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PREFACE TO THE SECOND EDITION

The preparation of the second edition of “Theory and Applications of
Electron Tubes” was prompted by two principal considerations. The
first, and probably more important, of these was the necessity of bringing
the book up to date as regards the principal new developments of the past
five years in the field which it covers. Although the press of other
work connected with the defense and war efforts has made it impossible
for the author to make an exhaustive search of the literature of this
period, he believes that the most important subjectshave been adequately
treated.
The second factor that led to the preparation of the new edition was
the desirability of incorporating improvements in presentation that have
been suggested or that have suggested themselves during five years of use
of the book in college courses. Much of the material has been rear
ranged, and the chapter on Modulation and Detection and that on
Oscillators have been to a considerable extent rewritten. A few changes
in symbols or definitions have appeared to be desirable. In response to
many requests, problem answers are included in the new edition.
The author of a book in a field that develops as rapidly as that
covered by this book is faced with the difficulty of keeping the book up
to date without increasing the size unduly. Probably the best judges of
what material should be eliminated or added are the instructors in the
courses in which the book is used as a text. The author will welcome
suggestions and criticisms.
Herbert J. Reich.
Cambridge, Mass.,
August, 1944.
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PREFACE TO THE FIRST EDITION

Electron tubes, which have made possible the rapid development of
radio to its present state of refinement, have been assuming an increasing
importance in power control and transmission, in manufacturing, in the
home, and in the various branches of engineering and scientific research.
The rapidly growing field of application of electronic devices has necessi
tated the addition of courses in theoretical and applied electronics to
engineering and scientific Curriculums. The need for a single book to
assemble and coordinate our present knowledge of the theory and applica
tion of electron tubes led to the writing of this book.
The book is intended to give the student a sufficiently thorough
grounding in the fundamental principles of electron tubes and associated
circuits to enable him to apply electron tubes to the solution of new
problems. The author has not attempted to discuss all applications of
tubes to special problems but rather to cover basic principles and typical
applications. Since it was not his purpose to write a treatise on the
subject of applications of electron tubes, Class C amplification and the
design of radio transmitters and receivers, which are adequately treated
in books on radio engineering, have not been taken up. The basic
principles that are presented, however, are applicable to radio engineering
problems, as well as to industrial electronics, power control, electrical
measurements, and other fields of use of tubes. Although written
primarily as a text for college students, it is hoped that it will also prove
to be of value to practicing engineers as a reference book.
The book is based upon mimeographed notes that have been used in
the author’s courses on electron tubes during the past five years. These
notes have been kept up to date and have been revised as use in the
classroom has indicated wh<Ae improvement could be made.
A problem encountered in the preparation of the manuscript was the
choice of symbols. In the main, the symbols used are those which have
been standardized by the Standards Committee of the Institute of Radio
Engineers. Although the use of the symbols e and E for the voltage of
tube electrodes is in agreement with the practice of most writers on the
subject of electron tubes in the United States during the past twentyfive years, it is not in agreement with the symbols standardized by the
American Institute of Electrical Engineers nor with those used in Eng
land. Since the basic symbols that are used in this book have already
been standardized by the Institute of Radio Engineers, the author
ix
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PREFACE TO THE FIRST EDITION

feels that it would be a mistake to set up new symbols now. Because

of the very large number of symbols that must be used in the analysis of
tubes, difficulties are invariably encountered, regardless of the system
of nomenclature that is adopted.
The series expansion for electrode currents has been made the basis
of the analysis of the operation of high-vacuum tubes and associated
circuits. In order to justify the use of the series expansion and several
other very useful equations, the outlines of their derivations are included.
The student will not be seriously handicapped by the omission of these
derivations. Because the author believes that a thorough understanding
of the principles of detection and modulation is of great value in the study
of distortion in amplifiers, the chapter on detection and modulation
precedes those on amplification. The arrangement of subject matter is
such, however, that little difficulty will be experienced by the student
if this chapter is studied after those on amplifiers. Equivalent-circuit
and graphical methods of analysis are stressed throughout the book.
H. J. Reich.
Urbana, III.,

November, 1938.
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THEORY AND APPLICATIONS
OF ELECTRON TUBES
CHAPTER 1
PHYSICAL CONCEPTS

An electron tube is a device consisting of a number of electrodes
contained within a totally or partly evacuated enclosure. The useful
ness of such a device arises from its capacity to pass current, the magni
tude of which may be controlled by the voltages of the electrodes. As
suggested by the term electron tube, the operation of all types of elec
tron tubes is dependent upon the movement of electrons within the
tubes. The electron, which is the smallest known particle, has a mass
of 9.03 X HE28 g and a negative charge 8 of 16 X 10-20 coulomb or
4.8 X 10-10 e.s.u. The operation of many types of electron tubes also
depends upon the separation and motion of other elementary particles
of which matter is composed. For this reason a brief discussion of the
fundamental processes governing the behavior of these elementary
particles is of value in the study of electron tubes and their applications.
1-1. Excitation, Ionization, and Radiation.—The mass of the electron
is greatly exceeded by that of an atom, the lightest atom, hydrogen,
having a mass approximately eighteen hundred times that of the electron.
The major portion of the mass of an atom is accounted for by the nucleus,
a stable assemblage of charged and neutral particles having a net positive
charge equal to the atomic number of the element. The atom also
contains relatively loosely bound electrons, normally equal in number
to its atomic number. The normal atom is therefore neutral.
Experiments show that, in addition to possessing kinetic energy,
an atom is capable of absorbing energy internally. The internal energy
appears to be associated with the configuration of the particles of which
the atom is composed. The internal energy can be altered only in
discrete quantities, called quanta, and hence the atom can exist only in
definite stable states, which are characterized by the internal energy
content. Under ordinary conditions an atom is most likely to be in that
state in which the internal energy is a minimum, known as the normal
state. If the internal energy of the atom exceeds that of its normal state,
1
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it is said to be excited.

[Chap. 1

Excitation may be caused in a number of ways,

among which is collision of the atom with rapidly moving positive
or negative particles, which may give up some or all of their kinetic
energy to the atom during the collision. A limiting case of excitation is
ionization, in which the energy absorbed by the atom is sufficient to
allow a loosely bound electron to leave the atom against the electrostatic
force which tends to hold it within the atom. An atom that has lost
one or more electrons is said to be ionized and is one type of positive ion.
It is possible for excitation or ionization to take place in successive steps
by the absorption of two or more quanta of energy.
The return of an excited atom to a state of lower energy content
is usually accompanied by electromagnetic radiation. Since the energy
of the atom can have only discrete values, thè radiated electromagnetic
energy corresponding to a change from one given energy state to another
of lower energy is always associated with the releasing of a definite
quantum of electromagnetic energy, called *a photan. The frequency
of the radiated energy is determined by the relation W\ — W2 = hv, in
which IFi and W2 are the values of the internal energy of the atom in the
initial and final states; h is a universal constant called Planck’s constant,
6.55 X 10“27 erg-sec; and v is the frequency of the radiated energy in
cycles per second. From the form of this relation it is seen that the
quantity hv is the energy of the emitted photon. Each line of the emis
sion spectrum of an element represents the transition of atoms of the
element from some energy state to another of lower internal energy.
In interacting with atoms and molecules, photons exhibit some of the
characteristics of material particles, a photon behaving as though it
were a bundle of energy. The collision of an atom with a photon whose
energy is equal to the required change of internal energy may result in
excitation of the atom. If the energy of the colliding photon is equal
to or greater than that necessary to remove an electron from the atom,
the collision may result in ionization of the atom.
A number of attempts have been made to give a picture of the struc
ture of atoms that will account for the phenomena of excitation, ioniza
tion, and radiation. The most successful of these, proposed by Bohr, is
based upon the assumption that one or more electrons move about the
central nucleus of an atom in a manner similar to the motion of the planets
about the sun. To account for the observed definite values of internal
energy, it was assumed that the electrons can move only in certain
orbits and that the internal energy of the atom is increased when one
or more electrons are abruptly displaced from given orbits to others at a
greater distance from the nucleus. Radiation was assumed to result
when one or more electrons jump from given orbits to others nearer to
the nucleus. Any such picture is valuable principally in its ability
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to explain observed phenomena and to predict others. The complexity
of atoms containing more than two orbital electrons limited the usefulness
of the Bohr picture of the atom to the hydrogen and helium atoms.
The phenomena of excitation, ionization, and radiation are also
observed in molecules. Because of the greater complexity of molecules,
and the fact that their internal energy is partly associated with the
vibrational and rotational motion of the atoms of which they are com
posed, a molecule has many more stable states than an atom of the same
element.
1-2. Electron Volt.—Since the energy that a charged particle acquires
in free space when accelerated by an electric field is equal to the product
of the charge by the difference of potential between the initial and final •
positions, the difference in potential may be used as a measure of the
gain in kinetic energy. Any quantity of energy may, in fact, be expressed
in “electron volts.” An electron volt is the amount of energy gained by
an electron when accelerated in free space through a difference of potential
of 1 volt. It is often convenient to express in electron volts the energy
required to ionize or excite atoms or molecules.
1-3. Excitation and Ionization Potentials.—An excitation potential
is the energy, expressed in electron volts, that must be given to an atom
or molecule in order to cause a transition from a given state to one of
higher internal energy. An ionization potential is the least energy,
expressed in electron volts, that must be supplied to a normal or an
ionized atom or molecule in order to remove an electron from the atom or
molecule. Inasmuch as all atoms but hydrogen contain more than one
electron, an atom or molecule may, in general, have more than one
ionization potential. The first ionization potential applies to the removal
of an electron from a normal atom or molecule; the second ionization
potential applies to the removal of a second electron from an atom or
molecule that has already lost one electron; etc. A less likely type of
ionization is the simultaneous removal of two or more electrons. Table
1-1 lists the first ionization potentials of some of the elements that are
used in electron tubes. It should be noted that when ionization or
excitation potentials are expressed in electron volts they indicate the
minimum voltage that must be applied between two electrodes in order
to cause ionization as the result of acceleration of electrons or other
singly charged particles by the resulting field between the electrodes.
Table 1-L—First Ionization Potentials in Electron Volts
Argon....................... 15.69 Nitrogen.................. 14.48
Sodium............................
Neon......................... 21.47 Carbon dioxide.......... 14.4
Rubidium.......................
Helium..................... 24.46 Mercury......................... 10.38 Cesium............................
Hydrogen................ 13.53 Lithium........................... 5.37 Magnesium....................
Oxygen..................... 13.55 Potassium..................
4.32 Barium............................

5.12
4.16
3.87
7.61
5.19
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1-4. Ionization.—The positively charged mass resulting from the

removal of one or more electrons from an atom is only one of many types
of ions. In general, an ion is an elementary particle of matter or a small
group of such particles having a net positive or negative charge. Atoms
pr molecules that have lost one or more electrons, or that have picked up
one or more extra electrons, and simple or complex groups of a number of
atoms or molecules bearing excess positive, or negative charge, are special
examples of ions. This definition of an ion also includes such relatively
simple particles as the electron and other elementary charged particles
of which atomic nuclei are composed. The process of ionization, broadly
defined, is the production of ions in gases, liquids, or solids. It may result
> from a number of causes, among which are
1. Collision of atoms or molecules with
a. Electrons.
&. Positive or negative ions of atomic or molecular mass.
c. Excited atoms or molecules.
2. Collision of atoms or molecules with'photons (photoelectric effect).
3. Cosmic radiation.
4. High temperatures in gases or vapors.
5. Chemical action.

1-5. Ionization by Moving Electrons.—One of the most important
causes of ionization in electron tubes is the collision of rapidly moving
electrons with atoms or molecules. In order that a single moving electron
may ionize an atom or molecule it is necessary that the kinetic energy
of the electron be at least equal to the first ionization potential of
the atom or molecule. It is sometimes observed, however, that ions
appear in a gas or vapor when the bombarding electrons have energy
corresponding to the first excitation potential. The explanation of this
is that the atom may be ionized in steps, each successive impact by an
electron supplying sufficient energy to cause a transition to a state of
higher energy. Thus, although the first ionization potential of mercury
is 10.38 electron volts, ionization of mercury vapor by moving electrons
begins when the colliding electrons have energy corresponding to the
lowest excitation potential, 4.68 electron volts. Other more complicated
processes may produce similar results. Precise measurements show that
the voltages at which moving electrons begin to ionize a gas or vapor are
very sharply defined.
1-6. Ionization by Positive Ions.—Ionization by positive ions is a
more complicated phenomenon than ionization by electrons. One
reason for this is that a positive ion which strikes a neutral atom or
molecule is able to surrender not only its kinetic energy but also some
or all of its own energy of ionization, thus reverting to a state of lower
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internal energy. A collision in which an ionized or excited atom or
molecule transfers all or part of its energy of excitation to another atom or
molecule is known as a collision of the second kind. The transferred
energy may be used to excite or ionize the unexcited particle or may be
converted into kinetic energy of one or both particles. In a mixture of
gases a bombarding positive ion of one of the gases may ionize a neutral
atom or molecule of the other, the difference in energies of ionization
being supplied by or added to the kinetic energies of the two particles.
Because of conservation of momentum, the large mass of the positive
ion also complicates the process of ionization by positive ions. Ionization
by bombardment of positive ions requires higher accelerating potentials
than by electrons, and the potentials at which ionization begins are not
sharply defined.
1-7. Amount of Ionization.—The ionization potential is a measure
only of the minimum kinetic energy, below which a moving ion cannot
ionize a normal atom or molecule by a single collision. It does not follow
that every electron that acquires this amount of energy will necessarily
ionize a gas through which it moves. The likelihood of ionization, which
differs for different gases, is a function of the energy of the bombarding
particles. The amount of ionization produced in a gas or vapor by
charges that are accelerated by electric fields in the gas may be most
conveniently specified by the ionization coefficient. The ionization coeffi
cient is defined as the number of ionizing collisions made by an ion per
centimeter of advance through the gas. It differs for different gases and
for different types of ions and is a function of the gas pressure and the
electric field strength. The ionization factor varies with electric field
strength because increase of field strength increases the energy acquired
by an ion between collisions. It varies with gas pressure because increase
of gas density increases the likelihood that an ion will strike a gas particle
in a given distance, but decreases the distance it moves and hence the
energy it acquires between successive collisions with gas particles.
Because of these conflicting effects, the ionization factor passes through
a maximum value as the pressure is raised from a low value.
1-8. Photoionization.—In its narrower sense, the photo-electric effect
is the release of electrons from the surface of a solid by light or other
electromagnetic radiation. In its broader sense the photoelectric effect
is the ionization of an atom or molecule by collision with a photon and
may take place not only at the surface of a solid, but throughout a gas,
liquid, or solid. The photoelectric effect and its applications will be
discussed in detail in Chap. 13. The principles that govern ionization
by collision also apply to photoelectric ionization. The energy of a single
incident photon hv must be at least equal to the first ionization potential
of the atom. Impact of photons with atoms results not only in ionization
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but also in excitation. Ionization may occur in successive steps by a
rapid sequence of impacts of successive photons. Excitation by photons
is the inverse process to radiation, just as collision of the second kind is
the inverse phenomenon to excitation or ionization by collision. Absorp
tion spectra are an indication of the conversion of radiant energy into
energy of excitation or ionization.
The frequencies of photons capable of ionizing most elements lie out
side of the visible spectrum. The exceptions to this rule are the alkali
metals, which are therefore used in light-sensitive electron tubes.
1-9. Ionization by Cosmic Rays.—The exact constitution of cosmic
rays is still the basis of much scientific controversy. All experiments
seem to indicate, however, that the primary source is outside of the earth
and its atmosphere. They appear to be either electromagnetic radiation,
of very short wave length, or charged particles that move with extremely
high velocity. Ionization by cosmic rays at the surface of the earth
results mainly from secondary rays formed in the outer atmosphere and
appears to consist of both photoelectric ionization and ionization by
collision. It is of importance in connection with glow and arc discharges
because it is one of the sources of initial ionization that is necessary to the
formation of glows in cold-cathode discharge tubes.
1-10. Space Charge and Space Current.—A group of free charges in
space is called space charge. If the charge is of one sign only or if the
density of charge of one sign in a given volume exceeds that of the other
sign, the charge will give rise to an electrostatic field. The relation
between the net charge within a volume and the resulting electrostatic
flux is given by Gauss’s law, which states that the electric flux through
any surface enclosing free charges is equal to 4w times the sum of the
enclosed charges.1
The movement of free charges in space constitutes a current, called
space current. The current per unit area is equal to the product of the
charge density and the velocity normal to the area. The conventional
direction of current is in the direction of the motion of positive charges
and opposite in direction to the motion of negative charges.
1-11. Deionization.—The rapid disappearance of the products of
ionization is necessary for the proper functioning of certain types of
electron tubes containing gas or vapor. The removal of ions from a
volume of gas or vapor takes place in four ways:
1.
2.
3.
4.

Volume recombination.
Surface recombination.
Action of electric fields.
Diffusion.

1 Page, L., and Adams, N. I., “Principles of Electricity,” pp. 18, 41, D. Van
Nostrand Company, Inc., New York, 1931.
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There is good experimental evidence that the direct recombination
of electrons with positive ions is of relatively rare occurrence in electrical
discharges. Volume recombination results mainly from the attachment
of electrons to neutral gas molecules to form the heavier and slowermoving negative ions, which subsequently combine with positive ions.
The likelihood of attachment of electrons to neutral molecules decreases
with increase in temperature, decrease in pressure, and increase in field
strength. The rate of recombination of positive and negative ions is
proportional to the product of the two ion densities, the constant of
proportionality being called the coefficient of recombination. The coeffi
cient of recombination is different for different gases.
Surface recombination occurs at conducting walls of the tube that
contains the ionized gas, at the electrodes, and at surfaces of any other
conducting solids that project into the ionized gas. Recombination
takes place as the result of charges of opposite sign that are induced
on conducting surfaces or pulled out by strong fields at the surfaces. On
insulating surfaces or on conductors that are electrically isolated, charges
may also accumulate and build up an electric field that repels charges of
the same sign and attracts those of opposite sign. Surface recombination
is one of the main factors affecting deionization in glow- and arc-discharge
tubes and in circuit breakers of the “deion” type.
The electric field in the vicinity of the electrodes carries ions to the
electrode surfaces, where surface recombination may take place. Within
the main part of the gas, the electric field can change the ion density in a
given small volume only if the ion density is not uniform throughout the
tube, or at least in the vicinity of the volume under consideration. If
the ion density is uniform, the field will sweep as many riew ions into one
side of the volume as it removes from the other. If an ion density
gradient does exist, the action of the field may either increase or decrease
the density in the given volume. An example of deionization by electric
fields is the removal of ions in glow- and arc-discharge tubes when applied
potentials are reduced below the value necessary to maintain a glow
or arc.
Diffusion of ions results from the fact that ions, like gas molecules,
have a random motion which carries them from point to point. If the
ion density in an element of volume is greater than in adjacent elements,
then on the average more ions leave the given element than enter it; if,
on the other hand, the ion density is uniform throughout the region under
consideration, then on the average just as many ions enter a given ele
ment of volume in unit time as leave it. Thus, deionization by diffusion,
like deionization by electric fields, is dependent upon nonuniform density.

Because of surface recombination and nonuniform production of ions
throughout the tube, ion density differences are set up in glow- and arc;
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discharge tubes which enable diffusion and electric fields to be effective
deionizing agents.
1-12. Free Electrons in Metals.

Electron Affinity.—Some of the

electrons of metallic atoms are very loosely bound to the atoms. When
groups of such atoms are massed together into solids or liquids, the loosely
bound electrons can readily pass from atom to atom. Because of their
random temperature velocity these free electrons are constantly moving
about within the mass, and, although at some particular instant they may
be loosely bound to particular atoms, on the average they experience no
force in any particular direction. It is these electrons that make metallic
conduction possible and that play indispensable roles in thermionic
emission.
An electron that happens to pass through the surface of the metal in
the course of its random motion will, while it is still close to the surface,
induce a positive charge on the surface of the metal. This induced charge
results in a force that tends to return the electron into the metal, the
so-called image force. In order to escape from the metal the electron
must give up a certain amount of kinetic energy. The kinetic energy
that an electron loses in passing through the surface of a metal and far
enough away to be beyond the range of the image forces is called the
electron affinity of that metal and is represented by the symbol w.
The electron affinity is different for different materials and varies
greatly with the condition of the surface and with impurities contained
in the substance, particularly at the surface. Schottky has shown
theoretically that the • electron affinity should be reduced by strong
electric fields at the surface and that it should vary from point to point
on a given surface because of microscopic irregularities, being smaller at
projections and larger in hollows.1 Table l-II lists representative values
of electron affinity for a number of metals commonly used in electron tubes.
Table l-II.—Electron Affinity w in Electron Volts
Tungsten.......................................... 4.52 Magnesium........................................
Platinum........................................... 5.0 Nickel................................................
Tantalum.......................................... 4.1 Sodium..............................................
Molybdenum.................................... 4.3 Mercury.............................................
Carbon.............................................. 4.5 Calcium.............................................
Copper.............................................. 4.0 Barium..............................................
Thorium........................................... 3.0 Thoriumon tungsten.........................
Oxide-coated nickel.... 0.5 to 1.5

2.7
4.0
1.9
4.4
2.5
2.0
2.63

1-13. Contact Difference of Potential.2—A potential difference,
called contact difference of potential, exists between the surfaces of two
,1 Schottky, W., Physik. Z.r 12, 872 (1914), 20, 220 (1919); Ann. Physik, 44, 1011
(1914); Z. Physik, 14, 63 (1923).
2 An interesting discussion of contact potential and other small effective electrode
voltages is given by R. M. Bowie, Proc. I .R.E., 24, 1501 (1936).
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different metals that are in contact or are connected through an external
circuit, as shown in Fig. 1-1. Contact difference of potential results from
the fact that the electron affinities of the two metals differ. It is very
nearly equal to the difference between the electron affinities divided by
the charge of an electron. To prove this, suppose that an electron starts
from any point a close to the surface of one of the metals, passes into this
surface, thence around the circuit, and out through the surface of the
second metal to any point b close to its surface. In passing into the first
metal the electron does work equal to — Wi, the electron affinity of that
metal. In crossing the junction between the metals it does a small
amount of work because of the Peltier potential difference, which always
exists at the junction of two different metals and which is also a function
of the electron affinities of the metals. In passing out of the surface
of the sfecond metal it does work equal to w2, the electron affinity of that
metal. If the small amount of energy that the
electron loses as the result of impacts with atoms
and molecules in the metals (I-R loss) is neglected
and the Peltier potential difference is called Vp,
the total amount of work done is &Vp + w2 — Wi,
where 8 is the charge of an electron. &Vp may
be shown to be small in comparison with w2 — ®i,
Fig. 1-1.—Production
of contact difference of
and so the work done is approximately w2 —
by metals of un
Since the potential difference between two points potential
equal electron affinities.
may be defined as the work done in moving a
unit charge between the points, it follows that a difference of potential
approximately equal to (w2 — wi)/8 exists between any two points a and
b close to the surfaces of the two metals. If the connection between the
metals is made through an external circuit containing one or more addi
tional metals, the proof is altered only in respect to the additional
Peltier potential differences, which are negligible.
Inasmuch as the various electrodes in electron tubes may be made of
different metals, contact potentials may exist. The contact potential
differences may be of the order of 1 to 4 volts, as seen from Table l-II,
and must sometimes be taken into account when applied voltages are
small or when high accuracy is necessary in the analysis of electron tube
behavior.
1-14. Emission of Electrons and Other Ions from Solids.—The
presence of ions in a given volume may result not only from ionization
processes in that volume but also from the introduction of ions produced
or existing elsewhere. The mechanism by which ions are introduced
may be diffusion, action of electric fields, or the emission of electrons or
positive ions from the surfaces of solids or liquids. There are five ways
in which ions may be emitted from the surfaces of solids or liquids:
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1. Thermionic emission.

2. Photoelectric emission.
3. Secondary emission.
4. Field emission.
5. Radioactive disintegration.

Thermionic and photoelectric emission will be discussed in detail in
later chapters and therefore need no further consideration at this
point.
Secondary Emission.—When ions or excited atoms impinge upon
the surface of a solid, electrons may be ejected from the surface. These
are called secondary electrons, and the phenomenon is termed secondary
emission. Some secondary emission as the result of electron bombard
ment appears to take place when the energy of the impinging electrons
is less than the electron affinity of the emitter. For this reason it seems
likely that the energy that makes possible the escape of a secondary
electron is obtained not only from the impinging electron, but also from
the thermal energy of the emitter. The nufhber of secondary electrons
ejected per primary electron increases with the velocity of the primary
electrons and may become great enough to have an appreciable effect
upon the behavior of electron tubes at accelerating voltages as low as
5 to 10 volts. At several hundred volts the emission passes through a
maximum and then continues to fall with further increase of accelerating
voltage. This may be because the primary electrons penetrate farther
into the solid and transfer most of their energy to electrons that are so
far from the surface that they collide with atoms or molecules before
reaching it. The number of secondary electrons emitted per primary
electron is in general higher for surfaces having a low electron affinity.
It also depends upon the condition of the emitting surface, being reduced
by degassing the emitter and by carbonizing the surface. A single
primary electron may eject as many as 8 or 10 secondary electrons. The
primary electrons may be absorbed, reflected, or scattered by the surface.
The number of secondary electrons released by a single impinging
particle is less for positive-ion bombardment than for electron bombard
ment, and emission does not appear to take place unless the energy
of the impinging ions exceeds the electron affinity of the emitter. The
phenomenon of secondary emission is an important one in all types of
electron tubes.
Field Emission.—Field emission is the emission of electrons as the
result of intense electric fields at a surface. It is probably an important
factor in the operation of certain types of arc discharges. The field
strengths required to pull electrons through surfaces at ordinary tempera
tures are so great that the phenomenon is difficult to produce by direct
means.
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Emission Resulting from Radioactive Disintegration.—The emission
of positive or negative ions in the disintegration of radioactive substances
is of importance in glow- and arc-discharge tubes because the presence
of minute traces of radioactive materials in the tube walls and electrodes
may thus produce a small amount of residual ionization, which makes
possible the initial flow of current.
1-15. Electron Dynamics.—The motion of ions, including electrons,
is governed by the same laws as the motion of larger masses that can be
observed directly. Analyses of the dynamics of masses are based pri
marily upon Newton’s second law, which may be stated symbolically
by the equation
f = ma
(1-1)
in which f is the force in dynes acting upon a mass of m grams and a
is the resulting acceleration in centimeters per second per second. Aside
from forces resulting from the collision of charged particles with other
charged or uncharged masses, the forces acting upon charged particles
are electrostatic and electromagnetic. An electric or a magnetic field is
said to exist in a region in which electric or magnetic forces, respectively,
act.; The electric intensity (electric force) at any point is a vector quantity
which is given, both in magnitude and in direction, by the force (mechan
ical) per unit positive charge which would act on a charged particle
placed at this point. The magnetic intensity (magnetic force) at a point
may be defined as the vector quantity which is measured in magnitude
and direction by the force (mechanical) that would be exerted on a unit
magnetic pole placed at the point.
1-16. Motion of an Electron with. Zero Initial Velocity in a Uniform
Electric Field.—In the simplest case commonly encountered in electron

tubes, the electrostatic force acting upon an ion results from the applica
tion of a potential difference to two parallel plane electrodes whose
area is large in comparison with their separation. Except near the
edges, the electric intensity between such plates is constant throughout
the space between them. Since difference of potential between two
points may be defined as the work done in moving a unit charge between
the points, it follows that the potential difference is equal to

rd
E = Jo F dx

rd
e.s.u. (statvolts) = 300 jQ F dx

volts (1-2)

where F is the electric intensity in e.s.u. and d is the electrode spacing in
centimeters. Since F is constant,
E =F

dx = Fd

e.s.u.

(1-3)
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and
F =

-t

a

e.s.u.

(1-4)

The force exerted upon an electron between two such plates is equal
to the force exerted upon a unit charge times the charge of the electron:
EL
~d

dynes

(1-5)

where E is expressed in e.s.u. (statvolts), 8 in e.s.u. (statcoulombs),
and d in centimeters. It follows from Eqs. (1-1) and (1-5) that the
acceleration of the electron is

fe
E&
ae = — = -- -,
me med

, ,
cm/sec2

(1-6)

in which me is the mass of the electron in grams. Since, by definition,
acceleration is the rate of change of velocity, the velocity at any instant
after the electron starts moving under the influence of the field is
Ve

ES p d
med Jo

ESt
med

cm/sec

(1-7)

cm

(1-8)

The distance moved by the electron in the time t is
E& , Vim
s = f
I vem
dt = —
/ t at = _E&
—= i2u
Jo
med Jo
2med

From Eq. (1-8) it follows that the time taken for the electron to move
from one electrode to the other under the sole influence of the electric
field is

(1-9)
The velocity with which it strikes the positive plate is

E&td _ I2ES
med
y me

cm/sec .

(1-10)

The energy with which it strikes and which is converted into heat in the
positive electrode is
K.E. = fmm2 = E&
ergs
(1-11)
Equation (1-11) might have been obtained directly, since the difference
of potential between the electrodes is the energy acquired by a unit
charge moved under the sole influence of the field and, if the charge
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does not collide with other particles on the way, this energy can appear
only in kinetic form.
1-17. Motion of an Electron in a Uniform Electric Field. Initial
Velocity Parallel to the Field.—If an electron leaves one of the plates

with initial velocity vo parallel to the field, the velocity at any instant
thereafter is
ve = Vo ± ad
cm/sec
(1-12)
in which the minus sign is used if the direction of the electric force is
such as to reduce the initial velocity. The distance moved in the time t is
s~

fo ± a^dt = vot ± ^ad2

cm

(1-13)

If the field reduces the initial velocity, the maximum distance moved
can be found by differentiating Eq. (1-13). The time taken for the
electron to move through this distance is found by equating ds/dt to zero.
0=

Smax

ds
dt = Vo
Vo
sec
de
Vo2 Vo2
ae ~ 2ae

(1-14)

(1-15)
Vo2
2ae

cm

(1-16)

The electron will reach the second electrode if
=

Sma’ ~ 2a(

that is, if
imev02

med .
2E&V°

(1-17)

è

(1-18)

E&

Equation (1-18) follows directly from the law of conservation of energy,
since the electron can reach the second electrode only if its initial kinetic
energy %meVo2 equals or exceeds the energy it would lose in moving
between the electrodes, i.e., E&.
It also follows from the law of energy conservation that energy gained
by a charged particle while moving in vacuum under the action of an
electric field must be supplied by the source of potential applied to the
electrodes. Conversely, energy given up by an ion in moving in an
electric field is returned to the source, or converted into PR loss in con
ductors joining the electrodes to the source, or into heat of impact if the
electron strikes an electrode or other surface.
1-18. Motion of Electrons in Nonuniform Electric Fields.—In general,
the electric intensity in electron tubes is not uniform, and so the integra
tion of Eqs. (1-2), (1-7), (1-8), and (1-13) is less simple. When space
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charge becomes appreciable, the motion of individual electrons is also
affected by the fields set up by other electrons. This important
phenomenon will be discussed in detail in Chap. 2.
Inspection of the methods used in deriving Eqs. (1-5) to (1-18) shows
that the equations may be applied to other ions than electrons by making
suitable changes in the values of charge and mass.
1-19. Importance of Transit Time.—The time taken for electrons
and other ions to move between electrodes is so small that it may be
neglected in many analyses of the operation of electron tubes (see Probs.
1-1 and 1-2). It cannot be neglected, however, when the electrode
voltages alternate at frequencies so high that the time of transit is of the
same order of magnitude as the periods of the voltages. It is also of
importance in the study of the deionization of gas- or vapor-filled tubes.
1-20. Electric Field Normal to Initial Direction of Motion.—Up to

this point it has been assumed that the initial velocity of the electron is

Fig. 1-2.—Deflection of electron beam by electric field.

parallel to the electric field. Under this assumption there is no change
in the direction of motion in vacuum. In cathode-ray oscillograph and
television tubes, electron beams are deflected by electric fields perpen
dicular to the initial direction of motion. The arrangement is essentially
that shown in Fig. 1-2. Electrons enter the space between the deflecting
electrodes with a velocity vo parallel to the electrode surfaces, and are
deflected by the electric field between the electrodes, which have a
length I, a separation d, and a potential difference E.
The acceleration produced by the field is normal to the initial velocity
and its magnitude is given by Eq. (1-6) as EZ/mjL cm/sec2. Since the
velocity normal to the electric field remains constant, the time taken for
an electron to move through the deflecting field, which is assumed to be
uniform between the plates and zero on either side, is llv0. The vertical
displacement at the point where the electron leaves the plates is given
by Eq. (1-8). It is
. =

gS

2m

/2 =

2v02med

Cm

(1-19)

The vertical velocity when the electron leaves the deflecting plates
is given by Eq. (1-7)
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E&t
E&l
>u = —7 =----- ,
m^d VoWied

,
cm/sec

(1-20)

The horizontal velocity, which is unaffected by the field, is still v„.
Therefore, the final direction of motion makes an angle with the initial
direction given by the relation
E&l
tan 0 = —
(1-21)
Vo
v02med
But by Eq. (1-19),
E&l
6
= tan 9
(1-22)
Vo^med
Examination of Fig. 1-2 shows, therefore, that after deflection the
electrons move as though they had passed through a point midway
between and midway along the deflecting plates.
1-21. Motion of an Electron in a Magnetic Field Normal to the
Initial Velocity.—Like a current-carrying conductor, an electron moving

normal to a magnetic field experiences a force perpendicular to the field
and to the direction of motion of the charge. The magnitude of the
orce is given by the relation
fh = B&'v

dynes

(1-23)

in which B is the flux density in gauss, 8' is the charge of an electron in
electromagnetic units, and v is the velocity in centimeters per second.
If the electronic charge is expressed in e.s.u., Eq. (1-23) may also be
written
A = 3 ^Q10
dynes
(1-24)

The action of a magnetic field differs from that of an electric field in
that the force on a moving charge in an electric field is always parallel
to the field, whereas the force on a moving charge in a magnetic field is
normal to the field and to the instantaneous velocity. If an electron
enters a uniform magnetic field with an initial velocity vo normal to the
field, it will be deflected at right angles to the field by the force B&'vo
dynes. Since the acceleration is normal to the velocity, the speed
remains constant. If p is the instantaneous radius of curvature, the
radial acceleration is vo2!p. Therefore, by Eq. (1-1),
B&'v0

mev02

(1-25)

P

and
p

= > = 3x10bs

cm

(1-26)
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Since B is assumed to be constant, the electron moves with constant speed
along a path of constant radius of curvature, i.e., along a circular path,
in a plane perpendicular to the field. The dependence of the radius of
curvature upon the velocity and upon the mass makes possible the
separation of charged particles of different velocities or masses.
If the initial velocity also has a component parallel to the field, the
electron will describe a spiral path around an axis parallel to the field.
A similar spiral motion results if the initial velocity is parallel to the field
but some other force, such as repulsion between two or more electrons,
produces an acceleration normal to the field. This principle may be used
in preventing the spreading of and in focusing a beam of electrons. Elec
tron beams may also be focused by the use of nonuniform electric fields
such as exist between adjacent cylinders of unequal diameter when a
difference of potential exists between
them.1 These methods are used in
focusing electron beams in cathode
ray oscillograph and television tubes
and in electron microscopes (see Secs.
2-4 and 15-17).
In cathode-ray oscilloscope and
Fig. 1-3.—Deflection of electron beam by
television tubes, electron beams may
magnetic field. be deflected by magnetic fields normal
to the initial velocity of the electrons that comprise the beams. Although
a general analysis is complicated, a useful expression for the beam deflec
tion angle may be readily derived under the assumption that the field is
uniform throughout a distance s and zero elsewhere, as shown in Fig. 1-3.
Inspection of Fig. 1-3 shows that
• 0« = -«
sin

P

(1-27)

in which p, the radius of curvature of the circular path within the field,
is given by Eq. (1-26). Substitution of Eq. (1-26) in Eq. (1-27) gives the
relation:

Sm 0

3 X lO10^

(1-28)

For small deflection angles, Eq. (1-28) simplifies to

«=

sB&
3 X 1010z;om,

(1-29)

In the range of 0 in which Eq. (1-29) is valid, the path of the electrons
1 See, for instance, I. G. Malouf, and D. W. Epstein, “Electron Optics in Tele
vision,” McGraw-Hill Book Company, Inc., New York, 1939.
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after deflection, by the magnetic field is the same as though they had
originated at the center of the region in which the field acts.
1-22. Crossed Electric and Magnetic Fields.—If an electron is sent
through electric and magnetic fields that are perpendicular • to each
other and to the initial velocity of the electron, as shown in Fig. 1-4, the
electron is acted upon by a force 8F dynes caused by the electric field and
a force B&v0/(3 X 1010) dynes caused by the magnetic field. These
forces are both normal to the surfaces of the deflecting plates. If they
are equal in magnitude and opposite in direc
tion, the electron is undeflected. This is true
if

(1-30’

= ras»
or

F
vo — 3 X 1010 -5
£>

cm/sec

(1-31)
Fig. 1-4.—Path of an elec

in which F is measured in e.s.u. and B is tron through balanced electric
measured in gauss. This phenomenon may and magnetic fields.
obviously be used to measure the speed of electrons or other charged
particles.
Problems
1-1.

a. Find the time of transit of an electron between parallel plane electrodes

having a separation of 0.2 cm and a potential difference of 250 volts.

S = 4.8 X IO“10 e.s.u.
b. Find the energy delivered to the positive electrode by the electron.
1-2. a. An electron at the surface of a plane electrode is accelerated toward a

second parallel plane electrode by a 200-volt battery, the polarity of which is reversed
without loss of time 10-9 sec after the circuit is closed. If the electrode separation is
1.5 cm, on which electrode will the electron terminate its flight?
6. What will become of the kinetic energy that it acquires during its acceleration?
1-3. a. An electron having initial kinetic energy of 10-9 erg at the surface of one
of two parallel plane electrodes and moving normal to the surface is slowed down by the
retarding field caused by a 400-volt potential applied between the electrodes. Will
the electron reach the second electrode?
6. What will become of its initial energy?
1-4. The electrons that comprise a beam of cathode rays are given their velocity
Vo by means of a potential difference of 500 volts impressed between the electron source
and an accelerating anode. Determine the difference of potential that must be
impressed between two deflecting electrodes 3 cm long and 1 cm apart in order to
deflect the beam through an angle of 20 degrees.
1-5. The electrons that comprise a beam of cathode rays are given their velocity v„
by means of a potential difference of 1500 volts impressed between the electron source

and an accelerating anode. Determine the flux density that must exist throughout
a distance of 2 cm in order to deflect the beam through an angle of 10 degrees.
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CHAPTER 2
THERMIONIC EMISSION;
THE HIGH-VACUUM THERMIONIC DIODE

The operation of most electron tubes is dependent upon thermionic
emission. The theory of thermionic emission is, therefore, of great
importance in the study of electron tubes. It is the purpose of this
chapter to discuss the basic principles of thermionic emission, the con
struction of practical emitters, and the flow of electron space current in
high-vacuum tubes containing two electrodes.
2-1. Theory of Thermionic Emission.—Richardson’s theory of the
emission of electrons from hot bodies is in many respects analogous to
the kinetic theory of vaporization.1 Heat possessed by a metal is
believed to be stored not only in the kinetic energy of random motion
of atoms and molecules, but also in the kinetic energy of free electrons.
As a result of collisions between electrons or between electrons and atoms
or molecules, the speed and direction of motion of a given electron are
constantly changing. The random motion of the electrons causes
some of them to strike the inner surface of the metal. Electrons that
arrive at the surface will escape from the metal if they have a component
of velocity toward the surface equal to or greater than uw, corresponding
to a kinetic energy
equal to the electron affinity w. .The number
of electrons that reach the surface in unit time with a normal component
of velocity equal to or greater than uw is proportional to the fraction of all
the free electrons throughout the metal that have such velocities. At
room temperatures this fraction is extremely small, and so no thermionic
emission is detectable. As the temperature of the emitter is increased,
however, the average velocity of the free electrons increases, and so the
number having velocities equal to or greater than uw is increased. This
can be seen from the velocity-distribution curves of Fig. 2-1. These are
theoretical curves so constructed that the area under a given curve
between any two velocities u and u + Aw is proportional to the fraction
of the free electrons having velocities lying within this range at the tem
perature for which the curve is constructed. The area lying to the right
of a given positive value of u, such as uw, is proportional to the fraction
of the electrons having velocities in excess of this value. Figure 2-1
1 Richardson, O. W., Proc. Cambridge Phil. Soc., 11, 286 (1901); “Emission of
Electricity from Hot Bodies;” rev. ed., Longmans, Green & Company, New York,
1921.
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shows that the fraction of the electrons having velocities toward the
surface equal to or greater than uw increases with temperature. Hence
the rate at which electrons escape from the metal, i.e., the emission
current, increases with temperature. Observable emission currents are
obtained at temperatures in excess of 1000°K. Emission current is also
increased by reduction of electron affinity, since reduction of electron
affinity lowers the velocity uw and therefore increases the number of
electrons whose velocity toward the surface exceeds Uw. This is clearly
shown by Fig. 2-1, since reduction of work function w means that uw
is moved to the left and the area under the curve to the right of uw is
increased.
Electrons that escape will have resultant velocities made up of the
excess perpendicular to the surface, plus the original components parallel
to the surface, which are not altered by the surface forces. If the emitted
electrons are not drawn away by an external field, they will form a

Velocity away
from surface

0

uw Velocity toward
surface

Fig. 2-1.—Maxwellian distribution curves of velocities normal to emitter surface at three

temperatures.

space charge, the individual particles of which are moving about with
random velocities. Because the initial average normal velocity of the
electrons after emission is away from the surface and because of , the
mutual repulsion of like charges, electrons drift away from the surface.
Collisions between electrons cause some of them to acquire velocity com
ponents toward the emitter, where they may reenter the surface with a
gain of kinetic energy equal to the electron affinity. Another factor
responsible for the return of electrons to the emitter is the electrostatic
field set up by the negative space charge and, if the emitter is insulated,
by the positive charge that it acquires as the result of loss of electrons.
This field increases with the density of space charge, and equilibrium is
established when only enough electrons can move away from the surface
to supply the loss by diffusion of the space charge. If diffusion can
then be prevented, just as many electrons return to the metal in unit
time as leave it. Figure 2-2 gives a rough picture of the electron dis
tribution under equilibrium conditions.
If a second, cold electrode is placed near the emitting surface in
vacuum and connected to the emitter through a galvanometer, as shown
in Fig. 2-3, the meter will indicate the small current resulting from the
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drift of electrons from the emitter to the second electrode. These
electrons return to the emitter through the galvanometer and prevent
the emitter from becoming positively charged. This phenomenon, first
observed by Edison, is called the Edison effect. When the second
electrode is made positive with respect to the emitter by the addition
of a battery, as shown in Fig. 2-4, the current is increased. As the voltage
is gradually raised, it is found that at any emitter temperature there is a
more or less definite voltage beyond which the current is nearly constant,
all emitted electrons being drawn to the collector. This current is
called the saturation current, and the corresponding voltage, the saturation
voltage. The lack of increase of current beyond saturation voltage is

Fig. 2-2.—Dis
tribution of elec
trons near an emit
ting surface.

Fig. 2-3.—Flow of anode
current as the result of diffusion
of electrons from cathode to
anode without the application
of anode voltage (Edison effect).

Fig. 2-4.—Use of anode
voltage to increase anode cur
rent.

spoken of as voltage saturation. Saturation current varies with the
temperature and electron affinity of the emitter. The negative emitter
in Fig. 2-4 is called the cathode; and the positive collector, the anode or
plate. An electron tube containing only a cathode and an anode is
called a diode. Although the electrons move from cathode to anode, the
current, according to convention, is said to flow from anode to cathode
within the tube.
2-2. Richardson’s Equation.—By means of classical kinetic theory
and by thermodynamic theory, Richardson derived two slightly different
equations for saturation current as a function of temperature.1 It is not
possible experimentally to determine which of Richardson’s equations is
correct, but this was later done theoretically by M. v. Laue, S. Dushman,
and A. Sommerfeld. The equation that is now believed to be correct is

Is =

(2-i)

in which Is is the saturation current per unit area of emitter, T is the
absolute temperature, w is the electron affinity of the emitter, k is Boltz
mann’s universal gas constant, and A is a constant, probably universal for
pure metals. The value of k is 8.63 X 10-6 electron volt/degree and the
1 Richardson,

loo. cit.
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theoretical value of A for pure metals is 60.2. The form of the curve

that represents Richardson’s equation, shown in Fig. 2-5a, is determined
practically entirely by the exponential factor.
It is important to note that Richardson’s equation holds only for the
saturation current and that the anode voltage must, therefore, be high
enough at all times so that all emitted electrons are drawn to the anode.
If the anode voltage is fixed at some value Ei, while the temperature is
raised, then at some temperature the current will begin to be limited
by space charge in a manner similar to that when there is no accelerating
voltage. Further increase of temperature will then have no effect upon
the current. This temperature is called the saturation temperature,
and the failure of the current to increase at higher temperature is spoken
of as temperature saturation. If the emitter were homogeneous and the
electrostatic field constant over the surface of the emitter, the advent

fa)

fb)

Cc)

Fig. 2-5.—Curves of anode current vs. emitter temperature: (a) saturation emission

current; (5) theoretical curves at two values of anode voltage; (c) experimental curves at
two values of anode voltage.

of saturation would be abrupt, as indicated at point A of Fig. 2-56.
Actually, because of variations of temperature and electron affinity
and of electrostatic field, saturation does not take place over the whole
cathode surface at the same temperature, and so experimentally deter
mined curves bend over gradually, as shown by the curves of Fig. 2-5c.
At higher anode voltage E2, saturation occurs at a higher temperature.
If the voltage is increased with temperature, the current will continue to
rise with temperature, as in Fig. 2-5a, until the temperature becomes
sufficiently high to vaporize the emitter.
Since only those electrons which have relatively high energies can
escape from the metal, thermionic emission necessarily results in the
reduction of the average energy of the remaining electrons and molecules,
and hence of the temperature of the emitter. Heat must be supplied
continuously to the emitter in order to prevent its temperature from
falling as the result of emission. The cooling effect of emission current
is plainly visible in filaments in which the emission current is comparable
with the heating current, as in the type 30 tube.
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Richardson’s equation shows that the emission current which can be
obtained at any temperature varies inversely with the electron affinity.
The exponential form of the equation shows that small changes in tem
perature or electron affinity 'may result in large changes of emission
current. A 15 per cent reduction of electron affinity produces an eightor tenfold increase of emission in the working range of temperature. The
ratio of the emission current in milliamperes per square centimeter to the
heating power in watts per square centimeter is called the emission
efficiency. Emission efficiency increases with decrease of electron
affinity.
A satisfactory practical source of thermionic emission must satisfy
two requirements: it must have a high emission efficiency and it must
have a long life. Thermal losses can be reduced by proper design of the
emitter and by reduction of emitter temperature. (Cathodes of special
design, which give very low thermal losses, can be used in gaseous dis
charge tubes. These will be discussed in Sec. 12-16.) The life of an
emitter increases with the difference between the normal operating tem
perature and the vaporization or melting temperatures of the metal or
metals of which it is constructed. Since low operating temperature is
made possible by low electron affinity, it is evident that the choice of
emitters of low electron affinity is favorable to long life, as well as to high
efficiency.
2-3. Pure Metallic Emitters.—Pure metals having low electron
affinities, such as the alkali metals or calcium, cannot be used as emitters
in electron tubes because they vaporize excessively at temperatures at
which appreciable emission is obtained. Only two pure metals, tantalum
and tungsten, are suitable for use as practical emitters. Although the
electron affinity of tantalum is lower than that of tungsten, tantalum is
more sensitive to the action of residual gases and has lower vaporization
temperature. Tantalum is therefore seldom used. Pure metallic
emitters are now used only in large high-voltage (above 3500 volts)
power tubes, in which they are found to have longer life than the special
emitters that are used successfully in small tubes.
2-4. Thoriated Tungsten Emitters.—The presence of impurities in a
metal may produce a marked change in the value of its electron affinity.
This is usually attributed to the formation of thin layers of these impuri
ties at the surface. Such a layer may produce very high fields at the
surface by virtue of the fact that it may be electropositive or electro
negative relative to the main metal. Thus the presence of an absorbed
layer of oxygen, which is electronegative with respect to tungsten, results
in a field that opposes the emission of electrons and therefore increases
the electron affinity of tungsten. The presence, on the other hand, of a
monatomic layer of thorium atoms or ions on the surface of tungsten
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reduces its electron affinity remarkably. It is of interest to note that
the electron affinity of thonated tungsten may be even lower than that
of pure thorium (see Table l-II).
The reduction of the electron affinity of tungsten as the result of
introduction of small amounts of thorium was first observed by Langmuir
in 1914 in the course of a study of the properties of tungsten filaments.1
Thorium oxide is introduced into the tungsten in the course of its manu
facture. Subsequent high temperature converts a portion of the thorium
oxide into metallic thorium, which diffuses to the surface. Investiga
tions by Dushman, Becker, and others2 indicated that the lowest value of
w and the highest value of the constant A in Richardson’s equation are
obtained when the tungsten is completely, or perhaps very nearly, covered
with a single layer of thorium atoms.
Thoriated tungsten shows no increase of emission over that of pure
tungsten until it is activated. The activation process is performed after
evacuation of the tube. It consists first in “flashing” the emitter for a
few moments at a temperature of 2500 to 2800°K. This high tempera
ture reduces some of the thorium oxide to thorium. The temperature
is then kept for some minutes at about 2200°K, which allows the metallic
thorium to diffuse to the surface. The best value of diffusing tempera
ture is determined by the rates of diffusion of thorium to the surface, and
of evaporation from the surface. If the temperature is too high, the
evaporation exceeds the diffusion, resulting in deactivation. The emitter
is normally operated at temperatures that do not exceed 2000°K, which
is sufficiently low so that evaporation of thorium from the surface is
negligible. If the emitter is accidentally operated at such a high tem
perature that the whole supply of thorium diffuses to the surface and
evaporates, it can be reactivated by repeating the original activation
process. This may be done several times before all the thorium oxide
is used up.
A useful tool in the study of the phenomenon of activation is the
“electron microscope.”3 This consists of the emitter and means for
accelerating the electrons and for focusing them upon a screen4 which
fluoresces under the impact of electrons. It has been shown that the
1 Langmuir, I., Phys. Rev., 4, 544 (1914).
2 Dushman, S., and Ewald, J., Phys. Rev., 29, 857 (1927); Becker, J. A., Trans.

Am. Electrochem. Soc., 65, 153 (1929).
3 Knoll, M., and Ruska, E., Ann. Physik,

12, 607 (1932). The electron micro
scope has many applications besides that mentioned here. Recent instruments may
be used in place of ordinary microscopes in the study of matter and give higher magni
fication than can be attained with light. For a survey and a bibliography of this
subject, see R. P. Johnson, J. Applied Physics, 9, 508 (1938).
4 See, for instance, I. G. Malore and D. W. Epstein, “Electron Optics in Tele
vision,” McGraw-Hill Book Company, Inc., New York, 1938.

25

THERMIONIC EMISSION

Sec. 2-4]

action of nonuniform electromagnetic and electrostatic fields upon
electron beams is similar to the action of lenses upon light.1 Thus it is
possible to obtain on the screen a sharp enlarged image which shows
clearly the individual points of emission of the cathode.2 Similar results
are achieved by use of a straight filament at the axis of a cylindrical glass
tube, the inner surface of which is covered with a fluorescent material.3
The coated surface, which acts as the anode, is maintained at a positive

(6)

(e)
Image (a) immediately
after 10 sec. at 2800°K, (b) after additional 4 min. at 1850°K, (c) after 20 min. at 1850°K,
(d) after 30 min. at 1850°K, (e) after 70 min. at 1850°K. All pictures were made at 1200°K.
The decreasing exposure time is evidenced by reduction of apparent brilliance of the fila
ment. (Courtesy of R. P. Johnson.)
(a)

(c)

(d)

Fig. 2-6.—Typical activation behavior of thoriated tungsten.

potential of several thousand volts by means of a wire helix coiled inside
the tube in contact with the coating. Electrons emitted by the filament
are attracted radially toward the anode coating, where they produce a
magnified image of the electron emission at the surface of the filament.
Figure 2-6 gives a series of photographs of the screen of such a tube,
showing the activation of thoriated tungsten. (The bright vertical line
is caused by light from the filament, and the dark lines by the shadow
of the helix.)
1 Busch, H., Ann. Physik, 81, 974 (1926); Maloff, I. G., and Epstein, D. W.,
22, 1386 (1934); Epstein, D. W., Proc. I.R.E., 24, 1095 (1936); Maloff
and Epstein, “Electron Optics in Television,” op. cit.
2 See, for instance, E. Brüche and H. Johannson, Ann. Physik, 15, 145 (1932);
M. Knoll, Electronics, September, 1933, p. 243.
’Johnson, R. P., and Shockley, W., Phys. Rev., 49, 436 (1936). See also

Proc. I.R.E.,

Electronics, January, 1936, p. 10, March, 1937, p. 23.
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The presence of even small amounts of gas has a very destructive

effect Upon a thoriated tungsten emitter. This may result either from
direct chemical action, such as oxidation, or from the removal of thorium
from the surface by the bombardment of positive ions. The sensitiveness
of thoriated emitters to the action of gases and the rate of evaporation of
thorium may be greatly reduced by heating the emitter in an atmosphere
of hydrocarbon vapor, which causes the formation of a shell of tungsten
carbide. Because of the reduction of the rate of evaporation of the
thorium, a carbonized emitter can be operated at a much higher tempera
ture, with consequent increase of emission current and efficiency. At
this higher temperature the increase of diffusion makes possible the con

Fig. 2-7.—(a) Typical curves of emission current vs. heating power; (6) typical curves of
emission current vs. emitter temperature.

tinuous replacement of thorium removed from the surface by the action
of gas molecules or ions. Figure 2-7 shows that the emission efficiency
of thoriated tungsten is much higher than that of pure tungsten and that
a given emission may be obtained at a much lower temperature. Because
of the lower electron affinity, higher emission efficiency, and longer life
of oxide-coated emitters, thoriated tungsten emitters are now used very
little in receiving tubes.
2-5. Oxide-coated Emitters.—By far the most widely used emitters
in small high-vacuum tubes are oxide-coated emitters, first used by
Wehnelt.1 Although the process of manufacture of oxide-coated cathodes
varies considerably, it consists, in general, in coating a core metal, usually
nickel or alloys of nickel and other metals, with one or more layers of a
mixture of barium and strontium carbonates (approximately 60 per cent
barium carbonate and 40 per cent strontium carbonate). The carbonates
1 Wehnelt, A., Ann. Physik, 14, 425 (1904). For an excellent review of the
subject of oxide-coated emitters see J. P. Blewett, J. Applied Physics, 10, 668 and
831 11939).
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may be suspended in water, although a binder such as collodion or a
mixture of one part of Zapon varnish in 20 parts of amyl acetate is usually
used. The mixture may be applied to the core by spraying or by dipping
or dragging the core through the mixture. When a thick coating is
desired, the mixture is preferably applied in the form of several thin
coatings heated sufficiently between applications to burn out the binder.
After application of the carbonate coating, the emitter is mounted
in the tube, which is then evacuated, and the emitter is heated electrically
to a temperature of about 1400°K. The high temperature reduces the
carbonates to oxides, the liberated carbon dioxide being removed by the
pumps. The temperature is then lowered somewhat and voltage is
applied to the anode for some time, during which the emission builds up
to its proper value. The normal operating temperature ranges from
1000 to 1300°K.
Many experiments have been performed to determine what takes
place during the activation process and from which part of the emitter
electrons are emitted. Reduction of the oxides to pure metal may result
from chemical reaction, from electrolysis of the oxides, or from the bom
bardment of positive ions formed in the gas between the anode and the
emitter by electrons accelerated by the applied field. Perhaps all three
of these processes occur. Free metal formed throughout the oxide
diffuses toward the surface. Although particles of free metal are dis
tributed throughout the coating in a completed emitter, most recent
evidence appears to indicate that the emission takes place at the outer
surface.
The electron affinity, saturation emission current, and emission
efficiency of oxide-coated emitters are greatly dependent upon the manu
facturing processes. The electron affinity ranges from 0.5 to 1.5 electron
volts. Typical curves of saturation current vs. temperature and emission
efficiency vs. heating power are shown in Fig. 2-7. Examination of these
curves shows that the saturation current and emission efficiency are
considerably higher than those of thoriated tungsten. The relatively
low temperature at which oxide-coated cathodes can be operated is a
distinct advantage in most applications.
The emission from oxide-coated cathodes is reduced or destroyed
by the presence of oxygen, due to oxidation of the active metal or to
removal of the active metal or even the complete coating by positive-ion
bombardment. Another cause of damage to oxide-coated cathodes is
the development of hot spots. Because of nonuniform activation of the
emitter, emission is not uniform over the surface. The flow of emission
current through the oxide coating, which has high resistance, raises its
temperature. Since the temperature rise is greatest at points of the
cathode at which the emission is high, the emission increases still more at
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these points. If the current is not limited by space charge, the action
may become cumulative and the current and temperature increase to
such an extent that the coating is removed. In filamentary cathodes
the local rise in temperature may be so great as to melt the filament.
Hot spots are most likely to occur at high anode voltages. The tendency
toward the formation of hot spots is also increased by deactivation caused
by the flow of excessive space current.
When full emission current is drawn from an oxide-coated emitter,
the current first falls rapidly and then slowly approaches a steady value.
This decay of current is thought to be caused by electrolytic removal of
barium from the surface or by electrolytic deposition of oxygen on the
surface. The initial emission is recovered if the emitter is heated without
the flow of space current. The useful life of oxide-coated emitters, which
is several thousand hours, is terminated by a rather sudden decay in
emission to a very low value. This may be caused by evaporation of
free barium and of the supply of barium oxide that furnishes free barium
during the active life of the emitter. The useful life of a vacuum tube
containing an oxide-coated cathode may also be terminated by the
liberation of gas from the emitter. Schade has pointed out that the peak
current that can be obtained from an oxide-coated cathodes greatly
exceeds the steady current.1 Transient peak currents of 25 amp/cm2
have been observed from well-activated cathodes. The stable peak
emission over an extended period is usually less than one-third of this
value.
Formation of hot spots and the likelihood of ionization of gas emitted
during the life of oxide-coated emitters make them unsuitable for use in
high-voltage transmitting tubes.
2-6. Cesiated Tungsten Emitters.—A fourth type of emitter, not
used commercially in thermionic tubes, is produced by depositing a
monatomic layer of cesium on tungsten. Because the ionizing potential
of cesium vapor is less than the electron affinity of tungsten, the tungsten
removes an electron from a cesium atom which strikes it, leaving a
positive ion which is held to the tungsten surface by the resulting electro
static field. The force of adhesion is even greater if the tungsten is first
covered with a monatomic layer of oxygen, which is electronegative with
regard to tungsten. The strong electrostatic field between the cesium
ions and the tungsten or oxygen reduces the electron affinity to the
comparatively low value of 0.7 electron volt or less. Because cesium
melts at a temperature only slightly above room temperature, the
cesium vapor is obtained by merely introducing a small amount of cesium
into the evacuated tube, the subsequent vaporization being sufficient to
coat the filament.
1 Schade, O. H., Proc. I.R.E., 31, 341 (1943).
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The low electron affinity of the tungsten-oxygen-cesium emitter
makes possible high emission currents at a temperature of only 1000°K.
This type of emitter has several disadvantages, however, which make it
impractical for use in commercial tubes. As the result of the high vapor
pressure of cesium at operating temperatures of the tube, the character
istics of the tube are influenced by tube temperature. Too high tempera
ture vaporizes the cesium, causing temporary reduction in emission, or
even removal of the oxygen layer with permanent reduction of emission.
Except at very low anode voltages, ionization of the cesium vapor occurs,
resulting in fluctuations of anode current. The presence of positive
ions is also detrimental to the action of amplifier tubes for other reasons,
which will be discussed (Secs. 2-8, 6-7, 13-16).
2-7. Mechanical Construction of Cathodes.—Cathodes used in highvacuum thermionic tubes are divided into two general classes: fila-

Fig. 2-8.—Typical filamentary cathodes.

(Courtesy of Radio Corporation of America.)

Fig. 2-9.—Structure of typical heater
type cathodes. (Courtesy of Radio Cor

poration of America.)

mentary and indirectly heated. Figure 2-8 shows the form of typical
filamentary cathodes. Early vacuum tubes used only filamentary
cathodes. When filamentary cathodes are operated on alternating
current, the stray alternating electrostatic field and the alternating
voltage across the filament cause an alternating component of plate
current that may be objectionable. This difficulty led to the develop
ment of the indirectly heated, or heater-type, cathode.
Indirectly heated cathodes used in receiving tubes consist of an
oxide-coated cylindrical sleeve, usually of nickel, within which is some
form of heater. The most common types of heaters are illustrated in
Fig. 2-9. The 5Z4 and 25A6 heater coils are helically wound. That
of the 6K7 type of cathode is wound in a reverse helix. After being
wound and formed, the coils are coated with a refractory insulating
material and inserted into the sleeve. The heater of the 25L6 type of
cathode is covered with a refractory insulating coating of sufficient

adherence to permit the wire to be bent into the desired shape after it
has been coated. Because of the small magnetic field produced by the
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6K7 type of heater, there is very little 60-cycle plate-current variation, or
“hum,” when the heater is operated on alternating current. The
loop type of helical heater exemplified by the 25A6 heater and the
folded type of heater used in the 25L6 cathode make possible the use of
enough wire for 25-volt operation. The advantage of the 25L6 construc
tion is its low cost. More complicated cathode structures used in arc
discharge tubes will be discussed in Chap. 12.
The advantages of heater-type cathodes over filamentary cathodes
are the much lower alternating component of plate current resulting
from a-c operation of the heaters, and the possibility of using a single
source of power to heat a number of cathodes between which a difference
of potential exists. The small effect of the alternating heating current
upon the plate current results in part from the fact that the indirectly
heated cathode is a unipotential surface, and in part from the small mag
nitude of the stray alternating fields caused by the flow of heater current.
A disadvantage of indirectly heated cathodes is their much longer heating
time. Because oxide-coated emitters do not stand up in high-voltage
tubes and because indirect heating cannot be used with pure tungsten or
thoriated tungsten emitters, heater-type cathodes are not used in tubes
that require high plate voltage.
2-8. Effects of Gas upon Emission and Space Currents.—The delete
rious effects of gas upon emitters of various types as the result of chemical
action, adsorption of thin layers of gas upon the surface, and positive-ion
bombardment have already been mentioned. When the anode
voltage is sufficiently high to produce ionization of the gas, other effects
become apparent. If anode current is at first limited by space charge,
the appearance of positive ions tends to neutralize the negative space
charge surrounding the filament, thus increasing the anode current. If
the anode voltage is high enough to give saturation current initially,
increase of current occurs because the electrons and ions produced by
bombardment of neutral gas molecules by the emitted electrons add
to the current. Unfortunately this increase of current is likely to be
accompanied by a number of undesirable effects. Currents through
ionized gases usually fluctuate, resulting in “noise” in tubes used for
amplification. The relatively low velocity of positive and negative
ions produces a lag in the response of current to changes of voltage.
Variations of gas pressure resulting from changes of temperature or from
the absorption or emission of gas from the walls and electrodes may
cause the characteristics of the tube to vary. Finally, in a gassy tube,
positive-ion current flows to an electrode to which a negative voltage is
applied. When the anode current is controlled by means of a negative
voltage applied to an electrode through a high resistance, the flow of
current through the resistance may cause an objectionable voltage drop
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and, under certain circumstances, may even result in damage to the tube
(see Secs. 6-7, 12-20, and 13-16).
In the manufacture of high-vacuum tubes, many precautions are
taken to ensure the removal of gas from walls and electrodes. The
electrodes are thoroughly cleaned and are then heated for several minutes
in an atmosphere of hydrogen, which removes oxygen and water vapor.
After the tube is assembled and connected to the pumps, the electrodes
are heated to about 800 or 1000°C by high-frequency induction in order
to remove other occluded gases. Residual gas is removed by the use of
getters, which are active chemical substances such as barium, magnesium,
aluminum, and tantalum, having the property of combining with gases
when they are vaporized. In glass tubes a small amount of the getter is
mounted in such a position that it will be heated and vaporized or
“flashed” during the inductive heating of the elements. By proper
location of the getter, the vapor can be prevented from condensing in
places where it might cause electrical leakage or undesirable primary
or secondary emission. The effectiveness of the getter results not only
from its chemical combination with gases during flashing, but also from
subsequent absorption of gases by getter that has condensed on the walls
of the tube. The action of the getter during flashing is increased by
ionization of the gas by means of voltages applied between the electrodes
or by the radio-frequency field of the induction heater. To ensure the
removal of gas from the walls, tubes are baked during the process of
manufacture. On machines that exhaust and seal the tubes separately,
the bulbs are heated in ovens during exhaustion. On “ Sealex ” machines,
the tubes are sealed and exhausted on the same machine, the heat from
sealing being used to drive gases from the bulbs during exhaustion.
In tubes with metal envelopes, the shielding action of the shell
makes it impossible to heat the electrodes and the getter by induction.
The electrodes may be heated by radiation from the shell, which is heated
by gas flames. Although the getter may be fastened to the inside of the
shell and vaporized by heating the shell locally, another method has been
developed that requires less critical control.1 A short length of tantalum
ribbon, which connects the shell to its terminal -pin in the base, is coated
with a mixture of barium and strontium carbonates. While the tube is
on the pumps, the temperature of the tantalum wire is raised electrically
to about 1100°C. This converts the carbonates into oxides. After
the tube has been sealed off, the tantalum wire is heated to a temperature
in excess of 1200°C. This causes the tantalum to reduce the oxides to
pure metallic barium and strontium, which vaporize. Since the vapor
moves in straight lines, it can be directed as desired by means of shields
1Ledereb, E. A., and Wamsley, D. H., RCA Rev.,
also discusses gettering methods used in glass tubes.

2, 117 (1937). This article
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and by proper location of the tantalum wire. This type of getter is
called laialum [see (11) in Fig. 3-llt],
2-9. Limitation of Anode Current by Space Charge.—The effect of
space charge in limiting space current and the increase of anode current
resulting from an accelerating anode potential have already been men
tioned in connection with the theory of thermionic emission. Before
proceeding to a discussion of the quantitative relation between anode
current and anode potential in a two-element tube, it is of interest to
discuss further the physical picture underlying the phenomenon. The
behavior of the emitted thermionic electrons is complicated by their
initial velocities. For this reason it is best first to formulate a theory
on the assumption that the initial velocities are zero and then, when
they are taken into consideration, to see in what manner the results
should be altered. For the present, therefore, initial velocities will be
assumed to be zero. It will be further assumed that both cathode and
anode are homogeneous, constant-potential, parallel planes of large area,
and hence that the electric field over the surface of the cathode may be
assumed to be uniform.
Electrons that leave the cathode constitute a space charge that
exerts a retarding field at the cathode. The net field at the surface
of the cathode is the difference between this retarding field and the
accelerating field produced by the positive voltage of the anode. The
number of electrons in the space, and hence the retarding component of
field at the cathode, increase with the anode current. When the positive
anode voltage is applied, the anode current builds up with great rapidity
to such a value that the average retarding field at the cathode caused
by the space charge is equal to the accelerating field caused by the anode
voltage, making the average field zero at the cathode. Increase of
emission then does not raise the anode current, as the additional emitted
electrons merely reenter the cathode. If it were possible in some manner
to increase the density of space charge by increasing the current beyond
this equilibrium value, or if the anode voltage were reduced slightly,
then the net field at the cathode would be a retarding one. For an
instant, all emitted electrons would be prevented from moving away
from the cathode, and the current and space-charge density would be
automatically reduced to a value that would again make the average
field at the cathode zero. An increase of anode voltage causes the
accelerating field to exceed the retarding field. The number of electrons
moving to the anode then increases until the retarding field again equals
the accelerating field.
At first thought it may not seem plausible that there can be a steady
flow of electrons to the anode when both the velocities of emitted electrons
and the average electrostatic field are zero at the cathode. It is only
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the time average field, however, that is zero at any point on the cathode.
The instantaneous field at any point may vary in a random manner
between positive and negative values. Immediately after one or more
electrons have entered some point of the anode, the net field at a cor
responding point of the cathode may be positive, causing one or more
electrons to move away from the cathode. These electrons produce
a retarding field behind them, which prevents the departure of more
electrons from that point until the entrance of other electrons into the
anode again results in an accelerating field. Many electrons are entering
and leaving the space at any instant, so that the field fluctuations are
rapid and haphazard.
2-10. Child’s Law.—The foregoing descriptive explanation shows
that, if an ample supply of electrons is available at the cathode, the anode
current in a diode varies with the voltage applied between the anode and
cathode. A mathematical analysis of this phenomenon was first made
by Child.1 The equation relating the anode current and voltage is called
Child’s law. The general derivation for electrodes of any size and shape
is too difficult to yield a useful equation, and so only the relatively simple
cases such as those applying to plane parallel electrodes of large area and
to long concentric cylinders are ordinarily considered. In deriving
Child’s law for plane parallel electrodes the following assumptions are
made:
1. The cathode temperature is high enough at all points so that more electrons
are emitted than are drawn to the anode; i.e., the current is limited by space
charge.
2. The cathode and anode are parallel plates whose area is large as compared
to their spacing; i.e., the electrostatic field is normal to the electrode surface and
uniform over the surface of any plane parallel to the electrodes.
3. The surfaces of the anode and cathode are equipotential surfaces.
4. The space between the cathode and the anode is sufficiently free of gas so
that electrons do not lose energy by collision with gas molecules in moving from
the cathode to the anode.
5. Emitted electrons have zero initial velocity after emission.

Under these assumptions the following three equations may be
written:
d2V

&V = %mev2
ib = — pvA

(2-3)
(2-4)

in which V is the potential, relative to the cathode, at a distance x from
the cathode; p is the (negative) density of electron space charge at a
1 Child, C, D., Phys. Rev., 32, 498 (1911).
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distance x from the cathode; S and me are the charge and the mass,
respectively, of an electron; v is the velocity dx/di of an electron at a
distance x from the cathode; it is the anode current; and A is the area of
the electrodes.
Equation (2-2) combines in symbolic form the definitions of potential
difference and electric field. It is a special form of Poisson’s equation,
one of the most important fundamental laws of electrostatics, and may
be derived directly from Gauss’s law1 (see Sec. 1-10). Equation (2-3)
states that the energy gained by an electron in moving from the cathode
to a distance x from the cathode under the influence of the electric field
appears entirely in the form of kinetic energy.
Equation (2-4) is a symbolic formulation of
the definition of the magnitude of an electric
current as the rate of flow of charge.
In the solution of the simultaneous differ
ential Eqs. (2-2), (2-3), and (2-4), the follow
ing boundary conditions must be applied: At
the cathode, the potential V, the average
electric field SV/dx, and the velocity v are
zero. At the anode, where x is equal to the
cathode-to-anode spacing d, the potential is
Fig. 2-10.—Variation of
field strength F, potential V,
equal
to eb, the applied anode voltage. Solu
electron velocity v, and space
tion of the equations and substitution of
charge density p with distance
x from plane cathode. Zero
numerical values of 8 and m, give the following
initial velocity. Arbitrary
equation for the anode current of a diode:2
units.
ib = 2.34 X 10-6

a2

amp

(2-5)

By combining Eq. (2-5) with Eqs. (2-2), (2-3), and (2-4), theoretical
expressions may be derived for density of space charge, electron velocity,
electric field strength, and potential as functions of distance from the
cathode. Curves derived from these are shown in Fig. 2-10.
Child’s law for concentric cylinders whose length is large as compared
to their spacing is
ib = 14.68 X 10-6

h pM

amp

(2-6)

in which r is the radius of the anode, h is the length of the electrodes, and
b is a factor whose value depends upon the ratio of the radius of the anode
to that of the cathode, b has the approximate value i for a ratio 2, | for
a ratio 3, and 0.9 for a ratio 8. If the plate diameter is large as compared
1 Page, L., and Adams, N. I., “Principles of Electricity,” p. 83, D. Van Nostrand
Company, Inc., New York, 1931.
2 Page and Adams, op. cit., p. 297.
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to that of the cathode, Eq. (2-6) reduces to the approximate form
ib = 14.7 X io-6---amp
(2-7)
r
Equations (2-5) to (2-7) show the importance of close spacing between
cathode and anode if large currents are desired at small anode voltages.
2-11. Deviations from Child’s Law Observed in Practical Diodes.—

Deviations from Child’s law result from the failure of practical diodes to
satisfy the assumptions made in its derivation. Since the temperature
of the cathode is fixed by considerations of emission efficiency and life,
there is always a saturation voltage above which the current is not limited
by space charge but by filament emission. If other assumptions were
satisfied, the saturation voltage would be quite definite and the cur
rent-voltage curve would be as shown by the dotted lines of Fig. 2-11.
Because of variations in temperature,
electron affinity, and field strength over
the cathode surface, the anode voltage
at which voltage saturation takes place
is not the same- for all points of the
cathode. The curve of anode current
vs. anode voltage therefore bends over
gradually, as shown by the full line of
Fig. 2-11. Above saturation the cur
rent is not entirely constant but con
Fig. 2-11.—Curves of anode current
tinues to rise somewhat with anode it vs. anode voltage et at two values of
voltage. This is explained by reduc emitter temperature.
tion of electron affinity with increase of external field (see Sec. 1-12), and
lack of homogeneity of the surface of the emitter. The effect is particu
larly noticeable with oxide-coated cathodes.
The assumptions of uniform field and equipotential cathode are
satisfied fairly closely in heater-type diodes with cylindrical plates. The
voltage drop in filamentary cathodes may be shown to change Child’s
i-power law into a f-power law at anode voltages relative to the negative
end of the filament that are less than the voltage of the positive end of
the filament. This tends to make the lower part of the ib-Sb curve steeper.
The exact effect upon the curve of failure to satisfy the assumption of
uniform field is complicated and impossible to predict completely.
2-12. Effect of Initial Velocities of Emitted Electrons.—Modified
forms of Child’s law which take into consideration the initial velocities
of emitted electrons have been derived by Schottky, Langmuir, and
others.1 For the purpose of this book, a qualitative explanation of the
effect of initial velocities is sufficient. Let it first be supposed that
1 Schottky, W., Physik. Z., 15, 526 (1914); Ann. Physik, 44, 1011 (1914); Lang
I., Phys. Rev., 21, 419 (1923); Davisson, C., Phys. Rev., 25, 808 (1925).

muir,
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the electrons emerge with zero velocity. Under equilibrium conditions the

space current and the space-charge density assume such values that the
average field at the cathode is zero (see Sec. 2-9). The field and potential
distributions in the interelectrode space are as shown in Fig. 2-10. Now
let the emitted electrons suddenly have initial velocities which, for the
sake of simplicity, are assumed to be the same for all electrons. Electrons
that, without initial velocity, would have reentered the cathode now
move toward the anode in spite of the fact that the average field is zero.
As a result, the current and the space-charge density increase. The
retarding field of the space charge now exceeds the accelerating field of
the anode, giving a net retarding field at the
cathode surface which slows up the electrons in
the vicinity of the cathode. Equilibrium
results when the retarding field in the vicinity
of the cathode is sufficiently high so that the
electrons are brought to rest in a plane a short
distance s from the cathode. The average
field in this plane is zero, but instantaneous
fluctuations allow just enough electrons to pass
to give the required anode current. The
behavior is similar to that which would obtain
if the initial velocity were zero and the cathode
Fig. 2-12.—Variation of
were moved toward the anode by the distance
field strength and potential
with distance from cathode for s, Because of the random distribution of
plane parallel electrodes of
electrop velocities the phenomenon is actually
separation d. Initial veloci
ties of emitted electrons con
more complicated than this simplified picture
sidered.
indicates. The simple theory shows, however,
that the effect of initial velocities is to increase the anode current cor
responding to any anode voltage and is, therefore, equivalent to that of a
small increase of anode voltage. Because the electrons emerge with veloc
ities corresponding to kinetic energy of the order of a volt or less, the
effect is appreciable only for low anode voltages. The field and potential
distributions throughout the interelectrode space are plotted in Fig. 2-12.
That the potential must pass through a minimum where the field is zero
follows from the fact that the field at any point may be expressed as the
space derivative of the potential at that point.
The lower part of the ib-eb curve of Fig. 2-11 is raised slightly as the
result of initial velocities of emitted electrons, and a small negative
voltage must be applied in order to reduce the anode current to zero.
Theoretical equations relating anode current and voltage at negative
anode voltages have been derived by Schottky1 and Davisson.2 Because
1 Schottky, loc. cit.; Langmuir, loc. cit.
2 Davisson, loc. cit.
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of their complicated form and because of failure to satisfy in practice
the assumptions made in their derivation, these are seldom of great
practical value. At negative anode voltages that are high enough to
reduce the anode current to the order of 50
or less, the anode current
of diodes with unipotential cathodes follows closely the empirical relation

ib = k^

(2-8)

in which ki and k2 are constants for a given tube. The current departs
materially from this exponential law as the negative anode voltage is
reduced in magnitude in the vicinity of zero voltage, particularly at high
cathode temperatures. Experimental curves corresponding to Eq. (2-8)
were first obtained by Germer.1
Unless the plate of a highly evacuated diode becomes hot enough to
emit electrons, increase of negative anode voltage beyond the value that
reduces the current to zero has no further effect upon the anode current.
The fact that anode current flows in one direction only is employed in
the application of diodes to detection and to power rectification, which
will be discussed in Chaps. 9 and 14.
2-13. Relation of Richardson’s and Child’s Laws.—It should be noted
that Richardson’s equation and Child’s law apply to two different con
ditions of operation of two-element tubes. Richardson’s equation holds
only under voltage saturation, whereas Child’s law applies only under
temperature saturation. In most applications, vacuum tubes are used
in such a manner that temperature saturation prevails.
2-14. Shot Effect.—The random motion of electrons causes rapid
variations of the number of electrons that pass from the cathode to the
anode in unit time, and thus produces fluctuations of anode current.
This phenomenon, which may be readily detected by the use of sufficient
amplification, is called the shot effect. It is one of the factors that limit
amplification by vacuum tubes (see Sec. 6-28).
Heating of the Plate.—The kinetic energy acquired by electrons in
moving from the cathode to the plate is converted into heat when the
electrons strike the plate. The average current that a vacuum tube can
pass is limited by the temperature of the plate at which absorbed gas is
driven out of the plate or electron emission takes place from the plate.
The energy that is converted into heat at the plate is equal to the time
integral of the product of the plate current and plate voltage. Radiation
of heat from the plate is increased by blackening its outer surface.
2-15. Classification of Tubes.—Electron tubes may be classified in
a number of ways. These classifications include those based upon the
process involved in the emission of electrons from the cathode, the degree
of evacuation, the number of electrodes, and the type of application.
1 Germer, L. H., Phys. Rev., 25, 795 (1925).
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Fig. 2-13.—Structure of typical glass receiving tube.
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(Courtesy of Ken-rad Tube and Lamp Corp.)
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Fig. 2-14.—Assembly of typical glass receiving tube.

{Courtesy of Radio Corporation of America.')
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Included in the first classification are the thermionic tube and the photo
tube. A thermionic tube is an electron tube in which the electron or ion
GRID CAP
CAP INSULATOR

— GLASS BEAD SEAL

FERNICO EYELETVACUUM-TIGHT
STEEL SHELL

GRID LEAD SHIELD

»
SUPPORT COLLAR

PLATE INSULATING
SUppORT

GETTER TAB—
GLASS BEAD SEAIÄS
FERNICO EYELETf-':

SHELL TO HEADER
■”
SEAL WELD
-HEADER

--CRIMPED LOCK

EXHAUST TUBEPINCHED SEAL

Fig. 2-15.—Structure of typical metal receiving tube.

emission is produced by the heating of an electrode. A phototube is an
electron tube in which electron emission is produced directly by radiation
falling upon an electrode. According to degree of evacuation, electron

Fig. 2-16.—Size of typical “acorn” tubes shown in comparison with a golf ball.

(Courtesy

of Radio Corporation of America.)

tubes are classified as high-vacuum tubes and gas- or vapor-filled tubes.
A high-vacuum tube (vacuum tube or pliotron) is an electron tube evacuated
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to such a degree that its electrical characteristics are essentially unaffected
by gaseous ionization. A gas-filled or vapor-filled tube (gas tube) is an
electron tube in which the pressure of the gas or vapor is such as to
affect appreciably the electrical characteristics of the tube. According
to the number of electrodes, tubes are classified as diodes, triodes, pentodes',
etc. For convenience or economy, or for reduc
tion of space or weight, two or more sets of
elements may be enclosed in a single envelope.
Thus, there are duplex (double) triodes, duplex
diode pentodes, triode pentodes, etc. The diverse
classification of electron tubes according to ap
plication will be made in later chapters.
2-16. Structure of Tubes.—Tubes are made
with both glass and metal envelopes.1 The
principal advantages of metal tubes lie in their
greater mechanical strength and in the fact that
the electrodes are permanently and completely
shielded without the use of an external shield.
Furthermore, they do not require on the inside of
the envelope the conducting coating that must be
used in glass tubes to prevent the wall from acquir
ing a positive charge as the result of secondary
emission caused by the impact of electrons that
pass around the plate. A disadvantage of metal
tubes is that the shells become so hot in operation
that they cannot be conveniently handled. This
is of importance in the routine factory testing of
radio receivers. Another minor disadvantage is
the impossibility of determining visually whether
the heater is in operation. Glass tubes appear to
Fig. 2-17.—O nebe somewhat more reliable. In rectifiers, particu
waterlarly, metal tubes are likely to give difficulty as hundred-kilowatt
cooled transmitting tube.
the result of short circuits. Figures 2-13 and 2-14 (Courtesy of Radio Cor
show the construction of a glass receiving tube; poration of America.)
Figs. 2-15 and 3-116 show typical metal receiving tubes.
The great range in size of vacuum tubes is illustrated by Figs. 2-16
and 2-17. Figure 2-16 shows a typical acorn tube, developed for use at
very high frequencies, at which it is essential to keep lead capacitance
and inductance as small as possible.2 No base is used on the acorn type
of tube, connections being made directly to the electrode leads. Figure
1 Pike, O. W., and Metcalf, G. F., Electronics, October, 1934, p. 312.

Electronics, September, 1935, p. 31..
2 Salzberg, B., and Burnside, D. G., Proc. I.R.E., 23, 1142 (1935).

See also

42

APPLICATIONS OF ELECTRON TUBES

2-17 shows a 100-kw water-cooled transmitting tube of a type that is
used in large broadcasting stations.

Plate

Grids

Diameters measured,
to 0.00! inch

Diameter gauged
to 0.002 inch

Cathode-Sleeve Wal I

Cathode Coating

Approximately
0.002inch thick

Weight variation
less than 0.00007oz.

Air Pressure

Grid Wire

V100,000 000 that of
atmospheric pres
sure at sea level

Diameter does not
vary more than
0.00009 inch

Bulb

Heater Wire.

Inspected under
polarized light
for strains,

Diameter doesnot
vary more than
0.00002 inch

Fig. 2-18.—Materials used in typical radio receiving tubes. The complex nature of
the structure of the modern vacuum tube and of the manufacturing processes are well
illustrated by a consideration of the materials that are used.
Gases.—Argon, carbon dioxide, chlorine, helium, hydrogen, illuminating gas, neon, nitrogen, and
oxygen.

Metals and Compounds.—Alumina, aluminum, ammonium chloride, arsenic trioxide, barium, barium
carbonate, barium nitrate, borax, boron, cesium, calcium, calcium aluminum fluoride, calcium carbon
ate, calcium oxide, carbon, chromium, cobalt, cobalt oxide, copper, iridium, iron, lead, lead acetate,
lead oxide, magnesia, magnesium, mercury, misch metal, molybdenum, monel, nickel, phosphorus,
platinum, potassium, potassium carbonate, silica, silicon, silver, silver oxide, sodium, sodium carbonate,
sodium nitrate, tantalum, thorium, thorium nitrate, tin, titanium, tungsten, zinc, zinc chloride, and
zinc oxide.
Accessories.—Bakelite, ethyl alcohol, glass, glycerine, isolantite, lava, malachite green, marble
dust, mica, nigrosine, petroleum jelly, porcelain, rosin, shellac, synthetic resin, and wood fiber.
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CHAPTER 3
GRID-CONTROLLED HIGH-VACUUM TUBES

3-1. The greatest single advance in the development of vacuum tubes
undoubtedly came with the introduction by De Forest of a control
electrode between the cathode and the plate of the diode.1 The principal
value of such a control electrode arises from the fact that relatively large
plate current and power may be controlled by small variations of voltage
of the control electrode relative to the cathode without the expenditure of
appreciable power in the control circuit.
,.'P!ate.^^
' ^Grid—^
A three-electrode vacuum tube containing
Cathode-.
an anode, a cathode, and a control elec
■Filament
Heater—
trode is called a triode. Figure 3-1 shows
the cross sections of typical high-vacuum
(a)
triodes.
--Grid-...
--Plate-.Zz
Cathode-.^
■Filament
Heater-----

(b)

Fig. 3-1.—-Electrode structure of typical filamen

tary and heater-type triode receiving tubes.

Fig. 3-2.—Symbols for filamentary
and heater-type high-vacuum triodes.

term grid for this electrode. A grid is now defined more broadly as an
electrode that contains openings through which electrons or ions may
pass. Many vacuum tubes contain two or more grids. In numerous
applications of multigrid tubes the voltages of all but one grid are kept
constant. This grid, called the control grid, serves to vary the plate (or
other electrode) current by means of changes of voltage applied to it.
The behavior of multigrid tubes with all grid voltages but that of the
control grid fixed is in many respects similar to that of a triode.
Standard symbols for filamentary and heater-type triodes are shown
1 De Forest, Lee, U. 8. Patent 841387 (1907); U. S. Patent 879532 (1908).
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in Fig. 3-2a? Often circuit diagrams can be simplified by the use of the
modified forms of Fig. 3-26. In most circuit diagrams the filament and
heater connections are of secondary importance and may be omitted.
Whenever possible, therefore, simplified symbols such as those of Fig. 3-2c
will be used. Except for the omission of the grid, diode symbols are the
same as those used for triodes. Figure 14-20 contains the symbol used
for a diode with two anodes.
3-2. Theory of Grid Action in Triodes. Equations for Plate and
Grid Currents.—Electrodynamic analyses of the action of the grid in

Cathode
a- High neg. grid voltage
Zero plate current

Ca/hode
b- Medium neg. grid voltage
Plate

'letalità

r",

1

Ca+hode
c- Zero grid voltage

Grid
Cathode
d-small positive grid voltage

Fia. 3-3.—Approximate field distribution resulting from applied voltages in a triode
with plane parallel electrodej for fixed positive plate voltage and four values of grid voltage.
Arrows indicate the direction of the force on an electron.

controlling the plate current of a triode have been developed.2 For the
purposes of this book it will be better to present a brief qualitative dis
cussion of the phenomenon of grid control and to base subsequent deriva
tions upon empirically determined facts.
In Fig. 3-3 is shown the approximate field distribution resulting from
applied electrode voltages in a triode with plane cathode and anode.
Lines are used in the customary manner to indicate the electrostatic field,
but, contrary to convention, the arrows indicate the direction in which
electrons are urged by the field.3 The plate voltage is assumed to be posi1 “ Standards on Electronics,” p. 15, Institute of Radio Engineers, New York, 1938.
2 See, for instance, E. L. Chaffee, “Theory of Thermionic Vacuum Tubes,”
Chap. VII, McGraw-Hill Book Company, Inc., New York, 1933.
3 No special effort has been made in Fig. 3-3 to depict the field distribution accu
rately. Figure 3-3 is derived from more complete and carefully constructed diagrams
shown on pp. 175 and 176 of “Theory of Thermionic Vacuum Tubes,” by E. L. Chaffee.
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tive and constant in value. If the grid is made sufficiently negative with
respect to the cathode, all lines of force terminate on the grid, and no
field exists directly between the plate and the cathode. This is illustrated
in Fig. 3-3a. The field at all points of the cathode is in the direction to
return emitted electrons to the cathode and so the plate current is zero.
If the grid is slightly less negative, some field will extend directly from the
anode to the cathode, as shown in Fig. 3-36, and there will be a force
tending to carry electrons from certain points of the cathode to the anode.
Further decrease of negative grid potential increases the areas of the
cathode over which the field tends to remove electrons and strengthens
the average field over these areas. As long as the grid is negative with
respect to the cathode, electrons can reach the grid only if they have
sufficient kinetic energy to overcome the retarding field terminating on
the grid. Because the initial velocity of emission of the electrons is small,
electron current to the grid is zero unless the negative grid voltage is
appreciably less than a volt. If the tube contains traces of gas, there
may be a small positive-ion current to the grid when the grid is negative.
At zero grid potential, illustrated by Fig. 3-3c, no point of the cathode
experiences a retarding field. Initial velocities cause some electrons to
strike the grid, giving a small grid current. When the grid is positive, as
in Fig. 3-3d, there is an accelerating field over the whole surface of the
cathode. A portion of this field terminates on the grid, causing apprecia
ble grid current to flow.
As in the diode, the net field at the cathode is actually the resultant of
the retarding field produced by the space charge and the field caused by
the electrode voltages. Equilibrium is established when the average net
field is zero at a short distance from the cathode. Increase of applied
accelerating field causes the net field to become positive and thus allows
more electrons to go to the plate. The space current and space charge
increase until the average net field is again zero a short distance from the
cathode.
Since the field at the cathode depends upon the potential both of the
grid and of the plate, the plate current is a function of both grid and plate
voltages. This may be stated symbolically by the functional equation
ib = flfib, ee)

(3-1)

in which ib is the plate current, eb is the plate voltage, and ec is the grid
voltage. Because of the screening action of the grid, only a portion of the
field from the plate extends directly to the cathode, whereas there is
nothing to intercept the field between the grid and the cathode. One
is led to guess, therefore, that the plate current is affected more by changes
of grid voltage than of plate voltage, i.e., that the grid voltage is ju
times as effective as the plate voltage in controlling the plate current, u

46

APPLICATIONS OF ELECTRON TUBES

[Chap. 3

being a factor greater than unity, p is not necessarily constant. The
effect of initial velocity of emitted electrons is the same as though a
small increase were made in either grid or plate potential. The contact
potentials may either increase or decrease the effective field at the cathode.
It is convenient to combine the effects of initial velocity and contact
potentials into a single quantity e, an equivalent voltage that would
produce the same effect upon plate current as the initial velocity plus the
contact potentials, e is ordinarily so small in comparison with externally
applied potentials that it may be neglected. This analysis leads to the
assumption that the plate current is a function of (eb + pec + e). This
fact may be expressed by the functional equation
ib = F(eb + mg + e)
(Tf = const.)
(3-2)
where Tj is the temperature of the cathode.
The use of Eq. (3-2) is justified by the fact that it is verified experi
mentally. Sometimes it is possible to make use of the more explicit
approximate law
ib = A (eb + /xec)“
(3-3)
in which A is a constant. The exponent n varies considerably with grid
and plate voltages, the values ranging roughly between 1.2 and 2.5 for
negative values of ec. When either grid or plate voltage is maintained
constant, however, the variation of n is often so small that n may be
assumed to be constant over certain ranges. In some analyses, n is
assumed to be equal to 1.5 when ec = 0, although actual values may
depart appreciably from this value.
p is called the plate amplification factor, or simply the amplification
factor of the tube. It is a measure of the relative effectiveness of the grid
and plate voltages in controlling the plate current. The amplification
factor will be shown to be related to certain of the characteristic curves of
a triode, and it will be defined mathematically on the basis of this relation
ship (see Sec. 3-5). The value of p depends upon the shape and spacing of
the electrodes,1 and to some extent upon the plate current; it may
also be made to vary with electrode voltages (see Sec. 3-7). Electro
dynamic analysis, based upon the assumption that the electrodes are
parallel and of infinite extent, that the grid wire spacing is large compared
to the diameter of the grid wire, and that the space charge between
electrodes is zero, yields the following approximate formula for p :2

1 Kusunose, Y., Proc. I.R.E., 17, 1706 (1929).
2 Schottky, W., Arch. Elektrotech., 8, 21 (1919); Salzberg, B., Proc. I.R.E., 30,
134 (1942).
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in which p is the distance between the planes of the grid and the plate, a
is the distance between adjacent grid wires, and r is the radius of the grid
wire. The following approximate expression for p applies to an electrode
structure in which the anode and the cathode are long cylinders and the
grid is helical.1
_ 2^ Pg/pp (pp pg)
(3-5)
a loge a/2vr
in which pp and pg are the radii of the anode and grid, respectively, and a
is the spacing of the grid wires. Because of factors neglected in the
derivation of Eqs. (3-4) and (3-5) and also because modern tube design is
based largely upon empirical methods, the value of these equations lies
mainly in the indication that they give of the general effects of triode tube
dimensions upon the amplification factor.
The effect of space charge is to cause a variation of amplification
factor with plate current or electrode voltages. Except in the case of
“variable-mu” tubes (see Sec. 3-7), in which the grid wires are not equally
spaced, the variation of p with electrode voltages is sufficiently small so
that p may often be assumed to be constant over the working range of
current and voltages. At positive grid voltages, however, diversion of
current from the plate to the grid lowers p.
The grid current of a triode is also a function of the grid and plate
voltages. This fact may be expressed by the functional equation
ic = G(ec + pgeb + e)
(Tf = const.)
(3-6)
in which pg, the grid amplification factor, is less than unity.
3-3. Time of Transit of Electrons.—Because of its small mass, the
acceleration of an electron is so rapid that the time taken for electrons to
pass from the cathode to the plate may usually be neglected and the
response of electrode currents to changes of electrode voltages considered
to be instantaneous. At the very high frequencies corresponding to wave
lengths of the order of a few meters or less, however, time of transit must
be taken into consideration.2 Since the operation of vacuum tubes at
ultrahigh frequencies will not be discussed in detail in this book, the time
of transit of electrons will usually be neglected.
3-4. Static and Dynamic Characteristics.—Theoretical and practical
studies of the performance of vacuum tubes and vacuum-tube circuits are
1 Abraham, H., Arch. Elektrotech., 8, 42 (1919); King, R. W., Phys. Rev., 15, 256
(1920).

2 Benham, W. E., Phil. Mag., 5, 641 (1928); Llewellyn, F. B., Proc. I.R.E.;
Chaffee, J. G.,Proc. I.R.E., 22, 1009
(1934); Ferris, W. R., Proc. I.R.E., 24, 82, 105 (1936); North, D. O., Proc. I.R.E.,
24, 108 (1936); Brainerd, J. G., Koehler, G., Reich, H. J., and Woodruff, L. F.,
21, 1532 (1933); 22, 947 (1934); 23, 112 (1935);

“Ultra-high-frequency Techniques,” D. Van Nostrand Company, Inc., New York,
1942.
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greatly facilitated by the use of curves relating the electrode currents and
voltages, called characteristics. A static electrode characteristic is a relation,
usually shown by a graph, between the voltage and the current of that
electrode, other electrode voltages being maintained constant. A static
transfer characteristic is a relation, usually shown by a graph, between the
voltage of one electrode and the current of another electrode, all other
voltages being maintained constant. Unless otherwise specified, the
term transfer characteristic is understood to apply to characteristics relat
ing control-grid voltage and plate current, which are the most frequently
used transfer characteristics.
Strictly, a static characteristic is one obtained with steady voltages,
whereas a dynamic characteristic is one obtained with alternating voltages.
Inasmuch as all voltages but one are specified to be constant in the above
definitions, the characteristics obtained with alternating voltages differ
from those obtained with direct voltage? only when the frequency is so
high that tube capacitances and electron transit time cause appreciable
out-of-phase components of current. The term dynamic transfer char
acteristic has come to be applied to a transfer characteristic obtained with
alternating control-grid voltage when the electrode current under con
sideration passes through an external impedance, called the load imped
ance, the supply voltage for that current being maintained constant.
Voltage drops in the load impedance cause the electrode'voltage to differ
from the supply voltage, and the electrode voltage to vary with current.
In general, IR drop in the load causes the transfer characteristic to be
affected by load even when the characteristic is derived by using steady
voltages. Extension of the term dynamic transfer characteristic to include
such a characteristic may be justified by considering it to be a limiting
curve obtained as the frequency of alternating voltage is made to approach
zero.
There are four sets of static characteristics of triodes. They are the
plate characteristics ib vs. eb at constant values of ec; the grid characteristics
i„ vs. ec at constant values of eb; the grid-plate transfer characteristics ib
vs. ec at constant values of eb; and the plate-grid transfer characteristics
ic vs. eb at constant values of ecA The behavior of a triode is completely
specified by either the plate and grid families of characteristics or the two
families of transfer characteristics.
1 Since the static characteristics are constructed by plotting corresponding values
of direct voltages and currents, the letters used in representing these voltages and
currents should be capitals to be entirely in accord with the system of nomenclature
used in this book (Sec. 3-17). In most applications of the characteristic curves, how
ever, the currents and voltages are assumed to vary, and so must be represented by
lower-case symbols. For this reason, lower-case symbols have been used in Eqs.
(3-1) to (3-6) and will be used for all characteristic curves.
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In Figs. 3-4a and 3-46 are shown typical characteristics for a triode.
The bending of the ib-ec curves of Fig. 3-46 at positive values of ec,
particularly noticeable for low values of plate voltage, is caused by diver-

Fig. 3-4a.—Typical triode plate characteristics and plate-grid transfer characteristics.

sion to the grid «of electrons emitted by the cathode, and by secondary
emission. Secondary electrons emitted by the plate when the grid voltage
exceeds the plate voltage are drawn to the grid and constitute a current
opposite in direction to the normal plate current. Typical curves of ib and
ic vs. eb at large positive grid voltages
are shown in Fig. 3-4c.- The reversal
of curvature of the plate character
istics of Fig. 3-4c between the plate
voltages of 50 and 100 for grid voltages
of 45 and above is also the result of
secondary emission.
The points at which the character
istic curves intercept the voltage axes
are called cutoff points, and the cor
responding voltages, the cutoff voltages.
An approximate relation between grid
and plate voltages at plate current
Fig. 3-4&.—Typical triode grid-plate
cutoff can be derived from Eq. (3-3). transfer characteristics and grid charac
teristics (same tube as for Fig. 3-4a).
When ib = 0, (eb + pec)n = 0. This
can be true only if eb = —pec. Because p is never strictly constant,
the accuracy of this relation depends upon the voltages at which p
is evaluated. Considerable error may result when the usual published
value of p is used, but the relation is often useful in making a
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rapid approximate determination of cutoff voltages. Because of lack
of homogeneity of the emitter, voltage drops in the cathode, variation
of the electric field at various points of the cathode, and distribution of
initial velocities of emission, the intersections of the characteristic curves
with the voltage axis at cutoff are not sharp. Although some grid
current usually flows at negative grid voltages lower than half a volt to a
volt, the simplifying assumption is often made that grid current cutoff
occurs at zero grid voltage.
The transfer characteristics of- Fig. 3-46 may be derived from the
plate characteristics of Fig. 3-4a, and vice versa. In Chap. 4 it will be
shown that much essential information concerning the performance of

Fig. 3-4c.—Typical triode plate characteristics and plate-grid transfer characteristics at

high positive grid voltages.

tubes in circuits may be obtained from the plate characteristics. It is
important to note that in tubes with filamentary cathodes the grid and
plate voltages are measured with respect to the negative end of the
filament.
The curves of plate and grid current against cathode temperature of a
triode are similar to those of plate current against cathode temperature
of a diode, but voltage at which saturation becomes apparent depends
upon both plate voltage and grid voltage. Since triodes are almost
always operated above temperature saturation, these curves are of com
paratively little practical value in connection with ordinary applications.
3-5. Tube Factors.—The mathematical and graphical analyses of the
operation of vacuum tubes and vacuum-tube circuits require the use of
certain tube factors whose numerical values are dependent upon the con
struction of the tube and upon the electrode voltages and currents, and
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which serve as indices of the ability of given tubes to perform specific
functions. Although only triodes have been discussed so far; it will be
convenient also to present at this point general definitions that apply to
tubes with more than three electrodes.
Mu-factor is the ratio of the change in one electrode voltage to the
change in another electrode voltage, under the conditions that a specified
current remains unchanged and that all other electrode voltages are
maintained constant. It is a measure of the relative effect of the voltages
of two electrodes upon the current in the circuit of any specified electrode.
As most precisely used, the term refers to infinitesimal changes. Sym
bolically, mu-factor is defined by the equation
fäkl

dej
dek

(ii, ei, em, etc., = const.)

(3-7)1

The most important mu-factor is the control-grid-plate mu-factor,
or amplification factor. Amplification factor is the ratio of the change in
plate voltage to a change in control-grid voltage under the conditions
that the plate current remains unchanged and that all other electrode
voltages are maintained constant. It is a measure of the effectiveness of
the control-grid voltage, relative to that of the plate voltage, upon the
plate current. The sign is taken as positive when the voltage changes of
the two electrodes must be of opposite sign. As most precisely used, the
term refers to infinitesimal changes. Symbolically, amplification factor
is defined by the equation
P = — v—

to = const.)

(3-8)2

It must be proved that the factor p which appears in Eqs. (3-2) and
(3-3) is the same as that defined by Eq. (3-8). Examination of Eq. (3-2)
shows that, unless the plate current is independent of electrode voltages,
which is true in practice only when the current is zero or saturated, ib is
constant only when eb + pec + e is constant. Since tubes are seldom
used continuously either with zero plate current or with saturation plate
1 Although the partial derivative implies that other variables are held constant, for
the sake of emphasis it seems advisable in this and following equations to indicate
the constant parameters in parentheses.
2 The symbolic definitions of tube factors are usually written in terms of the
alternating components of electrode voltages and currents, rather than in terms of the
total values. Since the difference between the instantaneous value of the alter
nating component of a varying quantity and the instantaneous total value of the
quantity is equal to the average value, the derivative of which is zero, derivatives of
the alternating component and of the total quantity are equivalent. In order to
show more closely the relation of the tube factors to the characteristic curves, and to
simplify derivations based upon Eq. (3-2), the tube factors will be defined in terms of

the total values of currents and voltages (see Secs. 3-16 and 3-17 for symbols).
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current, ib is constant when

eb + pec + e = const. •

(3-9)

Differentiation of Eq. (3-9) shows that
deb
dec

ib = const.

=n

(3-10)

or

deb
dec

(3-H)

Since Eq. (3-11) is identical with Eq. (3-8), the factor p of Eq. (3-2) is
the same as that of Eq. (3-8).
(A-c) electrode conductance is the ratio of the change in the current
in the circuit of an electrode to a change in the voltage of the same
electrode, all other electrode voltages being maintained constant. As
most precisely used, the term refers to infinitesimal changes as indicated
by the defining equation1
= Ite-

^ek’ e,! etC’ = const‘)

(3-12)

(See also Sec. 3-26.)
(A-c) electrode resistance rj is the reciprocal of electrode conductance.
The electrode conductance that is used most frequently in the analysis
of vacuum tubes and vacuum-tube circuits is the plate conductance1

dib
9p ~ deb

(ec = const.)

(3-13)

(A-c) plate resistance is the reciprocal of plate conductance.1

rp = — =
gP
dib

(ec = const.)

(3-14)
v

(See also Sec. 3-26.)
Transconductance is the ratio of the change in the current in the
circuit of an electrode to the change in the voltage of another electrode,
under the condition that all other voltages remain unchanged. As most
1 The a-c electrode conductance defined by Eq. (3-12) must not be confused with
the d-c electrode conductance, which is defined as the ratio of the total or direct
electrode current to the total or direct electrode voltage. Similarly, the a-c plate
resistance defined by Eq. (3-14) must not be confused with the d-c plate resistance,
eb/ib. D-c electrode conductances and resistances are rarely of value and never
essential in the analysis of vacuum tubes and associated circuits. Hence the a-c
conductances and resistances are usually referred to simply as conductances and
resistances, the adjective “a-c” being omitted.
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precisely used, the term refers to infinitesimal changes as indicated by
the defining equation

g,-k =

(e,, ei, etc. = const.)

1

(3-15)

The transconductance most frequently used in the analysis of vacuum
tubes and vacuum-tube circuits is the grid-plate transconductance (mutual
conductance'), which is defined symbolically as
dib

Qm

dec

(3-16)

(eb = const.)

Unless otherwise specified, the term transconductance usually refers to
control-grid-plate transconductance and will be so used in the remainder
of this book.
Grid Factors.—In many applications of vacuum tubes the operating
voltages are such that no conduction current flows to the control grid
and all electrode voltages except those of the control grid and the plate
are kept constant. Under these conditions, vacuum-tube problems and
derivations can be treated by the use of only three of the factors that
have been defined: y, rp, and gm. If conduction current flows to the
control grid, it may be necessary to make use of the corresponding
control-grid factors, which are defined symbolically as follows:

c
= — 3e
t—
deb

Grid amplification factor

Grid conductance qa =
y
dec
Plate-grid transconductance gn =

,.

, .
= const.)

(eb = const.)

dic
deb

(ec = const.)

(3-17)
(3-18)
(3-19)

Because of the effect of space charge and because of division of the total
cathode current between the grid and the plate, is not in general the
reciprocal of p.
Proof That gm = p/rp.—Only two of the plate factors are independent.
This may be shown by taking the partial derivatives of the plate current,
as expressed by Eq. (3-2).

g™ = VvVC“ = nF'(eb + pec + e)
gP —

= F'(eb + pec + e)

(3-20)
(3-21)

Dividing Eq. (3-20) by Eq. (3-21) gives

y = F
Up

or

gm =

(3-22)
1p
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A similar derivation, based on Eq. (3-6), shows that

■

<7» = 7

(3-23)

' 0

3-6. Relation of Tube Factors to Characteristic Curves.—The defini
tions state that gp, gm, and p are the slopes of the ib-eb, ib-ec, and eb-ec
curves, respectively, at points corresponding to the given voltages.
Values of these factors may, therefore, be determined accurately by
measuring the slopes of the static characteristics at points corresponding
to the electrode voltages, and approximately by taking the ratios of small
increments of current and voltage corresponding to points on the charac
teristics. All three factors may be determined from a single family of
characteristics. The most accurate method of obtaining the three plate

Fig. 3-5.—Method of determining triode
amplification factor from the family of plate
characteristics.

Fig. 3-6.—Typical triode
istics.

€b-ec character
(Derived from Fig. 3-4a.)

factors of a triode directly from the plate family of characteristics is to
find rp from the reciprocal of the slope of the tangent to the ib-eb curve
at the point corresponding to thp given electrode voltages, p from the
ratio of &eb to Aec at the constant current of the point, as shown in Fig.
3-5, and gm from the ratio of p to rp. Curves of eb vs. ec at constant ib
for a typical triode are shown in Fig. 3-6.1 The practically constant
slope of the curves except at low plate voltages and high positive grid
voltages indicates that over the normal operating range the amplification
factor is nearly constant. Except in tubes designed to have variable
amplification factor (Sec. 3-7), the variation of p over the normal range
of voltages does not exceed 10 to 15 per cent in triodes. Because of the
small variation of p at negative grid voltages, fairly large voltage incre1 eb-ec curves are not usually used in the solution of vacuum-tube problems and
are shown here only to point out the nearly constant value of the amplification factor
in the normal range of voltages.
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ments may be used without great error in determining its value from the
plate characteristics. Some increase in accuracy is gained by using a
grid-voltage increment such that the point at which p is desired is at the
center of the increment, rather than at one side as in Fig. 3-5.
3-7. Sharp-cutoff and Remote-cutoff Grids.

Variable-mu Tubes.—

Thus far it has been assumed that the grid-wire spacing and diameter
and the spacing of the grid from the cathode are uniform throughout the
length of the grid. When this is true the field strength does not vary
greatly over the cathode surface and so the negative grid voltage neces
sary to prevent electrons from going to the plate at any value of plate
voltage is very nearly the same for all points of the cathode. The static
transfer characteristic therefore ap
12
proaches the grid-voltage axis relatively
sharply. For this reason a grid of uni
form structure is called a sharp-cutoff
grid. If some dimension of the grid,
such as the spacing between the wires,
varies along the grid, on the other hand,
the field at the cathode varies cor
respondingly at the cathode surface.
A greater negative grid voltage is re
quired to prevent electrons from leaving
Control Grid Voltage
the cathode at points corresponding to
Fig. 3-7.—Comparison of transfer
portions of the grid where the spacing characteristics of similar tubes having
is large than to portions where the spac remote-cutoff (6K7) and sharp-cutoff
ing is small. Cutoff consequently takes (6SJ7) grids.
place at different values of grid voltage at different parts of the cathode
and so the static transfer characteristic approaches the axis gradually.
Such a grid is known as a gradual-cutoff or remote-cutoff (supercontrol)
grid. Because the mu-factor corresponding to an elementary length of
the grid varies along the grid and because the mu-factor of the entire
grid varies greatly with electrode voltages, such a grid is also termed a
variable-mu grid. A tube that has a variable-mu control grid is called a
variable-mu tube.
Figure 3-7 shows the static transfer characteristics of two comparable
tubes, one of which has a sharp-cutoff control grid, and the other a
remote-cutoff control grid. Multigrid tubes may contain both one or
more sharp-cutoff grids and one or more remote-cutoff grids. The
advantages of remote-cutoff grids and tubes are discussed in Secs. 6-19
and 6*25 in connection with their use in voltage amplifiers.
3-8. Multigrid Tubes.—Many desirable characteristics can be
attained in vacuum tubes by the use of more than one grid. The most
common types of multigrid tubes are the tetrode and the pentode. A
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tetrode is a four-electrode type of thermionic tube containing an anode, a
cathode, a control electrode, and an additional electrode, which is
ordinarily a grid. A pentode is a five-electrode type of thermionic tube
containing an anode, a cathode, a control electrode, and two additional
electrodes, which are ordinarily grids.
The symbols for tetrodes and pentodes are similar to those for triodes,
the various grids being shown in the relative positions that they occupy
in the tubes. A special symbol, shown in Fig. 3-85, is often used for
screen-grid tetrodes.
The Screen-grid Tetrode.—One stimulus to the development of
multigrid tubes was the necessity of reducing the capacitance between
the grid and plate of the triode. If a vacuum tube used in a voltage
amplifier has high grid-plate capacitance, the relatively large variations
of plate voltage may induce appreciable variations of grid voltage. If
the phase relations are correct, this induced grid voltage may add to the
impressed alternating voltage in such a manner as to cause the amplifier to
oscillate (see Sec. 10-28). This difficulty imposes a limit upon the ampli
fication that can be attained in radio-frequency amplifiers. For some
years the problem was solved by “ neutralizing.” Neutralization consists
in connecting the grid through a small variable condenser to a point
in the output circuit whose voltage is opposite in phase to that of the
plate. The condenser may be adjusted so that it balances out, or
neutralizes, the effect of the grid plate capacitance. Difficulties of
adjustment, circuit complications, and the cost of patent royalties made it
advantageous to solve the problem by removing the cause, rather than
by counteracting it. This was accomplished by introducing between
the control grid and the plate another grid, the screen grid, the purpose
of which is to shield the grid from the plate, and thus reduce the grid-toplate capacitance.1 Further reduction in capacitance between the grid
and the plate was attained by placing the control-grid terminal at the top
of the tube, instead of on the base. The screen-grid tetrode proved to
have other characteristics which are fully as important as its low gridto-plate capacitance.
The general construction of the elements of a type 24A screen-grid
tetrode is shown in Fig. 3-8a. The screen grid consists of two cylinders
of fine-mesh screening, one of which is between the plate and the control
grid and the other outside of the plate. These two cylinders are joined
at the top by an annular disk, which completes the shielding. The
1 Schottky, W., Arch. Elektrotech., 8, 299 (1919); U. §. Patent 1537708; Bark
Jahrb. drahtl. Tel. u. Tel., 14, 43 (1919); Howe, G. W. O., Radio Rev., 2,
337 (1921); Hull, A. W., and Williams, N. H., Phys. Rev., 27, 432 (1926); Hull,
A. W., Phys. Rev., 27, 439 (1926); Warner, J. C., Proc. I.R.E., 16, 424 (1928) (with 22
references); Prince, D. C., Proc. I.R.E., 16,805 (1928); Williams, N. H.,Proc. I.R.E.,
16, 840 (1928); Pidgeon, H. A., and McNally, J. 0., Proc. I.R.E., 18, 266 (1930).
hausen, H.,
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potential of the screen is normally intermediate between the quiescent
potentials of the cathode and the plate. The positive voltage of the
screen draws the electrons away from the cathode. Some of these
electrons strike the screen and result in a screen current which usually
performs no useful function; the rest pass through the screen grid and
into the field of the plate, which causes them to be drawn to the plate.
Since the electrostatic field of the plate terminates almost completely on
the screen, the capacitance between the plate and the grid is very small.
Furthermore, variations of plate voltage have little effect on the plate
current. The control-grid voltage, on the other hand, is just as effective
as in the triode. The change in plate current resulting from a change
in plate voltage at constant grid voltage is
Cathode, \
/Control
small, and the ratio of the change in plate
g™
voltage to the change in grid voltage,
necessary to produce a given change in
plate current, is very high. It follows from
the definitions of plate resistance and am
plification factor that the screen-grid tetrode
has high plate resistance and high amplifica
tion factor. By proper choice of control
—(a) Electrode struc
grid structure and spacing of electrodes the tureFigof. 3-8.
heater-type screen-grid
transconductance can also be made high. tetrode. (6) Tube symbols for
filamentary and heater-type
A screen-grid tetrode can therefore be screen-grid
tetrodes.
designed to have the same transconductance
as that of an equivalent triode and very much higher amplification factor
and plate resistance.
In Fig. 3-9 is shown a family of plate characteristics for a typical
screen-grid tetrode, the type 24A. The negative slope of the character
istics at plate voltages lower than the screen voltage is the result of
secondary emission from the plate. At zero plate voltage there is a small
plate current which results from those electrons which pass through the
screen with sufficient velocity to reach the plate. As the plate voltage
is raised, more and more electrons are drawn to the plate after passing
through the screen. The velocity with which they strike the plate
increases with the plate voltage and, when eb is about 10 volts, becomes
sufficiently high to produce appreciable secondary emission from the
plate. Because the screen is at a higher voltage than the plate, these
secondary electrons are drawn to the screen. Since the secondary
electrons move in the- direction opposite to that of the primary electrons,
they reduce the net plate current. If the plate is not treated to reduce
secondary emission, the number of secondary electrons leaving the plate
may exceed the number of primary electrons that strike the plate, and so
the plate current may reverse in direction. This is shown by the dashed
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curve of Fig. 3-9, which is for the old type 24A tube, with untreated
plate.
It is to be expected that all secondary electrons emitted by the plate
will return to the plate when the plate voltage is higher than the screen
voltage. The rise in plate current starting at voltages considerably
lower than the screen voltage shows, however, that many secondary
electrons return to the plate while the screen is still positive relative to
the plate. The reason for this is the retarding field at the plate pro
duced by electron space charge between the screen and the plate. (It will
be explained in Sec. 3-11 how tubes may be designed so that this space
charge prevents secondary electrons emitted by the plate from going
to the screen even at plate voltages much lower than the screen voltage.)

Fig. 3-9.—Typical screen-grid tetrode plate characteristics at 90-volt screen voltage, eC2.

As the plate voltage approaches the screen voltage, the field at the plate
produced by the screen voltage becomes less than the retarding field
of the space charge and so the slower-moving secondary electrons are
returned to the plate. At voltages higher than that at which all second
ary electrons are returned to the plate, secondary emission from the plate
has no effect upon the plate current, which is then determined almost
entirely by the screen- and control-grid voltages. Since very little of the
plate field penetrates to the cathode, further increase of plate voltage
has only a small effect upon the plate current. The increase of
plate current at plate voltages higher than the screen voltage is accounted
for partly by increase in the number of secondary electrons from the
screen that are drawn to the plate.
3-9. The Space-charge Tetrode.—Instead of using the inner grid
of a tetrode as the control electrode and applying a positive voltage to
the second grid, it is possible to operate the tube by applying a small
positive voltage to the inner grid and using the second grid as the control
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electrode.1 The positive voltage on the first grid overcomes the effect
of the space charge in the vicinity of the cathode, and thus increases the
plate current and the transconductance. Some of the electrons are
drawn to the positive inner space-charge grid, but the remainder pass
through this grid and into the region controlled by the second grid and the
plate. The effect is in some respects the same as though the cathode
were placed much closer to the control grid in a triode. A high negative
voltage on the second grid prevents the electrons from passing to the
plate and returns them to the positive space-charge grid. As the negative
control-grid voltage is reduced, more electrons qass to the plate and fewer
to the space-charge grid. Thus, the plate current increases, and the
space-charge-grid current decreases
with decrease of negative voltage on
the control grid. Figure 3-10 shows
typical curves of plate current and of
first-grid current as a function of
second-grid voltage.
Although the transconductance of
a space-charge tetrode is greater than
that of a triode with a similar cathode,
Voltage of Second 6rid eC2
the relatively high current to the
Fig. 3-10.—Characteristics showing
space-charge grid results in a less effi first-grid current ici and plate current ib
cient use of the cathode current. of a space-charge tetrode as a function
Because more recently developed pen of second-grid voltage eC2.
todes have much better characteristics than space-charge tetrodes, space
charge tetrodes are now used only in special applications, some of which
will be discussed in later chapters.
3-10. The Pentode.—For most applications the curved portions of
the characteristic curves of screen-grid tetrodes at plate voltages lower
than the screen voltage are undesirable. In amplifiers, excessive dis
tortion results if the tube is operated in this region and, if the circuit
contains inductance and capacitance, oscillation may occur (see Sec. 10-17).
Restriction of operation to the region to the right of the plate-current
dip reduces the output voltage or power that can be obtained at a given
value of operating plate voltage.
By the use of a ribbed plate and special treatment to reduce secondary
emission, it is possible to design tetrodes whose characteristic curves
do not have portions with negative slope. The type 48 tetrode is an
example of juch a tube. The effects of secondary emission can also be
reduced or eliminated by preventing the secondary electrons emitted by
1 Ardenne, M. von, Hochfrequenztech. u. Elektroakustik, 42, 149 (1933). See
also Wireless Eng., 11, 93 (1934) (abstr.); I. Langmuir, U. S. Patent 1558437, filed
Oct. 29, 1913; Warner, loc. cit.
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the plate from going to the screen. This can be done by placing
between the screen and the plate a third grid, called the suppressor grid.
Figure 3-lla shows the arrangement of the electrodes of a typical sup
pressor pentode of the voltage amplifier type, the 57. The purpose of the
shield in the dome of the tube is to shield the control-grid lead and
terminal from the plate. This shield is connected internally to the
cathode and shaped so as to act as the continuation of an external shield
which may be placed around the tube. In voltage pentodes of more
recent design, such as that shown in Fig. 3-116, special precautions in
placing and shielding the leads have made it possible to connect the
control grid to a base pin instead of to a
terminal at the top of the tube.1 In power
pentodes the control-grid terminal is in the
base of the tube.
Figure 3-12 shows a series of plate charac
teristics of the 57 tube at constant control-grid
and screen-grid voltages for a number of sup
pressor-grid voltages. It can be seen that the
secondary-emission dips move to the left and
become less pronounced as the suppressor-grid
voltage is reduced below the screen voltage.
Fig. 3-lla.—Electrode
When
the suppressor voltage is zero, i.e., when
structure of the type 57 pen
the
suppressor
is connected to the cathode, the
tode. G1G2, and Gs are norm
ally the control, screen, and
secondary-emission
effects are almost entirely
suppressor grids, respectively.
absent.
The explanation of the action of the suppressor is simple. When
the suppressor is connected to the cathode, the field between the plate
and the suppressor is always such as to move electrons toward the plate.
The secondary electrons removed from the plate have sufficiently low
velocity of emission so that even at low plate voltages few can per
manently leave the plate against this retarding field. Velocity acquired
by the primary electrons in the space between the cathode and the screen
carries most of them through the screen and suppressor and thence into
the field beyond the suppressor, which draws them to the plate.
The additional shielding effect of the suppressor grid results in grid
plate capacitance that is even lower.than that of tetrodes and in plate
resistance and amplification factor that are even greater than those of
tetrodes. It can be seen from Fig. 3-12 that the plate resistance of the
suppressor pentode can be varied by means of negative suppressor
voltage.
In some pentodes the suppressor is permanently connected to the
cathode internally; in others, on the other hand, all three grids may have
1 Kelly, R. L., and Millbb, J. F., Electronics, September, 1938, p. 26.

Sec. 3-10]

GRID-CONTROLLED HIGH-VACUUM TUBES

61

external connections in order that the grids may be used in various ways.
When the second and third grids are connected to the plate, the tube
has ordinary triode characteristics. When the first and second grids
are used together as the control grid and the third is connected to the
plate, the tube acts as a triode with very high amplification factor and
low plate current. Other special applications of pentodes will be dis-

1

METAL ENVELOPE
15 HEADER INSERT

2 SPACER SHIELD
16 GLASS-BUTTON STEM SEAL

3 INSULATING SPACER
17 CYLINDRICAL STEM SHIELD

4 MOUNT SUPPORT
18 HEADER SKIRT
5 CONTROL GRID

19 LEAD WIRE

6 COATED CATHODE
20 CRIMPED LOCK

7 SCREEN
21

OCTAL BASE

8 HEATER
22 EXHAUST TUBE

9 SUPPRESSOR
23 BASE PIN

10 PLATE
24 EXHAUST TIP
11

BATALUM GETTER

12 CONICAL STEM SHIELD

25 ALIGNING KEY
26 SOLDER

13 HEADER

27 ALIGNING PLUG

14 GLASS SEAL

Fig. 3-116.—Typical metal voltage-amplifier pentode in which the control-grid con
nection is brought out through the base. Note the conical stem shield 12. (Courtesy of
Radio Corporation of America.)

cussed in later chapters (see end of Sec. 6-1 and Secs. 10-3, 10-4, 10-12,
10-23, 10-39, 12-6, and 12-33).
Figures 3-13 and 3-14 show the plate characteristics for two types of
suppressor pentodes, the 57 and the 2A5 (see also Figs. A-13 to 15 and A-19,
pages 677-678). It will become apparent from material to be presentedin
this and later chapters that ideal characteristics for amplifier tubes would
be straight, parallel, and equidistant for all values of plate voltage. The
gradual bending of the characteristics at low plate voltages, particularly
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Fig. 3-12.—Plate characteristics of the type 57 pentode, showing the effect of variation of
suppressor voltage

eC3

at 90-volt screen voltage eC2.

Fig. 3-13.—Plate characteristics of a typical voltage pentode.

Fig. 3-14.—Plate characteristics of typical power pentode.
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noticeable in the characteristics of pentodes designed to give large
power output, such as the type 2A5, causes distortion in amplifiers and
is, therefore, objectionable. It is the result of nonuniformity of the field
in the plane of the suppressor grid. Because of the shielding action of
the grids, the plate voltage has relatively little effect upon the number of
electrons arriving in the plane of the suppressor grid. As the plate
voltage is raised, however, more and more electrons arriving at the
suppressor are drawn to the plate. The comparatively constant “satu
ration” plate current is obtained when all electrons arriving at the plane
of the suppressor are drawn to the plate. Because of nonuniformity of
field in the plane of the suppressor, saturation is attained at different
plate voltages for various points in this plane, and so the characteristics
bend over gradually and have broad knees. This difficulty is avoided
in the beam power pentode.1
3-11. Beam Pentodes.—In the beam tube the secondary electrons
are returned to the plate by the repulsion of negative space charge
between the screen and the plate. This space charge is accentuated
by the retarding field of the plate when the plate potential is lower than
the screen potential. By proper design the space charge may be made
so dense as to cause the formation of a virtual cathode [i.e., a plane of
zero average field and zero electron velocity (see Sec. 2-12)] near the
plate at low plate voltages. For all values of plate voltage less than
the screen voltage a potential minimum is formed which may be kept
sufficiently lower than the plate potential so that secondary electrons
from the plate are returned to the plate. The action is similar to that
of a suppressor grid; but, if the density of space charge and the electron
velocity at the virtual cathode are uniform and the distance of the virtual
cathode from the plate is everywhere the same, saturation takes
place simultaneously at all points in the plane of the virtual cathode,
and the knee of the plate characteristic is sharp. The virtual cathode
and the plate act in a manner similar to a diode, the plate current being
limited by space charge at low plate voltages. As in a diode, saturation
at low plate voltage, i.e., a low-voltage knee, requires that the virtual
cathode shall be close to the plate.
In the beam power tube, of which the 6L6 is a typical example, the
required electron density is achieved by confining the electrons to beams.
The homogeneity of space charge and electron velocity is attained by
proper design of the contours of the cathode, grids, and plate and by
correct choice of the ratio of screen-plate to screen-cathode spacing (2.9)
1 Schade, O. H., Proc. I.R.E., 26, 137 (1938). See also F. Below, Z. Fernmeldetech. 9, 113 (1928); R. S. Burnap, RCA Rev., 1, 101 (1936); J. F. Dreyer, Jr.,
Electronics, April, 1936, p. 18; J. H. O. Harries, Electronics, May, 1936, p. 33; B.
Salzberg and A. V. Haeff, RCA Rev., 2, 336 (1938).
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and beam angle (approximately 60 degrees). The electrons are confined
to beams by means of beam-forming plates, as shown in Fig. 3-15, which
are at cathode potential. The flattened cathode gives a larger effective
area than a round cathode and so results in a higher transconductance.
The screen current of beam power
tubes is much lower than that of
suppressor pentodes. The screen
and control grid have equal pitch
and are proportioned and assembled
so that the screen grid is hidden from
the cathode by the control grid, and
the individual beam sheets formed
by the control grid are focused in the
plane of the screen. Very few,
therefore, of the electrons moving
Fig. 3-15.—Electrode structure of the toward the plate can strike the screen
type 6L6 beam power pentode. {Courtesy
directly. Furthermore, because of
of Radio Corporation of America.)
the sharpness of the beams and the
uniform fields, few electrons acquire tangential velocity at the expense
of velocity normal to the electrode planes. The number of electrons
that miss the plate at low plate voltage and return to the screen
is therefore also small. Low screen current results in a number of

Fig. 3-16.—Plate characteristics of the type 6L6 beam power pentode.

advantages, among which are low screen dissipation and consequent
larger power rating without danger of electron emission from the screen
because of high screen temperature, and the possibility of using lowpower resistors in the voltage divider that supplies the screen voltage.
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Figure 3-16 shows the plate characteristics of the 6L6. These char
acteristics are straight and parallel over a much greater range of plate
voltage than those of suppressor pentodes, and the knees are sharper.
The peculiar shape of the knees of the curves for positive control-grid
voltages is the result of two possible distributions of space charge at the
same value of plate voltage.1 As the plate voltage is gradually increased
from a low value, the plate current increases continually until the point a
is reached, at which it jumps abruptly to the higher value corresponding
to this voltage. When the plate voltage is then gradually reduced, the
current decreases continuously until, the point b is reached, at which it
falls abruptly to the lower value corresponding to this plate voltage. The
abrupt changes in current aje accompanied by changes in space-charge
distribution.
3-12. Equations for Plate Current of Multigrid Tubes.—Platecurrent equations similar to Eqs. (3-1) and (3-2) may be written for
tetrodes and pentodes. In most circuits, however, only the control
grid and plate voltages are varied, and Eqs. (3-1) and (3-2) may be
applied.
Determination of Tetrode and Pentode Factors from Characteristics.

The plate characteristics of tetrodes and pentodes are not ordinarily
shown for sufficiently small incre
ments of control-grid voltage to
make possible the direct determina
tion of p from the plate charac- ---teristics. Furthermore, the plate
ib
resistance of voltage-amplifier 1
tetrodes and pentodes, such as the
24A (Fig. 3-9) and the 6J7 (Fig.
3-13), is so high that the plate Fig. 3-17.—Graphical determination of
transconductance of pentodes.
characteristics are nearly horizontal
throughout the working range of voltages and the plate resistance can be
determined only approximately from the tangent to the plate characteris
tic at the point corresponding to the given voltages. The plate resistance
of power suppressor pentodes such as the 2A5 (Fig. 3-14), however, and of
beam pentodes such as the 6L6 (Fig. 3-16) is sufficiently low so that it
can be determined with fair accuracy from the tangent to the plate
characteristic.
An approximate value of gm can be found from increments of plate
current and grid voltage at constant plate voltage, as determined from
the plate characteristics. Since gm is not constant, accuracy in the values
of gm found by this method is dependent upon the use of very small
increments. Accuracy also makes it desirable to use an increment of
1 Salzberg and Haeff, loc. cit.
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grid voltage such that the point at which gm is desired lies at the center
of the increment, as shown in Fig. 3-17. If the grid voltage intervals
corresponding to the available plate characteristics are large, it may be
advisable to construct the static transfer characteristic corresponding
to the given plate voltage and to find gm accurately from the slope of this
characteristic at the given plate voltage. Equation (3-22) may be used
to find an approximate value of p. from gm in conjunction with the approxi
mate value of rp determined from the plate characteristic.
3-13. Duplex Tubes and Tubes with More than Three Grids.—

The behavior of the individual units of duplex tubes is no different
than when these units are enclosed in separate envelopes. For this
reason duplex tubes require ho further discussion. Special tubes having
more than three grids will be treated in later chapters in connection
with their applications (see Secs. 6-18, 6-19, 9-12A, and 9-22).
3-14. Applied Voltages in Grid and Plate Circuits.—In most applica
tions of vacuum tubes, one or more alternating voltages are applied to
the control-grid and plate circuits, in
addition to the steady voltages, as
shown in Fig. 3-18. The steady ap
plied voltages Ecc, E», and E/f are
called the grid supply voltage or
C-supply voltage, the plate supply
voltage or B-supply voltage, and the
filament or heater supply voltage, re
Fig. 3-18.—Triode grid and plate
spectively. va and vp, the applied
circuits, showing supply
voltages,
impressed alternating voltages, and
alternating voltages in the grid and
electrode voltages.
plate circuits, are called the grid
excitation voltage and plate excitation voltage, respectively. Because of
impedance drops resulting from the flow of electrode currents or other
circuit currents, the electrode voltages in general differ from the voltages
impressed upoj the electrode circuits. This will be discussed in detail
in Secs. 3-17 and 4-1.
All electrode voltages are measured with respect to the cathode, and
an electrode voltage is said to be positive if the electrode is positive
relative to the cathode. Similarly, supply voltages, instantaneous
values of exciting voltages, and instantaneous values of voltages across
load impedances are ordinarily measured relative to the cathode side of
these voltages and are called positive if they tend to make the electrode
positive.
3-15. Form of Alternating Plate-current Wave.—Figure 3-19 shows
the manner in which a sinusoidal grid voltage causes the plate current
to vary when the load is nonreactive. The wave of plate current is con
structed by projecting from the wave of grid voltage to the transfer char
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acteristic at various instants throughout the cycle. The significance
of the time axis of the wave of varying plate current and of the cur
rent Im corresponding to this axis should be noted. Ibt is the current
assumed at the instants in the cycle when the alternating grid voltage is
zero. The reason why In differs from the steady current Ibo, assumed
when the excitation is zero, will be explained in detail in Chap. 4 (Secs.
4-8 to 4-10).
Curvature of the transfer characteristic in general causes the wave of
varying plate current to be asymmetrical even though the exciting voltage
is sinusoidal. It will be proved in later sections that the wave of alter
nating plate current, measured relative to the time axis, in general con
tains not only a fundamental component of the same frequency as the
grid excitation voltage, but also harmonics of that frequency, and a steady
component. When the load is nonreactive, the wave of plate voltage is
of the same form as the wave of plate current.
Usually it is most convenient to measure the instantaneous value of
the alternating component of plate or grid current or voltage relative to
the time axis of the wave. Occasionally, however, it is necessary to
measure the instantaneous value with respect to the average value. An
instantaneous value measured relative to the axis differs from the value
measured relative to the average in that the former contains the steady
component of the alternating current or voltage, whereas the latter does
not. Unless otherwise specifically stated, the terms alternating plate
current and alternating grid current, and the corresponding terms for
voltages, will be understood to refer to values measured relative to the
time axes.
In some applications of vacuum tubes the curvature of the charac
teristic or the amplitude of the alternating plate current, or both, are
small enough so that the alternating plate current is essentially sinusoidal,
as shown in Fig. 3-20. The difficulty in making a rigorous analysis
sometimes necessitates the assumption that the alternating plate current
is sinusoidal, even though it is known to be distorted.
Most circuit elements dealt with in the power field of electrical
engineering are linear elements, i.e., elements in which the currents flow
ing through the elements are proportional to the voltages across the
elements. The currents that flow as the result of simultaneous applica
tion of direct and alternating voltages or of two or more alternating
voltages of different frequencies are entirely independent. Hence, when■
several voltages are applied simultaneously, the net result may be deter
mined by making relatively simple analyses involving only direct currents
or alternating currents of only one frequency at a time and superimposing
the individual results. Comparatively few symbols suffice in dealing
with such circuits. Vacuum tubes, on the other hand, are nonlinear
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circuit elements. The direct currents that flow in a circuit containing a
nonlinear element depend not only upon the impressed direct voltages but
also upon the impressed alternating voltages. Similarly, the alternating
currents depend upon both the alternating and the direct impressed
voltages. Furthermore, in addition to currents having the same fre
quencies as the impressed voltages, alternating currents will in general
flow whose frequencies differ from those of the impressed alternating
voltages. It is apparent that the analysis of vacuum-tube circuits may
be considerably more complicated than that of power circuits containing
only linear circuit elements.

Fig. 3-19.—Plate-current relations for asymmetrical wave of plate current.

3-16. Symbols.—Because it is often necessary to consider simul
taneously the various direct and alternating voltages and currents in
vacuum-tube circuits, a large number of symbols must be used. This is
unfortunate but usually unavoidable. The symbols used in this book
are based upon those standardized by the Institute of Radio Engineers.
The student will find it helpful to learn the following rules, according
to which these symbols are formed:

1. The subscripts c and g refer to the grids or to the grid circuits, and the
subscripts j and , to the plate or to the plate’ circuit.
2. Lower-case letters indicate instantaneous values of varying quantities,
and capital letters indicate steady (direct) values and average, r-m-s, and crest'
values of varying quantities (see Figs. 3-19 and 3-20).
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3. Lower-case letters with subscripts » and b indicate total instantaneous values
of varying quantities (see Figs. 3-19 and 3-20).
4. Lower-case letters with subscripts „ and p indicate instantaneous values of
the alternating components of varying quantities. If the wave form of the varying
quantity is asymmetrical, second subscripts o and t are added to differentiate
between an instantaneous value measured relative to the average value and an
instantaneous value measured relative to the. value corresponding to the axis
of the wave (see Fig. 3-19).
5. Capital letters with subscripts „ and b indicate direct or average values.
Second subscripts „, a, and , are added to differentiate between quiescent, average,
and time-axis values of an asymmetrical wave of total varying plate current or
voltage (see Fig. 3-19).

Instantaneous

r-m-s a-c value

Ibo=lbt-(ba

Quiescent time-avis,
and average values

*-b

Instantaneous
total value

Time
Fig. 3-20.—Plate-eurrent relations for sinusoidal wave of plate current.

6. Capital letters with subscripts „ and v indicate r-m-s or crest values of
alternating quantities. Crest values of sinusoidal alternating quantities are
distinguished from r-m-s values by the addition of the second subscript m (see
Fig. 3-20).

In tetrodes and pentodes and in tubes having more than three grids,
it is necessary to distinguish between the voltages .and between the
currents of the various grids. This is done by means of the addition of a
number in the subscript to indicate the number of the grid.' Thus e«,!,
eo2, eC3, etc., indicate the instantaneous total voltages of the first, second,
and third, etc., grids, grid 1 being nearest the cathode. Usually the
first grid serves as the control electrode, and eci indicates the control-grid
voltage. In many analyses it is necessary to speak only of the control
grid voltage. It is then convenient to omit the number in the subscript,
even though the tube contains more than one grid. In the work that
follows, therefore, it will be understood that, when no number appears
in the subscript, reference is to the control grid and that the term grid
refers to the control grid.
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The symbols are as follows:
Control-grid supply voltage............................................................................................ Eccior Ecc
Screen-grid supply voltage.............................................................................................. E„2
Plate supply voltage.......................................................................................................... Ebb
Filament or heater supply voltage............................................................................... Efi
Instantaneous value of grid excitation voltage..................................................... v„
Instantaneous value of plate excitation voltage.................................................. vp
Instantaneous total grid voltage............................................................................ ■..
Instantaneous total plate voltage................................................................................. eb
Instantaneous total grid current................................................................................... i„
Instantaneous total plate current................................................................................ ib
Quiescent (zero excitation) value of grid voltage................................................. Ec„
Quiescent (zero excitation) value of plate voltage................................................ Ebb
Quiescent (zero excitation) value of grid current................................................. Ic„
Quiescent (zero excitation) value of plate current................................................ Ib„
Voltage corresponding to time axis of wave of varying plate voltage......... Ebt
Current corresponding to time axis of wave of varying plate current......... Ibt
Average value of grid voltage (grid bias)................................................................ Ec (or Eca)
Average value of plate voltage.................................................................................... Eba
Average value of grid current.............. .■..................................................................... Ica
Average value of plate current.................................................................................... Iba
Instantaneous value of alternating component of grid voltage..................... es
Instantaneous value of alternating component of plate voltage, measured
relative to the time axis of the wave of alternating plate voltage...... ep
Instantaneous value of alternating component of plate voltage, measured
relative to average plate voltage.......................................................................
epa
Instantaneous value of alternating component of grid current..................... is
Instantaneous value of alternating component of plate current, measured
relative to the time axis of the wave of alternating plate current (see
Fig. 3-19)...................................................................................................................... ip
Instantaneous value of alternating component of plate current, measured
relative to average plate current (see Fig. 3-19)............................................. ipa
Effective value of alternating component of grid voltage................................. Et
Effective value of alternating component of plate voltage............................... Ep
Effective value of alternating component of grid current................................. I,
Effective value of alternating component of plate current............................... Ip
Crest value of sinusoidal alternating component of grid voltage (grid
swing)........................................ ........................................................................................ E„m
Crest value of sinusoidal alternating component of plate voltage............... Epm
Crest value of sinusoidal alternating component of grid current................. I„m
Crest value of sinusoidal alternating component of plate current............... ■ Ipm
Impedance of the grid circuit at angular frequency w.......... {.................................... 3(xAui

Impedance of the plate circuit (load impedance) at angular
frequency w.................................................................................... /

=
(or

(.yAu —
Admittance of the grid load at angular frequency w. .

+

zb = rb + jxb

(ffe)w

1 = g.~ 3bc
-L
or y. = -

3 ihAhl
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Admittance of the plate load at angular frequency w. ■

or yb s — = gi, — jbb
Zb

D-c resistance of the grid load..................................................................................... Rc
D-c resistance of the plate load......................................................................... ’... . Rb
Effective value of the alternating voltage drop in the plate circuit im
pedance..............................
E&

3-17. Current and Voltage Relations in the Grid and Plate Circuits.—

The following relations are apparent from Fig. 3-18 and from Fig. 3-19
and the similar wave of plate voltage:
(3-24)
lb
Ibt d" ip
Iba ”1“ ipa
eb = Ebt + ep = Eba + ePa
(3-25)
Eba = Ebb — IbaRb
(3-26)
ßp

Vp

dip
«
,b It +

J

.

1

+ Cb

(3-27)

in which Lb, n, and Cb are the equivalent series inductance, resistance,
and capacitance of the plate load. For the special case in which the
wave of alternating plate current is symmetrical, as illustrated by the
sinusoidal current wave of Fig. 3-20, LM and Ibt are identical with Ibo, and
Eba and EM are identical with Eio.
ip and ipa are then also identical, as
are ep and epa. For a symmetrical wave, therefore, Eqs. (3-24), (3-25),
and (3-26) reduce to the following:

Wi —

Ibo

(3-28)
(3-29)
(3-30)

I ^p

(ib — Eba T Cp
Ebo = Ebb — IboRb

Equation (3-30) also holds when the excitation voltage is zero. When
the plate current is sinusoidal, Eq. (3-27) may be written more con
veniently in terms of effective values, as follows:

(3-31)

Ep = Vp — IpZb

In many circuits the plate excitation voltage
reduces to

Vp

Ep = —I A^b

is zero, and Eq. (3-31)

(3-32).

The following equations are apparent from Fig. 3-18 and from a
diagram analogous to that of Fig. 3-19 :
ic
let d~ ig — I ca
ec = Ed + eg = E,
Ec

(or

Eca) = E„ - IcaRc

d- iga
d" &ga

(3-33)
(3-34)
(3-35)
(3-36)
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in which Lc, rc„ and Cc are the equivalent series inductance, resistance,
and capacitance of the grid load. In many vacuum-tube circuits, cur
rents other than grid current flow through impedances contained in the
grid circuit (see Sec. 4-1). The expression for eg given by Eq. (3-36)
must then be replaced by one including the alternating voltages resulting
from the flow of these additional currents.
In many vacuum-tube circuits the control grid is maintained suffi
ciently negative so that grid current does not flow. Unless some other
direct current flows through a resistance contained in the grid circuit,
Eq. (3-35) then simplifies to

Efior Eca) = Ecc

(3-37)

and, unless some other alternating current flows through an impedance
contained in the grid circuit, Eq. (3-36) becomes
es = v„

(3-38)

which may also be written in terms of effective values as follows:
Eg = Vg .

(3-39)

The method of evaluating Eg, when Eg results wholly or in part from the
flow of alternating currents through impedances contained in the grid
circuit, will be explained in detail in Sec. 4-1.
3-18. Static and Dynamic Operating Points.—The steady values
of electrode voltages and currents assumed when the excitation voltages
are zero are called the quiescent or static operating voltages and currents.
The point on the static characteristics corresponding to given static
operating voltages and currents is termed the static operating point (or
quiescent point). The static operating point will be indicated on the
characteristic curves by the letter 0 and will sometimes be referred to
as the O-point. The average values of electrode voltages and currents
assumed with excitation are called the dynamic operating voltages and
currents. The corresponding point on the plate characteristics is termed
the dynamic operating point and will be indicated by the letter A. The
dynamic and static operating points coincide when the wave of plate
current is symmetrical. Static and dynamic operating points will be
discussed in detail in Secs. 4-7 to 4-13.
The amplitude of the alternating control-grid voltage Egm is called
the grid swing. The direct component of control-grid voltage Ec is
called the grid bias or C bias. Because the symbol Ec has long been used
to represent the grid bias, this symbol, rather than the alternative Eca,
will be used throughout the remainder of this book. Grid bias may be
obtained by the use of a battery or other source of fixed voltage, or it
may be produced by the flow of cathode current through a resistance, as

Sec. 3-19]

GRID-CONTROLLED HIGH-VACUUM TUBES

73

in Figs. 5-7 and 5-8. The former is called fixed bias, the latter self-bias.
The term bias is also sometimes applied to the direct component of
voltage of electrodes other than the control grid.
3-19. Generation of Harmonics.—If a sine wave of excitation voltage
is applied to an electrode of a vacuum tube, it is found that the plate
current in general contains not only an alternating component of the
same frequency as that of the applied voltage but also components whose
frequencies are equal to harmonics of the impressed frequency. Usually
there is also a change in average plate current. If two or more sinusoidal
voltages are impressed simultaneously the wave form of the alternating
plate current is even more complicated, containing the applied frequencies

Fig. 3-21.—Generation of second-harmonic and steady components of plate current by a
tube with a parabolic transfer characteristic.

and their harmonics and also frequencies equal to the sums and differences
of the applied frequencies and their integral multiples.1
The generation of new frequencies by a vacuum tube is associated
with the fact that it is not a linear circuit element, i.e., that the charac
teristic curves are not linear. The appearance of plate-current com
ponents of frequencies different from the impressed frequency as the
result of curvature of the transfer characteristic can be readily demon
strated graphically. The transfer characteristic of Fig. 3-21 is parabolic,
and the exciting voltage sinusoidal, as indicated by the curve of eg. The
wave of ip is constructed by finding from the transfer characteristic the
values of instantaneous plate current corresponding to instantaneous
grid voltages at various instants of the cycle. The dotted curves show
1 It is evident, therefore, that it is not in general possible to apply to the vacuum
tube the superposition theorem, which states that the current that flows through a
linear circuit element as the result of a number of simultaneously impressed voltages
of different frequencies is equal to the sum of the currents that would flow if the
various voltage components were applied individually.
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the fundamental, steady, and second-harmonic components.into which
the alternating plate current may be resolved,
3-20. Series Expansion for Alternating Plate Current.—Theoretically,
it should be possible to predict from Eq. (3-2) and corresponding tetrode
and pentode equations the form of the alternating plate current cor
responding to an exciting voltage of known wave form. Practically,
however, F(eb + pec + e) is so complicated in form that Eq. (3-2) is of
little or no value for this purpose. The behavior of a nonlinear circuit
element can in general be analyzed mathematically most readily by
expressing the alternating current in the form of an infinite power series.
For a two-terminal element, in which the current depends upon only one
voltage, the series involves only the impressed voltage, the element
impedance and its derivatives at the operating point, and the circuit
impedance. It may be derived by the application of Taylor’s expansion
for a function of one variable to the functional equation of current.
Because the plate current of a vacuum tube depends upon all the electrode
voltages, a complete series expansion applicable to a tube with three or
more electrodes must involve all electrode voltages, as well as various
tube factors and their derivatives at the operating point.1 The general
series expansion for tetrodes and pentodes is complicated, therefore,
particularly if control-grid current is assumed to flow and the control
grid circuit contains an impedance. When all electrode voltages except
those of the control grid and the plate are constant, however, as is
usually true, the action of multigrid tubes is similar to that of triodes, and
the general form of the series reduces to that for a triode. The triode
expansion may consequently be applied to any tube in which only the
plate and control-grid Voltages vary. Furthermore, most problems in
which the series expansion is of value can be adequately treated by the
use of the form derived under the assumption that control-grid current
does not flow. A further simplification results from the assumption that
p is constant, which is approximately true in many tubes. For the gen
eral forms of the series expansion for plate current of multigrid tubes, and
for the similar expansions for currents to other electrodes, the student
should refer to the work of Llewellyn2 and others.3
3-21. Series Expansion. Resistance Load.—The series expansion
for the plate current of a triode with negative grid voltage, constant
amplification factor, and nonreactive load has the following form:
ip = die + a2e2 + a3e3 + • • •

(3-40)

1 Carson, 3. R., Proc. I.R.E., 7, 187 (1919).
“Llewellyn, F. B., Bell System Tech. J., 5, 433 (1926).
3 Brainerd, J. G., Proc. I.R.E., 17, 1006 (1929); Caporale, P., Proc. I.R.E.,
18, 1593 (1930); Boner, M. O., Phys. Rev., 39, 863 (1932); Bennett, W. R., Bell
System Tech. J., 12, 228 (1933); Espley, D. C., Proc. I.R.E., 22, 781 (1934); Barrow,
W. L., Proc. I.R.E., 22, 964 (1934).
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where

— rp +1 rb
.

ai

p dr p
2(rp + n)3 deb

" BO, + r.)-

L<2r’ " *’ W ~ ’(r’ +

W

and
' e = ee +

(3-42)

For common high-vacuum triodes, Eq. (3-40) converges rapidly
enough so that the required accuracy is usually obtained with only a
few terms of the series if the current amplitude is not too great. drp/deb
may be evaluated by plotting a curve of rp vs. eb determined from the
static plate characteristic corresponding to the given operating grid bias.
drp/deb is the slope of this rp-eb curve at the point corresponding to the
operating plate voltage. Other higher-order derivatives may be evalu
ated in a similar manner from curves of derivatives of the next lower
order, but the accuracy rapidly decreases with increase of order of the
derivative. The value of the series expansion lies not so much in the
direct solution of numerical problems, as in the general analysis of
the operation of vacuum tubes. In later chapters the series expansion will
be applied to the analysis of the operation of vacuum tubes as amplifiers,
detectors, modulators, and oscillators.
3-22. Derivation of Series Expansion.1—Equations (3-40) and
(3-41) are derived by applying Taylor’s theorem for two variables to
Eq. (3-2). This gives the following equation for alternating plate
current:

1
- 1!

dib Y
at
deb gp // +
1 Zdib
I dlb

J ,

siW'-rari + ■ in which a term of the form

\dec

e„

. o\

is a convenient symbolical

representation of the terms2
1 The following outline of the derivation of Eqs. (3-40) and (3-41) is included in
order to explain the general method and justify the use of these equations throughout
the remainder of the book. The student will not be seriously handicapped by
omitting Sec. 3-22.
2 Osgood, W. F., “Advanced Calculus,” p. 172, The Macmillan "Company, New
York, 1925.
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dnib
p n—^p 2
^p
decn~2dei?
dnib

+ • • ■

decn id&bi

(3-44)

and all derivatives are evaluated at the static operating point.
Although the amplification factor varies with operating voltages, for
many purposes sufficient accuracy is obtained by assuming it to be
constant. Under this assumption a term of the form dnib/dBcn~mdebm
becomes
i

= (e

dnib *

and Eq. (3-43) reduces to

yn~m

4. ue )

4.

1+

4
(Cp “I-

P&g)2 922b

3!

d+

+ • • •

(3-45)

But, at the operating point,

(3-46)

Therefore,
Bp

H“ pBg
1 ! rp

(&p

-f-

pBg)2 9rp

2\rp2

.

dBb'
2 +Ì

3!rp3

l

Si + ' ' -

-

\dBb/

<3-47)

dsb2]

The plate resistance rp and its derivatives in Eq. (3-47) are evaluated
at the operating point.
Vacuum tubes are usually used with some form of load impedance
in the plate circuit. It is convenient to consider first the relatively
simple case in which the load is a resistance. For resistance load,
Eq. (3-27) is
Bp = vp — iprb
(3-48)
and
V \

(
bs

or
&p

H-

P^g — 1^6

IpTb

+ —) - iprb •

(3-49)

V/

* This may be shown by applying d^b/de^^det^ and dnib/debn to Eq. (3-2).

(3-50)
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Substituting Eq. (3-50) in Eq. (3-47) gives

pe — iprb _ (pe — iPrb)2 drp
1 ! rp
2 ! rp2
deb

^5^^'
[L 2 (Vl
3!rp3
\deb/

-

deb2_

’ • («D

Equation (3-51) cannot be conveniently used, because ip appears in an
involved manner on the right side of the equation. An explicit expression
for ip may be obtained by assuming that ip is of the form of Eq. (3-40)
(3-40)

ip = c^e + a2e2 + «s«3 + • •

The coefficients of Eq. (3-40) may be evaluated by substituting (3-40)
in (3-51), giving

n— 1

Equation (3-52) is an identity, which must hold for all values of e.
This can be true only if for every value of n the summation of terms
in en on the left side of the identity is equal to the summation of terms
of en on the right side. Terms in e on the right side arise only from the
first term of Eq. (3-52). Therefore,
(3-53)

Terms in e2 arise from the first two terms of the right side of Eq. (3-50).
Therefore,

a*2 = _

rp

+

2rp2

deb]

e2

(3-54)

By the solution of Eqs. (3-53) and (3-54) and a similar equation in e3, the
first three coefficients of Eq. (3-40) may be shown to have the values
given by Eqs. (3-41).
3-23. Harmonic Generation and Intermodulation.—Before proceed
ing to a discussion of the more general problem of a tube with impedance
load it is necessary to show that the presence of the second- and higherorder terms of the series is associated with the production of components
of alternating plate current of frequencies other than those which are
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Consider, for instance, the simple case

in which the excitation voltage has only a single frequency. Then
e = Em sin wt
e2 = Em2 sin2 tot = %Em2 — %Em2 cos 2tot
e3 = ^Em' sin tot — %Em3 sin Scat

(3-55)

Thus the second-order term of the series gives rise to a steady component
and to a second-harmonic component in the alternating plate cufrent.
The third-order term gives rise to a fundamental and a third-harmonic
component of alternating plate current. The production of harmonics
in the plate current has been shown graphically in Fig. 3-21 for the simple
case in which the static characteristics are assumed to obey a parabolic
law, ib = A(eb + juec)2, and zb is assumed to be zero. If rb is zero, alt a2,

and a3, as given by Eqs. (3-41), reduce to u

^2’ and 3]

.respectively. Similarly, any coefficient an reduces to

Since ^-3

and higher-order derivatives of plate current with respect to plate
voltage are zero when the static characteristics obey a parabolic law,
the plate-current series contains only the first- and second-order terms.
Consequently the alternating plate current should consist of fun
damental, steady, and second-harmonic components when the excita
tion is sinusoidal. This is in agreement with Fig. 3-21.
If the excitation voltage contains more than one frequency, the plate
current contains not only the impressed frequencies and their harmonics,
but also frequencies equal to the sums and differences of the impressed
frequencies and their integral multiples, as may be shown by expanding
(Ei sin toit + E2 sin to2t + E3 sin to3t + • ■ • )”.

These are called intermodulation frequencies. Intermodulation is defined
as the production, in a nonlinear circuit element, of frequencies equal to
the sums and differences of integral (1, 2, 3, etc.) multiples of. two or
more frequencies which are transmitted to that element. It should be
noted that the harmonic and intermodulation frequencies contained in
the output are not present in the impressed excitation but are generated
by the nonlinear circuit element. It is also important to note that the
fact that the intermodulation frequencies are equal to the sums and
differences of multiples of the impressed frequencies does not imply that
these sum and difference frequencies are the result of interaction of the
generated harmonics. The sum and difference frequencies and the
harmonics are generated simultaneously by the nonlinear element. It
will be shown in later chapters that intermodulation jn vacuum-tube
circuits is sometimes desirable and sometimes objectionable.
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* The production of intermodulation frequencies can be demonstrated
in a striking manner by a simple laboratory experiment. The voltages
from two audio-frequency oscillators are filtered to remove harmonics
and are applied in series to the grid circuit of a vacuum tube. The
voltage developed across a plate load resistance (preferably considerably
smaller than the plate resistance) is applied to the input of a low-pass
filter (0 to 3000 cps, for instance), the output of which goes to headphones
or, through an amplifier, to a loud-speaker. The oscillator frequencies
are made high enough so that the fundamental components of the output
voltage cannot pass through the filter. Various combinations of oscilla
tor frequencies can be found at which one or more frequencies are heard
in the phones, the pitch of which varies with the tuning of either oscilla
tor. The frequencies are always found to be equal to the difference
between one oscillator frequency 'or one of its multiples and the other
oscillator frequency or one of its multiples. Since the application of
oscillator harmonics to the grid is prevented by filtering the oscillator
voltages, the frequencies that are heard in the output are generated by
the tube. A similar experiment, performed with a high-pass filter in
the output, demonstrates the production of intermodulation frequencies
equal to the sums of the oscillator frequencies and their multiples.
3-24. Series Expansion. Impedance Load and Varidble Amplification
Factor.—The derivation of the series expansion for the more general case
of impedance load, although similar in form to that for resistance load, is
considerably more complicated. Since the coefficients of the series
involve the load impedance, which depends upon the frequency, there
must be a coefficient an for each frequency arising from the expansion of
e” = (Eh sin wht + Ek sin wkt + • • • )n, instead of a single coefficient
an, as with resistance load. This fact may be indicated by writing Eq.
(3-40) in the form
ip = Saxe + Sa2e2 + Sa3e3 + • • ■

(3-56)

An excellent development of the series expansion for the general case of
impedance load and variable amplification factor has been given by
Llewellyn, who has derived the first two coefficients.1 These are

Mb-k -

P

(

[rP2 - (zM,] +^[rP + MJlr, + (zb)k) - P2rp
p

1 Llewellyn, loc. cit.

H- (,Zb)h—fc]

I
j
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in which

(2^ = n + j(xOk
(Zb)h—k =

(M = n “F j(%b)h—k

and rp and p and their derivatives are evaluated at the operating point)
The subscript a in the symbol (xh)b indicates that the reactance of the
load is to be evaluated at the frequency 2irh. The coefficient (a2)h+k is
similar to
except that (zb)k and (Zb^-h are replaced by (zb)k and
(zt>)h+k, respectively. The coefficients for the second-harmonic and
steady components may be written in the forms (a^h+h,
(a^h-h,
(a^k-k, etc., and found from the formulas for (cq)^ and (a^h-k by
replacing A: by A wherever it appears in these formulas.
Because the plate current contains components having different
frequencies, the series expansion cannot be stated in terms of effective
values of currents and voltages. Since an imaginary component of
instantaneous current has no apparent meaning, some question arises
as to the significance of the use of complex coefficients in conjunction
with instantaneous values of voltage. No difficulty arises, however, if
the coefficients are considered as a form of shorthand notation. The
magnitude of each coefficient can be used to determine the amplitude of
the particular component of plate current, and the angle can be used to
determine the phase angle of that component of current. Consider, for
instance, the simple case in which e is of the form E sin ut. The first
coefficient cq is p/[rp + A, +
and the first term in Eq. (3-56) is
pe/[rp + rb + j^«], which should be interpreted as a convenient short
hand method of expressing the instantaneous value of the fundamental
component of plate current,
pE
V (rP + rby + (xb)u2

wt — tan-1

(^&)a

rP + rb

The second term of the series consists of a steady component and a
second-harmonic component. The latter is of the complex form
c + jd

which should be interpreted as —. :— - sin ( 2ut — tan-1 - )• If the
V c2 + d2
\
c/
exciting voltage contains two frequencies fh and fk whose values are, by
way of example, 60 and 100 cps, respectively, the exciting voltage is of
the form ^sin 120tt/ + Ek sin (2000ttZ + 0). The first term of Eq.
(3-56) then becomes1 peh/[rP + (zb)120r] + pek/[rp + (%)2OooJ, which
1 The symbols (zdnoT and (%)i2ojr indicate that the impedance and the reactance
of the load are to be evaluated at the frequency 120 cps.
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should be interpreted as
____________ pEk____________

V (rp + n)2 +

sin 12(M - tan-1 rP

(xb)i20^
_____________ pEk_____________ .

+ rb
(%)20(I0tt

V(rP + n)2 + (%)2ooor2 Sln

200(M + 0 — tan-1

rP + rb.

The second term of the series gives rise to a steady component, a 120cycle component, a 2000-cycle component, a 1060-cycle component, and a
940-cycle component. The. amplitude of the latter component can be
determined, for example, by multiplying the product EhEk by the magni
tude of the coefficient (a2)94o, which is found by substituting (z^ooer,
(25)120^, and (z(,)i8goir in Eq. (3-59).1 The amplitudes of the other com
ponents can be found in a similar manner.
When only the first term of the series expansion is taken into con
sideration, i.e., when the tube is assumed to be a linear circuit element,
the plate current contains only the impressed frequencies and Eq. (3-56)
reduces to
pe
—

j

rP + zb

(3-58)

for each frequency contained in the excitation voltage e. Effective
values of current and voltage may then be used and Eq. (3-58) written
in the form
J _ FE = pEg + Vp
(3-59)
P

rp + zb

Tp + Zb

No step in the derivation of Eqs. (3-40) and (3-41) restricts these
equations to alternating exciting voltage. They apply equally well when
e is a small change of applied grid or plate voltage. Equations (3-56)
and (3-57), on the other hand, involve impedances that are evaluated
at specific frequencies. They cannot, therefore, be used when e is not a
periodic function of time. The sudden application of grid or plate
excitation or of direct voltages will in general result in the production of
transient components of plate current when the grid or plate circuits
contain reactance. The theory of the transient behavior of tube circuits
is beyond the scope of this book.2
3-25. Relation of Series Coefficients to Dynamic Tube Characteris

tics.—A study of Eqs. (3-41) and (3-57) shows that the introduction of
load impedance into the plate circuit reduces the ratios of the coefficients
1 The amplitude of a plate-eurrent component whose frequency is nfb ± mfk is
equal to EtjEm multiplied by the magnitude of the coefficient (an-m)h^k.
2 Jackson, W., Phil. Mag., 13, 143, 735 (1932); Schlesinger, K., E. N. T., 38, 144
(1931).
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of the higher-order terms of the series to the first-order coefficient. This
can be shown most readily for the special case of resistance load. For
resistance load, Eqs. (3-57) give the following expression for the ratio of
the coefficient of the second term to the coefficient of the first term of the
series :
dp
dp (rp + n)2 _
drP
a2 de,,
dec
p
p deb
(3-60)
ar
2(r„ + rb)2

As rb is increased, the ratio is reduced and approaches the limiting value,

~
If ai is practically constant, as is true over certain ranges
de„ deb/
in many tubes, the ratio of a2 to ai decreases rapidly and becomes neg
ligibly small as rp becomes large. If p is constant, the introduction into
the plate circuit of a load resistance equal to twice the plate resistance
reduces
to i its value for zero load resistance and a2 to 27 its value
for zero load resistance. The ratios of a3 and higher-order coefficients
to «1 decrease even more rapidly with increase of load resistance than that
of a2 to ai. A similar analysis for the more general case of impedance
load, although not quite so simple, also shows that in general the ampli
tudes of the second- and higher-order terms of the series are decreased
relative to the amplitude of the first term by an increase of load impedance
and, if p were constant, could be reduced to any desired degree by making
zb/rp sufficiently high.
Equations (3-40) and (3-41) show that for resistance load the dynamic
transfer characteristic would be a straight line if the series contained only
the first term and that the presence of the higher-order terms is associated
with curvature of the dynamic transfer characteristic. If only the first
term were present, a change of grid voltage Aec would result in a propor
tional change of plate current &ib, indicating a linear relation between ib
and ec. The higher-order terms of the series destroy this linearity, since
contributions to AA from the higher-order terms are not proportional to
Aec. Reduction of the higher-order terms of the series by increase of load
resistance is, therefore, accompanied by reduction of the curvature of the
dynamic transfer characteristic.
That the transfer characteristic of a triode is straightened in the
negative range of grid voltage by the introduction of plate load resistance
and, hence, that the coefficients of the second and higher-terms of the
series are reduced with respect to the first term can also be shown by
constructing dynamic transfer characteristics for different values of load
resistance. Although the dynamic transfer characteristics can be most
readily obtained from the plate family of characteristics in a manner that
will be explained in Chap. 4, it is instructive at this point to derive one
1[-
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from the static transfer characteristics. 0 represents the static operating
point in Fig. 3-22. With no external resistance in the plate circuit a
change of grid voltage from Ec to Ec + Aec would cause the current to
change to ib, corresponding to a new point a on the same static character
istic. With resistance in the plate circuit, however, the increase of plate
current accompanying the change in
grid voltage increases the IR drop in
the plate circuit and thus reduces the
voltage of the plate to a new value
En — RiAib, corresponding to point a'.
Similarly, if the grid voltage is changed
to Ec — Aec, the point shifts to b'. By
plotting corresponding values of ib and
ec it is possible to obtain the complete
dynamic transfer characteristic, shown
by the dashed line. Figure 3-23 shows
Fig. 3-22.—Construction of a dy
the dynamic transfer characteristics of
transfer characteristic from the
a type 56 triode for various values of namic
family of static transfer characteristics.
resistance load, the plate supply voltage
being increased with Rb in such a manner as to maintain the same static
operating point. Figure 3-24 shows similar curves for constant plate
supply voltage.
In the positive range of grid voltage, the introduction of load resist
ance into the plate circuit may increase the curvature of the transfer

Grid Volts

Fig. 3-23.—Dynamic transfer character

Fig. 3-24.—Dynamic transfer character

istics of the type 56 triode for four values of
load resistance at fixed operating voltages.

istics of the type 56 triode for five values of
load resistance at fixed plate supply voltage.

rb

— Rb.

characteristic. The reason for this is made apparent by reference to Fig.
3-6. Since the amplification factor is equal to the slope of the eb-ec
characteristics, it is evident from Fig. 3-6 that the amplification factor
varies greatly in the positive region of grid voltage. Hence the ratio
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a2/ai given by Eq. (3-60) does not approach zero as rb is increased, but
increases with rb at large values of rb. The increase of curvature with
increase of load resistance can also be explained readily physically. As
pointed out on page 49, the bending over of the transfer characteristics at
positive grid voltages results in part from diversion of electrons to the grid.
At a given positive grid voltage, the. number of electrons diverted to
the grid increases as the plate voltage is decreased. The increase of
IR drop resulting from an increase of load resistance decreases the plate
voltage. More electrons are diverted to the grid, and so the plate current
is decreased. Increase of load resistance therefore increases the bending,
over of the transfer characteristics at positive grid voltages and may even
cause them to have maxima.
lb
At large values of grid excitation voltage,
the amplification factor of pentodes is not con! .z / "c stant throughout the negative-grid range of
/' y
□ operation and, although the curvature of the
Lz
transfer characteristic first decreases with
/
c increase of load resistance, a value is reached
i
beyond which curvature again increases (see
-------------- ho
o
Ec
0 ©c Sec. 6-25).
7
Grid Voltage
When the load contains reactance, as well as
Fig. 3-25.—Typical dyresistance, the behavior is complicated by the
namic transfer characteristic
phase difference between the plate voltage and
for inductive load.
.
.
,
plate current. If the impedance is sufficiently
high, the dynamic transfer characteristic obtained with sinusoidal excita
tion is nearly elliptical. For lower values of impedance the dynamic
transfer characteristic resembles an ellipse but has a curved axis, as shown
for inductive reactance in Fig. 3-25. As the reactance is reduced, the
path of operation gradually changes into the curve obtained for pure
resistance (see Sec. 4-6).
3-26. Dynamic Plate Resistance.—The dynamic plate resistance is the
quotient of the alternating plate voltage by the inphase component of the
alternating plate current, all other electrode voltages being maintained
constant. The quadrature component of current, which results from
electrode capacitances and, at ultrahigh frequencies, from electron transit
time, is negligible at low audio frequency. The inphase component of
plate current corresponding to a given alternating plate voltage when
other electrode voltages are constant may be found from Eqs. (3-40) to
(3-42) by making eg and rb zero. When rb is zero vp = eP) and Eq. (3-40)
becomes

ep _ ' ep2 drp . ep3
drP ‘ d2rX
rp 2rp2 deb &rp3 \ deb Tp deb2)

(3-61)
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Because of curvature of the static plate characteristics, the derivatives
of the plate resistance are not zero. When the excitation voltage is high,
therefore, the second- and higher-order terms of Eq. (3-61) are not negligi
ble. Contributions of the third- and other odd-order terms to the funda
mental component of plate current cause the ratio of the alternating plate
voltage to the fundamental component of alternating plate current to
differ from rp, the static plate resistance. As ep is reduced, however, the
ratio of the higher-order terms to the first term decreases, and ePHP
approaches rp. If the amplitude of the plate excitation voltage is small
enough, the dynamic plate resistance approximates the value determined
from the slope of the static characteristic at the operating point (at
frequencies low enough so that the electron transit time is negligible).
The static plate resistance may, therefore, be found dynamically by using
a sufficiently small plate excitation voltage. In a similar manner it may
be shown that the dynamic measurement of transconductance and of
variable amplification factor requires the use of small excitation voltages.
Problems
3-1. From thé static plate characteristics of the type 6J5 tube find the values of
m,

rp, and gm at the point Eb = 200 volts, Ec = — 8 volts.

3-2. From the static plate characteristics of the type 6SJ7 tube, find the values of
M, rP, and gm at the point Eb = 200 volts, Ee = —2 volts.
3-3. a. From the following data find approximate values-of ju, rp, and gm at the
point Eb = 180 volts, Ec = —12.5 volts. (Note that only two of these factors can be
found directly from the data given.)

Eb, volts

Ec, volts

Ib, ma

180
160
180

-12.5
-10.0
-12.3

7.5
7.5
7.84

b. From the following data find approximate values of ¡i, rp, and gm at the point

Eb = 250 volts, Ec = —16 volts.
Eb, volts

Ec, volts

h, ma

250
220
260

-16
-14
-16

2.0
2.0
3.0

3-4. Determine the frequencies of all components of alternating plate current
associated With the first three terms of the plate-current series when the frequencies
60, 100, and 900 cps are simultaneously impressed upon the grid of a vacuum tube.
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3-5. Equation (3-2) suggests that it should be possible to express the alternating

plate current by the following series, in which p is assumed to be constant:
ip = ki{ep + peg) + ^2^ + peg)2 + k^ep 4- peg)3 + • • •

(3-62)

By differentiating both sides of this equation successively and evaluating each
^^2» 5 "1
1
derivative at the operating point, show that kn = ^~n I X
and thus derive
Eq. (3-45).
3- 6.

a. Show that, if the amplification factor is constant and the load impedance

zero, the coefficients an of the series expansion for ip reduce to —।

[see Eq. (3-45)].

b. Show that, if the static characteristics are assumed to be parabolic, all coefficients
of terms of the series expansion for ip of higher order than the second are zero.
c. By means of the series expansion show that for parabolic characteristics, con
stant amplification factor, and zero load impedance the amplitudes of the steady and
second-harmonic components of plate current are one-fourth the amplitude of the
fundamental component when the grid bias Ec is one-half the cutoff vajue and
e = eg = Ec sin at.
3-7. Show that Eqs. (3-57) reduce to Eqs. (3-41) if p is constant and the load is
nonreactive.
3-8. Evaluate ai and a2 graphically for a type 6J5 triode with resistance load at
rated operating voltages when (a) n = 0; (6) n = rp; (c) rb = 2rp.

