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Can H and D be

N the Editorial of August 1946 we discussed

the analogy between mechanical stress and

strain, electrical & and D and magnetic
H and B. This is a question that is continually
arising, and on which divergent views are held.
Strain can be measured directly but in his
“Theory of Elasticity’ Professor Southwell
cxpresses the opinion that stress has never been
measured directly and *“ we can assert with some
confidence that it never will.” The stress can,
however, be determined, at least theoretically,
by indirect measurement, such as measurement
of the strain produced in a standard material
nserted at the point under consideration, ana-
logous to the crevasse cavity experiment in
magnetism.  The stress is, however, usually
calculated by dividing the load force by the
cross-sectional arca. In the Editorial referred
to above we maintained that a similar state of
affairs existed in the electric and magnetic fields -
that in each case we have a directly measurable
magnitude, B or & and a magnitude that cannot
be directly measured, H or D. We showed that
when a magnetic needle or solenoid is used to
determine H, the measurement is primarily
of the magnetic induction B in which it 1s situated
and that H is determined indirectly by what is
really a cavity experiment. H can be calculated
by dividing a current or a number of ampere-
turns by a length and similarly D can be cal-
culated by dividing a charge by an arca.

This point of view has recently been discussed
by P. Cornelius and H. C. Hamaker in Plilips
Research Report No. 4 of April 1949, and they
maintain that both H and D can be directly
measured. It depends largely on what is meant
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Measured Directly ?

by the dircct measurement of a magnitude
which is really a condition existing at a given
point. In a uniformly-wound toroid one can
measure the current with an ammeter, and the
length of the magnetic path in the toroid witl
a cm-scale, and divide one by the other to obtain
the ampcre-turns per cm. Can one call this a
direct measurement of H ? Cornelius and Ham-
aker say that H may be measured, at least
theoretically py means of a small solenoid of a
single turn constructed as shown in g, 1, its
diameter being small
compared  with  its
length. The material
is assumed to be per-
fectly conducting and
the coil is assumed
to be  short-circuited
through an ammeter o negligible internal resis.
tance. If the coil is brought from a field free
place to the point where H is to be measured:
a permanent current [ will be generated and
H in the direction of the axis is defined as the
limit of 7/7 as the length / of the coil approaches
zero about the point at which H is to be deter-
mined. All this is very theoretical—one might
almost say fictional  and tends to confirm the
view that H is not dircctly measurable. Moreover
it is important to notice that the current set
up in the short-circuited ideal solenoid produces
a value of H sufficicnt to maintain the flux
through the solenoid and therefore also B, at
zero.  This is not necessarily the same as
maintaining the resultant H at zero, unless the
medium is free from hysteresis. If the medium
had residual magnetism with H 0, then on
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introducing the short-circuited solenoid a current
would be set up which would be @ measure of the
coercive force and not of H.

With the measurement of the displacement 1)
the authors seem to be on somewhat safer ground.
They state that the method was indicated in
Pohl’s “* Einfithrung in die lilectricitdtslehre.”
Assuming the medium to be gascous or liquid, two
metal discs are brought into contact face-to-face
at the point where D is to be measured, then
scparated and removed to a ficld-free place
where they can be discharged through a ballistic
galvanometer and the charge Q thus determined.
D at the point will be equal to the quotient Q/4
as the area A of the discs approaches zero. Here
again, however, the magnitude 1) at the point
is not measured, but is assumed to be calculated
from the limiting value of the quotient of a
quantity and an area as the area approaches
zero,—a very fictitious cxperiment. When two
small metal discs are placed in contact face-to-

face in the dielectric field, charges accumulate
and distribute themsclves over the external
surfaces so as to make the resultant electric
field & in the metal zero at every point. It might
be thought at first sight that this charge would
depend on the value of & and not of D in the
dielectric. Tt must be noted, however, that this
is a cavity experiment; the mctal discs are
occupying a crevasse in the dielectric, and in the
absence of the metal, the value of & in the
vacuous crevasse would be « times that in the
diclectric, since the displacement D would Ix
continuous across the crevasse. Hence the charge
on the discs is a measure of «& that is, of D
and not of & in the dielectric.

Professor Southwell did not say that the
mechanical stress at a point could not be deter-
mined ; he said that it could not be measured
directly, and the arguments of Cornelius and
Hamaker seem to confirm the view that the
same is true of H and D). G. W. 0. H.

The Movement of Electrons in a Transmitting Aerial

that the current in a conductor is due to a
rapid movement of electrons is quite wrong,
and that even very large currents are associated
with extremely slow drift of the electrons of the
order of a few millimetres per second. It an
alternating current of 1,000amperes at a frequency
of 50 cycles per second flows in a conductor of 1
square centimetre cross-section, the mean value
of the current is about goo amperes, and the total
quantity crossing any cross-section ‘in a half-
cycle (i.e., 1n 1/100 sccond) is g coulombs. Assum-
ing the number of free electrons to be cqual to
the number of atoms (i.c., 84 X 10 per cm?) and
the charge on each to be 1.6 % 10”19 coulomb, the
quantity of free electricity per em?® is 84 X
1.6 % 100 i.e., I3 440 coulombs. In order tnat 9
coulombs may pass across tne I cm? cross-section
in the half-cvcle, the average movement or drift
of the electrons must be g/13,440 cm. Hence we
see that in a conductor carrying an alternating
current of 1,000 amperes at 50 cycles pet second
the extreme travel of the free clectrons does not
exceed about a thousandth of a centimetre.
The results arc even more Surprising when we
consider a radio transmitting acrial, for we feel
sure that most people picture something rushing
up and down the acrial. If the current 1s 100
amperes and the wavelength 10 mectres, then
assuming the aerial to have a cross-section of 0.5
em?, the average current density will be 180
Ajem?, and the time of a half-cvele 1/(60 X 109

IT is now generally known that the old idea
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second. The total charge of the free electrons in
1cm length of the acrial will be 6 720 coulombs,
and il their movement iv the haif-cvele is equal
to x, then 6.720 < & =1, < £= 9o X1 (6o ¥ 10%)
irom which we lind that the total movement v
of the clectron is cqual to 2.2/10'% cm. IFar
from rushing up and down the aerial, the frec
clectrons—and they arve the only things that
move— have only a sub-microscopic movement.

During the quarter-cvcle that the acrial 1s
charging the average current is goA and the
duration of the quarter-cvele 1/(120 X 10%) ;
hence the charge imparted to the acrial will be
75/10% coulomb, and if the capacitance is say
100 pI7, the aerial will be charged to a voltage
of (75/108) % 10— 7,500 volts. Hence, although
the ‘movement of the free electrons is sub-
microscopic, their density is so great that the
movement produces an appreciable change in
the distribution of the charge and the consequent
potential distribution.

The same reasoning would apply to the classical
experiments of Hertz with his oscillator and spark-
gap. Although the electron was then unknown,
we fcel sure that everybody at that time pictured
the breaking down of the spark-gap as initiating
a rushing to and fro of electricity in some form
or other. This was doubtless true in the spark-
gap, but in the adjacent conductors the move-
ment of the electrons would be almost infini-

tesimallv small.
G.W.0.H.
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HIGH-STABILITY OSCILLATOR

By G. G. Gouriet, AM.LE.E.

(Rescarch Department, Enginecring Division, B.B.C.}

SUMMARY.

considerable time is discussed and analysed.

An oscillator circuit which has been used extensively bv the B.B.C. for

some

It is shown that with the circuit designed for maximum frequency stability, the stability obtained
is for all practical purposes, a function only of the parameters of a single tuned circuit at scries resonance.

Measured performance data are given for a practical form of the circuit which has been used for manv
years as a variable-frequency source of drive for B.B.C. short-wave transnutters,

1. Introduction

URING the past year several references
have been made in the American technical
press to a particular form of oscillator cir-

cuit which bears a close resemblance to a Colpitts
oscillator, the main diffcrence being that a series
LC circuit is substituted for the tuning inductance
of the Colpitts circuit’® The circuit of this
oscillator was conceived and developed in-
dependently in this country by the author some
nine vears ago, initially for use as a crystal-
controlled oscillator, and in the same year as an
LC controlled oscillator for use in variable-fre-
quency transmitter-drive equipment.

Since its development, this circuit has proved
to be highly satisfactory and has been used al-
most cxclusively in B.B.C. transmitter equip-
ment throughout the country.

Some aspects of the th oretical behaviour of this
oscillator have been dealt with by J. K. Clapp,
in an article published eatly last vear.! It is,
however, proposed to present here the authot’s
original analvsis of the circuit, since this is con-
sidered to be somewhat simpler than the treatment
by Clapp, while it nevertheless demonstrates the
many unique features of the circuit and provides
the necessary design information for obtaining
optimum performance.

Before discussing the circuit in question, it is
considered worth while to examine briefly some
of the fundamental principles which apply in
general to all oscillators.

