore, settles into a new equilibrium state such that the
space-charge density is everywhere slightly altered, yet, except for
the injected electrons i,, at every point in space the M-B distribution
still obtains. The originally equal equilibrium currents I, and I, are
now somewhat reduced, but still equal. It follows that whatever frac-
tion of 7, is absorbed on the second electrode is accompanied by no net
increment in the equilibrium current, and this is true whether or not
there exists a virtual cathode in the equilibrium state. There is conse-
quently no space-charge redurtion of noise, I' =1, and
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In the equilibrium case, then, the two viewpoints are only alternative
aspects of the same phenomenon. The identification is logical and
complete. Where space-charge densities are low enough to make indi-
vidual collisions unimportant, all of the dynamical processes which
maintain the electrons in thermodynamical equilibrium occur within
the electrode material. The space between electrodes is only a passage-
way through which electrons travel without incident.

With this in mind, we can now understand thermodynamically that
the shot effect of a normal diode operating in the retarding-field con-
dition should have turned out to be precisely half-thermal. Consider
a diode in thermal equilibrium, and, if there is a virtual cathode, let
the emission from the electrode of higher work function become
smaller by raising the work function until the virtual cathode has
disappeared. If the diode is parallel-plane, this emission is now tem-
perature-limited, i.e., it contributes nothing! to the conductance g given
by (48). On the other hand, it is still responsible for half the shot
effect as represented by (50), because I, =I, is still valid, nothing
having been done yet to destroy thermal equilibrium. But now we
remove the temperature-limited current altogether, say, by lowering
the emitter to room temperature. The noise is halved, the conductance
is unaltered, and the half-thermal fluctuations of a parallel-plane diode
operating in retarding-field condition are provided with thermody-
namical significance. '

NEGATIVE-GRID TRIODES

The foregoing study is, of course, but a preliminary to the problem
of chief interest, namely, noise in amplifying tubes. To see how the
theory of diodes can be adapted to a triode, imagine the conversion of
a parallel-plane diode by adding grid wires one at a time. When only
two or three grid wires are in place, and biased negatively, the space
potential is badly disrupted. Moreover, electrons on the plate side of
the grid wires still contribute materially to the potential in the vicinity
of the virtual cathode. Noise analysis at this stage would be painfully
difficult. Hence, there is little to be said about very low-u tubes, except,

1Tt should be noted that this statement is partly hypothesis. If the
coefficient of reflection is a.function of velocity, the conductance of any
unilateral current flow will be affected, whether the field be accelerating
or retarding. The nature, even the existence of such a function, is still
moot (cf. Compton and Langmuir, Rev. Mod. Phys., Vol. 2, No. 2, p. 171,
1930; also W. B. Nottingham, Phys. Rev., Vol. 49, p. 83, 1936). Overlooking
this difficulty as well as the possibility of field emission, the reader should
observe that the statement is still not applicable to all geometrical con-
figurations. As long as there are any electrons which, from an energy
standpoint alone, would fall on the collector, but which fail to do so because
of momentum considerations, the conductance is finite for a temperature-
limited current, and is not easily formulated for any mode of operation. It
is on this account that the present analysis is restricted to parallel-plane
structures.
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perhaps, to set limits for the noise. When, with the addition of more
grid wires, the control grid stands complete, with a p of say, 5 or more,
the space potential can generally be considered very regular again,
except in the immediate neighborhood of the grid wires. A first
approximation to the shot current fluctuations, exact in the limit of an
infinite p, would then amount to neglecting the grid-plate region alto-
gether, and applying the diode analysis directly to the grid-cathode
space. The anode potential of the diode, E,, would have to be inter-
preted now as the “effective” potential of the grid plane, E,, i.e., that
potential which, when applied to a solid sheet in the grid-plane, would
draw the same cathode current. In addition, g would now be viewed
as the conductance of this equivalent diode. This procedure recognizes
the contribution which electrons in the grid-plate space make to the
steady-state space potential on the other side of the grid, but does not
take account of their contribution to I'?. For this reason, theoretical
values of shot effect so determined should be a little too high. The
error, however, should be practically unimportant where high-u tubes
are concerned. For, in the first place, an electron’s contribution to
noise reduction must vary inversely as its velocity and its distance
from the vir{ual cathode. Second, the grid mesh is a good electric
shield.

1
E,=o <Ecl + —Eb>
Ho

1 4 1 -t
o={1+—— 1+—y(1+k)——h2(6+ 4k + A2)
Ho 3 3

x, grid-anode spacing

y=—= - - - (51)
z, cathode-grid spacing

7,  grid-anode transit time

t, cathode-grid transit time

hs
Ho= I 1___>
Yy

u= “cold”, i.e., electrostatic amplification faetor

To put this procedure into effect, one must relate E, and g te the
grid and anode voltages. It will be assumed throughout that the grid
has negative bias so that the plate alone collects electrons. The best
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formulation of E, to date is (51), derived by Llewellyn,' which takes
into account the influence of space charge upon space potential, but
assumes zero emission velocities.
The grid-plate transconductance (for negligible transit angles) is,
therefore,
9w = ag, (52)
and since it is easily measured, whereas g cannot be measured at all,
g,, Will be used in place of g in the expressions for shot effect. Thus

_ 6
(41) becomes 1*= —.4kTg, 1f, (41a)
g
0 gﬂl VL‘ 1‘29 glll VL‘
and (43a) becomes I'’= 2 — ~ . (43b)
o I o 1

‘Under ordinary circumstances ¢ will decrease somewhat with an
increase in current, because k increases. This behavior may be marked
for low-u tubes, but becomes less pronounced as pu is increased, since
Limoe=1
}l. —> 0
It will not in general be correct, therefore, to assume that o is strictly
a constant; for conventional tubes, it will usually lie between 0.5 and 1.
Inasmuch as k is usually less than 0.5, rough estimates of o for
parallel-plane structures may be made by supposing k=0, whence®

1 4 L_l
o~{l+— 1+—vy . (51a)
n 3 J

No rigorous formula analogous to (51) has yet been developed for
cylindrical structures. The analogue of (51a), however, has long been

known :2
1 2 r, ’
Oeyl. ~ {1 +— 1 4——102'— } (51b)
il 3 7,

This expression is limited to structures in which the ratio of grid to
cathode radius is larger than about 10. For smaller ratios the formula
for plane structures will suffice.

The current fluctuations in the plate circuit (without load) are now
seen to be principally a function of conditions between cathode and
grid. And in contrast with the diode fluctuations, it is no longer pos-

1F. B. Llewellyn, “Operation of Ultra-High-Frequency Vacuum Tubes,”
B.S.T.J., Vol. 14, p. 659, October, (1935).

2B. D. H. Tellegen, “The Value of Cathode Current in a Triode,”
Physica, Vol. 3, p. 301, (1925).
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sible to find a simple empjrical relation between triode shot effect and
thermal agitation in an ohmic resistance of magnitude equal to the
anode resistance. Following (41a), attention is more properly focused
upon the transconductance.