CHAPTER 4
METHODS OF ANALYSIS OF VACUUM TUBES AND
VACUUM-TUBE CIRCUITS

Since the application of vacuum tubes is governed in part by the
extent to which it is possible to analyze the operation of tubes and asso
ciated circuits, a study of the methods of analysis is of considerable
importance. This chapter will, therefore, present analytical and graphi
cal methods of analysis of high-vacuum tubes and their circuits.
4-1. The Equivalent Plate Circuit.1—In the solution of many vacuum- '
tube problems, particularly when the excitation voltage is small and the
load impedance high, sufficient accuracy is obtained by making use of only
the first term of the series expansion for the plate current [Eqs. (3-58)
and (3-59)]. To a first approximation the alternating plate current is
then given by the equations

/ =
p rp + zb

___
rp + rb.+ jxb

(4-1)

y/ (rp + rb)2 + xb2
where

E = — + Eg
F

0 = — tan-1 ——
rp + rb

and

In these equations rp is the plate resistance at the operating point, and
zb is the impedance of the plate load at the frequency of the applied
voltage. The value of Ip given by Eqs. (4-1) and (4-2) is the same as that
which would flow in the simple series circuit of Fig. 4-la. This equivalent
plate circuit may, therefore, be used to find the approximate value of the
fundamental component of plate current and of the currents in the various
branches of the load impedance. This fact may be expressed in the
form of the equivalent-plgte-circuit theorem for amplification, which states
that the fundamental component of alternating plate current is approxi
mately equal to the current that flows as the result of the application of
1 Miller, J. M., Bur. Standards Bull. 15, 367 (1911); Proc. I.R.E., 6, 141 (1918);
Van der Bijl, H. J., Phys. Rev., 12, 171 (1918); Proc. I.R.E., 7, 97 (1919); Chaffee,
E. L., Proc. I.R.E., 17, 1633 (1929); Goodhue, W. M., Electronics, December, 1933,
p. 341; Richter, W., Electronics, March, 1936, p. 19; Landon, V. D., Proc. I.R.E., 18,
294 (1930).
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the voltage Vp + pEg to an equivalent circuit consisting of the external

load impedance in series with a constant resistance equal to the a-c plate
resistance of the tube at the operating point.
Equation (4-1) may also be written in the form
Ezb(yP H- yb)

Vpgp T Eggm

(4-3)

Equation (4-3) suggests the parallel equivalent circuit of Fig. 4-16.
The ease of combining admittances sometimes makes it advantageous to
use Eq. (4-3) and the parallel equivalent circuit, in place of Eq. (4-1)
and the series equivalent circuit, particularly when the load impedance
consists of a number of parallel branches (see Appendix, Sec. A-l).
By making use of the first term of the series expansion for the grid
current, equations analogous to Eqs.
-<—Vp9p‘*Fggm
(4-1) and (4-3) may be derived for
the grid circuit of a triode.
Fg ~h PgTp
rg + Zc
(b)

Fig. 4-1.—Series and parallel equivalent
plate circuits.

(4-4)

and
Esc(gg + Ve') = Vsgg + Epgn (4-5)

The equivalent grid circuits are of the same form as Figs. 4-la and
4-16, the subscripts p, g, and b being replaced by g, P, and C) respectively
and p by pg. Equations (4-1) to (4-5) may also be written in terms of
crest values of currents and voltages. Similar equations may be written
for any electrode of a multigrid tube.
Equations (4-1) to (4-5) are based upon Fig. 3-18, in which the load
impedance is assumed to be free of e.m.fs. and the plate excitation voltage
Vp is assumed to be in series with zb. The load impedance is in general
made up of a number of branches that may contain other e.m.fs., in
addition to or in place of the e.rn.f. id series with the entire impedance.
Application of the principle of superposition, which is valid under the
assumption that the second- and higher-order terms of the plate current
series may be neglected, shows that the presence of additional e.m.fs.
within the load does not affect the currents caused by Eg or by a voltage
Vp in series with zb. The equivalent circuit will, therefore, give the
correct values of currents if the additional voltages are included in the
equivalent circuit in, the positions that they occupy in the actual circuit.
The equivalent circuit must include all portions of the actual circuit
that are conductively, inductively, or capacitively coupled to the plate.
If the grid circuit contains impedances through which alternating
current flows, as in Figs. 4-2 and 4-30, the value of the alternating grid
voltage Eg may differ from the excitation voltage Vg applied from an
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external source. Vg may, in fact, be derived entirely from the flow of
alternating currents through impedances contained in the grid circuit.
In general, therefore, it is necessary to evaluate Eg before the network
equations for the equivalent circuit can be solved. Eg is usually found
most readily from the actual circuit and is equal to the vector sum of all
alternating voltages between the cathode and the grid along any con
tinuous path.
The use of equivalent circuits greatly simplifies the solution of many
problems involving tubes and associated circuits. Once the equivalent
circuit has been formed, it is not even necessary to know that a vacuum
tube is involved, as fundamental currents and voltages at various points
may be computed by the ordinary methods of a-c circuit analysis. The
validity of the equivalent circuit in a given problem depends upon the
desired accuracy. If only qualitative results are desired, it is often
possible to apply the equivalent circuit even when harmonic produc
tion is high. Where a high degree of accuracy is essential, the use of the
equivalent circuit is valid only at small amplitudes. It cannot be
applied when the conditions of operation are such that current ceases to
flow during a portion of the cycle of exciting voltage (see Sec. 5-15).
The equivalent circuit obviously gives no indication of the production of
harmonics and intermodulation frequencies. The acceptance of the
equivalent circuit is, therefore, tantamount to the assumption that the
tube is a linear circuit element.
Since the grid conducts only when it is positive and since the grid
characteristics are not linear, the flow of grid current through external
impedance distorts the alternating grid voltage. Furthermore, the grid
current varies with plate voltage. For these reasons the simple equiv
alent plate circuit is not applicable with accuracy when grid current
flows through a grid-circuit impedance. Ordinarily, however, in circuits
in which appreciable grid current is allowed to flow, the conditions of
operation are such that the equivalent circuit would not be applicable
even if no grid current flowed. In such circuits it is necessary to resort
to graphical or experimental methods of analysis.
4-2. Construction of Equivalent Plate Circuits.—Use of the following
procedure ensures the correct formation and solution of series equivalent
plate circuits. (See Appendix, Sec. A-l, for parallel-circuit procedure.)
With suitable changes of symbols it may be applied to the circuit
of any electrode.
1. Insert the equivalent voltage pEa and the a-c plate resistance rp in series
between the plate and the cathode, indicating the polarity of the equivalent
voltage to be such that the. cathode side of the voltage is positive, as in Fig. 4-26.1
1 The polarities indicate the vector relations between the yoltages, a change in sign
being equivalent to a reversal in the direction of the vector representing the voltage.
The polarities may also be construed to apply to the instantaneous voltages at some
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If alternating voltage is impressed upon more than one grid, there is an equivalent
voltage m series with rp for each grid that is excited.
2. Assume polarities for the grid and plate excitation voltages V„ and Vp.
It is convenient to indicate the polarities to be such as to make the grid and plate
positive relative to the cathode. (When excitation voltages that are in phase
opposition are applied simultaneously to two electrode circuits, however, only
one of the excitation voltages can be indi
cated as having such polarity as to make
its electrode positive relative to the cathode.)
3. Assume positive directions for the
various alternating circuit currents. It is
sometimes convenient to choose the positive
direction of plate current as that in which
the equivalent voltage pEg tends to cause it
to flow, i.e., through rp from plate to
cathode, as shown in Fig. 4-2, but this is not
essential.
4. Delete the tube symbol (or show
dotted), all electrode supply voltages and
other direct voltages, and all circuit
branches not coupled to the plate (such as
the screen circuit of a screen-grid tetrode,
as it is usually used).
5. Redraw the resulting equivalent cir
cuit in the form in which it may be most
readily analyzed.
6. Express the alternating grid voltage
Eg as the vector sum of all alternating
voltages between the cathode and the grid
along any continuous path. This can usu
ally be done most conveniently by reference
to the original circuit, all currents and exci
tation voltages being indicated in the same
directions as in the equivalent circuit. Any voltage that contributes to Es,
including the excitation voltage Vg, must be preceded by a positive sign in this
summation if it tends to make the grid positive relative to the cathode, and by a
negative sign if it tends to make the grid negative relative to the cathode. If
alternating voltage is impressed upon more than one grid, each equivalent grid
voltage in the equivalent circuit must be evaluated in this manner. It should
instant in the cycle. When gm is positive, a positive increment of grid voltage produces
a positive increment of plate current. Likewise, when rp is positive, a positive
increment of plate voltage produces a positive increment of plate current. Hence,
when E„ makes the grid positive relative to the cathode, the polarity of the equivalent
voltage p.Eg must be such as to cause plate current of the same direction as is produced
by a positive plate voltage. This is ensured by making the polarity of the equivalent
voltage such that it tends to cause current to flow into the plate and calling Eg positive
if it makes the grid positive relative to the cathode.
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be noted that Vs may be zero in some circuits, Eg being derived entirely from the
flow of alternating currents through impedances contained in the grid circuit, as
in Fig. 4-30m.
7. Write network equations for each loop of the equivalent circuit. These
equations, in conjunction with the expression for Eg found in step (6), may be
solved simultaneously to find all circuit currents and voltages. A negative
value of any current found in this manner merely indicates that the current is
opposite in direction to the assumed positive value, i.e., that its phase is opposite
to that assumed in the equivalent circuit.

The method of constructing equivalent plate circuits and of evaluating
Eg can be shown best with the aid of specific examples. Application of
steps (1) to (4) of the above procedure to Fig. 4-2a gives the equivalent
circuit of Fig. 4-26, which may be rearranged in the more convenient
form of Fig. 4-2c. The most direct path between the cathode and the
grid is through Ct. The only alternating voltage between the cathode
and the grid along this path is that resulting from the flow of I2 through
Ci. Hence Eg = —I2/juCi. The minus sign must be used because the
flow of 12 in the indicated positive direction causes Ci to charge in such
polarity as to make the grid negative relative to the cathode. An
alternative path from cathode to grid is through r3 and Vg. Summation
of voltages along this path shows that Eg is also equal to
+ V, + (12 ~ h)r3.
hrs is positive because the flow of I2 in the indicated positive direction
produces a voltage across r3 that tends to make the grid positive relative
to the cathode. Either of these two expressions for Eg, together with
the three equations obtained by summing voltages in the three loops
of the equivalent circuit, may be solved simultaneously to find the values
of the currents in terms of the circuit constants and Vg. If Ci were
omitted, I2 would be zero and Eg would be equal to V„ — hrs. The
right-hand loop of the equivalent circuit of Fig. 4-2c would then also be
absent.
Alternating voltage may be applied simultaneously to two or more
electrodes in order to produce an alternating plate current, as in the
circuit of Fig. 4-3a. In this circuit the excitation voltage Vgl is impressed
upon the first grid, but the flow of h through the resistance r produces
an alternating component of suppressor voltage. The equivalent
circuit, shown in Fig. 4-36, therefore contains the two equivalent voltages
pEgl and pp^Egs.1 Egl is equal to Vgl, and Egi is equal to — hr. Since
the screen voltage is constant, the equivalent plate circuit does not
contain an equivalent screen voltage. If the screen circuit contained an
impedance, however, the flow of alternating screen current through this
1 Pp3 = —dep/dea3

at constant

ip.
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impedance would produce an alternating component of screen voltage,
which would affect the alternating plate current. The equivalent plate
circuit would then contain a third equivalent voltage, ¡xptEgi. Since
Egi would have to be found from the equivalent screen circuit, which
would in itself contain three equivalent voltages, two of which would
depend upon the plate current, it is evident that the analysis of the circuit
would be very involved. Fortunately, however, this difficulty is seldom

Fig. 4-3.— (a) Pentode circuit with excitation applied to both first and third grid circuits;
(5) equivalent plate circuit.

encountered in practice, because the impedance of the screen circuit is
ordinarily made negligible at the frequency of the excitation voltage.
Figure 4-4a shows a circuit in which the excitation is applied to the
plate circuit. Through voltage-divider action of the circuit impedances,
a portion of the impressed voltage Vp is also applied to the grid. The
seven-step procedure outlined at the beginning of this section may be
applied, Vp being for convenience indicated in such polarity as to make
the plate positive. The equivalent circuit is shown in Fig. 4-4b. Flow.

Fig. 4-4.—(a) Triode with excitation applied to both plate and grid circuits; (6) equivalent
plate circuit.

of Zi in the indicated positive direction tends to make the grid positive.
Hence Es = j-juLIy.
4-2A. Equivalent Circuits for Electrodes Other Than the Plate.—The

procedure of Sec. 4-2 is not restricted to the plate circuit, but may, with
suitable changes in symbols, be used in forming the equivalent circuit
of any electrode of an amplifier tube excited by alternating voltages
impressed upon the circuit of that or of any other electrode. In the cir
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cuit of Fig. 4-5a, for instance, the excitation is impressed upon the
circuit of the third grid in order to vary the second-grid current. The
equivalent second-grid circuit, formed by a five-step procedure analogous
to that outlined in Sec. 4-2 for plate circuits, is shown in Fig. 4-55.
Because no. alternating voltages are impressed upon the first grid or
upon the plate, the equivalent circuit contains only one equivalent
voltage, piaEgi.1 The alternating third-grid voltage EgS is equal to
-f-Vg3 — I1T1-

Any two of the three tube factors relating two electrodes of a multigrid
tube may be negative (see Secs. 3-8, 3-9, 6-39,10-3, and 10-23). Negative
tube factors do not change the method of forming the equivalent circuit
or of evaluating the alternating grid voltages but may affect the numerical

Fig. 4-5.—(a) Pentode with excitation applied to the suppressor circuit in order to produce
an alternating screen current; (&) equivalent screen circuit.

solution of the equivalent-circuit equations or the interpretation of an
equation obtained by the solution of the circuit equations. The fact
that tube factors are negative need not be taken into account until
numerical values are introduced into the equations or their solution.
4-3. Tube Capacitances and Admittances.—The complete equivalent
circuit is not so simple as that which has been presented up to this point.
The small interelectrode capacitances .and the conductances caused by
surface leakage or by electron or ion currents between grid and cathode or
grid and plate cannot always be neglected. Fortunately this fact does not
invalidate the equivalent-circuit theorems, inasmuch as the interelectrode
capacitances and conductances act the same as equal capacitances
and conductances connected externally between the electrodes. It is
permissible, therefore, to add them to the simple equivalent grid and plate
circuits as parts of the external impedances. In modern tubes of good
manufacture the leakage conductances are so small that they can usually
be neglected in comparison with other tube and circuit impedances.
Figure 4-6 shows the complete equivalent circuit of a triode (or any tube
in which only the plate and control-grid voltages are allowed to vary)
with negligible leakage conductances.
1 Mas = —hea2/Sea3 at constant it2.
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The rather involved formulas for the total grid and plate admittances
which may-be derived by the solution of the network of Fig. 4-61 are
seldom useful. This is partly because of the complexity of the formulas
and partly because the flow of grid current through zc during only a portion
of the cycle causes the alternating grid voltage to depart markedly from
sinusoidal form and thus destroys the accuracy of the formulas. More
frequently used are the somewhat less complicated formulas for the case

Fig. 4-6.—Complete equivalent circuit of triode with negligible electrode leakage con
ductances.

Cak, Cgp, and Cpk are the interelectrode capacitances.

in which the grid bias is sufficiently great to prevent the flow of thermionic
grid current. These are2
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+ Cpk)
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।

T gA) <is2Cgp2\p)(Cgp T Cpk)
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। Ù>2Cgp2gc 4~ 0>Cgpgm[c0(Cgp -j~ Cgk)
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\
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6C]

oACgj^^jC gp T Cgk)

iu(Cgp + Cgi) _ 6J2 +

6J

(4-7)

where
" ~ Eg

and

Yp

Ep

Simplifications that facilitate the use of Eqs. (4-6) and (4-7) can usually
be made in particular applications.
1 Chaffee, E. L., Proc. I.R.E., 17, 1633 (1929); Colebrook, F. M., Wireless Eng.,
See also J. M. Miller, Bur. Standards Sci. Paper 351 (1919); S.
Ballantine, Phys. Rev., 15, 409 (1920).
10, 657 (1933).

2 These formulas neglect electron transit time, which must be taken into consider
ation at ultrahigh frequencies (see footnote 1, p. 97).
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Inspection of Eq. (4-6) shows that the effective input capacitance of a
vacuum tube is increased by the flow of plate current. An insight into the
physical reason for this change, as well as useful approximate expressions
for the effective input capacitance and the input conductance, can be
obtained by an approximate analysis based upon Fig. 4-7. The input
current It is the vector sum of two components: Ii, which flows through
Ce!c, and 12, which flows through Cgp. The voltage which causes h is Eg,
whereas that which causes 12 is the vector difference1 between Eg and
Ea,. Ezb m general differs from Eg in both phase and magnitude. This
fact may be expressed symbolically by the relation Ezb = AEg, where A is
a vector quantity that is ordinarily greater than unity in'magnitude.2
Then the vector difference between Eg
and Eib is Eg(l — A) and the input
current is
Ii = Il + 12 = EgjaiCgk
+ EgjalCgp(l — A)
and the input admittance is

(4-8)
Fig. 4-7.—Circuit of a triode with
impedance load, showing interelec
trode capacitances.

(4-9)
Reactance in the load zb in general causes A to have an imaginary
component and hence Yg to have a conductive component. When zb
is a pure resistance rb, which is small in comparison with the reactance of
CPk and Cgp in parallel, however, the imaginary component of A is negligi
ble and the equivalent plate circuit shows A to have the value
— prb/(rp + rb). Ys is then purely capacitive and the equivalent input
capacitance is

= Cgk + Cgp(l — A) = Cgk + Cgp 1 + &Tb
(4-10)
rb + rp
3^
\
For pure reactance load xb, small in comparison with the reactance of
CPk + Cgp, the equivalent plate circuit shows A to be —jyxb/(rp + jxb).
The input admittance is
Ci

Yg

= JW

Cgk +

1 +

y

xb2 \
rf + xb2)

rpXbwCgp
M rp2 + xb2

(4-11)

The effective input capacitance is
Ci = Cgk + C gp

xb2 \
rP2 + xb2/

(4-12)

1 It is the vector difference, rather than the vector sum, because both Eg and Eib
are measured relative to the cathode.
2 It will be seen in Chap. 5 that A is called the voltage amplification (see Sec. 5-4).
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Equations (4-10) and (4-12) may be written in the form
Ci = Cgk + Cgp(l + |ri|)

(4-13)

If the reactance of Cpk + Cgp is large in comparison with rp, Ci increases
with the ratio of rb or xb to rp, approaching the limiting value
Max. Ci = Cgk + Cgp(l

+ m)

(4-13a)

The input conductance for reactive load, given by the last term of
Eq. (4-11), is zero when xb is zero, rises to a maximum value at xb = rP,
and then falls with further increase of xb. When the load is an inductance
Lb, the input conductance is negative and has an approximate maximum
value
Max. Gg = — ^ixuCgp
(4-136)
It should be remembered that this analysis is an approximation and
th,at Eqs. (4-9) to (4-136) yield sufficiently accurate results only when the
reactance of Cpk + Csp is considerably larger than rp and zb. The effece
of the capacitance Cpk + CgP is usually to decrease A and thus to reduce
the effective input capacitance below the value given by Eq. (4-13a).
This equation is, therefore, useful in indicating approximately the largest
value of Ci that is likely to be obtained. At 10,000 cps the reactance of
Cpk + CgP is of the order 1 to 3 megohms in receiving tubes and so does
affect the value of Yg of pentodes, tetrodes, and high-mu triodes even at
audio frequencies. For accurate values of input admittance it is neces
sary to use Eq. (4-6). Equations (4-9) to (4-136) may be obtained from
Eq. (4-6) by making bb or gb zero and assuming that v(CgP + Cpk) is much
larger than gp and gb. The approximate analysis shows that the increase
of effective input capacitance over that obtained when the cathode is cold
results from the action of Ezb in sending current through Cgp.
The fact that the input conductance may be negative when the plate
load contains inductance is of importance because oscillation may take
place when an oscillatory circuit shunts a negative resistance (see Secs.
10-17 and 10-21). It will be shown in Chap. 6 that the input capacitance
must be taken into consideration in the analysis of vacuum-tube ampli
fiers at frequencies above about 2000 cps. Special tubes having very
low interelectrode capacitance have been designed for use at high radio
frequencies. The 954 and 955 tubes shown in Fig. 2-16 are examples of
such tubes.
It was pointed out in the foregoing analysis that the current that flows
into Cgp is caused to flow by the vector difference of Ezb and Ea. If the
plate load is nonreactive, Ezb is 180 degrees out of phase with Eo, the input
current leads Eg by 90 degrees, and the input admittance is purely sus
ceptive. If the load contains reactance, on the other hand, Ezb is not
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exactly in phase opposition to Eg, and so the input current has a com
ponent that is in phase with Ee, and thé admittance has a conductive
component. At frequencies so low that' electron transit time has a
negligible effect, the input admittance can have an appreciable con
ductive component only when the load (including Cpk) has an appreciable
reactive component. If the frequency of thé input voltage is so high
that the transit time is of the same order of magnitude as the period,
the electrons arrive at the plate an appreciable fraction of the cycle
after they leave the cathode. Since the number that leave the cathode
is determined by the grid voltage at the instant that they leave, it
follows that the plate current lags the grid voltage. Ezb is, therefore,
not 180 degrees out of phase with Eg, even when the load is nonreactive.
Hence the input admittance has a conductive component. The effective
input conductance resulting from transit time when the load is non
reactive is
G„ = KgmffTt2
(4-13c)
in which K is a parameter that depends upon the electrode spacing and
upon the operating voltages, gm is the transconductance, f is the frequency,
and Tt is the electron transit time.1 Because of the grid circuit power
loss that is associated with it, input conductance resulting from electron
transit time is one of the factors that limit the performance of amplifiers
and oscillators at ultrahigh frequencies.
4-4. Graphical Methods.—Many vacuum-tube problems can be
solved most readily by graphical methods based upon the plate or transfer
families of characteristics.2 In certain cases there is some advantage
in the use of the transfer characteristics, but the usefulness of the plate
characteristics is much broader. ■ This resùlts partly from the fact
that with nonreactive load the locus of corresponding values of plate
current and plate voltage assumed during the cycle with a given load
is a straight line, and partly because certain areas of the ib-eb diagram
are proportional to power supplied or expended in various parts of the
plate circuit, as will be shown in Sec. 4-21 and Chaps. 7 and 8.
4-5. Static Load Line.—When the excitation voltages are zero,
the plate current and voltage assume their quiescent values, which are
related by Eq. (3-30). This equation may be written in the form
t

Ebb — Ebo

.

.

(4'14)

1 Ferris, W. R., Proc. I.R.E., 24, 82 (1936); North, D. O., Proc. I.R.E., 24, 108
(1936).

2 Warner, J. C., and Loughren, A. V., Proc., I.R.E., 14, 735 (1926); Green, E.,
Wireless Eng., 3, 402, 469 (1926); Grünwald, E., T.F.T., 22, 306 (1933); Cocking,
W. T., Wireless Eng., 11, 655 (1934).
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If Rb is constant, Eq. (4-14) is that of a straight line intersecting the

voltage axis at the point cb =

and having a negative slope in amperes

per volt equal to the reciprocal of the d-c load resistance. It is possible
that the d-c load resistance may vary with Z^. Equation (4-14) is then
that of a curve passing through the point on the voltage axis where
eb = Eh. Static load lines for fixed and variable load resistance are
illustrated in Figs.'4-8a and 4-86.

Fig. 4-8.—(a) Static load line for a fixed d-c load resistance; (b) d-c load resistance that
varies with current.

The line represented by Eq. (4-14) is the locus of all static operating
points that can be assumed with the given d-c load resistance and plate
supply voltage, and is called the static load line. From a comparison of
Eqs. (3-26) and (3-30) it follows that all corresponding values of average
plate current and average plate voltage assumed with excitation must
also he on the static load line.

Fig.’ 4-9.—Method of constructing the static load line,

(a) Plate supply voltage given;

(b) static operating point given.

If the plate supply voltage is known, the static load line for constant
d-c load resistance may be constructed by joining the point eb = E^ on
the voltage axis with the point ib = Ebb/Rb on the current axis. Usually,
however, the slope of the static load line is so great that its intercept on
the current axis is beyond the current range covered by the plate diagram.
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Some other convenient point must then be used. Since the slope of the
static load line is equal to 1/Rb, it follows that Aeb/Nib = Rb, where
△ej and Nib are the difference in voltage and current of any two points on
the line. Hence the line can be constructed by drawing it through the
point Ebb on the voltage axis and through any other point whose coordi
nates differ from those of the point Ebb by amounts Neb and Nib such that
Neb/Nib = Rb, as shown in Fig. 4-9a. Any convenient value of Aeb, such
as 10 or 100 volts, may be used in this relation to find Nib. After the
static load line has been drawn, the static operating point for a particular
grid bias may be determined from the intersection of the static load line
with the static characteristic corresponding to the given bias.
If the static operating current and voltages, rather than the plate
supply voltage, are given, the static load line is drawn^through the static
operating point and any other point whose coordinates differ from those
of the operating point by amounts Neb and Aib such that Nib/\ib = Rb,
as shown in Fig. 4-96. Although the required plate supply voltage may
then be found from the intersection of the static load line with the
voltage axis, it may be determined with greater accuracy from Eq. (4-14).
4-6. Dynamic Path of Operation. Dynamic Load Line.—The locus
of all corresponding values of instantaneous plate current and plate
voltage assumed during the cycle with a given value of load impedance
is called the dynamic path of operation. Under the assumption that the
alternating plate current is sinusoidal, the instantaneous alternating plate
current and plate voltage are

iP = Ipm sin at
ep = —IpJz^ sin fat + 0)

(4-15)
(4-16)

(see Eq. 3-32) where

0 = tan-1^

(4-17)

Expanding sin fat + 0) and substituting Eq. (4-15) in Eq. (4-16) gives
— ep = ip\zb\ cos 0 + ]z6| y/lpm2 ~ ip2 sin 0

(4-18)

Transposing, squaring, and substituting rb/jz^ and xb/^ for cos 0 and
sin 0, simplify Eq. (4-18) to
ep2 + 2epiprb +

= Ipmlxb-

■

(4-19)

This is the equation of an ellipse whose center is at the operating point.
It follows that the dynamic path of operation is an ellipse whose center
is the operating point, as shown in Fig. 4-10. When ip = Ipm, ep = Ep
and Eq. (4-19) reduces to Ipm/Ep = —\/rb, indicating that the slope
of the line joining the operating point with the points of tangency of the
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ellipse to the upper and lower horizontal tangents is the reciprocal of the
a-c load resistance.
The presence of harmonics in the plate current and voltage causes
the path of operation to depart from the elliptical form indicated by
an analysis based only upon the fundamental component. Graphical
methods of analysis are most useful when harmonic production is not
negligible. Since the true path of operation cannot be determined until
the harmonic content is known, however, and the path of operation is
needed for the determination of harmonic content, graphical analysis is
rather complicated when the load reactance is taken into consideration.1
For this reason it is customary to make the assumption that the load
is nonreactive. Although the results
ib
attained under this assumption are not
ec=0
rigorous, they are of considerable value
in predicting the performance of
vacuum-tube circuits. If xb = 0, Eq.
(4-19) reduces to

ep + iPrb = 0

(4-20)

which is the equation of a straight
line through the static operating point
having a negative slope equal to the
reciprocal of the a-c load resistance. This line, which represents the locus
of all corresponding values of plate current and voltage assumed during the
cycle with the given resistance load, is called the dynamic load line. If the
a-c load resistance varies with plate current, as is usually true if the plate is
coupled to the grid of a tube that passes grid current, then the dynamic
load line is a curve whose slope at every point is the reciprocal of the
a-c resistance corresponding to the current at that point, as in Fig. 8-24.
The dynamic load line will be indicated by the letters M-N, as in Figs.
4-14 to 4-21.
Fig. 4-10.—Path of operation for a
load containing reactance. Distortion
is assumed to be negligible.

4-7. Construction of the Dynamic Load Line.

The Plate Diagram.—

In most vacuum-tube circuits the a-c resistance of the load differs from
the d-c resistance. Figure 4-11 shows a circuit in which the a-c resist
ance exceeds the d-c resistance. The d-c resistance Rb is merely the
resistance Ri of the primary of the transformer. The a-c resistance
,
.
. , p , MW(R2 + R)
rb, however, is equal to Ri +
-¿-A)2
whlc'L 10r an iron-core
transformer, can usually be simplified to Ri + (R2 + R)/n2, where n is
1 Green, loc. cit.; Ardenne, M. von, Proc. I.R.E., 16, 193 (1928); Barclay,
W. A., Wireless Eng., 5, 660 (1928); Prbisman, A., RCA Rev., 2, 124, 240 (1937) (with
bibliography); Preisman, A., “Graphical Constructions for Vacuum Tube Circuits,”
McGraw-Hill Book Company, Inc., New York, 1943.
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the secondary-to-primary turn ratio (see Sec. 7-21). Figure 4-12 shows
a circuit in which the a-c resistance is less than the d-c resistance. In
applications of this circuit to vacuum tubes, the condenser C is usually
so large that its reactance is negligible in comparison with R2, and so
the a-c resistance is that of Ri and R2 in parallel. The d-c resistance,
on the other hand, is Ri.

Fig. 4-11.—Circuit in which the a-c re
sistance between the terminals exceeds the
d-c resistance.

Fig. 4-12.—Circuit in which the a-c re
sistance between the terminals is less than
the d-c resistance.

Since the slope of the a-c load line is equal to l/rb, the coordinates
of any two points on this line must differ by amounts Aeb and Aib such
that Aeb/Aib = rb. If the dynamic operating point is known, the line
may be constructed by drawing it through the operating point and any
other point whose coordinates differ from those of the operating points
by amounts such that Aeb/Aib = rb.
The family of plate characteristics, together with the static and
dynamic load line, is called the plate
circuit diagram, or simply the plate
diagram. The use of plate diagrams in
the prediction of vacuum-tube amplifier
performance will be treated in later
chapters. For reasons already given, the
reactive component of load impedance will
be neglected in the construction of plate
circuit diagrams in the derivations and
analyses presented in the remainder of this
book.
The dynamic transfer characteristic
Fig. 4-13.—Use of the dynamic
may be readily derived from the plate transfer
characteristic in the graphi
diagram by plotting corresponding values cal construction of the plateof ib and ec for the points at which the curreut wave'
dynamic load line intersects the static characteristics. The dynamic
transfer characteristic can then be used to determine the wave form of
the plate current for a given wave of alternating grid voltage. From the
values of instantaneous grid voltage at various instants in the cycle
the corresponding values of current are determined by reference to the
curve, or the current wave may be constructed by projection, as shown
in Fig 4-13.
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It is sometimes convenient to indicate the range over which the
grid voltage varies by showing the wave of alternating grid voltage
on an extension of the plate characteristic through the static operating
point, as in Fig. 4-14. It should be noted that because the static char
acteristics for equal intervals of grid voltage are not usually equally
spaced, the wave of plate current cannot be accurately constructed by
projecting from the grid voltage wave to the load line and thence to
the plate current wave.
4-8. Plate Diagram for a Load Having Equal A-c and D-c Resist
ance.—Figure 4-14 shows the plate diagram for a circuit in which the

load is a pure resistance that does not vary with frequency. Since the
a-c and d-c load resistances are equal, the static and dynamic load lines

coincide. The path of operation and shape of the static characteristics
are such that the current amplitude of the positive half cycle exceeds
that of the negative. The average plate current therefore increases
with excitation and the dynamic operating point A lies above the static
operating point 0. In general, the position of A relative to 0 depends
upon the region of operation and the shape of the static characteristics.
Shift of the operating point with excitation is predicted by the series
expansion for alternating plate current, since the even-order terms of
the series give rise to direct components of current, the magnitudes of
which increase with the excitation amplitude.
4-9. Simplified Plate Diagram for a Load Having Unequal A-c and
D-c Resistances.—Figure 4-15 shows an approximate plate diagram

for a circuit in which the a-c resistance of the load exceeds the d-c resist
ance. 1 In the construction of this diagram it is assumed that the dynamic
load line passes through the static operating point. The wave of alter1 In Fig. 4-15 values of instantaneous plate voltage in excess of the supply voltage
result from voltage induced in the inductance of the load coupling transformer.
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nating plate current iv, derived from the dynamic transfer characteristic
in the manner explained in Sec. 4-7, shows, however, that the average
plate current exceeds the static plate current and hence that the dynamic
operating point lies above the static operating point 0. It will be shown
in Sec. 4-10 that the dynamic operating point must lie on the dynamic
load line. Since the static load line is the locus of all corresponding
values of average plate current and average plate voltage, the dynamic
operating point must also lie on the static load line. The static and
dynamic load line must, therefore, intersect at the dynamic operating
point, rather than at the static operating point, and the diagram of
Fig. 4-15 is not correct. In many analyses of vacuum circuits, par
ticularly when triodes are used, it is nevertheless permissible to assume
that the static and dynamic load lines intersect at the static operating

Fig. 4-15.—Simplified plate diagram for a circuit in which the a-c resistance of the load
exceeds the d-c resistance.

point, i.e., that the static and dynamic operating points coincide. Errors
resulting from neglecting the shift of the operating point with excitation
in the- graphical analysis of vacuum-tube circuits are appreciable only
when there is a relatively large change of average plate current with
excitation, as there may be, for instance, in pentode circuits. Con
struction of the plate diagram is considerably more complicated when
shift of the operating point is taken into consideration, as will become
apparent in the following sections.
4-10. Exact Plate Diagram for Loads Having Unequal A-c and D-c

Resistances.—The instantaneous value of plate current must become
equal to the average value 1^ twice in each cycle. Similarly, the instan
taneous value of plate voltage must become equal to the average value
Eba twice in each cycle. When the load is nonreactive, the load voltage
and plate current are in phase and have identical wave form. The
instantaneous values of plate current and plate voltage must, therefore,
become equal to the average values of current and voltage at the same
instants, and so the dynamic load line, which is the locus of all possible
simultaneous values of ib and eb assumed during the cycle, must pass
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through the dynamic operating point A, at which the current and voltage
have the average values Iba and Eba- As already pointed out, the dynamic
operating point A must also He on the static load line, and so the dynamic
and static load lines intersect at the dynamic operating point. Unless the

Fig. 4-16.—Exact plate diagram for a pentode with nonreactive load,

rb > Rb.
Con
ditions of operation such that the average plate current increases with excitation.

wave of plate current is symmetrical, the dynamic operating point lies
either above or below the static operating point.
Equations (3-58) and (3-59) show that, with nonreactive load, the
instantaneous values of alternating grid voltage and alternating plate
current are zero simultaneously. The time axis of the alternating-plate
current wave must therefore intersect the dynamic load line at a point

Fig. 4-17.—Plate diagram for a pentode with nonreactive load,

rb < Rb.
Conditions of
operation such that the average plate current increases with excitation.

on the diagram at which the instantaneous alternating grid voltage is
zero, i.e., at which ec = Ec. In Figs. 4-16 to 4-18, this is the point T
determined by the intersection of the dynamic load line with the static
characteristic corresponding to ec = E„.
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Typical plate diagrams are illustrated by Figs. 4-16 to 4-18. The
diagram of Fig. 4-16 is for a circuit in which the a-c load resistance
exceeds the d-c load resistance, such as that of Fig. 4-11 or one in which
the load resistance is coupled to the plate by means of a choke and a
condenser, as in Fig. 5-17. The diagram of Fig. 4-17 is for the circuit of

Plate Voltage
Fig. 4-18.—Plate diagram for a pentode with nonreactive load,

rb > Rb.
Conditions of
operation such that average plate current decreases with excitation.

Fig. 4-12, in which the a-c load resistance is less than the d-c load resist
ance. Figure 4-18 is an example of a pentode plate diagram in which
the operating point is chosen so that the average plate current decreases
when the tube is excited.
When the bias is obtained by the use of a cathode resistor,1 the change
in bias'with average cathode current results in appreciable reduction in

Fig. 4-19.—Plate diagram for self-biased circuit,

rb > Rb*

the shift of the operating point. A plate diagram for self-bias operation
is illustrated in Fig. 4-19, in which the separation of the points is exagger
ated for the sake of clearness. The point 0 lies at the intersection of the
static load line with the static characteristic corresponding to the static
bias Ea,. The point T lies at the intersection of the dynamic load line
1 See Sec. 5-8.
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with the static characteristic corresponding to the dynamic bias Ec.
With triodes, Eco = IhJLc and Ec = IbaRcc, where Rce is the biasing
resistance. With tetrodes and pentodes the action is more complicated
than with triodes, since the bias is produced not only by the average
plate current but also by the screen current, which varies with bias and
may vary appreciably with excitation.
It should be noted that dependence of a-c load resistance upon
frequency causes the slope of the dynamic load line to change with
frequency. Furthermore, departure of the plate-current wave from
sinusoidal form increases with amplitude of excitation voltage, so that
the difference between static and dynamic average plate current also
increases with excitation amplitude. The form of the plate diagram
therefore changes with frequency and with amplitude of excitation.
In graphical analyses of vacuum-tube circuits the average plate
current 1^ is determined from the dynamic load line, from the dynamic
transfer characteristic, or from the wave of plate current derived from
the dynamic load line. Since the value of
must be known in order to
locate the dynamic load line, the dynamic operating point and dynamic
load line must be located by trial. If the dynamic operating point is
correctly chosen, the average plate current, as determined from the
dynamic load line or the wave of plate current derived from it, must be
equal to the current 1^ at the assumed dynamic operating point. Loca
tion of the dynamic operating point is greatly facilitated by the use of
graphical methods of harmonic analysis. For this reason it is desirable
to study graphical methods of harmonic analysis before discussing prac
tical methods of locating the dynamic load line and analyzing the plate
diagram.
4-11. Graphical Analysis of Plate Current.—Graphical methods of
analyzing the plate current of a vacuum tube are based upon the assump
tion that for sinusoidal excitation voltage the plate current contains a
finite number of frequency components, or upon the equivalent assump
tion that the plate current may be expressed as a finite series. If as
many instantaneous values of current can be determined graphically
as there are components, or terms in the series, simultaneous equations
can be set up from which the amplitudes may be computed. A number
of interesting and useful methods have been developed, which differ from
one another mainly as to choice of the points of the cycle at which the
currents are evaluated and as to whether the instantaneous currents are
measured with respect to alternating current zero or with respect to the
instantaneous values that would obtain at those instants in the cycle
if there were no 'distortion.1 The accuracy and convenience of these
methods depend upon the manner in which the selected currents are
1 See bibliography at end of chapter.
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chosen. The currents may be evaluated at equal time intervals of the
excitation cycle, as exemplified by the method of Lucas; they may be
evaluated at equal grid-voltage intervals, as in Espley’s method; or
they may be evaluated at such instants as to give the highest accuracy.
The advantage of the second method lies in the fact that the grid voltages
at which the current is evaluated may often be made to coincide with
those of the static plate characteristics, so that the currents may be read
directly from the intersections of the dynamic load line with these static
characteristics. Chaffee has developed a more general method which
includes all three of these special methods.1
In the treatment that follows, it will be assumed that the load is
nonreactive. The path of operation is then a straight line, and evaluat
ing the current at a given number of points on the path of operation is
equivalent to evaluating at twice that number of instants in the funda
mental cycle. It will sometimes be convenient to differentiate between
methods of analysis according to the number of instantaneous values of
current that are used to determine the amplitudes of the fundamental
and harmonic frequency components. Thus a seven-point analysis is
one in which the current is evaluated at seven points of the path of oper
ation or of the dynamic transfer characteristic, or at 14 instants in the
fundamental period.
4-12. Derivation of Formulas for Graphical Analysis.—In the follow
ing analysis the excitation voltage is assumed to be impressed upon the
control grid in order to vary the plate current. The form of the analysis
is similar when the excitation is applied to any electrode in order to vary
the current of that or any other electrode. With suitable changes of
symbols, therefore, the equations derived in this section may be applied
to the analysis of the alternating currents flowing in any electrode when
the excitation is sinusoidal and the load nonreactive. Since the instan
taneous alternating voltage across a nonreactive load is proportional
to the instantaneous alternating plate current, the equations may also be
applied to the analysis of load voltage. The use of the equations may, in
fact, be extended to the harmonic analysis of any quantity that varies
periodically as the result of the sinusoidal variation of another quantity
that is related to the first through a single-valued curve of known form.
Substitution of the sinusoidal voltage Egm sin tot for the excitation
voltage e in the series expansion for ip [Eq. (3-40)], gives

ip = atEgm sin tot + a2Egm2 sin2 ut + asEgm3 sin3 tot
+ diEgnf sin4 tot + • • •
which may be written in the form
1 Chaffee, E. L., Rev. Sei. Instruments, 7, 384 (1936).

(4-21)
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= H3 + Hi sin at — H% cos 2wi — H3 sin Sat + Hi cos 4at
+ H6 sin M---.

(4-22)

in which Hn is the amplitude of the nth harmonic component of the
alternating plate current and Ho is the steady component of alternating
plate current. As previously explained, the time axis of the alternatingplate-current wave passes through the point T, and ip is measured with
respect to the current Ibt, corresponding to the time axis. The total
instantaneous plate current is
ib = Ibt + ip = Ibt + Ho + Hi sin at — Hz cos 2cri — Hz sin Sat
+ Hi cos 4coZ + Ha sin 5wi — • • •
(4-23)
Formulas must be derived for the coefficients of Eq. (4-23) in terms
of selected values of instantaneous plate current. The accuracy of these

Fig. 4-20.—Diagram used in the derivation and application of Eqs. (4-29).

formulas for harmonic amplitudes increases with the number of points
of the fundamental cycle at which the current is evaluated and also
depends upon the location of these points in the cycle. The variation
of the instantaneous total plate current with amplitude of a given har
monic is greatest at the instants at which the harmonic has its crest
value. Highest accuracy is therefore obtained if the currents used to
determine the amplitude of a given harmonic correspond to the instants
at which the harmonic has its crest value.
In order to explain the method and thus justify the use of the formulas,
Espley’s formulas will be derived for the simple case in which the third
and higher harmonics are assumed to be negligible. Under this assump
tion the alternating plate current may be expressed by two terms of the
plate-current series. Plate excitation voltage is assumed to be zero.
The total instantaneous plate current is
ib = Ibt + a^g + azeg2
(4-24)
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The following relations are apparent from Fig. 4-20:
ib

= Zmax

ib = 7mm

when
when

(4-25)
(4-26)

eg = Egm
eg = —Egm

Substituting Eqs. (4-25) and (4-26) in Eq. (4-24) and solving the result
ing simultaneous equations gives
7min

7max

ai =

7max + 7min

2Egm ~

a2 ~ "

211

2E^2

(4-27)

Substituting Eq. (4-27) in the first two terms of Eq. (4-21) and expanding
sin2 wt gives
Vb

Ibl

I

v(7max

I

21 bl) “1“ ^(7m»x

7min

7mm) SIU GjZ

'

— i(7max + 7mm — 21bl) COS 2wt

(4-28)

The average plate current and the amplitudes of the fundamental and
second-harmonic components of plate current are
77 0

x(7max I 7min

Iba

Ibl

i

Hd

21 bl)

v(7max 4" 7miu 4* 21 bi)

Hl
h(Itcx
7mm)
Hi = lf(7max 4" 7mm — 21bi)

(4-29)

It is important to note that Eqs. (4-29) will give sufficiently accurate
values of steady, fundamental, and second-harmonic components of
plate current only when higher harmonics are negligible. If the higher
harmonics cannot be neglected, it is necessary to use formulas based
upon a greater number of terms of the series expansion for ip. To
derive equations that include harmonics up to the nth, n terms of the
expansion are used, and the series is evaluated at n + 1 values of instan
taneous grid voltage. Espley’s method for four harmonics requires the
determination of the instantaneous plate currents corresponding to
Bg
4~ Egm, eg — 4" 2Egm, Bg 0, Cg
2Egm, and eg
Egm*
These
five values of current will be represented by the symbols h, 1^, In,
I-yg, and 7-i, respectively.
The following expressions give the ampli
tudes of the components of plate current:

+ 27_^ + 7_i)
+ 7^ — 7_^ — 7_i)
= k(Ii - 2Ibt + 7_i)
= k(Ii — 27^ + 21^ — 7_i)
= A(7i — 47^ + Qht — 47_^ + 7~i)

Iba — kdi + 21^
Hi = kU
H2

Hz
Ht

(4-30)

7i, ly, 7_^, and 7_i are determined from the intersections of the dynamic
load line with the static characteristics corresponding to ec = Ec 4- Egm,
bc = Ec + kEgm, sc = Ec — kEim, and ec = Ec — Egm, respectively, as shown

no
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Fig. 4-21.—Use of the plate diagram in the application of Eqs. (4-30).

Plate C urrent

Fig. 4-22.—Use of the dynamic transfer characteristic in the application of Eqs. (4-30).

Fig. 4-23.—Use of (a) the plate diagram and (fe) the dynamic transfer characteristic in the
application of Table 4-1.
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in Fig. 4-21. If the static characteristics corresponding to these values
of grid voltage are not available, the currents may be read from the
dynamic transfer characteristic, as shown in Fig. 4-22.
For six harmonics, Espley’s method requires that the plate current
be evaluated at the seven points of The load line or dynamic transfer
Table 4-1

iba
Hi
h2

H,
Hs
Hu

h

I%

hi

ht

I-M

0.131
0.261
0.218
0.176
0.12
0.063
0.032

0.295
0.394
0.19
-0.141
-0.295
-0.253
-0.19

-0.105
-0.07
-0.475
-0.246
0.105
0.316
0.475

0.359
0
0.133
0
0.141
0
-0.633

-0.105
0.07
-0.475
0.246
0.105
-0.316
0.475

0.295
-0.394
0.19
0.141
-0.295
0.253
-0.19

0.131
-0.261
0.218
—0.176
0.12
-0.063
0.032

characteristic corresponding to eg = 0. i
i aEgm, and i Egm, as
indicated in Figs. 4-23a and 4-236. The coefficients by which these
currents must be multiplied are given
in Table 4-1. To find the amplitude
of the harmonic listed in any row of
this table, the coefficients appearing
in that row are multiplied by the
graphically determined numerical
values of the currents listed at the
heads of the columns, and added.
Espley’s equations are convenient
to use if the instantaneous grid volt
ages at which the currents are found
correspond to the given static charac
teristics; but the accuracy, particularly
of the even harmonics, is not the
highest that may be obtained, since
the instantaneous currents do not in
general correspond to the instants at
which the harmonics have crest values.
Maximum seven-point accuracy in the
Fig. 4-24,—Use of the dynamic trans
evaluation of each harmonic would
characteristic in the application of
require a different set of seven instan fer
Eqs. (4-31).
taneous currents for each harmonic
and would therefore greatly increase the work of analysis. The following
equations, in which the currents are evaluated at or near the instants at
which the harmonics have crest values, have five- and seven-point
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accuracy. The currents must be found corresponding to plus and minus
0.3, 0.5, 0.7, 0.8, and full grid swing, as shown in Fig. 4-24. If the cur
rents are indicated by the symbols Zi, Z_i, Z.E, I-.t, etc., the harmonic
amplitudes are
+ 2Z.5 + 2Z_,5 + Z-l)
Kit - 2ZM + Z_i)
H,
i(Zi - 21., + 21-., - I—ì)
Ht
^(Zi — 2Z.7 — 21bt — 2Z_,7 — Z-i)
H,
0.095Z1 - 0.197Z.8 + 0.207Z.3 - 0.207Z_.3
+ 0.197Z-.S - 0.095Z-1
= 0.1 (Zi - 21,8 + 21.s - 2Z_,3 + 2Z-.8 - I-J
Iba —

Hz

=
=
=
=

Hi =

- I-i -H,- H,)

^¿o(7Zi + 61.8 + 10Z.5 - 6Z.3 + 6Z_.3
- 10Z-.5 - 6Z-.8 - 7Z_i)

These formulas for Iba,

and H, are the same as those given under Eqs.
(4-30). That for Hi may be derived by a
modification of Espley’s method or by that
of Chaffee, under the assumption that
sin 45° = 0.700. Those for H, and IL
may be derived by Espley’s or Chaffee’s
method for seven points.
Sometimes it is convenient or necessary
to
measure
the instantaneous alternating
Fig. 4-25.—Diagram showing
currents (with respect to the current cor
the relation between instantaneous
currents measured relative to zero
responding to the time axis Ibt), rather
and relative to lu.
than the instantaneous total currents, in
making graphical analyses. The following relations are apparent from
Fig. 4-25:
H2,

Z_^ —

Il = Ibi + fl

Ibi — i-y,
1-1 = Ibi — Ì-l

ly, = Ibi +

(4-32)

in which the lower-case symbols indicate currents measured relative
to Ibt- By means of Eqs. (4-32), Eqs. (4-30) may be transformed into
Iba

— %("fl +
i(î'i +

H\ =
Hz =
H,

Hi

'Uy,

d~

^Ibl

~ 2f_

+ i-y, + i-i)

- i-i)

= |(A — 2i^ — 2f_^ + f_i)
= Tï(il — Uy, + Ai-yi — ¿-1)

— i-i)

j
I

>
V

(4-33)

I

If the dynamic transfer characteristic is symmetrical about

Ec,

then
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and Eqs. (4-33) reduce to
Iba = Ibt = Ibo
H2 — Ha,

=0

+ i^i)

Hl =

H3 = i(ii

(4-34)

In a similar manner, for a symmetrical dynamic transfer characteristic,
the seven-point equations corresponding to Table 4-1 become
Ho = H2 = H4 = He = 0

Hi
H3
H6

= 0.522z! + 0.787^ - 0.141^
= 0.35U1 - 0.281^ - 0.492^
= 0.127ii - 0.506^ + 0.633^

(4-35)

For a symmetrical characteristic, Eqs. (4-31) are
Hi = ^(741 + 6f.s + lOz.5
Hi = ^(fi

— 2i.6)

— 62.3)

(4-36)

Ho = ^(ii — 2f,8 + 2i.i)

Equations (4-34), (4-35), and (4-36) show that with symmetrical dynamic
transfer characteristics the dynamic and static operating points coincide
and the even harmonics are zero.
These equations will be found useful
in the analysis of push-pull amplifiers,
which will be defined in Chap. 5.
The dynamic transfer characteristics
of push-pull amplifiers are of the
form shown in Fig. 4-26. Ibt is seen
to be zero in this case.
4-13. Choice of Equations.—The

choice of the equations to be used in
a particular analysis depends largely
upon the accuracy required and upon
the convenience of application. The
number of static plate characteristics
Fig. 4-26.—Symmetrical wave of
intersected by the load line may be plate current produced when the tranfer
such as to make it convenient to characteristic is symmetrical.
apply a seven-point analysis when five-point accuracy is sufficient. For
very high accuracy, or in the determination of a large number of har
monics, some form of “ schedule ” method of analysis may have to be used.1
4-14. Field of Application of Equations for Harmonic Analysis.—

As pointed out at the beginning of Sec. 4-11, the development of the
equations of Secs. 4-11 and 4-12 was made for the special case of excita1 Malti, M. G., “Electric Circuit Analysis,” p. 188, John Wiley & Sons, Inc.,
New York, 1930; Knight, A. R., and Fett, G. H., “Introduction to Circuit Anal
ysis,” Chap. 14, Harper & Brothers, New York, 1943.
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tion applied to the control-grid circuit in order to vary the plate current.
By suitable changes of symbols the equations may be applied to the anal
ysis of the current or voltage of any other electrode or of any quantity
that varies periodically as the result of the sinusoidal variation of an
other quantity related to the first through a single-valued curve of
known form.
4-15. Significance of Algebraic Signs of Numerical Values of Current
Components.—It should be noted that the algebraic sign of the amplitude

of a particular harmonic may turn out to be either positive or negative.
The significance of the algebraic signs is indicated by Eq. (4-22). A
reversal of sign merely indicates a 180-degree shift in the phase of a given
harmonic. If the amplitude is positive, the harmonic adds to the fun
damental at the instant when the fundamental has its positive crest
value; if the amplitude is negative, the harmonic subtracts from the
fundamental at that instant.
4-16. Nonsinusoidal Excitation Voltage.—The formulas for harmonic
content developed in this chapter are all based upon the assumption that
the alternating grid voltage is sinusoidal. They are not, therefore, of
value in analyzing the alternating plate current when the grid voltage
is not sinusoidal. It is possible, however, to construct a wave of plate
current by means of the dynamic transfer characteristic and to analyze
it by well-known methods of wave analysis.1 This neglects the fact that
the a-c load resistance and slope of the lofld line may be different for each
input frequency component. An approximate analysis may be made
under the assumption that the components of the wave of plate current
are the same as would be obtained if the various components of the grid
voltage were applied separately and the corresponding output com
ponents added. This would be valid if there were no intermodulation.
It gives no indication of the intermodulation frequencies and neglects the
fact that the dynamic operating point is different for each component
than it would be for the resultant grid voltage. Ordinarily, adequate
indication of the performance of the tube and circuit may be obtained
by graphical methods based upon sinusoidal excitation, with full excita
tion voltage.
4-17. Mechanical Aids to Harmonic Measurement.—Scales that
make possible the direct reading of percentage second and third harmonic
have been described by D. C. Espley and L. I. Farren.2 These scales,
which are based upon a five-point analysis, are particularly useful when
a large number of graphical determinations of harmonic content must
be made.
1 Moullin, E. B., Wireless Eng., 8, 118 (1931).
2 Espley, D. C., and Farren, L. I., Wireless Eng., 11,183 (1934); Sarbacher, R. L.,

Electronics, December, 1942, p. 52.
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4-18. Percentage Harmonic and Distortion Factor.1—The per
centage of a given harmonic is defined as the ratio of the amplitude of
the harmonic to the amplitude of the fundamental, multiplied by 100.
Thus, if harmonics above the second are negligible, Eqs. (4-29) indicate
that the second harmonic percentage is

Percentage H2 =

X 100

(4-37)

The relative importance of different harmonics in producing audible
distortion of speech and music depends to some extent upon the funda
mental frequency. A given percentage of harmonic is in general more
objectionable the higher the order of the harmonic. High-order har
monics result in unpleasant sharpness of tone or a hissing sound. Actu
ally, however, the intermodulation frequencies, rather than the harmonics,
are largely responsible for the 'disagreeable effects. The principal
reason for this is that the intermodulation frequencies are in general
inharmonically related to the impressed frequencies. A second reason is
that some of the intermodulation frequencies corresponding to impressed
frequencies near the upper end of the audio-frequency band may fall
near the center of the band, whereas the harmonics fall outside of the
band. The amplification of succeeding amplifiers and the sensitivity
of the ear may be greater to these mid-band intermodulation frequencies
than to the impressed frequencies.2
For a given value of maximum grid swing, the amplitude of a sumor difference-frèquency component associated with any term of the
series does not exceed that of the corresponding harmonic produced
when a single frequency is applied. The harmonic amplitudes at a
given grid swing may, therefore, be used as a measure of distortion.
A fairly satisfactory index of audible distortion is the distortion factor,
which is defined by the equation
5 _ VW +

+
Hi

Distortion factors up to about 0.05 are ordinarily not objectionable,
and considerably larger values are frequently tolerated. Specific values
will be discussed in Chaps. 6 to 8.
4-19. Practical Procedure. Location of Load Line. Harmonic
Determination.—If the position of the static operating point is not

known, the first step in the construction of a plate diagram is to locate
1 Massa, Frank, Proc. I.R.E., 21, 682 (1933); Federal Radio Commission Rules
and Regulations, Secs. 103, 139; Nason, C. H. W., Radio Eng., 13, 20 (1933); Graffunder, W., Kleen, W., and Wehnert, W., Electronics (abst.), November, 1935,
p. 48; Bartlett, A. C., Wireless Eng., 12, 70 (1935).
2 Massa, F., Electronics, September, 1938, p. 20.
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the static operating point by the method explained in Sec. 4-5. The
dynamic operating point must then be determined by trial and the
dynamic load line drawn. There are several ways of making use of
graphical methods of harmonic analysis in locating the dynamic operating
point. The most obvious consists in guessing the location of the dynamic
operating point and drawing a tentative dynamic load line through
this point. By means of this tentative load line or the dynamic transfer
characteristic obtained from it, Iba is determined by means of Eqs.
(4-29), (4-30), or (4-31), or Table 4-1. If the computed value of Iba is equal
to the value at the assumed dynamic operating point, the assumed point
is correct. If the computed value exceeds the value at the assumed
point, the point should be raised; if the
computed value is less than the value
at the tentative dynamic operating
point, on the other hand, the point
should be lowered. The procedure is
repeated until the assumed and com
puted values of Iba agree. It is some
times of help to plot a curve of computed
against assumed Iba- The two values
will be equal at the point at which
Fig. 4-27.—Diagram showing a the curve intersects a 45-degree line
method of locating the dynamic oper
from the origin (equal scales being
ating point.
used).
A very simple construction, illustrated in Fig. 4-27, is helpful in
locating the dynamic operating point.1 A tentative load line is drawn
through the static operating point or through a tentative dynamic
operating point. With this load line, Iba is computed by means of
one of the graphical formulas. A point A„ is then located on the tentative
dynamic load line, such that the current corresponding to this point is
equal to the computed value of Iba- A close approximation to the correct
dynamic operating point is given by the intersection of the static load
line and the static plate characteristic through Aa. The correctness of
this new operating point should be checked by comparing its current
with the value of Iba computed graphically from the new dynamic load
line. If necessary, the procedure should be repeated.
When self-bias is used,2 the process of locating the dynamic operating
point is complicated by the necessity of using the dynamic value of
bias in locating point T. The construction shown in Fig. 4-27 is then
of little value, but the use of a curve of assumed against computed values
of Iba, as explained above, is helpful. With self-biased tetrodes and
1 Bedford, L. H., Wireless Eng., 8, 599 (1931).
2 See Sec. 5-8.
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pentodes, the graphical analysis involves so many factors, including
dependence of screen current upon bias and excitation, that it is usually
simpler to make laboratory measurements. The graphical location of
the operating point may be simplified somewhat by assuming that the
screen current is not affected by the change in bias, or that the variation
of screen current with bias is proportional to the variation of plate current.
When the dynamic operating' line has been located, the funda
mental and harmonic components of alternating plate current or voltage
may be determined by application of graphical formulas.
Voltage amplifiers and triode power amplifiers are ordinarily used
in such a manner that the steady component of alternating plate current
does not exceed 5 per cent of the amplitude of the fundamental com
ponent. When this is so, it js usually not necessary to go to the trouble
of locating the dynamic operating point, sufficiently accurate results
being obtained from a load line drawn through the static operating point
as in Fig. 4-15. Kilgour has shown, however, that considerable error
may result when this approximation is used in the analysis of power pen
tode amplifiers.1
4-20. Operating Point for Tubes with Filamentary Cathodes.—In
obtaining the data for the static characteristics of a tube with a filamen
tary cathode, the filaments are always operated on direct voltage, and
the grid and plate voltages are measured with respect to the negative
end of the filament. When such a tube is operated with alternating
filament voltage, the grid and plate circuits are connected to the filament
through a center tap on the filament transformer or through a center-tap
ped resistor shunting the filament (see Sec. 5-13), and the operating grid
bias is specified with respect to the center tap. Under d-c operation the
grid is negative with respect to the' center of the filament by half
the filament voltage, and so the same plate current is obtained when the
grid bias is lower than under a-c operation. Therefore the numerical
value of bias used in locating the operating point graphically under a-c
operation should be less than the voltage specified or applied between
the grid and center of the filament by one-half the filament voltage. In
families of plate characteristics furnished by tube manufacturers the static
characteristic corresponding to specified operating voltages with respect
to the center of the filament is often shown as a dotted curve. The fila
ment voltage is ordinarily so much smaller than the plate voltage that no
correction need be made in plate voltage in locating the operating point.
4-21. Graphical Determination of Power Output.2—Ordinarily only
the fundamental power output is of importance. This is
1 Kilgour, C. E., Proc. I.R.E., 19, 42 (1931).
2 For a discussion of the determination of power output in circuits using alter
nating plate supply voltage, see W. A. Schwaizmann, Electronics, August, 1943, p. 94.

118

APPLICATIONS OF ELECTRON TUBES

P„ = (0.707H^rb = %HPrb

[Chap. 4

(4-39).

where Hi is the graphically determined value of fundamental plate
current amplitude. If harmonics higher than the second can be.neglected,
the fundamental amplitude given by Eqs. (4-29) is a close approximation.
The corresponding equation for fundamental power output is

Po = idmax

(4-40)

Imm) 2rb

But since the slope of the dynamic load line is l/rb it can be seen from
Fig. 4-20 that (Zmax —
= Emax — Emin.

Fig. 4-28.—Use of the plate diagram and the static ic-eb characteristics in the graphical

construction of the dynamic grid characteristic.

Therefore Eq. (4-40) may be transformed into
Po = is(7maX

Imm)(Hmax

E^in)

(4-41)

This is equal to one-eighth of the area of the rectangle KMLN in Fig.
4-20.
4-22. Dynamic Grid Characteristics.—The grid current corresponding
to a given value of grid voltage depends upon the plate voltage. When
load is used in the plate circuit, the plate voltage varies with grid voltage
in a manner that is determined by the load impedance. Therefore the
form of the curve of grid current vs. grid voltage varies with the load
impedance. Figure 4-28 shows the method of deriving a dynamic grid
characteristic for a given plate load from the curves of ib and ie vs. eb.
For a given value of grid voltage the intersection of the load line with
the plate characteristic for that grid voltage determines the corresponding
value of plate voltage. The grid current at this plate voltage is then
read from the static ic-eb characteristic for the given grid voltage. The
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dynamic grid-current curve is drawn by plotting values of ic, determined
in this manner, against ec. Thus in Fig. 4-28 the plate voltage correspond
ing to a grid voltage of 25 for the given plate load resistance is 50 volts.
At eb = 50 volts, the grid-current curve for ec = 25 volts indicates a
grid current of 19.5 ma. These values determine one point on the
dynamic grid-current characteristic.
When the grid is allowed to assume positive voltages and the grid
circuit contains appreciable impedance, the instantaneous voltage
of the grid will be less than the applied excitation voltage by the imped
ance drop. This will cause the wave form and phase angle of the grid
voltage to differ from those of the grid excitation voltage. The effects
of the resulting grid-circuit distortion and methods of determining it
from the characteristic curves will be
discussed in Chap. 8.
4-23. Starting and Stopping Tran
sients'.—In a circuit of the type shown

in Fig. 4-11, the average plate current
cannot increase instantaneously from
Ito Iba- Because of inductance in the
primary of the transformer there will
always be transient conditions just after
the voltage eg is applied or removed
from the grid circuit. When the volt
Fig. 4-29.—Diagram showing the
age is first applied, any tendency for the effect
of starting and stopping tran
steady plate current to increase results sients upon the shift of the operating
in the production of an induced voltage point.
—L(dlb/dt), in the primary of the transformer. This voltage opposes the
plate supply voltage, producing an effect equivalent to a reduction of the
supply voltage to a new value E^ — L(dlb/dt). The static load line is
shifted to the left sufficiently so that the current Iba' of the transient
dynamic operating point A' is equal to the initial steady current Ib„- This
is illustrated in Fig. 4-29. The average current immediately starts to
increase exponentially, and points A' and T' approach their steady
positions A and T. When eg is removed from the grid circuit, an induced
voltage is added to E^ of sufficient magnitude to give a new static
operating point 0", for which L„" is equal to ha- The plate current
immediately begins to decrease, and 0" moves down the static character
istic for ec = Ec, eventually reaching 0. The capacitance in the circuit
of Fig. 4-12 also results in transients. Any increase in the steady com
ponent of plate current increases the steady IB drop through Ri and thus
unbalances the voltages in the branch containing C, which in turn causes
charging current to flow into C until the increase in condenser voltage is
equal to the product of Ri by the increase in steady plate current. This
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charging current in effect diverts a portion of the plate current from Ri
so that, while C is charging, the drop through I?! is less than its final
value. The result is the same as though Ri were shunted during the
transient time by a resistance that increased exponentially from an

Fig. 4-30.—Diagrams for Prob. 4-1.

initial value Rz to an infinite value. On the plate-circuit diagram this is
shown by a change in the slope of the static load line from an initial
slope of 1/Ri + 1 /R2 to its final slope 1/Ri. Not only is a transient
associated with the change in steady plate current when the load con
tains reactance, but there is also in general a transient for each frequency
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contained in the plate current.1 These transients may under certain
conditions prove to be very undesirable in oscillographic work.
Problems
4-1.

a. Construct the equivalent plate circuits for the circuits of Fig. 4-30,

indicating the assumed polarities of all impressed and equivalent voltages.
b. Write the network equations for the equivalent circuits.
c. Express Eg as a summation of voltages between the cathode and the grid.
d. Form the parallel equivalent plate circuits (see Appendix, Sec. A-l).
4-2. a. Construct the equivalent second-grid circuit for the circuit of Fig. 4-31.
b. Write the expression for Eg3 in terms of F02, r„, and Ce.
4-3. a. Construct the equivalent plate circuit for the circuit of Fig. 4-32.

Fig. 4-31.—Diagram for Probs. 4-2 and 4-4.

Fig. 4-32.—Diagram for Prob. 4-3.

b. By means of the equivalent circuit derive an expression for I in terms of E and
thus show that the circuit acts like an admittance of value
+ r? - j/uC
rP(r - j/wC)

r(l +

(4-42)

c. Show that when pr is large in comparison with rp the circuit acts like a resistance
re in parallel with a reactance xe whose values are

r,(rW + 1)
^C^Q. + m) + 1
_
rCa + 1/rCa
xe —
(Jm
Te

(4-43)
(4-44)

d. Show that when rCa, is large, Eq. (4-43) reduces to

rp

r‘ = , T-

(4-45)

4-4. a. Making use of the similarity between the equivalent circuits of Probs. 4-2
and 4-3, write equations equivalent to Eqs. (4-43) and (4-44) for the circuit of Fig.
4-31.
b. The current to the second grid in Fig. 4-31 increases with a positive increment
of second grid voltage, which is positive, but decreases with a positive increment of
third grid voltage, which is negative. Making use of this fact, show that the effective
parallel resistance between A and B may be negative, and that the effective parallel
reactance may be inductive.
c. Show that, when r is large in comparison with rS2, the minimum value of
negative resistance is equal to r^/fl + iws) and that the negative resistance
approaches this value when the resistance r is large in comparison with the reactance
of C.

'Jackson, W., Phil. Mag., 13, 143, 735 (1932).
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4-6. a. By means of the equivalent plate circuit, show that the effective resistance
between points A and B of Fig. 4-30J is equal to1

2rrr„
rP + n(l — m)

(4-46)

b. Determine the condition that makes re negative.
a. Under the assumption that zb is a pure resistance and that the reactances
of Cgp and Cpk are very high in comparison with the load resistance rb, construct the
4- 6.

vector diagram for the circuit of Fig. 4-7 at a frequency sufficiently low so that

electron transit time need not be taken into consideration. Show vectors for Eg, Ip,
Ea, the resultant voltage E„ — Ep, impressed upon Cap, and the current 12 into CgP.2
Note that the condenser current is purely capacitive relative to Et.
6. Repeat (a) for a load having zero resistance and a capacitive reactance. Note
that the condenser current has a component that is conductive and a component that
is capacitive relative to E„.
c. Repeat (a) for a load having zero resistance and an inductive reactance. Note
that the condenser current has a negative conductive component and a capacitive
component relative to Ee.
d. Repeat (a) for a nonreactive load at a frequency so high that electron transit
time causes the plate current to lag the grid voltage. Note that the condenser
current has a conductive component.
4-7. a. Construct the approximate plate diagram for a type 45 tube when
Ebb = 280 volts, Eg = —50 volts, Rb = 500 ohms, and n = 3333 ohms.
b. Derive a dynamic transfer characteristic from the plate diagram.
4-8. If the static operating voltages of a type 45 tube are Eba = 240 volts,
Ec = —50 volts; the plate supply voltage is 250 volts; and the a-c load resistance is
5000 ohms,
a. Find p, rP, and gm at the static operating point.
b. Find the d-c resistance of the load.
c. Construct the approximate plate diagram.
d. Find the amplitudes of the fundamental and second-harmonic components of
plate current at grid swings of 50 volts and 40 volts.
e. Find the fundamental power output at grid swings of 50 volts and 40 volts.
4-9. a. Locate the dynamic operating point and dynamic load line for a type
2A5 tube connected as a pentode and operated with a load that has a d-c resistance
of 300 ohms and an a-c resistance of 5000 ohms. Ebo = 250 volts, Ec = —15.0 volts,
and Egm = 15.0 volts. (Note that the third, fourth, and fifth harmonics cannot be
neglected.) (See p. 62 for 2A5 characteristics or, preferably, refer to a tube manual.)
b. Find Hi, Hz, Hz, Hi, and Hb.
c. Find the required B-supply voltage.
d. Find the fundamental power output.
e. Find the harmonic amplitudes and the power output under the assumption that
the operating point does not shift when the tube is excited.
4-10. Repeat Prob. 4-9 for self-biased operation, assuming that the screen cur
rent remains constant at 6.5 ma. Eco = —15.0 volts.

1 Stewart, J. A., “The Roberts Neutralizer Circuit” (Bachelor’s thesis), Purdue
University, June, 1935.
2 Since an increase of plate current causes the plate end of the load impedance
to become more negative relative to the cathode end, and Ep, is assumed to be measured
relative to the cathode end, Ep = — IPri. Hence the direction of Ep, is opposite to
that of Eg, and the direction of Eg — Ep, is the same as that of Eg.
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4-11. A type 53 tube is used with a pure resistance load of 1000 ohms and a
plate supply voltage of 120 volts. Construct the corresponding dynamic grid
characteristic.
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CHAPTER 5
AMPLIFIER DEFINITIONS, CLASSIFICATIONS, AND CIRCUITS

The many applications of thermionic electron tubes may be divided
into amplification, modulation and detection, generation of alternating
voltage, power rectification, current and power control, and measure
ment. The subject of amplification will be treated in this and the
following three chapters. The purpose of the present chapter is to
define terms that must be used in the discussion of amplifiers, to classify
different types of amplifiers, and to show basic circuits of amplifiers.
Chapters 6 to 8 will deal with the characteristics and the design of
amplifiers.
5-1. Signal.—The term signal is applied to any alternating voltage
or frequency impressed upon the input of an amplifier or other fourterminal network. It is also applied to the resulting fundamental
components of output voltage or current, as distinguished from harmonic
or intermodulation components.
5-2. Amplifiers.—An amplifier may be defined as a device for increas- .
ing the amplitude of electric voltage, current, or power, through the
control, by the input, of power supplied to the output circuit by a local
source. A vacuum-tube amplifier is one that employs vacuum tubes to
effect the control of power from the local source.
Amplifiers are but one type of the general four-terminal network.
Other types include the transformer and the filter. Wherever possible,
the definitions and discussions given in this chapter are worded so as to
apply also to other four-terminal networks.
5-3. Amplifier Distortion.—If an amplifier, or other four-terminal
network, is distortionless, the application of a periodic wave of any form
to the input terminals will result in the production of an output wave
that is a replica of the input wave. In general, such a periodic wave will
consist of a fundamental and one or more harmonics. In order that the
output wave form shall be identical with that of the input, three condi
tions must be satisfied: (1) The output must contain only the frequencies
contained in the input. (2) The output must contain all frequencies
contained in the input, and the relative amplitudes of the various com
ponents must be the same as in the input. (3) If any component of the
output is shifted in phase relative to the corresponding component
of the input, all components must be shifted by the same number of
124
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electrical degrees of the fundamental cycle of that component. Examina
tion of a fundamental wave and its nth harmonic shows that (3) is
equivalent to saying that the phase shift of the nth harmonic, measured
in electrical degrees of its own cycle, must be either n times the phase
shift of the fundamental or an integral multiple of 180 degrees. This can
be true only if the phase shift for sinusoidal input is either proportional
to the frequency, or zero or 180 degrees at all frequencies.1 Failure to
satisfy these three conditions results in three corresponding types of
distortion: nonlinear distortion (amplitude distortion), frequency dis
tortion (frequency discrimination), and phase distortion, any one of
which alters the wave form of the output relative to that of the input.
Nonlinear distortion (amplitude distortion) is the generation in an
amplifier or other four-terminal network of frequencies not present in
the impressed signal. It is usually associated with a nonlinear relation
between output and input amplitudes. In vacuum-tube amplifiers
it is the result of curvature of the dynamic tube characteristics. The
generation of harmonics and intermodulation frequencies was discussed
in Chap. 4. A nonlinear relation between the output and input ampli
tudes when the dynamic transfer characteristic is curved is predicted by
the fact that the third and higher odd-order terms of the series expansion
for plate current [Eq. (3-56)] give rise to fundamental components of
plate current, the amplitudes of which vary as the cube or higher odd
power of the excitation voltage. For this reason, unless the coefficients
of all odd-order terms of the series are negligibly small, the voltage,
current, and power output are not proportional to the exciting voltage.
Nonlinear distortion is objectionable in the amplification of speech and
music mainly because intermodulation frequencies are in general inharmonically related to the impressed frequencies and, therefore, produce
unpleasant discords.2 Although it is the inharmonic intermodulation
frequencies, rather than the harmonics, that are objectionable, nonlinear
distortion is most readily measured and specified in terms of the distor
tion factor, defined in Sec. 4-18. Nonlinear distortion can be minimized
by proper choice of tubes, load impedances, and operating voltages, and
by avoiding too high excitation voltage.
Excessive nonlinear distortion may occur when the exciting voltage
and grid bias are such that the normal range of operation on the dynamic
transfer characteristic is exceeded. _ Figure 5-1 shows how improper
choice of grid bias or the use of excessive excitation may result in thé
flattening of one or both peaks of the wave of alternating plate current.
A similar flattening of the positive peak may result from the flow of grid
1 Fry, T. C., Physik. Z., 23, 273 (1922).
2 Bartlett, A. C., Wireless Eng., 12, 70 (1935) ; Barrow, W. L., Phys. Rev., 39, 863
(1932); Espley, D. C., Proc. I.R.E., 22, 78 (1934).
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current. In the circuit of Fig. 3-18, the flow of grid current through the
grid-circuit impedance zc causes the instantaneous alternating grid
voltage es to be less than the instantaneous grid excitation voltage vg
during the time in which the grid is posi
tive. In the circuit of Fig. 5-2, the
excitation voltage is produced by the flow
of alternating current iz through the grid
circuit impedance ze. During the part
of the cycle in which the grid is positive, a
portion ig of the current i flows into the
grid of the tube and so reduces iz below
the value that it would have if grid current
did not flow. The alternating grid voltage
is therefore also reduced below the value it
would have if the grid did not conduct.
Flattening of the peaks of alternating plate
current as the result of excessive grid
excitation voltage is called overloading.
Flattening of the plate current peaks is an
indication of the generation of harmonics
and intermodulation frequencies of large
amplitude.
Frequency distortion in an amplifier or
other
four-terminal network is the variation
Fig. 5-1.—Distortion of waves
of plate current as the result of of amplification or sensitivity with fre
overloading.
quency of the impressed signal. In a
vacuum-tube amplifier it results from dependence of circuit and inter
electrode impedances upon frequency.1 It can be minimized by proper
design of input, output, and interstage cou
pling circuits, being least in amplifiers in
which the circuits do not contain reactance.
The difficulty of preventing frequency distor
tion increases with the width of the frequency
band for which the amplifier is designed and
Fig. 5-2.—Diversion of
with amplification per stage. Although fre current
from the grid-circuit
quency distortion may not produce disagree impedance as the result of
flow of grid current when the
able effects in the amplification of music, it grid is positive.
impairs fidelity of tone and may prevent the
reproduction of the sounds of some instruments. By eliminating the
high frequencies essential to the reproduction of consonants, it may
make reproduced speech difficult to understand.
1 At ultrahigh-frequency electron transit time also causes frequency and phase
distortion.
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Phase distortion is the shifting of the phase of the output voltage
or current of an amplifier or other four-terminal network relative to the
input voltage or current by an amount that is not proportional to fre
quency. lake frequency distortion, it results from the reactance of
electrodes and circuit elements and can be made negligible by designing
the coupling and other circuit elements so that the reactances have
negligible effect throughout the desired frequency range.1 This causes
the phase shift to approximate zero or 180 degrees throughout the fre
quency range. Because phase distortion usually cannot be detected by
ear it is ordinarily the least objectionable type of distortion in the
amplification of sound. It is objectionable, however, in the amplification
of television signals and in the use of amplifiers in the oscillographic
study of voltage and current wave form.
Since the variations of amplification and of phase of the output voltage
of an amplifier with frequency are both caused by tube and circuit
reactances, the phase of the output voltage is ordinarily constant through
out any range of frequency in which the amplification is constant.
It is of interest to note that the human ear has both noticeable non
linear and frequency distortion.
5-4. Amplifier Classification.—Vacuum-tube amplifiers are commonly
classified in four ways: (1) according to use, (2) according to circuits,
(3) according to frequency range, and (4) according to the portion of the
cycle during which plate current flows.
Voltage, Current, and Power Amplifiers.—When classified as to
type of service, amplifiers are termed voltage amplifiers, current amplifiers,
or power amplifiers, depending upon whether they are designed to furnish
voltage, current, or power output. The effectiveness with which a
voltage amplifier accomplishes its function is indicated by its voltage
amplification. Voltage amplification is the ratio of the signal voltage
available at the output terminals of an amplifier, transformer, or other
four-terminal network, to the signal voltage impressed at the input
terminals. It will be represented by the symbol A. Methods of
measuring voltage amplification are discussed in Sec. 15-41.
Current amplification is the ratio of the signal current produced
in the output circuit of an amplifier, transformer, or other four-terminal'
network to the signal current supplied to its input circuit. The effective
ness with which a current amplifier accomplishes its function may some
times be specified by its current amplification, but usually the input
impedance is so high that this term has no useful significance unless the
input is shunted by a specified impedance. The performance can be
indicated better by the current sensitivity, which is defined as the ratio
1 See footnote, p. 126.
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of the signal current produced in the output circuit of an amplifier or
other four-terminal network to the signal voltage impressed at the input
terminals. Current sensitivity is measured in mhos.
Power amplification is the ratio of the power delivered to the output
circuit of an amplifier, or other four-terminal network containing a
source of local power, to the power supplied to its input circuit. Because
of the high input impedance of many types of power amplifiers, this
term may have no useful significance unless the input is shunted by a
specified impedance. It is usually better, therefore, to specify the
performance of a power amplifier by its power sensitivity, which is defined
as the ratio of the signal-frequency power delivered by the output circuit
of an amplifier or other four-terminal network containing a local source of
power, to the square of the effective value of the signal voltage impressed
at the input terminals.1 Power sensitivity is measured in mhos.
Nfrequency-response characteristic is a graph that relates the amplifica
tion or sensitivity of an amplifier or other four-terminal network with
the frequency of the impressed signal. The term is usually applied
to a graph of voltage amplification as a function of frequency of the
impressed signal.

Fig. 5-3.—Direct-coupled amplifier.

Fig. 5-4.—Direct-coupled amplifier.

In amplifiers designed to furnish voltage output, all stages, including
the final one, should be voltage amplifiers. In amplifiers designed to
furnish power output, on the other hand, the last stage must be a power
amplifier. All other stages are voltage amplifiers unless the final power
tube operates in such a manner that grid current flows during part of
the cycle, in which case the next to the last stage must also be a power
amplifier. The theory and characteristics of voltage, current, and
power amplifiers will be considered in Chaps. 6 to 8.
5-5. Amplifier Circuits.—The classification of amplifiers according
to circuits is based upon the number of stages, upon the type of circuit
used to couple successive stages, and upon whether each stage uses a
single tube or a symmetrical arrangement of two tubes. The coupling
circuit serves a dual function. It converts the alternating plate current
of one tube into alternating voltage to excite the grid of the following
1 Ballantine, Stuart, Proc. I.R.E., 18, 452 (1930).
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tube; and, by preventing application of direct plate voltage of one tube
to the grid of the following tube, it allows the proper operating voltages
of all electrodes to be maintained. There are three fundamental types
of coupling: direct coupling, impedance-capacitance coupling, and trans
former coupling.
5-6. Direct Coupling.—A. direct-coupled amplifier is one in which
the plate of a given stage is connected to the grid of the next stage either
directly or through a biasing battery. Basic circuits of two-stage
amplifiers with direct coupling are shown in Figs. 5-3 and 5-4. The
biasing battery adjacent to the grid of the second tube in the circuit of
Fig. 5-3 is necessitated by the fact that the plate of the first tube is
positive relative to its cathode, whereas the grid of the second tube
must be negative relative to its cathode. The need for this battery is
avoided in the circuit of Fig. 5-4 by making the cathode of the second
tube positive with respect to the cathode of the first tube. The voltage
of the cathode of the second tube in Fig. 5-4 is adjusted so that the
voltage between p and q is less than the drop through zbl by the required
grid bias of the second tube.

Fig. 5-5.—Direct-coupled amplifiers with a single source of B and C voltages.

The several voltage sources of Fig. 5-4 may be replaced by a single
voltage source and a voltage divider.1 In order to prevent the applica
tion to the grid of the first tube of voltage changes or alternating volt
ages resulting from the flow of plate current of the second tube through
the voltage divider, it is desirable to use two voltage dividers, as shown
in Fig. 5-5a. Direct voltage is prevented from appearing between the
output terminals by connecting the lower output terminal to a point
on the voltage divider that is at the same potential as the plate of the
output tube. The flow of alternating plate current of each tube through
its voltage divider applies to the grid of that tube an alternating voltage
in phase opposition to the impressed signal voltage and thus causes
some loss of amplification. This difficulty may be avoided by the use
of push-pull circuits, which will be discussed in Sec. 5-10.2 If the
’Loftin, E. H., and White, S. Y., Proc. I.R.E., 16, 281 (1928); 18, 669 (1930).
2 Goldberg, H., Trans. Am. Inst. Elec. Eng., 59, 60 (1940).
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amplifier is to be used only for the amplification of alternating voltages,
the loss of amplification can be prevented in the circuit of Fig. 5-5a by
connecting a condenser between each cathode and the negative side
of the voltage supply. In order to avoid frequency distortion these
condensers must be large enough so that their reactances are small
at the lowest frequency to be amplified. Another circuit that makes
possible the use of a single voltage source is shown in Fig. 5-56. In this
circuit the grid biasing voltages are obtained by the flow of plate current
through resistors adjacent to the cathodes. The voltage drop across
the cathode resistor of the second stage must be equal to the plate voltage
of the first tube minus the magnitude of the grid bias of the second tube.
This circuit is particularly applicable when the second tube is a power
tube requiring a relatively high grid bias. When the amplifier is used
only in the amplification of alternating voltages, loss in amplification
resulting from alternating voltage produced across the cathode resistors
may be prevented by shunting them with condensers of..low reactance.
In the amplification of direct voltages this type of circuit is of principal
value in push-pull form, in which the cathode resistors do not cause
loss of amplification. Such a circuit is shown in Fig. 6-44. The use of
cathode resistors to produce grid bias will be discussed in further detail
in Sec. 5-8.
Another form of direct-coupled amplifier is similar to the circuit of
Fig. 5-6, except that the coupling condenser Cc is replaced by a glow
discharge tube. Such a tube is characterized by a practically constant
voltage drop over a wide range of current (see Sec. 11-4). Variations of
voltage of the plate of one tube are therefore passed on to the grid of
the following tube and the difference in direct voltage between these
electrodes appears as voltage drop in the glow tube. The objection to
such a circuit arises from the fact that the current that flows through the
glow tube has small random fluctuations which cause relatively large
disturbances in the amplifier output. Although these disturbances
may be very serious in amplifiers used for the production of sound or in
other applications, glow-tube coupling is sometimes used in vacuum
tube instruments and in control apparatus. An example of the use of
glow-tube coupling is afforded by the circuit of Fig. 6-37.
Direct-coupled amplifiers respond down to zero frequency, i.e.,
they amplify changes of direct voltage. Although the small frequency
distortion and the response at zero frequency are advantages of the
direct-coupled amplifier, the response to changes of steady voltage
makes it difficult to use more than two stages in the circuits of Figs. 5-3 to
5-5. Small changes in the operating voltages of the first tube, are
amplified to such an extent that it is hard to maintain correct grief bias
in the final stage of an amplifier having three or more stages. This
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difficulty may be reduced, however, by the use of inverse feedback
(see Sec. 6-36) and push-pull circuits.1 A practical three-stage circuit
is shown in Fig. 6-44.
5-7. Impedance-capacitance Coupling.—In the impedance-capaci
tance-coupled amplifier of Fig. 5-6 the plate voltage is kept from the
grid of the succeeding tube by
the use of a coupling condenser
Ce. If the reactance of this con
denser is small in comparison to
the grid coupling impedance z2,
practically the full voltage de
veloped across Zx is applied to the
grid of the second tube. z2 is
almost always a resistance. The Fig. 5-6.—Impedance-capacitance—coupled
amplifier.
plate coupling impedance Zx may
be a resistance, an inductive reactance, a resonant circuit, or a more
complicated type of impedance. When resistance is used, the amplifier
is termed a resistance-capacitance-coupled amplifier, or simply a resistancecoupled amplifier.
5-8. Use of Cathode Resistors to Provide Bias.—It is unnecessary
to use a separate voltage source to supply grid-bias voltages. The
plate and grid supply voltages of Fig. 5-6 may be replaced by a single
voltage source and voltage divider, or the bias voltages may be obtained

Fig. 5-7.—Impedance-capacitance-coupled amplifier with self-biasing resistors RCc.

by the use of cathode resistors, as in Fig. 5-7. The steady components
of plate and screen currents through a biasing resistor Rcc cause a steady
voltage drop that is of such polarity as to make the grid negative with
respect to the cathode. The tube is said to be self-biased. The correct
value of biasing resistance for any stage is equal to the required bias
divided by the sum of the static operating plate and screen currents.
If the resistance alone is used, the signal voltage produced across this
resistance is also applied to the grid and, being opposite in phase to the
input voltage, reduces the amplification. Although the effects of the
1 Clapp, J. K., Gen. Radio Expt., 9, February, 1939, p. 1; Goldberg, loc. cit.;
Goodwin, C. W., Yale J. Biol, and Med., 14, 101 (1941).
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out-of-phase voltage applied to the grid are not necessarily without
benefit (see Sec. 6-29), the loss in amplification may be prevented by
shunting the resistance with a by-pass condenser Ccc, whose reactance is
small at signal frequency. To ensure that the amplification will not
fall off at low frequencies, this condenser must have sufficiently high
capacitance so that the alternating voltage
across Rcc is negligible at the lowest frequency
to be amplified. Because the required biasing
voltage is usually relatively small, a lowvoltage, high-capacitance electrolytic condenser
(25-volt, 25-juf, for instance) may ordinarily be
used.
Another method of preventing the appli
cation of out-of-phase signal voltage to the
grid is by the decoupling circuit of Fig. 5-8.
amplifier with self-biasing
The condenser Ccc and resistor Rd serve as
resistor and decoupling filter.
a simple filter by acting as a voltage divider
for any alternating voltage appearing across RCCI If the reactance of
Ccc is small in comparison with the resistance Rd at the lowest fre
quency to be amplified, a negligible portion of the alternating voltage will
appear across CCc at this and higher frequencies. The condenser charges
up to a voltage equal to the direct voltage across Rcc and thus applies
this amount of biasing voltage to the grid circuit. The advantage of

Fig. 5-9.—Doubly tuned transformer-coupled amplifier.

the circuit of Fig. 5-8 over that of Fig. 5-7 is that it requires a smaller
value of Ccc. Its disadvantage is the need for an additional resistor.
The by-pass condenser in the circuit of Fig. 5-7 and the condenser
resistance filter in the circuit of Fig. 5-8 also serve to reduce hum by
preventing ripple voltage, which appears across Rcc as the result of a
poorly filtered B supply (see Chap. 14), from being applied to the grid.
In some circuits grid bias is derived from the nearly constant voltage
1 Pound, F. J. A., Wireless Eng., 9, 445 (1932); Kinross, R. I., Wireless Eng., 10,
612 (1932); Stevens, B. J., Wireless Eng., 11, 129 (1934); Clarke, G. F., Wireless
Eng., 11, 370 (1934); Williams, Emrys, Wireless Eng., 11, 600 (1934). See also
Sec. 6-38.
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drop across a glow-discharge tube (see Sec. 12-4 and Figs. 14-21c, 14-22,
and 14-23).
5-9. Transformer Coupling.—Basic circuits of transformer-coupled
amplifiers are shown in Figs. 5-9 to 5-11. The amplifiers of Figs. 5-9

Fig. 5-10.—Singly tuned transformer-coupled amplifier.

and 5-10, which incorporate resonant circuits, are, used principally at
radio frequencies. The transformers may be either air-core or iron-core.
The amplifier of Fig. 5-11, which employs untuned iron-core trans
formers, is used principally at audio frequencies.

Fig. 5-11.—Untuned transformer-coupled amplifier.

5-10. Push-pull Amplifiers.—The circuits illustrated in Figs. 5-3
to 5-11 use a single tube in each stage of amplification. Such amplifiers
are said to be single sided. It is also possible to use two tubes in each
stage, connected so that the alternating grid voltages of the two tubes
are opposite in phase, but the output
voltages of the two tubes add, as in
the single-stage circuit of Fig. 5-12.
An amplifier that uses such a sym
metrical arrangement of two tubes is
called a push-pull amplifier.
Push-pull amplifiers have a num
ber of advantages over single-sided Fig. 5-12.—Single-stage push-pull am
plifier.
amplifiers. (1) The principal ad
vantage of push-pull amplifiers is that
they do not introduce even harmonics of the impressed signal or the
accompanying intermodulation frequencies associated with the even
order terms of the series expansion. (2) The reduction of even-order
nonlinear distortion makes possible the use of higher bias and grid swing
and hence the development of greater power output than that of the
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(3) Hum

voltage resulting from insufficient filtering of the B supply, and fluctua
tions of supply voltage, are applied in the same phase to the two tubes
of a push-pull amplifier and hence the effects balance out of the output.
(4) In push-pull transformer-coupled amplifiers the steady plate currents
pass through the coupling-transformer primary in opposite directions
and so do not tend to saturate the core if the two tubes have identical
characteristics. For this reason a smaller core can be used. (5) The
fundamental components of alternating plate currents of the two tubes,
which are opposite in phase, cancel in the biasing resistance Rcg and
therefore do not produce alternating voltage across this resistance. Even
if the alternating currents of the two tubes are not exactly equal in
amplitude, any alternating voltage produced across Rcc is applied in.
the same phase to the two grids and so this voltage does not produce any
effect upon the output voltage. Hence the by-pass condenser may be
omitted without loss of amplification, and danger of frequency distortion
resulting from the variation of reactance of this condenser with frequency
may be avoided. (6) Similarly, the fundamental components of plate
current of the two tubes cancel in the impedance of the source of plate
voltage and any small alternating voltage produced in this impedance if
the currents are not exactly equal is applied to the two tubes in the same
phase. Loss of amplification in individual stages or danger of oscillation
as the result of feedback of signal voltage from any stage to a preceding
stage (see Sec. 6-38) is thus avoided.
The symmetry of push-pull amplifiers can be made sufficiently close
by choice of similar tubes and by minor circuit adjustments, so that the
negative half of the output wave may be considered to have the same
form as the positive half. A periodic wave that has this type of sym
metry contains no even harmonics.1 It follows, therefore, that a properly
balanced push-pull amplifier does not generate even harmonics of the
applied frequencies. This is also shown by Eqs. (4-34) to (4-36).
That a symmetrical push-pull amplifier does not generate even
harmonics or even-order intermodulation frequencies may be proved
rigorously by means of the series expansion for alternating plate current.
Since the circuit is assumed to be symmetrical, the coefficients for the
series are the same for the currents of both tubes. Let eg and ip be the
alternating grid voltage and alternating plate current of one tube and
eg' and ip' those of the other tube. Then
ip = 2aie„ + Sa2e92 + Za3eg3 + 2a4e„4 — • ■ •
ip' = 2aie/ + 2a2e/2 + '2a3eg’a + 2a4e/4 — • ■ •

(5-1)
(5-2)

1 Malti, M. G., “Electric Circuit Analysis,” p. 176, John Wiley & Sons, Inc., New
York, (1930).
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But eg = — eg. Therefore
ip' = — Saieg + Sa2eg2 — a3eg3 + '2aiegi — ■ • ■

(5-3)

Because the plate currents flow through the primary of the coupling
transformer in opposite directions, the voltage across the secondary is
proportional to the difference between ip and ip'.
e0 = A(ip — ip') = 2A(2aieg + Sase»3 + Sa6egs + • • •)

(5-4)

in which A, the constant of proportionality, is different for each frequency
component of the expanded series. If eg = Em sin at is substituted in
Eq. (5-4) and the powers of sin at are expanded, .the resulting series
contains only the fundamental and odd-harmonic frequencies. If eg is
the sum of several voltages of different frequencies, the series contains
also odd-order intermodulation frequencies, but no even-order inter
modulation frequencies. With triodes, the coefficients of the third- and
higher-order terms of the series can be made small enough so that the
output of a push-pull amplifier has negligible harmonic and intermodula
tion content. With pentodes a great reduction of amplitude distortion
can be effected by the use of push-pull circuits operated under conditions
that give small third-harmonic content but that would give high secondharmonic content with single-sided amplifiers.
If the output transformer of Fig. 5-12 is center tapped, it can be used
to excite a following push-pull amplifier stage. Impedance-capacitance
coupling may also be used, as shown
in Fig. 5-13. In this circuit there
can be no external connection be
tween either side of the input and
the cathode circuit, as this would in
effect short-circuit the a-c input to
one tube. For this reason the input
can be grounded only at the mid
—Resist an ce-capa cit an c
point of the input resistor. Al Fig. 5-13.
coupled push-pull amplifier.
though push-pull stages may be used
throughout a multistage amplifier when it is desired to reduce distortion
to a minimum, it is more common to use the push-pull connection only
in the final stage, in which the current amplitude, and hence the dis
tortion, are large.
5-11. Phase Inverters.—The requirement that the exciting voltages
of the two tubes of a push-pull amplifier shall be opposite in phase neces
sitates the use of special circuits in coupling a single-sided stage to a
push-pull stage by means of resistance-capacitance coupling.1 One
1 Aughtie, F., Wireless Eng., 6, 307 (1929); Davidson, P. G., HTW
437 (1929); Shortt, H. L., Radio Eng., January, 1935, p. 14.

Eng., 6,

136

Replications of electron

tubes

[Chap.

5

circuit that may be used for this purpose is shown in Fig. 5-14. In this
circuit, the 180-degree difference in phase of the exciting voltages of the
push-pull tubes is obtained by splitting the plate resistor of the first
stage into two parts and inserting the B-supply voltage between them.1
The signs in Fig. 5-14 show the polarities of the instantaneous voltages
across the various resistors when the instantaneous input voltage is of
such polarity as to swing the grid voltage of the first tube in the positive
direction. This circuit has the disadvantage that the input cannot be
grounded if the voltage supply is grounded. This disadvantage may be
avoided by connecting the lower input terminal and the lower end of the
input resistor to the negative side of the supply voltage E^, instead of
as shown in Fig. 5-14.2 The voltage developed across the lower plate
resistor of the first tube is then applied to the grid in series with the input

Fig. 5-14.—Amplifier circuit in which resistance-capacitance coupling is used to couple a

single-sided stage to a push-pull stage.

voltage. Since these voltages are opposite in phase, the resultant grid
voltage is small and the amplification of the first stage is approximately
unity. The reduction of amplification, which may be undesirable, is
accompanied by a decrease of nonlinear distortion in the first stage (see
Sec. 6-30).
A second type of phase-inverter circuit, in which the phase reversal
is accomplished by means of an extra tube, is shown in Fig. 5-15. The
signs indicate the relative polarities of the instantaneous alternating
voltages throughout the circuit. The alternating grid voltage of tube T2,
which is obtained from the plate load resistance of Ti, is opposite in
phase to the voltage impressed upon the grid of Ti. Hence the output
voltages of the two tubes are opposite in phase. The slider of the voltage
divider is set so that (?T + r^/ri is equal to the voltage amplification of
Ti. The alternating grid voltages and, therefore, the output voltages,
of the two tubes are then equal in amplitude. A twin type of tube is
usually used for 1\ and T2. A simple method of balancing the circuit
is to connect a pair of headphones across the biasing resistor and to
1 Tulauskas, L., Electronics, May, 1933, p. 134.
2 McProud, C. G., and Wildermuth, R. T., Electronics, October, 1940, p. 50.
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adjust the voltage divider so that only harmonic and other distortion
frequencies are heard.
A third type of phase-inverter circuit, called the cathode phase inverter,
is shown in basic form in Fig. S-lGa.1 The alternating grid voltage for
T2, which is obtained from the resistance in the cathode circuit of Ti, is

Fig. 5-15.—Use of a phase-inverting tube in coupling a single-sided stage to a push-pull

stage.

opposite in phase to the alternating grid voltage of Ti, and so the two
output voltages (measured relative to the common output terminal) are
opposite in phase. A simple analysis, based upon the equivalent plate
circuits (see Prob. 5-1), shows that the ratio of Eoi to Eoi is equal to
ni[l + (rp + rfaHfa + I)rk]/rb2. This ratio can be made equal to unity
by making rb2 larger than rbi. When it is desired, for the sake of sim

(a)

ib)

Fig. 5-16.—Cathode phase inverter (a) with a common cathode coupling and biasing resistor

and (6) with coupling resistance greater than the biasing resistance.

plicity, to make rbi and rb2 of equal value rb, the amplitudes of the two
output voltages can be made to approach equality by making fa + l)rA
large in comparison with rp + rb. The voltage amplification is then
approximately urb/2(rp + rb). In order to make the two output voltages
essentially equal in this manner, it is necessary to use values of rk con
siderably larger than those required to provide the correct grid bias. In
1 Schmitt, O. H., J. Sci. Instruments, 15, 136 and 234 (1938); Rev. Sci. Instru

ments,

12, 548 (1941).
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the modified circuit of Fig. 5-165 the bias is provided by the resistance
Rcc, whereas the alternating grid voltage of Tv is taken from, across both
rk and Rcc through the condenser C, the reactance of which is negligible
in comparison with the resistance R.
5-12. Output Circuits.—It is often advan
tageous or necessary to prevent the steady
component of plate current of the output tube
from passing through the loud-speaker or other
load. This may be done by using an output
transformer as in Figs. 5-9 to 5-12, 5-14, and
5-15, a resistance-capacitance network as in
Figs. 5-7 and 5-13, or a condenser-choke
combination as in Fig. 5-17.
5-13. Use of Center-tapped Filament Transformer with Filamentary
Cathodes.—When tubes with filamentary cathodes are operated from

an a-c filament supply, the grid and plate circuits are connected to the
cathode through a center tap on the filament transformer or through a
center-tapped resistor shunted across the filament. The reason for
the center connection is to prevent a-c output at supply frequency as the
result of a variation of voltage of one end of the filament relative to the
grid. The center connection is equivalent to a connection to the mid
point of the filament. When the alternating voltage drop in the filament
causes the voltage of the grid relative to one end of the filament to
become more negative, it causes the grid voltage relative to the other
end to become less negative. If the filament is symmetrical, the decrease
of space current from one end of the filament is offset by an equal increase
from the other end, and the plate current remains constant. Slight
deviation of the filament from symmetry with respect to the mid-point
can be compensated by the use of a resistor with an adjustable tap.
5-14. Frequency Range.—According to frequency range, amplifiers
are classified as wide-band and narrow-band. The presence of circuit
inductances and capacitances restricts the frequency range over which
any amplifier can amplify uniformly. The width of the response band
may be reduced to any desired amount by the use of tuned circuits or
band-pass filters in the amplifier. For most applications of audio
frequency amplifiers it is desirable to amplify uniformly over as great a
frequency range as possible, and so untuned amplifiers are the rule.
Tuned amplifiers, which are indispensable in radio-frequency amplifica
tion, are seldom of value in audio-frequency work unless it is desired to
emphasize or repress certain frequencies. Amplifiers incorporating
band-pass filters are of value at both radio and audio frequencies.1
'Butterworth, S., Wireless Eng., 7, 536 (1930).
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They may be used in separating and isolating various portions or com
ponents of a wide band of frequencies which are simultaneously produced
or transmitted.
5-15. Class A, Class AB, Class B, and Class C Amplifiers.—According

to the portion of the cycle during which plate current flows, amplifiers
are classified as Class A, Class AB, Class B, and Class C. A Class A
amplifier is one in which the grid bias and alternating grid voltage are
such that plate current in the tube, or in each tube of a push-pull stage,
flows at all times. A Class AB amplifier is one in which the grid bias
and alternating grid voltages are such that plate current in the tube, or
in each tube of a push-pull stage, flows for appreciably more than half
but less than the entire electrical cycle. A Class B amplifier is an
amplifier in which the grid bias is approximately equal to the cutoff
value, so that the plate current is approximately zero when no exciting
grid voltage is applied and so that plate
current in the tube, or in each tube of a
push-pull stage, flows for approximately onehalf of each cycle when an alternating grid
voltage is applied. A Class C amplifier is
an amplifier in which the grid bias is appre
ciably greater than the cutoff value, so that
the plate current in each tube is zero when
no alternating grid voltage is applied and so
that plate current flows in each tube for
appreciably less than one-half of each cycle
when an alternating grid voltage is applied. Fig. 5-18.—Single-sided Class
Al operation.
The suffix 1 may be added to the letter or
letters of the class identification to denote that grid current does not
flow during any part of the input cycle, and the suffix 2 to denote that
grid current flows during some part of the cycle.
Class Al operation is illustrated in Fig. 5-18. According to the
definition of Class A amplification, the lower limit of instantaneous total
plate current is zero. Practically, however, distortion caused by curva
ture of the dynamic transfer characteristic at low values of plate current
limits the minimum plate current in a single-sided amplifier to values
that ordinarily are not less-than one-fifteenth of the maximum plate
current and that may be considerably larger. Since grid current starts
flowing when the grid voltage is zero or even slightly negative, the upper
limit of plate current is approximately that corresponding to zero grid
voltage. The largest amplitude of alternating plate current is evidently
obtained when the grid bias and signal voltage have such values that the
grid voltage is equal to or slightly less than zero at the positive crest of
exciting voltage and the plate current has the minimum value of Imin,
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consistent with allowable amplitude distortion, at the negative crest of
exciting voltage.
Although larger amplitude of alternating plate current can be obtained
with Class A2 operation than with Class Al, this advantage is offset
by the higher value of static operating current, which increases the power
consumption and the loss within the tube (see Sec. 7-2), and by the
complications arising from the flow of grid current (see Sec. 8-9). Class
A2 operation is, therefore, seldom used. Class Al operation is used in
voltage amplifiers and in many audio-frequency power amplifiers. It
results in lower distortion than do other types of operation but is less
efficient than Class AB, B, or C operation.

Fig. 5-19.—Single-sided Class B2 operation.

Fig. 5-20.—Push-pull Class B2 operation.

Class B2 operation is illustrated in Figs. 5-19 and 5-20. If a single
tube were used as a Class B audio-frequency amplifier, all, or nearly all,
of the negative half of the cycle would be cut off, as shown in Fig. 5-19,
and amplitude distortion would be excessive. When two tubes are used
in push-pull, however, the grid bias can be adjusted so that each tube
functions in alternate half cycles during a little more than half the cycle,
and the resultant current through the load is very nearly a replica of the
exciting grid voltage, as shown in Fig. 5-20. In radio-frequency ampli
fiers, tuned circuits may be used in the plate ■circuit to suppress harmonics
in the output and thus make possible the use of a single-sided amplifier.
Class B operation is used in a-f amplification only in power amplifiers.
Class B amplifiers are capable of delivering large amounts of power at
higher efficiency than Class A amplifiers, but the harmonic content is
greater. Difficulties of design result from the flow of grid current at the
high excitation voltage required in order to take full advantage of the
capabilities of Class B amplifiers. The characteristics of Class B audio

Sec. 5-16]

AMPLIFIER DEFINITIONS, CLASSIFICATIONS

141

amplifiers and the special problems encountered in their design will be
treated in detail in Chap. 8.
Class AB operation is intermediate between that of Class A and
Class B. Single-sided Class ABI and AB2 operation are illustrated in
Figs. 5-21 a and 5-216. Because plate current in a single tube does not
flow during the entire cycle, it is necessary to use push-pull circuits to
avoid excessive distortion in Class AB a-f amplifiers. Often the grid
is not allowed to swing positive, since the flow of grid current results in
complications which may offset the advantages (see Sec. 8-9). Con
siderably greater power output and higher efficiency can be obtained
with Class ABI amplifiers than with Class Al amplifiers. Class AB
amplifiers will be treated in Chaps. 7 and 8.
Because of the fact that plate current flows during less than 180
electrical degrees it is impossible to use Class C operation in a-f amplifiers

Fig. 5-21.—(a) Single-sided Class ABI operation,

(b) Single-sided Class AB2 operation.

designed for wide frequency bands. In r-f amplifiers, harmonics are
suppressed by the use of resonant circuits. The efficiency of Class C
amplifiers is greater than that of the other classes.
5-16. The Decibel.—Although current, voltage, and power amplifica
tion, as well as the magnitude of a given voltage, current, or power,
relative to reference values, can be expressed as an ordinary ratio, it
has been found to be far more convenient to make use of logarithmic
ratios. The unit that has been adopted in this country is the decibel,
which is indicated by the symbol db and is defined as follows:
1. The ratio of two amounts of power P2 and Px is said to be n db if
n = 10 logic 0

(5-5)

2. The ratio of two voltages E2 and Ex or two currents I2 and lx is
said to be n db if
or
n = 20 logic -p
n = 20 logic
(5-6)
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If P2 exceeds Pi, n is positive, P2 is said to be “up” n db with respect

to Pi, and n is said to indicate a gain; if Pi exceeds Pz, n is negative, Pz is
said to be “ down” n db with respect to Pi, and n is said to indicate a loss.
By substituting P = I~z cos 0 and P = — cos 0 in Eq. (5-5) the

student may show that Eqs. (5-5) and (5-6) give the same number of
decibels if the impedances in which Pi and P2 are developed have the
same magnitude and phase angle.
It follows from the definition of a logarithm that if a system is made
up of a number of units whose decibel gain or loss is
n2, n3, etc., the
over-all gain or loss of the system is
n = ni + n2 + n3 + ■ ■ ■

(5-7)

due account being taken of the signs of ni, n2, n3, etc.
It should be noted that the decibel always refers to the ratio of two
amounts of power, voltage, or current. A single quantity of power,
voltage, or current can be specified in decibels by agreeing to express
the ratio always with respect to a fixed reference value, called zero level.
In telephone engineering practice, 6 mw has long been accepted as zero
power level. The somewhat more convenient value of 1 mw, as well as
other values, is often used. The term volume unit is used in place of
“decibel” in specifying power when 1 mw is used as zero power level.1
The small numbers in which it is possible to express the decibel
gain corresponding to large amplification ratios and the ease of adding
and subtracting, as compared with multiplying and dividing, constitute
two advantages of the use of the decibel. Furthermore, the change in
gain of an amplifier in decibels is a better index of the effect of the sound
output upon the ear, than the corresponding change in amplification.2
A chart for determining decibel gain corresponding to power, voltage,
and current ratios is given on page 676.
Problems
5-1. a. By the use of equivalent plate circuits, show that the voltage amplification
of tube Ti in the circuit of Fig. 5-16a is

,

_ __________ milr,, +
+ X + l)rd_________
(rp + rbl)(rp + n2) + (2rp + rbi +
+ l)n

8)

and that the ratio of the output voltages of the two tubes is
IV2

=

r1+^+^l.rH
L

(m + l)nj

n2

(5-9),

1 Affel, H. A., Chinn, H. A., and Morris, R. M., Electronics, February, 1939,
p. 28; Chinn, H. A., Gannett, D. K., and Morris, R. M., Proc. I.R.E., 28, 71 (1940).
2 Perry, S. V., RMA Tech. Bull. 1, Nov. 1, 1940.
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b. Show that when ni = rb2 = rb and (p + l)r* > > rp + n, Eqs. (5-8) and (5-9)
reduce to
A = -

~ = -1

&o2

,

2(rp + Tb)

(5-10)
(5-11)

5-2. The voltage produced by the flow of 1 ma through a resistance of 1000 ohms
is amplified to give a voltage of 100 volts across a 10,000-ohm resistance. Find the
voltage gain, current gain, and power gain in decibels.

CHAPTER 6
ANALYSIS AND DESIGN OF VOLTAGE AND CURRENT
AMPLIFIERS

Voltage amplifiers are usually operated in such a manner that ampli
tude distortion is small. Much can be learned regarding their perform
ance, therefore, by taking into account only the fundamental components
___ ii
of plate current and making use of
Lthe equivalent-plate-circuit theorem.
The results of such an approximate
^zb analysis are closely verified by
r laboratory measurements. When it
is necessary to determine the harECc
^bb
monic content or to make more
Fig. 6-1.—Single-sided amplifier with
accurate predictions regarding the
impedance load.
amplification, the graphical methods
explained in Chap. 4 may be employed.
6-1. Voltage Amplification of Tube with Impedance Load.—The
simplest form of vacuum-tube voltage amplifier consists of a single tube
with an impedance in the plate circuit, as shown in Fig. 6-1. Figure 6-2
shows the equivalent plate circuit. As far as its shunting effect upon
zb is concerned, Cap may be replaced by an equivalent capacitance

Fig. 6-2.—Equivalent circuit for the ampli

Fig. 6-3.—Simplified equivalent circuit for

fier of Fig. 6-1.

the amplifier of Fig. 6-1.

Cgp' = Cgp(Eg + Ed/Ej>, in parallel with CPi. Since Ezb is usually
large in comparison with Eg, Cgp is approximately equal to Cgp. The
equivalent circuit may then be simplified to that of Fig. 6-3, in which
Cpk' = Cpk + Cgp. At low frequency the reactance of CPk is so high
that its effect may be neglected. Under this assumption the voltage
amplification is
Egb Ezb _
I p%b _ _
U^b
(6-1)
Vg Eg
Eg
fp 4" Zh
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The manner in which |A//x| varies with the ratio \zb/rp\ with pure
resistance load and with pure reactance load is shown in Fig. 6-4. The
voltage amplification approaches the amplification factor when the load
impedance becomes large in comparison with the plate resistance.
Inductance load has the advan
tage that loss of direct voltage
resulting from IR drop in the load
may be kept to a minimum by
making the d-c resistance small.
This advantage is more than off
set, however, by dependence of
load impedance upon frequency,
which tends to make the ampli
fication fall and to advance the
phase of the output voltage with
respect to the exciting voltage at
Fig. 6-4.—Curves showing the manner in'
low frequency.
which the amplification of a single tube with
At frequencies which are so pure resistance load and with pure reactance
high that the reactance of Cpk is load varies with load impedance.
comparable with the plate resistance, the effective load impedance Zb
consists of the parallel combination of Zb and the reactance of Cpk. The
voltage amplification therefore falls off at high frequency, and the phase
of the output voltage is retarded. The upper limit of the range of
uniform amplification can be raised at the expense of amplification, by
reducing zb. With resistance load it
is not difficult to obtain uniform
amplification from zero frequency
well into the radio-frequency range.
Special methods of improving the
• high-frequency response will be
discussed.
■ Plate Voltage
For triodes with resistance load,
Fig. 6-5.—Plate diagram of a triode
the
manner in which A varies with rb
with pure resistance load, showing the
is complicated by the fact that, as
variation of voltage output with load re
sistance at constant excitation.
this resistance is increased, the path
of operation is lowered and the plate resistance is increased. Thus, the
plate resistance at the operating point O' of Fig. 6-5 is higher than that
at the point 0. The amplification does not increase so rapidly, there
fore, as would be indicated by Eq. (6-1) if the plate resistance were
assumed to be constant. The manner in which the voltage amplification
varies with load resistance can be determined most readily graphically.
The voltage amplification is roughly equal to the difference in plate
voltage of points of intersection of the load line with two adjacent static
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plate characteristics, divided by the difference of grid voltage of the two
characteristics. This is the ratio E0,1Eg or Ea,1 /E„ in Fig. 6-5. The
accuracy of this method increases, of course, as the interval between the
characteristics is decreased. It can be seen from Fig. 6-5 that the rate
at which the amplification is increased with load resistance is small at
high values of load resistance. For this reason and because of the falling
off of amplification at high frequency when rb is large, the load resistance
is usually limited to 500,000 ohms or less in practice, even with triodes
having high plate resistance. The voltage amplification that can be
realized in practice with triodes approximates 80 per cent of the amplifica
tion factor.
For pentodes with resistance load, the action is complicated by the fact
that at low values of plate current the spacing of the static characteristics
rapidly becomes smaller as the negative grid voltage is increased. The
resulting curvature of the dynamic transfer characteristic causes ampli
tude distortion. This difficulty
can be reduced by increasing the
plate supply voltage, but the re
quired voltage rapidly becomes
prohibitive as the load resistance
is increased. Practical values of
Fig. 6-6.—Single-stage pentode voltage
pentode load resistance are also
amplifier in which a second pentode is used
limited
to about 500,000 ohms.
as the load resistance.
Since pentode plate resistances
are well in excess of a megohm, the realizable voltage amplification
is much smaller than the amplification factor, 350 representing the
approximate limit. Because the plate resistance of pentodes is con
siderably higher than the usable load resistance, Eq. (6-1) reduces to
A = gmzb for pentodes.
Values of voltage amplification approximating the amplification
factor of pentodes can be obtained by using the plate resistance of a
second pentode as the load resistance,1 as shown in Fig. 6-6. The a-c
resistance of the pentode that is used as load is high, but its electrode
voltages may be adjusted so that the d-c drop through it is small, and so
that its plate current is equal to the desired operating plate current of
the amplifier pentode. In this manner it is possible to obtain high.-a-c
load resistance without lowering the' operating plate voltage and current
of the amplifier pentode to values that give excessive distortion. The
interelectrode capacitances of the two tubes cause the amplification to
fall at the upper end of the audio-frequency range.
’Herd, J. F., Wireless Eng., 8, 192 (1931); Meissner, E. R., Electronics, July,
1933, p. 195; Horton, J. W., J. Franklin Inst., 216, 749 (1933); Schmitt, O., Rev. Sci.
Instruments, 4, 661 (1933).
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6-2. Voltage Amplification of Multistage Amplifiers.—The over-all
amplification of a multistage amplifier is equal to the product of the
amplifications of the individual stages. (The over-all gain is equal to
the sum of the gains of the individual stages.) In forming the equivalent
circuit of each stage, the stage must be considered to consist of the tube
and all circuit elements coupled to the plate, including the tube capaci
tances and the input admittance of the following tube.1 Different types
of coupling may, of course, be used in the different stages. The form of
the plate load of the final stage depends upon the purpose for which the
amplifier is designed.
6-3. Voltage Amplification of Direct-coupled Amplifier.—The directcoupled amplifier illustrated in Figs. 5-3 to 5-5 consists of two stages of
the simple amplifier of Fig. 6-1. Because of the effect of the input
capacitance of the second tube upon the amplification of the first stage,
the amplification begins to fall off at a lower frequency than with a single
stage; otherwise the behavior is similar. The over-all amplification is
the product of the amplifications of the two stages (the sum of the decibel
gains), which may be determined from the equivalent circuit of Fig. 6-3.
The direct-coupled amplifier is a special form of an impedance-capaci
tance-coupled amplifier in which the coupling capacitance and grid-leak
impedance are infinite. Since the
impedance-capacitance-coupled am
plifier is analyzed in the following
sections, the direct-coupled amplifier
need Hot be treated in further detail.
If the coupling and output imped
ances of this type of amplifier are
Two-stage impedance-capaci
nonreactive, the amplification is inde Fig. 6-7.—
tance-coupled amplifier.
pendent of frequency from zero fre
quency up to frequencies at which the effect of interelectrode capacitances
becomes apparent. This type of amplifier gives the least frequencj^ and
phase distortion and is the only type of multistage amplifier that will
amplify at zero frequency, i.e., that will amplify changes in direct voltage
or current.
6-4. Impedance-capacitance-coupled Voltage Amplifier.—The basic
circuit of a two-stage impedancc-capacitance,-coupled amplifier is shown
in Fig. 6-7. The final stage may be considered as a special form of
impedance-capacitance-coupled stage in which one or two of the
coupling elements are absent. If the amplifier is used to furnish voltage
output only, i.e., if the external■ impedance across the output terminals
1 The student is cautioned against attempting to combine the equivalent circuits
of two or more stages into a single equivalent circuit.
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is infinite, the load of the final stage may be considered to be merely zo
and the amplification may be found by the use of Eq. (6-1).
The equivalent circuit of an impedance-capacitance-coupled stage
is shown in Fig. 6-8a. Because the effective plate-to-cathode capacitance
CPki is very much smaller than the capacitance of the coupling condenser
Cc, the effect of Cpn upon the behavior of the amplifier is the same as
though Cpki were connected in parallel with the input impedance zg2 of
the following tube.1 Further simplification results from the assumption
that the input conductance of the following tube is negligible. Then the
admittance is [see Eq. (4-13)]

Yg2 = Bg2 = jwCi2 = jACgki + (1 + |A2|)Cflp2]

(6-2)

in which | A2| is the magnitude of the voltage amplification of the following
stage, and CtM and Cgp2 are the interelectrode capacitances of the following

Fig. 6-8.—Equivalent plate circuit for the first stage of the amplifier of Fig. 6-7.

tube. The effective input capacitance C;2 of the following tube, in
parallel with the effective plate-to-cathode capacitance Cpki, may be
replaced by an equivalent capacitance

C2 — CPki + Cgk2 + (1 + |A2|)C9p2

(6-3)

For convenience in analysis the parallel combination of z2 and C2 may be
replaced by the equivalent impedance
=

22'or

(6-4)

Figure 6-86 shows the simplified equivalent circuit. Summation of
voltages in the circuit of Fig. 6-9 yields the following equations
ïP(rP "F zi)
I (Z1 + Z2 —

Iz±

yEgi

= IpZl

(6-5)
(6-6)

Examination of Fig. 6-7 shows that the second grid is made more negative
when Ip and I are increased by making the grid of the first tube less
1 Strictly, Cphi', as defined on p. 144, rather than Cpki, should be used in this
analysis. In tubes suitable for use in voltage amplifiers, however, C„pi is so much
smaller than Cpki that little error results from using Cpki instead of Cpki.
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Therefore, Eg2 = — Iz2, and the voltage amplification is

Solution of the simultaneous equations (6-5) to (6-7) gives the follow
ing general expression for the voltage amplification of a stage of an
impedance-capacitance-coupled amplifier:
A =-------------------—-2------ T r-T
(Zi + z2)rp + ZiZ2 - J'

(6-8)

Equation (6-8) may be readily transformed into the equivalent equation

A =----------------------- --------------------lyi +
+ 1 (yvP + 1)

(6-9)

Equations (6-8) and (6-9) and their rationalized equivalents are too com
plicated to show clearly the influence of the various circuit constants
upon the voltage amplification. The formulas for special forms of the
impedance-capacitance-coupled amplifier are considerably simpler.

Fig. 6-9.—Two-stage resistance-capacitance-coupled amplifier.

6-5. Resistance-capacitance-coupled Amplifier.—The most com
monly used type of impedance-coupled amplifier is the resistance
capacitance-coupled amplifier, in which the coupling impedance zr
and grid coupling (grid-leak) impedance z2 are resistances rj and r2, as
shown in Fig. 6-9. Figure 6-10 shows a typical frequency-response
curve of such an amplifier. It can be seen from this curve that the
amplification remains constant over a considerable range of frequency
but falls on either side of this range. The range of constant amplification
is called the mid-band range of frequency. The amplification in this
range is called the mid-band amplification and is represented by the
symbol Am. The mid-band range usually extends from below 100 cps
to above five thousand cps, and may be greatly extended in both
directions.
Examination of Fig. 6-9 shows that the reduction of voltage amplifica
tion at low frequencies must result from the voltage-dividing action of
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Cc and r2. Since the reactance of Cc increases as the frequency is reduced,
more of the alternating voltage across l appears across the condenser
and less is applied to the grid of the following tube. The reduction of
amplification at high frequencies, on the other hand, must result from
the shunting effect of C2, the effective input capacitance of the following
stage. As the frequency goes up, the resultant impedance of the parallel
combination of rx, r2, and C2 goes down, and so the voltage amplification
falls, as predicted by Eq. (6-1) and shown by Fig. 6-4. The constant
amplification in the mid-band frequency range indicates that within this
range the reactance of the series capaci
tance Cc is so small that Cc may be
considered to be short-circuited and that
the impedance of the parallel capaci
tance C2 is so high that C2 may be con
sidered to be absent. Furthermore, the
effect of C2 is negligible in the frequency
Fig. 6-10.—Typical shape of the
range
in which Cc reduces the amplifi
frequency-response characteristic of a
resistance-capacitance-coupled am
cation, and the effect of Cc is negligible
plifier.
in the range in which C2 reduces the
amplification. Hence the mid-band, high, and low ranges of frequency
may be considered separately in analyzing the behavior of the amplifier.
Although expressions for the voltage amplification of a resistance
capacitance-coupled amplifier can be readily obtained by making
appropriate simplifications in Eq. (6-9), it is more instructive to derive
them directly from equivalent circuits. Since both Cc and C2 have
negligible effect in the mid-band range, the mid-band load of the first
stage of the circuit of Fig. 6-9 consists of rx and r2 in parallel. The
voltage amplification can be found from Eq. (6-1). If the numerator
and denominator of the right side of Eq. (6-1) are divided by Zbrp, the
equation becomes
9m
j _ _ v/r?
(6-10)
11
-+1
+
1
1p Zb
rP
Zb
But since the effective load impedance is that of rx and r2 in parallel,

1=1
+1
Zb rx r2

(6-H)

Substitution of Eq. (6-11) in Eq. (6-10) gives for the mid-band ampli
fication

____ Qm____

1 +1 + 1

rP

rx

r2

(6-12)
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in which
_
1
_ _____ rjr2rp
Th ~ 1 , 1.1
+ fJp + ?2rp
■ rp -n1—- rH2----

.

The approximate equivalent circuit of the first stage of the amplifier
of Fig. 6-9 at frequencies above the mid-band range is that of Fig. 6-11.
The voltage amplification can be found from Eq. (6-10) if it is noted
that the load is the parallel combination of ri, r2, and C2.
Zb

---- 1------ F jaCz

ri

(6-14)

r2

Substitution of Eq. (6-14) in Eq. (6-10) gives for the high-frequency
amplification (see also Sec. A-l, page 671)
Ah —

1 , 1 । 1 । .
rp rx r2

—I------ 1------- F jwCz

1 + jaThCz

— +

(6-15)

•h
The subscript in Ah indicates that Eq. (6-15) holds at frequencies above
the mid-band range. It can be seen from Eq.
(6-15) that as the frequency is reduced at
frequencies above the mid-band range, the
voltage amplification approaches the mid-band
value gmrh.
In the theoretical determination of the
Fig. 6-11.—Simplified
equivalent plate circuit for
frequency response of amplifiers. and in the one
stage of a resistancedesign of amplifiers to meet specified frequency coupled amplifier at high
response requirements, it is convenient to know frequencies.
the complex ratio of the amplification at any frequency to the mid-band
amplification. Equation (6-15) may be written in the form

Am

=

...
7 Sm

1
=
1
,
1 + jarhC2 y/1 + farhC2y (C°8 7

=

/y
Vi + farkc2y -

(6-16)

where

y = — tan 1 «nCz

(6-17)

y is the angle of the phase shift of the output voltage relative to the mid
band phase of the output voltage. (In the mid-band frequency range,
the output voltage is 180 degrees out of phase with the input voltage.)
The magnitude of the ratio of the high-frequency amplification to the
mid-band amplification is seen from Eq. (6-16) to be
Ah _
1
= cos y
(6-18)

“ vi + fa^2
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| Ah/Am\ can be evaluated most readily at a given value of urhC2 by finding
the cosine of the angle whose tangent is wrhC2. Curves derived from
Eqs. (6-17) and (6-18) are shown in Fig. 6-12. These curves give the
relative amplification and the relative phase shift at high frequencies

Fig. 6-12.—Generic curves of relative amplification and relative phase shift of a resistance
capacitance-coupled stage at high frequencies.

with respect to the mid-band values, as a function of frequency and
circuit constants.
The approximate equivalent circuit of the first stage of the amplifier
of Fig. 6-9 at frequencies below the mid-band range is shown in Fig. 6-13.
Summation of voltages in this circuit yields the
following equations:

IP(rp + n) - Ir± = pEgl
( ri + r2
\

Fig. 6-13.—Simpli
fied equivalent plate
circuit for one stage of a
resistance-coupled am
plifier
at
low
fre
quencies.

L ) = IPn
wC c/

(6-19)
(6-20)

The output voltage is Eg2 = — Ir2 and the voltage
amplification is
1

Egl

(6-21)

Egl

Solution of the simultaneous equations (6-19), (6-20), and (6-21) gives
the voltage amplification at low frequencies:

__________ pnr2
j r2rp — j^P +—
n)rir2 +I r^p +

*

UrnTh

J______ jOY + n)

(rir2 + riTp + r2rP)<aCc

Am

_ _

”

1 _

J

uriCc

(6-22)
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where

ri

ry2 + riTp + r2rp =
_____ 1
rP + n
r2 ' 1/n + \/rv

(6-23)

The subscript in At indicates that Eq. (6-22) holds at frequencies below
the mid-band range. Equation (6-22) shows that the low-frequency
amplification approaches the mid-band value gmrk as the frequency is
increased at frequencies below the mid-band range.
Equation (6-22) may be written in the form
At =

where

1

,

VmAV? —
. -i1—177a = tan

(6-24)
(6-25)

a is the phase angle of the output voltage relative to the mid-band phase
of the output voltage. The magnitude of the ratio of the low-frequency
amplification to the mid-band amplification is
1
—7=x—=—— — ■ ■ = cos a
(6-26)

VI +

Curves derived from Eqs. (6-25) and (6-26) are shown in Fig. 6-14.
These curves give the relative amplification and the relative phase shift

Fig. 6-14.—Generic curve of relative amplification and relative phase shift of a resistancecapacitance-coupled stage at low frequencies.

at low frequencies with respect to the mid-band values, as a function of
frequency and circuit constants.
The manner» in which the voltage amplification and phase shift of a
resistance-capacitance-coupled amplifier vary with the circuit constants
and with frequency is completely specified by Eqs. (6-12), (6-17), (6-18),
(6-25), and (6-26) (subject to the limitation that the effective input con
ductance of the following tube is negligible) and by the curves of Figs.
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6-12 and 6-14, which are derived from these equations. The method
of using these equations and curves can be best shown by computing the
voltage amplification of one stage of a resistance-capacitance-coupled
amplifier in the mid-band range and at a frequency above and one below
the mid-band range. The amplifier will be assumed to have the following
circuit and tube constants:
g = 100
. rp = 100,000 ohms
C2 = 200 ppi

ri = 200,000 ohms
r2 = 500,000 ohms
Cc = 0.01 pi

rk, as determined from Eq. (6-13), is 58,800 ohms, and gm is

100 _ in_3 .
100,000
10 mho'

The mid-band voltage amplification is found by Eq. (6-12) to be —58.8.
At a frequency of 10,000 cps, wrhCz is
2tt X 10* X 58,800 X 2 X IQ-10 = 0.738.

Figure 6-12 shows that, at this value of wrhC2, \Ah/Am\ is approximately
0.8. Hence |is 0.8 X 58.8 = 47 at 10,000 cps. By means of Eq.

Fig. 6-15.—Theoretical frequency-response characteristics for a typical resistance-coupled
amplifier.

(6-23), ri is found to be 566,000 ohms. At a frequency of 50 cps, ariCc
is 2?r X 50 X 5.66 X 105 X 10-8 = 1.78. Figure 6-14 shows that, at
this value of ariCc, [Ai/Am[ is approximately 0.86. Therefore |Ai| is
0.86 X 58.8 = 50.6. Theoretical frequency-response curves for the
tube factors used in this illustrative problem and for four combinations of
circuit constants, including those used in the problem, are shown in
Fig. 6-15.
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6-6. Effect of Circuit Constants upon Resistance -capacitancccoupled Amplifier Response.—Equation (6-12) may be put into the form

Am = - ' ,
.
(6-27)
1 + rPA/ri + l/r2)
which shows that the maximum amplification, the mid-band value,
increases with increase of amplification factor p, coupling resistance
and grid-leak resistance r2, and decreases with increase of plate resistance
rp. Examination of Fig. 6-14 and Eq. (6-23) shows that the mid-band
range, throughout which the amplification is independent of frequency,
can be extended at the low-frequency end by increasing r2 and Cc and,
less effectively, by increasing ri or rP. Examination of Fig. 6-12 and
Eq. (6-13), on the other hand, shows that the mid-band range is extended
in the high-frequency direction by decreasing n, r2, rp, or C2. For con
venient reference, these facts are shown in tabular form in Table 6-1,
which lists effects produced by increasing the various tube factors and
circuit constants. Improvement of characteristics, consisting of widen
ing of the range of uniform amplification or of increase of maximum
amplification, is indicated by a plus sign in this table; a narrowing of the
range of constant amplification or a reduction of maximum amplification
is indicated by a minus sign; 0 signifies that variation of a given quantity
has no effect upon the amplification in a particular portion of the fre
quency band. The lowering of the upper limit of uniform amplification
listed in the bottom row of the table results from the increase of C2, shown
by Eq. (6-3), and so is actually included in the effect tabulated in the
preceding row.
Table 6-1.—Effect

of

Tube Factors

Increase of

M

rP
Co
Ti
T2
c2

A of following stage

Circuit Constants upon Resistance
Amplifier Response

and

capacitance-coupled

Lower frequency
limit of mid-band
amplification

Mid-band
amplification,

0
+
+
+
+
0
0

+
—
0
+
+
0
0

Am

Upper frequency
limit of mid-band
amplification

0
—
0
— ■
—
—
—

The improvement of low-frequency response resulting from increase
of C,,, and the effect of decrease of ri upon the upper limit of uniform
amplification and upon amplification throughout the whole frequency
range, are clearly shown by Fig. 6-15.
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The value of C2 for any stage of an amplifier can be readily determined
experimentally by the aid of Fig. 6-12 [or Eq. (6-18)], the tube of the
following stage being used as a vacuum-tube voltmeter to indicate the
output voltage1 (see page 597). The voltmeter tube is first biased to
cutoff. The input to the stage under test is then applied and adjusted
to give a convenient small value of plate current of the voltmeter tube
at some frequency within the mid-band range. The frequency is then
raised until the input voltage must be increased in some convenient
ratio at constant output voltage, as indicated by the current of the volt
meter tube. The value of wrhC2 corresponding to the voltage ratio may
be read from Fig. 6-12; and, since the frequency is known and rh may be
computed, C2 may be found. A convenient input voltage ratio is 1.41,
for which urhC2 is unity. A separate vacuum-tube voltmeter may be
used in place of the following tube if correction is made for the voltmeter
capacitance and conductance.
6-T. Practical Considerations in the Design of Resistance-capaci
tance-coupled Audio Amplifiers.2—A study of Table 6-1 reveals that the

design of a practical multistage resistance-capacitance-coupled amplifier
must involve the compromise between high amplification and uniform
amplification. Increasing the amplification by increasing the resistance
of ri or r2 results in a lowering of the high-frequency limit of uniform
amplification. Furthermore, in a multistage amplifier, increase of the
amplification of each stage affects the high-frequency response of the
preceding stage adversely because of increase of effective input capaci
tance. For these reasons it is usually better to increase the amplification
by increasing the number of stages rather than by raising the amplifica
tion of each stage. The adverse effect of reduction of r2 upon the
response at low frequency can be compensated by an increase of Cc- A
practical limit to the maximum size of Cc may exist because of increase
of leakage with condenser size, which tends to raise the direct grid voltage
of the following tube; and because of the internal inductance of certain
types of condensers, which may resonate with the capacitance at a
frequency within the mid-band or high-frequency range. The effect of
condenser inductance upon the frequency response may be prevented by
shunting the large condenser with a small one.
Another point that must be taken into consideration in the choice
of the coupling resistor of a resistance-coupled amplifier is the effect of the
large direct voltage drop in the coupling resistor. This is even more
objectionable than it is in a single-stage amplifier or in a direct-coupled
amplifier because the a-c resistance of the coupling circuit is less than the
d-c resistance, as explained on page 101. It can be seen from Fig. 6-16
1 Seeley, S. W., and Kimball, C. N., RCA Rev., 2, 171 (1937).

2 See also Sec. 6-38.
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that too large a value of plate coupling resistance puts the operating
point 0 in such a location that comparatively small grid excitation extends
the path of operation into a region of high amplitude distortion and may
even cause the plate current to be cut off during the negative peaks of grid
excitation voltage. The operating point O', obtained with a smaller
coupling resistance rx or higher B-supply voltage, allows the application
of higher exciting voltage without overloading.
It is ordinarily not practicable to use plate coupling resistance in
excess of either 500,000 ohms or five times the plate resistance. Necessity
for uniform response at high frequency may
require the use of considerably lower values.
The allowable plate supply voltage is limited
because of danger of damage to the tube,
particularly during the warming-up period
of the cathode, before the flow of plate
current reduces the plate voltage below the , Fig. 6-16.—Plate diagram
resistance-capacitancesupply voltage. The maximum operating for
coupled stage showing how low
plate voltage specified by tube manufac plate supply voltage results in
turers is usually approximately half the value high nonlinear distortion.
that the tube can safely stand. With pentodes, the distortion resulting
from the low operating plate voltage in resistance-coupled amplifiers
can be reduced by lowering the screen voltage. This lowers the plate
current and thus raises the plate voltage. As a rule, the screen voltage
should be approximately one-fifth of the plate supply voltage.
There is also usually a limit to the size of the grid-leak resistance that
can be used. With oxide-coated cathodes it is practically impossible to
prevent small amounts of barium or strontium from being deposited on
the control grid during manufacture or use of the tube. The tempera
ture of the control grid may become sufficiently high to allow some
emission to take place. The emitted electrons are drawn to the cathode
and plate, both of which are at higher potential than the grid. The
resulting current through the grid resistor is in the direction to make the
grid voltage less negative. This causes the plate current to increase and
thus raises the plate temperature and, as the result of heat radiated from
the plate, that of the grid. Furthermore, if the grid voltage rises suffi
ciently so that the grid is positive during a portion of the cycle, electrons
will be drawn from the cathode to the grid. The impact of these electrons
upon the grid also contributes to the rise of grid temperature and may
at the same time cause secondary emission from the grid. If the num
ber of electrons leaving the grid as the result of primary and secondary
emission exceeds the number entering the grid, the grid potential rises
farther. The action tends to become cumulative, particularly if second
ary emission from the grid is large, and the plate and grid temperatures
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may become so high as to result in damage to the tube. The action is
complicated by ionization of residual gas in the tube, which allows
positive-ion current to flow when the grid is negative and increases elec
tron current to the grid when the grid is positive. The direction of the
positive-ion current is such as to cause the grid potential to rise. Posi
tive-ion current may, therefore, contribute to the initial rise of grid
voltage. Cumulative rise of grid voltage and plate current may be
prevented by making the resistance of the grid resistor low enough so
that the initial rise in grid potential caused by grid emission and positive
ion current is small. The maximum grid-circuit resistance that can be
safely used with most tubes having oxide-coated cathodes is i to 1
megohm. For tubes in which the operating plate current is large, such
as those designed to deliver large power output, the allowable grid-circuit
resistance may be considerably lower, especially if fixed bias is used.
Self-bias tends to prevent the cumulative increase of plate current and
thus allows the use of higher resistance than is safe with fixed bias. The
maximum allowable resistance is usually specified in the tube-operating
data provided by the tube manufacturer.
The transient response is often an important consideration in the
design of a resistance-capacitance-coupled amplifier, particularly when
it is necessary to amplify voltage pulses without distortion. If a very
large coupling condenser is used in order to make amplification possible
at very low frequencies, the time taken for the condenser to charge and
discharge may be so great that the duration of the transient set up by
the sudden application of steady excitation or of a voltage pulse may be
excessive. Too large a value of the product Ccr2 also results in another
undesirable effect. Any temporary disturbance of high amplitude may
cause one or more of the grids to swing positive, causing a flow of electrons
to these grids that leaves the sides of the condensers adjacent to the grids
negatively charged. This makes the negative grid voltage greater than
the operating value and may even bias one or more grids beyond cutoff
and thus reduce the amplification to zero. If the product Cer2 is large,
the time taken for the charge to leak off through the grid resistors may
be so long that the amplifier is inoperative for an appreciable time.
6-8. Design Procedure for Resistance-capacitance-coupled Voltage
Amplifiers.—Since circuit constants suitable for use with different

types of tubes in resistance-capacitance-coupled amplifiers are specified
by tube manufacturers,1 it is seldom necessary to design special circuits.
An understanding of the correct design procedure is, however, valuable.
The high-frequency amplification of a given stage depends upon the
effective input capacitance C2 of the following stage, which depends in
turn upon the voltage amplification of the latter. For this reason it is
1 See, for instance, the RCA Tube Manual.
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most convenient to design the last stage of the amplifier first and to
proceed stage by stage toward the input stage. Although the reduction
of amplification that can be tolerated at the limits of the desired frequency
band depends upon the purpose for which the amplifier is to be used,
the design can usually be considered to be good if the ratios
-and
for the entire amplifier do not fall below 0.9. Since the values
of these ratios for the entire amplifier are equal to the products of the
corresponding ratios for the individual stages, the minimum allowable
ratios for the individual stages increase with the number of stages.
The following is a satisfactory procedure in the design of a multistage
voltage amplifier:
. 1. Choose a tube for each stage whose amplification factor exceeds the desired
voltage amplification of the stage. Because the grid swing of the last stage of a
multistage voltage amplifier may be large, it is often good practice to use in the
last stage a tube requiring a higher grid bias than that of the preceding stages,
i.e., one having a relatively low amplification factor. (The allowable grid swing
is usually about J to j volt less than the grid bias.)
2. Choose the grid coupling resistance r2 of each stage so that it does not
exceed the maximum value specified by the manufacturer for the following tube.
3. Choose the plate coupling resistances rx. These should not as a rule exceed
in value either the grid coupling resistances, five times the plate resistances, or
500,000 ohms.
4. By means of Eq. (6-12), determine the voltage amplification of each stage
in the mid-band range. For tubes with high plate resistance, this approximates
the product of g„ and the resistance of rx and r2 in parallel. The over-all amplifi
cation in the mid-band range should then be found and compared with the
desired over-all amplification.
5. By means of Fig. 6-12 or Eq. (6-18), find the ratio [Ak/Aml for the
final stage at the upper limit of the desired frequency range. The effective
capacitance across the output of the last stage (including the plate-cathode
capacitance) should be used for C2. If the [Ak/A,^ is too low at this frequency,
the . output load resistance should be reduced'and the amplification recomputed
in the mid-band range and at the upper limit of the desired frequency range.
6. If capacitance coupling is used in the output, the coupling condenser Cc
should be chosen to give the required amplification at the low-frequency limit of
the desired frequency range, as determined from Fig. 6-14 or Eq. (6-26).
7. Using the amplification of the final stage in Eq. (6-3), find the value of C2
for the next-to-the-last stage. Although C2 may be found at the upper limit of
the frequency band, the design will be conservative if the mid-band amplification
of the last stage is used in evaluating C2. The slightly larger value of C2 found in
this manner will correct in part for the failure to take into account distributed
circuit capacitances.
8. Apply steps (5), (6), and (7) to the next-to-the-last stage and, in succession,
to the preceding stages, using in each stage the value of C2 found from the mid
band amplification and interelectrode capacitances of the stage that follows it.
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It should be noted that the values of .gm, rp, and p that are used in
computing the amplification are those at the operating point. They can
be determined most readily graphically. The operating point is found
from the intersection of the static operating line with the static plate
characteristic corresponding to the grid bias. The static load line must,
of course, correspond to a resistance equal to the sum of all d-c resist
ances between the plate supply and the plate. When the amplifier is
being designed on the basis of fixed supply voltage, the voltage needed
for bias must be taken into account. As the required value of bias is
not known until the operating point has been chosen, a tentative estimate
must be made of the manner in which the total voltage is divided between
the plate supply voltage and the grid bias. If the required bias turns
out to differ materially from the estimated value, a second, more accurate,
estimate may be made.
As tetrode and pentode plate characteristics are usually published
for only one screen voltage, it may be necessary to make experimental
determinations of characteristics at other screen voltages. With pen
todes, the procedure can be simplified considerably by making use of the
fact that, since secondary emission effects are negligible, the potential
distribution between the cathode and the plate and the distribution of
space current between the various electrodes are not altered when all
electrode voltages are changed in the same proportion. Plate character
istics obtained at zero suppressor voltage and at one value of screen
voltage can be used at another value of screen voltage if the plate and
control-grid voltage scales are changed in the same ratio as the two
values of screen voltage, and the' proper change is made in the current
scale.1 The factor by which the current scale must be multiplied can
be determined from a curve of plate current vs. plate voltage correspond
ing to zero control-grid and suppressor voltage and to a fixed ratio of plate
voltage to screen voltage, say 2 to 1. The conversion factor for the
current scale is equal to the ratio of the plate currents at points on this
curve corresponding to the original and the new screen voltages.
When grid current is allowed to flow in a resistance-coupled amplifier,
a part of the current that would otherwise flow through the grid coupling
resistor flows through the tube during the portion of the cycle in which
grid current flows. The resulting reduction in IR drop across the grid
resistor tends to flatten the positive crests of alternating grid voltage
and thus causes nonlinear distortion (see Fig. 5-2).
Ordinarily the grid swing of a voltage amplifier is so small that the
nonlinear distortion is well within the allowable value. When the grid
swing is large, however, it may be advisable to check the final stage for
harmonic content. By application of the graphical methods outlined
1 RCA Laboratory Series, No. UL-7.
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in Chap. 4 it is possible to determine the grid bias that will give the
greatest allowable grid swing without exceeding the allowable distortion.
In making such a determination and in finding the maximum crest
output voltage graphically, it must be borne in mind that grid current
may start flowing when the grid is £ to i volt negative. Grid current
therefore limits the allowable grid swing to values that are smaller than
the grid bias. This is of particular importance in amplifiers using
high-mu tubes, for which the grid bias is small. The maximum crest
output voltage may be appreciably less than AEC (see Probs. 6-5 and 6-6).
6-9. Effect of Plate Supply Filter and of Self-biasing Impedance.—In

order to reduce the operating plate voltage of one or more stages of an
amplifier or in order to prevent undesirable effects resulting from the
interaction of two or more stages, it is sometimes necessary to use a
filter of the type illustrated by the heavy lines of Fig. 6-47 in series with
the plate coupling resistor. This will be discussed in Sec. 6-38. Increase
of reactance of the filter condenser causes the effective coupling impedance
of the stage to rise with decrease of frequency and thus tends to result
in an increase of amplification at low frequency. The low-frequency
response may also be affected by variation of sfelf-biasing impedance with
frequency. The increase of reactance of the condenser shunting the
cathode resistor tends to cause the voltage amplification to fall at low
frequency as the result of degeneration (see Secs. 6-29 and 6-36). The
effect is complicated by the application of the alternating voltage across
the biasing impedance not only to the control grid but also to the screen
grid. The low ratio of screen-plate transconductance to grid-plate
transconductance ordinarily justifies neglecting the effect of the alter
nating voltage applied to the screen. In an accurate analysis the
effects of the filter and biasing impedances must be taken into con
sideration by making use of a complete equivalent circuit that includes
these impedances.
Usually sufficient accuracy is obtained under the assumption that
the effects of the filter and the biasing impedance upon the relative
amplification and phase shift at low frequency are independent of each
other and of the effect of the coupling condenser Cc. The resultant
relative amplification is then the product of the relative amplifications
indicated by the three equivalent circuits in which the biasing impedance
and the filter impedance, the biasing impedance and the coupling con
denser reactance, and the filter impedance and the coupling condenser
reactance, respectively, are assumed to be zero. The resultant phase
shift is the sum of the phase shifts given by these three simplified circuits.
By using the parallel combination of ri and r2 for z2 in Fig. 4-306, the
student may show that the relative amplification and phase shift resulting
from only the biasing impedance is given by the equation
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rp + r1r2/(r1 + r2)
m - RgcaGcC
_

•

and Rcc and Ccc are the biasing resistance and capacitance. The student
may also find it of interest to derive an expression for the relative ampli
fication at low frequency when only the plate-supply filter is considered,
the biasing impedance and coupling condenser reactance being assumed
to be zero.
Equation (6-28) makes possible the determination of the size of the
bias by-pass condenser that will prevent the amplification from falling
below a given value at a given frequency. If the relative amplification
at 50 cps, for instance, is to be not less than 0.8, and Fig. 6-14 shows the
coupling condenser to reduce the relative amplification to 0.95 at this
frequency, then the valu^of Ai/Am given by Eq. (6-28) must exceed
0.8/0.95 = 0.843 at this frequency. The corresponding value of by-pass
capacitance may be found from the equation or from curves derived from
it at various values of k.
A third factor that may influence the amplification is impedance
in the screen circuit, which causes the screen voltage to vary with screen
current. This is particularly important in amplifiers using tetrodes,
the screen current of which varies greatly with plate voltage. For this
reason it is advisable to use with tetrodes a voltage divider of low resist
ance, rather than a voltage-dropping resistor, in reducing the screen
voltage below the plate supply voltage. A voltage-dropping resistor
may he used with pentodes. In either case, ample by-pass capacitance
should be provided in order to reduce the effective impedance to a low
value at the lowest frequency to be amplified.
6-10. Compensated Amplifiers.1—Drooping of the frequency-response
curve of a resistance-capacitance-coupled amplifier at the lower epd
of the frequency range can be prevented by shunting a portion of the
coupling resistor n with a condenser, as shown in Fig. 6-17a. This causes
the coupling impedance to rise at low frequency and thus compensate
for the loss of gain resulting from the voltage-dividing action of the
1Lanb, H. M.,Proc. I.R.E., 26, 722 (1932); Robinson, G. D., Proc. I.R.E., 21, 833
(1933); Bbardsall, J., Television and Short-wave World (London), 5, 95 (1936);
Walker, L. E. Q., Television and Short-wave World, 9, 305 (1936); Seeley, S. W., and
Kimball, C. N., RCA Rev., 2, 171 (1937); Nagy, P., Television and Short-wave World,
16, 160, 220 (1937); Freeman, R. L., and Schantz, J. D., Electronics, August, 1937,
p. 22; Everest, F. A., Electronics, January, 1938, p. 16, May, 1938, p. 24.
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coupling condenser and grid leak. In this manner low-frequency
amplification can even be made to exceed the mid-band value. With
the circuit of Fig. 6-176 the amplification can be made to increase at
high frequency relative to the mid-band amplification at the expense
of mid-band and low-frequency amplification. A similar effect is
obtained by the u&e of low by-pass capacitance across the cathode self
biasing resistor.
The high-frequency response of a resistance-coupled amplifier can
be greatly improved by the use of inductance in series with the plate

Fig. 6-17c.
Fig. 6-17.—a. Use of capacitance across a portion of the coupling resistance to improve
low-frequency response, b. Use of resistance shunted by capacitance in series with the
plates to improve high-frequency response, c. Use of inductance in series with the plate
coupling resistance to improve high-frequency response.

coupling resistance, as shown in Fig. 6-17c. The inductance L is chosen
so that it resonates with the effective input capacitance of the following
tube in the vicinity of the frequency at which the amplification would
otherwise start to fall appreciably. In this manner the high-frequency
limit of the range of uniform response can be raised considerably and,
if desired, the high load impedance resulting from parallel resonance
can be made to produce a high-frequency peak in the response curve.
It follows from the discussion in Sec. 6-6 that, in order to ensure uniform
response up to very high frequency, the ratio of r2 and rp to Zi must be
large in amplifiers using high-mu tubes.1 Under this assumption, the
student may derive the following relations for the mid-band and high1 rp > > zi because rp is large in high-mu tubes and zi must be relatively small in
order to ensure adequate amplification at high frequencies. r2 must be large in order
to ensure adequate amplification at low frequencies without'excessively large Cc.

164

APPLICATIONS OF ELECTRON TUBES

[Chap. 6

frequency amplification and phase shift of the compensated amplifier

of Fig. 6-17c (see Prob. 6-8).
(6-29)

(6-30)
where
y = tan-1

(6-31)
(6-32)
(6-33)

wu is defined by Eq. (6-32) as the frequency at which the reactance
of the shunting capacitance C2 is equal to the coupling resistance rx- Curves of ¡Ah/Am\ and of 7 for several values of K are shown in Fig. 6-18
as a function of a/au- The great improvement resulting from the use of
compensating inductance is evident from a comparison of the curves
for K = 0.41 or 0.5 with those for K = 0, corresponding to an uncom
pensated amplifier. It can be seen from Eq. (6-32) that the frequency
au, beyond which the amplification falls rapidly, can be increased at a
given value of C2 only by decreasing rx, which also reduces the mid-band •
amplification. There is a limit, therefore, to the frequency range over
which the amplifier can be made to have uniform response.
The compensating circuits of Figs. 6-17a and 6-17c are used in
amplifiers for cathode-ray oscilloscope^ and in “video” amplifiers for
television, in which uniform amplification is essential over a frequency
band extending from low audio frequencies well into the radio-frequency
range.
6-11. The Cathode-follower Amplifier.—The amplification of a
stage of a resistance-coupled amplifier begins to fall off appreciably in
the high-frequency range at a frequency at which the reactance of the
input capacitance of the following stage becomes less than about three
times rh, the effective output impedance of the given stage, defined by
Eq. (6-13). Increasing the amplification of a given stage by increasing
rx and r2 therefore has two objectionable effects in an ordinary multistage
resistance-coupled amplifier. The high amplification increases the
effective input capacitance of the stage in question and thus affects
the high-frequency response of the preceding stage adversely; and the
high value of the coupling resistances allows the input impedance of the
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following stage to.fall below 3rh at a comparatively low frequency and
thus affects the high-frequency response of the given stage adversely.
These adverse effects can be prevented by making the effective output

Fig. 6-18.—Generic curves of high-frequency relative amplification and relative phase

shift at five values of K = —~ for an inductance-compensated resistance-capacitanceriJC2
coupled amplifier.

impedance of the preceding stage low by the use of low coupling resist
ances, and by making the effective input capacitance of the following
stage low by making its amplification small [see Eq. (6-3)] by the use of

Fig. 6-19a.—Basic circuit of the cathode-

follower amplifier.

Fig. 6-19&.—Equivalent plate circuit of the
cathode-follower amplifier.

low load impedance. Although the low-gain stages that precede and
follow the high-gain stage may contribute little or nothing to the over-all
amplification, they make possible higher uniform amplification over a
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given wide frequency band than can be attained in the conventional
multistage amplifier. Unfortunately, however, the use of low resistances
in the plate circuits of the stages that precede and follow the high-gain
stage causes the curvature of the transfer characteristics of these stages
to be high and thus results in high nonlinear distortion. This difficulty
can be avoided by using in these stages the cathode-follower amplifier
shown in basic form in Fig. 6-19a.1 In this amplifier the plate load
resistor is adjacent to the cathode and also forms a portion of the grid
circuit, so that the output voltage, in addition to the input voltage, is
impressed upon the grid circuit. Although the cathode-follower amplifier
has a voltage amplification that is less than unity, it has low effective
input capacitance,. high input impedance, low output terminal imped
ance, and low nonlinear distortion.
6-11A. Voltage Amplification of the Cathode-follower Amplifier.—It
can be seen from Fig. 6-19a that the grid-plate capacitance of the tube
shunts the input and therefore does not affect the voltage amplification.
The plate-cathode capacitance Cpk shunts the load (cathode) resistor r.
The grid-cathode capacitance Cgk shunts the load resistor through the
input voltage. Since the voltage across r opposes Vg in the grid circuit,
Cgk can be replaced by a smaller equivalent capacitance in parallel with r
in determining the voltage amplification. In many practical circuits the
output voltage is of the order of 0.9Fs, and this equivalent capacitance is
therefore of the order of only 0.1Cflj,. For values of r that are usually
used, the effect of the interelectrode and circuit capacitances upon the
voltage amplification is ordinarily negligible at frequencies below about
1 megacycle. At higher frequencies the effect of the capacitances can be
taken into account by shunting r in the equivalent circuit by Cpk and by
the approximate equivalent value of Cgk or by using the exact equivalent
circuit, in which Cgk is shown in its.actual position. In the equiva
lent plate circuit of Fig. 6-196 zb is assumed to include Cpk and the
equivalent of Cgk, as well as any additional external load, coupling, or
wiring impedances that may shunt r.
Solution of the equivalent circuit shows that the voltage amplification
is

Curves of A vs. rb/rp derived from Eq. (6-34) for nonreactive load at
1 Preisman, A., RCA Rev., 2, 430 (1938); Lockhart, C., Television and Short-wave
World, 13, 492 (1940); Williams, E., Wireless World, 47, 176 (1941); Hanney, E. A.,
Wireless World, 48, 164 (1942); Nordica, C. F., Radio, August, 1942, p. 28; Lock
hart, C. E-, Electronic Engineering (London), 15, 287 (December, 1942), 16, 375
(February, 1943), 16, 21 (June, 1943); Richter, W., Electronics, November, 1943,
p. 112; Shapiro, D. L., Proc. I.R.E., 32, 263 (1944).
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Fig. 6-20.—(a) Voltage amplification of a cathode-follower amplifier as a function of
(b) Ratio of nonlinear distortion in a cathode-follower amplifier to that in a con
ventional amplifier using the same tube and load, (c) Rati.o of allowable crest input
voltage to operating plate voltage of a cathode-follower amplifier.
Tb/Tp.
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several values of p are shown in Fig. 6-20a. For values of p and rp found
in ordinary tubes, A is of the order of 0.9 or higher when rb is equal to
10,000 ohms.
Figure 6-21 shows a resistance-capacitance-coupled cathode-follower
amplifier stage. C2 is the sum of the effective
input capacitance of the following stage and
the effective output capacitance of the given
stage (approximately Cpk + 0.1C'„,;). The
voltage amplification at frequencies in and
above the mid-band range can readily be
found from Eq. (6-34) if it is noted that the
load is the parallel combination of ri, r2,
and C2. In the mid-band range the effect
Fig. 6-21.—Resistance- of C2 is negligible and zb is the resistance of
capacitance coupled cathode
fi and r2 in parallel. The mid-band ampli
follower amplifier stage.
fication can therefore be determined from
Fig. 6-20a by using rpV(ri + r2) for rb. The amplification at frequencies
above the mid-band range is
Ah

gm + i/rp + 1/n + l/r2 + juC2

1/rd + >C2

t6'34^

where

rd = rh/(gmrh + 1)
(6-34B)
and rh is defined by Eq. (6-13).
Equation (6-34A) differs from Eq. (6-15) only in that rd replaces rk.
Hence the relative amplification and the relative phase shift at fre
quencies aboye the mid-band range can be determined from Eqs. (6-16)
and (6-17) or the curves of Fig. 6-12 if rd is used in place of rk- It
follows that, at any value of Ak/Am, wrdCi for a cathode-follower stage
is equal to wr^C2 for a conventional stage. Since rd is normally much
smaller than n, the product of the effective capacitance C2 and the upper
limiting frequency of uniform response is much greater for a cathode
follower stage than for a conventional stage. A considerably higher
frequency limit may therefore be attained with a cathode-follower
stage, even when the stage is followed by a high-gain stage having a
larger value of effective input capacitance. If, for example, C2 = 250
ppi, ri = 10,000 ohms, r2 = 100,000 ohms, and the tube is a 6J5 operated
at normal voltages, the response of a cathode-follower stage is flat to
approximately 500 kc. For the same value of C2, 50 kc represents a
good value for the approximate upper limit of mid-band amplification
of a conventional stage.
The relative amplification and relative phase shift of the resistance
capacitance-coupled cathode-follower amplifier at frequencies below the
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mid-band range can be found from Eqs. (6-24) and (6-25) or from
Fig. 6-14.
6-11B. Effective Input Capacitance of the Cathode-follower Amplifier.

Examination of Fig. 6-19a shows that the interelectrode-capacitance cur
rent flowing through the source of Vg is made up of a component that
flows through Cgp and a component that flows through Cgk. The former
component is equal to VgjwCgp. The latter component is caused to flow
by the vector sum of Vg and the voltage across r, which is equal in magni
tude to A Vg and is opposite in phase to Vg. Hence this component of
current is equal to Vg(l — A)jaCgk, and the total current through the
source is jaVg[Cgp + (1 — A)^]. The effective input capacitance is
Ci = Cgp + (1 - A)Cgk

(6-35)

When zb is zero, A is also zero and Ci has its maximum value, CgP + Cgk.
As zb is increased, A approaches 1 in magnitude. For nonreactive load,
A is real, and Ci approaches its minimum value, Cgp. In many practical
cathode-follower circuits A approximates 0.9 and Ci has the approximate
value Cgp + O.IC^. Comparison of Eqs. (6-35) and (4-13) shows that
the effective input capacitance of a cathode-follower stage is very much
lower than that of an ordinary amplifier stage. The grid-plate capaci
tance of voltage-amplifier pentodes is of the order of 0.005 ppi and the
grid-cathode capacitance of the order of 6 ppf. Hence very low effec
tive input capacitances may be obtained with such tubes.
6-11C. Effective Output Terminal Impedance of the Cathode-follower
Amplifier.—The effective output terminal impedance or admittance can

be determined by finding the current that flows as the result of application of an alternating voltage V to
the output terminals, as shown in
Fig. 6-22a. Under the assumption
that the circuit is linear, i.e., that
the equivalent plate circuit is valid,
any current flowing in the plate cir
cuit as the result of application of
additional exciting voltage to the
ig. 6-22.—Circuit for the determina
grid circuit is independent of the cur tionFof
output terminal impedance of the
rent that flows as the result of V. cathode-follower amplifier, (a) Actual cir
The grid-excitation voltage may cuit; (b) equivalent plate circuit.
therefore be assumed to be zero and the grid circuit to contain only the
internal impedance zc of the source of grid-excitation voltage.
It can be seen from Fig. 6-22a that the output terminals are shunted
not only by the plate-cathode path of the tube, but also by r, by Cpk, by
the series combination of Cgp and zc, and by any external load or coupling
circuits connected between the terminals. If the output admittance of
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the tube itself is known, it may be added to the admittances of any or
all of the other paths to find the resultant admittance. The effective
admittance of the tube alone is seen from the equivalent circuit of
Fig. 6-226 to be
Ya =
= ^7^
(6-36)
r

I pr

The alternating grid voltage Eg is equal to the impressed voltage V less
the voltage drop through zc resulting from the flow of current through the
grid-cathode capacitance Cgk. Since the capacitance of Cgk is of the
order of 4 yyf, its reactance is about 40,000 ohms at 1 megacycle. If zc is
nonreactive and less than about 10,000 ohms in magnitude, the alter
nating grid voltage E„ exceeds 0.97 V at frequencies below this value.
Little error then results from assuming that Eg is equal to V, and Eq.
(6-36) becomes
Fo =
(6_37)
rp
The reduction of Eg resulting from impedance drop in z„ at high fre
quencies when Zc is large reduces Y„ below the value given by Eq. (6-37).
This effect is, however, usually small or entirely absent.
Equation (6-37) shows that the output terminal admittance of the
tube is somewhat greater than the transconductance. Actual values of
gm are large enough so that the output terminal impedance %o, i.e., the
reciprocal of Yo, may be smaller than 170 ohms with single tubes and does
not exceed 1000 ohms under the assumptions made in the derivation of
Eq. (6-37). In many applications the admittance of the load and of the
capacitances that shunt the output terminals are so small in comparison
with the tube admittance Yo that they have little effect upon the resultant
admittance. Equation (6-37) then gives a close approximation to the
over-all admittance. The interelectrode capacitances and cathoffe-toground wiring capacitance may begin to have an appreciable effect upon
the resultant output admittance at frequencies above a few megacycles.
6-11D. Cathode-follower Amplifier Circuits and

Applications.—

Figure 6-23 shows two practical cathode-follower circuits in which
the grid bias can be adjusted to the correct value when r exceeds the
value required to give the correct grid bias. The resistance r' should be
large in comparison with the reactance of C at the lowest frequency to be
amplified. Circuit (a) is superior to circuit (6) when high input imped
ance is of primary importance. The proper bias can also be obtained by
connecting the lower input terminal to a tap on a voltage divider across
the voltage supply.
An amplifier incorporating cathode-follower stages is shown in Fig.
6-24. The low effective input capacitance of the cathode-follower stage
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Ta prevents falling off of amplification and large shift in phase of the
output of the preceding high-gain stage Tz at high frequencies. The low
effective output impedance of the cathode-follower stage Ta prevents
the input capacitance of the following high-gain stage Tx from causing the
amplification to fall off at high frequencies. The combined use of the
cathode-follower stages and inductance in the plate circuits of the highgain stages makes possible uniform amplification throughout a frequency

Fig. 6-23.—Cathode-follower amplifiers with bias adjustment.

range extending from low audio frequency well into the radio-frequency
range.
The use of the cathode-follower stage Tx in the amplifier of Fig. 6-24
illustrates another important application of the cathode-follower ampli
fier. If the input were connected directly to the grid of the high-gain
stage Tz, the high effective input capacitance of this stage might react
unfavorably upon the source of the input voltage at high frequencies.
Although the input stage Tx actually reduces the over-all amplification
slightly, its high input impedance is a distinct advantage in many appli-

Fig. 6-24.—Four-stage amplifier incorporating cathode-follower input and coupling stages,

cations, as in cathode-ray oscilloscopes (see Sec. 15-21), which must meet
the requirement that negligible current be drawn from the source of input
voltage. A second advantage of the cathode-follower input stage may
result from its ability to handle large input voltages without overloading.
This is so because the alternating grid voltage is equal to the difference
between the impressed voltage and the voltage across r, which is almost
as great as the impressed voltage. A cathode-follower stage is also used
to advantage as the last stage of an amplifier when the output voltage
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must be made independent of external impedance connected across
the output terminals of the amplifier. Since Zo may readily be made as
low as a few hundred ohms, the output voltage will be practically unaf
fected by impedances of the order of several thousand ohms or more
shunted across the output.
The high input impedance and low output impedance of a cathode
follower stage also make possible its use in place of an impedance-match
ing transformer in matching a high-impedance line or network to a
low-impedance line or network. The input impedance can be made to
have any desired value within a wide range by means of impedance shunt
ing the input terminals. The output terminal impedance can be made to
have the desired value by proper choice of the tube and by adjusting the
transconductance by means of the grid bias. The advantage of the
cathode-follower amplifier over an impedance-matching transformer is
that it is unaffected by changes of frequency over a very wide range of
frequency. It will be shown in Sec. 6-1 IE that a disadvantage of the
cathode-follower amplifier in impedance matching is that relatively little
power or current can be developed in the load without excessive amplitude
distortion.
The fact that the output voltage of a cathode-follower stage is in phase
with the input voltage, rather than in phase opposition1 as in the ordinary
type of resistance-capacitance-coupled stage, is occasionally useful.
6-11E. Design of Cathode-follower Amplifiers.—The cathode-follower
amplifier is a form of inverse-feedback amplifier, which will be discussed
in detail in Secs. 6-29 to 6-37. It will be shown in Secs. 6-30 to 6-32 that
distortion may be low in inverse-feedback amplifiers. The curves of
Fig. 6-206 show the ratio of the distortion factor of a cathode-follower
amplifier to that of an ordinary single-stage amplifier having the same
tube and load. The curves show that this ratio is low for high values
of amplification factor. It should be borne in mind, however, that
high-mu tubes have high plate resistance. Since low load impedance is
desirable in order to minimize the effect of interelectrode capacitances at
high frequencies, the use of a high-mu tube may result in a low ratio of
load impedance to plate resistance, which is favorable to high nonlinear
distortion. For this reason it may be desirable in high-frequency circuits
to use tubes having only medium values of amplification factor and
relatively low plate resistance, such as the 6J5.
In order to avoid excessive distortion as the result of grid-circuit
overloading (see Sec. 5-3), the grid swing must be kept less than the bias.
The ratio of the crest input voltage to the grid swing is given by the
equation
1 Both voltages are measured relative to the common terminal (lower terminals
in Fig. 6-19a).
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where k = rb/rp. The maximum allowable value of Egm is Ec, which is
roughly equal to Eb0(k + 1)/p(k 4- 2) (see Eq. 7-19). Hence
V _ 14- kfa t|- 1) „ _ 14" kfa 4~ 1)
Max. Vgm k+J
Ec
M(fc 4- 2) Eb°

qq.
(~39'

Curves of Max. Vgm/Ebo vs. rb/rp are shown in Fig. (6-20c) for various
values of g. Figure 6-20c shows that large values of input voltage can be
used if n is low and rb/rp is high. Since, as already pointed out, low rb is
desirable, high rb/rp requires low rp, which is also obtained in low-mu
tubes. The 6J5 tube, used with a 10,000-ohm load resistance, can handle
a crest input voltage equal to approximately QAEbo. It can be seen from
Fig. 6-20c that use of a tube with higher u, such as the 6SF5, gives some
decrease in allowable input voltage. The higher mu tube has the dis
advantage, moreover, of requiring a much larger load resistance.
It was pointed out in Sec. 6-11B that very low values of effective
input capacitance can be obtained in a cathode-follower amplifier by using
a voltage-amplifier pentode. The low allowable input voltage of such a
tube may, however, offset the advantage of low input capacitance.
Equation (6-37) shows that low output impedance is obtained with tubes
having high transconductance.
In choosing r, it should be borne in mind that a low value is desirable
in order to minimize the effect of tube capacitances and in order to
prevent large direct voltage drop in the resistance. A high value is
desirable, on the other hand, in order to make possible high excitation
without excessive nonlinear distortion and in order to make the amplifi
cation nearly unity. The best value in a given amplifier will depend
upon which of these factors is the most important in the application for
which the amplifier is designed. A value of approximately 10,000 ohms
is- satisfactory in many applications, and there is usually little or no
advantage in the use of larger values.
When a cathode-follower amplifier is used in impedance matching,
the load resistor r is necessary only if the external load does not provide
a path for the direct plate current. The external load is then matched
when its admittance is equal to the resultant admittance of the tube and r.
Often, however, r is unnecessary, or the effective output impedance of
the tube is so small in comparison with r that the external load is nearly
matched when its admittance is equal to the tube admittance, as given
by Eq. (6-37). Then
- =
rP
(1 4-

a)

(6-39A)
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where zL is the impedance of the external load. The dashed lines in
Figs. 6-20a, b, and C show values that satisfy this relation when the load
is nonreactive. It can be seen from Fig. 6-20c that, except at very low y,
the ratio of load resistance to plate resistance and the allowable input
voltage are both very low. Figure 6-206 shows that the reduction of
nonlinear distortion resulting from inverse feedback is also small. Non
linear distortion may, therefore, be excessive unless the input amplitude
is much smaller than the value found from Eq. (6-39) or Fig. 6-20c.
Although the crest input voltage that may be impressed without grid
overloading may be made of the order of one-fourth the plate supply
voltage by the use of a high-transconductance, low-mu tube, such as the
2A3, the high nonlinear distortion resulting from low ratio of load imped
ance to plate resistance may still be large unless the input amplitude is
small in comparison with this value. This may present a problem if the
source cannot be shunted with a voltage divider. The problem may
sometimes be solved by the use of two cathode-follower stages in suc
cession. The first stage uses a tube that can handle a large input voltage,
such as the 6J5. The second stage, which uses a high-transconductance
tube, is matched to the load, the input voltage to this stage being adjusted
to a sufficiently low value by means of an adjustable tap on the load
resistor of the first stage. The low allowable grid excitation of a cathode
follower matching stage imposes a limitation upon the power and current
that can be delivered to the load. This disadvantage is not avoided by
the use of the two-stage circuit, since the first stage merely makes possible
the reduction of excitation of the matching stage without the use of a
voltage divider across the input source.
6-11F. Filter-type Wide-band Amplifiers.—Another type of wide
band amplifier that has proved very useful in television is the filter-type
amplifier, in which complex band-pass filters are used to couple stages.
The analysis and design of such amplifiers is beyond the. scope of this
book.1
6-12. Transformer-coupled Audio Amplifier.

Preliminary Analysis.

The analysis and design of the transformer-coupled audio-frequency
amplifier are complicated by the action of distributed winding capaci
tance, which reduces the amplification at high frequency because it
shunts the output, and may increase it over some portion of the frequency
range as the result of resonance with leakage inductance. Before
analyzing this type of amplifier rigorously, it is instructive to make a
qualitative study of its behavior at low, intermediate, and high audio
frequencies.
1 See, for instance, H. A. Wheeler, Proc. I.R.E., 27, 429 (1939).
contains a bibliography of 21 items.

This reference
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1. Amplification at Low and Intermediate Frequencies.—Below a few
hundred cycles the reactance of the distributed
capacitance of the windings is so high (approxi
mately 106 ohms) that its effect may be neglected.
In Class Al amplification the admittance of the
following tube is also negligible. The secondary
Fig. 6-25.—Simplified
of the transformer may therefore be considered equivalent
plate circuit of
to be unloaded. The equivalent circuit, neglect a transformer-coupled au
stage at low
ing the small core losses, is that of Fig. 6-25. dio-frequency
and mid-band frequencies.
Zi, the primary impedance, is equal to r^ + juLt,
where Li is the total primary inductance. The magnitude of the voltage
induced across the primary is
pEgpaLi _ „ _______ wAi______
(6-40)
rP + zi “ 91 -^(^+7^+

The magnitude of the secondary voltage is
(6-41)

where n is the ratio of secondary to primary turns. The magnitude of the
voltage amplification of the stage is
(6-42)

As co is increased [A| increases, approaching the limiting value np. The
curve relating low-frequency amplification
with frequency is of the same form as the
upper curve of Fig. 6-4 (the scale of ordi
nates being multiplied by n). The fre
quency at which |A | approaches the value
np goes down as the ratio Li/(rp + rf) is
Fig. 6-26.—Simplified equiva
increased
and may be below 1Q0 cps in a
lent plate circuit of a transformercoupled audio-frequency stage at
well-designed amplifier. Equation (6-42)
high frequency.
shows that the loss of amplification at low
frequency is the result of falling of the primary reactance with frequency.
2. Amplification at High Frequency.—When the frequency becomes
so high that the distributed capacitance cannot be neglected, the circuit
approximates that of Fig. 6-26, in which Ce represents an equivalent
capacitance replacing the primary, secondary, and interwinding capaci
tances of the transformer and the input capacitance of the following tube;
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Le is the total equivalent leakage inductance; and re is the total equivalent

winding and plate resistance, all quantities being referred to the second
ary. The voltage applied to the grid of the following tube is that across
the condenser. The magnitude of the voltage amplification is
|A| = ^ = —---1^,11 »Ce

(6-43)
+ (uLc - A/aC^

This has a maximum value at approximately the frequency that makes
the reactive term under the radical zero. The voltage amplification at
resonance is therefore approximately

AT=

yce re

•

(6-44)

By proper design it is possible to make the factor y/LjCelre approxi
mately equal to unity, so that there is little rise in amplification because
of resonance, and the amplification is substantially constant up to
10,000 cps or higher.

Fig. 6-27.—Frequency-response curve of a transformer-coupled audio-frequency amplifier.