Any network that is capable of sustaining
continuous oscillation at a fixed frequency must
fundamentally comprise a frequency-controlling
element and a source of energy. In order that a
condition of stable cquilibrium may be satisfied,
any practical oscillator must also contain some
non-hnear element which is capable of ensuring
that the amount of cnergy supplied to the fre-
quency-controlling element will compensate exact-
ly for the energy expended in the latter due to
inherent losses. However, in theory at least, we
are cntitled to simplily the analysis by making
the assumiption that the equilibrium is obtained

MS accepted by the Editor, Septex;lber 1949.
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by an initial adjustment to the source of cnergy
and thereafter that no changes occur in the valic
of the parameters involved, and for this idecalized
case we may regard all clements as being lincar,
and base our analysis on the assumption of a per-
fectly sinusoidal oscillation. While such an tdeal
arrangement cannot be realized in practice, we
shall show later that it can be so closely approxi
mated as to make all the theoretical conclusions
substantially correct for the case of a practical
circuit.

Neglecting the possibility of compensating
errots, it is quite obvious that the frequency
stability of an oscillator can never exceed that of
its Irequency-controlling element ; for example,
the greatest accuracv with which
a clock can record time is strictly
limited to a figure which is depen-
L dent upon the physical stab.lity
of its pendulum. The accuracy
obtained from the clock will prob-

Basic <evies-vesonance
circuif.

Fig. 1.

ably be substantially less than this Iimiting
accuracy, the reason being that it is impossible to
mmpart to the pendulum the energy that is
necessary to overcome the {rictional losses, with-
out altering to some extent its period of frec
oscillation. Thus, when comparing the merits of
different oscillator circuits, it is convenicnt to
assume in each case that the frequency-controlling
element is intrinsically stable, and to examine the
extent to which the “pendulum ’ is upset by the
presence of the maintaining element.

The simplest clectrical frequency-controlling
element is the tuned circuit comprising an inductor
and a capacitor. As is well known, with such a
circuit the loss of energy occurs mainly in the
inductive linib, and Fig. 1 is a close approximation
to a physically realizable closed resonant circuit.

In order to replace the energy dissipated in the
loss resistance R, the simplest procedure, were it
possible, would be to insert into the loop a two-
terminal impedance of such a value that the
circulating current ¢ would develop across it a
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voltage equal to that developed across the loss
tesistance, but of opposite sign as shown in [ig.
2(a). The value of this impedance would, of course,
be —I?, which introduces the concept of negative
resistance. It is apparent that such an element
would be providing encrgy and not dissipating it,
and furthermore it would be a perfect maintaining
clement since it would have no elfect upon the
loop resonance [requency at which the oscillation
would be maintained.

Vad m =C /-?é T[, l*l,

(2) (b)
Fig. 2. Zero-loss circuit obtained wi h sevies negalive
rvesistance (a), or shunt negalive vesistance (b).

[liere is an alternative method by which
energy could be supplied to the circuit. As is
well known, we may express the serics loss
resistance as an equivalent parallel resistance
R’ and arrive at the circuit of Fig. 2(b). The
maintaining element may, therefore, he connected
across the inductive limb, in which case, if ex-
pressed as a two-terminal impedance, it would
nced to have a value — K’

It will be scen that there are two distinct
disadvantages in this arrangement ; first, the
frequency of oscillation is no longer independent
of the value of K, and secondly, the impedance
across which the maintaining element is connected
is relatively high and is, therclote, more sus-
ceptible to the effect of stray shunt capacitance.
While it is truc that the arrangement of Fig. 2(a)
is cqually susceptible to stray scries inductance,
the latter is far less troublesome at the frequencies
for which such oscillators are normally used.

The ideal arrange-
ment of Fig. 2(a) )
cannot be realizea in
practice, but circuits Log
which will provide a

S 2 o
Vig. 3. The impedance °g g
of the wmaintarning R, G
civcuil 1s represen ed A

hy rR,C,.

complex impedance that includes a negative
resistance are quite common and in fact form
part of any oscillator circuit. Such a case is
shown in Fig. 3, where the impedance of the
maintaining circuit is represented by a negative
resistor R, and a seriecs capacitor C,. It is clear
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that if C, is small and comparable with C, its
effect npon frequency will be of a first order,
and it must, therefore, be regarded as part of the
frequency-controlling element. If it exists phy-
sically as o capacitor it may be possible to arrange
for it to have the same order of stability as that
of the controlling capacitance C,, but if it merely
represents a (uadrature component of voltage or
current, as, for example, in the case of Miller
ellect, then to stabilize its valuc mayv prove to be
very difficult.

In either casc, if C, is sufficiently large com-
pared with C, although strictly speaking it will
still form part of the frequency-controlling net-
work, its cflect upon frequency may be small
enough for it to be neglected. In the analysis
which is to follow, it will be shown that, in th
circuit with which we are concerned, C, is a capa-
citance which exists physically, and also that it
can be made sufficiently large comparea with C,
for the circuit to approximate closcly to the ideal
arrangement of Ifig. 2(a).

2. Theorectical Analysis

A simplified form of the 1B.13.C. oscillator cir-
cuit is shown in Fig. 4(a). In practice a choke of
suitable inductance would be connected across
C, to serve as a d.c. path for the anode current
of the valve, but since this component has vir-

& (a)

Vig. 4. Simplified form of the praciical civcuit (@)
and the generalized form of its oscillation matnlain-
ing elements ().

tually no effect on the behaviour of the circuit
it has been omitted. If an inductance is sub-
stituted for the serics LC element which is
connected between terminals G and 12, the circuit
will become identical 1o a Colpitts oscillator.
In Fig. 4(b) the serics LC element has been
removed, and the capacitors C; ana C, have been
replaced by the generalized impedances Z, and
Z,. 1t is shown in Appendix I that the im-
pedance looking into the terminals G and E may
be written
Z, =/, 4+ Zy+8uiiZs - (D)
From this it will be seen that if £, and Z, are
pure rcactances, jX, and jX, respectively, the
impedance becomes
Zy 7(X1+X2) Em -X1X2 2 (2)
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of which the real part will be negative providing
Xy and Xy are of the same sign.  The analysis.
15 thercfore equally applicable to a Hartley cir-
cuit, similarly modified, in which Z, and Z, are
inductances.

Returning to the circuit of Iig. 4(a) in which /£,
anda £, are the reactances of € and €, respective-
ly, we shall obtain here, for the input impedance,
a resistance.

~ Em
R, WC, C, ve i . (3)

in series with a capacitative reactance,
I o C,C,
w(‘g\\huc c, c. T C, .. o (4)

It will be noted that C, is simply the series
combination of the physically real capacitances
C, and C,.

With the serics LC clement connected across
this impedance, it is apparent that the condition
of loop resonance which will determine the fre-
quency of oscillation is given by

T wC"

The energy equilibrium necessary for con-
tinuous oscillation will be satistied by the condi-
tion

R, R, — g, 0C,C, s .. (6)

By letting G equal the maximum value of
mutual conductance that can be obtained froin
the valve under prescribed conditions, we mav
allow for slightly more cnergy to be available
than is actually required to maintain the oscilla-
tion, and write (6) as

R, < G/ C, C, . 3. (7

Now it is desirable that the tortal capacitance
C, shall be as large as possible in order that the
frequency of oscillation shall approximate closely
to the resonant frequency of the controlling ele-
ments Ly and Cg, but a limit to the maximum
value is imposed by (7), which states implicitly
that for a given value of mutual conductance and
for a given frequency, unless the product €, C, is
sufficiently small to satisfy the cquilibrium, the
energy supplied will be insufficient to maintain
the oscillation.

FFor a given product of C, and C,, the series

wlL,

capacitance C, is a maximum when C; Co
and by writing

Cq = Bp = 8 €, o 5 o (8)
we obtain from (7)

IjwC, > 24/(RyG) .. - . (9)

This equation is important since it shows that,
for oscillation to be maintained, the minimum
permissible reactance of C, is a function only of
the loss resistance of the frequency-controlling
element and the valve mutual conductance.

At this stage in the analysis it is worth while
examining the value that this rcactance will
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IwC, =0 .. o (3)

have in a practical case. Ifor example, we will
assume that a high-slope pentode is used with a
maximum mutual conductance of 8§ mA/V and
that it is operated at a value of 6 mA\A/V.

At a frequency of 1.0 Mc/s let
wLly=1/wC,=800 ) (Las127.5ull,C
200 pi7) wid Q - wl, R, 200
whence K, — 4 Q
The required reactance of C,, assuming that the
oscillation frequency is 1.0 Mc's, is thus

X, = 24/{4/(6 X 10 3)} — 51.6Q

which corresponds to a capacitance,
C

This capacitance is in series with the {requency-
controlling capacitance C,, and therefore the
oscillation will occur at a frequency slightly
higher than 1.0 Mc/s. To a lirst approximation
the actual frequency will be gbtained by multi-
plying 1.0 Mc/s by a factor +/ (1 + C,/C,).

Since the value of C, is approximately 200 pl°
we obtain for the actual frequency of oscillation,
to a close approximation

A/ (1 - 200 3100) — 1.032 Mc/s (11)

The error of 3.2% is sufficiently small to be
neglected in the following analysis and henceforth
we shall assume that the oscillation occurs at
the serics resonant frequency of L, and C,.

In the practical case we have just examined,
the capacitors C; and C, will each be approx-
imately 0.006 uF, and at the frequency ol oscil-
lation the reactance of each will be of the order
of 25 Q). These figures indicate how relatively
insignificant will be the effcct upon frequency
of strav impedance, due, for cxample, to the
valve interelectrode capacitances, since the
magnitude of such impedance at the frequency
of oscillation will be of the order of thousands
of ohms.