The shot voltage e,” appearing across a load Z in the output circuit

of a negative-grid triode whose plate resistance is r,, is from (41a),
8 r,Z |2
e, = —.4kTg, 1f.

a

(53)

r,+ 2

Inasmuch as the principal sources of local noise in amplifiers are
thermal agitation in the input circuit and shot effect in the first tube,
it has often been remarked that, instead of (53), a more useful formula
for shot effect is found by referring the plate-current fluctuations back
to the input circuit. This effective input fluctuation voltage is then
that voltage which, applied between cathode and grid, produces in the
output fluctuations equal in magnitude to those actually generated by
shot effect. The effective input shot effect can then be compared
directly with the thermal agitation of the input circuit. In fact, instead
of expressing the shot effect as a voltage, we may symbolize it by a
resistance K., i.e., that resistance which, at ambient temperature,
exhibits a thermal agitation voltage equal to the effective input shot
voltage of the tube. This we do as follows. Since the transconductance,
g represents the ratio of output current (without load) to input
voltage, we have from (41a),

_© 0 4kT
elt=s—=—.,—— . Af. (54)
) gmz o dn
Nyquist’s expression for thermal agitation voltage across a resistance
R, at room temperature 7T, is

e?: 4I‘:To ReHAf' (55)
Equating the two voltages, we obtain
0 T 1
Re// =—. . (56)
o T, 9n

A brief numerical estimate will serve to indicate the order of mag-
nitude of R,,. Using figures typical of coated-cathode receiving tubes,
let us choose T =1000°K, T,=300°K, § =2/3, ¢ =3/4. Then,

Rell =~ 3/Gm-

With transconductances of 1000, 1500, and 10,000 micromhos, respec-
tively, such a tube would exhibit shot effect equivalent to the fluctua-
tions arising from thermal agitation in resistances connected between
grid and cathode of magnitude 3000, 2000, and 300 ohms, respectively.
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(The close approximation of these estimates to measured values of R,
already published at once attests the validity of the theory and implies
its successful adaptation to cylindrical structures.) So long as the
input impedance actually employed presents a real component R
(Z=R +j X) two or three times greater than R, the limit of useful
amplification is set by thermal agitation; this is generally the state of
affairs in the case of sharply tuned circuits and high-gain tubes, e.g.,
in broadcast receivers properly designed. When the reverse is true,
and R,,= R, the shot-effect problem becomes acute and anything
which can be done to restore the original inequality, R, << R, with-
out slighting performance requirements will increase the intelligibility
of small signals. A case in point is the television receiver; in brief,
the requirement of a pass-band width of several megacycles necessi-
tates a low tuned-input impedance comparable in magnitude to the
R,;; of conventional tubes, so that shot effect may be a serious concern.

A more detailed study of this and other noise problems is postponed
(Part V) until we have completed our analysis with a description of
shot-effect phenomena peculiar to multi-collector tubes, i.e., those in
which the cathode-current stream is collected at two or more electrodes
(Part III). For the present it will be sufficient simply to note the
obvious recommendations of (56). As stated previously, 6 is prac-
tically a constant and little can be done to reduce it. Similarly ¢ is
practically a constant and generally offers, at most, a maximum of 50
per cent improvement. Furthermore, T is at present confined to rather
limited regions in the vicinity of 1000°K for coated cathodes and
1900°K for thoriated tungsten. Other things being equal, coated
cathodes are, therefore, to be preferred. It is, of course, possible to
lower the temperature below the recommended value and still maintain
performance, but in general a drop of 200° or so brings the tube so
near the temperature-limited condition that the formulas given are
vitiated, and the signal-to-noise ratio decreases sharply (see Figure
11). Fortunately, there always seem to be ways to improve transcon-
ductance; although the mean-square output noise is proportional to g,,,
the equivalent input noise varies as 1/g,,, 80 that it is profitable to
use as high a transconductance as possible. This notion is hardly novel,
for it has long been recognized that increase in gain, per se, would
improve the input signal-to-noise ratio. The derived proportionality
of mean-square output noise to g, serves to render this expected
improvement not inexistent, but simply smaller than conceived in
dreams. Other things being equal, then, a change in structure which
doubles g,, should cut the mean-square input noise of a triode in half
—not a magnificent improvement, but the only thoroughly practical
method available.
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EXPERIMENT
APPARATUS AND METHODS

LL measurements were made at a frequency of about one mega-
A cycle. This is low enough to avoid transit-time complications
and high enough to escape the “flicker effect” which contami-

nates shot-effect studies at audio frequencies. In design and construc-
tion of the special four-stage tuned amplifier,! extraordinary care
was given to shielding, so as to minimize errors attributable to regen-
eration. The outfit was housed in a tight copper box, the false bottom
of which contained thoroughly filtered supply leads; the upper portion
was partitioned so that each tuned circuit was isolated. The partitions
were constructed so that the tubes, themselves surrounded by shields,
projected obliquely through the walls. Feedback was thus reduced to
coupling between grid and plate elements in the type 57 pentodes. And
even this source of regeneration was minimized by coupling each
output to its tuned circuit through a large inductance which presented
to the plate a capacitive reactance, varying but little with frequency.
Each compartment was made accessible by a tight-fitting sliding cover.
In this way voltage gains of over 10° were obtained without appreciable
regeneration, and controlled by grid-bias adjustment of a type 58
pentode in the third stage. A fifth stage was alternatively employed as
a vacuum-tube detector for preliminary work such as alignment, or as
an additional stage of amplification feeding a thermocouple for accurate
work. In the latter instance, a power tube was used to drive the couple
to avoid cutting off the peaks. For detection the thermocouple was

L The amplifier and most of its associated equipment were constructed by
L. 1. Poj;ter of these laboratories. Its continuously reliable performance must
be credited entirely to his careful workmanship.
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preferred in order to avoid any question as to whether the detector was
really “square-law”. A frequency-calibrated signal generator with
calibrated attenuator provided measured signal accurate to 0.1 micro-
volt for alignment and calibration of the amplifier. It also provided, in
one procedure, a comparison signal for noise measurement. Finally,
the whole outfit was operated in a doubly screened room equipped with
filters for all power lines.

The tube under observation was housed, together with its tuned
coupling circuit (Z), in the first compartment of the amplifier box. All
components of this unit were mounted on a removable false bottom, so
that changes in tube, circuit, or connections could be made rapidly and
conveniently. A small hole in the lid of this and each amplifier com-
partment permitted insertion of a condenser-tuning rod to allow adjust-
ments in tuning without upsetting the shielding. The pass-band of the
amplifier was about 10 kilocycles, and the “Q” of the coupling imped-
ance Z was lowered by adding shunt resistance until it could be assumed

! T0
oo \ AMPLIFIER

2 IE a
ATTENUATOR A z

Fig. 8—Schematic shot-effect test circuit using signal generator.

that the over-all frequency-response curve was defined by the amplifier
alone. This procedure simplified computation tremendously, since the
pass-band could always be considered fixed, independent of whatever
variations in the coupling circuit might occur in the course of meas-
urement. The impedance Z was measured in situ by the familiar dyna-
tron method, and fixed throughout the work at 45.5 X10° ohms.

The early measurements were conducted in a manner explained
schematically by Figure 8, which depicts only the essential radio-
frequency connections. The signal-generator frequency was centered
on the amplifier pass-band. Then, with the switch in positon 2, and
the tube operating, the amplifier gain was set at a point which gave
a suitable reading on the output ammeter. This reading was a measure
of the sum of tube noise and thermal agitation in Z. Then the switch
was thrown to position 1, and that signal (V) found which brought
the ammeter reading back to its original value. (Inasmuch as the
output impedance of the attenuator was negligible, it was immaterial
whether or not the tube remained on.) The signal voltage was then
a direct measure of the noise voltages integrated over the pass-band
(Af) of the amplifier. A measure of the noise per unit band width
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therefore required a determination of Af, and this was accomplished
in the usual way by running through a response curve. Thus, if V
is the input voltage at frequency f which produces a fixed output meter
reading, then

af

Af = ngin. .
V’_‘

Making a correction for thermal agitation in Z, one would finally
evaluate I'?, for example, from

r‘exp.z = (57)
2el

In this expression 7, is the output resistance of the tube under test, in
parallel with the circuit impedance Z, and I is the current, the fluc-
tuations in which are under study. The second term in the numerator
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Fig. 9—Schematic shot-effect test circuit using comparator diode.

is the correction for thermal agitation in Z, and is almost always nearly
negligible. No correction for background noise in the amplifier proper
is in order since it affects both meter readings equally.

Straightforward variations in the circuit of Figure 8 permitted
measurements of noise in not only the plate circuit, but grid and
cathode circuits also. Yet for the latter, and for work with diodes, the
method was not wholly satisfactory, for when the output resistance of
the tube was small, the equivalent signal voltage V diminished in con-
sequence, until inaccuracies in reading V led to adoption of a different
procedure.

The second method replaced the signal generator by a_temperature-
limited. diode, whose fluctuations could be calculated directly (I'=1)
from a measure of its anode current. One example of its use is shown
in Figure 9 which, again, emphasizes only the radio-frequency con-
nections. With input shorted, the amplifier had its gain adjusted at a
point which gave an output reading R,, a measure of the background
produced by the amplifier proper. With the tube under test operating
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as desired, and with the comparator diode in the circuit but not
operating (cold), a second reading R, was a measure of the sum of the
shot effect under study plus amplifier noise. From a calibration curve
of the output circuit, there was rapidly located a reading R; which
would represent double the mean-square input to the amplifier. The
filament of the comparator diode was then brought to that temperature
at which the temperature-limited diode current I, supplied additional
noise sufficient to establish the reading Rs.