Equation (6-43) shows that A falls above resonance frequency. Both
the factor aCe, outside of the radical, and the factor aLe, under the
radical, increase with frequency, so that the amplification eventually falls
to zero. Physically, the increase of aCe is associated with the shunting
effect of the distributed capacitance, and the increase of wLe with the loss
in voltage in leakage reactance. Figure 6-27 shows the frequency
response curve of a typical transformer-coupled amplifier.
6-13. Transformer-coupled Audio Amplifier.

Rigorous Analysis.—

Figure 6-28 is an equivalent circuit that closely represents a stage
of transformer-coupled amplification. The assumptions are made that
the distributed capacitances of the primary and secondary and between
primary and secondary may be replaced by lumped capacitances Cx,
C2, and Ci2. rhe is an equivalent resistance to take account of the
hysteresis and eddy-current core losses. rx and r2 are the primary and
secondary resistances. Lx and Li are. the total primary and secondary
inductances, and M- is the mutual inductance between-windings. Since
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the purpose of the following discussion is primarily to make a qualitative
analysis that will point out the principal characteristics of a typical
amplifier and how they are influenced by circuit and tube constants, it
will be permissible to make certain simplifying assumptions that would
not be valid if exact results were required. An excellent complete analy
sis based upon an equivalent circuit that shows the primary and secondary
leakage inductances has been made by Koehler.1 For a complete anal-

Fig. 6-28.—Complete equivalent plate circuit for a stage of a transformer-coupled audio

frequency amplifier.

ysis and a discussion of design problems, the reader should refer to
Koehler’s paper.
The primary distributed capacitance Ci and the plate-to-cathode
capacitance Cpk may be neglected in an approximate analysis, since the
impedance corresponding to Ct + Cpk is much higher than other imped
ances in parallel with it. C12 may be replaced by an equivalent capaci
tance C2 in parallel with C2. (Below resonance primary and secondary
terminal voltages are approximately in phase or 180 degrees out of phase,
and their amplitude ratio is n. Under this condition the value of C2
that will cause the same secondary current as Ci2 is Ctoto ± l)/n. In the
M
vicinity of resonance the phase of the
secondary terminal voltage shifts, and
the magnitude becomes greater, so that
1 12
C2 changes.) Yg2 may be neglected in
Fig. 6-29.—Simplified equiva
comparison with the very much higher lent plate circuit for a stage of
audio-fre
admittance of the distributed capacitance, transformer-coupled
quency amplification.
and C2 and C2 replaced by a single equiva
lent capacitance Ce. ri and rp may be replaced by a single resistance rf.
rhe is high enough so that it may be neglected in an approximate analysis.
With these simplifications the circuit of Fig. 6-28 may be replaced by the
less complicated equivalent circuit of Fig. 6-29.
The following equations are obtained from the network of Fig. 6-29:
11^1 + IijtoM = pEgl
Z2z2 + IijuM = 0
1 Koehler, Glenn, Proc. I.R.E., 16, 1742 (1928).

(6-45)
(6-46)
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(6-47)

Egl

where

Zy = ri + j^Ly

z2= r2 +

and

aLi -

The solution of Eqs. (6-45) to (6-47) yields the relation

My
CeZllZi + MW/h)

(6-49)

My
CeZilZl + MWfa)

(6-50)

or

Since the polarity of the secondary voltage depends upon the relative
directions of winding, the minus sign in Eqs. (6-49) and (6-50) may be
dropped.
The coefficient of coupling k is defined by the equation

M

k=

(6-51)

LiL2

If the leakage inductance is small or proportional to the number of turns,
Ly = L
n2

(6-52)

Substituting Eqs. (6-48), (6-51), and (6-52) in Eq. (6-49) gives

Lynyk
Ce(ry + juLy) i’2

_r j \

uL2

—

k2LyLiU2
ry + juLy

(6-53)

1. Response at Low Frequency.—At frequencies below 200 or 300 cps
the term 1 /u>Ce is so much larger than the other terms of the second factor
of the denominator of Eq. (6-53) that the other terms may be neglected
and Eq. (6-53) simplified to
A

1

ry + juLy

nky

(6-54)

For a typical well-designed audio transformer, k is about 0.998, so that
Eq. (6-54) may be further simplified to

jo>Ly
-Ai = ~rf—r~r-ny
ry + JOiLy

(6-55)
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As the frequency is increased from a low value, A; increases, approach
ing the limiting value np, and the phase of the output voltage approaches
that of the excitation voltage. This limiting value may be attained at a
frequency of 100 cps or less and maintained up to several thousand cycles
or more. As in the analysis of resistance-capacitance-coupled amplifiers,
it will be called the mid-band amplification and will be represented by the
symbol Am.
Am = np
(6-56)

The substitution of Eq. (6-56) in Eq. (6-55) gives
Ai = juLi
_
wLj
Am ri'. + juLi y/r^ -|-

.
—

(6-57)

where

,
0, = tan
1 —ri
cu£/i

(6-58)

<£ is the angle of the phase shift of the output voltage relative to the mid
band phase of the output voltage. (In the mid-band frequency range,

rp+r.
Fig. 6-30.—Generic curves of relative amplification and relative phase shift for transformercoupled audio-frequency amplifiers at low frequency.

the output voltage is either in phase with or 180 degrees out of phase
with the input voltage.) The magnitude of the ratio of the low-frequency
amplification to the mid-band amplification is
Ai
Am

aiLi

—7—' = COS
Vri2 + (c^)2

<b

(6-59)

Figure 6-30 shows curves of |A;/Am| and <j> vs. wLt/ri derived from
Eqs. (6-59) and (6-58).
At first thought, a maximum value of A might be expected at or near
the natural resonant frequency of the secondary. That this is not true
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results from the close coupling between primary and secondary. The
value of A at the natural frequency of the secondary can be found by
substituting a2 = \ILiCe in Eq. (6-50) and combining it with Eqs. (6-51)
and (6-52). This gives
(6-60)

A =----------------------- -=----

y Li k

+

kL2

The values of resistance, inductance, and distributed capacitance of
audio transformers are such that the first and third terms of Eq. (6-60)
are negligible in comparison with k, so that A = np/k. Since k is prac
tically unity, A is approximately equal to np, the mid-band amplification.
2. Response of Transformer-coupled Amplifier at High Frequency.—At
frequencies above 1000 or 2000 cps, aLx is so much larger than rf that
(ri')2 may be neglected in comparison with a2Ld. With this approxima
tion, Eq. (6-53) may be put into the form
,

_ __________ ___________ npk__________________ __

,

..

* - juCfin + k2n2rf + j[aL2(l - k2) - l/aCe]}

The factor (1 — k2) is called the leakage factor. When the leakage
inductance is small or proportional to the number of turns,

(1 — k2)L2 = L„ + n2Lp = Le

(6-62)1

Ls and Lp are the secondary and primary leakage inductances, and Le
is the total equivalent leakage inductance, referred to the secondary.
Since k is very nearly unity, the total equivalent resistance of the wind
ings and the tube, referred to the secondary, is
r2 + k2n2ri = r2 + n2rf = r2 + n2(rx + rp) = re

(6-63)

1 This may be shown by assuming the total primary and secondary inductances to
be made up of inductances Li and Li, having perfect coupling (unity coupling
coefficient), and leakage inductances Lp and L,, having zero coupling.

_ T I I r

~Li +L’

^LA

LFTlp
) = L.+LP r-i—r-

= Li’ + L, — (Li’ \

Lii

“r Ajp/

Lit

“r L/p

If the leakage inductance is small, Lp may be neglected in comparison with L/.
Furthermore, if the leakage inductance is small or is proportional to the number of
turns, LJ/Lt = n2, and so

(1 — kA)Li = Ls + n2Lp

Sec. 6-13]

VOLTAGE AND CURRENT AMPLIFIERS

181

Hence Eq. (6-61) may be written
a

=_______________ __________________

jwCe[re + jfaLe — l/aCe)]

(6-64)

Equation (6-64), which is equivalent to Eq. (6-43), has a maximum
value near the frequency a0 = \!\/L£e, at which the equivalent leakage
inductance Le resonates with the equivalent distributed capacitance
Ce- Equation (6-64) may be put into the form

where
(6-66)

Equation (6-65) gives the vector ratio of high-frequency amplification
to mid-band amplification nu, as a function of the ratio of the angular
frequency to the resonant angular frequency n>0. Curyes of magnitude
of amplification and of phase shift relative to the mid-band values as
determined from Eq. (6-65) for three values of are shown in Fig. 6-31.1
Subject to the approximations that have been made in the analysis,
the amplification and phase shift of a transformer-coupled audio amplifier
are completely specified by Eqs. (6-56), (6-58), (6-59),. and (6-65), or by
the curves of Figs. 6-30 and 6-31. The numerical values of the quantities
that appear in these equations can be readily determined by laboratory
measurement.
The response of a self-biased transformer-Coupled amplifier is influ
enced at low frequency by the self-biasing impedance. The effect is
complicated by the possibility of resonance between the primary induc
tance and the capacitance of the by-pass condenser. The student will
find it instructive to derive curves of relative amplification and relative
phase shift at low frequency by analyzing the equivalent circuit obtained
by inserting the parallel combination of ñcc and Cce in the equivalent
circuit of Fig. 6-25. It should be noted that the alternating voltage
appearing across Rcc is impressed upon the grid.
Sometimes it is advantageous to apply the plate supply voltage
through a choke and to couple the transformer primary through a con
denser. This prevents direct current from passing through the primary
and thus makes possible the use of smaller transformers. Because the
transformer may then be connected directly to the cathode, instead of to
the positive side of the B supply, the alternating plate current need not
1 Tebman, F. E., Electronics, June, 1937, p. 34.
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pass through the- biasing resistor, and loss of amplification may be

avoided. Resonance between the transformer primary inductance and
the coupling condenser capacitance may increase the amplification
at low frequency. The low effective load impedance at resonance, how
ever, results in relatively high nonlinear distortion (see Sec. 3-25). In
order to minimize capacitance from plate to ground, the coupling con
denser should be placed in the cathode lead of the transformer primary.

The response of transformer-coupled ■ amplifiers can be altered by
shunting the secondary of one or more transformers with resistance or
capacitance.
6-14. Transformer Design.—The correct designing of an audio
frequency coupling transformer is not a simple matter, as a compromise
must be made between conflicting requirements. Equation (6-59) and
the curve of Fig. 6-30 show that for satisfactory response at low audio
frequencies the primary inductance must be high. Even with highpermeability cores this requires the use of a large number of turns. A
high resonance frequency w0, beyond which amplification falls rapidly,
calls for low leakage inductance and small distributed capacitance. The
leakage inductance and distributed capacitance can be minimized by
proper methods of winding and careful choice of shape and arrangement
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of coils,1 but with any type of winding the increase of distributed capaci
tance with number of turns affects the high-frequency response adversely.
Since a high transformation ratio requires either a small number of
primary turns or a large number of secondary turns, or both, it follows
that the increase in voltage amplification which results from the use of a
high transformation ratio can be obtained only at the expense of poor
response at low or high frequency, or both. In early receivers for broad
cast reception, high amplification was obtained by the use of audio
transformers with small primaries. As a result,. these receivers were
noted for their lack of bass tones. Well-designed modern transformers
for Class A voltage amplifiers do not ordinarily use transformation ratios
higher than 3 to 1. Equation (6-65) and the curves of Fig. 6-31 show
that the shape of the resonance peak can be controlled by choice of the
ratio
tooLe
_
1
.
[Ee.
n2(rp + 7-1) + r2

n2(rp +

+ r2

yCe

Since this ratio contains rp, the height and sharpness of the resonance
peak áre affected by the plate resistance. For this reason and because
high plate resistance is unfavorable to good response at both low and
high frequencies, it is important to use a-f transformers with the types
of tubes for which they are designed, or with tubes having similar
characteristics.
6-15. Comparison of Resistance-capacitance and Transformercoupled Audio Amplifiers.—The fact that uniform amplification in excess

of the amplification factor of the tube can be obtained with transformer
coupling if the plate resistance is not too high made the use of trans
former coupling decidedly advantageous before the development of tubes
with high amplification factors. Unfortunately, however, high amplifi
cation factor is accompanied by high plate resistance, and so high-mu
tubes like the type 6SJ7 pentode cannot be satisfactorily used with
transformer coupling. The response is poor at low frequency because
of the low ratio of primary reactance to plate resistance; and at high fre

quency because of the low value of —

Te

VCe

A voltage amplification of

50 represents about the highest that can be obtained with transformer
coupling without sacrifice of response at low or high frequency. With
resistance-capacitance coupling, even though the stage amplification is
much lower than the amplification factor of the tube, the high amplifica
tion factors of tubes like the 6SJ7 make it possible to obtain an amplifica
tion of 100 or more per stage. Because likelihood of oscillation makes it
difficult to use more than two transformer-coupled stages on a common
1 Koehler, loc. cit.
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voltage supply, higher amplification at audio frequencies can as a rule
be obtained with resistance-capacitance coupling than with transformer
coupling. Resistance-capacitance coupling is considerably cheaper than
transformer coupling, weighs less, and requires less space. Because of
the lower direct voltage drop in the plate circuit, and because voltage
induced in the transformer inductance allows the instantaneous plate
voltage to exceed the B-supply voltage (see Figs. 4-15 to 4-18), higher
voltage output may be obtained with a given plate supply voltage with
transformer output than with resistance output. Transformer coupling
to the load may be necessary in the output stage when the load impedance
is so low as to cause excessive nonlinear distortion without impedance
matching (see Sec. 7-21).
6-16. Inductance-capacitance Coupling.—Inductance-capacitance
coupling has the advantage over resistance-capacitance coupling of lower
direct voltage drop in the plate load. Because there is only one winding,
it is possible to obtain somewhat higher inductance than in the primary
of a transformer. Although this higher inductance improves the lowfrequency response over that of a transformer-coupled amplifier, it is still
too low to prevent the amplification from falling off at low frequency with
high-amplification-factor tubes. The high-frequency response is also
somewhat better than in transformer-coupled amplifiers because of the
lower distributed capacitance of the single winding. These advantages
are offset by the fact that the voltage is not stepped up as it may be by
a transformer. Inductance-capacitance coupling is now seldom used.
It may be analyzed by the methods that have been used in this chapter.
6-17. Choice of Tubes for Audio-frequency Voltage Amplifiers.

Equations (6-1), (6-12), and (6-56) show that the maximum amplification
obtainable with a voltage amplifier is proportional to the amplification
factor of the tube. For this reason the amplification factor may in
general be considered to be the “figure of merit” of a triode used in an
audio-frequency voltage amplifier. Other factors such as plate resistance
and plate current are also of importance in choosing the tubes for a voltage
amplifier. It was shown in preceding sections that plate resistance
reduces the attainable gain of direct- or resistance-capacitance-coupled
amplifiers and causes frequency distortion in transformer-coupled ampli
fiers. High plate current causes high direct voltage drop in the coupling
resistor of direct- or resistance-capacitance-coupled amplifiers and thus
necessitates the use of higher plate supply voltage. It tends to cause
nonlinear and frequency distortion in transformer-coupled amplifiers
because of core saturation. It also increases the power consumption in
the plate circuit.
Higher voltage amplification is in general attainable with pentodes
than with triodes in resistance-coupled amplifiers, but nonlinear distor
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tion may be greater and, because of higher plate resistance, it is more
difficult to design for uniform response over a wide band. Since the
amplification attainable with pentodes approximates

ry +i r2 vm> the
transconductance may be considered to be the figure of merit of pentodes
in resistance-coupled voltage amplifiers. As pointed out in Sec. 6-15, the
high plate resistance of pentodes makes them unsuitable for use in
transformer-coupled a-f amplifiers.
6-18. Control of Amplification of Audio-frequency Amplifiers.—The

most common method of controlling the amplification of audio-frequency
voltage amplifiers is by means of a voltage divider that varies the excita
tion voltage of one of the tubes. In transformer-coupled amplifiers the
voltage divider is shunted across the secondary of the input transformer,
as in Fig. 6-32a; in resistance-coupled amplifiers it may serve as the grid
coupling resistance, as in Fig. 6-326. In the transformer-coupled circuit,

Fig. 6-32.—Methods of varying the amplification of transformer- and resistance-coupled

audio-frequency amplifiers.

the resistance of the voltage divider should be high in order to prevent
appreciable loading of the transformer. Potentiometers of 500,000 ohms
resistance or higher are commonly used. In order to keep the grid swing
of all stages as low as possible and thus to minimize nonlinear distortion,
the amplification control is usually used in the grid circuit of the first
stage. Occasionally, however, the amplitude control is used in a later
stage so as to reduce noise caused by the slider of the voltage divider.
Because the voltage amplification of resistance-coupled amplifiers
using pentodes or other high-plate-resistance tubes is nearly proportional
to gm, the amplification of such amplifiers can be readily controlled by
varying the transconductance by means of the grid bias. In order to make
it possible to reduce the transconductance to a low value without danger
of having the grid swing beyond cutoff, the signal is applied to a remotecutoff grid (see Fig. 3-7). Although the gain-control voltage may be
applied to the same grid as the signal, less control voltage is required if
it is applied to an additional sharp cutoff grid. It may be applied
simultaneously to both grids. The 6L7 type of tube is suitable for this
purpose. This type of control has the advantage that it may be accom
plished by means of a rheostat or potentiometer that is located at a dis
tance from the amplifier and is by-passed by a condenser at the amplifier.
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If two tubes controlled in this manner and excited by separate signal
voltages use a common plate load resistance, a gradual transition,
may be. made from one signal to the other by raising one control voltage
and lowering the other.
6-19. Volume Compression and Expansion.1—The wide range of
power level of speech creates a problem in transoceanic radio
telephony. If the amplification is adjusted so that the loudest sound
will fully modulate the transmitter, the fainter sounds may not be
distinguishable above static and other interfering noises. This difficulty
can be overcome by automatically increasing the amplification of the
weaker signals in order to reduce the signal amplitude range and raise the
average level. At the receiving end the process must be reversed by
automatically raising the amplification with signal amplitude, so that
the range of power level of the output is proportional to the power-level
range of the original sounds.
A similar problem is encountered in the recording of phonograph
records. The range of sound level that can be recorded is much smaller
than that which is necessary for the faithful reproduction of orchestral
music (for which the power ratio corresponding to the weakest and
strongest sounds is very great). If the recorded sound is too faint, needle
scratch is objectionable. If it is too loud, on the other hand, there is
danger that the needle may cut from one groove to the next. The ampli
tude range must, therefore, be reduced in the recording amplifiers and
should, preferably, be increased by the reproducing amplifier.
These results can be accomplished by means of automatic gain control
of audio-frequency amplifiers. The a-f output is applied to a detector,
the output of which controls the bias of the amplifier grids. Whether
the amplitude range is increased or decreased depends upon whether the
direct voltage output of the detector is applied to the grids in such a
manner as to increase or to decrease the amplification with increase of
amplifier output. A typical “volume expander” circuit is shown in
Fig. 6-33. Since the voltage amplification of a resistance-coupled ampli
fier with small ratio of load to plate resistance is proportional to trans
conductance [see Eqs. (6-1) and (6-12)], increase of grid bias reduces
the amplification. To prevent excessive amplitude distortion when the
transconductance is reduced to a low value by high negative bias, the
signal is applied to a remote-cutoff grid. Need for large gain-control
voltage is avoided by applying the gain-control voltage to an additional
1 Mathes, R. C., and Wright, S. B., Elec. Eng., 53, 860 (1934); Ballantine,
8., Proc. I.R.E., 22, 612 (1934); Sowerby, A. L. M., Wireless World, 34, 150 (1934);
Radio Eng., November, 1934, p. 7, Thomas, T. S. E., Wireless Eng., 12, 493 (1935);
Sinnett, C. M., Electronics, November, 1935, p. 14; Hallman, L. B., Jr., Electronics,
June, 1936, p. 15; RCA Application Note 53.
*»
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sharp-cutoff grid. This is made possible by the use of the 6L7 type of
tube.
6-20. Tone Control.1—Differences in the acoustical properties of
different rooms, nonuniform response of loud-speakers, individual pref
erences, and the fact that the sensitivity of the ear falls off at low and
high frequencies often make it desirable or necessary to change the fre
quency characteristics of audio-frequency amplifiers. Minor changes
in the characteristic of an amplifier can be obtained by the use of simple
filters. One commonly used filter consists of a condenser in series with
a variable resistance, shunted across some point of the amplifier, usually
between grid and cathode of one of the tubes. Decrease of resistance
cuts down the response at the higher frequencies. Sometimes tone
O./p/f
<b

5

A-F
Input

OJ/if

¿meg.
0.5p.f

Output-

control
°

'+/00

'+250

—^Expansion
control

6

6H6
"Resistance-capacitance— '
coup/ed amplifier

Fig. 6-33.—Circuit diagram of a volume expander.

control is combined with the manual gain control in such a manner that
the amplification is reduced more at the middle of the audio range than
at the upper and lower ends. This tends to correct for the apparent
loss of low and high tones at low sound level caused by the nonuniform
response of the ear. Some amplifiers are provided with separate tone
controls for the low and high frequencies and, in more elaborate systems,
separate amplifiers and loud-speakers may be used to cover two or more
portions of the entire a-f range. Considerable flexibility of tone control
may be attained in this manner.
6-21. Resistance-coupled Radio-frequency Amplifiers.—The analysis
that has been made of resistance-capacitance-coupled amplifiers is
valid at radio frequencies if the frequencies are not so high that the
time of transit of electrons from cathode to plate must be taken into
consideration.2
1 Sceoggie, M. G., Wireless Eng., 9, 3 (1932); Hazeltine Service Corp., Radio
Eng., June, 1935, p. 7; Colebbook, F. M., Wireless Eng., 10, 4 (1933) (with bibliog
raphy of seven items); Callender, M. V., Proc. I.R.E., 20,1427 (1932).
2 Llewellyn, F. B., Proc. I.R.E., 21, 1532 (1933); 23, 112 (1935).
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Tuned Radio-frequency Amplifiers.—Transformer-coupled r-f ampli
fiers are commonly of two types: doubly tuned and singly tuned. In
doubly tuned amplifiers, tuning capacitance is used in parallel with both
the primary and the secondary of the transformer, as shown in Fig. 5-9.
In singly tuned amplifiers, only the secondary is shunted by tuning
capacitance, as shown in Fig. 5-10. Radio-frequency transformers are
now made either with air cores or with special low-loss iron cores. The
primary and secondary are coupled loosely enough so that the capacitance
between primary and secondary is negligible.
6-22. Doubly Tuned Radio-frequency Amplifier.—The equivalent
circuit of the doubly tuned amplifier, at frequencies below those at which
time of transit of electrons must be considered, is shown in Fig. 6-34«.1
r,

r2

Fig. 6-34.—(a) Equivalent plate circuit for doubly tuned r-f amplifier; (b) Approximate
equivalent circuit applicable to tetrodes and pentodes.

Solution of the network equations for this equivalent circuit gives the
following expression for voltage amplification:
____________ pM/Cj___________
(6-67)
(1 + juCirv)(ziZi + w2M2) + jZi/aCi

in which Zi = ri + jwLi + 1/juCi and z2 = r2 + jwL2 + \/juC2. For
reasons that will be explained, screen-grid tubes or pentodes are far
superior to triodes in tuned radio-frequency amplifiers. In practice the
reactance of the primary condenser in the vicinity of the frequency for
which the amplifier is designed is so much smaller than the plate resistance
of a tetrode or pentode that little error results if l/r„ is neglected in com
parison with jo>Ci in Eq. (6-67). Equation (6-67) then simplifies to

zi.z2 + M2u2 + z2/rpto2Ci2

(6-68)

The form of Eq. (6-68) is too complicated to yield readily to an
analysis to determine the manner in which A varies with frequency.
With typical circuit constants and plate resistance, however, the third
term in the denominator is sufficiently small in comparison with the sum
1 r2 includes an equivalent resistance to take into account the effective input
conductance of the following tube, and C2 includes the effective input capacitance of
the following tube.
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of the other two terms so that it may be neglected. It is most convenient,
therefore, first to neglect this term and later to determine under what
conditions and in what manner the result should be modified in order to
take its effect into account. Equation (6-68) may then be simplied to
... j^M/aCxCi)
(6-69)
ZxZ2 + MV

A general indication of the form of the curve of A vs. a can be obtained
by considering the special case, often met in practice, in which the primary
and secondary inductances, capacitances, and resistances are equal.
Then zi = z2 = r + j(uL — 1/aC), and Eq. (6-69) becomes

.g^M
3T&
ja(L + M) A—~ + r 3^-M) + j^ + r

(6-70)

The effect of a in the numerator being neglected, A will have a maximum
at approximately the two frequencies
that make the reactance zero in the
two factors of the denominator of
Eq. (6-70). The curve of A vs.
frequency will, therefore, in general
have two peaks, as shown by curve
a in Fig. 6-35, whose separation
increases with M.
The amplification given by the
approximate equation (6-69) is the
same as that of the equivalent circuit
of Fig. 6-345, which is, therefore, an
approximate equivalent circuit of
the doubly tuned amplifier used
with tetrodes and pentodes. Since
Fig. 6-35.—Frequency-response curves
doubly tuned transformer-coupled r-f
the complete analysis of this circuit for
amplifier.
and of Eq. (6-68) is fairly long and
involved, it will not be given. The student will find it instructive to
refer to some of the excellent analyses that have been published.1
The results of such analyses show the following important facts:
1. If the primary and secondary resonance frequencies have the
same value /o, the two frequencies corresponding to the peaks of the
response curve have the approximate values
1 See, for instance, W.L. Everitt, “Communication Engineering,” p. 496, McGrawHill Book Company, Inc., New York, 2d ed., 1937; E. A. Guillemin, “ Communication
Networks,” Vol. I, p. 323, John Wiley & Sons, Inc., New York, 1931.
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(6-71)

Mobilia,

2. When ai02M2 > nr2, the height of the peaks does not change
as the value of M is changed by varying the coupling, other parameters
being held constant.
3. The ratio h of the height of the peaks to that of the intervening
trough is related to the circuit parameters by the equation
h ± Vh2

±

1

=

k

WAP
V

nr 2

(6-72)

rir2

in which k is the coefficient of coupling, y/M2 ¡LyL2.
4. h is unity when ao2M2 = nr2, indicating that the height of the
peaks is equal to that of the trough. At this critical coupling, therefore,
the two peaks merge into one.
The peak voltage amplification at critical coupling, which is the same
as that corresponding to the two peaks of the response curve above critical
coupling, is found from Eq. (6-69) to be
(6-73)

where

and

A

O1oL2

—--r2

Qi and Q2, which may be shown to be the ratio of the energy stored per
cycle to the energy dissipated per cycle in the primary and secondary
circuits, respectively, are a measure of the efficiency of the resonant
circuits.
5. The height of the single peak falls, and the peak becomes sharper,
as the coupling is decreased below the critical value.
•Typical curves of A vs. w for coupling greater than, equal to, and
less than the critical value are shown in Fig. 6-35.
The importance of the third term in the denominator of Eq. (6-68)
can be determined by analyzing a practical case. Laboratory measure
ments of a typical air-core 450-kc transformer gave the following approxi
mate values
Li = L2 = 2 X IO“3 henry
ri = r2 = 150 ohms at 450 kc
Ci = C2 = 60 X IO"12 farad
1
= 289 X 104 rad/sec
wo

Qi =
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For a 6K7 r-f pentode, rp is approximately 1 megohm. With these
values the sum of the first and second terms of the denominator at
critical coupling is 45 X 103 (ohms)2 at the secondary. resonance fre
quency, and the third term approximately 5 X 103 (ohms)2. In this
example comparatively little error results from dropping the third term.
Coils of better design, however, may have values of Q of 100 or more,
and with different operating voltages, or a different type of tube, the
plate resistance may be reduced appreciably. The third term may then
be of the same order of magnitude as the other two terms of the denomina
tor, so that it cannot be neglected.
The third term in the denominator of Eq. (6-68) is a minimum
at the secondary resonance frequency, which, in transformers with
similar primary and secondary constants, corresponds to the frequency
of the trough of the resonance curve. This term, therefore, tends to
raise the trough of the curve. It also increases the critical coupling
above the value M = s/rirz/wo indicated by the analysis in which this
term is neglected.
The doubly tuned amplifier with coupling slightly in excess of the
critical value amplifies very nearly uniformly over the range of fre
quencies lying between the two peaks, and the amplification falls rapidly
outside of this range. For this reason this type of amplifier is often
called a band-pass amplifier. The response curve can be made to approxi
mate square-top form more nearly by using a closely coupled doubly
tuned stage in conjunction with a singly tuned stage or a loosely coupled
doubly tuned stage.1 A square-topped response curve is desirable in
amplifiers used for radio reception, which should amplify uniformly at all
frequencies contained in the modulated wave and cut off sharply at
lower and higher frequencies.
Advantage may also be taken of the change in width of the frequency
band of a doubly tuned amplifier with change in coupling. It is evident
that for a value of coupling corresponding to curve a of Fig. 6-35 the
frequency band over which amplification is essentially constant is
considerably wider than for coupling corresponding to curve b. Adjust
able coupling thus makes possible the choice of a narrow band for high
selectivity in the reception of a weak modulated carrier wave in the
presence of a strong carrier wave in an adjacent frequency channel or of a
wide band for high quality in the reception of a strong modulated wave.
This change in selectivity may be accomplished automatically by the
use of vacuum-tube coupling in addition to inductive coupling.2
Subject to the assumptions made in its derivation, Eq. (6-68) shows
that the amplification of a doubly tuned amplifier is proportional to the
transconductance of the tube.
1 Loh, Ho-Shon, Proc. I.R.E. 26, 469 (1938).
2 Mayer, H. F., Electronics, December, 1936, p. 32.
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6-23. Singly Tuned Amplifier.—For the sake of analysis, the trans

former-coupled circuit with tuned secondary may be considered as a
special form of the doubly tuned circuit. It is convenient for this
purpose to write Eq. (6-67) in the form

(1 + juCirpfiijuLi +

+ u2M2] + rpz2

k

'

In practice the primary of the transformer is sufficiently small so that
both its reactance and resistance are negligible in comparison with rp.
If this is assumed to be true and Ci is made zero, Eq. (6-74) reduces to

pM/C2
z2rP + a2M2

(6-75)

Differentiation of Eq. (6-75) with respect to M at constant co shows
that A has a maximum value at a given frequency when coW2 = z2rp.
The value of coupling at which this relation is satisfied is termed optimum
coupling. Differentiation of Eq. (6-75) with respect to co at constant M
shows that A is a maximum for a given value of M at approximately
the secondary resonance frequency. At this frequency, which is deter
mined by the relation coo2 = 1/L2C2, the secondary reactance is zero,
and the criterion for optimum coupling reduces to oi02M2 = r2rp. Sub
stitution of COo ~ \A/L2C2, z2 = r2, and w02M2 = r2rp in Eq. (6-75)
gives for the optimum amplification at resonance

Optimum A = — |

= — idpgmQ2dir

(6-76)

It is evident from Eq. (6-76) that for high voltage amplification a radio
frequency amplifier with tuned secondary should use a tube with both
high amplification factor and high transconductance, that the Q of the
secondary should be high, and that the ratio of secondary inductance to
capacitance should be high.
The curve of amplification as a function of frequency is of the same
form as the curve of admittance vs. frequency of a simple series circuit
containing inductance, capacitance, and resistance. The sharpness of
the resonance peak increases with decrease of M and coo and with increase
of L2/r2 and rp.
Dividing Eq. (6-73) by Eq. (6-76) shows (subject to the approxima
tions made in the development of these equations) that the ratio of the
optimum amplification of the doubly tuned amplifier to that of the singly
tuned amplifier is equal to -x/Li/ri^Ci. For typical transformers used
with r-f pentodes this ratio is somewhat less than unity. In fixed-fre
quency amplifiers, however, the advantage of the sharpness of the
response curve of the doubly tuned amplifier, which may be made to
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approximate rectangular form, more than offsets the disadvantage of the
slightly lower amplification. In applications in which the frequency of
the input changes, on the other hand, the greater simplicity of tuning
of the singly tuned amplifier is an advantage.
It is evident from Eqs. (6-73) and (6-76) that high voltage amplifica
tion necessitates the use of low effective transformer resistances (high-Q
coils) and high L/C ratio. The skin effect, radiation loss, dielectric
loss, and tube input conductance resulting from electron transit time
cause the effective a-c resistances ri and r2 to increase with frequency.
Distributed winding capacitances, circuit capacitances, and tube capaci
tances limit the extent to which Ci and
can be reduced and thus
necessitate decreasing the L/C ratios as the resonant frequency of the
amplifier is increased. The attainable voltage amplification of tuned
r-f amplifiers therefore decreases as the frequency is increased. The
decrease of amplification is accompanied by decrease of selectivity.
These facts are very important in the design of r-f amplifiers and are
one of the reasons why amplification in modern radio receivers is accom
plished mainly at frequencies lower than those of the received signals.
6-24. Choice of Tubes for Tuned Radio-frequency Amplifiers.—

Tetrodes and pentodes are used practically universally in tuned r-f
amplifiers, in preference to triodes. The advantages of tetrodes and
pentodes are threefold. The high values of amplification factor and
transconductance result in high voltage amplification; the low grid-toplate capacitance reduces the tendency of the amplifiers to oscillate
as the result of the feeding back of amplified voltage to the input; and
the lower effective input capacitance lowers the frequency limit of
amplification and reduces the attainable amplification-and sharpness of
tuning at very high frequencies.
By the use of coils having a high ratio of inductance to resistance,
the amplification of each stage of a tuned r-f amplifier using high-trans
conductance tubes can be made much greater than the amplification
factor of the tube.
Control of Amplification.—The dependence of voltage amplification
of tuned r-f amplifiers upon transconductance of the tube makes possible
the variation of amplification by means of operating voltages. Usually
the most effective method, particularly when the gain is controlled
automatically by means of tubes, is to vary the grid bias of the amplifier
tubes. Automatic control of amplification is discussed in Secs. 6-19
and 9-26.
6-25. Distortion in Radio -frequency Amplifiers.—Curvature of the
transfer characteristic of tubes used in r-f amplifiers results in several
types of distortion in the amplification of modulated voltages, most of
which are caused by intermodulation of the various frequency components
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in the impressed modulated voltage or in two modulated voltages simul
taneously impressed upon the amplifier.1 In the reception of radio
signals this produces such undesirable effects as nonlinear distortion of
the audio-frequency output, superposition of the a-f modulation of an
undesired station in an adjacent channel upon the desired a-f output
of the station to which the receiver is tuned, and the reception of stations
lying outside of the tuning range of the receiver when the receiver is
tuned to the sum or difference of their frequencies. Another objection
able effect is increased hum in the output of a-c-operated receivers as
the result of intermodulation between the desired input signal and 60or 120-cycle voltages not completely removed from the output of the power
supply and therefor^ impressed upon the amplifier grids. These various
types of intermodulation may be shown to be associated with the secondand higher-order terms of the series expansion for alternating plate
current.
In tuned r-f amplifiers using tubes with high plate resistance, such as
tetrodes and pentodes, the load impedance at resonance may be small in
comparison with the plate resistance of the tube. Under this condition
the series expansion for alternating plate current reduces to
.

lp

54

dec a

। A dhb 2 । X
e s । . ..
+ 2! de2 9 + 3! de* e° +

(6-77)

This shows clearly that the various types of distortion which occur in
tuned r-famplifiers increase withinput amplitude and withcurvature
of the static transfer characteristics. In automatic control of amplifica
tion, the output is maintained constant by increasing the bias with input
(Sec. 9-26). At -high input the operating point is then close to cutoff.
Curvature is high in this region, and there is even danger of reducing the
plate current to zero durihg part of the cycle. Hence distortion may
be excessive at high inputs. It may be reduced by the use of variable-mu
tubes. The transfer characteristics of variable-mu tubes (see Sec. 3-7)
approach the voltage axis so gradually that, even though the operating
bias is made high in order to reduce the transconductance and hence the
voltage amplification, high excitation amplitude may be used without
danger that the current will be reduced to zero. At low bias, on the
other hand, the transconductance has the high value necessary for the
amplification of weak signals. Some tubes, of which the 6L7 is an
example, have both a remote-cutoff grid, to which the signal is applied,
and a sharp-cutoff grid, which may be used to control the amplification.
6-26. Current Amplification.—Figufe 6-36 shows a single-stage cur
rent amplifier. The current amplification is
1 Harris, Sylvan, Proc. I.R.E., 18, 350 (1930); Ballantine, Stuart, and Snow,
H. A., Proc. I.R.E., 18, 2102 (1930).
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The current amplification increases as Zb is decreased, approaching the
limiting value gmzc. The current sensitivity is y/lrp + z&), which
approaches the value gm as Zb is decreased. This indicates the importance
of transconductance in tubes used for current amplification. In a
multistage current amplifier, all but the last
zix
I
stage are voltage amplifiers and require tubes j
r—b--) j
with high amplification factor to give high j?)|zc
pl lZb
over-all current sensitivity. Special tubes and î
I || I ||__ I
circuits for the amplification and measurement Fig.----- 6-36.—Single-stage
of small currents are described in Sec. 15-11.
' current amplifier.
Current amplifiers are useful in the operation of relays1 and electro
magnetic oscillographs.2 One common application is in the amplification
of the current of phototubes used to control relays. Circuits for this
purpose are analyzed in Chap. 13. Another application of current
amplifiers is in the regulation of generator voltage.3 A typical circuit
is shown in basic form in Fig. 6-37, in which Ty is a voltage amplifier,
T2 is a current amplifier, and T$ is a glow tube that reduces the voltage
applied to the grid of Ty from the positive terminal of the generator and
thus lowers the required biasing battery voltage (see Sec. 12-4). The
Glow

Fig. 6-37.—Vacuum-tube voltage regulator for d-c generator.

action is as follows: Reduction of terminal voltage makes the grid of Ty
more negative and so makes that of T2 less negative. The resulting
increase of plate current of T2 raises the field current of the exciter, which
1 George, E. E., Electronics, August, 1937, p. 19; Dudley, B., Electronics, May,
1938, p. 18; Muehter, M. W., Electronics, December, 1933,p. 336.
2 Jackson, W., Wireless Eng., 11, 64 (1934); Reich, H. J., and Marvin, G. S.,
Rev. Sci. Instruments, 2, 814 (1931); Waldorf, S. K., J. Franklin Inst., 213, 605
(1932).
3 Van der Bul, H. J., “The Thermionic Vacuum Tube and Its Applications,”
p. 371, McGraw-Hill Book Company, Inc., New York, 1920; Verman, L. C., and
Reich, H. J., Proc. I.R.E., 17, 2075 (1929); Verman, L. C., and Richards, L. A., Rev.
Sci. Instruments, 1, 581 (1930).
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in turn raises the excitation of the main generator and restores the termi

nal voltage to nearly its original value. Obviously the exciter may be
eliminated if the current of Tz is sufficient to excite the generator directly.
Thmay also be eliminated if very high constancy of voltage is not required.
By the addition of a rectifier, the circuit may be adapted to alternator
regulation.
6-27. Shielding.—The high amplification obtained in radio-frequency
amplifiers and in audio-frequency amplifiers using tetrodes or pentodes
usually necessitates the complete shielding of the individual stages in
multistage amplifiers to prevent oscillation. It may also be necessary
to shield input leads to the amplifier to prevent the picking up of stray
fields and to prevent oscillation as the result of feedback from the output
to the input.
6-28. Limit of Amplification.—Amplification is usually limited by a
tendency of the amplifier to oscillate as the result of the feeding back
of some of the output voltage to the input. This can be minimized by
shielding, by careful placing of apparatus, and by the use of chokes and
by-pass condensers and of more than one power supply. By means of
successive amplifiers operated from separate power supplies, very high
gain or power output can be obtained. Because of inherent fluctuations
of currents in amplifiers, however, there is a lower limit to the input
voltage or current that can be amplified to a given output level. Current
and voltage fluctuations in an amplifier are called noise. Noise results
from a number of causes, among which are the shot effect, ionization,
secondary emission, vibration of tube elements, imperfect contacts,
fluctuations of resistance of old or damaged batteries, incomplete filtering
of power supplies, variation of resistance of circuit elements, and random
motion of electrons through high resistances (thermal agitation). The
shot effect (see Sec. 2-14) can be kept to a minimum by operating tubes
well above temperature saturation. Ionization and secondary emission,
which have been greatly reduced in modern tubes, can be eliminated
when necessary by the use of very low voltages. “Microphonic” effects
resulting from the vibration of tube elements have been largely eliminated
in modern tubes by improving the methods of mounting and supporting
the elements.. Current fluctuations produced by the random motion
of electrons in resistances are in some respects similar to those produced
by the shot effect. The r-m-s output voltage of an amplifier resulting
from the random motion of electrons in a resistance is given by the
formula
E = 2 yfkrjf R\A\df

(6-79)

in which k is Boltzmann’s constant (1.38 X 10-23 erg/degree); T is the
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absolute temperature in degrees K; R is the resistive component of the
impedance in which the disturbance arises, measured at the frequency f;
|A| is the magnitude of the voltage amplification between the resistance
and the output at the frequency/; and/x and/2 are the lower and upper
frequencies at which the amplification may be assumed to have fallen to
zero. It is evident from Eq. (6-79) that, in order to minimize noise, it is
advisable to make the frequency range of the amplifier only wide enough
to cover the desired band.
6-29. Inverse Feedback Amplifiers.1—Much improvement in the
operating characteristics of an amplifier may be obtained by feeding a
portion of the output voltage back to the input. This process is called
feedback. If it is accomplished in such a manner that the voltage fed
back subtracts from the impressed voltage and thus reduces the alternat
ing grid voltage, the output voltage is reduced and feedback is said to
be inverse. Since the voltage fed back is greatest at frequencies at which
the amplification is highest, the reduction in output voltage for a given
input voltage is greatest at these frequencies. Inverse feedback there
fore tends to reduce frequency distortion. The voltage fed back also
contains nonlinear distortion and noise components which are amplified
by the amplifier and cancel a portion of the nonlinear distortion and
noise components in the output. Hence, inverse feedback also reduces
nonlinear distortion and noise generated in the amplifier. Other equally
important improvements result from the use of inverse feedback. The
benefits may be summarized as follows:
1. Reduction of nonlinear distortion.
2. Reduction of frequency distortion.
3. Reduction of phase distortion.
4. Reduction of noise.
5. Increase of stability (reduction of variation of amplification or of current
or power sensitivity with operating voltages and tube age).

In Fig. 6-38, which represents a feedback amplifier in general form,
A is the amplification of the amplifier without feedback and 13 is the feed
back-network attenuation, or ratio of the feedback voltage to the total
output voltage. Both A and /3 are in general complex quantities. The
product A(3, which is called the feedback factor, is assumed to be positive if
the vector sum of the impressed voltage and the feedback voltage is larger
than the impressed voltage.
The total output voltage eo consists of two parts: that resulting from
the applied input ei, and that resulting from the feedback input ^eo. The
1 Nyquist, H., Bell System Tech. J., 11, 126 (1932); Baggally, W., Wireless Eng.,
10, 413 (1933); Black, H. S., Elec. Eng., 53, 114 (1934); Bell Laboratories Record, 12,
290 (1934). For additional references see the supplementary bibliography at the end
of this chapter.
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first is made up of the fundamental output e, = Ae{, harmonic and inter
modulation components eh, and noise en. The second contains three
corresponding components, plus new harmonic and intermodulation
components that are generated from the original distortion which is fed
back. These secondary distortion components are ordinarily so small
that they may be neglected. The amplitude distortion ek is usually
generated mainly in the final stage, and its amplitude may be assumed
to be a function of the amplitude of the
fundamental output voltage ep
The manner in which the noise output
is affected by feedback depends upon the
point in the amplifier at which it is intro
Fig. 6-38.—Schematic diagram of
duced. Hence the analysis of the effect of
feedback amplifier.
feedback upon noise can best be considered
independently of nonlinear distortion. This is made possible by the
fact that noise is in general independent of signal amplitude. If the
noise output is disregarded, the output voltage is
e0 = ey + eb + Afie„
_ Qf + Qh = A ej
eh
° - 1 - AfiI ~ 1 - Afi • 1 - Afi

(6-80)
(6-81)

Without feedback the output voltage would be e/ + eh.
Equation (6-81) shows that, for a given applied input voltage e3,
feedback changes both the fundamental and the harmonic components
of the output voltage by the factor 1/(1 — Afi).
The gain of an amplifier is increased, and feedback is said to be
positive, or regenerative, when |1 — A/S| < 1. The gain is decreased, and
feedback is said to be negative, inverse, or degenerative when |1 — Afi | > 1.
When |1 — Aj3| = 1, the gain is unaffected by feedback.1
6-30. Reduction of Nonlinear Distortion by Inverse Feedback.—Sup

pose that a voltage ef is applied to the amplifier without feedback.
This results in an output (noise neglected)
eo' — e/ + ek = Aef + ed

(6-82)

To produce the same fundamental output with feedback requires an
input voltage = (1 — Afi)ei. For this input, the output with feed
back, as given by Eq. (6-81), is
1 The student should note specially that the criterion for determining whether
feedback is positive or negative is the magnitude of 1 — A 8 relative to unity, and not
the magnitude or phase angle of the feedback factor A ¡3. The feedback is, in fact,
negative when AB is positive and real, if its magnitude exceeds 2. This will be dis
cussed in connection with polar diagrams (Sec. 6-34).
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But since harmonic generation is a function of the amplitude of the funda
mental output, which is the same for both amplifiers, e* = Ch. Therefore,

e° = e/ + l^Tfi

(6‘81)

This shows that, for the same fundamental output, the harmonic and
intermodulation output are changed in the ratio 1/(1 — Afi) by the use
of feedback. If |1 — Afil > 1, the nonlinear distortion is reduced.
Thus nonlinear distortion is reduced by negative feedback.
Feedback does not reduce distortion resulting from the flow of grid
current in the input stage of an amplifier when the grid is driven positive.1
Since the grid-current distortion is a function of the alternating grid volt
age es, and the distortion and the signal are both amplified in the ratio A
between the input grid and the output, the amplified distortion is a func
tion of the signal output and is unaffected by feedback if the signal output
remains constant. Feedback does, however, reduce grid-current distor
tion set up in stages other than the first, the reduction being greatest for
distortion set up in the output stage.
6-31. Reduction of Frequency Distortion by Inverse Feedback.—

Equation (6-81) gives the voltage amplification or ratio of the funda
mental output to the input of a feedback amplifier as

It can be seen from Eq. (6-85) that for very small values of the denomina
tor, such as may be obtained with positive feedback, a small change in
the denominator, resulting from variation of A, may produce a very large
change in eo/ei. As Afi is increased beyond the value 2 or 3, however,
the importance of 1 diminishes in comparison with Afi, particularly if
the imaginary component of Afi is large in comparison with the real
component. The ratio e0/ei approaches the limiting value — 1/fi, which
is independent of A. Frequency distortion may, therefore, be reduced
by the use of negative feedback.
If
|A/3| > > 1,
..
(6-86)
Eq. (6-85) simplifies to
(6-S7)

Equation (6-87) has three important implications:
1 See pp. 125-126. ’
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1. If |Afl| > > 1, the gain is inversely proportional to fl, which means

that the frequency-response characteristic of the feedback amplifier with
high feedback factor is the inverse of the response characteristic of the
feedback network. By proper design of the feedback network the
amplifier may be made to have any desired frequency response. In
particular, it is possible to correct for nonuniform response of any network
preceding or following a feedback amplifier by using an identical network
as the feedback network of the amplifier. The design of this identical
network is usually much simpler than the design of a network having
inverse characteristics. Furthermore, if feedback is obtained through
a resistive network, fl is independent of frequency, and the relative phase
shift and dependence of gain upon frequency may be made negligible.
2. If | Afl| > > 1, amplification is independent of the load impedance
in the output of the amplifier, provided that the load does not form a part
of the feedback network. When fl is made dependent upon load imped
ance, the amplification can be caused to vary in a desired manner with
load impedance.
3. If |Afl| > > 1, the amplification is independent of A and, there
fore, of tube factors. The amplification is unaffected by variations of
battery voltage or aging of tubes. Hence the gain stability of an ampli
fier is improved by feedback if the feedback factor is large.
Equation (6-87) also holds under the more general condition that
|1 - Afl| = |Afl|

(6-88)

of which Eq. (6-86) is a special form. If Afl is written in the form
a + jb, Eq. (6-88) is satisfied if

V(1 - a)2 + ^2 = Va2 + V
a = I

(6-89)
(6-90)

Thus the amplification with feedback may also be made to depend only
on fl by making the real component of the complex feedback factor equal
to |. Since Afl changes with frequency, this condition can in general be
satisfied at only one frequency and from a practical point of view is,
therefore, of only incidental interest.
6-32. Reduction of Phase Shift by Inverse Feedback.—Reduction of
amplifier phase shift by inverse feedback may be readily shown for the
case in which fl is a. real quantity, i.e., when there is no phase shift in the
feedback network. Let
A — a + jb = |A|/9

(6-91)

in which |A| is the magnitude of the voltage amplification and 0 is the
phase angle of the output voltage of the amplifier, relative to the input
voltage, without feedback.
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0 = tan-1a

(6-92)

|A| = V«2 + 52

(6-93)

and

The amplification with feedback is
A,_E°_
A
_
a+jb
_ a - (a2 + b2)0 + jb
Et
1 — Afi
1 - (a + jb)fi
(1 - a^2 + b2p2

(6-94)

in which Eo and Ei are the output and input voltages, respectively, of the
feedback amplifier. The phase angle of the output voltage relative to
the input voltage, with feedback, is
a

tan-1----------------a — (a2 + b2)fi

tan-1---------- ---—_
1 - Afi V1 + V/a2
tan 0
= tan-1
1 - A/3
tan2 0

(6-95)

When the feedback is negative, i.e., when |1 — A/3| > 1, |A/3| must be
either negative or greater than 2. Examination of Eq. (6-95) shows that
a is then less than 0. Hence the phase shift of the output voltage relative
to the input voltage is reduced by inverse feedback. A similar analysis
may be made for the more general case in which ¡3 is complex.
6-33. Reduction of Noise by Feedback.—An analysis similar to that
which was made for the effect of feedback upon nonlinear distortion shows
that if the output is kept constant by increasing the input, A being kept
constant, the effect of inverse feedback is to reduce the noise-to-signal
ratio of the output by the factor 1/(1 — A/3), regardless of the point at
which the noise is introduced. If the output is maintained constant by
increasing the voltage amplification A of the amplifier, on the other hand,
rather than by increasing the input voltage, the noise-to-signal ratio is
reduced in the ratio 1/(1 — A/3) only when the change of A is made in the
portion of the amplifier preceding the point at which the noise is intro
duced. It is unaffected by feedback if the change in A is made in the
portion of the amplifier that follows the point at which the noise is intro
duced. At constant excitation and constant output, therefore, negative
feedback is effective in reducing hum resulting from poor filtering of the
power supply of the final stage, but has little or no effect upon noise-tosignal ratio of hum or other noises originating in early stages, such as
those caused by thermal agitation and microphonic effects.
6-33A. Effect of Inverse Feedback upon Allowable Input Voltage.—

Examination of Fig. 6-38 shows that the ratio of the impressed voltage
to the alternating grid voltage of a feedback amplifier is (1 — A/3). The

202

APPLICATIONS OF ELECTRON TUBES

[Chap.

6

voltage that can be impressed without overloading the amplifier is there

fore increased in the ratio (1 - 40) by inverse feedback. It has already
been pointed out that the impressed voltage must be increased in this ratio
in order to produce the same output as without feedback.
6-34. Polar Diagram.—Black has shown that much important
information regarding the performance of a feedback amplifier can be
determined from a polar diagram of Afi drawn for all frequencies from
0 to .1 AS may be expressed in the form a + jb, or in the equivalent
polar form \AS\/f, where

|A/1| = -\/a2 + 62

and

9 = tan-1

In a multistage amplifier
AS = |^||Ai||A2||As| ■ • • |A„| • • - /^ +

+ ^2 + ^3 +

'

•

•

\

+ ' ' ' I
where
\ (6-96)
/3 = as + jbg = |^|/I
An
-{- jbn — lAn[/9n
J

The polar diagram may be constructed by plotting the imaginary part b,
of AS, against the real part a, or by plotting |AS|, the length of the radius
vector against the polar angle 9. |A^| is the product of the magnitude
of S and the magnitudes of the gains of individual stages, and 9 is the
sum of the phase angle of S and those of the individual stages of the
amplifier.
For ordinary forms of resistance- and transformer-coupled amplifiers
the magnitudes of the stage amplifications and the corresponding phase
angles can be determined from Figs. 6-12, 6-14, 6-30, and 6-31 or the
equations from which they are derived. Consider, for instance, the
transformer-coupled amplifier of Fig. 6-406, in which the feedback
network is a simple resistance voltage divider. Assume that the mid
band amplification is 30 and that ry = r/. Then S = ry/(ry + r/) = 0.5
and in the mid-band range |A0| = 30 X 0.5 = 15. Since the voltage
fed back is opposite in phase to the impressed voltage, 9 = 180 degrees.
Below the mid-band range, corresponding values of |A|8| and 9 are
found from Fig. 6-30. Thus, when Li/(rp + rx) is 0.3, [Ai/Am[ = 0.3
and the phase shift relative to the mid-band phase is 73 degrees leading.
Hence
= 30 X 0.3 X 0.5 = 4.5 and 9 = 180 — 73 = 253 degrees.
Above the mid-band range Fig. 6-31 is used in a similar manner. Thus,
if Qo is 1.0, [Ab/Aml is 1.1 when
is 0-5, and the corresponding phase
angle relative to the mid-band value is 33 degrees lagging. Therefore
'Black, loc. cit.
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|A/3| = 30 X 1.1 X 0.5 = 16.5 and 0 = 180 — 33 = 147 degrees. Other
corresponding values of |A/3| and 0 are found in a similar manner.
Typical polar diagrams are shown in Fig. 6-39. Diagram a is that
for the resistance-capacitance-coupled stage obtained when zb in Fig.
6-40a is a resistance. Diagram 6 is for the transformer-coupled stage
of Fig. 6-406, and diagrams c and d are for the two-stage feedback
amplifier of Fig. 6-416. In these diagrams the phase angle is indicated
relative to the position of the input voltage vector. The circuits of
Figs. 6-40 and 6-41 are such that the feedback voltage at mid-band

Fig. 6-39.—Polar diagrams for (a) the circuit of Fig. 6-40a with nonreactive load, (b) the
circuit of Fig. 6-405, and (c) and (d) the circuit of Fig. 6-415.

frequencies is opposite in phase to the applied voltage. The feed
back vector is, therefore, negative at these frequencies and is drawn
to the left of the origin. It should be noted that equal arc lengths or
angles of the polar curve do not necessarily represent equal frequency
ranges. The vector will, for instance, remain fixed in magnitude and
direction throughout any frequency range for which the amplification
of the amplifier and the attenuation of the feedback network are constant.
By means of a simple vector diagram, or from the relation
V(1 - a)2 + 62 = 1,

the student may show that the locus of all values of Afi for which

|1 - A0| = 1
is a circle of unit radius on the polar diagram, having its center at the
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point 1, jO. From the definitions of degenerative and regenerative
feedback it follows that for all frequencies at which Afi terminates
within this circle the amplifier is regenerative, and for all values of
frequency for which Afi terminates outside of this circle the amplifier is
degenerative. Figure 6-396, for example, shows that the amplifier of
Fig. 6-406 is regenerative at frequencies higher than that corresponding
to point P; it is degenerative at lower frequencies, and is unaffected by
feedback at the frequency corresponding to P. The beneficial effects
of the feedback are obtained only in the frequency range in which the
feedback is degenerative.
6-35. Oscillation. —Equation (6-85) shows that the amplification
of a feedback amplifier is infinite if Afi = 1 + jO. Under this condi
tion, oscillation takes place. Nyquist has shown1 that this is not. the
only condition under which the amplifier will oscillate but that oscillation
will occur if the polar diagram formed by plotting Afi and its conjugate
encloses the point 1, jO. An inspection of Fig. 6-39 shows that such a
polar diagram cannot enclose the point 1, JO, if the absolute value of Afi
is less than unity when the feedback voltage is in phase with the input
voltage (9 = 0). This requirement can be met with ease in several
common types of amplifiers. Practical negative-feedback amplifiers are
designed so that the feedback voltage is opposite in phase to the input
voltage at the middle of the frequency band, where the response curve is
flat. Oscillation will not occur if the phase shift of the feedback voltage,
relative to its phase at the middle of the band, at no time reaches 180
degrees, or if the absolute value of Afi falls below unity before the relative
phase shift reaches 180 degrees. Figures 6-12, 6-14, 6-30, and 6-31
show that the high values of relative phase shift occur at frequencies
for which A is small, so that it is possible to prevent oscillation in one-,
two- or three-stage resistance-coupled inverse-feedback amplifiers and in
single-stage transformer-coupled inverse-feedback amplifiers.
6-36. Practical Inverse Feedback Circuits.—Since the over-all
amplification of a feedback amplifier is A/(l — Afi), reduction of dis
tortion and noise and increase of supply-voltage stability are obtained
with less sacrifice of over-all amplification if the feedback factor Afi is
increased by increasing A, rather than by increasing fi. For this reason
the advantages of inverse feedback increase with amplification per stage
and with the number of stages. Because very high stage gain can be
realized with tetrodes and pentodes, they are almost always used in at
least the voltage amplifying stages of a multistage feedback amplifier.
In the diagrams of Figs. 6-40, 6-41, and 6-42, all tubes are shown as
triodes in order to eliminate those portions of the circuits not actually
involved in feedback. Tetrodes and pentodes merely require additional
1 Nyquist, loc. cit.
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fixed grid voltages. The condensers shunting the self-biasing resistors
are assumed to be sufficiently large so that negligible feedback is pro
duced by the resistors that they shunt.
Figure 6-40a shows one of the two basic types of single-stage negative
feedback circuits. For the special case in which zb is a resistance, the
polar diagram, shown in Fig. 6-39a, is readily drawn by the use of Figs.
6-12 and 6-14. This diagram does not intersect a circle of unit radius
drawn about the point 1, JO, and does not enclose this point. This
type of amplifier is, therefore, always degenerative and cannot oscillate.
If zb contains inductive reactance, the relative phase shift approaches
180 degrees lead at low frequency, and the diagram is in the fourth

Fig. 6-40.—Single-stage single-sided inverse-feedback amplifiers.

quadrant at low frequency. The diagram does not enclose the point 1,
JO, but at low frequency is within the unit circle about this point. The
amplifier is therefore regenerative at low frequency but does not oscillate.
The impedance z6 in Fig. 6-40a may be the primary of an output trans
former. The feedback voltage may also be taken from the secondary
of the transformer, as in Fig. 6-406. No isolating condenser need then
be used. The polar diagram for this circuit, derived by the use of
Figs. 6-30 and 6-31, is that of Fig. 6-396. This diagram shows that the
circuit is regenerative at high and low frequencies, where the gain has
fallen to low values, but that oscillation does not take place.
The second type of single-stage circuit, shown in Fig. 6-40c, makes
use of the bias resistor to provide feedback voltage, fi = Tf/zb and
A = —pzb/hv + zb + ry). The polar diagram may be derived from these
expressions for fi and A. The feedback factor can be increased above that
obtainable with the biasing resistor alone by use of the modified circuits
of Figs. 6-40d and 6-40e.
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Figure 6-41a shows the basic inverse feedback circuit that is ordi

narily used in a two-stage resistance-capacitance-coupled amplifier.
The feedback voltage must be applied to the first tube in a different
manner from that of Fig. 6-40a because of the added phase shift which
takes place in the second stage. At frequencies for which the reactance
of the condenser Cf is negligible, fi = —Tf/(rj + r/). Figure 6-416 shows
a modification of Fig. 6-41a in which the use of an output transformer
makes the coupling condenser unnecessary. Polar diagrams for this
amplifier are shown in Figs. 6-39c and 6-39d. Diagram c is for the case
in which gain of the resistance-coupled stage begins to fall off at about
the resonance frequency of the transformer stage. Diagram d is for the
case in which the gain of the resistance-coupled stage is uniform to
frequencies at which the amplification of the transformer stage has

<«)

(b)

Fig. 6-41.—Two-stage single-sided inverse-feedback amplifiers.

fallen to a low value. Both amplifiers are regenerative at low and high
frequencies, but only the former will oscillate.
In a three-stage resistance-capacitance-coupled amplifier the relative
phase shift approaches 270 degrees at very low and very high frequency.
To prevent oscillation when inverse feedback is used, it is necessary to
ensure that at the extremes of the frequency band, where the phase shift
is high, the amplification has fallen sufficiently so that |A/?| < 1. This
may be accomplished by designing one stage to have nearly uniform
amplification, and hence small phase shift, up to and beyond the fre
quency limits at which the amplification of the other two stages falls to
such a low value that |A/3| < I.1 Because the phase shift in a trans
former-coupled stage may approach 180 degrees at high frequency unless
the transformer secondary is loaded, it is not feasible to use inverse
feedback in multistage transformer-coupled amplifiers unless low shunting
resistances are used .across the secondaries.1
Figure 6-42 shows two methods by which negative feedback may be
applied to a push-pull stage. Circuit a corrects for loss of gain at low
frequency caused by falling primary reactance1 but does not correct for a
1 Tebman, F. E., Electronics, January, 1937, p. 12.
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falling high-frequency characteristic caused by distributed capacitance of
the secondary of the output transformer. Circuit 5 corrects for both,
but some difficulty may be experienced in obtaining sufficient feedback
voltage with a low-impedance secondary load such as a loud-speaker voice
coil. The use of feedback on only one side of a push-pull amplifier should
be avoided, and less distortion is obtained in push-pull amplifiers with
transformer output when the feedback is between points at which the
amplifier is single sided.1
The circuits of Figs. 6-40a, 6-405, 6-41, 6-42a, and 6-425 give all the
benefits that have been discussed and in addition result in increased
damping of transient oscillations of a loud-speaker,2 used as the load.
Solution of equivalent plate circuits for these circuits, when the load
impedance is replaced by a generator of zero internal resistance and
voltage E, shows that the effective internal impedance between the output

(a)

(b)

Fig. 6-42.—Single-stage push-pull inverse-feedback amplifiers.

terminals of the amplifier is changed by the factor 1/(1 — Ap) by feed
back. Negative feedback therefore reduces the effective resistance
shunting the loud-speaker and thereby increases the speaker damping.
In the circuits of Figs. 6-40c, 6-40d, and 6-40e, /3 varies with load
impedance, and therefore feedback does not correct for frequency dis
crimination caused by variation of load impedance. These circuits do,
however, reduce harmonic distortion and hum, and increase the gain
stability. Solution of the equivalent plate circuits for the circuits of
Figs. 6-40c, 6-40d, and 6-40e with a generator in place of the load shows
that the effective terminal impedance is rp + r/(l + A). The increase
of effective resistance shunting the loud-speaker reduces the damping
with these circuits.
Ample improvement in amplifier characteristics and performance is
usually attained with a negative-feedback factor equal to 3 or 4 (approxi
mately 10 to 12 db) in the mid-band frequency range. For an amplifier
designed for carrier telephone service, Black reported distortion energy
1 Day, J. R., and Russell, J. B., Electronics, April, 1937, p. 16.
2 Dreyer, J. F., Jr., Electronics, April, 1936, p. 18; July, 1936, p. 30; Martin, L.,

Radio Eng., May, 1937, p. 13.
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75 db below signal energy, as compared with 35 db without feedback, and
gain Stability better than 0.0007 db per volt change of plate voltage.
Figure 6-43 shows frequency-response curves of an amplifier with and
without feedback. A Class B amplifier with inverse feedback, and dis
tortion curves for this amplifier, are shown in Figs. 8-28 and 8-29.

Fig. 6-43.—Frequency-response curves showing the reduction of frequency distortion that
results from inverse feedback.

Figure 6-44 shows a push-pull direct-coupled amplifier in which inverse
feedback is used to stabilize against changes of supply voltage and tube
characteristics, to reduce distortion, and to afford a simple means of
controlling amplification.1 The feedback is controlled by means of the
variable resistance R^ The potentiometer P and variable resistance R2
IQmeg

Fig. 6-44.—Push-pull direct-coupled amplifier with inverse feedback.

are coarse and fine balancing controls. The amplification of this ampli
fier ranges from 103 to 106 and the response curve is flat up to 10,000 cps.
6-37. Use of Inverse Feedback to Obtain High Selectivity.—Ampli
fiers having very high selectivity may be obtained by the use of inverse
feedback by taking the feedback voltage from the output of the amplifier
1 Goodwin, C. W., Yale J. Biol, and Med., 14, 101 (1941).
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through some form of resonance bridge, such as those discussed in Sec.
15-16.1 The output of the bridge is zero at resonance but increases
rapidly as the frequency departs from the resonance value. The ampli
fication is therefore high at resonance and falls rapidly on either side of
resonance. A typical circuit is shown in Fig. 6-45.2 In this circuit,
the effective Q, which is a measure of the selectivity of the circuit, is
Q,,[l + AR3/(R2 + Rs)], in which Qo is the Q of the tuned arm of the
bridge and A is the voltage amplification of the amplifier without feed
back. Values of effective Q ranging from 2000 to 5000 may be readily
realized with this circuit at audio and low radio frequencies. By means
of the potentiometer P the selectivity may be varied without changing
the amplification at resonance. The circuit of Fig. 6-45 and similar

Fig. 6-45.—The use of inverse feedback to obtain high selectivity.

circuits are used in oscillators (see Sec. 10-39), wave analyzers (see Sec.
15-38), and other instruments.
6-38. Use of By-pass Condensers.—The presence of impedance in
the voltage supply of a multistage amplifier or in a common lead between
the voltage supply and the plates or other electrodes may result in
objectionable feedback or even oscillation.3 An example of a circuit
in which a resistance common to several stages may lead to oscillation
is given by Fig. 6-46. The resistance r may be that of a worn battery, a
poorly designed power supply, or of a voltage-dropping resistor. The
arrows indicate the directions of the instantaneous alternating plate
currents of the three tubes resulting from an instantaneous applied
voltage that swings the grid voltage of the first tube in the positive
direction. Because of amplification, ipl +
exceeds ip2, and so the
drop through r is in the direction shown. This voltage drop is added
to that caused by the flow of ipl through the plate resistor of the first
stage, and the alternating voltage applied to the grid of the second tube
is greater than it would be if r were zero. A number of other similar
feedback effects take place between stages because of r, but these are of
smaller magnitude. If r is large and the gain of the amplifier high, the
1 Augustadt, U. S. Patent 2106785; Scott, H. H., Proc. I.R.E., 26, 226 (1938);
Terman, F. E., Buss, R. R., Hewlett, W. R., and Cahill, F. C., Proc. I.R.E., 27,
649 (1939).

2 Terman, Buss, Hewlett, and Cahill, ibid.
3 Anderson, J. E., Proc. I.R.E., 15, 195 (1927); Tamm, R., E.T.Z., 57, 631 (1930).
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feedback may be sufficiently great to cause oscillation. This may be
prevented by shunting r with a condenser C, whose reactance is small
throughout the amplification range. Because wound paper condensers
have appreciable inductance, large condensers of this type should be
shunted by small condensers that are effective at radio frequencies.
A common source of feedback in audio-frequency amplifiers is
B-supply regulation. Because of variation of voltage drop through the

Fig. 6-46.—Circuit diagram showing the manner in which common plate supplyimpedance, causes regeneration in a multistage resistance-coupled amplifier with an odd
number of stages.

rectifier tubes and filter, the terminal voltage of a B-supply varies with
the current drain. This type of feedback causes low-frequency oscilla
tion, aptly termed motorboating. Feedback resulting from B-supply
regulation can be reduced by using in each stage a decoupling filter con
sisting of a resistance and a condenser, as shown by the heavy lines of
Fig. 6-47.1 Better filtering may be obtained, particularly in radio
frequency amplifiers, by the use of
chokes instead of resistors. Chokes
have the additional advantage of not
reducing the operating plate voltage
greatly. Better methods of prevent
ing motorboating are to make the
gain of the amplifier small enough at
very low frequency so that this lowFig. 6-47.—Plate decoupling filters
frequency
oscillation cannot occur,2
(heavy lines).
or to use inverse feedback. When
voltage-dropping resistors must be used to reduce the electrode voltages
of the tubes of a number of stages, it is in general advisable to use indi
vidual resistors and by-pass condensers for the different tubes.
The tendency toward motorboating is -much less in push-pull ampli
fiers than in single-sided amplifiers, since voltage drops in voltage-supply
impedances are normally in phase opposition for currents of the two sides
1 Baggally, W., Wireless Eng., 11, 179 (1934); Cocking, W. T., Wireless World,
See also p. 132.
2 RCA Application Note 67.

29, 322, (1931).
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of the amplifier. There is, however, the possibility that voltage from the
output may be fed back to the input in such a manner that the grid
voltages of the two input tubes are in phase. The two tubes in each
stage respond to this type of excitation as though they were in parallel,
instead of in push-pull, and so motorboating may result.1 This difficulty
is prevented by the use of inverse feedback. It is of interest to note that
the feedback control in the circuit of Fig. 6-44 is such that it does not
reduce the inverse feedback insofar as action of the tubes in parallel is
concerned.
6-39. Use of Vacuum Tubes as Variable-impedance Elements.2—

Vacuum tubes may be used in obtaining an impedance the magnitude
and phase angle of which may be readily
varied. Inductive reactance may be produced
by circuits containing only capacitances and
resistances, and capacitive reactance by circuits
containing only inductances and resistances.
Negative effective resistance may also be
readily produced.
Figure 6-48 shows one type of impedance
conversion circuit. In this circuit the alternat- Fig. 6-48.—Reactance-tube
ing plate voltage is the voltage across C and r,
circuit.
whereas the alternating grid voltage is that across r. Since the voltage
across r leads that across the series combination of C and r, and the grid
voltage has more effect upon the plate current than does the plate
voltage, the plate current leads the plate voltage. The tube therefore
acts as an impedance having a capacitive component. Solution of the
equivalent plate circuit shows that, between the input terminals A and
B, the circuit acts like a parallel combination of capacitive reactance xe
and resistance re of values (see Prob. 4-3).3

_ rfiVC'1 + 1)
C(pr + rp)
rp(r2œ2C2 + 1)
r2œ2C2(l + /x) + rprto2C2 + 1

(6-97)
(6-98)

The effective capacitance between A and B is
Ce = a>2r2C2 + 1

+ 1}

(6-")

1 Goodwin, loc. cit.
2 Travis, C., Proc. I.R.E., 23, 1125 (1935); Sheaffer, C. F., Proc. I.R.E., 28,
66 (1940); Reich, H. J., Proc. I.R.E., 30, 288 (1942); Brunetti, C., and Greenough,
L., Proc. I.R.E., 30, 542 (1942). See also Secs. 10-23 and 10-24 and Probs. 4-3 to 4-5.
3 Expressions may, of course, also be derived for equivalent series resistance and
reactance.
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Ordinarily gm is so much greater than unity that the second term in the
parentheses may be neglected. Ce then has its maximum value when
r = 1/aC and. the maximum value of effective capacitance is

Max. Ce =

¿CO

The corresponding value of effective shunting resistance is
2
re at max. Ce = —
Qm

(6-100)

(6-101)

Since the transconductance depends upon the grid bias, the effective
capacitance can be changed by means of the grid bias.

(a)
Fig. 6-49.—Variants of the reactance-tube circuit of Fig. 6-48.

Equation (6-100) indicates that large effective capacitance necessi
tates the use of tubes with high transconductance. Equation (6-101)
shows, however, that the effective shunting resistance varies inversely
with transconductance. It follows that the use of a high-transconduct
ance tube in order to obtain high effective capacitance results in low
effective shunting resistance, which may be undesirable in some applica
tions of the circuit.
If rgm and p are large in comparison with unity, the effective conduct
ance is zero (the effective shunting resistance is infinite) when the grid
voltage is approximately 90 degrees out of phase with the plate voltage.
This phase relationship can be attained in the circuit of Fig. 6-48 only
by making raC zero. The grid voltage and, therefore, C„ are then also
zero. Figure 6-49 shows two circuits in which the required phase relation
can be attained without reducing the alternating grid voltage to such
an extent that the effective capacitance is too small to be useful. Circuit
a incorporates a transformer of such turn ratio and coupling that the
application of the voltage E to the plate circuit results in the applica
tion of a voltage kE to the grid circuit, in phase opposition to the voltage
applied to the plate circuit.1 Solution of the equivalent plate circuit
1 Sheaffer, loc. cit.
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shows that, under the assumptions that rgm > > k + 1 and that the
primary impedance of the transformer is infinite, the effective input
conductance is zero when
(rCay =

(6-102)

If kp is considerably larger than unity, the effective input resistance is
infinite when (rCw)2 is equal to k, i.e., when the resistance r is equal to
■x/k times the reactance of the condenser C. This is also the approximate
criterion for maximum effective capacitance, which is given by the relation

Max. Ce

w

(6-103)

Comparison of Eqs. (6-100) and (6-103) shows that, when k exceeds
i, the circuit of Fig. 6-49a gives greater maximum effective capacitance
than the circuit of Fig. 6-48. The fact that the effective resistance
shunting this maximum effective capacitance is theoretically infinite
may be a great advantage in some applications of the circuit of Fig. 6-49.
Because the primary impedance of the transformer is not infinite, re can
not be made infinite in practice. It may, however, be made large. The
type of transformer used in this circuit depends upon the frequency at
which the circuit is to be used. An audio interstage coupling transformer
may be used at audio frequencies, and singly or doubly tuned transformers
at radio frequencies.
In the circuit of Fig. 6-495 the proper phase relation between the grid
and plate voltages is achieved by the use of a two-stage resistance
capacitance coupling network. Analysis of this circuit shows that, when
rgm is large in comparison with unity, the effective admittance between
A and B is given by Eq. (6-117). If p equals or exceeds 15, the effective
conductance can be made zero by proper choice of raC. For values of p
equal to 20 and 100, respectively, the conductance is zero when raC is
equal to 0.53 and 0.96, and the corresponding values of effective capacit
ance Ce are 0.147gm/w and 0.32gm/w. At large values of p the effective
capacitance approaches the limiting value gm/3a. It should be noted
that increasing the value of p decreases the amplitude of the voltage that
can be impressed upon the circuit without overloading. A power pentode
such as the 6F6, which combines relatively high values of p, gm, and allow
able grid swing, is a good tube for this circuit.
Although the tubes in Figs. 6-47 and 6-48 are shown as triodes, the
plate and grid may be replaced by any two electrodes of a multielectrode
tube if the control electrode is maintained sufficiently negative to prevent
the flow of electrons to it. In particular, the plate and grid of Fig. 6-48
may be replaced by the screen and suppressor, respectively, of a pentode,
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the plate and first grid voltages being maintained constant, as shown in
Fig. 6-50. Appropriate changes of symbols then transform Eqs. (6-97) '
and (6-98) into (see Prob. 4-4)

_ r»^2»2 + 1)
Cu(y23r + rg2)
rg2(r2CW + 1)
r2C2o>2(l + M23) + rg2rw2C2 + 1

(6-104)
(6-105)

in which rg2 is the screen resistance, and y23 is the screen-suppressor mufactor. Because an increase of negative suppressor
voltage reduces the number of electrons that go to
the plate, the screen current increases with a nega
tive increment of suppressor voltage. y23 is there
fore negative. Since the magnitude of M23 is greater
than unity, re may be negative; and since |p23|r may
Fig
6 so —Pen
greater than rg2, the numerical value of x„ may
tode
reactance-tube
be positive, i.e., the effective reactance between A
circuitand B may be inductive. The circuit thus acts like
a negative resistance in parallel with (or in series with) an inductance.1
Expressions for xe and re may be readily derived for circuits in which
the capacitance is replaced by an inductance and for those in which the
position of the condenser or inductance is interchanged with that of the
resistance.2
A second type of circuit that may be used in changing the phase angle
or magnitude of an impedance is shown in Fig. 6-51. By the use of
inverse feedback and of low load impedance in the final stage of the
amplifier, the voltage amplification A
is made independent of r and C
throughout the frequency range in
which the circuit is to be used. The
output voltage AE is then in phase
with or in phase opposition to the
impressed voltage E. A is assumed to
reactance-:
be positive when the relative polarities Fig. 6-51.—Amplifier-type
tube circuit.
of the instantaneous input and output
voltages are as indicated by the signs in Fig. 6-51. Under the assumption
that the input impedance of the amplifier is infinite, the current resulting
from the application of the voltage E is
1 Actually the circuit acts like an inductance only in that the current lags the volt
age. Since the instantaneous value of the reactive voltage between A and B is pro
portional to the integral of the current, rather than to the rate of change of current,
it is more correct to say that the circuit acts like a negative capacitance.

' 2 Reich, loc. cit.
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(6-106)

and between the points A and B the circuit acts like a parallel combina
tion of reactance xe and resistance re of values
rWC2 + 1
C(l-A)
rWC2 + 1
“ r^C2^ - A)

(6-107)
(6-108)

or like a series combination of reactance xe' and resistance rd of values

,

=____ 1___
(1 - A^C
r

re ~ r^Â

(6-109)
(6-110)

If the amplifier contains an odd number of stages, the output voltage
is in phase opposition to the input voltage (both being measured relative
to the common terminals) and the numerical value of A is negative in Eqs.
(6-107) and (6-108). The effective resistance is then positive and the
reactance capacitive. The equivalent capacitance is

c _ a~

rWC2 + 1

f6 lin

At a given value of C, Ce has its maximum value when r is zero. The
effective resistance shunting Ce is then infinite and the effective capacitance
is
Max. Ce = (1 - A)C
(6-112)

It is evident that very large values of effective capacitance can be
obtained with this circuit if A is large. Since A may be varied by means
of the bias of one or more grids of a stage to which inverse feedback is
not applied, the value of the effective capacitance may be readily varied.
The input voltage E must, of course, be maintained low enough to prevent
overloading of the amplifier.
If the amplifier of Fig. 6-51 contains an even number of stages, the
numerical value of A is positive in Eqs. (6-107) to (6-110) and the circuit
acts like an inductive reactance1 in parallel with (or in series with) a
negative resistance, the value of which may be made low by the use of a
high-gain amplifier. If the condenser C in the circuit of Fig. 6-51 is
replaced by an inductance, the circuit acts like an effective capacitance
in parallel with (or in series with) a resistance.
1 See footnote 1, p. 214.
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Figure 6-52 shows another circuit by means of which the magnitude
or phase angle of an impedance may be varied with the aid of a vacuum
tube. Applications of this circuit are limited for the
following reasons: It does not give an inductive react
ance when x is capacitive, it cannot be used to produce a
negative resistance, the effective capacitance is always
less than the capacitance of x, and the effective shunting
resistance cannot be made infinite.
Fig. 6-52.—
Series reactance
tube circuit.

Problems

6-1. Show that the voltage amplification of a single-stage
amplifier with nonreactive load rb and self-biasing resistor Rcc without a by-pass con
denser (see Fig. 4-30a) is

_______ Mn_______
(m + l)Rcc

(6-113)

Vp + Tb +

Fig. 6-53.—Diagram for Prob. 6-2.

a. Draw the equivalent circuits for the amplifier of Fig. 6-53.
b. Neglecting interelectrode capacitances, derive a general expression for the

6-2.

voltage amplification of each stage.
c. Ti and Tz are type 6J5 tubes, operated at a plate supply voltage of 250 volts
and a bias of —6 volts, and the circuit elements have the following values:

ri = 50,000 ohms
r2 = 250,000 ohms

C„ = 0.005 ¡A
r0 = 50,000 ohms

Find the gain in decibels of each stage and of the amplifier at 60, 100, and 1000 cps.
Check by means of Fig. 6-14.
d. Repeat (c), substituting type 6SJ7 tubes for type 6J5. Use the values m = 1500
and rp = 1.5 megohms.
e. Discuss the suitability of these amplifiers for use at frequencies between 50 and
3000 cps.
f. Determine the size of the cathode resistors necessary to provide the required
bias when type 6J5 tubes are used.
6-3. Design a two-stage resistance-capacitance-coupled voltage amplifier using
6SF5 tubes, which will give the highest voltage amplification consistent with uniform
response in the range from 100 to 10,000 cps. The output of the amplifier is to be
applied to the deflecting plates of a cathode-ray oscillograph. The capacitance of
these plates and their leads is 5 mmA
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6-4. a. Plot a frequency-response curve for the amplifier of Prob. 6-2, using type
6J5 tubes and the circuit constants listed in part (c) and taking interelectrode capaci
tances into account. The output of the second stage is shunted by a 4-^Pf capacitance.
Cak = Cip = 3.4 ppi; Cpk = 3.6 ppi.
b. What should be done in order to reduce frequency distortion in this amplifier?
6-5. By graphical methods determine the maximum crest fundamental voltage
output and the voltage amplification of a type 6J5 triode in class Al operation under
the following operating conditions:

Ea = 250 volts
Ee = — 6 volts
rb = Rb = 100,000 ohms
The harmonic content must not exceed 5 per cent. Grid current starts flowing at
ee = —0.5 volt;
6-6. a. By graphical methods determine the maximum crest fundamental voltage
output and the voltage amplification of a type 6SF5 triode in class Al operation under
the following operating conditions:

En, = 300 volts
Ee = —1.5 volts
rb = Rb = 500,000 ohms
The harmonic content must not exceed 5 per cent. Grid current starts flowing at
ee = —0.75 volt.
b. Repeat (a) for a 6SF5 tube in the first stage of the circuit of Fig. 6-52.

Ebb = 300 volts
Ec = —1.5 volts
f = 1000 cps

ri = 500,000 ohms
r2 = 1,000,000 ohms
Cc = 0.01 pi

6-7. a. By graphical methods find the voltage amplification of a type 6SF5 triode
for the following operating conditions:

Ebb = 250 volts
Ec =. —1.5 volts

n = Rb = 1 megohm
Egm = 1 volt

b. Find rp and p at the operating point and find A by the use of Eq. (6-1).
c. Find the required resistance of the self-biasing resistor.
d. By means of Eq. (6-113) of Prob. 6-1 find the voltage amplification when the
self-biasing resistor is used without a by-pass condenser.
6- 8. a. Assuming that r2 > > ri + jaL, show that the high-frequency ampli
fication of the circuit of Fig. 6-17c is
i

X. _ ____________ + ja>L)____________
gaC2rp(ri + jaL) + rp + r, + jaL

/•CHA',

b. Show that if rp > > n + jaL, Eq. (6-114) reduces to
Ah “ Om JAC^f^~iLCWi

'

(6-115)

c. Transform Eq. (6-115) into Eq. (6-30).
audio-frequency interstage coupling transformer has the following
constants:
6-9. An
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Primary inductance L,........ ..................................................

25 henrys

Equivalent leakage inductance, referred to the secondary,
Le...........................................................................................
2
Equivalent distributed capacitance, referred to the
secondary, Ce.......................................................................
80
Primary resistance rx............... ;............................................
850
Secondary resistance r2.......................................................... 10,000
Turn ratio n.............................................................................
3

henrys

ufA
ohms
ohms

a. This transformer is used to couple a type 6J5 tube to a type 2A3 tube. The
operating voltages of the 6J5 are Eb„ = 250 volts and Ec = —8 volts. Construct a
frequency-response curve for the first tube and transformer.
b. Show that excessive frequency distortion results when the type 6J5 tube is
replaced by a type 6SJ7 tube used as a pentode.
6-10. a. For the transformer whose constants are given on page 190 determine
the coefficient of coupling that will give a 10-kc separation of resonance peaks with a
type 6SK7 tube.
6. Find the voltage amplification corresponding to the peaks and to the trough
of the response curve when the control-grid voltage is — 3 volts.
6-11. Design a two-stage amplifier for use with an electromagnetic oscillograph
that requires a crest alternating current of 50 ma for full deflection. Resistance of the
element is 5 ohms. In order to make possible the study of transients at very low
frequency, the response should be uniform down to zero frequency. Full deflection
must be obtained with an input voltage that does not exceed 1 volt, and amplitude
distortion must not exceed 5 per cent. Specify all circuit constants and voltages.
6-12. The terminal voltage of a 120-volt d-c generator is regulated by applying the
voltage to the input of a two-stage amplifier in such a manner that decrease of terminal
voltage increases the field excitation and thus raises the voltage. The action is as
follows: If the terminal voltage tends to fall by 1.05 volts with increase of load, the
amplifier increases the field current sufficiently to raise the induced voltage by 1 volt,
so that the net change in terminal voltage is only 0.05 volt. The average field current
is 50 ma. In the normal range of field current a 1-ma change results in a 0.1-volt
change of induced voltage.
a. Choose a suitable tube to control the 50-ma field current.
Field resistance = 2000 ohms.
6. Determine the change of grid voltage of this tube that is necessary in order to
raise the induced voltage by 1 volt.
c. Choose a first-stage amplifier circuit and tube such that the 0.05-volt drop in
terminal voltage will give the necessary change in the grid voltage of the second tube.
d. Draw a circuit diagram, specifying all circuit constants, tube operating voltages,
and supply voltages.
6-13. Construct a polar diagram for the circuit of Fig. 6-41a used with the follow
ing tubes and circuit constants:

Tx 6J7
T2 6F(5 (pentode)
Zb = rb = 7000 ohms

rx = 500,000 ohms
r2 = 1 megohm
Cc = 0.01 pf

C, = 0.1 4
rj = 100,000 ohms
r,' = 1000 ohms

6-14. The amplifier shown in Fig. 6-54 “motorboats” (oscillates at a frequency
of 2 or 3 cps) when used with a B-supply of poor regulation. The motorboating stops
when the switch S is opened but not when the first tube is removed. 'Explain.
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Fig. 6-54.—Diagram for problem 6-14.

6-15. Design a voltage amplifier incorporating cathode-follower stages and having
a voltage gain of 85 db from 100 cps to 500 kc and an effective input capacitance not
to exceed 3 ij-iA.
6-16. a. Show that the alternating grid voltage in the circuit of Fig. 6-49b is

where a = raC.
b. Show that, if the product rgm is sufficiently large in comparison with unity so
that the effect of the coupling circuit upon the effective admittance is negligible, the
effective admittance between A and B is

. (m + P«4 + (7 - W2 + 1 + 3>o3
(a4 + 7a2 + l)rp

.„„-x
(6-117)

c. Plot a curve of a vs. y for values of a that make the effective conductance zero.
d. Plot a curve of effective capacitance Ce vs. g. when a is chosen so that the effec
tive conductance is zero.
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CHAPTER 7
CLASS A AND CLASS ABI POWER AMPLIFIERS

7-1. Methods of Analysis of Power Amplifiers.—The amplitude of
the alternating plate current of power-amplifier tubes under rated con
ditions of operation is so great that nonlinear distortion is not negligible.
A rigorous analysis based upon the series expansion for plate current
should, therefore, take into account the second- and higher-order terms.
By considering only the first term of the series, however, it is possible to
derive a number of approximate relations, which, although they do not
yield accurate numerical results, are useful in making a qualitative study
of the effects of various circuit and tube factors upon the performance of
Class A power amplifiers. An examination of Eqs. (3-41) and (3-57)
shows that the second- and higher-order terms of the series expansion
are absent only when rp and p are constant. Neglecting the second- and
higher-order terms of the series expansion is therefore equivalent to
assuming the static plate characteristics to be linear, parallel, and equi
distant. Much of this chapter will be devoted to the derivation of useful
approximate relations based upon the first term of the series expansion
and upon ideal static plate characteristics of constant slope and spacing.
Considerable error may result from the application of these formulas to
numerical problems. For this reason graphical analyses or, preferably,
laboratory measurements must be made when accurate results are
essential or when it is necessary to determine nonlinear distortion.
As explained in Chap. 4, graphical analyses become very complicated
when load reactance is taken into consideration. Although loud-speakers
and other ordinary loads are not nonreactive, the assumption is usually
made that the reactive component of load impedance may be neglected
and the path of operation drawn as a straight line of negative slope equal
to the reciprocal of the effective a-c load resistance. This assumption is
justified because it leads to results which, although not accurate, are of
great value in the analysis and design of amplifiers and which could
otherwise be obtained only with great difficulty. Beyond Eq. (7-9), the
treatment presented in this chapter is based upon nonreactive load
impedance. For methods that take reactance into consideration, the
student will find it profitable to refer to the literature on this subject.1
1 Green, E., Wireless Eng., 3, 402, 469 (1926); Ardenne, von, M., Proc. I.R.E.,
16, 193 (1928); Barclay, W. A., Wireless Eng., 5, 660 (1928); Whitehead, C. C.,
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7-2. Power Relations in Vacuum-tube Plate Circuits.—Although
the vacuum tube is replaced by an equivalent generator in series with the
plate resistance in analyses based upon the equivalent plate circuit,
power in an actual plate circuit can come from only one source, the B
supply. The power supplied to the plate circuit by the source of direct
plate voltage is

1
Pi = ?

i
Ebbib dt — Ebb yj J

.
ib dt — Ebblba

(7-1)

where T is the period of the fundamental component of plate current.
This input power is converted into a-c and d-c power developed in the
load and into plate dissipation (heat) in the tube. This fact may be
stated in the form of the equation

Pi = Pp + Po + Iba2Rb

(7-2)

in which Pp is the plate dissipation, Po is the a-c output power developed
in the load, and Iba2Rb is the d-c power developed in the load.
Equation (7-2) may be rewritten in the form

Pp = Pi — P„ — IbaRb

(7-3)

which states that the plate is not called upon to dissipate the portion of
the input power that appears as output. If the input power remains
essentially constant, the plate dissipation must rise as the output power
is decreased by decreasing the excitation voltage. This is true in Class A
amplifiers, in which the average plate current Iba under excitation does
not differ greatly from the quiescent plate current Ibo- Plate dissipation
in Class A operation is thus a maximum when the excitation voltage is
zero. At zero excitation, Iba becomes Ibo and Pi, as given by Eq. (7-1),
becomes Ebblbo- Equation (7-3) then becomes
Max. Class A Pp = LoEw — Ibo2Rb = Ibo(Ebb — IboRb)

(7-4)

By means of Eq. (3-30), Eq. (7-4) may be transformed into

Max. Class A Pp = IboEbo

(7-5)

In Class A amplification, therefore, the plate dissipation will always be
within the allowable value if the zero-excitation plate dissipation IboEbo
does not exceed the rated maximum plate dissipation. In Class B and
Class C operation, on the other hand, the power input falls more rapidly
Wireless Eng., 10, 78 (1933); Sochting, F., Wireless Eng. (abstr.), 10, 165 (1933);
Preisman, A., RCA Rev., 2, 124, 240 (1937) (with bibliography); Jonker, J. L. H.,
Wireless Eng., 16, 274, 344, (1939); Fairweather, A., and Williams, F. C., Wireless
Eng., 16, 57 (1939). Preisman, A., “Graphical Construction for Vacuum Tube
Circuits,” McGraw-Hill Book Company, Inc., New York, 1943.

224

APPLICATIONS OF ELECTRON TUBES

[Chap.

7

than the power output as the excitation is reduced, becoming zero at
zero excitation, and so the full-excitation plate dissipation must not exceed
the allowable plate dissipation. As explained in Chap. 2, the energylost in plate dissipation first appears as kinetic energy of the electrons,
which is in turn converted into heat when the electrons strike the plate.
The allowable dissipation depends upon the maximum temperature that
the plate can acquire without giving off absorbed gas or emitting electrons.
When not definitely specified, the maximum allowable plate dissipation of
small receiving tubes may be assumed to equal the product of the maxi
mum values of rated operating plate current and plate voltage.
7-3. Plate-circuit Efficiency.—Plate-circuit efficiency is defined as the
ratio of the fundamental a-c power output to the power input of the plate
circuit
VP = 75

(7-6)

Plate-circuit efficiency is important for two reasons. First, increase of
plate-circuit efficiency may result in reduction of first cost of an amplifier
and associated power supply. Since the allowable plate dissipation is
related to tube size, the required size of tube tends to decrease with
increased plate efficiency. Increased efficiency reduces the required
capacity of the B supply. Secondly, economy of operation increases with
plate-circuit efficiency, both because of reduction of power input to the
plate circuit, and because of possible reduction of cathode heating power
as the result of reduced tube size. Economy of operation is of particular
importance in battery-operated amplifiers and in very large a-c-operated
amplifiers.
In a power amplifier, the load is usually coupled to the plate by means
of an output transformer or a choke-condenser filter. Since the primary
resistance of a well-designed output transformer or the resistance of an
output choke is only a few hundred ohms, the d-c power hVRb developed
in the load, which serves no useful purpose, is ordinarily negligible. The
output transformer or filter, therefore, not only prevents any objection
able effects that might result from the flow of direct current through the
load, but also increases the plate-circuit efficiency.
It is readily proved that the maximum theoretical efficiency of Class
A amplifiers with transformer-coupled nonreactive load is 50 per cent
when the distortion is negligible. In Fig. 7-1 is shown the path of opera
tion of a Class A amplifier with transformer-coupled nonreactive load.
Since the discussion is not limited to any special type of tube, no static
characteristics are shown. If the distortion is negligible, the waves of
plate current and voltage are sinusoidal, and the power output is %IpmEpm.
Since distortion is assumed negligible, Iba is equal to Ibo- If the d-c
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resistance of the plate circuit is negligible, Ew, is equal to Eb0. The power
input, as given by Eq. (7-1), is IboEbo. Equation (7-6) gives the plate
circuit efficiency as
2IboEbo. As the path of operation is extended.
Ipm and Epm increase. Their maximum
values are obtained when the path extends
to the current axis in one direction and the
voltage axis in the other. Then the plate
current is just reduced to zero at the negative
peak of excitation voltage, and the plate
voltage is reduced to zero at the positive
peak of excitation voltage. Under this con
dition of operation I pm = Ibo and
= Ebo.
The plate-circuit efficiency is then k, or 50
—Generalized Class A
per cent. Actual Class A efficiencies are Fig. 7-1.
path of operation.
less than 50 per cent (see Secs. 7-10 and
7-15). Class B and C efficiencies may exceed 50 per cent.
7-4. Power Output.—If only the first term of the series expansion
for plate current is considered and Vp is zero the r-m-s plate current is
yE«
rP + zb

(7-7)

pIEfrb
(rP + r0)2 + xb2

(7-8)

The approximate power output is
Po = Ip2Tb =

Equation (7-8) may be written in the form
Po

ÇmyEg2

m cos 0
in2 + 2m cos 0 + 1

(7-9)

where cos 0 = rb/^ and m = rP/\^. Equation (7-9) indicates that
tubes used to deliver power should have a high product of amplification
factor by transconductance. It also shows that the power output
depends upon the load power factor and upon the ratio of the load imped
ance to the plate resistance and is proportional to the square of the
excitation voltage. As would be expected, the power output at a load
impedance of given magnitude is greatest for nonreactive load, for which
cos 0 = 1.
Differentiation of Eq. (7-9) with respect to m, all other quantities
being held constant, shows that the power output is a maximum at a
fixed value of grid swing when zb = rp. From the definition of power
sensitivity it follows that this is the criterion for maximum power sensi
tivity. It should be noted that this criterion for maximum power output
holds only when the grid swing is constant and sufficiently small so that
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nonlinear distortion is negligible. In most applications of power ampli
fiers the grid swing is large enough so that nonlinear distortion is not
negligible. It will be shown that the grid swing must then be varied with
load resistance in order to obtain the greatest output consistent with
allowable distortion, and that the best value of load impedance is not
equal to the plate resistance.
7-5. Optimum Power Output.—Optimum power output is defined
broadly as the greatest power output that can be obtained at a given
operating plate voltage, subject to limiting restrictions on operation.
The load resistance that gives optimum power is called optimum load
resistance. Restrictions on operation that must be taken into considera
tion in the determination of optimum power and optimum load resistance
include allowable nonlinear distortion, allowable grid current, available
grid-circuit input power, and grid and plate dissipation.
7-6. Class A Power Amplifiers.—The flow of grid current involves a
number of difficulties, which will be discussed in detail in Chap. 8. In
Class A amplifiers the objectionable effects of the flow of grid current
more than offset the advantages resulting from the increase in excitation
voltage that may be obtained by allowing the grid to swing positive. For
this reason Class A2 operation is seldom used. It will not be discussed
further.
In Class Al amplifiers the operating restrictions are that nonlinear
distortion and plate dissipation must not exceed the allowable values and
that grid current must not flow. Since the nonlinear distortion at a
given grid swing depends upon the load resistance and the location of the
operating point, the maximum excitation voltage that can be used at a
given operating plate voltage, without exceeding the allowable nonlinear
distortion, varies with load resistance and with grid bias. Under the
assumption that grid current starts flowing at zero grid voltage,1 the grid
swing must not exceed the grid bias. The limiting grid swing at a given
operating plate voltage and load resistance is greatest when the grid
bias is adjusted so that the nonlinear distortion is equal to the allowable
value when the grid swing is equal to the grid bias. This value of grid
swing will be called full grid swing, and the corresponding power output
full power output.
Determination of optimum Class A power output and load resistance
is complicated by the dependence of nonlinear distortion upon load
resistance. As the load resistance is varied, the grid bias and excitation
voltage must be adjusted so as to maintain full grid swing. Optimum
1 As pointed out in Secs. 3-4 and 6-8, grid current may start flowing when the
grid is slightly negative. Because the voltage at which grid current starts flowing is
small in comparison with the bias of power tubes, the error involved in this assump
tion is ordinarily small.

Sec. 7-7]

227

CLASS A AND CLASS ABI POWER AMPLIFIERS

Class Al power output is defined as the greatest power output that can
be obtained when the grid bias and excitation voltage are adjusted so
that the harmonic content has a specified value, grid current does not
flow, and allowable plate dissipation is not exceeded.1 Usually 5 per
cent is accepted as maximum allowable harmonic content.2 .
7-7. Triode Class Al Power
Amplifiers.—The harmonic content

of the alternating plate current of
single-sided triode Class A amplifiers
is almost entirely second harmonic.
That the grid bias and excitation
voltage of a Class Al triode power
amplifier must be varied with load
resistance in order to maintain full
power output can therefore be shown Fla. 7-2.—Triode plate diagram for Class
by means of Eq. (4-37), which gives
A1 operatlonthe percentage second harmonic when the third and higher harmonics
are negligible.

Percentage H, =

I min/

y wo

(4.37)

In Fig. 7-2 the ratio of the positive to the negative swing of plate current
is
U
Ò

I max
Ibt

i bt

(7-10)

Imin

Combining Eqs. (4-37) and (7-10) gives
£-1

Percentage H2 = 100—7(7-11)
2 U + 1)
\o
/

Equation (7-11) shows that the second-harmonic distortion increases
with the ratio a/b. The shape of triode characteristics is such that the
ratio a/b, and hence the second-harmonic distortion, increases as the
operating point is lowered at constant load resistance and decreases as
the load line is made less steep by increasing the load resistance with a
fixed operating point.
As the load resistance is increased at a given value of plate supply
voltage, the operating point can be lowered and the grid swing increased
without exceeding the allowable distortion. This can be explained by
1 Thus optimum P„ is the maximum full P„ obtained as rb is varied.
2 Massa, Frank, Proc. I.R.E., 21, 682 (1933).
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reference to Fig. 7-3, in which, for simplicity, shift of the operating point
with change of excitation is neglected. Let MN be the original load line,
for which the distortion has the limiting value. Then let the load
resistance be increased so that the new path of operation is M"N".
Because the static characteristics of a triode are nearly parallel, the
ratio a/b is more nearly equal to unity for the new load line, and so the
amplitude distortion is less than the allowable value. The operating
point may, therefore, be lowered to O' by increasing the negative grid
bias to the value Ef, giving a lower path of operation M'N', for which
nonlinear distortion is equal to the
limiting value. This has two bene
ficial effects. (1) The increase of bias
increases the allowable grid swing from
the value Ec to the new value Ec' and
thus raises the power output obtained
with the new resistance over the value
obtained with the new resistance and
Fig. 7*3.—Triode plate diagram
original bias. (2) The reduction of
showing the necessity of varying bias
and grid swing with load resistance.
operating plate current decreases the
plate dissipation and increases the plate-circuit efficiency.
7-8. Theoretical Value of Optimum Load and Optimum Power
Output of Class Al Triode with Transformer-coupled Resistance Load
and Specified Plate Supply Voltage.1—Several investigators have derived

expressions for optimum load resistance and optimum power output based
upon empirical equations for plate current. Because no single simple
equation accurately expresses the plate current throughout the range of
operation, most of these derivations have proved to be of little practical
value. More useful approximate expressions have been derived under
the assumption that the static characteristics are linear throughout the
operating range. Although accurate determinations can be made only
by experimental or graphical methods, these expressions are often of
considerable value in making rough computations and in predicting the
general effect of various parameters upon the performance of power
amplifiers.
In the determination of optimum operating conditions it is possible
either that the operating plate voltage is specified at a fixed value, or
that it may be adjusted to the optimum value consistent with allowable
plate dissipation and distortion. In the design of amplifiers using
relatively small tubes, the operating plate voltage is usually fixed. This
case will be analyzed first.
1 Since condenser-choke coupling, illustrated in Fig. 5-17, is equivalent to coupling
through a transformer having unity turn ratio, Sec. 7-8 and subsequent sections also
apply to condenser-choke-coupled load.
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The allowable plate dissipation determines the maximum operating
plate current that can be used at a given operating plate voltage and must,
therefore, be taken into consideration in determining the optimum load
resistance, bias, and power output. Often, however, the allowable
dissipation is high enough so that the operating point and load resistance
are determined entirely by the considerations of amplitude distortion,
flow of grid current, and power output. It is convenient, therefore, first
to assume that the allowable plate dissipation is so high that it does not
affect the choice of operating point, and then to see in what manner the
procedure must be modified if the allowable dissipation limits the plate
current to a value less than that determined on the basis of harmonic
content, flow of grid current, and power output.

Fig. 7-4.—Idealized triode plate diagram used in determining theoretical optimum load

resistance and grid bias at fixed Ebo.

One of the most frequently used rules for the choice of load resistance
in triode power amplifiers with transformer-coupled load was first given
by W. J. Brown.1 Brown’s derivation is based upon the assumptions
that the operating plate voltage is fixed and equal to the plate supply
voltage, that the minimum plate current Zmin is not varied with load
resistance, that the plate characteristics are straight, equidistant, parallel
lines, and that the allowable plate dissipation is large enough so that it
does not affect the choice of operating point.2 The following derivation
is a modification of that of Brown.
Assuming that the plate characteristics are straight, equidistant,
parallel lines is equivalent to assuming that the plate resistance and
1 Brown, W. J., Proc. Phys. Soc. London, 36, 218 (1924). See also Nottingham,
W. B., Proc. I.R.E., 29, 620 (1941).
2 Since the tube characteristics are assumed to be linear, the static and dynamic
operating points coincide.
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amplification factor are constant. The plate current is therefore given
by the first term of the series expansion.
Ipm =

(7-12)

rP + rb

At full grid swing, the grid swing is equal to the bias. Therefore, at full
grid swing,
Irpm _
““ yE.
।
(7-13)

Inspection of Fig. 7-4 shows that
Emz - Ebo = Epm= - Ipmrb = -

rP + rb

(7-14)

Points W and N have the same value of ib but differ in grid voltage by
2EC. For the assumed ideal characteristics, y is constant, and
deb

Aeb
ACc

at constant ib. Hence,

u = — — at const, ib
A^c
■^max ~~ Ey)
M
2Ec - 0
E^ = Ew - 2yEc

(7-15)
(7-16)

(7-17)

Substituting Eq. (7-17) in Eq. (7-14) gives
Eb0 - E„= - yEA2------ ) = - yEc W+Èt
\
rp + rbJ
rb + rp
Ec =
• —^T'
y
rb + 2rp

(7_18)

(7-19)

Substitution of Eq. (7-19) in Eq. (7-13) gives

•b I ¿Up

(7-20)

The power output at full grid swing is
Full Po = klpm2rb = k(Eb0 — Ed2 7—x2
(rb + 2rp)2

(7-21)
'

The power output is a maximum with respect to rb when dP0/drb = 0.
Differentiation of Eq. (7-21) with respect to rb shows that this is true when
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the load resistance is equal to twice the plate resistance.

Therefore

Optimum rb = 2rp

(7-22)

Substitution of Eq. (7-22) in Eq. (7-19) gives the optimum bias,
Optimum Ea = — f

---- —

(7-23)

Since Zmta does not actually remain constant as rb is varied but may be
decreased with increase of rb, it is of interest also to derive an expression
for Ec under the assumption that the ratio of
to Zmin remains constant
as rb is varied, which is roughly true. Such a derivation yields the fol
lowing equations:
k
Optimum rb = ?-----2rp
(7-24)
rC — J.
Optimum Ec = —
4 •—
(7-25)

where k =
Examination of plate diagrams of triode power tubes shows that
under standard operating conditions EW) the plate voltage corresponding
to I»» and zero grid voltage, never differs greatly from Ebo/10 for 5 per
cent Hz, and that
ranges from approximately 5 to 15. For
these values, Eq. (7-23) calls for a bias of —0.675(Ebo/p), and Eq. (7-25)
a bias of from — Q.7(Ebo/p) to — 0.73(Ebo/u). Values that are checked
experimentally within 5 per cent are given by the following equation,
which is intermediate between Eqs. (7-23) and (7-25):
Ec = — 0.7 —

(7-26)

The value of optimum load resistance given by Eq. (7-24) does not
ordinarily differ greatly from that given by Eq. (7-22). Since both
equations are approximations, therefore, it is usually preferable to use
the simpler equation (7-22), even though Eq. (7-24) may approximate
more closely the experimentally determined value.
Substituting Eq. (7-22) in Eq. (7-9) and letting xb = 0 gives
Pc = fagmEa2

(7-27)

But for optimum Class Al amplification the grid swing is approximately
equal to Ec so that Eg 0.707Ec and
Optimum Po ~ i/j.gmEc2
(7-28)

From the definition of power sensitivity it follows that the theoretical
power sensitivity corresponding to optimum load resistance is
P. S. at optimum load = %ugm
(7-29)
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In spite of the fact that the characteristics of triodes do not satisfy
the hypotheses made in the foregoing analysis, Eqs. (7-21) and (7-22)
arfe roughly verified by laboratory measurements. A curve of power
output as a function of rb/rp as determined from Eq. (7-21) is shown in
Fig. 7-5. Experimentally determined curves of power output as a
function of rb!rp for a type 45 triode at three values of second-harmonic
distortion are shown in Fig. 7-6. The similarity between the theoretical
and the experimental curves is apparent. Furthermore, Fig. 7-6 shows
that optimum load for the 45 tube at 5 per cent second harmonic is very
nearly twice the a-c plate resistance at the operating point. It may be
shown by graphical studies based on ideal static characteristic curves
which follow simple power laws that curvature of the characteristics tends
to reduce the optimum value of rb and that increase of Zmm tends to

Fig. 7-5.—Theoretical curves of full power
output and of plate-circuit efficiency for an ideal
triode in Class Al operation.

Fig. 7-6.—Experimentally deter
mined curves of full power output of
type 45 triode in Class Al operation.

increase optimum rb. The close agreement between Fig. 7-5 and Eq.
(7-22) is probably explained by compensation of these two effects. The
agreement is not so close with other types of triodes, practical values of
rb/rp ranging from 2 to 3 for optimum output at 5 per cent second harmonic.
At first thought, Eq. (7-22) may be surprising in view of Maxwell’s
rule that maximum transfer of power from a generator to a load takes
place when the load impedance is equal to the generator impedance.
This rule assumes," however, that the voltage of the generator is not
varied as the load impedance is varied, whereas in the derivation of
Eq. (7-22) the exciting voltage was assumed to vary with load imped
ance in such a manner that the grid swing had the largest value consistent
with allowable distortion and with the restriction on grid current. In
Sec. 7-4 it was shown that the maximum output at fixed grid swing, or
maximum power sensitivity, is obtained when the load impedance is a
resistance equal to the plate resistance.
Optimum Pure Resistance Load.—An analysis similar to that used
in the derivation of Eq. (7-22) shows that, if the load is a resistance
inserted directly in the plate circuit, the optimum load resistance for a
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Class Al triode amplifier is equal to the plate resistance. Because of
loss of direct voltage and power in the load, this type of load is seldom
used. '
7-9. Optimum Power Output in Terms of Qperating Plate Voltage.—

At optimum load resistance, Eq. (7-21) reduces to
Optimum Po =

10/

0.05

(7-30)

p

F

2

(7-31)

Although the numerical values of optimum power indicated by Eq.
(7-31) are usually not greatly in error, its principal value lies in the
fact that it indicates the manner in which optimum power output of
triodes depends upon plate supply voltage and plate resistance. It is
evident from Eq. (7-31) that, in order to give high power output at a
given plate supply voltage, a triode should have low plate resistance.
Variation of plate resistance by changing the grid structure and electrode
spacing of a triode is accompanied by a roughly proportional change in
amplification factor. Triodes with low plate resistance therefore have
low amplification factor and a low product of transconductance by
amplification factor. For this reason it is difficult to obtain both high
power output and high power sensitivity [see Eq. (7-29)] with triodes.
7-10. Theoretical Plate-circuit Efficiency.—Accurate determinations
of plate-circuit efficiency, like those of power output, must be made by
graphical methods or laboratory measurements. It is profitable,
however, to determine the largest value of plate-circuit efficiency that
could be obtained with idealized linear triode characteristics. To
simplify the derivation, 7min will be assumed to be zero.
With linear characteristics, Iba = Ibo, and Eq. (7-1) becomes
Pi = Ebblbo

(7-32)

Because the primary resistance of well-designed output transformers
is small, Ebt, may be replaced by Eto.

Pi = Ebolio

(7-33)

Figure 7-4 shows that, if 7min is zero, Iio is equal in magnitude to Ipm
and Ew is zero. Then from Eq. (7-20),
‘7-34>

Substituting Eq. (7-34) in Eq. (7-33) gives
Ei 2
Pi = rb + 2rp

(7-35)

v

'
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But if Em is zero, Eq. (7-21) becomes
-^Ehohb
(rb + 2rP)2

(7-36)

The plate-circuit efficiency for ideal linear triode characteristics is

Vp

Po _
rb
Pi 2(rb + 2rp)

(7-37)

The ideal theoretical plate-circuit efficiency, as determined from
Eq. (7-37), is plotted in Fig. 7-5 as a function of rb/rp. , It can be seen
from Eq. (7-37) or Fig. 7-5 that the plate-circuit efficiency of triodes in
Class Al amplification increases with load resistance1 and that the
maximum possible ideal value of 50 per cent is obtained with infinite
load, at which the power output is zero. At optimum load the plate
circuit efficiency for ideal linear characteristics is 25 per cent. The
facts that the static plate characteristics are not linear and that
and Ew are not zero reduce actual values of plate-circuit efficiency of
Class Al triode power amplifiers at optimum load to values that range
from about 20 to 23 per cent.
7-11. Limitation of Power Output by Plate Dissipation.—At a
given value of operating plate voltage the use of optimum load deter
mined by Eq. (7-22) and the corresponding optimum grid bias specified
by Eq. (7-26) may give such a high value of static operating plate current
that the zero-excitation plate dissipation exceeds the allowable dis
sipation. The zero-excitation plate dissipation may be reduced to the
allowable value by reducing the operating plate voltage, the load resist
ance being maintained constant at approximately twice the plate resist
ance. This results in little change in plate-circuit efficiency. The
zero-excitation plate dissipation may also be reduced to the allowable
value by increasing the load resistance and grid bias, as explained in Sec.
7-7, and thus reducing the plate current. Equation (7-37) shows that the
plate-circuit efficiency increases with increase of load resistance. This
means that reduction of plate dissipation by increase of load resistance
and grid bias is accompanied by less reduction in power output than
when it is effected by decrease of operating plate voltage. For this
reason, power triodes in Class Al amplification, when operated at high
plate voltage, are often used with an a-c load resistance that is con
siderably higher than twice the plate resistance. When the power output
is limited by plate dissipation, the operating plate current for a given
operating voltage is determined from the allowable plate dissipation, and
1 Since the negative grid bias is increased with rb, Iba and hence Pi decrease with
increase of rb.
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the load resistance is chosen to have the lowest value consistent with
allowable distortion.
7-12. Graphical Determination of Power-triode Operating Conditions
and Performance at a Specified Operating Plate Voltage.—The work

of determining a triode load line corresponding to a given harmonic
content can be greatly simplified by the use of the so-called power-output
rule, first described by K. S. Weaver.1 This device is based upon the fact
that for a given second-harmonic content and negligible third and higher
harmonics, the lengths of the portions of
the load line lying above and below the
operating point have a fixed ratio. This
is readily proved by reference to Fig.
7-2. By similar triangles,
c _ a
(7-38)
d b

Combining Eq. (7-38) with Eq. (7-11)
gives
c % 25g ~|" 1
(7-39)
d “

Fig.
7-7.—Method of using
power-output rule in drawing the
load line corresponding to optimum
load.

where 32 is the ratio of the secondharmonic amplitude to the fundamental
amplitude. For the commonly accepted value of 5 per cent second
harmonic, Eq. (7-39) becomes

Ad = 1-22

(7-40)

The power-output rule has two uniform scales which are marked
off in opposite directions from a common origin. The length of the
divisions of one of these scales is arbitrary, and the length of those of
the other is 1.22 times as great. The load line corresponding to 5 per
cent second harmonic at full grid swing is found by placing the origin
of the rule on the operating point and turning the rule so that the inter
sections of the edge of the rule with the static characteristics for ec = 0
and ec = 2EC give equal readings on the two scales, as shown in Fig. 7-7.
The power output is determined from the load line in the usual manner.
With the aid of Eq. (7-39) it is a simple matter to construct rules for any
percentage second harmonic.
Since the operating conditions specified in manufacturers’ tube
manuals are satisfactory for most ordinary applications of power tubes,
1 Weaver, K. S., QST, November, 1929, p. 14. See also Greenwood, W.,
Wireless Eng., 8, 429 (1931); Espley, D. C. and Farren, L. I., Wireless Eng., 11, 183
(1934), Radio Eng., September, 1934, p. 20.
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it is not often necessary to make determinations of triode operating

points and performance. When it is desired to operate a power triode
at a specified operating plate voltage that differs from values listed in
tube manuals, the following procedure may be used:
1. Estimate the approximate location of the operating point and determine
graphically the value of m at this point.
2. By means of Eq. (7-26), determine the optimum grid bias.
3. Using the plate current corresponding to the given operating plate voltage
and the optimum grid bias, determine the plate dissipation. If the plate dissipa
tion is within the allowable value, the operating point is the point corresponding
to these voltages. If the plate dissipation exceeds the allowable value, however,
the operating point is that determined by the operating plate voltage and the
maximum allowable operating plate current, which is equal to the allowable plate
dissipation divided by the operating plate voltage. The magnitude of the grid
bias corresponding to the operating point then exceeds the value determined by
means of Eq. (7-26). It is ordinarily permissible to make an adjustment up to
5 per cent or so in the value of the grid bias in order to use a value for which a
plate characteristic curve is available.
4. Using a power-output rule, draw a dynamic load line corresponding to
5 per cent second harmonic content (or other allowable value) through the
operating point. If a power-output rule is not at hand, the load line may be
drawn corresponding to a load resistance equal to twice the plate resistance, and
the harmonic content determined graphically by means of Eq. (4-37). If the
harmonic content differs considerably from the allowable value, the load line
should be redrawn and again checked.
5. The dynamic operating point may be located and the true dynamic load
line drawn. Ordinarily this added work is not justified by the small increase in
accuracy of the results.
6. Determine the power output graphically by the method explained in Sec.
4-21. The power output may be checked roughly by the use of Eqs. (7-28) and
(7-31).
7. Find the power input to the plate circuit by means of Eq. (7-1) or (7-2).
Find the plate circuit efficiency by dividing the graphically determined power
output by the power input.

7-13. Determination of Optimum Operating Conditions for a Power
Triode with Unspecified Operating Plate Voltage.—It is sometimes neces

sary to determine the optimum load, bias, and performance of a power
triode when the allowable plate dissipation and harmonic content are
specified, but the operating plate voltage is not specified. The theoretical
expression for optimum load resistance may be derived by expressing
Ebo in terms of rb in Eq. (7-21) and setting the derivative of P„ with
respect to rb equal to zero. The resulting expression is, however, very
complicated. The following analysis is much simpler:1
1 Nottingham, loc. cit.
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Equation (7-21) may be written in the form
Po = (Ibo -

’

(7-41)

For optimum Po, dPJdrb = 0. Therefore, since Zmln is constant,

dlbo
_Ibo Zmin
In "
2^

/ — /1OA
k ‘ ’

IPm = Ibo —
and, when the plate dissipation is equal to the maximum
allowable value Ppm, Ppm = EboIbo. Hence, at maximum plate dissipa
tion, Eq. (7-20) may be written in the form
+ 2rp) = Ew

(Ibo ~

ibo

(7-43)

Differentiation of Eq. (7-43) with respect to rb gives

+

+

(7-44)

Substitution of Eq. (7-42) in Eq. (7-44) gives

rb = 2rp +

J- bo

(7-45)

Substitution of Eq. (7-45) in Eq. (7-43) gives

= 4rp(Ibo - 1^ - Ew
(7-46)
l-bo
Equation (7-46) relates the operating plate current Ibo with the known
values of Ppm, 1^., rP, and Ew at optimum load. In using Eq. (7-46) it
is necessary to assume a reasonable value of Zmm and to determine from
the plate characteristics a value of rp that holds approximately within
the operating range. The left-hand and right-hand sides of Eq. (7-46)
are then plotted against Ibo. The intersection of the two resulting curves
gives the optimum value of Ibo corresponding to the given value of Ppm
and the assumed values of Imin and rp. rb may then be found from Eq.
(7-45). Ebo = P-pm/Ibo- Ec may be found from Eq. (7-19). It is advis
able to check rp at the resulting operating point against the assumed
value, and to check the graphically determined harmonic content against
the allowable value. If either the plate resistance or the harmonic con
tent differs appreciably from the assumed value, the procedure may be
repeated, using new values of rp and Imia. After the dynamic load line
has been constructed, the power output and plate-circuit efficiency are
found in the usual manner.1
1 An alternative, often easier, method of determining optimum operating con
ditions at unspecified plate voltage is to apply the procedure of Sec. 7-12 at various
plate voltages and plot a curve of P„ vs. Ebo.
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7-14. Conversion Equations for Power Triodes.—Under the assump
tion that the plate current of triodes varies as the f power of the plate
voltage, conversion equations can be derived by means of which it is
possible to make rapid approximate determinations of operating current,
grid bias voltage, plate factors, and power output at any operating plate
voltage when the values are known at one value of operating plate
voltage. The plate current is approximated by the equation

ib = Ae^

(7-47)

The plate resistance is found by differentiating Eq. (7-47) with respect
to eb and evaluating at the operating point.
2

= 3Â Eb0~l,i

(7-48)

The transconductance is

gm = - = frAEbo*
Ip

(7-49)

The power output is

<7-“>

The grid bias is given by Eq. (7-26).
From Eqs. (7-26) and (7-47) to (7-50) the following relations are
readily found :

Ebo' and Ebo are any two values of operating plate voltage. In
spite of the fact that triode characteristics do not obey a f-power law
and that Eqs. (7-26) and (7-30), which are used in deriving Eq. (7-50),
are based upon linear characteristics, Eqs. (7-51) are sufficiently accurate
to be useful when Ebo' and Ebo do not differ too greatly. Curves based
upon Eqs. (7-51) are shown on page 677.
7-15. Class A Tetrode and Pentode Power Amplifiers.—In Sec. 7-9

it was pointed out that in triodes the low plate resistance required for
high power output cannot be attained without correspondingly low.
amplification factor, which results in low power sensitivity. This
difficulty is avoided by the use of tetrodes or pentodes. Because of the
greater ease of preventing with pentodes the undesirable shape of plate
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characteristics resulting from secondary emission, tetrodes are used com
paratively little in power amplifiers. Much of the following discussion
of power pentodes also applies, however, to power tetrodes.
Pentodes have two advantages over triodes in Class Al power ampli
fication : They have higher plate-circuit efficiency and power output and
they have higher power sensitivity. The higher plate-circuit efficiency
of pentodes is associated with the shape of the characteristics, which is
such as to allow the path of operation to extend more nearly to zero plate
voltage, as required for the ideal maximum efficiency of 50 per cent.
Physically, the higher efficiency of pentodes is explained by the effect of
the positive screen voltage, which reduces the plate voltage necessary to
produce a given plate current and thus allows a greater percentage of the
plate supply voltage to appear across the load.

Plate Volts,
Fig. 7-8.—Comparison of plate diagrams of the type 45 power triode and the type 2A5

power pentode.

It is instructive to compare in Fig. 7-8 the p'late diagram of the type
45 triode with that of the type 2A5 power pentode, which has the same
values of static operating plate voltage and current. The plate voltage
of the pentode is reduced to a much lower value at the peak of plate
current, and the area of the rectangle enclosing the path of operation of
the pentode is considerably larger than that enclosing the path of opera
tion of the triode. Inasmuch as these areas are to a first approximation
proportional to the power output, and the input plate power is the same
for both, the 2A5 power output and plate-circuit efficiency are greater
than those of the 45. (This analysis neglects shift of the dynamic
operating points.) Efficiencies of about 35 per cent are readily obtainable
.with pentodes.
The higher power sensitivity of pentodes is possible because, with a
given transconductance, pentodes can be designed with much higher
amplification factors than triodes (see Secs. 3-10 and 3-11). In pentodes
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the high amplification factor results mainly from the shielding action of

the screen and suppressor grids. Although these grids shield the cathode
effectively from the plate, the positive screen-grid voltage produces a
high positive field at the cathode, so that a comparatively high negative
control-grid voltage is necessary in order to reduce the plate current to
zero. The introduction of the screen and suppressor grids thus increases
the amplification factor without reducing the full grid swing. Equation
(7-9) shows that the combination of high amplification factor and high
transconductance is necessary for high power sensitivity and that, if high
amplification factor and high transconductance can be obtained without
reduction of full grid swing, high power sensitivity will be obtained with
out sacrifice of power output.
7-16. Power Output, Distortion, and Optimum Load of Class A
Pentode Power Amplifiers.—The shape of the characteristics of pentodes

is such that it is not possible to derive simple theoretical equations for
optimum load resistance, optimum
power, and optimum bias, as was
done for triodes. For this reason
the correct operating conditions
must be determined entirely by
graphical methods or by laboratory
measurement.
Figure 7-9 illustrates typical
curves of power output and har
monic content as a function of load
resistance for a suppressor pentode
in single-sided Class Al operation.
The exact shapes of these curves and the relative positions of
their maxima or minima are dependent upon the type of tube
and upon operating voltages. The large percentage of second
harmonic at low load impedance is associated with the crowding
together of the plate characteristics at low plate current, which flattens
the negative peak of alternating plate current, as shown by Fig. 4-16.
At high load impedance, on the other hand, the large percentage of second
harmonic results from the crowding together of the characteristics at
low plate voltage, which flattens the positive peak of alternating plate
current, as shown by Fig. 4-18. The second harmonic is zero at approxi
mately the load resistance for which the positive and negative swings of
plate current are equal. It is possible to design and operate a pentode
so that the load for maximum power also gives minimum second harmonic,
but this is in general not true. The form of the static plate characteristics
is such that the minimum value of total harmonic content usually ranges
from 6 to 10 per cent at full grid swing.
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Since the load for maximum power output is, in general, different
from that for minimum distortion, choice of the load must involve a
compromise between large power output and small distortion. Because
of the relatively high minimum distortion, distortion is ordinarily the
determining factor, and the most suitable load does not differ greatly
from that corresponding to zero second harmonic. It should be noted
that the triode-optimum-load relation rb = 2rp does not hold for pentodes,
optimum power output being obtained for load resistances ranging from
about rp/4 to rp/8. Considerable reduction in harmonic content can be
achieved by using two tubes in push-pull and choosing a load resistance
lower than that corresponding to zero second harmonic. The even
harmonics are eliminated by the push-pull connection. By reduction
of load impedance, the third harmonic may then be cut down to 5 per cent
or less without excessive loss of power output (see Sec. 7-31). Further
reduction of distortion may be achieved by the use of inverse feedback.
7-17. Disadvantages and Problems of Pentode Power Amplification.

Nonlinear distortion is considerably more objectionable in suppressor
pentodes than in triodes. This results not only from the greater distor
tion factor, but also from the presence of large percentages of third and
higher harmonics, as well as second. Associated with the large per
centage of odd harmonics is variation of power sensitivity with signal
amplitude because of contributions to the fundamental output by the
third and other odd terms of the plate-current series. The shape of
pentode static plate characteristics is such that the coefficient of the
third term of the series expansion for alternating plate current is negative.
The fundamental component of plate current associated with the third
term of the series expansion is therefore opposite in phase to that associ
ated with the first term and reduces the total fundamental plate current.
Since the contribution of the third term increases with the cube of the
excitation voltage, whereas that of the first term increases only with the
first power of the excitation voltage, this type of distortion tends to build
up the amplitude of the weaker components of the output, relative to the
stronger, and so affects the fidelity of reproduction. Figure 7-10 com
pares the variation of power sensitivity of triodes and pentodes.1 The
effective input capacitance of power pentodes is in general greater than
that of comparable power triodes and thus causes greater frequency
distortion in the preceding stage.
The variation of loud-speaker impedance with frequency is more
objectionable with pentodes than with triodes. Because of the large
variation of harmonic content with load impedance it is difficult to keep
the harmonic content low over a wide range of frequency. Furthermore,
the load resistance required to keep the nonlinear distortion within
1 Glessnbr, J. M., Proc. I.R.E., 19, 1391 (1931).
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allowable limits is usually considerably less than that which gives maxi
mum power output, and so the power output and power sensitivity vary
appreciably with load, as may be seen from Fig. 7-9. The effective tube
resistance shunting the loud-speaker is also considerably higher with
pentodes than with triodes. For this reason the loud-speaker is damped
less with pentodes, and “booming” caused by loud-speaker resonance
may be objectionable.
As pointed out in Chap. 6,
these different types of distortion
can be greatly reduced by the use
of negative feedback. The distor
tion resulting from the variation of
speaker impedance can also be
reduced by shunting the primary of
the output transformer with a
Per Cent of Full Grid Swing
series combination of capacitance
Fig. 7-10.—Variation of power sensi
and resistance.1 Curve a of Fig.
tivity of triodes and pentodes with grid
7-11 shows the variation of imped
swing.
ance of a loud-speaker with fre
quency. Curve 6 shows the improvement obtained by shunting the
primary of the output transformer with a 5000-ohm resistor in series
with a O.l-Aif condenser. The reduction of pentode distortion by the use
of push-pull Class A and Class AB circuits will be discussed later in this
chapter and in Chap. 8.
As the result of higher amplification, the degenerative effect of a self
biasing resistor is greater in pentodes than in triodes. For this reason a

Fig. 7-11.—Variation of effective impedance of a loud-speaker, (a) without shunting net
work, and (ò) with resistance-capacitance shunt.

larger by-pass condenser is required to prevent degeneration. Inasmuch
as degeneration reduces nonlinear and frequency distortion, there is an
advantage in omitting the by-pass condenser, but it is more advantageous
to use a form of inverse feedback which also reduces the effective resist
ance shunting the loud-speaker (see page‘207).
1 Tulauskas, L., Electronics, 3, 142 (1931).
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7-18. Effect of Operating Plate Voltage upon Pentode Power Output.

Power pentodes are designed to operate with a screen voltage equal to
the plate voltage. The derivation of Eqs. (7-51) is based upon assump
tions that do not hold in connection with pentodes. Nevertheless, when
the screen voltage is made equal to the operating plate voltage, these
equations and the curves based upon them (see page 677) appear to hold
with sufficient accuracy for values of Ebf in the approximate range from
^Ebo to 2E1m to make them of value in approximate determinations. This
is probably explained, in part at least, by the facts that the plate current
is determined largely by the screen voltage, that the plate current vs.
screen voltage characteristics are similar in form to triode plate charac
teristics, and that the potential distribution between cathode and anode
is unaltered when all electrode voltages are changed in proportion.
7-19. Beam Power Tubes as Class Al Amplifiers.—The characteristic
curves of a typical beam power tube, the 6L6, were shown in Fig. 3-16.

Fig. 7-12.—Power output and distortion, curves for the type 6L6 beam power pentode in

Class Al operation.

The shape of these characteristics is such that at a given operating plate
voltage even greater power output without excessive nonlinear distortion
can be obtained than with suppressor pentodes. The static charac
teristic curves are more nearly straight and parallel at low plate voltages
than those of suppressor pentodes. Figure 7-12 shows curves of power
output and distortion against load resistance for a single 6L6 under
typical operating voltages with grid swing equal to the grid bias. In
order to reduce nonlinear distortion, beam power tubes are usually
used in push-pull circuits (see Sec. 7-31). Inverse feedback may also be
used to advantage.
7-20. Screen Dissipation of Tetrodes and Beam Pentodes.—The large
increase of screen current of power tetrodes and beam pentodes as the
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plate voltage swings to low values necessitates precautions to ensure
that the allowable screen dissipation is not exceeded. The dynamic
screen-current curve may be constructed in a manner analogous to that
illustrated in Fig. 4-28 for control-grid current'. The screen dissipation
under excitation may then be found by taking the product of the direct
screen voltage and the average screen current, determined graphically
from the dynamic screen-current characteristic. For the degree of
accuracy ordinarily required in the determination of screen dissipation
the average screen current may be found by the use of Eq. (4-29), 1^
being the screen current corresponding to the control-grid and plate
voltages at the positive crest of exciting voltage, Ibt being replaced by
the quiescent value of screen current, and Zmin being zero.
Because of the reduction of minimum plate voltage with increase of
load, the maximum and average screen currents increase with plate load
resistance. Screen dissipation thus limits the maximum load resistance
that can be used. It is important to note that the load should never be
removed from the secondary of the output transformer of a tetrode or
beam pentode, as the resulting increase of effective load impedance may
result in damage to the tube because of excessive screen dissipation. For
the same reason the plate voltage of tetrodes and pentodes should not
be removed without also removing the
screen voltage.
7-21. Turn Ratio of Output Trans
former.—The loud-speaker or other device

that is to be operated by the power output
of a vacuum tube may have an impedance
that differs materially from the desired
optimum value. In order to correct for
this difference, the turn ratio of the output transformer must be such
that the effective primary impedance of the loaded transformer will be
equal to the required load impedance.
In determining the input impedance of a loaded transformer, leakage
inductance can be taken into account by assuming that the inductances
are made up of portions Lx and L2, having perfect coupling (unity coeffi
cient of coupling), and portions Lx and L2, having zero coupling. The
equivalent circuit, neglecting core losses, is shown in Fig. 7-13, in which
rx and r2 represent the primary and secondary winding resistances. Solu
tion of the network equations for this circuit gives for the effective input
impedance

Nf-

Zi = A = rx + ja(Lx + Lx') + r-^
r 2, +, ~z
2 +7-,jaL2 + jaL

where z is the impedance of the secondary load.

(7-52)
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Since the coefficient of coupling between Ly and L2 is assumed to be
unity, M2 = LyL2. If the leakage inductance is small or is proportional
to the number of turns, then L2 = n2Ly, where n is the ratio of secondary
to primary turns; and so M2 = L22/n2. Substituting this relation in
Eq. (7-52) transforms it into
T >2
Zi = ry + >(L
1
+
Id)
+
p
•
r
7 /Z+L z)n
T 22 (7-53)
J
'
(r2 + jwL2 +2 j<Md
Equation (7-53) may be written in the form
i*7
J

। ■ 7 t
J

j&L2
n2

. o>L2r2 + jdLJd + œLüZ
(r2 d juL2 + 3wL2 + z)n2

n

.

In a properly designed transformer the total secondary winding reactance
is so large in comparison with the secondary winding resistance, leakage
reactance, and the load impedance, that only the term j&L2 need be
considered in the denominator of the last term of Eq. (7-54). Also, since
Ly = L2jn2, the second and fourth terms cancel. Equation (7-54) then
simplifies to
Zi = ry +
+ jo> (id + -f) + -2
(7-55)
n2
\
n2 J n2
If the resistance and leakage reactance of the windings are small in
comparison with the load, which is true at loads for which the transformer
is designed, Eq. (7-55) reduces to
* = -2

(7-56)

Equation (7-56) shows that the effective input impedance of the
loaded transformer is equal to the impedance of the secondary load
divided by the square of the secondary-to-primary turn ratio. It should
be noted that the validity of this equation rests upon the following
assumptions :
1. Negligible core loss.
2. Leakage reactance small in comparison with the total winding reactance
3. Winding resistance small in comparison with winding reactance.
4. Load impedance small in comparison with total secondary impedance, but
large in comparison with winding resistances and leakage reactances.

These conditions are satisfied in output transformers and other
impedance-matching transformers. The turn ratio of the output trans
former should, therefore, be equal to the square root of the ratio of the
effective impedance of the loud-speaker or other load, to the optimum
load resistance. Thus, if the load resistance is 20 ohms and optimum
load for the given power tube is 2000 ohms, the output transformer should
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have a 10 to 1 step-down ratio. Since the impedance and effective
resistance of a loud-speaker or other load vary with frequency, it is
customary in the field of communication to specify impedances at 1000
cps and to match impedances at this frequency. The resulting mis
matching at frequencies above and below this value causes frequency
distortion which can be prevented by the use of impedance equalizing
networks, similar to that discussed on page 242, or by inverse feedback.
If the primary and secondary winding resistances are not negligible,
the first two terms of Eq. (7-55) cannot be dropped and it is necessary
to use the more complete expression

r2 + r
. x
% = n H. ----5—F j n2
n2

(7-57)

7-22. Push-pull Power Amplifiers.1—In a push-pull amplifier with
transformer-coupled output the instantaneous plate voltage of each
tube varies not only with its own
plate current but, because of coupling
through the primary of the trans
former, with the plate current of the
other tube. The dynamic transfer
characteristic of each tube is different,
therefore, from the dynamic transfer
Fig. 7-14.—Push-pull amplifier with
resistance load coupled through a trans
characteristic obtained with only one
former having unity turn ratio.
tube. For this reason the graphical
analysis of the operation of push -pull power amplifiers is not so simple
as that of single-sided amplifiers. The following treatment is essentially
that developed by B. J. Thompson.2
If the output transformer is assumed to have zero winding resistance
and leakage reactance and if the small magnetizing current is neg
lected, the primary and secondary ampere turns are always equal in
magnitude and opposite in sign, and the voltage induced across a given
number of turns is proportional to the number of turns. The analysis
of output transformers given in Sec. 7-21 shows, furthermore, that if the
secondary load applied to such an ideal transformer is nonreactive, the
voltage across the primary is in phase with the primary current and
proportional to it. Well-designed output transformers approximate
these ideal conditions very closely.
Figure 7-14 shows the circuit of a push-pull power amplifier with
transformer-coupled resistance load rb. In order to simplify the analysis,
the secondary of the output transformer will be considered to have the
1 The student should review Sec. 5-10.
2 Thompson, B. J., Proc. I.R.E., 12, 591 (1933).
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same, number of turns N as each half of the primary. The effect of
change of transformation ratio will be considered later.
Because the plate currents in the two halves of the primary flow
in opposite directions, the net instantaneous primary ampere turns
are the difference between the ampere turns of the two halves Nit, — Nib.
Since the leakage inductance is assumed to be zero and the circuit to be
symmetrical, this difference must equal Nir, the instantaneous value
of the secondary ampere turns. The instantaneous secondary current
is therefore
ir = ib — ib
(7-58)
The secondary voltage is

er = irTb = (ib — ib)rb

(7-59)

But since each half of the primary has the same number of turns as
the secondary and there is no flux leakage, the voltage induced across
each half of the primary is also (ib — ib)rb. If ib is greater than ib,
the direction of these voltages is such as to lower the plate voltage of
tube 1 below E^ and to raise the plate voltage of tube 2. Because the
primary is assumed to have zero resistance, the operating plate voltage
Eb0 is equal to Ebb and the instantaneous plate voltages of the two tubes
are
eb — Ebo
(fb rtb )rb
eb = Ebo + (ib — ib)rb
(7-60)
7-23. Composite Characteristics.—Equations (7-58) to (7-60) show
that the instantaneous load current, voltage, and power, as well as the
tube plate voltages, depend upon the instantaneous values of the differ
ence between the plate currents of the two tubes and upon the load
resistance. It is to be expected, therefore, that a plate diagram involving
the plate-current difference should be of value in the analysis of push-pull
amplifiers. Since a necessary condition for the complete suppression of
even harmonics is that the amplifier shall be in all respects sym
metrical, an increase of instantaneous grid voltage of either tube is
accompanied by an equal decrease of instantaneous grid voltage of the
other tube. For an instantaneous value of alternating grid voltage eg,
one grid has a total instantaneous voltage ec = Ec + eg, and the other
e/. = Ec — eg. The sum of the instantaneous grid voltages of the two
tubes is ec + ef = 2EC. Therefore the diagram should show the varia
tion of eb and ef with ib — ib under the condition that the sum of the
grid voltages of the two tubes is always 2EC. Furthermore, since, as
shown by. Eqs. (7-60), the changes of plate voltage of the two tubes
relative to Ebg are equal and opposite, the diagram should be formed in
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such a manner that an increase of plate voltage of one tube corresponds
to an equal decrease of plate voltage of the other tube.
The method of constructing such a diagram is shown in Fig. 7-15a.
The plate characteristics for tube 2 are plotted below those for tube 1,
with a common voltage axis, but with voltage and current scales that
increase in opposite directions. The relative position of the two sets of
characteristics is such that the operating points 0 and O' of the two tubes
lie in the same vertical line, and a common point on the voltage axis
indicates Ebo for both tubes. Then curves of ib — ib vs. eb are plotted
for pairs of characteristics such that ec + ec' = 2EC. Figure 7-15a
shows the method of doing this for the pair of characteristics correspond
ing to ec = Ec + eg and eg = Ec — eg. Any point X on this composite

Fig. 7-15.—Methods of constructing composite plate characteristics.

characteristic is located by making the vertical distance PX equal to the
distance PU minus the distance PW. If ib exceeds ib, PU minus PW
is negative and X lies below the voltage axis. It is not actually necessary
to use the second set of plate characteristics in order to construct the
composite characteristics. If preferred, a single family of characteristics
may be used, as shown in Fig. 7-155. At various values of Aeb, the
distance P'W, corresponding to the plate voltage E^ + Neb and the grid
voltage Ec — Xy is subtracted from the distance PU corresponding
to the plate voltage Ebo — Aeb and the grid voltage Ec — Aec. Although
triode characteristics are shown in Fig. 7-15a and pentode characteristics
in Fig. 7-156, either method of construction may be used for any type of
tube, the procedures being independent of differences in the shapes
of the characteristics.
The composite characteristics of triodes for values of Ec corresponding
to Class A operation are usually nearly straight and parallel. They may
be approximated by locating the point on each plate characteristic of one
tube corresponding to cutoff for the other tube and joining these points
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with a straight line. For high values of bias the composite triode char
acteristics may be appreciably curved. In Fig. 7-16 are shown the
composite characteristics for type 45 triodes at an operating plate

E|,o=/80v.

Ec--50k

EbO = /80v.

Ec=-40k

Type 45 tube

Fig. 7-16.—Composite plate characteristics for the type 45 power triode at two values of
grid bias.

(a)Type47 Ebo=240/. Ec —/6k

(b)Type47

-240v. Ec^~24vr

Fig. 7-17.—Composite plate characteristics for the type 47 power pentode at two values of
grid bias.

voltage of 180 volts, and -50- and —40-volt grid bias. The composite
characteristics of pentodes do not approximate straight lines, as may be
seen from the suppressor- and beam-pentode characteristics of Figs. 7-17
and 7-18.

250

APPLICATIONS OP ELECTRON TUBES

[Chap.

7

It is evident from the method of deriving the composite character
istics and from Fig. 7-16, that, when the two tubes are alike and the
circuit is symmetrical, the com
posite plate diagram is sym
metrical about the voltage axis.
Furthermore, the load line passes
through only the second and fourth
quadrants. For these reasons,
only the portion of the diagram
lying in the second quadrant need
be constructed. If the tubes are
not identical, the composite plate
diagram is not symmetrical about
Type 6L6 Ebo“'^^ Ec = -/5k
the voltage axis, and both the
Fig. 7-18.—Composite plate characteristics
second and the fourth quadrants
for the type 6L6 beam power pentode.
must be used.
7-24. Load Line.—Let ib — ib, eb, and eb be any simultaneous
instantaneous values of current difference and plate voltages assumed

Fig. 7-19.—Composite plate diagram.

during the cycle with a given load rb and operating plate voltage Ebo.
The corresponding point is indicated by X in Fig. 7-19. A straight line
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is drawn through this point and the point Q on the voltage axis cor
responding to Eb<>. The following relations are evident from Fig. 7-19
and Eq. (7-60) :

Since it — ib, eb, and eb are any simultaneous instantaneous values
assumed during the cycle, it follows that the straight line through Q
having a negative slope equal to 1/n represents the locus of all cor
responding values of current difference and plate voltage with- the
given load and operating voltages. Furthermore, Eq. (7-58) shows that
the current difference at any point is also equal to the load current ir,
and Eqs. (7-59) and (7-62) show that PQ, the change in voltage relative
to Ebo, is equal to the load voltage er.
Therefore the line MQN is also the
locus of all corresponding values of
instantaneous alternating grid voltage
and secondary load current and volt
age and is called the load line. These
values of load current and voltage are,
of course, measured relative to Q.
7-25. Path of Operation of Each
Tube.—Because the instantaneous plate

voltage of each tube is dependent not
only upon its own plate current but
also upon that of the other tube, the
effective load on each tube varies
throughout the cycle, and the path of
operation of each tube is curved. The
Fig. 7-20.—Triode composite plate
individual paths of operation may be diagram showing the individual paths
obtained by plotting corresponding of operation of the two tubes.
values of ib and eb and of if and eb determined from the composite plate
diagram. The method of constructing individual paths of operation is
illustrated in Fig. 7-20, which shows typical triode paths. It is of
interest to note that the curvature of the path of operation of each tube
is such that the curvature of the dynamic transfer characteristic of each
tube is greater than it would be if the tube were used by itself with
constant load resistance.
7-26. Graphical Determination of Harmonic Content and Power
Output.—A dynamic characteristic of load current vs. alternating grid

voltage may be derived from the composite plate diagram by plotting
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simultaneous values of ir and eg determined from the intersections of the
load line with the composite characteristics. Figure 4-26 shows such a
characteristic and illustrates its use in determining the wave form of the
load current. The dynamic characteristic may be used for harmonic
analysis of the load current. Since the characteristic is symmetrical,
Eqs. (4-34), (4-35), or (4-36) may be used. These equations may also
be used to determine the amplitudes of the various components of load
current directly from the composite plate diagram, in the same manner
as for a single tube (all currents being measured relative to the voltage
axis). In Fig. 7-176, for instance, i^2 and at full grid swing are the
currents corresponding to the intersection of the load line with the
composite characteristics for ea = 12 volts and eg = 24 volts, respec
tively, or 35 ma and 62 ma.' Hence Eqs. (4-34) show that

Ht = f (62 + 35) = 64.7 ma,

and H3 = |(62 - 70) = -2.7 ma.
The fundamental power output may be computed from the graphically
determined value of H^ If the third and fifth harmonics are small,
however, as is true for Class A triode amplifiers, little error is introduced
by assuming that the amplitude of the fundamental component of
load current is the crest instantaneous load current Irm determined by
the intersection of the load line with the composite characteristic cor
responding to the crest value of the instantaneous alternating grid
voltage. At full grid swing this is the current corresponding to the
point M in Fig. 7-19. Then the power output is approximately
Pb = ilrm^b = ^IrmErm

(7-64)

It can be seen from Fig. 7-20 that the increase of plate current of each
tube when its grid swings in the positive direction is greater than the
decrease when the grid swings in the negative direction. The average
current, therefore, increases with excitation. The average current Iba
for one tube can be found by applying one of the formulas of Chap. 4
to the path of operation of one tube. (Note that Ibt = Ibo.) The power
input to the plate circuit is
Pi = 2EibIba = 2EboIba

(7-65)

An approximate expression for power input can be obtained by using
Ibo in place of Iba7-27. Class AB Push-pull Operation.—In push-pull amplifiers
with fixed grid bias there is no abrupt increase of amplitude distortion
when the bias is increased beyond the limiting Class A value, as the
student may show by graphical analysis of composite plate diagrams at
various values of grid bias. When bias is obtained by the use of a
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cathode resistor, however, rectification caused by the interruption of
plate current in each tube during a portion of the cycle in Class AB
operation causes the average plate current to increase at high excitation.
This tends to overbias the grids and raise the nonlinear distortion.
Distortion is also augmented by the lowering of operating plate voltage
if the B-supply regulation is high. The increased distortion is particu
larly noticeable with triodes. Even with self-biased triodes, however,
the bias may be increased considerably beyond the limiting Class A
value without raising the distortion to excessive values. At a given
operating plate voltage, this increase of bias reduces the operating plate
current and thus decreases the plate dissipation and increases the plate
circuit efficiency. At a given plate dissipation it allows the use of higher
plate voltage and consequent development of ib
greater power output at higher efficiency.
For this reason Class AB bias is usually used
in push-pull amplifiers, in preference to Class
Al bias.
7-28. Optimum Operation of Class Al and
Class ABI Push-pull Triode Amplifier.—The

shape of triode composite characteristics is
such that the harmonic content in Class Al
and fixed-bias Class ABI operation is small
except at very low values of load resistance.
i'b
For this reason the grid swing and power out
ig. 7-21.—Idealized tri
put are not limited by allowable distortion, odeFcomposite
plate diagram
as in single-sided amplifiers. Full grid swing used in determining theo
optimum Class A load
is equal to the grid bias, and optimum load retical
resistance.
resistance for given operating voltages is that
which gives the greatest power output at full grid swing.
The theoretical optimum load resistance for triodes in Class Al or
fixed-bias Class ABI operation at given operating voltages can be deter
mined from the idealized composite plate diagram of Fig. 7-21. In Fig.
7-21 the composite static plate characteristics are assumed to be straight,
parallel, and equidistant. If rpp is defined as the reciprocal of the slope
of the composite characteristics,
_
Erm
rPP ~ j __ r
Ah
Arm

(7-66)

Substituting Eq.-(7-66) in Eq. (7-64) gives
Irm) Irm

P0 ~
Po

(7-67)

is maximum when dPo/dITm = 0, or
Ih = 2Irm

(7-68)
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and

(7-69)

— r&

t

tpp

2 rm

Equation (7-69) states that the optimum load resistance is equal to
the composite plate resistance, the latter being defined as the reciprocal
of the slope of the composite characteristics. Inasmuch as the com
posite characteristics are not strictly straight and parallel, rpp may be
defined more specifically as the reciprocal of the slope of the composite
characteristic for ea = 0 at the point at which it crosses the voltage axis.
This may be stated symbolically by the relation
1

d (¿ò

ib )

(7-70)

deb

Tpp

eb = Ebo

and

eg

=0

Optimum power output is obtained when the slope of the load line is
equal in magnitude to the slope of the composite characteristic corre
sponding to ea = 0 (ec = E^ at their point of intersection.
7-29. Limiting Class Al Triode Operation.1—Because the large
variation of average current with signal amplitude in Class AB ampli
fication increases the difficulty of maintaining constant operating volt
ages, it is sometimes of advantage to be able to determine the highest
grid bias that can be used in Class Al push-pull operation. At this bias
the minimum instantaneous plate current of each tube is just equal to
zero when the grid swing is equal to the bias. The theoretical value of
this limiting bias at optimum load can be determined for triodes from
Fig. 7-22 by assuming that the static characteristic corresponding to
zero grid voltage follows a f-power law, which is approximately true for
most power triodes. Under this assumption,
ib = Ae»*

ec = 0

for

-=
= IAe^
rp deb

for

ec = 0

(7-71)
(7-72)

Dividing Eq. (7-71) by Eq. (7-72) gives

for

ibrp =

ec = 0

(7-73)

At M, where ib = Im and eb = E^, the composite static plate charac
teristic joins the static characteristic for tube 1, and the value of rp at
that point is equal to rpp, the reciprocal of the slope of the composite
characteristics. Hence, evaluating Eq. (7-73) at M gives
rmTPp

^Emin

(7-74)

1 The author is indebted to Mr. W. R. Ferris of the RCA laboratories for the
derivations in this section.
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But, since E,nm = Eb0 — Imrb and, for optimum output, rpp = rb,

IrmrPP = Ebo — Emin

(7-75)

Combining Eqs. (7-74) and (7-75) gives

Ebo — Emin = iEmin

(7-76)

Emi„ = Q.6Ebo
E™ = Eb0 - Emin = 0AEb„

(7-77)
(7-78)

and

At N the plate and grid voltages of tube 1 have the values

eb = Ebo + Erm = Ebo + 0AEbo = lAEbo
ec = 2EC

(7-79)
(7-80)

Since the plate current of tube 1 is zero at point N under maximum
Class Al bias, a grid voltage equal to twice the grid bias gives cutoff at a

Fig. 7-22.—Idealized composite plate diagram of triodes with optimum load resistance and

maximum Class Al bias.

plate voltage lAEb0. Therefore the limiting value of Ec for push-pull
Class Al operation of triodes is one-half the value that reduces the plate
current to zero at a plate voltage equal to lAEbo. Because of variation
of amplification factor, the value determined in this manner is not exactly
equal to the value that results in plate-current cutoff at a plate voltage
of 0.7Ebo. The error, however, will usually be less than 5 per cent if the
limiting Class Al bias is determined from the formula

Ec=—0.7 —

-

(7-81)
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This value of bias gives the highest plate-circuit efficiency that can be
obtained in optimum push-pull Class Al operation of triodes.
Optimum power output and load resistance of triodes at the limiting
value of Class Al bias can be determined without constructing composite
characteristics. By using Eq. (7-77), it can be seen from Fig. 7-22 that
ITm is the plate current of one tube at the plate voltage O.&Ebo and zero
grid voltage. Optimum power output may be found by substituting
this value of Irm in the following equation, which is derived by substituting
Eq. (7-78) in Eq. (7-64):
Optimum Pc = 0.2IrmEbo

(7-82)

Optimum secondary load resistance is equal to the reciprocal of the slope
of a line drawn through the point Ebo on the voltage axis, and the point
eb = O.bEio on the zero-grid-voltage characteristic of one tube. This is

Optimum ri =

0

AEb

—-

(7-83)

a rm

7-30. Push-pull Class Al Triode Power Output in Terms of Operating
Plate Voltage.—An expression for optimum power output of push-pull

triodes in terms of operating plate voltage can be derived from the plate
diagram of Fig. 7-22.
Ebo — Ey = distance YQ = YS + SQ
= Irnl pp “I- Irmlb
a™

(7-84)

=
• pp

i

•b

Substitution of Eq. (7-85) in Eq. (7-64) gives

Full Po =

(7-86)
7

2(rpp + rb)2

For optimum power output, rb = rpp, and for maximum Class Al bias,

Ev = Ebo — 0.8Ebo = 0.2EboP

Optimum Po

2

0.08 —
Tpp

(7-87)

The principal value of Eq. (7-87) lies in the fact that it shows the manner
in which the power output depends upon the operating plate voltage
and upon plate resistance. rpp decreases with increase of steepness of
the static plate characteristics. Therefore, triodes used in Class A pushpull power amplification should have low plate resistance.
7-31. Suppressor and Beam Power Pentodes in Push-pull.Operation.

It can be seen from the composite plate diagrams of Figs. 7-17 and 7-18
that the „shape of composite pentode characteristics is not such as to
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allow Eq. (7-69) to be applied. Distortion rapidly becomes prohibitive
as the load resistance is increased beyond the value for which the load
line intersects the composite characteristic for full grid swing at the knee.
The characteristics fall so sharply at plate voltages lower than that
of the knee that the power output also begins to decrease as the load
resistance is increased beyond this value. The load lines shown in Figs.
7-17 and 7-18 represent approximately the limiting load resistances
beyond which the distortion rises sharply and little or no increase in power
output is obtained.
Comparison of Figs. 7-17 and 7-18 shows clearly that the minimum
plate voltage of the beam power tube can be reduced to a lower percentage
of the operating voltage than that of the suppressor pentode without
producing excessive distortion. This makes for higher plate-circuit
efficiency and higher output at a given plate dissipation. The composite
characteristics of the beam pentode are also seen to be more evenly
spaced than those of the suppressor pentode, so that distortion can be
made much lower with the beam pentode than with the suppressor
pentode. Two 6L6 tubes in Class Al push-pull operation are capable of
delivering an output of 14.5 watts with a distortion factor of only 2 per
cent and a plate efficiency of 41.5 per cent.
7-32. Summary. Push-pull Operation.—A complete analysis of the
operation of tubes pf a given type in a push-pull amplifier with an output
transformer of unity turn ratio between the secondary and each half of
the primary may be made by constructing composite plate diagrams for
various values of operating plate voltages. The amplitudes of the fun
damental and harmonic components of the load current may be deter
mined by applying Eqs. (4-34), (4-35), or (4-36) to the plate diagrams or
to transfer characteristics of load current vs. instantaneous alternating
grid voltage derived from the plate diagrams.
Optimum load resistance for triodes in Class Al or Class ABI opera
tion is that corresponding to a load line whose slope is equal in magnitude
to that of the composite characteristics. For pentodes, optimum Class
Al or Class ABI load resistance is approximately that corresponding
to a load line which intersects the composite characteristic corresponding
to positive crest alternating grid voltage just to the right of the knee, the
exact value being influenced by the allowable nonlinear distortion.
Optimum load resistance and power output for triodes with maximum
Class Al bias may be quickly determined without constructing composite
characteristics by substituting in Eqs. (7-82) and (7-83) the plate current
determined from the zero-grid-voltage plate characteristic of one tube
at a plate voltage of 0.&Ebo.
7-33. Turn Ratio of Output Transformer.

Plate-to-plate Load.—

The foregoing analysis was based upon a transformer having unity turn
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ratio between half the primary and the secondary. For any other turn
ratio the load must be transformed into an equivalent load at unity
turn ratio, and this equivalent load must be used in determining the slope
of the load line and the power output. The analysis of Sec. 7-21 shows
that the equivalent unity-turn-ratio load is equal to r/n2, where r is
the actual secondary load and n is the turn ratio of the secondary to each
half of the primary. Usually the optimum value of rb is determined
graphically or experimentally, and r is the known resistance of the loud
speaker or other load. The transformer turn ratio is then chosen so that
n2 = rb

(7-88)

It is common practice to specify the optimum plate-to-plate load, rather
than the optimum unity-turn-ratio load. A plate-to-plate load is a load
connected across the primary from plate to plate. Since the total
number of primary turns is 2N, a load connected from plate to plate has
the same effect as though it were connected across a secondary having
2N turns. For such a transformer n is 2, and so
u =

(7-89)

where r» is the plate-to-plate load. Hence the optimum plate-to-plate
load is four times the optimum unity-turn-ratio load. For an optimum
plate-to-plate,load and an actual secondary load r, the turn ratio must
be chosen so that

n2 = —
Tib

;

(7-90)

Problems
7-1. Construct a “power-output rule” for 5 per cent second harmonic.
7-2. a. Neglecting the shift in operating point with excitation, locate the optimum
operating point for a 45 triode operated at a plate voltage of 200 volts. The load is
nonreactive and is coupled to the tube through a transformer of small primaryresistance. The allowable plate dissipation is 10 watts, and the allowable second-'
harmonic content is 5 per cent.
6. Locate the optimum load line.
c. Determine the optimum power output graphically.
d. From the load line find the optimum load resistance.
e. Determine the plate resistance at the operating point.
j. Using the values of rp and rb found in (e) and (d), find the optimum power
output by means of the equivalent plate circuit.
g. Check the optimum power output by means of Eq. (7-21).
h. Find the power input to the plate circuit, and the plate efficiency. Use the
graphically determined value of power output.
i. Find the power sensitivity, using the graphically determined value of optimum
power.
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j. If the resistance of the load across the secondary of the output transformer is
40 ohms, find the correct transformer ratio.
7-3. Repeat Prob. 7-2, using an operating plate voltage of 300 volts.
7-4. Determine the optimum operating voltages, load, and power output of a type
45 triode at unspecified operating plate voltage, an allowable plate dissipation of 9
watts, and an allowable second-harmonic content of 5 per cent.
7-5. In the diagram of Fig. 7-23 are shown idealized triode and pentode char
acteristics for the same operating voltages and currents. Both sets of characteristics
are assumed to be straight, parallel, and equally spaced, and the pentode character
istics are assumed to be parallel to the voltage axis to the right of the knees. /mm is
assumed to be zero for both tubes. ' By means of this diagram show that a triode
which operates at the same plate voltage as a pentode and delivers the same power

Emin-

Ebo

Fig. 7-23.—Diagram for Prob. 7-5.

output at the same efficiency and power sensitivity would have to have a transcon
ductance whose value is approximately (2Ebo — E^A /E^ times that of the pentode.
7-6. a. Construct composite characteristics for type 6F6 tubes connected as
triodes, operating at a plate voltage of 250 volts and a grid bias of — 30 volts.
b. Draw the load linb for optimum load, and determine the optimum plate-to-plate
load resistance.
c. Find the percentage Hs and percentage Hb at full grid swing.
d. Find the power output for two tubes.
e. Find the plate efficiency.
f. Find the required transformer turn ratio if the secondary load is 50 ohms.
g. Plot the path of operation for one tube.
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CHAPTER 8
CLASS B AND CLASS AB2 AMPLIFIERS

The distinguishing feature of Class AB, Class B, and Class C amplifiers
as a group is that plate current in individual tubes does not flow during
the whole cycle.1 Class B and Class C operation were originally used in
radio-frequency amplifiers. Later it was shown that the high power
output and efficiency of Class B operation could also be attained without
excessive distortion in audio-frequency amplifiers.2 More recently Class
B audio power amplifiers have to a great extent been displaced by Class
AB amplifiers using beam power tubes, which give much lower amplitude
distortion and operate at pnly slightly lower efficiency. Class B opera
tion now finds its principal application in r-f amplifiers; in batteryoperated a-f power amplifiers, where low power consumption is essential;
and in high-power a-f power amplifiers used to supply signal excitation
in linear plate modulation. Class C operation, as explained in Chap. 5,
can be used only in r-f amplifiers.
8-1. Class B Audio-frequency Amplifiers.—Because a tube that is
used in Class B amplification passes
plate current during only approximately
half the cycle, Class B audio amplifiers
must employ two tubes in push-pull in
order to prevent excessive distortion.
The composite plate diagrams discussed
in the preceding chapter are applicable
to the analysis of Class B amplifiers.
Since the static operating plate current
is small, if not actually zero, the com
posite portions of the plate characteris
tics take up a relatively small portion of
Fig. 8-1.—Composite plate dia
gram for triodes with grid bias
the whole curves, as shown in Fig. 8-1, slightly
less than cutoff value.
and only at very small signal voltages
does the path of operation intersect these composite curves.
The advantages of Class B operation over Class A operation in audio
frequency power amplifiers are the higher plate-circuit, efficiency and the
resulting higher power output that can be attained with tubes of a given
1 The student should review Sec. 5-15.
- Barton, L. E., Proc. I.R.E., 19, 1131 (1931); 20, 1035 (1932).
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size and with power supplies of a given capacity. The principal disad
vantage is the much greater nonlinear distortion. Furthermore, full
advantage of the capabilities of Class B amplification is obtained only
when the grid swing is so great that grid current flows during a consider
able portion of the cycle. The flow of grid current and the associated
expenditure of power in the grid circuit are disadvantages that result
in a number of design problems. These and other design problems will
be discussed in detail in Sec. 8-9.
The greatest plate-circuit efficiency is obtained if the grids are actually
biased to cutoff, reducing the static operating plate current and static
plate power dissipation to zero. Under this condition of operation only
one tube at a time carries current, and the plate-circuit diagram reduces

Fig. 8-2.—Composite plate diagram for
triodes biased to cutoff.

Fig. 8-3.—Dynamic transfer character
istic corresponding to the plate diagram of
Fig. 8-2.

to that of Fig. 8-2. The dynamic transfer characteristic corresponding
to Fig. 8-2 for the two tubes is of the form shown in Fig. 8-3. It is
apparent that the relation between plate current and grid voltage is far
from linear and that bad distortion will result. If, on the other hand,
the grid bias is made sufficiently less negative than the cutoff value (as in
Fig. 8-1) so that those portions of the dynamic transfer characteristics
which are approximately straight fall on a common line, as in Fig. 8-4,
then distortion will be greatly reduced.
The resultant dynamic curve of load current vs. alternating grid
voltage for that portion of the cycle during which both tubes pass current
cannot be obtained by adding the currents of the two individual dynamic
characteristics of Fig. 8-4. These dynamic characteristics are drawn
under the assumption that the instantaneous plate voltage of each tube
depends only upon the plate current of that tube, whereas, as shown in
Chap. 7, it depends upon both plate currents. The resultant dotted
portion of the dynamic transfer characteristic in Fig. 8-4 must be derived
by the method explained for push-pull amplifiers in Sec. 7-23. It is
generally slightly S-shaped, as shown in Fig. 8-5. At high excitation this
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curvature is relatively unimportant, but at low excitation it results in
appreciable nonlinear distortion.

Fig. 8-4.—Dynamic transfer character
istic corresponding to the plate diagram of
Fig. 8-1.

Fig. 8-5.—Dynamic transfer character
istic at small values of grid swing. (eg is
measured relative to Ec4

8-2. Class B Characteristics.—Because the path of operation is not
restricted to the negative grid-voltage region in Class B amplifiers,
problems of Class B amplifier design involve not only the plate charac
teristics, but also the grid characteristics. In Fig. 8-6 are shown static
curves of and ic vs. eb for a type 46 tube.1 The dynamic transfer charac

Fig. 8-6.—Static plate characteristics and plate-grid transfer characteristics for type 46
tube, connected for zero-bias Class B operation (grids tied together).

teristics and the dynamic grid characteristics, which are shown in Figs.
8-8 and 8-9, may be derived from the static characteristics by methods
outlined in Chaps. 4 and 7. Figure 8-7 shows composite plate charac
teristics used for deriving the dynamic characteristics at low grid swings.
At higher alternating grid voltage the load lines of Fig. 8-6 determine
directly corresponding values of and ec for the given loads; they also
1 The type 46 tube is designed to operate with zero bias in Class B amplifiers.
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determine simultaneous values of eb and ec that can be used in Fig. 8-6
to pick Simultaneous values of ic and ec for the dynamic grid characteris-

Fig. 8-7.—Composite plate characteristics at zero bias for type 46 tubes connected for
Class B operation (grids tied together).

Fig. 8-8.—Dynamic transfer character
istics of type 46 tube in zero-bias Class B
operation.

Fig. 8-9.—Dynamic grid character
istics of type 46 tube in zero-bias Class B
operation.

tics of Fig. 8-9. The slope of any load line is the reciprocal of rb, i.e., of
lrbb, where rbb is the effective plate-to-plate load resistance.1
1 Except at low grid swings, only one tube a.t a time passes current and so the
effective load per tube is rb =

Sec.
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The bending over of the dynamic transfer characteristics at high
positive grid voltages results from diversion of electron current from plate
’ to grid. For a given value of grid voltage, the grid current, and hence
the loss of plate current, are greater the lower the plate voltage. Since
! voltage drop in the load resistance lowers the instantaneous plate voltage,
the diversion of current from plate to grid is greater for higher load
resistances, and therefore the bending of the dynamic transfer charac
teristics increases with load resistance.
8-3. Harmonic Content—Equations (4-35) or (4-36) or other more
accurate methods of harmonic analysis may be used in determining the
amplitudes of the fundamental and the third- and fifth-harmonic currents.
It should be noted that, although the push-pull circuit prevents the

Fig. 8-10.—Per cent third harmonic as a
function of grid swing. Type 46 tubes in
zero-bias Class B operation.

Fig. 8-11.—Distortion factor as a func
tion of grid swing. Type 46 tubes in zero
bias Class B operation.

appearance of even harmonics or steady components in the output, the
plate current of each tube contains a large steady component and that
the average plate-supply current is the sum of the average currents of the
two tubes. The high-order harmonic content of the plate-current wave of
each tube is so great that the five- and seven-point methods of graphical
analysis of Chap. 4 do not give accurate values of average plate current.
The average plate current may be found by the use of more accurate
selected-ordinate analyses, or by determining the average ordinate of the
plate-current waves constructed from the plate diagram or dynamic
transfer characteristic.
Figure 8-10 shows curves of per cent third harmonic derived from
the dynamic transfer characteristics of Fig. 8-8 by the use of Eqs. (4-34),
(4-35), or (4-36). As explained in Sec. 4-15, the algebraic sign of the
harmonic amplitude is merely an indication of the phase relation between
the fundamental and the harmonic. When the load current is repre
sented by Eq. (4-22), the numerical value of H3 will in general be negative
if the curvature of the transfer characteristic is predominantly convex
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upward, and positive if the curvature is predominantly concave upward.
The reduction of harmonic content with grid swing at grid swings below
30 volts and reversal to substantial negative values results from the S
curvature of that part of the dynamic transfer characteristic which is
shared by both tubes.
Distortion.—Figure 8-11 shows curves of distortion factor, as defined
by Eq. (4-38), the third and fifth harmonics, only, being considered.
8-4. Power Output.—Accurate determinations of Class B power
output must be made either experimentally or by substituting graphically
determined values of fundamental plate-current amplitude in the relation

P„ = %Hx2rb

(for two tubes)

(8-1)

in which rb is the effective load resistance per tube (one-fourth the
effective plate-to-plate load resistance). Figure 8-12 shows curves of
power output of two tubes as a function
of grid swing. These curves were derived
by substitution in Eq. (8-1) of values of
Hi determined by the application of Eqs.
(4-35) to the dynamic transfer character
istics of Fig. 8-8.
Approximate expressions for power
output can be derived under the assump
tions that the tubes are biased to cutoff,
so that Ibo is zero, and that the distortion
is negligible. The wave of plate current
of
each tube then approximates a half
Fig. 8-12.—Power output as a
function of grid swing. Type 46
sine wave of amplitude Ipm, and the two
tubes in zero-bias Class B operation.
tubes combine to give sinusoidal output
as shown in Fig. 5-20. The approximate power output is

Po = llpm~rb = ilpmEpm

(for two tubes)

(8-2)

Since the current wave of each tube is assumed to be a half sine wave and
since the average value of a half sine wave, averaged over the whole cycle,
is the crest value divided by tt, the average plate current of each tube is
Iba ~

7T

(8-3)

Substituting Eq. (8-3) in Eq. (8-2) gives for the approximate power
output

Po = 4.947^%

(total power in terms of average
current of one tube)

(8-4)
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The value of Eq. (8-4) lies in the ease with which approximate laboratory
measurements of power output of tubes in Class B amplification can be
made by the use of a d-c milhammeter. In Fig. 8-13 is shown a simple
circuit which may be used for this purpose. The power output is half
as great as with two tubes, so the power output in the circuit of Fig. 8-13
is given by
(for one tube)

Po = 2A7Iba2rb

(8-5)

Equations (8-2) to (8-5) cannot be
applied with accuracy when the path of
operation extends beyond the knee of the
dynamic transfer characteristic.
8-5. Power Input, Plate Dissipation,
and Plate-circuit Efficiency.—The power

input to the plate circuit is

(8-6)

Pi = 2EbbIba

Fig. 8-13.—Circuit for the ap
proximate measurement of power
output of tubes in Class B
operation.

where Iba is the average plate current of one tube. An approximate
expression for the power input is obtained by substituting Eq. (8-3) in
Eq. (8-6), giving
Pi

(8-7)

Ebbl pm

It

The approximate plate dissipation is
(8-8)

P — xPt — Po = il
21- pm

i p

The approximate plate-circuit efficiency is found by combining Eq. (8-2)
and Eq. (8-7).
_ Po _ It Epm _ 0.785Epm

" Pi

“ 4

Ebb ~

Ebb

"

(8-9)

Equation (8-9) shows that the plate-circuit efficiency of an ideal
distortionless Class B amplifier increases with alternating plate-voltage
amplitude and that the maximum theoretical efficiency would be obtained
if the amplitude of the alternating plate voltage were equal to the plate
supply voltage. This would give a value of 78/ per cent. In order to
obtain this maximum efficiency, the tubes would have to be biased to
cutoff, the plate voltage would have to fall to zero at the positive crest
of grid voltage, and the distortion would have to be zero. Although this
condition cannot be attained in practice, practical efficiencies of 60 per
cent or higher are obtained. Because of this high efficiency, plate dissi
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pation is low, and relatively small tubes can furnish large amounts of
power in Class B amplification.1
8-6. Use of Hyperbolas in the Determination of Approximate Output,
Dissipation, and Efficiency.—For a constant value of power, Eq. (8-2)

represents a rectangular hyperbola. As Epm is measured in a negative
direction relative to E^, the hyperbola lies in the second quadrant (with
respect to Ebb as zero axis) and is asymptotic to the voltage axis and to
the line eb' = Ebb. The hyperbola for a given power output may be con
structed by plotting corresponding values of voltage, measured negatively
relative to Ebb, and current, whose product is equal to 2PO, as shown in
Fig. 8-14. For a constant value of plate dissipation, Eq. (8-8) also
represents a rectangular hyperbola. Ipm is infinite when Epm = 4Rm/it,

Fig. 8-14.—Class B power-output hyper
bola.

Fig. 8-15.—Class B plate-dissipation hyper
bola.

showing that the hyperbola is asymptotic to the line Epm = 4Ebb/rr. As
EPm is measured with respect to E^, this asymptote lies at a distance
Ebb — (4Ebb/ir) = —0.274A» from the origin, and the hyperbola is in the
first quadrant (with respect to the line — 0.274.2«, as zero axis). The
hyperbola for a given value of plate dissipation may be constructed by
plotting corresponding values of voltage, measured positively relative to
eb = — 0.274Rw, and current, whose product is equal to 2Pp, as shown in
Fig. 8-15. If a number of these hyperbolas are plotted on the plate
diagram, the approximate values of power output, plate dissipation,
and plate-circuit efficiency can be determined at a glance for any load
resistance and grid swing.2 Output and dissipation hyperbolas have been
plotted in the plate diagram of the 46 tube in Fig. 8-16. Comparison of
power output read from this diagram with the more accurate values
plotted in Fig. 8-12 shows that values determined in this manner are
1 At 60 per cent efficiency the ratio of output to dissipation is 1.5; at 22 per cent
efficiency it is approximately 0.28. Therefore, at the same plate voltage and with the
same dissipation, one would expect to obtain roughly five times as much power in
Class B as in Class A amplification.
2 De la Sabloniere, C. J., Wireless Eng., 12, 133 (1935).
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within 6 or 7 per cent of the correct values if the path of operation does
not extend into the region where the static characteristics cease to be
approximately parallel. It should be noted that the shape and spacing
of these hyperbolas depend only upon the current and voltage scales.
They are not altered by change in tube characteristics, and change in Ebb
merely shifts them. Therefore, if they are plotted on transparent paper
they can be used for any tube and plate supply voltage providing that
the static characteristics are drawn to the same scales.