In addition to the presence of stray capacitance,
the value of the impedance Z, will also be modified
to some extent owing to the presence of harmonic
components which, so far, we have chosen to
ignore. Llewellyn has shown?® that by the process
of imtermodulation these components can causc
an additional phase-shift at the fundamental
frequency. The significance of such phase-shift
will be discussed in more detail later, but for the
present, assuming that a modification to the
impedance Z, results, it is apparent that it can
be accounted for completely in terms of a change
of C,, since the rcal part of Z, must of neccssitv
exactly cqual the loss resistance R, which
according to our premises is ol constant value.

Thus the merit of the circuit, from the point
of view of frequency stability, is conveniently
expressed by the value of the differential co-
efficient, d//dC, and in Appendix 2 this has been

(ro)

, — 3100 pl' approximately.
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deduced for the
to be given by
o g
ac, QG
For small changes of the order of a few parts
in a million we may write this as

general case and is shown

(12)

af 4/
' oG 4c¢, (13)
or AF : gg cycles/megacycle/per pl' (14)

where 17 is expressed in megacycles per second.

As a gencralized expression of the stability,
the equation in this form is very useful, since we
can obtain from it immediately the minimum
value of the coefficient that can be obtained at any
frequency, given the Q of the controlling element
and the maximum mutual conductance at which
the valve can operate.

At fust sight, however, this cxpression is
likely to be misleading, since it would suggest
that for circuits of similar Q the coefficient is
independent of the L/C ratio of the controlling
element, and also that its magnitude is directly
proportional to the frequency of oscillation.
While this is quite correct, it is somewhat
surprising on philosophical grounds, but the
reason 1s bound up with the postulate of a constant
Q. The time constant of an inductance is phys-
ically a more appropriate expression of its merit
thanis its Q, and if we substitute wly/R for Q in,

. | 2
equation (13) we obtain / .. 4 C, where

G
T Lo/R, . - (15)

This is entirely reasonable since it states
simply that the stability depends only upon the
loss factor of the controlling element and the
mutual conductance of the valve, the latter of
which parameters expresses in effect the degree
of coupling which exists between the maintaining
element and the controlling clement.

Since in practice the value of Ry depends upon
such factors as skin effect and cddy-current loss,
the effective value of r at any particular frequency
may be obtained conveniently only by steadv-
state measurements, and for this reason the
coefticient expressed in terms of @ is more uscful.
If it is found that over a frequency band the
maximum value of ¢ that we can obtain tends to
remain constant, so that the fractional frequency
change expressed in (14) increases with frequency,
it 1s simply because we cannot produce such good
inductors at high frequencies.

As a practical example, if we substitute in (14)
the values quoted in the previous example, in
which F — 1.0 Mcjs, Q — 200, G — 6 mA/V we

shall obtain 4F 47

06 « 6 » 10 3 10.5 cycles

1058

per second per plf change of C,. A similar
change in the value of C, or C, alone will produce
one quarter of this change in frequency, which is
approximately 2.6 cycles per second per pF.
l'or such small frequency changes to be of
significance 1t would, of course, be necessary
to stabilize the temperature of the controlling
elements Ly and C, to a relatively high degree
of constancy, and if thisis done, there is no reason
why the capacitors €, and C, should not be
included in the temperature-controlled chamber.
In this connection it is of interest to compare
the frequency : temperature cocfficient of the
input capacitance C, and the frequency-control
ling capacitor C,. High-stability capacitors are
available commercially with a capacitance tem-
perature coefficient as low as 25 parts in 10°
per “C over a wide range of values. If the values
of C, and C, are each changed by 1.0 pF simul-
tancously, the resulting change in frequency for
the values quoted in the above example will be

5.25c¢/s. Tor the frequency : temperature coe-
flicient we thus have
5.25 > 3000 X 25
A4 — 0.4 cycles per
/ Lo 4oy P
second, "C.

For a tuned circuit at resonance, as is virtually
true of the frequency-controlling element, the
frequency : capacitance coefficient is given by

Aflf = AC4/2C,
which may be written as
Af — 10%/2C, cycles/megacycle/ pF
For the frequency : temperature cocfhcient,

assuming the same temperature stability  of
capacitance, we obtain
10% 25
4 C, X . 12.5 cycles per
S =0, Co X o 5 cycles p

second/ C.

Comparing the figure of 12.5 cycles per
second/'C for the controlling capacitor with
that of o.4 cycle per sccond/°C for the input
capacitance i1t will be seen that the cffect upon
frequency of the maintaining circuit due to
change of temperature may be disregarded.

In addition to the effect of temperature varia-
tions, we have also to consider the stability of
the valve interelectrode capacitances. The sig-
nificant interelectrode capacitances are the grid-
cathode capacitance and the cathode-earth
capacitance, both of which are usually of the
order of 10 pF. Experience shows that when a
valve is leit operating over a long period of time
the variation of these capacitances docs not
usuallyv exceed the order of 2%. Such a change in
both capacitances simultancously would, in the
example quoted, cause the relatively insignificant
frequency change ol approximately 0.2 ¢/fs.

So far we have considered the frequency
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stability of the maintaining circuit in terms of
variations in the value of the circuit capacitances
which physically exist. We have referred briefly
to the existence of what is in effect additional
reactance, which does not exist physically,
but results from a phase shift caused by the
intermodulation of harmonic components gen-
erated by the non-linear characteristic of the
valve. As a means of examining the effect of
such phase shift, suppose that the phase-angle
of the input impedance Z, were caused to change
slightly by adding to the valve current a small
current with some arbitrary phase relationship.
Since the real part of Z, must always be cqual
in magnitude to the loss resistance R, of the
controlling element, we may relate such a phase
shift to a change in the effective value of C,
only, and from (12) we may deduce the resulting
change in frequency.
In Appendix 3 this is shown to be given by

4f / ! (10)
dp 20 wLyG

The first term on the right-hand side of this
expression is the differential coefficient of
frequency with respect to phasc of a tuned circuit
at resonance, while the second term is due to
the effect of the maintaining circuit. Using the
same values as in the previous examples, we
find that only the second term is significant,
this being approximately 100 times as great as
the first. From this it will be seen that there
is an advantage in using a high L/C ratio. 1t is
not proposed to give any quantitative interpreta-
tion to the value of this coefficient, except to
say that perhaps it is worth noting that the
effect of an additional quadrature current
Aowing through 7, with a relative amplitude of

0o db would be to cause a phase change of
approximately 3.5 minutes of arc and a frequency
change of 250¢/s. Such a current might well
be caused by unintentional feedback from a
subscquent amplifying stage, and if the relation
between the signal fed back and the oscillation
signal is not strictly linear, a relatively large
frequency  change may  result, for example,
from a small change in the supply voltage.

A dircct comparison with the Colpitts circuit 1s
simple and instructive. Since 1n this circuit a
single inductance L, is connected across C,, we
may from (5) and (g9) immediately write the
conditions

w—14/(L,C,) .
wlL

I G " ,
< { [
(‘” <, A/ R_,, where R,, Q .. (Ib)

Substituting (17) in (18) we obtain
C L,GI4R, 06 4w
TFor a resonant circuit we know that 4/

(19)
AC 2C

“
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4,  4=/4C,
i QG
which is precisely the same as for the modified
circuit as expressed in (13). This is to be expected
since we have already shown that for the modified
circuit this coefficient is independent of the L,/C,
ratio, and the Colpitts circuit is in effect the modi-
fied circuit with the L,/C, ratio put to zero.
However, when we examine the value that C,
would have in a practical case we find from (19)
using the previous values, w — 27 X 108, Q = 200,
G 6mA/V
200 X O x 10
Y4 X 10% X 27 X 10°
while 1, would be 0.53 pH.
The impracticability of using such values is
obvious, but the comparison nevertheless de-
monstrates that the stability of the Colpitts
circuit is theoretically as great as that of the
modified circuit insofar as component changes are
concerned.  We have, however, shown that the
effect upon frequency of a phase change caused
by non-linearity is directly proportional to the
1./C ratio, and in this respect the modified circuit
will be of the order of 150 times as stable.

whence (20)

48000 pF

3. The Amplitude Limiler

11 an oscillator of the type described were to b
constructed with circuit values chosen accurately
for operation at a frequency of the order of 1.0
Mc/s, the measured frequency would be found to
differ from the exact design frequency by some
100 to 500 cycles per sccond according to the
amplitude of oscillation. If the amplitude of
oscillation were to be reduced by any means, for
example by reducing the valve current, the dis-
crepancy would decrease,and would in fact tend
to zero as the amplitude of oscillation approached
zero. A complete demonstration of this fact is
difficult to perform, since at small amplitudes of
oscillation a valve characteristic is too linear to
provide a condition of stable equilibrium, but it
is only too casy to demonstrate with any simple
oscillator that the frequency is to some extent a
function of the supply voltages!

As mentioned carlier, the phenomenon may be
explained in terms of the phase shift which
results from intermodulation products, but there
is also a simple mechanical analogue, which
although not in all respects perfect, may never-
theless be found instructive.