Just as in the first method, a correction for thermal agitation in
Z will enter a determination of T' from these data. And yet the work-
ing formula will be very simple because, first, all current fluctuations
involved can legitimately be assumed to have a uniform frequency dis-
tribution; second, the input impedance remains unaltered when the
comparator diode is in operation, the conductance of a temperature-
limited diode being effectively nil. It turns out, then, that

4kT,
rgexp.gel +—= 2€Ic ]
Z
or, for the impedance used,
I.,—1.14
Doy =——, (58)
I

where I, and I are expressed in microamperes.

The correction for thermal agitation is generally negligible. In
comparison with the first method, this scheme has the disadvantage
of necessitating a careful calibration of the output circuit, but this
is not difficult and is permanent—until the thermocouple leaves in a
puff. It has a distinct advantage in requiring no determination of the
amplifier pass-band, a measurement which is always subject to correc-
tion as a result of aging, or other uncontrollable causes.

A third method, not employed in these studies, is worth mentioning
inasmuch as-it has proved very rapid and reliable whenever a measure
of R, (see p. 471) was the chief objective. It is found directly by
inserting resistance in the input of the tube until the mean-square
input noise is doubled. Again taking into account a small correction
for thermal agitation, it should be clear that this resistance is pre-
cisely R.: The method is probably unequalled as a swift, accurate
scheme for rating tubes for signal-to-noise ratio. Its adaptation to
studies of diodes has obvious drawbacks. For this reason, and because
the present work is mostly concerned with testing theory, the ather
methods were preferred as more direct.
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The comparator diode was essentially a copy of miniature diodes
previously designed in this laboratory for short-wave work.! A nickel
anode 6 millimeters long, and having a diameter of 15 mils, sur-
rounded a 3-mil tungsten filament. With about 80 volts on the anode,
currents of 2 or 3 milliamperes were unquestionably temperature-
limited. For most measurements on radio-frequency receiving tubes,
this proved to be ample current.

Although T, can be compared with Ty, it is somewhat simpler
to find 6, and compare this with 6., which has been shown to be
essentially a constant. At least it does not exhibit the wide variation
that Ty.... shows with change in operating conditions. The value of
fexp. Can be computed from, e.g., (58) and (43a) or (43b).

To make either test of theory, it is necessary to determine cathode
temperature. Now this is one of the most awkward tasks if high
accuracy is demanded. But if, as in the present studies, one is satis-
fied with experimental errors of 4 or 5 per cent, estimates of tempera-
ture accurate to well within these limits can be procured, at least for
the more conventional structures which have a not-too-uneven tem-
perature distribution. Filament temperatures were, therefore, com-
puted from information found in “The Characteristics of Tungsten
Filaments as Functions of Temperature”.> A Leeds and Northrup
optical pyrometer was used for early estimates of the temperature of
sleeve-type cathodes. This was soon discarded; it was virtually impos-
sible in many instances to get a direct line of sight. The temperature
was subsequently computed from a measurement of heater power by
means of the equation for temperature radiation. Extensive studies
by E. G. Widell of these laboratories had shown that the fourth-power
law was essentially valid for this type of cathode, and had permitted
determination of emissivities. The working formula, developed from
his studies and applicable to the present investigation, is

T w oA
—— = 533 — ,
1000 dl

where W is heater power in watts, d is diameter in mils, and [ is length
in millimeters. This formula accurately applies only to the center
“brightness” temperature of a type 6C6 cathode coated with a par-
ticular spray: Error due to cooling at the ends (50° to 100°) is largely
offset by the fact that “brightness” temperature runs about 30° to 40°
below true temperature. The formula is naturally somewhat altered

1L. 8. Nergaard, “Electrical Measurements at Wave Lengths Less
Than Two Meters”, Proc. I.R.E., Vol. 24, p. 1207, September, (1936).

* H. A. Jones and I. Langmuir, Gen. Elec. Rev., June-August, 1927,
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by changes in length, diameter, percentage of uncoated area at ends,
type of base material, thickness and type of spray, and proximity of
other bodies. For all sleeve-type cathodes discussed in the present
paper such changes are minor, and the formula is believed to give
their true average temperature with an error of less than 3 per cent.

Although the noise analysis is based upon a parallel-plane model,
tests were conducted on cylindrical structures alone. Simplicity of con-
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Fig. 10—Reduction of shot effect 1n cathode current of RCA-57 operated as
a triode. The cathode current ranges from ' to 4 milliamperes.

struction, minimum end effects, and ease of temperature determination
all suggested the choice. Then, too, since commercial tubes are in the
main cylindrical, it was hoped that the theory might be shown adequate
for engineering purposes. Of course, many cylindrical tubes would be
expected to behave essentially according to parallel-plane theory. The
question becomes acute only in certain instances, e.g., filamentary
cathodes, or especially large diameter ratios.

RESULTS

From a large group of observations on many commercial tube types,
the following examples are chosen as typical. And although diodes
would naturally be expected to receive first discussion, regular ampli-
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fying tubes will be given precedence, for reasons which will shortly be
self-evident.

A precise test of theory against performance of amplifiers demands
a determination of o. It is unfortunate that there is no apparent way
to measure this quantity directly; one is consequently forced to make
estimates of o from expressions such as (51), and tests of theory lose
rigor thereby. However, it has been mentioned that ¢ will ordinarily
lie between narrow limits, and estimates made for tubes of even very
irregular design can be presumed accurate to well within 15 per cent.
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Fig. 11—Reduction of shot effect in cathode current of RCA-57 operated as
a triode, for I = 2.5 ma and various cathode temperatures.

If, with this tolerance, there is seen to be good agreement with theory,
there is much to recommend it, in view of the order-of-magnitude dis-
crepancies typical of the past.

Tables IV and V and Figures 10, 11, and 12 all refer to the same
tube, a regular RCA-57. This is a radio-frequency pentode amplifier
which, for these measurements of cathode-current fluctuations, was
operated in triode fashion, the screen, suppressor and plate being tied
together as shown in Figure 10. Although the first two grids are ellip-
tical, it is possible to make a good estimate of ¢ from (51). And because
the u is high (approximately 20 as a triode) and the transit-time
ratio small, the estimated value (o ~ 0.83) is not much below the ideal
value of unity, and is virtually constant over the range of measure-

ment.
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TABLE IV
RCA-57 (Serial No. F-10)
I, = 1.00 ampere V.= 0.0855 volts
E;= 2.4 volts E¢ = —2.5 volts
T =990°K E:::Ect:Eb
* T
Eh I gm Ic s rlhzor. A 0(’1‘[}.
volts wa wmhos pua 1/gmVe Yerp 0=0.70 ¢=0.83 0=1.00 o= (.83
75 500 640 108 9.14 0.46 0.45 0.415 0.38 0.81
85 1000 950 130 12.3 0.36 0.39 0.36 0.33 0.66
95 1500 1140 150 154 0.32 0.35 0.325 0.30 0.64
103 2000 1290 165 18.1 0.29 0.33 0.30 0.27 0.62
108 2500 1460 175 20.0 0.26 0.31 0.285 0.26 0.58
115 3000 1530 185 22.9 0.25 0.29 0.265 0.24 0.58
121 3500 1630 200 25.1 0.24 0.28 0.25 0.23 0.59
127 4000 1720 205 27.2 0.23 0.26 0.24 0.22 0.58
* As triode
o I
.}- 0exp. =— Fexp.z . y from (43b) .
2 guVe
TABLE V
RCA-57 (Serial No. 7-10)
I = 2500 p,
E.=—2.5volts
Ee=FE.—E,
T E, g,,.* 1. I/Qch rctp. Flhtnr. N gcrp.
°K volts wumhos pa 0=0.70 ¢=0.83 0=1.00 0=0.83
780t 250 75 2500 430 1.0 1 1 1 t
810 128 1050 880 34.1 0.59 1 t
890 114 1400 165 23.3 0.26 0.29 0.26 0.24 0.63
975 108 1460 175 20.4 0.26 0.31 0.28 0.255 0.59
1070 103 1500 205 18.1 0.29 0.325 0.30 0.27 0.62
1130 99 1530 230 16.8 0.30 0.34 0.31 0.28 0.64
1200 95 1540 250 15.7 0.32 0.35 0.3256 0.295 0.65
1270 91 1590 300 14.4 0.35 0.365 0.335 0.305 0.72

* As triode.

t Lowest T which, for E, = 250, gave I = 2500 u.. The tube was, there-
fore, essentially temperature-limited, as indicated by the low gn.