Pîa+e Vol+aoje
Fig. 8-16.—The use of hyperbolas in the approximate graphical determination of Class B

power output and plate dissipation.

8-7. Determination of Optimum Load.1—The manner in which the
load resistance of a Class B amplifier is chosen depends upon the
amount of power available from the preceding stage, which is called the
driver. If the available driver power is greatly in excess of the power
expended in the grid circuit of the Class B tubes, then the grid driving
power need not be taken into consideration, and the load resistance may
be chosen so as to give the greatest power output consistent with allow
able values of distortion, plate and grid dissipation, and maximum peak
plate current. Thus, if the available grid driving power is unlimited,
1 The method of analysis discussed in this section is based upon the families of
An excellent method of analysis based upon the eb-ec
characteristics at constant plate current and at constant grid current has been
developed by E. L. Chaffee. At present this method is limited in its application by the
fact that eb-ec characteristics are not ordinarily available. Those interested in the
design of Class B and Class C amplifiers should refer to Dr. Chaffee’s article, J.
Applied Physics, 9, 471 (1938). See also R. L. Sarbacher, Electronics, December,
1942, p. 52.

ib-eb and ic-Cb characteristics.
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Figs. 8-8, 8-11, 8-12, and 8-16 show that with a load resistance of 2000
ohms (8000 ohms plate-to-plate) type 46 tubes in Class B amplification
will give an output of approximately 30 watts without exceeding 5 per
cent distortion, the maximum allowable peak plate current of 200 ma,
or the maximum allowable plate dissipation of 10 watts per tube. The
required average grid driving power can be determined by taking one-half
the product of the peak grid voltage by the fundamental component of
grid current found graphically from Fig. 8-9 at the chosen load resistance.
The first cost and economy of operation depend among other things
upon the amount of power that must be supplied by the driver. When
cost and economy of operation are primary considerations, it is sometimes
necessary to choose the load resistance in
such a manner as to give the highest
power output per milliwatt of driver
power, consistent with allowable distor
tion, dissipation, and peak plate current.
Because the grid current usually rises
rapidly with positive grid voltage, the
peak grid power may be high even though
the average grid power is small. Peak
grid power, therefore, rather than average
grid power, is the determining factor.
Curves of optimum power output, opti
Fig. 8-17.—Peak grid power as a
mum load, distortion, grid swing, plate
function of grid swing. Type 46
tubes
in
zero-bias
Class
B
dissipation, and efficiency as a function
operation.
of peak grid power may be derived from
the grid-current, power-output, distortion, and plate-dissipation curves
of Figs. 8-9, 8-12, 8-11, and 8-16.
The first step is the construction of curves of peak grid power as a
function of grid swing for different values of load resistance. These
curves, shown in Fig. 8-17, are constructed by taking the products of
simultaneous values of crest grid current and grid voltage read from the
curves of Fig. 8-9 and plotting them against grid swing. Then points
on the power-output curves of Fig. 8-12 corresponding to various constant
values of peak grid power are found by means of the peak-grid-power
curves of Fig. 8-17 and joined, as shown in Fig. 8-18. Thus, Fig. 8-17
shows that for 1-watt peak grid power, the grid swings for 1000-, 2000-,
3000-, and 5000-ohm loads are 48, 44, 39|, and 33J volts, respectively.
These and intermediate values of grid swing determine the 1-watt peak
grid-power contour of Fig. 8-18. An alternative procedure is to use
Fig. 8-12 in finding points of the peak-grid-power curves of Fig. 8-17,
corresponding to various constant values of power output, and to join
these points. This gives the constant power-output contours of Fig.
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The maxima of the constant peak-grid-power contours of Fig.

Fig. 8-18.—Power output as a function of grid swing for various values of load resistance
and for various values of peak grid power Pg.

Fig. 8-19.—Peak grid power as a function of grid swing at constant load resistance
constant power output Po.

rb

rb and at

determine simultaneous values of peak grid power, optimum power out
put, optimum load resistance, and grid swing which may be plotted to
give the optimum-power, optimum-load, and grid-swing curves of Fig.
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(The dashed curve of Fig. 8-18 passes through the maxima.)

These values of grid swing may be used to determine the plate dissipation
from Fig. 8-16, and percentage H3 and distortion factor from Figs. 8-10
and 8-11. They may also be used in Fig. 8-9 to find the peak grid resist
ance, which is defined as the ratio of the peak grid voltage to the peak
grid current.
Portions of the curves of Fig. 8-20 that lie to the right of the dotted
line correspond to plate dissipation in excess of the allowable 20 watts
(for two tubes) and so cannot be used. Figure 8-20 therefore shows that
if it is essential to keep peak grid power to a minimum, the greatest
power output that can be developed with 46 tubes is only 22 watts and is

Fig. 8-20.—Optimum power output, optimum load resistance, peak grid swing, plate
dissipation, percentage Hz, distortion factor, and peak grid resistance as a function of peak
grid power. Type 46 tube in zero-bias Class B operation.

obtained with a load of about 1600 ohms (6400 ohms plate-to-plate).
It is interesting to note, however, from Figs. 8-18, 8-16, and 8-11 that at
this value of power output an increase of load resistance to 2000 ohms
produces only a very small increase of peak grid power and results in an
appreciable reduction in required grid swing and plate dissipation and
in some reduction in harmonic content. The curves of the 46 tube are,
of course, used only for the purpose of illustrating the method of analysis.
The final curves for other types of tubes differ considerably and con
clusions drawn from the 46 curves do not necessarily apply to other
types of tubes.
8-8. Approximate Determination of Maximum Power under Specified
Conditions of Operation.—A very simple method is available for the

approximate determination of optimum load resistance under any
specified limiting condition of operation, such as allowable peak grid
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power, peak grid current, grid swing, etc.1 It is merely necessary to draw
a curve on the plate diagram giving the locus of simultaneous values of
Iand Epm that will give the specified peak grid power, grid current, etc.
The optimum load under the specified condition of operation is that
corresponding to the load line whose slope is equal to minus the slope of
the locus curve at their point of intersection. The proof of this is simple.
In Fig. 8-21 let the curve represent the locus of all simultaneous values
of Ipm and Epm that will satisfy the specified limiting condition of opera
tion. Under the assumptions that the grid bias is equal to the cutoff
value and that distortion is negligible, the power output is
Po

(8-2)

^1 pmE pm

Under the specified limiting condition, the values of Ipm and Epm must
correspond to points on the locus. The power is
a maximum when
dP °. = 0

(8-10)
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Fig. 8-21.—Class B
plate diagram, showing
locus of simultaneous
values of Ipm and Epm
under specified limiting
condition of operation.

Since Ipm and Epm must correspond to points of
the locus and must also lie on the load fine,
dlPm!dEPm is the slope of the locus at the point of intersection with
the load line. Ipm/Epm is the slope of the load line. Therefore the
power output is a maximum when the slope of the locus at the point of
intersection is equal to the negative of the slope of the load line. The
student will find it interesting to check values determined in this manner
with the more accurate determinations that have been discussed.
8-9. Problems of Class B Amplification.—A number of special
problems are encountered in the design and operation of Class B ampli
fiers. These problems and the methods of solving them follow:
1. The variation of power input to the plate circuit with excitation
amplitude necessitates the use of a power supply of low regulation. If
the plate power is derived from batteries, the internal resistance of the
batteries must be low. If the power is obtained from a rectifier, it is
advisable to include in the power supply a voltage stabilizer of the type
discussed in Sec. 14-13 and shown in Fig. 14-22. It is essential to use a
rectifier transformer of low regulation, a low-resistance filter, and mer1 Macfadyen, K. A., Wireless Eng., 12, 528 (1935); Mouromtsbff, I. E., and
Kozanowski, H. N., Proc. I.R.E., 23, 1224 (1935).
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cury-vapor rectifier tubes. Mercury-vapor rectifiers have a low internal
voltage drop which, remains practically constant over a wide range of
current. The characteristics of mercury-vapor tubes and the design of
filters are taken up in Chaps. 12 and 14.
2. The flow of grid current in Class B amplifiers necessitates the use
of a C-voltage supply of low regulation, or of special tubes that can be
operated without biasing voltage. Owing to the variation of average
plate current with grid swing and the fact that the tube is biased nearly
to cutoff, cathode biasing resistors cannot be used without great reduction
of power output and production of excessive distortion.

Fig. 8-22.’—Circuit for preventing dis
tortion resulting from C-supply imped
ance.

Fig. 8-23.—Practical form of the circuit of
Fig. 8-22.

Because of curvature of the grid-current characteristics and the flow
of grid current during only a portion of the cycle, C-supply regulation
distorts the alternating grid voltage. The simplest method of over
coming this difficulty is by the use of a voltage stabilizer in the output
of the C supply. A voltage-stabilizer circuit designed particularly for
this type of service is discussed in Sec. 14-13 and shown in Fig. 14-24.
A second method was devised by Rockwell and Platts.1 Their basic
circuit is illustrated in Fig. 8-22. Ti and T2 are the amplifier tubes, and
T2 and Ti are auxiliary compensating tubes. R is the resistance of the
C-supply. Without T3 and T^ the flow of grid current through R during
the portion of the cycle in which the grids are positive would cause a
voltage drop through R that would distort the alternating grid voltage.
The grid bias of the auxiliary tubes Ts and Ti is adjusted, however, so
that plate current starts flowing in one of these tubes at the same instant
1 Rockwell, R. J., and Platts, G. F., Proc. I.R.E., 24, 553 (1936).
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that grid current starts flowing in the corresponding amplifier tube. By
adjustment of Pi and P2 the plate current of the auxiliary tubes can be
made to increase in approximately the same manner as the grid current of
the main tubes, so that most of the grid current of the amplifier tubes
flows through the auxiliary tubes, rather than through R, and the dis
tortion caused by the voltage drop through R is reduced. Figure 8-23
shows a practical form of this circuit. By overcompensating, so that the
negative grid bias decreases as the grid swings positive, it is possible to
reduce the distortion caused by the reduction of plate voltage at the
current peaks because of plate supply regulation. Two sets of auxiliary
tubes may be used, one to compensate for grid-supply regulation, and the
other for plate supply regulation. Rockwell and Platts report 2 per
cent distortion in the circuit of Fig. 8-23 at 90 watts output, as compared
with 5.3 per cent distortion with uncompensated battery bias and 9 per
cent distortion with uncompensated rectifier
bias.
For relatively small power output a num
ber of special zero-bias Class B tubes have
been designed. Examples of these are the
46, the 79, the 53, and the 6N7. In order
to obtain the required low value of operating
plate current without grid bias, the tubes
must be designed to have high amplification
Fig. 8-24.—Curvature of
factors. (This follows from principles dis path of operation of driver re
sulting from variation of effec
cussed in Chap. 3. High amplification fac tive
load.
tor is attained by making the shielding of
the grid so great that little field from the plate penetrates to the
cathode. The field at the cathode, and hence the plate current,
is then small at zero grid voltage.) In the 46 tube the high amplification
factor is obtained by the use of two grids, which are connected together
for Class B operation. By connecting the second grid to the plate this
tube can also be used as a Class A amplifier.
3. Power expended in the grid circuit of the Class B tubes requires
the use of a driver stage capable of supplying, without excessive dis
tortion, the necessary peak grid-power and the power lost in the coupling
transformer. Because of variation of grid resistance of the Class B tube,
evidenced by curvature of the grid-current characteristic and by the
fact that grid current flows during only part of the cycle, the effective
load transferred to the driver varies during the cycle. If the coupling
transformer has small leakage reactance, the driver output voltage is
in phase with the Class B grid voltage, and the effective driver load
resistance is a minimum at the ends of the path of operation and a
maximum at the middle. The path of operation of the driver is curved,
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as shown in Fig. 8-24.1 The curvature of the driver load line tends to
flatten the peaks of driver output voltage and thus adds to the dis
tortion of the Class B stage resulting from bending over of the dynamic
transfer characteristics. This type of driver distortion is reduced by
increasing the optimum driver power relative to the peak grid power
required by the Class B tubes. For this reason it is always best, when
possible, to use a driver whose power rating is sufficiently high so that
it is essentially unloaded.
4. The impedance drop in the grid circuit produced by the effective
grid-circuit impedance causes the instantaneous grid voltage to differ
from the instantaneous applied excitation voltage. As the result of
lack of proportionality between grid current and grid voltage, this
distorts the grid voltage. Under certain conditions the distortion caused
by resistance in the grid circuit may cancel a portion of the plate-circuit
distortion, but in general grid-circuit distortion increases the total dis
tortion. By means of a graphical analysis based upon the grid-current
characteristic, McLean has shown that the presence of inductance in the
grid circuit results in the production of high-order harmonics (ninth
and higher) of appreciable magnitude in the grid voltage.2 Emphasizing
of the higher harmonics by the inductance is to be expected, since the
inductive reactance is proportional to the frequency.
McLean’s method of analysis consists of constructing a curve of
grid current vs. electrical degrees of the excitation voltage for sinusoidal
excitation of frequency f and analyzing this curve for harmonics up to
the 15th. The grid-current series,

ig = T.In sin 2nmf,

derived in this manner, is then substituted in the equation
ed = nig +

di

(8-13)

in which ed is the distortion voltage, rc is the effective grid-circuit resist
ance, and Lc is the total effective leakage inductance of the coupling
transformer, referred to the secondary. rc is approximately equal to
n2rp, where n is the secondary-to-primary turn ratio of the coupling
transformer, and rp is the plate resistance of the driver [see Eq. (7-56)].
McLean’s work shows the importance of keeping the leakage reactance
of the driver output transformer as small as possible. Since rc = n2rp,
1 At small values of instantaneous alternating grid voltage the load on the driver
is principally the primary reactance of the transformer, which tends to make this part
of the path of operation elliptical. Consequently the path of operation may contain
a loop about the operating point.

2 McLean, T., Proc. I.R.E., 24, 487 (1936).
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it is evident that the plate resistance of the driver should be as low as
possible and that a step-down transformation ratio should be used to
reduce the effective grid-circuit resistance. High driver output voltage
(measured across the primary of the transformer) is also advantageous,
since, for a given grid swing of the output tubes, the required value of n
varies directly with the driver output voltage, and therefore rc varies
inversely as the square of this voltage. For this-reason it is desirable to
operate the driver amplifier at as high direct plate voltage as possible.
Some writers have contended that the effect of the varying grid
resistance of Class B tubes can be reduced by shunting the secondary
of the driver transformer with a resistance. McLean proved, however,
that the effective grid-circuit impedance, and hence the distortion, is
always increased by loading the transformer.1
The use of inverse feedback in the driver stage instead of step-down
transformation ratios to reduce the effective grid-circuit resistance
has been suggested.2 As pointed out on page 207, the terminal imped
ance of certain inverse-feedback circuits is reduced by negative feedback
in the ratio 1/(1 — A/3). The use of negative feedback has the advantage
that inductance-capacitance coupling can be used in place of trans
former coupling, thus eliminating the objectionable effect of transformer
leakage inductance.
5. Because of secondary emission effects, the form of the grid-current
characteristic varies greatly in different tubes and with tube age. Second
ary emission tends to increase with tube age. For this reason it is
often difficult to match tubes closely. If secondary emission is so great
that the grid characteristic has a region of negative slope, there is danger
that oscillation of the dynatron type may take place (Sec. 10-22). This
difficulty may be prevented by shunting the .grids with small rectifier
tubes biased so that current starts to flow at the beginning of the nega
tive-resistance region.8
6. Distortion resulting from curvature of that portion of the dynamic
transfer characteristic which is shared by both tubes may be high at
small grid swings. At large grid swings the amplitudes of harmonics
introduced by this curvature are small, and the order of the harmonics
is high. Fortunately, the total distortion may be kept within allowable
limits. This type of small-signal distortion can be controlled to some
extent by tube design and is less in tubes that require grid bias than in
zero-bias tubes such as the 46. This can be shown by comparison of the
composite plate characteristics of the two types of tubes. As can be
1 See also L. E. Barton, Proc. I.R.E., 23, 557 (1935).
2 Baggally, W., Wireless Eng., 10, 65 (1933); Macfadyen, K. A., Wireless Eng.,
12, 642 (1935).

3 McLean, loc. cit.
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seen from Fig. 8-7, the composite characteristics of zero-bias tubes are
constructed by combining static plate characteristics of positive grid
voltage with those of negative grid voltage. Because of differences of
shape and spacing of the curves for positive and negative grid voltages,

Fig. 8-25.—Composite plate characteristics of type 207 tubes at small values of grid swing.
Ebo = 13,500 volts; Ec = —600 volts.

the composite characteristics are not straight, parallel, or equidistant,
and so the dynamic transfer characteristic is curved at small-signal
voltages. If the tubes operate with appreciable negative bias, on the
other hand, the composite characteristics that are intersected by the
load line are constructed by combin
ing pairs of static characteristics,
both of which are for negative grid
voltages, and so the composite char
acteristics are more nearly straight,
parallel, equidistant lines. Figure
8-25 shows composite characteristics
of the type 207 tube at an operating
plate voltage of 13,500 volts and a
negative bias of 600 volts. Figure
8-26 shows percentage H3 and dis
Fig. 8-26.—Curves of per cent Hz
and of distortion factor for type 207 tubes
tortion-factor curves at small grid
in biased Class B operation.
swings derived from Fig. 8-25. The
maximum small-signal distortion is 3 per cent as compared with 5 per
cent for the type 46 tube.
8-10. Driver Transformer Design.—When a Class B amplifier
is designed on the basis of limited grid driving power, the design of the
coupling transformer between the driver and output stages is con
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siderably more complicated than when the driver is essentially unloaded.
The limited-grid-power design has been discussed in detail in a bulletin
issued by RCA.1 When the driver is essentially unloaded, the ratio of
transformation should be chosen so that grid overloading occurs sim
ultaneously in the driver and output stages (see Sec. 5-2). The voltage
output of the driver should be high enough so that a step-down trans
former can be used. Leakage reactance should under all circumstances
be kept as small as possible. At signal amplitudes that are so small
that grid current does not flow in the output stage the secondary of the
transformer is unloaded, and principles of Class A coupling transformer
design apply (see Sec. 6-14). To ensure adequate response at low fre
quency, the primary inductance must be high. In a step-down trans
former this requirement is not difficult to attain.
8-11. Class AB2 Operation.—The advantages of Class ABI operation
of push-pull amplifiers were discussed in Chap. 7. Even greater power
output without excessive nonlinear distortion can be obtained by Class
AB2 operation. The advantages of Class B operation are, in fact,
attained in part in Class AB2 operation without some of the Class B
disadvantages. The power output and plate-circuit efficiency, although
less than in Class B operation, are considerably higher than in Class A
operation. Small-signal distortion is avoided because the tubes operate
Class A at small-signal voltage. The greatly reduced grid driving power
as compared with that in Class B amplifiers simplifies the design of the
driver stage and results in small grid-circuit distortion. Grid driving
power need not be taken into consideration in the determination of
optimum load.
Self-bias may be used in Class AB2 amplifiers, but the large increase
of average plate current causes the bias to increase with signal voltage
and thus reduce the optimum power output. This is clearly shown by
Fig. 8-27, in which the power output of two type 45 tubes in Class AB2
push-pull operation is plotted against zero-signal grid bias, for fixed bias
operation and for self-bias operation.2 With self-bias the power output
at 5 per cent distortion decreases with increase of zero-signal bias. It
is therefore inadvisable to use higher bias than necessary to keep the
zero-signal dissipation within the allowable limit. The cathode resistor
must be shunted by an ample by-pass condenser. Increase of average
plate current with signal amplitude necessitates the use of a B supply of
low regulation in Class AB2 amplifiers.
An example of the large output that can be obtained with small tubes
and moderate plate voltage in Class AB2 operation is given by the 6L6
beam power tube, which will deliver an output of 60 watts (two tubes)
1 RCA Laboratory Series UL-1.

2 RCA application note 40.
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with 65 per cent plate-circuit efficiency (61 per cent including screen
circuit losses), and 2 per cent total harmonic, at a plate voltage of 400 and
an average grid driving power of 0.35 watt. In Class ABI operation the
output is 32 watts at approximately 63 per cent efficiency (58 per cent

Fig. 8-27.—Power output of two type 45 tubes in push-pull operation as a function of grid
bias.

including screen power, 54 per cent including screen and biasing power,
and 45 per cent including also cathode heating power).
8-12. Negative-feedback Class B and Class AB Amplifiers.—The

distortion in Class B and Class AB amplifiers can be greatly reduced by
the use of inverse feedback. A typical Class B amplifier employing
negative feedback is shown in Fig. 8-28.1 Figure 8-29 shows the great
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Fig. 8-28.—Class B amplifier with inverse feedback.

reduction in harmonic content that results from the use of negative feed
back in a Class B amplifier.
8-13. Class C Amplification.2—An analysis of the theory and design
of Class C amplifiers is beyond the scope of this book. The plate-circuit
1 Day, J. R., and Russell, J. B., Electronics, April, 1937, p. 16,
2 See Supplementary Bibliography.
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efficiency of Class C amplifiers is higher than that of Class B amplifiers;
measured efficiency of 85 per cent may be attained in practice. Because
plate current flows during only a portion of the cycle, this type of ampli-

Fig. 8*29.—Amplitude distortion curves for the amplifier of Fig. 8-28, with and without
feedback.

fier is employed only in radio-frequency amplification, where sharply
tuned resonant circuits may be used to suppress harmonics.
Problems
8-1. a. Construct curves similar to those of Figs. 8-8 to 8-12 for type 53 tubes in
zero-bias Class B operation. From these curves determine the optimum plate-toplate load resistance, assuming no limitation on grid driving power.
b. From the ie-ee characteristic corresponding to the load found in (a), determine
the fundamental component of grid current by graphical analysis, and from it find the
average grid driving power required to deliver the full power output.
c. Find the plate-circuit efficiency at optimum output.
8-2. Prove that it is impossible to obtain an output of 40 watts in Class B ampli- .
fication from two tubes that have a rated plate dissipation of 5 watts each.
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CHAPTER 9
MODULATION AND DETECTION

Transmission of intelligence through space by means of electromag
netic radiation cannot be accomplished satisfactorily at audio frequencies.
There are several reasons for this: (1) The radiation efficiency of antennas
is very low at audio frequencies, and so the range is small. (2) Efficient
radiation and reception of electromagnetic waves require the use of
antennas and circuits tuned to the frequencies of the waves. The
antennas required at audio frequencies would be impractical because of
their great lengths, and they would not respond equally well to all fre
quencies in the audio range. (3) If transmission were effected at audio
frequencies, all transmitters would operate over the same frequency range
and so the programs of various transmitters would be heard simultane
ously at the receiver. These difficulties are avoided by radiating a
radio-frequency wave, the amplitude, frequency, or phase of which is
varied in accordance with the audio-frequency signals that it is desired
to transmit. At the receiver, the variations of amplitude, frequency,
or phase of the received wave are reconverted into a-f voltages. The
processes of modulation and detection, whereby radio transmission is
made possible, afford two very important fields of application of vacuum
tubes.
9-1. Modulation.—The process whereby some characteristic, usually
amplitude, frequency, or phase, of a sinusoidally changing voltage, cur
rent, or other quantity is varied in accordance with the time variations
of another voltage, current, or other quantity, is called modulation. The
term carrier is applied to the quantity the characteristic of which is
varied, and the term modulation (signal) to the quantity in accordance
with which the variation is performed. The carrier frequency is the
frequency of the unmodulated carrier. Usually the modulation fre
quency is considerably lower than the carrier frequency.
Since the sounds of the human voice and of musical instruments
involve a large number of frequencies produced simultaneously, the form
of the modulating wave is rarely sinusoidal. To simplify theoretical
analyses, however, the assumption is generally made that the modulation
is sinusoidal. It is then necessary to investigate also the effects of the
interaction of two or more components of a complex modulating wave in
the modulation process and in the process of reproducing these compo
nents from the modulated wave.
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It will be shown that both the process of modulation and that of
recovering the original modulation frequencies, which is one form of a
more general process called detection (Sec. 9-10), involve the generation
of frequencies not present in the impressed excitation. The similarity
of the processes of modulation and detection by vacuum tubes is particu
larly marked in the case of amplitude modulation. They differ mainly
as to the frequencies impressed upon the circuit and the frequencies
selected from the output by some form of filter.
The production and detection of amplitude-modulated voltages is
accomplished electronically by means of some form of rectifier, which is
a device that gives unequal changes of current in response to changes of
voltage of equal amplitude but opposite sign. Rectification is said to be
complete if the change in current in response to a change of voltage of
one sign is zero. Complete rectification may be obtained with a device
that conducts in one direction only. Such a device is said to be a perfect
rectifier. Partial rectification takes place either because of curvature of
the current-voltage characteristic of the rectifier, or because of unequal
resistances to flow of current in the two directions. The high-vacuum
diode is an example of a device that may be used to obtain either complete
or partial rectification. When rectification is accomplished by means
of curvature of the characteristic of a rectifier, the characteristic curve is
usually continuous over the range of operation. When this is true, a
series expansion of current in terms of voltage may be used in the theoreti
cal analysis of the modulator or detector. When the operating point is
at a point of singularity, however, as must be true with perfect rectifica
tion, or if the range of operation becomes so great that it includes a
singular point, then other methods of analysis must be employed. For
this reason it is convenient to consider separately modulation and detec
tion by characteristic curvature and by complete rectification.
Rectification in which the average current of an electrode is changed
by application of alternating voltage to that electrode is called simple
rectification; rectification in which the average current of an electrode is
changed by the application of alternating voltage to another electrode is
called transrectification.
9-2. Amplitude Modulation.—A quantity y varying sinusoidally with
an amplitude A, an angular frequency
and a phase angle </> may be
represented by the equation

y = A sin (tokt + <£)

(9-1)

Since the phase angle <£ is constant in amplitude modulation and is
determined by the instant in the carrier cycle at which it is decided to
start observing time, there is no important loss of generality in setting
</> equal to zero.
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Let the phase angle be zero and the amplitude be varied sinusoidally
at modulation frequency
between the limits 1 + M and 1 — M, as
indicated by the equation

A = K(1 + M sin amt)

(9-2)

in which K and M are constants and am is less than ak. Equation (9-1)
then becomes

(9-3)

y = K(1 + M sin wmi) sin akt

Equation (9-3) represents a wave the frequency of which is constant
and the amplitude of which is varied at modulation frequency between the

Modulated wave, y=K(l+M sin w^t) sin a/kt.

M=1.0

Fig. 9-1.—Amplitude modulation.

limits 1 + M and 1 —.M, as shown in Fig. 9-1 for several values of M.
The coefficient M, which is called the modulation factor or degree of
modulation, determines the extent to which the carrier is modulated.
When M is zero, the carrier is unmodulated and its amplitude remains
constant, as shown by curve a of Fig. 9-1. When M lies between zero
and unity, the modulated wave is of the form of curve c of Fig. 9-1.
When M is unity, the amplitude varies between zero and twice the
unmodulated value, as shown by curve d of Fig. 9-1, and modulation is
said to be complete.
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It should be noted that there is no direct relation between the ampli

tude of the envelope of the modulated wave c or d and the modulation
frequency wave b in accordance with which the modulation is performed.
The degree of modulation associated with modulation excitation of given
amplitude depends not only upon the amplitudes of the carrier and.modulation excitations, but also upon the characteristics of the circuit by
means of which the carrier is modulated. In particular, the modulation
factor is not necessarily unity when the carrier and modulation-excitation
voltages impressed upon a modulator are equal in amplitude. The
wave form and frequency of the envelope are, however, the same as those
of the modulation excitation applied to the modulator unless the modula
tor introduces distortion in the form of undesired frequency components.
In the simple case that has been discussed, in which the wave is
assumed to be sinusoidally modulated, the modulation factor is equal
to the ratio of the difference between the maximum or minimum ampli
tude of the modulated wave and the amplitude of the unmodulated
carrier wave to the amplitude of the unmodulated carrier wave. When
the modulating wave is not sinusoidal, however, the maximum increase
and decrease of amplitude from the unmodulated value may not be equal,
and a more general definition of modulation factor is necessary. The
modulation factor is defined as the maximum departure (positive or
negative) of the envelope of the modulated wave from its unmodulated
value, divided by its unmodulated value. The modulation factor times
100 per cent is called the percentage modulation. Sometimes in the dis
cussion of an asymmetrically modulated wave it is necessary to dis
tinguish between the modulation factors corresponding to the minimum
and the maximum amplitudes of the modulated waves. These are called
the inward and outward modulation factors, respectively.
9-3. Side Frequencies in Amplitude Modulation.—By trigonometrical
expansion, Eq. (9-3) may be changed into the form
y = K sin ont — TOf[cos (on + o>m)t — cos (on — wOT)f]

(9-4)

Equation (9-4) shows that an amplitude-modulated wave is made up of
three components having frequencies equal to the carrier frequency, the
carrier frequency plus the modulation frequency, and the carrier fre
quency minus the modulation frequency. The process of amplitude
modulation therefore involves the generation of sum and difference
frequencies, called the upper side frequency and the lower side frequency,
respectively. When the carrier is modulated by a band of modulation
frequencies, applied individually or simultaneously, the side frequencies
lie in bands, called the upper side band and lower side band. The fre
quency width of the side bands is the same as that of the modulation
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frequency band. It is important to note that the modulation frequency
is not in itself present in the modulated wave.
For reasons stated in the introduction to this chapter, carrier fre
quencies used in transmission by means of electromagnetic radiation
lie in the radio-frequency range. It is entirely possible, however, to
modulate an audio-frequency carrier by means of signals of lower audio
frequency. This is done in carrier telephony over wires.1 If telephone
signals were transmitted only at their original audio frequencies, only
one conversation could be transmitted at one time over a pair of wires.
By modulating carrier frequencies with the voice frequencies, however, a
large number of conversations can be transmitted simultaneously.
Suppose, for instance, that the range from 100 to 2500 cps is adequate
for the transmission of intelligible speech. Then the modulation of

R-f by-pass-i—.
condenser
^ooooq^U----- 1[----

n
Modulation input
E|Sina>mt

Fig. 9-2.—Van der Bijl modulator.

carriers of 3000, 6000, 9000, 12,000 cps, etc., will result in the production
of upper side bands in the ranges 3100 to 5500, 6100 to 8500, 9100 to
11,500, 12,100 to 14,500 cps, etc. The carrier and lower-side-band
components of the modulated waves can be removed by means of filters.
The upper side bands, together with the original voice band, can then be
transmitted simultaneously without interference. This is known as
single-side-band transmission. At the receiving end the frequencies in
the various channels are separated by band-pass filters and reconverted
to the original 100- to 2500-cycle range by a similar process. In modern
carrier telephony systems carrier frequencies of 20 kc or higher are used.
9-4. Amplitude Modulation by Curvature of Tube Characteristics.—

Amplitude modulation by means of vacuum tubes is based upon inter
modulation resulting from either curvature of an electrode or transfer
characteristic or from the cutting off of an electrode current. Although,
for reasons that will be explained, modulation by curvature of tube char
acteristics is now seldom used, the theory is nevertheless of importance.
Figure 9-2 shows the circuit diagram of the van der Bijl modulator, which
makes use of curvature of the transfer characteristic. In this circuit
the carrier and modulation frequencies are impressed upon the grid
1 Colpitts, E. H., and Blackwell, O. B., J. Am. Inst. Elec. Eng., 40, 205 (1921).
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circuit of a triode or multigrid tube and the modulated voltage is taken
from a parallel-resonant plate circuit, tuned to the carrier frequency.
A graphical explanation of the operation of the van der Bijl modulator
can be given with the aid of a transfer diagram. Figure 9-3 shows that,
when only the carrier excitation is
impressed upon the grid, the ampli
tude of the carrier-frequency plate
current is much greater for the
smaller grid bias Ec' than for the
larger bias E”. If the bias is
varied between these values, the
amplitude of the carrier component
of the plate current also varies.
The bias is varied in effect at
modulation frequency by choosing
Fig. 9-3.—Variation of amplitude of
an intermediate value of bias Ec
carrier-frequency plate current with grid
bias.
and also applying the modulation
excitation voltage, as shown in Fig. 9-4. The wave a of plate current
may be separated into the components b and c of Fig. 9-4. Curve b may
be further resolved into a steady component, a modulation-frequency
component, and modulation-harmonic components; curve c into a
varying-amplitude carrier-frequency component (carrier plus side

Fig. 9-4.—Amplitude modulation by curvature of the transfer characteristic. Waves (Ô)
and (c) are two components into which the wave (a) of plate current may be resolved.

frequency components) and carrier-harmonic components. Since the
plate load is tuned to the carrier frequency, the impedance of the plate
circuit is high at the carrier frequency and at the side frequencies, which
do not differ greatly from the carrier frequency (inasmuch as the modu
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lation frequency is normally much lower than the carrier frequency), but
negligible at the other frequencies contained in the plate current.1
The voltage appearing across the load is therefore of the form of the
varying-amplitude carrier component of curve c of Fig. 9-4, i.e., the
desired modulated wave.
A more rigorous analysis of modulation by characteristic curvature
may be made by means of the series expansion for alternating plate
current. The alternating plate current, as given by the first two terms
of the series expansion, is
ip = 2aie +‘Sa2e2
(9-5)
where
e =

(3-42)

If the excitation voltage e contains two components E2 sin akt and Ex
sin amt,
e = Ez sin akt + Ex sin amt
(9-6)

and the alternating plate current is
ip = (a^kEz sin akt + (aJmEi sin amt
+ Sa2(E2 sin akt + Ex sin cM)2 (9-7)
Expansion of Eq. (9-7) shows that the alternating plate current contains
components whose frequencies are the carrier frequency, twice the carrier
frequency, the modulation frequency, twice the modulation frequency,
and the upper and lower side frequencies, as well as steady components.
As pointed out in the last paragraph, since the impedance of the load
is high only at the carrier and side frequencies, only these frequencies
have appreciable amplitudes in the output. The output voltage is
therefore equal to the sum of the products of the carrier and side-fre
quency currents by the corresponding values of the load impedance
at these frequencies.

Bo = ax(zb)kEz sin aid + (a2)/;+m(zf>)it+mEiE2 sin (cot + wm)i
— Mk—m(Zbj^mEiEz sin fak — a^t (9-8)

If the resonance curve of the plate load is symmetrical and the circuit is
1 The tuning of the resonant circuit must be broad enough so that the circuit
can respond to the side frequencies. That the tuning should not be too sharp also
follows from the fact that high selectivity is an indication of low damping. If the
damping is too low, the amplitude of oscillation of the resonant circuit does not
decrease in response to modulation-frequency changes of alternating plate current
amplitude, and so the tuned circuit will tend to oscillate at constant amplitude.
Hence the output voltage will be a constant-amplitude carrier-frequency voltage,
instead of the desired amplitude-modulated voltage.
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accurately tuned to the carrier frequency, the load impedance is the same
at the two side frequencies and the coefficients (af)k+m and (a2)4-mare equal
and may be replaced by the symbol a2. Equation (9-8) is then identical
with Eq. (9-4) if the following substitutions are made in Eq. (9-4) :
K = ai(zb)kE2
(9-9)
and
_ 2a2(Zb)k^.mEy
(9-10)
ai(zb)k
This proves that the output voltage is an amplitude-modulated wave.
Because Eq. (9-5) may be used to express the alternating plate current
of a diode or a multigrid tube, as well as that of a triode, it follows that
any type of vacuum tube may be used for this type of modulation. The
two excitation voltages may be impressed upon the same electrode circuit,
or upon the circuits of any two electrodes. Since e = eg + vp/y in Eq.
(9-5), lower excitation voltages are required when they are impressed
upon the control-grid circuit of a triode or multigrid tube than when
they are impressed upon the plate circuit of a diode. Because the pro
duction of side frequencies in this type of modulation is associated with
the second-order term of the series expansion, it is referred to as parabolic,
or square-law, modulation.
It can be seen from Eq. (9-10) that the modulation factor in this type
of modulation is proportional to the amplitude of the modulation voltage
and to the ratio afa'., but is independent of the amplitude of the carrier
excitation. The amplitude of the side frequencies is proportional to both
the carrier excitation amplitude and the modulation excitation amplitude
and to a2. Equations (3-57) and (3-60) show that, when y is constant
or nearly constant, a2 and a2/ai increase with drp/deb, and thus indicate
that it is desirable, in square-law modulation, to operate at a point on the
plate characteristic where the curvature is high. A grid bias that is equal
to approximately one-half the cutoff value is generally used.
Terms of higher order than the second, neglected in the foregoing
analysis, give rise to components of plate current of other frequencies.
The third-order term, for instance, is associated with the generation of
frequencies equal to three times the carrier frequency, three times the
modulation frequency, and twice either the carrier or the modulation
frequency plus or minus the other frequency. If the modulation excita
tion voltage contains more than one frequency, the plate current will also
contain intermodulation components having frequencies involving the
sums and differences of the various modulation frequencies, the carrier
frequency, and their multiples. The objectionable intermodulation
components are those whose frequencies lie within the side bands and
are therefore not suppressed by the tuned plate circuit. These fre
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quencies give rise to distortion components that are superimposed upon
the modulation frequencies when the modulation frequencies are again
derived from the modulated wave by detection. Their presence is also
evidenced by departure of the envelope of the modulated wave from
the form of the impressed modulation excitation voltage. They are
associated with the third- and higher-order terms of the plate-current
series, and the ratio of their amplitudes to those of the desired side
frequency components is proportional to the (n — 2) power of the ampli
tudes of the modulation-excitation components that give rise to them,
where n is the order of the term in the series with which they are
associated. Distortion therefore increases with the amplitude of the
modulation excitation, and hence also with the modulation factor, and
may become objectionable at high values of modulation factor.
9-5. Balanced Modulator.—Either the carrier or the modulation
frequency, as well as many of the intermodulation frequencies, may be
prevented from appearing in the output by the use of the balanced
modulator shown in Fig. 9-5. One exci
tation voltage ex is applied to the circuit
in such a manner that it causes both
grids to swing in the same direction,
whereas the other voltage e2 is applied
so that it causes the grids to swing in
opposite directions. If the grid excita
Fig. 9-5.—Balanced modulator.
tion voltage of tube T is ei + e2, then
that of tube T' is — e2. Under the assumption that the two tubes are
identical and the circuit symmetrical, the plate currents of the two
tubes are
ip = ai(ei + e2) + «2(61 + C2)2 + a3(ei + e2)3 + ■ • •
ip' = ai(ei — e2) + «2(ei - e2)2 + a3(ei — e2)3 + • • •

(9-11)
(9-12)

Because the two plate currents flow through the two halves of the
primary of the output transformer in opposite directions, the voltage
across the secondary is proportional to the difference between iP and ip.

eo — A(ip — ij) = 2A[aie2 d- 2u2ei62 -|- a3(3êi2e2 -|- e23) -|«4(4eise2 + 4e!e23) + a6(5ei4e2 + 10ei2e23 + e26) + • • • ]

(9-13)

where ri is a constant of proportionality. Since a3 and a< are small in
comparison with and a2 and since the ratios of the third- and higherorder terms to the first and second decrease with decrease of modulation
factor, the third- and higher-order terms may be neglected at small
modulation factor. Equation (9-13) then simplifies to
€o — 2A(cti62 “1“ 2ct262^1)

(9-14)
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If ei = Ei sin aimt and e2 = E2 sin ukt, Eq. (9-14) becomes, for resistance
load,

e0 = 2AaiE2 (1 + 2 — Ei sin wmt I sin uj.
\
/

(9-15)

which is of the form of Eq. (9-3). For certain applications it is advan
tageous to use the balanced modulator in such a manner that the carrier
is eliminated from the output. This can be done by making e4 the
carrier excitation and e2 the modulation excitation. The output then
contains the modulation frequency and the
side frequencies. At large values of modu
lation factor the second- and higher-order
terms in Eq. (9-13) may not be negligible,
indicating the production of undesired
intermodulation frequencies. These are
fewer in number than when a single tube
is used.
Figure 9-6 shows another form of the
balanced modulator circuit whose action is similar to that of the circuit
of Fig. 9-5. An analysis like that given for the first circuit shows that
the output voltage is
e0 = 2A[a2(ei -}- e2)2 + a4(ei + ^2)4 + • • • ]

(9-16)

If only the first term is considered and = Ei sin umi and e2 = E2 sin ukt
are substituted in Eq. (9-16), Eq. (9-16) becomes

eo = 2Aa2[EiE2 cos (uk — um)t — EiE2 cos (uk + um)t
d-. ^Ei2 -f- ^E22 — ^Ef cos 2tomt — $E22 cos 2€o*^]

(9-17)

The output of this circuit therefore contains neither the carrier nor the
signal frequency but does contain the
side frequencies.
Balanced modulator circuits have
numerous applications and will be re
ferred to in later chapters.
9-6. Amplitude Modulation by Com
plete Rectification.—Because the degree

of modulation attainable' in square-law Fig. 9-7.—Diode modulator circuit.
modulation without excessive distortion is small and because the power
efficiency is low, modulation by means of vacuum tubes is now accom
plished almost entirely by making use of the unilateral conductivity of
electron tubes, rather than of curvature of tube characteristics. Figure
9-7 shows a simple diode circuit that can be used to produce a modulated
voltage. The parallel resonant circuit is tuned to the carrier frequency.
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The action of the circuit of Fig. 9-7 can be explained with the aid of
the dynamic tube characteristic. Since the tube is a perfect conductor,
i.e., since current flows in one direc
tion only, plate current flows only
during portions of the cycle in which
the plate is positive, and so the
plate current consists, in general, of
pulses. The manner in which the
plate current varies with time when a
carrier-frequency excitation voltage
is applied to the circuit is shown in
Fig. 9-8 for several values of fixed
plate biasing voltage Ej,. Because
the current pulses occur at carrier
frequency intervals, the plate current
contains a carrier-frequency com
ponent, the amplitude of which in
Fig. 9-8.—Variation of amplitude
creases as the bias is changed in a of alternating plate current with bias in
diode modulator circuit having carrier
positive direction between values aexcitation
only.
equal to minus and plus the crest
excitation voltage. If the bias Et, is replaced or supplemented by a
modulation-frequency alternating voltage, the amplitude of the carrier
component of plate current varies at modulation frequency. This is

Fig. 9-9.—Amplitude modulation by complete rectification. Waves (b) ar^ (c) are two
components into which the wave (a) of plate current may be resolved.

accomplished by impressing the modulation excitation in series with the
carrier excitation.and optional bias, as in Fig. 9-7. The forms of the
total excitation voltage and of the resulting plate current when the fixed
bias is zero are shown in Fig. 9-9. The wave a of plate current may be

294

APPLICATIONS OF ELECTRON TUBES

[Chap. 9

separated into the components shown by curves 6 and c of Fig. 9-9.
Curve b may be further resolved into a steady component and com
ponents whose frequencies are the modulation frequency and its
harmonics. Curve c may be resolved into a varying-amplitude carrier
frequency component and carrier-harmonic
components. Since the resonant circuit is
tuned to the carrier frequency, its impedance
is high only at the carrier and side fre
quencies, and so only the modulated-carrier
component of plate current produces appre
ciable output voltage.
The action of the diode modulator can
be explained also with the aid of a modula
tion characteristic, which is a curve of ampli
tude of carrier-frequency output voltage as
a function of direct voltage Eb at constant
amplitude of carrier excitation E2. A theo
Fig. 9-10.—Ideal linear diode
modulation characteristic and retical analysis indicates that if the tube
(dotted) typical experimentally characteristic were linear down to zero cur
determined characteristics.
rent and the load were a pure resistance,
the fundamental component of output voltage Ek resulting from
carrier excitation of amplitude E2 would vary with Eb in the
manner indicated by the solid curve of Fig. 9-10 (see Sec. A-2
of the Appendix). Experimental curves, obtained by means of the

circuit of Fig. 9-8, differ from this theoretical curve because of
curvature of the diode characteristic and because the load is not a
resistance. When the L/rC ratio of the tuned circuit is high, the curve
flattens off at a positive value of Eb that is considerably less than E2,
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as shown by the dotted curves of Fig. 9-10. In the circuit of Fig. 9-8,
the filtering action of the resonant circuit suppresses all but the funda
mental carrier frequency from the output voltage. Figure 9-11 shows
the manner in which the amplitude
of the carrier-frequency output volt
age varies when Eb is varied periodi
cally over an essentially linear range
of the modulation characteristic in
accordance with a wave of modula
tion excitation voltage. It can be
seen that the wave of output voltage
amplitude, which is the envelope of
the modulated wave, has the same
shape as the modulation excitation
voltage. The modulated wave of
Fig. 9-11 is undistorted and contains '-Modulation Modulated output
voltage
only the desired carrier and side excitation
frequencies. When the range in
Fig. 9-12.—Modulation distortion re
which Eb varies is not confined to sulting from high negative bias in a diode
the linear portion of the modula- modulator.
tion characteristic, the wave form of the modulation envelope differs from
that of the modulation excitation voltage and the output contains
undesired intermodulation frequencies that will cause distortion when
the modulation frequencies are derived from the modulated voltage wave

Modulated output voltage
Fig. 9-13.—Modulation distortion resulting from excessive modulation excitation voltage.

by detection. Figure 9-12 shows the manner in which incorrect choice
of biasing voltage Ebo results in distortion of the modulated wave, and
Fig. 9-13 shows how the modulated wave is distorted by excessive
amplitude of modulation excitation voltage.
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Because the amplitude of the carrier-frequency output voltage can
be made to vary essentially linearly with instantaneous modulation
excitation voltage when the modulator circuit is properly designed and
operated, modulation by complete rectification is called linear modulation.
The close approach to linearity that can be achieved in practical circuits,
and the resulting freedom from excessive distortion make linear modula
tion far superior to square-law modulation.
9-7. Linear Plate and Grid Modulation.—Although the simple
diode modulator circuit of Fig. 9-7 is useful in studying and demon
strating the principle of linear modulation (see Prob. 9-10), it is not used
in practice, since triode or multigrid-tube circuits require lower excitation
voltages and have higher efficiency. Generally the carrier excitation
is applied to the control grid of a triode or tetrode and the modulation

Fig. 9-14.-—Graphical explanation of linear plate modulation.

excitation to the plate. Complete rectification takes place because of
plate-current cutoff. This type of modulation is called linear plate
modulation (plate-voltage modulation). The circuit of the linear plate
modulator is similar to that of Fig. 9-2, but the modulation input trans
former is in the plate circuit, instead of in the grid circuit. A graphical
explanation of the operation of the circuit may be given with the aid of
Fig. 9-14. Ei0 and Ec are the operating plate voltage and grid bias.
Curve a shows the form of the plate-current pulses produced when the
carrier excitation voltage E2 sin ant is impressed upon the grid circuit.
Curves b and c show the plate-current pulses for the higher direct plate
voltage Eb and for the lower direct plate voltage Eb", respectively.
When the plate voltage is varied periodically between these limits by
means of the modulation excitation voltage Ei sin umt, the plate current
varies in the manner indicated by curve d. The tuned plate circuit
converts the carrier and side-frequency components of plate current
into output voltage, giving the modulated output voltage wave e. The
modulation characteristic is similar in shape to that of the diode linear
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modulator, being nearly linear over a wide range of direct voltage.
When the grid is biased somewhat beyond cutoff, the operation is essen
tially linear, and so very little distortion results even at 100 per cent
i modulation. Less power need be furnished by the source of carrier
excitation than in a diode circuit, and the amplification produced by the
tube reduces the required carrier excitation amplitude below that required
with a diode.
In linear plate modulation the source of modulation voltage must
furnish a large part of the' power supplied to the plate circuit. The
power that must be supplied by the source of modulation voltage is
ib

Fig. 9-15.—Linear grid modulation. A parallel resonant circuit converts the carrier and
side-frequency components of plate current into output voltage.

less in linear grid modulation (grid-bias modulation} in which the modula
tion voltage, as well as the carrier voltage, is applied to the grid circuit.1
Linear grid modulation has the additional advantage of requiring much
lower modulation excitation voltage, but gives somewhat higher dis
tortion and is less efficient. Linear grid modulation is illustrated
graphically in Fig. 9-15. As in other modulation circuits, the tuned
plate load converts the carrier and side-frequency components of plate
current into output voltage.
In properly designed circuits distortion as low as 2 per cent may be
attained at 100 per cent modulation in linear plate modulation and as
low as 5 per cent in linear grid modulation. The distortion can be
reduced below these values by the use of inverse feedback.
Several modifications of the basic linear modulation circuits have
been developed in order to increase the efficiency or to reduce the required
modulation-frequency exciting voltage. The modulation excitation
1 Kishpaugh, A. W., and Coram, R. E., Proc. I.R.E., 21, 212 (1933).
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may, for instance, be applied in series with the cathode of a triode, it
may be applied simultaneously to the plate and screen of a tetrode or of
a beam pentode, or it may be applied to the suppressor of a pentode.1
Equation (9-4) shows that the carrier-frequency component of an
amplitude-modulated wave is independent of the degree of modulation.
The continuous radiation of energy associated with the carrier com
ponent of the wave limits the efficiency that may be attained in a trans
mitter. Several systems of amplitude modulation that give higher
efficiency have been proposed.2 As will be shown in a later section,
higher efficiency is also attained in frequency modulation.
9-8. Graphical Modulation Analysis.—The theoretical performance
of modulators may be determined graphically by the following method:3
1. By applying Eq. (4-30) to the plate or transfer diagram of the tube or by
a more accurate graphical method, determine the fundamental carrier-frequency
component of plate current or output voltage for the given carrier excitation
voltage and various values of direct voltage applied to the electrode to which the
modulation excitation is to be applied. Using these values, plot the modulation
characteristic (fundamental component of plate current or putput voltage vs.
direct voltage).
2. Treating this modulation characteristic just as an ordinary dynamic
transfer characteristic, determine the fundamental and harmonic components
of the modulation envelope, or the distortion factor, by application of Eqs. (4-29),
(4-30), or (4-31) or Table 4-1. If preferred, the modulation envelope may
be derived by graphical construction as in Figs. 9-11 to 9-13. Thus, if the curve
of Fig. 9-16 represents the variation of fundamental carrier output voltage with
direct grid voltage for the given carrier excitation, then
and Fmin are the
maximum and minimum amplitudes of the modulated output voltage for the grid
bias and wave of signal voltage shown, and Fo is the amplitude of the unmodulated
carrier. Substituting F^, F„, and Fmia in Eq. (4-37) (instead of Im&x.) Ibtj and
Imin) will give the percentage second harmonic of the signal in the modulated
wave. Curve b, constructed by projecting from curve a to the modulation
characteristic at various instants in the cycle, represents the upper half of the
envelope of the modulated wave.

It is evident that, if the three-point equations (4-29) and (4-37) are used
in the second step, it is unnecessary to plot the modulation characteristic.
Only the three values F^, Fo, and Emin need be found. The method
used to derive the modulation characteristic should be of higher order
of accuracy than that used to determine the distortion from the modula1 Green, C. B., Bell Lab. Record, 17, 41 (1938).
2 Chireix, H., Proc. I.R.E., 23, 1370 (1935); Doherty, W. H., Proc. I.R.E., 24,
1163 (1936); Dome, R. B., Proc. I.R.E., 26, 963 (1938); Gaudernack, L. F., Proc.
I.R.E., 26, 983 (1938); Roder, H., Proc. I.R.E., 27, 386 (1939); Vance, A. W., Proc.

I.R.E., 27, 506 (1939).
3 Peterson, E., and Llewellyn, F. B., Proc. I.R.E., 18, 38 (1930).
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। tion characteristic. In using the three-point equation to find the per' centage second harmonic of the signal, therefore, F^, Fmm, and Fo
' should be evaluated by the five-point equations (4-30) or (4-31) or the
seven-point equations of Table 4-1.
A similar three-point method may be used in determining the dis
tortion of a modulated signal by an amplifier.1 In this case the modula
tion characteristic of the amplifier is a curve of fundamental carrier
output vs. amplitude of unmodulated carrier excitation at the given
operating voltages.
9-9. Secrecy Systems (Speech Scramblers).2—The use of radio
as a means of transmitting private conversion has necessitated the
Sp

Upper halfof
modulation envelope
Fmax.

Curve' forgiven_
value ofcarrier
exdtation

ec
et

pç-Modulation
excitation
I
voltage

Fig. 9-16.—Use of the modulation characteristic in the graphical determination of modula

tion distortion.

development of methods of making transmitted speech unintelligible
when received with an ordinary radio receiver. The balanced modulator
affords one method of accomplishing this result. In Fig. 9-5 let
be the voice input and e2 be a 3100-cycle carrier voltage. The output
will contain the carrier and the side frequencies, as well as higher-order
intermodulation frequencies. The carrier, the upper side frequencies,
and most of the higher-order frequencies can be removed from the output
by a low-pass filter that cuts off slightly below 3100 cps. The lower
side band represents a band of frequencies that is inverted with respect
to the input signal band. The application of voice frequencies ranging
1 Ferris, W. R., Proc. I.R.E., 23, 510 (1935).
2 Fayard, G., Bull, soc. franç. élec., 9, 1146 (1929); 10, 328 (1930); Kujirai, T.,
and Sakamoto, T., Radio Research (Japan) Rept., 2, 175 (1932) (in English); Matsuyaki, T., Radio Research (Japan) Rept., 2, 187 (1932); Niwa, Y. and Hayashi, T.,
Radio Research (Japan) Rept., 2, 195 (1932); Chiba, S., Radio Research (Japan) Rept.,
3, 267 (1933); Villem, R., L’Onde élec., 11, 427 (1932); Gill, A. J., Post Office Elec.
Eng. J., 26, 224 (1933); Electrician, 110, 801 (1933); Roberts, W. W., Electronics,
October, 1943, p. 108.
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from 100 up to 3000 cps produces output frequencies ranging from
3000 cps down to 100 cps, the high frequencies being converted into
low and the low into high. Thus, a 100-cycle input voltage gives a
3000-cycle output voltage, whereas a 3000-cycle input voltage gives a
100-cycle output voltage. A 1550-cycle signal passes through without
change of frequency. This frequency transposition converts normal
speech into unintelligible gibberish, which can be reconverted into
intelligible sounds by a similar frequency transposition at the receiving
end. To correct for differences between the two tubes of the balanced
modulator, resistance and capacitance balances must be employed in the
modulator plate circuit, as shown in Fig. 9-17. For satisfactory results
it is usually necessary to provide adjustment of the amplitude of the
3100-cycle carrier input to the modulator.

T and T/_56,53 or 6N7
Fig. 9-17.—Simple circuit for frequency inversion (speech scrambler).

By using a higher value of carrier frequency, the signal band can be
simultaneously shifted and inverted. The difficulty of “unscrambling”
can be increased by breaking up the voice input into a number of small
bands and inverting and shifting each of these. More complicated
circuits are used in practical secrecy systems for radio telephony.
9-10. Detection of A-m Waves.—The process whereby the modula
tion frequency is derived from a modulated wave is a special case of a
more general process called detection. Detection may be defined broadly
as the process whereby the application of a voltage of a given frequency or
frequencies to a circuit containing an asymmetrically conducting device
produces currents of certain desired frequencies or desired changes in
average current. The detection of a modulated wave to produce the
modulation frequency is often termed demodulation in the United States.1
Other examples of detection are the production of a difference or beat
frequency by the simultaneous application of two frequencies to a
detector, and the production of a steady voltage or current by the applica
tion of an alternating voltage. According to the broad definition just
given, modulation may, in fact, be considered to be a special form of
1 “Standards on Radio Receivers,” p. 5, Institute of Radio Engineers, New York,
1938.
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detection. As already pointed out, the processes involved in amplitude
modulation are similar to those involved in detection of amplitudemodulated waves. Detection of amplitude-modulated voltages, like
their production, may be accomplished either as the result of curvature
of vacuum-tube characteristics or as the result of complete rectification.
9-11. Detection by Curvature of Current-voltage Characteristic.—

If a wave of alternating voltage is applied to the grid or plate circuit

of a diode or triode, together with proper operating voltages to bring
the operating point to a point of the characteristic where the curvature
is high, the wave of plate current is asymmetrical, as shown by the
transfer diagrams of Figs. 3-19, 3-21, and 9-18. If the input wave is
sinusoidal, the plate current contains a steady component, the applied
frequency, and its harmonics. If the excitation voltage contains two
or more frequencies, the plate current contains components having
these frequencies, their harmonics, and the sums and differences of the
impressed frequencies and their integral multiples, and a steady com
ponent. This process of frequency generation, which is identical with
that of the production of a modulated wave by curvature of the char
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acteristic, has already been discussed in Secs. 3-23 and 9-4. The produc
tion of a difference-frequency voltage by the simultaneous application
of two voltages of different frequencies to a detector is of value in hetero
dyne radio receivers (see Sec. 9-25) and heterodyne (beat-frequency)
oscillators (see Sec. 10-52).
Figure 9-18 shows the form of the asymmetrical wave of plate current
for unmodulated carrier excitation and for excitation consisting of an
amplitude-modulated voltage. The wave may be analyzed into a
number of components, including that indicated by the dotted line,
which shows the average current in each carrier-frequency cycle. For
modulated excitation the dotted curve is seen to contain a steady com
ponent and an alternating component having the same frequency as the
envelope of the impressed modulated voltage, i.e., modulation frequency.
The plate load impedance serves to convert the component of plate
current of desired frequency, the modulation frequency, into output
voltage and to suppress the carrier-frequency components. This is
accomplished by using for the load the parallel combination of a high
resistance and a condenser whose reactance is negligible at carrier fre
quency but high at modulation frequency.
9-12. Analysis of Square-law Detection.—The process of detection
by means of curvature of vacuum-tube characteristics can be analyzed
rigorously by use of the series expansion for alternating plate current.
At small values of excitation voltage the plate current may be expressed
approximately by the first two terms of the series.
ip = aye + a2e2

(9-18)

If the exciting voltage is amplitude-modulated,

e = Ek(l + M sin wmt) sin W = Ek sin ont
+ |MEt[cos (on +

— cos (on — wm)Z]

(9-19)

If Eq. (9-19) is substituted in Eq. (9-18), the first term of Eq. (9-18)
gives rise to carrier and side-frequency components. The second term
gives rise to three steady components, three components of frequency
double those of the carrier and side frequencies, and six components of
frequencies equal to the sums and differences of the carrier and side
frequencies, taken in pairs. If the impedance of the plate load is negligi
ble at carrier and higher frequencies but high throughout the range of
modulation frequency, the voltage developed across the load will con
tain only those frequencies which lie in the modulation-frequency range.
The upper side frequency minus the carrier frequency and the carrier
frequency minus the lower side frequency are both equal to the modula
tion frequency; the difference between the two side frequencies is equal
to twice the modulation frequency. The voltage across the load is

303

MODULATION AND DETECTION

Sec. 9-12]

Co — ^(0.2) (k+ml—kÇZbjmEk^AÎ COS Wml “F 2 (d/)(Zb)mECOS W^t

(.Wk +

Wk — (Wk — Wm)

— Wk

+ v(«2) \k+m/~ (k—m f.Zb) 2mEk2M2 COS 2(dmt

(9-20)

(Wk + Wm) — (wk — Wm)

The first two terms of Eq. (9-20) have the desired modulation fre
quency. Because these components are derived from the second term
of the-plate-current series and because their amplitudes are proportional
to the square of the carrier amplitude of the modulated input voltage,
this type of detection is known as square-law detection. The third
term of Eq. (9-20) represents the second harmonic of the modulation
frequency. Since the input to the detector was assumed to be sinu
soidally modulated, this term indicates distortion in the process of
detection.
The impedances Zb and the coefficients a2 in Eq. (9-20) are not the
same in all three terms, since the frequencies are different. The values
of a2 may be determined as explained in Sec. 3-24. If p is assumed to be
constant, Eq. (3-57) gives the following values of a2 for the three terms
of Eq. (9-20):
I \
_ _________
___________
W^-k
+ (z6)t+mKrp + (Mrp + (2b) j
=___________ - i^TpÇdrp/deb)___________

x

/

_|_ ,(z0)i._m][rj, -J- (Zb)m]

2)k-(k-my

r \
_
(a^p+m^k-m)

^F2rp(drp/deb)_____________
+
+ (Zb)2m]

______________
+

Because the load impedance is assumed to be negligible at carrier and
side frequencies, (Zb)k+m, (zb)k-m, and (zt)k may be neglected in com
parison with rp in Eqs. (9-21). Equations (9-21) then reduce to
(«2) (k+m)— k

x

a2,k—(k—m)

n2(drp/deb)

p[^P
(«2) (k+m)—'k—m}

1 R^p^ib/ded)

“F (^b)m]

tp

”F

\

,
COS 2comt

(%b)m

g2rr(d2ib/ded)

(9-22)

TV + (zb)im

The output voltage is
d2ib
Aifl Tp — $
deb2

1 z? 9 if 9
Co

(%b)m
i

/

,

\

rp + (zb)m

COS

I 1
“F 4

i

7

rp + (zb\m

(9-23)

If the load impedance at twice the modulation frequency does not
differ greatly from that at modulation frequency, which is normally
true, the ratio of the second harmonic to the fundamental modulation
frequency output of the detector approximates iM, which has a value
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A more complete analysis

shows that, if the carrier is* modulated simultaneously by a number of
modulation frequencies, the detector output contains also components
whose frequencies are the sums and differences of the various modulation
frequencies and whose amplitudes are proportional to the products
of the corresponding modulation factors. It is these sum and difference
frequencies, which are generally inharmonically related to the modulation
frequencies, rather than the harmonics, that cause objectionable dis
tortion in the reproduction of voice or music. Because the sum- and
difference-frequency amplitudes are proportional to the products of
the modulation factors of the modulation-frequency components that
give rise to them, the largest sum- or difference-frequency amplitude
cannot exceed the largest second harmonic. Therefore the factor /M
is a satisfactory distortion index in the detection of a modulated wave
by a square-law detector. To prevent excessive distortion it is necessary
to keep the degree of modulation low. Unfortunately, however, the
amplitude of the fundamental output is also proportional to the modula
tion factor. The impossibility of maintaining high modulation without
introducing excessive distortion represents one disadvantage of square
law detection. It is of interest to note that, since the third term of
Eq. (9-20) arises from the difference between the upper and lower side
frequencies, this term is absent when one side frequency is removed from
the carrier before detection. Consideration of higher-order terms of
the plate-current series shows that the detector output also contains
other distortion terms, which may become of importance at high excita
tion voltage, as well as other modulation-frequency components. The
above analysis is therefore accurate only when the excitation voltage is
small.
Because the amplitude of the detector output is proportional to
EjA, small changes of amplitude of the detector input, such as might
result from fading of a received radio wave, result in relatively large
changes in output voltage. This is another disadvantage of the square
law detector.
If additional carrier-frequency voltage, of amplitude Ek, in phase
with the carrier component of the modulated input voltage, is supplied
to the detector, the coefficient of the first term of Eq. (9-19) becomes
Ek + Ek , and Ek2 in the first term of Eq. (9-23) is replaced by
Ek(Eh + Ek)-

This shows that the amplitude of the detector output can be greatly
increased by the superposition of additional carrier voltage upon the
modulated voltage applied to a square-law detector. Because of the
difficulty of synchronizing the local oscillator to the received carrier,
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this is not a practical method of increasing the amplitude of received
radio signals. The difficulties of synchronization may, however, be
eliminated by suppressing the carrier from the transmitted wave and
applying it to the detector. If the carrier is removed from the modulated
wave at the transmitter, the amplitude of the detector output is propor
tional to EkE*. Another advantage of carrier suppression at the
transmitter lies in the fact that the carrier component of the modulated
wave requires at least twice as much power as the side-frequency com
ponents. This may be shown by computing the power supplied to a
resistance by a generator whose voltage is of the form of Eq. (9-19).
By substituting Eq. (9-19) in the second term of Eq. (9-18) and
applying Eqs. (3-57), the student may derive the following expression
for the change in the average plate current of a square-law detector
when it is excited by a modulated voltage:

The variation of average plate current with carrier amplitude makes
possible automatic volume control of radio receivers (see Sec. 9-26).
Since e in Eq. (9-18) is equal to eg + vp/u, it follows that the foregoing
analysis holds whether the modulated voltage is applied to the grid
or to the plate of a triode or to the plate of a diode. The analysis is
applicable also to tubes with more than one grid if excitation voltage is
applied to only one grid. For a given input amplitude, however, the
output will be y times as great if the modulated voltage is applied to the
grid as if it were applied to the plate. For this reason it is distinctly
advantageous to apply the modulated voltage to the grid circuit. This
has the additional advantage that, if the grid is not allowed to become
positive, it does not draw current.
9-12A. Frequency Converters.—It follows from the discussion of
Sec. 3-23 that the simultaneous excitation of a square-law detector by
two different frequencies results in the generation, among other com
ponents, of those having frequencies equal to the sum and the difference
of the impressed frequencies. If the plate circuit of the detector con
tains or is followed by a filter tuned to either the sum or the difference
frequency, the output contains only this frequency. The detector
therefore serves as a frequency converter. If one of the excitation
voltages is modulated, and the other is that of an oscillator of fixed
frequency, the detector output contains carrier and side frequencies
equal to the oscillator frequency plus or minus the original carrier and
side frequencies. The effect of the detector in conjunction with the
“local” oscillator is therefore to convert all input frequencies to new
values that are higher or lower than the original values by the frequency
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of the oscillator. The filter must, of course, pass a band of frequencies
of width equal to the original band width.
In practical frequency converters the two signals are usually impressed
upon two grids of a multigrid tube. By the use of special five-grid tubes,
called pentagrid converters, it is possible to make a single tube serve both
as the oscillator and as the detector. The first and second grids serve as
the grid and plate, respectively, of a triode oscillator. The input signal
is impressed upon the fourth grid. The third and fifth grids, which are
tied together within the tube, serve both as a shield for the fourth grid
and as accelerating electrodes similar to the screen of a tetrode. The
output is taken from the plate circuit. Frequency converters are used
in superheterodyne radio receivers, which are discussed further in Sec.
9-25. When used in this manner they are called first detectors.
9-13. Square-law Detector Circuits.—Figure 9-19 shows the circuit
of a single-tube square-law detector. The function of the condenser C'
is to prevent the direct voltage and changes of direct voltage resulting
from detection from appearing in the
output. Rcc provides grid bias. A
more nearly parabolic transfer charac
teristic may be attained by the use of a
balanced push-pull circuit. Such a cir
cuit, shown in Fig. 15-2, is occasionally
of value when a true square-law detec
tor is required for measuring purposes (see Sec. 15-2). Because of its
relatively low output and its high second-harmonic distortion (10 per
cent when M = 40 per cent, and.25 per cent when M = 100 per cent),
the square-law detector has beeh largely replaced by types making use of
complete rectification.
9-14. Detection by Complete Rectification.—When a wave of
modulated voltage is applied to a diode in series with a pure resistance,
plate current flows only during the positive half cycles of impressed
voltage, as shown in Fig. 9-20. The current wave consists of pulses
and is very nearly a replica of the positive portions of the applied voltage
wave, as shown in Fig. 9-20. It may be resolved into the components
represented by curves a and b. Curve a, which resembles the impressed
modulated wave but is distorted, may be broken up further into com
ponents having frequencies equal to the carrier and side frequencies and
their harmonics. Curve 6, which is the average current in each carrier
frequency cycle, may be further separated into a steady component and
modulation-frequency and modulation-harmonic components.
Normally the carrier frequency is so much higher than the modulation
frequency that each carrier-frequency cycle of the impressed wave may
be assumed to be sinusoidal. By the use of high load resistance (of
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the order of 500,000 ohms), the curvature of the dynamic characteristic
may be made very small. Each pulse of plate current then approxi•
. (1 + M sin wmt)Ek .
, . ,
.
,
mates a half sine wave of amplitude------, in which r is the
•p I '
resistance of the load, and rp is the a-c resistance of the tube during the
time it conducts.1 The average current, averaged over one carrierfrequency cycle, is

(1 +

M

sin

umt)Ek

(9-25)

v(rp + r)

and the average voltage across the resistance is
'
r

Ekr
ir(rp + r)

'

MEkr sin umt
ir(rp + r)

(9-26)

The first term of Eq. (9-26) represents the direct output voltage and the
second term the modulation-frequency output voltage.

Î
Plate Excita-

a

b

Fig. 9-20.—Graphical explanation of diode detection of a modulated wave.

Waves a and
b are two components into which the wave of plate current ip can be resolved.

The operation of the diode detector is greatly improved by shunting
the resistance with a condenser the reactance of which is low at carrier
frequency but high at modulation frequency. The circuit is that of
Fig. 9-21a. The condenser C increases the modulation-frequency
output voltage and suppresses carrier and side-frequency voltages
from the output. The action of the circuit of Fig. 9-21a differs from that
of the circuit in which the condenser is omitted. If only the condenser
1 Although rp varies during the positive half cycle, r is so much larger than rv that

the variation in rP

+ r is small.

This is another way of saying that the slope 1 /(rP +1)

of the dynamic plate characteristic is nearly constant.
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were used and the excitation consisted of an unmodulated carrier volt
age, the condenser would be charged to a voltage equal to the crest
impressed voltage, which is the carrier amplitude. An increase of ampli
tude of impressed voltage would cause an equal increase of direct con
denser voltage but, because the tube is a perfect rectifier, the condenser
could not discharge following a decrease of impressed voltage, and so the
condenser voltage would not fall. The resistance allows the condenser
to discharge when the amplitude of the impressed voltage is lowered.

(a)

CW
Fig. 9-21.—Diode detector circuits.

If the ratio of the resistance to the capacitance is made low enough,
the condenser voltage can follow rapid reductions of amplitude. Then,
when a modulated voltage is impressed upon the circuit, the condenser
voltage is very nearly equal to the amplitude of the impressed voltage
at all times, and so the condenser voltage is practically identical in
wave form with the envelope of the impressed voltage. It therefore
contains a steady component plus a modulation-frequency component.
¡Input voltage

Il II I I I ». Il

II II

I I I

II . Il n n II II II

Diode Current

Fig. 9-22.—Wave forms of modulated input voltage, output voltage, and plate current in a
diode detector circuit.

The wave forms of the output voltage and of the diode current are illus
trated roughly in Fig. 9-22. (In order to show the behavior more clearly
the ratio of carrier frequency to modulation frequency is made relatively
low in Fig. 9-22 and the carrier-frequency ripple is made large.) It can
be seen that current flows through the diode only during the relatively
short portions of the positive half cycles preceding the positive crests
of impressed voltage throughout which the impressed voltage exceeds
the condenser voltage. During the remainder of each cycle the con
denser discharges exponentially through the resistance.
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The resistance r may be connected across the tube, as shown in Fig.
9-216, instead of across the condenser. The condenser then discharges
through the resistance and source in series, instead of through the
resistance alone. Since the impedance of the source is low at modulation
frequency, this does not affect the behavior of the circuit. Because of
the low impedance of the source at modulation frequency, the modulation
frequency voltage across the tube in the circuits of Fig. 9-21 equals
that across the condenser C, and so the output may be taken from across
the tube instead of from across the condenser. Carrier-frequency voltage
will, however, then be present in the output. The condenser C' in the cir
cuits of Fig. 9-21 prevents the appearance of direct voltage in the output.

Fig. 9-23.—Diagram used in the derivation of Eqs. (9-35) and (9-37).

9-15. Analysis of Ideal Linear Diode Detection.—Detection by
complete rectification of a diode can be analyzed under the assumption
that the diode static characteristic is a straight line passing through the
origin, as shown in Fig. 9-23. The carrier frequency is assumed to be so
much higher than the modulation frequency that each carrier-frequency
cycle of the impressed voltage can be considered to be sinusoidal. Only
one cycle of the impressed modulated voltage ECA + M sin wmt) sin mt is
shown in Fig. 9-23. During the portion of the cycle in which plate
current flows, some current flows through the resistance and the rest
into the condenser. Since the condenser discharges through the resist
ance during the remainder of the cycle, as much charge flows through r
in one cycle as is passed by the tube. The charge passed by the tube
in one cycle, divided by the period of one carrier-frequency cycle, is
therefore equal to the average current through the resistance. The
product of this average current and the resistance is equal to the average
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voltage across the resistance and condenser. If the reactance of the
condenser at carrier frequency is very small in comparison with the
resistance, the voltage Er across the condenser and resistance remains
very nearly constant throughout the carrier-frequency cycle, and so
may be assumed to be equal to the average voltage. The voltage Er
is of such polarity as to bias the tube negatively. Although Er is prac
tically constant throughout any carrier-frequency cycle, it varies with
the amplitude of the modulated input voltage, i.e., at modulation fre
quency, as will now be shown.
It can be seen from Fig. 9-24 that the
instantaneous plate voltage is equal to the
instantaneous impressed voltage minus Er.
Current flows when the instantaneous plate
Fig. 9-24.—Diode detector voltage exceeds zero, as shown in Fig. 9-23.
circuit.
Current starts flowing in the given carrier
frequency cycle at a time t„ after the beginning of the cycle such that

Ek(l + M sin oimt) sin onto — Er = 0

(9-27)

Er = Ek(l + M sin oimt) sin onto

(9-28)

or

Although Eq. (9-28) expresses the output voltage in terms of the carrier
amplitude and the modulation factor, it is necessary to express sin onto
in terms of r and rp before the equation can be used. This may be done
as follows:
The instantaneous plate current is equal to the instantaneous plate
voltage, divided by the plate resistance rp, which has been assumed to be
constant.
Ef! + M sin oimt) sin ont — Er
,n
=-------------------- ---------------------(9-29)
•p

Er may be eliminated from Eq. (9-29) by means of Eq. (9-28).
Ek(l + M sin wm()
.
ib =--------------------- -— (sin ont — sm onto)
tp

(9-30)
.

The charge that flows through the tube throughout the nth carrier
frequency cycle is

(n —

WTh — to

(n-l)Tk+ü

Ek(l + M sin <amt) , .
.
---------------------- (sm ont — sin wkto) at
rv

(9-31)

in which Tk is the period of the carrier-frequency cycle.

Ek(l + M sin oimt) r_
,
.
.
. .
, t
Q = ----------------------[2 cos onto + (2onto — ir) sin onto] (9-32)
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The average current throughout the carrier-frequency cycle is
_ Q _
Tk

—

2tt

Ek(l + M sin wj.) T
/
cos (£$0 I I\
vrp

n\ .
et J sin wjjo
2/

(9-33)

But, since Er = luT, Eq. (9-27) may be written in the form

______ IbG______
Ek{i -A-M sin w„,i)

sin ukt0

(9-34)

Substitution of Eq. (9-33) in Eq. (9-34) gives the following relation:

sin &kt,

r
irrp

COS

Cùkto +

sin wkt0

(9-35)

Although Eq. (9-35) cannot readily be solved for sin wkt0 as a function of
r/rp it is a simple matter to plot a curve of sin wkt0 vs. r/rp by substituting

Fig. 9-25.—Variation of diode detection efficiency with ratio of load resistance to plate
resistance for several values of fkrC.

various values of ukt« in Eq. (9-35) and finding the corresponding values
of r/rp. This gives the upper curve of Fig. 9-25. Such a curve shows
that sin wkt is a single-valued function of r/rp. Since r and rp are con
stant in a given circuit, it follows that sin ukto is constant in Eq. (9-28).
Hence the output of the ideal linear diode detector contains a steady
component proportional to the carrier amplitude Ek, and a modulation
frequency component proportional to the carrier amplitude and to the
modulation factor. Both components also increase with the ratio r/rp,
in the manner indicated by the upper curve of Fig. 9-25. In contrast
with detection by curvature of tube characteristics, detection by com
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plete rectification does not introduce harmonics of the modulation
frequency if the tube characteristic is truly linear. As will be shown in
Sec. 9-19, however, curvature of the diode characteristic results in some
nonlinear distortion.
9-16. Detection Efficiency and Effective Input Resistance of the
Ideal Linear Diode Detector.—The ratio of the amplitude of the modula

tion-frequency output voltage Eo to the product EkM is called the
detection efficiency and is represented by the symbol D. This may be
stated symbolically by the relation

Eo = DEkM

(9-36)

Inspection of Eqs. (9-26) and (9-28) discloses that the sum of the direct
and modulation-frequency output voltages of the ideal diode detector
is given by the relation

Er = DEkfa + M sin ad)

(9-37)

where Dis equal to sin a^when the reactance of the detector condenser at
carrier frequency is very small in comparison with r, and to ra/irfap + r)
when the condenser is omitted. In Fig. 9-25 the detection efficiency is
plotted against r/rP at zero and infinite carrier-frequency condenser
reactance and at several intermediate values. These curves show
clearly that the detection efficiency and therefore the output voltage are
increased by the condenser.
The carrier-frequency power taken from the source of detector input
voltage may appreciably affect the operation of the voltage source.
When the excitation voltage is taken from the output of a radio-frequency
amplifier, for instance, the energy dissipation in the detector circuit
reduces the sharpness of tuning of the amplifier. It is therefore often
important to know how the power loss and the effective input resistance
of the detector depend upon the detector plate and load resistances.
The average power dissipated in the detector circuit in a given carrier
frequency cycle is equal to the integral, over the cycle, of the product of
the instantaneous impressed voltage Ek(l + M sin amt) sin ad and the
instantaneous current ij,, divided by the period of the carrier cycle. The
current it, which is given by Eq. (9-30), flows during the time interval
starting at the time t0 after the beginning of the positive half cycle and
ending at the time t0 before the end of the positive half cycle, as shown
in Fig. 9-23. The average power input during the nth carrier-frequency
cycle is
p
1 Ek2(l +M sin^i)2
Pi = 7.,------------------------- /
rp

J (n-i)Tk+tt

.
(sm ad — sm ado) sm ad dt
(9-38)
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p _ AV(1 + M sin gj)2
2irrp

n

4

(9-39)

sin tokto cos tokt,

toktg j
/

The effective input resistance may be defined as the equivalent resistance
that would dissipate the same average power as .the detector in each
carrier-frequency cycle as the result of application of the same modulated
voltage. According to this definition, the power dissipated in each cycle
is equal to one-half the square of the crest applied voltage in that cycle
divided by the effective input resistance.
p _ ^[^(l + M cos a!mi)]2
'
re

(9-40)

Substitution of Eq. (9-39) in Eq. (9-40) gives the following expression
for the effective input resistance:
irrp
SHI

(9-41)
COS

Wkfo

The values of mL, sin mh, and cos ukto for various values of r/rp can be
found with the aid of Eq. (9-35).
A similar analysis (see Prob. 9-6) shows that when the condenser is
omitted from the detector circuit the
effective input resistance is
re = 2(rp + r)

(9-42)

In-Fig. 9-26, re/rp is shown as a function
of r/rp for infinite and for zero condenser
reactance. In both cases re = 2rp when
rb = 0. For large values of r/rp, re ap
proaches the value
for zero reactance
and 2r for infinite reactance. The con
denser therefore lowers the effective
input resistance.
9-17. Ideal Linear Diode Detection
of A-m Wave of General Form.—An

rp
Fig. 9-26.—Effect of load resist
ance and capacitance upon effective
input resistance of a diode détecter
circuit.

examination of the equations of Secs. 9-14 and 9-15 shows that the
integrands of the integrals evaluated in the analysis of the ideal linear
diode detector do not involve the factor Ek(l + M sin tomt) which
defines the form of the envelope of the modulated wave, and that this
factor is therefore carried outside of the integral sign through all opera
tions. It appears in Eqs. (9-26) and (9-28) in unmodified form. If the
modulated wave is of the much more general form Ekj(f) sin ukt, in which
f(t) is any function of time, the envelope factor Ekf(t) replaces the factor
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Ek(l + M sin umt) throughout the analysis and, particularly, in Eqs.
(9-26) and (9-28).1 This fact indicates that the wave form of a complex
modulation voltage by means of which the carrier was modulated is not
distorted in the process of detection by an ideal linear diode detector.
The output voltage contains only the frequencies of the original modula
tion voltage. For a modulated voltage of general form, Eq. (9-37)
becomes
Er = DEkf(t)
(9-43)
9-18. Ideal Linear Diode Detection of the Sum of Two Voltages of
Different Frequencies.—The linear diode detector is sometimes used to

produce a difference frequency as the result of the simultaneous applica
tion of two sinusoidal voltages of unequal frequency. To analyze this

Fig. 9-27.—Resultant of two sine waves of equal amplitude and 5 to 4 frequency ratio.

process it is necessary first to study the form of the resultant wave pro
duced by the addition of two sine waves. Figure 9-27 shows the resultant
of two sine waves of equal amplitude and 5 to 4 frequency ratio. By
adding waves that have both unequal frequency and unequal amplitude,
the reader may show that, in-general, the resultant of two sine waves of
somewhat different frequency resembles an amplitude-modulated wave.
It differs from such a wave in that the points at which the resultant crosses
the axis are not equally spaced, indicating additional phase modulation.
The form of the envelope of the resultant wave and the manner in
which the phase varies with time can be determined analytically. Let
the two impressed voltages be ex = Ex cos ^xt and e2 = E2 cos w2t. The
resultant voltage is
e = Ex sin wxt + E2 sin oi2t
= Ex sin (¿xt -|- E2 sin [oi/ — (coi — ^2)^]

(9-44)
(9-45)

By expanding the second term of Eq. (9-45) and collecting terms in
sin uxt and cos wxt, Eq. (9-44) may be transformed into
e = E sin (coiZ — </>)
1 Rodeb, Hans, Proc. I.R.E., 20, 1946 (1932).

(9-46)
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in which
E = Ey
+ 2h cos (oil — w2)t + h2
, = tan
, “,1 - h-7sin
(an.--------— a>2)(
——
1 + n cos (wi — W2)t

(9-47)

r
E2
h = Ey

(9-49)

(9-48)

If ei represents the component of the applied voltage that has the larger
amplitude, then Ey E2, and h 1.
Figure 9-28a shows how the phase angle </> varies throughout one
cycle of difference frequency, fy — f2, for various values of h between
0.2 and 1. When the amplitudes are equal, h = 1 and </> varies between

Fig. 9-28.—Effect of amplitude ratio h upon (a) phase modulation and (b) form of envelope
of the resultant of two sine waves of unequal frequency.

+90 and —90 degrees, a sudden reversal of phase taking place at the
instant (an — a>2)< = ir- As h is decreased by changing the amplitude
of either component, the maximum value of 0 rapidly decreases, being
only slightly greater than 11^ degrees when h = 0.2. Figure 9-286 shows
how E varies throughout the difference-frequency cycle, for various values
of h, E2 being kept constant at unity. Comparison with the dotted
curve, which represents cos (an — ai2)i, shows that the amplitude varies
at a fundamental frequency equal to the difference frequency but also
contains a steady component and harmonics of the difference frequency.
E. B. Moullin has shown1 that

1 + 26 cos (an — aj2)i + 62 — 6O + 61 cos (an — a>2)(
+ 62 cos 2(an — co2)t + 63 cos 3(an — w2)( + ■ ■ ■

(9-50)

Each coefficient of this series is in itself an infinite series that converges
rapidly if 6 1. The following expressions for the first two coefficients
are accurate within 1 per cent when h does not exceed unity:
1 Moullin, E. B., Wireless Eng., 9, 378 (1932).

Wireless Eng.,

9, 195 (1932).

See also F. M. Colebrook,
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(9-52)

Equation (9-50) proves rigorously that E contains a steady component,
a fundamental difference-frequency component, and all harmonics of the
difference frequency.
This analysis shows that the resultant of two sine waves of different
frequencies is equivalent to a wave whose frequency is that of the com
ponent of higher amplitude and whose amplitude and phase are modulated
simultaneously. The modulation voltage with which the amplitude of
this equivalent wave is modulated contains the fundamental difference
frequency and all its harmonics. The phase modulation, the funda
mental frequency of which is also equal to the difference frequency, may
be made as small as desired by making h small. Under the assumption
that h is small enough so that the phase modulation is negligible, the sum
of the two sine waves is equivalent to an amplitude-modulated wave
Eif(t) cos Wit, in which f(t) is given by Eq. (9-50). Substitution of Eq.
(9-50) in Eq. (9-43) shows that when this voltage is applied to an ideal
linear diode detector the output voltage is
Er = DEffibo -|- bi cos (wi —
-|- b2 cos 2(au — oy/jt 4- * * • ] (9-53)
The value of D in Eq. (9-53) may be found from the curves of Fig. 9-25.
Examination of Eqs. (9-51) and (9-52) and similar equations for the
higher-order coefficients of Eq. (9-50) shows that the ratio of the ampli
tude of the nth harmonic to the amplitude of the fundamental difference
frequency output of the detector is roughly proportional to A"-1 and that
the exactness of the proportionality increases rapidly as h is decreased.
The harmonic content may, therefore, be made as small as desired by
making the amplitude of one component of the input much larger than
the other. The amplitude of the fundamental modulation-frequency
component of detector output voltage is
r,

n m

,

h2

E<> - EiDh (.1 26

A4
2®

5A6
210

\
/

(9-54)

As h is decreased, this approaches the limiting value
Eo = ErDh = E2D

(9-55)

This shows that, if one input voltage is considerably larger than the other,
the amplitude of the fundamental difference-frequency component of
linear diode detector output depends only upon the amplitude of the
smaller input voltage.1 This is of importance in the design of super1 Slaffer, M., Wireless Eng., 11, 25 (1934).
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heterodyne radio receivers and hétérodyne oscillators (see Secs. 9-25
and 10-52).
9-19. Effect of Curvature of Diode Characteristic.—Equations (9-26),
(9-28), and (9-43) hold only for linear characteristics. If the diode
characteristic is not linear, the wave of plate current is not an exact
replica of the upper half of the applied modulated voltage. This fact
suggests that the output contains harmonics of the modulation voltage.
In general, the relation between total instantaneous diode plate current
and plate voltage may be expressed in terms of a series
ib = pieb + pzeb2 + Pr/bf + • ■ ■

(9-56)

Analysis by the method used in deriving Eqs. (9-28) and (9-43) shows
that the voltage output across the condenser-resistance load is of the form

Eo = PiEkffa + PzEdf2(t) + PaEk^fa + • • •

(9-57)

If the input voltage is a simple modulated wave, then/(i) is
(1 + M sin Uml),

and the second term gives rise to steady, fundamental, and second-har
monic components, and the third term to steady, fundamental modula
tion-frequency, second-harmonic, and third-harmonic components. If
the input wave is modulated by several modulation frequencies, the out
put also contains frequencies equal to the sums and differences of the
modulation frequencies and their multiples. The fundamental modula
tion-frequency components of the output arising from the second- and
higher-order terms of Eq. (9-55) destroy the linearity between modula
tion-frequency output voltage and carrier amplitude that is obtained
when the characteristic is linear. The sum and difference frequencies
produce objectionable dissonance when the detector is used in the repro
duction of music. The form of the coefficients of Eq. (9-55) may be
shown to be such as to indicate a reduction of distortion with increase
of load resistance.
The action of practical diode detectors with high load resistance
approximates that of the ideal linear detector at high excitation voltages
and is intermediate between that of the ideal linear diode and a parabolic
diode at low excitation voltage. In practice, detection is said to be linear
if the desired output voltage is substantially proportional to the carrier
voltage throughout the useful operating range of the detecting device.
9-20. Design of Practical Diode Detectors.—In order to ensure
low distortion resulting from curvature of the diode characteristic, to
minimize loading of the source of detector input voltage, and to attain
high detection efficiency and hence output voltage, the load resistance
should be high. There is no advantage, however, in making the load
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resistor much greater than the grid coupling resistor of the‘amplifier that
follows the detector. Values ranging from 100,000 ohms to 1 megohm
are normally used.
Care should be exercised in the choice of the condenser capacitance
of a diode detector, since incorrect capacitance may cause several types
of distortion. The charging current that can flow into the condenser
for a given value of instantaneous impressed voltage is limited by the
tube, by the impedance of the source, and by leakage through the load
resistance. If the condenser is too large, many carrier-frequency cycles
may be required for the condenser voltage to reach equilibrium after an
increase or a decrease of amplitude of impressed alternating voltage.
Then, if the impressed amplitude fluctuates rapidly, the changes in con
denser voltage are smaller than the changes in amplitude. The change in
condenser voltage for a given change of impressed amplitude decreases
^■Output voltage

""Input voltage
Fig. 9-29.—Nonlinear distortion in a diode detector resulting from improper choice of
circuit values.

as the frequency of the amplitude variation is increased. Since the
envelope of a modulated wave varies at modulation frequency, it follows
that the use of too large a condenser causes frequency distortion of the
detector output. With a large condenser and load resistance and low
tube resistance and source resistance, the condenser voltage may be able
to respond fully to an increase of amplitude of impressed voltage, but
not to a decrease of amplitude, as illustrated in Fig. 9-29. Frequency
distortion will then be accompanied by nonlinear distortion in the detec
tion of a modulated wave. Both of these types of distortion may be
made negligible by satisfying the relation 2irfmrC Z -y/CI/M)2 — 1, in
which fm is the highest modulation frequency with which the carrier is
modulated.1
When the detector is resistance-capacitance coupled to the grid of an
amplifier tube, the detector load resistance at modulation frequency is
that of r in parallel with the amplifier grid leak (the coupling capacitance
being assumed negligible at modulation frequency), whereas the d-c
resistance is that of r alone. To prevent the amplitude distortion dis1 Terman, F. E., and Morgan, N. R., Proc. I.R.E., 18, 2160 (1930); Nelson,
J. R., Proc. I.R.E., 19, 489 (1931); Nelson, J. R., Proc. I.R.E., 20, 989 (1932);
Terman, F. E., and Nelson, J. R., Proc. I.R.E., 20, 1971 (1932); Cocking, W. T.,
Wireless Eng., 12, 595 (1935).
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cussed above, it is then necessary to satisfy the relation

2irfmrmC g

~ 1

where fm is the highest modulation frequency and rm is the effective load
resistance at modulation frequency.1 The difference between the modu
lation-frequency and d-c resistances of the load with resistance-capaci
tance coupling causes another type of amplitude distortion because of
complete cutting off of diode current during the inward modulation crests
when the degree of modulation is high. This type of distortion, which
results in clipping of the negative peaks of modulation output voltage,
may be prevented by keeping the degree of modulation less than a limit
ing value given approximately by the relation M = (rm + 2rs) /(r + 2rs),
where rs is the effective resistance of the
c'
source at carrier frequency.2 Peak clipping
is explained graphically in Sec. 9-23 and
illustrated in Fig. 9-35.
The load resistance not only allows the
condenser to discharge in response to the
—Full-wave diode de
envelope of the impressed voltage, but also Fig. 9-30.tector
circuit.
allows it to discharge during the portions
of the carrier-frequency cycle in which the instantaneous impressed
voltage is less than the condenser voltage. This causes the condenser
voltage to vary by a small amount at carrier frequency. The
presence of carrier-frequency Voltage in the output is the limiting
factor in determining the minimum condenser capacitance that can
be used. The ratio of the amplitude of the carrier-frequency voltage
in the output to the amplitude of the signal-frequency voltage is
approximately A/irfkrmC, where fk is the carrier frequency. Since the
carrier frequency is usually at least ten times the highest signal frequency,
there is no difficulty in making C large enough to meet this requirement
without making it too large to avoid modulation-frequency distortion.
A capacitance of approximately 150 ppi is suitable for C in, the broadcast
band.
Some reduction in the required size of C results from the use of the
full-wave diode circuit of Fig. 9-30. The output of this circuit does not
contain the carrier frequency, and so the condenser need be only large
enough to remove the second harmonic of the carrier frequency.
1 Roberts, F., and Williams, F. C., J. Inst. Elec. Eng. (London), 76, 379 (1934);
Bennon, S., Proc. I.R.E., 25, 1565 (1937).
2 Wheeler, H. A., Proc. I.R.E., 26, 745 (1938); Court, W. P. N., Wireless Eng.,
16, 548 (1939); Sturley, K. R., Wtre/ess Eng., 17, 19 (1940); Preisman, A., Com

munications, August, 1940, p. 18; September, 1940, p. 8.
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Transrectification).—If a

modulated wave of voltage is applied to the grid of a triode biased to
cutoff, plate current flows only during the positive half cycles of the
modulated voltage, as shown in Fig. 9-31. The action is similar to that
of a diode except that the amplification of the tube greatly increases the

Time

-ea=Ek sin wkt

—eg=Ek(T + Msin Ws+)sin wkt

Fig. 9-31.—Linear plate detection.

sensitivity and that, if the grid is not allowed to swing positive, less load
is placed on the voltage source. If the transfer characteristic were linear,
there would be no signal distortion, and signal output would be propor
tional to carrier amplitude. Curvature of the characteristic causes dis
tortion, which may be reduced by the use of high plate load resistance.
Usually the bias is somewhat less than the
cutoff value, and the action at low excita
tion is by curvature of the transfer char
acteristic. At large values of excitation
voltage the action approximates that of
the linear diode. The distortion of the
linear plate detector is in general greater
than that of the diode detector, but it has
the advantages of greater sensitivity and high input impedance. Figure
9-32 shows the circuit of a typical linear plate detector. In this circuit,
bias is obtained from the steady component of voltage across the load
resistance.
9-22. Linear Grid Detection.—Figure 9-33a shows a detector, similar
in form to the diode detector of Fig. 9-28, in which the grid and cathode
of a triode are used as the rectifier and the output is taken from across
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the tube, as explained in Sec. 9-14. Since the modulation-frequency
output voltage appears between the grid and the cathode of the triode,
the plate current contains a modulation-frequency component, and
amplified modulation-frequency voltage may be taken from across a
plate load resistor, as shown in Fig. 9-336. Because there is also carrier
frequency voltage present between the grid and the cathode, the con
denser Cb must be used in order to suppress carrier voltage from the
output. The grid resistor may be connected across the grid condenser,
instead of between the grid and the cathode. The grid circuit is then
similar in form and action to the diode circuit of Fig. 9-21. Choice of
the values of r and C is governed by the same considerations as those
determining the choice of the resistance and capacitance of diode circuits,
as discussed in Sec. 9-20.

(a)

(t>)

Fig. 9-33.—(a) Diode detector using the grid circuit of a triode;

(b) linear grid detector.

In the linear grid detector, rectification in the grid circuit produces
the biasing voltage necessary in using the triode to amplify the modula
tion-frequency voltage. The bias increases with the amplitude of the
input voltage and at high values of input amplitude may be so great that
the operating point is in a region where the transfer characteristic has
high curvature and plate-current cutoff may occur. This results in two
objectionable effects: The modulation-frequency voltage is distorted in
amplification, and detection by transrectification is superimposed upon
grid detection. Since the modulation-frequency output resulting from
transrectification is opposite in phase to that resulting from grid rectifica
tion, the detection efficiency decreases at large values of excitation.
Reduction of detection efficiency may, however, be prevented by the use
of an inductance in place of the grid leak r. The advantage of the linear
grid detector over the linear diode detector and the linear plate detector
is its higher sensitivity, which results from amplification of the modula
tion-frequency voltage generated in the grid circuit.1 It approaches
linearity more closely than the linear plate detector. The high sensitivity
of the linear grid detector can be attained without the attending disadvan
tages by using a diode detector and a separate stage of audio-frequency
amplification. By the use of a tube that combines a diode and a triode
or pentode in a single envelope, this can be accomplished without increas
ing the number of tubes.
'Terman, F. E., and Morgan, N. R., Proc. I.R.E., 18, 2160 (1930),

322

APPLICATIONS OF ELECTRON TUBES

[Chap. 9

If sufficient additional fixed positive bias is used in the circuit of Fig.
9-33b, grid current flows continuously and detection is the result of curva
ture of the grid characteristic, rather than of complete rectification.
Although used in early radio receivers, this type of detection has been
entirely superseded by linear diode detection in communication apparatus.
9-23. Graphical Detection Analysis.—The similarity between the
variation of the average current of a detector tube with amplitude of
exciting voltage and the variation of steady plate current of an amplifier
tube with direct grid voltage suggests the use of detection diagrams which
are analogous to amplifier plate diagrams.1 For diode or other simple
rectification, the curves of average plate current against average plate
voltage for fixed values of sinusoidal exciting voltage are called rectifica
tion characteristics. For plate detection or other transrectification, the
curves of average current to an electrode vs. average voltage of that

Fig. 9-34.—Circuits for the determination of (a) rectification characteristics and {b) trans
rectification characteristics.

electrode for fixed values of exciting voltage applied to any other electrode
are called transrectification characteristics. Circuits for the determination
of these characteristics are shown in Fig. 9-34. For the ideal linear diode
the rectification characteristics obey the equation
E
bk

Trrp

COS

(úfalo

+

sin

tojio

where sin toktü = Eb/E, Eb is the average plate voltage, and E is the
amplitude of excitation. Ideal linear diode rectification characteristics
are shown in Fig. 9-35. Experimental characteristics for a type 6H6
diode are shown on page 684.
When a modulated voltage Ek(l + M sin tomt) sin aid is applied to the
detector, in place of the steady exciting voltage used in obtaining the
characteristics, the amplitude of the exciting voltage varies in a manner
analogous to the variation of grid voltage of an amplifier and causes an
1 Ballantine, S., Proc. I.R.E., 17, 1153 (1929); Nelson, J. R., Proc. I.R.E., 19,
489 (1931); Nelson, J. R., Electronics, March, 1931, p. 550, July, 1931, p. 14; Lucas,
G. S. C., Wireless Eng., 9, 384 (1932); Turner, P. K., Wireless Eng., 9, 384 (1932);
Kilgour, C. E., and Glessner, J. M., Proc. I.R.E., 21,930 (1933),
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analogous variation of average current. If static and dynamic load lines
are drawn on the detection diagram, corresponding to the d-c resistance
and the a-c resistance at modulation frequency, respectively, the funda
mental and harmonic signal amplitudes may be determined graphically
by the methods of Chap. 4. A typical detection diagram is illustrated
in Fig. 9-35 for an ideal linear diode and a load whose resistance at modu
lation frequency is less than its d-c resistance (resistance-capacitancecoupled load). The “static” operating point 0, which corresponds to
zero modulation factor, is determined by the intersection of the static load
line with the rectification characteristic for which E = Ek, the unmodu
lated carrier amplitude. The swing of E along the dynamic load line is

Fig. 9-35.—Detection plate diagram for ideal linear diode with load whose modulation
frequency resistance is less than its d-c resistance.

equal to MEk. It can be seen from Fig. 9-35 that, if the a-c load resist
ance is much lower than the d-c load resistance, cutoff may occur when
the degree of modulation is high.1 This causes peak-clipping, which has
been discussed in Sec. 9-20.
9-24. Series Expansion and Equivalent Circuit for Detection.—Since
the direct voltages of all electrodes except that in which the detected cur
rent flows are normally maintained constant, the average current to that
electrode is a function of only the amplitude of the exciting voltage and
of the average voltage of that electrode. The average plate current of a
diode or plate detector may therefore be expressed by the functional
equation
Ibk = f(Eb + UE)
(9-58)
1 Kilgour and Glessner, loc. cit. For an analysis that takes load reactance into
account, see A. Preisman, “Graphical Constructions for Vacuum Tube Circuits,”
Chap. 6, McGraw-Hill Book Company, Inc., New York, 1943.
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in which Eb is the direct voltage applied to the plate, E is the amplitude

of the sinusoidal exciting voltage applied to the plate or other electrode,
and U is a factor analogous to amplification factor. U indicates the
relative effectiveness of the direct plate voltage and the excitation voltage
in controlling the average plate current.
When the exciting voltage is a modulated carrier voltage, the ampli
tude of the exciting voltage varies at modulation frequency and causes the
average current to vary at a fundamental frequency equal to the modula
tion frequency. The varying component of the average detector current
can be expressed in terms of a series analogous to that for an amplifier
with varying grid voltage, derived from Eq.
(9-58) in a manner similar to that used in the
derivation of Eqs. (3-40) and (3-56). The series
expansion for the alternating component of aver
age detector current is
Fig. 9-36.—Equivalent

id = 2Aie + 2A2e2 + 2ri3e3 + • • •

(9-59)

plate circuit for detection.

in which e is the instantaneous amplitude of the
modulated input voltage, and the coefficients are of similar form to those
of Eq. (3-57). The first coefficient is given by the relation
Tp

u
Zb(a-m)

-f-

(9-60)

where rp, the detection plate resistance, is defined by the equation

,
dEb
Tp = XT
Oibk

(9-61)

and U, the detection mu-factor, is defined by the equation
U=

I1»* = const-)

(9-62)

For the sinusoidally modulated voltage,
em = Ek(l + M sin amt) sin u>d
e = Ekfa + M sin amf). Substitution of this value of e and of Eq.
(9-60) in the first term of Eq. (9-59) shows that the fundamental modula
tion-frequency component of detector current is

UMEk
rp “1“ Zbfalm)

(9-63)

and that the fundamental modulation-frequency current and output
voltage can, therefore, be found from the equivalent plate circuit for
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detection shown in Fig. 9-36. Equation (9-63) may also be written in
the form1
dltk

dE

Tp MEk

Tp +

(9-64)

dIbk/dE, which is analogous to transconductance, is called the rectification
coefficient (in simple rectification) or transrectification coefficient (in
transrectification).
The detection plate resistance rf, the rectification or transrectification
coefficient dlddE, and the detection mu-factor U may be determined

Fig. 9-37.—(a) Essential steps in communication by means of a-m waves.
diagram of the superheterodyne receiver.

(&) Block

from the rectification or transrectification characteristics at the operating
point, in exactly the same way that the plate resistance, transconduc
tance, and amplification factor are found from the static plate character
istics. A bridge for the dynamic measurement of rf is described on
page 655.
Equations (9-58) to (9-64) may also be applied to grid detectors,
proper changes in subscripts being made. Account must be taken, how
ever, of the signal-voltage amplification in determining the signal voltage
output in the plate circuit.
9-25. Radio Communication by Means of A-m Waves.—The block
diagram of Fig. 9-37a shows the essential steps in communication by
means of amplitude-modulated waves. The reader should note the
frequencies present at various points in the system. In the super
heterodyne type of receiver now used almost exclusively in broadcast
'Ballantine, loc. cit.
I.R.E., 15, 113 (1927).

See also E. L. Chaffee, and G. H. Browning, Proc.
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reception, the carrier frequency is transformed to a value of 450 kc before

the modulated signal is amplified to the level required for detection.
This is accomplished by impressing the modulated signal and the output
of a local oscillator, .whose frequency is 450 kc higher than that of the
incoming carrier, upon a frequency converter or first detector, as shown
in Fig. 9-375. The 450-kc intermediate-frequency amplifier selects the
desired difference-frequency components from the output of the first
detector. Because most of the amplification is accomplished at the
fixed intermediate frequency, the superheterodyne circuit makes possible
the high amplification and selectivity that can be attained with a large
number of tuned amplifier stages without requiring the simultaneous
variation of more than three condensers (first amplifier, oscillator, and
first detector) in the operation of the receiver.
9-26. Automatic Gain (Volume) Control (A. V. C.).1—Because of
fluctuations in the field intensity of radio waves striking the antenna,
the audio-frequency output of a radio receiver also fluctuates unless the
receiver is provided with some sort of automatic compensation. The
simplest method of maintaining constant output is by the use of auto
matic control of the amplification of the radio-frequency amplifier stages.
Automatic gain control is based upon the combination of two principles
already discussed: (1) The amplification of an r-f amplifier varies with the
transconductance of the tubes, which in turn depends upon the operating
voltages; (2), the direct output voltage of a detector varies with the car
rier amplitude of the modulated input voltage. The output of the
amplifier is applied to a detector, the direct-voltage output of which
controls the voltages of one or more grids of the amplifier tubes in such
a manner as to reduce the amplification when the input of the amplifier
rises.
Figure 9-38 shows a type of automatic gain control commonly applied
to radio receivers in which linear diode detection is used. For simplicity,
only one stage of the r-f amplifier is shown and the amplifier tube is
shown as a triode, rather than as a pentode, r^ is the detector load
resistance, across which the modulation-frequency and direct output
voltagesappear. Ci is the detector condenser. The d-c detector output
is applied to the grid of the r-f amplifier tube through the high resistance
(approximately 1 megohm, usually) r2, which, in conjunction with the
condenser C2, filters out the modulation-frequency voltage. The modu
lation-frequency output of the detector is applied to the audio amplifier
through the condenser C3. As the r-f output of the amplifier increases,
the direct voltage across tt goes up. The polarity of this voltage is such
as to make the r-f amplifier grid more negative and thus reduce the r-f
gain. The rapidity with which the grid bias of the r-f amplifier tube can
1 Wheeler, H. A., Proc. I.R.E., 16, 30 (1928).

Sec. 9-27]

MODULATION AND DETECTION

327

change decreases with increase of r2 or C2. Too rapid response tends to
cause degeneration at low audio frequencies. C2 serves the additional
functions of affording a low-impedance connection between the trans
former secondary and the cathode in the r-f amplifier and of preventing
the r-f output of the amplifier from being applied to the grids of controlled
tubes.
Similar action may be obtained with other types of detectors, but the
diode detector has the advantage that the d-c output is proportional
to the carrier amplitude and independent of the degree of modulation.1

Fig. 9-38.—Basic circuit of diode automatic gain control as applied to r-f amplifier.

9-27. Frequency Modulation.2—Frequency modulation is the process
whereby the frequency of one wave or oscillation is varied with time in
accordance with the time variations of another wave or oscillation.
Figure 7-18 shows a wave of a quantity y, the value of which varies
periodically with time at a frequency that is a function of time. The
amplitude has a constant value K. If the variation of frequency is
sufficiently slow so that each cycle can be assumed to be essentially sinu
soidal, the value of y at any instant ii is equal to sin 9, where 9 is
the number of degrees elapsed in y
the cycle in progress at the instant txIt can be seen from Fig. 9-39 that
the value of 9, and hence of y, at
that instant depends not only upon
the frequency at that instant, but
also upon the manner in which the Fig. 9-39.—Frequency-modulated wave.
frequency varied previously. If n is the number of cycles that have
elapsed between the instants t = 0 and t = tx, then the value of y at the
1 An excellent review of various systems of automatic gain control is given by
W. T. Cocking in Wireless Eng., 11, 406, 476, 483, 542 (1934); 12, 87 (1935).
2 Carson, J. R., Proc. I.R.E., 10, 57 (1922); 7, 187 (1919); van der Pol, B.,
Proc. I.R.E., 18, 1194 (1930); Smith, C. H., Wireless Eng., 7, 609 (1930); Roder, H.,
Proc. I.R.E., 19, 2145 (1931) (with bibliography of 21 items); Luck, D. G. C., and
Roder, H., Proc. I.R.E., 20, 884 (1932); Armstrong, E. H., Proc. I.R.E., 24, 689
(1936). See also supplementary bibliography at the end of this chapter.
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instant ij may be expressed by the relation

yi = K sin m(2tt)

(9-65)

(Thus, in Fig. 9-39, n = 5 + 0/2ir and y! = K sin (10ir + 0) = sin 9.
ti is equal to the number of cycles between zero and G multiplied by the
period of each cycle.) The portion An of a cycle that elapses during any
small interval between t and t + At is equal to the ratio of the interval At
to the period T for that cycle. Thus
An = ^ = f At

(9-66)

where f is the value of the frequency at the instant t.
number of cycles in the interval 0 to ti is

n=

Therefore the
(9-67)

If the instantaneous frequency f is varied sinusoidally at modulation
frequency fm about an unmodulated carrier value fk in accordance with
the relation
f = fk(l + B cos 2irfmt)
(9-68)
then
n =
fk(l + B cos 2irfmt) dt
(9-69)
n = fk (G + UT sin 2Trfmti\
\
/

(9-70)

and
yY = K sin ( 2irfkti +

sin 2irfmh)

(9-71)

Since ¿i may have any value, the subscript i may be omitted and Eq.
(9-71) written in the form
y = K sin (mt + Mf sin umf)

(9-72)

in which Mf = Buk/tom = Bfk/fm. Equation (9-72) is that of a constant
amplitude wave, the frequency of which is varied in accordance with Eq.
(9-68). Bfk, which is shown by Eq. (9-68) to be the maximum change in
frequency from the unmodulated carrier value, is called the frequency
deviation and will be represented by the symbol fa- Mf, which is equal to
fd/fm, the ratio of the frequency deviation to the modulation frequency, is
called the deviation ratio or frequency modulation index. Equation (9-72)
may be written
(

I

\

y = K sin f mt + 4- sin umt I
\

jm

/

(9-72a)
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Equation (9-72) may be expanded into the series1
y = K{JdMf) sin ant + Ji^tifsin (an + ai^t — sin (an — um)t]
+
sin (wj + 2wm)t + sin (an — 2wm)i]
+ Js(M/)[sin (an + 3wm)i — sin (an 3wm)Z]
+
sin (o>k + 4wm)i + sin (an — 4wro)i]
+ • • • }
(9-73)
in which the coefficients Jn(Mf) are Bessel functions of the first kind.
The coefficients for any given value of Mf may be evaluated by the use of
published tables that list numerical values of J Ax'), Ji(x), J Ax), etc., for
various values of x.2
Equation (9-73) shows that a frequency-modulated wave theoretically
contains an infinite number of side frequencies, separated in frequency
value by the modulation frequency.
The values of Jn(Mf) decrease very
rapidly, however, beyond a value of
n that is slightly greater than Ms.
This can be seen from Fig. 9-40,
which shows as a function of Mf the
highest order of the side frequencies
whose amplitudes are greater than 5
per cent or than 10 per cent of that of
the unmodulated carrier.3
Fig. 9-40.—Highest order of side
whose amplitudes are
Because Mf is inversely propor frequencies
greater than 5 per cent and than 10 per
tional to fm, the number of side fre cent of the unmodulated carrier,
plotted as a function of the deviation
quencies of appreciable amplitude ratio.
decreases with increase of modulation
frequency and, when the deviation is large in comparison with the
highest modulation frequency, the over-all band width does not vary
greatly as the modulation frequency changes throughout the audio
frequency range. This fact can be shown with the aid of Fig. 9-41 by
noting that the total band width of the upper and of the lower frequency
bands in which the side frequencies lie is equal to nfm, where n is the order
of the highest-order side frequency component of appreciable amplitude.
Inspection shows that for the 10 per cent curve n is approximately equal
1 van der Pol, loc. cit.; Roder, Zoc. cit.
2 Jahnke, E., and Emde, F., “Tables of Functions with. Formulae and Curves,”
3d ed., B. G. Teubner, Leipzig and Berlin (1938); Gray, A., and Mathews, G. B.,
“A Treatise on Bessel Functions,” Macmillan & Company, Ltd., London (1922).
See also Rodbr, op. cit., p. 2175. It is of interest to note that J0(0) = 1 and J„(0) = 0.
Hence, when Mf is zero, i.e., when the wave is unmodulated, Eq. (9-73) reduces to
y = K sin wkt, as it should.
3 Roder, loc. cit. In using Fig. 9-40, n is read as the next lower integer to the value
indicated by the curve. Thus, for M/ = 1, n = 2.
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to 1.0 + 1.1M/. Hence the width of the upper and of the lower band is

approximately
1.0 + 1.1

fm — fm + 1-1/d

where fd is Bft, the deviation in cycles per second. The total band width
is approximately 2fm + 2.2fd, which is very nearly equal to 2fa when
fd/fm, i.e., M/, is large. A similar expression may be derived for the 5 per
cent curve of Fig. 9-40 but, because of greater curvature of this curve, the
Lx Value, of unmodulated
|

carrier

i

Value ofunmodulated carrier

। Deviation = 60kc
} Deviation = 60 kc
i Modulation frequency=!5,000 ! Modulation freqj cycles per second
j uency=IO,OOOcytfes
I
Mf = 4
i per second

|

I

'¿Va/ue of unmodulated
।
carrier

i
•
i
|

VlOOkc

fk

Mf=6

\/Value ofunmodur lated carrier

i
Deviation = 60 kc
' Deviation = 60kc
Modulation frequency=5,000 i Modulation freqcycles per second
j uency= 2,500 cycles

k____ _______
fk

fk+100kc 7^-100kc

fk+IOO)7c

Fig. 9-41.—Amplitudes' and distribution of side-frequency components of f-m wave for
60-kc deviation and four values of modulation frequency.

expression is not quite so simple. More complete analyses have been
made.1 In present frequency-modulation broadcasting systems the
maximum deviation is 75,000 cps and the highest modulation frequency is
15,000 cps. Mt is therefore 5 and the band width at full deviation varies
from about 165,000 to 200,000 cps as the modulation frequency varies in
the a-f range. Figure 9-41 shows the manner in which the number,
distribution, and amplitude of the carrier and side-frequency components
change with modulation frequency for a frequency deviation of 60,000
cps.2
It should be noted that the amplitudes of the side-frequency com
ponents of a frequency-modulated wave depend both upon the amplitude
1 Black, L. J., and Scott, H. J., Electronics, September, 1940, p. 30.
8 Evebitt, W. L., Trans. Am. Inst. Elec. Eng., 69, 613 (1940).
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of the original modulation-frequency excitation [through variation of B
in Eq. (9-68)] and upon the modulation frequency, as has just been shown.
A more complete analysis than that which has just been presented
shows that the side frequencies produced when the carrier is modulated
simultaneously at two or more frequencies are not in general equal to the
side frequencies produced when the carrier is modulated individually at
these same frequencies. When the total deviation is the same, however,
the side frequencies remain within a band of the same approximate
width.1
9-28. Phase Modulation.—An analysis similar tcf that made in the
preceding section for frequency modulation shows that when the phase
angle of the carrier is varied in accordance with the relation

</> = ^>o(l + B sin wmf)

(9-74)

the resulting phase-modulated wave is of the form2
y = K sin (aikt + MP sin wmi)
(9-75)
in which Mp, the phase modulation index, is equal to <j>oB. Equation
(9-75) differs from Eq. (9-72) only in that Mp replaces Mf. It may,
therefore, be expanded into an equation of the same form as Eq. (9-73).
Since Mp is not inversely proportional to fm as in frequency modulation,
however, the number of side frequencies of appreciable amplitude is
independent of fm and so the required band width is proportional to the
modulation frequency. Because of the much larger band width required
at high modulation frequency, because of the more complicated circuits
required for detection, and because of sensitivity of the receiver to microphonic tube vibrations,3 phase modulation is less satisfactory than
frequency modulation in radio broadcasting and has thus far been used
only experimentally.
9-29. F-m Circuits.—The most direct method of producing frequency
modulation is by variation of oscillator frequency in response to the time
variation of the modulation-frequency signal. Since the frequency of
most oscillators is controlled by the reactance of a parallel resonant
circuit (see Chap. 10), the frequency may be varied by use of one of the
circuits, discussed in Sec. 6-39, in which the effective capacitive or induc
tive reactance is varied by means of the grid voltage of a vacuum tube.
Two frequency modulators are shown in Figs. 9-42 and 9-43.4 (Although
one or both tubes in Figs. 9-42 and 9-43 may be multigrid tubes, they are
shown as triodes in order to simplify the diagrams.) In the circuit of Fig.
1 Crosby, M. G., RCA Rev., 3, 103 (1938).
2 Roder, loc. cit.
3 Crosby, M. G., Proc. I.R.E., 27, 126 (1939).
4 Travis, C., Proc. I.R.E., 23, 1125 (1935). See also M. G. Crosby, RCA Rev.,
6, 89 (1940).
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9-42, tube T2 and the circuit elements lying to the right of the condenser C'

make up a feedback oscillator of a type that will be discussed in Sec. 10-30
and is shown in basic form in Fig. 10-49. The frequency of oscillation
of this circuit is determined by the inductance of L and the total capaci
tance that shunts it. The main tuning capacitance C is shunted by the
auxiliary capacitance C' in series with the plate resistance rp of tube Tx.
Variation of the control-grid voltage of Tx changes the plate resistance
and, hence, the effective capacitance of the series combination of rp and
C'. It follows that the frequency of oscillation may be varied by means
of the control-gricf voltage of Tx. Mathematical analysis shows that, if
the oscillator capacitance is varied periodically over a range that is small
in comparison with the average capacitance, at a frequency that is very
small in comparison with the average frequency of oscillation, the
instantaneous frequency varies approximately linearly with capacitance.
Hence, if the circuit of the reactance tube Tx is designed so that the

Fig. 9-42.—Frequency modulator.

Fig. 9-43.—Frequency modulator.

effective capacitance varies linearly with control-grid voltage, the oscil
lator frequency will be modulated linearly with respect to modulation
excitation impressed upon the control grid of Tx.
A more satisfactory circuit is that of Fig. 9-43. In this circuit T2
and the circuit elements lying to the right of it constitute the oscillator,
the frequency of which is determined by the inductance L and the total
capacitance shunting L. Tx, C', and r comprise a reactance-tube circuit
discussed in Sec. 6-39 and shown in Fig. 6-50. The effective capacitance
of this circuit shunts the main tuning capacitance C. Equation (6-99)
shows that the effective capacitance varies with the transconductance of
Tx. The oscillator frequency may, therefore, be varied by means of the
voltage of one or more grids of Tx. By proper choice of tube, operating
voltages, and circuit constants, the frequency can be made to vary linearly
with grid voltage. The frequency variation is then proportional to the
instantaneous value of modulating voltage impressed upon the grid or
grids. A number of modifications of these basic circuits may be made to
meet specific requirements.1
1 Freeman, R. L., Electronics, November, 1936, p. 20; Foster, D. E., and Seeley,
S. W., Proc. I.R.E., 25, 289 (1937); Sheaffer, C. F., Proc. I.R.E., 28, 66 (1940);
Crosby, M. G., QST, June, 1940, p. 46; Crosby, M. G., RCA Rev., 5, 89 (1940).
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An entirely different principle is used in the Armstrong system of
modulation.1 If Mf is less than about 0.5, all but the first two terms of
Eq. (9-73) are very small,2 and Eq. (9-73) may be written in the approxi
mate form
y = KJ0(Mf) sin mt + KJi(M/)[sin (m + u^t — sin (m — “™)d

The amplitude-modulated wave

(9-76)

/

y = K'(l + M sin mf) cos mt

(9-77)

may be written in the form

y = K' cos mt + |K'M[sin (m + ^m)t — sin (m — "»)(]

(9-78)

Equation (9-78) differs in form from Eq. (9-76) only in the 90-degree
difference in phase of the carrier-frequency term and in the fact that the
side-frequency coefficient of Eq. (9-76) decreases with increase of modu
lation frequency whereas that of Eq. (9-78) is independent of frequency.
Ji(Mf) is very nearly proportional to Mf, and hence inversely proportional
to fm, for values of Mf ranging from zero to 0.5. Hence if a 90-degree
phase shift is made in the second term of Eq. (9-78), if the modulation
factor M is made inversely proportional to frequency, and if MKr is of the
proper value, the wave represented by Eq. (9-78) will be identical with
that represented by Eq. (9-76). This is accomplished in the Armstrong
system by amplitude-modulating the carrier by means of a balanced
modulator [in which the carrier is suppressed from the output (see Sec.
9-5)], and combining the resulting side-frequency output with the
unmodulated carrier shifted 90 degrees in phase. M is made inversely
proportional to the modulation frequency by passing the modulation
frequency excitation through an “equalizer” that makes its amplitude
inversely proportional to the modulation frequency before impressing
it upon the modulator. The equalizer usually consists of a resistance
capacitance network.
The maximum value of approximately 0.5 that can be used for Mf
directly in the Armstrong system is too small to give the benefits that can
be attained by the use of frequency modulation in radio communication
(see Sec. 9-31). This difficulty is avoided by performing the modulation
at a much lower carrier frequency than that desired for transmission. By
means of a series of frequency-multiplying circuits the frequency of the
modulated voltage is then multiplied to the desired value. This process
also raises the deviation ratio to the desired value.
9-30. Detection of F-m Voltage.—Prior to detecting a frequencymodulated voltage it is necessary to eliminate any amplitude variation
1 Armstrong, loc. cit.
2 Jaffe, D. L., Proc. I.R.E., 26, 475 (1938).
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that may have been introduced subsequent to modulation. This is
accomplished by impressing the voltage upon the input of a limiter, which
is merely a tuned radio-frequency amplifier operated at low plate voltage.
The action of such a circuit may be understood by reference to the plate
diagram of Fig. 9-44. Since the d-c resistance of the tuned plate circuit is
small, the operating plate voltage is practically equal to the supply volt
age. At resonance, however, the a-c load resistance is high. It can be
seen from Fig. 9-44 that, no matter how large the grid excitation is made,
the plate voltage cannot swing beyond the limits indicated by points a
and b. Hence, beyond the excitation that causes the voltage to swing
to these limits, increase of grid excitation has no effect upon the amplitude
of the fundamental output voltage. Harmonics are suppressed by the
tuned circuit. In practice, the excitation is made large enough and the

Fig. 9-44.—Limiter plate diagram.

operating voltage sufficiently low so that the output amplitude remains
constant in spite of fluctuations of impressed voltage.
The detection of frequency-modulated voltages is accomplished by
first causing the changes of frequency to vary the amplitude of the voltage
and then detecting the resulting amplitude-modulated wave by means of a
diode detector in a manner discussed in Secs. 9-14 to 9-17. The circuit
used to produce amplitude modulation as the result of frequency
modulation is called a discriminator. This term is commonly applied
also to the complete detector, including the diode portion.
The simplest type of discriminator is a series resonant circuit tuned
slightly off resonance with the carrier.1 The voltage produced across
either the condenser or the inductance varies approximately linearly with
frequency over a limited range of frequency, and so variations of fre
quency produce proportional variations of amplitude. A similar action
takes place in tuned-radio-frequency amplifiers tuned slightly off reso
nance with the carrier frequency. For this reason careful tuning is desir1 Andrew, V. J., Proc. I.R.E., 20, 835 (1932); Chaffee, J. G., Proc. I.R.E., 23,
517 (1935); Roder, H., Proc. I.R.E., 25, 1617 (1937).
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able in amplifiers used for frequency-modulated voltages. (Note, however,
that the limiter removes amplitude variations resulting from this cause.)
A more common discriminator circuit is shown in Fig. 9-45. This
circuit was originally designed for use in automatically tuned radio
receivers to produce a direct voltage as the result of a change of fre
quency.1 The action of the circuit is as follows: The voltage Ex impressed
upon the circuit of the diode Tx is the vector sum of E' and E", whereas
the voltage Ez impressed upon the circuit of Tz is the vector sum of E'

L
r

Ec

'Input
from
limiter
Fig. 9-45.—Discriminator circuit.

and E'". As explained in Sec. 9-14, if the reactance of C3 and Ca at
carrier frequency is low in comparison with the shunting resistances, then
Cs and C a charge in the indicated polarities to voltages nearly equal to the
crest voltages Ei and E2 impressed in the respective circuits. The output
voltage Eo is the sum of the condenser voltages.
Since the reactance of Ca is negligible, the series combination of Ci
and L3 is in parallel with Li and the voltage E' across Ls is either in phase
with or 180 degrees out of phase with the primary voltage E{. It will be
assumed that the reactance of La exceeds that of C1; so that E' is in phase
with E^ By virtue of circuit symmetry, the voltages E" and E'" are
each equal in magnitude to half the voltage
Ec across C2. E" is of the same sign as Ec;
E'" is opposite in sign. The voltage across
C2 can be determined with the aid of the
Fig. 9-46.—Equivalent cir
equivalent circuit of Fig. 9-46, in which Lz cuit for the transformer of the
and rz are the self-inductance and resistance discriminator of Fig. 9-45.
of the transformer secondary and M is the mutual inductance. The
induced-voltage E is 90 degrees out of phase with the primary current.
As the primary resistance rx is small, Ei is also practically 90 degrees out
of phase with the primary current, and so E is in phase with or 180
degrees out of phase with E{. It will be assumed to be opposite in phase
to Ei. Figure 9-47a shows the vector diagram of the secondary of the
equivalent circuit at resonance.2 Ec lags E by 90 degrees. The vector
1 Travis, loc. cit.; Armstrong, op. cit., p. 699; Crosby, M. G., Proc. I.T.E., 24,
898 (1936); Foster and Seeley, loc. cit.; Roder, H., Proc. I.R.E., 26, 590 (1938).
2 The voltage Er is actually very small in comparison with Ec. It is exaggerated
in Fig. 9-47 for the sake of clarity.
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diagrams of Fig. 9-48a, showing the vector sum of E' and E" and of E'
and E'" indicate that the voltages Ei and E2 impressed in the two diode
circuits are equal. The voltages across C3 and Ci are, therefore, also
equal in magnitude. Because they are of opposite polarity, the output
voltage Eo is zero.
Figure 9-475 shows the vector diagram for the equivalent secondary
circuit at a frequency slightly above resonance.1 I, Ec, and El are all

Fig. 9-47.—Vector diagrams for
the secondary of the equivalent cir
cuit of Fig. 9-46.

Fig. 9-48.—Vector diagrams for the circuit of

Fig. 9-45.

smaller than at resonance, but the reduction of Ec is greater than that of
and so Ec lags E by more than 90 degrees. Figure 9-485 shows that
the magnitude of Ei now exceeds that of E2. Therefore, the voltage
across C3 exceeds that across Ct, and Eo has a positive value. Below
resonance, on the other hand, E2 exceeds Ri in magnitude and Eo is nega
tive. A typical curve of Eo as a function of frequency change from the
resonance value/o is shown in Fig. 9-49. The linearity of this curve in the
vicinity of resonance makes possible the conversion of the frequencyEo
modulated input voltage into the modula+
tion-frequency output voltage without
distortion. If the circuit is tuned to the
z carrier frequency, the instantaneous output
/ f~
+ voltage is proportional to the instantaneous
s'
value of modulation-frequency voltage used
’
,
to modulate the carrier. The output voltacteristic for the discriminator
age is therefore of the same wave form as
of Fig. 9-45.
the origina[ modulation voltage.
9-31. Interference Suppression.—The most important advantages of
frequency modulation over amplitude modulation in radio communi
cation result from the greater suppression of undesired carriers and noise.
An analysis of noise suppression in amplitude-modulation and frequency
modulation systems can be made by making use of the fact, proved in
Sec. 9-18, that the sum of two sinusoidal waves can be considered to be a
wave modulated simultaneously in amplitude and in phase. One wave is
El,

1 In the vicinity of resonance, the vector El — Eo is actually much smaller than
shown.
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assumed to be the desired carrier, and the other the interfering carrier or
noise.
If Ek sin ant represents the desired carrier voltage impressed upon the
input of the receiver, and Et sin ad an interfering carrier voltage, both
being assumed for the present to be unmodulated, the resultant voltage
impressed upon the receiver is
e = Ek sin ant + Ei sin ad

(9-79)

As pointed out in Sec. 9-18, Eq. (9-79) may be transformed into
e = E sin (ant — </>)

(9-80)

in which

E = Ek x/1 + 2h cos amt + h2

h Ek
Whi — Wk — Wi
h sin amt
$ = tan 13—¡-^-------- ,
1 + n cos Wkit

(9-81)
(9-82)
(9-83)
(9-84)

Since both E and </> are functions of time, the impressed voltage is
equivalent to a voltage modulated in both amplitude and phase. In
Fig. 9-27, which shows the wave form of the sum of two sinusoidal
voltages of equal amplitude and 5-4 frequency ratio, the amplitude
modulation is evident at a glance. The phase modulation is indicated
by the unequal spacing of the points at which the curve crosses the time
axis.
9-r32. Interference-to-signal Ratio in A-m Systems.—In a properly
tuned amplitude-modulation (a-m) receiver, the detector responds only
to amplitude modulation and not to frequency modulation. Figure 9-50
shows the manner in which E, the amplitude of the resultant input volt
age, varies with time at constant amplitude of desired carrier voltage and
several values of amplitude of interfering carrier voltage. The curve
corresponding to Ei = Ek shows that when the two carrier voltages have
equal amplitude the desired carrier is fully modulated, at the difference
frequency fki, by the undesired carrier. As the amplitude Ei of the
interfering carrier is reduced, the degree of modulation is also reduced, and
is always equal to EfEk,1 the ratio of the amplitudes of the two carriers.
The ratio of the amplitude of the interference output of the detector to
the desired audio-frequency output which would be obtained without the
interfering carrier is equal to the ratio of the modulation factor EfEk
1 Examination of Eqs. (9-51) and (9-52) shows that the modulation factor corre
sponding to the fundamental difference-frequency component of E is less than Et/Ek,
but approaches this value as h is reduced. It is equal to approximately 0.&7Ei/Ek
when h is unity and to approximately
when h is j.
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corresponding to the interfering carrier to the modulation factor M
corresponding to the desired a-f signal. This is the interference-to-signal
ratio:

If the desired carrier is fully modulated by the desired a-f signal, this
ratio reduces to Ei/Ek.

Fig. 9-50.—Wave form of the envelope of the resultant of a desired and an interfering
unmodulated carrier at several ratios of carrier amplitudes.

9-33. Interference-to-signal Ratio in F-m Systems.—In a frequency
modulation receiver, the purpose of the limiter is to remove amplitude
modulation from the discriminator input. Since the limiter cannot func
tion completely when the amplitude modulation of the impressed voltage
approaches 100 per cent, it can be seen from Fig. 9-50 that amplitude
modulation of the desired carrier by an interfering carrier can be com
pletely removed only when the amplitude of the interfering carrier is
somewhat less than that of the desired carrier. When the amplitude
modulation is completely removed, E of Eq. (9-80) is constant at the
input to the discriminator. Analysis of Eq. (9-84) indicates that 0
varies periodically with time and that the fundamental frequency at
’ which 0 varies is the difference between the frequencies of the two carriers.
The manner in which 0 varies during one difference-frequency cycle for
several values of Ei/Ek is shown in Fig. 9-28a.
The symmetry of the curves of Fig. 9-28a is such that 0 may be
expressed as an infinite series of sine terms:

0 =

sin ^kit + 02 sin 2w4ii + 03 sin 3auii + • • •

Equation (9-80) may therefore be written in the form
SO
K
uk — U sin
)
n=1
/

(

(9-86)

(9-87)

in which Eo is the constant amplitude of the voltage output of the limiter.
Equation (9-87) is that of a phase-modulated wave modulated simul-
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taneously at frequencies equal to the difference between the frequencies
of the two carriers and at harmonics of the difference frequency. When
Ei/Ek is less than 0.5, all terms of the summation of Eq. (9-87) except
the first are sufficiently small so that they may be neglected in an approx
imate analysis. Analysis of Eq. (9-84) shows, furthermore, that </>i is
approximately equal to Ei/Ek radians when Ei/Ek is less than 0.5.1 Equa
tion (9-87) then becomes
Ei

/

sin mf

(9-88)

/
f'
e = Eo sin ( wk —
sin wkit
\
Jki

(9-89)

e = Eo sin I

m — ~

\

Ek

or

in which
a

/

__

fkiEi

(9-90)

Comparison with Eq. (9-72a) shows that Eq. (9-89) is that of a frequencymodulated voltage of deviation fa'. Since the amplitude of the output
of the limiter has the constant value Eo, the output of the limiter when
the carrier is modulated by the desired audio-frequency signal is
e„ = Eo sin I m — ~ sin
Jm

tomt

(9-91)

The action of a properly designed discriminator is such that the output
voltage is proportional to the deviation of the impressed frequencymodulated voltage. Therefore, the ratio of the undesired difference
frequency output to the desired a-f output of the discriminator is
H _ fa'

S

fa

_ fai

ft

v

Ej

Ek

(9-92)

Comparison of Eqs. (9-85) and (9-92) shows that the interference-tosignal ratio is lower in the frequency-modulation system by the factor
fai/faM, which equals fai/fa when the amplitude modulation factor is
unity. Equation (9-92) indicates that the strength of the heterodyne
whistle caused by the interfering carrier in a frequency-modulated
receiver is proportional to the difference frequency and approaches zero
1 This may also be seen from an examination of Fig. 9-28a. If the second and
higher terms of Eq. (9-86) are negligible, <f>i is approximately equal to the maximum
value of the curve of Fig. 9-28a corresponding to the given value of Ei/Ek. Inspection
of Fig. 9-28a shows that values of the maxima of the curves are approximately Ei/Ek
radians for values of Ei/Ek equal to and less than 0.5.
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as the carrier frequencies approach equality. It is loudest when fki
has its greatest value, which is the highest frequency fh passed by the a-f
amplifier that follows the discriminator. For a deviation of 75,000 cps
and a 15,000-cycle a-f band width, Eq. (9-92) shows the maximum
interference-to-signal ratio to be
™
M

N _ 15,000 Ei _ „ _ Ez
S
75,000 Ek 0-2 Ek

..
(9'93)

Hence, under the condition least favorable to the frequency-modulation
system, i.e., when the interfering carrier frequency differs by 15,000 cps
from the desired carrier frequency, the suppression of the undesired
carrier is five times as great as in the amplitude-modulation system.
Greater improvement results if the a-f pass band is narrower.
9-34. Use of Preemphasis.—Interference can be greatly reduced by
the use of preemphasis of high frequencies. In preemphasis of high
frequencies the amplitude of the modulation voltage impressed upon the
frequency modulator of the transmitter is made to increase linearly with
frequency above 1500 cps, and the response of the discriminator is made
to vary inversely with frequency above 1500 cps. As far as the desired
signal is concerned, the two effects offset each other, giving a modulation
frequency output that is independent of frequency. The interference
output of the discriminator, however, is inversely proportional to fki
above 1500 cps. Since the interference output is also proportional to fa,
Eq. (9-90) shows that the amplitude of the heterodyne whistle caused by
an interfering carrier increases linearly with fkibelow 1500 cps and remains
constant at the 1500-cycle value above 1500 cps. The value of the
noise-to-signal ratio N/S then does not exceed the value obtained when
fki is 1500 cps, i.e., Q.02Ei/Ek in a system using 75,000-cycle deviation
and 15,000-cycle audio-frequency band width. Hence in such a system
the use of preemphasis increases the suppression of an undesired carrier
by a factor of 10, making the suppression fifty times as great as in an
amplitude-modulation system. The improvement resulting from pre
emphasis decreases with the a-f band width.
9-35. Interference of Modulated Carriers.—When one or both
carriers are modulated, the instantaneous frequency difference fki varies.
In a frequency-modulation system without preemphasis, the difference
frequency interference output has its maximum amplitude only when
the difference frequency is equal to the maximum frequency passed by
the audio-frequency amplifier. When preemphasis is used, the beat
frequency amplitude is constant for values of difference frequency above
1500 cps. In either case, the maximum value is obtained during only a
portion of the modulation-frequency cycle. Furthermore, if both waves
are modulated, the difference frequency is above the a-f amplifier range

Sec. 9-36]

MODULATION AND DETECTION

341

during a part of the time.1 Hence the average interference amplitude is
less than when the carriers are unmodulated, and, in a system using
75,000-cycle deviation and 15,000-cycle a-f band width, the noise-tosignal ratio is less than 0.2Ei/Ek without preemphasis and less than
0.02Ei/Ek when preemphasis is used.
In an amplitude-modulation system the amplitude of the interference
output is independent of the difference frequency, and so the noise-tosignal ratio is unaffected by modulation of the carriers.
9-36. Static Interference.—Although static is not ordinarily a
periodic disturbance, Fourier theory indicates that it may be considered
to consist of a continuous spectrum of frequencies. The second term of
Eq. (9-79) may represent any frequency component in this spectrum.
Equation (9-80) then represents the instantaneous voltage impressed
upon the receiver as the result of the desired carrier and the given
component of the frequency spectrum.
In an amplitude-modulation receiver, the resulting output is equal to
sM'Ek, where s is the receiver sensitivity and M' is the modulation factor
corresponding to modulation of the desired carrier by the given static
component. It has already been pointed out that Fig. 9-50 shows M'
to be equal to Et/Ek. The receiver output corresponding to this com
ponent is therefore sEi. Since the output frequency fki is the difference
between the frequency of the given component and that of the carrier,
only those static components whose difference in frequency from the
carrier lies within the audio-frequency pass band of the receiver con
tribute to the noise output. The total output caused by static is the sum
of the outputs resulting from these components.

in which//, is the upper a-f limit of the receiver and Ei is the amplitude of a
static component of frequency /. If Ei and s are assumed to be inde
pendent of /, Eq. (9-94) reduces to

N = 2sEifh

(9-95)

in which the value of Ei depends upon the form and amplitude of the
noise. The desired signal output of the receiver is
S = sMEk

(9-96)

1 When the unmodulated carrier frequencies are equal, the maximum difference
frequency is equal to twice the maximum frequency passed by the a-f amplifier and is
obtained at an instant when one modulated carrier frequency is a maximum and the
other a minimum.
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Hence the noise-to-signal ratio is
N _ 2EJh
S
MEk

(9-97)

In a frequency-modulation receiver, the output resulting from a given
noise component is
Nf = Eksfd = Eksf^x

= s(f - fk)Ei

(9-98)

The total noise output from a receiver when preemphasis is not used is
N

P+/‘ E#(f - fk) df + P f EiS(fk -f)df = EiSfh2 (9-99)
Jjk
Jjk—Jh

The desired a-f signal output is
5 = Eksfd

9-100)

and so

Comparison of Eqs. (9-97) and (9-101) shows that for the same a-f band
width the noise-to-signal ratio is lower in the frequency-modulation
receiver in the ratio Mfhl2fd when high-frequency preemphasis is not used.
For 100 per cent amplitude modulation, a 5000-cycle a-f band width,
and 75,000-cycle deviation, this improvement ratio is 1:30. For a
5000-cycle a-f band width in the amplitude-modulated receiver and a
15,000-cycle a-f band width in the frequency-modulated receiver, the
improvement ratio is 1:10.
When preemphasis is used, the response of the discriminator varies
inversely with frequency for difference frequencies above 1500 cps, and so
Nf has the constant value 1500sEi above 1500 cps and decreases below
1500 cps. If it is assumed that this value also holds below 1500 cps, the
total noise output is given by the relation
N = 1500s P7‘ df =

3000s/4

(9-102)

Therefore
7
O

3000 — X
Ek

(9-103)
Jd

Comparison of Eq. (9-103) with Eq. (9-97) shows that the noise-to-signal
ratio is smaller in the frequency-modulation system than in the amplitude
modulation system in the approximate ratio 15004///^, which is equal to
aV when M is unity and fd equals 75,000 cps. This clearly predicts the
large decrease in static interference observed in frequency-modulation

Séc.. 9-38]
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receivers over amplitude-modulation receivers. Other types of noise
interference may be analyzed in a like manner.
A similar analysis shows that the noise output is also smaller in the
frequency-modulation than in the amplitude-modulation system when the
receiver is not tuned to a carrier. This is done by letting the two voltages
in Eq. (9-79) be those corresponding to any two components in the noise
spectrum, one of which is, in effect, considered to be modulated by the
other.
9-37. Interference Caused by Carrier or Static of High Amplitude.—

In the analyses of Secs. 9-31 to 9-36 it was assumed that the amplitude
of the interference input to the receiver is less than that of the desired
carrier. The analyses show that the interference output is then lower
in a frequency-modulation than in an amplitude-modulation system,
and that the superiority of the former increases with the deviation. To
analyze the behavior of the two systems when the interference input
exceeds the desired carrier input, it is merely necessary to allow the first
term of Eq. (9-79) to represent the interference voltage and the second
term the carrier. Such an analysis indicates that the interference sup
pression is then greater in the amplitude-modulation than in the fre
quency-modulation system, and that the interference increases with the
deviation in the latter. At distances remote from the transmitter,
therefore, amplitude modulation may be preferable to frequency modu
lation, and low deviation may be preferable to high deviation. This
prediction is verified by experimental observations.
9-38. Advantages and Disadvantages of Frequency Modulation in
Radio Communication.—The advantages of frequency modulation over

amplitude modulation in radio communication may be summarized as
follows:
1. Greatly reduced interference from stations operating in the same and
adjacent channels.1 If the amplitude of one modulated carrier is greater than
twice that of another of the same frequency, the interference of the weaker is
negligible. For a 3 to 1 ratio of signal strengths, a maximum deviation of 75 kc,
and an audio-frequency band width of 15 kc, the level' of the interference is
40 db below that of the desired a-f output.
2. Greatly reduced interference from static and other noise. Unless the
noise input to the receiver exceeds the desired carrier input, the ratio of the a-f
signal output to the noise output is greater in a frequency-modulation system
than in an amplitude-modulation system and increases with the deviation ratio.1
'Armstrong, loc. cit.; Crosby, M. G., Proc. I.R.E., 25, 472 (1937); Roder, H.,
Electronics, May, 1936, p. 22; Weir, I. R., Gen. Elec. Rev., 42, 188 and 270 (1939);
Levy, M. L., Electronics, June, 1940, p. 26; Guy, R. F., and Morris, R. M., RCA Rev.,
5, 190 (1940); Goldman, S., Electronics, August, 1941, p. 37; Reich, H. J., Communi
cations, August, 1942.
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3. Because of reduced noise interference, a wider a-f band can be used in

a frequency-modulation system without excessive noise.

Greater tone fidelity

may thus be obtained.
4. Increased transmitter efficiency. In frequency modulation, increase of
side-frequency amplitudes with modulation is accompanied by reduction of
amplitude of the carrier component and the total power furnished by the trans
mitter remains constant. The transmitter may, therefore, be operated in such
a manner that its efficiency is high at all times.1 This is in contrast with ampli
tude modulation, in which the amplitude of the carrier-frequency component of
the modulated wave is independent of modulation factor and the total power
furnished by the transmitter increases with modulation.

A difficulty encountered in the use of frequency modulation in broad
casting is that of maintaining the average carrier frequency constant
without preventing the desired modulation. This is accomplished in the
Armstrong system by the use of crystal control (see Sec. 10-47). In the
reactance-tube system the frequency is kept constant by use of electronic
automatic frequency control and by more complicated methods.2
In order to obtain the advantage of freedom from interference the
deviation, and hence the band width, must be large. The great demand
for broadcasting and other communication channels makes it infeasible to
use wide bands except at ultrahigh frequencies. The range from 42 to
50 Me has been set aside for frequency-modulated waves and 200 kc has
been designated as the channel width. This allows a maximum deviation
of approximately 75 kc for an a-f modulation range up to 15 kc. Although
low level of natural static constitutes an advantage of ultrahigh-frequency
transmission, it also has a number of disadvantages. These are
1. The transmission range is small. Because ultrahigh-frequency waves
are not reflected by ionized layers of the earth’s upper atmosphere, they
move in straight paths and their range is theoretically limited to the distance
of the horizon. It has been found in practice that consistent reception may
be achieved over about three times this range. By locating the transmitting
antennas on the tops of mountains and tall buildings, ranges of about 150 miles
are now attained.
2. Buildings, hills, and other objects cast shadows and thus prevent satis
factory reception in some areas.
3. Automobile ignition systems and other electrical equipment set up serious
local interference.

The Yankee network of the New England region overcomes the
difficulty of limited range by the use of sufficiently close transmitter
1 Roder, H., Proc. I.R.E., 19, 2145 (1931); Chaffee, J. G., Proc. I.R.E., 23, 517
(1935); Everitt, loc. cit.
2 Morrison, J. F., Communications, August, 1940, p. 12; Proc. I.R.E., 28, 444
(1940).
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spacing to give complete coverage. The programs that originate at one
transmitter are rebroadcast at the same frequency by other transmitters
of the chain without being changed to audio frequency in the process.
In this manner excellent quality is maintained.1
Problems
9-1. By means of the third term of the series expansion for plate current, deter

mine, for the van der Bijl modulator, the amplitudes of the components of plate
current whose frequencies are the carrier frequency plus and minus twice the modu
lation frequency. By comparing these amplitudes with that of the side frequencies,
show that distortion of the side frequencies increases with percentage modulation.
9-2. Show that at constant modulation factor the amplitude of the side-frequency
components produced by a square-law modulator is proportional to the unmodulated
carrier amplitude.
9-3. Determine the frequencies and the relative amplitudes of the various com
ponents of the outputs of the circuits of Figs. 9-5 and 9-6 when voltages Ei cos ait
and E- cos mt are applied to the circuits. Consider three terms of Eq. (9-13) and two
terms of Eq. (9-16).
9-4. Find the power supplied to a resistance r, by a generator whose terminal
voltage is of the form of Eq. (9-19), and determine what portion of the power is
associated with the carrier component and with each side frequency.
9-5. Derive Eq. (9-24).
9-6. In a diode detector that does not use a condenser, if the load resistance is high
enough so that the dynamic tube characteristic is essentially linear and if the ratio of
the carrier frequency to the modulation frequency is high, the current that flows
during the positive half of a carrier cycle may be considered to be sinusoidal in form.
a. Write an expression for the instantaneous, plate current resulting from the
application of an amplitude-modulated voltage to such a detector.
b. Derive Eq. (9-42).
9-7. Show that the equation of a rectification characteristic for an ideal linear
diode detector using a condenser is (see Sec. 9-23)

Ibt = --- [ cos aide + (aAo — A sin akto
rrp L
X
2/
where sin atlo = Eb/E.
9-8. a. From the detection characteristics given on page 684, determine the
amplitudes of the fundamental and second-harmonic components of the modulation
voltage output of a type 6H6 diode used with a load having d-c and modulation
frequency resistance of 250,000 ohms and negligible carrier-frequency impedance.
The unmodulated input carrier amplitude is 15 volts r.m.s., and the modulation factor
is 80 per cent.
b. Repeat for 100 per cent modulation.
9-9. Repeat Prob. 9-8 for a load having a d-c resistance of 500,000 ohms and an
a-c resistance of 300,000 ohms at modulation frequency.
9-10. (Suggested laboratory experiment.)
a. Using the circuit of Fig. 9-51, adjust the condenser C to resonance with the
5000-cycle impressed voltage. When the circuit is properly tuned, the deflection of
the oscilloscope is a maximum, and the pattern is sinusoidal.

1 Armstrong, E. H., Elec. Eng., 59, 485 (1940).

346

APPLICATIONS OF ELECTRON TUBES

b. Using the oscilloscope deflection as an indication of the output voltage, or with

ths aid Of a vacuum-tube

voltmeter, plot a curve of alternating output voltage as a
function of biasing voltage Eb.
c. Using the modulation characteristic of part b, predict the shape of the envelope
of the modulated wave that will be produced if 60-cycle voltage is impressed in series
with the 5000-cycle voltage. Use several values of bias and of 60-cycle modulating
voltage.
d. Apply to the circuit the values of bias and modulating voltage assumed in part c
and compare the wave forms of the output voltage with those predicted in part c.

Fig. 9-51.—Circuit for determining the modulation characteristic of a diode modulator.

e. Adjust the bias and exciting voltages so as to give a modulated voltage of good
wave form. Impress the output voltage upon a diode detector and observe the wave
form of the output of the detector for various combinations of detector load resistance
and capacitance.
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CHAPTER 10
TRIGGER CIRCUITS, PULSE GENERATORS, AND OSCILLATORS

Among the important applications of electron tubes is their use in the
generation of alternating voltage and current and of random or periodic
voltage or current pulses. A closely allied application is made in vacuum
tube switching circuits, usually called trigger or gate circuits. Since cer
tain types of pulse generators and oscillators are based upon trigger
circuits, a discussion of trigger circuits serves as a logical introduction to
the theory of pulse generators and. oscillators.
10-1. Trigger Circuits.—A. trigger circuit is one which, for fixed
values of supply voltages and circuit parameters, has two states of

Fig. 10-1.—Basic trigger circuit.

Fig. 10-2.—Current-voltage diagram for the circuit
of Fig. 10-1.

equilibrium, characterized by two stable sets of circuit currents. The
value of such circuits arises from the fact that they can be made to
“trigger” abruptly from one state of equilibrium to the other by means
of small impressed controlling voltages or small changes in circuit
parameters.
Triggering may take place in a circuit of the form of Fig. 10-1 if the
current-voltage characteristic of the element N has a negative slope over
a portion of the operating range. It is evident from the figure that the
voltage E across the element N must be related to the current I through
the element by the following equation
<.

E = Eib — IE

(10-1)

Equation (10-1) is that of the straight line MN through the point on the
voltage axis corresponding to the supply voltage Ebb, having a negative
slope in amperes per volt equal to the reciprocal of the resistance R in
series with the element. Since all corresponding values of current and
voltage through the element N are also specified by the characteristic
curve of the element, it follows that the only values of current that can
obtain with the given supply voltage and resistance are those correspond349
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ing to the intersection of the resistance line MN with the characteristic

curve. It can be seen from Fig. 10-2 that, if the characteristic curve has
a portion whose slope is negative, the resistance line may intersect the
characteristic curve in three points, 1, 2, and 3. This fact indicates that
there are three possible equilibrium values of current.
Analysis of Fig. 10-2 shows that 2 is a point of unstable equilibrium,
whereas 1 and 3 are points of stable equilibrium. If the current and
voltage have values corresponding to point 2, any small increase of cur
rent due to any cause is accompanied by a decrease of voltage across the
element. More voltage is thus made available to send current through
the resistance, and so the current rises farther. The action is cumulative,
the current rising until point 1 is reached. Any further increase of cur
rent above that corresponding to point 1 would necessarily be accom
panied by an increase of voltage across the tube. The voltage across
the resistance would therefore have to fall, which could be true only if
the current became smaller. Hence the current would return to the
value corresponding to point 1. A similar analysis shows that if the
current is initially that corresponding to point 2, any small initial decrease
of current becomes cumulative, and so the current falls to that of point 3.
If the applied voltage E^ is gradually raised from zero, the inter
section of the resistance line with the characteristic curves moves along
the branch OA of the characteristic curve. When the intersection is at
A, an infinitesimal further increase of voltage causes the current to fall
abruptly to the value at E, i.e., the circuit triggers. Further increase
of supply voltage causes the intersection to move toward C. If the sup
ply voltage is then decreased gradually, the intersection moves down the
branch CB until the point B is reached, from which the current jumps
abruptly to the value corresponding to point D. It can be seen that
similar abrupt changes of current take place if the slope of the resistance
line is varied by changing the resistance R or if the characteristic curve
is displaced vertically or horizontally. In trigger circuits incorporating
vacuum tubes, this displacement can be accomplished by varying one or
more electrode voltages.
Since the a-c resistance of a circuit element is defined as the reciprocal
of the slope of the static current-ws.-voltage characteristic of the element,
it follows from the foregoing analysis that any circuit element that has a
negative a-c resistance in a portion of its operating range may serve as
the basis of a trigger circuit.1
1 Lest the negative slope of the resistance line MN in Fig. 10-2 should be confusing,
it is well to point out that this line shows the current through the resistance as a func
tion of voltage drop in the resistance. If the current were plotted as a function of
voltage applied to the resistance, the resulting curve would have a positive slope and
would pass through the origin.
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10-2. Tetrode Trigger Circuits.—The plate characteristics of screengrid tetrodes are similar in form to the curve of Fig. 10-2 (see Fig. 3-9).
It is to be expected, therefore, that a trigger circuit can be formed by
inserting a resistance in series with the plate supply voltage of a screengrid tetrode.1 The slope of the negative-resistance portion of the plate
VT-TYPE 57 OR 6J7

Fig. 10-3.—Current-voltage diagram for pentode trigger circuit.

characteristics of modern tetrodes is so low, however, that resistances of
the order of 100,000 ohms or higher, and correspondingly large values
of plate supply voltage, must be used. For this reason and because of
change in shape of the tube characteristics with tube age as the result of
changes in secondary emission, this type of circuit has found little or no
application. The circuit is mentioned here because of the possibility of
its use in future problems. The circuit can
Al.
50,000Ji
be triggered by varying any of the electrode
voltages or the series resistance.
10-3. Pentode Trigger Circuits.—A second
characteristic of the form of that of Fig. 10-2
is one relating the screen current
of a sup
pressor pentode with the screen voltage ec2
when the suppressor grid is coupled to the
45 to250 V
screen in such a manner that a change in
Fig. 10-4.—Pentode trigger
screen voltage is accompanied by a proportional
circuit.
change in suppressor voltage, the suppressor
voltage being maintained negative and the plate voltage positive. A
typical characteristic is illustrated in Fig. 10-3 (see also Fig. 10-43).2
A trigger circuit can be formed by inserting a high resistance in series
with .the screen voltage supply, as in the circuit of Fig. 10-4.3 In this
1 Reich, H. J., Electronics, August, 1939, p. 14.
5 Herold, E. W., Proc. I.R.E., 23,1201 (1935).
3 Reich, H. J., Rev. Sci. Instruments, 9, 222 (1938).
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circuit the screen and suppressor grids are coupled by means of the resist
ance R2, and the suppressor grid is maintained negative by means of the
resistance R^ The circuit may be triggered by means of voltages in
series with any of the electrode supply voltages, by voltage pulses
impressed upon one of the grids through a condenser, as shown in Fig.
10-4, or by changes of circuit resistances. The control grid is the most
sensitive triggering electrode. The values of the supply voltages are. not
critical, but the proper relation must be maintained between them.
The circuit constants shown in Fig. 10-4 are typical. The resistance Rt
is not required but may be used for the purpose of obtaining a voltage
output from the plate circuit.
The physical explanation of the operation of the circuit of Fig. 10-4
is based upon the fact that the negative suppressor prevents some elec
trons from reaching the plate and causes them to return toward and strike
the screen. An increase of negative suppressor voltage causes more
electrons to be returned to the screen and thus increases the screen cur
rent. Suppose that the screen current in the circuit of Fig. 10-4 has its
lower equilibrium value and that the screen voltage is reduced. Because
of the screen-suppressor coupling, the reduction of positive screen voltage
is accompanied by an increase of negative suppressor voltage. Although
the decrease of screen voltage tends to decrease the screen current, the
associated increase of negative suppressor voltage tends to increase the
screen current. In certain ranges of operating voltages the increase in
screen current resulting from the increase of negative suppressor voltage
exceeds the decrease resulting from the decrease of positive screen voltage,
and so the net result is an increase of screen current. Since IR drop in
the screen circuit resistance Ra causes the increase of screen current to be
accompanied by further drop in screen voltage, the action becomes
cumulative and the screen current continues to rise. As the negative
suppressor voltage increases, the effect of the suppressor voltage upon the
screen current becomes smaller and finally, when no electrons strike the
plate, is practically zero. At some value of suppressor voltage, therefore,
the effect of the changing suppressor voltage becomes less than that of
the changing screen voltage. As further decrease of screen voltage would
then cause a decrease of screen current, the current cannot continue to
rise. It then has its higher stable value. The action may be reversed
by a suitable increase of screen voltage. Because an increase of screen
current is accompanied by a reduction of plate current, the plate current
also has two stable values, the higher of which corresponds to the lower
value of screen current. By proper choice of voltages and circuit con
stants, the lower value of plate current may be made zero. This is impor
tant in certain applications of the circuit.
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10-4. Eccles-Jordan Trigger Circuit.—The most frequently used
trigger circuit, first described by Eccles and Jordan,1 is shown in basic
form in Fig. 10-5. The functioning of this circuit depends upon the fact
that current flows through only one tube at a time. Assume, for the
purpose of explanation, that a condition of equilibrium exists in which
both tubes conduct simultaneously. Any small increase of current in
either tube, due to any cause, increases the
voltage drop in the corresponding coupling
resistance and thus increases the negative
grid voltage of the other tube and thereby
decreases. the plate current of the other
tube. This in turn reduces the negative
grid voltage of the first tube and thereby
causes further increase in the plate current
of the first tube. The action is cumulative
—Basic Eccles-Jordan
and so one plate current rises while the Fig. 10-5.trigger
circuit.
other falls to zero.
The action of the Eccles-Jordan circuit can also be analyzed with the
aid of the current-voltage characteristic of the circuit. Figure 10-6
shows a curve of external current that flows as the result of the applica
tion of direct voltage between points A and B of the circuit of Fig. 10-5
(see also Fig. 10-46). Since this curve has a portion with negative
slope, the theory of Sec. 4-1 predicts that triggering should take place if
a voltage source Eib in series with a resistance R is connected between
points A and B, as shown by the dotted
lines of Fig. 10-5. The corresponding
resistance line MN may intersect the
characteristic curve in three points, as
shown in Fig. 10-6, if the slope of the
resistance line is less than the slope of the
characteristic curve at the origin, i.e., if
the resistance R exceeds the negative
Fig. 10-6.—Current-voltage di
resistance at the origin. Abrupt changes
agram. for the Eccles-Jordan trigger
of
current through R and of voltage
circuit of Fig. 10-5.
between A and B can be made to occur
by varying Ebb or by shifting the characteristic curve by changing the
operating voltages of the tubes.
If R is increased, the line MN becomes more nearly horizontal and,
in the limiting case when R is infinite, coincides with the voltage axis.
Making R infinite is, of course, equivalent to eliminating the external
circuit made up of Ebi, and R. The external current is then zero, but
1 Eccles, W. H., and Jordan, F. W., Radio Rev., 1, 143 (1919).
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changes in electrode voltages can cause abrupt transfer of current from
one tube to the other and a reversal of voltage between A and B. The
magnitudes of the two values of this voltage are given by the intercepts
P and Q of the characteristic on the voltage axis. If the circuit is in all
respects symmetrical, these two values of voltage are of equal magnitude
and are equal to the product of Rb and the equilibrium plate current of
either tube. Ordinarily this circuit is used without the external resistance
R and the voltage supply E^, the circuit being triggered by changes of
grid or plate voltages of such polarities as to reduce the plate current of
the conducting tube or as to cause plate current to flow in the non
conducting tube.
Figure 10-7 shows a practical form of the Eccles-Jordan trigger circuit
that requires only one voltage source.
In this circuit the grid of one tube
is coupled to the plate of the other
by means of resistance Rc and the
correct operating grid voltages are
maintained by means of the resist
ances Rg. The circuit may be trig
gered by means of voltages introduced
in series with the electrodes, by
Fig. 10-7.—Practical form of the Eccleschanges of circuit resistances, or by
Jordan. trigger circuit.
means of voltage pulses applied to
one or more electrodes through transformers or through a condenser, as
shown in Fig. 10-4.
The function of the condensers Cc, which are essential only when the
circuit is triggered by means of voltage pulses of short duration, is to
prevent the objectionable effects of interelectrode capacitances. Grid
cathode capacitance tends to prevent the grid voltage from changing
relative to the cathode. Grid-plate capacitance couples the grid of each
tube to the plate of the same tube and thus tends to prevent triggering.
(If tube 1 is conducting and the plate current starts to fall, the resulting
reduction in voltage drop in the resistance Rb causes the plate voltage to
rise. Since the voltage across Cgp cannot change instantaneously, there
is a corresponding rise in grid voltage, which tends to prevent the reduc
tion of plate current.) Plate-cathode capacitance tends to prevent the
plate voltage from changing relative to the cathode. The interelectrode
capacitances therefore act in such a manner as to increase the time
required for triggering and to reduce the reliability of operation. Con
densers Cc, the capacitance of which exceeds the interelectrode capaci
tances, reduce the undesirable effects of the grid-cathode and grid-plate
capacitances. Because the voltages across these condensers cannot
change instantaneously, a change of voltage of either plate results in a
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nearly equal instantaneous change in voltage of the grid of the other
tube. When the condensers are omitted, on the other hand, the change
in grid voltage cannot exceed the change in plate voltage multiplied by
the ratio Rc'/(Rc + Rc), and the action of the interelectrode capacitances
may reduce the change in grid voltage considerably below this value.
The capacitance of the condensers Cc should not be larger than necessary,
since the charging and discharging of these condensers immediately
following triggering cause exponential variations of the circuit currents
and voltages that are objectionable in some applications. Fifty micro
microfarads is usually a satisfactory value.
Figure 10-8 shows a modification of the basic Eccles-Jordan circuit
that has desirable characteristics.1 In this circuit the suppressor grids
of pentodes serve the same function as the triode grids of the circuit of
Fig. 10-7. A constant positive volt
age is applied to the screen grids,
as in the use of pentodes as volt
age amplifiers, and the control
grids are used for triggering the cir
cuit. Because the high negative
voltage of the suppressor grid of
the nonconducting tube prevents
the flow of plate current regardless
. IO78.—Modified form of Ecclesof the voltage of the control grid, FigJordan
trigger circuit using pentodes.
the circuit cannot be made to trig
ger by the application of positiv voltage to the control grid of
the nonconducting tube. Application of negative voltage to the con
trol grid of the conducting tube, however, reduces its current and thus
triggers the circuit. If short negative voltage pulses are applied simul
taneously to both grids, the plate currents of both tubes remain zero
throughout the duration of each pulse. During this time the condensers
Cc cause the suppressor of the tube which has been conducting to be more
negative than that of the other tube and thus cause the current to transfer
to the other tube at the end of the triggering pulse.1,2 The size of the
condensers should bfe such that the time taken for them to charge or dis
charge from one equilibrium value of voltage to the other value is large
in comparison with the duration of the triggering impulse, but small in
comparison with the time between successive pulses. Their capacitance
should also exceed the interelectrode capacitances. Condensers of
50 ppi capacitance are usually satisfactory. Reliable triggering necessi
tates the use of triggering pulses of very short duration. The purpose
of the resistors Ri is to maintain the control grids at cathode potential
1 Reich, H. J., Rev. Sci. Instruments, 9, 222 (1938).
2 Toomim, H., Rev. Sci. Instruments, 10, 191 (1939).
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between triggering impulses. If the grids are allowed to float, stray
fields cause random or periodic triggering.
I
The functions of the control and suppressor grids in the circuit of
Fig. 10-8 may be interchanged, but the circuit is then sensitive to trigger
ing voltage of either polarity. It is also possible to connect the control
and screen grids of pentodes as the triode grids and plates, respectively,
are connected in the circuit of Fig. 10-7, and to take the output voltage
or current from the plate circuits.
I
10-5. Design of Eccles-Jordan Trigger Circuits.—The values of the
resistances Rb, Rc, and R/ are not critical in the circuits of Figs. 10-7 and
10-8, but it is essential that the circuit be symmetrical. Small inequal
ities of the resistances in the two halves of the circuit or differences in
the characteristics of the two tubes tend to make one tube or the other
carry current continuously. The plate currents decrease with increase^ of
Rt, and the voltage across Rb increases. The choice of Rb is therefore
governed to some extent by whether
a current or voltage output is de
sired from the circuit. There is also
a minimum value of Rb below which
the circuit does not have the nega
tive-resistance characteristic essen
tial to triggering (see Prob. 4-5).
Rc and Rc' should be at least four or
Fig. 10-9.—Self-biased Eccles-Jordan trig
five times as large as Rb and may con
ger circuit.
veniently be made equal. Typical
resistance values are Rb = 10,000 ohms and Rc = R, = 250,000 ohms.
Supply voltages of 20 volts or less may be used in these circuits, but the
voltage output available across Rb increases with supply voltage. The
circuits are not critical as to type of. tube. The voltage divider
used to provide grid bias in the circuits of Figs. 10-7 and 10-8 may be
replaced by a properly chosen biasing resistor in the common cathode lead
of the two tubes, as shown in Fig. 10-9. (This may be accomplished in
effect by disconnecting the positive end of the voltage divider from the
voltage supply in the circuits of Figs. 10-7 and 10-8).
10-6. Applications of Trigger Circuits.—Any of the circuit currents
of a trigger circuit may be used directly to operate a relay or other currentcontrolled device if the inductance or resistance of the device is not so
great as to prevent triggering. It is preferable, however, to use the
voltage drop across one of the resistors to control the plate current of an
amplifier tube, which may in turn be used to operate the relay or other
device. Although voltage output may be taken directly from one of the
resistors if the resistance of the load is so high as to prevent unbalancing
of the circuit, the use of a voltage amplifier between the trigger circuit
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and the load is usually advisable. The circuits may be triggered by
means of voltages applied to one or more electrodes, as already explained.
Usually the circuits are so sensitive that the change of electrode voltage
resulting from touching one of the tube electrode terminals is sufficient to
cause triggering. The circuit of Fig. 10-8 can be triggered by negative
control-grid voltage as low as k volt. Any of the Eccles-Jordan circuits
may also be triggered by means of changes of illumination if phototubes
are connected in series with or in place of the resistances Rc or in parallel
with or in place of the resistances R„'. Trigger circuits are used as the
basis of pulse generators, relaxation oscillators, switching circuits, count
ing circuits, frequency meters, time and speed meters, and other impor
tant circuits. Most of these applications will be taken up in this chapter
and in Chap. 15.
10-7. Circuits for Generating Triggering Pulses—In order to ensure
reliability in triggering, the triggering impulses applied to trigger circuits

Fig. 10-10.—Pulse-sharpening circuit (differentiating circuit).

Fig. 10-11.—Form of the pulse produced by an abrupt Change of direct voltage
impressed upon the circuit of Fig. 10-10.

must be of very short duration. Suitable pulses may be produced by
means of the simple circuit of Fig. 10-10 if R and C are small. An
abrupt change of direct voltage impressed upon the input to the circuit
is followed by an exponential charging or discharging of the condenser.
The flow of current through the resistance R during the charging or dis
charging time produces a pulse of output voltage of the exponential form
shown in Fig. 10-11. The duration of the pulse can be made as short
as desired by making R and C small.1 If the input voltage is a periodic
wave having discontinuities, such as a rectangular or triangular wave,
an output pulse is produced at each discontinuity of input voltage.
Figure 10-12a shows a typical wave of output voltage produced by square
wave input voltage. The output voltage produced by a triangular
1 The equation of the pulse of Fig. 10-11, derived under the assumption that the
inductance in series with C and the capacitance shunting R are negligible, is

e0 = AEie~t,RC,
in which AEt is the change in direct input voltage. The series inductance and
shunting capacitance tend to prevent sudden changes in output voltage and thus

make it difficult to attain the rapid rise in voltage shown in Fig. 10-11 when the pulse
is of very short duration.
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wave of input voltage consists of periodic pulses of one polarity only,

as shown in Fig. 10-126.
The resistance R of Fig. 10-10 may serve also as one of the trigger
circuit coupling resistances, such as Rc' of Fig. 10-7, Ri of Fig. 10-8, or
the first-grid resistor of Fig. 10-4; and C may serve as an input coupling
condenser, such as that of Fig. 10-4. Figure 10-13 shows a modification
of the circuit of Fig. 10-10 that makes
possible triggering by the opening
and closing of a switch. A pulse of
one polarity is produced when the
switch is closed, and of opposite
polarity when it is opened. The
resistance Rd of Fig. 10-13, which
serves to discharge the condenser
when the switch is opened, should be
small in comparison with Rc' or Ri.
Periodic triggering pulses may be
derived from a sinusoidal voltage by
(b)
first transforming the sinusoidal
Fig. 10-12.—Wave forms of output
voltage into a rectangular wave and
voltages produced by the application of
square and saw-tooth waves of voltage to impressing the latter upon the input
the input of the circuit of Fig. 10-10.
of the circuit of Fig. 10-10. A simple
“peak-clipping” circuit by means of which a sine wave may be converted
into a wave approximating rectangular form is shown in Fig. 10-14. The
output voltage increases with input voltage until the instantaneous
impressed voltage is approximately equal to the diode biasing voltage.
Current then starts flowing in one of the diodes and the resulting voltage
drop in the series resistor prevents appreciable further rise of output

Sinusoidal
input voltage

Fig. 10-13.—Circuit for generating trig
gering pulses by the closing and opening of a
switch.

L
r

Fig. 10-14.—Peak-clipping circuit for
the production of voltages of rectangular
wave form.

voltage. The solid curve of Fig. 10-15 shows the form of the output
voltage, which may be amplified and applied to another peak-clipping
stage in order to make the reversal of voltage more abrupt. By the
use of a number of stages, the voltage may be made to approach as
nearly as desired a true rectangular wave. Peak clipping may also be
accomplished by means of a limiter of the type discussed in Sec. 9-30.
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Symmetrical voltage pulses may be produced with the circuit of Fig.
10-14 by taking the output from across the resistance, instead of across
the tubes, and making the diode biasing voltage so high that current
flows through the diodes only at the peaks of the voltage waves. If only
one diode is used, the pulses are of one polarity only; if two diodes are
used, as in Fig. 10-14, alternate pulses are of opposite polarity. Similar
results are obtained by applying a sinusoidal voltage to the input of a
Class C amplifier biased considerably beyond cutoff. If the amplifier is
single-sided, the pulses are of one polarity only; if the amplifier is push
pull, alternate pulses are of opposite
polarity.
Sharp periodic voltage pulses can
Output !
also be generated by a self-biased
\
sinusoidal oscillator in which the bias
ing resistor and condenser are so large
that oscillation ceases after a single
cycle of oscillation and does not start Fig. 10-15.—Input and output volt
ages in the circuit of Fig. 10-14.
again until the lapse of appreciable
time. The theory of such an oscillator is discussed in Sec. 10-38, and a
typical circuit diagram and the form of the output voltage are shown in
Figs. 10-58 and 10-59.
10-8. Rectangular-wave and Rectangular-pulse Generators.—Rec

tangular waves of voltage are produced across the screen and plate
resistors of the circuit of Fig. 10-4 and across the plate resistors of the
circuits of Figs. 10-7 and 10-8 when the circuits are triggered periodically.
If alternate pulses are spaced so that the circuits remain in one equilibrium
state longer than in the other, the positive and negative halves of the
rectangular waves are of unequal duration. Random rectangular pulses
may be generated by the use of two triggering impulses separated in-time
by the required duration of the pulse. The first impulse triggers the
circuit in one direction, and the second in the other.
Periodic or random rectangular voltage or current pulses of con
trollable length, initiated by single triggering impulses, may also be
generated by unbalancing a trigger circuit in such a manner that it
normally remains in one equilibrium state, and returns to that state after
a short time interval when triggered into the other equilibrium state.
This may be accomplished in the Eccles-Jordan type of circuit by replac
ing one coupling resistance Rc by a condenser. A typical circuit is shown
in Fig. 10-16.
The circuit of Fig. 10-16 operates as follows. The voltage dividers
controlling the grid biases are adjusted so that tube Tx normally con

ducts, but so that the circuit can be triggered. Application of a negative
triggering impulse to the grid of Tx stops the plate current in Tx and starts
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it in T2. The resulting voltage drop in Rb lowers the plate voltage of
and hence the voltage impressed upon the series combination of Rc'
and Cc. Cc therefore starts discharging. The discharge current it flows
through Rc' in the indicated direction and thus produces a voltage drop
that biases the grid of Ti beyond cutoff. As Cc discharges, however, the
discharge current falls exponentially and so the negative bias of Th
gradually becomes smaller. After a time interval that is determined
principally by the size of Rc' and Cc and to a lesser extent by the value of

Fig. 10-16.—Circuit for the production of rectangular voltage pulses of controllable length.