Consider a freely suspended pendulum, the free
period of oscillation of which has been accurately
deduced from its known constants. Having dis-
placed the pendulum from rest and allowed it to
swing, we hnd that in order to maintain it in
oscillation at a constant amplitude we must, after
cach return stroke, tap the bob so as to replace the

109



energy that has been lost over the cyele due 1o
friction. The action of tapping the bob must
necessarily alter its velocity, since if this were not
so, no force would be applicd, and if while so
maintained in oscillation, the frequency of the
oscillation were measured, it would be found to
be somewhat greater than the calculated fre-
quency due to the increased velocity of movement
un the forward stroke. The error could of course
be corrected by adjusting the effective length of
the pendulum, but the frequency would then only
be cxact for one amplitude of oscillation corres-
ponding to one strength of ‘ tap.” The smaller the
amplitude of swing, the more closely will the
displacement of the bob follow simple harmonic
motion, and the more accurately will the main-
tained frequency equal the ‘frec’ frequency of
the pendulum.

It we wish to construct an oscillator to have
the maximum possible frequency stability, we
must, thercfore, include some form of limiter
which will provide a condition of stable cquili-
brium when the actual amplitude of oscillation is
small-—sufliciently small to be confined 10 a
substantially linear portion of the valve charac-
teristic. A simple and cffective method of limiting
the oscillation is shown by the block schematic
in Fig. 5. Thesignaloutput of the oscillator valve is
amplificd, reetitied, and the d.c. signal so obtained
is applicd as a bias voltage to the oscillator grid.

By this means it is a simple matter to arrange
that the oscillation will limit at anv desired level.

MAAAAA
+HT.

3

M AMPLIFIER

G
°l
£ RAARG
Sunple oscillation amplitude-limiting civcult.

Tig. 5

For example, suppose that a slope of 6 mA/\" is
required of the oscillator valve to maintain
the oscillation, and that from the valve charac-
teristic we find that for a given anode voltage a
grid bias of —3.0 volts will provide this slopc.
If we wish the oscillation to limit at a peak ampli-
tude of, say, 0.1 V, measured between grid and
cathode, an amplification of 30 will provide the
required bias voltage. The amplitied signal is of
course available as an output signal, and in the
example quoted above a 3.0-V peak signal would
be obtained at the input to the rectifier.

As with most devices which provide automatic
control by means of feedback, the circuit constants
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must be chosen to avoid instability. Instability
in the form ol a low-{requency relaxation oscil-
fation will result if the time constant of the
r.f. filter following the rectifier is too long, but
it 1s not usually diflicult to choose valucs that
will provide adequate attcnuation to the r.i.
signal without introducing appreciable delay
to the rectified control signal.

VYV +HT
Fig. 0. [Feo- E;
nomical 4
osctllator )
and limiter. T it
¢ § §
bo <4 RECTIFIER
-
Co% TCZ
T3 T
T ~NAN

In one experiment, the author constructed @
limiting circuit with a gain sufficient to cause the
amplitude of oscillation to limit at a peak voltage
of the order of 0.01 V. At such a small amplitude
the harmonic distortion was, of course, negligible,
and in order to prove that the frequency of
oscillation was then preciselv equal to the loop
resonance ol the controlling circuit and sub-
stantially unaffected by the valve parameters
the oscillation was gradually reduced to zcro
amplitude by

(a) reducing the anode voliage :

(b) reducing the heater voltage ;

(c) adding a ncgative bias voltage to the
control grid.

In each case the [requency did not change by
more than one part in 10* before the oscillation
ceased completely. It will be appreciated that a
low amplitude of oscillation docs not necessarily
mean a “weak ” oscillation in the accepted scnse
of the term. The ‘strength’ of the oscillation
is indicated by the built-up time, and depends
upon the extent to which the c¢nergy available
at the instant of switching on exceeds the energy
required to maintain the oscillation.

A very simple and economical arrangement
which will provide a useful control of the ampli-
tude 1s shown in Fig. 6. By making V, a pentode,
we may derive an amplified signal from the anodc
without seriously disturbing the operation of the
circuit, provided the anode-load impedance,
shown as 7, is not excessive. In practice, a gain
of about 10 may be obtained without difficulty,
and this is suthicient to operate the limiter to give
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@ worth-while improvement in performance.

In a superior form of limiter, a separate valve
is used to provide the necessary gain, in which
case the oscillator valve may be connected as a
triode with the anode decoupled directly to earth,
and the signal output may be conveniently
taken from the cathode, at which point, as has
been shown, the impedance is very low.

4. Practical Performance

A practical form of the oscillator complete
with limiter is shown in Fig. 7. For high-stability
the series LC controlling circuit together with
the two capacitors C, and C, are mounted in a
temperature-controlled compartment or oven.
Since the impedance measured at the grid and
cathode is very low, strav capacitance introduced
bv the connections, which may be fairly long,
is relatively unimportant.

If it is required to vary the frequency of the
oscillator, the capacitors C; and C, must of course
be chosen for the highest frequency, in which
case the amplitude of the oscillation will increase
as the frequency is reduced due to increased
coupling.

For high stability over a wide {requency band
it is, thereforc, desirable to divide the total
range into a number of smaller ranges; for
example an octave may be conveniently divided
into threc ranges each of ratio approximately
1.26: 1. The components L, C,, C, and C, are
then chosen for cach range scparately and a
switching arrangement provided so that any one
of the three complete assemblies may be connected
to the oscillator valve. It will be noted that the
switching takes place at the grid and cathode
connections to the valve where the impedance
looking towards the tuning elements is very
low, while looking into the
valve it is relatively high,

A circuit of this form has been used for severa
years in B.B.C. short-wave transmitter-drive
equipment with considerable success. In the
actual circuit in use two high-slope pentodes are
connected in parallel in order to obtain twice the
mutual conductance of a single valve, thereby
permitting the impedance measured across the
series-tuned circuit to be approximately halved.

Below are quoted some measured performance
data for this type of oscillator :

(1) H.T./frequency coefficient + 2.5/108 for
+20% h.t. voltage

(2} L.T./frequency cocfficient
+5% Lt. voltage

(3) lrequency Stability
ta) Short term (about 1 hour) + 1/10%

2.5/10% for

{b) Med. term (about 1 day) | 10/10"
(¢) Long term (about 1 month) within
re-setting accuracy of 30/10°

Necdless (o say, it was necessary to pay great
attention to mechanical design and temperature
stabilization in order to obtain this stability,
but the results serve to illustrate the capabilities
of the circuit.

As mentioned earlier, the circuit has been used
with equal success as a crystal-controlled oscil-
lator. Since the equivalent electrical circuit of
a crystal approximates to a series LC circuit,
it is only necessary to replace the series LC
elements with a crystal for this purposc. A high-
grade crystal cut for medium frequencies and
carefully mounted usually has an equivalent
series resistance of the order of 100 Q and the
appropriate value of the capacitors €, and C,
is therefore considerably less than for an LC
controlled circuit, for which rhe scries resistance

so that neither stray shunt

capacitance or stray series
impedance will have a serious
etlect upon the frequency of
oscillation.

ig. 7. Practical form

of the complete oscillu-
lator.

G

OSCILLATOR
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is usually much less than ro{). However, due
to the high Q of a crystal as compared with an
LC circuit, the effect upon frequency of a small
change in the values of these capacitances is
exceedingly small—in practice of the order of
2/10° ¢/s per pF change. Again, in such circum-
stances it is doubtful if the maintaining circuit
will contribute to any measurable extent to the
overall instability of the oscillation.
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APPENDIX 1
Input Inpedance
The input impedance of the circuit will be analysed
with reference to Fig. 4(b).
Assuming the valve to have an infinite impedance
(e.g., a perfect pentode) we may write :

Current lowing through Z, I, +e,8nm (ra)

Voltage across Zo Zy (I, e, 8m) = €. (2a)
andas £, — ¢, + ¢,

Eu ZZ (I!l eygm) €y

1,25+ €, (1 + g Zo) (32)

bute, 1,2y

VE,=I,Zy+ 1,7y (1 - Zagw) (42)

whence 5, = 7, = Z, + Zo - gnZ1Zs (3a)

We have assumed a perfect pentode but in fact it is
only necessary that the valve impedance should be
much greater than Z,. Since, as is shown in the text,
the impedance of Z, is, in practice, of the order of 100 Q,
the analysis is valid for any normal triode.

APPENDIX 2

Evaluation of the Coefficient dtg

v

Solving (5) for irequency, we obtain

f= 1TVt +ColC) : (6a)
where fy is the resonant frequency of Ly Cg.
Differentiating (6a) with respect to C, we obtain
df C 1
0 = a
d( ) 0 C_,,Z 2\//(1 + CO/Cg) (7 )
and since G is small compared with C,, and also fj,
is very nearly equal to f, we have approximately
df fCy
(E 2C 2 (Ba)
\lso since wLlgar 1/wCy we may write
wly 1 1
3 or R -
Q" Ry, wCohy 0 WCo0 (0a)

By substituting this value for R in (9) and taking the
maximum permissible value of C,, we obtain

I
@ =~ A/GowC,
2w

(roa)
and therefore (:", pied (11a)
c2 QG
From (8a) and (11a) we therefore have
daf 47?2
iC QG (123)
I12

APPENDIX 3
dr
Evaluation of the Coefficient zi/qS
The phase angle of the input impedance, Z,, is given
t
by tan—1 f13a
y ¢t CUR, 32)
as shown in Fig. (8)
o g Ry Iy
[~ % . A
I TS A
\ <z I\
I / Yy =
| Lo+ e,gm
|/ \‘-’99'" 9™t %9
e, / e,
x 9
/
Lp/
y ri
g 8
Y/
I/
|
Ey—ec+ey —__—_Jo:w—cy

Since R, is at all times numerically equal to the loss
resistance Ry (but of opposite sign) any change in the
phase angle ¢ must be accounted for by a change in the
reactive component only, and it is thercefore equivalent
to a change in the value of C,. This is illustrated by the
dotted vectors in Fig. (8) which indicate the effect of a
phasc displacement originating in the valve current
vector.