1 Not within the scope of the present analysis, since I/I, is not suffici-
ently small. Following figures are evaluated under assumption that the
analysis does apply, i.e., I/], << 1.
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With fixed control-grid bias and constant cathode temperature, the
currents shown in column 2 of Table IV were procured by adjusting
anode voltage, column 1. The transconductance was measured, column
3, and the noise measurement is represented by the comparator-diode
current in column 4. Column 6 was computed from (58), and column
5 from the data shown. If now a value is assigned to o, and it is
multiplied by values in the fifth column, Iy, can be read directly
from Figure 6, since

ol I

InVe 9V,

The next three columns were constructed in this manner and, together
with T,,, are plotted in Figure 10. The curves for o =1.00 (ideal)
and ¢ =0.70 are included to indicate the spread occasioned by varia-
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Fig. 12—Reduction of shot effect in cathode current of RCA-57 operated as
a triode, for I = 2.5 ma, T' = 990°K, and various control-grid biases.

tions in o, or the possible discrepancies arising from inaccuracies in
making its estimate.

Since I, for this cathode temperature is well over 150 milliamperes,
the current I could have been carried higher but was kept low on prin-
ciple to avoid any doubt as to the observance of the stipulation,
I/I,<<1. The temperature, 990°K, is normal for this tube., Many
similar runs of this kind at neighboring temperatures showed equally
good agreement with theory.

In order to illustrate the course of T when T is varied, and also
to show the transition from temperature-limited to fully space-charge-
limited currents, the data of Table V and Figure 11 are presented as
a typical example selected from many similar groups of data. The
circuit was unchanged. But in this instance, with a fixed I (maintained
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by adjustment of E,), the cathode temperature was varied, column 1.
For the lowest temperature, the tube was virtually temperature lim-
ited.! For the two lowest temperatures no comparison with the theory
of this paper is permissible, in view of the high value of I/I,. The
remaining data agree very well with theory, even exhibiting the pre-
dicted upward trend of I" with increasing T. It is evident that, for this
current, the tube should be operated with a cathode temperature of
about 950°K, but that there is only a minor departure from the opti-
mum 1" if T is permitted to deviate 100° to either side. The undesira-
bility of too low a cathode temperature is impressively patent in the
sharp rise to unity which characterizes the extreme left portion of
this and all other I'-curves of similar construction.

The plot is carried to only 1300°K for the simple reason that at
higher temperatures measured noise exceeds the theoretical prediction
by steadily increasing amounts. In itself this is hardly an excuse for
discarding the phenomenon as non-pertinent, particularly after it is
remarked that the behavior is characteristic of all cathodes operated at
temperatures several hundred degrees above normal; this is true of
tungsten, thoriated-tungsten, and coated cathodes alike. It has often
been conjectured that the anomaly can be ascribed to emission of posi-
tive ions which, while pursuing a leisurely and long-lived course
through the virtual cathode, control the destiny of multitudes of elec-
trons. Evidence supports the view: (a) large-scale impulses appear
simultaneously in the output meter; (b) the noise still approaches that
predicted for true shot effect when the tube is made temperature-
limited, i.e., when there is no virtual cathode upon which ions may
react; (c) the change in excess noise with variation of temperature,
and with time at a fixed temperature, is, in a qualitative manner,
precisely that which would be expected on this hypothesis. Since the
ion currents involved are much too small to detect by ordinary means,
and since a quantitative analysis of the interaction of such ions with
space-charge is much too laborious to promise immediately useful
results, the theory remains in a semi-speculative state. The supporting
evidence nevertheless appears to the author to justify exclusion of such
data from tests of the theory of this paper. In Figure 11 it may be
that part of the rise in I, with increasing temperature can, even
here, be ascribed to this source.

1 The fact that g. is not precisely zero does not contradict this assertion.
A phenomenon of this nature, probably akin to Schottky effect is character-
istic of coated cathodes. In contrast with the behavior of metallic emitters,
coated cathodes exhibit no decisive saturation voltage, but only a gradual
change in slope of the I vs. V curve. Measurements of I, which would per-
fect the picture presented by Tables IV and V, are for this reason doubtful
and deliberately omitted.
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Table V deserves final comment. The reader may already have
wondered why, with I fixed, E, continues to decrease, g,, to increase,
even after I, >> 1. This behavior is best seen-in terms of the equiva-
lent diode which, stripped to essentials only, consists of the space
between the virtual cathode and the control grid. Roughly speaking,
then,

IQ(ELI—E‘"L)S/2 c dg?

an

g3 dy, =3,

am
os 1 T — T T
\ TRIODE SHOT EFFECT IN
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Fig. 13—Collected shot-eﬂ'ect data for a representative group
of tubes with sleeve-type cathodes.

With constant I, an increase in T and I, makes E,, more negative and
decreases d,,, (space between control grid and virtual cathode). The
latter change accounts for an increase in transconductance. In the
first expression both changes tend to increase I, and this necessitates
a reduction in E,, which, in turn, accounts for the decrease in E,.! In
order that the reader may have a correct appreciation of the magnitude
and position of the virtual cathode, he may imagine a parallel-plane
analogue to the equivalent diode of a type 57 under normal operating

1 Unpublished work of H. R. Nelson of these laboratories suggests that
the drop in potential may also be traced, in part, to thermo electric emf’s
between cathode base metal and coating.
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conditions. Assuming [=3 milliamperes per square centimeter,
I1/1,=1000!, d =0.05 centimeters, and T = 1000°K, the effective anode
potential will be about 0.6 volt (E, = 0.6), and the virtual cathode will
be approximately 0.6 volt deep (E,, = — 0.6) and will be found at about
1% the distance from cathode to grid. '

Figure 12 is included to demonstrate that, for fixed I, measured
shot effect is independent of negative grid bias. This is in agreement
with theory, for the quantity I/g V, which determines Ty, depends,
not upon E,.; and E}, in themselves, but upon V, which, if the current
is to be held constant, must be invariant against alteration in electrode
potentials. The course of E, and of g¢,, is also shown. A small drop in
the latter with increasing negative grid bias is normal, arising simply
from non-uniformity of ., i.e., effects due to grid support rods and
grid ellipticity. : ’

The agreement with theory which this tube exhibits is duplicated
by tests on other tubes of the same general design. Figure 13 permits
comparison of theory with approximately 100 observations of cathode-
current fluctuations in four tubes. The 6C6 differs significantly from
the 57 only in its heater resistance; the 89, on the other hand, is a
low-u power-amplifier pentode operated at well below its rated current,
and is included to demonstrate the applicability of theory to tubes
having a u as low as even 5. Its grids are also elliptical, but a reason-
ably accurate estimate indicates that o is about 0.6. This figure is
lower than the 0.83 estimate given for the type 57 simply because the
n is much lower. The series of seven observations on F-9 showing the
largest discrepancy on the left-hand side of the figure were all taken
with T =1280°K which is 70° higher than any other temperature for
the data of this figure, and roughly 300° higher than the rated tem-
perature for this tube. The discrepancy is, therefore, ascribed to
incipient positive-ion emission. Although ¢ was assumed constant in
constructing the plot, it should be remembered again that this is not
exactly true. The common tendency of all points on the left-hand side
to surmount their theoretical positions is possibly due to a lowering
of o for small currents as a result of the non-uniformities in x men-
tioned above.