Rb and of the supply voltage, the grid voltage of Ti rises above cutoff.
Current then again starts flowing in Ti, and the circuit triggers back to
its original state of equilibrium, in which no current flows in T2.1 Because
the discharging and charging of Cc immediately following triggering
produces an exponentially changing component of current through Rb,
the voltage across Rb rises and falls exponentially, as shown in Fig. 10-17.
If the resistance Rb is sufficiently small in comparison with Rc', however,
so that the condenser current does not greatly affect the voltage drop in
Rb, the voltage pulse produced across Rb is approxi'
mately rectangular. It can be made truly rectan_____ _________ gular by passing it through a circuit of the form of
Fig 10-17__ VoltFig. 10-10 or a limiter type of amplifier such as that
age pulse produced by
discussed in Sec. 9-30. Periodic pulses are obtained
the circuit of Fig. 10-____________ uge of periodic triggering pulses.
The pulse
length is controlled by varying Rc' or Cc.
10-9. Vacuum-tube Oscillators.—Advantages of electron-tube oscil
lators over alternators in the generation of alternating voltage and current
include their wide frequency range, the freedom from harmonics of
1 The circuit may also be analyzed by making use of the fact that it takes time for
the voltage across a condenser to change. Since the voltage across Cc cannot change
instantaneously, the grid voltage of Ti is lowered by an amount that is initially equal
to the abrupt reduction of plate voltage of T2. The high negative voltage thus
applied to the grid of Ti prevents this tube from conducting. The drop in voltage
across Rb caused by the flow of in, however, causes Cc to discharge through Rc'. The
exponential reduction of voltage across Cc is accompanied by a corresponding gradual
reduction of negative grid voltage of Ti until triggering takes place.
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• certain types and the richness in harmonics of others, their constancy of
frequency, the ease with which their frequency may be varied, their
portability, and their comparatively low cost. The fact that the ampli
tude and frequency of the output of electron-tube oscillators may be
rapidly varied by means of voltage is one of the factors that have made
possible the development of radio communication and broadcasting.
Electron-tube oscillators have become an indispensable part of the
equipment of scientific, educational, commercial, and defense laboratories.
The following classification, although it is not complete as to modifi
cations of fundamental types, indicates the principal kinds of vacuum
tube oscillators:
1. Relaxation:
a. Glow-discharge and arc-discharge.
6. Multivibrator.
c. van der Pol (negative-transconductance).
d. Saw-tooth-wave, using high-vacuum tubes.
2. Negative-resistance:
a. Dynatron.
6. Negative-transconductance (transitron).
c. Push-pull.
d. Negative-grid-resistance.
e. Resistance-capacitance-tuned.
3. Feedback:
a. Tuned-plate.
6. Tuned-grid with inductive feedback.
c. Tuned-grid with capacitive feedback.
d. Hartley.
e. Colpitts.
f. Tuned-grid-tuned-plate and other complex types using more than one
tuned circuit.
g. Resistance-capacitance-tuned.
4. Magnetostriction and piezoelectric.
5. Heterodyne.
6. Ultrahigh-frequency:
a. Positive-grid.
6. Magnetron.
c. Velocity-modulation.
7. Ionic.
8. Mechanical-electronic.

10-10. Relaxation Oscillators.—Relaxation oscillators are oscillators
in which one or more currents or voltages change abruptly at one or
more times in the cycle of oscillation. In certain applications, relaxation
oscillators have a number of advantages over oscillators that give a
sinusoidal output. Among these advantages are the number and ampli
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tude of harmonics present in the output; the ease with which the fre- •
quency may be stabilized by the introduction into the oscillating circuit
of small voltages whose frequency is a multiple or submultiple of the
oscillator frequency; the wide range of frequency that can be obtained
with a single oscillator; and the compactness, simplicity, and low cost of
relaxation oscillators. They are of particular value in the production
of saw-tooth voltages required for the operation of cathode-ray oscillo
graphs (see Sec. 15-20). The high harmonic content of relaxation
oscillators, on the other hand, makes them unsuitable for applications
in which sinusoidal wave form is essential.
Glow- and arc-discharge tubes are often used in relaxation oscillators.
The operation of glow .and arc relaxation oscillators is so closely asso
ciated with the theory of glows and arcs that they can be discussed best
in Chaps. 11 and 12, which deal with glow- and arc-discharge tubes and
circuits. Relaxation oscillators using high-vacuum tubes are based
upon the trigger circuits discussed in Secs. 10-2 to 10-5. Condensers
are incorporated in these circuits in such a manner that triggering from
one state of equilibrium to the other is followed by the charging or dis
charging of one or more condensers. The resulting gradual change of
condenser voltages produces corresponding changes of electrode voltages.
Critical values are eventually reached at which the circuit triggers to
its original state of equilibrium. Triggering is again followed by gradual
changing of condenser voltages to values at which the circuit again
triggers and the cycle repeats.
10-11. The Multivibrator.—The most frequently used type of highvacuum-tube relaxation oscillator
is the multivibrator, shown in
basic form in Fig. 10-18.1 Com
parison with the Eccles-Jordan
trigger circuit of Fig. 10-8 shows
that the multivibrator is derived
from the Eccles-Jordan circuit by
replacing the resistors Rc by con
densers C„. The action of the
multivibrator is similar to that of the pulse generator of Fig. 10-16,
explained in Sec. 10-8. Figure 10-19 shows current directions and
typical voltages in the circuit immediately following transfer of current
from tube Ti to tube Ti. The cessation of current in Ti causes the plate
voltage of Ti to rise2 and the start of current in Ti causes the plate voltage
of T2 to fall. Since the plate voltage of Ti is impressed across the series
1 Abraham, H., and Bloch, E., Ann. Physik, 12, 237 (1919).
2 Because of the flow of condenser current i2 through Rbi, the plate voltage of Ti
does not immediately rise to the value of the plate supply voltage.
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combination of Td and Cc2, and the plate voltage of T2 is impressed across
the series combination of Rcy and Ccy, the sudden change in plate voltages
causes a condenser discharging current iy to flow out of Ccy and a charging
current i2 to flow into Cc2. The flow of iy through Rd biases the grid of
Ty negatively and prevents it from conducting; the flow of i2 through
Rc2 and the grid of T2 biases the grid of T2 positively and thus keeps it
conducting. As Ccy discharges and Cc2 charges, however, the currents iy
and i2 decrease exponentially and so the biasing voltages become smaller.

Fig. 10-19.—Instantaneous currents and voltages in the multivibrator immediately follow
ing transfer of current from tube Ti to tube T^.

The negative bias of Ty eventually becomes so small that plate current
starts flowing in Ty and the circuit triggers.1 The transfer of current
from T2 to Ty is followed by a similar series of events, the directions of
the currents th and i2 being such as to maintain the grid of Ty positive
and that of T2 negative. As Ccy charges and Cc2 discharges, the condenser
currents, and hence the biasing voltages, gradually become smaller until
the circuit again triggers. The cycle then repeats.
Figure 10-20 shows the wave forms of the grid voltage and the grid
current of either tube. The fact that
the voltage is small during the posifive portion of the cycle is explained
by the flow of grid current during the
time the grid is positive. Because
the grid current i^ rises rapidly with
increase of positive grid voltage and
Fig. 10-20.—Wave form of grid cur
produces a voltage drop in Rby, the
rent and grid voltage in a symmetrical
grid voltage cannot swing far posi multivibrator.
tive. The more rapid change of
grid voltage during the positive portion of the cycle than during the
negative portion is also caused by the flow of grid current. Rd is shunted
by the grid resistance of T2, which is small in comparison with both Rd
and Rby during the positive portion of the cycle. During the positive
part of the cycle, therefore, the charging current of Cc2 is limited almost
1 An alternative explanation of the action of this circuit is suggested by the
footnote on p. 360.
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entirely by Rm. During the negative portion of the cycle, however, the

grid resistance is practically infinite, and so the discharging current is
limited by Rm + Rc2. Since Rc2 is considerably larger than R^, the
condenser charges much more rapidly during the positive part of the cycle
than it discharges during the negative part. Because the grid voltage
of the conducting tube falls to zero more rapidly than the negative grid

Fig. 10-21.—Typical wave form of con
denser voltage in a symmetrical multivi
brator.

Fig. 10-22.—Typical wave form of gridto-grid voltage in a symmetrical multivi
brator.

voltage of the other tube rises to the value at which plate current starts
flowing, triggering is determined by the grid voltage of the nonconducting
tube, and the period of oscillation by the rate of rise of negative grid
voltage. Typical wave forms of condenser voltage, grid-to-grid voltage,
and plate-to-plate voltage in a symmetrical circuit are shown in Figs.
10-21 to 10-23. The plate-to-plate voltage is of the form of Fig. 10-23«

Fig. 10-23.—Typical wave forms of
plate-to-plate voltage in a symmetrical
multivibrator.

Fig. 10-24.—Typical wave forms of (a)
grid-to-grid voltage and (&) plate-to-plate
voltage in an asymmetrical multivibrator.

when the plate resistors are large and the grid resistors small; it is of the
form of Fig. 10-235 when the plate resistors are small and the grid resistors
large. Typical curves of grid-to-grid and plate-to-plate voltage in an
asymmetrical circuit are shown in Fig. 10-24.
The multivibrator is not critical as to tube type, supply voltage,
or circuit constants, provided that the resistances Rm and Rb2 are large
enough to ensure that the circuit can act as a negative resistance between
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plates (see Prob. 4-5). The frequency of oscillation increases with
decrease of resistances and capacitances. The output voltage may be
taken from across any of the circuit elements. Unless the impedance of
the load is very high, however, it may be advisable to connect the load to
the output of an amplifier which is directly coupled to the multivibrator.
10-12. Van der Pol Relaxation Oscillator.—Figure 10-25 shows the
circuit of the van der Pol relaxation oscillator,1 which may be derived
from the pentode trigger circuit of Fig. 10-4 by
replacing the screen-suppressor coupling resistor
by a condenser. The circuit, functions as fol
lows: Triggering from the higher to the lower
value of screen current causes an abrupt rise of
screen voltage as the result of decreased voltage
drop in the screen resistor. Because the volt
age across the condenser cannot change instan
taneously, there is an initial change of suppressor
. 10-25.—Van der Pol
voltage equal to the change in screen voltage. Figrelaxation
oscillator.
The decreased negative suppressor voltage main
tains the lower screen current, but a charging current immediately
starts flowing into the condenser through Rs and Rx. As the voltage
across the condenser rises, the suppressor voltage becomes more nega
tive and finally reaches a critical value at which the circuit triggers back
to the higher value of screen current. The resulting abrupt fall of screen
and suppressor voltages is immediately followed by discharging of the
condenser and exponential rise of suppressor voltage until the circuit
again triggers. Figure 10-26 shows a typical wave of condenser current
or suppressor or screen voltage. The wave is
asymmetrical because during the charging of the
condenser the screen current has its lower value
-------------- ;---------- — and, if the suppressor swings positive, suppressor
Fig. 10-26.—Typical CUITent flows.
The flow of suppressor current,
wave form of condenser
«111
/•
current or screen or suptogether with the decrease of screen current and
pressor voltage in the cirresup;ing increase in the portion of the current through Ra that flows into C, causes the con
denser voltage to change more rapidly than during the discharge of the
condenser, when no suppressor current flows and the screen current is
higher. The wave form of the condenser voltage is similar to the wave
shown in Fig. 10-21, but the rising portion of the wave is of shorter dura
tion than the falling portion.. The frequency of oscillation increases with
decrease of Rx and C. Ra also affects the frequency, both because it
affects the rate at which the condenser charges and discharges and
1 van der Pol, B., Phil. Mag., 2, 978 (1926); Page, R. M., and Curtis, W. F.,
Proc. I.R.E., 18, 1921 (1930); Herold, E. W., Proc. I.R.E., 23, 1201 (1935).
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because it determines the voltages at which the circuit triggers. As R3
is increased from a low value, the frequency first decreases, passes
through a minimum, and then increases.1
10-13. Relaxation Oscillators for the Generation of Saw-tooth
Waves.2—By adjustment of circuit constants and operating voltages, the

condenser voltage in the circuit of Fig. 10-25
can be made to have the saw-tooth wave forms
shown in Fig. 10-27. Similar waves can be
obtained from across the condensers of an
asymmetrical multivibrator. Waves of the form
of Fig. 10-276 are useful in connection with the
operation of cathode-ray oscillographs (see Sec.
15-20) and cathode-ray television equipment.
Figure 10-28 shows another circuit, based
Fig. 10-27.—Typical
waves of condenser voltage upon the pentode trigger circuit of Fig. 10-4,
in the circuits of Figs. 10with which a voltage wave of the form of Fig.
25, 10-28, and 10-29.
10-276 can be more readily produced. The
action of this circuit is dependent upon the abrupt change of plate cur
rent at critical values of plate voltage. When the plate circuit is first
completed, C is uncharged, and so the full plate supply voltage is applied
to the plate. The plate current assumes its larger value, charging the
condenser and thus lowering the plate voltage. At some value of con
denser voltage, the plate voltage reaches the critical value at which the
circuit triggers and the plate current falls abruptly to its lower value,
which may be zero or, at most, less than the condenser discharge cur
rent through R. The condenser then dis
charges through R until the plate voltage
rises to its upper critical value and the
cycle repeats. By making the plate sup
ply voltage much greater than the differ
ence in the critical plate voltages, the
condenser may be made to discharge very
nearly linearly, giving a wave of condenser
Fig. 10-28.—Relaxation os
voltage of the form of curve 6 of Fig. cillator for the generation of
saw-tooth voltage.
10-27.
The time taken for the condenser to charge decreases as the higher
value of plate current is increased. By the use of screen supply voltage
of 100 volts or more, positive control-grid voltage, and high values of R,
the charging time may be reduced to a small fraction of the cycle. With
screen supply voltage of 22J volts or less and negative control-grid
1 Page and Curtis, loc. cit.
2 An excellent survey of saw-tooth-wave oscillators has been given by O. S.
Puckle, J. Inst. Elec. Eng. (London), 89, 100 (1942).
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voltage, on the other hand, the two values of plate current do not differ
greatly, and the wave is of the form of Fig. 10-27c. Decrease of R
increases the charging time and decreases the discharging time. At high
values of R, the net effect of decrease of R is an increase of frequency.
The oscillation frequency increases with decrease of C. An upper
frequency limit exists as the result of plate-cathode tube capacitance,
which has the same effect as the condenser C. The function of Cc is
merely to couple the screen and the suppressor. It has little or no effect
upon the frequency if its reactance at oscillation frequency is small in
comparison - with the resistance Rx. The need of excessively high
capacitance at very low frequency may be avoided by replacing the
coupling condenser with a resistance, as in the basic trigger circuit of
Fig. 10-4. This necessitates a readjustment of supply voltages.

Fig. 10-29.—Relaxation oscillators for the generation of saw-tooth voltage.

A form of saw-tooth-wave oscillator derived from the EcclesJordan trigger circuit is shown in Fig. 10-29a.1 The action is as follows:
When the circuit is first closed, C is uncharged, the plate and cathode
of tube 1 are at the same potential, and current flows only through tube
2. C charges through a high resistance R, and the plate voltage of tube 1
rises. At a critical value of condenser voltage, current starts flowing in
tube 1, and the current abruptly ceases in tube 2. C discharges rapidly
through tube 1 and its plate resistor until a lower critical voltage is
reached. The current then again transfers to tube 2, and the cycle
repeats. By the use of high supply voltage, or by the substitution in
place of R of a pentode, the plate current of which is practically inde
pendent of plate voltage orer a wide range of plate voltage, the condenser
voltage wave may be made to assume the form of Fig. 10-276. The
frequency of oscillation increases with decrease of C and R or with
increase of charging current if a pentode is used in place of R (see pages
456 and 489).
Another saw-tooth-wave oscillator based upon the Eccles-Jordan
trigger circuit is shown in Fig. 10-296 (see Prob. 10-1).2
1 Puckle, 0. 8., J. Sci. Instruments, 13, 78 (1936).
2 Potter, J. L., Proc. I.R.E., 26, 713 (1938).

368

APPLICATIONS OF ELECTRON TUBES

[Chap. 10

Figure 10-30 shows an interesting circuit developed by Puckje.1 The
action is as follows: When the supply voltage is first impressed, the con
denser C is uncharged, and the drop in voltage in Rs caused by the plate
current of T3 causes the grid of T2 to be biased beyond cutoff. C charges
linearly through the pentode Ti, which passes a constant current. When
the voltage across C reaches a critical value, plate current starts flowing
in T2. The flow of this current through Ri applies a negative increment
of voltage to the grid of T3. An amplified positive increment of voltage,
produced across R3 is applied to the grid of T2, reducing its bias and thus
increasing the plate current of T2. Since the action is cumulative, C is
rapidly discharged through T2. The cycle then repeats. The rate of
charging of C, and hence the frequency of oscillation, are controlled by
Ri, which changes the bias of the second grid of Ti and thus the charging
current. The need for the amplifier tube T3 is avoided in a similar

Fig. 10-30.—Relaxation oscillator for the generation of saw-tooth voltage.

circuit developed by Kobayashi, in which the plate circuit of the discharge
triode is coupled to the grid by means of a transformer in such a manner
that initiation of plate-current flow in the triode causes the application
of a positive increment of grid voltage to the triode and thus causes the
plate current to rise cumulatively.2
A saw-tooth wave of voltage may also be obtained from a self-biased
feedback oscillator in which the biasing resistance and condenser are so
chosen that the biasing voltage across the condenser increases very
rapidly to such a high value that oscillation ceases after a few cycles
(see Sec. 10-38). The condenser then discharges slowly through the
resistance.3 The discharge may be made linear with respect to time by
substituting a pentode for the resistance and thus making the discharge
current constant.
An entirely different type of high-vacuum-tube saw-tooth-wave
generator is shown in Fig. 10-31. The grid of the tube is normally
biased beyond cutoff, so that the condenser charges up gradually through
1 Puckle, O. 8., J. Television Soc. (Brit.), 2, 147 (1936).
2U. S. Patent 1913449 (1929).
3 Appleton, Watson, and Watt-Herd, Brit. Patent 234254.
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the resistance R. Periodic positive voltage pulses of short duration,
impressed upon the grid, cause the tube to conduct and thus to discharge
the condenser periodically. The rate at which the condenser voltage
rises and the voltage of the condenser at the instant it starts to discharge
depend upon the values of the condenser capacitance C, the resistance
R, and the charging voltage E. The frequency of the saw-tooth con
denser voltage is that of the periodic pulses impressed upon the grid.
Periodic triangular voltage pulses of the form shown in Fig. 15-51 are
generated by this circuit if the grid bias is zero and the voltage pulses
applied to the grid are negative.1 High plate current then normally
keeps the condenser essentially discharged. The negative pulses of grid
voltage cut the plate current off for the duration of the pulses, allowing
the condenser to charge through the resistance. To ensure that the
condenser starts charging and discharging abruptly, the grid-voltage
pulses should be rectangular. The length
and frequency of the triangular pulses
generated in this manner are the same as
those of the grid-excitation pulses. A com
plete circuit, including the rectangular
pulse generator that furnishes the grid
—-High-frequency saw
excitation, is shown in Fig. 15-52. In both Fig. 10-31.
tooth-wave generator.
methods of using the circuit of Fig. 10-31,
linear charging of the condenser is approximated by making the supply
voltage much higher than the maximum voltage to which the condenser
charges.
Saw-tooth-wave generators using glow- and arc-discharge tubes are
discussed in Secs. 12-6 and 12-33.
10-14. Use of Relaxation Oscillators in Frequency Transformation.—

Relaxation oscillators are of great value in frequency transformation.
Introduction into the oscillator circuit of a small voltage equal to a multi
ple or submultiple of the oscillation frequency causes the relaxation
oscillator to “lock in.” This locking action is possible because in all
relaxation oscillators the relaxations take place at certain critical values
of some voltage in the circuit. If a peak of the control voltage comes
just before the relaxation occurs, the added voltage is enough to trip the
circuit. The control voltage may have a much higher frequency than
that of the oscillator because the only peak of locking voltage which
affects the oscillator is that which comes just as relaxation is about to
occur. If the frequency of the control voltage is lower than that of the
oscillator, then every nth relaxation of the oscillator will be controlled,
where n is the ratio of the oscillator frequency to the control frequency.
With reasonable care in circuit adjustment, relaxation oscillators may
'Haworth, L. J., Rev. Sci. Instruments, 12, 478 (1941).
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The funda

mental output of one controlled oscillator may be used to control a
second relaxation oscillator, which may in turn control a third, etc. By
this means it is possible to obtain an audio-frequency voltage of great
stability from the final relaxation oscillator when the first one is con
trolled by a crystal-controlled radio-frequency oscillator. The a-f out
put may be used to drive a synchronous clock.1 By observation of the
clock over a long period of time a very accurate determination may be
made of the frequency of the crystal-controlled oscillator or of any lower
frequency controlled by it. By separating and amplifying the various

Fig. 10-32.—Multivibrator control circuits.

harmonics of the controlled relaxation oscillators, a large number of
frequencies of high constancy may be obtained from one crystal oscillator.
The multivibrator has proved to be the most satisfactory type of
relaxation oscillator for use in frequency conversion. Its use in this
manner has been discussed by a number of investigators.2 Figure 10-32
shows three ways in which the control voltage may be introduced into
the multivibrator. In circuit a the control frequency must be an even
integral multiple of the multivibrator frequency, in circuit b it must be
an odd integral multiple, and in circuit c it may be any integral multiple.
Resistance-capacitance coupling may be used in place of transformer
coupling in impressing the control frequency upon the multivibrator
1 Horton, J. W., and Marrison, W. A., Proc. I.R.E., 16, 137 (1928).
2 Abraham and Bloch, loc. cit.; Mercier, M., Compt. rend., 174, 448 (1922);
Clapp, J. K., J. Opt. Soc. Am. and Rev. Sci. Instruments, 16, 25 (1927); Marrison,
W. A., Proc. I.R.E., 17, 1103 (1929).
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circuit. An excellent analysis of the control of multivibrator frequency
has been given by Hull and Clapp, and further details by Andrew.1
10-15. Analysis of Multivibrator Frequency Control.—As pointed
out in Sec. 10-11, triggering of a multivibrator is determined by the
voltage of the grid that is negative. For this reason, the action of the
stabilized circuits can be analyzed by reference to the negative portion
of the wave of grid voltage. Under equilibrium conditions, each cycle
of oscillation of the stabilized circuit must be identical with the previous
cycle, and the grid voltage at the beginning'of each cycle must be the
same. as at the beginning of the previous cycle. Furthermore, in a
symmetrical circuit, the number of cycles of control voltage per half
cycle must be the same in both halves of the cycle. The instantaneous
grid voltage must therefore be the same for both tubes at the
beginnings of their respective half cycles. In the circuit of Fig. 10-32a,

Fig. 10-33.—Control of multivibrator frequency. The wave form of the grid voltage with
and without control voltage is shown by the solid and dotted waves, respectively.

in which the control voltage is applied in like phase to the grids of the
two tubes, this requirement is satisfied if the instantaneous value of the
control voltage of one tube at the end of the negative half cycle of that
tube is the same as at the beginning of that half cycle, i.e., if there is an
integral number of half cycles of control voltage per half cycle of oscilla
tion. (This assumes that the time required for triggering is of negligible
duration.) Figure 10-33 shows how the frequency of oscillation is
changed by an increase of control frequency at a frequency ratio of 6.
The dotted curve shows the manner in which the negative grid voltage of
one tube varies without control voltage. The solid curve shows the
variation of grid voltage when control voltage is impressed, and the
dashed line indicates the critical grid voltage at which triggering occurs.
It can be seen that, as the frequency of the control voltage is increased,
the beginning of the negative half-cycle shifts in phase relative to the
control voltage in such a manner that there are always three cycles of
control voltage per half cycle of oscillation. If the frequency is increased
beyond that corresponding to curve c, the grid voltage curve will not
’Hull, L. M., and Clapp, J. K., Proc. I.R.E., 17, 252 (1929); Andrew, V. J.,

Proc. I.R.E.,

19, 1911 (1931).
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intersect the line of triggering voltage in three cycles, but at some time

in the fourth cycle, and the frequency ratio will jump from 6 to 8. As
the control frequency is increased, therefore, the oscillation frequency
will also increase over a certain range, above which the frequency ratio
will jump to a higher value at which control will again be attained
throughout a similar frequency range. Further analysis of Fig. 10-33
shows that the range of control frequency throughout which the oscilla
tor “locks in” increases with amplitude of control voltage.
It can be seen from Fig. 10-33 that there must always be a whole
number of cycles of control voltage per half cycle of oscillation, and so
the frequency ratio for the circuit of Fig. 10-32a must be an even integer.
In the circuit of Fig. 10-326, however, the control voltage is applied to
the two grids in phase opposition, and so the control voltage at the end
of the negative half cycle must be of equal magnitude but opposite
polarity to that at the beginning of the cycle in order to make the grid
voltage the same in both tubes at the beginnings of their respective
negative half cycles. There must be (n — |) cycles of control voltage
per half cycle of oscillation, and hence the frequency ratio will be 2n — 1,
where n is any positive integer. The frequency ratio is therefore odd.
In the circuit of Fig. 10-32c, the control voltage is applied to only one
tube, and it is necessary only that the voltage at the beginning of the
negative half cycle of grid voltage of that tube be the same in each succeed
ing cycle. This is true for any integral frequency ratio.
In a multivibrator based upon the circuit of Fig. 10-8, the control
frequency may be applied to one or both control grids. In the van der
Pol oscillator the control frequency is best applied to the suppressor
grid.1 In the circuit of Fig. 10-28 the control frequency may be applied
to any electrode, preferably the control grid or the suppressor grid.
10-16. Analysis of Sine-wave Oscillators.—A given type of oscillator
can usually be analyzed in several ways. A particular oscillator may,
for instance, be analyzed on the basis of negative resistance or on the
basis of feedback. If made on the basis of feedback, the analysis may
inake use of the series expansion for electrode current or, if one is not
primarily interested in studying harmonic generation, a simplified
analysis may be based upon the equivalent electrode circuit. ' When
the equivalent electrode circuit is used, the circuit equations may be
written in differential form, or complex notation may be employed.
Still another method of analysis is to consider an oscillator as an amplifier
in which the output voltage is impressed upon the input and to determine
the conditions under which the output voltage is equal in phase and
magnitude to the input voltage. Choice of method in the analysis of a
particular circuit is governed by the form of the circuit, by the preference
1 Page and Curtis, loc. cit.
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of the person who makes the analysis, and by the amount of information
that is desired concerning the performance of the oscillator. Usually
a knowledge of the frequency of oscillation and the criterion of oscilla
tion is all that is necessary, but it may be important to know under what
conditions the oscillations are essentially sinusoidal. For purposes of
illustration, various methods will be used in subsequent sections in
analyzing different circuits. Except at very high radio frequencies, the
circuit tuning capacitances are usually so much larger than the inter
electrode capacitances that the latter may be
neglected in an approximate analysis.
10-17. Negative-resistance Oscillators.1—The

L

P

distinction between negative-resistance oscillators
and feedback oscillators is in a sense artificial.
Fig. 10-34.—Basic
A mathematical analysis of feedback oscillators
negative-resistance oscil
yields as the criterion for sustained oscillators lator circuit.
that the sum of certain parameters shall be
equal to or less than zero. This criterion may always be written
in such a form that one term is the positive circuit resistance. The other
terms must, therefore, also have the dimensions of resistance, and at
least one of them must be numerically negative in order that their sum
shall be equal to or less than zero. One may say, therefore, that sus
tained oscillations can result if the tube in conjunction with the circuit
can produce an equivalent negative resistance. Certain devices exhibit
a negative a-c resistance without the action of an additional circuit,
whereas the equivalent negative resistance in
most feedback oscillators is dependent upon the
action of the circuit. Under the first classifica
tion of the above list will be considered only
those oscillators in which the negative resistance
is inherent in the tube, or in the tube and asso
ciated resistors and capacitors, and does not
Voltage
require
the presence of the tuned circuit.
Fig. 10-35.—Current
voltage characteristic
Mathematical analysis shows that sustained
of a negative-resistance
oscillations may be set up if either a parallel
element.
or a series combination of inductance and
capacitance is connected across a device that exhibits negative a-c
resistance. The dotted resistance of the circuit of Fig. 10-34 represents
any device that has a negative a-c resistance. L, r, and C represent the
inductance, resistance, and capacitance of the resonant tank circuit.
(Losses in the condenser are assumed to be negligible.) Although the
a-c resistance, as defined by the reciprocal of the slope of the current1 For a bibliography of 55 items on this subject, see E. W. Herold, Proc. I.R.E., 23,
1201 (1935).

374

APPLICATIONS OF ELECTRON TUBES

[Chap. 10

voltage curve of Fig. 10-35, is not constant, it may be assumed to be
constant in the range of operation if the current variations are not too
large. Then the negative resistance is

de
p = -r. = const.
di

(10-2)

Application of Kirchhoff’s laws to the circuit of Fig. 10-34 gives the
following differential equation for the current through the inductance:

Solution of Eq. (10-3) gives the following expression for any of the circuit
currents :x
i = Ae-Mr/L + l/pC)t sin

(10-4)

in which A and a are constants, the values of which are different for the
currents in the three branches of the circuit, and the angular frequency
of oscillation is

If is a real quantity, Eq. (10-4) shows that the circuit currents are
sinusoidal and that their amplitude may decrease, remain constant, or
increase. If the quantity (r/L + 1/pC) is positive, the exponential
factor in Eq. (10-4) decreases with time, and oscillation started in any
manner eventually ceases. If the quantity (r/L + 1/pC) is negative,
on the other hand, the exponential factor increases with time and the
amplitude builds up. In the critical case in which (r/L + 1/pC) is
equal to zero, the exponential factor is unity, indicating that the ampli
tude of oscillation remains constant. (r/L + 1/pC) may be negative or
zero if either r or p is negative. Hence, sustained oscillation of increasing
or constant amplitude may be obtained if either r or p in Fig. 10-33 is a
circuit element having negative a-c resistance in at least a portion of
its operating range. The characteristics of negative-resistance circuit
elements suitable for use in oscillators are such, however, that the
equivalent oscillator circuits are necessarily of the form in which p is
negative and r positive.
'Cohen, A., “Differential Equations,” Chap. VII, D. C. Heath & Company,
Boston, 1906. The student who is unfamiliar with the solution of differential equa
tions can show that Eq. (10-4) is a solution of Eq. (10-3) by substituting Eqs. (10-4)
and (10-4A) in Eq. (10-3) and noting that an identity results.
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If a is imaginary, Eq. (10-4) can be conveniently written, in the form
i = P. e-^(r/L + l/pC)t [¿(vt+a) _

or

f=

+

+ B'e-^

(10-5)
(10-6)

in which w' is a real quantity.

= i“ =
V

(ù + zï ~"LC
ypC
n/
p LC

(10'7)

The second term within the brackets of Eq. (10-6) decreases with time
and eventually becomes negligible in comparison with the first, which
increases with time. The bracketed factor, therefore, increases expo
nentially with time. If (r/L + 1/pC) is zero or negative, the first
factor is constant or increases exponentially, and so the product increases
exponentially with time. Theoretically, therefore, if p is negative and
of proper magnitude to make (r/L + 1/pC)
zero or negative, the current, once it is
initiated in any manner, will continue to
rise. Practically, the current cannot con
Fig. 10-36.—Typical non
tinue to rise indefinitely. Examination of sinusoidal voltage that may be
by a negative-re
Fig. 10-35 shows that, as the current increases, generated
sistance oscillator.
the magnitude of the negative resistance
increases and that it eventually becomes positive. At some value
of current (r/L + 1/pC) becomes positive and the current either
assumes an equilibrium value or starts to decrease. The action of the
condenser and inductance is such as to make the current decrease and
finally to reverse. The result is a nonsinusoidal sustained oscillation,
such as that shown by the oscillogram of Fig. 10-36. It was proved in
Sec. 10-1, however, that, if a negative and a positive resistance are
connected in series, as they are in the left loop of the circuit of Fig.
10-34, triggering may occur if the magnitude of the positive resistance
exceeds that of the negative resistance. The nonsinusoidal oscillation
is then a relaxation oscillation of the type discussed in Secs. 10-10 to
10-15. (The analysis indicates that triggering is impossible for values
of r and p at which sinusoidal oscillation can occur.)
If (r/L + 1/pC) is positive, the first factor of Eq. (10-6) decreases
with time. The product of the two factors first increases exponentially,
passes through a maximum, and eventually approaches zero exponentially.
This indicates that the current has the form of an exponential pulse.
If the magnitude of the resistance of the positive-resistance element
exceeds that of the negative-resistance element, the pulse may be accom
panied by triggering. It may, in fact, be initiated by triggering.
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The results of the foregoing analysis may be summarized as follows:
A. Sinusoidal oscillation may occur if w is real, i.e., if |p| > L/(rC — 2 -\/LC).
1. The amplitude of oscillation decreases with time if (r/L + 1/pC) is
positive, i.e., if ]p[ > L/rC.
2. The amplitude is constant if |p| = L/rC.
3. The amplitude increases with time if |p| < L/rC.
B. The current is exponential in form if a> is imaginary, i.e., if

L
< (rC - 2 VLC)
1. Sustained oscillation occurs if ]p|
L/rC.
a. The current wave is continuous, but nonsinusoidal if |p| > r.
b. Triggering occurs and the wave has discontinuities, i.e., relaxation
oscillation takes place, if ]p[ < r.
2. The current is an exponential pulse if |p| > L/rC.
a. Triggering does not occur if |p| > r.
b. Triggering occurs if |p| < r.

This summary is shown in graphical form in Fig. 10-37. Although
similar analyses will not be made for feedback oscillators, such analyses

P
Fig. 10-37.—Theoretical diagram showing the relative ranges of circuit parameters

of a negative-resistance oscillator throughout which the various types of operation should
occur.

may be made. These analyses and their graphical summaries are of
considerable instructional value because they show clearly that several
types of operation are possible in a given circuit and that care is necessary
in the design and adjustment of the circuit in order to ensure sinusoidal
output from the oscillator. Figure 10-37 is checked in its general
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aspects by experimental investigations. It is found, for instance, that
a large value of L/rC resulting from the use of insufficient capacitance
causes the currents to be badly distorted from sinusoidal form. It
should be noted, however, that the abrupt transitions from one type of
operation to another indicated by Fig. 10-37 are not observed experi
mentally, since the magnitude of the negative resistance is in itself a
function of the current.
10-18. Amplitude of Oscillation of Negative-resistance Oscillators.—

Practical negative-resistance oscillators are of such form that r is
positive and p negative. In order that sinusoidal oscillation may start
in such a circuit, |p0|, the static value of |p| at the operating point, must
be less than L/rC. Although Eq. (10-4) indicates that the amplitude
continues to increase with time, actually an equilibrium amplitude is
reached. This is true because curvature of
KX
the current-voltage characteristic eventually
causes |p|, the dynamic or average value of |p|
during the cycle, to increase with amplitude.
A number of investigators have shown that
equilibrium is established when |p| becomes
equal to L/rC, if further increase of ampli
tude would cause |p| to exceed L/rCA
Brunetti has proved from energy relations
that p at a given amplitude may be meas
ured either by a bridge (see Sec. 15-34), or by
Fig. 10-38.—Typical curve
taking the ratio of the amplitude of a of dynamic negative resistance
as a function of alternating
sinusoidal applied voltage of given ampli voltage
amplitude.
tude to the amplitude of the fundamental
component of the resulting current through the negative resistance ele
ment.2 The current produced by a given voltage may be measured, or
determined graphically from the characteristic curve of the negative
resistance element by the methods discussed in Sec. 4-12.
The equilibrium amplitude of oscillation may be predicted by plotting
a curve of |p| against amplitude of sinusoidal voltage applied to the nega
tive resistance element at given operating voltages, as shown in Fig. 1038.2 Possible equilibrium amplitudes are indicated by the intersections
of the curve with the line |p| = L/rC. The values so determined are
stable if further increase in amplitude results in increase of |p|. Values
corresponding to points 1 and 3 of Fig. 10-38 are seen by inspection to be
stable. The value at point 2 is unstable, since increase of amplitude
results in decrease of |p[ and thus in further increase of amplitude. In the
example given, oscillation starts when L/rC exceeds |p01. Further increase
1 For bibliography, see C. Brunetti, Proc. I.R.E., 25, 1595 (1937).
2 Brunetti, Zoe. cit.
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of L/rC causes the amplitude to increase continuously until the intersec
tion reaches a, from which the amplitude increases abruptly to the value
corresponding to b. Decrease of L/rC then causes continuous decrease
of amplitude until the intersection reaches c, from which it drops abruptly
to the value corresponding to point d. Such abrupt changes of amplitude
are often observed.1
10-19. Harmonic Content.—When curvature of the current-voltage
characteristic is considered, the differential equation for the circuit of
Fig. 10-33 becomes much more complicated, and the solution has the
form of an infinite series, indicating the presence of harmonics in the
current. Thus, although curvature of the characteristic has the desirable
effect of limiting the amplitude of oscillation, it also introduces harmonics
of the fundamental frequency of oscillation into the current. In order
to keep the harmonic content small, it is necessary that the equilibrium

Fig. 10-39.—Two types of negative-resistance characteristics.

amplitude shall be low and that curvature of the characteristic shall be
small throughout the range of operation.
The type of characteristic curve and the location of the operating
point that will make it possible to satisfy these requirements can be
determined from a study of the curves of Fig. 10-39. If the charac
teristic is of the form shown in Fig. 10-39a and the operating point is at
O, increase of amplitude from a low value first causes a decrease in |p|
(indicated by an increase of average slope over the range of operation)
and hence a further rise in amplitude. When the amplitude becomes
sufficiently great to extend the path of operation beyond the points of
inflection at a, then jp| increases with further increase of amplitude and
finally becomes so high that |p| = L/rC and the amplitude becomes con
stant. The equilibrium amplitude is relatively large, and the charac
teristic has appreciable curvature in the range of operation. Therefore,
the requirements for low harmonic content are not satisfied. If the
characteristic and operating point are as shown in Fig. 10-396, on the
other hand, then |p| increases continuously with increase of amplitude
from a small value. By making L/rC only slightly greater than |po|,
the reciprocal of the slope of the characteristic at the operating point,
the amplitude of oscillation may be made as small as desired. Since the
1 For bibliography, see Brunetti, loc. cit.
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curvature is also small in the operating range, low harmonic content may
be attained. Fortunately it is possible to use negative-resistance ele
ments that have characteristic curves of the form of Fig. 10-396, so that
negative-resistance oscillators of very small harmonic content may be
designed. The use of high-Q oscillatory circuits is also favorable to low
harmonic content.
10-20. Frequency of Oscillation.—Under the threshold condition,
when |p| = L/rC, Eq. (10-4A) reduces to
O)

LC

P

(10-8)

Inasmuch as r, the a-c resistance of the inductance coil and leads, is
ordinarily only a few ohms, whereas the negative resistance |p| is seldom
less than 2 or 3 thousand ohms, the frequency is practically equal to
1/2tt\/LC, and small changes in p, such as might result from the variation
of battery voltages, have a negligible effect upon the oscillation frequency
if the threshold condition can be maintained.
10-21. Series Oscillatory Circuit.—For the circuit in which the nega
tive resistance is shunted by a series combination of L, r, and C, the
mathematical analysis gives the following expression for the angular
frequency of oscillation:
I 1
\LC

(r + p\2
y 2L )

(10-9)

The oscillation is sinusoidal when |r + p| < y/L/C. In order for sus
tained oscillation to be possible, p must be negative, and its absolute
value must be equal to or greater than r. Under the threshold condition
at which oscillation will just start, the magnitude of p is equal to that
of r, and Eq. (10-9) reduces to
=

1

~ Vlc

(10-10)

The oscillation is then necessarily sinusoidal.
Because of the necessity of providing a d-c path of low resistance, it is
usually impossible to use the series type of circuit when the negative
resistance element consists wholly or in part of vacuum tubes. Although
oscillation may be obtained in circuits that are presumably of the series
type, careful investigation usually discloses that the circuit is actually
oscillating as a parallel circuit of the form of Fig. 10-34, the distributed
capacitance of the inductance coil serving as the shunting capacitance C.
The series capacitance is found to have no effect upon the frequency.
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10-22. The Dynatron Oscillator.—One cause of negative resistance

in high-vacuum tubes is secondary emission. An excellent example of a
negative-resistance characteristic resulting from secondary emission is
shown by the plate characteristics of the old type 24A tube at low plate
voltages. These characteristics were discussed in detail in Chap. 3
(see Fig. 3-9). The newer type of 24A tube also has negative plate
resistance at plate voltages lower than the screen voltage, but the magni
tude of the resistance is considerably higher than in the older tubes. The
grid characteristics of many tubes also have portions with a negative slope.
The possibility of using negative resistance resulting from secondary emis
sion in producing oscillations was first shown
by Hull, who termed this type of oscillator the
dynatron oscillator.1 The dynatron has since
been studied theoretically and experimentally
by many investigators, and much has been
written on the subject.2 A typical dynatron
circuit is shown in Fig. 10-40. The tuned cir
cuit can also be connected in the screen-grid
lead, instead of in the plate lead.3
The negative-resistance characteristics of tetrodes approximate the
desirable shape shown in Fig. 10-396. Therefore by proper choice of
operating point the amplitude of oscillation and the curvature in the
operating range may be kept small, and the harmonic content low. Other
advantages of the dynatron for laboratory applications are its good
frequency stability and its simplicity. Because only one inductance is
required, it is a simple matter to change from one frequency band to
another. The amplitude of oscillation may be controlled by means of
the control-grid voltage, which varies the slope of the characteristic in
the negative-resistance range, and hence the value of p. Disadvantages
of this type of oscillator result mainly from its dependence upon second
ary emission. Secondary emission changes with use of the tube, and large
differences are observed in the shapes of the characteristics of individual
tubes of the same type.
1 Hull, A. W., Proc. I.R.E., 6, 535 (1918).
2 Scroggie, M. G., Wireless Eng., 10, 527 (1933) (withbibliography of 35 items);
Moullin, E. B., J. Inst. Elec. Eng. (London), 73, 186 (1933); Baker, G. B., J. Inst.
Elec. Eng. (London), 73, 196 (1933); Colebrook, F. M., Wireless Eng., 10, 663 (1933);
Hayasi, Tatuo, J. Inst. Elec. Eng. Japan, 53, 389 (1933); Clarke, G. F., Wireless
Eng., 11, 75 (1934); Colebrook, F. M., Radio Research Special Rept. 131 (England);
Groszkowski, J., Wireless Eng., 11, 193 (1934); Gager, F. M., Proc. I.R.E., 23,
1048 (1935); Gager, F. M., and Russell, J. B., Proc. I.R.E., 23, 1536 (1935);
Houldin, J. E., Wireless Eng., 14, 422 (1937).
3 Hayasi, Tatuo, Proc. I.R.E., 22, 751 (1934).
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10-23. Negative-transconductance Oscillator.—The objectionable
features associated with secondary emission are avoided in another type
of negative-resistance oscillator, the action of which depends upon the
fact that negative voltage applied to the suppressor of a pentode such
as the 6J7 or 6K7 causes electrons that have passed through the screen
grid to be returned to the screen grid.1 Over a certain range a positive
increment of suppressor voltage (a decrease of negative voltage) allows
more electrons to go to the plate and thus decreases the screen current,
which means that the suppressor-screen transconductance is negative.
Under proper operating conditions the screen current decreases with a
positive increment of suppressor voltage even when the screen voltage
is given an equal increment. By the use of the circuit of Fig. 10-41 the
negative transconductance can be used to produce a negative resistance.

Fig. 10-41.—The use of a pentode to pro
duce negative resistance.

Fig. 10-42.—Transitron oscillator.

If Cc and Rc are large enough so that a change in voltage of the screen
grid G2 is accompanied by a practically equal change in voltage of the
suppressor grid G,, the action is as follows: An increase Aec2 in the screen
voltage is accompanied by an equal change Aec3 of suppressor voltage.
Aec2 would by itself change zc2 by the amount Aec2/rg2, and Aec3 acting
alone would change id by the amount Aec3032. If the variation of rg2
with eC3 and of gSz with ec2 is small (i.e., if the curves of ic2 vs. ecz for various
values of ec3 are practically straight, parallel, and equidistant over the
range under consideration), it may be assumed that the net change of
ic2 will be the sum of the two changes.
Aic2 =---- + Aec3032 = Aec2 (— + 032)
rsa

\r02

)

(10-11)

Since 032 has been shown to be negative, it follows that, if the magnitude
of 032 exceeds the magnitude of l/rg2, an increase of screen voltage is
accompanied by a decrease of screen current. When Rg is so large in
comparison with rg2 that the current through Rc and Cc may be neglected,
1 Herold, loc. cit.
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this means that between points A and B the circuit will exhibit negative

resistance of magnitude (see also Prob. 4-4).
(10-12)

Ip[ = T-"— =
1 + fg^aa 1 + P23

If a parallel resonant circuit whose parameters satisfy the criterion for
sustained oscillation is inserted between A and B, as in Fig. 10-42,
sustained oscillations result.
-16

-14
-12

-10
-8
-6
-4
0
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0

50
100
Screen-Grid Volts, eC2

150

Fig. 10-43.—Static family of screen characteristics for a type 57 tube. The dotted lines
show dynamic screen characteristics for the circuit of Fig. 10-41, derived under the assump
tion that changes of screen and suppressor voltage are equal.

Dynamic curves of
vs. ec2 for the circuit of Fig. 10-41 may be
readily derived from the static family of ic2-ec2 characteristics.1 Thus, in
Fig. 10-43, the dotted dynamic iC2-ecz curves are obtained by connecting
points for which ec2 and e„a are changed by equal amounts from their
static operating values. If, for instance, the operating values of ec2 and
ec3 are 100 volts and — 10 volts, respectively, then a 2-volt increase of
ec2 to 102 volts is accompanied by a 2-volt increase of eci to — 8 volts,
and the resulting current is 3.2 ma. Other points are located in a similar
manner. If Cc and Rc are so small that the reactance of Cc is appreciable
in comparison with the resistance of Ro at the desired frequency of oscilla1 These curves should not be confused with curves of dynamic (average) negative
resistance.
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tion, the voltage-dividing action of Cc and Rc causes the change of ec3
to be less than that of ec2- The dynamic curve is less steep, indicating
a higher negative resistance. For this reason Cc and Rc should be large
enough so that the coupling-condenser reactance at the lowest desired
frequency of oscillation is small compared with the resistance of the grid
resistor.1
The pentode circuit of Fig. 10-42 may be modified to uke a tetrode
such as the 24A by the omission of the first grid Gi. Oscillation can be
obtained, however, only at low cathode temperature. The reason for
this is that at normal temperature the resistance of the control grid,
which is used in place of G2 of Fig. 10-41, is so low that l/ro2 exceeds 332
in Eq. (10-12), and p is positive, even though g32 is negative. Use of the
negative inner grid Gi has the same effect as lowering the cathode tem
perature and has the additional advantage that the voltage of the first
grid may be used to control the negative resistance and thus the ampli
tude of oscillation.
The negative-transconductance oscillator
is not dependent upon secondary emission
and therefore does not have the objectionable
features of the dynatron oscillator. The cir
cuit is slightly more complicated.
10-24. Push-pull Negative-resistance
Oscillator.—A two-tube circuit which can

be used as the basis of a negative-resistance
Fig. 10-44.—The use of
oscillator is shown in Fig. 10-44.2 Although triodes in a push-pull circuit to
the equivalent plate circuit may be readily produce negative resistance.
used to prove that a negative resistance may exist between points
A and B (see Prob. 4-5), it is instructive to analyze the physical
action of the circuit, k represents the fraction of rb from which voltage
is applied to the grid of the opposite tube. On the assumption that the
two tubes and their supply voltages are in all respects the same, the
action is as follows: When the voltage Ae is zero, the points A and B
are at the same potential, the two plate currents are equal, and no current
flows through the external branch of the circuit. When Ae is applied,
a current bi flows in the external branch. It is composed of two com
ponents: bir, flowing through the plate resistors r6; and At62 = — AzL,
1 See also Prob. 10-3, p. 414.
2 Reich, H. J., Proc. I.R.E., 25, 1387 (1937). See also L. B. Turner, Radio Rev.,
1, 317 (1920).
It is interesting to note that the circuit of Fig. 10-44 is identical with the EcclesJordan trigger circuit of Fig. 10-5, that the dynatron oscillator is based upon the same
circuit as the tetrode trigger circuit mentioned in Sec. 10-2, and that the negative
transconductance oscillator is based upon the same circuit as the pentode trigger
circuit of Fig. 10-4.
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circulating through the tubes. The resistor current is
Air

Ae

(10-13)

2^

Ae raises the voltage of the plate of tube 2 by Ae/2 volts and lowers the
voltage of the grid of tube 2 by kAe/2 volts; the changes of plate and
grid voltage of tube 1 are equal in magnitude to those of tube 2 but
opposite in sign. On the assumption that Ae is small enough so that the
plate resistance and transconductance, rp and gm, are practically constant,
the changes in plate current are

..
Aeb .
Aib2 —----- F gmAec = — Az&i
rP

(10-14)

(10-15)
The total change in i is

(10-16)

Ai — Air + Aib2 — kAei— -|------- — )
yb
Tp /
Ai = iAe r-p + n(1 ~

(10-17)

Vi

n

=

=

Ai

^p^

rp + n(l — pk)

=

2rP

rp + rb
--------rb

.

,
UrC

z1fl ,sx
'

Equation (10-18) shows that, if the magnitude of pk exceeds the
magnitude of (rp + rb)/rb, the resistance between A and B is negative.
If rb is large in comparison with rp, the
criterion for negative resistance is simply
that the product pk shall be greater
than unity. The negative resistance of
the circuit results from the amplifying
property of the tubes. If pk is suffi
ciently large, the change in plate current
exceeds the change in current through
the external resistors and is opposite in
direction, causing a net external current
Fig. 10-45.—Push-pull negative
opposite
in direction to the applied
resistance oscillator.
voltage.
Sustained oscillations are produced if a parallel resonant circuit of
low resistance is connected between A and B. The necessity for two
B-supply voltages can be eliminated by using condensers and grid leaks
to couple the grids to the plates, as shown in Fig. 10-45. k is unity in this

Sec.

10-24]

TRIGGER CIRCUITS, PULSE GENERATORS

385

circuit but may be reduced for the purpose of controlling the amplitude
of oscillation. The amplitude may be controlled more readily, however,
by means of the grid bias. A twin triode, such as the 53 or the 6SN7GT,
may be used in this circuit in place of two separate triodes.

Fig. 10-46.—Current-voltage characteristics for type 53 tubes used in the circuit of Fig.
10-44.

The reactance of the coupling condensers of Fig. 10-45 should be
small in comparison with the grid resistors at the lowest desired frequency
of oscillation. When this is true, it does not matter whether the resonant
circuit is connected between the two plates or between the two grids.
In Fig. 10-46 are shown curves of external current i vs. voltage e,
between points A and B of the circuit of Fig. 10-44 for a type 53 twin
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triode when k is unity. It is apparent that these curves have the desirable
form of the curve of Fig. 10-396. The amplitude and harmonic content
may, therefore, be made as small as desired by adjusting the circuit
parameters or by adjusting p by means of k or the supply voltages.
This can also be seen from Fig. 10-47, which shows a typical curve of
dynamic negative resistance vs. voltage amplitude derived from Fig.
10-46 by use of Eqs. (4-35). The form of this curve is such that the line
]p| = L/rC can intersect the curve at
only one point, the voltage of which
approaches zero as L/rC approaches
¡Pol*
The push-pull negative-resistance
oscillator does not have the disadvan
tages of the dynatron oscillator and
gives even lower harmonic content and
higher frequency stability than either
the
dynatron or negative-transconduct
Fig. 10-47.—Typical curve of
dynamic negative resistance vs. ampli
ance oscillators. These advantages are
tude of alternating voltage derived
partly offset by increased circuit
from Fig. 10-47 by use of Eqs. 4-35.
complication.
10-25. Negative-grid-resistance Oscillator (Tuned-grid with Capaci
tive Feedback).—In Sec. 4-3 it was shown that, as the result of grid-plate

electrode capacitance, the input conductance of a vacuum tube may be
negative when the plate load is inductive. When this is true, sustained
oscillation may be set up in a parallel resonant circuit connected between
the grid and the cathode. Since the magnitude of the input conductance
decreases with frequency, this type of oscillator can be used only at radio
frequency. The variometer-controlled regenerative detectors which were
popular in the early days of radio reception often proved to be excellent
examples of this type of oscillator. The negative-grid-resistance oscil
lator may also be properly considered as a feedback oscillator.
10-26. Resistance-capacitance-tuned Negative-resistance Oscilla
tors.—Sine-wave oscillators that do not require the use of inductance

can be readily analyzed both as negative-resistance oscillators and as
feedback oscillators. Since the feedback analysis is somewhat simpler,
resistance-capacitance-tuned oscillators will be treated in Sec. 10-39.
10-27. Method of Coupling to Negative-resistance Oscillators.—In

using the negative-resistance oscillators of Figs. 10-40, 10-42, and 10-45,
the output voltage should be taken from across the resonant tank circuit
or, preferably, from a separate coil coupled to the tank inductance L.
When appreciable power is required or when the impedance of the load
is such as to affect the frequency of oscillation if the load is connected
across or coupled to the tuned circuit, the output should be taken front
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an amplifier excited by the oscillator. Such an amplifier is called a
buffer amplifier.
10-28. Feedback Oscillators.—A feedback oscillator can be con
sidered as a tuned feedback amplifier in which the amplitude and phase
angle of the feedback voltage are such as to cause oscillation (see Sec.
6-35).1 Suppose that a voltage d is applied to the input of an amplifier
and that the resulting output voltage is eo. If a portion ef of the output
voltage is applied to the input, in addition to Ci and in phase with it,
this feedback voltage will act in the same manner as e,. If the magnitude
of the feedback voltage is exactly equal to et, it can replace e,, and the
amplifier will continue to deliver the original output eo, if ei is removed.
In other words, the amplifier will oscillate at constant amplitude. If
the feedback is increased, the amplitude will build up; if it is decreased,
the amplitude will die down. Among the simpler types of feedback
oscillators are the tuned-plate oscillator of Fig. 10-48 and the tuned-grid

oscillator of Fig. 10-49, in which a portion of the voltage developed in
the plate circuit is introduced into the grid circuit by means of magnetic
coupling.
Feedback oscillators are usually analyzed by use of the equivalent
plate circuit, even though the amplitude of oscillation may be so high
that the path of operation is far from linear. Although this method of
analysis gives no indication of the production of harmonics, it yields
considerable valuable information concerning the fundamental frequency
of oscillation and the conditions that must be satisfied in order that
sustained oscillations may be produced. In order to simplify the analysis,
it is customary to neglect the effect of grid current. Although grid
current cannot be neglected in a rigorous treatment, it is usually satis
factory to make use of the simpler analysis and to bear in mind that the
results must be modified to take grid current into account. Losses
resulting from the flow of grid current have the same effects upon the
operation of the circuit as an equivalent loss in the tuned circuit. Reduc
tion of plate current resulting from diversion of electrons to the grid
increases the curvature of the dynamic transfer characteristic and thus
1 For an analysis of phase relations in oscillators, see C. K. Jen, Proc. I.R.E., 19,
2109 (1931).
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tends to increase harmonic content. Because the grid current is a

nonsinusoidal pulse, the harmonic content is also increased by the flow
of grid current through the grid-circuit impedance. It will be seen,
however, that advantage may be taken of the flow of grid current to
limit the amplitude of oscillation by automatically increasing the grid
bias.
10-29. Tuned-plate Oscillator.—Figure 10-50 shows the equivalent
plate circuit for the tuned-plate oscillator under the assumption that
condenser losses are negligible. The alternat
ing grid voltage eg is induced in the grid coil
by virtue of magnetic coupling to the plate
coil. If M is assumed to be positive when an
increase of i results in a positive induced grid
voltage,
Fig. 10-50.—Equivalent
plate circuit for the tunedplate oscillator.

ee° = M —
dt

(10-19)

Application of Kirchhoff’s laws to the equivalent circuit gives the follow
ing equations:

rpip + ri +

at

= peg = pM

at

ri+L^ + I / (i - ip) dt = 0
at

(10-20)

(10-21)

u /

If Eq. (10-21) is differentiated and substituted in Eq. (10-20), the
following second-order differential equation is obtained:
di(rprC+L- pM\
dt2 + dt\
rpLC
/+

+r _
rpLC
°

This equation is of the form
R^l
RI
UT2 + a^ + bi = 0
dt2
dt

(10-23)
'

the solution of which is1

i = Ae~at'2 sin (y/b — ^a2t + 0)

(10-24)

In order that oscillations shall not die out, the exponential factor
of Eq. (10-24) must be unity or must increase with time; i.e., a must be
equal to or less than zero. The value of a may be obtained from Eq.
(10-22). Since rp, C, and L are all positive quantities, the criterion for
sustained oscillation is

rprC +L - pM g 0
1 Cohen, op. cit., Chap. VII.

(10-25)
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This can be satisfied only if M is positive and if

\nM\
or

rprC + L
L I
Mrp\

(10-26)
(10-27)

It follows from Eqs. (10-19) and (10-25) that the coupling not only must
exceed a critical magnitude but must be of such sign as to result in a
positive component of grid voltage when the current through the plate
inductance is increasing.
Under the threshold condition, for which rprC + L — p.M = 0, the
frequency of oscillation is
I •p
(10-28)
/ = ---rP
2xy/LC
When no power is being drawn from the oscillating circuit, r is small in
comparison with rp, and the frequency of oscillation is practically the
natural frequency of the resonant circuit, l/2iry/LQ.
The ordinary complex method of solving the equivalent circuit is
also conveniently used in the analysis of oscillators. The following
equations may be obtained by summing the voltages in the equivalent
circuit of Fig. 10-50:

lprp + I(r + jwL) = pEg = p.jwMI
Al - I ( r + jwL + A ) = 0

(10-29)
(10-30)

The solution of these simultaneous equations gives the equation

jw(CrrP + L — pM) — ai2rpLC + rp + r = 0

(10-31)

Equation (10-31) is an identity that can hold only if the real and the
imaginary terms are individually zero. Equating the imaginary and
the real terms to zero gives the criterion for oscillation [Eq. (10-25)] and
the frequency of oscillation [Eq. (10»28)].
The significance of analyzing an oscillator circuit by solving the com
plex equations for the equivalent circuit becomes apparent when it is
noted that the circuits of Figs. 10-48 and 10-50 may be considered to be
those of a voltage amplifier, the output of which is taken from across L'.
Since the complex equations (10-29) and (10-30) apply only to steady
state (constant-amplitude) values and since it is assumed in writing the
equations that the vector input voltage Eo of the amplifier is equal to
the vector output voltage jwMI, the solution of Eqs. (10-29) and (10-30)
is equivalent to determining the conditions under which the output
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voltage is constant and equal in phase and magnitude to the input

voltage. It should be noted that the complex method of analysis yields
no information regarding conditions that must be satisfied in order that
the oscillations shall be sinusoidal. This informa
ip
i
tion may, however, be found from Eqs. (10-22) and
(10-24) obtained in the differential-equation method
of analysis.
In order to emphasize the fact that curvature of
the tube characteristics results in the production of
Fig. 10-51.—Plate
circuit of tuned-plate harmonics in the oscillator current, it is of interest
oscillator.
to analyze the circuit by using the series expansion
for plate current. Summation of alternating voltages in the CLr branch
of the circuit of Fig. 10-51 gives the equation

L^t + ir +
(i - ip) dt = 0
at
u j

(10-32)

or

+

.

(10-33)

But
ip = ayeg + a2eg2 + azef + • • •
dt + a2M2(^}
{di\ 2
/dd
= ayM^
+ a3M2 (^) + • ■ •
dt
\dtl
\dt/

(3-40)
(10-34)
1

Substituting Eq. (10-34) in Eq. (10-33) gives
di
I dt\2
d2i di ir
M
+ azM2^} + • •
dP^dtyL^ LC ay + a2M^
dt
\dt/

+~ =0

(10-35)

Equation (10-35) has a simple sinusoidal solution only when a2 and
coefficients of higher-order terms of the series are zero. The general
solution is in the form of a series, which indicates the production of
harmonics of the fundamental frequency.
10-30. Tuned-grid Oscillator.—An analysis similar to that which
has been presented for the tuned-plate oscillator shows that the frequency
of oscillation of the tuned-grid oscillator of Fig. 10-49 is

f =-----2^^/C(Lrp + L'r)/rp

-----

(10-36)

When no power is being drawn from the circuit, the term Lrp greatly
exceeds L'r, and the frequency is very nearly equal to )/2tt\/LC. Under
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this same approximation the criterion for oscillation is
> rC , M
gm = m + Lrp

(10-37)

The appearance of M in the denominator of one term of Eq. (10-37) and
in the numerator of the other indicates that the required value of gm is
large for both high and low values of M and that there is a value of M
for which the required transconductance is a minimum. Solution of Eq.
(10-37) for M shows that oscillation takes place only when M lies in the
range between
pL

2

— rrpLC

and

rrpLC

The limited range of M over which oscillation can occur is a practical
disadvantage of the tuned-grid oscillator.
10-31. Hartley Oscillator.-—The circuit of the Hartley oscillator is
shown in Fig. 10-52. Analysis of the equivalent circuit shows that
when no power is taken from the circuit the frequency of oscillation
is very nearly equal to l/27rxÆC, where L is
the total inductance, Li + L2 + 2M, of the two
coils. The criterion for oscillation is (Cg* and
Cpi, neglected)
9m - (Lz + M)fa(Lx + M) - (fa + flf)] (1°'38)
C
It is interesting to note that Eq. (10-38) may
—Hartley os
be satisfied when M is zero, indicating that Fig. 10-52.
cillator.
capacitive coupling through C allows oscillation
to take place even when there is no inductive coupling between the grid
and plate circuits. The Hartley oscillator has long been a favorite
circuit. One reason for this is that the criterion for oscillation is not
critical. Li and L2 are usually the two portions of a tapped coil, and the
position of the tap may be used to control the amplitude of oscillation.
The circuit will oscillate most readily when the ratio of L2 to Li lies in the
range from approximately 0.6 to 1, the ratio increasing with amplification
factor. Because the tuning condenser shunts both the grid and plate
coils, the Hartley oscillator gives a lower frequency for a given total
inductance than either the tuned-plate or tuned-grid oscillators and is
therefore particularly suitable for the production of low audio frequencies
when the necessity for good wave form prevents the use of iron-core
inductances.
10-32. Colpitts Oscillator.—Figure 10-53 shows the circuit of the
Colpitts oscillator. The frequency of oscillation is nearly equal to
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where C = CiCsACi + C2), the resultant capacitance of
Ci and Cz in series. The capacitances of the isolating condensers, C3
and Ci, and the inductances of the chokes are made large enough so
that they do not appreciably affect the oscillation
C4
frequency. As a variable-frequency oscillator
the Colpitts oscillator is less convenient to use
than the tuned-plate, tuned-grid, or Hartley
oscillators, owing to the necessity of varying
both Ci and C2 in order to maintain oscillation.
It has been found suitable for use in marine
work, because the condensers may be sealed
Fig. 10-53.-—Colpitts os
against moisture and the circuit tuned by means
cillator.
of a variometer type of variable inductance.
10-33. Circuits Having More Than One Resonant Branch.—More
complicated circuits than those which have been discussed are sometimes
used. Among these are the Meissner circuit, shown in Fig. 10-54, and

Fig. 10-54.—Meissner oscillator.

Fig. 10-55.—Tuned-grid-tuned-plate oscil
lator.

the tuned-grid-tuned-plate circuit of Fig. 10-55, in which feedback is
through the grid-plate capacitance of the tube. The fact that both the
grid and plate circuits are tuned in the latter circuit tends to improve the
frequency stability and the wave form. A disadvantage of both of these
circuits is that they may oscillate at two fre
quencies, and that the frequency may jump from
one value to the other. Analysis shows that two
frequencies of oscillation are to be expected when
the circuit contains two resonant branches that are
closely coupled. (The primary inductance of the
Meissner circuit resonates with its distributed
capacitance.) The two frequencies of oscillation
Fig. 10-56.—Gener
are analogous to the two peaks of the resonance alized feedback oscilla
curve of a doubly tuned transformer (see Sec. 6-22). tor circuit.
10-34. Generalized Feedback Oscillator Circuit.—Figure 10-56 shows
a generalized form of feedback oscillator circuit from which the various
types of singly and doubly tuned circuits may be derived by the
elimination of one or more of the circuit elements or couplings. The inter
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electrode capacitances of the tube and the distributed winding capaci
tances may serve as the condensers of the circuit of Fig. 10-56 and those
derived from it.
10-35. Push-pull Oscillators.—The basic feedback oscillator circuits
may be modified to use two tubes in push-pull. As in amplifiers, the use
of push-pull circuits increases the power output and decreases the har
monic Content. The frequency stability of push-pull circuits is also
higher than that of single-sided circuits. They are used principally at
high and ultrahigh frequencies.
10-36. Figure of Merit of Oscillator Tubes.—The form of Eqs.
(10-27), (10-37), and (10-38) shows clearly the importance of high trans
conductance in tubes used in feedback oscillators. These equations also
show that, for a given transconductance, oscillation will take place more
readily the higher the plate resistance. Since at a given transcon
ductance the amplification factor is proportional to the plate resistance,
it follows that the “figure of merit” of a tube for use in a feedback oscilla
tor is the product /xgm. As high p.gm is also one requirement of a power
tube, power tubes are in general good feedback oscillator tubes.
10-37. Series and Parallel Feed.—Circuits in which the plate supply
voltage is connected in series with the plate inductance, as in Figs. 10-48,
10-49, 10-52, 10-54, and 10-55, are called series-feed circuits. In practice
it may be desirable or necessary to connect the plate to the oscillating
circuit through a condenser and to apply the direct plate voltage through
a choke, the reactance of which is so high that it does not appreciably
affect the oscillating circuit. Air-core chokes are used in radio-frequency
circuits, iron-core chokes in audio-frequency circuits. Examples of this
method of applying the direct plate voltage, called parallel feed, are given
by the circuits of Figs. 10-53, 10-57, 10-69, 10-71, and 10-75. A disad
vantage of parallel feed is that difficulty may be encountered in prevent
ing parasitic oscillations in the choke circuits.
10-38. Use of Self-bias to Limit Amplitude of Oscillation.—For the
purpose of simplicity, fixed biasing voltages have been indicated in the
basic oscillator circuits. Fixed bias is rarely used, however, in practical
oscillators. In order to prevent excessive distortion and to aid in obtain
ing frequency stabilization, it is necessary to limit the amplitude of
oscillation. In feedback oscillators the criterion for oscillation involves
the transconductance of the tube, and the amplitude builds up until the
average (dynamic) transconductance (see Sec. 3-26) drops to the critical
value below which oscillation cannot take place. Unfortunately, the
average transconductance first increases with amplitude, and so the
amplitude may increase to a high value before the average transcon
ductance again falls sufficiently to result in equilibrium. If the circuit is
adjusted to give small equilibrium amplitude, then it will not start of its
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own accord. As explained in Sec. 10-18, a similar difficulty may be

experienced with some negative-resistance oscillators. This difficulty
may be prevented by causing the grid bias to increase automatically with
amplitude.
The most common method of limiting the amplitude of oscillation is
the use of a grid-blocking condenser and grid leak, as shown in Fig. 10-57.
The initial bias is zero but, as soon as oscillation commences, the grid is
driven positive during a portion of the cycle and so electrons flow from
the cathode to the grid. During the remainder of the cycle these elec
trons cannot return to the cathode but can only leak off the condenser and
grid through the grid leak Rc. The trapped electrons make the potential
of the grid negative with respect to the cathode, thus providing a bias.1
The greater the amplitude of oscillation, the more positive the grid swings,
and the greater is the average grid
current. Thus the bias builds up
with oscillation amplitude, causing
the transconductance to fall until
equilibrium is established. In this
manner the amplitude may be pre
vented from becoming too high
without making the quiescent trans
(a)
(b)
conductance so low as to prevent
Fig. 10-57.—Self-biased Hartley os
cillator with (a) series plate feed and (&)
oscillation from starting spontane
parallel plate feed.
ously. Under equilibrium conditions,
grid current flows during only a very small fraction of the cycle, and the
grid bias is very nearly equal to the amplitude of the alternating grid
voltage.
Low power loss in the resistor, high frequency stability, and good wave
form call for the use of high grid-leak resistance; but if the resistance and
capacitance are too high, oscillation is not continuous. After a number
of cycles of oscillation the bias becomes so high that the circuit stops
oscillating, or “blocks.” Because oscillation starts at a lower bias than
it stops, some time elapses while the condenser discharges sufficiently to
allow oscillation to recommence, and so periods of oscillation alternate
with periods of rest. This phenomenon is termed motorboating.2 The
period of motorboating depends upon the time required for the condenser
to discharge, which increases with the product of the grid condenser
1 The bias may also be considered to result from the flow of current through the.
grid leak.
2 Beatty, R. T., and Gilmour, A., Phil. Mag., 40, 291 (1920); Rschewkin, 8.,
and Wwedensky, B., Physik. Z., 32, 150 (1922); Taylor, L. S., J. Opt. Soc. Am. and
Rev. Sci. Instruments, 11, 149 (1926); J. Franklin Inst., 203, 351 (1927), 204, 227
(1927); Phys. Rev., 29, 617 (1927).
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capacitance and the grid-leak resistance. By proper choice of circuit
constants, the circuit can be made to block after a single oscillation.
Figure 10-58 shows one form of blocking oscillator used as a periodicpulse generator, and Fig. 10-59 shows the form of a typical voltage pulse
generated by such a circuit. If the inductances and distributed capaci
tances of the coils are small, the pulse is of very short duration. The
repetition frequency is governed by the product RC.
Another factor that limits the size of the grid resistor is danger of
cumulative increase of positive grid voltage and plate current as the
' result of primary and secondary grid emission. This action was explained
on pages 157-158.
When automatic bias is produced by grid rectification, as in the
circuits of Fig. 10-57, the use of a biasing battery (or cathode bias resistor)

Fig.

10-58.—Blocking oscillator for the
generation of periodic pulses.

Fig. 10-59.—Single-cycle pulse generated
by the circuit of Fig. 10-58.

in addition to the condenser and leak has no effect upon the amplitude
of oscillation. The grid swing is approximately equal to the equilibrium
value of bias. If a C battery is introduced after equilibrium is estab
lished, the total bias will be temporarily increased by the battery voltage,
and so the amplitude will fall. Because of the reduced amplitude and
the increased bias the grid will no longer swing positive during the positive
peaks of the cycle, grid current will cease flowing and the grid condenser
will discharge, reducing the negative voltage of the grid. This will con
tinue until the negative grid voltage has fallen to the original equilibrium
value, at which time the grid will again swing positive at the positive
peaks, and equilibrium will be reestablished at the initial amplitude.
Thus, after the oscillator has started, the only permanent effect of the
addition of the C battery is the lowering of the average condenser voltage
by an amount equal to the added battery voltage. The condenser cannot,
however, charge in such a direction as to make its grid side positive, and
so if the battery voltage is made to exceed the equilibrium value of bias
voltage, oscillation will cease. An external bias somewhat smaller than
the equilibrium value will prevent the oscillator from starting. Change
of plate voltage changes the equilibrium bias and hence the amplitude.
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By the use of a diode as the rectifier, as in the circuit of Fig. 10-60,1

automatic amplitude control may be combined with manual control by
supplementary bias. The supplementary bias produced by the cathode
resistor prevents grid rectification. Since the supplementary bias is not
in series with the rectifier in this circuit, increase of supplementary bias
reduces thé bias that the rectifier must supply in order to maintain
equilibrium. Because the bias provided by the rectifier is roughly equal

Fig. 10-60.—Circuit combining adjustable
bias and diode automatic bias.

Fig. 10-61.—Application of diode amplitude control to the negative-resistance
oscillator of Fig. 10-45.

to the crest amplitude, the amplitude of oscillation is thus reduced by
an amount equal to the supplementary bias. The heavy lines of Fig. 1061 show how diode amplitude control may be applied to the negative
resistance oscillator of Fig. 10-45. The primary impedance of the
transformer should be high in comparison with the impedance of the
tank circuit.
10-39. Resistance-capacitance-tuned Oscillators.—In Sec. 10-28 it

was pointed out that if the application
of a voltage Ei to the input of an
amplifier produces an output voltage
Eo, a portion Ef of which is impressed
Amp lifier
ae;
upon the input terminals, sustained
Voltage Amp.=A
oscillation results if Ef is equal to Ei in
phase and magnitude. Since the proper
Fia. 10-62.—Basic circuit of one
phase and magnitude of feedback volt
type of resistance-capacitance sineage may be attained without the use of
wave oscillator.
inductance, it is possible to design oscil-.
lators that do not require inductance. The basic form of one such oscil
lator is shown in Fig. 10-62.2 Inspection of Fig. 10-62 shows that the
following relation must hold in order for sustained oscillation to take
place:

P,

c,

1 Arguimbau, L. B., Proc. I.R.E., >21, 14 (1933); Groszkowski, 3., Proc. I.R.E.,
22, 145 (1934).
2 It is of interest to note that the coupling network in this oscillator may be con
sidered to be a special form of the Wien bridge of Fig. 15-43 in which r3 and r,
are zero.
—
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(10-39)

in which A is the vector voltage amplification of the amplifier. Rationali
zation of Eq. (10-39) gives a complex identity, the real and imaginary
parts of which must each be identities. These two identities yield the
following expressions for the frequency of oscillation and the criterion
for sustained oscillation:
2tt -\/RiR2C yC 2
A = 1 +^+^
212 Ui

(10-41)

If the two resistances are equal and the two capacitances are equal, these
equations reduce to
'-SEC,

A = 3

<10-42>

(10-43)

The fact that the frequency is inversely proportional to the capacitance,
instead of to the square root of the capacitance, makes it possible to
cover a 10-to-l frequency range with ganged condensers of the type used
in broadcast receivers. The frequency band may be readily changed by
changing Ry and E2. Care must be taken to make the circuit constants
of such values as to ensure that the oscillation is of the sinusoidal type.
Equation (10-41) shows that the vector amplification A of the ampli
fier must be real and positive, i.e., the output voltage must be in phase
with the input voltage. This is true in a two-stage resistance-capaci
tance-coupled amplifier in the mid-band range of amplification. The
range of frequency over which the amplification is independent of fre
quency may be extended and the amplification made essentially inde
pendent of the feedback'circuit Ry-R^-Cy-Ci by the use of inverse feedback
within the amplifier. The effect of the feedback network Ry-Rz-Cy-Cs
upon the amplifier can be further reduced by the use of a cathode
follower output stage in addition to the two stages required to make the
output voltage of the amplifier in phase with the input voltage.
Figure 10-63 shows a practical form of this circuit used in one of the
most successful commercial resistance-capacitance-tuned oscillators.1
The ballast lamp Rs, in combination with the resistance Ry, provides
inverse feedback that makes the amplification and phase shift of the
two-stage resistance-capacitance-coupled amplifier independent of vari
able circuit parameters, supply voltage, and tube characteristics, and at
1 Terman, F. E., Buss, R. R., Hewlett, W. R., and Cahill, F. C., Proc. I.R.E.,

XL, 649 (1939).
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the same time affords a method of stabilizing the amplitude of oscillation.

Increase of amplitude raises the current through the lamp and thus
increases its resistance. This in turn increases the inverse feedback,
which decreases A and hence tends to prevent increase of amplitude of
oscillation.
Because the mu-factor relating the suppressor and screen voltages
of a pentode is negative throughout a portion of the operating range of
voltages (see Sec. 10-23), a single-stage amplifier in which the output

Fig. 10-63.—Practical form of the oscillator of Fig. 10-62.

voltage is in phase with the input voltage may be made by impressing
the input voltage upon the suppressor of a pentode and taking the output
voltage from the screen circuit. Such an amplifier may, therefore, be
used in the oscillator circuit of Fig. 10-62, giving the single-tube resistance-capacitance-tuhed oscillator of Fig. 10-64. The purpose of the
resistance Rf and the condenser Cf is to provide inverse feedback in order
to improve wave form and stability. The frequency is varied by means

Fig. 10-64.—Single-tube version of the circuit
of Fig. 10-62.

Fig. 10-65.—Basic circuit of the “phaseshift” oscillator.

of Ci, Ci, and R2. The condenser C2 may shunt the screen resistor,
instead of R2.1
A single-stage amplifier of the ordinary type may be used as the
basis of a resistance-capacitance-tuned oscillator if the feedback network
is capable of providing a 180-degree phase shift. The basic circuit of
such an oscillator is shown in Fig. 10-65.2 If Rb << R and all capaci-.
1 DbLaup, P. S., Electronics, January, 1941, p. 34 (with bibliography).
2 Ginzton, E. L., and Hollingsworth, L. M., Proc. I.R.E., 29,43; Kunde, W. W.,

Electronics, November, 1943, p. 132.
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tances C and resistances R are alike, the frequency of oscillation is
l/2iry/Q RC and the required amplification of the amplifier is 29. If
the tuning is varied by means of only two of the condensers, which are
ganged, the frequency does not vary linearly with 1/C, and the required
amplification varies with frequency. Since the amplification must be
sufficient to ensure oscillation over the entire tuning range, the amplifica
tion will then be greater than required over much of the range, and
automatic amplitude control must be used in order to maintain constant
amplitude and ensure good wave form. Figure 10-66 shows a practical
form of this oscillator incorporating automatic amplitude control.
Improvement results from the addition of a cathode-follower stage

+300v.
Fig. 10-66.—Practical form of the oscillator of Fig. 10-65.

between the amplifier and the phase-shifting network in order to prevent
changes in the phase-shifting resistances and capacitances from affecting
the amplification. Other types of feedback networks than that of
Fig. 10-65 may be used.
Because the total phase shift through the amplifier and feedback
network must be zero or a multiple of 2ir in a feedback oscillator, any
change in phase shift through the amplifier, as the result of change of
supply voltage or other causes, must be accompanied by an equal change
in phase shift through the feedback network. Since such a phase shift
in the network results from a change in oscillator frequency, it follows
that good frequency stability necessitates the use of a feedback network
in which the rate of change of phase shift with frequency is high. An
oscillator developed by Meacham1 uses as the feedback network a
bridge, one arm of which is a quartz crystal. The opposite arm of the
i Meacham, L. A.,

Proc. I.R.E., 26, 1278 (1938).
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bridge is a resistance having a high positive temperature coefficient of

resistance, which causes the attenuation of the bridge to build up rapidly
with increase of amplitude of oscillation and thus affords automatic
amplitude control. Meacham reports a frequency stability of 2 parts
in 108. Inasmuch as the crystal frequency is not variable, this type of
oscillator is suitable only for the generation of fixed frequencies. This
limitation is avoided in circuits developed by Shepherd and Wise,1
in which “bridged-T”2 feedback networks are used. These circuits,
like that of Meacham, incorporate temperature-controlled resistances
(thermistors3) in order to obtain automatic amplitude control. Either
resistance-capacitance or inductance-capacitance networks may be used.
Figure 10-67 shows the oscillator stage of one of these oscillators, in which
tuning is accomplished by means of ganged resistors and frequency
ranges are changed by means of condensers. The oscillator stage is
followed by a two-stage inverse-feedback amplifier. Shepherd and

Fig. 10-67.—Resistance-capacitance-tuned oscillator using a bridged-T network.

Wise report a variation of output amplitude of less than +0.5 db over
the frequency range from 40 cps to 50 kc.
Figure 10-68 shows the block diagram of another feedback oscillator
that is tuned by means of a resistance-capacitance bridge.4 The amplifier
is designed to have constant amplification and zero phase shift over a
wide range of frequency. Degenerative feedback is applied to the
amplifier through an impedance bridge. Since the output of the bridge
is zero at resonance, the inverse feedback is a minimum at this frequency,
and the amplification of the amplifier with inverse feedback is a maxi
mum. The regenerative-feedback network, which has flat response
throughout the frequency range of the amplifier, applies positive feedback
to the amplifier. If the positive feedback is high enough, sustained
oscillation takes place at the frequency at which the amplification is
greatest, i.e., at the resonance frequency of the bridge. The phase
1 Shepherd, W. G., and Wise, R. O., Proc. I.R.E., 31, 256 (1943).
2 Tuttle, W. N., Proc. I.R.E., 28, 23 (1940); Honnbll, P. M., Proc. I.R.E., 28,
88 (1940).

3 Pearson, G. L., Phys. Rev., 57, 1065 (1940).
i Scott, H. H., Proc. I.R.E., 26, 226 (1938); Gen. Radio Expt., 13, April, 1939,
p. 1; 14, January, 1940, p. 6.
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inverter is necessary in order to make the feedback voltage of correct
phase to give regenerative feedback. The Wien bridge, shown in Fig.
15-43, is a suitable form of degenerative-feedback bridge. If rs = 2r4,
ri = r2, and Ci = C2, the bridge is balanced when / = l/27rriCi.
The oscillators of Figs. 10-63, 10-66, 10-67, and 10-68 have low har
monic content, high frequency stability, and constant output voltage.
They may be readily designed for wide frequency ranges, are relatively
inexpensive to manufacture, and are light and compact.

Fig. 10-68.—Block diagram of feedback R-C oscillator.

10-40. Problems of Oscillator Design.—A satisfactory oscillator
for laboratory or commercial use must satisfy the following requirements:
(1) The harmonic content must be small. (2) The frequency must be
independent of battery voltages and load and must not drift. (3) The
output voltage or power must be independent of frequency and must not
change during operation of the oscillator. (4) The calibration must be
accurate and constant. (5) The oscillator must be capable of furnishing
the required power or voltage output.
These requirements, particularly as they affect tank-circuit types of
feedback oscillators, will be discussed in the sections that follow.
10-41. Wave Form of Feedback Oscillators.—The harmonic con
tent of the output of oscillators, like that of amplifiers, is decreased by
straightening the dynamic characteristics, by limiting the amplitude of
oscillation, and by the use of push-pull circuits. Although Class A
operation of feedback oscillators is desirable for low distortion, the
resonant circuits of oscillators greatly reduce the harmonic content and
allow the use of Class B and C operation, even in single-sided circuits.
Class B and C operation are particularly applicable to radio-frequency
oscillators because of the ease with which harmonics may be removed
by means of tuned filters. In designing small low-distortion oscillators
for laboratory use, it is advisable to use Class A operation and to keep
the amplitude of oscillation as low as possible. Because the current in
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the inductance is more nearly sinusoidal than the plate current, especially

when Class Al operation is not used, the output voltage or power should
be taken from the tank circuit when good wave form is desired.
The harmonic content of feedback oscillators in Class A operation
is decreased by increase of effective load impedance. The effective
impedance presented by the tank circuit of a tuned-plate oscillator can
be adjusted by the use of a tapped inductance. If the plate is connected
to a tap and the condenser shunts the whole inductance, the effective
load impedance presented to the plate is less than L/rC. If the condenser
is connected to the tap, on the other hand, and the plate to the end of the
inductance coil, the effective load impedance exceeds L/rCA The same
method is applicable to the Hartley oscillator. In the tuned-grid
oscillator the load impedance may be adjusted by the inductance and
coupling of the plate coil. The load may also be changed by means of
the ratio of tuning inductance to capacitance.
10-42. Frequency Stability.—Undesired changes of frequency result
from three major causes: changes in the mechanical arrangement of the
elements of the oscillating circuit; in the values of the circuit parameters;
and in the amplification factor, grid and plate resistances, and inter
electrode capacitances of the tube.2
Changes in the mechanical arrangement of the circuit elements
may be produced by vibration; by mechanical, electrostatic, or electro
magnetic forces; or by temperature changes. They can be minimized
by careful mechanical and electrical design and by temperature control.
Variations in the values of the circuit parameters result from changes
in temperature of inductances and condensers and from variation of
load, which alters the effective a-c resistance r of the tuned circuit.
Changes of inductance and capacitance can be minimized by: temperature
control; the use of thermally compensated inductances3 and temperaturecontrolled compensating condensers;4 and the careful choice of apparatus
and the judicious location of component parts. Methods.of preventing
the variation of frequency with load will be considered in detail.
Tube factors are dependent upon operating voltages, upon cathode
emission, and upon electrode spacing. Operating voltages can be
stabilized by the use of voltage-regulating devices. Variation of cathode
emission is probably the least important factor and can be reduced by
the maintenance of rated cathode temperature. Electrode spacing,
which depends to some extent upon tube temperature, also affects the
1L is the portion of the inductance shunted by C.
2 See, for instance, F. B. Llewellyn, Proc. I.R.E., 19, 2063 (1931); R. Gunn,
Proc. I.R.E., 18, 1560 (1930).
3 Griffiths, W. H., Wireless Eng., 11, 234 (1934).
4 Gunn, R„ Proc. I.R.E., 18, 1565 (1930).
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interelectrode capacitances. The dependence of frequency upon inter
electrode capacitances and upon stray circuit capacitance can be mini
mized by the use of a high ratio of tuning capacitance to inductance and
by using circuits in which the tuning capacitance shunts the grid-plate
capacitance.
10-43. Effect of Load upon Frequency. Use of Buffer Amplifier
and Electron Coupling.—The exact expressions for frequency [Eqs.

(10-8), (10-28), and (10-36), etc.] involve r, the effective a-c resistance
of the inductance, which in turn depends upon the power delivered by
the inductance. It follows that the frequency of oscillation will be
affected by changes of load unless the out
put is taken from the oscillator in such a
manner that the current in the inductance
is not changed. Because of the conduc
tive or inductive coupling between the
tank inductance and the grid and plate cir
cuits, applying the load to the grid or plate
circuits is equivalent to shunting it across
the inductance. Changes in load may be Fig. 10-69.—Hartley oscillator
with electron-coupled load.
prevented' from affecting the frequency by
using the oscillator to excite a power amplifier from which the power is
taken.
Another method of making the oscillator frequency independent of
load is the use of electron coupling in taking the power from the oscillator.1
A Hartley oscillator with electron-coupled load is shown in Fig. 10-69.
The control grid and screen of a tetrode replace the grid and plate of a
triode in the oscillating circuit. The plate circuit serves only to deliver
the output. The flow of electrons through the screen grid varies with
screen current, which in turn varies at the oscillation frequency. The
electrons that pass through the screen are attracted to the plate by the
plate field, and hence the plate current has an alternating component
whose frequency is equal to the oscillation frequency. Since the field
of the plate terminates almost entirely on the screen, the plate load has
very little effect upon the oscillating circuit.
Because of capacitive coupling of the load to the oscillating
circuit through the screen-plate capacitance, the simple electron-coupled
circuit, of which Fig. 10-69 is an example, is not entirely free from the
effects of reaction of load upon the oscillating circuit. This difficulty
may be eliminated by the addition of a neutralizing condenser Cn,
as in Fig. 10-70. The condenser Cn and the screen-plate capacitance
form a voltage divider, the ends of which are connected to the control
grid and screen. Since the control-grid and screen alternating voltages
1 Dow, J. B., Proc. I.R.E., 19, 2095 (1931).
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are opposite in phase, a setting of Cn may be found at which no alternating

voltage is applied to the plate when the plate supply voltage is zero.
The same result may be accomplished by using a pentode in place of the
tetrode, the third «grid, which is made positive, acting as a screen between
the second grid and the plate.
If the plate and oscillator-anode voltages are properly chosen, the
change in frequency resulting from a change in plate voltage is equal and
opposite to that resulting from a proportional change of oscillator-anode
voltage.1 Therefore, if the supply voltage for the oscillator anode
(the screen in Figs. 10-69 and 10-70) is obtained from a tap on a voltage
divider across the plate supply voltage, a setting of the tap can be found
such that the frequency is independent of voltage variation. Thus, the
electron-coupled oscillator not only prevents reaction of load upon the
oscillating circuit but also may be designed to minimize the effect of
supply-voltage variation upon frequency.
The advantages of the electron-coupled
oscillator are gained at the expense of good
wave form. The high harmonic content of
electron-coupled oscillators results from two
causes. Inasmuch as the oscillator-anode
current is in itself not sinusoidal, the space
current beyond it is not likely to be.
Secondly,
the plate current is influenced by
Fig. 10-70.—Tuned-grid os
secondary emission effects and may even
cillator with electron-coupled
load, showing neutralizing con
reverse. Oscillographic studies show that
denser Cn.
it is difficult to obtain sinusoidal output
from electron-coupled oscillators without the use of a resonant circuit or
other form of filter in the output circuit.
10-44. General Methods of Frequency Stabilization.—The general
method of obtaining a high degree of frequency stability is not to attempt
to prevent the variation of tube factors, but to design the oscillator in
such a manner that frequency is not affected by variations of tube factors.
This is done in four principal ways:
1. Proper choice of electrical parameters of the oscillating circuit:
a. Resistance stabilization.
b. Capacitance or inductance stabilization.
c. Use of unity coupling.
2. Use of mechanical oscillating systems :
a. Piezoelectric crystals.
b. Magnetostrictive rods.
3. Use of selective filters as the oscillating circuits.
4. Elimination of harmonic currents by means of tuned filters.

1 Dow, loc. cit.
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Heising has shown that the frequency stability of tank-circuit feed
back oscillators is favored by the use of a low L/C ratio, but that this also
decreases the range of circuit adjustment over which oscillation is
obtained. Q, which is a measure of sharpness of resonance would, at
first thought, be expected to increase frequency stability. Heising proved,
however, that high Q does not necessarily increase frequency stability but
may actually decrease it. Stability is increased by the combination of
high Q and low L/C.1
10-45. Resistance Stabilization.—One of the simplest ways of improv
ing the frequency stability of standard oscillators is by resistance stabili
zation, which consists of the addition of a high resistance rf between the
plate and the oscillating circuit, as shown in the typical circuits of Figs.
10-71 and 10-72.2 The primary function of this resistance is to make the
total effective resistance in the plate circuit so high that changes in the

Fig. 10-71.—Resistance-stabilized Hartley

• oscillator.

Fig.

10-72.—Resistance-stabilized tunedgrid oscillator.

plate resistance of the tube have little effect upon the oscillating circuit.
A second function of the resistance is to provide a convenient means of
controlling the feed back, and thus the amplitude of oscillation. The
resistance should be made so high that oscillations will barely start.
Then as soon as the amplitude builds up to the point where the grid
starts to swing positive, the additional losses resulting from the flow of
grid current prevent further increase of amplitude. In order to prevent
undesirable phase shifts, the blocking condenser in series with the resist
ance should be so large that its impedance is negligible in comparison
with the resistance.
Details of design of resistance-stabilized oscillators have been worked
out by Terman,3 who recommends the use of tubes having amplification
factors ranging from 4.5 to 8, unity turn ratio of grid and plate coils, close
coupling between grid and plate coils, and a feedback resistance of the
order of from two to five times the plate resistance. The feedback
resistance should not exceed 500,000 ohms in audio-frequency oscillators,
and the resistance of the tank circuit at antiresonance4 should lie between
1 Heising, R. A., Proc. I.R.E., 31, 595 (1943).
2 Horton, J. W., Bell System Tech. J., 3, 508 (1924).
3 Terman, F. E., Electronics, July, 1933, p. 190.
4 The antiresonant frequency of a parallel resonant circuit is that at which the
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10,000 and 50,000 ohms. Terman gives the following formula for the
value of feedback resistance at which oscillation will just start:

rf = rfp - 1) - rp
where ri is the effective resistance of the resonant circuit at antiresonance.
Resistance stabilization does not prevent frequency variation as the
result of change of grid resistance with supply voltages.
10-46. Impedance Stabilization.—Llewellyn has shown that a more
general type of stabilization, consisting of the use of capacitance or
inductance in series with the grid or plate of the oscillator, or both,
results in complete independence of oscillation frequency from variation

Fig. 10-73.—Impedance-stabilized Hartley, tuned-grid, and tuned-plate oscillators.

of tube factors, and hence battery voltages.1 Llewellyn’s analysis con
sists of setting up the equivalent circuits of feedback oscillators and deter
mining from a general solution of the circuit equations the conditions
under which the frequency of oscillation is independent of tube factors.
The effect of grid current is taken into account in the analysis, but dis
tortion resulting from nonlinearity of tube characteristics is neglected.
It is assumed that losses in the oscillating circuits are so small as to be
negligible, and that load is applied to the oscillator through a buffer stage
which draws no power from the oscillator. In Fig. 10-73 are shown some
of the methods of stabilizing Hartley, tuned-grid, and tuned-plate oscil
lators. Other types of oscillators may be stabilized in a similar manner.
High stability may also be attained by the use of close coupling.
Llewellyn states,
The frequency of an oscillator with unity coupling between grid and plate
circuits depends only upon the inductances and capacitances in the circuit, and
not at all upon the tube parameters, rt, ret and p provided, however, that losses
impedance is nonreactive. At this frequency the impedance is equal to L/rC, where r
is the resistance of the inductor.
'Llewellyn, F. B., Proc. I.R.E., 19, 2063 (1931). See also G. H. Stevenson,
Bell System Tech. J., 17, 458 (1938).
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in the external circuit are small, and that the harmonic voltages across the tube
are small enough to allow rp and r, to be considered as pure resistances.

If the actual inductive coupling coefficient is not unity, an equivalent
effect can be obtained by the addition of capacitance in series with the
grid or plate coils, or both. Figure 10-74 shows one method of obtaining
such stabilization in the generalized feedback oscillator of Fig. 10-56.
The stabilizing capacitance may also be placed in series with the grid coil
instead of in series with the plate coil,
or stabilizing capacitance may be
used in both grid and plate circuits.
In a practical stabilized circuit the
stabilizing capacitances or induct
ances may also serve other functions
in the circuit. Figure 10-75, for
instance, shows a practical circuit of
a doubly stabilized tuned-grid oscilla
tor, in which the plate stabilizing
condenser serves as a blocking con
denser for the B-supply voltage, and
Fig. 10-74.—Impedance-stabilized oscil
the grid stabilizing condenser serves
lator of generalized form.
to furnish grid bias (in the manner
discussed in Sec. 10-38). A resistance shunting a stabilizing condenser
alters the required value of stabilizing capacitance and reduces the effec
tiveness of stabilization. For this reason the grid leak Rc should be large,
and the exact value of stabilizing capacitance is determined most readily
experimentally.
When precautions are taken to ensure a low-loss resonant circuit, the
relations given for stabilization hold very accu
rately, remaining variations of frequency being
accounted for by interelectrode capacitances and
by the presence of harmonics. The effect of tube
capacitances may be made unimportant by the use
of circuits in which the tube capacitances form a
portion of the tuned circuit. The effect of har
Fig. 10-75.—Practical
form of doubly stabilized
monics may be prevented by using low amplitudes
tuned-grid oscillator.
of oscillation or by providing low-reactance paths
for the harmonics so that they cannot build up reactive voltages across the
tube.1 The performance of stabilized oscillators checks the theoretical
analysis. A 1-Mc oscillator showed less than 10 cps variation in fre
quency when the plate voltage wa>s reduced 50 per cent and practically
no change with a 50 per cent reduction of filament current.1 Much
1 Llewellyn, loc. cit.
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greater frequency stability was found experimentally for a tightly coupled

oscillator than for a loosely coupled one.
The form of the equations for stabilizing capacitance shows that for
most types of oscillators it is necessary to vary the stabilizing capacitance
with the tuning capacitance when adjustable frequency is required.
When grid or plate stabilization alone is used, the required stabilizing
capacitance is proportional to the tuning capacitance. Because the
frequency is independent of grid and plate resistance when stabilization is
complete, an external load may be applied either between grid and
cathode or between plate and cathode without affecting the stabilization.
10-47. Crystal Oscillators.1—The control of frequency by means of
crystals is based upon the piezoelectric effect. When certain crystals,
notably quartz, are compressed or stretched in certain directions, electric
charges appear on the surfaces of the crystal that are perpendicular to the
axis of strain. Conversely, when such crystals are placed between two
metallic surfaces between which a difference of potential exists, the
crystals expand or contract. If the potential applied to the plates is
alternating, the crystal is set into vibration, the amplitude being greatest
at the mechanical resonance frequency of compressional oscillation of the
crystal. Although special types of crystals may be used in audio-fre
quency oscillators,2 crystal control is at present restricted mainly to radiofrequency oscillators.
Figure 10-76 shows one commonly used-crystal oscillator, developed
by J. M. Miller at the Bureau of Standards. The action of this circuit is
readily understood when it is noted that the crystal and crystal mounting
may be represented by the equivalent electrical circuit of Fig. 10-77.3
When the plate load is inductive, the effective input conductance of the
tube is negative (see Sec. 4-3). Oscillation may, therefore, be set up in a
resonant circuit connected between the grid and the cathode. In order to
maintain an inductive plate load the plate circuit must be tuned so that
its resonant frequency is slightly higher than that of the crystal. The
value of the crystal in controlling frequency lies in the extreme sharpness
1 Cady, W. G., Proc. I.R.E., 10, 83 (1922); Pierce, G. W., Proc. Am. Acad. Arts
Sci., 59, 81 (1923); Hull, A. W., Phys. Rev., 27, 439 (1926); Dye, D. W., Proc. Phys.
Soc. London, 38, 399, 457 (1926); Hund, A., Proc. I.R.E., 14, 447 (1926), 16, 1072
(1928); Wheeler, L. P., and Bower, W. E., Proc. I.R.E., 16,1035 (1928); Van Dyke,
K. S., Proc. I.R.E., 16, 742 (1928); Harrison, J. R., Proc. I.R.E., 16, 1455 (1928);
Terry, E. M., Proc. I.R.E., 16,1468 (1928); Cady, W. G., Proc. I.R.E., 16, 521 (1928)
(with bibliography); Wright, J. W.,Proc. I.R.E., 17,127 (1929); Meahl, H. R., Proc.
I.R.E., 22, 732 (1934). For other references, see A. Hund, “Phenomena in Highfrequency Systems,” p. 118, McGraw-Hill Book Company, Inc., New York, 1936.
2 Tykociner, J. T., and Woodruff, M. W., Univ. III. Eng. Expt. Sta. Bull. 291,
1937.

3 Van Dyke, loc. cit.
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of its resonance curve. The Q* of the equivalent circuit of a crystal is
of the order of one hundred times that which can be readily attained in
electrical circuits. Because of this sharpness of resonance, the crystal
can oscillate over only a very narrow frequency range, and hence the
frequency stability of a crystal oscillator is high. When the temperature
of the crystal is maintained constant by means of a temperature-control
chamber, the frequency drift may be made less than 2 parts in 10 million.
In the original Pierce1 circuit, the crystal is connected between the
grid and plate of the tube, instead of between the grid and cathode. This
circuit will oscillate only when the plate load is capacitive, and there
fore the natural frequency of the plate circuit must be slightly lower than
that of the crystal. A crystal will also oscillate when connected to other

Cmt~ Capacitance ofmounting

Resistor
or choke

Cgap- Equivalent capacitance of
.airgap

Fig. 10-76.—One type of crystal-controlled

Fig. 10-77.—Equivalent circuit of crystal

r-f oscillator.

and crystal mounting.

types of negative-resistance elements,2 such as were described earlier in
this chapter. Crystals may be used in push-pull circuits.
Crystal-controlled r-f oscillators are essential in radio communication
and broadcasting. The cutting of crystals and their use in r-f oscillators
is discussed in detail in radio engineering textbooks. Because of the
extremely sharp resonance of a crystal, it may also be used as a band-pass
filter that passes a very narrow band of frequencies. One application of
such a filter is in wave analyzers (see Sec. 15-38).
10-48. Magnetostriction Oscillators.—The phenomenon of magneto
striction is the expansion or contraction of magnetic materials as the
result of magnetization, and the converse change of magnetization as the
result of strain. The phenomenon may be used as the basis of an oscil
lator having high frequency stability.3 The circuit diagram of a typical
* Q, the ratio of the total inductive reactance to the total effective resistance of a
series oscillatory circuit, is a measure of the sharpness of resonance. See, for instance,
W. L. Everitt, “Communication Engineering,” 2d ed., p. 65, McGraw-Hill Book
Company, Inc., New York, 1937.

1 Pierce, Zoc. cit.
2 MacKinnon, K. A., Proc. I.R.E., 20, 1689 (1932).
3 Pierce, G. W., Proc. Am. Acad. Arts Sci., 63, 1 (1928); Proc. I.R.E., 17, 42
(1929); Salisbury, W. W., and Porter, C. W., Rev. Sci. Instruments, 10, 142 (1939).
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magnetostriction oscillator is shown in Fig. 10-78. The operation is as
follows: The steady component of plate current produces a steady strain
in the rod. Any small change in plate current results in a change of mag
netization of the end of the rod that is within the plate coil. This results
in an elongation or contraction of this portion of the rod and causes a
compressional wave to move toward the other end of the rod. When the
wave reaches the portion of the rod that lies inside of the grid coil, the
resulting change in magnetic field induces a voltage in the grid coil, which
causes a change of plate current. This change in plate current in turn
starts out another compressional wave in the bar. The compressional
waves are reflected from the grid end of the rod and return to the plate
end, where they are again reflected. If the polarity of the grid and plate
coils is correct, the induced and reflected waves at the plate end are in
phase and will reinforce one another. The tendency for the amplitude
to build up is increased to the point of oscillation by tuning the electrical
circuit so that it has the same natural period as the
rod. The action is not dependent upon inductive
coupling of the coils. In contrast with that in feed
back oscillators, the orientation of the coils must be
such that the inductive coupling is degenerative. The
inductive coupling should preferably be made small by
Fig. 10-78.—
the use of shielding. Considerable improvement results
Single-stage mag
netostriction oscil
from the use of a two-stage amplifier in place of the
lator.
single tube shown in Fig. 10-78.1
Because the change in length of an initially unmagnetized rod is of the
same sign for both polarities of magnetization, the rod will vibrate at
twice the frequency of the electrical circuit if it is not polarized. To
ensure that the rod is polarized throughout its length, it is usually mag
netized permanently and placed in the coils so that the field of the plate
coil increases the magnetization.
Nickel, Monel metal, Nichrome, Invar, Stoic metal, and other nickel
alloys may be used to make magnetostrictive rods. Difficulties of design
of suitable rods having high natural frequency of oscillation restrict the
use of the magnetostriction oscillator to frequencies within the audible
and supersonic ranges. Very low audio frequencies are produced by the
use of rods that are loaded at the ends or that consist of an outer shell
of magnetostrictive material filled with lead or other material having a
low velocity of propagation of compressional waves. If the temperature
of the rod is kept constant, a frequency stability of 1 part in 30,000 may
be obtained.2 Dependence of frequency upon temperature can be
1 Pierce, G. W., and Noyes, A., Jr., J.A.îS.A., 9, 185 (1938).
2 Pierce, loc. cit.
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reduced by employing special alloys of low temperature coefficient1 or
rods made up of a core and a shell of two magnetostrictive metals of
opposite temperature coefficients of expansion.
10-49. Tuned-filter (Multistage-feedback) Oscillator.—Excellent fre
quency stability can be obtained by feeding back the output of a sharply
tuned multistage amplifier to the input, as shown in Fig. 10-79.2 The
principle of operation is the same as that of the common types of feedback
oscillators except that amplification takes place in more than one tube.
The sharper the resonance curves of the tuned circuits, the more difficult
it is to cause oscillation at any but the resonance frequency. Very high
frequency stability can be obtained by the use of complex filter sections
or a large number of stages. Gunn reported a shift in frequency of less
than 1 cps at a frequency of 1000 cps when the plate voltage of a two-stage
circuit was changed by 50 per cent. At radio frequencies it is essential to
prevent direct feedback in the individual
stages. This requires careful shielding
and the use of tetrodes or pentodes.
For a properly designed radio-frequency
circuit Gunn reported a 0.0003 per cent
change in frequency with a 10 per cent
change in plate potential, about 0.003
per cent change in frequency for an 8
per cent change of filament voltage, and Fig. 10-79.—Tuned-filter (multi
stage-feedback) oscillator.
a change of less than 60 parts per million
per degree over a 2- or 3-degree temperature range. These results were
obtained with d-c operation of the cathodes. The results were not quite
so good with a-c filament operation. Although the frequency is little
affected by load, the use of a Class A buffer power amplifier following the
oscillator is recommended.
10-50. Frequency Stabilization by Harmonic Elimination.—A num

ber of investigators have shown that frequency variation and harmonic
content are interdependent.3 The factors that ensure low harmonic con
tent, such as a linear operating characteristic and small amplitude, there
fore also tend to improve frequency stability. The frequency stability
of an oscillator can be improved by thé use of series filter sections tuned
to the harmonic frequencies, shunted across the tank circuit, but this
method cannot be conveniently used with a variable-frequency oscillator.
10-51. Power Output of Oscillators.4—For reasons that have already
been discussed, when it is necessary to obtain large power from an oscil1 Ide, J. M., Proc. I.R.E., 22, 177 (1934).
2 Gunn, Ross, Proc. I.R.E., 18, 1560 (1930).
3 Gboszkowski, J., Proc. I.R.E., 21, 958 (1933); Abguimbau, L. B., Proc. I.R.E.,
21, 14 (1933); Moullin, E. B., J. Inst. Elec. Eng. {London) 73,186 (1933).
4 Pbincb, D. C., Proc. I.R.E., 11, 275, 405, 527 (1923).
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lator it is usually expedient to use the oscillator only to excite a power

amplifier, with or without intervening voltage amplifier stages. When
the power is to be obtained directly from the oscillator, however, it should
be borne in mind that the oscillator is in reality a self-excited amplifier
and that the laws which govern the design of power amplifiers also apply
to power oscillators. For maximum power output in Class A operation
the load impedance is equal to the plate resistance. The effective resist
ance of the plate circuit can be adjusted in the manner explained in
Sec. 10-41. Occasionally other considerations, such as plate-circuit
efficiency and harmonic content, may be of more importance than
maximum power output.
The power output that can be obtained from a Class A oscillator
greatly exceeds the output from the same tube in Class A amplification.
This is because the oscillator tube remains continuously excited and can
normally be kept under constant load, whereas an amplifier usually has
excitation of variable amplitude and may deliver zero output for long
periods of time. As explained in Chap. 7, the maximum dissipation that
the amplifier tube is required to withstand is equal to the plate-circuit
input power. The oscillator tube dissipation under full load, on the other
hand, is the power input to the plate circuit minus the power output. At
22 per cent efficiency, the dissipation is 78 per cent of the input. The
Class A oscillator can therefore use about 28 per cent higher input power
and so deliver 28 per cent higher output with the same maximum plate
dissipation. If the circuit drops out of oscillation, the tube is likely to be
damaged, both because of the increase
of plate dissipation with removal of
load and because of the rise in plate
current resulting from the removal of
automatic bias.
10-52. Beat-frequency (Hetero
dyne) Oscillators.—In the beat-fre

quency oscillator, shown schematically
in Fig. 10-80, the outputs of two
radio-frequency oscillators of slightly different frequencies are applied
simultaneously to a detector. The output of the detector contains,
in addition to the impressed radio frequencies, their sum and differ
ence. By means of a filter, the fundamental radio frequencies and
their sum are removed, leaving only the difference frequency in the out
put, which may be suitably amplified by audio-frequency amplifiers.
The popularity of the heterodyne oscillator is due principally to the fact
that the whole range of audio frequencies, from 15,000 cps, or higher,
down to as low as 1 cps, may be covered with a single dial. Other advan
tages that may be obtained with careful design include good wave form,
Fig.

10-80.—Schematic diagram
heterodyne oscillator.

of
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constant output level, lightness, and compactness. By proper variable
condenser design a logarithmic frequency scale may be obtained, a
considerable advantage when the oscillator is to be used in obtaining
amplifier-response curves. Unless extreme care is taken in the design and
construction, however, this type of oscillator is likely to have relatively
poor frequency stability, which necessitates frequent setting against a
standard frequency during the period of use, particularly during the time
required to establish temperature equilibrium.
The design of a heterodyne oscillator involves a number of special
problems, among which are the prevention of interaction between the
oscillators, elimination of harmonics and other undesired frequencies,
improvement of frequency stability, and the prevention of variation of
output level. Interaction of the two r-f oscillators causes them to pull
into synchronism when their frequency difference is small and thereby
prevents the production of low audio frequency. It also tends to distort
the output wave into a saw-tooth wave at output frequencies somewhat
greater than that at which the oscillators pull into step. Interaction
may be prevented by adequate shielding, proper location of component
parts, use of chokes or decoupling resistors (see page 210) and by-pass
condensers in voltage supply leads, and by correct methods of coupling
the output of the r-f oscillators to the detector tube. Coupling methods
include the use of buffer amplifiers between the oscillators and the detec
tor; electron-coupled oscillators; a balanced modulator circuit (see Sec.
9-5) as in Fig. 10-81; a mixing bridge; or a multigrid mixer tube, such as
the type 6L7, the oscillator outputs being applied to two grids that are
shielded from each other. Of these, the first three methods are most
frequently used.
If the harmonics are removed from the output of one of the r-f oscil
lators of. a heterodyne oscillator and detector distortion is negligible, the
only undesired output frequencies lie above the beat-frequency range and
are removed by the r-f filter following the detector. Frequency instabil
ity in heterodyne oscillators results from the same causes as in other types
of oscillators, but it is likely to be greater because a small percentage
variation in the frequency of either r-f oscillator produces a much greater
percentage variation of output frequency. The stability of the r-f oscil
lators should be as high as possible, and the two oscillators should be as
nearly alike as possible in order that they will respond similarly to changes
of supply voltage and of temperature. Variation of amplitude of the
oscillator output results from change of amplitude of the variable oscil
lator over the tuning range, from the action of improperly designed r-f
filters in the plate circuit of the detector, and from frequency distortion
of the a-f amplifier. The first effect can be made small by using a linear
detector and making the amplitude of the variable-frequency input to
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the detector much greater than that of the fixed-frequency input (see

Sec. 9-18). Audio-frequency attenuation by the r-f filter in the detector
plate circuit can be avoided most readily by the use of a radio frequency
that is several times the highest output frequency. The choice of the
best value of frequency of the r-f oscillators of a heterodyne oscillator is
governed largely by frequency stability, ease of filtering of r-f voltages
from the detector output, and desired frequency range.
The circuit diagram of a typical commercial beat-frequency oscillator
is shown in Fig. 10-81.

Fig. 10-81.—Circuit diagram of a heterodyne oscillator.

{Courtesy of Clough-Brengle

Company.)

10-53. Ultrahigh-frequency Oscillators.—The theory of ultrahighfrequency oscillators such as the Barkhausen-Kurz oscillator, the magne
tron oscillator, and the klystron, is beyond the scope of this book. The
student is, therefore, referred to textbooks on the subject of ultrahigh
frequency.1
Problems
10-1. Analyze the action of the circuit of Fig. 10-29&.
10-2. Using the complex method of analysis, derive Eq. (10-10) and determine the
criterion for oscillation of a series-type negative-resistance oscillator.
10-3. The condenser Cc of Fig. 10-41 may be replaced by a resistance, as in Fig.
10-82.
a. For the circuit resistances and supply voltages shown, find the suppressor oper
ating voltage.

1 See, for instance, Brainerd, J. G., Koehler, G.. Reich, H. J., and Wood
L. F., “Ultra-high-frequency Techniques,” Chap. 10, D. Van Nostrand
Company, Inc., New York, 1942.
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b. Find the ratio of the change in suppressor voltage AecS to a change of screen
voltage AeC2, that causes it.
c. From Fig. 10-43 derive a dynamic icz-ecz characteristic for this circuit, and from
it find p0.

Fig. 10-82.—-Negative resistance oscillator circuit for problem 10-3.

d. For an L/r ratio of 0.01 henry/ohm, find the largest condenser capacitance C at
which the circuit will oscillate, and the corresponding inductance required for an
oscillation frequency of 100 cps.
10-4. Derive Eq. (10-18) by means of the equivalent plate circuit (see also Prob.
4-1
10-5. Using the equivalent plate circuit for the tuned-grid oscillator, derive Eqs.
(10-36) and (10-37).
10 -6. In order for oscillation of constant amplitude to take place in the circuit of
Fig. 10-62, the susceptanpe of C2 must be equal in magnitude and opposite in sign to
the input susceptance of the amplifier, and the conductance of Rz. must be equal in
magnitude and opposite in sign to the input conductance. Using Eqs. (6-107) and
(6-108) to determine the input susceptance and conductance, derive Eqs. (10-40) and
(10-41).
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CHAPTER 11
ELECTRICAL CONDUCTION IN GASES

Preceding chapters have dealt only with electron tubes in which the
gas density is so low that the probability of collision of electrons with gas
molecules is small and relatively few ions are present. This chapter will
treat the flow of current through regions of comparatively high gas
density, in which the probability of ionizing collisions of electrons with
molecules is comparatively high and many ions are consequently present
in the gas. The construction, characteristics, and applications of prac
tical gaseous conduction tubes will be taken up in the succeeding chapter.
The student should review Secs. 1-1 to 1-12 of Chap. 1.
The early experiments on gas-filled tubes were performed years before
the discovery of thermionic emission, but the development of useful gasfilled tubes, particularly of the grid-controlled type, lagged far behind
that of high-vacuum tubes. It was not until careful experiments sug
gested the fundamental laws and processes governing the phenomena
involved that great strides were made in the design, manufacture, and
application of gaseous tubes. A knowledge of these laws is important in
the understanding of gaseous tube operation. Since the formation of an
arc may be preceded by a glow discharge and since the presence of
glows in arc tubes may prevent their proper functioning, the theory of
glow discharges is important in the study not only of glow tubes but also
of arc tubes. For this reason, considerable space will be devoted to a
treatment of glow discharges, even though glow tubes are now used
relatively little in comparison with arc tubes, except for illumination.
11-1. Current-voltage Characteristics of Glows.—A gas or vapor
containing no ions would be a perfect insulator. No current could flow
as the result of a potential applied between two nonemitting electrodes
immersed in such a gas. Ion-free gases are hypothetical only, for cosmic
rays, radioactive materials in the walls of containers, photoelectric emis
sion, and other ionizing agents ensure the presence of some “residual”
ions. In an actual gas the application of potential between electrodes
will cause a migration of the residual ions and thus produce a current.
The magnitude of the current associated with the drift of residual ions
evidently depends upon the rate of production of ions and upon the rate
at which ions are swept away, which in turn depends upon the applied
voltage. This current is sometimes called the dark current because it is
not accompanied by appreciable radiation. The relation between volt
age and dark current under static conditions is shown graphically by the
416
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portion oab of the typical characteristic curve of Fig. 11-1. That the
increase of voltage over the range ab causes no increase in the current
indicates that residual ions are being swept out of the gas by the electric
field at the same rate as they are being created. The dark current is
usually of the order of a microampere.
As the voltage is increased, a value is reached, as at b, at which the
current again begins to rise. If the electrode spacing is very small and
the pressure sufficiently low, the current can be increased beyond b only
by increase of voltage, and the characteristic is of the form shown by the
dashed curve bm. With electrode spacing and pressure used in most
glow-discharge tubes, on the other hand, a current is reached at c, called
the threshold current, at which the current
begins to rise abruptly without further
increase of voltage. The threshold current
is still of the order of one or two microam
peres. If the external circuit resistance is
low, the voltage of the discharge remains
practically constant, and the current jumps
to a high value (milliamperes or even am
peres), corresponding to n. If the external
circuit is such as to prevent the current from
Voltage
rising abruptly, then the voltage drops
Fig. 11-1.—Current-voltage
characteristic of a typical gasabruptly to some lower value, as at d. The filled
cold-cathode diode.
value of the current at d, and the path along
which the change takes place, appear to depend almost entirely upon the
external circuit. Experimental difficulties, such as the occurrence of
relaxation oscillations, have so far prevented a complete study of the
characteristic immediately beyond the point c, but those experiments
which have been performed appear to indicate that, if the terminal voltage
could be reduced rapidly enough by increase of circuit resistance or
decrease of applied voltage, the current at point d would be the same as
that at point c.
The incipient condition obtaining at c when the current through the
discharge increases without increase in voltage is called breakdown, and
the corresponding voltage of the tube is called the breakdown voltage.
From what has been said it follows that breakdown may not take place
if the electrode spacing and pressure are small.
The increase of current above the saturation value maintained from a
to b is the result of ionization of gas molecules by collision with electrons
that have been accelerated by the applied electric field. Appreciable
ionization by collision does not take place until the voltage considerably
exceeds the ionization potential of the gas. The voltages corresponding
to c and d are usually many times the ionizing potential. Ionization is
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accompanied by excitation of some of the gas molecules, which subse
quently emit radiation as they return to a state of lower energy. It is the
visible radiation that gave rise to the term glow discharge.
Between d and f, the current increases with very little change in volt
age. The current range covered by this portion of the characteristic
depends upon the area of the cathode and may extend to values of 50 ma
or more. In order to indicate the difference in magnitude of the very
small currents below c and the relatively large currents above d, a gap is
shown in the curve.
A value of current is reached, at f, beyond which a much larger
increase of voltage is required to produce a given change in current. In
the vicinity of g, however, the current is so high that, if it is maintained
for an appreciable time, the cathode becomes hot enough to emit electrons.
The thermionic emission reduces the voltage drop through the tube in a
manner that will be explained in Sec. 11-14, causing further increase of
current and greater emission. The cumulative action may result in an
abrupt decrease of potential to about the ionization potential of the gas,
at point h, and, unless limited by circuit resistance, the current may rise
to destructive values. In the region from b to g, the discharge is charac
terized by comparatively low current density and high voltage drop and
is called a glow discharge. Beyond h, the discharge is characterized by
high current density and low voltage drop and is called an arc.
The exact predetermination of the behavior of a particular glow-dis
charge tube is difficult, if not impossible, because a given tube does not
have a single current-voltage characteristic, but an infinite number of
characteristics. The shape of the characteristic depends upon gas pres
sure, electrode temperature, and age of the tube; upon the amount of
ionization remaining from previous discharges, which in turn depends
upon the time elapsed between discharges; upon the initial cathode
emission, which varies with the cathode illumination; and upon the
strength of other ionizing agents in the gas or container. A characteristic
obtained with steady applied voltages, of which the curve of Fig. 11-1 is a
typical example, is called a static characteristic. Characteristics obtained
with varying voltages and currents are called dynamic characteristics.
11-2. Physical Aspects of Glow Discharge.—The appearance of the
glow discharge is by no means that of a homogeneous column of light. It
is made up of a number of distinct regions. The general form of a glow
discharge at gas pressures of the order of a millimeter or less of mercury1
1
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is shown in Fig. 11-2«.1 In the vicinity of the cathode is a relatively dark
region, called the cathode dark space, or, in honor of two of the early
workers in the field of glow discharges, the Crookes or Hittorf dark space.
The brightness of the cathode dark space increases toward the cathode,
culminating sometimes in a luminous layer very close to the cathode,
called the cathode glow. In hydrogen and the noble gases there is a much
darker layer immediately adjacent to the cathode, usually not more than

Fig. 11-2.—(a) Appearance of a glow discharge between plane parallel electrodes.

(b) Potential distribution and field strength in a glow discharge between plane parallel
electrodes.

a millimeter in length, called the primary dark space. Toward the anode,
the cathode dark space terminates quite sharply and distinctly in a
luminous region called the negative glow. The brightness of the negative
glow decreases toward the anode, and the glow gradually merges into
another relatively dark region, the Faraday dark space. Beyond the
Faraday dark space is the positive column, a fairly luminous region which
may contain striations and which extends to the anode. Sometimes the
surface of the anode is covered by a luminous layer called the anode glow.
If the anode is moved toward the cathode while the tube is glowing,
the various regions of the discharge remain fixed relative to the cathode,
1 Slepian, J., and Mason, R. C., Elec. Eng., 53, 511 (1934).
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and the positive column and the Faraday dark space in turn appear to
move into the anode. If the current is maintained constant during this
experiment, the voltage across the tube falls slowly. As the anode enters
the negative glow, the voltage begins to rise rapidly with further move
ment of the anode until it equals the supply voltage and the tube goes out.
If the electrode spacing is kept constant, on the other hand, and the pres
sure is lowered, the cathode dark space increases in thickness’, appearing
to push away the negative glow, Faraday dark space, and positive column,
which disappear into the anode in turn. As the cathode dark space
expands, the outer boundary becomes less distinct. When the cathode
dark space reaches the anode, the voltage rises rapidly with further change
in pressure, until it equals the supply voltage and the tube goes out.
At extremely low pressures, at which the dark space fills the whole inter
electrode space, the walls of the tube fluoresce. This phenomenon is
caused by the impact upon the walls of cathode rays, or high-speed
electrons, which have been accelerated throughout the interelectrode
space without suffering loss of energy by collision with gas molecules.
In most practical glow-discharge tubes, the pressure is in the range from
0.1 to 50 microns.
11-3. Potential Distribution in the Glow Discharge.—The strikingly
different appearance of the various parts of the glow discharge early
aroused curiosity as to the electrical relationships existing in the dis
charge and led to many investigations. Experiments have shown that
the potential distribution between cathode and anode is of the form shown
in Fig. 11-26. 'The greatest part of the applied potential appears across
the cathode dark space, a region in which positive space charge predomi
nates.1 The fall in potential through the cathode dark space is called
the cathode fall of potential, or cathode drop.
The potential maximum in the negative glow is caused by positive-ion
space charge, in a manner analogous to the production of a potential
minimum by electrons near the surface of a thermionic emitter in vacuum.
Since the field between the potential maximum in the negative glow and
the potential minimum in the Faraday dark space is such as to oppose the
current, the current in this region must result from diffusion caused by
ion concentration gradients (differences in ion density, page 7).
Measurements show that, if there are no striations, the field in the
positive column is small and practically constant, indicating that the
electron and positive-ion densities are approximately equal. The poten
tial gradient (field) in the positive column must be great enough to supply
the energy that is lost through diffusion of ions to the walls. The ratio of
the diffusion current to the anode current at constant current density
1 Positive ions move toward the cathode, electrons away. Preponderance of
positive ions is accentuated by their large mass and consequent low velocity.
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increases with decrease of tube radius, and hence the gradient is inversely
proportional to the tube radius. This is an important consideration in
the design of small-diameter tubes of the type used in neon signs. The
gradient also decreases with increase of current and with decrease of
pressure. When striations are present, corresponding variations in volt
age are observed along the positive column, the voltage peaks correspond
ing to dark striations, and the voltage troughs to bright striations. The
potential difference between striations is equal to an excitation or ioniza
tion potential of the gas. Stroboscopic examination of seemingly con
tinuous positive columns sometimes shows them to contain striations
that move rapidly from anode to cathode.
Adjacent to the anode there is usually a jump in potential, which may
be either positive or negative, depending upon whether the current is
high or low and the electrode area small or large. At some value of
anode current the anode drop is zero.
11-4. Normal and Abnormal Glow.—When the glow current is
limited to a sufficiently low value by means of external resistance, the
glow covers only a portion of the cathode and the current is confined to
the portion of the cathode that glows. An increase of current causes
the discharge to spread over a greater portion of the cathode, the current
density, cathode drop, and the thickness of the cathode dark space
remaining constant. When the cathode is not completely covered by
the glow, the discharge is said to be normal or ordinary; and the current
density, cathode drop, and dark-space thickness are designated by the
same terms. When the whole surface of the cathode is covered by glow,
the cathode drop and the current density increase with increase of current,
and the thickness of the cathode dark space.decreases.1 The discharge
is then said to be abnormal or extraordinary. The terms normal and
abnormal, ordinary and extraordinary are, unfortunately, misleading,
inasmuch as the “abnormal” type of discharge is fully as common as the
“normal,” both in experimental and in practical tubes. To avoid
possible ambiguity, quotation marks will be placed about these terms
when they are used to differentiate between the two types of discharge.
In Fig. 11-1 the “normal” range of current extends from d to f, the
“abnormal” range from/ to g. If the cathode is capable of dissipating
considerable heat without becoming hot enough to give thermionic
emission, the “abnormal” range of current may be larger than the
“normal” range.
The “normal” cathode drop is a function of the gas used and the
material of which the cathode is made, and is independent of gas
1 If one makes the assumption that the current through the dark space is limited
by space charge, a derivation similar to that which gives Child’s law (see Sec. 2-10)
shows that the dark space should decrease in thickness as the current density increases.
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pressure. It is small in the noble gases and is usually smaller in
gas mixtures than in pure gases. It decreases with decrease of electron
affinity of the cathode material. The “normal” cathode'drop usually
exceeds 100 volts and may be as high as 400 volts or more but by proper
choice of gases and cathode material may be made as low as 37 volts.1
The “normal” current density (current per unit area of the cathode
covered by glow) and the thickness of the dark space depend not
only upon the gas and the cathode material but also upon the gas
pressure.
An interesting example of the difference in the current-voltage curves
for the two types of discharge is provided by the type 874 glow tube.
The electrodes of this tube are a small
rod surrounded by a coaxial cylinder.
When the rod is the cathode, the rela
tively small cathode area becomes com
pletely covered by glow at very small
currents, and so the voltage rises with
current over almost the entire working
range of current. When the cylinder is
the cathode, on the other hand, the total
Fig. 11-3.—Current-voltage char
acteristics for the type 874 glow
cathode area, comprising the two surfaces
tube.
of the cylinder and the surface of the
supports, is large, and the rise in voltage with current is comparatively
small throughout a range of current that extends beyond the rated value.
The two curves for this tube, and a sketch of the electrodes, are shown in
Fig. 11-3. The terminal voltage of the tube includes not only the cathode
drop but also the voltages across other portions of the discharge. The
small rise of voltage with current when the cylinder is negative is prob
ably accounted for largely by variation of voltage drop in portions of the
discharge other than the cathode dark space.
11-5. Theory of Ignition.—A theory for the increase of current with
voltage as the result of cumulative ionization (at voltages higher than
that corresponding to point b in Fig. 11-1) was first proposed by Town
send.2 He assumed that photoelectric emission at the cathode, or some
form of ionization of the gas, produces a small number of initial electrons
at or adjacent to the cathode. Application of voltage to the electrodes
accelerates these initial electrons toward the anode and the positive ions
toward the cathode. When the applied potential exceeds the ionization
potential of the gas, the initial electrons produce further ionization of the
1 Slepian, and Mason, loc. cit.; Thomson, J. J., and Thomson, G. P., “Conduc
tion of Electricity through Gases,” Vol. II, pp. 231-232, Cambridge University Press,
Cambridge, 1928.
2 Townsend, J. S., “ Electricity in Gases,” Clarendon Press, London, 1915.
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gas by collision. A derivation based upon these assumptions yields the
following expression for the current fl
I = No8^d

(11-1)

in which No is the number of initial electrons leaving the cathode per
second; 8 is the electronic charge; fin is the electron ionization coefficient,
or number of ions formed by an electron by collision per centimeter of
advance; and d is the distance between cathode and anode. Experiment
shows that fin is a function of the electric field, increasing with increase in
field. To apply Eq. (11-1), fin is assumed constant, which is true if the
field is initially uniform and remains undistorted by space charge. When
the current is small, so that these conditions are realized, Eq. (11-1) is
checked experimentally. It should be noted that fin is a definite function
of the electric field, and the product find a measure of the voltage.
This much of the theory gives an adequate explanation for the increase
of current with applied voltage in thé range be or bm in Fig. 11-1. It does
not account for the increase of current without increase of voltage beyond
the point c. Each initial electron can produce only a finite number of ion
pairs. This fact implies that the current must be finite. (The position
of each new pair of ions resulting from a given initial electron is closer to
the anode, and so each new electron does not produce so many new ions
as do the initial electrons.) If the initial source of ions were removed,
the discharge would soon cease, for all ions would eventually be formed
so close to the anode that the resulting electrons would not move far
enough to produce other ions.
To explain the increase of current without increase of voltage, Town
send postulated ionization by collision of positive ions, as well as electrons,
with gas molecules. Since positive ions travel toward the cathode, some
of the electrons produced by positive ions will have the same distance of
travel to the anode as did the initial electrons and will behave in the same
manner as the initial electrons. If these new electrons are equal in num
ber to the initial electrons, the discharge is self-sustaining, i.e., will con
tinue even if the source of initial ionization is removed. The advent of a
self-sustaining discharge will be termed ignition, and the voltage at which
it occurs, the ignition potential.2 The ignition potential depends upon
the kind and pressure of the gas and upon the electrode material and
1 Slepian, J., “Conduction of Electricity in Gases,” p. 78, Westinghouse Electric
& Manufacturing Co., Educational Dept., East Pittsburgh, 1933; Darrow, K. K.,
“Electrical Phenomena in Gases,” p. 274, Williams & Wilkins Company, Baltimore,
1932; Thomson and Thomson, op. cit., Vol. II, p. 512; Cobine, J. D., “Gaseous
Conductors,” Sec. 7-2, McGraw-Hill Book Company, Inc., New York, 1941.
2 This is often called the sparking potential, a term that seems confusing, since no
spark, in the ordinary sense, need occur. Another alternative term is striking potential.
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geometry. It may be reduced considerably by coating the cathode with
a barium compound. The ignition potential is not a constant for given
gas and geometry of electrodes but depends upon the same factors, listed
on page 418, that cause changes in shape of the static current-voltage
characteristic.
When cumulative ionization by both electrons and positive ions
occurs, the current may be expressed by the relation1
(fin —
fin — fip^n-^d

(11-2)

if it is assumed that the field is initially uniform and remains undistorted
by space charge. fip, the ionization coefficient for positive ions (analogous
to fin), is the number of new ion pairs produced per centimeter advance of
a positive ion. Experiments show that fin increases with field strength
more rapidly than does fip. As the voltage is raised and fin increases
relative to fiP) the denominator of Eq. (11-2) decreases. As the denomi
nator approaches zero, N„ may also approach zero without reducing the
current to zero. The criterion for the advent of self-sustaining discharge
is, therefore, given by the relation
fin = fiPe^~^d

(11-3)

and the voltage at which this relation is satisfied is the ignition voltage.
If Eq. (11-2) continued to hold after ignition takes place, it would
indicate that ignition would be coincidental with an increase of current to
a value determined only by the resistance of the external circuit. The
increase of current is, however, accompanied by distortion of the field by
space charge. This necessitates the use of a more general equation
applying to nonuniform fields. It will be shown that under some condi
tions the effect of space charge is to limit the current even when the
external circuit has negligible resistance, whereas under other conditions
the formation of space charge favors the increase of current.
J. J. Thomson developed a similar theory based upon the assumption
that the positive ions, instead of producing ionization by collision, eject
secondary electrons from the cathode when they strike it. Thomson’s
theory yields the following equation for the current :2
¿find
I =

+

(11-4)

1 Darbow, op. dt., p. 280; Slepian, op. dt., p. 88; Cobine, op. di., Sec. 7-5.
2 Thomson and Thomson, op. dt., Vol. II, p. 518; Slepian, op. dt., p. 92; Darrow,

op. dt., p. 282.
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in which k is the number of secondary electrons ejected from the cathode
for each ion pair formed in the gas. Because of the increase of kinetic
energy of the positive ions with increase of applied voltage, k increases
with applied voltage. A self-sustaining discharge obtains when the
denominator is zero, i.e., when
= L+2
k

(n-5)

It is interesting to note that Eq. (11-5) may be shown to be equivalent
to the statement that, for each electron initially released from the cathode,
the ionization and secondary-emission processes result in the liberation of
another electron from the cathode.1 This is reasonable, since if each
initial electron emitted from the cathode results in the emission of one
secondary electron, the secondary electron can assume the role originally
played by the initial electron, and the discharge will continue even if the
initial emission from the cathode ceases.
Townsend’s and Thomson’s theories appear to be equally satisfactory,
and it has not been possible to show experimentally that one alone is
sufficient. The dependence of ignition voltage upon cathode material
would appear to strengthen Thomson’s theory. Since changes of gas
and of gas mixtures, addition of metal vapors, and changes of pressure
also have a great influence on the ignition voltage,2 it seems probable that
both secondary emission at the cathode and ionization by collision of
positive ions, and perhaps other processes, such as increased photoelectric
emission resulting from the radiation emitted by the discharge, act
simultaneously. The presence of high-frequency fields in the vicinity
of the gas may cause wide variations in ignition voltage. On occasion
these fields may cause a 50 per cent decrease in the ignition potential.
It appears probable that the high-frequency fields increase the kinetic
energy of ions in the gas and hence the likelihood of ionization of other
particles.
11-6. Theory of Ignition. Nonuniform Fields.—Equations (11-1)
to (11-5) are based upon the assumption that the field is initially uni
form and remains uridistorted by space charge. In general the field is
distorted by nonplanar electrodes and by space charge formed in the
vicinity of the electrodes as the current builds up.
Townsend’s theory for nonuniform fields leads to the following
criterion for ignition:3
1 Darrow, ibid.
2 Penning, F. M. and Addink, C. O., Physica, 1, 1007 (1934); Kesaev, I., USSR
Tech. Phys., 4, 1 (1937); Beljawsky, A., USSR Tech. Phys., 4, 493 (1937).
3 Thomson and Thomson, op. cit., Vol. II, p. 520. Slepian, op. cit., pp. 119-125.
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(H-6)1

in which the variables of integration, u and s, and the electrode spacing d
are measured with the cathode as the origin. If the applied potential is
reversed, so that the anode is at the origin, the condition for the advent
of a self-maintaining discharge is1
fd ~fn
j0 fa

ds = 1

(11-7)

Since /3P and d™ are different and do not vary in the same manner with
field strength, Eqs. (11-6) and (11-7) are not in general satisfied at the
same value of applied voltage. This indicates that, when the field is
nonuniform, the ignition voltages are different for the two polarities. A
well-known example of this is the lower ignition voltage for a point-toplane discharge when the point is negative than when the plane is nega
tive. Another interesting example is the difference in ignition potentials
for rod gaps caused in part by the distorting influence of the ground plane
on the field strength.2 In a discharge tube in which the two electrodes
are of the same material but are not of the same size, the ignition potential
is usually lower when the smaller electrode serves as the cathode.
Thomson’s theory gives the following condition for ignition when the
field is nonuniform:
i/^nds
1=+-----k
fju
(U-8)
k
or
1 -|-!---k
^sndj — --(U-9)
k
where
1 [d
(11-10)
fin ■
I
Equation (11-10) defines 0n as the average value of fa A polarity effect
with nonuniform fields is also predicted by Eq. (11-8), because k depends
upon the field strength at the cathode. For electrodes of unequal size,
the field strength will usually be greater at the cathode, and k will have
the higher value, when the cathode is the smaller electrode. The value of
fa and hence the applied voltage, required for ignition decreases with
increase of k.
1 Note that u and s are merely variables of integration in the direction of the tube
axis.
2 Bellaschi, B., Trans. Am. Inst. Elec. Eng., 52, 564 (1933); Hagenguth, J. H.,
Elec. Eng., 56, 67 (1937).
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For the special case of uniform field, for which and fip are constant,
Eqs. (11-6) and (11-7) reduce to Eq. (11-3), and Eq. (11-8) reduces to
Eq. (11-5).
11-7. Time Required for Ignition.—Ignition is not an instantaneous
process but requires a finite time which depends upon the applied voltage
and the amount of original ionization.1 The time lag in ignition may be
attributed mainly to the mass of the positive ion, which requires some
time to move to the cathode and to accelerate to a velocity sufficient
to produce ionization by collision. For this reason the rapidity with
which the ionizing takes place increases, and the time taken for ignition
decreases, with increase of applied voltage (see Fig. 11-6).
11-8. Paschen’s Law.—The ignition potential is found experimentally
to be a function not only of the kind of gas and cathode material but also of
the product of gas pressure and electrode spacing. It is possible to show
theoretically from a consideration of Eqs. (11-3) and (11-5) that this
should be true.
and 0P, the number of ions formed by an electron or a
positive ion respectively, in moving a unit distance depend upon the gas
pressure. Increase of pressure at constant temperature decreases the
average distance between molecules. It therefore increases the number of
collisions made by an electron or positive ion per centimeter of advance.
Because of the shorter average distance moved between collisions, however,
the electron or ion acquires less energy from the field between collisions
and is less likely to ionize a molecule that it strikes. Since /3„ and pp
depend upon gas pressure, the exponents of Eqs. (11-3) and (11-5) vary
with the product of pressure and electrode spacing, p X d, and the ignition
voltage is a function of p X d. The general form of the curve relating
ignition voltage to the product of pressure and electrode spacing, first
suggested by Paschen, is shown by the curve of Fig. ll-4a. The relation
between the ignition potential and p X d shown by this curve is called
Paschen’s law.2 Figure 11-46 shows an experimental curve for plane
electrodes in air.3 The increase of ignition voltage to the left of the
1 Torok, J. J., Trans. Am. Inst. Elec. Eng., 47, 349 (1928), 48, 239 (1930); Schade,
R., Z. tech. Physik, 17,391 (1936); Wilson, R. H.jPhys. Rev., 50,1082 (1936); HagenGUTH, loc. cit.
2 Paschen, P., Wiedemann Annalen, 37, 69 (1889).
Paschen’s law is only one of a number of laws grouped under the name principle
of similitude, which states that if the relative geometry of a discharge remains the
same, although the actual dimensions are changed, the current and ignition voltage
remain the same. (See, for instance, Slepian, op. cit., pp. 139, 141, 146.) If, for
example, the length of a discharge tube is doubled and the pressure decreased to onehalf, the ignition voltage does not change; if all areas are tripled, the pressure remain
ing the same, then the current density decreases to one-third of the original value.
The principle is a useful tool in the analysis of glow discharges.
3 Slepian and Mason, loc. cit. See also Thomson and Thomson, op. cit., Vol. II,
p. 489; Cobine, op. cit., Sec. 7-8.
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minima of Figs. ll-4a and 11-46 is caused by reduction with pressure and
electrode spacing of the number of molecules between the electrodes and
hence of the number of collisions an electron can make in moving from
the cathode to the anode. The increase to the right of the minima is
caused by the facts that increase of pressure decreases the spacing between
molecules and so the distance through which an electron is accelerated
between collisions, and that increase of electrode spacing decreases the
field strength at a given potential. Increase of p X d therefore decreases
the kinetic energy acquired by an electron between collisions, and hence
the likelihood of ionization by collision.
It can be seen from Fig. ll-4a that at any pressure there is an electrode
spacing that will result in minimum ignition voltage. Moreover, if the

Pressure x Electrode Spacing,
pxd
(a)

Spacing, mm.xcrn-

(b)

Fig. 11-4.—(a) General form of a curve of ignition potential as a function of the product
of pressure and electrode spacing. (6) Experimentally determined curve of ignition poten
tial as a function of the product of pressure and electrode spacing, for plane electrodes in
air.

electrode spacing is made very small, the ignition voltage may be very
high. This fact may be applied in preventing discharge between two
electrodes in a gas-filled tube. If the greatest distance between points
on the two electrodes is considerably less than that corresponding to
point M of the ignition potential curve, the voltage required for ignition
may be very high. This is sometimes called the Hittorf principle or,
because the discharge does not always take place between the closest
points of two electrodes if the distance between these points corresponds
to a point to the left of the minimum of the ignition potential curve, the
short-path principle.
Another interesting example of the application of Paschen’s law has
been given by Penning.1 Using coaxial cylindrical electrodes and an
axial magnetic field, Penning found that the ignition potential was varied
1 Penning, F. M., Physica, 3, 873 (1936).

Sec. 11-9]

ELECTRICAL CONDUCTION IN GASES

429

by changing the strength of the magnetic field. The effect of the axial
magnetic field is to lengthen the paths of electrons moving to the anode
and thus to increase the effective length of the tube. In Penning’s tube
the anode-to-cathode distance was made so small that the product of
pressure by electrode spacing corresponded to a point to the left of the
minimum of the ignition potential curve, such as A in Fig. ll-4a. The
apparent tube length could be increased up to 1000 times, and the ignition
voltage reduced to 0.01 of its original value.
11-9. Breakdown.—As soon as appreciable current flows, formation
of space charge in the vicinity of the cathode causes almost the entire
applied voltage, which was initially distributed uniformly over the whole
cathode-to-anode distance, to become concentrated in the cathode dark
space. The field strength in the remainder of the discharge is small, and
the values of fin and fip are correspondingly small outside of the dark space.
The integration of Eqs. (11-6) and (11-8) may be done in two parts:
over the region of the cathode dark space, and over the region between
the dark space and the anode. Outside of the dark space the values of
fin and fip are so small that the second part of the integration contributes
very little to the total result. Hence, in order that a self-maintaining
discharge shall continue after the field has become distorted by space
charge, it is necessary and sufficient that the criterion for ignition be satis
fied throughout the cathode dark space. The result is the same as though
the effective length of the tube were reduced from its original value to a
much smaller value equal to the length of the cathode dark space. Under
the assumption that the ignition potential curve of Fig. 11-4, which
applies to a uniform field, is applicable at least in its general aspects to the
nonuniform field in the cathode dark space, it is possible to predict from
this curve the behavior of the discharge subsequent to ignition.
Assume first a combination of electrode spacing and constant pressure
such that the product p X d corresponds to a point to the left of the
minimum ignition potential, such as A in Fig. ll-4a. Increase of current
and formation of the dark space subsequent to ignition would reduce the
effective length of the discharge. For the point A, however, a reduction
in length must be accompanied by an increase of ignition voltage. It
follows that thé current cannot increase without an increase in applied
voltage. The theoretical behavior of tubes with a low product of pres
sure by electrode spacing is verified by experimental curves, which are of
the form of the dashed curve bm of Fig. 11-1. Unless the cathode becomes
hot enough to emit thermionic electrons, the discharge does not require
ballast resistance to limit the current, and breakdown, as defined on
page 417, does not occur.
Analysis of the behavior of the discharge for a value of p X d to the
right of the minimum ignition potential, say; at B of Fig. ll-4a, must
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account for the fact that, when the current is kept small by means of
external resistance, only a portion of the cathode surface may be covered
by glow; i.e., the discharge may be “normal.” Suppose, first, that when
ignition takes place the discharge is uniformly distributed over the
cathode and that the resulting current density following ignition gives a
cathode dark space which reduces the effective length of the discharge to
a value corresponding to point C. If, for any reason, the discharge
shrinks, so as to cover, only part of the cathode, and if the current does
not decrease, the current density must increase. It is predicted theo
retically and verified experimentally that increase of current density is
accompanied by reduction in length of the dark space.1 But for point C,
reduction of effective length of the discharge lowers the voltage necessary
to maintain the discharge. Thus reduction of the area covered by
discharge is accompanied by reduction of the terminal voltage, if
the current does not fall. If the battery voltage is assumed to remain
constant, the voltage across the resistance must rise. This can take
place only if the current rises, increasing the current density still further.
The initial shrinking may be caused by slight differences of field over the
surface of the cathode, and the action immediately becomes cumulative.
As soon as ignition occurs, the discharge area shrinks, and the effective
length decreases until the voltage becomes equal to the minimum ignition
potential corresponding to point M of Fig. ll-4<x, beyond which further
shrinking would be accompanied by rise of voltage. The shrinking takes
place very rapidly and is accompanied by an increase of current to a value
determined by the external circuit, and by decrease of voltage across the
tube. The abrupt increase of current and decrease of tube voltage have
already been defined as breakdown.
If the discharge after breakdown is “normal,” an increase of current
resulting from a change of battery voltage or circuit resistance might be
accompanied either by increase of current density at constant area of dis
charge or by increase of area at constant current density. The former
would involve decrease in length of cathode dark space, and hence
increase of voltage; the latter does not. Hence in the “normal” current
range the portion of the cathode covered by the discharge increases, the
voltage remaining practically constant. This is the portion df of the
current-voltage curve of Fig. 11-1. Any slight variation in the observed
voltage may be attributed largely to changes in potential drop in the
positive column, negative glow, and Faraday dark space. These poten
tial drops were neglected in the analysis by confining the integration of
Eq. (11-6) or Eq. (11-8) to the dark space, the contribution of the remain
der of the discharge to the integral being considered negligible. Small
1 Slepian, op. cit., p. 139; Thomson and Thomson, op. cit., Vol. II, p. 423.
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changes in voltage may also result from minor variations of cathode drop
caused by irregularities over the cathode surface.
If the current is allowed to become so large that the cathode is com
pletely covered, further increase of current must be accompanied by
increased current density, decreased length of dark space, and increased
voltage, as shown by the “abnormal” range fg of the current-voltage
curve of Fig. 11-1. On the ignition voltage curve this corresponds to
points to the left of the minimum.
If the external resistance is low, the current will, of course, jump to
“abnormal” values as soon as ignition and breakdown take place. As
previously explained, if the external resistance is negligible the current
will rise to the value n in Fig. 11-1, corresponding to point D in Fig. ll-4a.
In practical tubes this current is usually so high that, if it is maintained,
the cathode becomes hot enough to emit electrons, and the discharge
changes abruptly into an arc.
11-10. Distinction between Ignition and Breakdown Voltage.—It is
necessary in general to distinguish between ignition and breakdown.
With plane electrodes and values of p X d corresponding to points to
the left of the minimum of the ignition potential curve of Fig. ll-4a,
ignition is not accompanied or followed by breakdown, even when the
voltage is raised to very high values; for values of p X d corresponding to
points to the right of the minimum, on the other hand, ignition is accom
panied by breakdown. In certain types of discharge, notably between
needle points, the change in field distribution with current is such that
with small currents the effective length of discharge first increases and
then decreases with increase of current. Initially the field strength is
very high in the immediate vicinity of the electrode points and the
criterion for ignition must be satisfied only in a small volume adjacent to
the cathode point. At very small currents, space charge weakens the
field at the cathode and increases the distance from the cathode through
out which the criterion for ignition must be satisfied. The effective
length therefore increases with current. At atmospheric pressure the
product of pressure and electrode spacing corresponds to a point to the
right of the minimum of the ignition potential curve and increase of
effective length with current raises the voltage required to maintain the
discharge. For a limited range of current, therefore, the voltage neces
sary to maintain discharge between needle points at atmospheric pressure
rises with current and the discharge is stable, being observed as corona.
At somewhat higher current, however, the space charge increases the
potential gradient near the cathode and thus again decreases the distance
throughout which the criterion for ignition must be satisfied. The
voltage required to maintain the discharge then decreases with increase of
current and breakdown immediately occurs. The current-voltage
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curve is of the form shown in Fig. 11-5. The breakdown voltage for
needle points is thus higher than the ignition potential. A similar phe
nomenon is observed at high pressure when a wire of small diameter is
used as the cathode, as in high-voltage power transmission.
Breakdown is not an instantaneous process, the total time required
for breakdown being the sum of that required for ignition and that for
the current to rise to its final value after ignition. Breakdown time, like
ignition time, varies with applied voltage. Figure 11-6 shows the varia
tion of breakdown time with crest alternating voltage of a 10-in. rod
gap in air at atmospheric pressure.1

Breakdown Time,
Microseconds
Fig. 11-5.—Current-voltage curve for dis
charge between needle points.

Fig. 11-6.—Variation of breakdown
time with crest alternating voltage; 10-in.
rod gap in air at atmospheric pressure.

11-11. Application of the Current-voltage Diagram.—The manner in
which the current and voltage of a glow tube vary with supply voltage
and circuit resistance under static conditions can be determined from the
static current-voltage characteristic by the use of a resistance line similar
to those used in high-vacuum-tube studies. . The slope of the resistance
line is the reciprocal of the external resistance, and the line passes through
the voltage axis at a point corresponding to the battery voltage. The
intersection of the load line with the static characteristic determines the
current and the tube voltage. If a series of battery voltages is used, such
as A, B, . . . J, corresponding points 1, 2, . . .10 are determined, as
shown in Fig. 1 l-7a. From 1 to 4 the current is in the dark-current range
and is usually less than a microampere. (For clarity, the dark current
is exaggerated in Fig. 11-7.) At 4, ignition and breakdown occur, the
current immediately jumping to 4', which would ordinarily correspond
to several milliamperes or more. As the battery voltage is decreased
from F to J, the characteristic is followed from 6 to 10. At 10 a further
decrease in current requires an increase of voltage, while the voltage is
actually reduced under the conditions of the experiment. The current
1 Hagenguth, loc. dt.
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therefore falls abruptly to the value 10' in the dark range. The cor
responding curve of current vs. battery voltage is shown in Fig. 11-75.
A similar analysis may be made when the applied voltage is maintained
constant at a value exceeding the ignition potential and the resistance
is varied. It is apparent that a glow tube and high resistance form a

Fig. 11-7.—(a) Current-voltage diagram of a glow tube; (6) corresponding curve of current

vs. battery voltage.

trigger circuit similar to the high-vacuum-tube circuits discussed in
Chap. 10.
The voltage corresponding to point 10, at which the current falls to
a low value and the tube “extinguishes,” is called the extinction potential
or breakoff voltage.
11-12. Dynamic Current-voltage Characteristics.—The dynamic current-voltage characteristics of a glow-discharge tube may be studied by

Fig. 11-8.—Circuit for the determination of dynamic current-voltage characteristics of

glow tubes.

causing the current through the tube to vary in a predetermined way
and observing the current and voltage by means of a cathode-ray oscillo
graph.1 The wave form of the current is controlled by means of a highvacuum pentode, to the grid of which is applied a voltage wave of the
desired form and frequency, as shown in Fig. 11-8. If the voltage across
1 Reich, H. J., and Depp, W. A., Phys. Rev., 62, 245 (1937) (absir.); J. Applied

Physics,

9, 421 (1938).
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the discharge tube is applied to one pair of deflecting plates of the oscillo
graph (see Sec. 15-17) and the voltage across a resistance in series with

'
Fig. 11-9.—Dynamic current-voltage characteristics of type 874 glow tube for seven
frequencies and two current wave forms. Light lines show rapid variation, heavy lines
slow variation, of current with time.

the tube to the other pair, the current-voltage curve is observed on the
screen of the cathode-ray tube.
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Figure 11-9 shows a series of dynamic characteristics for an old-type
(argon-filled) 874 tube, obtained with the rod as cathode (see Fig. 11-3)
and the current in the “abnormal” range. The manner in which the
current is varied is shown by the bottom oscillogram in each column.
The static characteristic is indicated by the dashed curve. Similar char
acteristics are obtained with other types of glow tubes.
Space does not allow a complete analysis of these curves, but the
following facts and their probable explanations are of interest:
1. When the current rises abruptly, the ignition potential is consider
ably higher than the static ignition potential. This results from the
time required for ignition to take place. The voltage across the tube
increases so rapidly that it exceeds the static ignition potential before
sufficient ionization can build up to result in a self-sustaining discharge.
Another way of stating this is to say that the voltage required to cause
the current to build up at the rate determined by the control tube exceeds
the static ignition potential.
2. The ignition potential falls with increase of frequency of the current
wave and with increase of amplitude, the fraction of the cycle during
which the current rises being maintained constant. (Dependence of
ignition potential upon current amplitude is shown by a set of character
istics not included in Fig. 11-9.) If the current and frequency are made
sufficiently high, the ignition voltage may be lower than the static
extinction voltage. The reduction of ignition potential is undoubtedly
explained by the presence of ions that have not had adequate time to
recombine or to leave the interelectrode space. If the current is high
and little time intervenes between removal and reapplication of voltage,
the ion density may be high enough to allow the formation of a selfsustaining discharge at voltages considerably lower than the static igni
tion voltage.
3. When the current is decreased abruptly, it does not follow the
static characteristic but, instead, a slightly curved path to the origin.
This is explained if it is assumed that the time required for deionization
greatly exceeds the time taken for the current to fall to zero. The
increase in tube resistance accompanying deionization is evidenced by
the decrease in slope of the characteristic as the current falls.
4. When the current rises abruptly or, in any case, when the fre
quency is high, the portion of the characteristic corresponding to increas
ing current lies to the right of the static characteristic. This is probably
caused by the time taken for the ionization to build up beyond the value
requisite to ignition. While the current is increasing, the value corre
sponding to a given voltage is lower than the current that would be
obtained after the current had risen to the equilibrium (static) value for
that voltage.
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5. The characteristics obtained with gradually increasing current
appear to indicate that, if the current could be held constant after ignition
at the value prevailing at the time of ignition (the threshold value),
the voltage would fall abruptly to a value not greatly in excess of the
static extinction potential.
Many other interesting dynamic characteristics may be obtained
by the use of other types of current waves. Figure 11-10 shows char
acteristics, for instance, that are obtained when the current is not reduced
to zero.

Type 874
Fig. 11-10.—Three dynamic current-voltage characteristics obtained when the glow-tube
current is not reduced to zero.

11-13. Grid Control of Glow Discharge.—The voltage at which
breakdown occurs can be controlled by means of a grid placed between
the cathode and the anode, as illustrated in principle by the sketch of
Fig. 11-11. This tube is assumed to be of such construction that the
entire cathode surface is shielded from the anode by the grid before
breakdown. The grid is so close to the anode (about 1 mm) that the
grid-anode ignition potential greatly exceeds the grid-cathode ignition
potential, and the grid-anode discharge, if it does form, is of the stable
type corresponding to the dotted curve bm of Fig. 11-1.
In the use of a grid-controlled glow-discharge tube the anode supply
voltage E» exceeds the cathode-anode ignition potential. If the grid
voltage Ec is zero, no discharge can take place between grid and cathode.
The anode is positive with respect to the grid by the entire supply voltage
Ebb, but breakdown between anode and grid is prevented by their close
spacing. Breakdown does not occur between anode and cathode because
the field of the anode terminates on the grid, rather than on the cathode.
If the grid voltage Ec is gradually raised, ignition and breakdown occur
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between grid and cathode when the grid voltage equals the grid-cathode
ignition potential. If the anode is sufficiently more positive than the
grid, the discharge at once transfers to the anode. The anode voltage
at which the transfer occurs decreases with increase of grid-cathode cur
rent. Resistance in the cathode lead limits the grid and anode currents
to their rated values.
After breakdown the grid has no further control over the discharge.
If the grid is made negative with respect to the region of the discharge
in which it is situated, positive ions are drawn toward the grid wires,
and electrons are repelled from them. In the immediate vicinity of the
grid wires, therefore, positive-ion space charge predominates. The
resulting positive-ion sheath, illustrated in Fig. 11-12, builds up to such a
thickness that at its outer boundary the negative field caused by the
Cathode

Anode

-^5’ Neg. grid

ion
Sheath
Fig. 11-11.—Diagram illustrating the
principle of the grid-controlled glow-dis
charge tube.

Fig. 11-12.—^Sketch depicting the forma
tion of a positive-ion sheath around a
negative grid in an ionized gas.

voltage applied to the grid is just balanced by the positive field from
the sheath.1 Beyond the boundary of the sheath, in the main part of the
discharge, the discharge is completely shielded from the grid by the
sheath, so that electrons and positive ions are not influenced by the grid.
If the grid is positive with respect to the discharge in its vicinity, elec
trons are drawn toward the grid, and positive ions are repelled from it.
An electron sheath of sufficient thickness to shield the main body of the
discharge from the positive grid is thus formed. Although the thickness
of the sheath is constant at a giyen grid voltage, the ions or electrons
within the sheath are constantly drifting toward the grid and being
replaced by others that enter across the boundary. • As the result, of the
movement of charges to the grid, a grid current flows in the grid circuit.
If the spacing between the grid wires can be made sufficiently small
so that the sheaths surrounding adjacent wires overlap, the anode will
be completely shielded from the cathode by the sheath, and the dis1 Langmuir I., Science, 58, 290 (19.23); Langmuir, I., and Mott-Smith. H. M.,
Jr., Gen. Elec. Rev., 21, 449, 538, 616, 762, 810 (1924); Tonks, L., Mott-Smith,
H. M., Jr., and Langmuir, I., Phys. Rev., 28, 104, 727 (1926); Tonks, L., and Lang
muir, I., Phys. Rev., 34, 876 (1929); Langmuir, I., Phys. Rev., 33, 964 (1928).
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charge will stop.1 Unfortunately, however, the thickness of the sheath,

like that of the cathode dark space, decreases with increase of current
density of the discharge. At values of anode current density that are
high enough to be of practical value, the sheath thickness is usually too
small to make complete grid control possible. The only external effect
of variation of grid voltage after the tube has broken down is change in
the grid current. Because electrons are more readily accelerated than the
more massive positive ions, the electron grid current that flows when
the grid is positive is considerably greater than the positive-ion grid
current that flows when the grid is negative.
The grid also prevents the tube from breaking down if it is uncon
nected, or “floats.” If electrons and positive ions are in temperature
equilibrium, the electrons have a much higher average velocity than the
more massive positive ions. When an insulated electrode is immersed in
an ionized gas, many more electrons than positive ions will therefore
strike it per second. The positive ions recombine with electrons.at the
surface, but the excess electrons, which cannot leak off the insulated
electrode, charge it negatively. If no electrons or positive ions were
present, or if the electrode were struck by equal numbers of electrons
and positive ions, it would assume a potential equal to the space potential
at that point, which is intermediate between the potential of the cathode
and the anode. The negative charge acquired by the electrode lowers its
voltage relative to the space until the negative field which it produces
attracts additional positive ions and repels electrons in such numbers
that as many positive ions as electrons strike the electrode per second.
If the grid of the tube of Fig. 11-11 is left unconnected, it assumes a
potential that may be only slightly positive with respect to the cathode.
The small dark current, which must flow between anode and cathode
before ignition can occur, results in sufficient ionization to charge the grid
in this manner and thus prevent ignition and breakdown. When this
charge is allowed to leak off the grid so rapidly that the resulting
grid current is at least equal to the threshold grid-cathode current, gridto-cathode ignition and breakdown take place, and the current may
transfer to the anode if the anode voltage is somewhat higher than the
grid voltage after breakdown.
Since a grid-controlled glow-discharge tube has some of the char
acteristics of the high-vacuum trigger circuits discussed in Chap. 10, it
is classified as a trigger tube.
11-14. Arc Discharges.—So far in this chapter the discussion has
related to glow discharges, which are characterized by comparatively
small currents and by voltages considerably greater than the ionization
potentials of the gases. The high voltage drop in the glow discharge is
’Lübcke, E., Z. tech. Physik, 8, 445 (1927).
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accounted for mainly by the fall in potential across the cathode dark
space. According to Thomson’s theory, the high cathode drop is neces
sary to maintain the current flow, for in this region the positive ions are
given the requisite energy to eject electrons from the cathode by bom
bardment. The increase of cathode drop with current in the “abnor
mal” range of current may be explained by the greater energy required to
eject the additional electrons involved in the increase of current. •
That this explanation of the cathode drop in potential is valid appears
to be proved by the use of a cathode which can be heated to a temperature
high enough to cause thermionic emission. It is found that, when the
cathode is heated, the voltage drop across the discharge falls. If the
thermionic emission is sufficient to supply all the electrons required for
the current, the potential across the tube drops to a value that is usually
approximately equal to the ionization potential of the gas or vapor.
Because of cumulative ionization (see Sec. 1-5) it may be as low as the
first excitation potential.
Discharges in which current density is high and the voltage drop is
of the order of the ionization potential are commonly called arcs. Dis
tinction between glows and arcs on the basis of voltage drop and current
density is not a fundamental one. The essential distinction lies in the
copious emission of electrons at the cathode of an arc by some process
other than positive-ion bombardment. Possible emission processes
include thermionic emission pr emission resulting from the intense electric
field caused by positive-ion space charge at the cathode. Glow currents
are normally limited to low densities because of heating of the cathode and
subsequent change to an arc when the density is high. High-currentdensity glows may be maintained for time intervals that are too short to
allow the cathode to heat to the temperature required for emission (as
in the discharge of a large condenser through a glow tube). Likewise,
low-current-density arcs may be maintained if the cathode is heated by
external means.
The transformation of a glow into an arc does not afford a satisfactory
method of forming an arc in cold-cathode tubes with ordinary solid
metallic cathodes because the resulting high temperature required to
give the necessary emission will usually destroy the cathode. By the
use of a special cathode made in the form of a cup containing a cesium
compound, enough emission can be obtained at low cathode temperature
to allow an arc to be maintained without damage to the cathode (see
Sec. 12-61).1 Although the peak current that can be handled by such
a cathode may be of the order of several hundred amperes, the average
current is usually a fraction of an ampere. More commonly used is the
mercury pool type of cold-cathode arc, in which electron emission from
1 Germeshausen, K. J., and Edgerton, H. E., Elec. Eng., 55, 790 (1936).
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the cathode is probably obtained because of high positive-ion space

charge field at the surface of the mercury cathode. The arc may be
started by making and breaking contact between the anode and the
mercury cathode, or between an auxiliary anode and the cathode, or by
other means. After the tube fires, discharge takes place between the anode
and a luminous area on the mercury surface, called the cathode spot,
which -furnishes electrons for the discharge. The area of the cathode
spot is very small, and the current density at the spot is of the order of
1000 to 5000 amp/cm2.* Positive-ion bombardment depresses'the sur
face of the mercury in the vicinity of the cathode spot. The tendency
of the spot to climb the sides of the depression, and consequent displace
ment of the depression, causes the spot to skim over the surface unless
means are provided to fix its position.1 Very large currents can be car
ried by mercury pool tubes. A third type of practical arc-discharge
tube is that in which copious electron emission is obtained by the use
of a cathode of high emission efficiency, heated by a separate electrical
source.
11-15. Arcs with Separately. Heated Cathodes.—Usually practically
the entire voltage impressed between the electrodes of an arc is accounted
for by the cathode drop, which is approximately equal to the ionization
potential. In arcs with separately heated cathodes, cumulative ioniza
tion may result, so that the cathode drop need only be equal to the first
excitation potential. Furthermore, the formation of space charge in
regions other than the cathode dark space may result in fields that are in
opposition to the applied field, a large concentration gradient carrying
the electrons to the anode by diffusion against the opposing field. When
this is so and the electrode spacing is small, the applied voltage may be
less than the ionization potential and the cathode fall still be equal to
the ionization potential.2 (A similar action may be observed in glow
discharges. Figure 11-2 shows that the voltage across the negative
glow opposes the cathode drop. If the electrode spacing were only
half as great, the voltage across the tube could be less than the
cathode drop.) Arcs have been maintained with an applied voltage of
only 0.5 volt in sodium vapor, 1.7 volts in mercury vapor, and 3.5
volts in helium. In practical tubes, however, the voltage does not
ordinarily fall below the first ionization potential. It varies some
what with current and with gas pressure or vapor temperature.
* There appears to be evidence that, when the current is large, it may divide
among a large number of spots, each of which carries from 5 to 15 amp. See H. W.
Lord, Electronics, May, 1936, p. 11.
1 Wagner, C. F., and Ludwig, L. R., Elec. Eng., 53, 1384 (1934).
2 Compton, K. T., and Eckart, C., Phys. Rev., 25, 139 (1925); Darrow, op. cit.,
p. 384.
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The low cathode drop that distinguishes an arc from a glow is main
tained only as long as an emission current equal to the anode current is
obtained without the need of a higher drop. When the arc current in a
tube with a separately heated cathode exceeds the thermionic emission
current from the cathode, a positive-ion space charge develops near the
cathode that raises the cathode drop sufficiently to supply the required
additional electrons by positive-ion bombardment. Although the
secondary emission from the cathode or the increased thermionic emission
resulting from the rise in cathode temperature may not be harmful to.the
cathode, oxide-coated cathodes disintegrate under positive-ion bombard
ment when the ion velocity exceeds a critical value. Under severe con
ditions the coating may be completely removed from the core. The
value of the cathode drop above which the positive-ion velocity becomes
so high as to deactivate or destroy coated cathodes is called the
disintegration voltage. For the inert gases and mercury vapor the dis
integration voltage lies between 20 and 25 volts.1 The ionization poten
tials of some of the noble gases and of mercury vapor are sufficiently lower
than the disintegration voltage to make it possible to design hot-cathode
arc-discharge tubes in which the cathode does not disintegrate if the
average anode current is kept below the value corresponding to the
electron emission from the cathode. Such tubes will pass currents con
siderably in excess of the static emission current for periods of time
that are tot) short to allow much rise in temperature of the cathode.
In arc tubes the anode voltage is usually nearly independent of
anode current in the normal operating range of current. For this reason
the current is determined practically entirely by the applied voltage
and the circuit parameters. The supply voltage and circuit parameters of
hot-cathode arc tubes must always be chosen so that the average anode
current does not exceed the emission current.
il-16. Grid Control of Arcs.—The most commonly used method of
controlling the firing of hot-cathode arc tubes is by means of a grid. The
grid acts primarily as a shield between the anode and the cathode, pre
venting electrons emitted by the cathode from moving into the acceler
ating field between the grid and the anode. Inasmuch as only a few
electrons in the grid-anode space are enough to start the discharge, the
effectiveness of the grid depends upon how completely the grid shields the
cathode. Hence, the largest hole in the grid structure is the determining
factor, rather than the average mesh as in high-vacuum tubes. By
proper design of electrode shape and spacing, the grid may be made to
shield the cathode so completely that a positive grid voltage is required
to start the. arc. It is sometimes convenient to indicate the effectiveness
‘Hull, A. W., Trans. Am. Inst. Elec. Eng., 47, 753 (1928); Gen. Elec. Rev., 32,
213 (1929).
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of the grid of a negative-grid tube by means of the grid-control ratio,
which is defined as the ratio of the anode voltage to the negative grid
voltage that will just prevent firing. Because the grid-control ratio is not
constant, it is usually necessary to use, instead, a curve of critical grid
voltage vs. anode voltage. Such a curve is called a grid-control character
istic. Grid-control characteristics for typical tubes will be shown in
Chap. 12 (see Figs. 12-25, 12-27, 12-29, and 12-31).
The critical grid voltage depends not only upon the electrode struc
ture and the anode voltage, but also upon the pressure, which, in mercury
vapor tubes, is a function of the temperature of the condensed mercury.
The vapor pressure not only affects the critical grid voltage directly, but
at high temperature the grid-anode ignition potential may be so low that
a glow may form between the grid and the anode at relatively low anode
voltage, and the grid thus lose control. At low temperature, on the other
hand, the vapor density may be too low to make possible sufficient ioniza
tion for the neutralization of negative space charge near the cathode.
The voltage therefore cannot fall to the low value that is characteristic
of an arc, and the current is limited by space charge.
Grid control can also be used in mercury pool tubes provided with an
auxiliary anode, called the keep-alive electrode. An auxiliary arc between
the keep-alive electrode and the cathode, maintained by direct voltage,
provides a cathode spot that supplies the electrons necessary for break
down to the main anode. The disadvantage of a keep-alive electrode
is that the continuous source of ions reduces the peak negative voltage
that can be applied to the anode without danger of breakdown and forma
tion of an arc.
Experiments have shown that the time required for complete break
down of grid-controlled arc tubes is of the order of a few microseconds.1
No study appears to have been made of the mechanism of breakdown.
The following is a possible theory: Electrons that pass beyond the grid
are accelerated by the field between the grid and the plate and cause
ionization in the grid-anode region, the resulting positive ions being
drawn to the grid. Because the positive ions are greater in number than
the initial electrons that pass through the grid, a positive-ion sheath
is formed adjacent to the grid. As the grid is made less negative, or
more positive, more initial electrons enter the grid-anode space, and the
ionization increases. The resulting increase of charge density in the
sheath strengthens the field in the vicinity of the grid. At some critical
grid voltage the field strength becomes great enough to cause glow igni
tion. This is immediately followed by arc breakdown to the cathode.
'Nottingham, W. B., J. Franklin Inst., 211, 271 (1931); Hull, A. W., and
Snoddy, L. B., Phys. Rev., 37, 1691 (1931) (abstr.); Snoddy, L. B., Physics, 4, 366
(1933).
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In negative-grid tubes another possible factor in the breakdown process
is the shielding of the grid by positive-ion space charge, which causes the
grid to become ineffective in holding back electrons from the cathode.
Transfer of the discharge from the grid to the cathode is probably caused
by the high voltage drop through the dark space that forms at the grid
when glow ignition occurs, the number of electrons from the cathode
that pass beyond the grid being insufficient to neutralize the positive-ion
space charge. In positive-grid tubes the transfer is favored by the greater
voltage that exists between the cathode and the anode than between the
grid and the anode. In some tubes the critical grid voltage at low anode
voltage may be so positive that the
initial breakdown is between grid and
cathode. In order that the discharge
may transfer to the anode the grid
current must then exceed a minimum
.value which decreases with increase of
anode voltage.
11-17. Completeness of Grid
Control.—It is usually stated that the

formation of an ion sheath about the
grid causes the grid to lose control of
an arc discharge when the arc starts.
Fig. 11-13.—Transfer characteristic
If the positive-ion sheath can be for type 884 arc-discharge tube, showing
complete control of anode current
made so thick, however, that it ex the
by the grid.
tends completely across the openings
in the grid, the arc may be stopped. Since the sheath thickness decreases
with increase of anode current (ion density), complete grid control
can be achieved only at small currents, or by the use of very small open
ings in the grid.1 In the type 884 argon-filled tube, small anode currents
can be interrupted at low anode voltage by a negative grid voltage of
about the same magnitude as the anode voltage.2 A typical curve of
anode current vs. negative-grid voltage for this tube is shown in Fig.
11-13.
Up to the present time the construction of arc tubes in which the grid
can interrupt or maintain complete control of large anode currents has
not proceeded beyond the experimental stage. Kobel3 was able to stop a
100-amp arc«by making the grid several hundred volts negative relative
1 Lübcke, E., loc. cit.; Le Van, J. D., and Weeks, P. T., Proc. I.R.E., 24, 180
(1936); Boumebster, H., and Drüyvesteyn, M. K., Philips Tech. Rev., 1, 367
(1936); Electronics, May, 1937, p. 66 (abstr.).
2 Reich, H. J., Elec. Eng., 65, 1314 (1936) ; Lion, K. S., Helvetica phys. Acta, 12,
50 (1939).
3 Kobel, A., Schweiz, elektrotech. Verein Bull. 24, 41 (1933).
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to the cathode. The experiments of Lúdi1 in stopping arcs show that
the maximum diameter of the holes in the grid should be less than 2 mm
for extinction control. These tests also show that the magnitude of the
negative grid voltage required to stop the arc increases with increase of
pressure and with increase in diameter of the holes in the grid. The grid
was able to stop arcs in 10-4 sec, indicating that deionization was veryrapid. A combination of magnetic field and high negative-grid voltage
has also been used to stop the anode current.2
11-18. External Grid Control.—An electrode on the outside of the
tube, in contact with the glass, can induce a charge on the inner surface
of the wall or change the charge that collects from the ionized gás. If the
electrode structure is such that negative charge on the walls of the enve
lope can prevent emitted electrons from leaving the cathode, then such
an external grid can be used to control firing of a hot-cathode arc.3
Because charge induced on the inside of the glass wall rapidly becomes
neutralized by charge of opposite sign from the ionized gas, the external
grid voltage is effective only for short time intervals, and the external
grid is of principal value in a-c operation.
An external electrode may also be used to initiate breakdown of a
mercury pool tube containing a small amount of inert gas. The sudden
application of high voltage to the external electrode causes the formation
of a glow, with subsequent transition into an arc between the anode and
the cathode. The objection to this type of control lies in the lowering of
the glow ignition voltage by the use of gas.
11-19. Control by Magnetic Field.—Another type of control of
breakdown of hot-cathode arcs is by means of magnetic fields.4 The
electrode structure of certain types of arc-discharge tubes provided with
grids is such (see Figs. 12-24, 12-26, and 12-28), that a field at right angles
to the tube axis deflects the electrons in a manner to cause them to strike
the grid rather than to enter the grid-anode region. A field párallel to the
axis, on the other hand, tends to focus the electrons into a beam directed
at the anode (see Sec. 1-21) and thus increases the number entering the
grid-anode region. Strong radio-frequency fields, especially at very high
frequencies, also affect the firing of grid-controlled arcs.5
1 Lúdi, F., Helvetica phys. Acta, 9, 655 (1936).
2 Risen, R., Schweiz, elektrotech. Verein Bull., 26, 507 (1935).
3 Craig, Palmer H., Eletronics, March, 1933, p. 70; Watanabe, Y..and Takano,
T., J. Inst. Elec. Eng. Japan, 54, 131 (1934); Craig, P. H., and Sanford, F. E., Elec.
Eng., 54, 166 (1935).
4Savagnone, R., Elettrotecnica, 19, 689 (1932); Reich, H. J., Rev. Sci. Instru
ments, 3, 580 (1932), Electronics, February, 1933, p. 48; Watanabe, Y., and Takano,
T., J. Inst. Elec. Eng. Japan, 53, 62 (1933); Kano, I., and Takahashi, R., J. Inst.
Elec. Eng. Japan, 35, 83 (1933); McArthur, E. D., Electronics, January, 1935, p. 12;
Penning, loc. cit.; Jurriaanse, T., Physica, 4, 23 (1937).