From (134) we obtain by ditferentiation

dcC, | .
dé [wR,, whk,C .'-] {144)
ac, 1 N
or dé why T ¢ Ry C2 (15a)
since R, Ry
From (9) we obtain
G133 LG N . 7! . .. {16a)
qw* Ry
which bv substitution in (154, gives
ac, I G
d$  wRy 4w {07€)
\lso from (12) we have
af  4nf?
ic, 0G et 5 o C . .. (13a)
whence
af ac,  df
dé d¢ dC,
quf2[ 1 G .
oG [(ul\’n 471;1] (19a)
of | f .
QGR, 20 (zoa]
and since Q wL,/Ry
of i U (214)

¢ mleG | 20

REFIZRENCES
1 An Inductance-Capacity Oscillator of Unusual Frequency Stability,”
J. K. Clapp, Proc. Inst. Radio Engrs, March 1048, Vol. 36, No. 3.
2 For exanple, see 0.5.7., May 1945, p. 12, August 1948, p. 26, January
1949, p. 43.
4 ¢ Constant-Frequency Oscillators,”
Lingrs, 1931, Vol. 19, pp. 20632004,

Llewellyn. Proc. Inst. Radio

\VIRELESS I NGINEER, APRIL 1950



IMPEDANCE MATCHING NETWORKS

By R. O. Rowlands, B.Se.

(B.B.C. Engincering Training Department)

SUMMARY.

‘A method is described of designing a four-terminal network whose image impedance

at one pair of terminals is a constant resistance and at the other pair of terminals a complex cuantity

varyving with frequency.

Introduction

T is sometimes necessary to connect equip-

ment, such as an unloaded cable whose

characteristic impedance V' is a complex
quantity varying with frequency, to some other
equipment whose impedance is nearly a constant
resistance R over the working frequency band.
To overcome the bad effects of reflection due
to connecting two such dissimilar impedances
together an impedance-matching network is
inserted between the two pieces of equipment.
This network is designed to have image impe-
dances W and R; W being nearly equal to W’
over the frequency band.

Let the network of IFig. 1 (a) fulfil these condi-
tions. If two such networks are connected
back to back at the terminals whose impedance
is I, then the resulting network is a symmetrical
constant-resistance network and so may be
transformed into a lattice whose series and lattice

Fig. 1. Basic nelwork
(a) and ils expansion
as laltice strictuves (b

and (c).

- W

—R—>

(2)

MS accepted by the Mi?or, July 19409.
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arms £, and Z, are inverse with respect to R ;
1e., £,Z, = R?

The most general method of design is therefore
to start with a constant-resistance lattice net-
work, expand it into a ladder network and
bisect it.

If the Iattice is capable of being expanded
mto a ladder network, then the arms £, and
75 will contain a common series or shunt impe-

dance. Let the former be the case, then
Z, =72+ 2,

and
Le=2"y + Z,

The common impedance Z, can be taken outside
the lattice in series with both the input and the
output as shown in Fig. 1 (b).

The remaining arms Z’; and Z’, will now have
a common shunt impedance Z, and this can be
taken outside the network in shunt with the
input and output as shown in Fig 1 (c).

This process may be repeated taking out suc-
cessive common series and shunt impedances
until one pair of arms becomes either infinite
or zero. The resulting ladder network is sym-
metrical and so may be bisected down the nuddle.

r rz Ui r
=
AN = =
rlz rz rflz
Fig. 2. [Lquivalent networks, types 1 and 2
respectively.
a az

Network type 1.2.

Fig. 3.
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An important relation which will be used in
all the succeeding expansions is that a resistor
r may always be replaced by either of the net-
works of Iig. 2 where 7z is any two-terminal
network containing resistors, inductors, and/
or capacitors, and #/z is its inverse with respect
to 7.

Impedance-Matching Networks
Type 1.1

The simplest type of constant-resistance lat-
tice network which can be expanded as a ladder
structure is one containing a single resistor in
each arm. The straightforward expansion of this

TABLE !
Z, Z
a 1/a
—AMA——— —_—AN———
a
g%s|
a
a az a
C:::Ej g
a a/z —N—
a az
a(@*-2y(@*-h az a/(a*-1)
a a/z
a a/z
a(@?-)/Ha*1) az afa?-1) aka?-1)
—AAAA- —
I—d\/\/\/»——(: —AAAA
a az alat-1)? i
l ] |
afa?- )%z
a al/z
TABLE 2
Z, Z,
a z 1/2
N o
I/a z (@*-1)/a 1/a
—AM
\/z z/a? z (@*-)/a
I
LT
\/a \/a

Explanation of Table 1.

Step 1. Z, is split into lwo vesistors in parallel one of which has the value "« .

Step 2. The resistors “a’ in both Zy and Z, ave veplaced by an equivalent network, type 1.

Step 3. The resistor‘a’ of Zy, which is in series with* az’ is split into two resistors in series, one of which is equivu-
lent 1o the shunt vesistor of Z,.

Step 4. This is veplaced by an equivalent network type 2 part of which is equal to the two wpper shunt arms

of 71
Ezxplanation of Table 2.

Step 1. The resistor ‘a’ of Zy 1s split into two vesistors in series one of which has the same valie as the shuwi
resistor of Z,.
Step 2. This resistor in Zy is replaced by an equivalent network type 2 part of which is the same as the whole

of Zy.
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network leads to the trivial case of an attenuator
pad which matches the constant resistance K
to another constant resistance /.

Type 1.2

In this and in subsequent networks the value
of R will be taken as unity for simplicity. If
Zy and Z, are again purely resistive then each
of them may be built out as shown in Table 1
by successive applications of the equivalent-
network relationships of Fig. 2. If the value
of Z, is a then the value of 7, is 1/a.

40— 2
— ! LN [ P
' y N a=42]
— — — Nt I-
/ g d ?
\ 8
[ \
20 7 17
16
-~ / /™,
o 25 — s
o
cb— 4 / \ 4
= 4 \ [a@=2 =
= 20 - i3
) /, / L1 ~
& 7 P/ Nao]'? X
S s 7 2 ot [‘ I
r— £ 4| = ~ 1o
Rd 217 b a=42
1o ~ T A N 09
/ 7 LT S I |
7 o N 08
+ ~ a=2
5 < | A — R0
- 1 -
//_ —r 4/' [ \\: a=30p¢
=TT R
[} = . ! 05
0t 02 0> CHOS [K4] 2 3 408 10
x
Fig. 4. Modulus and uwrgument of W for network

type 1.2 when z — jx.

The impedance-matching network obtained
by expanding and bisccting the lattice is shown
in Fig. 3.

IFor this network to be physically realizable
the value of @ must be greater than or cqual
to /2. Since it is derived from pure resistors
It gives a constant loss at all frequencies.

The impedance IV is given by :—

a*(a*— 1) (1 -+ 2)2
Vo @y g
I Itz I
= a 1/ (a%— 1) N
[ Via®-- 1) a ~’
If \/(af ) band z = jx
Then
(1 4 gx)?
W= - = _
(b + 7x/b)?
(b —jx/b + jbx + x%/b)?
(R

{(b + x%/b) + jx (b - 1/b)}2
(bz I xérbz)z =
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1/z
L«NW—J
a’-)
I/a % a
z
| —» -
\/a z/a?
{
Fig. 5. Network type 2.1.
Therefore Mod.
(0 #0) 4 &2 (b — /by

(% + x2/b2)2_
O + 2% -1 x4/b% 4 D% — 240 | x2)b?
- o
(B ) (1t )
- (h% -+ x2/b%)?2
I %
(b2 -+ 22/b%)
and Arg.

x (b — 1/b)
7 = 1
I 2 tan b b
L% (82— 1)
2 tan b 1 2

The modulus and argument of W for the type
1.2 network are shown in Fig. 4 for several values
of a.

Tvpes 1.3, ctc.

More complicated networks may be built up
by developing the arms Z; and Z, in different
ways ; e.g., the resistance @ in series with az
m the arm Z, may be divided into two parts,

30 — - T
28— Ft—+—+ ____4‘,_\_ SR
r T 1 VT
26 Tt J[ ! —1+
24— T T T 1777 IBERD
\ , il !
2 T HEEREE
A + ! 4+
= 20 \ | +
o - ——— 18
= ]
= — -+ ——t+tT1+H 6
= 16 \ B H 1
RL A 8 1ttt His
L
5 f—V\ ! 2
= \ 4 L 10 e
10 N A — tio 3
sl —— T - HH1-08 =~
o —-\\— —+1H + 1-66 2
4k . \\ \\\ ————+ 4t 1 ioe
21— * T™E < 1-02
{ - — \ 1],
o 23 45 10 20 30 40 50 00
x
Fig. 6. Modilus and argument of W jfor network

type 2.1 when z — jx and a = 1.



once of which is less than a/(¢® — 1). This is
replaced by its equivalent network as before
and then the arm Z is developed a stage further
in such a way that the whole network may be
built out as a ladder structure.