No such general accord with theory can be found in observations
on these tubes operated as diodes. (In “diode” operation, all electrodes

1 That this is a reasonable choice of I., and representative of conven-
tional oxide-coated cathodes, is supported by actual measurement; cf. B. J.
Thompson, “High Efficiencies of Emission from Oxide-Coated Filaments”,
Phys. Rewv., 36, p. 1415; October, (1930). Although these measurements give
too high a value of zero-field emission, on account of Schottky effect and
surface inhomogeneities, they are probably high by a factor no greater
than 10.
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but the cathode were tied together; in other respects the circuit was
unaltered.) Although the shot effect is still reduced by space-charge,
it always exceeds the predicted amount. For very small currents, at
the threshold of region (d) in Figure 7, the predicted shot effect is
closely approached; with increasing current the mean-square noise
exceeds the theoretical value by a steadily increasing factor. Figure
14 is representative of the relative behavior of “diode” as compared

SHOT EFFECT IN
TWO TUBES WITH COATED CATHOODES
OPERATED A—AS TRIODES
B—As DIODES
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SRl TyPE  CATHODE  SYMBOL (rpiGpe) Ok (TRIODE) (ESTIMATED)
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(PENTODE) SLEEVE
F-13 20 V-TYPE ROUND O —4.5 1100 9.3 0.90
(TRIODE) FILAMENT
2.00
/%/
B
1.50

Oexp / 8
1.00

0.90

0.80 K] N

0.70 3 <
g | ’————Jﬁ"—_‘ °

0.60}—c-

0,50 o1 N |

[o] | 4

2
I-MILLIAMPERES

Fig. 14—Comparison of “diode” and “triode” shot effect in
two regular tubes with coated cathodes.

with ‘“triode” shot effect in amplifying tubes. Considering first the
curves for F-10 (the same RCA-57 discussed above), note that the
“triode” noise shows a 4., which agrees closely with the theo-
retical value of approximately 2%. The ‘diode” noise, on the other
hand, shows a 0., which steadily increases with current. It should
be remarked that, although the same o = 0.83 was assumed for
plotting, the “diode” ¢ should properly have been chosen very slightly
smaller on account of an increase in “h”, (51); but this correction,
while in the right difection, would by no means account for even a
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significant fraction of the excess noise. The second pair of curves
belongs to a triode with a coated V-filament (RCA-30). The same
extraordinarily high noise for large (but not abnormally high) cur-
rents is evident in the “diode” case. For both tubes the factor” of
disagreement is, at 4 milliamperes, not trivial, but rather an order
of magnitude. The curve for “triode” noise of the RCA-30 is, inci-
dentally, of interest in its own right, for it indicates that the parallel-
plane formula applies to a structure even so remotely related as this
one which, despite a flat grid and plate, has a cathode similar in no
respect to the plane surface employed for analysis.
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Fig. 15

Although one might conjecture that the anomalous ‘“diode” noise
is somehow obscurely connected with the presence of grids, such a
notion is disqualified by measurements on actual diodes. Essentially
the same results were observed in every instance. In an attempt to
duplicate the theoretical model as closely as could be achieved with a
cylindrical structure, two diodes were built as designed in Figure 15.
A cylindrical coated cathode of 50 mils diameter was fitted. at each end
with short guard sleeves of thin nickel tubing, leaving a central exposed
length of 15 millimeters. Both anodes were nickel of 100 mils diameter;
one was hydrogen-fired at about 1100°C, the other carbonized. Both
tubes gave ample emission at T =990°K, and their current-voltage
curves were so nearly alike that the plots of g and I/g V, in Figure 15
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refer to either. The general course of these curves agrees very well
with predictions based upon the steady-state equations for parallel-
plane structures discussed above. No plot of voltage is shown since
accurate absolute measurements were difficult in view of the small
voltages required. The maximum voltage (I =4 milliamperes) was
estimated to be about 3.2 volts, corrected for contact potential. Calcu-
lation shows that currents below about 50 microamperes were collected
in a retarding field. The curves for I/g V, and #6,,, approach the
theoretical limits 1 and 1/2 quite closely at the lowest current meas-
ured, 25 microamperes. There was, therefore, every reason to expect
the shot effect to follow theory for larger currents. And yet 6., is
seen to rise steadily with current for both diodes just as it did for
amplifying tubes in diode connections.

This strange behavior can, in the writer’s opinion, be interpreted
wholly in terms of a small amount of elastic reflection at collecting
surfaces. Electrons returned to the vicinity of the virtual cathode as
a result of either scattering or reflection will, of course, alter its
potential and tend to decrease the steady-state flow of emission current
across the barrier in a fashion strictly analogous to the process by
which temperature-limited shot fluctuations are compensated and
reduced by space-charge. The reflection hypothesis is chiefly concerned
with those electrons which are elastically reflected or nearly so; an
electron which loses more than a fraction of a volt on collision can not
return sufficiently close to the virtual cathode to do damage at all
comparable to the havoc promoted by those which actually pass through
the virtual cathode a second time. It is impossible to handle this
problem with quantitative rigor, but a crude notion of magnitude may
be had. Consider a unit increase in the emission of electrons in a
particular velocity class. Without space-charge compensation there
would follow a unit increase in anode current. Our analysis has shown,
however, that in the presence of a virtual cathode, there flows a com-
pensating current —(1 —y). The net increase in anode current is
then [1—(1—1vy)]=1y. But suppose, to exaggerate a little, that all
of the original electrons are reflected back to the cathode to start out
again and finally be captured on the second attempt. The net increase
in anode current will be, in this event, something like

[1-1—=y)=1=9—1—y)]=—2+3y.

If y for this velocity class is, say 0.25, the net increase in anode current
turns out to be — 1.25 instead of + 0.25. On a mean-square basis, the
reflection of electrons has resulted in over-compensation to such an
extent that the noise has been increased twenty-five fold. Now a brief
calculation along these lines shows that if so little as 10 per cent of the
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total anode current is reflected as described, the total mean-square shot
effect is increased by a factor of 3 or more in a diode comparable to
those of Figure 15 and carrying three or four milliamperes current.
It is logical that the factor should increase with I, for the quantity
I' decreases (see Figure 5), so that, supposing the coefficient of reflec-
tion to vary but little with an increase in anode potential, in the light
of the example just discussed, the trend is obvious. '

The precise amount by which noise will be increased by electron
reflection depends upon too many factors to permit accurate prediction.
Structure, nature of the electric field, electrode potentials, character
of the reflecting surfaces, all are involved in a complex manner. Yet
the chief features of the experimental difference between ‘“diode” and
“triode” noise are thus simply irterpreted. For in the first place, a
negative grid leaves smaller opportunity for anode-reflected electrons
to return to the virtual cathode. But, more important, above a certain
low critical potential a fairly high percentage of elastically reflected
primaries drops to practically nothing. It is difficult to find much
experimental evidence in point amongst the quantities of literature
concerned with secondary emission, most of which is devoted to
inelastic encounters and to emission of true secondaries, characterized
by very low energies. But in one of Farnsworth’s papers! the precise
experimental information desired may be found. Of several conclu-
sions which he draws from his measurements of the energy distribu-
tion of secondaries from Cu, Fe, Ni, and Ag the second is of present
concern: “For primary voltages below a certain limiting value, which
varies with the metal, most of the secondary electrons have energies
approximately equal to the primary energy”. Measurements of sec-
ondary energies for these four metals are much alike, and of the four
Ni appears to reflect least. The table given here is constructed from
his data for N: and shows for each primary voltage V the per cent
of the primary stream which appears in the secondary stream as
electrons possessing within one-half volt of the primary energy.

I ! h

12 | 1 | 9 . 6 | 5

], V. | 62 | 104 | 186 | 335 | 50.0 |
' |

|

!

/
o

It must be remembered that these data apply only to a specific surface
put through a specific heat treatment, and cannot be considered

LH. E. Farnsworth, “Energy Distribution of Secondary Electrons from
Copper, Iron, Nickel, and Silver”, Phys. Rev., Vol. 31, p. 405, March, (1928).
In Compton and Langmuir’s “Electrical Discharges in Gases”, Rev. Mod.
Phys., Vol. 2, p. 171, April, (1930) will be found a brief factual background,
but elastic and inelastic reflections are not clearly distinguished.
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strictly representative of other samples. But the order of magnitude
supports the hypothesis under discussion.