5 Reich, loc. cit.
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11-20. Igniter Control.—A fourth method of controlling the firing of
a mercury arc is by means of an igniter. This method is used exclusively
with mercury pool tubes. The igniter is a high-resistance refractory rod
which dips into the mercury pool, as shown in Figs. 11-14, 12-92 and
12-93. If the potential applied to the rod is such that the gradient along
the rod exceeds a critical value of about 100 volts per centimeter, an arc
forms between the rod and the mercury pool.1 This arc constitutes a
source of electrons for the anode-cathode system, and the main arc then
strikes between anode and cathode, It has been found by experiment
that the main arc strikes within a
few microseconds of the igniter arc.2
The igniter rod is made of a
crystalline material that is not wet
—Anode
by mercury, such as silicon carbide.
Consequently, contact with the mer
cury is made at a large number of
small points. The small area of these
points, together with the relatively Connection
C _ ^"Igniter rod
high resistance of the rod material, to mercury—
Mercurypoot
results in such a high potential
cathode
gradient at the points of contact that
either electrons are drawn from the
mercury or thermal explosion occurs,
Fig. 11-14.—Construction of typical
resulting in the formation of tiny arcs. glass ignitron. (Courtesy Westinghouse
The action is similar to the forma Electric & Manufacturing Co.)
tion of an arc .between separating contacts. The currents in these
minute arcs rapidly rise. If the resistivity of the rod is not too
great, the resulting electron emission from the cathode spots becomes
adequate to allow the formation of the main arc between the mercury
and the anode. Igniter-controlled tubes will be discussed further in
Chap. 12.
In practice the igniter arc may be formed by discharging a condenser
through the igniter and by other methods which will be discussed in
Chap. 12.
.11-21. Arc Initiation by Auxiliary Glow.—Arcs can be initiated in
cold-cathode tubes containing an inert gas by establishing a glow dis
charge between two auxiliary electrodes or between an auxiliary electrode
and either the anode or the cathode.3 In a tube of proper design, glow
ignition is immediately followed by arc breakdown between the main
electrodes if the anode power supply is capable of supplying sufficient
1 Slepian, J., and Ludwig, L. R., Trans. Am. Inst. Elec. Eng., 52, 693 (1933).
2 Dow, W. G., and Powers, W. H., Elec. Eng., 64, 942 (1935).
3 Germeshausen and Edgerton, loc. cit.
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current to maintain an arc and if the auxiliary glow current exceeds a

minimum value.
11-22. Deionization.—In both glow and arc discharges the problem
of the deionization of the gas or vapor is of great importance. The time
taken for deionization after interruption of the anode current limits the
application of discharge tubes, particularly of the grid-controlled type.
In order that the grid shall be able to prevent firing when the anode
voltage is reapplied it is necessary that the ions remaining in the inter
electrode space shall be so few that anode-to-grid ignition cannot take
place and positive-ion sheaths cannot shield the grid. The completeness
of deionization necessary to reestablish grid control increases with anode
voltage. For this reason the time required for the grid to regain control

Fig. 11-15.—Typical curves of arc reignition voltage of grid-controlled hot-cathode arc

tubes as a function of time after extinction.

increases with anode voltage, and a single nominal value of deionization
time may not adequately indicate the performance of the tube. The
behavior of the tube can be specified completely by means of curves of
voltage necessary to cause reignition as a function of time after extinction,
for given values of grid voltage, temperature or pressure, and current
previous to extinction. Typical curves of reignition voltage vs. time are
shown in Fig. 11-15.1
The most effective method of deionization in discharge tubes is by
recombination at electrodes and walls (see Sec. 1-11), and so deionization
is favored by reducing the distance that ions must travel to walls and
electrodes. Experimental curves such as those of Fig. 11-15 show that
pressure, magnitude of anode current, and potential of the grid relative
to the surrounding space also affect the rate of deionization.2 Because
1 Berkey, W. E., and Haller, C. E., Elec. J., 31, 483 (1934).
2 Hull, A. W., Gm. Elec. Rev., 32, 222 (1929); Berkey and Haller, loc. cit. See
also S. S. Mackeown, J. D. Cobinb, and F. W. Bowden, Elec. Eng., 35, 1081 (1934) ;
J. D. Cobine, Physics, 7, 137 (1936); J. D. Cobine, and R. B. Power, J. Applied

Physics, 8, 287 (1937).
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of increase of ion density, the deionization time increases with increase
of current previous to extinction. Negative voltage impressed upon the
grid or anode causes the positive ions to be pulled out of the interelectrode
space, and so speeds up deionization. As the result of flow of positive-ion
grid current, resistance in the grid circuit causes a lowering of negative
grid voltage and thus slows down deionization. Increase of gas pressure
retards diffusion to the walls, increasing the deionization time. In
mercury vapor tubes the vapor pressure increases with condensed mer
cury temperature. The rate of deionization therefore decreases with
increase of condensed mercury temperature.
The effect of deionizing time upon the dynamic characteristics of glow
tubes has already been discussed. The manner in which the operation of
glow and arc tubes in particular circuits is affected by deionization will be
discussed in Chap 12.
11-23. Peak Forward Voltage and Peak Inverse Voltage.—Because
of the possibility of the formation of a glow discharge between the anode
and the grid and resultant loss of grid control, there is a limiting value of
positive anode voltage above which a grid cannot prevent an arc tube
from firing. This is called the peak forward voltage. Likewise, there is a
limiting negative anode voltage, called the peak inverse voltage, above
which a glow discharge may form between the anode and the grid or
cathode. There is then the possibility of arcback, which is the flow of arc
current in the reverse direction to the normal flow. When arcback occurs
in an alternating-voltage circuit, the tube ceases to rectify. Both the
peak forward voltage and the peak inverse voltage depend upon the
material of which the electrodes are made (or with which they become
coated), upon the kind of gas or vapor, and upon the gas or vapor pres
sure- In vapor tubes, the large change of vapor pressure with temper
ature makes these voltages dependent upon tube temperature. The
peak forward voltage is greatly lowered if the grid becomes hot enough
to give appreciable thermionic emission. Similarly, the peak inverse
voltage is lowered by undue heating of the anode. In periodic operation
of the tube, the peak forward and peak inverse voltages are also depend
ent upon the time intervening between extinction of the tube and reappli
cation of anode voltage and upon the magnitude of the anode current
previous to extinction.
Supplementary Bibliography
Kingdom, K. H.: Phys. Rev., 21, 408 (1923).
See also references at the end of Chap, 1.

CHAPTER 12
GLOW- AND ARC-DISCHARGE TUBES AND CIRCUITS

The development of practical glow- and arc-discharge tubes based
upon the theoretical principles presented in Chap. 11 has made possible
new apparatus and instruments which are of great value in industry and
in the laboratory. The design, characteristics, and applications of these
tubes will be treated in this chapter.
12-1. Essential Facts concerning Glow and Arc Discharge.—The

student will find it advantageous to review the following facts, sum
marized from Chap. 11:
1. A glow discharge is a discharge in which the electrons are released mainly
by secondary emission at the cathode and by ionization by collision. It is
characterized by cathode drop and anode voltage at least several times as great
as the first ionization potential of the gas or vapor and usually, but not neces
sarily, by low current density.
2. The formation of a glow discharge is dependent upon the existence of a
source of some initial electrons or positive ions. Probable sources are photo
electric emission, radioactivity, and cosmic radiation.
3. Ignition is the advent of a self-sustaining discharge, i.e., one that will
continue even if the initial source of electrons at the cathode is removed. Igni
tion takes place when the ionization becomes great enough so that one electron
is released at the cathode for each initial electron that leaves the cathode.
The anode voltage at which ignition takes place is called the ignition voltage.
4. Ignition may be accompanied or followed by breakdown, which is the
incipient condition in which the current rises with no increase of applied voltage.
Unless limited by external resistance, the current may rise to destructive values.
The anode voltage at which breakdown takes place is called the breakdown
voltage. The anode voltage at which the glow discharge ceases and the current
falls to the dark-current range is called the extinction voltage.
5. If the cathode is only partly covered with glow, the discharge is said to
be “normal.” The “normal” cathode drop is constant and usually the anode
voltage is also essentially constant. Increase of current in the “normal” range
is accompanied by increase of the portion of the cathode covered by glow. If the
cathode is entirely covered by glow, the discharge is said to be “abnormal.” In
the “abnormal” range the cathode drop and anode voltage rise with current.
6. Glow ignition and breakdown may be prevented by a grid, placed so close
to the anode that grid-anode breakdown cannot take place. The grid loses
control when breakdown occurs and therefore cannot be used to extinguish the
anode-cathode current.
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7. An arc discharge is one in which there is some source of copious electron
emission at the cathode other than secondary emission. The usual sources of
emission are thermionic or field emission. An arc discharge is characterized by
a cathode drop of the order of the first ionization potential of the gas or vapor and
often, though not necessarily, by high current density.
8. If the anode current of a hot-cathode arc exceeds the emission current,
the cathode drop rises sufficiently to produce the necessary additional electrons
at the cathode by secondary emission. The resulting positive-ion bombardment
is likely to deactivate or destroy oxide-coated emitters. •
9. The anode voltage of an arc is essentially constant, or may fall, in the
working range of current. Hence the current must be limited by means of
external resistance to prevent its rise to destructive values.
10. The formation of an arc discharge may be controlled by an internal grid,
an external grid, magnetic field, radio-frequency electromagnetic field, an igniter
rod, and by the initiation of an auxiliary glow discharge. Once the arc has
formed, a grid or other control mechanism loses control of the discharge, and the
arc must be extinguished and deionization take place before control is regained.
The time required for deionization to be sufficiently complete to enable the grid
to regain control depends upon the tube and electrode structure, the kind and
pressure of the gas or vapor, the current flowing at the time of extinction, and
the electrode potentials during deionization.

12-2. Applications of Glow Tubes.—It will be noted from the dis
cussion which follows that for certain applications either glow or arc tubes
may be used, although there are usually factors which make one or the
other preferable. Applications of glow tubes include the following:
1.
2.
3.
4.
5.
6.
7.

Production of light (modulated or for display).
Voltage regulation.
Rectification.
Oscillation.
Control of current or power.
Protection of apparatus or circuits.
Amplification.

For most of these applications special types of tubes have been developed.
Figure 12-1 shows symbols that will be used for glow-discharge tubes.
Symbol (a) represents a two-element tube in which the electrodes, are of
equal area, symbol (5) one in which the area of one electrode exceeds
that of the other, and (c) a grid-controlled glow tube. In such a tube’the
larger electrode ordinarily serves as cathode. The shading indicates that
the tube contains gas or vapor in sufficient quantity to allow the forma
tion of a glow or an arc.
12-3. Glow-discharge Tube as a Light Source.—A discussion of the
glow-discharge tube in the form of the familiar “neon” sign is beyond the
scope of this book. The principles outlined in Chap. 11 are applicable,
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but the particular requirements make this field a specialty.1 A more

pertinent application is the use of a glow-discharge tube as a source of
modulated light. In the early development of television, the glow tube
was'used in this manner in the formation of the received image;2 but,
since the application of the cathode-ray tube to television reception, the
।
।
[Ad
gl°w tube as a source of modulated
/ix
°
light has been of value principally
Y///J V//ZJ
in the recording of sound on motionCafhoote picture film. The value of the glow
I
I
I
tube as a modulated-light source
(a)
(b)
(c)
lies in the facts that over the propFig. 12-1.—Symbols for glow-discharge
er range of current the illuminatubes’ tion which it produces is directly
proportional to the current and that response to changes in current is
rapid.
Tubes for the production of modulated light have been made in a
variety of forms. The simplest, shown in Fig. 12-2«, consists of two
parallel plane electrodes, placed so close together that the discharge takes
place between the outer surfaces rather than the inner Ones (see page 428).
Mica,

(a)

(b)

(c)

(d)

Fig. 12-2.—Tubes for the production of modulated light.

If the electrode spacing and gas pressure are correct, the outer surface of
the cathode is uniformly covered with glow. Another type of tube is
the crater lamp illustrated in Fig. 12-26. The cathode consists of a solid
cylinder which fits within a thin cylindrical anode and is separated from
the anode by mica, and in the outer end of which is a cone-shaped depres
sion. The design is such that, the discharge takes place between the
1 See, for instance, S. C. Milleb and D. G. Fink, “Neon Signs,” McGraw-Hill
Book Company, Inc., New York, 1935.
2 See, for instance, E. H. Felix, “Television—Its Methods and Uses,” McGrawHill Book Company, Inc., New York, 1931.
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cone-shaped crater and the outside of the anode. The high current
density at the center of the cone results in a concentrated source of light.
A modified form of the crater lamp is shown in Fig. 12-2c. In this tube
the discharge takes place between the anode and the inside of the cathode.
The aeolight lamp shown in Fig. 12-2d was developed for sound recording
on motion-picture film.1 The hot filament furnishes a weak source of
electrons which reduce the cathode drop. The number of electrons sup
plied by the hot filament is not high enough to produce an arc.
In using glow-discharge tubes to obtain modulated light from modu
lated current, the voltage across the tube should at all times be high
enough to prevent the tube from going out. If the voltage falls below
the extinction potential, the tube goes out, and reignition will not occur
until the voltage has risen to the higher ignition potential. The inter
ruption of the light during this interval results in distortion. The

(a)

(b)

Fig. 12-3.—Circuits for the production of modulated light by means of glow tubes,

current should preferably be sufficiently high so that the cathode is com
pletely covered with glow.
One of the simplest ways to use a glow tube as a source of modulated
light is to connect it directly into the plate circuit of a power amplifier
tube, as shown in Fig. 12-3a. Since the a-c resistance of the glow tube is
small, especially in the “normal” range of current, a resistance should be
used in series with the glow tube in order to reduce nonlinear distortion
(see Sec. 3-25). The plate supply voltage must be adequate to take care
of the drop through the glow tube and the resistance. A circuit that
requires lower battery voltage and that has the additional advantage of
allowing independent adjustment of the operating currents of the ampli
fier and glow tubes is shown in Fig. 12-35. The resistance R acts both
as a load for the power tube, through the transformer, and as a means of
limiting and adjusting the average glow current. The transformer
should be connected so that the primary and secondary d-c fluxes oppose
each other.
The principle of constant current density in the “normal” glow may
be used as the basis of an oscillograph. Two rod electrodes are mounted
in the same plane, but not quite parallel, as shown in Fig. 12-4. The gas
pressure is chosen so that the glow strikes first at the base of the elec1 “Recording Sound for Motion Pictures,” p. 71, edited by Lester Cowan, McGrawHill Book Company, Inc., New York, 1931.
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trodes, and the tube is operated in the “normal” range of current. As

the current is changed, the discharge covers a greater or smaller portion
of the electrodes. The height of the column of light then indicates the
magnitude of the current. In combination with a rotating mirror to
provide a time axis, the tube makes a simple and inexpensive
oscilloscope.1 In order to prevent extinction of the dis
charge if the current is temporarily interrupted, a highfrequency field is sometimes applied to the lower part of the
tube to act as a keep-alive device. The ignition potential
is then close to the extinction potential, and distortion is
decreased. The high-frequency field also reduces the volt
age required by the glow tube. Another application of
glow tubes is as tuning indicators in radio receivers.2
12-4. The Glow-discharge Tube as a Voltage Stabilizer.

Because a large increase of current in the “normal” range
is accompanied by only a small increase of tube voltage, a
glow tube may be used as a simple voltage stabilizer. The
Fig. 12-4.
Electrode
circuit is that of Fig. 12-5.3 The resistance R is high enough
structure of
to limit the tube current to the “normal” range when the
glow tube
used as an osload current is zero. Load current increases the voltage
cillograph
drop in the resistance and so reduces the tube voltage. A
element.
small reduction of tube voltage in the “normal” current
range, however, results in a comparatively large decrease in tube current,
which tends to decrease the IR drop. Small variations
of load current, therefore, cause compensating variations
of tube current, the voltage across the tube remaining
essentially constant. A tube designed for this purpose
should have large cathode area in order to give a large
range of “normal” current. The 874 neon or (in an
earlier model) argon-filled tube, which has a “normal” „
voltage of approximately 90 volts, an ignition voltage
Fig. 12-5.—
of approximately 120 volts, and a maximum current Circuit for using a
tube as a volt
rating of 50 ma, was designed for this service. Other glow
age stabilizer.
tubes, designed to operate at different useful values of
voltage (indicated by the number in the type designation) are the VR-75,
the VR-105, and the VR-150.
1 Sundt, E. V., International Projectionist, July and August, 1937. Also private
communication from Littelfuse Laboratories, Chicago.
2 Dreyer, J. F., Jr., Electronics, February, 1933, p. 40; Heinze, W., and Pohle,
W., E.T.Z., 56, 917 (1935); Miram, P., Funkt. Mon., 10, 373 (1935); see also Elec
tronics, January, 1936, p. 42 (abstr.).
3 Glow tubes designed for purposes of illumination ordinarily contain a current
limiting resistance in the base. This resistance must be removed if the tube is to be
used in the circuit of Fig. 12-5.
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By the use of a number of tubes in series1 or of the stabilivolt, which
has a number of additional electrodes between the anode and cathode,
as shown in Fig. 12-6, it is possible to obtain several stabilized voltages
from a single source.2
12-5. The Glow-discharge Tube as a
Rectifier.—Because of their high voltage

drop and consequent low efficiency, as well
as their small current capacity, glow tubes
are now seldom used for rectification.
Nevertheless, the principle of rectification
by glow tubes is still of interest. A typical
tube developed for this purpose is illustrated
Fig. 12-6.—Multielectrode
tube used to furnish two or
in Fig. 12-7a. The operation of the tube is glow
more.stabilized voltages.
based upon the manner in which the form
of the static characteristic curve is affected by the cathode area. Curve
a of Fig. 12-8 is for a cathode of small area. The “normal” current range
is very small, so that at relatively small currents the voltage rises rapidly
with current. Curve b is for a cathode of large area, for which the “nor
mal” current range is large. Intersection of the load line of Fig. 12-8
with the two curves shows that for the same load resistance R and the

(a)

(b)

Fig. 12-7.— (a) Electrode structure of a full-wave
glow-discharge rectifier; (b) circuit for its use.

Fig. 12-8.—Current-voltage
diagram of a glow tube with two
electrodes of unequal area, show
ing how rectification is obtained.

same applied voltage E the current will be much higher for the large
cathode area than for the small cathode area. If a tube having a small
and a large electrode is connected to an alternating voltage through a load
resistance, current will flow from the time in the cycle at which the sup
1 Konos, L., E.T.Z., 50, 786 (1929); Wireless Eng., 6, 460 (1929) (abstr.).
2 Noack, F., Z. Ver. deut. Ing., 74, 548 (1930); Wireless Eng., 7,408 (1930) (abstr.);
Goqkel, FL, Physik-. Z., 38, 65 (1937).
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ply voltage exceeds the ignition voltage of the tube (not necessarily the
same for both polarities) until it falls below the extinction voltage. ' For
a given instantaneous applied voltage the current is much greater when
the large electrode acts as cathode than when the small electrode acts as
cathode, and so rectification takes place. The tube illustrated in
Fig. 12-7a contains two small electrodes and one large one, so that full
wave rectification is obtained by the use of the circuit of Fig. 12-76.
Rectification may also be accomplished by making use of the differ
ence in ignition potentials for the two polarities of glow tubes having
dissimilar electrodes.
12-6. The Glow-tube Relaxation Oscillator.—A useful application
of the glow-discharge tube is made in the glow-tube relaxation oscillator,
the simplest circuit of which is shown in Fig. 12-9. A glow tube, shunted
by a condenser C, is connected to a d-c supply through a resistance R
that is sufficiently high to limit the charging current to the dark-current
range (usually not less than 1 megohm). When the circuit is first closed,

Fig. 12-9.—Basic circuit of the glow-tube
relaxation oscillator.

Fig. 12-10.—Variation of condenser
voltage in the glow-tube relaxation oscilla
tor of Fig. 12-9.

the condenser charges through the high resistance. The condenser volt
age rises exponentially, as indicated by the relation

V = £^(1 -

(12-1)

The curve of condenser voltage is shown in Fig. 12-10. When the con
denser voltage becomes equal to the ignition (breakdown) voltage V. of the
tube, the tube breaks down, and the condenser discharges through the tube.
Since no resistance is usually used between the condenser and the tube,
the discharge current is high, being limited by the small resistance and
inductance of the connecting wires and by the tube characteristic. (The
time during which high current flows is ordinarily too short to allow the
electrode temperature to rise enough to result in thermionic emission,
and so the current does not exceed that corresponding to point n of
Fig. 11-1.) The condenser discharges very quickly to a voltage equal
to the extinction potential Ve, at which the tube goes out, and the con
denser begins recharging. The condenser voltage varies periodically
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between the voltages Ve and V; at a frequency determined by these volt
ages and by the circuit ‘constants.
The time of discharge is so short that the frequency of oscillation
depends almost entirely upon the time taken to charge the condenser
from the extinction potential to the ignition potential. This time
increases with the difference between the ignition and extinction volt
ages, with the capacitance of the condenser, and with the resistance. It
decreases with increase of applied voltage. By substituting V; and Ve
for V in Eq. (12-1) and solving for the two corresponding values of i, the
following approximate expression for the oscillation frequency may be
derived:1

.
Edc — V,
RC loge Edc - V

(12-2)

Equation (12-2) is of value only because it shows the manner in which
the various factors influence the frequency of oscillation; it cannot be
used to predict exact values of frequency from known circuit constants,
because the ignition and extinction voltages are themselves complicated
functions of the frequency, the tube temperature, illumination of the
electrodes, and the magnitude of the discharge current (as shown by
Fig. 11-8).
Frequencies as low as 1 cycle in 15 min. may be readily obtained. The
chief difficulty encountered in obtaining such a low frequency results
from the increase of condenser leakage with condenser capacitance.
The upper frequency limit usually does not exceed 10,000 cps and is
obtained without the use of a condenser, the electrodes and leads furnish
ing the required capacitance. The upper frequency limit results because
there is a lower limit to the resistance, below which the tube glows
permanently. A complete analysis of the criterion for oscillation must
be based upon the dynamic characteristics of the tube and is beyond the
scope of this book.
Because the ignition and breakdown of glow tubes are dependent
upon the presence of some initial ions, irregularity of oscillation is usually
observed, particularly at very low frequencies, unless care is taken to pro
vide a constant source of initial ions. If no light is allowed to strike the
tube, the initial ionization is probably produced largely by cosmic radi
ation and is not constant. A small amount of light on the cathode is
usually sufficient to supply enough photoelectrons to give stable opera
1 Righi, A., Rend, accad. Bologna, 6, 188 (1902); Pearson, S. O., and Anson,
H. S., Proc. Phys. Soc. London, 34, 175, 104 (1922). For bibliography, see F. Bedeli,
and H. J. Reich, J. Am. Inst. Elec. Eng., 46, 563 (1927).
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tion. Some change in oscillation frequency with illumination of the
cathode is generally noted.1
Like other types of relaxation oscillators discussed in Chap. 10, the
glow-tube oscillator can be locked into step with a frequency equal, or
very nearly equal, to the oscillator frequency or a multiple of that fre
quency. The control voltage is best introduced through a transformer
in series with the terminal of the tube that does not connect to thé resist
ance, as shown in Fig. 12-11, and should preferably have a steep wave
front.
The wave form of the condenser voltage is shown by Fig. 12-10. The
wave shape is virtually that of a right triangle,
except that the hypotenuse is curved because of
the exponential rise of voltage. For given ignition
and extinction voltages the curvature decreases
C with increase of battery voltage and may be made
very small. A true saw-tooth wave of voltage in
which the hypotenuse of the triangle is straight is
Fio. 12-11.—Glowobtained if the charging current is maintained
tube oscillator stabilized
consfant.2 During the charging period the condenser charging current is equal to the supply
current I. If I is constant, the charge on the condenser at any timé t
after extinction of the tube is

Q — Qo

T It

(12-3)

where Qo represents the charge on the condenser at the instant of extinc
tion. The voltage across the condenser and the glow tube is
y = Q _
i
It
(12-4)
C ~ C
C
C

Equation (12-4) shows that the condenser voltage rises linearly during
the charging period. If it is assumed that the discharge is instantaneous,
the following expression for the oscillation frequency may be found by
substituting Ve and Vi in Eq. (12-4) and solving for the difference
between the two values of t:
f

(Vi - Ve)C

(12-5)

Evidently the use of a constant charging current • makes the fre
quency independent of supply voltage, as would be expected. Since
Vi and Ve are functions of frequency, it is not possible to use Eq. (12-5)
in the exact determination of frequency.
1 Oschwald, U. A., and Tarrant, A. G., Proc. Phys. Soc. London, 36, 241 (1924);
Reich, H. J., J. Opt. Soc. Am., 17, 271 (1928).
2 See also Sec. 15-20.
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Although nearly constant supply current can be obtained by replac
ing the resistance R of Fig. 12-9 by a voltage-saturated diode or a triode
with positive grid voltage and low filament temperature, the best method
is by the use of a voltage pentode, as shown in Fig. 12-12. At the very
small currents (microamperes) required for charging the condenser,
the plate current of a pentode is practically independent of plate voltage
over a large range of voltage. An addi
6SJ7
tional advantage of the pentode is the
ease with which the plate current, and
hence the frequency, can be controlled by
means of the grid and screen voltages.
12-7. Applications of the Glow-tube
Oscillator.—The glow-tube oscillator can

serve as a convenient generator of audio
Fig. 12-12.—Form of glow-tube
frequency voltage for applications in oscillator in which the condenser
which high harmonic content is desirable, voltage rises linearly with time.
or at least not objectionable.1 Since resistance across-the glow tube
changes the frequency, distorts the wave form, and may even stop
oscillation, the oscillator must be followed by a capacitance-coupled or,
preferably, direct-coupled amplifier if it is necessary to vary the output
voltage or if current or power output is required. A typical circuit is
shown in Fig. 12-13. Figure 12-14 shows an interesting modification of

this circuit in which the addition of a phototube makes possible the con
trol of oscillator frequency by light.
Another modification of the circuit erf Fig. 12-13 is obtained by con
necting a relay in the plate circuit of the amplifier tube.1 The relay
opens and closes as the condenser charges and discharges, the frequency
of operation being controlled by the condenser capacitance and the bias
of the pentode. The fraction of the cycle during which the relay remains
'Kock, W. E., Physics, 4, 359 (1933); Electronics, March, 1935, p. 92; Radio
Eng., May, 1936, p. 17.
2 Reich, H. J., Rev. Sci. Instruments, 2, 164, 234 (1931).

458

APPLICATIONS OF ELECTRON TUBES

[Chap. 12

energized can be controlled by varying the bias of the amplifier tube (see

Prob. 12-1),
Other applications of the glow-tube oscillator to the measurement of
resistance and capacitance and to the cathode-ray oscillograph are dis
cussed in Chap. 15 (see Secs. 15-13 and 15-20).
12-8. Control of Power by Glow-discharge Tubes.

Grid-glow Tube.

Because of the lower voltage drop and higher current capacity of arc
tubes, glow tubes are now used relatively little in the control of power.
The advantage of the glow tube is that no cathode heating power is
required.
Anode
A practical grid-controlled glow-discharge
tube, the grid-glow tube,1 is illustrated in Fig.
Grid
.Cathode 12-15. The cathode consists of a cylinder,
approximately 1 in. in diameter and If in.
Shield "
G/ass long. The anode is a small wire which pro
tube
jects through the end of a glass tube and is
surrounded at its base by a small cylindrical
shield. The grid is also a short cylindrical
electrode which surrounds the tip of the
anode.
The use of a small anode accomplishes
Fig. 12-15.—Electrode structure
two results. As in the rectifier tube of Fig,
of the grid-glow tube.
12-7«, very little current flows when the
small electrode is negative, and rectification results when alternating volt
age is used in the anode circuit. Secondly, the small size of the anode and
grid accentuates the negative charging bf the grid when it is free. During
the flow of dark current between anode and cathode before breakdown
occurs, the large number of electrons formed in the large volume outside
of the grid are drawn toward the anode, and many of these strike the grid.
The only positive ions that can strike the grid, on the other hand, are
the relatively few formed in the small volume of gas between the grid
and the anode. Thus the number of electrons that strike the grid
exceeds the number of positive ions both because of the greater speed of
the electrons and because the grid is placed at a point where large
numbers of electrons are converging. Hence, when the grid is free, it
is always only slightly positive’relative to the cathode and, as explained
in Sec. 11-13, grid-to-cathode breakdown cannot occur. The close
spacing of the grid and anode prevents grid-to-anode breakdown.
The grid-cathode ignition potential of the grid-glow tube is about
270 volts, and the extinction potential about 170 volts. In order for the
discharge to transfer from grid to anode after grid ignition, it is necessary
1 Knowles, D. D., Elec. J., 27, 232 (1930); Knowles, D. D., and Sashoff, S. P.,
Electronics, July, 1930, p. 183.
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that the anode voltage should be higher than the grid voltage by an
amount that depends upon the current flowing in the grid circuit. The
manner in which the required difference between grid and anode voltages
varies with grid current is shown in Fig. 12-16.
When the grid-glow tube is used with direct voltages, the anode cur
rent can be stopped only by reducing the anode voltage below the extinc
tion value. In order that the grid may regain
control, the grid voltage must also be reduced
below the extinction potential, at least
momentarily, and kept below the ignition
potential. Since the grid-glow tube is a
rectifier and the anode current is cut off at
the time in each cycle when the anode voltage
drops below the extinction potential, the
tube may be conveniently used with alternat
ing voltage. If the grid voltage is reduced
Voltage and 6rid Voltage
below the ignition value, the grid regains
For Transfer
control at the instant in the cycle when the
Fig. 12-16.—Curve relating
tube goes out, and it prevents further flow of grid current and difference
grid and anode volt
anode current until the grid voltage is again between
ages necessary to cause transfer
of discharge from grid to anode
raised above the ignition value.
12-9. Grid-glow Tube Circuits.—The

of the grid-glow tube.

basic circuit for the grid-glow tube is that of Eig. 12-17, in which the
grid potential is controlled by the potentiometer setting. Subject to the
condition that the grid current and anode voltage are adequate to ensure
transfer of the discharge to the anode, anode current flows when the grid
potential equals the grid-cathode ignition potential. The tube can also
be fired by increasing the applied voltage.

Fig. 12-17.—Basic d-c circuit for grid-glow

tube.

Fig. 12-18.—Modified form of d-c circuit

for the grid-glow tube.

Omission of one portion of the voltage divider of the circuit of Fig.
12-17 simplifies the circuit to that of Fig. 12-18. If the variable resist
ance is sufficiently high, the dark current which flows in the grid
circuit preliminary to breakdown reduces the grid voltage to a value less
than the ignition potential. Reduction of the resistance raises the grid
voltage. Breakdown requires not only that the grid voltage equal the
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ignition potential but also that the grid current be made large enough to

allow transfer of the discharge from the grid to the anode at the prevailing
anode voltage. The addition of a condenser between the grid and the
cathode, as shown by the dotted lines, provides a relatively large surge
of grid current when the grid voltage equals the ignition value; it thus
ensures transfer of the discharge to the anode at this grid voltage. Two

Fig. 12-19.—Two grid-glow tube circuits that incorporate phototubes.

circuits by means of which it is possible to use a phototube to control
breakdown are shown in Fig. 12-19. With circuit a, increase of illumina
tion causes breakdown; with circuit b, decrease of illumination causes
breakdown (see also Sec., 13-11).
The circuits of Figs. 12-17 to 12-19 may be used with alternating as
well as with direct voltage. When alternating voltage is used, variation
of potentiometer setting or grid-circuit resistance changes the time in the
cycle at which breakdown occurs and hence the
portion of the cycle during which current-flows. In
this manner the average rectified anode current is
under control, the grid in effect having complete
control over the average anode current.
In another type of control, known as phase
control, the average anode current is regulated by
the phase relation between the anode and grid
Fig. 12-20.—Grid
voltages. In Fig. 12-20 a phase-control circuit is
glow-tube
circuit in
shown in which change of the resistance R or of the
which change of resist
ance or capacitance
capacitance of the condenser C controls the average
changes the average
anode
current. The average anode current increases
anode current.
with decrease of R or C. A complete explanation
of phase control will be given in conjunction with the treatment of gridcontrolled arc-discharge tubes. This explanation also applies, in its
essential details, to grid-glow-tube phase control (see Sec. 12-43).
It should be noted that no voltage amplification is obtained with the
grid-glow tube, the required grid-control voltage being of the same order
of magnitude as the anode voltage. The value of the grid-glow tube lies
in its current amplification. Currents of 8 or 10 ma can be controlled
by means of changes of grid voltage with the flow of only a few micro
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amperes of grid current and the expenditure of a correspondingly small
amount of grid power.
The shield of the grid-glow tube may be maintained at a fixed poten
tial, or used to control breakdown in the same manner as the grid.
12-10. Starter-anode Glow Tubes.—A different method of controlling
anode-cathode breakdown is used in the OA4 “gas triode,” shown in
Fig. 12-21. This tube uses a starter anode in place of a grid.1 The tube
is designed so that breakdown does not occur directly between the main
anode and the cathode unless the anode voltage is at least 225 volts.
Breakdown occurs between the starter anode and the cathode, on the

Fig. 12-21.—Starter-anode glow tube.

other hand, when the starter anode voltage is 90 volts or less. Starter
anode breakdown is followed by breakdown to the main anode if the
starter-anode current and main-anode voltage are sufficiently great.
The required value of starter-anode current increases from zero to
approximately 250 ma with decrease of main-anode voltage from its
breakdown value to a value equal to the starter-anode breakdown
voltage. Since the main anode is very small in comparison with the
cathode, the tube rectifies and may be used on alternating supply voltage.
The tube can carry 25 ma continuously, which is ample for the operation
of relays. Because of the very small current required in the starter
anode circuit, the tube may be controlled by voltages in tuned radio
frequency circuits.1 It has other applications as a control device.
1 Bahls, W. E., and Thomas, C. H., Electronics, May, 1938, p. 14; Ingram, S. B.,

Trans. A.I.E.E., 58, 342 (1939).

462

APPLICATIONS OF ELECTRON TUBES

[Chap.

12

12-11. Glow-tube Protective Devices.—Another interesting applica

tion of the glow tube is in the-protection of electrical apparatus against

*

surge voltages.1 Connected across the apparatus, the glow tube serves
as a by-pass for surge voltages above the ignition potential of the tube.
It is evident that the extinction potential should be higher than the
normal voltage of the apparatus which it protects, in order that the tube
may extinguish when the surge is over. Heating of the electrodes may
cause the glow to change into an arc. For this reason a current-limiting
resistance must be provided if the circuit is capable of supplying sufficient
steady current to maintain the arc. Glow tubes have been used to dissi
pate the energy released by the opening of a circuit containing a large
inductance, such as an electromagnet or the field coil of a generator.
12-12. Glow-discharge Amplifier Tubes.—A number of glow-dis
charge tubes have been designed for the purpose of voltage and power
amplification. In the most successful of these tubes a small glow dis
charge between auxiliary electrodes serves as a source of electrons which
are controlled by the main electrodes in the same manner as in thermionic
amplifier tubes.2 In another type, complete control of the anode current
over a limited current range is attained by the use of a special type of
grid.3 The disadvantages of these tubes outweigh their advantages, and
so far they have been largely of theoretical interest.4
12-13. Arc-discharge Tubes.—In Chap. 11 it was pointed out that
arc discharges are characterized by low voltage drop and high current
density and that the difference between the characteristics of the glow
and the arc results from the presence at the cathode of the arc of a
copious source of emission other than secondary emission. Arc-discharge
tubes may be either of the hot-cathode or the cold-cathode type. In
the former the source of electrons at the cathode is thermionic emission;
in the latter it is probably emission caused by very high fields at the
cathode, resulting from space charge. Hot-cathode arc diodes (rectifiers)
are of two types: high-pressure, which carries the trade name tungar or
rectigon; and low-pressure, designated by the trade name phanatron.
Grid-controlled hot-cathode arc tubes are known as thyratrons. '■ This
was originally also a trade name but has now been released for general
use.
1 Private communication from Littelfuse Laboratories, Chicago.
2 Hund, August, “Phenomena in High-frequency Systems,” pp. 271-277,
McGraw-Hill Book Company, Inc., New York, 1936; Guntherschulze, A., and
Keller, F., Z. Physik, 12, 1, 8, 28 (1931); Electronics, December, 1931, p. 242. See
also Electronics, January, 1933, p. 6.
3 Reich, H. J., and Hesselberth, W. M., Electronics, October, 1933, p. 660.
4 See also E. Lübcke and W. Schottky, Wiss. Veröffentlich. Siemens-Konzern,
March, 1930, p. 9; F. Schröter, Electronics, April, 1935, p. 131 (abstr.), Telefunken
Röhre, 1, 103 (1935).
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12-14. Advantages of Arc-discharge Tubes.—One advantage of the
arc tube over both the glow tube and the high-vacuum tube is the high
anode-circuit efficiency. Since the tube dissipation at a given anode
current is proportional to the anode voltage, it follows that the dissipation
in an arc-discharge tube having an anode voltage of from 10 to 20 volts
under load is considerably smaller than in a high-vacuum tube which
passes the same current at a plate voltage of from 250 to several thousand
volts. In a mercury arc tube designed to operate from a peak supply
voltage of 2000 volts and having an anode voltage drop of 15 volts under
load, the anode circuit efficiency may approach the value

(2000 - 15)
---- --------- = 99.25 per cent.1

The advantage of the arc tube lies not only in the low value of the tube
drop but also in its constancy. Because the tube drop does not vary
with load, the voltage regulation of a rectifier using a mercury vapor arc
tube is much better than that of a similar circuit using a high-vacuum
rectifier tube. In high-vacuum tubes the high voltage drop results
from electron space charge. In arc tubes there are practically equal
numbers of electrons and positive ions throughout the tube, and, as
explained in Chap. 11, the voltage drop in the rated current range is only
that required to produce ionization. Another advantage of the hotcathode arc tube over the high-vacuum tube is the higher cathode emis
sion efficiency attainable. This will be explained later in this chapter.
The high anode and emission efficiencies of hot-cathode arc tubes
make possible the control of large current by means of relatively small
tubes. The FG-27 thyratron, for instance, has a maximum average
current rating of 2| amp and a peak anode voltage rating of 1000 volts
and can control 2500 watts of power. This tube is only slightly larger
than the type 50 high-vacuum triode, which has a maximum operating
plate current of 55 ma and a power output that cannot exceed about
20 watts, even in Class C operation. An important disadvantage of
arc-discharge tubes over high-vacuum tubes is the incompleteness of
grid control, the current after firing being determined by the applied
voltage and the load impedance.
12-15. Tungar Rectifier.—The first type of hot-cathode arc rectifier
to be developed was the tungar.2 One of the principal functions of the
argon gas or mercury vapor used in this tube is to protect the oxide-coated
cathode against evaporation of the barium so that the cathode can be
operated at high temperature and hence high emission efficiency. To
accomplish this the pressure of the gas or mercury vapor must be about
1 In a-c operation the efficiency may approach about 98 per cent.
2 Hull, A. W., Trans. Am. Inst. Elec. Eng., 47, 753 (1928).
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Glow ignition voltage at this relatively high pressure is so low that

the tubes cannot be used at high voltage, and satisfactory grid control
cannot be attained. The principal application of tungar rectifiers has
been in battery charging.
12-16. Cathode Structure of Low-pressure Hot-cathode Arc Tubes.1

At low gas or vapor pressures, such as must be used in grid-controlled
arc tubes and high-voltage arc rectifiers, the gas does not exert a protec
tive action upon the cathode, and positive-ion bombardment may result
in cathode disintegration. Since the cathode cannot be operated at high
temperature, as in the tungar, high cathode efficiency must be attained
by the use of special cathodes that have low heat loss. This is made
possible by the characteristics of the arc discharge. In high-vacuum
tubes the electrons that leave the cathode must follow the electric field,
and any emitting surface to be of value must be placed so that some
lines of force from the anode will terminate upon it. In the arc tube, on
the other hand, as soon as the tube fires, the whole tube is filled with
large, and practically equal, numbers of positive ions and electrons.
- The flow of current consists of a relatively slow drift of electrons toward
the anode and of positive ions toward the cathode. Electrons in the
immediate vicinity of the anode are drawn toward it, leaving excess
positive charge behind them which immediately, causes the advance
of other electrons that are nearer the cathode. At the cathode, electrons
that drift away are replaced by those emitted from the cathode. This
drift is superimposed upon the high random velocity due to the tempera
ture of the gas and need not take place along the initial field from cathode
to anode. In effect, the presence of the ionized gas enables the electrons
to drift in curved paths which do not coincide with the field, so that
portions of the cathode surface that are not subject to the initial field
set up by the anode voltage are effective in supplying electrons as soon
as the tube is allowed to break down. Hence, cathodes may be made up
in forms that greatly reduce the loss of heat. High emission efficiency is
attained at the expense of rapid heating, however, since the greater heat
capacity and reduced heating energy increase the time taken to establish
thermal equilibrium. In practice a compromise must be made between
high efficiency and short heating time. The heating time of commercial
hot-cathode arc-discharge tubes ranges from 5 sec to 1 hr.
In Fig. 12-22« is shown the type of filamentary cathode originally used
in the FG-27 thyratron. Heat that is radiated by any of the inner turns
1 Hull, ibid. Hull, A. W., Gen. Elec. Rev., 32, 213 (1929); Hull, A. W., and
Langmuir, I., Proc. Nat. Acad. Sci., 15, 218 (1929); Hull, A. W., Physics, 2, 409
(1932), 4, 66 (1933); Lowry, E. F., Electronics, October, 1933, p. 280; December,
1935, p. 26; Elec. J., April, 1936, p. 187; Knowles, D. D., Lowry, E. F., and Gessford, R. K., Electronics, November, 1936, p. 27; Pike, O. W., Communications,
October, 1941, p. 5.
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of the spiral filament is absorbed by adjacent turns. Radiation from
the outer surface is reduced by the bright nickel cap that surrounds the
filament. Heat loss may also be reduced by crimping the ribbon, as in

the filament of Fig. 12-226, or by folding it, as in the filament of Fig.
12-22C.1 Figure 12-23a shows the construction of the indirectly heated
cathode used in the FG-67 and other types of thyratrons. Heat loss is
greatly reduced by reflection from the outer concentric cylinders. The
active coating covers the outside of the inner cylinder which surrounds
the heater, the inner surface of the first outer cylinder, and the con

(b)
Fig. 12-23.—Three types of indirectly heated cathodes used in hot-cathode arc tubes.

necting vanes. Figures 12-236 and 12-23c show two cathodes that
combine direct and indirect heating.1 These cathodes have the oxide
coating on the surfaces of the corrugated heating element and on the
Lowry, loc. cit.
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inner surface of the inner cylinder. The cathode of Fig. 12-22a has an
average emission current rating of 2k amp at a power consumption of
35 watts, that of Fig. 12-22c a peak current rating of 65 amp at 200 watts,
and that of Fig. 12-23a an average emission current rating of 2k amp at
22^ watts.
Two requirements must be satisfied in the design of cathodes for gridcontrolled hot-cathode arc tubes. (1) The difference in potential between
the ends of the filament or heater must be less than the ionization poten
tial of the gas or vapor. Otherwise discharge takes place and produces
a continuous supply of ions that prevent the grid from controlling the
anode current. (2) In filamentary cathodes the crest potential drop
through the filament must be less than the difference between the ionization
and disintegration potentials (see Sec. 11-16). If the filament voltage is
higher than this, the anode potential relative to the negative end of the
filament will exceed the disintegration potential when the anode voltage
relative to the positive end is equal to the ionization potential. Special
care must be taken in preventing discharge between the ends of 110-volt
heaters. Five-volt cathode heaters or filaments are generally used. In
designing filamentary cathodes it is necessary to take into account the
heating effect of the anode current in passing through the filament.
This necessitates limitation of peak anode current to the order of magni
tude of the filament current and of average anode current to considerably
smaller values, even though the saturation emission current may be
higher.1
12-17. Choice of Gas or Vapor.—Either mercury vapor or the inert
gases may be used in hot-cathode arc-discharge tubes. Because the
vapor pressure of mercury varies greatly with temperature, the charac
teristics of mercury vapor tubes are very susceptible to small changes of
tube temperature such as may result from air currents or changes of
cathode temperature. The disadvantages of the rare gases are their
higher ionization potentials, which result in higher tube drop than with
mercury; their very much lower ignition voltages, which greatly reduce
the maximum alternating voltage that can be applied to the anode
without danger of arcback and without loss of control by the grid; and
the tendency of gases to “ clean up,” or combine with the electrode metals
to form stable compounds and thus to change pressure. The tube drop
under load is about 10 or 11 volts in mercury vapor tubes and about
16 volts in argon tubes. Mercury vapor is used in most arc tubes.
Only a small quantity of mercury, usually not more than a few drops,
is sufficient to supply ample vapor. The vapor pressure is controlled
by the temperature of the tube, and usually lies in the range from 1 to 50
microns (20° to 70°C.). The lower limit of pressure is that at which
1 Lowry, loc. cit.
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there are insufficient positive ions to neutralize electron space charge
near the cathode, and the upper limit that at which the glow ignition
potential is too low or at which the diffusion of positive ions is too slow
to give sufficiently rapid deionization.
12-18. Tube Ratings.1—The amount of power that can be controlled
by means of a hot-cathode arc tube depends upon the voltage and current
that the tube can safely withstand. Voltage limitations exist because
of the possibility of the production of a glow discharge between the grid
and the anode (see Sec. 11-23). The glow results in loss of control by
the grid because of space-charge sheaths formed about the grid. Current
limitations exist because of danger of excessive anode heating and of
destructive positive-ion bombardment of the cathode (see Sec. 11-15).
These terms are commonly used in rating arc rectifiers:
The maximum peak inverse voltage is the maximum instantaneous
negative anode voltage that can be applied to the tube without arcback,
breakdown in the reverse direction from that in which current normally
flows. It depends upon electrode material; upon pressure of the gas or
vapor and hence temperature in mercury vapor tubes; and upon residual
ionization, which depends, in turn, upon the frequency of the anode sup
ply voltage and the load current.
The maximum peak forward voltage is the maximum instantaneous
positive anode voltage at which the grid can prevent firing. At higher
voltage a glow forms between anode and grid, the grid loses control, and
an arc forms between anode and cathode.
The maximum instantaneous anode current is the highest instantaneous
periodic current that the tube can stand under normal operating condi
tions without damage to the anode because of overheating or to the
cathode because of positive-ion bombardment. The length of time dur
ing which a given tube will stand this instantaneous current or the
frequency with which it will stand an instantaneous current surge of a
given duration depends upon tube heating.
The maximum surge current rating is a measure of the ability of a
tube to stand extremely high transient currents. This rating is intended
to form a basis for circuit design in limiting the abnormal currents that
occur during short-circuit conditions. The tube cannot, however, be
subjected to repeated short circuits without the probability of a corre
sponding reduction in life and the possibility of failure.
1 Some of the definitions that follow are taken, with minor modifications, from the
General Electric Co. bulletin GET-426. See also H. C. Steiner, A. C. Gable, and
H. T. Maser, Elec. Eng., 51, 312 (1932); O. W. Pike, and D. Ulrey, Elec. Eng., 53,
1577 (1934); Standards on Electronics, p. 4, Institute of Radio Engineers, New
York, 1938.
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The maximum average anode current is a rating based upon tube heat
ing. It represents the highest average anode current that can be carried
continuously through the tube. In the case of a rapidly repeating cycle
of operation, this may be measured on a d-c meter. Otherwise, it is
necessary to calculate the average current over a period not to exceed a
definite interval of time which is specified for each design of tube. For
instance, a tube with a maximum instantaneous anode current rating of
15 amp, a maximum average anode current rating of 2.5 amp, and an
integration period of 15 sec could carry 15 amp for 2.5 sec out of each
15 sec or 7.5 amp for 5 sec out of every 15 sec.
The grid current ratings are given in terms of the maximum instan
taneous grid current and the maximum average grid current, and the
integration period is the same as for the anode current.
The tube voltage drop is the anode-to-cathode voltage under normal
anode current flow. It will be represented by the symbol Ea. Tube drop
varies with temperature in mercury vapor tubes.
The deionization time, specified in microseconds, is the time required
under normal conditions to bring about sufficient deionization to regain
grid control. The time is based on maximum average anode current
and (in mercury vapor tubes) a condensed mercury temperature of 40°C.
It decreases with decrease of temperature and of anode current. This
factor is very important in many circuits, but, inasmuch as it depends
upon tube temperature, grid-circuit regulation, and other factors, the
specified figure should be considered as only relative (see Sec. 11-22).
The grid-control characteristic (approximate starting characteristic) is a
graph relating the anode voltage with the critical grid voltage at which the
tube fires. The grid-controlcharacteristicisaffectedbytubetemperature.
12-19. Breakdown Time of Thyratrons.1—The breakdown time of
thyratrons is so small that it need not ordinarily be taken into con
sideration in the design and operation of thyratron circuits. The
investigations that have been made indicate that the ionization time is of
the order of a few microseconds.
12-20. Grid Current Previous to Firing.—One very important factor
in the application of thyratrons is the grid current that flows prior to
firing. Grid current is particularly objectionable in tubes used in control
circuits in which the grid current must flow through a very high resistance
such as a phototube or a coupling resistance. The resulting voltage drop
may prevent firing of the tube.2 Grid emission may also cause grid
anode breakdown and thus result in loss of grid control.
Grid current results from five principal causes: electrons attracted to
the grid from the cathode, positive ions attracted to the grid, electrons
1 Snoddy, L. B., Physics. 4, 366 (1933).
2 French, H. W., J. Franklin Inst., 221, 83 (1936).
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emitted by the grid, capacitance between the grid and other electrodes,
and internal or external leakage between the grid and other electrodes.
Electron flow from cathode to grid is obtained only when the grid is
positive or insufficiently negative to counteract the initial velocities of
electrons emitted by the cathode. When the grid is negative, the grid
current results both from positive ions drawn to the grid and from elec
trons emitted by the grid as the result of emitting material deposited
upon the grid. The closer the grid is to the cathode, the greater is the
amount of emitting material that is condensed upon the grid, and the
higher is the grid temperature during opera
The grid current
resulting from grid emission therefore increases
with decrease of spacing between the grid and
the cathode. It also increases with the grid
surface available for the depositing of emitting
material and for subsequent electron emission.
Because positive-ion bombardment tends to
remove active material deposited upon the grid,
grid emission is less with tubes designed to
operate with a negative grid.1 Current caused
by capacitance between the grid and other
electrodes increases with decrease of electrode
separation.
12-21. Electrode Structure and Character
istics of Thyratrons.—In most applications in

which thyratrons are operated with direct anode
voltage, or in which the frequency of the alter
Fig. 12-24.—Electrode
structure of the type FG-67
nating voltage is high, it is necessary to use thyratron
tubes that deionize as rapidly as possible.
Figure 12-24 shows the construction of a typical tube of this type, the
FG-67. Rapid deionization is achieved by the use of close spacing and
small volume between the grid “baffle” and the anode and cathode, small
distance between the back of the anode and the glass bulb, close spacing
between the glass bulb and the upper part of the grid cylinder, and small
holes in the grid baffle. The rated deionization time of the FG-67
thyratron is 100 /xsec. The grid-control characteristics are shown in Fig.
12-25. Because of the high shielding by the grid and the closeness of the
grid to the cathode, the grid current previous to breakdown is high, and
the tube is not suitable for use in circuits in which the grid current must
flow through a high resistance.
In three-electrode thyratrons designed for control circuits with high
grid-circuit resistance the grid current is kept small by the use of adequate
spacing between electrodes; by designing'and placing the grid so as to
1 Morack, M. M., Gen. Elec. Rev., 37, 288 (1934).
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reduce the depositing of emitting material evaporated from the cathode,

as well as heating of the grid by the cathode; and by making the shielding

Fig. 12-25.—Grid-control characteristics of the type FG-67 thyratron.

Fig. 12-26.—Electrode structure
of the type FG-57 negative-grid
thyratron.

Fig. 12-27.—Grid-control characteristics of the
type FG-57 thyratron.

action of the grid small enough so that a negative voltage must be used
on the grid to prevent firing. Figure 12-26 shows the electrode structure '
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of a typical heater-cathode thyratron triode of the negative-grid type,
the FG-57. The grid-control characteristics of this tube are shown in
Fig. 12-27. The rated deionization time is 1000 ^sec.
In some control circuits it is advantageous or necessary to use a tube
in which a positive grid voltage is required to start the arc. Positive grid
control can be attained at the expense of increased grid current by making
the shielding action of the grid so effective that the field from the anode
cannot penetrate to the cathode. This is accomplished by the use of
three baffles in the grid structure, in place of the single baffle used in nega
Condensed Mercury Temperature, Dea.C

Fig. 12-28.—Electrode struc
ture of the type FG-33 positive
grid thyratron.

Fig. 12-29.—Grid-control characteristics of the type
FG-33 thyratron.

tive-grid tubes. The holes in the grid baffles are also much smaller than
the single hole used in the grids of negative-grid tubes. Figures 12-28
and 12-29 show the electrode structure and grid-control characteristics
of the type FG-33 positive-grid thyratron, which has a rated deionization
time of 1000 gsec.
Even with the most careful design, the grid current of three-electrode
thyratrons previous to firing may be so great as to give difficulty when
the grid circuit contains very high resistance. Furthermore, the changes
in grid current as the tube warms up or ages may necessitate frequent
readjustment of the circuit constants or voltages. These difficulties
may be avoided by the addition of a fourth electrode, which acts as a
shield.1
‘Livingston, 0. W., and Maser, H. T., Electronics, April, 1934, p. 114; Jacobi,
W., and Kniepkamp, H., E.T.Z., 58, 1233 (1937). .

472

APPLICATIONS OF ELECTRON TUBES

[Chap.

12

The construction of a typical shield-grid thyratron, the FG-98, is
shown in Fig. 12-30. In this tube the shield grid consists of a structure
intermediate in form between the grids of negative- and positive-grid
three-electrode thyratrons, two baffles being used. The control grid
consists of a short cylinder whose diameter is somewhat larger than the
holes in the grid baffles, and the grid is placed between the two baffles.
It can be seen that the form and position of the control grid are such as to
prevent the depositing of appreciable amounts of emitting material from
the cathode or the absorption of much heat radiated by the cathode or the

Shield
arid ~
Raffle

Coniro!
grid"

Fig. 12-30.—Electrode structure of the type FG-98 shield-grid thyratron.

anode. Moreover, this grid is out of the direct path of the arc, so that
the grid current when the tube conducts is also reduced, and the grid
receives little heat from the arc. The small size of the control grid
minimizes the grid current resulting from electrons or ions drawn to the
grid or reaching the grid from the cathode as the result of initial velocities.
The small size of the grid and the grid lead, in conjunction with the
shielding afforded by the shield grid, also results in low capacitance
between the grid and the anode and cathode. The short and direct grid
lead minimizes both the internal and the external leakage.
Another very important advantage of the shield-grid thyratron is
that the tube can be made to have either positive or negative control
characteristics by adjusting the voltage of the shield grid. This is
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indicated by the characteristics of the type FG-95 thyratron, shown in
Fig. 12-31. The shield also makes it possible to adjust the tube charac
teristics in replacing tubes in circuits that are susceptible to changes in
characteristics.
It is of interest to note that the design of the grids in the tubes illus
trated in Figs. 12-24, 12-26, 12-28, and 12-30 is such as to shield the other
electrodes from charges that collect on the inner surface of the glass
envelope. If this were not so, the control action would be erratic.

Fig. 12-31.—Grid-control characteristics of the type FG-95 shield-grid thyratron.

It can be seen from the grid-control characteristics of Figs. 12-25,
12-27, 12-29, and 12-31 that the thyratron, unlike the grid-glow tube,
has a high grid-control ratio. A grid voltage of only a few volts suffices
to prevent starting of the arc when the anode voltage is as high as
1000 volts.
12-22. Comparison of Thyratrons and High-vacuum Tubes.—Thy

ratrons differ from high-vacuum tubes in more respects than they resemble
them. The similarity consists mainly of the dependence of current in
both types of tubes upon thermionic emission and upon movement of
electrons from cathode to anode. The differences between the two types,
in addition to those involving the structure of the electrodes and envelopes,
the presence of gas or vapor and of positive ions in thyratrons, and the
emission of light from thyratrons, are shown in Table 12-1.
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The high anode and emission efficiencies of hot-cathode arc tubes
make possible the control of large currents and high power by means of
relatively small tubes. The FG-57 thyratron, for instance, has a maxi
mum average anode current rating of 2| amp and a peak anode voltage
rating of 1000 volts and can, therefore, control 2500 watts of power.
This tube is only slightly larger than the type 50 high-vacuum triode,
Table 12-1.—Comparison of Thyratrons

Thyratron
Grid loses control after the tube fires.
Anode and grid currents are determined
by the applied voltage and the circuit
resistance. Circuit resistance is essen
tial.
Essentially a high-current, low-voltage
tube. Because of low tube drop, anode
circuit efficiencies may exceed 98 per
cent.
Anode voltage is constant after the tube
fires.
Cathode emission efficiency may be high.

Cathode heating time is high in types
using high-efficiency heater-type cath
odes. Tube heating time may also be
high in mercury vapor tubes.
Cathode may be damaged if operated at
low temperature or if the anode current
exceeds the thermionic emission current
for any other reason.
Characteristics of mercury vapor tubes
are affected by tube temperature.
Grid current flows even when the grid is
negative.

Deionization time limits frequency of
operation to several thousand cycles or
less.
Arcback may occur.

and

High-vacuum Tubes

High-vacuum
Grid has complete control of anode
current.
Anode and grid currents are determined
by the electrode voltages. No circuit
resistance needed to limit the current.
Essentially a low-current, high-voltage
tube. Plate-circuit efficiency may ap
proach 85 per cent in class C operation,
but is usually less than 50 per cent.
Anode voltage may vary.

Cathode emission efficiency is relatively
low.
Except in large power tubes, heating time
is short.

Cathode temperature may be reduced
without damage to the tube. The
cathode is not ordinarily damaged by
currents exceeding rated values.
Characteristics are independent of tube
temperature.
Negligible grid current flows when the
grid is more than approximately |
volt negative.
The frequency of operation may exceed
1000 Me.

Tube conducts in one direction only.

which has a maximum operating plate current of 55 ma and a power
output that cannot exceed about 20 watts, even in class C operation.
An important disadvantage of thyratrons over high-vacuum triodes and
multi-grid tubes is the incompleteness of grid control, the current after
firing being determined by the applied voltage and the circuit impedance.
Hot-cathode arc tubes have been built in sizes ranging from 10 watts
to 100 kw (load power). Current ratings range up to 100-amp average
current, and voltage ratings up to 1500 volts. There is a corresponding
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variation in tube structure and design, ranging from small glass-enclosed
argon-filled tubes to large water-cooled metal-enclosed mercury vapor
tubes. Operating data for typical thyratrons are listed on pages 686-687.
12-23. Special Precautions in the Use of Arc Tubes.—Before pro
ceeding to a discussion of circuits for hot-cathode arc tubes it seems
advisable to list special precautions that must be observed in the use of
these tubes. They are as follows:
1. The cathode should be brought to normal operating temperature before
anode voltage is applied. Failure to observe this precaution results in excessive
cathode drop and in cathode disintegration.
2. Mercury vapor tubes should be heated for a sufficient time to allow the
vapor pressure to assume its normal value. Greater heating time is required
if the mercury has been scattered about the tube walls and electrodes than is
otherwise needed.
3. Enough anode resistance must be used to limit the maximum instantaneous
and average anode currents to their rated values. Failure to observe this pre
caution results in cathode disintegration and overheating of the anode.
4. Sufficient resistance must be used in the grid circuit to limit the maximum
instantaneous and average grid currents to their rated values. Excessive grid
current may cause damage because of heating of the grid or the grid-lead wires.
If the grid resistance is omitted and an arc forms to the grid, the current may rise
to such a high value that the grid wires may melt or the heating of the grid lead
shatter the seal and allow air to enter the tube.
5. The use of fuses in series with the anode and grid voltage supplies is
advisable.

12-24. Applications of Hot-cathode Arc-discharge Tubes.—Applica
tions of hot-cathode arc tubes include light production, rectification,
current and power control, oscillation (inversion), commutation, and
amplification. Some of these applications will be discussed in the follow
ing sections.
Hot-cathode Arc Tube as a Light Source.—The use of arcs as light
sources was one of the early practical applications of electricity. Arc
discharge tubes such as the mercury vapor and sodium vapor lamps are
efficient sources of light, for they have the advantage of producing visible
radiation in the manner of the glow tube and have a much smaller voltage
drop.1 Recently the fluorescent vapor lamp has taken its place among
practical high-efficiency light sources. Except during starting, the
filamentary cathodes in this type of tube are heated by positive-ion
bombardment. The light emanates mainly from a fluorescent coating
on the inner surface of the glass tube, a great variety of colors being
obtained by the use of different fluorescent materials. For details of
1 Dushman, S., Elec. Eng., 63, 1283 (1934).
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the design and operation of arc lamps the reader will find it instructive
to refer to the technical literature on the subject.1
Thyratrons may be used as a stroboscopic light source. Usually,
however, the production of light of sufficient intensity for the observation
of rapidly moving objects requires such high
values of peak current that cold-cathode tubes
stand up better. A second advantage of cold
cathode arc tubes for this purpose is the more
rapid deionization, which makes possible alight
flash of extremely short duration. Stroboscopes
will, therefore, be discussed in a later section
dealing with cold-cathode arc tubes.
12-25. Hot-cathode Arc Diode as a Rectifier.

Like its high-vacuum counterpart, the hotcathode arc tube is essentially a rectifier. At
voltages for which the tube is designed, current
flows in only one direction. There are, however,
two essential differences, which have been noted
before. The tube voltage drop is only from 10 to
20 volts, and the voltage is almost independent of
the current passed by the tube. Hence the arc
tube acts like a switch of zero resistance in series
with a counter-e.m.f. of from 10 to 20 volts.
Figure 12-32 shows the construction of the type
FG-166 phanatron.
Rectifier circuits using hot-cathode arc tubes
are the same as those using high-vacuum tubes,
but provision must be made to ensure that the
tube is brought to rated temperature before the
anode voltage is applied. The advantages of arc
Fig. 12-32.—Cut-away
tubes
over high-vacuum tubes in rectification
view of the type FG-166
phanatron rectifier. will be discussed in Sec. 14-4 (see also Sec. 12-22).
(Courtesy of General Electric
Circuits and filters for rectifiers will be taken up
Co.)
in Chap. 14.
12-26. Arc Tube as a Control Device. D-c Operation.—Since the
tube drop in an arc-discharge tube is practically independent of anode
current and the anode current is unaffected by grid voltage, the tube is
equivalent, so far as its action in a d-c circuit is concerned, to a switch in
series with a counter-e.m.f. equal to the tube drop Ea. It is convenient
in the analysis of some d-c thyratron circuits to use an equivalent circuit
1 Mailey, R. D., Elec. Eng., 53, 1446 (1934); Buttolph, L. J., Elec. Eng., 55,
1174 (1936); McKenna, A. B., Elec. J., 33, 439 (1936); Hawkins, L. A., Trans. Am.
Illuminating Eng. Soc., 32, 95 (1937).
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in which the tube is replaced by a switch and a battery of zero resistance
and of such polarity as to oppose the flow of anode current. In most
applications of thyratrons to the control of direct current and power it is
essential not only to control the firing of the tube but also to stop the
anode current at a subsequent time. Since the grid usually has little
or no effect upon the anode current after the tube fires, it is necessary to
find some other means of stopping the current. The simplest method
is, of course, to open the circuit, but this is usually not feasible, especially
when the anode current is large. Furthermore, convenience and flexi
bility of control demand that the current should be interrupted by elec
trical, rather than mechanical, means. Four circuits, called the parallel,
series, relaxation, and counter-e.m.f. circuits, have been devised for this
purpose.
12-27. Parallel Control.—The basic
parallel circuit for the control of direct cur
rent is shown in Fig. 12-33.1 Closing switch
Si reduces the negative bias on the grid (or
applies a positive bias) and eauses the tube
to fire. The grid no longer has control, and
the switch Si may be opened without affect Fig. 12-33.—Basic parallel d-c
control circuit.
ing the anode current. The potential drop
across the load Rl charges the condenser C through Rs to a voltage equal
to the supply voltage less the tube drop. The polarity is such that termi
nal b of the condenser is positive relative to terminal a. If the switch S2 is
closed, the positive terminal b of the condenser is connected to the cathode,
and, since the negative terminal is already connected to the anode, the
anode is made negative with respect to the cathode. The arc current
stops, but the voltage Edc, added to that across C, causes current to con
tinue flowing through RL. This current discharges C and charges it in
opposite polarity. As the condenser charges, the anode voltage rises. If
the grid is negative and the tube deionizes so rapidly that the anode volt
age never becomes equal to the tube reignition voltage (see Sec. 11-22),
the arc stays out and the grid regains control. This is usually expressed
somewhat less precisely by stating that the grid regains control if the
deionization time is shorter than the time required for the anode voltage
to reach the value corresponding to the normal tube drop. The rate of
rise of anode voltage decreases with increase of condenser capacitance
and of load resistance. The rapidity of deionization, on the other hand,
decreases with increase of load current. The capacitance necessary to
ensure that the grid shall regain control therefore increases with load
current. The purpose of the resistance Rs is to prevent a short circuit

of the battery when

is closed.

1 Hull, A. W., Gen. Elec. Rev., 32, 390 (1929).
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A modification of the circuit of Fig. 12-33 that is occasionally useful
is obtained by replacing S2 with a glow-discharge tube.1 The voltage
drop through Rs falls with the charging current of the condenser, and
the voltage applied to the glow tube goes up. The glow tube fires when
its voltage becomes equal to its ignition voltage. Firing of the glow
tube is equivalent to closing S2; but, because of the voltage drop through
the glow tube, the negative voltage applied to the anode of the thyratron
is less than when the switch is used. For this reason the modified circuit
requires higher supply voltage and greater capacitance than the basic
circuit. The applied voltage must be at least as great as the ignition

voltage of the glow tube, and the difference between the ignition and
extinction voltages of the glow tube should preferably be large. Rs
must be high enough so that the glow tube does not conduct steadily,
but oscillates. The anode current is extinguished the first time the glow
tube fires after the thyratron grid is made negative.
A much more useful circuit is obtained by replacing S2 in Fig. 12-33
by a second thyratron, as shown in Fig. 12-34a.2 When either tube is
conducting, the condenser charges to such polarity that the terminal
connected to the anode of that tube is negative with respect to the other
terminal. Firing of the other tube by a positive grid impulse applies a
negative voltage to the anode of the first tube, causing it to be extin
guished. Similar action is obtained if the resistors are adjacent to the
'Reich, H. J., Electronics, December, 1931, p. 240.
2 Hjjll, A. W., Gen. Elec. Rev., 32, 399 (1929).
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cathodes and the condenser is connected between the cathodes, as in
Fig. 12-346.
A somewhat different form of parallel circuit is that of Fig. 12-34cd
The action of this circuit is as follows: Assume that tube 1 is conducting.
The condenser Ci charges to a voltage equal to the applied voltage less
the tube drop, the condenser terminal adjacent to the anode being nega
tive. Prior to the firing of tube 2 there is no voltage across C2. Since
C2 cannot charge instantaneously, the
firing of tube 2 reduces the voltage Vai
between a and 6 to the tube drop of tube
2, or approximately 15 volts. (The
remainder of the line voltage is taken up
by the inductance L.) The anode volt
age of tube 1 is therefore made negative
by an amount equal to the difference
between the voltage of Ci and the voltage Vai, or to the supply voltage
less twice the tube voltage drop. If the deionizing time is less than the
time taken for the condenser Ci to discharge through Ri, and for Cz to
charge to such voltages that the anode voltage of tube 1 exceeds the
ionization potential, the grid of tube 1 will regain control. The resist
ances and condensers may also be adjacent to the cathodes, instead of to
the anodes (see Fig. 12-68).
The firing impulses may be applied to the grids directly, as in Fig.
12-34, through one or more transformers, or through resistance-condenser
networks. Examples of these circuits will be shown. The circuits of
Fig. 12-34 are the basis of the parallel inverter, several high-speed count
ing circuits, and other interesting and useful devices, which will be dis
cussed in later sections.
12-28. Series Control.—In the series type of control circuit, a con
denser (or a condenser and an inductance) is connected in series with the
load and the anode, as shown in Fig. 12-35.2 Before the tube fires, the
anode circuit is made up of L, C, R, and CPk, the anode-to-cathode
capacitance of the tube. Because Cpk is very much smaller than C,
practically the entire applied voltage appears across Cpk. A control
impulse applied to the grid will cause the tube to fire. Current can
flow, however, only while C charges. Since the tube passes current in
only one direction, anode current ceases as soon as the condenser is fully
charged. The tube cannot be fired again until the charged condenser
has been discharged. The presence of inductance in series with the
condenser causes the condenser to charge to a voltage which, if the
load resistance R is small, is nearly equal to twice the applied voltage
1 Hekskind, C. C., Elec. Eng., 53, 926 (1934); 56, 1372 (1937).
2 Hull, op. cit., p. 390.
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minus the tube voltage drop.1 If the load resistance is high, on the
other hand, the condenser charges to approximately the applied voltage
minus the tube drop. The condenser may be discharged through a
second thyratron, as in Fig. 12-36.
If the second thyratron of Fig. 12-36 should fire before current
has ceased flowing in the first one, a short circuit would result, and the
tubes would be subjected to destructive currents. The likelihood of this
difficulty is reduced by the use of a center-tapped inductance, as in
Fig. 12-37. When tube 2 fires, current starts flowing from c to b. A
voltage is induced between c and b which is of such polarity as to tend
to prevent this flow of current. Since the two halves of the transformer
are wound in the same direction, an equal voltage is induced between
a and b, a being negative relative to b. A voltage of opposite polarity

Fig. 12-36.—Series control circuit.

Fig. 12-37.—Series control circuit with
center-tapped commutating inductance.

is also induced between a and b by the decay of current through tube 1,
but this becomes smaller as the condenser approaches maximum voltage.
Therefore, if tube 2 fires when the condenser is nearly charged to maxi
mum voltage, both the net induced voltage between a and b and the
condenser voltage are in the direction to make the anode of tube 1
negative and extinguish this tube.
The circuits of Figs. 12-35 to 12-37 differ from those of Figs. 12-33
and 12-34 in that current flows in the former only during-the charging
and discharging of the condensers. They are the basis of the series
inverter, counting circuits, and other devices.
12-29. Relaxation Control.—The third, or relaxation, method of
interrupting the anode current electrically makes use of a series combina
tion of inductance and capacitance shunted across the tube, as in Fig.
12-38.2 The action of the circuit is most readily explained with the aid
of equivalent circuits of the type discussed in Sec. 12-26. Before the
1 Pierce, G. W., “Electric Oscillations and Electric Waves,” Chap. II, McGrawHill Book Company, Inc., New York, 1920; Kurtz, E. B., and Corcoran, G. F.,
“Electric Transients,” pp._ 42-44, John Wiley & Sohs, Inc., New York, 1935; Skill
ing, H. H., “Transient Electric Currents,” pp; 93-98, McGraw-Hill Book Company,
Inc., New York, 1937.
•
,
2 Reich, H. J., Rev. Sci. Instruments, 4, 147 (1933); Elec. Eng., 52, 817 (1933).
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tube fires, the equivalent circuit is that of Fig. 12-39 a. The condenser
charges through the load and the inductance Li. If the ratio of induct
ance to resistance in the circuit is high and the condenser is initially
uncharged, the condenser may charge nearly sinusoidally to a maximum
voltage only slightly less than twice the applied direct voltage.1 If the
ratio of inductance to resistance is small, on the other hand, the condenser
charges exponentially toward a value equal to the applied voltage.
Whether or not the condenser actually attains maximum voltage depends
upon the firing voltage of the tube.
The equivalent circuit during the time in which the tube conducts
is that of Fig. 12-396. Because the tube voltage drop is practically
constant in the operating range of anode current, the load current II
and the condenser current Zi are independent of each other. At the

Fig. 12-38.—Relaxation con
trol circuit.

Fig. 12-39.—Equivalent circuits for the relaxation
control circuit of Fig. 12-37; (a) before the tube fires; (5)
while the tube is conducting.

instant of firing, Il and 11 are equal and may be either positive, zero, or
negative, depending upon whether the tube fires before the condenser
voltage reaches its maximum value, at the instant of maximum condenser
voltage, or after the time of maximum condenser voltage. After the
tube fires, the load current increases exponentially toward the value
(Edc — Ea)/RL where Edc is the applied direct voltage, Ea is the tube
voltage drop, and Rl is the d-c resistance of the load. The wave of
condenser current in the equivalent circuit is a damped sine wave. The
condenser current does not stop when the condenser voltage has fallen to
zero but, because of voltage induced in the inductance Li, continues
to flow until the condenser is charged in the opposite direction to a
voltage which is slightly less than Eo — Ea, where Eo is the condenser
voltage at the instant of firing. The condenser current then reverses and
charges the condenser in the initially positive direction. The curves
of load current, condenser current, and condenser voltage that would
be obtained if the tube were in every respect equivalent to a
1 See footnote

p. 480,
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switch and counter-e.m.f. and could pass current in the reverse direction,

are plotted in Fig. 12-40.1
Actually, at some time te shortly after the condenser current has
reversed, the reverse condenser current becomes equal to the load current.
At this instant the anode current is zero, and the tube goes out. As
soon as anode current stops flowing, the anode voltage becomes nearly
equal to the condenser voltage,2 which is negative at the instant of
extinction. After extinction, the condenser begins to discharge through
the d-c supply and subsequently charges to a positive voltage, in a
manner determined by the constants of
I I
.-'Condenser voltage
the circuit of Fig. 12-39a. If the time
taken for the condenser voltage to reach
a positive value equal to the ionization
potential exceeds the deionization time of
the tube, the grid will regain control.
In order that it shall be possible for the
negative condenser current to become
equal to the supply current and thus make
the net anode current zero, the rate at
which the condenser current increases
must be greater than that at which the
supply current increases. This necessi
tates high Ci/Li and Li/Ri ratios and
Fig. 12-40.—Curves of conden
high
load inductance or resistance. The
ser current, load current, tube cur
rent, and condenser voltage in the allowable C1/L1 ratio is limited, however,
circuit of Fig. 12-396.
by the rated maximum instantaneous
anode current. For a highLi/Ai ratio the peak anode current is approxi
mately equal to Vi y/Ci/L!, where Vi is the ignition voltage.3 A high
Li/Ri ratio may be obtained by the use of an air-core coil wound with
heavy wire and having optimum inductance shape.4 Suitable values of
Li and Ri are 1.5 mh and 0.15 ohm, respectively.
Because the condenser voltage is negative at the instant of extinction,
the maximum positive voltage to which it can charge is greater than it
was during the first charging from zero initial voltage. If the grid bias
is insufficient to prevent the tube from firing at the maximum voltage to
which the condenser can charge from zero initial voltage, relaxation oscilla
tions will occur, the condenser periodically charging from the supply and
discharging to a negative voltage through the inductance Li. The load
1 See references in footnote \ p. 480.
2 The voltage across L, is small, since L, is small.
3 Pierce, op. cit., p. 17; Kurtz and Corcoran, op. cit., p. 66; Skilling, op. cit.,
p. 121.
4 Brooks, M., and Turner, H. M., Univ. III. Eng. Expt. Sta. Bull. 53, 1912.
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current and the wave form and frequency of the condenser voltage
depend upon the circuit constants and upon the firing voltage, which in
turn depends upon the grid bias. The flow of current through the load
can be interrupted by increasing the bias to a value sufficient to prevent
the tube from firing. Because thyratrons that have short deionization
time oscillate even when the supply current is large, this makes a useful
way of obtaining complete grid control of anode current in d-c operation
when the periodic variation of load current is not objectionable. The

Edc
Fig. 12-41.—Variant of the relaxation control circuit of Fig. 12-38.

Fig. 12-42.—Variant of the relaxation con
trol circuit of Fig. 12-38.

circuit of Fig. 12-38 is the basis of the relaxation inverter, sweep circuits
for cathode-ray oscillograph and television tubes, underload d-c circuit
breakers, audio oscillators, and other devices.
A variant of the circuit of Fig. 12-38 is shown in Fig. 12-41.1 In
this circuit the condenser charges through the tube and discharges
through the load. The action of the inductance causes the condenser
to charge to nearly twice line voltage, after which it starts discharging.
When the resulting reverse current
becomes equal to the supply current
through the load, the net anode cur
rent is zero, and the tube goes out.
Another modification of the circuit of
Fig. 12-38 is that of Fig. 12-42, in
which the condenser is shunted across
Fig. 12-43.—Relaxation circuit in
the load through a transformer.2 It which
the application of a firing pulse
may be shown from transient theory causes a single cycle of condenser charg
that the coefficient of coupling between ing and discharging.
the primary and secondary of the transformer must exceed 70 per cent.
In Fig. 12-43 is shown a form of the circuit of Fig. 12-38 in which
the application of a voltage pulse to the grid circuit causes a single cycle
of condenser discharge through the tube and recharge through the load.
The voltage induced in Li during the discharge of Ci is applied to the grid
through the condenser C2. Toward the end of the discharge the rate of
change of current is negative and so the induced voltage is of such polarity
1 Livingston,

0. W., and Lord, H. W., Electronics, April, 1933, p. 96.

2 Reich, loc. cit.
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as to make the grid positive and thus cause the flow of electrons to the

grid. After extinction these electrons are trapped on the grid and’ the
condensers C2 and C3, making the grid voltage highly negative. A
positive pulse of voltage applied to the input reduces the negative grid
voltage for an instant and allows the tube to fire. If desired, the con
denser Cs may be omitted and the tube fired by discharging C2 in any
manner or by applying an impulse to the grid through a transformer in
series with C2. This circuit is useful
in the production of voltage and cur
rent surges of various shapes.1 The
wave form is dependent upon the por
tion of the circuit from which the
voltage or current is taken and upon
the circuit parameters.
Fig. 12-44.—Basic counter-e.m.f. control
circuit.

12-30. Counter-e.m.f. Control.—

The anode current of an arc tube
may be stopped by the insertion into the anode circuit of an e.m.f. of
proper polarity to oppose the flow of anode current. If this countere.m.f. is greater than the supply voltage minus the tube drop and is
maintained long enough for tube deionization, the anode current will
be stopped and grid control reestablished. Thus, if the switch >8 of
Fig. 12-44 is opened, the battery E is added to the anode circuit, and the
arc may be extinguished. The resistance R prevents the counter-e.m.f.
battery from being short-circuited when 3 is closed. Although the basic
Load
Slopping
voltage

^dc
Fig. 12-45.—Practical form of the counter-e.m.f. control circuit.

circuit of Fig. 12-44 has no great practical value, the counter-e.m.f.
principle is used in a number of applications of thyratrons discussed in
later sections.
By use of the circuit of Fig. 12-45, the counter-e.m.f. may be applied
in the form of a pulse. A voltage impulse applied to the primary ter
minals of the transformer, of such polarity as to make the terminal c
negative relative to the terminal d, may be used to stop the anode cur
rent.,2 Evidently the applied impulse must be of sufficient duration to
1 Reich, H. J., Elec. Eng., 55, 1314 (1936).
2 Willis, C. H.rGcn. Elec. Rev., 35, 632 (1932).
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allow the tube to deionize. The impulse may result from the discharge
of a condenser through the primary of the transformer, from the appli
cation of a battery voltage to the primary, or from the operation of an
associated thyratron connected to the primary.
The counter-e.m.f. method of stopping anode currents can be applied
to the commutation of the arc current from one tube to another. Assume
that tube 1 of Fig. 12-46 is conducting and that the grid voltage of tube 1
is such as to allow it to regain control. An impulse of proper polarity
applied to the terminals a-b of the transformer will cause tube 1 to
extinguish and tube 2 to fire if the grid voltage of the latter is simul
taneously brought to the firing point. It is not necessary that the coun
ter-e.m.f. be equal to the supply voltage minus the tube drop. The
direction of the counter-e.m.f. makes the net positive voltage on the

Fig. 12-46.—Circuit in which counter-e.m.f. extinction is used in commutating current

'

between two thyratrons.

anode of tube 2 greater than that of tube 1. Since the tubes may be
considered to have negligible resistance when conducting and since the
inductance in the d-c supply tends to hold the supply current constant,
the anode current will be diverted from tube 1 to tube 2.1 A succeeding
impulse, of opposite polarity, applied to terminals a-b, will fire tube 1
and extinguish tube 2, provided that the grid voltages are simultaneously
readjusted.
The counter-e.m.f. type of control is the basis of the counter-e.m.f.
inverter and the d-c thyratron motor, both of which will be discussed.
12-31. Choice of Tubes for D-c Control Circuits.—From the theory
of operation of the parallel and relaxation types .of control circuits it
follows that the time available for deionization of the tubes is usually
small in these circuits. This is also true in some applications of the
series and counter-e.m.f. circuits. In general, therefore, tubes used in
these circuits should have short deionization time. This is especially
important when the circuits are used as the basis of oscillators. The
1 Dallenbach, W., and Gebbckb, E., Arch. Elektrotech., 14, 171 (1924).
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FG-67 and FG-43 thyratrons and other types having equal or shorter

deionizing time are suitable for this type of service.
12-32. Applications of Basic D-c Control Circuits.—The modifications
and applications of the basic d-c thyratron control circuits are too numer
ous to make it possible to include them all in this text.1 Because of their
frequent use and because they emphasize fundamental principles, two
thyratron application^ that are based upon d-c control circuits will
be discussed in detail. These are switching and counting circuits and
oscillators.
Parallel Switching Circuits.

High-speed Counting Circuits.—The

parallel type of d-c control circuit is essentially a trigger circuit, and as
such may be used as an electronic switch. In the two-tube circuits pf

Fig. 12-47.—Scale-of-eight type of counting circuit.

Fig. 12-34 the current of either tube may be used to operate electrical
apparatus, or the voltage drop through the anode (or cathode) load
resistors may be applied to the grids of other tubes. In conjunction
with two high-vacuum amplifier tubes, which are alternately overbiased
by the voltage drop through the anode resistors of the switching circuit,
the thyratron switch has proved useful in the simultaneous observation
of two voltages with a single cathode-ray oscillograph. This application
will be discussed in further detail in Sec. 15-22. The parallel switching
circuit is also the basis of several high-speed counting circuits.
The frequency at which a mechanical counter can respond is limited
by the inertia of moving parts. For high-speed counting it is necessary
to design circuits in which the relay operates once in a relatively large
number of impulses. If a mechanical counter that is capable of operating
at a maximum frequency of 20 per second is called upon to count only
each tenth impulse, for instance, the device will be capable of count
ing a maximum of 200 impulses per second. Two interesting electron
tube counting circuits developed by Wynn-Williams2 are based upon the
parallel thyratron switch. A typical example of one of these, which is
1 See, for instance, K. Henney, “Electron Tubes in Industry,” 2d ed., McGrawHill Book Company, Inc., New York, 1937; F. H. Gulliksen, and E. H. Vedder,
“Industrial Electronics,” John Wiley & Sons, Inc., New York, 1935.
2 Wynn-Williams, C. E., Proc. Roy. Soc. (London), 136, 312 (1932).
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usually called the scale-of-eight counter, is shown in Fig. 12-47. It consists
of two or more parallel circuits in tandem. The impulses to be counted
are applied simultaneously to the grids of the first parallel circuit, either
through a transformer or through a combination of resistance and capaci
tance. The anode voltage of one tube of this first parallel circuit is
applied to the grids of the following parallel circuit, which has a counting
relay in series with one anode. The grids are biased sufficiently to prevent
firing without the application of an impulse to the input. Because of
slight differences between tubes or because one anode circuit is temporar
ily opened, the first impulse will cause one of the tubes in the first stage,
say tube 2, to fire. The next impulse fires tube 1 and extinguishes tube 2.
Extinguishing tube 2 reduces the negative grid voltage of tubes 3 and
4, causing one of them, say tube 3, to fire. The third impulse fires tube 2
and extinguishes tube 1. The fourth impulse fires tubes 1 and 4, closing

Fig. 12-48.—Ring type of counting circuit.

the relay, and extinguishes tubes 2 and 3. The addition of another stage
allows the relay to count every eighth impulse. With n stages of two
tubes each, the relay need operate only each 2nth impulse.
The second type of counter developed by Wynn-Williams,- known as
the ring circuit, is shown in Fig. 12-48.1 It consists of three or more
grid-controlled arc-discharge tubes connected in a manner similar to
that of the parallel d-c control circuit of Fig. 12-345. The impulses to
be counted are applied simultaneously to all the grids. Suppose that
one tube, say tube 1, has fired. The IR drop resulting from the flow of
current through the cathode resistor Ri accomplishes two results. It
reduces the negative grid bias of tube 2, so that the next impulse applied
to the grids will cause tube 2 to fire; and it charges the condenser Ci, so
that, when tube 2 fires, the anode of tube 1 is made negative relative to
the cathode, causing tube 1 to extinguish. In a similar manner, the
voltage drop in R2, caused by the anode current of tube 2, “primes” the
grid of tube 3 and charges condenser C2 so that the next impulse fires
tube 3 and extinguishes tube 2. Firing of tube 3 “primes” tube 1 and
1 Wynn-Williams, C. E., Proc. Roy. Soc. (London), 132, 295 (1931); Hull, A. W.,
Physics, 2, 409 (1932); Shumard, C. C., Elec. Eng., 57, 209 (1938).
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charges C3 so that the third impulse will again fire tube 1 and extinguish
tube 3. As many tubes as desired may be connected in this manner.
The counting relay is operated either directly by the anode current of one
tube or by an auxiliary high-vacuum or arc tube Tr, which is controlled
by the voltage drop in one of the cathode resistors of the ring circuit.
The relaxation type of d-c control circuit makes a convenient means of
interrupting the anode current of the auxiliary tube if an arc tube is
used to operate the counting relay. This is shown in Fig. 12-48. When
four or more tubes are used, the scale-of-eight circuit gives a higher
counting ratio than the ring circuit and requires fewer voltage supplies.
Counters based upon the series and relaxation d-c control circuits have
also been devised.1
12-33. The Thyratron as an Oscillator.—Thyratron oscillators may
be divided into two types: those designed primarily to furnish only
voltage output, usually of saw-tooth Or rectangular wave form, and those
designed to convert large amounts of d-c power into a-c power. Arc
tube oscillators capable of converting appreciable d-c power into a-c
power at commercial frequencies are called inverters.
Saw-tooth-wave Generator.—As generators of saw-tooth voltage
waves, thyratrons have a number of advantages over glow tubes.
Dependence of ignition voltage upon grid voltage makes possible simple
control of amplitude. Because of the amplifying property of the grid,
smaller voltage is required to synchronize the oscillator to a control fre
quency, and there is less likelihood of distortion of the voltage wave than
when the control voltage is introduced in series with a glow tube. The
lower tube drop allows the use of smaller supply voltage and, in conjunc
tion with the use of negative grid bias to obtain high ignition voltage,
results in large amplitude of oscillation. The high instantaneous current
that the tube will pass results in shorter discharge time than with glow
tubes and makes possible the increase of amplitude of oscillation by the
use of inductance in series with the condenser. Shorter deionizing time
allows oscillation to take place at much higher frequency. Finally,
the presence of an ample supply of electrons at the cathode makes the
ignition potential independent of cathode illumination and of cosmic
radiation and other random ionizing agents. The frequency is therefore
much more constant than with glow tubes. The dependence of firing
voltage of mercury vapor tubes upon tube temperature makes it advis
able to use gas-filled tubes when frequency stability is important.
The circuit of Fig. 12-38 oscillates when the grid voltage is insuffi
ciently negative (or too positive) to prevent the tube from firing at the
maximum voltage to which the condenser charges. If the load consists
of resistance only, the condenser charges exponentially, and the condenser
1 Lord, H. W., and Livingston, O. W., Electronics, January, 1934, p. 7.
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voltage is of the form shown in Fig. 12-49. Because of the action of the
inductance Li, the condenser discharge is nearly sinusoidal, and the
condenser polarity reverses during discharge. The total change in
condenser voltage is approximately equal to twice the ignition voltage
minus the tube drop, Ea. The inductance should be large enough to
limit the discharge current to the rated maximum instantaneous-anode
current. By the method used to derive Eq. (12-2), the frequency of
oscillation may be shown to be approximately

/=
RlCl

1
Edc + V{ — Ea
10g€
Edc - Vi

(12-6)

The circuit also oscillates when Li is replaced by a resistance Ri, the
behavior being similar to that of the Yi
glow-tube oscillator of Fig. 12-9. The
Zero voltage.
change in condenser voltage is equal
to the difference between the ignition
Time —
and extinction voltages, and the ex
Fig. 12-49.—Wave form of the'con
pression for the frequency pf oscilla denser voltage in the circuit of Fig. 12tion is of the same form as Eq. (12-2), 38 used as a relaxation oscillator.
R representing the sum of the resistances Ri and Rl.
If the resistance Ri is replaced by a voltage pentode operated on the
flat portion of the plate characteristic, the charging current is nearly
constant, and the condenser charges practically linearly, as in the glow
tube oscillator of Fig. 12-12. The type 884 argon-filled tube is commonly
used in this circuit. The extinction voltage of this tube is only about
15 volts, and the firing voltage may be as high as 300 volts (with —30
volts on the grid). It is evident that the amplitude of the condenser
voltage is much greater than in the glow-tube oscillator. When the
inductance Li is used, the condenser voltage may vary between the maxi
mum limits of approximately minus 300 and plus 300 volts. The fre
quency of oscillation is approximately
f

(2Vi - Ea)C

(12-7)

where I is the constant charging current, Vi is the ignition voltage,
Ea is the tube drop, and C is the total capacitance, including that of the
tube and wires. This assumes that the inductance Li has negligible
resistance and that the condenser discharge is instantaneous. When L,
is replaced by a current-limiting resistance Ri, the frequency is given
approximately by Eq. (12-5).
Since Vi and Ve are independent of frequency in arc tubes, Eqs.
(12-2) and (12-5) to (12-7) may be used in predetermining the frequency
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of oscillation or in designing an oscillator for a desired frequency range.

As in glow-tube oscillators, very low frequency of oscillation may be
attained by the use of large condensers. Because of the greater difference
between ignition and extinction voltages, the condenser capacitance
required for a given frequency is lower in the arc-tube oscillator than in
the glow-tube oscillator. The maximum frequency of an arc-tube
oscillator is determined in part by the deionization time. When the
period of oscillation approaches the deionization time, the tube fails to
extinguish. Frequencies of the order of 50 to 100 kc per second may be
attained.
In order to protect the tube against damage as the result of excessive
peak current, resistance or inductance must be used in series with the
OJ/uf

IF

Fig. 12-50.—Thyratron relaxation oscillator circuits in which the condenser charging
current is controlled (a) by a high resistance and (b) by a pentode.

tube. For a maximum condenser voltage of 300 volts, the type 884 tube
requires a current-limiting resistance of 1000 ohms, or an inductance
equal in henrys to the condenser capacitance in microfarads.1
An arc-tube saw-tooth-vj^ve generator may be readily stabilized
at a frequency equal to, or nearly equal to, the natural frequency of
oscillation or a multiple thereof by introducing the control voltage
into the grid circuit.2 The control voltage varies the firing voltage at
control frequency. The control action may be explained by diagrams
similar to those of Fig. 10-33, the control-voltage ripple being super
imposed upon the firing-voltage line Vi of Fig. 12-49, instead of upon the
saw-tooth voltage as in Fig. 10-33. Although the oscillator can also be
stabilized by a control voltage having a frequency that is a submultiple
1 When a condenser of capacitance C, initially charged to a voltage En, is dis
charged through an inductance L, and the ratio of inductance to resistance is high, the
peak discharge current is approximately equal to Ea dC/L. Thus, if the inductance
in henrys is equal to the capacitance in microfarads, the peak current is approximately
Eo/lOOO amp, which is the same as would be obtained if the condenser were dis
charged through a 1000-ohm resistance.
2 See, for instance, W. R. MacLean, Communications, March, 1943, p. 23-
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of the oscillation frequency, the condenser voltage is then amplitudemodulated at control frequency. The wave of control voltage should
preferably have a steep wave front for accurate stabilization.
Figure 12-50a shows a typical circuit in which the condenser charging
current is controlled by a resistance, and Fig. 12-506 one in which a
pentode is used to control the charging current. Pi in circuit 6 adjusts
the charging current by varying the control-grid voltage of the pentode
and thus controls the frequency. P2 adjusts the 884 bias and thus the
ignition voltage. Since the ignition voltage affects both the amplitude
and the frequency of oscillation, P2 changes the amplitude and frequency
simultaneously. Pa varies the amplitude of the output voltage. The
principal application of this and similar circuits is in providing a linear
time axis for cathode-ray oscillographs and in television “scanning.”1
Modifications of the circuit of Fig. 12-50 will be discussed in Sec. 15-20.
An amplifier tube, the plate circuit of which contains a relay, may
be directly coupled to a thyratron relaxation oscillator in such a manner
that the amplifier current rises and falls with the condenser voltage.
The periodic contactor thus formed is more reliable in operation than the
glow-tube contactor mentioned in Sec. 12-7. For some purposes the
relay may be replaced by an 884 thyratron (gas-discharge tube), use
being made of the ability of the grid to interrupt small anode currents.
Such a circuit is shown in Fig. 15-61.
12-34. Thyratron Inverters.—Certain problems that arise in the
distribution of load in a-c systems and in the interconnection of a-c
systems of different frequencies or of a-c and d-c systems, can be solved
by the use of grid-controlled rectifiers2 to convert from alternating current
to direct current and of thyratron inverters to invert from direct current
to alternating current.3 The use of tube rectifiers, d-c ties, and thyratron
inverters to interconnect a-c systems and to feed a-c power to substations
would eliminate the difficulties arising from synchronization and power
factor. Since the frequency of the inverter output is independent of the
generator frequency, the machines at the generating and receiving ends
of the line could each be operated at the most efficient frequency. Many
1 See, for instance, E. H. Felix, “Television—Its Methods and Uses,” McGrawHill Book Company, Inc., New York, 1931; V. K. Zworykin, and E. D. Wilson,
“Photocells and Their Applications,” John Wiley & Sons, Inc., New York, 1931;
H. H. Sheldon and E. N. Grisewood, “Television,” D. Van Nostrand Company,
Inc., New York, 1929; D. G. Fink, “Principles of Television Engineering,”
McGraw-Hill Book Company, Inc., New York, 1940; V. K. Zworykin, “Television;
the Electronics of Image Transmission,” John Wiley & Sons, Inc., New York, 1940.
2 See footnote 2, page 519.
3 Willis, C. H., Bedford, B. D., and Elder, F. R., Elec. Eng., 54, 102 (1935) ;
Bedford, B. D., Elder, F. R., and Willis, C. H., Gm. Elec. Rev., 39, 220 (1936);
Albxanderson, E. F. W., Electronics, June, 1936, p. 25.
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problems involving hunting, transients, and other types of instability

would also be solved in this manner. The use of direct current in place
of alternating current in the transmission of power has a .number of
advantages, the most obvious of which is that direct current involves
only voltage and polarity, whereas alternating current involves voltage,
frequency, phase, phase sequence, and power factor. From an economic
point of view the advantage of d-c transmission arises from, the higher
voltage that can be used without danger of corona. The maximum
r-m-s alternating voltage that can be transmitted is less than the maxi
mum direct voltage because the crest voltage determines the magnitude
of corona effects. Other advantages of d-c transmission are elimination
of dielectric losses and line reactance and reduction of insulation stresses
at a given effective voltage. Disadvantages of d-c transmission are
the greater likelihood of insulator flashover and resultant power arc, and
the greater difficulty of interrupting an arc when it does occur.
Because direct voltage cannot be transformed, the possibility of using
direct current in distribution and high-voltage transmission is contingent
upon the development of reliable inverters for changing high-voltage
direct current into high-voltage alternating current of satisfactory wave
form. Four types of single-phase inverters have been developed, based
upon the parallel, series, relaxation, and counter-e.m.f. control circuits.
Another field of application of inverters may be developed in the
speed control of synchronous and induction motors. Since the frequency
of the a-c output of the inverter is
easily controlled by the grid excita
tion, speed control of motors con
nected to the inverter may thus be
obtained.
12-35. The Parallel Inverter.—

The parallel type of inverter is
Fig. 12-51.—Separately excited parallel
essentially the parallel d-c control
inverter.
circuit of Fig. 12-34a, with the anode
resistors replaced by a center-tapped transformer.1 In the simplest
form of parallel inverter the grids are excited from an external source
of voltage of desired frequency through a center-tapped grid trans
former, as in Fig. 12-51. Each tube conducts during one-half of the
cycle of grid excitation voltage. Commutation is obtained by use of
the commutating condenser C, as explained in Sec. 12-27. The output
voltage wave form is dependent upon the magnitude of the load current,
the power factor of the load, the leakage inductance of the transformer
and the inductance in series with the d-c supply, and upon the capacitance
of the condenser. If the coupling of the transformer is close, as is usually
1 Prince, D. C., Gen. Elec. Rev., 31, 347 (1928); Hull, Gen. Elec. Rev., loc. cit.
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true, the wave form of the output voltage is approximately that of the
condenser voltage.
An examination of the operation of the parallel-inverter circuit shows
that the wave form across the condenser is essentially that across the
condenser of the equivalent circuit of Fig. 12-52 when the commutator
is rotated at the frequency of the inverter grid excitation. Hence the

Fig. 12-52.—Equivalent circuit of the parallel inverter.

inverter wave form may be determined by analyzing the transients set
up by the switching of the equivalent circuit. Typical wave forms are
shown in Fig. 12-53.1 The wave form obtained in a particular circuit
depends upon the values of commutating and load capacitance, com
mutating and load inductance, and cir
cuit and load resistance. Waves of the
forms of a and b are likely to be obtained
with medium and heavy nonreactive
loads. If the load is reactive or light,
however, the condenser may charge
nearly sinusoidally. If commutation
then takes place at the instants when the
condenser voltage is a maximum, the out
put voltage approaches sinusoidal form,
as in Fig. 12-53c.
In the oscillograms of Fig. 12-53 the
point X indicates the instant at which
commutation takes place. At point Y, Fig. 12-53.—Typical voltage wave
forms of the parallel inverter.
where the condenser voltage is zero, the
potentials of the anodes are equal. Beyond Y the potential of the
nonconducting tube again becomes greater than the ionizing poten
tial. The tube must deionize in the interval between X and Y.
It is seen that the time available for deionization is short with a
large noninductive load. A study of the circuit shows that the volt
age induced across one-half of the primary by the start of current in
’Tompkins, F. N., Trans. Am. Inst. Elec. Eng., 51, 707 (1932); Schilling, W.,
Arch. Elektroteeh., 27, 22 (1933); Runge, I., and Beckenbach, H., Z. tech. Physik
14, 377 (1933); Wagner, C. F., Elec. Eng., 54, 1227 (1935), 55, 970 (1936).
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the other half is in the direction to raise the anode voltage of the tube
being extinguished. Hence this factor enters into the determination of
the available deionizing time. A more complete analysis of commutation
in the parallel inverter indicates that the size of the condenser must be
carefully determined. The type and magnitude of the load, as well
as the constants of the inverter circuit itself, must be taken into con
sideration. The condenser must also be designed to withstand the
transient voltages to which it is subjected.
The grids of a parallel inverter may be excited from the output or
from the anode circuit of one of the tubes. When this is done, it is
essential that the exciting voltage have the proper phase relation
to the output voltage. The phase of the grid voltage may be con
trolled by means of combinations of capacitance and resistance. Figure

Fig. 12-54.—Self-excited parallel inverter.

Fig. 12-55.—Self-excited parallel inverter.

12-54 shows one form of self-excited circuit.1 The frequency is con
trolled by the constants of the grid and anode circuits. The frequency
varies with d-c line voltage and with load current and power factor.
To prevent excessive frequency variation and to ensure that incorrect
phase relation between grid and output voltages will not cause the oper
ation to become unstable and both tubes to fire simultaneously, consider
able care is necessary in the design of the grid circuit.
A type of self-excited parallel inverter the operation of which depends
upon grid rectification is shown in Fig. 12-55.2 The action is as follows:
Assume that tube 1 is conducting. Then the anode voltage of tube 2 is
equal to d-c line voltage plus the voltage induced in one-half of the
transformer secondary, and the condenser C2 charges through Ry and
the grid of Ty to a voltage equal to the induced transformer voltage Vt
plus the voltage Vab between points a and b of the voltage divider. When
tube 2 fires, the commutating condenser C3 extinguishes tube 1. The
firing of tube 2 lowers the voltage of its anode to about 15 volts, the
1 Baker, W. R. G., Fitzgerald, A. S., and Whitney, C. F., Electronics, April,
1931, p. 581.

2 Stansbury, C. C., Elec. Eng., 52, 190 (1933).
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normal tube drop, and thus makes the grid of tube 1 negative by an
amount equal to the voltage of C2 minus the anode voltage of tube 2, or
Vat — 15 volts. As C2 discharges through Ri, the grid voltage of tube
1 rises until it becomes equal to the critical voltage, at which tube 1
again fires, and tube 2 is extinguished. In a similar manner, the condenser
Ci applies a negative voltage to the grid of tube 2 when tube 1 fires. The
frequency of oscillation depends upon the size of the grid condensers and

n .

Grid excih
vol+ctge
Fig. 12-56.-—Performance curves for a parallel inverter.

Fig.

12-57.—Separately
cited series inverter.

ex-

resistors and upon the setting of the voltage divider P. Parallel inverters
have also been designed that are based upon the circuit of Fig. 12-34C.1
Figure 12-56 shows curves of output voltage and efficiency for a
parallel inverter operating from a 115-volt d-c. supply.2 The low
efficiency is caused by the comparatively small direct supply voltage and

Fig. 12-58.—Self-excited series inverter using two condensers in the oscillating circuit.

the consequent high ratio of the tube drop to the supply voltage. Both
the efficiency and the output are increased by raising the direct voltage.
12-36. Series Inverter.—The series inverter is based upon the series
d-c circuit of Fig. 12-37. The output may be taken from a transformer
with a center-tapped primary, connected in place of the center-tapped
inductance L of Fig. 12-37, but commutation is affected adversely by
the load because of the reduction of effective primary inductance. A
1 Herskind, loc. cit.
2 Baker, W. R. G., and Cornell, J. I., Electronics, October, 1931, p. 152.
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better circuit is obtained by connecting the output transformer in series
with the condenser, as shown in Fig. 12-57. Figures 12-58 and 12-59
show circuits in which each tube simultaneously charges one condenser
and discharges another.1 That of Fig. 12-58 is self-excited.
The wave form of the output voltage of the series inverter can be
predicted from an analysis of the equivalent circuit of Fig. 12-60.2 When

Fig. 12-59.—Separately excited series inverter using two condensers.

the load is sufficiently great so that the exciting current of the transformer
is small in comparison with the load current, and the load is nonreactive,
the load voltage has the same wave form as the condenser current. If
the inductance-to-resistance ratio is high, the condenser charges and
discharges nearly sinusoidally. If commutation then occurs at the
instants when the condenser voltage reaches
crest value, the output voltage will be a close
approximation to a sine wave, as shown by
oscillogram a of Fig. 12-61 (traced from the
screen of a cathode-ray oscillograph). In order
to make this possible, the design must be such
that the natural frequency of oscillation of the
series combination of condenser, choke, and
Fig. 12-60.—Equivalent
loaded transformer is equal to the frequency of
circuit of the sériés inverter
of Fig. 12-57.
the exciting voltage. The phase of the excitto the output voltage must also be such as to
cause commutation to take place at the crests of condenser voltage.
The adjustment is critical, a small increase of effective inductance,
such as results from a decrease in load, causing the circuit to stop
oscillating. A decrease in inductance or capacitance, on the other
hand, makes the natural frequency of the circuit greater than the
excitation frequency, and each tube stops conducting before the other
fires. The load voltage is then of the form shown by oscillogram b
1 Sabbah, C. A., Gen. Elec. Rev., 34, 288, 580, 738 (1931) ; Modern Radio, February,
1933, p. 26.
2 Mechanical inverters based upon the equivalent circuits of Figs. 12-52 and 12-60
may be readily constructed. Particularly good results are obtained with the series
type. See H. J. Reich, Electronics, September, 1933, p. 252.
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of Fig. 12-61. The regulation, stability, and output are better when the
condenser charges and discharges exponentially, rather than sinusoidally.
The output voltage then has a waveform
similar to one of the oscillograms c, d, or
e of Fig. 12-61. Oscillogram c is for the
circuit adjustment that makes the con
denser charging time1 equal to half the
excitation period. For the adjustment
corresponding to oscillogram d the
charging time is less than half the excita
tion period, whereas, for oscillogram e,
the time taken to charge the condenser
fully is greater than half the excitation
period.
In Fig. 12-62 are shown curves of
efficiency, frequency, and alternating
voltage for a self-excited series inverter
similar to that of Fig. 12-58.2 The
change of frequency with load shown in
Fig. 12-61.—Typical wave forms
Fig. 12-62 would be prevented by the use of the output voltage of the series
of external excitation of fixed frequency. inverter shown in Fig. 12-57.
By means of more complicated inverters based upon the fundamental
series circuits it is possible to obtain output voltage that is very nearly
sinusoidal. This is accomplished by the use of a large number of
tubes, which are fired and extinguished in proper sequence so that the

resultant wave is approximately sinusoidal, and of inductance to smooth
it out.2
1 Although an infinite time is theoretically required to charge a condenser expo
nentially, actually the charging current stops when it becomes too small to maintain
the arc.

2 Sabbah, loc. cit.
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12-37. The Relaxation Inverter.—The relaxation inverter is based

upon the relaxation d-c circuit of Fig. 12-38, the load usually being con
nected through an output transformer and the grid circuit being supplied
with suitable excitation.1 The simplest type of separately excited circuit
is that of Fig. 12-63. The a-c output may also be obtained by coupling
to L{, or through a transformer in series with Li and Ci, but the resulting
damping tends to prevent extinction
of the arc and may stop oscillation
at high load. The excitation fre
quency may be adjusted so that the
circuit oscillates once or several times
for each cycle of grid exciting voltage,
Fig. 12-63.—Separately excited relaxation
a single oscillation per cycle giving
inverter.
the best wave form. The circuit
may be made self-exciting by obtaining the grid excitation from the out
put or in a number of other ways.
A reliable self-excited circuit is shown in Fig. 12-64. The action of
this circuit is as follows: Assume that Ci is charged. When the tube
fires, the condenser discharges through the tube, the inductance Li causing
the condenser polarity to reverse and extinguishing the tube, in a manner
explained in Sec. 12-29. The condenser-discharge current flowing
through Li induces a voltage pulse in L2
which charges the grid condenser C2 in
the direction that makes the grid termi
nal negative. Because of the rectifying
action of the grid, C2 cannot discharge
through the tube after the arc is ex
tinguished. It discharges relatively
slowly through the grid resistor Rc,
Ci = 10 to 40^f
Li = 1.3 mh (Bi = 0.13 S2)
during the time that the condenser C i is
C2 = 0.1Mf
recharging from the d-c supply. Thus
Rc = 50,00012
the negative grid voltage decreases (and Fig. 12-64.—Self-excited relaxation in
verter.
may become positive) at the same time
that the anode voltage rises, and at some time in the cycle the tube
again fires, allowing the cycle to repeat. The frequency of oscillation
is readily changed by varying the grid resistor Rc, the coupling
between L± and L2, and the setting of the potentiometer P. It is
also affected by the size of Ci and C2, by the load, and by the
direct voltage. L2 may be omitted and C2 connected to the junction
of Li and Ci. Making the slider of the potentiometer P more posi
tive increases the rate of change of grid voltage at the instant of firing
1 Reich, H. J., Rev. Sci. Instruments, 3, 580 (1932); Rev. Sci. Instruments, 4, 147
(1933); Elec. Eng., 52, 817 (1933).
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and therefore improves the constancy of frequency. The potentiometer
may be omitted and Rc connected to the positive side of the line. Li
should have low a-c resistance and so should preferably not contain iron.
Good results are obtained with an air-core coil having an inductance of
about 1.5 mh and a resistance of 0.15 ohm or less. In order to supply
sufficient voltage to the grid when air coupling is used, Lz should have
many more turns than Li.
At a given frequency the wave form is affected by the circuit constants
and by the load. The wave shape may be predicted from an analysis
of the equivalent circuits of Fig. 12-39. If the ratio of the effective
inductance to the effective resistance in the supply branch of the circuit
is small, which is true under heavy nonreactive load when no inductance

Fig. 12-65.—-Oscillograms of output voltage of relaxation inverter: (a) nonreactive load
without Lt\ (b) heavy nonreactive load with Ls; (c) light nonreactive load with Ls.

Ls is used in series with the d-c supply, the condenser Ci charges expo

nentially. The output voltage approximates saw-tooth form, as shown
by the oscillogram of Fig. 12-65a. If the ratio of inductance to resistance
is high, however, as may be true if inductance Ls is used in series with the
d-c supply, the condenser charges very nearly sinusoidally. Then, if
the tube fires at the peak of condenser voltage, the curve of charging
current approximates a half of a sine wave. Under this condition the
output voltage resembles a sine wave in form when the load is great
enough so that the exciting current of the transformer is negligible. Atypical oscillogram is shown in Fig. 12-656. Under light load the sec
ondary voltage is proportional to the rate of change of primary current,
and the abrupt changes in rate of change of primary current when the
tube fires distort the output voltage badly, as shown by the oscillogram
of Fig. 12-65c.
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Curves of output voltage, power, and efficiency at 60 cps as a function

of load current for the circuit of Fig. 12-64 are shown in Fig. 12-66.
The maximum power output increases with frequency and is proportional
to the square of the direct voltage. The curves of Fig. 12-66 were
obtained without inductance in series with the primary of the output
transformer. Some reduction in efficiency results from the use of addi
tional inductance, and the terminal voltage falls more rapidly at high
load current.
It is interesting to note that, if deionization is sufficiently rapid, the
circuit of Fig. 12-38 will oscillate with arc tubes which do not have grids.
The circuit is then essentially that of the Poulsen arc oscillator. Power

Fig. 12-66.—Performance curves for a self-excited relaxation inverter using an FG-67

thyratron and operated at 60 cps from a 120-volt d-c supply.

may be taken either from a transformer in the supply circuit, as in Fig.
12-63, or by coupling to the inductance Ly. Difficulty is usually encoun
tered, however, because of the high deionization time of hot-cathode arc
tubes that do not contain grids. A special type of tube has been
developed for this purpose by means of which outputs as high as 500
watts have been obtained at frequencies in the kilocycle range.1 The
tube contains inert gas at relatively high pressure. The rapid deioniza
tion that is obtained probably results from the close electrode spacing
used in this tube. Because of their short deionization time, mercury
pool tubes may be successfully used in the relaxation inverter circuit,
even when power is drawn from the condenser branch.2
12-38. Counter-e.m.f. Inverter.—A fourth type of inverter is based
upon the counter-e.m.f. d-c circuit of Fig. 12-46. Figure 12-67 shows
such an inverter. The commutating voltage impulses applied to ter* Miles, L. D., Elec. Eng., 54, 305 (1935).
2 Watanabe, Y., and Aoyama, R., J. Inst. Elec. Eng. Japan, 56, 983 (1936).
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minals a-b must occur at the proper instants in the cycle of grid excitation.
Both the commutating and the excitation voltages can be obtained
from the a-c output. The circuit is in some respects similar to that
of the parallel inverter. It becomes practically equivalent to the parallel
inverter circuit when the commutating voltage
Commuta ting
voltage
is obtained from the charge and discharge of a
do
ob
condenser connected across the primary of the
commutating transformer a-b.1 This principle
has been used in the development of d-c power
transmission.2
12-39. D-c Transformer.—The problem of
d-c power transmission has resulted in the
development of d-c-transformer circuits which
combine inverters with rectifiers. One type of
circuit is shown in simplified form in Fig.
12-68.3 The tubes
and T2, together with
the transformer, comprise an inverter of the
excitation
parallel type based upon the circuit of Fig.
ig.
12-67.—Separately ex
12-34c. The discharge of the condensers Ci Fcited
counter-e.m.f. inverter.
and C2 through the transformer primaries
induces voltages in the secondaries which are rectified by the tubes T3
and Tt. Tubes 3 and 4 are fired at, or shortly after, the times of extinc
tion of tubes 1 and 2, respectively. Adjustment of the firing times of
tubes 3 and 4 relative to the firing times of tubes 1 and 2 controls the
output current. The voltage output is deter
mined in part by the transformer turn ratio.
The relaxation inverter circuit of Fig. 12-64
may also serve as the basis of a d-c trans
former. If the ratio of the inductance to the
resistance in the supply branch is high, the
condenser Ci can charge to a maximum volt
age approximately equal to twice the line
voltage the first time it charges. If the grid
circuit constants are chosen so that the tube
Fig.
12-68.—D-c trans
fires when this maximum voltage is reached,
former based upon the parallel
the condenser discharges to a negative voltage
inverter.
that is somewhat less than twice line voltage
minus the tube drop. The second time the condenser charges from the
line, it has this initial negative voltage and will charge to an equal positive
1 Willis, C. H., Trans. Am. Inst. Elec. Eng., 62, 701 (1933).
2 Willis, C. H., Bedford, B. D., and Elder, F. R., Elec. Eng., 64, 882 (1935);

Electronics, February, 1935, p. 56.
3 Herskind, loc. cit.
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voltage plus approximately twice line voltage.1 If there were no losses
in the circuit, the condenser voltage would increase by a little less than
twice line voltage in each succeeding cycle until condenser or tube failure
occurred. Because of losses, the increase of voltage becomes less each
cycle until equilibrium is established, or until arcback occurs. The
maximum voltage of 6/ may without difficulty be made equal to five or
six times line voltage. The addition of a second rectifier tube and a
filter, as in Fig. 12-69, gives a circuit that will supply direct current at a
voltage several times the supply voltage. Such a d-c transformer, using
an FG-67 tube and operating on a 110-volt d-c supply, will deliver 80 to
100 ma at 400 volts.
Other circuits have been devised for obtaining constant-potential
direct current from constant-potential a-c or d-c supplies, and constant
direct current from constant
potential alternating current.2
12-40. Problems of Inverter
Design.—The power output and

efficiency of inverters increase with
the applied direct voltage. In
the parallel, series, and relaxation
inverters, the power output also
goes up with the size of the com
mutating condensers. The difficondensers of reasonable cost is
one of the major problems encountered in inversion. The counter-e.m.f.
inverter does not require commutating condensers, but the magnitude of
the commutating pulse must be increased with load. Other difficulties
encountered in the design of inverters are poor wave form, high voltage
regulation, and the need of low-voltage heater power. It is difficult to
make 110-volt heaters, and they are correspondingly expensive. Lowvoltage heaters may be heated initially by batteries, or from the d-c line
through series resistance, and subsequently transferred to the a-c output
of the inverter. Adequate protection must be provided to avoid damage
to cathodes in case of failure of heater power or temporary interruption
of d-c supply voltage and against high current surges if the circuit
stops oscillating. Difficulties involving heaters are, of course, avoided
by the use of igniter-type tubes, which will be discussed in a later
section.
Since the time available for commutation is small, tubes used in
inverters must have short deionization time. The FG-67 and FG-43 are
among the tubes designed for inverter service.
1 See footnote 1, p. 480.
2 Hbrskind, C. C., Elec. Eng., 56, 1377 (1937).

Sec.

12-41]

GLOW- AND ARC-DISCHARGE TUBES AND CIRCUITS

503

12-41. Thyratron Motors.—An interesting and useful application of
counter-e.m.f. extinction of thyratrons is made in thyratron commuta
tion of motors. The counter-e.m.f. induced in the armature coils is
used to extinguish the thyratrons and thus makes possible the use of
tubes and a low-current, low-voltage, rotary grid distributor in place

(a)

Fig. 12-70.—Circuit of d-c thyratron motor: (a) anode circuit; (&) grid commutating
circuit.

of the usual commutator.1 Because the grid voltages and currents are
small, sparking is avoided and insulation problems are simplified.
Figure 12-70a is a simplified diagram of the thyratron d-c shunt
motor. The associated grid circuit is shown in Fig. 12-706. Assume
that tube 1 conducts at such a time that the conductors of the armature
coil 1' exert torque in the desired direction. As the machine rotates, a
counter-e.m.f., the magnitude of which may approach the impressed
voltage, is induced in the coil 1' and opposes the
flow of current. The flux distribution of the air
gap is designed so that the counter-e.m.f. generated
in a coil is much larger under the trailing tip of
the field pole than at any other point. When coil
1' reaches the trailing pole tip, its counter-e.m.f.
is greater than that of coil 2', and commutation of
current from tube 1 to tube 2 results if the grid
Fig. 12-71.—Starting
voltages are correct. The position of the grid circuit for d-c thyratron
commutator on the shaft must be such as to fire motor.
tube 2 at or shortly after the instant at which the counter-e.m.f. in coil 1'
becomes greater than that in coil 2'.
It will be noted that in the arrangement of Fig. 12-70 the armature
coils are not prudently used, since each tube conducts only one-fourth
of the time. Other circuits have been developed in which the coils are
used more economically. It is also seen that commutation could not be
1 Willis, C. H., Gen. Elec. Rev., 36, 76 (1933).
Am. Inst. Elec. Eng., 61, 714 (1932).

See also W. M. Goodhue, Trans.
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effective at low speed, since the counter-e.m.f. is very small. To remedy
this difficulty, parallel commutation is used in conjunction with the
starting resistance, as shown in Fig. 12-71. Cutting out the resistances
as the motor comes up to speed also short-circuits the commutating
condenser.
Thyratrons are also used with an a-c supply to operate series motors,
the tubes acting both as rectifiers and as a commutator.1 Figure 12-72
shows curves obtained from data taken on tests of a 400-hp, 2300-volt

Fig. 12-72.—Performance curves for 400-hp., 2300-volt a-c thyratron motor.

motor with 18 12.5-amp (type FG-118) thyratrons acting as the com
mutator and as rectifiers of a three-phase a-c supply.2 The high efficiency
and low power factor at light loads are of particular interest. The data
for these curves were obtained by changing the position of the brushes
on the grid distributor, and thus the time in the cycle at which the tubes
lire.
The advantages of the thyratron commutator are twofold. Since
the commutator is stationary, rather than rotating as in conventional
machines, it is possible to commutate current in the coils regardless of
1 Marti, O. K., Trans. Am. Inst. Elec. Eng., 51, 659 (1932); Willis, loc. cit.;
Schenkel, M., and von Issendorf, J., Siemens Z., 13, 289 (1933); Stohr, M.,
Elektrotech. u. Maschinenbau, 51, 584 (1933); Albxanderson, E. F., and Mittag,
A. H., Elec. Eng., 53, 1517 (1934); 54, 750 (1935); Albxanderson, E. F., Edwards,
M. A., and Willis, C. H., Trans. Am. Inst. Elec. Eng., 57, 343 (1938); Garman,

G. W., Trans. Am. Inst. Elec. Eng., 57, 335 (1938).
2 Beiler, A. H., Trans. Am. Inst. Elec. Eng., 57, 19 (1938); see also Elec. World,
July 6, 1935.
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the motor speed. Secondly, by controlling the portion of the cycle
during which the tubes conduct, a simple and efficient method is made
available for changing the speed of the motor over wide limits. The first
advantage permits the use of high-voltage stationary d-c armatures and
results in increase of efficiency. (The field rotates, as in synchronous
machines, connection being made through slip rings.) The ease with
which speed can be controlled eliminates the use of complicated systems
of speed reduction. The speed is independent of supply frequency.
The disadvantages, as determined from limited operating experience, are
the high cost in comparison with other types of motors, the presumable
fragility and lack of reliability of arc-discharge tubes as compared
with other types of electrical and mechanical equipment, the higher
voltage for which the motor must be insulated to protect against surges
within the motor, and increased possibility of trouble because of the
required auxiliary equipment. Just how important a place this type of
motor will take among electrical machines is still to be determined.
An interesting tube-controlled motor of the notched-rotor type used
in electric clocks has been described by P. B. King, Jr.1 This motor
has three field coils, two of which serve as driving coils and the other
as a control coil for generating an exciting voltage which is applied to
the grids. One form of the circuit uses a parallel inverter to supply
power to the driving coils, the voltage induced in the grid coils serving
to commutate the tubes. The speed is controlled by the capacitance
of the commutating condenser. Other forms of the circuit, using highvacuum tubes, have also been devised.
12-42. The Use of Arc Tubes as Amplifiers.—Loss of control of
plate current by the grid prevents the use of ordinary thyratrons in
amplifiers or feedback oscillators. Special tubes have been designed,
however, in which the use of gas or vapor at relatively low pressure
causes sufficient ionization to result in the partial neutralization of
electron space charge.2 This greatly reduces the voltage drop through
the tube without causing loss of grid control. The advantages of such
a tube lie in the low anode voltage and the accompanying low plate
resistance and high transconductance, and in increased cathode efficiency.
A serious disadvantage is the flow of grid current at negative grid voltages.
Tubes of this type have been successfully used in amplifiers and oscil
lators, both at audio and at radio frequency.
12-43. A-c Operation of Thyratrons. Phase Control.—When a
thyratron is operated on alternating voltage, the tube extinguishes near
1 King, P. B., Jr., Electronics, January, 1936, p. 14.
2 Nelson, J. R., and le Van, J. D., QST, June, 1935, p. 23; le Van, J. D., and
Weeks, P. T., Proc. I.R.E., 24, 180 (1936); Boumeester, H., and Druyvesteyn,
M. K., Philips Tech. Rev., 1, 367 (1936); see also (abstr.) Electronics, May, 1937, p. 66.
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the end of the positive half cycle, and the grid regains control without the
use of special circuits for interrupting the anode current. By controlling
the time in the cycle at which the tube fires, the grid can vary the average
anode current. This type of control may be attained by varying the
phase of the grid voltage with respect to the anode voltage.1 The prin
ciple of operation can be explained by the aid of the diagrams of Fig.

Fig. 12-73.—Variation of firing period of thyratron by change of phase angle between
grid voltage and anode voltage.

12-73, which apply to resistance load. The solid curve vp represents
the sinusoidal applied voltage in the anode circuit, which is equal to the
instantaneous anode voltage ep up to the time of firing. The other
solid curve vg represents the instantaneous applied voltage in the grid
circuit. Under the assumption that no grid current flows previous to
firing, the grid voltage eg is equal to vg up to the instant of firing. The
dotted curve indicates the critical grid voltage at which the tube would
fire at the instantaneous anode voltage given by the curve of vp. The
1 Toulon, P., U. S. Patent 1654949.
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critical-grid-voltage curve can be derived from the grid-control charac
teristic by plotting values of critical grid voltage corresponding to the
anode voltage at various instants of the cycle.
The tube fires at the instant in the cycle when the grid voltage
becomes less negative (or more positive) than the critical grid voltage.
The anode voltage then becomes equal to the normal tube drop and,
with resistance load, the anode current rises abruptly to a value equal to
the applied anode voltage less the tube drop, divided by the load resist
ance. Current continues to flow until the anode supply voltage falls
below the ionization potential toward the end of the positive half cycle.
The wave of tube current during the conducting portion of the cycle has
nearly the same shape as the wave of applied anode voltage. To avoid
needless complication of the diagrams, the current waves are not shown,
but the portion of the cycle during which current flows is indicated by
shading. The instant in the cycle at which the tube fires is determined
by the intersection of the applied-grid-voltage curve with the curve
of critical grid voltage. Diagrams a, b, c, and d correspond respectively
to 0, 90, 150, and 180 degrees lag of grid voltage relative to anode voltage.
Inspection of these diagrams shows that the instant of firing is retarded
by increase of angle of lag 6 and that the portion of the cycle during which
current flows is decreased, becoming zero when 0 is slightly less than
180 degrees. The average anode current therefore decreases progres
sively with increase of angle of lag.
The reader can readily show by means of similar diagrams that, if the
grid excitation voltage leads the anode excitation voltage by any angle
up to about 170 degrees, the tube fires as soon as the anode voltage
exceeds the ionization potential, near the beginning of the cycle. Since
the grid has no control after the tube fires, current flows during practically
the entire positive half cycle. Diagram e corresponds to a 160-degree
angle of lead. When the angle 6 approaches 180 degrees lead, however, a
value is reached at which the grid voltage is more negative (or less posi
tive) than the critical value throughout the positive half cycle. For
values of 0 greater than this, no current flows. Thus a small change of 0
in the vicinity of 170 degrees lead causes an abrupt change of anode
current from full average value to zero. This will be termed on-off
control, in contrast to the gradual or progressive control obtained when
the grid voltage lags the anode voltage.
When the load contains inductance, the anode current wave differs
in shape from that of the applied anode voltage. The current rises
gradually after firing and continues to flow after the anode supply voltage
falls below the ionization potential, the shape of the wave depending
upon the ratio of inductance to resistance in the load. The flow of
anode current during a portion of the negative half cycle reduces the
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time available for deionization and may thus cause the grid to lose

control.
The critical grid voltage of a positive-grid tube such as the FG-33 is
very nearly constant over the whole range of anode voltage, as can be
seen from Fig. 12-29. Therefore, the critical-grid-voltage curve of such
a tube is very nearly a horizontal straight fine lying above the axis.
The critical grid voltage of a negative-grid tube, such as the FG-57, on
the other hand, varies considerably, as shown by Fig. 12-27. If the
anode voltage amplitude is high, the critical-grid-voltage curve of a
negative-grid tube is approximately sinusoidal except at the beginning
and end of the half cycle. If the anode voltage amplitude is small, the
nonlinearity of the grid-control characteristic causes the curve of critical
grid voltage to depart markedly from sinusoidal form. Because a
positive grid voltage is required to fire most negative-grid tubes at low

Fig. 12-74.—Theoretical curve of average anode current as a function of the phase angle

0

of the grid voltage relative to the anode voltage.

anode voltage, the curve lies above the axis at the beginning and end
of the half cycle, as in Fig. 12-73.
If the amplitude of the impressed grid voltage is much greater than
the maximum critical grid voltage, the curves intersect at a sharp
angle, and the shape of the critical-grid-voltage curve has little effect
upon the instant at which firing occurs at a given phase angle. When
the grid-voltage amplitude is small, however, the average current at a
given value of 6 is appreciably affected by the form of the grid-voltage
curve. A series of diagrams for phase angles lying between 150 and 180
degrees lag shows that one result of the rapid rise of critical grid voltage
to positive values at small anode voltage is to prevent continuous control
at very low average anode current when the grid-voltage amplitude is
small. The current decreases progressively with increase of phase angle
down to a certain value and then falls abruptly to zero. Smooth control
necessitates the use of adequate grid voltage.
Figure 12-74 shows the manner in which the average anode current
varies through a resistance load as the phase angle 9 is varied from 180
degrees lag to 180 degrees lead. This diagram is derived under the
assumption that the amplitude of the applied grid voltage greatly exceeds
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the maximum critical grid voltage. The fairly wide range of phase
angle in the vicinity of 180 degrees throughout which the anode current
is zero results from failure of the tube to conduct at anode voltages lower
than the ionization potential. Because of reduction of the fraction
of the cycle during which the anode voltage is less than the ionization
potential, the portion of the control characteristic of Fig. 12-74 over which
the current is zero decreases with increase of anode voltage amplitude.
A similar type of control is effected by keeping the phase of the grid
voltage constant and varying the amplitude. If vg lags vP by slightly
less than 180 degrees, as shown in Fig. 12-75, the variation of anode cur
rent is gradual. If the angle of lag is 180 degrees, on-off control is
obtained. Phase control can also be used with tubes controlled by
external grids1 or magnetic fields2 or with
the ignitron (see Sec. 12-59).
The anode current can be varied
gradually over a smaller range when
alternating voltage is used in the anode
circuit and direct voltage in the grid cir
cuit. If the grid voltage is insufficiently
Fig. 12-75.—Wave diagram
negative (or too positive) to prevent the showing
the variation of firing
tube from firing at the beginning of the period by change of amplitude of
cycle, anode current flows during nearly grid voltage.
the whole positive half cycle. Increase of negative grid voltage (or
decrease of positive voltage, in the case of a positive-grid tube)
makes the tube fire later in the cycle. When the grid voltage is
only slightly less than that required to prevent firing at the crest of
the applied anode voltage, the tube conducts for approximately a quarter
of the cycle. Further increase of negative grid voltage prevents the
tube from firing at all. The current can be decreased continuously
from a value corresponding to half-wave rectification to half this value.
One disadvantage of this type of control is that small fluctuations of
anode supply voltage or of grid voltage cause relatively large changes in
average anode current. Large changes of current are also produced by
small changes in tube characteristics. This type of control is not
applicable to external grid tubes but can be used with magnetic control.
12-44. Phase-control Circuits.—Any convenient method can be used
to shift the phase of the grid voltage. A simple method is the use of a
phase shifter (a transformer having a single-phase secondary winding
which can be turned through 360 electrical degrees within a polyphase
winding arranged to produce a rotating field) as in Fig. 12-84a. A series
combination of resistance and reactance is the basis of a number of prac-1 See footnote ’, p. 444.
2 See footnote 4, p. 444.
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tical phase-control circuits, of which Fig. 12-76 is a typical example. The
phase of the grid voltage is varied by changing R or C. The function of
R' in series with the grid is to limit the grid current to a safe value after
the tube fires and in case of short circuit of C. The required value of R'
depends upon the minimum values of the two phase-shifting impedances.
It may be omitted if both impedances are at all times large enough to
limit the grid current to the maximum average
value. With tubes in which appreciable grid cur
rent flows previous to firing, the voltage drop
through this resistor may affect the phase control
adversely. For this reason, this resistor should,
in general, not be much larger than necessary to
limit the grid current after firing. It has little
effect, however, with shield-grid thyratrons. For
the same reason, the values of Zj and Zz should
not be larger than necessary to limit the current
Fig. 12-76.—Simple through these impedances to allowable values.
type of practical phaseThe vector diagram representing the voltages
control circuit.
of the circuit of Fig. 12-76 up to the time that the
tube fires is shown in Fig. 12-77. The current Z2i is used as reference,
and the grid current is assumed to be negligible previous to firing. The
voltage F4s across the resistance is in phase with the current, whereas
the voltage Fw across the condenser lags the current by 90 degrees.
The secondary voltage F13 is the vector sum of Fu and F43. The grid
voltage Vg is equal to F24, which is the vector sum of Fu and F2i, or the
vector difference of F14 and Fi2. The impressed anode voltage Vp is
equal to F23.
A vector diagram that is more
susceptible to analysis may be derived
from that of Fig. 12-77 by application
of the theorem that the significance of
a vector diagram is unchanged by
displacing the vectors without altering Fig. 12-77.—Vector diagram of the cir
cuit of Fig. 12-76 previous to firing.
their magnitudes or the angles between
them. The resulting diagram for the special case in which the secondary
is center-tapped is that of Fig. 12-78.1 Since Fk and V43 are perpendi
cular and their sum is always equal to the secondary voltage Vi3, which is
assumed to be constant, it follows from a theorem of plane geometry that
their intersection must lie on the circumference of a circle, the diameter of
which is F13. It can be readily seen from this diagram that decreasing R,
or increasing the capacitive reactance by decreasing C, decreases 9, the
1 Weinbach, M. P.j “Alternating Current Circuits,” p. 98, The Macmillan Com
pany, New York, 1933.
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angle of lag of the impressed grid voltage relative to the impressed anode
voltage, and thus produces a gradual increase of average anode current.
When the resistance and condenser are interchanged, the vector
diagram becomes that of Fig. 12-79.1 The angle 0 is now measured
in the opposite direction, showing that the grid voltage leads the anode
voltage by the angle 0. If 0 is made to approach 180 degrees by the
use of very small resistance or capacitance, the current is zero, as shown
by Fig. 12-74. A slight increase in either R or C will retard the phase
of the grid voltage and cause the average current to increase suddenly
to full value. This circuit evidently gives on-off control.

Fig. 12-78.—Circle vector diagram
equivalent to the vector diagram of Fig. 1277.

Fig. 12-79.—Circle vector diagram for
the circuit obtained by interchanging C and
R in Fig. 12-76.

An inductance can be used in place of the condenser in the circuit
of Fig. 12-76. Since it is impossible, however, to construct an inductance
coil that does not have appreciable resistance, the voltage across the
inductance will not be 90 degrees out of phase with the current, and the
vectors representing the voltages across the inductance and the resistance
will not be perpendicular. The general behavior can, however, be
determined from a diagram in which the vectors are assumed to be perpen
dicular. The reader will find it instructive to construct these diagrams
for the circuit obtained by replacing C in Fig. 12-76 by an inductance
and for the circuit in which the inductance and resistance are transposed.
Table 12-11 is convenient in determining the circuit to be used for a
particular application. [In the table, z2 refers to the impedance adjacent
Table 12-H
Z2 (adjacent to load)

21

Manner of
varying
resistance

Manner of
varying
reactance

Manner in
which current
increases

Resistance..................................
Capacitance..............................
Resistance..................................
Inductance................................

Capacitance
Resistance
Inductance
Resistance

Decrease
Increase
Decrease
Increase

Increase
Decrease
Increase
Decrease

Gradually
Suddenlv

Suddenly
Gradually

1 Note that transposing C and R is equivalent to changing the connection of the
anode circuit from terminal 3 to terminal 1 of the transformer.
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to the load, and to the impedance between the grid and the side of
the transformer to which the load is not connected (see Fig. 12-76).]
It is a simple matter to determine, without reference to Table 12-11,
the correct circuit to produce a desired result. Suppose, for instance,
that it is desired to increase the current suddenly by an increase of
resistance. Figure 12-74 shows that sudden increase of average current
requires that the angle of lead of the grid voltage relative to the anode
voltage should be reduced by a small amount
from a value somewhat less than 180 degrees.
The grid voltage must lie in the second quad
rant of the circle vector diagram, and so the
diagram must be that of Fig. 12-80. If in
crease of resistance is to decrease the lead
of Vg, Fu must be the voltage across the
Fig. 12-80.—Circle vector
resistance,
and Vi3, which lags Fu by 90
diagram for phase-control cir
degrees, must be the voltage across a con
cuit in which increase of resist
ance causes an abrupt increase
denser. Thus the impedance adjacent to
of average anode current.
the load must be a capacitive reactance,
and the other must be the resistance.
The analysis that has been made for thyratron phase control can
also be applied to grid-glow-tube control if account is taken of the fact
that, in order for cathode-to-anode breakdown to occur, the anode
voltage must exceed the grid voltage by an amount determined by the
grid current that flows subsequent to grid-cathode ignition (see Fig.
12-16).
When the line voltage is high enough to give the required load current,
some reduction in cost may be effected by drawing the load current

Fig. 12-81.;—Variant of the circuit of
Fig. 12-76 in which the load current is taken
directly from the line.

Fig. 12-82.—Form of phase-control
circuit in which the load current is taken
directly from the line.

directly from the line. The center-tapped transformer may then be
replaced by an untapped transformer shunted by a center-tapped resist
ance as in Fig. 12-81. This transformer need have only sufficient
current capacity to carry the voltage-divider current and the grid current
after firing. The secondary voltage rating may usually be less than the
anode voltage. To ensure the proper phase relations of the voltages, the
resistance of the voltage divider should be small in comparison with
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the phase-shifting impedances. A somewhat similar circuit is shown in
Fig. 12-82. It should be noted that the circuits of Figs. 12-76, 12-81,
and 12-82 are suitable only for use with loads that will operate on direct
or pulsating current.
Another modification of the circuit of Fig. 12-76 that is particularly
useful when the load current or voltage exceeds the rated value for the
tube is shown in Fig. 12-83.1 When the phase of the grid voltage is
adjusted so that the tube does not conduct, the current through the load
cannot exceed the normal exciting current of the transformer. As the
average tube current is increased, the primary current also increases, both
because of the alternating component of secondary current and because
of the saturating effect of the direct component
of secondary current. In order that the mini
mum load current shall be small, the trans
former primary impedance must be much larger
than the load impedance. If necessary, the
minimum load current may be reduced by
shunting the load with a resistance R. If a
step-up transformer is used, the load current
—aA-c °—
exceeds the tube current. In this manner a
input
tube can be made to control load current many
Fig. 12-83.—Phase-con
circuit that is useful
times as great as the rated maximum average trol
when the current or voltage
anode current. The turn ratio, and hence the of the load exceeds the maxi
value for which the
load current, are limited because the secondary mum
tube is rated.
voltage must not exceed the rated maximum
peak inverse or forward voltage. If a step-down transformer is used, on
the other hand, the tube can be used with a supply voltage greatly in
excess of the rated maximum peak voltage, the turn ratio and voltage
being limited by the allowable average tube current. This circuit is
suitable only for loads that operate on alternating current.
The load current can be doubled by the use of two thyratrons in a
full-wave circuit such as that of Fig. 12-84a.2 This circuit also illustrates
the use of a phase shifter, which may be replaced by a combination of
resistance and reactance as in Fig. 12-846.2
A high-vacuum amplifier tube may be used in place of the resistance
in phase-control circuits. By this means a very small direct voltage in the
grid circuit of the high-vacuum tube can control large amounts of current
and power. Figure 12-85 shows circuits based upon that of Fig. 12-76.3
1 Craig, P. H., Electronics, 6, 71 (1933), 10, 26 (1937); Lowry, E. F., and Gbssford, R. K.,

Electronics, 9, 27 (1936).

2 Baker, W. R. G., Fitzgerald, A. 8., and Whitney, C. F., Electronics, January,
1931, p. 467.

3 Baker, Fitzgerald, and Whitney, ibid.; Coroniti, S. C., Proc. I.R.E., 31,
653 (1943).
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Similar circuits using inductance in place of capacitance have discontinui
ties in the curve of average current vs. control voltage. Oscillographic

Fig. 12-85.—Phase-control circuits in which the use of vacuum-tubes as resistance makes
possible control by direct voltage.

studies show that this difficulty is the result of transient oscillations set up
periodically in the inductance when the high-vacuum-tube plate current
cuts off. An objection to the circuit of Fig. 12-85a is the fact that the
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cathode of T, connects to the grid of T2. Since the cathode of T2 is
capacitively grounded through the heater transformer, the cathode of
Ti cannot be grounded without affecting the control action adversely.
When the cathode of Th is not grounded, however, the control is affected
by body capacitance to Ti. This objectionable characteristic is avoided
in the circuits of Figs. 12-856 and c. The function of the resistance R
in the circuit of Fig. 12-846 is to adjust the minimum load current.
(Reliable operation of this circuit necessitates that the phase relation
between the grid and plate voltages of the thyratron be correct. If the
action is erratic, or if the circuit fails to function, the connections to the
primary or secondary of the thyratron anode transformer should be
reversed.) Both circuits give gradual control of load current. By the
use of a diode rectifier in the grid circuit of the vacuum tube Ti, the
control can be made sensitive to small alternating voltages of any
frequency. A very sensitive light-operated control is obtained by using
a phototube to change the grid volt
Sa+urableage of the high-vacuum tube (see Sec.
13-8).
The field of application of most phase
control circuits in which a very high
resistance may be used as the controlling
element can be greatly extended by
replacing the resistance by a phototube.
This is discussed in Chap. 13 (see Sec.
6
A-c input
13-10).
12-45. Use of Saturable Reactor in
Phase-control Circuits.—Sometimes it is

Fig.

12-86.—Phase-control

circuit

incOTP°ratins a saturable reactOTnecessary to apply phase control to loads that require alternating
current. Although this can be accomplished by means of thé circuits
of Fig. 12-84, the fact that the anode current in general consists of
periodic pulses lasting only a portion of the cycle causes the wave form
of the load current to be poor. This difficulty can be avoided by using
the thyratron current to saturate the core of a reactor, the reactance of
which controls the load current. This method has the additional
advantage of making possible the control of larger load currents at
higher voltages.
A typical control circuit incorporating a saturable reactor is shown
in Fig. 12-86. The load current is limited by the reactance of the coils
A and B. These coils are of equal dimensions and are connected so
that the fluxes that they produce add in the outer arms of the core but
cancel in the center arm, which holds the winding C. For this reason
no alternating voltage is induced in coil C. The anode current of the
thyratron Ti flows through coil C, producing a d-c flux which divides
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equally between the outer arms of the core and thus reduces the reactance
of A and B. When the average anode current is zero, the load current
cannot exceed the exciting current of the reactor. If the maximum
average anode current is sufficient to saturate the core, the resulting
reactance will be so small as to have very little effect upon the load
current. The function of the rectifier T2 is to provide a path for the
direct current in coil C during the portion of the cycle when Ti does not

(a)
Glow Lube

Silicon
stee!\

(Magnetic
' \ shun/

rt

.i 1

--- ----- C

Pr/maryA.C. from
phase -shifting
network

Thyrite

Ph ase shift
coi!^

j*- Pernialiby
A-c
Input

D-c Phase-shifting
voltage

Fig. 12-87.—Circuits for producing voltage pulses for thyratron control.

conduct.1 If T2 were omitted, the voltage induced in coil C would tend
to maintain current flow in Ti during the whole cycle and thus prevent
the variation of saturating current by phase control of Ti.
12-46. Voltage Impulses for Grid Control.—When it is very important
that the thyratron fire at exactly the same point in the cycle in suc
ceeding cycles, it is sometimes desirable to use a fixed negative grid
bias and to fire the tube by means of a positive pulse of grid voltage.2
This type of control has the additional advantages that the negative
i Babat, G., Proc. I.R.E., 22, 314 (1934).
2 Morack, M. M., Gen. Elec. Rev., 37, 288 (1934).
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grid voltage aids deionization and that the positive-ion bombardment
of the grid obtained with negative bias helps to remove emitting material
deposited upon the grid.
Figure 12-87 shows fodr methods by which voltage impulses can be
produced and the shape of the resulting voltages. In (a) the pulse is
produced by a synchronous contactor which applies an additional posi
tive grid battery to the grid circuit for an instant. Circuit (6) uses
a saturable reactor in series with a resistor. The reactor saturates near
zero of the applied voltage and produces, across the resistor, a peaked
voltage wave that is applied to the grid through a transformer. In (c),
when the glow tube breaks down, the condenser current starts to flow
abruptly, giving a secondary voltage with a steep wave front. In circuits
(6) and (c) the firing time is changed by shifting the phase of the input
voltage to the pulse circuit.
A more satisfactory method of producing control pulses is by the
use of an impulse transformer of the type shown in (d).1 The legs of the
core holding the grid-voltage coils are of small cross section and are
made of permalloy, which has high permeability up to a certain flux
density, above which it saturates rapidly. The secondary voltage is
very peaked and of short duration. The positive pulse is applied to the
thyratron grid through the rectifier RTy. The negative pulse is by-passed
through the rectifier RT2. Thyrite is used for Rc because its resistance
increases with decreasing voltage, thus helping to maintain a small
negative grid voltage caused by electrons trapped on C during the time
the grid is positive, but' allowing rapid discharge when the voltage is
high. The time in the cycle at which the voltage pulse occurs is readily
changed by means of direct saturating current in the phase-shifting
winding. Current in one direction advances the phase of the secondary
voltage; current in the other direction retards the phase. By using
both secondary coils it is possible to control two tubes which fire during
opposite halves of the cycle of supply voltage, giving full-wave operation.
Other types of pulse generators have been discussed in Secs. 10-7 and
10-8.
12-47. Tubes for Phase-control Circuits.—In most phase-control cir
cuits the grid-circuit resistance or impedance is high. For this reason
these circuits function best with low-grid-current tubes, preferably of
the shield-grid type.
Applications of A.c.-operated Control Circuits.—Phase-control cir
cuits are used for the control of illumination, for the control and stabiliza
tion of alternating load current and voltage, for the control and stabiliza
tion of the voltage and frequency of alternators, for temperature control
and stabilization, for the control of rectifier output voltage, and for
1 Kiltie, O., Elec. Eng., 51, 802 (1932).
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many other purposes. The advantages of thyratron control of current

over the use of series resistance are the large saving in power and the
ease with which the current can be varied by means of small low-current
variable resistors, reactors, or condensers. As a switch, the a.c.-operated
thyratron has found its greatest application in the control of spot welders.
The following applications are of special interest because of the principles
involved. For a comprehensive treatment of commercial and laboratory
applications of thyratrons the reader should refer to other texts.1
12-48. Illumination Control.—Any of the phase-control circuits that
have been discussed can be used for the purpose of controlling illumina
tion. The simple phase-control circuits of Figs. 12-76 and 12-81 to
12-86 control the load current but not the load voltage. These circuits
are consequently not entirely satisfactory for illumination control, since
the brightness of each lamp depends not only upon the setting of the
controller but also upon the number of lamps in the circuit. This
difficulty can be avoided by the use of a circuit that controls the lamp
voltage, rather than the current. Such a circuit, developed by the
General Electric Company, is shown in Fig. 12-88.2
12-49. Alternating Load-voltage Control.—The circuit of Fig. 12-88
is useful not only in the control of illumination but also in any application
in which it is desired to control the voltage of an a-c load and to stabilize
the voltage against variations of load. The operation of this circuit is
based upon the reactor-saturation control of Fig. 12-86, control of the
thyratron Ti being obtained by variation of direct grid voltage. This
grid voltage is made up of two parts, Vl and Vs. The former is derived by
rectifying the voltage between a and b, which varies with load voltage;
the latter is derived by rectifying the portion of the line voltage between
c and d. When alternating voltage is first applied, the reactor has
maximum reactance, the load voltage is low, and so Vs .exceeds VL.
This causes the grid of Ti to be positive and allows the tube to conduct
during the entire positive half cycle. The resulting high rectified current
through the d-c winding of the reactor reduces its inductance and raises
the load voltage. As the load voltage rises, Vl also rises, eventually
making the grid negative and reducing the conduction time of Ti and
hence the saturating current. Equilibrium is established at some value
of load voltage that depends upon the setting of Pi. If the voltage
across c-d is lowered, V„ goes down, and the thyratron grid becomes so
negative that the thyratron stops conducting. The direct current
through the reactor falls, lowering the lamp voltage. This in turn
1 Henney, K., “Electron Tubes in Industry,” 2d ed., McGraw-Hill Book Com
pany, Inc., New York, 1937; Gulliksen, F. H., and Vedder, E. H., “Industrial
Electronics,” John Wiley & Sons, Inc., New York, 1935.
2 Chambers, D. E., Elec. Eng., 54, 82 (1935).
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reduces the voltage Vl and hence reduces the negative grid voltage.
Equilibrium is again established at a lower value of anode current and
load voltage.
Since the action of this circuit depends upon balancing the voltage
between c and d against that between a and b, and not upon the load
current, the load voltage is practically independent of load current.
The load voltage is also practically independent of tube and reactor
characteristics and of frequency. The speed of response depends prin
cipally upon the rapidity with which the steady reactor flux can change.
It should be noted that the voltage between c and d varies with alter
nating line voltage and that this device will not, therefore, correct for
fluctuations of line voltage.

Fig. 12-88.—Thyratron control circuit in which the load voltage is independent of load
resistance.

12-50. Voltage,

Speed, and Frequency Regulators.—Since

the

development of thyratrons, many circuits have been devised for the
regulation of voltage, speed, and frequency. The principles involved
in these circuits are in general those which have been discussed. Those
particularly interested in this field will find it instructive to refer to the
technical literature.
12-51. Temperature Control of Ovens.—A number of thyratron
circuits have been developed for controlling and stabilizing the tempera
ture of electric furnaces or ovens. The most sensitive that has been
devised uses a phototube in place of the resistance in the phase-control
circuit of Fig. 12-761 (see also Fig. 13-19). The anode current supplies
part or all of the heat. The phototube is controlled by a beam of light
reflected from the mirror of a galvanometer which is energized by the
current from a thermo junction in the oven. Increase of temperature
deflects the beam, reducing the illumination of the phototube and increas
ing its resistance, and thus decreases the average anode current. With
this circuit the temperature may readily be held constant within a tenth
of a degree at temperatures in the vicinity of 1000°C.
1La Pierre, C. W., Gen. Elec. Rev., 35, 403 (1932); Zabel, R. M., and Hancox,
R. R., Rev. Sci. Instruments, 5, 28 (1934).
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12-52. Grid-controlled Rectifiers.1—Grid-controlled rectifiers are

advantageously used in the conversion of alternating into direct current.
Among the advantages are the ease with which the direct voltage can
be controlled by the use of phase-control circuits, the rapidity with which
the current can be interrupted in case of overload or short circuit, and
the possibility of using inverter action to feed back to the a-c line energy
stored in filter condensers and chokes which would otherwise have to be
dissipated in an arc when the circuit is interrupted.2 The use of grids
also reduces the danger of arcback.
12-53. Welding Control.3—In electric welding it has been found to
be advantageous to use a series of equally spaced spot welds, rather than
Welding
transformer

Grid transformer

Control switch
Fig. 12-89.—Thyratron welding control circuit.

a continuous weld. In order to accomplish this, the welder must be
switched on and off periodically. Because of the heavy currents, mechan
ical switches are unsatisfactory. The value of the thyratron in this
service arises from the ability of the grid to control large currents without
in itself requiring large current, from the consistency with which the
grid can control the welding time, and from the absence of large current
transients when tube control is used.
Figure 12-89 shows one form of thyratron switching circuit for welding
control.4 The operation is in some respects similar to that of the circuit
of Fig. 12-83. The thyratron grids are biased negatively by the auxiliary
1 Brown, H. D., Gen. Elec. Rev., 35, 439 (1932); Foos, C. B., Elec. Eng., 35, 568
(1934); Kime, R. M., Electronics, August, 1933, p. 219; Journeaux, D., Elec. Eng.,
53, 976 (1934); Durand, S. R., and Keller, O., Proc. I.R.E., 25, 570 (1937).
2 Durand and Keller, ibid.
3 Griffith, R. C., Gen. Elec. Rev., 33, 511 (1930); Martin, S., Jr., Welding, 3,
293, 361 (1932); Lord, H. W., and Livingston, O. W., Electronics, July, 1933, p. 186;
Chambers, D. E., Elec. Eng., 54, 82 (1935;) Palmer, H. L., Gen. Elec. Rev., 40, 229,
321 (1937); Clark, S. A., Electronics, August, 1942, p. 36, September, 1942, p. 55,
October, 1942, p. 62, November, 1942, p. 65. See also footnote 3, p. 527.
4 Chambers, D. E., ibid.; Palmer, H. L., ibid.
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rectifier tubes, so that no anode current flows when the control switch is
open. The current through the welding transformer then cannot exceed
the exciting current of the series transformer. When the switch is closed,
there is applied to the thyratron grids an alternating voltage that is in
phase with the anode voltage and thus causes the flow of full average
anode current. When the thyratrons conduct, the effective primary
Expansion tank for
rectifier coo!inn
water
Anode
radiators

Anode plate
thermostat

Grid
voltmeters

cock

Water-cooled
vacuum pipe

Electric
vacuum
gage
Highvacuum
pump
Built-on .
rotary !
vacuum
pump

À node
insulatoi

Grid

resistor
Cooling
col I water
inlet

Motor For
rotary vacuum
pump

Rubber has

Wafer jacket Inlet

Cathode terminal

Fig. 12-90.—Typical grid-controlled multi-anode tank rectifier. This rectifier is
approximately 9 ft. high and can handle 2750 kw at 625 volts.
(Courtesy of Allis-Chalmers

Manufacturing Co.)

impedance of the series transformer is reduced to a very low value, and
practically full line voltage is applied to the primary of the welding trans
former. The thyrite resistor across the primary of the series transformer
prevents dangerous surges of voltage. The control switch of the circuit
of Fig. 12-89 is usually replaced by an intermediate control circuit,
which is in turn operated by the voltage from a thyratron relaxation
oscillator of the type discussed in Sec. 12-33. Adjustment of the circuit
constants of this oscillator and of the bias applied to the intermediate
control circuit makes it possible to vary the frequency of the welding
cycle and the portion of the cycle during which welding current flows.
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Because the oscillator is controlled by 60-cycle synchronizing voltage
(see Secs. 10-14 and 10-15), the timing is very accurate.
In another type of circuit the welding time is limited to half a cycle
or less.1 The portion of the cycle during which current flows is controlled
by the use of phase control.
12-54. Relay Control.—A promising field of application of thyratrons,
either alone or in combination with high-vacuum tubes, is in the operation
of relays as the result of changes of relative magnitude or phase of two
or more voltages or currents.2
12-55. Mercury Pool Arc-discharge Tubes.—Mercury pool arc
discharge tubes may, in general, be used in the circuits and applications
treated under hot-cathode arc tubes. Mercury pool tubes are much
more rugged than hot-cathode arc tubes. The fact that the cathode need
not be heated results in four other advantages over the thyratron: (1) the
over-all efficiency is higher, (2) the tube is instantly available for operation,
(3) freedom from danger of cathode deactivation or destruction gives in
creased reliability in industrial service, and (4) the anode current is not
limited by available cathode thermionic emission current, but only by
heating of the anode or anodes and of the tube as a whole. By the use of
water cooling, very high current capacity may be attained. Mercury pool
tubes are designed for types of service requiring currents measured in tens
and hundreds or even, instantaneously, thousands of amperes.
As rectifiers, mercury pool tubes have been used for many years,
first in glass envelopes, later in metal tanks continuously evacuated, and
finally, in small sizes, in sealed metal envelopes. For a detailed dis
cussion of constructional and operational features of these rectifier
tubes the reader should refer to books on the subject of commercial
power rectification.8
Grid-controlled mercury pool rectifiers provided with keep-alive
anodes are used as power rectifiers, phase control affording a simple
method of varying or regulating the output voltage (see Sec. 14-3).
The grids, which surround the anodes, also serve to prevent mercury
from depositing on the anode and causing arcback. A typical watercooled high-power, grid-controlled tank rectifier is shown in Figs. 12-90
and 12-91. Tubes of this type have relatively long deionizing time and
are not convenient for use in the control of small amounts of power.
1 Griffith, loc. cit.; Lord and Livingston, loc. cit.
2 Widerob, R., Trans. Am. Inst. Elec. Eng., 53, 1346 (1934).
3 Prince, D. C., and Vogdes, F. B., “Principles of Mercury Arc Rectifiers and
Their Circuits,” McGraw-Hill Book Company, Inc., New York, 1927; Marti, O. K.,
and Winograd, H., “Mercury Arc Rectifiers—Theory and Practice,” McGraw-Hill
Book Company, Inc., New York, 1930; Jolley, L. B. W., “Alternating Current
Rectification,” John Wiley & Sons, Inc., New York, 1931.
the end of Chap. 14.
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The field of application of mercury pool arcs has been greatly extended
by the development of igniter-controlled tubes.1
12-56. Comparison of Igniter and Grid Control.—There are two
fundamental differences between the hot-cathode thyratron and the
cold-cathode ignitron (see Sec. 11-20). The first is the mechanism of
electron emission at the cathode. In the cold-cathode arc, emission
probably results from the formation by space charge of very high fields
at the surface of the cathode, rather than from thermionic emission, as
, Vacuum-pump
/ connection

Cooling-water outlet.

_ - Condensing
chamber

Anode _
cooling
vanes

Anode
terminal

Anode ■

Water----jacket

Anode
shield

''Grid

Mercury cathode,

Auxiliary
anode -■

Ignition anode

Cathode terminal.

Cooling water¡n/et/ff
Fig. 12-91.—Cross section through typical Allis Chalmers mercury-arc power rectifier
of the multianode type. The main anode, at the left, is shown air-cooled. The broken
line indicates an optional radiator for water-cooling.

in the hot-cathode arc. The second difference, the method of controlling
the formation of the arc, is in reality the result of the first. In a hotcathode arc tube the continuous ample emission of electrons at the
cathode makes it possible for the arc to form when the anode voltage
exceeds the ionization potential of the gas or vapor. The function of the
grid in a thyratron is to prevent formation of the arc. Before the grid
can regain control after arc extinction, it is necessary that deionization
shall be so complete that the arc cannot form between the grid and
the cathode and that the grid is not surrounded by an ion sheath which
1 Slepian, J., and Ludwig, L. R., Trans. Am. Inst. Elec. Eng., 52, 693 (1933);
Knowles, D. D., Electronics, June, 1933, p. 164.
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prevents it from holding back electrons emitted from the cathode. This
may require as much as 100 )usec. In the cold-cathode arc tube, on the
other hand, the emission mechanism is such that high current density and
high ion density in the vicinity of the cathode are necessary for its
maintenance. Within a few microseconds after extinction, the deioniza
tion in the vicinity of the cathode is great enough so that the required
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Fig. 12-92.—Construction of the type
WL-651 water-cooled metal ignitron.

{Courtesy of Westinghouse
Manufacturing Co.)

Electric

and

Fig. 12-93.—Cut-away view of type FG258A water-cooled metal ignitron. {Cour

tesy of General Electric Company.)

emission is not reestablished by reapplication of anode voltage.1 Fur
thermore, even if the anode voltage is high enough to cause a glow, break
down into an arc occurs only rarely and at random intervals. The
function of the control electrode in a mercury pool tube is not, therefore,
to prevent formation of the arc, but to initiate the arc. This can be done
by producing ionization of density comparable with that caused by the
arc. In the ignitron the required ion density is obtained by means of
an auxiliary rod, the igniter, which touches the surface of the mercury
pool. A heavy current from igniter to pool causes the formation of an
1 Knowles, D. D., and Bangratz, E. G., Elec. J., 30, 501 (1933).
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auxiliary arc which is followed within a microsecond by the formation
of the main arc.1
12-57. Ignitron Construction.—A typical air-cooled glass ignitron,
the KU-637, was shown in Fig. 11-14. The use of metal construction
and water cooling has resulted in tubes of greatly reduced size and with
smaller probability of arcback. It has been found that tendency toward
arcback in mercury pool tubes is favored by the positive-ion back current
that flows during the negative half cycle before deionization is complete.2
Since the deionizing time is reduced by lowering the temperature (see
Sec. 11-22), the efficient cooling attainable in water-jacketed metal
ignitrons is conducive to freedom from arcback.
The important features of construction of water-cooled ignitrons
may be discerned from Figs. 12-92 and 12-93, which show a drawing
of the type WL-651 ignitron and a cutaway view of the type FG-258A
ignitron. The shell is not insulated from the mercury cathode and is,
therefore, at cathode potential. The igniter and anode leads are insu
lated from the envelope by means of glass bushings. If the conducting
time of the tube exceeds the time in which the spot can move to the edge
of the pool, it may anchor to the envelope and cause material to be
sputtered from the metal wall. For this reason, some ignitrons are
provided with a spot fixer.3 This is a metal strip at the surface of the
mercury pool, which prevents the cathode spot from moving about.
Choice of material for the igniter rod is an important consideration in
the design of ignitrons. It has been found that a semiconductor, such as
boron carbide or silicon carbide, is satisfactory. The compound is
finely ground and formed into a rod with the aid of a binder. An irreg
ular surface, resulting from the projection of numerous sharp edges or
points of crystals, is essential. In order to limit the energy required to
initiate the arc, the rod diameter and the shape of the end of the rod must
be properly chosen.4 The starting current increases with rod diameter.
12-58. Comparison of Thyratron and Ignitron.—Because of the great
rapidity with which control is reestablished, the certainty of control
is greater for the ignitron than for the thyratron. Arcbacks may occur
occasionally, but it has been shown that arcback is essentially a random
phenomenon and that the probability of its occurrence can be reduced
to as low as one arcback in a month of use.5 Other advantages of the
1 Dow, W. G., and Powers, W. H., Elec. Eng., 54, 942 (1935).
2 Ludwig, L. R., Maxfield, F. A., and Toepfer, A. H., Elec. Eng., 53, 75 (1943).
3 Wagner, C. F., and Ludwig, L. R., Elec. Eng., 53, 1384 (1934); Tonks, L.,

Physics, 6, 294 (1935).
4 Slepian, J., and Ludwig, L. R., Trans. Am. Inst. Elec. Eng., 52, 693 (1933);
Cage, J. M., Gen. Elec. Rev., 38, 464 (1935); Toepfer, A. H., Elec. Eng., 56, 810

(1937).
5 Slepian, J., and Ludwig, L. R., Trans. Am. Inst. Elec. Eng., 51, 92 (1932).
See also D. C. Prince, J. Am. Inst. Elec. Eng., 46, 667 (1927).
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ignitron were discussed in Sec. 12-55. A serious disadvantage of the

ignitron is the necessity for a large pulse of energy to initiate the arc.
An igniter current of the order of several amperes for a time of about
100 jusec may be required. During this time the anode voltage must
remain about 25 volts above the normal tube drop of 10 volts in order
that the tube shall fire. In contrast to the hot-cathode arc tube, which
will operate at small anode currents, the mercury pool type of arc tube
requires an anode current of the order of 1 or 2 amp in order to maintain
the arc. This is sometimes a disadvantage but may, on the other
hand, assist in the extinction of the arc in d-c operation. The maximum
peak voltages at which ignitrons can be operated are in general lower than
those of thyratrons. Operating data for typical ignitrons are listed
on p. 688.
12-59. Ignitron Control Circuits.—The methods used in stopping
the anode current of thyratrons are applicable to ignitrons. The arc

Fig. 12-94.—Ignitron firing circuit.

Fig. 12-95.—Ignitron phase-control circuit incor

porating a thyratron. .

may be extinguished by reducing the current for an instant below the
value necessary to maintain the cathode spot. Because of the relatively
high energy required to fire the ignitron, the simple phase-control circuits
discussed earlier in the chapter cannot be applied directly to ignitron
control. A phase shifter capable of supplying the necessary power may
be used. Several circuits have been developed that allow the tube to
be fired by energy supplied by the line.1
Figure 12-94 shows the basic form of one type of ignitron firing circuit.
The rectifier tube T2 serves the dual function of preventing the flow of
igniter current during the negative half of the cycle of applied voltage
and of interrupting the igniter current after the anode fires in the positive
half cycle. After the anode fires, the voltage applied to the igniter circuit
is the ignitron tube drop, which is approximately equal to the rectifier
tube drop. The igniter current therefore falls to zero. Substitution
of a phase-controlled thyratron in place of the rectifier, as in Fig. 12-95,
makes possible the control of the time in the cycle at which the ignitron
is fired.
In the circuits of Figs. 12-94 and 12-95 the igniter current flows
through the load. For this reason there is likely to be some variation
of the time in the cycle at which the anode fires. This difficulty is
1 Knowles and Bangbatz, loc. cit.
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avoided in the circuit of Fig. 12-96, in which the condenser C is charged
through the rectifier T3 and discharged through the thyratron T2 at a
time determined by the phase-shifting network. Oscillograms show
that with this circuit the ignitron fires with regularity at a predetermined
point of the cycle of alternating supply voltage.1 In order that the

Fig. 12-96.—Phase-control circuit in which the ignitron is fired by energy stored in the
condenser C.

thyratron T2 will extinguish, the rectifier circuit is designed so that the
charging current of the condenser is less than the current required to
maintain the arc of T2.
Because of the high peak currents to which the thyratrons are sub
jected in the circuits of Figs. 12-95 and 12-96, particularly if anode

Fig. 12-97.—(a) Ignitron firing circuit.

(&) Wave form of ignitor current.

breakdown fails to occur, the life of the thyratrons is relatively short.
The need for thyratrons is avoided in the circuit of Fig. 12-97a, in which
direct and alternating voltages are impressed simultaneously in the
igniter circuit, which contains an iron-core choke.1 As the result of
core saturation, a high pulse of igniter
current flows during the positive crest
of impressed alternating voltage, as
shown in Fig. 12-975. The average
igniter current and the reverse cur
Iqnifer
Igniter
control
control
rent during the negative half cycle
Fig. 12-98.—Full-wave ignitron circuit.
are, however, small. Phase control
may be obtained by shifting the phase of the impressed alternating
igniter voltage relative to the anode voltage.
The circuits of Figs. 12-95 to 12-97 can be readily converted into
full-wave circuits. Figure 12-98 shows a full-wave ignitron circuit that
1 Klempebeb, Hans, Electronics, December, 1939, p. 12.
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permits current to start flowing at a predetermined point in each half

cycle.1
Ignitron Applications.—The applications of the ignitron are in general
the same as those of the thyratron. They include spot-welding control,
inversion and frequency transformation, illumination control, and motor
commutation.2 At present spot-welding control is by far the most
important application of ignitrons.
12-60. Externally Controlled Mercury Pool Arc Tube.—Breakdown
of a glass mercury pool tube containing a small amount of inert gas may
be initiated by means of an external electrode in contact with the glass
wall. The sudden application of high voltage between the external
electrode and the cathode causes the formation of a glow, with subsequent
formation of an arc between the anode and the cathode. The objection
to this type of control lies in the lowering of the anode-cathode glow
breakdown voltage by the use of gas, but it has found application in
stroboscopes.
12-61. The Strobotron.—Another type of cold-cathodé arc tube has
been developed by Germeshausen and Edgerton.3 The electrode struc
ture of this tube is illustrated in Fig. 12-99. The cathode consists of a
cup containing a cesium compound that liberates free cesium under the
action of the cathode spot. In this manner high thermionic emission is
obtained at relatively low temperature.
Anode
The cathode is surrounded by a ceramic
Glass
insulator which concentrates the discharge
on the active portion of the cathode and
serves as a support for the inner grid. This
Outer grid
grid is a wire-mesh screen directly above
(graphite ring)
the cathode. During the operation of the
■
■ XInner grid
tube, the inner grid becomes coated with
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when this grid acts as a cathode. A second
h |V“^f—Orw/n/b
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or outer grid, a graphite ring, is mounted
''Cathode (Cup
above the ceramic insulator. Graphite is
containing cesium
used because the cesium which condenses
compound)
Fig. 12-99.—Strobotron electrode
on it does not lower the breakdown voltage
structure.
between it and the cathode. The anode is
about an inch above the grid, the anode support wire being insulated by
means of a glass shield in order to prevent the discharge from taking the
1 Stoddard, R. N., Elec. Eng., 53, 1366 (1934).
2 Wagner, C. F., and Ludwig, L. R., Elec. Eng., 53, 1384 (1934); Ludwig, L. R.,
Maxfield, F. A., and Toepfer, A. H., Elec. Eng., 53, 75 (1934); Silverman, D., and
Cox, J. EL, Elec. Eng., 53, 1380 (1934); Dawson, J. W., Elec. Eng., 55, 1371 (1936);
Packard, D., and Hutchings, J. H., Elec. Eng., 56, 37, 875 (1937).
3 Germeshausen, K. J., and Edgerton, H. E., Elec. Eng., 55, 790 (1936).
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shorter path to the support. One of the noble gases, usually neon or
argon, is used in the tube.
Breakdown is initiated as a glow discharge between two of the elec
trodes, usually the two grids. If the glow current exceeds a certain
value and the anode source is capable of supplying sufficient current to
maintain an arc, a cathode spot immediately forms, and the discharge
changes into an arc between the anode and the cathode. Because either
grid may be made either positive or negative relative to the cathode,
there is considerable latitude in the operating voltages that may be used.