Tvpe 2.1

A constant-resistance lattice structure which
is a step more complicated than the one with
a single resistor in each arm is one containing
a resistor in series with a network z in one arm
and a resistor in parallel with a network 1/z
in the other arm. Each arm can be built out as
shown in Table 2 and from this is obtained the
impedance matching network of Iig. 5.

/2
[ it ]
| 4
| —» 22 - W
22
Fig. 7. Special case of type 2.1.
[For this network
w (1 +~a-+2)(a®>— 1 24z | az?)
(@ + z2) (a® - a + 2 -+ 2a% | az?)

The modulus and argument of W are shown in
Fig. 6 for z = jvand a — 1.

In the special case of the above where a = 1
and z is an inductor then the network may be
built as shown in Fig. 7.

An advantage ol this network is that the induc-
tor appearing in shunt across the right-hand
terminals may be wound as a transformer, thus
altering the original impedance transformation
by a constant multiple.

Type 2.2
The same basic lattice arms may be built
up into more complicated structures as shown in

Explanation of Table 3 (opposite).

Table 3. The resulting impedance-matching
network is shown in Fig. & The expression
for the impedance ¥ is rather complicated and
is best worked out for particular values of a, b,
and z.

ab/z (i-ab)/z
N —
11
ab AN
b (@-D)(-ad)/(a*-1)
b

Fig. 8. Network type 2.2.

IFor the network to be physically realizable we
must have :

a b . .. - - I
1> ab .. .. .. .. 2
a*> 1

Type 3.1

The basic network of this type contains two
resistors in cach arm. It may be developed
as shown in Table 4, resulting in the impedance-
matching network of Fig. g.

l+a
ANAN
L (1+a)’z
i*a I/a \/z a(+af P (+a)
a
<
| —= § -l
(ta)z (\+a)/a 1/2 I+a
s a(i+a)
Fig. o.- Network tvpe 3.1.

The rvesistor “a’ of Zg is split info two resistors in sevies one of which has the value * 1", and Zy is split

The resistor * b’ of Zg is replaced by an equivalent networlk: type 2 pavtof which is the sanie as that part of
T he other vesistor in Z, is replaced by two resistors in parallel

Step 1.

into two parls one of which contains a vesistor ‘b .
Step 2.

of Zy which contains the vesistor ‘b .

one of which has the value ‘a —b’.
Step 3. The resistor *a

FExplanation of Table 4 (opposite).
Step 1.

The whole of Zy is veplaced by an equivalent network with a shunt resistor.

b’ is veplaced by an equivalent network type 1, part of which is the same as that part
of Z, which was nol previously common 1o Zy.

The veststoy 1 in Zy ts

veplaced bv two resistors 1n parallel one of which is equivalent to the shumt rvesistor of Z.,.

Step 2.
same as that of Zg.

Step 3.

1he other parallel resistor of Zy is replaced by an equivalent wetwork type 1, one avin of which is the

The resistor 1+ « of Zg is veplaced by an equivalent neiwork type 2 pavt of which is the same as the

whole of Zy excepl for the avin mentioned in step 2.

110
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TABLE 3

2, Z
a Z \/z
—— T
1/a
b a-b z ab/z (l—ab)/z
— AN —AAAA {1
b (I-ab)/a
ab/z bz/a 2 a-b ab/z (l—abV/z
M 2
b b b (a-b) (1-ab)/(a*-) \
. AAA~ J
a-b
ab/z (I-ab)/z
C oo ‘
AN
b (a-b)(1-ab) /(@*-1)
a-b (@) ala-b)ibz
! —1
(a-b)%z
; . —
“—wn—{"} B
{ a-b z bz/a
l b
TABLE 4
o——- ZZ Zl
; b z i
TSRO T —
a | /a 1/z
[ 1ta | +a
A - AAAA-
| F— WAA——————————— 1
(1+a) /a (1+a)?z/a? I/a I /z
AAAA,
(I+a)/a
(1+a)
ANV
—AWWA————————{ 14
1/a 1/z
I (1+a)/a 1/z
(I+a)/a (i+a)2z/a?
| +a
VAAA
all+a)?
(1+a)/a 1/z (I+a)2z (1+a)2z
AAAM { }
{ (I+a)/a (1+a)z/q?
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The impedance W of the above network is
given by

w st —u

s — 1 o

Where

‘ a(r —a)z{za — (2 - a)z}
’ (1- 4a—2a%)z>—a(2 —5a —a®)z —a*1 —a)
, (1—a)la—z{e—(1—a)z

(1 —a)®z2 — (2 324 — 20% az — a?

(1t —a){a — (1 —a)z}
u

(1 - a)®z — a (1 — 2a)

Further Types

There is no limit to the number of types of
networks that may be constructed by the method
outlined, but they will be successively more
complex and will eventually cease to be of any
practical value.

To each of the networks already described
there also exists a dual which may be obtained
from the original by the standard method of
constructing dual networks*.
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the manuscript of the paper.

* A method of doing this is described in Guillemin's ** Comnmunication
Networks,” Vol. I1, page 246,

THE MAGNETIC AMPLIFIER

Transductor Theory

By R. Feinberg, Dr.Ing.

(Flectrical Engineering Dept., University of Manchester)

SUMMARY.

The transductor is the vital element of a magnetic amplifier circuit.

The conditions

for obtaining optimum linear control of a transductor with {ree magnetization with no load and sinusoidal
voltage are: a transductor core having a magnetization curve with a sharp bend at the knee and a high
initial permeability, and a transductor voltage of such magnitude that the peak value of the alternating
magnetic-tlux density in the transductor core is equal to the value of Hux density at the knee of the

magnetization curve.

The control sensitivity on the linear part of the transductor characteristic is

substantially equal to the turns ratio between control winding and load winding of the transductor
apart from a factor of 2. accounting for parallel connection of the transductor load coils in the case

of the parallel-tvpe transductor.

Introduction

AGNETIC amplifiers have in recent vears
M increasingly been coming into practical

use for spccial applications as reliable
substitutes for vacuum-valve ampliliers.! The
principle upon which a magnetic amplifier is
built has been known for about fifty years and
has in varicus forms been utilized in heavy-
current control and mecasuring techniques.? [t
was, for an experimental period, also applied
in the technique of wireless communication,? and
there is at present an interest in its use, in modi-
fied form, in high-frequency technique.*

The transductor is the vital clement of a
magnetic amplifier circuit. It is the purpose of
this paper to present the theory of a transductor
chasacteristic for practical evaluation.

Basie Circuil of Magnetic Amplifier

Fig. 1 shows the basic arrangement of a

magnetic amplifier circuit. A source I of alter-

nating current of fixed wvoltage V, supplies
current, I, to a load 2 which is connected in

MS accepted by the Editor, September 1940
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©w

Basic civcust avrangeiment of a magneli
Load circuit, B Control civcuat

Fig. 1.
amplifier, A
L Alternating-curvent source of fixed volluge.

T vansductor, 3¢ — Load winding.
Souice of contvol cuvrent.

2 Load, 3
30 controlwinding, 4

scries with a transductor 3 containing a ‘load
winding ” 3a and a ‘ control winding ’ 3b, the con-
trol winding carrying the control current, I,
supplied from a direct-current source 4 of variable
voltage V,. ‘ Transductor ’ is the short technical
term for a ferromagnetic-cere inductor with
variable direct-current bias-magnetization.

The graphical symbol used in Fig. 1 to denote
a transductor shows two windings crossing ont
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another at right-angles.  The symbol means
that the two windings are placed on a common
core but have no transformer interaction.

The magnetic amplifier, Fig. 1, is operated by
varying the control current /, and obtaining a
corresponding change of the load current I,
The transductor acts in the load circuit as a
variable-impedance element controlled bv I,
and is so designed that a small change of 7, causes
a magnified change of /,.

~ Vr ~ ~ Vy ~
O = - ><r -—— ——————— -
Z
4y
My Ny M ' Ny
T L L1 LI
oo el e alf !
LU L LT LLLLLLL LULLLLL
Ne Ne N N
7t Al
& +0 c— +0
(a) (b)
Fig. 2—Transductor with clectric elimination of

transfoviner tnteraction between load winding and
contvol winding, (a) parallel-tvpe and (b) series-
type.

Basic Transduclor Structure

A transductor is a modification of an iron-
core transformer. Transformer interaction bet-
ween  load  winding and control winding s
avoided by using either an electric or a magnetic
method.

Fig. 2 illustrates the clectric method of avoiding
transformer interaction. The transductor con-
sists of two 2-limb cores (or ring-shaped cores)
with the control winding and the load winding
split into two coils cach. The two control
coils are electrically connected in series-opposition
with the result that the fundamental components
of the e.m.fs induced in them cancel one another
in the control circuit. The two coils of the
load winding are connected either in parallel,
see Fig. 2(a), or in serics, see Fig. 2(b).