One might naturally expect to ascribe the difference between 0.,
for the two tubes of Figure 15 to a reduction in elastic reflection as
a result of carbonization. Subsequent experiments supported the
notion. To separate out the possible alteration of reflection coefficient
as a result of deposition of cathode material during activation, two
diodes were constructed with dimensions similar to those of Figure 15,
except that these had slidable nickel anodes. One anode was wholly
carbonized; of the other, one-half was carbonized and the remainder
was left ‘“clean”. The first showed substantially the same noise for
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Fig. 16—Effect of electron reflection and scattering upon space-charge-
reduced shot effect in a triode: constant cathode current.

either position of the anode, indicating that deposition of cathode
material upon a carbonized anode during normal activation alters the
reflection coefficient (of the kind in question) a negligible amount.
The other, activated with the carbonized section exposed to the cathode,
showed a slightly higher noise when the ‘“clean” section was used.
Even here, just as in Figure 15, the carbonized anodes showed noise
far in excess of theoretical estimates; it is concluded that slow speed
(2- or 3-volt) electrons are reflected elastically almost as profusely
from a carbonized surface as from a clean one.
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Further support for the hypothesis of noise augmented by reflected
electrons is found in Figure 16. By operating a triode with grid posi-
tive and anode negative, one obtains an artificial electron reflection.
All electrons that miss the grid on first passage are returned, and many
of these may miss a second time and continue back to the cathode.
The figure shows in panorama the entire course of shot effect in a
constant cathode current for anode voltages running from high positive
to high negative values. The construction of the RCA-56 differs little
from that of the RCA-57 except that a carbonized anode replaces the
57’s screen grid, and a smaller p (13.8) brings ¢ down from an esti-
mated 0.83 to 0.78. The circuit sketch shows how grid and anode could
be given individual bias voltages and yet operated as a unitary elec-
trode for radio frequencies so that, even though the cathode current
was at times divided between the two, fluctuations in cathode current
(I) were measured under all circumstances. Bias voltages were meas-
ured at the electrodes, were not corrected for contact potential, and
for small values are therefore not precise. The trend of E, vs. E, is
normal; in particular the kink accompanying the approach of E, to
zero from the positive side is familiar and has long been correctly
attributed to a sudden lowering of space potential due to the abrupt
return of much of the anode-directed current to the vicinity of the
virtual cathode. The noise, which for normal biases remains very
constant and approximates the theoretical value, rises sharply to a
peak at precisely the point at which it would be expected to do so.
This maximum is considerably higher than the ‘“diode” noise, at
E,=FE_, =24 volts. The ultimate decline as more and more electrons
are trapped at the grid on first passage, and the finally levelling off
need little comment.

Finally, some observations on diodes with thoriated-tungsten
cathodes should be mentioned. A 4-mil filament was used with a nickel
anode of 100 mils diameter, either carbonized or not. At temperatures
providing emission sufficient to remove suspicion from the ratio I/,
the behavior was much the same as that exhibited in Figure 15, includ-
ing a decrease in noise with carbonization. Further, 6., for these
was, for the higher currents, always a little less than shown in Figure
15; with I=23.5 milliamperes, 6,,, =1.95 and 1.15 for these diodes,
uncarbonized and carbonized, while 6., =2.19 and 1.31 for their
coated-cathode brothers. A reflected electron finds the virtual cathode
less easily when the cathode has a diameter of 4 mils instead of 50 mils.

However unsatisfying it may be that the theory should agree but
poorly with measurements on the simplest structures patterned closely
after the model upon which the analysis was based, we conclude that
there is generally excellent agreement between theory and observations
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of cathode-current shot effect in tubes operated with negative control
grids. The formulas developed serve well as accurate engineering
guides to construction of low-noise tubes for class A operation. And
where experiment has shown the theory to be inapplicable, the hypothe-
sis of elastic reflection appears adequate to account for discrepancies.
The nature of cathode-current fluctuations, for small transit angles, is
now thought to be well understood. The complexities which are added
to the situation when the cathode current is divided and the noise
measured in one portion only, for example in the plate current of a
pentode, form the subject of the succeeding pages.
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PART III—MULTI-COLLECTORS
BY DwiGHT O. NORTH

Summary—The fluctuations in cathode current (I,) due to true shot
effect in cathode emission are

W=T2 (I, - 2eAf).

T is a factor, evaluated in Part II, equal to unity when the current is
temperature-limited, but ordinaridy only about 0.2 under normal space-
charge-limited conditions.

Theory here presented shows that fluctuations in the current (I.) to
the n'* collector of a device possessing several collectors for the cathode
current are, in general, improperly represented by the expressionm,

—-_ I __
Tl = — 12

Is
but correotly by the following formula:

—_ I
h’:[l—l—(l—rz)] (In - 2eAf).

In connection with suppressor-grid pentodes, for which it i8 generally true
that I? << I.a/Ib, the formula for shot eﬁ’ect in either screen or plate lead
(with input grounded) 1s

I.I,

™2 ;2
1,,2 ~ 1p

- 2eAf.

a

The noise in the plate lead is, then, usually higher than that in the cathode
lead, and this fact accounts in large measure for prevalent observations
that pentodes are usually inferior to triodes from purely a noise standpoint.

Experimental work i3 described, supporting the theory.

Combination of this theory with that of Part II yields a practical work-
tng formula for the apparent input shot effect of a conventional pentode
amplifier with coated cathode and megative control grid. Expressed in terms
of an ohmic resistance (R.;s) at room temperature (300°K), the thermal
agitation of which is equal to the apparent input shot effect, the formula 18

I.. 1000
R-I/ (Pentode) = 1 + 870 — . 'T— . Rv{] (triode)
gn
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where R.;s (triode) S

T is cathode tempature in °K, gm is pentode transconductance in mieromhos,
I. is the screen current in microamperes, and o is the ratio of total trans-
condurtance to conductance of the “equivalent diode.”

E . THEORY

charge-limited device which possesses more than one collector

have been outlined in Part I. If a pentode, for example, is
spacecharge-limited, the shot effect in the anode lead is often much
in excess of an estimate based upon a simple division of cathode cur-
rent fluctuations similar to the division of the cathode current itself.
In tetrodes such a behavior might ab initio be ascribed, at least in part,
to additional noise associated with secondary-emission current circu-
lating among the collecting electrodes. The analysis and experiment
presented below are confined to arrangements in which secondary
emision plays no role. In fact we shall be concerned with only an
extension of the concepts and formulas of Parts I and II.

Any electron in transit alters the potential of the virtual cathode
as explained earlier. This slight depression of the potential minimum
is by no means localized but extends over a region the linear dimen-
sions of which are, loosely speaking, comparable to the distance
between cathode and anode of the “effective diode”. It is beyond the
purposes of this paper to examine the precise geometrical scope of the
potential variation at the virtual cathode, but it should be evident that
the concomitant variation in the steady-state cathode current I pos-
sesses a comparable geometrical spread. In this way it comes about
that, at times, the compensatory flow of current which accompanies
and tendsto reduce an initial fluctuation in emission (yielding the
T of Part II) does not all arrive at the same collecting electrode to
which the initial fluctuation may be consigned, but is divided among
the several collectors. Consequently, the fluctuation in the electrode
named is n_ot fully reduced, while in the other electrodes there flows
simultaneously a ‘“compensating” current for which there is no ante-
cedent. The mean-square fluctuations in each electrode are, therefore,
in excess of an estimate based upon a simple apportioning of the
cathode current fluctuations. At any instant the sum of the linear
fluctuations ‘in all collector currents is still, naturally, equal to the
fluctuation in .cathode current. But the sum of the mean-square cur-
rent fluctuations in the former is greater than in the latter.