A typical control characteristic is shown in Fig. 12-100. By proper
choice of grid voltages, the glow current required to initiate arc
breakdown may be made as small as 2 X IO-9 amp.1 The tube will
carry a peak current of 200 to 300 amp and an average current of
50 ma.
Developed primarily as a stroboscopic light source, the strobotron
has other applications.2 It may, for instance, be used to fire an exter
nally-controlled mercury pool arc tube. Its advantages as a stroboscopic
light source result in part from the large peak current that can be carried
without damage to the cathode.
12-62. Stroboscopes.—An important industrial and scientific applica
tion of the arc tube is as a stroboscope. If an intermittent source of
light is synchronized to the frequency of rotation or vibration of a
1 White, A. B., Nottingham, W. B., Edgerton, H. E., and Germeshausen,
K. J., Electronics, March, 1937, p. 18.
z*Germeshausen, K. J., and Edgerton, H. E., Electronics, February, 1937, p. 12;
Gray, T. S., and Nottingham, W. B., Rev. Sci. Instruments, 8, 65 (1937).
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mechanical device or to a multiple or submultiple of the frequency, the

moving object will appear to be stationary when examined by the light.
The requirements of such a light source are (1) easily controlled frequency
of illumination, to allow synchronization of light and motion over a large
frequency range, (2) extremely short duration of light flash, so that the
moving part under observation will not appear to move while it is illum
inated, and (3) light of great brightness, so that the moving part will be
clearly seen despite the short time of illumination. By acting as a
shutter of extremely high speed, the stroboscopic light source also makes
possible the photographing of rapidly moving objects.
One type of stroboscopic tube, the strobotron, has already been dis
cussed. Where small illumination suffices, thyratrons may be used as
the light source. Ordinary thyratrons are not designed to be efficient
light sources, however, and the production of intense illumination neces
sitates the use of such large peak currents that the life of a hot-cathode
tube is shortened. Mercury pool tubes are therefore generally used in
preference to thyratrons. The tubes may be constricted where the
discharge takes place. The constriction not only concentrates the light
emitting region, but the proximity of the walls also speeds deionization
of the gas and thus prevents serious afterglow.
To produce a sharply defined flash of light, a condenser is discharged
through the stroboscopic tube. Discharge
Rs
may be initiated by a voltage impulse applied
to an external electrode or an internal grid
FG-17
or by firing an auxiliary thyratron which is
in series with the tube and a source of limited
current, so connected that the condenser dis
charges only through the main tube. The
R|
R4
inert gas which is essential to the use of
Fig. 12-101.—Stroboscope
external arc initiation is not objectionable in
circuit in which the discharge of
stroboscopic tubes because the relatively
a condenser through a cold
cathode arc tube is initiated by
small diameter and large electrode spacing
a thyratron.
prevent the glow breakdown voltage from
being too low. The complete circuit of a stroboscope is complicated by
the necessity of tripping the tube by an impulse of steep wave front in
order to ensure accurate adjustment and synchronization, especially in
the observation of rapidly; moving objects.
Figure 12-101 shows a typical circuit in which a thyratron controls
the tripping impulse applied to the external grid of a mercury pool arc
tube.1 The large condenser C2 is charged through the resistance R3,
1 Edgerton, H. E., and Gbrmeshausen, K. J., Rev. Sci. Instruments, 3, 535
(1932). See also H. E. Edgerton, Elec. Eng., 60, 327 (1931), Electronics, July, Ï932
p. 220; R. C. Hitchcock, Elec. J., 32, 529 (1935).
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and the condenser Ci is charged through Ri and R3. Application of a
tripping impulse to the primary of the transformer Tri fires the thyratron
Ti, which discharges the condenser Ci through the primary of the step-up
transformer Tr2. The induced voltage in the secondary of Tr2 is applied
between the anode and the external grid of the mercury pool tube T2,
causing the latter to fire. Since the impedance between C2 and the
mercury pool tube is very low, the discharge current is high and of
extremely short duration. The light emitted by T2 is therefore intense

Fig. 12-102.—Self-excited strobotron stroboscope.

and of short duration. Figure 12-102 shows a simple self-excited stro
botron circuit which is essentially an arc-tube relaxation oscillator of the
type discussed in Sec. 12-33.1 Figure 12-103 shows a modification of the
circuit of Fig. 12-102 in which the firing of the strobotron is controlled
by the output voltage of a multivibrator.1
Because of the very short duration of the condenser discharge in the
circuits of Figs. 12-43 and 12-64, these circuits may be used as the basis
of a simple and reliable stroboscope. This is accomplished by connecting
the light source across the secondary of an induction coil, the primary

Strobotron
Fig. 12-103.—Strobotron stroboscope controlled by a multivibrator.

of which shunts Li and which contains no vibrator. The circuit of
Fig. 12-64 is self-exciting but may be synchronized to the frequency of
the system under observation by means of voltage applied to the grid
circuit through a transformer in series with Rc. The circuit of Fig. 12-43,
which must be tripped by a voltage pulse synchronized to the frequency
of the object under observation, may be used over a wide frequency
range without readjustment of circuit constants. The synchronizing
voltage may be applied through a transformer in series with C2, C3 being
1 Gebmehausen and Edgebton, Elec. Eng., 55, 790 (1936).
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omitted. In either circuit, only a resistance need be used as “load” in
series with the supply voltage. An Edison-type neon lamp, with the
ballast resistance removed from the base, or, preferably, a small neon
sign, makes a suitable light source. The flash is of longer duration than
that obtained with a strobotron or a mercury pool tube, but excellent
results are obtained in many applications. Both the duration of the
flash and the intensity are decreased with decrease of Ly. For an FG-67
thyratron, operated from a 110-volt direct-current supply, Cy should
have a capacitance of from 20 to 40 pt, and Ly an inductance of from
0.2 to 0.7 mh. Ly should have as low resistance as possible.
Problems

12-1. a. Design a circuit in which a glow-tube oscillator causes the periodic
opening and closing of a relay. The frequency of operation and the fraction of the
cycle during which the relay is energized are to be adjustable. All voltages except
for cathode heating should be derived from a single 220-volt d-c supply. The relay
closes on 7 ma and opens on 6 ma. Specify all tubes, circuit constants, and operating
voltages.
b. By constructing a curve of plate current vs. time, on which the critical relay
currents are shown, prove that the percentage of the cycle during which the relay is
energized cannot be varied progressively from zero to 100 per cent.
12-2. Derive Eqs. (12-2), (12-6), and (12-7).
12-3. By means of a circle vector diagram, determine which of the impedances of
Fig. 12-76 should be a resistance and whether the other should be inductive or capacitive in order that increase of resistance may produce pro
gressive increase of average anode current.
12-4. a. Draw waves of anode voltage vs. electrical
degrees for sinusoidal anode voltages of 200 volts and 800
volts crest value; and, by the use of the grid-control
characteristics of Fig. 12-27, construct corresponding waves
of critical grid voltage for a type FG-57 thyratron.
b. Use the curves of (a) to derive curves of average
anode current vs. phase angle, 9, between grid and anode
Fig. 12-104.—Circuit dia
voltages, for crest grid voltage equal to twice and to ten
gram for Prob. 12-5.
times the maximum critical grid voltage.
12-5. The operation of the phase-control circuit of Fig. 12-104 is erratic, regardless
of the size of the condenser used. The phototube is found to be good, and all tube
voltages are correct. Suggest a probable cause of this difficulty and a remedy.
12-6. In the course of the tests on the circuit of Fig. 12-104, the grid suddenly
becomes completely and permanently ineffective. Suggest a probable cause, and
state how the tube might have been protected against damage.

CHAPTER 13
LIGHT-SENSITIVE TUBES AND CELLS

In all tubes discussed in preceding chapters, the flow of current is
controlled by means of voltages applied to the electrodes. There is
another very important class of tubes or cells, in which the current and
the output voltage are controlled by incident radiant energy and the
operation of which depends upon some form of the photoelectric effect.
These devices have made possible sound pictures, television, and many «
kinds of commercial and laboratory control and measuring equipment.
13-1. Types of Photoelectric Phenomena.—The control of current
by light may be accomplished by the application of three types of
photoelectric phenomena: the photomissive effect, or emission of electrons
from metallic surfaces as the result of incident radiation; the photoconductive effect, or change of resistance of semiconductors by the action
of incident radiation; and the photovoltaic effect, or production of a poten
tial difference across the boundary between two substances that are in
close contact, by illumination of the boundary. The best known of these
phenomena, the photoemissive effect, appears in practical form in the :
phototube (photocell). The phototube is an electron tube in which one
of the electrodes is irradiated for the purpose of causing electron emission.
13-2. Historical Survey.—The photoemissive effect was discovered
by Heinrich Hertz in 1887. In the course of his classical experiments on
electric oscillations and electric waves, Hertz noticed that the maximum
length of a spark that could be made to jump across a small spark gap
was increased when light from another spark was allowed to fall upon it.
By means of a series of experiments he showed conclusively that the
effect was caused by ultraviolet light and that it was greatest when the
light fell upon the negative electrode of the spark gap. Subsequent
contributions to knowledge on the photoemissive effect were made by
Wiedemann and Ebert, Hallwachs, Righi, Stoletow, Elster and Geitel,
J. J. Thomson, Lenard, and others.1
Hallwachs proved that the photoemissive effect involved the loss of
negative electricity from the illuminated surface. Righi connected
two electrodes to an electrometer, by means of which he observed the
flow of current when the surface of one electrode was illuminated.
Stoletow added an external source of voltage and measured the current
1 See references at end of chapter.
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by means of a galvanometer. Elster and Geitel predicted and proved
that the alkali metals should be the most sensitive photoelectric emitters
of all the metals and found that sodium and potassium respond not only
to ultraviolet radiation, but also to visible light. Lenard measured the
ratio of the charge to the mass of the particles that carry the photo
electric current and showed them to be the same particles as those
which Thomson had previously proved to carry the current in a beam of
cathode rays and which were called electrons.
13-3. Laws of Photoelectric Emission.—The early experiments
resulted in the formulation of two laws relating photoelectric emission
with the rate at which radiant energy strikes the emitting surface and
with the wave length of the incident energy. The rate at which the
radiant energy strikes is specified in terms of radiant flux (intensity of
radiation), which is defined as the time rate of flow of radiant energy
and is usually expressed in ergs per second or watts. The two laws of
photoemission are
1. The number of electrons released in unit time at a photoelectric
surface by radiation of constant spectral distribution is directly propor
tional to the incident radiant flux.
2. The maximum energy of electrons released at a photoelectric
surface is independent of the amount of radiant flux incident upon the
surface but varies linearly with the frequency of the radiation.
The first law was one of the factors that led to the formulation of the
quantum theory of radiation. This law is of practical importance
because of the desirability of a linear relation between anode current
and incident flux in applications of phototubes.
Thé second law was explained in 1905 by Einstein, who assumed
that incident radiant energy could be transferred to the electrons only
in quanta of magnitude hv and that a portion of this energy was used in
removing the electrons from the emitter, the remainder appearing as
kinetic energy of the emitted electrons. This is stated mathematically
by Einstein’s equation

hv = w -f- ^mv2

(13-1)

in which v is the frequency of the incident radiation, w is the electron
affinity of the emitter, v is the maximum velocity of the emitted electrons,
h is Planck’s constant, and m is the mass of an electron. The equation
holds only for the fastest electrons, which are removed from the atoms
at the surface of the emitter. Some radiation penetrates through the
outer layers of atoms, liberating electrons within the emitter. These
electrons may lose additional energy in moving to the surface, so that
their velocities after emission will be less than that indicated by Einstein’s
equation. It can be seen from Eq. (13-1) that there is a minimum value
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of v below which the energy of the incident photon is less than the
electron affinity and no emission can take place. This limiting frequency
is called the threshold frequency and is indicated by the symbol vt>. Sub
stituting v = 0 and v = in Eq. (13-1) shows that
po

=

■

(13-2)

The wave length corresponding to the threshold frequency, is termed
the long-wave limit, Xo. Einstein’s equation was verified experimentally
in 1916 by Millikan,1 who determined the maximum velocities of emitted
electrons for various frequencies of incident radiation by measuring the
retarding potential necessary to reduce the anode current to zero.
Einstein’s equation is of practical importance because it indicates that
the electron affinity of the emitter must be small in order for the emitter
to be sensitive to visible radiation.
13-4. Definitions.—Before proceeding farther it is necessary to list
a number of definitions.2
Light is radiant energy evaluated according to its capacity to produce
visual sensation.
Luminous flux is the time rate of 'flow of light.3 It is represented
by the symbol F.
The lumen is the unit of luminous flux. It is equal to the flux through
a unit solid angle from a uniform point source of one candle, or to the
flux on a unit surface, all points of which are at unit distance from a
uniform point source of one candle. It follows that the total luminous
flux over the surface of a sphere is equal to 4tt times the number of candles
of an enclosed source.
Luminous intensity of a source of light, in a given direction, is the
solid-angular flux density in the direction in question. Hence, it is the
luminous flux on a small surface normal to that direction, divided by
the solid angle (in steradians) which the surface subtends at the source
of light.
The candle is the unit of luminous intensity. The unit used in the
United States is a specified fraction of the average horizontal candlepower
of a group of 45 carbon-filament lamps (preserved at the Bureau of
Standards) when the lamps are operated at specified voltages.
Candlepower is luminous intensity expressed in candles.
1 Millikan, R. A., Phys. Rev., 7, 355 (1916).
2 See “Illuminating Engineering Nomenclature and Photometric Standards,”
Illuminating Engineering Society, New York, 1932.
3 Luminous flux is radiant flux of particular energy distribution, lying entirely in
the visible range.
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Illumination is the density of the luminous flux on a surface; it

is the quotient of the flux by the area of the surface when the latter is
uniformly illuminated.
Foot-candle is the unit of illumination when the foot is taken as the
unit of length. It is the illumination on a surface one square foot in
area on which there is a uniformly distributed flux of one lumen, or the
illumination produced at a surface all points of which are at a distance
of one foot from a uniform point source of one candle. When the flux
density is uniform, the illumination in foot-candles equals the flux in
lumens divided by the area in square feet.
The lumen and the foot-candle are defined with respect to the response
of the normal eye. Methods of measuring luminous flux and illumination
that are ordinarily used, such as the photometer, also involve the response
of the normal eye. Therefore the number of lumens from a source of
given total radiant flux will depend upon the energy distribution of the
radiation. Since the manner in which phototubes respond to radiant
flux of different wave lengths is not the same as that of the normal eye,
the validity of using the lumen and the foot-candle in making measure
ments of the sensitivity of phototubes may be questioned. In accordance
with current practice, however, the lumen and the foot-candle will be
used with the characteristic curves of phototubes and in the definitions
of sensitivity.
13-5. Current-wave-length Characteristics.—Photoelectric tubes and
cells, like the human eye, are not equally responsive to equal amounts of
radiant flux of different wave lengths. For this reason, the response of a
phototube to a given amount of radiant flux depends upon the manner
in which the energy of the incident radiation is distributed in regard
to wave length, which in turn depends upon the source of the radiation.
In order to specify fully the manner in which a phototube behaves, it is
necessary to indicate not only the response to radiation of particular
energy distribution, but also the manner in which the current varies
with wave length at constant incident energy. Tube manufacturers
therefore usually furnish the characteristic curves for illumination from a
tungsten-filament lamp operated at a temperature of 2870°K and, in
addition, a current—wave-length characteristic, which is a graph show
ing the relation between direct anode current per unit energy of
incident radiant flux, and the wave length of the incident constant
radiant flux.
Current-wave-length characteristics for the alkali metals are shown
in Fig. 13-1. Comparison of these curves with the dotted curve, which
shows the visual sensitivity of the human eye, clearly indicates that
cesium is by far the most satisfactory of the alkali metals for use with
visible radiation.
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Equation (13-2) suggests that the long-wave limit can be pushed
farther toward the red end of the visible spectrum by reduction of the
electron affinity. The electron affinity of photoelectric emitters, like
that of thermionic emitters, can be lowered by the use of composite
films made up of consecutive layers of different metals, of metals on

Fig. 13-1.—Current-wave-length characteristics for the alkali metals.

oxides, and of metals on a monatomic layer of oxygen. The use of
composite emitters results not only in response at much longer wave
lengths, but also in a marked increase of sensitivity over the whole
visible range of wave length. At present the most satisfactory type of
cathode for use with visible radiation consists of a thin layer of cesium
deposited upon a layer of cesium oxide
formed upon a silver surface. The sen
sitivity of cesium oxide tubes extends well
into the infrared band of radiation. This
is shown, in Fig. 13-2, by the current
wave-length characteristic of a typical
cesium oxide tube, the type 868. The
sharp cutoff at the ultraviolet end of the
spectrum is caused by absorption by
the glass envelope of the shorter wave
Fig. 13-2.—Current-wave
lengths of the radiation. High sensitivity length characteristic for the type
in the ultraviolet region may be obtained 868 phototube.
by use of a pure sodium cathode enclosed in an envelope of quartz or
special glass such as nonex, which transmits ultraviolet radiation. By
the proper choice of cathode materials, the use of color filters, and the
combination of two or more tubes of different color response, it is possible
to adjust the resultant characteristic curve to meet special requirements.
The double peak in the characteristic of Fig. 13-2 may probably be ex
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plained by the fact that emission may take place from more than one
substance in the composite film.
13-6. Types of Phototubes.—The electrodes and envelopes of photo
tubes may assume a variety of forms, depending upon the purposes for
which the tubes are designed. In the most common form of tube,
illustrated in Fig. 13-3, the cathode consists of a cylinder of silver or
silver-plated copper covered with a composite emitting film. The
shape of the anode is not critical, the most important requirement
being that it should intercept as little light as possible. A common form
of anode in tubes with cylindrical cathodes is a wire located at the axis of
the cylinder, as shown in Fig. 13-3. In such a tube the initial velocities
of only relatively few electrons are such as to carry
them to the anode. Voltage must, therefore, be
applied in order to draw all emitted electrons to
the anode.
Phototubes are classified as vacuum phototubes
and gas phototubes. A vacuum phototube is one
that is evacuated to such a degree that its elec
trical characteristics are essentially unaffected by
gaseous ionization. A gas phototube is one into
which a quantity of gas has been introduced,
usually for the purpose of increasing its sensitivity.
Fig. 13-3.—Electrode

13-7. Characteristics of Vacuum Phototubes.

Static current-voltage curves for a typical cesium
structure of one type of
phototube.
oxide vacuum phototube, the 917, are shown
in Fig. 13-4, and static curves of anode current vs. luminous flux in Fig.
13-5. The solid curve of Fig. 13-5 applies to all anode voltages above
saturation; the dotted curves, which are ordinarily of no great practical
interest, are for anode voltages below saturation. Curvature of the
dotted curves is probably the result of space charge. It should be
emphasized that the curves of Figs. 13-4 and 13-5 apply only to light
from a tungsten filament at a color temperature of 2870°K. Curves
obtained with radiation of different energy distribution are of similar
form, but the current range may be different. Such curves may be
derived by means of the following procedure:
1. Multiply ordinates of the current-wave-length characteristic by the cor
responding ordinates of the curve of Fig. 13-6, which shows the relative energy
distribution of radiation from a tungsten filament at 2870°K, and plot these
products as a function of wave length.
2. Plot a similar curve of the products of ordinates of the current-wave-length
characteristic and those of the energy-distribution curve for the given source.
3. Multiply the current scale of the current-voltage characteristics by the
ratio of the area under the second product curve to the area under the first
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product curve. For approximate results, the ratio of the sums of 15 or 20 uni
formly spaced ordinates of the two product curves may be used in place of the
ratio of the areas, and so the product curves need not be constructed.

Anoole Vol+s

Fig. 13-4.—Current-voltage characteristics for
the type 917 vacuum phototube.

Liojh+ Flux,Lumens
Fig. 13-5.—Static curves of anode
current vs. luminous flux for the type
917 vacuum phototube.

Fig. 13-6.—Relative energy distribution for radiation from a tungsten filament at a
color temperature of 2870°K. (From data by W. E. Forsythe and E. Q. Adams, Denison
University Bulletin, J. of the Scientific Laboratories, 32, 70 (1937).)

13-7A. Phototube Sensitivity.1—Static sensitivity of a phototube
is the ratio of the direct anode current at a specified steady anode voltage
to the incident constant radiant flux of specified value. It is usually
expressed in microamperes per microwatt. When the radiant flux is
confined to a single frequency or a very narrow band of frequencies, the
ratio is called the monochromatic sensitivity.
Luminous sensitivity of a phototube is the ratio of the direct anode
current at a specified steady anode voltage to the total steady incident
luminous flux in lumens. Usually the luminous sensitivity is determined
by means of a tungsten-filament lamp at a color temperature of 2870°K.
1 These definitions are essentially those given in the 1933 and 1938 reports of the
Standards Committee of the Institute of Radio Engineers.
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The 2870 tungsten sensitivity of a phototube is the ratio of the anode

current at a specified steady anode voltage to the total luminous flux in
lumens entering the tube from a tungsten-filament lamp operated at a
color temperature of 2870°K.
Variational sensitivity of a phototube is the ratio of the change in
anode current at a specified steady anode voltage to the change in the
total luminous flux entering the tube. As most precisely used, the term
refers to infinitesimal changes, as indicated by the defining equation
S

"

(13-3)

It is evident that the variational sensitivity is the slope of the curve of
current vs. flux at given values of anode voltage and flux. It may also
be found approximately from the family of current-voltage characteristics
by the use of small increments of current and flux.
13-8. The Gas Phototube.—It can be seen from the curves of Figs.
13-4 and 13-5 that the currents that are obtained from a vacuum photo
tube are very small even with cathodes of high sensitivity. The sensi
tivity of the tube can be greatly increased by introducing a small quantity
of gas. The increase of current results mainly from ionization of gas
by the emitted electrons in moving to the anode. Ionization by collision
takes place in a gas phototube when the anode voltage approaches the
ionization potential of the gas. The new electrons thus released pass to
the anode, and the positive ions are drawn to the cathode. The current
is increased at every point between the cathode and anode by an amount
corresponding to the number of ionizing collisions per second between
the cathode and anode. Increase of anode voltage increases the number
of primary electrons that make ionizing collisions. When the voltage
becomes sufficiently high, then, after a primary electron makes one
ionizing collision, both it and the new electron may make one or more
other ionizing collisions in moving toward the anode. Some increase of
current also results from secondary emission produced when positive
ions strike the cathode. A tenfold increase of anode current may be
attained by the use of gas, the current increasing rapidly as the voltage
is raised above the ionization potential. Figures 13-7 and 13-8 show
static curves of anode current vs. anode voltage and of anode current vs.
luminous flux for the type 868 gas phototube. Below 15 volts the current
voltage curves are of the same general form as those of a vacuum photo
tube, since little ionization takes place below this voltage.
The gas that is used in phototubes must meet a number of require
ments. It must not react with the electrodes or be absorbed by the
electrodes or the tube walls, it should have a low ionization potential,
and it should have a low molecular weight in order that the positive ions
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may be quickly accelerated. The only gases that do not react with the
alkali metals used in the cathodes are the inert gases, helium, neon,
argon, krypton, and xenon. The ionization potential of these gases
decreases in the order in which they are listed, whereas the atomic weight
increases. Argon gives a satisfactory compromise as regards these

Fig. 13-7.—Current-voltage characteristics for the type 868 gas phototube.

factors and is relatively inexpensive. Neon and helium are used in some
tubes, but the use of argon is more common.
The ratio of the sensitivity of a gas phototube at a given voltage and
flux to the sensitivity obtainable at the same voltage and flux without
ionization resulting from presence of gas is called the gas amplification
factor. This factor depends upon the gas pressure. If the pressure is
too low, the spacing between the gas molecules is relatively so great that
there is slight probability that an emitted
electron will strike a gas molecule in
moving from the cathode to the anode.
If the pressure is too high, on the other
hand, the probability is great that an
electron will be stopped by a gas molecule
before it has been accelerated far enough
to have acquired sufficient energy to cause
ionization. As the pressure is increased
from a very low value, the number of
collisions made by an electron in moving
Fig. 13-8.—Static curves of
from the cathode to the anode increases, anode current vs. luminous flux
but the kinetic energy acquired between for the type 868 gas phototube.
collisions with molecules decreases. As the result of these opposing
effects, there is an optimum gas pressure, which is found to be about 0.2
mm Hg in the noble gases.
The gain in sensitivity resulting from the use of gas is partly offset
by a number of disadvantages. One, shown by Fig. 13-8, is the loss of
linearity between anode current and flux. A second disadvantage is
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that a glow discharge may take place at voltages above about 90. The

breakdown voltage falls with increase of flux, in a manner indicated
roughly by the dotted curve in Fig. 13-7. Glow is objectionable not
only because it causes the current to be independent of illumination, but
also because it may permanently reduce the sensitivity of the tube.
The anode voltage must, therefore, be kept below the value at which
glow breakdown can occur. Limitation of supply voltage to 90 volts
makes the maximum output voltage that can be obtained less than that
attainable with vacuum phototubes. To prevent destructive rise of
anode current in the event that glow breakdown does occur, a resistance
of 100,000 ohms or more must always be used in series with a gas photo
tube. Since a high resistance is also necessary in order to produce high
voltage output, the need of such a resistance is not a disadvantage.

Fig. 13-9.—Lag in response of a
gas phototube.

Fig. 13-10.—Dynamic response curve for type 868 gas
phototube.

The third disadvantage resulting from the use of gas in phototubes
is caused by the relatively large mass of the positive ions. Because the
time taken for a positive ion to pass from the vicinity of the anode to the
cathode is appreciable, there is a perceptible time lag in the response to a
change in flux. The manner in which a gas phototube responds to an
abrupt increase and decrease of flux is shown in Fig. 13-9. The effect of
the time lag is similar to that’of inductance in the phototube circuit, as
it tends to prevent changes of anode current and produces a phase
difference between sinusoidal periodic light fluctuations and the resulting
alternating component of anode current. It also causes the variational
sensitivity of the tube to decrease with increase of modulation frequency
of the light.1 This is illustrated by the dynamic response curve of Fig.
13-10, which shows the relative variational sensitivity of a type 868 gas
phototube as a function of modulation frequency. When a gas phototube
is used in conjunction with an amplifier to convert changes of light into
1 Modulation frequency, the frequency at which the illumination varies, should
not be confused with the radiation frequency of the incident light.
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sound, the effect of a drooping dynamic response curve can be offset
by the use of an amplifier that has a rising frequency characteristic.
13-9. Phototube Circuits.—The standard phototube symbol is shown
in Fig. 13-11. Phototube currents are so small that a galvanometer
is the only current-operated device that they can operate directly. One
or more stages of amplification must be used in practical applications
of the phototube. Since vacuum-tube amplifiers are voltage-operated
devices, the changes of phototube current must be converted into voltage
changes by means of impedance in series with the tube. Because the
currents are very small, the impedance must be high, usually from 1 to 25
megohms. Although transformers have been designed for use with
phototubes, the difficulty of obtaining adequate primary reactance at
the lower audio frequencies makes it simpler and cheaper to use resistance
or resistance-capacitance coupling between the phototube and the
amplifier.
In order to simplify diagrams of circuits discussed in this chapter, all
tubes are shown as triodes, and all direct voltage sources as batteries.

Fig. 13-11.—Forward d-c phototube circuit.

Fig. 13-12.—Reverse d-c phototube circuit.

Tetrodes and pentodes of proper characteristics (Sec. 13-14) may be
used in place of triodes, and batteries may be replaced by other types of
power supplies.
When a relay or other current-operated electrical device is to be
controlled by changes of steady or average flux, a direct-coupled amplifier
must be used. A circuit in which increase of illumination causes an
increase in plate current of the amplifier tube is termed a forward circuit;
one in which increase of illumination causes a decrease of plate current
is called a reverse circuit. Figure 13-11 shows a simple forward circuit
in which increase of illumination causes a.relay to be energized. Figure
13-12 shows a similar reverse circuit. It can be seen that, for the same
tubes, the forward circuit requires less total supply voltage than the
reverse circuit.
By the use of a voltage divider, the various B and C batteries of
Figs. 13-11 and 13-12 may be replaced by one voltage source, as in Fig.
13-13. Degenerative feedback resulting from the flow of plate current
through Ry reduces the sensitivity of the circuit. Because the amplifier
must respond to changes of direct voltage, a by-pass condenser does not
remedy this difficulty and Ry and R2 should be no larger than necessary
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to limit the dissipation in these resistances to a reasonable value. Reduc
tion of sensitivity as the result of degenerative feedback also makes it
inadvisable to use cathode self-biasing resistors in the amplifier stages of
phototube circuits designed to respond to changes of steady illumination.
If the resistances Ri and R2 are of proper size to give the correct filament
or heater current, the filament or heater may be
inserted between these resistances. Only a single
power supply is then required. If the relay is
shunted by a condenser in order to by-pass the
alternating component of plate current, or if a
slow-acting relay is employed, the circuit of
Fig. 13-13 can also be used on an alternating
Fig. 13-13.—Forward
voltage supply. The phototube and amplifier
phototube circuit using a
then pass current during only one-half of the
single source of grid and
and plate voltage.
cycle.
Improved forward and reverse a-c-operated circuits are shown in
Figs. 13-14 and 13-15.1 The purpose of the grid condensers is to eliminate
the difference in phase between grid and anode voltages resulting from the
capacitance of the phototube and amplifier electrodes. The circuit
of Fig. 13-15 also functions if the polarity of the phototube is reversed.
The grid condenser then charges during the half cycle in which the

tube circuit.

Fig. 13-15.—A-c-operated reverse photo
tube circuit.

amplifier plate is negative and 'discharges through Rc during the positive
half cycle. The average plate current of the amplifier tube depends
upon the average condenser voltage, which in turn depends upon the
charging current and therefore the illumination. The sensitivity of these
a-c circuits is less than half that of the corresponding d-c circuits at the
same voltages. The illumination at which the relay closes is adjusted in
1 Although the phototube is shunted between the amplifier grid and plate in Figs.
13-13 and 13-14, the only actual difference in the phototube connection from that in
the circuit of Fig. 13-11 is that the phototube current flows through the relay. The
voltage drop through the relay is small and so does not affect the operation.
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the circuits of Figs. 13-11 to 13-15 by variation of grid bias of the
amplifier tube.
Another a-c-operated circuit is that of Fig. 13-16. The action is as
follows: During the half of the cycle in which the anode and the amplifier
plate are negative, a positive voltage is applied to the grid through the
condenser C. The flow of grid current charges the condenser to a voltage
approximately equal to the peak voltage between A and B, the side
of the condenser adjacent to the grid being negative. During the half
of the cycle that makes the plate and the anode positive, the grid is
negative with respect to the cathode of the amplifier by an amount
equal to the sum of the condenser voltage and the instantaneous voltage
between A and B. If the phototube is dark, the charge on the condenser
cannot leak off; but if the phototube is illumi
nated, the charge flows off through the photo
tube, lowering the negative voltage of the grid
and increasing the plate current. Adjustment
of the potentiometer varies the average grid bias
and thus changes the illumination at which the a
relay closes. It should be noted that the circuit
is in effect a bridge, the voltage of the grid
during the negative half of the cycle depending
upon the relative size of C and the sum of the
AC.
phototube and amplifier grid-to-plate capaci- FlG- i3-16-—^-c-operated
. i
•
1
forward phototube circuit,
tances. If C is too small, no charge is stored
during the negative half cycle. If C is too large, on the other hand, the
reduction of condenser voltage during the positive half cycle, caused by
the phototube current, is too small and the sensitivity is low. A 0.0005-/V
condenser gives satisfactory results with a type 6J5 amplifier tube and a
0.00025-g/ condenser with a type 6SK7 amplifier. The over-all sensitivity
is considerably higher with the 6SK7 than with the 6J5 amplifier tube.
13-10. Circuits for Measurement of Illumination.’—The foregoing
circuits may be used for measuring illumination if the relay is replaced
by a meter. Because the variation of plate current may be only a small
fraction of the operating plate current of the amplifier, it is usually
necessary to balance out the steady component of plate current in order to
obtain accurate readings. This may be accomplished by the circuit of
Fig. 13-17. The voltage divider P is adjusted so that there is no differ
ence of potential across the meter and all the plate current flows through
the resistance. Any change in plate current results in the flow of current
1 For more complete treatments of this subject, see W. E. Forsythe (editor)
“Measurement of Radiant Energy,” McGraw-Hill Book Company, Inc., New
York, 1937; also Keith Henney, “Electron Tubes in Industry,” McGraw-Hill Book
Company, Inc., New York, 1937.
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through the meter. For high sensitivity the resistance R must be large
as compared with the meter resistance, but increase of resistance necessi
tates an increase of plate supply voltage. Steady current can also be
eliminated from the meter by the use of the two-tube balanced circuit
of Fig. 13-18.1 This circuit is unaffected by fluctuations of battery
voltage and reads linearly over a wide range of illumination. The meter
in the circuits of Figs. 10-17 and 10-18 may be replaced by other types of
current-operated devices.

Fig. 13-17.—Phototube circuit for the meas
urement of illumination.

Fig. 13-18.—Balanced circuit for the meas
urement of illumination.

• 13-11. Use of Phototubes in Phase-control and Trigger Circuits.—

Phototubes can be incorporated in the thyratron phase-control circuits
of Figs. 12-76 to 12-86, thus making possible the control of load current
by light. The phototubes are used in place of the variable resistance
elements in the phase-shifting circuits, being connected so that the photo
tube and thyratron anodes are positive during the same half of the cycle.

Fig. 13-19.—Thyratron phase-control circuits incorporating phototubes, by means of which
large currents may be controlled by illumination.

Because of the very high resistance of phototubes and the difficulty of
obtaining comparable reactance at commercial frequencies by means
of an inductance, a condenser must be used as the reactive element
in the phase-shifting circuit. Two typical circuits are shown in Fig.
13-19. The function of the resistance R in circuit b is to provide a
leakage path for electrons that collect on the grid side of the condenser.
1 Eglin, J. M., J. Opt. Soc. Am., 18, 393 (1929); Koller, L. R., J. Western Soc.

Eng., 36, 15 (1931).
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Phototubes may also be used to control the trigger circuits of Secs.
10-1 to 10-5. Phototubes in series with or in place of the resistances Rc of
Fig. 10-7 allow the current transfer to be initiated by the interruption of
light beams. Phototubes in parallel with or in place of the resistances
Rc' allow the circuit to be tripped by increase of illumination.
13-12. Limitations of Direct-coupled Circuits.—The circuits of
Figs. 13-11 to 13-19 respond both to periodically repeated changes of
illumination and to sustained changes of steady illumination. Greater
sensitivity may be obtained by the use of an additional stage of amplifica
tion, directly coupled to the first, but it is then difficult to adjust the
circuit to operate at different illumination levels, and small variations
in the illumination level alter the bias of the second stage. The difficulty
of obtaining high amplification in direct-coupled circuits imposes a
lower limit to the change in illumination that can be used to operate
circuits of this type. In addition to having
relatively low sensitivity, these circuits are
unsatisfactory for the amplification of
modulated light because they are thrown
out of adjustment by changes of average
illumination.
Fig. 13-20.—Circuit for con
13-13. Circuits for Use with Modulated

verting modulated light into

Light.—To amplify only the varying com alternating current or voltage.
ponent of anode current produced by fluctuating or modulated light, as
in the reproduction of sound recorded on film, the phototube is usually
coupled to the first amplifier tube by means of resistance-capacitance
coupling, as shown in Fig. 13-20. The coupling condenser prevents the
variation of amplifier bias with changes of average illumination. After
the first stage, any type of amplifier having the desired characteristics
may be used.
Circuits in which the phototube is coupled to the amplifier through
a condenser can also be made to respond to sustained changes in average
or steady illumination by interrupting the light periodically by means
of a revolving disk containing evenly spaced holes or by interrupting
the anode current. One ingenious form of the latter method involves the
use of an additional phototube in series with the main one. The light
from an oscillating glow-discharge tube is allowed to fall upon the
auxiliary phototube, which therefore passes a pulsating current, the am
plitude of which varies with the illumination of the first tube. The
frequency of interruption is known as the carrier frequency. Other
schemes make use of magnetic fields which deflect the photoelectrons, of
the Kerr cell, and of various types of oscillators.1 By these means much
1 Richter, W., Electronics, August, 1935, p. 245; Zworykin, V. K., and Wilson,
E. D., “Photocells and Their Applications,” p. 206, John Wiley & Sons, Inc., New
York, 1934.

548

APPLICATIONS OF ELECTRON TUBES

[Chap. 13

greater sensitivity to sustained changes of steady illumination may be
attained than by the circuits of Figs. 13-11 to 13-18.
13-14. Sensitivity of Phototube and Amplifier.—The theoretical
sensitivity, or change of plate current per lumen change in light flux, of
the circuits of Figs. 13-11 to 13-13 can be readily determined. For a
vacuum phototube the change in voltage across the coupling resistor
per lumen change of flux is equal to the product of the tube sensitivity
in microamperes per lumen by the coupling resistance in megohms, or
= sRc volts per lumen

(13-4)

If the change of voltage is not too great, the resulting change of plate
current is
AA = —amp
(13-5)
rp + Rb

and

AA _
AF

spRc

a

lumen

rp + Rb

(13-6)
'

'

in which the resistances rp and Rb are measured in ohms and Rc in meg
ohms. The resistance of milliammeters and of relays suitable for use
in the plate circuit of an amplifier tube is usually negligible in comparison
to the plate resistance of the tube, so that Eq. (13-6) may be simplified to
= sQmRc X 10~3 ma per lumen

(13-7)

in which s is the phototube sensitivity in microamperes per lumen, gm
is the amplifier transconductance in micromhos, and Rc is the coupling
resistance in megohms.1 If the cathode is uniformly illuminated or if
the light is concentrated upon the cathode by means of a uniformly
illuminated lens, the sensitivity can be expressed also in milliamperes
per foot-candle change in illumination and is equal to sgmRcA X 10-3
ma/ft-candle, where A is the effective cathode area or the area of the
lens. It is important to note that the sensitivity is proportional to the
transconductance of the amplifier tube.
If the changes of flux are very large, the value of the transconductance
of the amplifier tube may vary considerably over the range of operation.
A more accurate determination of the sensitivity of the circuit can then
be made by using in place of gm the ratio of the change in plate current
to the change in grid voltage, as determined from the plate diagram or
the transfer characteristic of the amplifier tube. If a gas phototube is
used in place of a vacuum phototube, the phototube sensitivity is not
constant, and the ratio of the actual change of anode current to the change
in flux should be used in place of s. This may be determined from the
1 Note that rP, p, gm, and s must be determined for the given operating points.

Sec. 13-15]

LIGHT-SENSITIVE TUBES AND CELLS

549

anode-circuit diagram or from a curve of output voltage vs. flux derived
from it.
13-15. The Anode Diagram.—Anode diagrams similar to the plate
diagrams of amplifier tubes are often of value in determining the per
formance of phototubes. An anode diagram for a vacuum phototube is
illustrated in Fig. 13-21. The load line
passes through the point on the voltage
M1
F ° 0.5 lumen
axis corresponding to the anode supply
0.4-____
voltage and makes an angle with the
voltage axis whose tangent is equal to
0.2
the reciprocal of the load resistance (ex
\0./
pressed in volts per ampere). Above
saturation the characteristic curves of
Anode Voltage
bb
E bb'
Fig. 13-21 corresponding to equal incre
ments of flux are practically horizontal, Fig. 13-21.—Anode diagram for a
vacuum phototube.
equidistant, straight lines and therefore
intersect the load line at equidistant points. This shows that if the
anode voltage of a vacuum phototube is always sufficiently high to
give saturation current, the current and the voltage across the load
resistor are essentially proportional to the flux.
Except over a very small range of voltage, the characteristics of gas
phototubes are not equidistant, parallel, straight lines, and so the anode
current and output voltage are not proportional to flux. The anode

Anode Voltage
Fig. 13-22.—Anode diagram for the type 918 gas phototube.

current may be expanded in an infinite series similar to the plate-current
series for an amplifier tube. It is difficult, however, to evaluate the
coefficients of such an expansion in the solution of problems. It is more
practical to determine the output voltage and harmonic content by means
of the anode diagram. Figures 13-22 and 13-23 show the anode-circuit
diagram of the type 918 phototube and the curves of output voltage vs.
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luminous flux which are derived from it. Harmonic content can be

determined from the anode diagram of Fig. 13-22 or the voltage-flux
curves of Fig. 13-23 by the use of equations given in Chap. 4, in the same
manner as for amplifier tubes.
It is important to bear in mind that the anode-circuit diagram and
the curves derived from it do not take into account the lag in response
of a gas phototube and are strictly applicable therefore only at frequencies
below 100 or 200 cps. At higher frequencies accurate determinations
can be made only by laboratory measurements. It should be noted
that, when the a-c resistance of the coupling circuit differs from the d-c
resistance, as in Fig. 13-20, both the
static and the dynamic load line must
be used in the anode diagram (see
Secs. 4-9 and 4-10).
13-16. Design of Phototube Cir

cuits.—The fact that the anode cur
rent of a vacuum phototube is
practically independent of anode volt
age above saturation means that the
anode current is also independent of
coupling resistance if the anode volt
Fig. ,13-23.—Curves of output volt
age is always above saturation. The
age vs. luminous flux for the type 918 gas
phototube with load, derived from the
output voltage therefore increases
anode diagram of Fig. 13-22.
linearly with coupling resistance. If
the coupling resistance is made very large, however, the anode voltage
may fall below saturation at high values of flux, destroying the linearity
between current and flux, as shown by the load line MN in Fig. 13-21.
This difficulty can be remedied by increasing the anode supply voltage,
as indicated by the load line M'-N'. The size of the coupling resistance
that can be satisfactorily used at a given maximum flux is limited by the
maximum allowable anode voltage (usually not less than 250 volts in
vacuum phototubes), by tube and circuit leakage conductance, and by
resistor “noise.” With special care in the elimination of circuit and
tube leakage it is possible to use properly designed coupling resistors as
large as 100 megohms, but ordinarily it is not advantageous to exceed
25 megohms. When extreme sensitivity is essential, as in the measure
ment of minute quantities of light, leakage in the phototube and photo
tube socket should be minimized by the use of a phototube in which the
anode terminal is at the top of the tube, and of low anode voltage. If
the anode voltage is kept below 20 volts, the danger of ionization of resid
ual gas in vacuum phototubes is avoided. Grid leakage in the amplifier
tube is reduced by the use of low screen and plate voltage and low cathode
temperature. High sensitivity may be attained without the need of high
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anode supply voltage by using a pentode1 (see Fig. 6-6) or a second photo
tube1 in place of the coupling resistor. The illumination of the second
phototube may be maintained constant or may be decreased when that
of the first is increased.
When gas phototubes are used in the conversion of modulated light
into alternating voltage or current, the harmonic content of the output
increases with coupling resistance. Allowable amplitude distortion
therefore usually limits the coupling resistance to 1 or 2 megohms. In
control circuits, however, large values of coupling resistance can also be
used with gas phototubes.
As explained on page 157, danger of cumulative increase of plate
current as the result of primary and secondary grid emission and of
ionization of residual gas imposes a limit on the grid-circuit resistance
that can be used with many amplifier tubes at rated plate voltages.
To make use of the large values of coupling resistance that are desirable
in order to give high sensitivity, it is necessary, therefore, to use low
values of plate and screen operating voltage. This is normally not a
disadvantage, since enough plate current to operate small relays may be
readily obtained with most tubes at plate voltages of 100 or less. A sec
ond amplifier stage, operated at normal voltages, may be used if necessary.
Care must also be taken to ensure that the allowable amplifier plate dis
sipation is not exceeded for anjr value of light flux at which the phototube
is operated. Since IR drop in the grid resistor prevents the application
of appreciable positive voltage to the grid, ample protection is usually
afforded by the use of sufficiently low plate and screen supply voltages
so that the allowable plate dissipation is not exceeded when the grid
voltage is zero.
13-17. Secondary-emission Multipliers.—The high amplification
necessary for the conversion of modulated light into voltage and current
in the reproduction of sound recorded on film, and in television, may be
obtained not only by the use of conventional amplifiers, but also by mak
ing use of secondary emission.2 The basic construction of one type of
secondary-emission multiplier is shown in Fig. 13-24.3 Photoelectrons
emitted by the cathode are drawn to the first anode by means of electro
static field. The secondary electrons from this anode, and reflected
primary electrons, are drawn to the second anode where secondary
emission also takes place. The process is repeated at successive anodes,
each of which is at a higher potential than the preceding one. Since
1 Shepard, F. H., Jb., RCA Reo., 2,149 (1937); Bull, H. S., and Lafferty, J. M.,
Electronics, November, 1940, p. 31 and December, 1940, p. 71.
2 Iams, H., and Salzberg, B., Proc. I.R.E., 23, 55 (1935).
3 Zworykin, V. K., Morton, G. A., and Malter, L., Proc. I.R.E., 24,351. (1936).
See also supplementary bibliography on pp. 561-563.
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each primary electron may knock out 5 or more secondary electrons, very
high current amplification is obtainable by the use of 8 or 10 anodes.
Focusing of the electron beam between anodes may be accomplished
either by electrostatic field alone or by a combination of crossed electro
static and magnetic fields. The general arrangement of a multiplier
based upon the use of crossed magnetic and electrostatic fields is shown

Fig. 13-24.—Diagram showing the basic principle of operation of a secondary-emission
amplifier tube.

in Fig. 13-25. It consists of two rows of electrodes, the bottom row being
cesium-treated secondary emitters, while the upper row serves solely to
maintain a transverse electrostatic field between the two sets of elements.
Each target in the bottom row is made positive with respect to the pre
ceding one so that it will produce secondary electrons when struck by
electrons originating from the latter. Each upper field electrode is
maintained positive relative to the target just below it by an internal
/ Field plates.

Fig. 13-25.—Arrangement of electrodes in secondary-emission current multiplier using
crossed magnetic and electric fields.

connection to the next target. A magnetic field is established in the tube
at right angles to its axis and to the electric field between the two rows of
plates. Electrons leaving any of the targets are deflected by the com
bined fields in such a way that they strike the next target, giving rise
to new secondary electrons which are in turn deflected onto another target
and so on, through the tube. The voltages necessary for the various
anodes may be obtained-from a single voltage source by the use of voltage
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dividers. A voltage divider for a number of the earlier stages, which
need carry only small currents, may be incorporated in the tube.
In another type of electron multiplier the electrons are caused to
move back and forth between two electrodes by means of a high-frequency
electric field.1
By means of electron multipliers an amplification of several million
and a sensitivity of ten or more amperes per lumen may be obtained with a
single tube which is not much larger than a receiving tube. The saving
in bulk and the gain in simplicity are obvious advantages. A more
important advantage of such a tube over a conventional amplifier and
phototube is a great reduction of noise-to-signal ratio. In addition, the
multipliers are very stable, are insensitive to external interference, and
have an excellent frequency characteristic. The power required for
their operation is comparable with that required for a conventional
amplifier. The type 931A is a typical electron-multiplier tube.
13-18. Special Photoemissive Tubes.—A number of special tubes
have been devised that incorporate phototubes and glow tubes or photo
tubes and amplifiers in a single envelope. An example of the former
is the photoglow tube, developed by Knowles, in which the glow is initi
ated by light falling upon the cathode, which is designed to give high
photoelectric emission.2 Some receiving tubes show appreciable sensi
tivity to light, the plate current changing when light falls upon a free
grid.3 By special treatment of the grid the sensitivity can be greatly
enhanced.3 Ordinarily it is more satisfactory to use separate tubes
to perform the functions of the phototube and the glow tube or
amplifier.
An interesting and valuable application of photoemission is made
in the iconoscope, which is used in television transmission and in electron
telescopes.4 An understanding of the operation of the iconoscope
requires a knowledge of the principle of television “scanning,” which
is beyond the scope of this book. The interested reader should refer
to the literature or to books on television.
13-19. Photoconductive Cells.—The photoconductive effect was dis
covered in 1871 and discussed in 1873 by Willoughby Smith, who reported
a change in the resistance of the crystalline form of selenium with illu
mination. Although a number of semiconducting substances, such as
thalium oxysulphide and molybdenite, are now known to be photo1 Farnsworth, P. T., J. Franklin Inst., 218, 411 (1934); Electronics, August,
1934, p. 242, November, 1935, p. 31.
2 Zworykin and Wilson, op. cit., p. 214.
3 Asada, T., and Hagita, K., J. Inst. Elec. Eng. Japan, 51, 8 (1931); Koechel,
W. P., Electronics, December, 1932, p. 372; McIlvaine, H. A., Electronics, August,
1933, p. 224.
4 Zworykin, V. K., Proc. I.R.E., 22, 16 (1934).
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conductive,1 selenium is still used in most photoconductive cells. Early
selenium cells were made by covering two closely spaced conductors
with a thin coating of amorphous selenium, which was subsequently
converted into crystalline selenium by heat-treatment. The conductors
were commonly made in the form of interlocking metallic combs or of
two wires wound close together on a nonconducting frame, as shown in
Fig. 13-26. Modern cells are made by condensing selenium vapor in a
thin film upon a double grid of gold or platinum fused to or sputtered
upon a glass plate. The glass is maintained at the proper temperature
so that the film is deposited in the crystalline form.
The photoconductive effect is thought to be caused by the emission
of electrons within the material. In their motion under the influence of
applied voltage, these photoelectrons
produce other ionization. Equilibrium
is established when the rate of recom
bination becomes equal to the rate of ion
formation. This theory is in agreement
with experimentally observed laws. It
is found experimentally that (1) for a
short time after the light is applied,
before much displacement of positive
Fig. 13-26.—Two forms of grids used ions or appreciable secondary ionization
in selenium cells.
. i
-i
u
ix
takesxuplace,
the • change inx current
resulting from illumination is proportional to the incident flux; (2) for
exposures of sufficient length to enable the current to reach equilibrium,
the current is proportional to the square root of the incident flux; (3) with
rapidly fluctuating light the alternating current is proportional to the
incident flux and inversely proportional to the frequency of fluctuation.
The lag in the response of a selenium cell is caused mainly by the low
velocity of the relatively heavy positive ions. The dependence of current
upon time of illumination and the related falling dynamic response curve
make the photoconductive cell unsatisfactory for the undistorted con
version of modulated light into voltage or current.
Unlike the phototube, the photoconductive cell passes appreciable
current when it is dark, the dark resistance of commercial cells ranging
from about 100,000 ohms to 25 megohms. The ratio of light to dark
currents may be as high as 25 but is more commonly about 8 or 10.
The current capacity does not usually exceed a few milliamperes, but by
proper design may be increased to as much as J amp. The sensitivity
is directly proportional to the voltage across the cell, and consequently
cells are usually operated at as high voltage as possible without over
heating and subsequent breakdown. In Figs. 13-27 and 13-28 are
1 Pfund, A. H., Phys. Rev. (2), 7, 551 (1917).
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shown the current-wave-length characteristic curve and the dynamic
response curves of a typical selenium cell, the General Electric type
FJ-31. The peak of the spectral sensitivity curve is in the red, which

Modula+ion Freoj.., kc.per sec.
Fig. 13-27.—Relative response of the

type FJ-31 selenium cell in per cent of maxi
mum response as a function of wave length.

Fig. 13-28.—Dynamic response curves for

the type FJ-31 selenium cell.

makes the cell suitable for use with artificial illumination and infrared
radiation.
Expressions for the voltage sensitivity of selenium cells and of the
ampere-turn sensitivity of selenium cells used to operate relays may be

Fig. 13-29.-—Typical current-voltage diagram for a selenium cell.

derived.1 It is generally simpler, however, to make use of a current
voltage diagram in the same manner as with phototubes and amplifiers.
1 Zworykin,. V. R., and Wilson, E. D., “Photocells and Their Applications,”
2d ed., John Wiley & Sons, Inc., New York, 1934, pp. 175-180.
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Because the cell resistance at a given value of illumination is independent
of cell voltage, the current-voltage curves are straight lines and may be
readily derived from a single static curve of current vs. illumination at
any voltage. A family of current-voltage characteristics, together with a
number of load lines for 120-volt supply voltage, are illustrated in Fig.
13-29. It can be seen from this diagram that the change in current per
foot-candle change in illumination, and hence the current sensitivity, are
a maximum for zero load resistance and decrease rapidly as the load
resistance is increased. The change in voltage across the load resistance
per foot-candle change in illumination, and hence the voltage sensitivity,
pass through a maximum as the load resistance is increased. With
small changes of illumination, maximum voltage sensitivity is obtained
when the load resistance is approximately equal to the average resistance
of the cell in the range of operation.
13-20. Photovoltaic Cells
(Barrier-layer Cells).—The photo

voltaic effect was first observed by
Becquerel,1 who discovered that an
e.m.f. is set up between two elec
trodes immersed in an electrolyte
when one of the electrodes is illu
minated. Two cells based upon
the Becquerel effect were the
Rayfoto cell, which employed a
cathode of cuprous oxide on copper
and an anode of lead in an electro
Fio. 13-30.—Curves of current vs. illumina
tion for the Rayfoto cell.
lyte of lead nitrate; and the Photo
lytic cell,2 which was similar in construction but which employed
cuprous oxide on copper for both electrodes, thus eliminating voltage
when the cell was dark. Curves for the Rayfoto type of cell, taken from
an article by Fink and Alpern,3 are shown in Figs.. 13-30 and 13-31.
It can be seen that the current is proportional to the illumination when
the cell is short-circuited, but that external circuit resistance destroys
the linearity and also results in considerable reduction of current sensi
tivity. Bending of the curves at high values of external resistance results
from internal leakage conductance, which increases with illumination and
thus reduces the effective load resistance. The response of this cell to
fluctuating light falls rapidly with increase of light-modulation frequency,
so that it is not satisfactory for converting modulated light into sound.
1 Becquerel, E., Compt. rend., 9, 144, 561 (1839).
2 Although these cells are no longer on the market, they are still of theoretical

interest.

3 Fink, G., and Alpern, D. K., Trans. Am. Electrochem. Soc., 58, 275 (1930).
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A more recent type of photovoltaic cell, the barrier-layer cell, is made
of a layer of cuprous oxide in very close contact with a metal, usually
copper, gold, or platinum, or of a thin layer of iron selenide on iron.
It is found that illumination of the boundary or barrier plane between the
compound and the metal sets up an
e.m.f. and that current flows if the
compound and the metal are con
nected through an external circuit.
The phenomenon, which is now
known to be caused by the emission
of electrons from the compound
into the metal, was first observed
by Fritts in 1884 in the course of
experiments on selenium cells.1
Improvements in design and manu
facture have resulted in selenium2
and cuprous oxide3 barrier-layer
cells capable of producing currents
of 100 /za or more per lumen.
There are two forms of barrier
layer cells. In the first, called the
Fig. 13-31.—Curves of generated volt
back-effect cell, the cuprous oxide or age vs. illumination for three types of photo
iron selenide is deposited upon the voltaic cells.
metal in the form of a thin layer, The light passes through the compound to the metal, as shown in i 'ig. 10-32a, the photoelectric action
taking place at the boundary betwi en them. Electrons flow across the
boundary from the oxide or selenide to the metal, and the conventional
direction of current in the external circuit is from the compound to the

III
R

ir Cuprous oxide
~~Copper

Sputtered film

¿Cuprous oxide
Front effect

Copper

(a)
(W
Fig. 13-32.—Arrangement of electrodes in back-effect and front-effect barrier-layer cells.

metal. Contact to the compound is made by means of a conductor
pressed against the compound or by means of a thin layer of metal
sputtered on the compound near the outer edge of the surface. Because
of absorption of the light of shorter wave lengths in the oxide, the cur
rent-wave-length characteristic of a cuprous oxide back-effect cell shows
a maximum at the red end of the spectrum.
1 Fritts, C. F., Proc. Amer. Asso. Adv. Science, 33, 97 (1884); Adams, W. G., and
Day, R. E., Proc. Roy. Soc. (London), 25, 113 (1877).
2 Bergmann, Physik. Z., 32, 286 (1931).
’Lange, B., Physik. Z., 31, 139 (1930).
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The second form of cell, called the front-effect cell, is made by sputter
ing a tbin film of silver, gold, or platinum on the exposed surface of the
cuprous oxide or selenide layer, which is formed on the metal as in the
back-effect cell. Light enters the cell through the sputtered film, as
shown in Fig. 13-325. Emission of electrons takes place at both surfaces
of the oxide or selenide but is greater at the front surface, causing the
sputtered film to become negatively charged with respect to the metal
and resulting in current in the conventional sense from the metal to the
sputtered film through the external circuit. Absorption of light by the
sputtered film is small, and the peak of the spectral sensitivity curve is
at the blue end of the visible spectrum.
The short-circuit current of a barrier-layer cell, like that of an elec
trolytic cell, is directly proportional
to the total flux incident upon the
surface and is independent of the
area illuminated. The introduc
tion of external resistance destroys
the linearity between current and
flux and reduces the current sensi
tivity, the curves of current vs.
illumination being similar to those
of Fig. 13-30. The internal series
resistance of the cell results almost
entirely from the fact that the
emitted electrons must pass along
Fig. 13-33.—Curves of current vs. illumina
the poorly conducting layer of
tion for the Photronic cell.
cuprous oxide or iron selenide from
the point of emission to the external contact. The response of barrier
layer cells to fluctuating light falls rapidly with increase of modulation
frequency because of the relatively high capacitance between the two
surfaces.
The Photox cell is an example of a front-effect cuprous oxide cell.
It has a current sensitivity of 100 ^a/lumen, a cathode area of 0.02 sq ft,
and produces a voltage of 0.2 volt with a 50-ft-candle illumination. A
curve between cell voltage and illumination is shown in Fig. 13-31.
The Photronic cell is an iron selenide cell. The characteristics of
the Photronic cell are shown in Figs. 13-31, 13-33, 13-34, and 13-35.
The manufacturers state that the response of the cell does not vary over
long periods of time. It does, however, show a certain amount of fatigue,
as shown by Fig. 13-35, and is sensitive to temperature changes. Because
of high interelectrode capacitance, the response to modulated light is
poor. For 100 per cent response at 60 cps, the response is 58 per cent
at 120 cps, 30 per cent at 240 cps, and 6.4 per cent at 1000 cps. The
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cell is unsuited, therefore, to the conversion of modulated light into
alternating current. The internal resistance of the Photronic cell
differs from that of the Photox cell, necessitating differences in the design
of circuits.1
The chief advantage of photovoltatic cells lies in the fact that they
require no external voltage supply.2 Relays have been designed to

operate directly from photovoltaic cells, but, because the resistance of
the relay reduces the current sensitivity, it is difficult to obtain high
armature torque. The generated voltage is so small that an amplifier
of high current sensitivity is required if an amplifier is used between
the cell and the relay. A single-stage amplifier is ordinarily inadequate.
Even for small values of flux, for which the voltage sensitivity is high, the
Photronic cell has a sensitivity of only about 25 mv/lumen, and the
Photox cell about 50 mv/lumen.
This is very small as compared with
the 500-volt/lumen sensitivity ob
tainable even with the vacuum type
of phototube. The voltage sensi
tivity of photovoltaic cells may be
increased by series operation of units,
and the current sensitivity by par
allel operation. The photovoltaic
cell finds one of its principal ap
the Photronic cell.
plications in photometry. In com
bination with a low-resistance microammeter it makes a simple and
rugged foot-candle meter.
13-21. Comparison of Phototubes, Photoconductive Cells, and
Photovoltaic Celis.—From the point of view of linearity of response,

absence of time lag, and freedom from fatigue and temperature effects,
the phototube is far superior to either the photoconductive or the photo
voltaic cell. It gives the highest voltage output of the three types but
has low current output and low current sensitivity. Because of its high
1 Bartlett, C. H., Rev. Sci. Instruments, 3, 543 (1932).
2 Lamb, A. H., Instruments, 5, 230 (1932).
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voltage output, however, it may be efficiently used with an amplifier
in the operation of current-controlled apparatus. The poor dynamic
response of photoconductive and photovoltaic cells makes them unsuit
able for the conversion of modulated light into sound, but they have
the advantage of ruggedness and relatively high current output, which
makes possible the direct operation pf relays or meters if relatively large
changes of illumination are available. The photovoltaic cell has the
additional advantage of not requiring an external voltage source. Since
the voltage output of a photovoltaic cell is small and independent of
load resistance, the current sensitivity of a single-stage amplifier is
insufficient to increase the current change available to operate a relay.
Because of the inconvenience and expense involved in the use of a twoor three-stage d-c amplifier, it is usually not advantageous to use an
amplifier in conjunction with a photovoltaic cell. Low-resistance relays
and comparatively large changes of illumination are consequently
required. The over-all voltage or current sensitivity of a photoconductive-cell circuit may be increased by the use of an amplifier.
Problems
13-1. Criticize the circuit of Fig. 13-36.

(Six errors.)

Fig. 13-36.—Circuit diagram for Prob. 13-1.

13-2. The following data apply to a photoelectrically controlled relay:
7 pa,/lumen
1 sq in.
Type 6J5
8 megohms
(8ma, closing
J
’
.
(7 ma, opening
Relay resistance........................................................................... 1000 ohms

Phototube sensitivity.................................................................
Phototube cathode area.............................................. ..............
Amplifier tube...............................................................................
Coupling resistor..........................................................................
T, ,
.
Relay operating currents..........................................................

a. Draw the diagram of a circuit in which increase of illumination will cause the
relay to be opened. All phototube and amplifier voltages are to be derived from a
single 220-volt d-c supply.
b. Specify values of resistance that will provide the correct filament current and
suitable values of plate voltage and adjustable biasing voltage.
c. Specify the value and polarity of the C-supply voltage that will just open the
relay at a phototube illumination of 72 ft-candles. The source of light is a tungsten
filament operated at 2870°K.
d. How much must the illumination be decreased to cause the relay to close?
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13-3. The following data apply to a phototube-amplifier-relay circuit:
Phototube.........................
Phototube cathode area
Amplifier tube................................................................................
Coupling resistance.....................................................................
Relay resistance........................... .............................................. ..
Relay closing current..................................................................
Relay opening current.......... .....................................................
Phototube anode supply voltage (including biasing
voltage).............................................. .. ..................................
Amplifier plate supply voltage...............................................
Light source....................................................................................

Type 868 (see Fig. 13-7)
0.9 sq in.
Type 6J5
1 megohm
1000 ohms
6 ma
4 ma
90 volts
90 volts
Tungsten filament at 2870°K

a. Show the circuit diagram for a circuit in which increase of illumination causes
the relay to close.
b. From the plate characteristics of the type 6J5 tube find the grid voltages at
which the relay will open and close.
c. From the characteristic curves of the type 868 phototube (Fig. 13-7), plot a
curve of voltage across the coupling resistor as a function of light flux.
d. From the curve of (c) determine the grid supply voltage necessary to open the
relay when the incident flux is 0.2 lumen.
e. Determine the change in illumination, in foot-candles, necessary to close the
relay after the circuit is adjusted as in (d).
13 -4. a. Plot curves of per cent second and third harmonic in the voltage output
of a type 918 phototube operated from an 80-volt supply with a 7-megohm load, as a
function of incident light flux for 80 per cent and 100 per cent modulation of incident
light.
b. Repeat for a load having a d-c resistance of 10 megohms and an a-c resistance
of 7 megohms at signal frequency.
13-5. Determine the factor by which the current scale of the current-voltage
characteristics of a type 868 gas phototube must be multiplied in order that the
characteristics shall hold for a light source whose energy distribuion is given by the
following table:
Wave length,
angstroms

Relative
energy

Wave length,
angstroms

Relative
energy

Wave length,
angstroms

Relative
energy

3000
3500
4000
4500
5000

0
1
6
14
25

5500
6000
6500
7000
7500

42
65
93
100
55

8000
8500
9000
9250

15
6
2
0
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CHAPTER 14
POWER SUPPLIES

The practically universal use at the present time of alternating current
in the transmission and distribution of electric power necessitates the
use of some means for converting to direct current in certain applica
tions of electric power. Although this may be accomplished by rotary
converters or motor-generator sets, it is often simpler, cheaper, and more
efficient to use electronic rectifiers. Other advantages of electronic
rectifiers include quiet operation, ease and speed of starting and, in
mercury pool types, long life, high momentary overload capacity, and
immunity to damage from short circuits. Outstanding applications of
electronic rectifiers are made in supplying direct voltages for electric
railways, for electrolytic plants, and for the operation of electron tubes..
Since the output of a rectifier is pulsating, and the voltage used in
most tube circuits must be nearly free of pulsation, rectifiers that supply
direct voltages to tubes must be followed by smoothing filters. In
order to prevent interference in adjacent communication lines, it is also
important to keep the ripple small in the distribution of rectified currents.
Because of the many factors involved in rectification and filtering, only
the principal aspects of the subject are presented in this chapter, and
emphasis is placed upon rectifiers and filters for use with vacuum-tube
amplifiers and other vacuum-tube circuits.
14-1. Definitions.—A rectifier is a device having an asymmetrical
conduction characteristic which is used for the conversion of an alternat
ing current into a current having a unidirectional component. Such
devices include vacuum-tube rectifiers, gaseous rectifiers, oxide (barrier
layer) rectifiers, and electrolytic rectifiers. A half-wave rectifier is a
rectifier that changes alternating current into pulsating current, utilizing
only one-half of each cycle. A full-wave rectifier is a double-element
rectifier arranged so that current is allowed to pass to the load circuit
in the same direction during each half cycle of the alternating supply
voltage, one element functioning during one half cycle and another during
the next half cycle.
The alternating component of unidirectional voltage from a rectifier
or generator used as a source of d-c power is called ripple voltage. The
ripple voltage is not generally sinusoidal and may, therefore, be analyzed
into fundamental and harmonic components.
564
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The importance of the ripple voltage relative to the d-c component
of the rectifier or filter output voltage is often specified by means of the
per cent ripple, which is defined by the Standards Committee of the Insti
tute of Radio Engineers1 as the ratio of the r-m-s value of the ripple
voltage to the algebraic average value of the total voltage, expressed in
percentage. The effectiveness of a smoothing filter increases, however,
with the frequency of the voltage input to the filter. Furthermore, in
all but the half-wave single-phase rectifier, the amplitudes of the ripple
harmonics decrease rapidly with increase of the order of the harmonics.
For these reasons, if a filter is designed to produce adequate filtering
at the fundamental ripple frequency, the ripple harmonics will usually
be reduced to negligible values, and so only the fundamental component
of ripple voltage need be considered in designing the filter. The ratio
of the effective value of the fundamental component of ripple voltage
to the average (direct) value of the total voltage will be called the ripple
factor.
The effectiveness of a smoothing filter in removing a component of
ripple voltage of any frequency may be indicated by the effect that it
would have upon a sinusoidal voltage of that frequency. The ratio
of the amplitude of a sinusoidal voltage of given frequency impressed
upon the input of a filter to the amplitude of the resulting sinusoidal
output voltage will be termed the smoothing factor at that frequency.
The following symbols will be used:

f
fr

Supply frequency.................................................................................. .........
Fundamental ripple frequency........................................................................
Amplitude of fundamental component of ripple voltage at filter
input...........................................................................................................
Er,
Average value of total output voltage......................................................... E^
Ripple factor at input to filter, EnlE^...................................................... pi
Smoothing factor at any frequency............................................................... a
Smoothing factor at fundamental ripple frequency............................... a.

Primed symbols will be used to indicate values at the output of the
filter (across the load).
14-2. Basic Rectifier Circuits.—Two of the simplest and most
commonly used rectifier circuits, the single-phase half-wave and single
phase full-wave circuits are shown in Fig. 14-1. The half-wave circuit
of Fig. 14-la makes use of only one-half of each cycle of the alternating
voltage. In the full-wave circuit of Fig. 14-16, on the other hand, current
flows in the two plates (or two diodes) during alternate half cycles. In
both circuits diode rectification causes current to flow through the load
in only one direction. The duration of plate-current flow, the magnitude
and regulation of the direct output voltage, the ripple factor, and other
1 1933 Report of I.R.E. Standards Committee.

566

APPLICATIONS OF ELECTRON TUBES

[Chap. 14

characteristics of the circuits depend upon the load, which in Fig. 14-1 is
assumed io include the smoothing filter, if one is used.
In the circuits of Fig. 14-1 the direct output voltage cannot exceed
the crest value of the alternating voltage impressed upon one plate
circuit. In many applications, however, particularly when it is desired
to reduce cost and weight by eliminating the input transformer, it is
advantageous to obtain output voltage in excess of the crest alternating

o--------------Ca)
Fig. 14-1.—(a) Half-wave rectifier.

(b)
(5) Full-wave rectifier.

voltage. This may be accomplished by means of voltage multiplier
circuits. The full-wave voltage doubler, shown in Fig. 14-2«, consists
essentially of two half-wave rectifiers. The two condensers are charged
in alternate half cycles through two rectifier tubes. Since the load
voltage is the sum of-the average condenser voltages, the load voltage
approaches twice the crest alternating voltage at light loads (high load
resistance). In the half-wave voltage doubler of Fig. 14-26, the con
denser Ci is charged to crest alternating voltage through Ti during one
half cycle. During the following half cycle the voltage of this condenser
is added to the impressed voltage in the circuit of T2, causing the con

Fig. 14-2.—(a) Full-wave voltage doubler.

(6) Half-wave voltage doubler.

denser C2 to be charged to approximately twice the crest alternating
voltage. The circuit of Fig. 14-2a has the advantages over that of Fig,
14-26 of lower voltage regulation, higher ripple frequency, which is easier
to filter, and lower condenser voltage. The circuit of Fig. 14-26, on the
other hand, has the advantage of a common input and output terminal.
Figure 14-3a shows a voltage quadrupler in which two half-wave
voltage doublers are connected in series.1 By leaving out the tube Ti
1 Garstang, W. W., Electronics, February, 1932, p. 50; Honnell, M.- A., Com
munications, January, 1940, p. 14. See also “The Radio Amateur’s Handbook,” 1939
ed., p. 357.
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and shortcircuiting the condenser Ci, this circuit can readily be con
verted into a voltage tripler.1 Another voltage quadrupler based upon
the half-wave doubler is shown in Fig. 14-36.2 In this circuit the alternat
ing input voltage is impressed upon the upper voltage doubler (indicated
by primed symbols) through the condenser C2. This circuit has the
advantage over that of Fig. 14-3a of having a common input and output
terminal, but the condenser Ci is subjected to a maximum voltage
equal to three times the crest alternating voltage. Voltage multiplica
tion of any desired ratio may be attained in this circuit by the use of
additional voltage-doubler stages. The common input and output

Fig. 14-3.—Voltage quadrupling circuits.

terminal can be changed from positive to negative by reversing all
tubes.
Because of the differences of potential between the various cathodes
in voltage multiplier circuits, it is necessary to use either separate
filament transformer windings or heater-type rectifier tubes with adequate
insulation between the cathodes and heaters. Special rectifier tubes
having two diodes heated by a single heater coil have been developed
for voltage-doubler service. One such tube is the 25Z5.
Polyphase rectifier circuits are shown in Table 14-1, page 571.
14-3. Choice of Rectifier Tubes and Circuit.—The choice of rectifier
tubes and circuit involves a number of factors, of which the following
merit special consideration:
1. Type of Rectifier Tubes.—The low voltage drop of mercury vapor
tubes results in higher efficiency of operation than with high-vacuum
tubes and, because the drop is practically constant throughout the work
ing range of current, the voltage regulation is better than with high1 Waídblich, D. L., Electronics, May, 1941, p, 28.
2 Cockcroft, J. D., and Walton, E. T. S., Proc. Roy. Soc. (London), 136, 619
(1932). \
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vacuum tubes. For a tube of given size and given filament power the
mercury vapor tube will pass higher current than the high-vacuum tube.
The peak voltage of the mercury vapor rectifier is limited, however,
because of danger of glow and subsequent breakdown into an arc during
the half of the cycle when the anode is negative. The hot-cathode
mercury vapor rectifier is much more subject to damage due to overload
or low cathode temperature, and adequate provision must be made to
ensure that the anode voltage will not be applied before the cathode has
reached operating temperature. Another disadvantage of mercury
vapor rectifiers is that anode current does not flow unless the applied
voltage exceeds the normal tube drop. The resulting abrupt changes
of current at the beginning and end of the firing period produce objec
tionable transient and high-frequency disturbances. Provision must
be made to prevent these disturbances from affecting other apparatus or
from being transferred to the a-c line or being radiated.
Grid-controlled arc rectifiers are advantageously used in large power
supplies for radio transmitters.1 The use of phase control affords a
simple method of reducing the direct voltage during starting, in order to
prevent large charging surges in the filter condensers and damage to the
transmitter tubes. The grids may be used to provide high-speed auto
matic regulation of the direct voltage. Grid control also makes possible
interruption of the anode current within one cycle of the supply frequency
when a short circuit or other overload occurs. The circuit may be
designed so that the energy stored in the filter is returned to the line by
inverter action, instead of being dissipated in a flashover arc. The
likelihood of arcback (current flow in the reverse direction) in mercury
arc rectifiers is reduced by the use of grids.
Grid control affords a convenient means of keying in radio telegraph
transmitters.
2. Transformer Design.—The design of the transformer or trans
formers is dependent upon the type of circuit and tubes. Factors that
must be taken into consideration are the primary and secondary volt
amperes, the secondary voltages, and insulation required between
windings.
3. Efficiency.—The efficiency of operation depends upon the trans
former and tube efficiencies. Tube efficiency, as already stated, is
greater for mercury arc rectifiers than for high-vacuum rectifiers. The
efficiency of both the tubes and the transformer increases with the per
centage of the cycle during which anode current flows, so that for high
efficiency it is advisable to design the filter so that current flows in each
tube during its maximum firing period. In some rectifier circuits, cur1 Durand, S. R., and Keller, O., Proc. I.R.E., 25, 570 (1937). .See also footnote
2, p. 519.
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rent flows in only one direction in each leg of the transformer. The
resulting d-c component of flux saturates the core, reducing the efficiency
by increasing the magnetizing current and hysteresis loss and by intro
ducing harmonics into the secondary voltage.
4. Filament Supply.—In certain rectifier circuits the cathodes are
at the same potential and may be operated from the same heating trans
former; in others, on the other hand, it is necessary to use either separate
filament supplies or heater-type tubes with adequate insulation between
cathodes and heaters.
5. Ripple Frequency and Amplitude.—The size and cost of a filter
capable of reducing the ripple factor to a given value at the load decrease
with increase of ripple frequency and with decrease of ripple amplitude
at the filter input. The allowable ripple factor at the load depends
upon the type of service for which the power supply is designed. In
the microphone circuit of a radio transmitter the ripple factor must be
less than 0.003 per cent. In audio-frequency amplifiers not followed by
high-gain radio-frequency amplifiers, ripple factors may range from
0.005 to 0.05 per cent without causing objectionable hum, and even 1 per
cent may sometimes be tolerated. About 1 per cent represents the
upper limit in voltages used for cathode-ray oscillographs. In control
devices of the type discussed in Chaps. 12 and 13, the allowable ripple
may sometimes be so high that the smoothing filter may be omitted.
In general, the ripple frequency increases and the ripple amplitude
decreases with increase of the number of phases. The wave form of the
rectified voltage for different numbers of phases is shown by the solid
lines in Fig. 14-6.
6. Peak Inverse Tube Voltage.—Since the attainable output voltage
of a rectifier is limited by the peak inverse voltage that the tubes can
withstand, the magnitude of the peak inverse voltage to which the tubes
are subjected is an important consideration in the choice of both tubes
and rectifier circuits.
7. Peak and Average Tube Currents.—The life of rectifier tubes is
dependent upon both the peak and average tube currents. For this
reason peak and average tube currents are factors that affect the choice
of tubes and rectifier circuits.
8. Voltage Regulation.—The voltage regulation of a power supply is
dependent not only upon the type of rectifier tube used but also upon the
type of circuit and upon the resistance of the various circuit elements.
14-4. Characteristics of Rectifier Circuits.—Table 14-1 lists important
information concerning some of the more common types of rectifier
circuits, with inductive load.1 It’should be noted that all voltage, cur
rent, and volt-ampere values in this table are given with respect to the
1 Armstrong, R. W., Proc. I.R.E., 19, 78 (1931).
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average values of direct voltage, direct current, and d-c power, respec

tively. The values listed are derived under the assumption that tube
and transformer voltage drops are negligible and that the transformer is
perfect. In deriving the current relations it is furthermore assumed that
each tube conducts during the entire time in which the induced voltage
in its phase is positive and exceeds the positive voltages of the other
phases. An examination of this table discloses the advantages of certain
circuits over others.
The single-phase half-wave rectifier has as its chief merits its sim
plicity and low cost. These advantages are offset, however, by the high
ripple amplitude and low ripple frequency, which necessitate the use of a
comparatively expensive smoothing filter, by low voltage output, and by
low transformer efficiency. The low transformer efficiency results
partly from the high effective alternating voltages and currents and
partly because the rectified direct current flows through the secondary
and saturates the core. Core saturation increases the magnetizing-current and the hysteresis loss and introduces harmonics into the secondary
voltage. It is impractical to use sufficient filter inductance to cause
current to flow during the whole cycle. In fact, in order to raise the
output voltage and assist in removing ripple, a condenser is usually
shunted across the output of the rectifier. This reduces still further the
time during which secondary current flows, and so decreases the trans
former efficiency. The single-phase half-wave rectifier is now used com
paratively little.
The single-phase full-wave rectifier is the most commonly used type
of rectifier at voltages below 1000 volts and for currents of 1 amp or less.
The ripple frequency is twice that of the a-c supply, and the ripple
amplitude is sufficiently small so that smoothing is not difficult. The
circuit is simple and requires only one full-wave rectifier tube. The
single-phase bridge circuit subjects the tubes to a lower peak inverse
voltage than the single-phase full-wave circuit and requires smaller
transformer primary volt-ampere rating. It has the disadvantages
that three separate filament transformers must be used, that the circuit
requires three tubes (one full-wave and two half-wave rectifiers) instead
of one, and that the efficiency is somewhat lower because of increased
tube loss.
The ripple amplitude is much lower in polyphase rectifiers, and the
ripple frequency higher than in single-phase rectifiers. The three-phase
star connection has the disadvantage that current flows in each leg of
the secondary in one direction only, causing core saturation. This
difficulty does not occur in the other polyphase circuits that are listed
in Table 14-1. The three-phase star full-wave connection requires low
transformer volt-ampere rating and subjects the tubes to low peak inverse

with
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Table 14-1.—Characteristics of Rectifier Circuits Used

Inductance Load

(See first paragraph of Sec. 14-4 for explanation of items listed.)

i+
© j- €!»
T i
©
Single-phase
half-wave

3-phase supply
Induct
ance in
series
with
load

Secondary volts per leg 4- direct voltage. .
Primary volts per leg -i- direct voltage. . . .
Primary current per leg -e- direct current. .
Secondary current per leg 4- direct current
Secondary kva 4- d-c watts..............................
Primary kva 4- d-c watts..................................
Peak inverse tube voltage 4- direct voltage
R-m-s tube current 4- direct current..........
Peak tube current 4- direct current............
Fundamental ripple frequency fT in terms
of supply frequency f.............................
Ripple factor pi......................................................
Second-harmonic ripple factor p2...................
Third-harmonic ripple factor pa......................

*
*
*
*
*
*
*
*
*

f

9.18*
1.25*
1.09*

Resis
tance
load,
without
choke

Single-phase
full-wave

Single-phase
bridge

Two-phase
full-wave
(four-phase
star)

Sphere supply

Three-phase
Double three
Three-phase
double star
Three-phase
star
(six-phase star star full-wave phase with
balance coil
full-wave)

2.22
2.22
1.57
1.57
3.49
3.49
3.14
1.57

1.11
1.11
1.0
0.707
1.57
1.11
3.14
0.707
1.00

1.11
1.11
1.0
1.0
1.11
1.11
1.57
0.707
1.00

0.785
0.785
0.707
0.500
1.57
1.11
2.22
0.50
1.00

0.855
0.855
0.471
0.577
1.48
1.21
2.09
0.577
1.00

0.740
0.740
0.577
0.408
1.81
1.28
2.09
0.408
1.00

0.428
0.428
0.816
0.816
1.05
1.05
1.05
0.577
1.00

0.855
0.855
0.408
0.289
1.48
1.05
2.42
0.289
0.50

f

2/
0.472
0.094
0.040

2/
0.472
0.094
0.040

4/
0.106
0.021
0.011

3/
0.177
0.040
0,018

6/
0.040
0.01
0.004

6/
0.040
0.01
0.004

6/
0.040
0.01
0.004

IT

1.11
0.472
0

* Values change with ratio of load resistance to series inductance.

POWER SUPPLIES

Type of circuit

572

APPLICATIONS OF ELECTRON TUBES

[Chap. 14

voltage but requires four filament transformers. In the double three-

phase rectifier with balance coil, induced voltages in the balance coil
cause equal currents to flow simultaneously in two phases, one in each
wye. This results in low average and peak tube currents, but the peak
inverse tube voltage is comparatively high. Many other connections
are possible, some of which give increased efficiency or improved voltage
regulation.1
. 14-5. Current Wave Form.—In Fig. 14-4 are shown curves of positive
anode voltage and of load current in a single-phase half-wave rectifier, in
abed
Positive
secondary
voltage

Current

Single-phase, Half-wave

Single-phase,Full-wave

Three-phase, Half-wave

Fig. 14-4.—Curves of positive secondary voltage and load current for single-phase and
three-phase rectifiers.

a single-phase full-wave rectifier, and in a three-phase half-wave rectifier,
with resistance and inductance loads, under the assumption that tube
and transformer voltage drops are zero. When the load2 is nonreactive,
current flows in each phase only when that phase has the highest induced
voltage, and the instantaneous current is proportional to the instanta
neous voltage. The current waves are shown by the dotted curves.
(The effect of the constant voltage drop
in an arc rectifier tube is to prevent the
flow of current when the induced volt
Condenser age is less than the normal tube drop.)
voltage
The presence of inductance in the load
tends to prevent the current from
Fig. 14-5.—Approximate waveform
building up and dying down, causing
of load voltage and tube current in a
the current waves to have the forms
full-wave single-phase rectifier with
resistance-capacitance load.
shown by the solid curves. If the
inductance is made sufficiently large, the load current becomes practically
constant, and so the current in each phase is very nearly a square-topped
pulse.
When a resistance load is shunted by a condenser, current flows
through the rectifier only when the induced voltage exceeds the condenser
voltage. If the condenser is large and the resistance high, current flows
just for a short time at the peaks of the induced voltage. The approxi
mate forms of typical voltage and current waves with resistance-capaci
tance load are shown in Fig. 14-5.

j[TAi
1 i—
1 { ¡J—/A \ A i

1 Armstrong, loc. cit.
2 Load on the rectifier is construed here to include the filter.
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When the load is such that current flows in each phase during the
entire time in which its induced voltage exceeds those of the other
phases (inductive or nonreactive load), the voltage wave across the
rectifier load consists of the portions of the phase voltage waves lying
between the intersections of waves of the different phases. The voltage

Star

Single-Phase Full Wave

Three-Phase

Two-Phase, Full Wave
Four‘Phase, Half Wave

Three-Phase, Full Wave
Six-Phase, Half Wave

Fig. 14-6.—Wave form of load voltage for resistance or inductance load.

waves for different numbers of phases are shown by the solid curves of
Fig. 14-6. The form of the corresponding current wave can be deter
mined by analyzing the voltage wave into its Fourier components,
dividing each component by the impedance of the load (including the
filter) at the corresponding frequency, and adding the component currents
obtained in this manner.1 If the presence of capacitance in the rectifier
Input from A.
rectifier “ C H^Load
Î__________

(a)

input from
rectifier

J-

±

i

<Load

>

(b)

nput from
rectifier
Î____

Looiol
(C)

Fig. 14-7.—Three types of smoothing filters: (a) condenser; (fe) choke-condenser (L-section);
(c) choke-condenser with condenser input (pi-section).

load causes each tube to pass current during only a portion of the possible
firing period, then the load voltage during the nonconducting portion
of the cycle depends upon the parameters of the load. Under these
conditions the determination of the current wave form becomes difficult
and necessitates the use of successive approximations1 or other involved
1 Stout, M. B., Elec. Eng., 54, 977 (1935).
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analyses, the results of some of which will be presented in usable form
in Sec. 14-7.
Because the characteristics of rectifier circuits depend upon the type
of smoothing filter by which they are followed, it is best to discuss the
characteristics and design of smoothing filters before discussing further
the choice of rectifier circuits for power supplies.
14-6. Smoothing Filters.—Three types of filters are commonly used
in power supplies. These are (1) a condenser shunted across the rectifier
output, as in Fig. 14-7a; (2) one or more sections, each of which consists
of a series inductance followed by a shunt capacitance, as in Fig. 14-76;
and (3) a combination of 1 and 2, as in Fig. 14-7c. The use of a single
condenser across the rectifier output is of principal value when the load
current is small, as in voltage supplies for cathode-ray oscillographs. The
multisection inductance-condenser filter is in general the most satis
factory, since it results in good voltage regulation, low peak anode
current, and high tube and transformer efficiency. The multisection
inductance-condenser filter with condenser input is used mainly in small
single-phase power supplies. It has a higher smoothing factor than a
multisection filter without input condenser that has the same total
inductance and capacitance, and it results in higher direct voltage. The
direct voltage at light load approximates the crest alternating secondary
voltage Em, as compared with 0.318_Em in a half-wave single-phase rectifier
without the input condenser and 0.636Em in a full-wave single-phase
rectifier without the input condenser (see Table 11-1). The voltage
regulation is greater, however, than when the condenser is omitted.
Other disadvantages resulting from the use of a condenser in the input
to the filter are increased peak anode current, particularly in mercury
vapor tubes, and higher peak inverse voltage. The peak inverse voltage
is the crest secondary voltage plus the condenser voltage at the instant
of crest secondary voltage. Since the condenser voltage approximates
the crest secondary voltage under light load, the peak inverse voltage
may approach twice the crest secondary voltage.
The chokes of the circuits of Figs. 14-76 and c may be replaced by
resistances. The d-c resistance of resistance-capacitance filters is much
higher than that of inductance-capacitance filters using the same size
condensers and having the same smoothing factor. Hence the voltage
regulation, the loss in direct voltage, and the heat dissipation are greater.
Furthermore, resistance-capacitance filters result in higher peak anode
current and lower transformer efficiency than do inductance-capacitance
filters. The development of small, low-cost electrolytic condensers of
high capacitance has, however, made feasible the use of resistance-con
denser filters when the requirements of low cost, lightness, and small size
outweigh the desirability of high quality.
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14-7. Design of Condenser Filters.—The currents and the condenser
voltage in a rectifier with capacitive load consist of periodic transients of
such form that the currents and voltage at the end of each transient are
the same as at the beginning of the transient. Circuits of this type have
been treated analytically by Lewis, Roberts, and Waidelich1 and graph
ically by Schade.2 Both methods of analysis are of necessity so long
and involved as to make undesirable their inclusion in this text. The
generalized curves obtained by means of these analyses are, however, of
great value in the design of rectifiers with filters of the form of Fig. 14-7«
and c. For circuits using high-vacuum tubes, the analyses are based
upon the assumption, justified experimentally, that a high-vacuum
rectifier tube may be replaced in an equivalent circuit by a fixed resistance
in series with a synchronous switch. The value of the equivalent
resistance depends upon whether the peak, average, or effective values
of circuit voltages and currents are to be found. The peak resistance
of a rectifier diode is defined as the ratio of the peak value of the
diode plate voltage to the corresponding peak value of the diode
plate current. The average resistance fp of a diode is defined as the
ratio of the average plate voltage during the conduction period to the
average plate current during the conduction period. The effective
resistance |rp| of a diode is defined as the ratio of the diode plate dissipa
tion to the square of the effective plate current. For high-vacuum diodes
the ratios of these three values of resistance are essentially independent
of current amplitude and circuit constants, and are given to an accuracy
of 5 per cent by the following relations:

|r„| = 1.075rp

fP

= 1.14^

(14-1)

Schade’s curves for ripple factor and r-m-s plate current involve the
effective equivalent resistance |rp|. The error resulting from the use of
rp in place of |rp|, however, does not exceed the probable error in reading
the curves. For the sake of simplification of design procedure, therefore,
the crest resistance fp will be used in place of |rp| in the remainder of this
section. Figure 14-8 shows curves from which the crest resistance of
high-vacuum rectifier tubes may be found.
For circuits using arc. rectifier tubes, the analyses are based upon an
equivalent circuit in which the diode is replaced by a small fixed resistance
and a counter-e.m.f. equal to the firing voltage of the tube, in series with
a synchronous switch. The three values of equivalent resistance of arc
1 Lewis, W. B., Wireless Eng., 9, 487 (1932); Roberts, N. H., Wireless Eng., 31,
351 and 423 (1936); Waidelich, D. L., Trans. Am. Inst. Elec. Eng., 61, 1161 and 1389
(1941); Proc. I.R.E., 29, 554 (1941) and 30, 535 (1942).
2 Schade, O. H., Proc. I.R.E., 31, 341 (1943).
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rectifier tubes are identical and are equal to approximately 4 ohms in
small rectifier tubes. The counter-e.m.f., which has a value of approxi
mately 10 volts in small rectifier tubes, may be taken into account in
rectifier design by subtracting this voltage from the direct output voltage
computed under the assumption that the counter-e.m.f. is zero. The
resulting error is small when the crest alternating voltage exceeds 50 volts.
Figure 14-9 shows curves of the ratio of direct output‘voltage Edc
to the crest alternating voltage Em for the half-wave single-phase rectifier
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Fig. 14-8.—Average static plate characteristics of high-vacuum power rectifier tubes.

with condenser filter.1 Figures 14-10 and 14-11 show similar curves for
the full-wave single-phase rectifier and the full-wave voltage doubler.2
Curves of the ratios of effective and peak plate currents to the direct
load current are given in Fig. 14-12 and curves of ripple factor in Fig.
14-13. In Figs. 14-9 to 14-13, R is the load resistance, o> is 2t times the
supply frequency,
^p + Rs, and Rs = fp + R„, where Rs is the sum
1 Schade, loc. cit.
2 Curves for the half-wave voltage doubler have been given by D. L. Waidelich,
Proc. I.R.E., 30, 535 (1942).
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of all circuit resistances in series with each plate, including line resistance,
transformer winding resistances, and series resistance added to limit the
peak diode plate current.
Since the desired output voltage can ordinarily be obtained by the
use of an input transformer, it is usually logical to base the rectifier

to RC ( R in ohms, C in farads)

Fig. 14-9.—Ratio of direct output voltage to crest alternating voltage, as a function of
a>RC, for the half-wave single-phase rectifier with condenser filter.

design upon allowable ripple factor, rather than upon a specified value
of the voltage ratio Edc/Em. If no input transformer is used, as is often
true in voltage doublers, some increase of C above the value necessary
to give the required filtering may have to be made in order to obtain the
desired output voltage. In order to ensure good voltage regulation,
uRC at full load must lie to the right of the knee of the appropriate
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voltage-ratio curve of Fig. 14-9, 14-16, or 14-11.
procedure is convenient:1

The following design

1. From the given load current, the average diode current per plate is esti
mated. In the half-wave rectifier and the full-wave voltage doubler, the average
diode current per plate is equal to the direct load current. In the full-wave
rectifier it is equal to half the load current.

Fig. 14-10.—Ratio of direct output voltage to crest alternating-voltage, as a function of
uRC, for the full-wave single-phase rectifier with condenser filter.

2. The peak diode current is assumed to be four times the average diode
current.
3. (a) When a high-vacuum diode is used, the peak diode voltage correspond
ing to the assumed peak diode current is determined from the curve of Fig. 14-8
corresponding to the type of tube used. The ratio of the peak diode voltage to
the peak diode current gives the peak diode resistance, fp. fp is found by the
use of Eq. (14-1). The estimated series resistance of the transformer windings
1 This is essentially the procedure suggested by Schade.
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(usually about 125 ohms for each half of the secondary) plus any additional series
resistance is added to fp and rp to obtain R, and R„. The ratios RJR and Rg/R
are then found.

Fig. 14-11.—Ratio of direct output voltage to crest alternating voltage, as a function of
¡¿RC, for the full-wave voltage doubler.

4. From the curve of Fig. 14-13 corresponding to the value of R,/R found
above, a value of oiRC may be found that will reduce the ripple factor to a value
equal to or less than the allowable value.
5. When a high-vacuum rectifier tube is used, a more accurate tentative value
of peak plate current is now found from Fig. 14-12, and steps 3 and 4 are repeated.
Figure 13-12 will then ordinarily give a value of peak plate current that does not
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differ greatly from the second tentative value. If desired, a third approximation
may be made, but this is ordinarily unnecessary.
6. The ratio E do/Em may now be found from the appropriate curve of Figs.
14-9, 14-10, or 14-11. If necessary, the value of oiRC may be raised in order to
bring it within the range corresponding to the flat portion of the voltage-ratio
curve. When no input transformer is used, Em is fixed by the supply voltage,
and Edc may be found from the voltage ratio. When an arc rectifier tube is used,
this value of Edo should be reduced by 10 volts. If Edo is specified, it is usually

Fig. 14-13.—Curves for the determination of ripple factor of rectifiers with condenser filter.

necessary to use an input transformer of the correct turn ratio to give the desired
output voltage.
7. After the input transformer has been chosen, the winding resistance may
be determined. If the value of R„ differs considerably from the assumed value,
steps 4 to 6 should be repeated.
8. The peak and average plate currents, found from Fig. 14-22, and the peak
inverse voltage should be compared with the maximum rated values for the tube
in order to make sure that they are not excessive. The peak inverse voltage
approaches twice the crest alternating voltage Em at light load, and should be
assumed to have this value.

14-8. Illustrative Problem.—The following problem illustrates the

use of the foregoing procedure.

Th< numbering of the various steps of
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the analysis corresponds to that used in Sec. 14-7. Assume that the

desired rectifier is to have an output voltage of 500 volts at full-load
current of 50 ma, with a ripple factor of not to exceed 0.01, and that it
is to be operated on a 120-volt, 60-cycle line. Use a full-wave circuit
with a 5V4-G tube.
1. Assume that Rs consists entirely of transformer winding resistance,
and is equal to 125 ohms. R = 500/0.05 = 10,000 ohms. Average
plate current per plate = 0.05/2 = 0.025 amp.
2. Assumed peak plate current = 4 X 0.025 = 0.1 amp.
3. From Fig. 14-8 the peak plate voltage is found to be 16 volts.
rp = 16/0.1 = 160 ohms. Rs = 125 + 160 = 285 ohms. Rs/R = 285/
10,000 = 0.0285.
4. For a ripple factor of 0.01 and this resistance ratio, Fig. 14-13
gives a value of approximately 66 for wRC.
5. Figure 14-12 shows that the ratio of peak plate current to average
plate current is approximately 9 (note that n is 2). A second tentative
value of peak plate current is therefore 9 X 0.025 = 0.225 amp. Figure
14-8 shows the corresponding peak plate voltage to be 28 volts. This
makes rp equal to 124 ohms, and Rs equal to 249 ohms. The new
resistance ratio Rs/R is 0.0249, which does not differ sufficiently from
the value first assumed to make an appreciable difference in the values of
wRC and the current ratio read from the curves.
Rs/R = (125 + 124 X 1.14)/10,000 = 0.0266.

6. Figure 14-10 shows that, when Rs/R is 0.0266 and wRC is 66, the
voltage ratio EicIEm has the value 0.895 and that this value of ¡¿RC corre
sponds to a point on the flat portion of the curve, ensuring good voltage
regulation.1 The r-m-s voltage of each half of the transformer secondary
should be 0.707 X 500/0.895 = 395 volts. The filter condenser should
have the value 66/(120tt X 10,000) = 17.5 pi.
7. The peak and average plate currents and the peak inverse voltage
lie within the allowable values for the tube.
14-9. Choke-condenser (L-section) Filters.—Examination of Fig.
14-13 shows that, unless the load current is small, the capacitance required
to give adequate filtering with the simple condenser filter at values of
ripple factor less than 0.01 is likely to be so large as to be impractical.
Filters of the forms of those of Fig. 14-76 or c must then be used.
From Fig. 14-14 it can be seen that the smoothing factor for a single
section choke-condenser filter is equal to the total input impedance of
the filter divided by the impedance of the parallel combination of the
condenser and the load resistance. With values of C that are sufficiently
1 Unless Rs is very small, little error results from the use of
finding Eds/Em.

H,

in place of

Rs

in
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large to give adequate filtering, the vector sum of the condenser and
load admittance is approximately equal to the condenser admittance
alone. The resistance of the choke, which is small in comparison with
the inductive reactance, may be neglected. The smoothing factor is
approximately
a =
= u2Lc _ i
(14-2)
xc

The required value of the product LC to give a smoothing factor of value
a is
LC = —7(14-3)
co2

The derivation of an exact expression for the smoothing factor of a
multisection filter, such as that of Fig. 14-15, is complicated, but the

Rectifier
output

Output
voltage

Fig. 14-14.—Single-section choke-condenser
(L-section) filter.

Fig. 14-15.—Three-section choke-condenser
filter.

fact that adequate filtering calls for relatively large values of L and C
makes possible a simplified approximate derivation.1 With typical
values of L and C the ratio of xi to xc is about 20. Thus, although the
condensers in all but the last section are shunted by a combination of
other inductances and capacitances, the impedances of these shunting
combinations will be from ten to twenty times the condenser reactances
and may, with little error, be assumed to be infinite. As in the singlestage filter, the effect of the load on the action of the last section may also
be neglected without great error. Under these assumptions, the smooth
ing factor for each section of a filter of the type shown in Fig. 14-15 is
given by Eq. (14-2), and the smoothing factor for a filter of n similar
sections is
- - 1^ = (rfLC - 1)"

(14-4)

Xc/

The approximations made in the derivation cause the value of a given
by Eq. (14-4) to be somewhat low. The error resulting from the use of
this approximate expression therefore makes the design conservative.
If the different sections of the filter are dissimilar, the smoothing factor is
a = (^LiCi -

1)(^L2Cz -

1 Lee, Reuben, Elec. J., 29, 186 (1932).

- 1) • • •

(14-4a)
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It may be shown, however, that for a given total capacitance and induct
ance the highest smoothing factor is obtained when all sections are
alike.1 Hence Eq. (14-4) may generally be used. Equation (14-4) may
be converted into the form
LC =

tor

= 0.0253

Jr

(14-5)

where ur is the angular ripple frequency and ai is the smoothing factor
at fundamental ripple frequency.
The required value of ai may be found from the relation

«i = A
Pi

(14-6)

in which pi has the value given in Table 14-1 and p/ is the allowable
ripple factor at the load. By means of Eq. (14-5) it is then possible to
determine the product LC for a filter of any number of sections. It
should be noted that the value of L given by Eq. (14-5) is the actual
inductance under load and not the nominal value listed by the manufac
turer of the choke.
14-10. Relative Values of Inductance and Capacitance.—The choice
of the relative values of L and C, the inductance and capacitance of each
stage, is affected by a number of considerations.
Filter
In the first place, the inductance in the first stage
input
must be adequate to ensure that the rectifier
passes current throughout one cycle of ripple
frequency. The limiting value of L for which
the plate current just falls to zero can be deter
Fig. 14-16.—Filter input
mined as follows. Figure 14-16 shows that the
current (rectifier current)
current just touches zero if the amplitude of the
wave and direct output
current when the input cur
alternating component of the filter input current
rent just falls to zero.
(rectifier ripple-current amplitude) is equal to
the average (direct) current. The average current is

~

(14-7)

in which Rt is the resistance of the load plus that of the chokes. If
ripple harmonics are assumed to be negligible, the ripple amplitude Irm
is equal to the amplitude of the fundamental component of ripple current
Irl. If the additional assumption is made that the condenser reactance
is negligible in comparison with the reactance of the first choke, the
ripple-current amplitude is
Im = Irl = ~
torEi
1 Lee, loc. cit.

(14-8)
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Combining Eqs. (14-7) and (14-8) gives for the theoretical limiting value
of first choke inductance, below which current flows in each anode during
less than the entire ripple period
L, =
= 0.159^
(14-9)
Jr

For the single-phase full-wave rectifier operating on a 60-cycle source,
Eq. (14-9) reduces to
t
n kq 9.667 Ri_ Rt
mu ini
Lo = 0.159
— 1132
(14~10)

The interruption of current when the inductance of the first filter
section is insufficient to maintain constant current through the rectifier
occurs because the filter con
densers keep the voltage across
the input to the filter higher than
the instantaneous secondary volt
age during the portion of the cycle
in which the current is zero.
Therefore the filter input voltage
is higher during this portion of the
cycle than it would be if current
were flowing, and so the average
output voltage is higher. The
output voltage rises with increase
in the portion of the cycle during
which current does not flow in the
rectifier. Hence, if good voltage
regulation is essential, the firstFig. 14-17.—Experimentally determined
stage filter inductance must exceed performance curves for a single-phase full
the critical value given by Eq. wave rectifier with choke-condenser filter.
(14-10) over the whole range of load current. Curve a of Fig. 14-17
shows the load voltage of a single-phase full-wave rectifier as a function
of inductance of the first filter section. It is taken from a paper by
Dellenbaugh and Quinby,1 who found that for the inductance below which
the voltage rises greatly or “soars,” the relation between the first-stage
filter inductance and the load resistance is given by the equation
T

—

Et

L° “ 1000

(14-11)

The agreement between the theoretical Eq. (14-10) and the experi
mental Eq. (14-11) is as close as could be expected under the assumptions
1 Dellenbaugh, F. S., Jr., and Quinby, R. S., QST, February, 1932, p. 14;
March, 1932, p. 27; April, 1932, p. 33. For a discussion of critical inductance in
filters for grid-controlled rectifiers, see W. P. Overbeck, Proc. I.R.E., 27, 655 (1939).
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made in the derivation of Eq. (14-10), the greatest error probably result
ing from failure to take ripple harmonics into account. For conservative
design the value indicated by Eq. (14-11) should be used for a full-wave
single-phase rectifier. Under the assumption that the relative error
is not dependent upon the number of phases, the value of first choke
inductance indicated by Eq. (14-9) should be increased by about 15
per cent.
The value of La given by Eq. (14-11) was termed by Dellenbaugh and
Quinby the critical value of first choke inductance. Their investigation
showed that as Li is increased beyond L0,the ratio of the alternating
to the direct current continues to decrease fairly rapidly until Li = 2L0.
To ensure that the peak rectifier current is not excessive at full load,

Fig. 14-18.—Variation of choke inductance with direct current.

therefore, the inductance of the first choke at full load should not be
less than 2L0.
Because of the saturating effect of the direct current, the inductance
of the filter chokes varies with load.1 It is important that they should
be designed so that the first inductance is sufficiently large at all loads.
At minimum load the rectifier peak current is relatively small, and so
it is satisfactory to make Li somewhat larger than Lo = Z?max/1000, where
is the total load resistance at minimum load, including the resistance
of the chokes. At full load, Li should exceed 2L0 = Rmln/500, where
Rmln is the total resistance at full load. It may be assumed that between
minimum and full load the inductance should vary linearly with load
resistance. The inductance of the choke can be made to vary in the
desired manner by proper adjustment of the air gap.2 The required
1 For a discussion of variation of choke inductance and the method of measuring
the inductance, see E. H. Meier and D. L. Waidelich, Communications, November,
1941, p. 5.
2 Dellenbaugh and Quinby, loc. cit. See also E. Glazer, QST, 15, 13 (October,
1931).
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value of inductance at any load may be termed the threshold inductance.
Figure 14-18, taken from Dellenbaugh and Quinby’s paper, shows how
the inductance may be made to exceed the required threshold inductance
by gap adjustment.1 When the inductance falls below the critical value
over a certain range of load, as from A to B in Fig. 14-18, violent oscil
lation takes place.2 This can be prevented by increasing the air gap.
Other factors also affect the choice of L and C. It is important to
choose L and C so that no section of the filter will resonate at the funda
mental ripple frequency or within the frequency range covered by an
amplifier with which it is used. Although the filter is a complicated
circuit which may resonate at a number of frequencies, usually it is
sufficient to make sure only that the highest resonant frequency of the
individual sections is less than the fundamental ripple frequency and
less than the lowest frequency limit for which the amplifier is designed.
To reduce the likelihood of amplifier regeneration caused by imped
ance of the power supply (see Sec. 6-38), it is important that the impedance presented to the amplifier by
the supply should be small at the
low-frequency limit of amplifica
tion. Since the reactance of the
final condenser is small in compari
Zero currénf
son with the impedance in parallel
Fig. 14-19.—Oscillogram of transient
with it, the internal power-supply oscillation of load current caused by filter
impedance may be assumed to be inductance and capacitance.
the condenser reactance. The specification of a maximum allowable
internal impedance at a particular frequency therefore determines a
minimum value of last condenser capacitance.
Another factor that must occasionally be taken into consideration is
transient oscillation of the filter when the load current is suddenly
changed. Figure 14-19 shows a transient oscillation of load current
resulting from the sudden decrease of load resistance across a power
supply.3 It is evident that such an oscillation may cause serious difficul
ties when the power supply is used with an amplifier, particularly in the
amplification of abrupt changes of current or voltage.
The best values of L and C also depend upon space requirements and
upon the relative cost of chokes and condensers. The physical size of
chokes and condensers varies with their ability to store energy. For
this reason it is sometimes desirable to make the total energy storage a
1 Under the assumed linear variation of threshold inductance with load resistance,
the threshold inductance line in Fig. 14-18 should be slightly curved. The curvature
is so small, however, that the line is assumed to be straight.
2 Dellenbaugh and Quinby, loc. cit.
3 Reich, H. J., and Marvin, G. S., Rev. Sci. Instruments, 2, 814 (1931).
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minimum. The total energy stored in one filter section is

Stored energy = ^LI2 + ^CE2

(14-12)

By substituting in Eq. (14-12) the values of I* and L given by Eqs.
(14-7) and (14-5) and differentiating with regard to C, the following
expressions may be obtained for the optimum size of condenser and
choke for a filter of n similar stages.
C =
L =

+
2^
2xfr

(14-13)
(14-14)

It is better, in general, to use a condenser that is larger than the
optimum size rather than one that is smaller. In practice it is likely
that the balance between choke and condenser size will be determined
to a great extent by the size and cost of available standard chokes and
condensers. At moderate voltages the use of electrolytic condensers of

Fig. 14-20.—Circuit diagram of a full-wave single-phase power supply.

high capacitance makes possible the design of a filter of small size and
low cost. It is important to note that account must always be taken
of the difference between nominal and actual choke inductance.
Figure 14-20 shows the complete circuit of a single-phase, full-wave
power supply with a two-section choke-condenser filter. One function
of the “bleeder” resistance is to prevent excessive transient voltages in
the filter condensers when the power supply is turned on under light load.
It may also serve as a voltage divider. The chokes should always be in
the ungrounded side of the filter. If the chokes are in the grounded side
of the filter and the transformer case is grounded, capacitance between
the core and the secondary winding shunts the chokes and by-passes
some of the ripple around the chokes, thus reducing the filtering.1 Since
the negative terminal is usually grounded, the chokes are ordinarily in
the positive side of the filter.
It is good practice to place and orient the chokes and power trans
former in such a manner as to minimize coupling between them resulting
1 Terman, F. E., and Pickers, S. B., Proc. I.R.E., 22, 1040 (1934).
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from leakage flux. The arrangement that gives minimum ripple can
often be determined by trial.
14-11. Illustrative Problem.—The method of designing a rectifier
with a choke-input filter can be best explained by means of an illustrative
example. Suppose that the required power supply is to be single-phase
and full-wave and must be able to furnish a d-c output of 200 ma at
350 volts with a ripple factor that does not exceed 0.07 per cent.
Examination of the operating characteristics of the 5U4-G high-vacuum
rectifier (see page 683) shows that this tube can carry the required current
and voltage. Assume that the output will be shunted by a 20,000-ohm
voltage divider (bleeder), which will draw 17/ ma at 350 volts. Table
14-1 gives 120 cps and 0.472 for the values of fr and pi. Since the allow
able value of pi is 0.0007, «i = 0.472/0.0007 = 675. Substitution
of these values of fr and an in Eq. (14-5) gives the following values of LC:
Single-section filter............................... '............ 1190 X 10-6 henry X farad
Two-section filter.............. .................................. 47.5 X 10-6 henry X farad
Three-section filter.............................................. 17.2 X 10-6 henry X farad

At full load Li should not be smaller than 7?mfa/500. Choke resist
ance neglected, Rmm is equal to the full-load voltage divided by the total
full-load current, or 350/(0.200 + 0.0175) = 1610 ohms. Therefore Li
should not be less than 3.22 henrys. At minimum load Li should exceed
Emax/1000 = 20,000/1000 = 20 henrys. A first choke having an
inductance of 25 henrys at a current of 17^ ma should satisfy this require
ment. If the inductance falls to half this value at full load, the required
capacitance for each filter section is
Single-section filter....................................................................................... 95.2 pi
Two-section filter.......................................................................................... 3.8 pi
Three-section filter....................................................................................... 1.37 pi

A two-section filter using two 4-^f condensers, or a three-section
filter using three 1.5- or 2-^f condensers, will give the required filtering.
For the two-section filter the resonant frequency of one section is
1/2tt-\/12.5 X 4 X IO-6 = 22.5 cps at full load. The resonant fre
quency of one section of the three-section filter is 31.8 cps. Both of
these values are far below the fundamental ripple frequency. The
optimum full-load inductance indicated by Eq. (14-14) is 11 henrys for
the two-section filter, which is not far from the value chosen. Because
of its lower resistance, the two-section filter gives better voltage regulation
than the three-section filter.
Although an approximate value of the required transformer voltage,
under the assumption that the tube drop is negligible, could be found
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from Table 14-1, the required voltage can be found more accurately
from the operating characteristics of the 5U4-G rectifier. If each choke
has 75 ohms resistance, the transformer secondary voltage should be
515 volts each side of center to give the 350-volt output at a total current
of 217.5 ma.
The direct voltage will rise to approximately 450 volts when the
external load is removed. Much improved regulation could be obtained
by the use of the type 83 mercury vapor tube. Although improved
regulation would also be obtained with the type 83v high-vacuum rectifier,
this tube cannot deliver the terminal voltage required in this problem,
since the maximum rated r-m-s plate voltage is only 400 volts.
The values of L and C actually chosen in both the two- and threesection filter are enough larger than the values that will just give the
maximum allowable ripple to make it unnecessary to recheck the com
putations, taking into account the resistance of the chokes.
It is interesting to compute the ripple factor that would be obtained
if the above two-section filter were used witti a three-phase rectifier (see
Table 14-1). For a three-phase rectifier fr = 180 cps. Substituting
fr = 180 cps, C = 4 X 10-6 pf and L = 12.5 henrys in Eq. (14-12) gives
3960 for a±. Since pi = 0.177 for the three-phase rectifier, pff = 0.0045
per cent. This clearly shows the improvement in filtering resulting
from an increase in the number of phases.
The student will find it instructive to compute the second- and thirdharmonic ripple factors at the load by substituting in the following equa
tions values of pi and p2 listed in Table 14-1.

ak = [(kc^LC - 1]»
Pk = —
Olk

(14-46)
(14-6a)

14-12. Choke-condenser Filter with Condenser Input.—Power sup
plies with filters of the form of Fig. 14-7c can be readily designed by a
combination of the methods discussed in Secs. 14-7 and 14-10. Since
the output ripple factor can be readily reduced to the desired value by
the L-section portion of the filter, the input condenser may be chosen
on the basis of voltage regulation and allowable peak plate current. If
possible, wRtCi should be large enough to bring it within the range of the
flat portion of the voltage-ratio curve of Fig. 14-9, 14-10, or 14-11. It
should not be so large, however, that the peak plate current exceeds the
allowable value.
14-13. Voltage Stabilizers.—In many applications of electron tubes,
notably in oscillators and measuring instruments, it is necessary to
provide direct voltage that remains essentially constant in spite of fluc
tuations of line voltage. Direct voltages of almost any desired degree
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of stability can be obtained by the use of electronic voltage stabilizers.1
Since a stabilizer that reduces random changes of direct voltage will, in
general, also reduce periodic changes of voltage, voltage stabilizers used
in the output of a power supply produce the additional beneficial effect
of reducing ripple voltage. Types of stabilizers that reduce the variation
of voltage with load current also reduce the internal terminal imped
ance of the power supply.
The simplest type of voltage stabilizer is the glow-tube stabilizer
discussed in Sec. 12-4. Glow-tube stabilizers are usually incorporated
in stabilizer circuits using high-vacuum tubes, in order to maintain
constant operating voltages. Three types of high-vacuum-tube stabi
lizers are shown in Fig. 14-21. In the degenerative circuit of Fig. 14-21a,

(a)

ib)

fc)

Fig. 14-21.—Basic voltage stabilizer circuits : (a) degenerative type; (h) amplification-factor
bridge type; (c) transconductance-bridge type using glow-tube bias.

increase of output voltage Eo as the result of either increase of load resist
ance or increase of input voltage Ei increases the negative voltage of the
grid and thus tends to reduce the plate current. The reduction of plate
current in turn partly eliminates the change in voltage across R, which
may be the load. The function of Rc is to prevent the flow of high grid
current in the event of removal of Ei. Analysis of the equivalent plate
circuit shows that best stabilization is obtained with tubes having high
amplification factor. Loss of output voltage as the result of tube drop
is minimized by the use of a high-current power tube. Since tubes having
high amplification factor in general have low plate current, this circuit
is useful only in applications where the load current is small.
In circuit b, the ratio of R2 to Ry is made equal to the amplification
factor. When the input voltage changes, the change of plate voltage
is then y times the change of grid voltage, and so the plate current and
the voltage across Rit which may be the load, remain unchanged. Good
stabilization is obtained over a range of input voltage throughout which
the amplification factor remains approximately constant. The output
1 Grammer, G., QST, August, 1937, p. 14; Bousquet, A. G., Electronics, July,
1938, p. 26; Waltz, W. W., Electronics, December, 1938, p. 34; RCA Application
Note 96; Hunt, F. V., and Hickman, R. W., Rev. Sci. Instruments, 10, 6 (1939) (with
13 references); Nbher, H. V., and Pickering, W. H., Rev. Sci. Instruments, 10, 53
(1939) (with bibliography); Qoombs, J. N., and Nims, P. T., Electronics, January,
1940, p. 40.
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voltage may be made to increase with decrease of input voltage by
making RffRi less than /i. Rc serves the same function as in circuit a.
The output voltage in this circuit is less than the input voltage by the
sum of the voltage across IL and the drop through the tube. Since
Ri = Rz/u for balance, the voltage loss in Ex may be minimized by the
use of a high-mu tube. Because the plate current of high-mu tubes is
small, however, this circuit, like that of Fig. 14-21a, is best suited to
applications in which the load current is small.
In circuit c the glow tube, which may be replaced by a battery, main
tains the cathode of the triode at a constant positive voltage relative
to the negative side of the input. The negative bias of the triode there
fore decreases with rise of input voltage and thus increases the plate
current. By proper choice of cir
cuit constants, the resulting increase
of voltage drop across R3 can be
made equal to the increase of input
voltage, so that the output voltage
remains constant. Analysis of the
equivalent plate circuit shows that
when R3 = (Ri + Rf)Rigm the out
put voltage is independent of input
voltage throughout a range of input
voltage and plate current in which
gm is essentially constant. Since
Fig. 14-22.—Two-stage degenerative volt ’ R3 should be small in order to
age stabilizer.
prevent unnecessary loss of voltage,
a tube used in this circuit should have high transconductance.
In some applications of voltage compensators, internal resistance
(change in output voltage with change in load current) is objectionable.
It is reduced in the circuits of Fig. 14-21 by reduction of plate resistance
but is relatively high even when power triodes are used. Improved
circuits, incorporating amplifiers, have been developed that have low
internal resistance and give high stabilization over wide ranges of input
voltage and load current. The circuit most commonly used, shown in
Fig. 14-22, is essentially a two-stage inverse-feedback circuit. Increase
of E„ decreases the magnitude of the negative grid voltage of Tx and
thus increases the plate current of Ti. The resulting increase of voltage
across IL makes the grid of T2 more negative, thus reducing the plate
current of T2 and hence tending to reduce the output voltage. The
output voltage may be varied by means of R6.
Because of the voltage-dividing action of the resistance combination
Rs-Re-Ry, only a portion of the change of output voltage is applied to
the grid of T,. Addition of the condenser C increases the fraction of the
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voltage change impressed upon the grid of Ti when the change occurs
rapidly. If the reactance of this condenser at ripple frequency is small
in comparison with the resistance which it shunts, the condenser appreci
ably increases the ability of the circuit to reduce ripple. If the condenser
is too large, however, it may lead to undesirable transient oscillations of
output voltage because the initial compensation as the result of sudden
change of output voltage exceeds the final value obtained after the con
denser voltage reaches equilibrium. Although the screen voltage for Ti
may be taken from the output side of the circuit, some improvement of
stabilization against change of input voltage is obtained when the screen
voltage is taken from the input side, as in Fig. 14-22.
The stabilization against changes of input voltage can be made com
plete by taking the excitation voltage for the first grid of Ti partly from
the input, as in the circuit of Fig, 14-23.1
The slider of Ri is set so that it is at
approximately the same direct voltage
as that of Re- Rs is adjusted so that
there is no change in Eo when Et is
varied. The improvement in stabiliza
tion against changes of input voltage is
accompanied by reduction of stabiliza
tion against changes of load.
. 14-23.—Variant of the cir
Ti should be a high-mu tube and T2 cuitFig
of Fig. 14-22 which stabilizes
a high-transconductance tube. The completely against changes of input
coupling resistance Rt should be large in voltage.
comparison with the plate resistance of Ti. Rs should be chosen so as to
limit the current through the glow tubes to the range for which they are
designed. Because of the large difference of potential between the cath
odes of Ti and T2, it is necessary to use separate transformer windings
for the two heaters, insulated to withstand the high voltage. A detailed
discussion of the design of this type of voltage stabilizer has been given
by Bereskin.2
When a stabilized voltage supply is used to supply the grid bias for a
power amplifier in which the grids are driven positive during a portion
of the cycle of excitation voltage, the grid current flows in opposition
to the supply voltage and thus reduces the supply current. The grid
current cannot increase beyond the value at which the supply current
is reduced to zero. In order to use the circuit of Fig. 14-22 for this
purpose, therefore, it is necessary to shunt the output with a resistance
which is low enough to ensure that current through the resistance exceeds
the highest grid current. Since the peak grid current may be high, the
1 Goodwin, 0. W., Yale J. Biol, and Med., 14,101
2 Bereskin, A. B., Proc. I.R.E., 31, 47 (1943).

(1941).
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high current that must flow through the resistor results in considerable

loss of power. It is also difficult to design the circuit of Fig. 14-22 to give
good stabilization at output voltages below 100 volts. These difficulties
are avoided in the circuit of Fig. 14-24, which is derived from the basic
circuit of Fig. 14-21c by the addition of a stage of voltage amplification.1
Since the voltages across Ti and T3 are essentially constant, reduction of
output voltage Eo results in an equal reduction of grid bias of Ta- This
increases the plate current of Ta and hence the drop in voltage across
Ra, increasing the grid bias of T4. The resulting reduction of plate
current of T4 reduces the voltage drop in R3 and thus tends to counteract
the change in output voltage. Detailed design procedure for this circuit
has been given by Pihl.1

500JI
Fig. 14-24.—Voltage stabilizer for use in a C
supply for power amplifiers in which grid current
flows.

Fig. 14-25.—Current stabilizer.

Stabilizers of the type of Figs. 14-22 and 14-23 cannot be readily
designed to deliver voltages lower than about 100 volts. Low stabilized
voltages can, however, be obtained by the use of two stabilized voltage
supplies connected in opposition.
14-14. Current Stabilizer.—Figure 14-25 shows a circuit by means
of which current may be maintained essentially constant in spite of
variations of supply voltage or load resistance. This circuit makes
use of the fact that, within the proper ranges of voltages and plate current,
the plate current of a pentode varies comparatively little with plate
voltage. Additional stabilization is attained by the use of a cathode
biasing resistance, which causes the grid bias to increase with increase of
plate current. The load current may be varied by means of Ri. R3must
be large enough to prevent the flow of excessive screen current when the
plate current is reduced to a low value, but small enough to ensure that
the glow tube conducts. The circuit values of Fig. 14-25 are suitable
for an input voltage ranging from 200 volts to 1200 volts. The cathode
resistor varies the current from approximately 5 to 30 ma. In the
vicinity of 20 ma the plate current varies by about 1J ma when the input
1 Pihl, G. E., Bull. 10, College of Engineering, Department of Electrical Eng.,
Northeastern Univ. (1943).
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voltage is varied from 300 to 1000 volts or when the load is varied from
zero to 50,000 ohms.
Problems
14-1. Design a B supply with condenser filter to meet the following specifications:
Output voltage..............................................
Maximum load current..............................
Ripple factor...................................................
Supply................................................................

Not less than 280 volts
20 ma
Not to exceed 0.01
110-volt, 60-cycle, single-phase

The rectifier should operate directly from the line (no input transformer).
14-2. Design a B supply with choke-input filter to meet the following specifications:
Output voltage..............................................
Maximum load current..............................
Ripple factor...................................................
Supply................................................................

300 volts
100 ma
Not to exceed 0.0005
120-volt, 60-cycle, single-phase

Impedance presented to the load at 50 cps must not exceed 1000 ohms. Voltage
regulation should be kept as small as possible.
14-3. Design a B supply with a condenser-input choke-condenser filter to meet the
following specifications:
Output voltage..............
Maximum load current
Ripple factor..................
Supply...............................

400 volts
100 ma
Not to exceed 0.0001
110-volt, 60-cycle, single-phase

14-4. Design a single-phase full-wave rectifier that will furnish a direct voltage of
1500 volts at a load current of 250 ma and a ripple factor not to exceed 0.1 per cent.
Minimum load current is 50 ma.
14-5. By means of the equivalent plate circuit, show that the effectiveness of the
circuit of Fig. 14-21a increases with p.
14-6. By means of the equivalent plate circuit, show that the circuit of Fig. 14-216
should be adjusted so that R2/Rt = p.
14-7. By means of the equivalent plate circuit, show that the circuit of Fig.
14-21c should be adjusted so that Rs = (Ri + Ri)/Rigm.

Supplementary Bibliography
Prince, D. C., and Vogues, F. B.: “Principles of Mercury Arc Rectifiers and Their
Circuits,” McGraw-Hill Book Company, Inc., New York, 1927.

Jolley, L. B. W.: “Alternating-current Rectification,” John Wiley & Sons, Inc.,
New York, 1931.

Marti, O. K., and Winogbad, H.: “Mercury Arc Power Rectifiers,” McGraw-Hill
Book Company, Inc., New York, 1930.

Recobd, F., and Holmes, I.: Wireless World, 21, 841 (1927).
Kuhlman, J., and Barton, J.: J. Am. Inst. Elec. Eng., 47, 17 (1928).
Vincer-Minter, N. P.: Wireless World, 22, 184, 226, 323 (1928).
Crouse, G. B.: Radio Eng., May, 1928, pp. 19, 42.
Warren, A. G.: Wireless Eng., 5, 601 (1928).
Shaw, A. E.: Proc. I.R.E., 17, 849 (1929).
Reudy, R.: Can. J. Research, 2, 101 (1930).

596

APPLICATIONS OF ELECTRON TUBES

Steiner, H. C., and Maser, H. T.: Proc. I.R.E., 18, 67 (1930).
Maser, H. T., and Saxton, H. L.; QST, March, 1931, p. 21.
McDonald, D.: Wireless Eng., 8, 522 (1931).
Clark, H. T., and Kohlhagen, W.: Phys. Rev., 39, 184 (1932).
Street, J. C., and Johnson, T. J.: J. Franklin Inst., 214, 155 (1932).
Callendar, M. V.: Wireless Eng., 9, 24 (1932).

ScROGGiE, M. G.: Wireless World, 30, 558 (1932).
Davis, R. L., and Trouant, V. E.: Proc. I.R.E., 20, 921 (1932); QST, June, 1933,
p. 21.

Kimp, R.: Electronics, August, 1933, p. 219.
Tanasescu, T.: Wireless Eng., 11, 68 (1934).
Dunham, C. R.: J. Inst. Elee. Eng., 75, 278 (1934).
Evans, R. D.: Rev. Sci. Instruments, 5, 371 (1934).'
Foos, C. B.: Elee. Eng., 53, 568 (1934).
Waltz, W. W.: Electronics, December, 1935, p. 30.
Maslin, A. J.: Electronics, December, 1935, p. 29.
Foos, C. B., and Lattemann, W.: Proc. I.R.E., 24, 977 (1936).
Maslin, A. J.: Electronics, December, 1936, p. 28.
Kilgore, L. A., and Cox, J. H.: Trans. Am. Inst. Elee. Eng., 56, 1134 (1937); 57, 168
(1938).
McDonald, G. R.: Trans. Am. Inst. Elee. Eng., 58, 563 (1939).
Lee, Reuben: Electronics, April, 1938, p. 39.
Deeley, P. M.: Communications, April, 1938, p. 19.
Scott, H. J.: Electronics, June, 1938, p. 28.
Trucksess, D. E.: Bell Lab. Rec., 17, 24 (1938).
Wallis, C. M.: Electronics, October, 1938, p. 12.
Huntoon, R. D.: Rev. Sci. Instruments, 10, 176 (1939).
Scott, H. H.: Electronics, August, 1939, p. 42.
Stout, M. B.: Electronics, September, 1939, p. 32.
Merrill, F. D., Jr.: Electronics, November, 1939, p. 16.
Honnell, M. A.: Communications, January, 1940, p. 14.
Wallis, C. M.: Electronics, March, 1940, p. 19.
Witting, E. G.: Rev. Sci. Instruments, 11, 182 (1940).
Richter, W. : Electronics, June, 1940, p. 20.
Panofsky, W. K. H., and Robinson, C. F.: Electronics, April, 1941, p. 42.
Frommer, J. G.: Proc. I.R.E., 29, 481 (1941).
Ware, L. A.: Proc. I.R.E., 30, 500 (1942).
Tillotson, L. C., and Wallis, C. M.: Electronics, April, 1941, p. 42.

CHAPTER 15
ELECTRON-TUBE INSTRUMENTS AND MEASUREMENTS

The development of measuring instruments using electron tubes has
resulted in great improvements in the field of measurement. This final
chapter will deal with the theory and characteristics of electronic meas
uring instruments and with the methods of making measurements on
vacuum tubes and vacuum-tube circuits. Instruments incorporating
electron tubes include voltmeters, ammeters, wattmeters, ohmmeters,
time and speed meters, frequency meters, and oscillographs. Measure
ments on tubes and tube circuits include measurement of tube factors,
negative resistance, harmonic content, voltage amplification, and power
output.
15-1. Vacuum-tube Voltmeters.—One of the most useful of electronic
measuring instruments is the vacuum-tube voltmeter.1 The advantages
of vacuum-tube voltmeters over electromagnetic meters are their high
input impedance, wide frequency range, and high sensitivity. Although
vacuum-tube measuring instruments usually embody electromagnetic
meters, the required sensitivity of the latter is generally small enough so
that the cost of a complete electronic instrument is considerably less
than that of an electromagnetic or electrostatic meter of comparable
sensitivity. The vacuum-tube voltmeter is of particular value in the
measurement of voltage in circuits in which the flow of meter current
would appreciably alter the voltage, as in radio-frequency circuit meas
urements, the measurement of amplifier output voltage, or the measure
ment of the voltage of a charged condenser.
Vacuum-tube voltmeters are of many types. According to principle
of operation they may be classified as follows:
1. Transfer characteristic.
2. Plate-detection (transrectification):
a. Low-bias.
6. High-bias.
3. Diode.
4. Grid-detection.
5. Exponential.
1 For a general discussion of vacuum-tube voltmeters covering developments
through 1932, see T. P. Hoar, Wireless Eng., 10, 19 (1933). See also August Hund,
“High-frequency Measurements,” pp. 136-161, McGraw-Hill Book Company, Inc.,
New York, 1933.
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6. Amplifier.

7. Slide-back.
8. Inverted.

Classification can also be made according to whether the instruments
measure direct, r-m-s, crest, or average voltage. This will be discussed
in connection with each of the types listed above.
The design of vacuum-tube voltmeters involves a number of factors,
which include the following:
1.
2.
3.
4.
5.
6.
7.

Input impedance.
Sensitivity.
Type of scale (direct, r-m-s, crest, or average voltage).
Stability and permanence of calibration.
Voltage range.
Effect of harmonics upon readings.
Portability and cost.

15-2. Use of Transfer Characteristics in Voltage Measurement.—

The most direct application of vacuum tubes to the measurement of
voltage lies in the use of a transfer characteristic as a calibration curve.
Unknown direct voltages less in magnitude than the cutoff grid voltage
may be applied to the grid circuit and measured by means of a milli
ammeter in the plate circuit. If the voltage measured is applied with
such polarity as to make the grid negative', negligible current is drawn by
the grid.
Large direct voltages applied to the plate may
also be measured by relatively small voltages ap
plied to the grid, the grid voltage being adjusted
so as to reduce the plate current to zero.1
Fig. 15-1.—Basic cir-

15-3. Plate-detection (Transrectification) Voltmeters.2—One of the most frequently used types

of vacuum-tube voltmeters makes use of plate detec.
tion. Ine basic circuit of this type of meter is
shown in Fig. 15-1. Alternating voltage applied to the grid cicruit is
measured by means of the change in reading of the d-c milliammeter in the
plate circuit. Because of curvature of the transfer characteristic, the
amplitude of the positive half cycle of plate current exceeds the amplitude
of the negative half cycle. The average plate current therefore exceeds
the quiescent plate current, as shown in Fig. 3-19 (see Secs. 3-15, 3-19,
and 9-11), the change in current being a function of the impressed
cmt of plate-detection
vacuum-tube voltmeter.

1 van der Bijl, H. J., “The Thermionic Vacuum, Tube and Its Applications,” p.
369, McGraw-Hill Book Company, Inc., New York, 1920.
2 Moullin, E. B., and Turner, L. B., J. Inst. Elec. Eng. (London), 60, 706 (1922);
Moullin, E. B., J. Inst. Elec. Eng. (London), 61, 295 (1923), Wireless World, 10, 1
(1922).
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alternating voltage. The condenser, whose reactance is small at the
lowest input frequency, prevents variation of load impedance with
frequency and thus eliminates a possible cause of dependence of calibra
tion upon frequency. The instrument may be calibrated by the applica
tion of known sinusoidal voltages. This type of vacuum-tube voltmeter
may be further classified according to the magnitude of the grid bias
and the form of the transfer characteristic.
1. Low-bias Operation.—If the shape of the transfer characteristic
is assumed to be approximately parabolic, then for Class A operation
the alternating plate current may be adequately expressed by the first
two terms of the series expansion
ip = aic + a2e2

(15-1)

Since a periodic wave of any shape may be broken up into a series of
harmonically related frequency components, the application of a periodic
voltage wave of any form is equivalent to the simultaneous application
of a number of periodic voltages of proper frequency and amplitude. In
general the applied voltage may then be expressed as

e = eg — Ei cos wi + E2 cos 2wi + E3 cos 3ut + • • •

(15-2)

Substitution of Eq. (15-2) in Eq. (15-1) shows that the change in average
plate current is
Ha = ia2(Ei2 + E22 + E32 + • ■ ■ )
(15-3)
But the mean-square signal voltage is
/* 2tt/w

I

(Ei cos wt + E2 cos 2wi + E3

cos

3wi + • • • )2dt

= KE? + E22 + E32 + • • • )

(15-4)

The change of average plate current of a tube that has a parabolic transfer
characteristic and is used in Class A operation is therefore proportional
to the mean-square signal voltage and the meter may be calibrated
to read r-m-s signal voltage.1 In practice it is difficult to obtain with a
single tube a transfer characteristic that approaches closely to parabolic
form. The change in average plate current is therefore not strictly pro
portional to mean-square signal voltage. The change in current will
depend to some extent upon the wave form of the signal voltage.
A close approach to a parabolic characteristic can be attained by
the use of the balanced circuit of Fig. 15-2.2 The plate current of Ti is

ip = San(eg)n

(15-5)

1 Jansky, C. M.,.and Feldman, C. B., J. Am. Inst. Elec. Eng., 47, 126 (1928),
2 See, for instance, W. C. Michels, Rev. Sci. Instruments, 9, 10 (1938).
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That of T2 is
iff = '2,an(eff)n = 2a„(— ej”

(15-6)

Since all the odd-order terms of iff are negative, whereas all terms of iv
are positive, the sum of iv and iff contains only even-order terms. With
triodes the value of an and higher-order coefficients is small in comparison
with a2, and so the total plate current is
i = iP + iff = 2a2(e«)2 = %a2e2

(15-7)

The objection to this circuit is that it draws a small amount of current
from the circuit whose voltage is being
measured.
2. High-lxias Operation.—If the tube of
Fig. 15-1 is biased to cutoff, plate current
will flow only during the positive half of the
signal-voltage cycle. The average plate cur
rent will depend upon the shape of the
dynamic transfer characteristic which may
be made to approach linearity by the use of
Fig. 15-2.—Basic circuit of
balanced plate-detection vacu
an unby-passed high resistance in series with
um-tube voltmeter.
the plate. Under this condition the instan
taneous plate current is nearly proportional to the instantaneous signal
voltage during the positive half cycle and zero during the negative half
cycle. The average plate current, under the assumption that the char
acteristic is linear, is

Iba

w /
2tT /

,

W /

— 2?r /

dl&g dit ~

-ff— i (Ei sin tot T E2 sin
-F E3 sin 3wf -F ■ ’ * ) dt
Jo
= iai X (average signal voltage during positive half cycle)

(15-8)

Thus the average plate current of a tube that has a linear characteristic
and is biased to cutoff is proportional to the average signal voltage during
the positive half cycle. Since in practice it is not possible to make the
characteristic linear, this relation is only approximately true. The
curvature is greatest in the vicinity of cutoff, and so the departure from
the theoretical linear reading increases as the signal amplitude goes down.
If the load resistance is zero or small, the characteristic in the vicinity of
cutoff is more nearly parabolic than linear. Then the average plate
current is
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r ir/ta

*6

— 2 t Jo

0262

(Ei sin wt + E2 sin 2coi + E3 sin 3wi + ■ • • )2 dt

= 7 (^i2 + Hz2 + Ef +

(15-9)

(15-10)

• • • )

The average plate current for a tube with a parabolic characteristic,
biased to cutoff, is, therefore, approximately proportional to mean-square
positive signal voltage, and the meter may be calibrated to read the
r-m-s value of the voltage during the positive half cycle.
Since high input impedance can be obtained only if the grid is negative
throughout the cycle of signal voltage, voltages of amplitude greater
than the cutoff grid voltage can be read only if the tube is biased beyond
cutoff. If Class C bias is used, current flows during only a portion of the
positive half cycle. The average plate current cannot be affected by
the form of the wave during the portion of the cycle in which current does
not flow, and so the average plate current is not necessarily proportional
to either the average voltage or the mean-square voltage, and large errors
in reading are likely to result if the voltage departs materially 'from
sinusoidal form. Class C bias is sometimes used in multirange meters.
At high radio frequencies the reading of plate-detection voltmeters
may be affected by impedance drop caused by inductance of the grid
input leads and by resonance of this inductance with the capacitance
of the grid circuit. Input capacitance also
causes the input admittance to increase with
frequency. For these reasons the instrument
should be designed so as to minimize input cir
cuit capacitance and inductance, and at high
radio frequencies it is advisable to use specially
designed tubes having low input capacitance
Fig. 15-3.—Self-biased
and inductance, such as acom tubes (Fig. 2-16). plate-detection vacuum-tube
It is also good practice to mount the tube at the voltmeter.
end of a shielded flexible cable, so that the input voltage may be applied
directly to grid terminal of the tube.1
The calibration curve may be straightened by the use of self-bias, as
shown in Fig. 15-3.2 In addition to reducing curvature of the calibration
curve, self-bias increases the voltage range of the instrument. The
bias increases with input amplitude, and so the amplitude at which grid
current starts to flow greatly exceeds the zero-signal bias.
1 Boyle, H. G., Electronics, August, 1936, p. 32.

RCA Application Note 47,

1935.

2 Medlam,

(1928).

W. B., and

Oschwald,

U. A.,

Wireless Eng.,

3, 589, 664 (1926), 5, 56
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15-4. Balanced Plate Circuits.—In any circuit in which change of
plate current of a vacuum tube is used as a measure of input to the circuit,
as in the measurement of direct voltages by use of transfer characteristics
or of alternating voltages by means of detection, it is desirable to balance
out the static operating plate current in order that the whole scale of the
milliammeter or galvanometer may be used. One method of accomplish-

Fig.

15-4.—Vacuum-tube voltmeter with
zero balance.

zero balance.

ing this is shown by the circuits of Figs. 15-4 and 15-5, in which the tube
forms one arm of a Wheatstone bridge.1 The circuit may be balanced
by varying any of the resistances. To avoid loss in sensitivity, 7?3 must
be large in comparison with the meter resistance. The required B-supply

Fig. 15-6.—Circuit in which the filament
supply voltage is used to balance out the
zero-signal plate current.

voltage increases, however, with R3. When the cathode is heated by
means of a battery, the circuit of Fig. 15-6 may be used. A modified
form of the bridge circuit of Fig. 15-4, shown in Fig. 15-7, uses a second
tube in place of the resistance RiA The advantage of the use of two
‘Hoare, S. C., Trans. Am. Inst. Elec. Eng., 46, 541 (1927); Hayman, W. G.,
Wireless Eng., 7, 556 (1930). See also footnote 1, p. 613, and footnote 2, p. 614.
2 Wold, P. I., U. S. Patent 1232879 (1916-1917); Wynn-Williams, C. E., Proc.
Cambridge Phil. Soc., 23, 810 (1927), Phil. Mag., 6, 324 (1928); Eglin, J. M., J. Opt.
Soc. Am. and Rev. Sci. Instruments, 18, 393 (1929); Winch, G. T., J. Sci. Instruments,
6, 376 (1929); Nottingham, W. B., J. Franklin Inst., 209, 287 (1930); DuBbidge,
L. A., Phys. Rev., 37, 392 (1931).
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tubes (or a double triode) is that the tubes respond similarly to changes of
plate supply voltage and cathode temperature, so that the bridge does
not so readily become unbalanced. It is possible to find settings of P
and R such that small variations of plate supply voltage have little or no
effect upon the zero balance. The circuit of Fig. 15-7 may be used with
alternating plate supply voltage.1
Changes of calibration with operating voltages can be reduced by
using a common source to supply cathode power and grid and plate
voltages. A typical circuit is shown in Fig. 15-8. Adjustment of the
heater or filament current to a definite value also brings the grid and plate
voltages to the proper values. If a heater type of tube is used, constant
operating conditions are approximated by obtaining the plate and grid

Fig. 15-8.—Plate-detection vacuumtube voltmeter operated from a single source
of voltage.

Fig. 15-9.—Circuit that is self-compensating against variations of supply
voltage.

voltages from a common supply, the voltage of which is adjusted to a
definite value by the aid of a voltmeter or is kept constant by means
of a glow tube or other type of voltage stabilizer (see Secs. 12-4 and 14-13).
Small changes of heater voltage in the neighborhood of normal value have
comparatively small effect upon calibration. The problem of maintain
ing a fixed operating point may also be simplified by the use of a cathode
resistor to provide self-bias, as in Fig. 15-3. When self-bias is used, the
static operating point is fixed by the plate supply voltage, which may be
kept constant with the aid of a voltmeter or a voltage stabilizer. A
number of self-compensating single-tube circuits have also been devel
oped.2 One such circuit is shown in Fig. 15-9. The meter reading is
independent of filament supply voltage when Rc = — •

and inde-

pendent of plate supply voltage when Rb = yRcRd/Rc + Rd, where
Rd is the sum of R^ and the filament resistance.3
1 Thurston, J. N., Electronics, October, 1943, p. 102.
2 Razbk, J., and Mulder, P. J., J. Opt. Soc. Am. and Rev. Sci. Instruments,
18, 460 (1929); Dearlb, R. C., and Matheson, L. A., Rev. Sci. Instruments, 1, 215
(1930); Turner, L. A., and Sibgelin, C. O., Rev. Sci. Instruments, 4, 429 (1933);
Turner, L. A., Rev. Sci. Instruments, 4,665 (1933). See also p. 615.
3 Turner, ibid.
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Changes of calibration with tube age are prevented to a certain
extent by keeping the static operating current constant. It is necessary,
however, to check the meter calibration from time to time regardless
of the circuit used. The life of tubes of standard makes is sufficiently
long so that tube deterioration is ordinarily an unimportant factor.
The condensers shown in Figs. 15-4 to 15-8 need be used only if the
circuits are used in the measurement of alternating voltages by plate
detection.
15-5. Diode Voltmeters.—Diode rectification can be used as. the
basis of vacuum-tube voltmeters that read average voltage.1 The
circuit, which is shown in Fig. 15-10, is one of the simplest
of all vacuum-tube voltmeter circuits. If it is assumed
that the rectifier resistance is zero and that no current
flows when the applied voltage is zero, the instantaneous
current is equal to the instantaneous voltage divided
by thè load resistance during the positive half cycle.
Fig. 15-10.—
Simple diode
The average current is the average voltage of the positive
voltmeter.
half cycle, averaged over the entire cycle, divided by the
resistance. For a sinusoidal input voltage Emax sin at, the average plate
current is

j _ E^ _ Erms
ia " farR " 2/22R

(15-11)

For a direct input voltage E, the plate current is
Ib =

E
R

(15-12)

Thus, if the diode were a perfect rectifier having zero resistance, the
circuit could be calibrated on direct voltage and used to measure either
direct or sinusoidal alternating voltage. Actually, curvature of the
diode static characteristic and flow of plate current when the plate voltage
is zero, resulting from initial velocity of electrons, cause the ratio of the
alternating to the direct voltage reading to depart somewhat from the
theoretical value 2.22. The error, which is most pronounced at low
voltages, can be made negligible by the use of load resistances exceeding
100,000 ohms. High load resistance is also desirable in order to keep
the current small. Since the average input voltage depends upon wave
form, the reading of this type of meter changes with harmonic content
of the impressed voltage. Although it draws a small current, this
1 Sharp, C. H., and Doyle, E. D., Trans. Am. Inst. Elec. Eng., 35, 99 (1916);
Chubb, L. W., Trans. Am. Inst. Elec. Eng., 35, 109 (1916); Taylob, Jambs, J. Sci.
Instruments, 3, 113 (1925); Wireless Eng., 10, 310 (1933). Davis, R., Bowdler,
G. W., and Standring, W. G., J. Inst. Elec. Eng. (London), 68, 1222 (1930).
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circuit makes possible the use of a sensitive d-c meter in the measurement
of alternating voltages.
Figure 15-11 shows the direct- and alternating-voltage calibration
curves of the diode sections of a type 6B7 tube used with a 100,000-ohm

Fig. 15-11.—Direct- and alternating-voltage calibrations of the diode sections of a 6B7 with
a 100,000-ohm load.

load. Similar curves for a 500,000-ohm load are practically straight
lines through the origin, having slopes indicated by Eqs. (15-11) and
(15-12).
Another type of diode voltmeter, the basic circuit of which is shown
in Fig. 15-12, consists of two diodes, a condenser,
and an electromagnetic d-c meter.1 The con
denser current flows through the meter during
only half of the cycle, and so the meter current
is unidirectional. With sinusoidal input, the
condenser voltage varies between the values Em
and —Em, where Em is the crest input voltage.
The amount of charge that flows into the con
Fig. 15-12.—Diode
denser during half a cycle is 2CEm, and the voltmeter
which measures
average current through the meter is equal to the input voltage by means
of
the
charging
the product of this charge by the frequency, or a condenser. current of
2fCEm. Therefore
Lt
Iba
(15-13)
m

2fC

To prevent circulating current through the meter as the result of emission
velocity of electrons, a small counter-e.m.f. may be used in series with
1 Starr, A. T., Proc. Phys. Soc. London, 46, 45 (1934). See also L. W. Chubb and
C. L. Fortescue, Trans. Am. Inst. Elec. Eng., 32, 739 (1913).
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the tube T2, or a negatively biased triode may be substituted for the
diode. Since the reading of the meter depends upon the algebraic
difference between the positive and negative crest voltages, the reading
will be affected by harmonics that change the crest voltages, unless one
crest voltage is increased by the same amount that the other is decreased.
These simple diode voltmeters are of particular value in the measure
ment of very high voltages when some flow of current is not objectionable.
With large values of R, the calibration curves of Fig. 15-11 are sufficiently
straight, and the intercepts small enough, so that in the measurement of
high voltage they may be considered to be straight lines passing through
the origin and having slopes indicated by Eqs. (15-11) and (15-12).
Experimental calibration is then unnecessary.

Fig. 15-13.—Diode voltmeters incorporating a stage of d-c amplification.

For the measurement of small voltages the diode circuit of Fig. 15-10
may be followed by a d-c amplifier, as shown by Fig. 15-13a. Since
the average plate current of T2 depends upon the average voltage across
R, the reading of this meter, like that of Fig. 15-10, is dependent upon
the average value of the positive half cycle of the applied voltage. If R
is replaced by a condenser C, as in Fig. 15-136, the condenser charges to
crest positive signal voltage. The reading is therefore then a measure
of the crest signal voltage. Because C cannot discharge through either
tube, a high resistance R may be shunted across C in order to allow C to
discharge when the input voltage is reduced or removed. To prevent
the dependence of calibration upon frequency, the product fRC should
be at least of the order of magnitude of 100 at the lowest frequency f
of the input voltage.1 A variant of the circuit of Fig. 15-136 is that of
Fig. 15-13c, in which R' and C act as a filter to keep the alternating
voltage from being impressed upon the amplifier grid. The amplifier
plate current in the circuits of Fig. 15-13 decreases with increase of
1 Mariotte, Jean, Wireless Eng., 12, 17 (1935).
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input voltage, and so the meter cannot be damaged by excessive input
voltage. If the zero-signal current is balanced out, the meter current
flows in the opposite direction and cannot exceed the zero-signal plate
current. The circuits of Figs. 15-13a and b may also be used to measure
direct voltage.
Inspection of the diagrams of Fig. 15-13 shows that the self-biasing
resistor Rf results in degenerative feedback, the circuit of the amplifier
stage being identical with the feedback circuit of Fig. 6-40c. Degenera
tion in the amplifier has four beneficial effects: (1) If Rf is large, the meter
reading is practically proportional to the direct grid voltage, and hence
to the positive crest voltage applied to the voltmeter input. (2) Because
of the opposing voltage developed across the resistor, the grid circuit can

Ebb

Fig. 15-14.—General Radio diode voltmeter.

handle much larger direct voltages than the static cutoff grid voltage.
Thus, much larger input voltages may be read. (3) The voltage range
can be conveniently varied by changing the resistance R/ and the static
biasing voltage. (4) The meter reading is practically independent of
tube constants.
These facts were employed by W. N. Tuttle in the design of a multi
range voltmeter.1 The circuit of this meter, shown in Fig. 15-14, incor
porates the zero-balance bridge of Fig. 15-5. The sensitivity is adjusted
by means of R3, the correct amplifier bias being maintained by simul
taneous adjustment of Re- A type 955 acorn tube is used as the diode
rectifier and is mounted at the end of a shielded flexible cable for highfrequency measurements. A regulated B supply prevents change of
calibration with alternating line voltage.
Diode voltmeters are more sensitive than plate-detection voltmeters
but* have the disadvantage of lower input impedance.
15-6. Grid-detection Voltmeter.—The functions of the two tubes
of the circuits of Fig. 15-13 can also be performed by a single triode
grid-leak detector, as showri in Fig. 15-15. The disadvantage of such a
'Tuttle, W. N., Gen. Radio Expt., 11, 1 (May, 1937); Thurston, J. N., Elec
tronics, October, 1943, p. 102.
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circuit over the two-tube circuits is that the desirable features resulting
from the use of a cathode resistor cannot be attained, since the resulting
bias would prevent the flow of grid current.
15-7. Logarithmic Voltmeter.—Ballan
tine has shown that an amplifier with
automatic gain control may be used as a.volt
meter with a logarithmic scale.1 A block
diagram of the fundamental circuit is shown
Fig. 15-15.—Grid-detection
in
Fig. 15-16. The amplifier uses variable-mu
voltmeter.
tubes, in which the amplification factor
is an exponential function of the grid voltage. The output is main
tained constant by rectifying and filtering the output voltage and
using the resulting direct voltage to bias the amplifier tubes. If the

Fig. 15-16.—Schematic diagram of logarithmic voltmeter using a-v-c circuit.

amplification factor of the amplifier tube is an exponential function of
the grid bias, the ratio of amplifier output voltage to input voltage is
£2 =

(15-14)

81

where n is the number of identical stages and a and A are constants.
If e2 is constant,
Ec = K - — loge ey
(15-15)
na
But
db = 20 logio - = K' - 8.69 loge ey
(15-16)
81

Therefore
db = K' - ^na(K - Ee)
db = k + mEc

(15-17)
(15-18)

where K, K', k, and m are constants. This type of voltmeter should,
therefore, theoretically have a linear scale when calibrated in decibels.
Actually some departure from linearity will result because e2 does not
remain entirely constant and because the relation between amplification
and bias may not be quite exponential.
Another type of logarithmic voltmeter is shown in Fig. 15-17.2 The
input voltage is impressed upon the grid of a variable-mu tube such as a
1 Ballantine, 8., Electronics, January, 1931, p. 472.
2 Hunt, F. V., Rev. Sci. Instruments, 4, 672 (1933).
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35, 58, or 6K7. The voltage developed across the load resistor is applied
to a diode rectifier circuit. During the positive half cycle of output
voltage, current flows through the diode circuit. Because of the exponen
tial variation of amplification factor of the pentode with grid voltage, the
average diode current varies logarithmically with pentode input voltage
over a large range of input voltage.
With the single-stage circuit of Fig.
15-17, Hunt obtained a linear calibra
tion curve of microamperes average
diode current against decibels from
about 3 db below 1 volt to 20 db above
1 volt. In the two-stage circuit of Fig.
Fig. 15-17.—Logarithmic vacuum
voltmeter using variable-mu tube
15-18 the rectified current is obtained tube
and diode rectifier.
principally from the second stage at
low voltages, and from the first stage at voltages that make the second
stage input so great as to reduce the plate current to zero during almost
half the cycle. For the two-stage circuit the calibration is linear
from — 40db to + 20 db; for a three-stage circuit from — 60 db to + 20
db (relative to 1 volt).

Fig. 15-18.—Two-stage logarithmic vacuum-tube voltmeter.

15-8. Voltmeters Based on Voltage or Current Amplifiers.—Any

of the voltmeters that have been described may be preceded by amplifiers
in the measurement of very small voltages. A high-gain amplifier may
be used directly to measure small voltages, the output voltage or current
of the amplifier being read by means of an electromagnetic meter of com
paratively low sensitivity. Johnson and Neitzert1 have described a
five-stage pentode amplifier capable of reading down to 10~6, or to 10~8
volt with an auxiliary tuned circuit. The amplifier uses four type 38 volt
age pentodes and one power pentode. The voltage amplifier stages have
300,000-ohm coupling resistors and use an operating plate voltage of
only 12 volts. The screen voltage is 6 volts. A matching transformer
is used between the output stage and the meter.
’Johnson, E. A., and Neitzert, C., Rev. Sci. Instruments, 5, 196 (1934).
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A single-stage amplifier-type meter, described by R. M. Somers,1 is
shown in Fig. 15-19. In this type of meter the current output is a
measure of the alternating input voltage. Its sensitivity is the current
sensitivity of the circuit, which depends upon the transconductance
of the tube.
15-9. Slide-back Voltmeters.—A

very useful type of meter for the
measurement of crest or direct volt
ages is the slide-back type. The
original form of this type of meter is
based upon the cutting off of triode
plate current by negative grid volt
Fig. 15-19.—Vacuum-tube voltmeter
age.2 Just sufficient negative grid
based upon current amplifier.
bias is applied to a triode to reduce
the nlate current to zero. The addition of signal voltage in the grid
circuit results in the flow of current during the positive half cycles of
the signal voltage and, in order to prevent the flow of plate current
at any time during the signal-voltage cycle, the bias must be increased
by an amount equal to the positive crest signal. In operation the
bias is adjusted to reduce the plate current to zero with and without
signal voltage, the difference between the two values of bias equaling
the crest signal voltage of the positive half cycle. To read direct volt
ages, the bias is adjusted to give any convenient reading of plate current.
The change in bias required to return the plate current to this value when
input is applied is equal to the input voltage.
In making a-c readings, difficulty arises from the fact that cutoff is
not sharp. Because the transfer characteristic approaches the grid
voltage axis exponentially, the change in current corresponding to a small
change in grid bias decreases with increased sensitivity of the plate-cur
rent meter. The accuracy obtainable with a triode is rather low. Much
more satisfactory results can be obtained with a tetrode or any multi
element tube in space-charge tetrode connection.3 The ih-eC2 curve for a
positive voltage of 1 or 2 volts on the first grid approaches the voltage
axis much more sharply than do the transfer characteristics of triodes.
Figure 15-20 shows the diagram of a meter that will read direct voltages
to within 0.05 volt and alternating voltages to within | per cent. To
simplify operation, separate voltages are used for zero adjustment and
for balancing. The d-c meter then reads the crest voltage directly. For
measuring alternating voltages the balancing voltage must always be
negative. For measuring direct voltages it is advisable to apply the
1 Somers, R. M., Proc. I.R.E., 21, 56 (1933).
2 Heising, R. A., U. S. Patent 1232919.
3 Reich, H. J., Marvin, G. S., and Stoll, K., Electronics, September, 1931, p. 109.
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unknown voltage in such a direction as to make the grid negative, and
so the balancing voltage must be positive.
The inaccuracy resulting from lack of sharpness of cutoff can also be
overcome by working at a small value of plate current, instead of at
cutoff.1 Because of plate detection, the change in bias required to keep
the plate current constant when signal voltage is applied is not exactly
equal to the crest signal voltage.
The meter must therefore be cali
22 or 1B4
brated.2 The calibration curve of Input
balancing voltage vs. crest signal
voltage approaches a straight line of
unit slope through the origin as the
operating plate current is reduced.
Although the calibration is practi
cally independent of plate and heater
Balancing ~Zero «“U^SI
voltages and tube age, absence of
voltage
the direct comparison feature of the Fig. 15-20.—Slide-back voltmeter using
tetrode with space-charge connection.
cutoff type of meter is often a dis
advantage of the small-current type.
The use of a grid-controlled arc-discharge tube in place of a vacuum
triode affords a third means of increasing the accuracy of the slide-back
type of meter.3 If care is taken to maintain the operating temperature
constant, the grid voltage that prevents the firing of an arc-discharge
tube at a given anode voltage is very definite. The difference between the
grid bias voltages at which the tube fires
with and without signal voltage in the grid
circuit is equal to the crest signal voltage,
or an unknown direct voltage. A circuit
that uses an 885 thyratron tube is shown
in Fig. 15-21. 7? i and R2 are current-limit
Fig. 15-21.—Slide-back voltmeter ing resistors.
No anode-current meter is
using a type 885 thyratron.
necessary, since firing is indicated by glow.
A. T. Starr4 has described a similar voltmeter in which the arc tube
is replaced by a trigger circuit. A diagram of the circuit is shown in
Fig. 15-22. To operate the meter the switch >8 is first opened momen
tarily in order to stop the plate current of Ti. The balancing voltage
is adjusted until the current transfers from T2 to Ti. The operation
1 Medlam and Oschwald, loc. cit.
2 For a discussion of the error in reading of a slide-back voltmeter resulting from
plate rectification and the method of constructing a calibration curve, see C. B. Aiken
and L. C. Birdsall, Trans. Am. Inst. Elec. Eng., 57, 173 (1938).
3 Hughes, E., J. Sci. Instruments, 10, 180 (1933); Ruiz, J. J., Rev. Sci. Instru
ments, 6, 169 (1935).
4 Starr, A. T., Wireless Eng., 12, 601 (1935).
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is then repeated with signal voltage applied. The difference in balanc
ing voltages equals the direct or crest alternating voltage. The ease of
operation may be increased by the use of separate zero-adjustment and
balancing voltages, as in Figs. 15-20 and 15-21.

Rb= 10,00012

Rc= Ri = 100,00012

Fig. 15-22.—Slide-back voltmeter based upon the Eccles-Jordan trigger circuit.

15-10. Inverted Voltmeter.—A very useful meter for the measure
ment of high voltages has been described by Terman.1 This meter is
called the inverted voltmeter because the usual functions of the grid and the
plate are interchanged. Its action depends upon the fact that the grid
current which flows when a positive voltage is applied to the grid of a
triode may be controlled by negative plate voltage. Figure 15-23 shows
the method of measuring high direct voltages. The amplification factor
of the tube for inverted operation is very nearly the reciprocal of the
ordinary amplification factor and is therefore
less than unity. The plate-grid transconduct
ance, rate of change of grid current with plate
voltage, is also small. Therefore large plate
voltages may be read by means of small grid
currents, and the grid operating voltage may be
Fig. 15-23.—Inverted vac
small. Circuits analogous to the ordinary plateuum-tube voltmeter.
and grid-detection voltmeters may also be used
with the inverted tube. Since their action is similar to that of the
common circuits, they need not be discussed further. In addition to the
large voltage range, the inverted voltmeter has the advantage of high
input resistance and low effective input capacitance.
15-11. Vacuum-tube Ammeters.—The use of vacuum tubes in the
measurement of large currents usually offers no particular advantage
over the use of ordinary meters unless it is necessary to measure crest
values of current. For the latter purpose some form of crest vacuum
tube voltmeter may be used to measure the voltage drop across a resistor
through which the current flows. Because of the difficulty of making
1 Terman, F. E., Proc. I.R.E., 16, 447 (1928).
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sensitive dynamometer-type instruments for the measurement of very
small currents, the vacuum tube is of great value in this field of measure
ment. A number of methods are available for the measurement of small
currents by means of vacuum tubes.1
One of the most sensitive methods of measuring small direct currents
consists in determining the change in potential of a small condenser of
negligible leakage which is charged by means of the unknown current.
The sensitivity of this method increases with decrease in condenser size,
and for extreme sensitivity the condenser consists merely of the grid-tocathode capacitance of a vacuum tube. The charge that collects on the
grid and associated conductors determines the grid potential and hence
the plate current. This method depends for its success on the possi
bility of reducing all grid leakage to a negligible amount. Grid leakage
current is caused by (1) leakage over the surface of grid supports within
the tube, over the surface of the glass outside of the tube, and from
external conductors connected to the grid; (2) initial velocity of emitted
electrons, which causes them to go from cathode to grid when negative
grid voltage is small; (3) primary electrons emitted by the grid and
attracted to other electrodes of higher potential; (4) secondary electrons
emitted by the grid; (5) ionization of residual gas. Tubes designed to
prevent grid leakage were first described by Nelson2 and by Metcalf and
Thompson.3 A good example of this type of tube is the General Electric
FP-54 vacuum-tube electrometer,4 which is capable of measuring currents
as small as 10-17 amp. Leakage in this tube is prevented by mounting
the grid on quartz supports, by thorough evacuation, and by choice of
electrode structure and operating voltages that prevent primary and
secondary electron emission from the grid and ionization of residual gas.
The FP-54 is not suitable for voltage amplification, since its amplification
factor is unity.
P. A. MacDonald and E. M. Campbell5 have shown that ordinary
amplifier tubes such as the type 22 may be used with floating grid to
read currents down to 2 X 10~16 amp. Under the action of primary
electrons from the cathode, primary and secondary electrons from the
grid, and leakage from the grid over the surface of the glass supports, a
floating grid assumes an equilibrium value of voltage, which is usually
negative with respect to the cathode. If a small current from an external
1 An excellent review of this subject is given by P. A. MacDonald in Physics, 7,
265 (1936). A bibliography of 29 items is included.
See also F. Mülles and W. Dübichen, Z. Elektrotech., 42, 31 (1936) (with
bibliography of 54 items).
2 Nelson, H., Rev. Sci. Instruments, 1, 281 (1930).
3 Metcalf, G. F., and Thompson, B. J., Phys. Rev., 36, 1489 (1930).
4 Similar tubes are made by the Westinghouse and Western Electric Co.
5 MacDonald, P. A., and Campbell, E. M., Physics, 6, 211 (1935).
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source is allowed to flow into the grid, the equilibrium grid voltage is
changed, and therefore also the plate current.
A third method of measuring small currents is to measure by means
of a vacuum tube the voltage drop produced when the current flows
through a very high resistance. The size of the resistor that can be
used, and hence the sensitivity that can be attained, are limited by the

3v.

3v.

Fig. 15-24.—Circuit for the measurement of small currents with the FP-54 vacuum-tube
electrometer.

leakage resistance of the grid. The FP-54 is suitable for use in such a
circuit. In Fig. 15-24 is shown a simple circuit employing one FP-54
tube. It may be followed by a current amplifier if a milliammeter is
to be used in place of the plate galvanometer. The sensitivity of this
simple circuit is limited by fluctuations of battery voltages and by
difficulties in balancing the steady component of plate current. Numer
ous papers have been published on single-tube bridge circuits that are
designed to make readings independ
ent of small fluctuations of battery
voltage. A circuit that incorporates
the advantages of a number of single
tube bridge circuits is shown in Fig.
15-25.1 Essential features of bal
anced single-tube circuits are the use
of a single battery to supply all
voltages
and the choice of such
9,70031
75.931
values
of
operating voltages that
Fig. 15-25.—Electrometer circuit that
small changes of electrode voltages
is compensated against changes of battery
voltage. Circuit constants listed are for
compensate one another. The cir
Western Electric type D-96475 tube.
cuit constants given in Fig. 15-25
are average values suitable for use with the Western Electric type D-96475
electrometer tube. Figure 15-26 shows a balanced two-tube circuit.2
A very useful microammeter that is capable of reading down to 10-8
amp and that uses ordinary amplifier tubes, has been described by A. W.
'Penick, D. B., Rev. Sci. Instruments, 6, 113 (1935).
2 Moles, F. J., Gen. Elec. Rev., 36, 156 (1933); see also DuBridge, L. A., Phys.

Rev., 37, 392 (1931).
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Vance.1 This meter, which is essentially a d-c amplifier with inverse
feedback, is accurate and sturdy, is not damaged by overload, and can be
designed with as many direct-reading ranges as desired. The basic

R,= 3,00032
R,=5,00032
R,= 2,00032
R4= 10,00032
R5g R6=iCOOJ2
R7&
to¡0meg.
R9 = 1032
R iQ & R11= 1532

Ri2= 40011

R|3= t, 00032
P = to,00032
V = 0-200 millivolt meter
V,= /5v. voltmeter
Rc= I0'°-I0i4I2
C = 15pcp,F low leakage
§> 1 Low leakage switches

Fig. 15-26.—Balanced two-tube electrometer circuit.

diagram is shown in Fig. 15-27. If the voltage amplification of the ampli
fier without feedback is A, the output voltage is
eo = Aeg

(15-19)

With inverse feedback the voltage
actually applied to the grid of the
amplifier is
eg = Bi — e„
(15-20)
where e,- is the total voltage impressed
upon the input. Therefore,

T

Amplifier

Goin-Ai

1 "V

—

o

Input

Fig. 15-27.—Feed-back amplifier
that may be used as the basis of a
vacuum-tube microammeter.

=

(15-21)

Equation (15-21) shows that, if A is very large, eo is to a first approxima1 Vance, A. W., Rev. Sci. Instruments, 7, 489 (1936).
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tion equal to e-i, and
L _ Ri
ii Ro

(15-22)

If the amplifier is direct-coupled, it will respond to changes of direct
current. Equation (15-22) then becomes
Alp
Ii

(15-23)

in which Alo is the change in output plate current when a direct current
h is sent through the input resistance. By making the ratio of Ri to Ro
large, small values of Ii may be read by means of a milliammeter in
series with Ro or a voltmeter in shunt with Ro. The function of Co is to
prevent oscillation of the amplifier.

Fia. 15-28.—Circuit diagram of microammeter based upon inverse feed-back amplifier.

The circuit diagram of a practical meter of this type is shown in
Fig. 15-28. The circuit employs a three-stage d-c amplifier having an
amplification of approximately 5000. With no input to the meter the
circuit assumes an equilibrium state in which a definite current flows
through the output resistance. To make the meter direct reading, this
equilibrium current is balanced out. The size of input resistor required
for any range can be readily determined by making use of the fact that
the input and output voltages are practically equal. Thus the required
resistance is equal to the full-scale reading of the output voltmeter divided
by the desired full-scale current reading. Amplifier oscillation is pre
vented by the resistance-capacitance filter in the input to the last tube.
The function of the input filter is to by-pass alternating current. The
form of Eq. (15-21) shows that if A is large, small changes of A, such as
might result from changes of battery voltage, have little effect upon the
reading. A rugged, accurate voltmeter of low sensitivity may be used
in the output. Danger of damage to the meter in case of excessive
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input current can be prevented by designing the output stage so that the
maximum attainable plate current will not injure the voltmeter.
Figure 15-29 shows the circuit of an interesting current amplifier
that employs phototubes and a triode amplifier in a
bridge circuit.1 The two phototubes determine the
grid potential of the triode, which forms the adjust
able arm of the bridge. A null galvanometer,
operated by the unbalance current, is optically con
nected to the phototubes so that deflection causes a
differential change in conductance, preferably an
increase in one and a decrease in the other. Unbal
ance current deflects the galvanometer, changing
the grid potential, and thus the plate resistance, of
the triode. The deflection is just sufficient to restore
balance and thus reduce the galvanometer current
to zero. The insertion of a small potential E into
Fig. 15-29.—Diamplifier
the galvanometer circuit at the point X causes the rect-current
that may be used
galvanometer to deflect and thus unbalance the for the measurement
small voltages or
bridge to such an extent that the unbalance current I of
currents.
causes a voltage drop in the resistance that is
equal and opposite to E. The current I may be used as a measure
of the voltage E. Since the unbalance current necessary to restore

Fig. 15-30.—Practical forms of the circuit of Fig. 15-29 for the measurement of voltage and
of current.

equilibrium is inversely proportional to R, it is evident that the sensi
tivity may be made high by using a small value of R. No spring is
required in the galvanometer, and damping may be accomplished by the
1 Gilbert, R. W., Proc. I.R.E., 24, 1239 (1936).
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use of resistance and capacitance connected in series between the grid
and the cathode of the amplifier tube.
Figure 15-30 shows practical forms of this circuit for the measurement
of voltage and of current. These circuits have been used to regulate
the voltage of a d-c line and to maintain constant temperature. The
voltage was held constant to within one part in 10,000 over a load-current
range of 0 to 3 amp, and temperature was held constant to within 0.005°C.
15-12. Vacuum-tube Wattmeter.—The balanced modulator may be
used as the basis of a vacuum-tube a-c wattmeter.1 A d-c microammeter
is used in the output to measure the difference between the plate currents
of the two tubes, as shown in Fig.
15-31. The resistances r2 are equal and
of sufficiently small value so that volt
age drop across them does not appre
ciably reduce the load voltage. Hence
ei may be considered to be proportional
to the load voltage. The resistance ri
is high in order to prevent appreciable
power loss. The voltage applied to the
e = E cos cut
Fig. 15-31.—Vacuum-tube wattmeter
grid of tube 1 is e± + e2; that applied to
circuit.
the grid of tube 2 is Ci — e2. If only the
first two terms of the series expansion are considered, and the circuit is
assumed to be symmetrical, the plate currents are

ip —
+ 62) + <73(61 + ^2)^
(15-24)
iP' = affei — e2) + «2(61 — e2)2
(15-25)
The output meter reads the difference between iP and ip'.
io « iP — iP' = 2a±e2 + 4a2eie2
(15-26)
But
6i = ke = kE cos at
(15-27)
where k is the fraction of it from which ei is taken; and
e2 = r2i = r2I cos (at + -0)
(15-28)
If the output meter is a d-c instrument, it reads the average value of fa.
The average value of fa is
Io =

I
JQ .

iodt

Jo
a

/
rj cos (wt + 6) dt +
C 2ir/w
I
(kE cos ut)[r2I cos (at 4- 0)] dt (15-29)
Io “ 0 + 2a2kr2EI cos 0

(15-30)

’Peterson, E., U. S. Patent 1586553, 1926; Turner, H. M., and McNamara,
F. T., Proc. I.R.E., 18, 1743 (1930). See also T. B. Wagner, Elec. Eng., 63, 1621
(1934) and J. R. Pierce, Proc. I.R.E;, 24, 577 (1936).
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Equation (15-30) shows that the reading of the d-c meter in the
plate circuit is proportional to the power expended in the load. A more
complete analysis shows that, if the load current contains harmonics, the
reading of the d-c meter is proportional to the total load power. The
effect of higher-order terms of the plate-current series modifies the expres
sion given in Eq. (15-30), and at large amplitudes the meter reading is
not strictly proportional to the load power. Since the meter must be
calibrated, this is a disadvantage only in that it prevents the use of a
linear scale. The effect may be minimized by keeping the input to the
tubes small.

Fig. 15-32.—-Vacuum-tube electrometer circuit for the measurement of high resistance.

Fig. 15-33.—Vacuum-tube ohmmeter that makes use of grid current.

15-13. Vacuum-tube Ohmmeters.—Circuits capable of measuring
small currents can be readily modified to measure high resistances.
Figure 15-32 shows an FP-54 circuit for measuring high resistances.1
An unknown resistance Rx is measured by applying the voltages Ei and E
and adjusting the voltage divider Pi until the galvanometer reading is
the same as when Ei and E are equal to zero. Then E is equal to the
voltage across the standard resistor R„. Rx = R,(Ei/E — 1). Standard
resistors of values 106, 109, 1012, and 1018 ohms are recommended. The
value of Ey is optional; that recommended for E2 is approximately Ei/2.
Another type of ohmmeter, which may be calibrated, is shown in
Fig. 15-33. It depends for its action upon the flow of grid current.2
'Rose, G. M., Jr., Rev. Sci. Instruments, 2, 810 (1931).
2 Preisman, A., Electronics, July, 1935, p. 214.
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Preisman found that, if the meter reads correctly at two points of its
range, it will read correctly over the whole scale. It is adjusted by first
setting the milliammeter needle to zero mechanically when the grid is
floating and then adjusting Si and R so that the reading is correct for
the calibrating resistance R„. The function of the condenser C is to
minimize the effect of capacitance in the resistance that is being measured.
It may ordinarily be omitted.
The glow-tube relaxation oscillator can be used to measure resistance
and capacitance with a high degree of accuracy by comparison with
known values.1 The variable standard resistance or capacitance of
Fig. 15-34 is adjusted so that the frequency of oscillation is the same as
with the unknown resistance or capaci
Standard
resistance
tance. If one of the parameters is fixed,
the circuit may be calibrated to read the
other in terms of frequency. The oscilla
Unknown
tion
frequency may be made low enough so
— resistance
that the frequency can be determined by
Unknown—
counting flashes of the tube during a
capacitance
measured time interval. The accuracy of
Standard
this instrument in the measurement of
capacitance
condenser capacitance is affected by leakage
Fig. 15-34.—Glow-tube circuit for
the measurement of resistance or conductance of the condenser, since the
capacitance.
frequency of oscillation depends not only
upon the capacitance but also the conductance.
15-14. Time and Speed Meters.—Time intervals may be accurately
measured with the aid of electron tubes.2 In most electronic time and
speed meters, tubes are used to control the charging or discharging of a
condenser and to read the change in condenser voltage, which is propor
tional to the elapsed time. To use the charging of a condenser in the
measurement of time, means must be provided for starting and stopping
the charging current instantaneously at the beginning and end of the time
interval. This may be accomplished by the parallel d-c thyratron circuits
of Fig. 12-34 or by the high-vacuum-tube trigger circuits of Figs. 10-6
and 10-8.
Figure 15-35 shows the circuit diagram of a timer based on this
principle.3 The action of this circuit is as follows: S2 is closed for an
1 Taylor, J., and Clarkson, W., J. Sci. Instruments, 1, 173 (1924).
2 Speakman, E. A., Rev. Sci. Instruments, 2, 297 (1931); Robbrds, W. M., Rev.
Sci. Instruments, 2, 519 (1931); Sixths, K. J., and Tonks, L., Phys. Rev., 37, 930
(1931); Du Bois, R., and Laboubbur, L., Compt. rend., 194, 1639 (1932); Partridge,
H. M., Electronics, August, 1932, p. 262; Lord, H. W., Electronics, October, 1932, p.
309; Steenbbck, M., and Strigel, R., Arch. Elektrotech., 26, 831; Wireless Eng., 10,
225 (1933) (abstr.); Shepard, F. H., Jr., Electronics, February, 1935, p. 59.
3 Reich, H. J., and Toomim, H., Rev. Sci. Instruments, 8, 502 (1937).
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instant to ensure that plate current flows in T2 and not in Ti. C is then
discharged by closing <S3 for an instant. The flow of the plate current
of T2 through R2 produces a voltage drop which biases the control grid
of T3 beyond cutoff. The closing of Si for an instant then causes plate
current to transfer from T2 to Ti and thus reduces the current in R2 •
to such a low value that T3 is practically unbiased, and plate current
flows through T3. The plate current of T3, which is nearly constant,
charges C. The subsequent closing of S2 causes plate current to flow
again through T2, thus stopping the charging current. The change in
the reading of the plate milliammeter of Tt caused by the change in
voltage of the condenser gives a measure of the time between the closing
R4
r-AWA—-b-

S,

R5

R?