The magnetic method of avoiding transformer
mteraction is shown in Fig. 3. A 3-limb core
carries the control winding as a single coil on the
middle limb and the load winding as two coils
on the outer limbs the two load coils being
connected either in parallel, as in Fig. 3(a), or
in series, as in Fig. 3(b). The fundamental
components of the alternating magnetic fluxes
excited by the load coils are in series-opposition
in the middle limb of the core and cancel one
another, the control circuit is thus free from a
corresponding e.m.f.

WIRET Ess INGINEER, APRIE Ig50

In a practical transductor cither the clectric
method of IFig. 2 or the magnetic method of Fig. 3,
or a modification of either of the two, is used for
avoiding transformer interaction.

Mechanism of Transductor Operation

Fhe control mechanism of a transductor is
based on the magnetic saturability of the core
material.  Figs. 4 and 5 demonstrate the effect
of dircct-current bias-magnetization on the
shape of the magnetization loop of a transductor
corec made of Permalloy C. The oscillograms of
Fig. 4 were taken with a large-amplitude sinu-
soidal voltage at the transductor load winding
and the oscillograms of Fig. 5 with a small-
amplitude voltage. I'ig. 4 shows that increasing
bias-magnetization makes the magnetization
loop increasingly unsymmetrical, and Fig. 5
illustrates how the magnetization loop is ‘ lifted’
over the knee of the magnetization characteristic
into the upper region of magnetic saturation.

B i 5
7 I
@ (23
i NP> - |
‘ r (a)
L, " J:—J
L P
- +
S iﬁ_*¥‘,"
L
?; 2]
=~ il Ve =N
] = |
I = — -
[c
oL

Fig. 3. Transductor with magnetic eliininalion of
tvansforiier interaction between load winding and
control winding, (a) pavallel-type, (b) series-tvpe.

The change of the magnctization loops in
Figs. 4 and 5 means in terms of the circuit arrange-
ment of Fig. 1 that an increase of control current
I; causes an increase of load current ;. The
quantitative relation between the changes of
I, and [, is determined by the eclectric charac-
teristic of the transductor and the impcedance
of the load, and by the mode of transductor
magnetization.

)
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There are two principal modes of transductor
magnetization, respectively denoted free mag-
netization and constrained magnetization.® In
a transductor with frec magnetization part of
the a.c. magnetization current flows outside
the load circuit (A in Fig. 1) so that the load
current, I, is smaller than the total a.c.
magnetization current of the transductor. In
the case of constrained magnetization {, is identi-
cal with the total a.c. magnetization current.

/
]l/
(a) (b)
We have, for example, free magnetization

in the parallel-transductor [sce Figs. 2(a) and
3(a)] with sinusoidal voltage, V,. The even
current harmonics of a.c. magnetization form a
circulating current in the two coils of the load
winding and are thus absent from the load circuit ;
i.e., 1, 1s smaller than the total a.c. magnetization
current.

I'he series-transductor {see Figs. 2(b) and 3(b)
with sinusoidal voltage Vi operates cither in
free or in constrained condition, or somewhere
in between. The criterion for the condition
of operation is given by the impedance of the
toad circuit (B in Ilig. 1) in relation to the
impedance of the load circuit (A in TFig. 1).
Suppose that the control circuit impedance is
very small : each transductor core has sinusoidal
a.c. magnetization with the even current har-
monics required flowing freely in the control
circuit. Part of the a.c. magnetization current
thus flows outside the load circuit ; i.e., the load
current, I, is smaller than the total a.c. magneti-
zation current. We have free condition. In
the other extrenie, assume that the impedance
of the control circuit is very high so that no
alternating current component can flow in the
control circuit : the a.c. magnetization of cach
transductor core is forced to be non-sinusoidal.
The load current, [, provides the total a.c.
magnetization ; i.c., the transductor operates in
condition of constrained magnetization.

Transductor Characleristic

The clectrical characteristic of a free trans-
ductor depends on the waveforms of transductor
voltage and load current. The voltage is sinu-
soidal, like the supply voltage, when the trans-
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ductor has no load (l.e., when in Fig. 1 the
load 2 is short-circuited); the load current
contains odd harmonics and is, therefore, non-
sinusoidal. On the other hand, we have sinusoidal
load current and non-sinusoidal transductor
voltage when the transductor is in series with a
resistive or inductive load of high impedance.
The characteristics differ from one another in
the two extreme conditions of waveforms. In
normal load condition the transductor character-

istic is intermediate be-

tween the two extremes.

o Fie. 4 (left). Large-
amplitude magnetization
loops of a Permalloy C
core and varying divect-
cuvrent  bias-magnetiza-
tion. (a) No bias-mag-
netization, (b))  Slight
lias magnetization  (c)
ISias - magnelization  in-
creased.

()

(a) (k) (¢)

r

(d) (e) ()

Iie. 5.0 Swall-amplitude inagnetization loops of the
transductor used for Fig. 4. (a) Nobias-magmetiza-
tion. (b) Shight bias-maguetization. (c-f) Bias-

magnetization increased 1m stages.

It is proposed to calculate the characteristic
for sinusoidal transductor voltage. The assump-
tions for calculation are a transductor of lig. 2
with free magnetization, sinusoidal transductor
voltage ¥y (see Pigs. 1 and 2), a simplified
magnetization curve consisting of straight lines
(sce liig. 6), perfect magnetization of the core
(i.e., no leakage Hux) and disregard of iron and
copper losses in the transductor.

Fig. 7 illustrates the basis of calculation. The
transductor voltage

vy = — Vipa/2sin wt - (1)
and the bias-magnetization current /, produce,
in each transductor core, Fig. 2, a magnetic
flux density of instantancous value

b= B, + B,/2 cos wt = J (2)
where B, is the mean value of magnetic-flux

WIRELESS ENGINEER, APRIL 1950



d
ensity in a core and B, is related to 1, by the
equation

B*kV

s SRR
with &, = 1 for Fig. 2(a) and k, = 0.5 for Fig.
2(b); A denotes the cross-section of a core,
@ = 2nf the angular frequency of the supply
voltage, and N, designates the number of turns
of 2 load coil.

Fig. 6. Simplified
magnetization
curve.

T l

Byisrelated to [, and 5,. Let H, be the mean
value of magnetizing force in a transductor core,
! the mean length of magnetic path in a core
assumed to be of uniform cross-section 4, and
N, the number of turns of a control coil. Then

Ho=INJi .. .. .. (g

The magnetizing force, H,, corresponding to
B, (see Fig. 7), is less than H, because the
convex shape of the magnetization curve pro-
duces a magnetic rectification effect of 4 negative
sign. To evaluate H, and hence B, in terms of
Hy, sce equation (4), and of B, is of no direct
interest for the calculation of the transductor
characteristic,

To facilitate calculation of the transductor
characteristic it is proposed to consider B, as

Fig. 7. Basis for cal-
culating the transductor
Chavacteristic. b
iinstantaneous value of
magnetic flux density,
h=1instantancous
value  of magnetizing

force. B,, H, — mag- E
netic flux density and y
magnetizing force, ve- wt

spectively, at the knce of the magnetization curve,
Hy = mean value of magnetizing force, B, = mean
value of magnetic” flux demsity, H_ — fictitious

magnetizing force corvesponding to B -
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an unknown auxiliary quantity used to define
the unknown parameter z, see Fig. 7, in the
relation

et (5)
B,vz I

in which B, denotes the magnetic-flux density
at the knee of the magnetization curve. We have
then with the notation of Fig. # and with equa-
tions (2) and (5) for the instantaneous value of
magnetizing force the expressions

COS o —

7@ 27 b B
h| | =H, 4
o T4 Hatry
B, B, 4+ B,A/2 cos wt — B,
Mtk Hatto
I

Bi 1 *1B,y/2 (cosa + cos wi) | (6)
M1k Ko

and
7T B 1)
h| =H, 20
7—a K1k
750 B, + B,y2coswt — B,
Hiko ity
I
3 ‘Bk B,\/2 (coso + cos wt)] (7)
Bitg L
Fig. 8 Oscillo-

gram of the mag-
netizing force in
a transductor
core with sinu-

soidal tvans- \ A

ductor  voltage N \
and direct
current bias-

magnelization.

where p, = 1.257 X 10 % henry/metre denotes the
absolute permeability of free space expressed in
the rationalized form of the m.ks. system of
units, and w; = (tan 6,)/p, and p, = (tan 6,)/u,,
sce Fig. 7, are the relative incremental permea-
bilities of the high- and low-permeability regions,
respectively, of the magnetization curve. The
oscillogram of Fig. 8 verifies the typical wave
form of % shown in Fig. 7. The Fourier analysis
of # gives the series expression

o o]
h=Hg+ > Hu\/2cosn wt )

n=r1

with the coefficients

1 T — o osing
% COS % — Sin o
“(Bu+ By e I
for » = B,y\/2 200 —sIn 29
Hiv/2 = oty [I - '277
1 Z;)[ {10)
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and for n>1:

B,v2
H,\z2=(—1) v
Hatto
2 Sin ne COS oo — 27 COS 7oL SN o] <I M)
n(n2 I)Tr My !