THE phenomena peculiar to shot-effect fluctuations in a space-
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Let us consider in detail two extreme examples of cathode-current
division. The behavior of these will set natural limits encompassing
the performance of all others. In Figure 1la the collectors are to.be
considered so close to the cathode (in comparison with their linear
dimensions) that there is virtually no region of the cathode from which
current is delivered to both collectors. Except in the immediate vicinity
of the boundary common to the collectors this will be strictly true.
Hence, by extending the cathode and collectors laterally /the ideal can
be approached as closely as desired. These collectors now operate
independently and their performance will be altered in no way what-
soever if the cathode be split also and the two diode systems sep-
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Fig. 1—Extreme examples of a multi-collector.

arated. Employing the notation of Part II, we may therefore write
the shot effect in each collector as follows:

TE=T,2 - 2el,Af =6, - 4kTg,Af } @

T2 =Ty - 2el,Af =0, - 4kTg,Af.

In short, there is nothing novel here; each collector current shows a
shot effect prescribed by the analysis of Part II, and the sum of the
mean-square fluctuations in the two anode currents, measured sep-
arately, is equal to the mean-square fluctuation in the anode current
of the device when the two collectors are tied together.

Proceeding to the opposite extreme, we find in Figure 1b a scheme
in which all the litle discs (2) constitute one collector, the other con-
sisting of the remanent sheet. If now the number of discs is thought
to become exceedingly large while, at the same time, the area of each
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is proportionately diminished so that the currents I, and I, are unal-
tered, another ideal situation is approached. It has the following
significant properties:

1. The current to either collector is composed of electrons which,
at the virtual cathode, exhibit a precise Maxwell-Boltzmann distribu-
tion of velocities.

2. The depression of virtual-cathode potential which accompanies
the passage of any electron (from whatever point on the cathode it
emerges) gives rise to a ‘“compensating” current which is always
divided between the collectors in proportion to their steady-state cur-
rents I, and I,.

The scheme can be generalized to N collectors, and this we shall
analyze. The cathode current will be

N
I=31,. (2)

Assuming that all electrodes are grounded with respect to noise fre-
quencies, let us determine the net current fluctuations in the nt* col-
lector. It is composed of three parts: A, fluctuations associated with
true shot effect in those B-electrons' which are collected at the n'*
electrode; B, fluctuations associated with true shot =ffect in those
B-electrons which are collected at all other electrodes; C, fluctuations
associated with true shot effect in the a-electrons!.

A. Were it not for compensating action at the virtual cathode,
the shot effect in I, would be true shot effect originating wholly in
random fluctuations in the emission of those B-electrons which reach
I,, namely,

wE=1, 2eAf. (4)

In the presence of a virtual cathode, it was shown in Part II that for
each emission velocity v,, there is a compensating action such that
each fluctuation which contributes to (4) is linearly reduced by a factor
yp (itself a function of v,) However, in contrast with the simple
diode, it cannot now be said that an initial fluctuation of unit ampli-
tude (1) gives rise to a “compensating” current in the n'* electrode
of amplitude—(1 —vyg). For the compensating flow is divided in
proportion to the steady-state current distribution. Rather, each

1See Part II, pp. 444 and 451. The a-electrons are those emitted
with velocity insufficient to carry them over the virtual cathode. The
remainder, the B-electrons, constitute the normal cathode current which
is divided and collected at the N electrodes.
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initial fluctuation which contributes to (4) is here linearly reduced by

I,
the factor [1 ——(Q1 - yﬂ)]. The net fluctuations in I,, due to true
1

shot fluctuations in I,, and averaged over the appropriate range of
emission velocities,* are, therefore,

I" In 2
Ti= [1_27<1—7ﬂ)+<—1—> (1—2ys+ y?):l_ln © 2enf. (4a)

- B. A similar treatment starts with initial true shot fluctuations
in the current to all collectors but the #'*, namely,

-1, - 2enf. (5)

Again, for each fluctuation which contributes to (5), there is a com-
pensating flow which, for unit amplitude of the initial fluctuation,

n
produces a current in the n' electrode of amount ——(1 — yp).
I

Averaged over the same range of emission velocities, the contribution
from this source to fluctuations in the n!* electrode is

I, \ 2
in_=[<7> (1—275+§?):|(1—1,,) - 2epf.  (5a)

C. The initial true shot effect in the a-electron current is
(Ie - I) zeAf, (6)

where I, is the total emission, so that (I, —I) is simply that portion
of the emission current which fails to cross the virtual cathode. And
once more, for each fluctuation which contributes to (6) there is a
disturbance of the virtual cathode potential and a consequent flow of
current to the collectors, each collector receiving its share in proportion
to the steady-state current it carries. Averaged over the appropriate
range of emission velocities, the contribution from this source to
fluctuations in the a'* electrode is

* The averaging process will not be elaborated here. It is explained
in detail in Part II, p. 450, from which it will be recognized that the

Ys* of (4a) is simply I'%, and that the 7,° of (6a) is similarly I',%
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I, \2
TT= [( _—> 722 :II . 2enf . (6a)
I

Provided there is no secondary emission, nor elastic reflection of
the sort described in Part II, the total shot effect in the n!* collector
is the sum of these three contributions, (4a), (5a), (6a). Remember-
ing that

T2=T,2 4 Ig?,

we find for the total fluctuation:

I,
Ti= [:1_7 (1_r2):| I, - 2enf. (7

The fluctuation in the cathode current is

2 =T2 - 2eAf. (8)

Part II was devoted to a determination of I'>. At this point one needs
only to recall that it runs from unity in the absence of a virtual
cathode to the neighborhood of 1/20 for normal space-charge-limited
operation of modern medium-gain receiving tubes.

The sum of the separately measured shot effects in all N collectors
18

N o __ 1-1%) ¥
> = [1‘21 +——7— Zln(I-—In):I 2enf,
1 1

substantiating the remark above that the sum of the mean-square
current fluctuations in the collector leads is greater than that in the
cathode lead—unless either '=1 (no virtual cathode, no compen-
sating action), or one collector takes the entire cathode current (no
problem).

Inspection of (7) leads to the following observations:

1. No fluctuation is greater than the true shot effect for the
current considered.

2. The smaller fraction of the total current an electrode collects
the more nearly the noise in that current approaches true shot effect.

3. For vanishingly small T, the mean-square fluctuation in the
current collected at any electrode is equé] to the product of the true
shot effect for said current and the fraction of the cathode current
not collected at said electrode.
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4. The ratio of actual noise to true shot effect in a divided portion
of the cathode current exceeds the corresponding ratio for the total
cathode current.

5. The noise in a divided portion I, of the cathode current exceeds
the noise in the total cathode current provided

I I, )
<—<1.
1—-12 I

In conventional tubes this is usually true for all collectors.

6. With constant T, the noise in a given collector current I, is a
maximum (against variations in I,) when

I, 1

I 201—1)

In other words, provided I'? < 1/2, the noise in no collector lead should

exceed
1

— I« 2eAf.
4(1—1?)

APPLICATION TO PENTODES

The conventional suppressor-grid pentode is expressly designed to
inhibit exchange of secondaries between screen grid and plate. Its
performance can, therefore, be expected to lie within the extremes just
discussed, provided there is no appreciable secondary emission from
insulating surfaces, e.g., the envelope. The suppressor grid will be
supposed to collect no current. It will also be supposed that the con-
trol grid is given a negative bias; from the viewpoint of this section
a positive control grid would, of course, be regarded as just another
collector, but it will generally introduce further complexities because
of possible secondary emission to other electrodes, and, more important
yet, the likelihood of elastic reflection resulting in an indeterminate
increase in I of the sort described at length in Part II.

Tubes designed with no intent to align grids so as to produce
electron beams, or, more specifically, to reduce the screen-grid current,
would be expected a priori to perform very nearly like the idealized
scheme of Figure 1b. For, scattering of electrons under the influence
of the control-grid field, together with the lack of alignment, are suffi-
cient reasons for supposing that the two important properties (p. 247)
of the idealized structure are closely approximated. Even some tubes
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of beam-forming design can be placed in the same category, but, in
general, each device of this class should be accorded an individual
examination.