Rs
Ri

R9

''“N

R|1

MA)----

R,= 100,000 Li
R2= 100,000 Li
R3= 5 meg.
R4= 5 meg.

R5 =
R6 =
R7=
R8=

5 meg.
5 meg.
5,000 Li
7,500Li

Ra = 10,000 A
R,o= 10,000 Li
^ = 25,000 Li
R(2= 300 Li
Ra-3p00Ll

Fig. 15-35.—Circuit for the measurement of time intervals.

of >Si and of S2. If phototubes are connected in series with R3 and Ri,
the circuit may be controlled by the interruption of light beams, instead
of by keys.
A variant of this circuit can also be used to measure the average speed
of moving objects by means of two switches or light beams. Instan
taneous speeds may be approximated by placing the switches or beams
so close together that there is little change in velocity over the interval.
These circuits may be calibrated on the basis of known circuit con
stants and measured current of T3, but better results are obtained by
experimental calibration. The circuit of Fig. 15-35 may be calibrated
by means of a contactor which closes S2 after Si. The modified form
using phototubes may be calibrated by interrupting the fight beams by
means of a pendulum or a falling mass. The time range may be changed
by adjusting the screen voltage of T3 and the size of C. Changes in
battery voltage are compensated by adjustments of R13.
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Figure 15-36 shows a time-interval meter based upon the thyratron
switching circuit of Fig. 12-33.1 Instantaneous closing of switch Si fires
the thyratron and initiates the flow of current through the ballistic
galvanometer. Subsequent closing of switch S2 extinguishes the thy• ratron and stops the flow of current through the galvanometer. The

Fig. 15-36.—Circuit for the measurement of time intervals.

deflection of the meter is proportional to the time interval that elapses
between the closing of the two switches. Switch Sg, which is opened by
movement of the galvanometer, inactivates switch >Si and thus ensures
extinction of the tube when S2 is closed, even though St may still be
closbd.

Fig. 15-37.—Electronic race timer.

If a-c power is available, time may be measured by means of an a-coperated meter that measures time in terms of 1/60-sec intervals.2 A
race timer that uses such a meter, started and stopped by means of a
trigger circuit, was devised by W. M. Roberds.3 A simplified form of
Roberds’s circuit, requiring only one B supply, is shown in Fig. 15-37.
1 Reich, H. J., and Toomim, H., Rev. Sci. Instruments, 12, 96 (1941).
2 Klopsteg, P. E., J. Opt. Soc. Am. and Rev. Sci. Instruments, 19, 345 (1929).
3 Robebds, loc. cit.
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Sound from the starting gun, striking the microphone, stops the flow of
current in T2. This reduces the grid bias of Tz and starts the operation
of the timer. Interruption of light falling on Ty starts the flow of current
in T2, thus biasing T3 beyond cutoff and stopping the timer.
15-15. Counting Circuits.—Thyratron circuits for “scaling down”
the rate of occurrence of random voltage pulses in order to make possible

Ebb = Ecc =

or higher
T| and Tj "Type 57,6C6or 6J7
Rc= R£ = Rj = 250,00031

Fig. 15-38.—Counting circuits based upon high-vacuum-tube trigger circuits.

their counting by means of relatively slow-acting electromagnetic
counters were discussed in Sec. 12-32. A number of circuits have
also been devised in which high-vacuum-tube trigger circuits have
been adapted to this purpose.1 Single stages of two such circuits are
'Lewis, W. B., Proc. Cambridge Phil. Soc., 33, 549 (1937); Stevenson, E. C., and
Getting, I. A., Rev. Sci. Instruments, 8,414 (1937); Lifschutz, H., and Lawson, J. L.,
Rev. Sci. Instruments, 9, 83 (1938); Reich, H. J., Rev. Sci. Instruments, 9, 222 (1938).
See also supplementary bibliography cn trigger circuits, p. 415.
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shown in Fig. 15-38.1 In these circuits the voltage pulses are applied
simultaneously, and in the same polarity, to both tubes of an EcclesJordan trigger circuit. Each pulse transfers the current from one tube
to the other. The abrupt change in current in either plate resistor is
used to produce a voltage pulse which is applied to the grids of the next
stage. By the use of n similar stages, the final one of which controls an
electromagnetic counter, the rate at which the counter must operate is
reduced in the ratio 2n. Circuits of this type are more rapid in operation
than thyratron circuits but require input pulses of very steep wave front.
15-16. Frequency Meters.—Figure 15-39 shows the circuit of an
electronic frequency meter.2 Frequency is measured in this meter by

Fia. 15-39.—Electronic frequency meter.

means of the charging current of a condenser which is periodically
charged through the plate of one triode and discharged through the plate
of another. The action is as follows: The bias of T3 and Ti is great
enough to prevent the flow of plate current when no signal voltage is
applied to the input of Ti. The excitation voltages of T3 and Ti are in
phase opposition, so that when voltage is applied to the input of the meter,
plate current can flow alternately in T3 and Ti. During one-half of the
cycle of applied voltage, C charges through T3, and during the other half
cycle it discharges through Ti and the milliammeter. If the amplitudes
of the exciting voltages of T3 and Ti are high, and C is not too large,
charge and discharge of the condenser are practically complete. The
average condenser discharge current is equal to
I = CEaf

(15-31)

It may, therefore, be used as a direct measure of the frequency of the
input voltage. The functions of 7\ and T2 are to amplify the input
voltage and to increase the input impedance of the meter. The reading
is independent of input amplitude provided that the amplitude is great
enough to ensure “complete” charging and discharging. Because of the
falling of amplification of transformer-coupled amplifiers at very low
1 Lipschutz and Lawson, ibid.; Reich, ibid.
2 Guabnaschelli, F., and Vecchiacci, F., Proc. I.R.E., 19, 659 (1931).
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and very high frequencies, the minimum input voltage that will give a
correct frequency reading varies with frequency. A wider frequency
range can be attained by the use of resistance-capacitance coupling and
a phase inverter in place of transformer coupling. For high sensitivity
to small changes of frequency a portion of the meter current may be
balanced out by a circuit similar to that of Fig. 15-4. Since the reading
is dependent upon the plate supply voltage En, the voltage should be
held constant by means of a glow tube or other type of voltage stabilizer,
or provision should be made for adjusting the voltage to a reference value.
input

Fig. 15-40.—Frequency meter based upon the thyratron parallel switching circuit of
Fig. 12-346.

Figure 15-40 shows a frequency meter based upon the thyratron
switching circuit of Fig. 12-345.1 The input voltage causes periodic
switching of plate current from tube Ti to tube T2. When current starts
flowing in Ti, the resulting voltage across Ri causes the condenser Ci to
charge through the parallel paths afforded by R2 and one plate of the
diode rectifier T3. When the current is switched to T2, Ci discharges
through Rp and R2 and at the same time Ci charges through R2 and
the other plate of T3. The average rectified diode current is indicated
by the meter in series with the diode cathode. Throughout the fre
quency range in which Ci and Ci charge “fully” in less than the time of
one half cycle of impressed voltage, the average diode current, and hence
the reading of the meter, are proportional to frequency. For the circuit
1 Hunt, F. V., Rev. Sci. Instruments, 6, 43 (1935).
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values shown in Fig. 15-40 the calibration of the instrument is linear up to
7000 cps and approximately so at higher frequencies.
One of the simplest methods of measuring audio frequencies is by
means of some form of impedance bridge. Although they do not ordi
narily incorporate vacuum tubes, a brief discussion of impedance bridges
will be included in this section because of their frequent use in the study
and application of vacuum tubes and vacuum-tube circuits.
The fundamental criterion for the balance of a four-arm impedance
bridge is that the product of one pair of opposite impedances shall be
equal in magnitude and phase to the product of the other pair. Since
the voltages must be balanced for both magnitude and phase, it is neces
sary to provide the bridge with both a variable resistance and a variable
reactance.

(b>

(a)

Fig. 15-41.—Belfils resonance bridges: (a) series; (b) parallel.

Simple forms of impedance bridges are the resonance bridges of Fig.
15-41.1 Balance is obtained by varying either L or C and either r2 or r3.
The student may readily show that the bridge of Fig. 15-41a is balanced
when

(15-32)

r3

and
uL

= -4

(15-33)

or
’-Jure

<15-34>

The bridge of Fig. 15-416 is balanced when
(1M5)

and
(15-36>
Z7T \ X7V

'Belfils, G., Rev. gén. ilec., 19, 523 (1926).

id
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The series resonance bridge of Fig. 15-41« is evidently easier to use than
the parallel resonance bridge of Fig. 15-416, for in the former the resist
ance balance is not affected by the reactance balance and the expression
for the frequency is simpler.
Two other forms of impedance bridge are of particular value in the
measurement of frequency. The first of these is a modified form of
Hay’s bridge,1 shown in Fig. 15-42.2 For this bridge the general criterion
for balance becomes
r2r3 = [ ri

fai + juL)

(15-37)

in which ri includes the resistance of the inductor L.
Equating the real terms of Eq. (15-37) gives
r2r8 — L/C

(15-38)

ri =--------------

Equating the imaginary terms of Eq. (15-37) gives
cu 2

(15-39)

r<LC

Substitution of Eq. (15-38) in Eq. (15-39) yields the relation

ri
(15-40)
2^ 2tt fL(Cr2r3 - L)
Thus, if the bridge is balanced by means of ri and rt, the frequency is
directly proportional to ri. ri may be made
numerically equal to the frequency by choosing
the other bridge parameters so that the radical
of Eq. (15-40) is equal to l/2ir. For maximum
sensitivity at 1000 cps and direct-reading scale,
the parameters should have the following values:
L = l/2ir henry,

C = l/2ir ^f,
and
r2 — r3 = 1414 ohms.2

Fig.

15-42.—Modified
form of Hay’s bridge.

The inductor resistance must be added to the
reading of the decade box used for
The bridge should preferably
be ungrounded, but, if a ground cannot be avoided, least error will
result if the ground is applied at the junction of L and r2, or through
A potentiometer connected across the a-c input (Wagner ground), as
shown by the dotted lines in Fig. 15-42. This type of bridge has two
disadvantages. At the higher frequencies the distributed capacitance
1 Hay, C. E., Inst. P.O. Elec. Eng., Papers, November, 1912.
2 Soucy, C. I„ and Bayly, B. De F., Proc. I.R.E., 17, 834 (1929). See also K.
Kurokawa and T. Hoashi, J. Inst. Elec. Eng., Japan, 437, 1132 (1924).
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of the inductor destroys the linearity of reading, and, since ri must always
be inversely proportional to r4 for balance, the bridge cannot be con
veniently balanced by means of a single control.
The disadvantages of the Hay bridge are avoided in the Wien bridge,
shown in Fig. 15-43.1 The criterion for balance gives the following
equation:
= (n~ ^)(1 +^C2)
(15-41)

' Equating real terms and imaginary terms of Eq. (15-41) gives the
two relations

= ” (s - â)
Fig. 15-43.—Wien bridge.

(15-42)

If r3 = 2r4 and Ci = C2, Eq. (15-42) simplifies to
7^ = t*2
(15-44)

and Eqs. (15-43) and (15-44) give
5~

Since the value of ri required for balance varies inversely with frequency,
this bridge cannot be made direct reading. Because rx is equal to r2
when the bridge is balanced, rk and r2 may be adjusted by means of a
single dial which is calibrated to read frequency.
1Ö-17. Cathode-ray Oscillographs (Oscilloscopes).—An increasingly
important electron tube. device is the cathode-ray oscillograph, or
oscilloscope.2 Although designed originally for the study of voltage and
1 Field, R. F., Gen. Radio Expt., 6 (November, 1931).
2 Rider, J. F., “The Cathode-ray Tube at Work,” J. F. Rider, New York, 1935;
Maloff, I. G., and Epstein, D. W., “Electron Optics in Television,” McGraw-Hill
Book Company, Inc., New York, 1938; Watson-Watt, R. A., Herd, J. F., and
Bainbridge-Bell, L. H., “The Cathode-ray Oscillograph in Radio Research,” H. M.
Stationery Office, London, 1933; Ardenne, M. von, “Die Kathodenstrahlröhren,”
Julius Springer, Berlin, 1934; MacGregor-Morris, J. T., and Henley, J. A.,
“Cathode Ray Oscillography,” Chapman & Hall, Ltd., London, 1936; Knoll, M.,
Arch. tech. Mess., 1, 76 (1931) (summary of literature to 1931); Zworykin, V. K.,
Electronics, November, 1931, p. 188 (bibliography of 12 items); Batcher, R. R.,
Proc. I.R.E., 20, 1878 (1932) (bibliography of 29 items); Stinchfield, J. M., Elec.
Eng., 53, 1608 (1934); Batcher, R. R., Instruments, 9, 6, 38, 77, 112, 140, 166, 197,
231, 255, 286, 312, 341 (1936); Parr, G., “The Low Voltage Cathode Ray Tube,”
Chapman and Hall, Ltd., London, 1937 (extensive bibliography); Stocker, A. C.,
Proc. I.R.E., 25,1012 (1937); Mayer, H. F., Electronics, April, 1938, p. 14; Preisman,
A., RCA Rev., 3, 473 (1939); Overbeck, W. P., and Löf, J. L. C., Rev. Sci. Instru
ments, 11, 375 (1940); Geohagen, W. A., Electronics, November, 1940, p. 36.
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current wave form, the cathode-ray oscillograph finds many other useful
applications. Its advantages over electromagnetic oscillographs are
that it draws negligible current from a source of voltage under observation
and that it responds at frequencies ranging up to 100 megacycles. Cath
ode-ray tubes are also an essential part of television equipment. Cath
ode-ray tubes for oscillographic use are made in a variety of sizes, ranging
from 1-in. to 18-in. screen.
The cathode-ray oscillograph tube consists essentially of an electron
gun for producing a beam of rapidly moving electrons called cathode rays,
a fluorescent screen upon which a luminous spot is produced by the
impact of the cathode rays, and means for displacing the spot from its
quiescent position as the result of current or voltage applied to the
deflecting mechanism. Although the electron beam may be focused by

Fig. 15-44.—Electrode structure of typical cathode-ray tube.

means of magnetic fields, electrostatic focusing is usually used. Figure
15-44 shows the electrode structure of a typical cathode-ray tube having
an electron gun with electrostatic focusing. The electron gun consists
of a thermionic cathode, a grid for controlling the electron density of
the beam and hence the brightness of the luminous spot, and two anodes.
The final velocity with which the electrons leave the gun is determined
by the potential of the second anode, which is normally maintained
constant in the operation of the tube. The electrostatic field between
the grid and the first anode and between the two anodes focuses the
stream of electrons in a manner somewhat analogous to the focusing of
light rays by lenses.1 If the electrodes are properly shaped, the potential
of the first anode, which is intermediate between that of the cathode
and the second anode, can be adjusted so that the electron beam is
brought to a sharp focus in the plane of the fluorescent screen.
The diaphragms in the grid and first anode serve to intercept elec
trons having velocity components normal to the axis of the beam and
thus prevent loss of sharpness of the luminous spot.
1 Maloff, I. G., and Epstein, D. W., Proc. I.R.E., 22, 1386 (1934); 23, 263 (1935);
Epstein, D. W., Proc. I.R.E., 24, 1095 (1936); Maloff, I. G., and Epstein, D. W.,
“Electron Optics in Television,” McGraw-Hill Book Company, Inc., New York,
1938.
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Magnetic focusing of the electron beam may be accomplished by
means of either a uniform axial field extending the entire length of the
tube or a nonuniform field, symmetrical about the tube axis, produced
by one or more short concentrated coils, the axes of which coincide with
that of the tube. Because of the difficulty of producing a uniform axial
field, magnetic focusing is ordinarily accomplished by means of one or
more short coils.
15-18. Deflection of Electron Beam.—The electron beam in a cath
ode-ray tube may be deflected either by means of an electric field produced
by two electrodes between which deflection voltage is impressed, or by
means of a magnetic field produced by electromagnets through which
deflection current flows. The general
arrangement of electrodes in a tube in
which both vertical and horizontal
deflection is produced by electric fields
is shown in Fig. 15-44. The deflection
is in a plane normal to the deflection
plate surfaces and, as pointed out in
Fig. 15-45.—Electrostatic deflection of
Sec. 1-20, after deflection the electrons
cathode-ray beam.
move as though they had originated at
a point on the axis opposite the center of the pair of deflecting plates.
Inspection of Fig. 15-45 shows that the linear displacement of the lumi
nous spot along the screen, under the assumption that the surface of the
screen is plane, is
y = L tan 9 cm
(15-46)
in which L is the distance in centimeters from the center of the deflection
plates to the screen. Substitution of Eq. (1-21) in Eq. (15-46) gives
E&IL
cm
v02med

(15-47)

in which E is the deflection voltage in statvolts, 8 is the charge of an
electron in e.s.u., I is the length of the deflection plates in centimeters, v0
is the velocity in centimeters per second with which the electrons enter
the deflecting field, me is the mass of an electron in grams, and d is the
spacing of the deflection plates in centimeters. But
fap) = Ea&

(15-48)

in which Ea is the potential difference in statvolts between the cathode
and the second anode. Substitution of Eq. (15-48) in Eq. (15-47) gives
y

EIL
2Ead

in which E and Ea may be expressed in volts.

(15-49)
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Equation (15-49) shows that the deflection of the luminous spot
varies linearly with deflection voltage but is inversely proportional to the
second anode voltage. Since the brightness of the spot increases with
the energy with which the electrons strike the screen, which is in turn
proportional to the second anode voltage, a high value of brightness is
attained at the expense of deflection sensitivity. For this reason some
tubes contain a third anode, which may take the form of a grid adjacent
to the screen or of a graphite coating on the wall of the tube. The second
anode voltage may thus be made low enough to give high deflection sensi
tivity and the high velocity required for spot brilliance be given to
the electrons subsequent to deflection. Equation (15-49) shows that
deflection sensitivity is also increased by lengthening the plates. In
order to prevent the electrons from striking the deflection plates at large
values of deflection, long plates are usually divergent over a portion of
their length.
In most applications of cathode-ray tubes the deflection voltage
varies. The deflection is then proportional to the integral of the deflec
tion voltage throughout the time of transit of electrons between the
plates. If the rate of change of voltage is sufficiently small so that the
voltage is essentially constant during the time of transit, the deflection
is proportional to the instantaneous voltage. This is not true, however,
when the period of alternating deflection voltage is of the order of magni
tude of the transit time between the deflection plates. The high-fre
quency limit of the deflection voltage that can be analyzed by means
of a cathode-ray tube is therefore dependent upon the transit time.
Because the transit time is decreased by increase of second anode voltage
and by decrease of length of deflection plates, both of which reduce the
deflection sensitivity, it follows that tubes designed for use at very high
frequencies have low deflection sensitivity. The limiting frequency at
which a cathode-ray tube can be used is reduced by capacitance between
the deflection electrodes and their leads and by lead inductance. These
are minimized by bringing the leads directly through the wall of the
tube, as in Fig. 15-44, but for the sake of simplicity of manufacture and
convenience of making connections, the leads are brought out through
the base in most tubes designed for oscillographic use.
Two coil arrangements that may be used in producing electromagnetic
deflection are shown in Figs. 15-46 and 15-47. Because of the large air
gap and the low magnetizing force that is ordinarily used, an iron core
does not greatly increase the sensitivity but is sometimes used to help
in shaping the field. In the arrangement of Fig. 15-47 the coils may be
bunch-wound and wrapped about the neck of the tube, as shown, or
they may be wound in a slotted core similar to the stator of a twophase induction motor. In order to prevent interaction between the
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horizontal and vertical pairs, the coils must be carefully designed and
mounted.
The deflection produced magnetically is normal to the flux (see Sec.
1-21). It follows from Eq. (1-29) that the deflection over the surface
of a spherical screen is given by the relation
. 1

y

s

3 X IO10\2me ^300^

— 0 207 sBL

(15-49A)

in which s is the distance in centimeters throughout which the magnetic
field acts, B is the flux density in gauss (assumed to be constant through

Fig. 15-46.—Structure and flux pattern of coils for electromagnetic deflection of cathode
ray beam.

Fig. 15-47.—Structure and flux pattern of coils for electromagnetic deflection of cathode-ray
beam.

out the distance s), L is the distance in centimeters from the center of
the field to the screen, and Ea is the second anode voltage in volts. At
low frequencies the deflection sensitivity may be increased by increasing
the number of turns in the deflection coils, but at high frequencies it is
usually necessary to keep the coil inductance small.
Most cathode-ray tubes designed for oscillographic use employ electro
static focusing and deflection. Sometimes deflection in one direction is
produced electrostatically, and at right angles magnetically. The
obvious advantage of electrostatic deflection is that little or no deflection
current or power is required. The auxiliary circuits are therefore much
simpler, and difficulties arising from coil inductance are avoided.
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Large angular deflection requires that electrostatic deflection plates shall
either be short or have large separation in order that they will not inter
cept the electrons. Since either small length or large separation results
in low deflection sensitivity, tubes designed for electrostatic deflection
usually use relatively small angular deflection and must consequently be
longer than tubes designed for magnetic deflection. The greater struc
tural simplicity of magnetic-deflection tubes makes them cheaper to
manufacture and more rugged than electrostatic-deflection tubes.
Magnetic deflection is not satisfactory in the study of voltage wave
form, since inductance of the deflection coils causes the current wave
form to differ from that of nonsinusoidal voltage impressed upon the
coils or upon the amplifier that excites the coils (see Fig. 15-54). For this
reason magnetic deflection is ordinarily used only in producing a time base.
15-19. Cathode-ray Tube Screens.1—The screen of a cathode-ray
tube consists of a thin layer of a phosphor, which is a material that
luminesces as the result of bombardment by rapidly moving electrons.
The bombardment gives rise to both fluorescence or emission of light
during bombardment and phosphorescence or emission of light after
bombardment. The phosphor is applied to the inside of the end of
the tube by spraying, dusting, or precipitation from a liquid. Factors
governing the choice of the phosphor for a specific type of tube are the
required luminous intensity of the spot per watt of the incident electron
beam, the desired rate of decay of phosphorescence, and the desired color
of the light, which depends in turn upon whether the tube is to be used
visually or photographically. Slow decay of phosphorescence makes
possible the visual observation of nonrepeating transients and prevents
flicker in the visual observation of periodic voltages or currents of low
frequency, but causes blurring whenever an image on the screen moves or
changes form. A compromise must therefore be made between absence
of blurring and freedom from flicker.
Continued bombardment of one point of the screen reduces the
sensitivity of the phosphor and may eventually result in its destruction.
Furthermore, at high voltages the impact of the electrons upon the
screen may raise its temperature sufficiently to melt the glass. For
these reasons the beam should be turned off when the spot is stationary.
To avoid reduction of sensitivity of the screen it is also best not to oper
ate the tube over an extended period with an unchanging pattern. Many
oscilloscopes are provided with a switch that turns off the beam by
1 Nichols, E. L., Howes, H. L., and Wilber, D. T., “Cathode-luminescence and
Luminescence of Incandescent Solids,” Carnegie Inst. Pub., Washington (1928);
Tomaschek, R., Die Physik, 2, 33 (1934); Perkins, T. B., and Kaufmann., H. W.,
Proc. I.R.E., 23, 1324 (1935); Levy, L., and West, D. W., J. Inst. Elec. Eng. (London),
79, 11 (1936); Maloff, I. G.. and Epstein, D. W., Electronics, November, 1937, p. 31.
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applying a high negative potential to the grid. Where such a switch
is lacking, the beam may be turned off by means of the intensity control.
The life of the tube is greatly extended if the operator forms the habits of
turning off the beam when not making an observation and of using as low
brilliance as possible.
15-20. Oscilloscope Time Bases.—Cathode-ray oscillograph tubes
are provided with two sets of deflection plates or coils, mounted so that
the deflection produced by one is in the horizontal or X direction, and
by the other in the vertical or Y direction. Simultaneous application
of direct voltage to both sets of plates or of current to both sets of coils
produces a displacement that is the vector
sum of those which result from the individual
voltages or currents. Since the results ob
tained with magnetic and electrostatic deflec
tion are essentially the same, much of the
following discussion will mention only electro
static deflection.
When alternating voltage is applied to one
pair of plates, the spot oscillates and, because
of phosphorescence and persistence of vision,
Fig. 15-48.—Lissajous fig
is seen on the screen as a line. Application of
ure for 3-to-2 frequency ratio,
alternating voltage to both sets of plates
enclosed by rectangle.
causes the spot to trace a complicated path
which does not in general close upon itself if the frequencies of the two
voltages are different and which is, therefore, seen as a moving pattern.
If the quotient of the two frequencies is rational, the path closes and the
image is seen as a stationary pattern. A rational frequency ratio can be
determined by enclosing the pattern by a rectangle the sides of which are
parallel to the X and Y axes and tangent to the pattern. The ratio
of the Y to the X frequency equals the number of points of tangency of
the curve to a horizontal side of the rectangle divided by the number
of points of tangency to a vertical side. Thus, in Fig. 15-48 the ratio
of the Y frequency to the X frequency is 3:2. The form of the pattern
is also affected by the harmonic content, amplitude, and phase relation
of the two voltages. For sinusoidal voltages of the same frequency,
that are of equal amplitude and in phase, the pattern is a straight line
making a 45-degree angle with the horizontal. As the phase of one
voltage is changed, the pattern becomes an ellipse which widens with
increase of phase angle and becomes a circle when the phase angle reaches
90 degrees. Although these patterns, called Lissajous figures, may be
analyzed quite readily if one component is sinusoidal, it is usually desir
able to use an X voltage of such wave form that the unknown voltage is
plotted on a time base.
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In order that the image shall show the unknown voltage as a function
of time, it is necessary that the spot shall periodically sweep across the
screen horizontally with uniform velocity up to a certain point and then
return instantaneously to its zero position. If the time taken for one
timing sweep is equal to the period of the voltage applied to the Y plates,
the pattern will consist of one cycle of the Y voltage. If the sweep
frequency is equal to fv/n, the image will show n waves of the Y voltage.
The image will be stationary if n is a rational
number. The required horizontal movement
X/' Xs'
of the fluorescent spot can be produced by
Fia 15.49—wave form of
means of an X voltage that periodically linear sweep voltage for cathode
increases uniformly with time and falls to ray o'’cillographzero instantaneously upon reaching a given value. The wave form
of such a voltage is shown in Fig. 15-49. The earliest method of obtain
ing a saw-tooth voltage was by means of a rotating voltage divider.
The usefulness of this method was limited by friction of sliding contacts
and by contact resistance and other mechanical difficulties. The devel
opment of vacuum-tube oscillators for producing sweep voltages greatly
increased’ the field of application of the cathode-ray oscillograph1 and

Fig. 15-50.—Sweep oscillator and amplifier.

made possible the synchronization of the sweep voltage to the unknown
voltage (see Secs. 10-13, 10-15, and 12-33).
Methods of producing saw-tooth voltages were discussed in Secs.
10-13, 12-6, and 12-33. Although circuits using only high-vacuum tubes
have a higher frequency limit of oscillation, the arc-tube circuits of
Fig. 12-38 or 12-50 or modifications of these circuits are usually used as
sweep oscillators in oscilloscopes.2 Figure 15-50 shows a circuit that
1 Bedell, F., and Reich, H. J., J. Am. Inst. Elec. Eng., 46, 563 (1927).
2 Fruehauf, G., Arch. Elektrot., 21, 471 (1929); Samuel, A. L., Rev. Set. Instru
ments, 2, 532 (1931) (with bibliography); Finch, G. I., Sutton, R. W., and Tooke,
A. E., Proc. Phys. Soc. London, 43, 502 (1931); Brewer, F. T., Electronics, December,
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incorporates an amplifier for varying the sweep amplitude.1 Practical
sweep oscillators do not furnish a voltage that completely satisfies the
requirements for a perfect sweep voltage, since some time is required
for the voltage to fall to zero at the end of the cycle. Because of this,
a portion of the observed phenomenon occurs during the return sweep.
The fraction of the cycle taken by the return sweep is ordinarily neg
ligible at low frequency, but at very high frequencies the return time
may be large enough so that a pattern of appreciable intensity is traced
during the return sweep. The pattern traced during the return sweep
may be eliminated by biasing the grid of the cathode-ray tube beyond
cutoff during the return sweep. The required pulse of negative voltage
may be obtained from a small resistor in series with the tube that dis
charges the sweep-oscillator condenser, such as the 500-ohm current-

Fig. 15-51.—Wave form of sweep voltage used when it is desired to observe only a portion
of the cycle of voltage impressed upon the oscilloscope.

limiting resistance in series with the 884 tube in the circuit of Fig. 15-50.
The voltage pulse may also be obtained by passing the saw-tooth’voltage
through the pulse-forming circuit of Fig. 10-10.
When it is desired to observe in detail a small portion of the entire
cycle of a voltage wave, or a periodic voltage pulse of short duration
repeated at a relatively low frequency, the luminous spot should sweep
only during the portion of the cycle to be observed and remain at rest
during the remainder of the cycle. This result can be attained by the
use of a sweep voltage of the form of Fig. 15-51, which may be generated
by the circuit of Fig. 15-52.2 This circuit is a combination of the thyra
tron relaxation oscillator of Fig. 12-50, the pulse-forming circuit of
Fig. 10-11, the trigger circuit of Fig. 10-8, and the circuit of Fig. 10-31.
1931, p. 222; Scott, H. H., Gen. Radio Expt., 1, No. 1 (1932); Ulbricht, G., Hochf.
tech. u. Elektroakus., 39, 130 (1932); Field, G. S., Can. J. Research, 7, 131 (1932);
Fucks, W., and Kroemer, H., Arch. Elektrotech., 27, 125, 606 (1933); Haller, C. E.,
Rev. Sci. Instruments, 4, 385 (1933); Zworykin, V. K., Proc. I.R.E., 21, 1655 (1933);
J. Inst. Elec. Eng., 71, 82 (1932); Nottingham, W. B., J. Franklin Inst., 211, 751
(1931); Richards, P. A., and Meier, W. L., Electronics, April, 1934, p. 110; Lbnsil,
C. E., Electronics, May, 1935, p. 156; Goldsmith, T. T., Jr., and Richards, L. A.,
Proc. I.R.E., 23, 653 (1935); McCarthy, D., Wireless World, 37, 367 (1935); Elec
tronics, February, 1936, p. 42; Leeds, L. M., Proc. I.R.E., 24, 872 (1936); Potter,
J. L., Proc. I.R.E., 26, 713 (1938). See also Parr, op. cit., pp. 164r-165.
1 Waller, L. C., Radio Retailing, January, 1937, p. 65. This article gives com

plete specifications for the construction of an oscilloscope using a type 913 cathode-ray
tube.
2 Haworth, L. J., Rev. Sci. Instruments, 12, 478 (1941).
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The functions of the various portions of the circuit are indicated by the
wave forms of the voltages at various points.
A much longer time base can be obtained by the use of a circular or
spiral sweep. A circular or eliptical sweep is obtained by applying
to the two sets of deflection plates voltages that are 90 degrees out of
phase, obtained from a series combination of resistance and capacitance
or inductance, as shown in Fig. 15-53. The voltage under observation

Fig. 15-52.—Expanded-sweep circuit for the observation of a small portion of the cycle of
voltage impressed upon the oscilloscope.

is made to produce a radial displacement of the spot proportional to the
instantaneous voltage by superimposing it upon the direct voltage of the
second anode,1 or by modulating the input voltage of the circuit of Fig.
15-53 in accordance with the voltage under observation, by means of a
linear modulator. A spiral sweep is obtained by modulating the input
voltage of the circuit of Fig. 15-53 in accordance with a saw-tooth-voltage.

Fig. 15-53.—Cir
cuit for producing a
circular sweep.

Fig. 15-54.—Form
of
exciting
voltage required to produce linear
electromagnetic sweep.

The voltage under observation is superimposed upon the saw-tooth
voltage in modulating the input to the phase-splitting circuit.
In order to obtain a linear sweep by electromagnetic means, the
current through the deflecting coils must be of saw-tooth form. The
linear rise in current through the coils requires a linear rise in voltage
across the coil resistance and a constant voltage across the coil inductance.
1 Variation of second anode voltage varies the deflection sensitivity, and hence the
radius of the circular sweep. See N. V. Kipping, Wireless World, 13, 705 (1924).
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The periodic wave of voltage across the coil must therefore be the sum
of a saw-tooth wave and a rectangular wave. The desired result may be
obtained by impressing a wave of the form of Fig. 15-54 upon the input
of the circuit of Fig. 15-55. The function of the diode, condenser, and
resistance in the circuit of Fig. 15-55 is to damp out transient oscillations
set up in the transformer and deflection coils by the discontinuities of
current. Voltage of the form of Fig. 15-54 may be obtained from a
saw-tooth-wave oscillator by the addition of resistance in series with the
condenser, as shown in Fig. 15-56. The constant condenser charging
current produces a constant voltage across R' and a linearly rising
voltage across the condenser. R' is varied until the current wave has
the correct wave form.

Fig. 15-55.—Amplifisr for producing linear
electromagnetic sweep.

Fig. 15-56.—Oscillator for the generation of
voltages of the form of Fig. 15-54.

15-21. Oscilloscope Amplifiers.—Oscilloscope amplifiers serve the dual
purpose of providing sufficient voltage to give the desired deflection,
and of making possible the variation of deflection voltages without
drawing appreciable current from the source under observation or from
the sweep oscillator. Sweep amplifiers must be capable of amplifying
frequencies ranging from the fundamental frequency up to approximately
the tenth harmonic. In order to cover the sweep frequency range of
50 to 50,000 cps, therefore, the sweep amplifier must have negligible
frequency and phase distortion in the range from 50 to 500,000 cps. A
similar frequency range is desirable in the Y-deflection amplifier in the
study of wave form, particularly when the wave contains near-discontinuities. Compensated amplifiers embodying cathode-follower stages,
similar to the amplifier of Fig. 6-24, are used in the best oscilloscopes.
Figure 15-57 shows the usual manner of coupling the deflection plates
to the output of a single-sided amplifier. The voltage divider P changes
the direct voltage between the plates and thus displaces the image
on the screen. Since the second anode and one deflection plate of each
pair may be connected within the tube, the use of this circuit makes
possible a simplified tube structure. It has the disadvantage, however,
that the variation of the potential of only one plate relative to the second
anode and the cathode produces a corresponding variation of the effective
accelerating voltage and thus destroys the linearity between deflection
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voltage and deflection.1 This difficulty may be avoided by using a
push-pull amplifier to excite the deflection plates. The potential
of one plate relative to the second anode then falls by the same
amount that the other rises and the average potential of the deflec
tion plates relative to the cathode remains constant. The cathode
phase-inverter circuit of Fig. 5-16 may be conveniently used for this
purpose. Figure 15-58 shows a form of this circuit that makes it possible
to displace the image on the screen. Increasing the magnitude of the
bias of Ti above that of T2 by means of the potentiometer P decreases
the plate current of Ti and makes the voltage drop across Rti less than

Fig. 15-57.—Single-sided oscilloscope
amplifier with a control for displacing the
pattern.

Fig. 15-58.—Push-pull oscilloscope ampli
fier.

that across Rb2. A direct difference of potential is thus established
between the deflecting plates, causing a steady deflection of the image.
The complete circuit diagram of a typical oscilloscope is shown in
Fig. 15-59 (see Prob. 15-1).
15-22. Electronic Switches for the Observation of Two Waves.—

Most cathode-ray tubes that are now on the market contain only one
set of elements and can therefore be used directly for the observation
of only one voltage as a function of time. Two or more waves can be
observed simultaneously by the use of a commutator,2 but this method
is not very convenient. A number of electronic circuits have been
developed that make possible the-observation of two waves.3 In these
circuits the two voltages to be observed are applied to two amplifiers, the
outputs of which are impressed upon the Y deflecting plates. Some form
1 DuMont, A. B., Electronics, January, 1935, p. 16.
2 Bedell, and Reich, loc. cit.
3 Sewig, R., Z. f. tech. Physik., 14, 152 (1933); Brown, C. B., Electronics, 6, 170
(June, 1933); Davidson, I. B., J. Sci. Instruments, 11, 359 (1934); Garceau, L., Rev.
Sci. Instruments, 6, 171 (1935); DuMont, A., Electronics, March, 1935, p. 101;
Woodruff, L. F., Elec. Eng., 54, 1045 (1935); George, R. H., Heim, H. J., and
Roys, C. S., Elec. Eng., 54, 1095 (1935); Hughes, H. K., Rev. Sci. Instruments, 7, 89
(1936); Shumard, C. C., Elec. Eng., 57, 209 (1938); Reich, H. J., Rev. Sci. Instruments,

12, 191 (1941).
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of trigger switching circuit, such as those of Fig. 10-8, 10-9, or 12-34,
synchronized to the sweep voltage, is used to control the control-grid,
screen, or suppressor voltages of the amplifiers in such a manner that the
amplifiers amplify during alternate sweeps. The images of the two waves
are formed on the fluorescent screen during alternate sweeps. Because
of phosphorescence and persistence of vision, they appear to be seen
simultaneously.
A typical switching circuit is shown in Fig. 15-60.1 This circuit
uses pentode amplifier tubes controlled by a parallel thyratron switching
circuit of the form of Fig. 12-34a. The screens of the amplifier tubes
T3 and Tt are connected to the anodes of the thyratrons Ti and T2,

Fig. 15-60.—Electronic switch for the simultaneous observation of two waves with a single
element cathode-ray tube.

respectively. The amplifier cathodes are positive relative to the thyra
tron cathodes by a voltage that exceeds the thyratron tube drop. Hence,
when either thyratron fires and the voltage of its anode relative to its
cathode falls to a value equal to the tube drop, the screen voltage of the
corresponding amplifier tube is made slightly negative relative to its
cathode, so that its plate current is reduced to zero, and the tube ceases
to amplify.
15-23. Electronic Transient Visualizers.—The periodic contactor
circuits mentioned on pages 457 and 491 are of value in the study of
transient voltages and currents by means of the cathode-ray oscillograph.2
The sweep oscillator voltage, in addition to providing time deflection
of the fluorescent spot, varies the grid voltage of an amplifier tube, the
plate circuit of which contains a relay. The relay is used to open and
1 George, Heim, and Roys, ibid.
2 Reich, H. J., Rev. Sci. Instruments, 5, 7 (1934).
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close the circuit in which the transient is produced, the adjustment
being such that the transient is initiated at the beginning of the timing
sweep. Since the relay operates at the same instant in each sweep, the
transient is observed on the screen as a stationary figure. Limitations
imposed by relay inertia and chattering are overcome by the use of an
884 thyratron tube in place of the mechanical relay, as shown in Fig.
15-61.1 Extinction of the 884 switching tube Ty is accomplished by
virtue of the ability of the 884 grid to interrupt anode current of 50 ma
or less when the grid is made sufficiently negative. The saw-tooth
voltage of the sweep oscillator is applied to the grid of Ty with proper
polarity so that the sudden change in voltage when the sweep oscillator
tube T2 fires causes the negative bias of Ty to increase enough to cut
Sweep voltage
to oscillograph

Fig. 15-61.—Electronic transient visualizer.

off the anode current. Since this change in voltage is very rapid, the
extinction time of Ty may be made as small as 10 psec. As the condenser
Ci charges, the negative grid voltage of Ty decreases and at some time
in the cycle becomes so small that T’y again fires. If the plate circuit of
Ty contains only resistance, the wave of anode current, and the voltage
across this resistance, are observed to be square topped, as they should be
if firing and extinction of Ty are rapid. The condenser C2 of Fig. 15-61
serves to delay the extinction of Ty, so that a transient initiated by the
extinction of Ty will not start during the return sweep of the fluorescent
spot. The frequency of repetition is controlled by Ci, Ry, and R2.
R3 and Ry control the portion of the cycle during which Ty conducts.
Figure 15-62 shows how this device may be used in the oscillographic
study of transient oscillations in coupled oscillatory circuits and in lines.
Another type of visualizer, in which the transient is initiated by a
voltage impulse, is based upon the relaxation circuit of Fig. 12-43.2 The
'Bennett, J. A., master’s thesis, Cornell University, June, 1935; Reich, H. J.,

Elec. Eng.,

55, 1314 (1936),

2 Reich, ibid.

Trans. Am. Inst. Elec. Eng.,

56, 873 (1937).
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voltage that causes the transient is preferably taken from a resistance in
series with Ci, either directly or through an amplifier, and the circuit is
tripped by means of voltage from the sweep oscillator. A similar circuit
of somewhat reduced flexibility is obtained by taking the transient
exciting voltage pulse from a resistance in series with the sweep oscillator
condenser, through a suitable amplifier.1

oscillograph
Fig. 15-62.—Circuits for using transient visualizer in the study of transient oscillations in
(a) coupled circuits and (6) lines.

A third type of transient visualizer is illustrated in Fig. 15-63.2
The action of this circuit is as follows: During one-half of the cycle of
alternating supply voltage, the condenser Ci is charged from the second
ary of the transformer through the rectifier T2. At the positive crest
of the following half cycle the thyratron Ti fires, and Ci begins to charge,

Fig. 15-63.—Transient visualizer that initiates the transient by the discharge of a condenser
through a thyratron.

causing a horizontal deflection of the fluorescent spot. Firing of Ti
also applies a positive impulse to the grid of Ts, causing it to fire. Ci
discharges through T3, producing a voltage pulse across R3, the shape
of which depends upon the parameters Ci, C2, L,
and R2. This
voltage, or a portion of it, may be applied to the circuit in which it is
1 Unpublished paper by P. W. Ryburn, Univ, of Illinois, 1938.
2 Rohats, N., Gen. Elec. Rev., 39, 146 (1936); Trans. Am. Inst. Elec. Eng., 56, 873
(1937).
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desired to initiate a transient. The transient is thus repeated in synchro
nism with the sweep at the frequency of the alternating supply voltage.
15-24. Oscillographic Comparison of Frequencies.—The cathode-ray
oscillograph can be used to advantage in the calibration of oscillators by
comparison with known frequencies. The simplest method is by the
use of Lissajous figures. The output of the oscillator that is to be
calibrated is applied to one pair of deflecting plates and the standard
frequency to the other pair. Either frequency is adjusted to give
a stationary pattern. The frequency ratio is equal to the ratio of the
number of horizontal and vertical points o'f tangency of a rectangle that
encloses the pattern.
A second method of frequency comparison was developed by N. V.
Kipping.1 In Kipping’s circuit, shown in Fig. 15-64, the lower frequency
is applied to a series combination of resist
ance and capacitance. The voltage across
the resistance is applied to one set of deflect
ing plates, and the voltage across the con
denser to the other. Because these voltages
are 90 degrees out of phase, a circular
pattern is obtained when the resistance is
adjusted so as to make their amplitudes
equal. The higher frequency is introduced
into the anode circuit. Variation of anode
voltage changes the electron velocity and,
Fig. 15-64.—Circuit for the
oscillographic
comparison of
therefore, the deflection sensitivity. This
frequency.
causes the diameter of the circular pattern to
change, the effect being equivalent to a radial displacement of the spot
relative to the circle. If the ratio of the two frequencies is rational, a
stationary pattern is obtained. The frequency ratio is equal to the
number of whole waves superimposed on the circle, divided by the number
of revolutions that the spot makes in completing the pattern. With
modern tubes, which incorporate a control grid, the higher frequency may
also be introduced into the grid circuit to produce a variation of intensity
along the circle. The latter method is not satisfactory for other than
integral frequency ratios, however, because of the difficulty of determining
how many times the spot moves about the circle in completing the
pattern.
A third method2 makes use of the circuit of Fig. 15-65. The two
voltages ei and e2, of frequency/i and/2, are first applied individually, and
the resistances and capacitances are adjusted so that each voltage
1 Kipping, N. V., Wireless World, 13, 705 (1924).
2 Rangachabi, T. S., Wireless Eng., 5, 264 (1928), 6, 184 (1929); Kurrelmeyer,
Bebnhabd, Rev. Sci. Instruments, 7, 200 (1936), 8, 348 (1937).
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produces a circular pattern. When the two voltages are applied simul
taneously, the pattern is some form of roulette, of which the cycloids
are examples.1 If thé amplitude of the higher frequency is somewhat
smaller than that of the lower frequency, the pattern will in general
have one or more cusps or loops. A stationary pattern is obtained if the
ratio of the higher to the lower frequency/2//i, reduced to its simplest
form, is N2/Ni, in which W2 and Ni are integers. For the circuit of
Fig. 15-65, there are W2'+ Ni loops or cusps, pointed outward. In
generating the pattern, the fluorescent spot moves from one cusp or
loop to the With next one. Thus Ni may be
determined by adding one to the number of cusps
skipped by the fluorescent spot. If N is the
total number of cusps, N = W2 + Ni. If the
ratio of the frequencies cannot be expressed as
the ratio of two integers, the pattern will have
N2 + Ni cusps, where N2/Ni is the rational
number that most nearly approximates the fre
quency ratio /2//i, but will rotate. If /2//i is
Fig. 15-65.—Circuit for
oscillographic compari
less than N2/Ni, the pattern will rotate in the the
son of frequency.
same direction as the spot moves when the lower
frequency/i is applied ajone, which may be termed the positive direction.
The frequency ratio is

A _ (1 ~ f3/fi)N2
fi
Ni

(15-50)

in which fs is the number of revolutions of the pattern per second. If
f2/fi is greater than N2/Ni, on the other hand, the direction of rotation
is negative, and the numerical value of /3 should be taken as negative
in Eq. (15-50). The positive direction of rotation can be readily deter
mined by increasingor decreasing f2 slightly. The rotation is positive
if the speed of rotation increases.
If the position of one condenser and its associated resistor is inter
changed in the circuit of Fig. 15-65, there are N2 — Ni cusps or loops,
pointed inward. For frequency ratios for which Ni exceeds IV2 — Ni,
interpretation of the patterns is more difficult with this modified circuit
since the fluorescent spot makes more than one complete trip around the
center between two successively generated cusps, and the patterns are
intricate. Figure 15-66 shows typical patterns obtained for several
frequency ratios. All patterns are for the circuit of Fig. 15-65 with the
exception of the lower right pattern, which was obtained with the
transposed circuit.
1 Reynolds, J. B., and Weida, F. M., “Analytic Geometry and Elements of
Calculus,” p. 246, Prentice-Hall, Inc., New York, 1930.
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The circuit of Fig. 15-65 cannot be used with, an oscillograph in
which there is a common connection between one horizontal and one
vertical deflecting plate. With this type of oscillograph the circuit of

Fig. 15-66.—-Oscillograms obtained with the circuit of Fig. 15-65 for various frequency
ratios.

Fig. 15-67 may be used.1 The impedance of the isolating transformer T
should be high in comparison with the resistance Ri. For frequencies
in the audible range an ordinary interstage coupling transformer and a

Fig. 15-67.—Modified form of the circuit of Fig. 15-65 that makes possible the use of a tube
with a common connection between two deflecting plates.

5000-ohm variable resistance may be used. At frequencies above
5000 cps, the distributed capacitance of the transformer tends to prevent
the formation of a circular pattern for the voltage ei. For this reason ei
1 Rangachahi, loc. cit.; Reich, H. J., Rev. Sci. Instruments, 8, 348 (1937).
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should be the lower frequency. Resistance or capacitance between the
Y plates or leads produces a phase shift which makes it difficult to obtain
a circular pattern for the voltage e2 at very high frequencies. No
difficulty is encountered, however, even above 10,000 cps, if the Y plates
are not shunted by a leak and if the connection from the ungrounded Y
plate to the transformer is short. A high resistance Rs across the
secondary is sometimes of help at high frequencies. If the primary
and secondary of Fig. 15-67 are wound in the same direction, the cusps
or loops of the pattern will point inward. The pattern may be trans
formed into one in which the cusps point outward by transposing the
primary or secondary connections or by
interchanging the position of either resistor
and its associated condenser. Provision
should be made for the variation of the ampli
tudes of ci and e2 both in the circuit of Fig.
15-65 and in that of Fig. 15-67.
Fig. 15-68.—Circuit in
15-25. Effect of Capacitance of Deflecting which the capacitance of the
Plates.—Special precautions must be taken in deflecting plates may affect the
the use of the cathode-ray oscillograph in the form of the oscillogram.
study of small voltages and currents. The capacitances of deflecting
plates and their leads, although small, may under certain circumstances
produce surprising results. In Fig. 15-68, rx and ry are two resistances
through which a common alternating current flows. If rx and ry are
high, it is found that when the voltages across them are applied to the
cathode-ray oscillograph by closing the switches Si and S2, the image
may be an ellipse, instead of the straight line that would be expected
with voltages that are in phase. If only one resistor were known to be

Fig. 15-69.—Circuit for the oscillographic determination of current-voltage characteristics
of the element X.

Errors may result from deflecting-plate capacitances Cx and Cy.

nonreactive, the incautious observer might conclude that the phase
difference of the voltages results from reactance in the other resistor.
Actually, the difference in phase results from inequality of the electrode
capacitances Cx and Cy, or of the resistances rx and ry.
Although the simple circuit of Fig. 15-68 is not likely to be used,
modified forms of it may be. Thus, the circuit of Fig. 15-69 may, for
example, be used to determine the current-voltage characteristic of the
element X. The load resistor rb may be of the order of megohm, so
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that the capacitance of the deflecting plates and amplifier tube may
produce appreciable shift in the phase of the voltage across n. Similarly,
if the resistance of X is high, Cx may appreciably affect the phase of the
voltage across it.
s 15-26. Electron-ray Tube.—Another type of cathode-ray tube is the
electron-ray tube or magic eye which is used as a tuning indicator in radio
Cathode
Ray-control
electrode
—Fluorescent
anode

flight shield

(C)

Anode
Cathode
Rav-control
electrode
'Light shield
-Fluorescent
anode
' Cathode
'Ray-control
electrode

(a)
Fig. 15-70.—Structure of the type 6AB5 electron-ray tube.

receivers.1 This tube, the construction of which is shown in Fig. 15-70,
contains two sets of elements, one of which is a triode amplifier and the
other a cathode-ray indicator. The latter consists of a cathode, a
fluorescent anode (target), and a control electrode which controls the
portion of the fluorescent anode
Triode
upon
which the electrons strike.
plate
The
ray-control
electrode is con
Triode
I meg.
grid—
nected to the plate of the amplifier
^e^ectrode^ section, which is connected to the
Control^
supply voltage through a high resist
Cathode
voltage- ,
ance, as shown in Fig. 15-71. Variation of the amplifier grid voltage
Fig. 15-71.—Electron-ray-tube circuit, changes the voltage of the ray-control
electrode, and thus the portion of the
target that fluoresces. The fluorescence is observed as an annular sector
of varying angular width. The tube may be calibrated for use as a volt
meter where rough measurements suffice. When the electron-ray tube
is used as a tuning indicator, the a-v-c biasing voltage, which increases
with amplifier output, is used as the control voltage.
1 Waller, L. C., and Richards, P. A., Radio Retailing, December, 1935, p. 47;
Thompson, H. C., Proc. I.R.E., 24, 1276 (1936); Waller, L. C., QST, October, 1936,
p. 35, November, 1936, p. 23; Waller, L. C., RCA Rev., 1, 111 (1937).
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15-27. Determination of Static Tube Characteristics.—It would
seem at first thought that the determination of static tube characteristics
by means of direct voltages and d-c meters is such a simple procedure
that it requires no discussion. Unless certain precautions are observed,
however, erratic readings of plate current may be observed. The^e
can usually be traced to high-frequency oscillations in the battery leads,
the necessary inductance and capacitance being furnished by the meters,
leads, and electrodes. A type 56 triode, for instance, will oscillate
readily with a plate voltage of only 45 volts if the grid and plate leads
happen to be of correct lengths to bring the grid and plate circuits into
resonance. The difficulty may be prevented by the use of by-pass
condensers from grid and plate to cathode or a resistance in series with
the grid, if grid current does not flow.
15-28. Oscillographic Determination of Tube Characteristics.—The
ordinary static method of obtaining static triode characteristics cannot
be satisfactorily applied in certain ranges of current and voltage because
of excessive plate and grid dissipation. The flow of high grid and plate
currents for a sufficient time to take meter readings may result in tempo
rary changes in characteristics as the result of change of cathode tempera
ture or in permanent damage to the tube as the result of gas emission
from the plate. A method for overcoming this difficulty by the use of
oscillographic recording was devised by Kalin.1 The oscillograph used

by Kalin was electromagnetic and incorporated a rotating drum for
photographic recording. The oscillograph element was placed in the
plate circuit, so that the vertical deflection of the light spot was pro
portional to the plate current. The grid voltage was made to vary
linearly with time by means of a rotary voltage divider. Since the
recording drum rotated at constant speed, the grid voltage was pro
portional to the horizontal displacement of the spot on the film. The
oscillogram consequently represented a plot of plate current against grid
voltage. By this method the average plate dissipation was kept suffi
ciently low so that the complete family of transfer characteristics could
be obtained. The substitution of a linear sweep oscillator in place
of the rotating voltage divider improves Kalin’s method. The sweep
oscillator may be synchronized to the drum motor.
In the positive grid region the average plate and grid dissipations
may be too great, even when the grid voltage is periodically varied as a
linear function of time. Kozanowski and Mouromtseff2 reduced the
average dissipation to a very low value by using for the grid excitation
a single pulse of voltage from the discharge of a large condenser through
1 Kalin, Albert, Univ. Wash. Eng. Expt. Sta. Bull. 30, (1924); Schneider, W. A.,
Proc. I.R.E., 16, 674 (1928).
2 Kozanowski, H. N., and Mouromtseff, I. E., Proc. I.R.E., 21, 1082 (1933).
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a resistance. Although the instantaneous values of dissipation may be
very high, the currents flow for such short intervals that the electrode
temperatures do not rise so high as. to damage the tube. Peak input
powers of twenty to thirty times the nominal rating can be recorded by
this method. The grid and plate characteristics are derived from
oscillograms of grid and plate voltages and current, recorded simul
taneously by a four-element moving-mirror oscillograph. The circuit
is shown in Fig. 15-72. All resistances used in this circuit are noninductive. The oscillograph elements must, of course, be accurately
calibrated. The condenser is charged from the voltage supply prepara
tory to the taking of an oscillogram, and the discharge of the condenser is
initiated automatically by the closing of the switch in synchronism with
the opening of the oscillograph shutter.
Knife Switch

Fig. 15-72.—Circuit for the determination of tube characteristics by means of an electro
magnetic oscillograph.

A cathode-ray oscillograph may also be used in the determination
of static transfer characteristics, but its use involves difficulties. If
electrostatic deflection is used, the plate current must be passed through
a resistance in order to provide deflecting voltage. A resistance that is
high enough to provide adequate voltage may appreciably alter the
characteristic. If an amplifier is used in conjunction with a low resist
ance, the amplifier must have negligible nonlinear, frequency, and phase
distortion over a wide frequency range in order to ensure distortionless
amplification. The use of an inverse feedback amplifier is recom
mended for this purpose. Because of the impedance of the deflecting
coils, difficulties are also encountered when the plate current is used to
produce magnetic deflection.
Chaffee has described a cathode-ray circuit for the determination
of static characteristics in which the grid of the tube under observation
is excited by a voltage pulse produced by the discharge of a thyratron.1
15-29. Dynamic Measurement of Tube Factors.—Bridge circuits
for the dynamic measurement of tube factors were first described by
1 Chaffee, E. L., Electronics, July, 1937, p. 30; see also H. F. Mayer, Electronics,
April, 1938, p. 14.

Sec. 15-30]

ELECTRON-TUBE INSTRUMENTS

651

J. M. Miller.1 Other circuits have since been developed. Before
proceeding to a discussion of tube-factor bridges it is advisable to men
tion general limitations of these bridges and precautions that should be
observed in their use. The equations that must be employed in the
applications of these bridges are derived by means of equivalent tube
circuits, which are strictly applicable only at small signal amplitudes.
The accuracy of the experimentally determined values therefore
increases as the signal amplitude is reduced. For this reason it is
advisable to use small voltages in exciting tube-factor bridges and to
employ an amplifier between the bridge and the telephone receivers if
necessary. To prevent direct voltage drops that reduce operating
voltages it is important to provide direct-plate-current paths of low
resistance by shunting the phones with low-resistance chokes. This is
particularly necessary in the circuits of Figs. 15-73, 15-74, 15-76, 15-78,
15-79, and 15-80. Transformers having low primary resistance may, of
course, be used in place of chokes. In the circuits of Figs. 15-73 to
15-76, and 15-80, direct plate current also flows through the secondary
of the exciting voltage input transformer, which should consequently
have low d-c resistance. The circuits should be set up so that stray
capacitances between leads and batteries are as small as possible. For
the sake of simplicity, the tube is shown as a triode in the following cir
cuits, multigrid tubes merely requiring the addition of other supply
voltages.
15-30. Amplification-factor Bridge.—The basic bridge circuit gen
erally used for the measurement of amplification factor is that of Fig.
15-73.1 ' By constructing the equivalent plate circuit and assuming that
Vp = —(rz/r^Vg and that grid current does not flow, the student may
readily show that the alternating plate current is zero when
r2
u = —

(15-51)

Actually the effect of tube capacitances prevents Vp and Vg from being
exactly 180 degrees out of phase at high frequencies. They can be
made so by the use of the balancing condenser C. The voltages Vp and
Vg are opposite in phase when the ratio of the reactances of the con
densers shunting ri and r2 is equal to ri/r2, or
C + Cgk _ Tz
Opk

ri

(15-52)

Thé voltages can also be made 180 degrees out of phase by means of a
small mutual inductance M, as in Fig. 15-74. As measurements are
1 Miller, J. M., Proc. I.R.E., 7, 112 (1919).
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usually made at 1000 cps or lower, the balancing condenser or mutual
inductance is not ordinarily necessary.
ri should preferably be small enough so that the direct voltage drop
in ri will not greatly alter the operating grid voltage. For accurate
measurements this voltage drop should be taken into account in adjust
ing the tube voltages.

Fig. 15-73.—Bridge for the measurement of

Fig. 15-74.—Bridge for the measurement of

amplification factor.

amplification factor.

15-31. Plate-resistance Bridges.—The plate resistance of triodes or
other low-plate-resistance tubes may be readily measured by means of
the simple four-arm bridge of Fig. 15-75.1 When the bridge is balanced,

rp = r3 y

(15-53)

and

C = (Cpk + Cep)

Ta

(15-54)

The condenser C may be omitted if measurements are made at 1000 cps
or lower. To avoid excessive direct-voltage drop in rit Ti should pref
erably be small (10 or 100 ohms). The voltage drop should be taken
into account in adjusting the operating plate voltage.
A second bridge for the measurement of plate resistance is formed
by the addition of resistances r3 and r4 to the amplification-factor bridge
of Fig. 15-74, as shown in Fig. 15-76.2 The bridge is first balanced by
means of r2 and M, with Si closed and S2 open. Then Si is opened and
S2 closed, and the bridge is again balanced. The student may show
that the plate resistance is then given by the relation

rp = 100r4
1 Ballantine, S., Proc. I.R.E., 7, 134 (1919).
2 Miller, loc. cit.

(15-55)
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It is difficult to measure the high plate resistance of tetrodes and
pentodes accurately with the circuits of Figs. 15-75 and 15-76. High
values of plate resistance can be conveniently measured with the circuit
of Fig. 15-77.1 If rx is a calibrated resistance, rp is found by adjusting
Ti so that the voltage across r2 is the same for the two positions of the

Fig. 15-75.—Bridge for the measurement of

Fig. 15-76.—Bridge for the measurement of

plate resistance.

plate resistance.

switch S. If the applied voltage V is kept constant, the vacuum-tube
voltmeter may be calibrated to read resistance directly, tt being used for
calibration. A third method of measurement is to observe the voltage V
necessary to give a definite deflection of the vacuum-tube voltmeter.
For high accuracy r2 should be small in comparison with rp. This
necessitates the use of a vacuum-tube voltmeter of high sensitivity.

Fig. 15-77.—Bridge for the measurement of
high plate resistances.

Fig. 15-78.—Bridge for the measurement
of transconductance of tubes with low plate
resistance.

The direct voltage drop in r2 must be taken into consideration in adjusting
the plate voltage.
15-32. Transconductance Bridges.—The transconductance of tuties
with low plate resistance can be readily measured by the simple circuit
of Fig. 15-78, which is a modified form of a circuit first suggested by
1 Standards on Electronics, p. 27, Institute of Radio Eng., New York, 1938.
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Appleton.1 Examination of this bridge shows that the alternating cur
rent through the phones is made up of two components, one of which
flows through ry and the source e, and the other through the plate of the
tube, and that these two currents are opposite in phase if the electrode
capacitances are small. When the circuit is balanced, these two currents
are equal and, furthermore, there is no voltage drop through the phones.
Therefore,
(15-56)

or
(15-57)

For greater accuracy the unbalancing caused by the interelectrode

Fig. 15-79.—Transconductance bridge
of Fig. 15-78, modified to incorporate react
ance balance.

Fig. 15-80.—Bridge for the measure
ment of transconductance of tubes with
high plate resistance. Either C or M is
used for reactive balance.

capacitance at high frequency can be corrected by the addition of a
mutual inductance, as in Fig. 15-79.
For tubes with high plate resistance the circuit of Fig. 15-80 is more
satisfactory.2 In this circuit the alternating voltage across r2 is balanced
against that across r3. The bridge is balanced reactively by the con
denser C, which may be replaced by a mutual inductance M, shown
dotted in Fig. 15-80. For the circuit in which C is used, the voltages
across fs and r2 are opposite in phase and equal in magnitude when the
bridge is balanced. Since no alternating current flows through the
phones and the reactance of the interelectrode capacitances is high in
comparison with r3, the load impedance is practically equal to r3. If
grid current does not flow,
1 Appleton, E. V., Wireless
2 Ballantine, loc. cit.

World, 6, 458 (1918).
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er2 _ pesr3
H + r2
rp + r3
A’67'3

_

ri

rp + r3 n + r2
or
Qm

r2 _ rp + r3
rp

nn

(15-58)

(15-59)

The plate resistance of tetrodes and pentodes is so high that the ratio of
rp to r3 may be made large enough so that Eq. (15-59) reduces to
0m

r2
rir3

(15-60)

Equations (15-59) and (15-60) may also be shown to- hold when M is
used in place of C.
15-33. Bridge for the Measurement of y, rp, and gm.—Inspection of
Figs. 15-74, 15-76, and 15-80 shows that these three bridges may be very
readily combined into a single instrument for the measurement of p, rp,
and gm.

Fig. 15-81.-—Bridge for the measurement of detection plate resistance.

Detection-plate-resistance Bridge.—Figure 15-81 shows a bridge
for the measurement of detection plate resistance rff.1 The action of
this bridge is similar to that of the plate-resistance bridge of Fig. 15-75.
When Balance is obtained,

r2r3
ri

(15-61)

In the measurement of detection plate resistance of diodes, the radio
frequency excitation is applied in series with the plate.
Measurement of Other Tube Factors.—The bridges discussed
above may be adapted to the measurement of other tube factors of
multigrid tubes.2 Bridges have also been designed for the measurement
of negative tube factors.3 Circuits for the determination of inter1 Ballantine, S., Proc. I.R.E., 17, 1164 (1929).
2 Standards on Electronics, Institute of Radio Engineering, New York, 1938.
3 Chaffee, E. Leon, “Theory of Thermionic Vacuum Tubes,” Chap. IX,
McGraw-Hill Book Company, Inc., New York, 1933; Hickman, R. W., and Hunt,
F. C., Rev. Sci. Instruments, 6, 268 (1935).
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electrode capacitances, leakage conductances, tube characteristics, and
other quantities are discussed in the 1938 report on electronics of the
Standards Committee of the Institute of Radio Engineers.
15-34. Negative-resistance Bridges.—A bridge for the measurement
of negative resistance is shown in Fig. 15-82.1
The condition for balance is

P = (- + l)n + r2

(15-62)

( V3 /
Fig. 15-82.—Bridge for
the measurement of negative
resistance.

criterion for balance,
reduces to

The resistances of Fig. 15-82 must be taken
into account in determining the operating
voltages of the negative-resistance element.
Proper choice of resistances simplifies the
If r3 = 99 ohms and r3 = 1 ohm, Eq. (15-62)

p = 100n + 99

(15-63)

If the negative-resistance element has appreciable capacitance, the
balancing condenser C should be added.
Three modifications of Dingley’s bridge that are capable of measur
ing a greater range of negative resistance were developed by Terman.2
These circuits and the criteria for balance are shown in Fig. 15-83. r

Fig. 15-83.—Three modifications of the negative-resistance bridge of Fig. 15-82.

should not exceed several hundred ohms, and r, should be much larger
than n. Ten thousand ohms is suggested for rs in circuits b and c.
The capacitance balance can be constructed from a two-gang variable
condenser.
15-35. Tuttle Tube-factor Bridge.—The circuits that have been
discussed employ a single source of excitation voltage. A different
type of tube-factor bridge, in which currents caused by three separate
1 Dinglet, E. N., Jr., Proc. I.R.E., 19, 1948 (1931).
2 Terman, F. E., Electronics, December, 1933, p. 340.
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voltages are balanced, has been developed by W. N. Tuttle.1 The three
forms of Tuttle’s circuit used for the measurement of amplification
factor, electrode resistance, and transconductance are shown in Figs.
15-84, 15-85, and 15-87. The transformers and attenuators in these

Fig. 15-84.—Bridge for the measurement of mu-factor.

circuits have been designed so that the three voltages ei, e2, and e3 are
exactly in phase (or 180 degrees out of phase). The function of e3 is to
furnish a reactive component of current to balance the reactive current
caused by electrode and circuit capacitances.

Fig. 15-85.—Bridge for the measurement of electrode resistance.

The principle of the circuit of Fig. 15-84, which measures amplification
factor, is the same as that of the more common amplification-factor bridge
of Fig. 15-73. The plate current resulting from e2 in the plate circuit is
balanced against the current resulting from ex in the grid circuit. The net
‘Tuttle, W. N., Proc. I.R.E., 21, 844 (1933).
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current is zero when e2 = pei. The voltage ratio is read directly on the
attenuators.
The circuit of Fig. 15-85 measures plate resistance. An exact
analysis of the operation of the circuit can be made by constructing
the complete equivalent circuit and determining the conditions necessary
to reduce the current in the output branch
to zero. For the purpose of explaining
the basic principle of operation, it is
instructive to neglect the tube capaci
tances and to consider only the nonreac
tive components of current. Under the
Fig. 15-86.—Equivalent circuit for
assumption that the capacitances are zero,
the bridge of Fig. 15-85.
e8 is also zero, and the equivalent circuit
is of the form shown in Fig. 15-86, in which z0 is the impedance of the
output transformer and condenser. The network equations are

ei = ii(rt + z0) — izZ0
e2 = — ii.z0 + iz(rp + z0)

(15-64)
(15-65)

Balance is obtained when A = i2, so that the current in the output branch
is zero. Setting the currents equal and dividing Eq. (15-65) by Eq.

Fig. 15-87.—Bridge for the measurement of transconductance.

(15-64) gives the condition for balance.
rp =

(15-66)

The attenuators may be calibrated to read rp directly.
The circuit of Fig. 15-87 is used to measure transconductance. The
equivalent circuit, neglecting tube capacitances and grid current, is
similar to that of Fig. 15-86; but since ei is applied in the grid circuit,
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ei must be replaced by ye2, and e2 by ei, in the equivalent circuit.
condition for balance is
/X61 _ 62

rP

or

r8

9m

82

The

(15-67)

- „

^1' 8

To measure negative factors, the phase of ei is reversed by means of
the double-throw switch.
By using Tuttle’s circuits, all tube factors may be read with ease
with a single bridge. Another advantage results from the fact that all
batteries may be kept at ground potential. The construction of a
reliable portable instrument of this type necessitates great care in trans
former design and in the location of component parts.
15-36. Harmonic Analyzers.—Harmonic analyzers for the direct
measurement of harmonic amplitudes by electrical means are of four
types: tuned circuit, heterodyne, dynamometer, and fundamental
suppression. Indirect measurements may also be made by taking oscillo
grams of the current or voltage and analyzing the oscillograms by mechan
ical or electrical analyzers or by graphical or selected-ordinate methods.
The oscillographic method requires more time and is not so accurate as
some of the direct methods.
15-37. Analyzers Using Tuned Circuits.—The use of tuned circuits
for harmonic analysis was first suggested by Pupin in 1893 and was

Li = 0.075mh

T

r. — 0.431

'iO.4Rd-c
zl~ \fO3l aHOOO'v

25mh&310mf>

Fig. 15-88.—Tuned-filter type of harmonic analyzer.

subsequently used by him in the study of electrical apparatus.1 In
1912, R. Beattie made an analysis to determine the best form of circuit
for the tuned-circuit type of analyzer.2 A portable analyzer based upon
the tuned-filter principle was designed by Wegel and Moore in 1924.3
The general features of their circuit are shown by Fig. 15-88. The
voltage to be analyzed is applied across the series resonant circuit LCrT,
and the voltage induced across the secondary of the transformer T is
applied to the amplifier. The rectified output of the amplifier is read by
1 Pupin, M., Am. J. Science, 45, 429 (1893); Trans. Am. Inst. Elec. Eng., 11, 523
(1894).

2 Beattie, fl., Electrician, 69, 63 (1912).
3 Wegel, R. L., and Moore, C. R., Bell System Tech. J., 3, 299 (1924); Trans.

Am. Inst, Elec. Eng., 43, 457 (1924).

660

APPLICATIONS OF ELECTRON TUBES

[Chap. 15

means of a d-c meter. The harmonic content of the applied voltage is
determined by tuning the filter successively to the various harmonic
frequencies and reading the output meter. The purpose of the parallel
resonant circuit made up of L, r, and Ci is to correct for the variation,
with frequency, of a-c resistance of the series circuit and of the amplifier
gain, so that the sensitivity remains essentially constant over the fre
quency range for which the instrument is designed.
Instead of taking the output of the filter from the transformer, as in
Fig. 15-88, it is possible to use the voltage developed across L, C, or r.
Beattie1 and Morgan2 have shown that it is usually best to take the
voltage from the inductance. Since inductive reactance is directly
proportional to frequency, the voltage across the inductance at a given
current increases with frequency. This discrimination against the lower
components of the input wave is desirable if the amplitudes of the lower
frequency components of the input are greater than the higher frequency
Equalizer

50 - 540 —
540-1500^
160 0 3000 —

0.0001-0.3ftp

L, =8.5h r, - 350 ft C0=45pif
Li^l.lh r2= 30 ft r0 = approx. rD
L^O./Sh rb- lOil
ofampl.iuBe

Fig. 15-89.—Amplifier-coupling filter for tuned-filter harmonic analyzer.

components, which is usually true. It helps to make possible the
measurement of a small second harmonic in the presence of a large
fundamental.
A singly tuned filter does not tune sharply enough to make possible
measurement of the amplitude of a small-amplitude component whose
frequency does not differ greatly from that of a large-amplitude compo
nent. To overcome this difficulty McCurdy and Blye3 designed an
analyzer which uses two tuned filters as coupling elements between
amplifier tubes. The circuit of one filter stage is shown in Fig. 15-89.
The first amplifier is preceded by a filter for suppressing the funda
mental frequency. The output is read by means of a thermocouple
meter.
15-38. Heterodyne Harmonic Analyzers.—In addition to the problem
of obtaining sufficiently sharp tuning, the design of the tuned-filter type
1 Beattie, loc. cit.
2 Morgan, F., J. Inst. Elec. Eng., 71, 819 (1932) (contains bibliography of 40
items).

3 McCurdy, R. G., and Blye, P. W., Trans. Am. Inst. Elec. Eng., 48,1167 (1929).
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of analyzer is complicated by the variation of filter resistance with
frequency. The audible frequency band cannot be readily covered with
a single filter inductance. It is necessary to use a number of inductances
and associated equalizers, each of which covers a portion of the band.
These problems can be readily solved by using a fixed-frequency filter
and heterodyning the output of a variable-frequency oscillator with the
input voltage so as to produce a sum or difference frequency equal to the
filter frequency. The fixed filter frequency makes it possible to use a
highly selective filter.
A block diagram of a typical heterodyne harmonic analyzer is shown
in Fig. 15-90. The frequency of the filter is higher than that of the
highest input signal to be measured. The use of a balanced modulator
to convert the impressed frequency to the frequency of the filter affords

Fig. 15-90.—Block diagram of a heterodyne harmonic analyzer.

a simple means of eliminating the impressed frequency and at the same
time ensures lower nonlinear distortion than could be obtained with a
single-tube frequency converter. Some heterodyne analyzers may be
calibrated to read directly; in others the voltage of the impressed signal
is determined by measuring the voltage of a reference signal, the ampli
tude of which is made equal to that of the impressed signal. The various
heterodyne analyzers that have been developed differ mainly as to the
type of filter used. Early circuits made use of mechanical filters1 and
of filters tuned to a frequency lower than that of the input voltage.2 In
more recent analyzers, however, the filter consists of quartz crystals3
or of two or more stages of inverse-feedback filters such as those of Fig.
6-45.4 An important advantage of inverse-feedback filters is that they
make possible the variation of selectivity at constant amplification by
adjustment of feedback.
A heterodyne analyzer incorporating a two-section 50-kc quartz
crystal filter is shown in Fig. 15-91. The oscillator is tuned so that the
1 Moore, C. R., and Curtis, A. 8., Bell System, Tech. J., 6, 217 (1927).
2Landeen, A. G., Bell System Tech. J., 6, 230 (1927).
3 Castner, T. G., Bell Laboratories Record, 13, 258 (1935).
4 Terman, F. E., Buss, R. R., Hewlett, W. R., and Cahill, F. C., Proc. I.R.E.,

27, 649 (1939).
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sum of the input frequency and the oscillator frequency is equal to 50 kc.
The resistance R and the capacitance C correct for any slight unbalance
of the balanced modulator. They are adjusted so as to eliminate the
oscillator fundamental frequency from the output of the modulator.
The output stage is a vacuum-tube voltmeter with a balancing circuit
for eliminating the zero-signal current from the meter. The tuned-plate
oscillator is designed to give constant amplitude throughout its range
of 35 to 50 kc.
The instrument is calibrated by adjusting the amplifier gain to give
a 2-volt reading of the output meter when 1 volt of direct voltage,
obtained from the filament battery, is applied between the grids of the

Fig. 15-91.—Heterodyne wave analyzer using a quartz-crystal filter.

(Courtesy of General

Radio Co.)

balanced modulator and the oscillator is tuned to the filter frequency.
The justification for this method of calibration follows from the analysis
of the balanced modulator. Equation (9-13) demonstrates that two
components of the output voltage of a balanced modulator are 2AaaEiEa
cos 2ir(/i + /2)i and 2AaaEiEa cos 2nr(fi — /2)i when the input voltage is
made up of two components Ei sin wit and Ea sin w2i. As fa approaches
zero, the sum and difference frequencies become more and more nearly
equal and, in the limit, when fa is zero, are both equal to/i. When one
voltage is direct, therefore, the output voltage is AAaaE^Ea cos 2^^,
which has twice the amplitude of the sum- and difference-frequency
components obtained when both input voltages are alternating. The fre
quency range of the General Radio wave analyzer is 20 to 15,000 cps,
and the voltage range 200 pv to 200 volts.
In another type of heterodyne analyzer, devised by C. G. Suits, the
unknown voltage and the voltage from the oscillator are applied simul-
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tàneously to the grid circuit of a square-law detector.1 The plate current
contains the impressed frequencies and their harmonics, steady com
ponents, and intermodulation components. A d-c milliammeter in the
plate circuit responds to the steady components and to any intermodula
tion frequencies that do not greatly exceed the resonance frequency of the
meter movement. By adjusting the oscillator frequency to differ only
slightly from the frequency of a component of the unknown voltage, the
needle can be caused to oscillate at the resulting difference frequency.
Ordinarily only one difference frequency at a time will be low enough to
affect the meter. According to principles set forth in Chaps. 3 and 9,
the change in reading of the meter with application of the signal voltage
will then be

AZ = a2[iEo2 -f- ^E,2 + EOEX cos 2ir(Jx — Dt]

(15-68)

where f0 and Eo are the frequency and amplitude of the oscillator voltage,
fn and En are the frequency and amplitude of any component of the input
voltage, and fx and Ex are the frequency and amplitude of the particular

component of the input voltage that is being measured. The milham
meter needle will oscillate through a current range that is twice the
amplitude of the difference-frequency component of the plate current.
This fact may be expressed by the equation

AIX = 2a2E0Ex

(15-69)

If the oscillator voltage does not vary with frequency, the amplitude
of oscillation of the meter is proportional only to the amplitude of the
unknown voltage, and the instrument may be calibrated by means of a
single input voltage of known amplitude. In the determination of per
cent harmonic relative to the fundamental, only relative values are
required, and the instrument need not be calibrated if the oscillator
voltage does not vary with frequency. If the oscillator is not designed
to give constant output at all frequencies, the analyzer may be calibrated
by applying inputs having known voltage and frequency.
Errors in reading result from two sources: oscillator harmonics and
departure of the detector characteristic from a true square law. The
first type of error is small if the harmonic content of the oscillator is below
1 or 2 per cent. The second results mainly from the presence of the
third-order term in the series expansion for the detector plate current
and may be minimized by keeping the oscillator and input voltages small.
It may be practically eliminated by the use of a balance detector, similar
to that of Fig. 15-2.2
1 Suits, C. G., Proc. I.R.E., 18, 178 (1930). See also R. R. Chilton, A Practical
Wave Analyzer for Distortion Measurements, Technical Bull., Inst. Rad. Eng. (Aus
tralia'), 1941.
2 Greenwood, W., Wireless Eng., 9, 310 (1932).
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15-39. Dynamometer-type Harmonic Analyzers.—In the dyna
mometer type of analyzer the unknown voltage is applied, through an
amplifier, to one coil of the dynamometer and the output of an oscillator
to the other.1 If the oscillator frequency is adjusted so that it differs
only slightly from the frequency of the component of the unknown voltage
to be measured, the meter needle will oscillate at the difference frequency.
The amplitude of oscillation is proportional to the product of the ampli
tudes of the currents in the two coils. If the current from the oscillator
is kept constant with the help of an additional meter, the amplitude of
oscillation of the dynamometer needle is proportional only to the ampli
tude of the component of the unknown voltage. The instrument may,
therefore, be calibrated to read the input amplitude directly.
It is also possible to construct dynamometer-type analyzers that
give steady deflection.2 The diffiiculty of obtaining an oscillator current
of good wave form which remains exactly in phase with the voltage that
is being measured makes it impractical to use this type of analyzer over
the frequency range required for the testing of audio-frequency amplifiers.
15-40. Fundamental-suppression Harmonic Analyzers.—In the fun
damental-suppression type of analyzer the fundamental component of the

Fig. 15-92.—Practical form of fundamental-suppression type of harmonic analyzer.

unknown voltage is removed by some form of bridge. The remaining
r-m-s output from the bridge is proportional to the square root of the
sum of the squares of all the harmonics. From the values of the total
harmonic content and of the complete input, the fundamental component
can be determined. The resonance bridge of Fig. 15-41a may be used for
this purpose.3 Figure 15-92 shows this bridge in convenient form for
1 Nicholson, M. G., and Perkins, W. M., Proc. I.R.E., 20, 734 (1932).
2 Cockroft, J. D., Coe, R. T., Tyackb, J. A., and Walker, M., J. Inst. Elec.

Eng., 63, 69 (1925); Proc. Phys. Soc. London, 40, 228 (1928).
3 Bblfils, G., Rev. gin. Hec, 19, 523 (1926).
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is approximately

When the switch is in position a, the output

(total input) X

v
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7

k+ 1

—

Ti + r6

When the switch is in position b, the bridge output is equal to

(vector sum of the harmonics) X

k

The bridge output is measured by means of a vacuum-tube voltmeter.
The input voltage to the bridge may change with adjustment of the bridge
and should be kept constant. Then if the voltmeter reads the same
for the two switch positions, small distortion factors are equal to Rn/Rs,.
The parallel resonance bridge of Fig. 15-416 may be used in place of the
series resonance bridge.2 High- and low-pass filters may also be used
for fundamental suppression.3
The fundamental-suppression type of bridge is particularly useful in
determining the distortion factor 3 (see Sec. 4-18). The fundamental
suppression bridge may often be used advantageously in combination
with other methods of analysis. If the fundamental is removed by
means of a bridge, for instance, the harmonic content may be analyzed
with considerable accuracy by oscillographic and graphical methods.4
Fundamental suppression is often advisable in connection with tunedcircuit and heterodyne analyzers because it greatly reduces the pro
duction of harmonics in the analyzer; it also reduces the selectivity
requirements of the analyzer. Reduced selectivity is essential when the
frequency of the unknown voltage drifts appreciably during the time
required to make a measurement.
15-41. Measurement of Voltage Amplification.—Figure 15-93 shows
the circuit that is commonly used for the measurement of voltage ampli
fication of an amplifier. When the attenuation of the attenuator is
equal to the gain of the amplifier, the deflection of the vacuum-tube
voltmeter will not change when the position of the switch is changed.
If the attenuator is calibrated in decibels, it gives a direct reading of the
amplifier gain in decibels. The purpose of the resistor R is to provide
the proper terminating impedance for the attenuator. If a calibrated
attenuator is not available, it may be replaced by a voltage divider, as in
Fig. 15-94. The voltage amplification A is equal to the ratio r2/ri
1 Wolff, Irving, J. Opt. Soc. Am. and Rev. Sci. Instruments, 15, 163 (1927).
2 Wagner, H. M., Proc. I.R.E., 23, 85 (1935); see also H. H. Scott, Proc. I.R.E.,
26, 226 (1938).

3 McCurdy and Blye, loc. cit.
4 Brown, S. L., Phys. Rev., 31, 302 (1928); Piddington, J. H., Proc. I.R.E., 24,
591 (1936).
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when the same voltmeter reading is obtained with the switch in the two
positions. Although affording a less accurate means of comparing the
input and output voltages, a cathode-ray oscilloscope or an electron-ray
tube may be used in place of the vacuum-tube voltmeter in the circuits
of Figs. 15-93 and 15-94.
The response curve of an amplifier or other network may be observed
directly by means of a cathode-ray oscilloscope.1 This is accomplished
by modulating the frequency of the amplifier excitation voltage in
accordance with the sweep voltage and applying the amplifier output
voltage to the vertical deflection plates of the oscilloscope. If the ex
citation amplitude is independent of frequency, the envelope of the pattern

Fig. 15-93.—Circuit for the measure

Fig. 15-94.—Circuit for the measure

ment of voltage amplification.

ment of voltage amplification.

obtained on the screen is the response curve, plotted on a uniform fre
quency scale.
15-42. The Use of Triangular and Rectangular Waves in Amplifier
Analysis.—In order to amplify a triangular or rectangular wave of
voltage without observable distortion, an amplifier must have negligible
frequency and phase distortion over a frequency range covering the funda
mental frequency and approximately the first ten harmonics. This
fact may be used to advantage in checking amplifiers oscillographically
for frequency distortion. The distortion resulting from insufficient
amplification of the lower-frequency components, and of the higherfrequency components, is shown by waves a and b, respectively, of
Fig. 15-95. Transient oscillations resulting from resonance of trans
former inductance and distributed capacitance result in an output wave
of the form of wave c. The ratio of the resonance frequency to the
frequency of the rectangular wave may be readily determined from such a
wave. Rectangular waves may be used in the determination of amplifier
response by applying the output of a variable-frequency rectangular-wave
generator to the input of the amplifier and observing the output of the
1 Diamond, H., and Webb, J. 8., Proc. I.R.E., 15, 767 (1927).
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amplifier by means of an oscilloscope.1 Negligible departure of the out
put wave from rectangular form over any range of frequency is an
indication that the amplifier will give essentially undistorted amplifica
tion of complicated waves throughout this
frequency range.
15-43. Measurement of Power Output.
The power output of an amplifier with known
load resistance may be determined by meas
uring the r-m-s voltage across the load or the
r-m-s current through the load. A thermal
meter or a copper oxide rectifier meter is
usually used for the purpose. Figure 15-96
shows the circuit diagram of the General
Fig. 15-95.—Distortion of
Radio output meter, by means of which rectangular wave caused by: (a)
poor low-frequency response;
power may be quickly measured at various (6) poor high-frequency re
values of effective load resistance. The sponse; (c) transient oscillations
in coupling transformers.
meter consists of a variable-ratio transformer
compensated by means of resistances so that a constant percentage of the
power is expended in the secondary load. The load is a constant-resist
ance network which also serves the function of a four-range multiplier
for the voltmeter. The indicating instrument is a copper oxide rectifier

Fig. 15-96.—Circuit diagram of General Radio power-output meter.

voltmeter. The effective load may be varied in 40 steps from 2.5 to
20,000 ohms. The multiplier provides 5-, 50-, 500-, and 5000-mw
ranges of power. The scale is also calibrated to read decibel power level
relative to 1 mw zero level.
1 Reich, H. J., Proc. I.R.E., 19, 401 (1931); Stockeb, A..C-, Proc. I.R.E.; 25,1012
(1937); Swift, G., Communications, February, 1939, p. 22; Bedford, A. V., and
Fredendahle, G. L., Proc. I.R.E., 27,277 (1939); Arguimbau, L. B., Gen. Rad. Expt.,
14, December, 1939, p. 1; Waidelich, D. L., Proc. I.R.E., 32, 339 (1944).
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15-44. Determination of Optimum Power Output and Optimum
Load.1—The determination of optimum power output and optimum load

Fig. 15-97.—Circuit for the determination of optimum power output and optimum load
•

resistance.

Fig. 15-98.—Experimentally determined curves of power output and harmonic content
of a type 45 tube. The dashed curves show power output at constant percentage of second
harmonic.

requires a series of measurements. A suitable circuit is shown in Fig.
15-97. For each load impedance there is a limiting value of bias and
'Kellogg, E. W., J. Am. Inst. Elec. Eng., 40, 490 (1925); Warner, J. C., and
Loughrbn, A. V., Proc. I.R.E., 14, 735 (1928); Hanna, C. R., Sutherlin, L., and
Upp, C. B., Proc. I.R.É., 16, 462 (1928).
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signal amplitude beyond which the harmonic content exceeds the allow
able values.' Curves of power output and harmonic content as a function
of load impedance must be constructed for various values of bias. The
simplest laboratory procedure is to set the bias at fixed values and to
take readings of power output and harmonic content at five or six values
of load impedance. If operation is to be restricted to the region in
which no grid current flows, the signal must be adjusted for each value of
bias and load so that grid current does not quite flow. The signal ampli
tude at which grid current commences can be determined by a galvanom
eter or headphones in series with the grid.
Figure 15-98 shows curves of power and harmonic content for a type
45 tube. The load impedance at which the harmonic content is just
equal to the maximum allowable value at each value of bias may be
determined from the curves of harmonic content. These values of
impedance and bias then determine points on the power curves corre
sponding to the given harmonic content. The dashed curves of Fig. 15-98
show the power output at 4, 5, and 6 per cent second harmonic as a
function of load resistance. From these the optimum load and power
output at the given *value of distortion may be read. Readings of third
harmonic taken simultaneously with second harmonic showed the former
to be negligible in comparison with the latter.
Problem

15-1. Carefully study the circuit of Fig. 15-59 and explain the functions of all
tubes and circuit elements.

APPENDIX
A-l. Parallel Equivalent Circuits.—Figure A-2 shows the series equivalent plate
circuit for the general form of triode circuit of Fig. A-l, in which the load zb may
include one or more impressed voltages. The voltage between A and B is yEg — IPrp,
which may be written in the form rp(gmEg — Ip). It is evident, therefore, that the

Fig. A-2.

voltage between A and B and, hence, all voltages and currents in the load, are unal
tered if the equivalent voltage pEg is removed and an additional current gmEg is
sent through rp in the direction opposite to that in which p.Eg tends to send current.
The series equivalent circuit of Fig. A-2 may therefore be replaced by the parallel
equivalent circuit of Fig. A-3. The current gmEe may be assumed to be caused to
flow by a constant-current generator, as shown in Fig. A-4.

Fig. A-3.

Fig. A-4.

In the series equivalent circuit, in which the equivalent generator is assumed to
supply a constant voltage tiEg, the current must vary with load and plate impedance.
In the parallel equivalent circuit, on the other hand, in which the generator is assumed
to supply a constant current gmEg, the voltage across the load and generator must
vary with load and plate impedance. It should be noted that the polarity of the
voltage across the constant-current generator is determined solely by the voltage
across the load. If the load contains an alternating e.m.f., the upper terminal may
conceivably be positive, i.e., the voltage across the generator may oppose the current
through the generator. For this reason the polarity of the constant-current gen
erator is not indicated.
Although the positive directions of most of the circuit currents and voltages may
be chosen at random, the direction of the equivalent current must be properly chosen
relative to the alternating grid voltage. If the instantaneous grid voltage is assumed
to be positive when it makes the grid positive relative to the cathode, the equivalent
current gmEg should be indicated as flowing through the constant-current generator
from the plate terminal to the cathode terminal as shown in Fig. A-4.
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The procedure to be followed in the formation of the parallel equivalent circuit

differs from that given in Sec. 4-2 for the series equivalent circuit only in the first
step, which is as follows:
1. Connect the plate resistance and an equivalent constant-current generator in
parallel between the plate and the cathode of the tube. The current supplied by the
generator is gmEa and should be indicated as flowing through the generator from the
plate terminal to the cathode terminal. If alternating voltage is impressed upon
more than one grid, there is a similar component of current for each additional grid
that is excited.

Fig. A-5.

The parallel equivalent circuit is particularly useful when the load consists of a
number of parallel branches which do not contain an e.rn.f., as, for example, in the
resistance-capacitance-coupled amplifier at high frequencies, the parallel equivalent
circuit of which is shown in Fig. A-5. It can be seen that the output voltage Ea2
is minus the product of the current gmEei by the resultant impedance of the four
parallel branches. Dividing this product by Eei at once gives the voltage amplifica
tion, Eq. (6-15). In this example the parallel equivalent circuit clearly affords a more
direct method of determining the voltage amplification than does the series equivalent
circuit, used in Sec. 6-5. The parallel equivalent circuit does not, however,
ordinarily simplify the analysis when voltages are impressed in both the grid and
the plate circuits and simultaneous network equations must be solved.
A-2. Power Relations in Vacuum-tube Plate Circuits.—The power supplied to
the plate circuit is

1

fr

Pi = T I

i rT
Ebbib dt = Elb y I ib dt = Ebblba

(A-l)

where T is the period of the fundamental component of plate current.

But

ib = Aa + ipa

(A-2)

where ipa is the instantaneous alternating plate current, measured relative to the
average value Iba- Furthermore,

Ebb — Eba + IbaRb 4" Spa 4" Cub

(A-3)

where epa is the instantaneous alternating plate voltage, measured relative to the
average value Eba, and
is the instantaneous alternating voltage across the load,
measured relative to the average value IbaRbEquation (A-l) may, therefore, be written in the form

(Iba + ipa) (Eba 4" IbaRb 4“ Cpa 4- Ceb) dt
1 IT
1 IT
= IbaEba 4" Iba^Rb 4" Iba y / ipa dt + Iba Tp I Ctb dt 4"

= y

1 fT
1 fT •
EbaT Jo Ipa dt 4" IbaRb
T Jo

dt +

1 f? .
r JO

fT .
I IpaCzb dt

(A-4)

(A-5)
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Since ipa, epa, and
are measured with respect to average values, they do not contain
steady components. Therefore, all but the last two integrals of Eq. (A-5) are zero.
The power input is
1 rt .
1 rr .
Pi ~ IbaEba “I- Iba^Rb "E
/ tpaCpa dt “Ij IpaSob dt
(A-6)

The first term of Eq. (A-6) represents the d-c power expended in the tube, or d-c
plate dissipation. The second term represents the d-c power developed in the load.
The third term represents the a-c power expended in the tube, or a-c plate dissipation.
The last term represents the a-c power developed in the load.
The total plate dissipation is

Pp — IbaEba T

1 fr .
I IpaCpa dt

(A-7)

The a-c power output is

*

Pa ~

1

fT .
J ipaCib dt

(A-8)

Since the plate supply voltage is constant, rise in voltage across the load is accom
panied by an equal reduction in plate voltage, and so the alternating plate and load
voltages are equal in magnitude, but opposite in phase.

Cpa — —'Czb

(A—9)

Therefore

1 fT .
T jO IvaOpa

=

P°

(A-10)

and

Pp = IbaEba — Po

(A-ll)

Since the resistive component of load impedance causes the instantaneous plate
voltage to fall with increase of plate current, epa has a component that is in phase
opposition to ipa and the second term of Eq. (A-7) is negative. Excitation therefore
causes the plate dissipation to decrease. Equation (A-ll) shows that the reduction
of plate dissipation is equal to the power output. This fact and the negative value of
the second term of Eq. (A-7) can be interpreted as indicating that the tube acts as a
source of power delivered to the load or, more correctly, that the tube converts d-c
power furnished by the plate supply into a-c power in the load.
A-3. Linear Modulation.—Application of a sinusoidal carrier excitation voltage to
a circuit containing an element that conducts in only one direction results in the
production of pulses of current. By Fourier analysis the current may be analyzed
into a steady component and components having frequencies equal to the applied
frequency and its harmonics. The addition of a steady biasing voltage in series with
the carrier excitation voltage changes the portion of the cycle during which current
flows. It thereby changes the amplitude of the current pulses and, therefore, of the
fundamental component of current. Expressions for the fundamental component of
current It and for the fundamental component of output voltage Ek across a resistance
load may be derived as follows. Let the carrier excitation voltage be E2 cos <M, and
let the biasing voltage be Eb. Current flows only when the total instantaneous
applied voltage E2 cos
+ Eb, exceeds zero. If So is the value of aii at which the
current is cut off, then E2 cos 0o + Eb = 0, or cos Da = —Eb/E2. If the circuit
contains only resistance and the characteristic curve of the rectifier is linear, the
instantaneous current is proportional to the instantaneous applied voltage when this
voltage is positive, and is zero during the remainder of the cycle. Thus the current is
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i = KEi (cos wji +

= /max(cos Ulkt — COS So),

— 0o < Wet < + So

(A-12)

in which K is a constant of proportionality, and Imax = KEt = the crest instantaneous
current when Eb = 0. Expressed as a Fourier series the current is

i = Ao + A, sin wkt + Bi cos aid + ■ ■ ■
1 /*T
•
Im&x f 4" 00
Ai = - /
ism wt dlad) = ---- /
(cos ud — cos So) sin aid d(ad) = 0
ir J — „
it J-e.
(cos a>d — cos So) cos aid d(aid) =
(So — sin So cos So)
r J - 8«
it
Therefore, the amplitude of the fundamental component of current is

Bi =

Ik = - —1 (So — sin So cos So)
7T

(A-13)
(A-14)

(A-15)

(A-16)

The amplitude of the fundamental component of output voltage across a resistance
load is

Ek = —(So — sin Oc cos So)
IT

in which Re is the effective resistance of the load at carrier frequency.
curve of Fig. 9-10 was plotted by means of Eq. (A-17).

(A-17)

The solid
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Fio. A-6.—Chart for the determination of inductive and capacitive reactance and of
resonance frequency. The reactance at any frequency is determined by the intersection
of the vertical line corresponding to the frequency with the diagonal line corresponding to
the capacitance or inductance. The intersection of an inductance line with a capacitance
line gives the frequency at which the inductance and capacitance are in resonance.
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Fig. A-7.—Chart for the determination of decibel gain.
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.Do. A-8. Conversion factors for power amplifier triodes and pentodes.
In using these curves, the ratio of the new plate voltage to the published plate voltage
nearest the desired new operating point is first determined. This ratio, the voltage conver
sion factor F„ is then used to determine, from the curves, the factors Fi,Fp, Fr, andFgm. F.
is also used to determine the new screen and control-grid voltages. {Courtesy of RCA

Manufacturing Company, Inc.)
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P late Milli a m p e re s ,ib

Fig. A-9.—Average plate characteristics for the type 6J5 triode.

Fig. A-10.—Average plate characteristics for the types 6F5 and 6SF5 triodes.
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Fig. A-ll.-—Average plate characteristics for the types 76 and 56 triodes.

Fig. A-12.—Average plate characteristics for each unit of the type 6SC7 twin triode.
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Fig. A-13.—Average plate characteristics for the type 6SJ7 pentode with 100-volt screen
voltage.

Fig. A-14.—Average plate characteristics for the type 6SJ7 pentode with 50-volt screen
voltage.

Plate Volts
Fig. A-15.—Average plate characteristics for the type 6SK7 pentode.

Plate Milliamperes,ib
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Plate Milliamperes,ib

Fig. A-16.—Average plate characteristics for the type 45 triode.
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Control Grid ( i C|)

P late <i,b) M illiam p eres
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Fig. A-19.—Average plate characteristics for the type 6F6 triple-grid tube, connected as a
pentode. See Fig. 3-4 for characteristics for triode connection.
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Fig. A-20.—Average plate characteristics for types 6A6, 6N7, and 53 twin triodes.

.___ hype 5V4-GJ____
_ Ef=5.0 volts ar H
^ChokeCL) input to filter:
L=4henries(min.) -j—
—ICondenserfC) inputto _
filter: Tpt.effect. plate
supply impedance pel—
—
plate -65 ohms—

£500
500.
"c
^400
_40
_o
-k300 ---- 300

'f&e-

¿200

£ 100

0 50 100 150 200
D_C Load Milliamperes
Fig. A-21.—Operation characteristics for the

Fig. A-22.—Operation characteristics for the

type 5U4-G rectifier.

type 5V4-G rectifier.
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Fig. A-23.—Operation characteristics for the type 5Y3-G rectifier.

Fig. A-24.—Rectification characteristics for the type 6H6 twin diode.
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Operating Data for Typical Amplifier Tubes (Receiving Type)

Power triode

2A3

Filament

2.5 2.5

9

250
(375 285 11

6F6 J

Heater

2.5 1.75 j

Heater

6.3 0.7 J

375 285 11
350
300

Triple-grid power am
plifier

6J5

Detector, voltage ampli Heater
fier triode

6.3 0.3

6L6

Beam power pentode

Heater

6.3 0.9

6SC7
6SF5

Twin high-mu triode
High-mu triode

Heater
Heater

6.3 0.3
6.3 0.3

6SJ7

Triple-grid detector am Heater
plifier •

6.3 0.3

6SK7

50

350

2.5

250
3
250
4
(300 125 2.5 03 6

2.5

3.4 2.8

Triple-grid supercontrol Heater
(variable-mu) amplifier

6.3 0.3

Power triode

Filament

2.5 1.5

275

4

Power triode

Filament

7.5 1.25

450

4.2 7.1

11

0.005 7

7

Triode voltage am
plifier
Pentode voltage
amplifier

Po wattsj

800 5,250 2,500 3.5

5.0

£
to

4.2

200

Load resistanec,
ohmsf

Total harmonic
content, per cent

Single, Class Al
Push-pull, Class
Al
Push-pull, Class
ABI
4
2.4
Voltage Amplifier
2.4
3.6 Voltage Amplifier
0.005 7
Pentode voltage
amplifier

4

©m
s%

1

I

1

1

Plate current, ma
per tube_____
I

•

Plate voltage

Screen current, ma
j

285 7.0 285 38

300 125 4.0 0.4 6

3,000 15.0

2.5

78,000 2,560 7,000 4.8

9.0

-20

250 31

-26

250 2.5 375 17

10,000 18.5

3.5

-38
- 8

350 24
250 9

6,000 13.0

2.0

-14
-16

250 5.0 250 72
250 5.0 250 60

6.8

20
135

2,600 2,600 4,000 0.85 6.5

7,700 2,600

22,500 6,000 2^500 6.5 10.0
5,000 14.5 2.0

-22.5 270 2.5 360 44

- 2
- 2
- 3

iôo

- 3

100 2.4 250 9.2

-50
( Single Class Al
< Push-pull Class
-68
( AB2
Í
-84
3.4 Single Class Al
i —54

3

2.0

Approximately
1,600
3.5

Approx- 2,000
imately
800,000
1,610 2,175 3,900 1.6
3,200 18.0

250 34
275 14

5 0
5.0

450 55
300 35

3.8
3.8

1,800 2,100 4,350 4.6
2,000 1,900 4,600 1.6

5.0
5.0

19

7,600 2,500

685

J Power output for two tubes in push-pull operation.

6,600 26.5

250 2
70
53,000 1,325
250 0.9
100
66,000 1,500
0.8 250 3 Greater than Greater than 1,650
1,650
1,000,000

250 9.2

- 8.5

* Cak and Cpk are total input and output capacitances (including capacitance .to suppressor and screen) in the case of pentodes,

f Plate-to-plate load resistance in push-pull operation.

j

Screen voltage
|

-20

3.4 3.4

360 270 19

Grid voltage

300 40

3.75

2.5
2.5

Cpk*, n fif

250 60

-62

10

10
2.5

j

1

-45

3.75

(360 270 19
360 270 19

250

( Class Al, single
J tube
] Class ABI, two
I tubes
Single Class Al
pentode
Single Class Al
triode
Class AB2 pen
todes
Class AB2 triodes
3.6 Voltage amplifier

13

rP, ohms
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Connection and
class of operation
Cgk* m J

1

Maximum plate
voltage
Maximum screen
voltage
Allowable plate
dissipation, watts
I Allowable screen
dissipation, watts

Type of
cathode

Filament or heater
current, amp

Classification by
construction

।

Type

Filament or
heater voltage

1

Static operating voltages
and currents

Tube drop,
volts

Cathode

Type

No. of
elec
trodes

Heating
time

Min.

Max.

FG-17

3

Fil.

2.5

5.0

5 sec

16

FG-27-A

3

Fil.

5.0

4.5

1 min

16

FG-33

3

Heater

5.0

4.5

5 min

24

10

FG-41

3

Heater

5.0

5 min

24

10

FG-57

3

Heater

5.0

4.5

5 min

FG-67

3

Heater

5.0

4.5

5 min

24

10

FG-81-A

3

Fil.

2.5

5.0

5 sec

24

8

FG-95

4

Heater

5.0

4.5

5 min

26

10

FG-97

4

Fil.

2.5

5.0

5 sec

26

10

FG-98-A

4

Fil.

2.5

5.0

5 sec

26

8

20

16

Typical Power Thyratrons

Approx, starting
characteristics

Anode
voltage

50
100
1,000
70
100
1,000
100
1,000
250
1,000
10,000
60
100
1,000
100
1,000
50
100
500
100
1,000
100
1,000
60
500

Shield
grid
voltage

0
0
0
0
0
0

Control
grid
voltage

-0
— 2.25
-6.5
0
-2.25
-8.0
+ 10
+ 10
0
-1.5
-4.5
0
-1.75
-6.5
+3.0
-0.5
0
-3.75
— 5.25
+ 3.5
-9.0
+ 1.0
-10.0
0
-10.0

Maximum ratings

Deioni
zation
time,
Msec

Amps
Amps
max. inst. max. inst.
anode
anode
current at current
25 cycles below 25
and above
cycles

Max.
peak
inverse
voltage

Max.
peak
forward
voltage

1,000

5,000

2,500

2.0

1.0

0.5

1,000

1,000

1,000

10

5.0

2.5

1,000

1,000

1,000

15

5.0

2.5

100

10,000

10,000

75

25

1,000

1,000

1,000

15

5.0

2.5

100

1,000

1,000

15

5.0

2.5

1,000

500

500

2.0

1.0

0.5

1,000

1,000

1,000

15

5.0

2.5

1,000

1,000

1,000

2.0

1.0

0.5

1,000

500

500

2.0

1.0

0.5

Average
current,
amps

12.5
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Type

Cur
Volt
rent,
age
amps

for
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Operating Data

Tube drop,
volts

Cathode

Type

No. of
elec
trodes
Type

Cur
Volt
rent,
age
amps

for

Heating
time

Max.

Min.

5.0

10.0

5 min

24

6

FG-178-A

3

Fil.

2.5

6 sec

24

8

GL-4L4

4

Heater

5.0

10 min

24

10

KU-627

3

Fil.

2.5

KU-628

3

Fil.

5

WL-672

4

Heater

WL-677

3

Heater

2.25

20.0
6

10 sec

12

11.5

40 sec

12

5.0

6.0

5 min

12

5

9.5

5 min

0
0

Control
grid
voltage

+ 1.0
0
— 3.5
+ 1.0
-9.0
0
-3.0
-7.0
-1.0
-14.0
—2
-8
-2
-8
-18
-3
-10
+3
+ 12
+21
+ 170
+ 1Z5
-6
-30

Maximum ratings

Deioni
zation
time,
Msec

Amps
Amps
max. inst. max. inst.
anode
anode
current at current
25 cycles below 25
cycles
and above

Max.
peak
inverse
voltage

Max.
peak
forward
voltage

1,000
1,000

2,500
500

2,500
500

40
10.0

12.8
5.0

6.4
2.5

1,000

1 ; 000

1,000

40

13.0

6.4

1,000

500

500

500

250

1,000

2,000

,2000

100

25

1,000

2,500

1,250

2.5

0.64

1,000

2,500

1,250

8

2

1,000

1,500

1,500

30

2.5

1,000

10,000

10,000

15

4

Average
current,
amps

125

12.5
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Heater

1

4

0
0
0
0
0

I

FG-172

100
60
100
100
1,000
25
100
500
100
2,000
100
1,000
100
1,000
1,000
100
1,000
100
1,000
100
1,000
100
1,000
500

© ©

10
10

C
OO
2

20
30

1

5 min
10 sec

IO

10.0
7.0

1

5.0«
5.0

+ +

Heater
Fil.

Anode
voltage

Shield
grid
voltage

© © © ©

4
4

Approx, starting
characteristic

>-l r-<

FG-1O5
FG-154

Typical Power Thyratrons.—(Continued)

Operating Data

for

Typical Ignitrons
GL415

GL427

WL651/656

WL652/657

8-20
8-20 12^-19 8-20 121-20 8-20 8-20 10-15
Tube drop
8-20
1 Maximum demand, kva
1,200 2,400 2,400 1,200
600
.........
1,200 400 600 200
105
{Corresponding average anode current,
( amps
192
56
75.6
135
75 30.2
3
5 75.6 140 30.2
Max. surge peak anode current at 250 v.
13,500
•6,750
Max. surge peak anode current at 500 v.
6,750
3,375
Ignitor voltage, max. inst. pos. allowed
900 anode
900 anode 900 900 350
900
900
volt.
volt.
Ignitor voltage, max. inst. pos. required
200
150
200
150 200 200
150
200
200
Ignitor voltage, max. inst. neg. allowed
5
5
5
5
5
5
5
5
5
Ignitor current, max. inst. allowed, amps
100
100
100
100
100
100
100
100
100
Ignitor current, max. inst. required, amps
40
40
40
40
40
30
40
40
30
1
1
1
1
2
1
Ignitor current, average allowed
2.0
2.0
1
100
100
100
Ignition time, ^sec
100
100
100
100
100
100

WL655/658

WL681/686

8-20
8-20
2,400 800 300 100
192 355 12.1 22.4
27,000
3,360
1,680
13,500
900
900

200
5
100
40
1
100

200
5
100
40
1
100
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SUBJECT INDEX
Amplifiers (continued)
distortion in, 124, 197—201 (see
amplifiers; Voltage amplifiers)
feedback, 197-209, 241, 277, 280
feedback in, 209-211
frequency range of, 138, 191

A

Abnormal glow discharge, 421
Activation of emitters, 24—27
Admittance, grid, 93-97, 148
Admittance, plate, 94
Aeolight lamp, 451
Alkali metals, current-wavelength

design of

(see Power amplifiers; Voltage ampli

fiers)
direct-coupled, 128-131, 147

Power

glow-tube, 462
graphical analysis of, 115-119 (see also Power
amplifiers)
impedance-capacitance-coupled, 131, 147-164,
168
inverse-feedback, 197—209, 241, 277, 280
measurement of power output, 667-668
measurement of voltage amplification, 665-666
noise in, 196, 201
operating conditions, determination of, 235238, 240-241
optimum load for (see Power amplifiers)
phase inverters, 135-138
phase shift in, 145, 151-154, 164, 179, 181,
200-201
power (see Power amplifiers)
push-pull, 113, 133-138, 246-258
resistance-capacitance-coupled, 128, 149-173,

character

istics of, 537
Ammeter, vacuum-tube, 612-618
electrometer, 612-614
floating-grid, 613—614
inverse-feedback, 614-617
phototube, 617—718
Amplification
automatic control of, 186, 326-327
control of, in a-f amplifiers, 185-186, 193
in r-f amplifiers, 193
definitions of, 127—128
expansion and compression of, 186-187
limit of, 146-147, 196
measurement of, 665-666
mid-band, 149, 179
Amplification factor, gas, 541
Amplification factor, grid, 47, 53
bridges for the measurement of, 651-652, 656658
Amplification factor, plate
bridges for the measurement of, 651—652,
656-658
definition of, 46, 51
determination of from characteristic curves, 54,
65
effect of grid current upon, 47
equations for, in triodes, 46-47
physical significance of, 45-46
relation of, to characteristic curves, 54
to plate resistance and transconductance,
53
Amplifiers
amplification control in, 185-186, 193, 326-327
arc tube, 505
attainable amplification of, 146-147, 196
automatic gain control in, 326-327
band-pass, 138, 191
bias for, 231, 238, 255, 262, 277-278
cathode-follower, 164-174
circuits for, 128, 133, 170-172, 204-208
Class Al, Class A2, Class AB, etc. (see Power
amplifiers)
compensated, 162—164
current, 127-128, 195
definition of, 124

also

183, 187
square-wave testing of, 666-667
transformer-coupled, 128, 133, 174-184, 188194
voltage (see Voltage amplifiers)
Amplitude control of oscillators, 393-396
Amplitude distortion, definition of, 125-126
(See also Distortion)
Amplitude modulation (see Modulation, ampli
tude)
Anode, definition of, 21
phototube, 538
Anode diagram, phototube, 549—551
Anode glow, 419
Arc discharge
control of breakdown in, 441—444
current, factors affecting, 441
deionization in, 446-447
distinguishing features of, 418, 438-440
electron emission in, 438—440, 523
grid-controlled, 442-444 (see also Thyratrons)
hot-cathode, 440-441
initiation of, 438-445
keep-alive electrode for, 442
mercury-pool, 439-440
space charge in, 439-440
summary of facts concerning, 448-449
theory of, 438-441
voltage of, 438-441

Arc drop, 489, 440, 468
Arc reignition voltage, 446-447
Arcback, 447, 525
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also Thyratrons)
advantages of over high-vacuum tubes, 463,

Arc-discharge tubes (see

473-474, 567-568
as amplifiers, 505
breakdown time of, 442, 468
cathodes for, 464-466
choice of gas or vapor for, 466
cold-cathode, 442, 522-529
. critical grid voltage of, 442, 469-473, 505-507
definitions pertaining to, 447, 467—468
deionization in, 446—447, 468
efficiency of, 463, 474
gas or vapor, choice of, 466
grid control of, 441-444
grid-control characteristic, 442, 469-473
grid-control ratio, 441—442
hot-cathode, arc-drop in, 438-441
hot-cathode grid-controlled (see Thyratron)
as a light source, 475-476, 529-532
mercury-pool, 439—440, 445, 521-527
mercury-pool, igniter-controlled (see Ignitron)
power efficiency of, 474
precautions in the use of, 475
ratings of, 467-468
as a rectifier, 476, 520, 522, 567-568
reignition voltage, 446-447
stroboscopes, 529-532
strobotron, 528-529
tungar, 462-463
*

Atom, 1-2
Automatic gain control, 186, 326-327
B

Back current, 525
Balanced modulator, 291—292
Band-pass amplifiers, 138, 191

*

Barrier-layer cells (see Photovoltaic cells)
Beam pentode, 63—65
(See also Power amplifiers)
Beat-frequency oscillator, 412—414
Bias, grid (see also Power amplifiers)
definition of, 70, 72

methods of providing in oscillators, 393-396
self-bias, in amplifiers, 105-106, 131-133, 160,
161

Breakdown
definition of, 417
of grid-glow tubes, 436-438, 458
between needle points, 382
theory of, in arc discharge, 442-443
theory of, in glow discharge, 432, 354
Breakdown time
of arc-discharges, 442, 468
of glow discharges, 432, 435
of ignitrons, 445, 523-524
of thyratrons, 468

Breakdown voltage, 417, 430
Breakoff voltage of glow-discharge tubes, 433

Bridges
frequency, 626-628
tube-factor, 650-659
use of, in oscillators, 399—401
By-pass condensers, 132, 133, 161—162, 209

C
Candle, 535
Candlepower, 535
Capacitance, effective input (grid)
effect upon resistance-coupled amplifier, 145,
150, 155

equations for, 93, 95-96, 169, 211-216
experimental determination of in resistancecoupled amplifier, 156
of power pentodes, 241
Capacitance, interelectrode, 93-94
Capacitance meter, 620
Carrier frequency, 283, 547
Carrier suppression, 305
Carrier wave, 283
Cathode, definition of, 21
Cathode dark space, 419
Cathode drop (cathode fall of potential)
definition of, 420
effect of thermionic emission upon, 439
numerical values of in arcs and glows, 420, 421,
438-439, 440
Cathode glow, 419
Cathode resistor (see Bias, grid)
Cathode spot, 440
Cathode rays, 14-17, 630-633
Cathode-ray oscilloscope
amplifiers for, 638-639
circuit of, 640
in determination of characteristic curves, 433,
649-650
effect of capacitance of deflecting plates, 647
electronic switches for, 639-641
in frequency comparison, 644-647

Lissajous figures, 634
sweep circuits (time bases), 366-369, 454-458,
482-483, 488-502, 634-638
transient visualizers, 641-643
Cathode-ray tube
beam deflection in, 630-633
screens, 633-634
structure and theory of, 628-630

Cathodes
for arc tubes, 441, 464-466
for high-vacuum tubes, 29-30
' for phototubes, 536-537

Characteristics
arc tube, 441—442, 469-473
Class B, 263, 264, 278
composite, push-pull, 247—251, 263-264, 278
detection, 322-323, 336, 684
dynamic grid of vacuum-tubes, 118-119
dynamic transfer of vacuum tubes, 82-84, 101,
263-266
experimental determination of, 649-650
glow-tube, 416-418, 422, 427-428, 433-436
grid-control of thyratrons, 441-442, 469—473
photoconductive-tube, 555
phototube, 436-437, 537, 539, 541-542
photovoltaic-cell, 556—559
rectification, 322-323, 336, 684
static and dynamic of high-vacuum tubes, 4750
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Characteristics (continued)
typical static of receiving tubes, 49, 50, 54,
55, 58, 59, 62, 64, 239, 249-250, 263-264,
382, 385, 678-684
Child’s law, 33-35, 37
Class A, Class AB, Class B, and Class C ampli
fiers, 139-141
(»See also Power amplifiers)
Clipping, 125-126, 319, 323, 358-359
Coefficient of recombination, 7
Collision of the second kind, 5
Commutation, motor, by means of thyratrons,
503-505
Commutation of thyratrons, 477—485
Composite plate characteristics, 246-250,
263-264, 277-278
Compression, volume, 186-187
Condensers, by-pass, 132, 133, 161—162, 209
Conductance
effective grid, 94—97
electrode, 52
negative, effective of, 96, 277, 373-377
Contact difference of potential, 8-9, 46
Contactor, periodic, 457, 491
Control grid, 43
(See also Grid)
Conversion equations for power tubes, 238
Conversion factors for pentodes, 160
Corona discharge, 431
Counter-e.m.f. control of thyratrons and
trons, 484-485, 526
Counting circuits, 486-488, 623-624
Coupling, critical, 190
Coupling, optimum, 192
Coupling coefficient, 178
Coupling resistance, 145-146, 155—159, 542,
551
Crater lamp, 450
Critical grid voltage, 441—442, 468, 470-473,
509
Critical inductance in smoothing filters, 586
Crookes dark space, 419
Crystal, quartz, 408-409, 661—662
Current
grid (see Grid current)
plate (see Plate current)
saturation, 21, 31, 538
Current sensitivity, 127
Current stabilizer, 594
Cut-off, 49, 55

261,

igni

549-

505-

D
Dark current, 416
Dark space
Crookes (Hitorf or cathode), 419
Faraday, 419-420
primary, 419-420
Decibel, definition of, 141
Decibel chart, 676
Decoupling circuits, 132, 210
Deflection of electron beam, 14-17, 630-633
Degenerative feedback, 197-209, 277, 280, 607,
614-617
Deionization, 6-7, 446—447

Deionization time, 446-447, 468-471, 523
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Demodulation, 300
(See also Detection)
Detection of a-m waves, 300-325
circuits, 306, 308, 310, 319, 320, 321, 335
characteristics, 323, 336
by complete rectification, 306-320
by curvature of current-voltage characteristic,
301-306
definition of, 283, 300
design of diode detectors, 317-319
distortion in, 304, 316, 317-319, 323
efficiency of, 312-313, 316
equivalent circuit for, 324-325
full-wave, 319
graphical analysis of, 322-323
grid-leak,' 320-321
linear-diode, 306-320
linear-plate, 320
plate diagram for, 323
series expansion for, 323—324
square-law, 301—306
tube factors for, 324
Detection of f-m waves, 333-336
Detection characteristics, 323; 336, 684
Detection efficiency, 312-313, 316
Detection plate diagram, 323
Detection mu-factor, 324
Detection .plate resistance, 324
Detection-plate-resistance bridge, 655
Deviation, frequency, 328
Deviation ratio, 328
Differentiating circuit, 357
Diode, definition of, 21
Diode detector (see Detection, linear diode)
Diode, arc (see Arc discharge tubes)
Diode, high-vacuum (see Child’s law; Emission,
thermionic)
Diode plate-current equations, 34, 35, 37
Direct-current transformer, 501-502
Discriminator, 333-336
Disintegration voltage of arc cathodes, 441, 466
Dissipation, grid, 64, 226, 263-270
Dissipation, plate, 37, 223-224, 226, 228-229,
234, 236-237, 253, 267-272, 467, 551, 673
Dissipation, screen, 243-244
Distortion (see also Graphical analysis; Harmonics)
in amplifiers, 124-127, 197-201 (see also Power
amplifiers; Voltage amplifiers)
reduction of, by inverse feedback, 197-201, 242,
243, 277, 280
in detectors, 304, 316, 317-319, 323
in. modulators, 291-292, 295, 298-299
in oscillators, 378-379, 401-402, 411
in light-sensitive tubes and cells, 542, 549—551,
556, 558
Distortion factor, 115
Driver, 269
Duplex tubes, 66
Dynamic characteristics
of glow-discharge tubes, 418, 433-436
of light-sensitive tubes and cells, 542, 554—555,
558

of vacuum tubes, 48, 81-84, 99-100, 118-119,
261—265, 382-383 (see also Characteristics)
Dynamic plate resistance, 84—85
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E

Eccles-Jordan trigger circuit, 353-357

Factors, tube

Edison effect, 21
Effective input capacitance
Efficiency

definitions of, 46-47, 50-54
determination of, from static characteristics,
54, 65
dynamic, 84-85
effect of screen grid upon, 57
measurement of, 650-659
relation of, to static characteristics, 54
relations between, 53-54
values of, in typical receiving tubes, 685
Faraday dark space, 419—420
Feedback (see also Amplifiers)
inverse (negative or degenerative), 197—209,
277, 280, 607, 614-617
reduction of, by means of by-pass condensers,
209-211
reduction of distortion by, 197—202
rise of to obtain high selectivity, 208-209
Feedback factor
definition of, 197
.
practical values of, in amplifiers, 207
Field strength, curves for, in diodes, 34, 36
Fields, electrostatic and electromagnetic, 10,
11-17, 33-36, 439, 630-633
Filament transformer, need for center tap in, 138
Filters
crystal, 661—662
decoupling, 132, 210
inverse-feedback, 208-209
selective, 626-628
smoothing (see Power supplies)
Firing of thyratrons, 441-443, 523-524
Firing time, 432, 435, 442, 445, 468, 523
First detector, 306, 326
Flux, luminous and radiant, 534—535
Foot-candle, 536
Frequency
carrier, 283
comparison by oscilloscope, 644-647
control of, in oscillators, 331-332, 369—372
measurement (see Frequency meters)
modulation, 283
regulation of, by thyratrons, 519
ripple, 564, 565, 569, 571
side, 283
stabilization of, in oscillators, 331-332, 404-411
transformation of, 369-372
threshold, 535
Frequency converters, 305-306
Frequency deviation, 328
Frequency meters, 624, 628
Frequency modulation (see Modulation, frequency)
Frequency modulation index, 328
Frequency range of amplifiers, 138
Frequency response, control of, in a-f amplifiers,
187
Frequency response characteristics, 128, 150, 154,
176, 189—190, 192, 208 (see also Amplifiers)

(see

Capacitance)

in amplifiers (see Power amplifiers)
of arc-discharge tubes, 463
detection, 312—313, 316
emission, 23, 26
plate-circuit, 224-225, 233-234, 239, 267

Electrode characteristics (see Characteristics)
Electrode conductance, 52
Electrode resistance, 52
Electrode voltages (see Voltage)
Electrometer, vacuum-tube, 613-614
Electron
charge and mass of, 1
definition of, 1
free, 8
motion of, in electric fields, 11—15
motion of, in magnetic fields, 15-17

Electron beam, deflection of, 14—17, 630-633
Electron beam, formation of, 629—630
Electron emission
in arcs, 438-441, 523
caused by cosmic rays, 6, 416
field, 10, 439
in glows, 416-422
photoelectric, 10, 416, 422, 533-535, 554
radioactive, 11
secondary (see Secondary emission)
thermionic, theory of, 19-23
types of, 10

Electron microscope, 24-25
Electron transit time, 14, 47, 127, 97
Electron volt, 3
Electron-ray tube, 648
Emission, electron (see Electron emission)
Emission, efficiency, 23, 26
Emitters
cesiated tungsten, 28-29
effects of gas upon., 26, 27, 30
oxide-coated, 26-28
photoelectric, 534-535
pure metallic, 23
requirements for, 23
thoriated tungsten, 23—26

Energy, internal, 1, 2
Equivalent electrode circuits, 87-94, 671-672
Equivalent plate circuit for amplification, 87—94,
671-672
Equivalent plate circuit for detection, 324—325
Equivalent thyratron circuits, 476, 481, 493,
496

Excitation of atoms and molecules, 1-3
Excitation potentials of atoms and molecules, 3
Excitation voltage of thyratrons (see Thyratrons,
inverters; Thyratrons, phase control)
Excitation voltage of vacuum tubes and ampli

fiers, 66, 114
Expansion, volume, 186-187
Extinction of arc tubes (see Thyratrons)
Extinction, potential of arcs, 441
Extinction, potential of glows, 433, 435, 458

G
Gain, decibel
chart for the determination of, 676
definition of, 142
voltage, measurement of, 665—666
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Gain control, automatic, 326-327
Gas
choice of for arc-discharge tubes, 466
effect of, upon emission and space currents, 30
upon emitters, 26, 27, 30
removal from electrodes and tube walls, 31
use of in phototubes, 540-542
Gas amplification factor, 541
Gas tube, definition of, 41
Gate circuits, 349—357
Gauss’s law, 6
Getters, 31
Glow, anode; cathode; negative, 419
Glow discharge
abnormal, 421, 431
advent of self-sustaining discharge, 422-427
breakdown, 417, 429-432
breakdown time, 432, 435
breakdown voltage, 417, 430
breakoff voltage, 433, 435, 458
current-voltage characteristics, dynamic, 418,
433-436
current-voltage characteristics, static, 416-418,
422, 427-428
current-voltage diagram, 432—433
definition of, 418
deionization time, 435-436
distinguishing characteristics of, 418, 438-439,
448
extinction potential, 433, 435, 458
grid-controlled, 436-438, 458-461
ignition, 422-427, 431-432, 436-438, 448
ignition potential, 423-424, 427-428, 439
ignition time, 427, 435
normal, 421-422
in phototubes, 541-542
physical aspects of, 418-420
potential distribution in, 420-421
striations in, 419—421
summary of facts concerning, 448-449
threshold current, 417
Glow-discharge tube, 448-462
as an amplifier, 462
applications of, 449
control of current and power by, 458-461
effect of light upon, 455-456
grid-controlled, 436-438, 458-461
as a light source, 449-452
as an oscillator, 454-458
as an oscillograph, 451-452
photoelectric, 553
in protection against voltage surges, 462
as a rectifier, 453-454
starter-anode, 461
symbols for, 450
as a voltage stabilizer, 452-453
Graphical analysis (see also Plate diagram)
of Class A amplifiers, 235-236
of Class B amplifiers, 263-273
of detection, 322—323
mechanical aids to, 114-115, 235
of modulation, 298, 299

Graphical analysis, of selenium cells, 555-556
of voltage amplifiers, 160-161
Grid
definition of, 43
theory of, 44—47, 55-61, 436-438, 441-444
free, 157-158, 438, 355-356
screen (shield), 56-58, 471-473
sharp-cutoff and remote-cutoff, 55, 193—194
suppressor, 59-63
Grid bias (see Bias, grid)
Grid characteristics, dynamic, 118-119, 263—265
Grid conductance (see Conductance)
Grid control of arcs (see Arc discharge; Thyra
trons)
Grid-control characteristic, 442, 468-473, 506-508
Grid current
in arc-discharge tubes, 443, 468-469, 471—472
in grid-glow tubes, 437-438, 458-459
in thyratrons, 468-469, 471-472
in vacuum tubes, 45, 47, 57-60, 64, 67-72,
88, 89, 92-93, 93-94, 118-119, 125, 126,
157, 160, 161, 263-264, 265, 274-277, 387,
393-395, 551, 613
Grid-glow tube, 436-438, 458-461
Grid leak, limitations on size of, 156-157, 394-395
Grid swing, 70, 72, 226
Grid voltage (see Voltage)
Grid voltage, critical, 441-442, 468-473, 505—509

H

Harmonic, percentage, 115
Harmonic analysis, graphical (see Graphical
analysis)
Harmonic analyzers, 659-665
Harmonics, generation of, in vacuum tubes, 67,
73, 77-79, 81-82
Heterodyne oscillator, 412—414
Hittorf dark space, 419
Hittorf principle (short-path principle), 428
Hyperbolas, use of, in Class B amplifier analysis,
268-269
I
Iconoscope, 553
Igniter, 445, 523-525
Ignition (see Glow discharge)
Ignition potential (see Glow discharge)
Ignitron, 445, 523-528
applications of, 528
circuits for, 525-527

of phototubes, 549-550

comparison with thyratron, 525-526
deionization in, 523—524
extinction of, 476-485, 526
operating data for, 688
structure of, 445, 525-526
theory of, 445
time of breakdown of, 445, 523
Illumination, definition of, 536
Illumination control, 518
Illumination measurement, 545-546
Image force, 8

of plate current, 106-115
of push-pull amplifiers, 251-252, 257

Impedance conversion by means of tubes, 211-216
Impedance matching, 172, 244-246, 257-258
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Inductance, critical and threshold, 586-587
Initial velocity of emitted electrons, 35-37
Input capacitance (see Capacitance)
Intensity, luminous, 496
Intermediate frequency, 325-326
Intermodulation, 77-82
Inverse feedback, 197-209, 277, 280, 607, 614-617
Inverse-feedback filter, 208-209
Inverse voltage, peak, 447, 467
Inverter (see Thyratron)
Ion, 2, 3
Ion sheath, 437-438
Ionization, 2-6, 422—424
Ionization coefficient, 5
Ionization potential, 3

•

K
Keep-alive electrode, 442

L

Light, modulated, 450-451, 547
Light-sensitive tubes and cells (see Photoconductive cells; Phototube; Photovoltaic cells)
Limiter, 333-334
Load, optimum (see Load resistance; Power
amplifiers)
Load impedance (see also Power amplifiers)
definition of, 48
effect upon dynamic transfer characteristic,
81-84
effect upon harmonic production and inter
modulation, 81—82
optimum (see Power amplifiers)

symbols for, 70
variation of, with frequency, 100-101, 242
Load line, dynamic
construction of, 102-106, 115-117
definition of, 100
equation for, 100
Load line, push-pull, 250-251
Load line, static, 97-99
Load resistance, 66, 71, 97-101
(»See also Power amplifiers)
Long-wave limit, 495
Loud-speaker, 207, 242
Lumen, 535
Luminous flu^, 535
Luminous intensity, 535
M

Magic eye (electron-ray tube), 648
Magnetic control of arcs, 444
Metal tubes, 41
•
Mid-band amplification, 149-179
Mixer, 185-186
Modulated light
phototubes for use with, 547
production of, 450-451
Modulation, amplitude, 283-300
by balanced modulator, 291-292
carrier frequency, 283
characteristics, 294, 298, 346
by characteristic curvature, 287—292
circuits for, 287, 291, 292, 300
by complete rectification, 292—296

Modulation, amplitude

(continued)

definition of, 283
degree of, 285-286

by diodes, 292-296
distortion in, 291-292, 295, 298-299
graphical analysis, 298
linear grid, 297
linear plate, 296-297
side frequency; side band, 285
square-law, 287-292
Modulation, frequency, 283, 327-345
advantages of, 343-344
circuits for, 332
definition of, 283
deviation ratio, 328
modulation index, 328
noise suppression by, 336-343
use of preemphasis in, 340
Modulation, phase, 283, 331
Modulation characteristic, 294, 298, 346
Modulation factor, 285
Modulator
balanced, 291-292
frequency, 332
Van der Bijl, 287
Molecule, excitation of, 3
Motorboating, 210, 394-395

Motors, thyratron, 503—505
Mu-factor, definition of, 51, 324
Multipliers, secondary-emission, 551-553
Multivibrator, 362-365, 369-372
N
Negative feedback, 197-209, 277, 280
Negative glow, 419
Negative resistance (see Resistance, negative)
Negative transconductance, 281—283
Noise
causes of, in amplifiers, 30, 37, 196
reduction of, by inverse feedback, 201
Noise suppression in frequency modulation, 336—
343
Nonlinear distortion, definition of, 125-126
(See also Distortion)
Normal atom, 1
Normal glow discharge, 421—422
Nucleus, 1

O
Ohmmeters, electronic, 619-620
Operating data for typical receiving tubes, thyra
trons, and ignitrons, 685-688
Operating point
dynamic, 72, 102-106, 115-117
static, 72, 97-99, 115-117
Optimum load (see Load resistance; Power
amplifiers)
Optimum power output (see Power amplifiers;
Power output)
Oscillation, criterion for, 204, 374—376, 387, 389,
391
Oscillation amplitude, limitation of, 393-396
Oscillators, 360-414
amplitude stabilization of, 377-378, 393-396,
397-398, 400
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Oscillators (continued)
arc-tube, 482-483, 488-502
beat-frequency, 412-414
bridge, 399—401
crystal, 408—409
classification of, 361
design of, 401, 404
distortion in, 378-379, 401-402, 411
dynatron, 380
electron coupled, 403—404
feedback, 387-402
frequency control of, 331—332, 369-372
frequency stability of, 401, 402—403
frequency stabilization of, 404—411
generalized feedback, 392
glow-tube, 454—458
grid bias for, 393-396
grid current in, 387-388, 393—396
Hartley, 391—392
impedance-stabilized, 406—408
limitation of oscillation amplitude in, 393—396
magnetostriction, 409-411
magnetron, 414
Meissner, 392
multivibrator, 362-366, 369-372
negative-resistance, 373-386
phase-shift, 398-400
plate voltage, methods of applying, 393
power output of, 411-412
push-pull, 383-386, 393
relaxation, 362—372
resistance-stabilized, 405-406
resistance-tuned (R-C), 386, 396-401
saw-tooth-wave, 366-369, 454—458, 482-483,
488-502, 635-638
sine-wave, 372—414
square-wave, 358, 359
thyratron, 482-483, 488-502
tuned-filter, 411
tuned-grid, 387, 390-391
tuned-grid—tuned-plate, 392
tuned-plate, 387—390
types of, 361
types of oscillation in, 376-377
use of, in frequency transformation, 369—372
Van der Pol, 365
Oscillograph
cathode-ray (see Cathode-ray oscilloscope)
glow-tube, 451-452
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Pentode
beam, 63-64, 243-244
plate-current equations for, 65
power, 238-244
space-charge, 58-59
suppressor, 50-54, 59-63, 65, 238
variable-mu, 55
Phanatron, 462, 476
Phase control, 460-461, 505-517, 526-527
Phase inverters, 135-138
Phase-modulation index, 331
Photoconductive cells, 553—556, 559—560
Photoconductive effect, 533, 554
Photoelectric cell (see Phototube)
Photoelectric emission, laws of, 534-535
Photoelectric phenomena, types of, 533
Photoglow tube, 553
Photolytic cell, 556
Photon, 2
Phototube, 533—553
amplifiers for, 543-548, 550-551
anode characteristics, 538-540
anode diagram, 549-551

cathodes, 536—537
circuits, 543—547, 550-551
comparison with photoconductive and photo
voltaic cells, 559-560
coupling resistance, 542, 549—551
current-wavelength characteristics, 536-537
definition of, 40
distortion in, 549-551
factors, 539—540
gas-filled, 538, 540-543
lag in response of gas-filled, 542
sensitivity of, 539-540, 548
structure of, 538
vacuum, 538-539
Phototube voltage, operating, 542, 549-551
Photovoltaic cells, 556-560
Photovoltaic effect, 533, 556—557
Photox and photronic cells (see Photovoltaic cells)
Planck’s constant, 2

Parallel control of arc-discharge tubes, 477—479,
525
Parallel feed, 393
Parallel inverter, 384-385, 492-495

Plate
definition of, 21
heating of, 37
Plate circuit, equivalent, for amplification
applications of, 89, 144, 148, 151-152, 165-166,
169, 175, 177, 188, 388
derivation of, 87—89, 671-672
method of constructing, 89-92, 671-672
value and limitations of, 89
Plate circuit, equivalent, for detection, 324—325
Plate current
alternating, 66-69, 73-81
average, change of, with excitation, 67, 102106, 115-117, 598
graphical analysis of, 106-115, 160-161, 235236, 251-252, 257, 263-273, 549-550
in multigrid tubes, 65
operating, 72
symbols for, 68
triode, equations for, 45-96

Paschen’s law, 427-429

Plate dissipation

Output, power (see Power amplifiers; Power
output)
Output coupling circuits, 138
Output transformer, turn ratio of, 244-246,
257-258
Overloading of amplifiers, 125-126, 172-174
P

Path of operation, 100, 251
Peak* inverse voltage, 447, 467

determination of allowable value, 224
heating of plate caused by, 37
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Plate dissipation, (continued)
limitation of power output by, 223-224, 226,
228-229, 231, 234, 236-237, 253, 267-268
theoretical expressions for, 223, 267
use of hyperbolas in the determination of, 268
Plate resistance, detection, 324
Plate resistance, static
bridges for the measurement of, 652-653, 658
definition of, 52
determination of, from plate characteristics,
54, 65
,
effect of screen and suppressor grids upon, 57, 60
relation of, to amplification factor and trans
conductance, 53
values of, in typical receiving tubes, 685
Plate diagram
for amplification, 101-106, 115-118, 235-236,
239, 250-257, 263-264
for detection, 323
Plate-circuit efficiency, 224-225, 233—234, 239, 267
Polar diagram, 202—204
Positive column, 419-420
Potential, contact difference of, 8-9, 46
Potential distribution
in glow-discharges, 420-421
in high-vacuum diode, 34-36
Power amplifiers, Class Al, 139-140, 222-258
analysis of, 226-238, 240
beam-pentode, 243-244
bias for, 231, 238, 240
definition of, 139
design of, 235-237, 240-241, 257
distortion in, 226, 227, 231, 232, 235, 240, 241,
243
graphical analysis of,
115-119,
235-237,
251-252, 257
inverse-feedback, 197—209, 241
methods of analysis of, 222
operating conditions, determination, of, 235237, 240-241, 253-257
operating voltages of, 238
optimum load for, 226, 228—233, 240-241, 253257
output transformers for, 244-246, 257-258
pentode, 238-244, 256-257
plate-circuit efficiency in, 224—225, 234, 239, 257
plate dissipation in, 223-224, 229, 234, 236-237
power output of, 225-226, 251—253, 256-257
(see also Power output)
power-output rule for, 235
power relations in, 223-224
power sensitivity of, 231, 239
push-pull, 246—258
screen dissipation in, 243-244
tetrode, 238-239, 243-244
Power amplifiers, Class A2, 140, 226
Power amplifiers, Class ABI, 252-253, 270-280
Power amplifiers. Class AB2, 279-280
Power amplifiers. Class B audio-frequency, 261—
281
applications of, 261
bias for, 139, 262, 274-275, 277-278
characteristic curves of tubes for, 263, 264, 278
composite characteristics for, 261, 263-264,
277-278

(continued)
definition of, 139-140

Power amplifiers

distortion in, 265, 273-278
driver stage, design of, 275-277, 278
graphical analysis of, 263-273
grid current in, 118-119, 263-265, 274-277
inverse-feedback, 277-280
optimum load for, 269-273
plate dissipation in, 267
plate-circuit efficiency of, 267
power output of, 266-269
problems in the design of, 273-278
tubes for, 275, 278
Power amplifiers, Class C, 139, 280-281
Power input, 223, 267, 672-673.
Power output

of amplifiers (see Power amplifiers)
approximate, based upon equivalent plate cir
cuit, 225-226
full, 226
graphical determination, of, 117-118, 251-252,
268-269
limitation of, by plate dissipation, 223-224,
226, 228—229, 231, 234, 236-237, 253, 267268
measurement of, 667-668
optimum, 226-235, 256, 269-273, 667-668
of oscillators, 441-412
Power relations in vacuum-tube plate circuits,
223-224, 672-673
Power sensitivity, 128, 231, 239
Power supplies, 564-590 (see also Rectifiers)
circuits for, 565-572, 574, 588
design of choke condenser (L-section) filter,
582-590
design of choke-condenser filter with condenser
input (pi-section), 590
design of condenser filter, 578-582
output impedance of, 587
regeneration caused by impedance of, 209—210,
587
ripple, percentage, 565
ripple factor, 565, 569, 581
ripple frequency, 564-565, 569, 571
transformer design, 568
transient oscillations in, 587
tubes for, choice of, 567—568
voltage doubler, tripler, and quadruplet, 366367
voltage regulation in, 574, 577-578, 581, 585,
589, 590
wave forms of rectifier output, 572-573

Power-output rule, 235
Preemphasis, 340
Primary dark space, 419-420
Pulse generators, 359-360
Pulse sharpeners, 357—359
Push-pull amplifiers, 113, 133-138, 246-258

Q
Quantum, 1
Quantum theory, 1-3, 534—535
Quiescent point,quiescent voltages, 72
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R
Race timer, electronic, 622—623
Radiant flux, 534
Radio communication by modulated waves, 287,
325, 343-344
Rayfoto cell, 556
Reactance, chart for the determination of, 675
Reactance-tube circuits, 211-216
Reactor, saturable, use of in phase-control cir
cuits, 515-516, 518-519
Recombination, 6-7
Recombination coefficient, 7
Rectification, 284
Rectification characteristic, 322-323, 336, 684
Rectification coefficient, 325
Rectifiers (see also Power supplies)
choice of tubes for, 567—568
circuits for, 565-567, 569—572, 588
comparison of mercury-vapor and high-vacuum,
473-474, 567-568
definitions pertaining to, 564—565
efficiency of, 568
glow-tube, 453—454
grid-controlled, 476, 520, 567-568
phanatron, 462, 473-474
tungar, 462, 463-464
wave form of, 572-573
Reignition voltage, 435, 446-447
Relaxation control of arc-discharge tubes, 480-484
Relaxation inverter, 480-484, 498-501
Relaxation oscillator
glow-tube, 454—457
thyratron, 482—483, 488-502
vacuum-tube, 362—372
Relay control by thyratrons, 522
Remote-cutoff grid, 55, 193-194
Resistance
detection-plate, 324
effective, variation of, with frequency, 100-101,
242
effective input of diode, 313
electrode, 52
grid, 53
negative, 57-58, 96, 214-215, 277, 349-350,
377
plate, dynamic, 84-85
plate, static (see Plate resistance, static)
Resistance coupling, 128, 149-173, 183, 187
Resistance stabilization of oscillators, 405-406
Richardson’s equation, 21-22, 37
Ripple, percentage, 565

Ripple factor, 565, 569, 581
Ripple frequency, 564, 565, 569, 571
Ripple voltage, 564—565

S

Saturable reactor, use of, 515-516
Saturation
temperature, 22, 37
voltage, 21, 35, 37, 538, 549, 550
Saturation current, 21, 35, 538, 549

Saturation voltage, 21, 35, 37, 538, 549, 550
Saw-tooth-wave generators, 454-457, 488-491
Screen dissipation, 64, 243—244
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Screen grid, 56, 471—473 (see also Pentode;
Tetrode)
Secondary emission
amplifiers (multipliers), 551-553
in beam pentodes, 63
in Class B amplifiers, 277
definition of, 10
effect upon grid and plate currents, 49, 57—60,
157, 277, 613
in glow discharge, 424-426
oscillators depending upon (dynatron), 380
in phototubes, 551-553
in suppressor pentodes, 59-60
in tetrodes, 57-58
from tube walls, 41
Secrecy systems (speech scramblers), 299—300
Selectivity control, 191
Selenium cell (see Photoconductive cells)
Self-bias (see Bias, grid)
Self-sustaining discharge 423 (see also Glow
discharge)
Sensitivity, current, 127
Sensitivity, phototube, 539-540
Sensitivity, power (see Power sensitivity)
Series control of arc-discharge tubes, 479-480
Series expansion, for detection, 323-324
Series expansion for plate and other electrode cur
rents, 74-82
Series feed, 393
Series inverters, 495-497
Sheath, ion, 437-438
Shielding of amplifiers, 196
Short-path principle, 428
Shot effect, 37
Side band,'side frequency, 285
Signal, 124
Sine waves, resultant of two, 314—316
Single-side-band transmission, 287
Smoothing factor, 565
Smoothing filter (see Power supplies)
Space charge
at arc cathode, 440, 523—524
in arcs, 440
in beam pentodes, 63y64
definition of, 6
distribution of, in vacuum diode, 20, 34, 36
limitation of space current by, 32-37
sheath, 437, 443-444
in tetrodes, 57-59
Space current, 30, 32—37
Space-charge grid, 58-59
Sparking potential (see Ignition potential)
Spectrum, 2, 6
Speech scramblers, 299-300
Speed control by thyratrons, 519
Speed meters, electronic, 620-623
Spot fixer, 440, 525
Square-wave generators, 358, 359
Square-wave testing of amplifiers, 666-667
Stabilivolt, 453
Stabilizers
current, 594

voltage, 590-594
Starter-anode glow tube, 461
State, of atoms and molecules, 1—2
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(see

Ignition potential)

Stroboscopes, 529-532

Thyratron (continued)
as rectifiers, 476, 520
in relay control, 521

Strobotron, 439, 528—529
Supercontrol tubes, 55
Superheterodyne receiver, 325-326
Superposition theorem, 88
Supply voltages, 66
Suppressor grid, 59-63
Surge protection by glow-discharge tube, 462
Surges, production of, with thyratron, 483-484
Switching circuits, 486-488, 349-357, 639-641
Symbols, current and voltage, 68-71
Symbols, tube, 43, 56, 57, 450
Synchronization of relaxation oscillators, 369-372,
456, 490-491
T

Tank circuit, 373
Temperature
operating of cathodes, 20, 24, 27, 29
saturation, 22, 37
Temperature control, 519, 617—618
Tetrode
arc, 471-473
high-vacuum, 55-59, 65, 613—614
plate-current equations for, 65
t
screen-grid, 55-59
variable-mu, 55
Thermionic emission (see Electron emission)
Thermionic tube, definition of, 49
Threshold current, 417
Threshold frequency, 535
Threshold inductance, 587
Thyratron
as amplifier, 505
breakdown, theory of, 442-443
breakdown time of, 468
choice of gas or vapor for, 466
commutation of, 476-485
in commutation of motors, 503-505
comparison with high-vacuum tubes, 473—474
control of, grid voltage for, 516-517
control circuits for, d-c, 476—485
counting circuits, 486-488
critical grid voltage of, 441—442, 468-473, 505—
509
definition of, 462
deionization time of, 446-447, 468-471
d-c transformers, 501-502
electrode structure of, 464—466, 469-473
equivalent circuits for, 476, 481, 493, 496
extinction circuits for, 476-485
in frequency regulation, 519
grid-circuit resistance, need for, 475
grid-control characteristics, 441—442, 469-473
grid current, previous to firing, 468-469
in illumination control, 518
inverters, 479-485, 491-502
motors, 503-505
operating data for, 686-687
oscillators, 482—483, 488-502
phase control of, 505-517
precautions required in the use of, 475
ratings, 467-468

shield-grid, 471-473
in speed control, 519
in surge production, 483-484
switching circuits, 486-488
in temperature control, 519
voltage regulator, 518-519
voltmeter, 611
welding control, 520—522
(See also Arc tube, grid-controlled)
Time of ignition and breakdown, 432, 435, 442,
445, 468, 523-524
Time of transit of electrons, 14, 47, 127
Time axis of plate-current wave, 67, 104, 108
Time meters, electronic, 620-623
Tone control, 187
Transconductance
bridges for the measurement of, 653-655,
658-659
grid-plate, 52-55, 57, 59, 64, 65
negative, 381
plate-grid, 53-54
Transfer characteristics, 47-50, 82-84, 101,
263-266
Transformer
d-c, 501-502
driver, 278
output, 244-246, 257-258
Transient visualizers, 641—643
Transients
in amplifiers, 119-120
in loud speakers, 207
in power supplies, 587
Transit time of electrons, 14, 47, 127
Transrectification, 284, 320
Transrectification coefficient, 325
Trigger circuits, 349—357, 438, 547
Triggering pulses, circuits for, 357—359
Triode
amplification of (see Amplifiers; Power ampli
fiers; Voltage amplifiers)
arc (see Thyratron)
conversion equations for, 238
definition of, 43
electrode structure, 43, 458, 461, 464-466, 469473
electrostatic field in, 44-45
glow-discharge, 436-438, 458-461
grid action, theory of, 44-47, 437-438, 442-443
plate-current equations for, 45—46
relation of amplification factor to electrode
structure, 46-47
tube symbols, 43, 450
Tube characteristics, determination of, 649-650
Tube characteristics of typical receiving tubes,
678-684
Tube factors (see Factors, tube)
Tube symbols, 43, 56, 57
Tube voltage drop, 468
Tube-factor bridges, 650-659
Tubes
arc-discharge (see Arc-discharge tubes; Thyra
tron)
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Tubes (continued)
cathode-ray (see Cathode-ray tube)
characteristics of (see Characteristics)
classification of, 37-41
data for typical receiving tubes, 685
electrometer, 613—614
electron-ray, 648
glass and metal, comparison of, 41
glow-discharge (see Glow-discharge tubes)
materials used in the manufacture of, 42
photoelectric (see Phototubes)
structure of, 38-42, 43, 55-64, 422, 445, 450,
458, 461, 464-466, 469-473, 476, 521, 523,
524, 528, 538, 557, 613-614
symbols for, 43, 56, 57, 450
variable-mu, 55, 193—194
(See also Diode; Pentode; Tetrode; Triode)
Tungar rectifier, 462, 463-464

V
Vacuum tubes, typical receiving
characteristic-curves for, 678-684
operating data for, 685
Vacuum-tube ammeters (see Ammeters)
Vacuum-tube electrometer, 613-614
Vacuum-tube ohmmeters, 619—620
Vacuum-tube symbols, 43, 56, 57, 450
Vacuum-tube voltmeters (see Voltmeters)
Vacuum-tube wattmeter, 618-619
Variable-mu grid, variable-mu tube, ^5, 193-194
Velocity distribution, 20
Visual-response curve, 537, 559
Voltage
applied in grid and plate circuits, 66
breakdown, 417, 430
breakoff, 433, 435, 458
cathode-drop, 420-421, 438-440
control of, by thyratrons, 518
critical grid, 441—442, 468-473, 505-509
cutoff, 49
disintegration, 441, 466
*
electrode, 66, 71-72
excitation, of atoms and molecules, 3
exciting, 66, 114
extinction, 433, 435, 458
grid-bias, 70, 72
grid swing, 70, 72
ionization, 3
operating, 72
relations in triode, 66, 71—72
ripple, 564-565
saturation, 21, 35, 37, 538, 549, 550
saw-tooth, 366-369, 454-458, 482-483, 488502, 635-638
supply, 66
surge, 483-484, 516-517
tube drop, 468
Voltage amplification (see Amplification)
Voltage amplifiers .
amplification of, 146, 147, 196
amplification control in, 185—186, 193
analysis of, 144-156, 161-162, 164, 166-170,
175-182, 666-667

Voltage amplifiers (continued)
cathode-follower, 164-174
compensated, 162-164
design of, 154, 156-164, 172-174
design curves for, 152, 153, 165, 167, 179,
182
direct-coupled, 128-131, 147
distortion in, 155, 157, 160, 172-174, 182-183,
193, 666-667
frequency response of, 128, 150, 154, 176, 189—
190, 192, 208
grid bias for, 105-106, 131-133, 160, 161
grid-current, effect of, 125-126, 160
grid swing of, allowable, 125-126, 172-173, 201—
202
impedance-capacitance-coupled, 131, 147—149
inductance-capacitance-coupled, 131, 184
inverse-feedback, 197—209, 277, 280
overloading of, 125-126, 172-173, 201-202
phase shift in, 145, 151-154, 164, 179, 181,
200-201
push-pull, 113, 133—138
resistance-capacitance-coupled, 128, 149—173,
183, 187
single-stage, 144-147
square-wave testing of, 666-667
tone control in, 187
transformer-coupled a-f, 128, 133, 174-184
transformer-coupled r-f, 133, 188-194
tubes for, 184—185, 193
using pentode load, 146
volume expansion in, 186-187
Voltage doubler, tripier, and quadrupler, 566-567
Voltage impulses, 483-484, 516-517
Voltage regulators, 195-196
Voltage saturation, 21, 35, 37, 538, 549, 550
Voltage stabilizers, 452-453, 590-594
Voltmeters, vacuum-tube, 597—612
advantages of, 597
amplifier type, 609
balanced, 602-604
classification of, 597—598
diode, 604-607
grid-detection, 607-608
inverted, 612
logarithmic, 608-609
phototube, 617-618
plate-detection, 598-603
slide-back, 610-612

transfer-characteristic, 598
Volume compression and expansion, 186-187
Volume control, automatic, 186, 326—327
Volume control, manual, 185

W
Wattmeter, electronic, 618-619
Welding control, 520-521, 528
Z
Zero balance, to eliminate direct plate current,
602-604

Zero level, 142

SYMBOL INDEX
The following index lists the pages on which each symbol, used with a particular connotation, is
defined. It does not include most of the special symbols for electrode voltages and currents listed on
pages 70 and 71, some symbols used only in the course of derivations or in a single figure, or well-known
standard symbols such as v or the vector operator j.

a

Ecc
Edc
Eff
Ei
Ek

11, 47, 200, 227
o« 79
ai, 02, as, etc. 74
(oi)a 79

66
454, 565
56
335, 337
294, 302
El
336
Em 78, 574
Emax 108, 118
Emn 108, 118
Eo 312

(a2)h-k 79
A 21, 33, 46, 72, 144
A' 199
Ah 151
Ai 152
Am 150
Ar 176
Al, Ai, . . . An 324
b 34, 200, 227, 315
B 15
Cb 71
Cc 131
Ccc 132
Ce 175, 211
COk 94
Cgp 94
Ci 90, 95
Cpk 94
Ci 177, 188
Cu 177
C2 148, 188
d 11, 423
D 312
e 75
eb 34
ec 45
Cel

ed
ecz
ef
eh
ei
e,
ek
ei
em
en
eo
er
£
8'
E

Ea
Ebb
Ec

Er
Erm
En
Ew
Ey
E^
Ei
Ez

307
253
565
229-230
256

71
289, 336
289, 336
For symbols of other electrode voltages see pages
68-71
/Il

fd
fe
fh
fk
fr
F

328
12
15
319, 328
565
11, 46, 535
Fmax 298
Fmin 298
Fo 298

58
58
62
198
198
198
51

0g 53
0i 52
0ik 53
0m 53
0n 53
0p 52
G 47
Gg 96
h 2, 34, 190, 315
Ho, Hi, Hi, . . . Hn
ib 22, 33
ic 47
ici 58

51
51
51, 324
198
198
247
1
15
11

ici

58

ir 247
i.i, i.s, etc.
il, ij, etc.,
Iba 67
Ibk 323

468, 630
66
70, 335
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113
112

73, 108
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Ibo 67
hi 67
Ik 253
Ii 94, 195

n 149
Rb 71
Rc 71
Rcc 106,

481
Io 94
Imax 108-109
Anin 108-109
Irm 250, 253, 584
I, 21
1.3, I.s, etc. 111-112
Ii, Ii, etc. 109
For symbols of other electrode currents see pages

Rl

Il

68-71

Jl, Ji, * . > Jn 329
k 162, 173, 178, 212,
K 97, 164, 285
I 14, 630
L 630
Lb 71
Le 176
481
180
180
Lo 585
Li 175, 481, 583
Li' 180
L2 177
L/ 180
m 11, 162, 225
Ll

Lp
Ls

me

12
100, 177, 285
Mf 328
Mp 331
n 100, 141, 175
N 339
No 423
0 68, 72
p 46, 317, 427
M

Pl, P^, • • • Pn
Pi 223, 313
po 118'
PP 223
Ppm, 237

317

P. S. 231
Q 310, 456
Qo 181, 456
Qi 190
Qi 190
r 34, 47, 246
rb 70
Tbb 258
rc 70
rg 54
re 175, 211, 313
Th 151
Th' 168
The 176
ri 153
rP 52
|rp|, fp, rp 575
rp' 324
rpp 2o3
ri 149
ri' 177

231, 384

Rp
Ra
Rt
s

131
481
576
576
585
13, 16, 341, 540, 632

Smax 13
S 339
t 12
td 12
¿max 13
t0 310
T 21, 68, 223
Tf 46
Tk 310
Tt 97
u 19
Uw 19
U 323
u 34
vd 12
De 12
Vg 66
Vo 14
vp 66
V 33
Ve 454
Vi 454

Vp 9
w 8
Wi 2
IF2

2

x 246
xb 70
xc 70, 583
Xe 211
xi 583
yb 71
ye 70
Yg 94
Yo 170
YP 94
z 245
zb 66
(zb)h 80
(zb)h-k 80
(zb)k 80
Ze 66
zi 244
174
131, 175
131
a 153, 565
ak 590
ai 565
0 198
0n 423
0n 426
0P 424
V 151, 164
5 14, 115
52 235
zl

zi
z2

SYMBOL INDEX
21, 46
224
15, 202, 225 '
673
Xo 535
M 46, 51
pg 47, 53

e

iip
e
eo

Pjkl
v 2

p
p

51

535
15, 33, 374
377

Po
pk
Po

47
590
377

47
565
179, 314, 337
^1, ^>2, . . . <i>n 338
w 337
mt 284
^ki 337
mm 285
wo 181
Pp

pi
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ANSWERS TO PROBLEMS
1-1. (a) 4.24 X 10-10 sec. (b) 4 X IO-10 erg.
1-2. (a) Electron returns to first electrode. It moves to a maximum distance of
0.237 cm from the first electrode. At the instant of field reversal it is 0.118 cm from
the first electrode, (b) The energy acquired before field reversal is returned to the
source of applied potential. That acquired during the return to the first electrode is
delivered to the cathode and is converted principally into heat.
1-3. (a) The energy lost by the electron in moving to the second electrode against
the field is 6.4 X 10-10 erg. As this is less than the initial energy, the electron will
reach the second electrode, (b) 6.4 X 10-10 erg is delivered to the source of applied
potential. The remainder is delivered to the second electrode and is converted
mainly into heat.
1-4. 192.7 volts.
1-5. 11.38 gausses.
3-1.1 rp = 11,600 9; y = 19.5; gm = 1680 /unhos.
3-2.1 gm = 1950 ^mhos (2000 gmhos from slope of transfer characteristic);
rp = 350,000 12; M = 680.
3-3.1 (a) m S 8; gm S 1700 ^mhos; rp = y/gm = 4700 12.
(b) m S 15; rp = 10,000 12; gm = y/rp
1500 iumhos.
3-4. 60, 100, 900; 120, 200, 1800; 180, 300, 2700; 160, 960, 1000; 40, 800, 840; 740,
860, 940, 1060; 220, 260, 1020, 1100, 1860, 1900; 20, 140, 700, 780, 1700, 1740.
3-8.1 (a) At eb = 250». and Ec = —8v., m = 3.5; rP = 1550 12; drp/deb = —16
12/volt; oi = 2.5 ma/volt; a2 = 4.07 X 10-2 ma/(volt)2.
(b) oi = 1.25 ma/volt; o2 = 5.1 X 10-3 ma/(volt)2.
(c) oi = 0.83 ma/volt; a2 = 1.5 X 10-3 ma/(volt)2.
4-7.1 (a) m = 3.5; rp = 1785 12; gm = 1960 /xmhos.
(b) Rb = 425 12.
(d) For a 50-volt grid swing, Hi = 24.8 ma and Hz = 1.88 ma. For a 40-volt
grid swing, Hi = 20 ma and Hz = 1.25 ma.
(e) Po = 1.54 watts and 1.0 watt.
5-2. Voltage gain = 40 db; current gain = 20 db; power gain = 30 db.
6-2. (c) m = 19 and rp = 12,800 12 (determined from the plate diagram1); Ai =
6.42 at 60 cps, 9.15 at 100 cps, and 14.52 at 1000 cps; A2 = 15.1; over-all gain = 39.7
db at 60 cps, 42.8 db at 100 cps, and 46.8 db at 1000 cps.
(d) Ai = 19.85 at 60 cps, 27.7 at 100 cps, and 40.3 at 1000 cps; A2 = 48.4; over-all
gain = 59.6 db at 60 cps, 62.6 db at 100 cps, and 65.8 db at 1000 cps.
(f) ho = 2 ma, Rc = 3000 12.
6-3. Assume that the operating plate voltage is 250 volts and the bias —2 volts
(in practice the plate supply voltage would probably be 250 volts and the bias about
— 1.5 volts). Then y = 100 and rp = 66,000 12.
Second stage: Use r0 = 500,000 12. Then rh = 58,300 12. At 10,000 cps, wt.C2 =
0.0183 and A = A„ = 87.4.
1 For accurate results it is recommended that the student use characteristic curves
contained in the RCA Receiving Tube Handbook, or a similar handbook in which the
curves are plotted on closely ruled graph paper.
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First stage: C2 = 222 ppi.

If n = 50,000 52 and r2 = 250,000 52, rb = 25,600 52;

= 38.4, wnCs = 0.356at 10,000cps;and4 = 0.934„ = 35.7. ri = 278,000

then

52. Make wiCc = 10 at 100 cps to make A = Am at this frequency. Then Co =
0.057 pi. Use Cc = 0.06mì. If r, is decreased to 25,000 52 and r2 — 250,000 52,
rb = 16,900 52; then Am = 25.4, whCi = 0.236 at 10,000 cps, and A = 0.97Am = 24.6.
rt = 268,000 52. If Co = 0.06 pi, anCc = 10 at 100 cps, and A = Am = 25.4 at this
frequency.
6-4. A of second stage is constant at 15.1 below 100,000 cps; A of first stage is
14.23 at 50,000 cps and 13.42 at 100,000 cps.
6-5.1 Crest value of fundamental component of output voltage = (210 — 40)/2 =
85 volts; A = 85/5.5 = 15.47; per cent
= (250 - 264)/(2 X 170) = 4.12.
6-6.1 (a) Crest value of fundamental component of output voltage = (208 — 90)/2
= 59 volts; A = 59/0.75 = 78.6; per cent H2 = 1.0. (6) rb = r1r1/(ri + r2)
= 333,333 52; Rb = r, = 500,000 52; crest fundamental output voltage = 53 volts;
A = 70.6; per cent H2 = 1.7.
6-7.1 (a) Crest value of fundamental output voltage = (188 — 38)/2 = 75 volts;
A = 75. (6) rp = 208,000 52; p = 96; A = 79.5. (c) Ibc = 0.125 ma; RCc = 12,000
52. (d) A = 40.5.

6-9.
Frequency

A

Frequency

A

Frequency

20
50
100
200
400

21
40
52
57.5
59.7

550
1000
2000
5000
7000

60
60.1
62.5
65
78

10,000
12,600
16,500
20,000

A
102
109
60
36

6-10. k = 0.034.
7-3.1 (a) Operating point is determined by allowable plate dissipation. E„ =
— 63 volts, (b) Load line intersects the voltage axis at 490 volts, (c) Opt. Po =2.48
watts, (d) rb = 5780 52. (e) rp = 1500 52. (/) Ip = 20.8 ma; PQ = 2.5 watts.
(g) Po = 2.47 watts, (h) Pi = 9.99 watts; yp = 24.8 per cent, (i) Power sensi
tivity = 3.13 X 10~4 mho. (j) n = 12:1.
7-4.1 The following values are found by the use of Eq. (7-46): rp = 2000 52;
Ibo = 18 ma; Ebo = 278 volts; Ec = —65 volts; Opt. Po = 1.34 watts; per cent H2 =
4.5; rb (determined from the dynamic load line) = 13,300 52. (Note that the allow
able plate dissipation was made low in order that the problem could be solved by the
use of plate characteristics normally available.)
7-6.1 rbb = 2360 52; per cent Hs = 2.75; per cent Hb = 0.4;Po = 2.24 watts; yp =
44.5 per cent; n = 6.89:1.
9-8.1 (a) Fundamental modulation-frequency output is 15.0 volts; secondharmonic output is negligible. (6) Fundamental modulation-frequency output is
19 volts; second-harmonic output is negligible.
9-9.1 (a) Fundamental modulation-frequency output is 14.0 volts; second-har
monic output is 0.75 volt (5.35 per cent). (6) Fundamental modulation-frequency
output is 16.4 volts; second-harmonic output is 1.6 volts (9.75 per cent).
10-3. (a) ec3- 10 volts, (b) Ae^/Aea = j. (c) Po - -6900 52. (d) C = 1.45
uf;L=1.75A.
1 See footnote, p. 713.
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6-11.1 A type 2A3 triode operated at Eba = 250 volts and Ec = —45 volts will
deliver the 50 ma crest current. Crest fundamental alternating current of (120 —
15) /2 = 52.5 ma with 5 per cent second harmonic is obtained with a load resistance of
2500 12 and a grid bias of —43.5 volts (—45 volts relative to mid-point of hlament).
Eem2 = 43 volts for 50 ma crest current.
Required voltage amplification of first
stage =
— 43. For the first stage use 6SF6
tube with 500,000-12 plate-coupling resistor.
For Ebb = 250 volts and Ec = —1.5 volts,
graphically determined Ai =71. Input voltage
to amplifier for full deflection = 0.605 volt.
Use direct coupling in first stage and 2500-12
25Î5V.
resistor in series with oscillograph element.
Fig. 6-55. -Solution for Prob. 6-11.
The circuit is shown in Fig. 6-55. Circuit of
the form of Fig. 5-5 could also be used, but degeneration caused by second-stage plate
current in the voltage divider or cathode resistor would reduce the sensitivity.
6-12.1 (a) 2A3 triode or 6L6 pentode, (b) For 6L6 pentode operated on 200-volt
supply with 2000-12 load (field), plate current is 50 ma at ec = —16 volts and 60 ma
at —13.5 volts (determined from dynamic transfer characteristic). (c and d) Required
voltage amplification for first stage = 2.5/0.05 = 50. Use the circuit of Fig. 6-37
without the exciter. Use a 6SF5 tube in the first stage; E„b = 100 volts, Ec = —1.0
volt, and 200,000-12 coupling resistor. A of first stage (determined graphically) is 50.
With 500,000-12 coupling resistor, A of first stage is 62.
7-2.1 (a) ¡i = 3.6 by graphical determination. Opt. Ec = —0.7 X 200/3.6 =
—39 volts. Use Ec = —40 volts. Zero-signal plate dissipation = 200 X 21 X 10-3
= 4.2.watts, which is within the allowable value, (b) Load line for 5 per cent second
harmonic intersects the voltage axis at 328 volts, and the current axis at 54 ma.
(c) Pa = 0.94 watt, (d) Opt. n = 6100 12. . (e) rv = 1780 12.
From the following graphically determined values it can be seen that some increase
in power output can be obtained, at the expense of plate circuit efficiency, by changing
the grid bias from —40 volts to —35 volts:

Ec
volts

Zero-signal
Pp, watts

-40
-37.5
-35
— 32.5
. -30

4.2
5.2
6.3
7.5
8.8

Pa at 5 per
cent H2,
watts
0.93
0.97
1.05
1.04
1.03

Tb

rp

ohms

ohms

6100
4850
3540
2640
1710

1790
1600
1500
1400
1300

r,,/rp

3.4
3.03
2.36
1.89
1.32

Vp

per cent

22.1
18.6
16.7
13.9
11.7

(/) Ip — 0-707nEc/irp + rb) = 17.7 ma for Ec = —35 volts; P„ = Ifr,, = 1.11
watts, (g) Po = 1.17 watts; (h) Pi = 6.3 watts; plate-circuit efficiency is listed in
the foregoing table, (i) P. S. = 4.3 X 10-4 mho. (j) n = 9.4 for n = 3540 12.
13-1. Wrong type of amplifier tube; crest phototube voltage too high for gas
phototube; coupling resistance too low; relay should be shunted by a condenser; circuit
should include bias adjustment; polarity of phototube is incorrect (coupling resistor
should be shunted by a condenser for best results)
1 See footnote, p. 713.
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13-2. (a) See Fig. 13-83.

(b) See Fig. 13-83.

(c) For 72-ft-candle illumination,

phototube flux = 0.5 lumen. Phototube current = 3.5 ga. Voltage drop across
coupling resistance = 28 volts. Bias caused by coupling-resistance drop = —28
volts. For Eu, = 100 volts and it, = 7 ma, ec = — 1 volt (determined from transfer
characteristic for 1000-2 load). Required applied biasing voltage = +27 volts.
(d) For Evb = 100 volts and ib = 8 ma, ec = —0.5 volt.
Ae„ = 0.5 volt. Ai = 0.0625
AL = 0.00893 lumen.
Change in illumination = 1.285 ft-candles.
13-3. (a) Use the circuit of Fig. 13-11. (b) Relay closes
at ec = —1 volt; opens at ec = —2 volts, (d) i = 9.4 pa
whenL = 0.2 lumen. Er = +9.4 volts. Ecc = —11.4 volts,
(e) To close relay, Er = 10.4 volts, i = 10.4 pa, L = 0.22
lumen, AL = 0.02 lumen. Change in illumination required
to close relay = 3.2 ft-candles. A common voltage supply
Fio. 13-83.—Solution
may be used for anode and plate. C supply voltage causes
for Prob. 13-2.
the anode voltage to be one or two volts greater than 90 volts,
but this will have negligible effect upon the computations.
10-5. 0.83 by planimeter; 0.85 by selected ordinates.
14-1. A 25Z6 tube may be used. rp = 138 2; Assume R, = 5 2; R = 14,000 2;
Rt/R = 0.0102; oJiC = 105; C
2 pf; Rs/R = 0.0116; Edc/E™ = 1.7; E^ = 288
volts;E = 160 ma; peak inverse voltage at no load = 338volts.

14-2. Use full-wave, single-phase rectifier with 5Y3G tube. For two-stage L-section filter, required LC = 64.3. For 20,000-2 bleeder, Rmm. = 2600 2, and Li should
exceed 5.2 henrys at full load. Lt should exceed 20 henrys at minimum load. Use
25-henry choke. If L, drops to 12.5 henrys at full load, required condenser capaci
tance per stage is 5.15 pf. Use 6 pf. Resonant frequency is 18.4 cps at full load.
Voltage drop in chokes at full load is approximately 17 volts. Required secondary
voltage is 425 volts each side of center. Effective output impedance of the filter at
50 cps is 560 2. Terminal voltage rises to about 365 volts at minimum load.
14-3. A 5Y3-GT tube may be used. rp = 344 2; assume R, = 125 2; Assume
two chokes will be used having a resistance of 75 2 each; R = 4150 2; Use Ci = 4 pf;
aRC = 6.25; rp = 320 2; Rs/R = 0.113; pi = 0.09; R»/R = 0.124; EiC/Em = 0.7;
Erm, = .707(400 + 15)/.7 = 420 volts each side of center. Remainder of solution
is similar to that of Prob. 14-2.
14-4. The peak inverse anode voltage will be somewhat greater than 4700 volts.
A type 866A/866 mercury-vapor rectifier tube may be used (see transmitting tube
manual for tube data). Use a 50,000-2 bleeder and two chokes, having an estimated
resistance of 75 2 each, ai = 472; LC = 40 X 10~6 henrys X farads; Rt = 5520 2
at full load; Lt should exceed 11 henrys at full load; Rt = 18,950 2 at minimum load;
Li should exceed 18.9 henrys at minimum load. Use chokes having an inductance of
25 henrys at no load. If the inductance falls to half this value at full load, the required
value of C is 3.2 pf. Use 4-pf condensers. Resonance frequency = 22.5 cps at full
load. For a tube drop of 15 volts, the required full-load secondary voltage per anode
is 1730 volts.
1 See footnote, p. 713.