Since subsequent experiments support these conjectures, it will be
useful to cast (7) into pentode nomenclature. With the cathode cur-
rent divided as follows,

Ia=102+1b: (9)

and with all electrodes grounded with respect to noise frequencies, the
shot effect in the cathode, the screen-grid, and the plate leads,! respec-
tively, is

N

12 =T2(I, - 2eAf)
— rzlcz +Ib
iP=— (I, 2eAf) (10)
1, r
I+ 1,
ti=— (I, - 2¢0f) .
1, J

It should be noted carefully that these formulas will serve directly to
predict the noise voltage appearing across an impedance in any lead,
but only provided no noise voltages appear on other electrodes. For
example, if the screen is grounded for radio frequencies, the noise
voltage appearing across an impedance Z in the plate lead is simply

ToZ |2

, (11)

7+ 2

where 7, is the plate resistance of the tube. If, however, there is
impedance in both screen and plate circuits, the screen-plate transcon-
ductance (and, to a lesser .extent the plate-screen transconductance),
together with the fact that the current fluctuations in screen and
plate are partly in phase, partly random, necessitates a return to
fundamentals and construction of entirely new expressions to take the
place of (10) and (11). These are not difficult to obtain but lie beyond
the aim of this paper which refers specifically to normal pentode
amplifiers only. To these the expressions above are usually applicable.

1 Different methods of attack have led to the same formula, e.g., W.
Schottky, “On the Theory of Electron Noise in Multiple-Grid Tubes,” Ann.
d. Physik, Vol. 32, p. 195, May, (1938). C. J. Bakker, “Current Distribution
Fluctuations in Multi-Electrode Radio Valves,” Physica, Vol. 5, No. 7,
p. 581, July, (1938).
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I
Now it will ordinarily be found that I‘2<<—fi. The formulas
I,

(1C) then approach the following limiting forms:
G =T2(I, - 2eAf)

— L. (10a)
y 2

1ol =142 = - 2eAf.

I,

If it is also true that I, << I,, the nmoise in both screen and plate
circuits is approximately equal to the true shot effect for a current
equal to the screen current I, The noise in the plate circuit may then
exceed that in the cathode lead by an order of magnitude. This
undesirable behavior is illustrated by the measurements below, and
is in accord with the prevalent impression that conventional pentodes
are usually inferior to triodes from purely a noise standpoint.

The most valuable figure of merit is the effective input noise,
namely, that voltage applied between grid and cathode which produces
output current fluctuations equal in magnitude to those actually gen-
erated by shot effect. The effective input noise is expressed by

—

P

o~

where g,, is used here to denote control grid-to-plate transconductance.
The symbol g, will be used to denote total (or cathode) transconduc-

tance. In brief,
oI, oI,

Im = y 9t ’
aEcl aEcl

and, since it is normally true, we shall assume
I,

Bt=—"—9m-
I,

Using (10), we then have

I, I, - 2enf
=1+ . (11)
112Ih 912
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The term without brackets will be recognized as the equivalent input
noise of the tube operated as a triode (both screen and plate working
into the same radio-frequency circuit). The term within brackets is,
therefore, the factor by which the effective input noise is increased
whent the tube is employed as a pentode.

For engineering purposes a more valuable formula expresses the
input noise simply as the effective resistance R,,, which, at room tem-
perature T, exhibits a thermal-agitation voltage equal to the effective
input shot voltage of the tube. This development parallels that of
p. 471, Part II, to which reference may be made for details. We also
need (43b) of Part II, namely,

6 9.V,
QB .

o I,

(12)

In this expression 6 is a pure number, practically equal to 2/3 over

the whole range of space-charge-limited operation, provided the ratio

of cathode current to emission is small; ¢ is the ratio of total trans-

conductance g, to the conductance g of the “equivalent diode”, and is
kT

given more explicit definition in (51) of Part II: V,=-—, where
e

T is cathode temperature, k is Boltzmann’s constant, e is electron
charge. Assuming that § =2/3 and T,=300°K, we find

I, 1000
N T . RO" (triode)

R,y (pentode) = [1 +8.70
Im

where I, is in microamperes, g,, in micromhos, and T in °K, L (13)

and where

Reﬂ (triode):—- e —— s — s —

For tubes with oxide-coated cathodes, it has been shown in Part II
that 6 =2/3 for practical purpbses, so that (13) may be considered
valid. However, whenever there is any question as to the validity of
(12), (11) should be used in place of (13), and T? should be found
experimentally from a measurement of noise in the cathode lead.

As an example of the magnitude of pentode shot noise as predicted
by (13), consider a typical radio-frequency pentode for which
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T =1000°K

4
I, = — 1, =2 milliamperes
5

9, = 1200 micromhos
oc=10.83
Then R, (triode)=1770 ohms
R, (pentode)=4.0 R, (triode)= 7100 ohms.

In concluding the theory it is worth observing that, although (10)
and (11) are developed with the understanding that 0 <T'< 1, and
that T' is simply a manifestation of fluctuations in virtual-eathode
potential elicited by and tending to compensate true shot fluctuations
in electron emission, they are equally valid in at least two further
instances in which T' may be greater than unity. Whenever positive
ions are evaporated from the cathode (discussed in Part IT) or when-
ever they are formed within the tube by collisions betwezn electrons
and molecules of residual gas (the subject of Part IV), if the ion
currents are small enough their sole contribation to the current fluc-
tuations in the plate circuit is due simply to the fact that the ions
alter the potential of the virtual cathode, so that fluctuations in ion
current bring about fluctuations in cathode current.! The mechanics
of this process is strictly parallel to that discussed at length in Part II.
Fluctuations observed in the cathode lead may even here be expressed
“empirically in the usual fashion:

=T, « 2eAf.
But now the former analytical expression,
=T+ T,

must be extended to include, phenomenologically, the noise produced
by positive ions, so that we have

="y + Fﬂ'g + 1"poa.g (14)
Exceedingly small ion currents can make I' > 1. Nevertheless, when

1 Assuming, as before, that the control grid is grounded with respect
to noise frequencies. If not, gas current to the grid introduces additional
noise, cf. Part 1V,
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I is defined as stated, the noise in screen and plate leads is still prop-
erly described by (10). An observed example of such a situation will
be presented in the following section.

EXPERIMENT

All measurements were conducted at a frequency of about one
megacycle. The apparatus and techniques are fully detailed under this
heading in Part II, and the signal substitution method described therein
was employed throughout.

Since the chief purpose of this work was a direct test of multi-
collector theory as enunciated in (10), there was no attempt to make
use of the theoretical value of I. In brief the procedure was as fol-
lows. A two-collector tube was operated at any chosen point on its
characteristic. The fluctuations in cathode current were measured to
permit an experimental determination of T. At the same operating
point the fluctuations in plate and screen current were successively
measured. These two values were then compared with their corre-
sponding theoretical estimates, using the experimental I" in the calcu-
lation.

The control grid was biased to a negative potential in every
instance, and the suppressor, if any, was connected directly to the
cathode. Measurement always showed no significant current to either
of these electrodes. When plate-current fluctuations were being meas-
ured, all electrodes but the plate were grounded for noise frequencies
with blocking condensers, and a known impedance was placed in the
plate lead; the voltage fluctuations appearing across this impedance
were amplified and measured. A similar procedure yielded screen-
current fluctuations. Cathode-current fluctuations were obtained in
this way also whenever screen and plate were operated at the same
potential so that they could be tied together. Otherwise, known im-
pedances with conductive branches were inserted in both screen and
plate leads, and the screen and plate were tied together (as regards
noise frequencies) with a blocking condenser. Screen and plate, there-
fore, operated as a unitary electrode at one megacycle, and the voltage
fluctuations at the plate were a direct measure of fluctuations in
cathode current. (A schematic circuit of this type, used for the same
purpose, ‘is given in Part II, Figure 16.)

Voltage fluctuations are plotted here, but these can be interpreted
immediately in terms of current fluctuations because all voltages refer
to a common impedance (45.5 X 10° ohms) and band width (9.50 kilo-
cycles)—these being the magnitudes of circuit impedance used, and
amplifier pass-band, respectively. Thus the fundamental quantity,
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0
the mean-square current fluctuations per unit band width < —_— )
of

corresponding to any rms noise voltage \/?‘ (nv) shown in Figures
2-4 can be obtained from

2 [ ppa et -
—_— = =50.9 e? (;wz) .
Af ke VAV

The three sets of data exhibited were selected from measurements
~on several types of tube, and may be considered truly representative
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