(11)

It is the practice to measure [, cither with a
r.m.s. instrument, I, ,.., or with a rectifier
instrument, I,y We obtain with equations
(10) and (11) in the first case

Il, 7S /ci]’l\f'\/Hli;}—i]32+H52+-ij (12)
A

and in the second case

Il. rect
i 24/2
b PV = p Ha g Hy— )
(13)
where for Fig. 2(a) 1 &, = 2 (14a)
and for Fig. 2(b) : &, — 1 .. (14b)

N, denotes the number of turns of a load coil,
see Fig. 2.

llo(‘]’ ! ‘ ll )/rcct\ ! |
L loe=0
v @1 Azl
= /a=—3—
% 06 | /
5\ 0.4_—}/[ y l(X’*%lr'
ool ¥rece \
7/; | \
Voo | l
0 6z 04 06 08 0 12
=
X8/t

(b)

Calculated

transdictor
sinusoidal transductor vollage, (@) py > pg (t.e.

Fig. 9. characteristic  for

o), (b) Curves mear the ovigin of the co-
ordinate system fov ps/ug # 0.

:A/[{I 2 :2__?12'1<I - Z:)z} + <I — Zf
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M fty

0 — B,/7 _|
: T (a) ) B,
~ 08
[
e v
z|e
o 06
:2: x 0-5
3 4
Ko /
] 0-25
& 024
X )4 L
L
0 02 04 06 0-8 10 12 4
HaHo Nc
x
By 1°°
Yims b7,
{b)
Hal
H
0 i 2
s B Mo N
x'=tx= —= 1
[T &8, 1
Fig. 10. Family of calculated transductor char

acteristics for load curremt measuved with a rm.s.

instruwment | (@) py S>> pa (1€, pa/pq — 0), (b) Curves
near the ovigin of the co-ordinate system for pg[py # ©.

In the transductor characteristic the load
current, Iy s OF I, ree is Telated to the control
current I, derived from equation (4) :

l

H .. .. .. A I
Nc 0 ( 5)
in which H, is substituted from cquation (9).
or generalized presentation of the transductor
characteristic it is convenient to give the co-
ordinates of the characteristic as dimensionless

I,=

quantities. We write with equations (12) and
(9)
_— Hoatto A1\70 I
¥T B,
B2 /7 — sin o
. IB\I/ (l7T - mCOSl—}— lTr:Z
—H~2<I _i__B,.\/72mcosy.-siny.l (16)
# By, 4l
with equations (12), (10), (11) and (14):
y __ Haoto N, I,
Jrms B,,. kll o rms
3 2 sin Ny COS o — 27 COS NY. Sin 7)) 2
L~ T (17)
=3,5,7 nn? — 1w
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and with equations (13), (1o}, (11) and (14) :

" _ Mally Nz w b
reci Br /\,1] 2\/2 {, rect
2\ [ 22— sin 22 on
—1—(r o[y
M1 27

Fig. g(a) shows the calculated curves of
Voms and Y., as functions of x.B,/B,y/2 for

= const. provided that B,4/2/B,< 1. The In-
capacity to control the load current in this region

N 2SIN A2 cOSx — 21 COS 1o Sin o
<4 3,2 (18)
H=3,57... ni(n* — I)m

bias-magnetization is small (i.c., Hy<H,), and
the entire cycle of alternating magnetization is

| I B./7T below the knec of the magnetization characteristic;
B "' ie., A<H, throughout a magnetization cycle.
;10 (2) It is desirable for practical evaluation to have
IO the transductor characteristic presented with
s|e 08 /' —+ B,+/2/B, as parameter. We therefore introduce,
o | /; with equations (17) and (18),
|
T 06 B2
=\ ] 05 Y vos s
The. B rms
E{e { ! k
o i apo IV,
g b 0-25 — \/2 Bk k.l [l, rms (19)
N 02— 5
4 , B,+\/2
and y';per — IB Yreet
| | k
0 02 2 14 = o N
b (20)
2 B, k1"
The families of characteristics shown in Ifigs.
. 10(a) and 11(a) represent v, and V', respec-
Y rect tively, plotted as functions of x, see ecquation
(16), for u;>u, (i.c., po/p, = 0), and Figs. 10(b)
and 11(b) give ¥, and 3, respectively,
(b) near the origin of the co-ordinate system for
d=] po/u; # 0. It is interesting to note from the
curves of Iigs. To(a) and r1(a) that the condition
B,A/2/B; = 1 gives the largest range of * linear’
control. ligs. 10(b) and 11(b) further show that
x= Bl f‘g*o % 7 there is no “ backlash * of control at zero control
F2 & €
. . 36
Fig. 11 (above). [Family of calculated I l I [
transductor  charactevistics  for load =
current measured with a rectifiev instvic 32 Vr =10 voLTS 4
ment; (@) p>>py (e, polpy — 0), AN A
(b) Curves near the origin of the co- \\ 4
ordinate system for pelpy # 0. 28 S / Vi
\\ pd
Fig. 12 (right).  I-xperimental trans- —~ 24 A / =7
ductor characteristics. ‘é \ h v
. , . BT N g P A
By e L., py/u, = 0 In equations g X -l y 4
(16), (17) and (18). The Ve curve o5 / =3
R Sk oo et e K 16 A A A
rses virtually linearly with x until « - N p'd
w/2 (i.e., . By/B,A/2 = 0.32), and then N P
gradually bends to a constant wvalue, 12 \\ \ 7 i
Vyeot — Lior . B;/B,A/221. The v, \ /
curve is slightly above y,., for 8 AV 5
» > /2 and slightly below for=/2 >0 >o0. . . s &
The curves for y,,, and ¥, in a . A | A/ 1
Fig. o9(b) arc near the origin of the 2 YALY T A
cv-ordinate system and are calculated . o
for pefp, # 0. Tor o < & < (1 — =20 -6 -12 -8 -4 0 &4 8 12 16 20
HTV 2//81\') we ha\-e Noms Yreet = I‘z/lﬂ ‘[C (mA)
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current when B,4/2/B, = 1. The initial load
current, at I, = o0, can be made small by having
a core material with a high value of y,.

The characteristics of Fig. 10 are verified by
the experimental curves of Fig. 12 obtained with
the transductor voltage V; as parameter the
control current /, having positive and negative
polarity.  The curve for V,= 7 volts corres-
ponds to B,4/2/B, =1 and shows a sharp-
cornered V-form. The curve for V, =1 volt
is rounded at the bottom, short in the linear
range, and bends to a constant value as pre-
dicted by the general form of the curves of Iigs.
10(a) and 10(b). In the case of V= 10 volts
we have a magnetization loop stretching into
both regions of magnetic saturation (see, e.g.,
Fig. 4a) with a consequent high value of load
current when /[, = o.

Transductor Control Sensitivity

Let 4/, be a small change of control current
and 41, ,.. the corresponding change of load

current. The transductor control sensitivity, S,
is then defined by the relation
__ AIL rect
=4l .. . . . (21)
or, with equations_(16) ‘and (18),
24/2 kil B,
4 7 N popg Yy,
& = 1 Motho dYyect
! B, 4 22
N propg

On the linear part ofthe y,.., curve, Fig. g(a),
and for u; > p, (le., my/u; = 0), we have with
equations (16) and (18)

Ayrent Yreet . .
Ax o at o ™2
B,
_m b - . o (23)
2B,y/2

Equation (23) substituted in (22) gives, with
equation (14),
(24)

This means that in the case of j;3p, the current
control sensitivity on the linear part of the trans-
ductor characteristic is determined only by the
turns ratio between control winding and load
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winding, apart from the factor & = 2 if the

transductor is of the parallel type.

Conclusion

The transductor control characteristic is
determined by the shape of the magnetization
curve of the transductor core and by the ratio
between the peak value of alternating magnetic-
flux density and the value of magnetic-flux
density at the knee of the magnetization curve.
The control characteristic has an optimum form
im regard to range of linear control, low initial
load current and abscnce of backlash of control
at zcro control current if the magnetization curve
has a sharp bend at the knee and a high value of
mitial permeability, and when the peak valuce of
alternating magnetic-flux  density equals the
value of magnetic flux density at the knee of the
magnetization curve.
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TRANSMISSION

FACTOR OF

DIFFERENTIAL AMPLIFIERS

By D. H. Parnum, A.R.C.S., Ph.D., F.Inst.P.

SUMMARY. It is shown that the¢ quantity

discrimination factor’ (anti-phasc/in-phase gain

ratio) is insufhcient to define the performance of a ditferential amplificr, and that a quite different
quantity, the ‘ transmission factor,’ sets the limit to the interference/signal ratio that can be tolerated.
The likely values of this quantity are worked out for typical input stages and found to be insufficient for
many purposes; an adjustable control is described which is capable of giving a very high value. Further
analysis shows that the discrimination and transmission factors of all stages must be considered to obtain
the overall transmission factor for a complete amplifier, and this leads to reccommendations for the design

of the first two stages.

N cexcellent paper by Johnston! appears to
show confusion on a highly practical point
which has seldom been discussed by other

writers. It concerns the so-called ‘ discrimina-
tion factor * of balanced or differential amplifiers.
For clarity a brief recapitulation of the function
and principles of these amplifiers will first be
given.

The Coupled-cathode Input Stage

Fig. 1 shows a differential input stage of the
coupled-cathode type. An ‘anti-phase’ (or
differential °) signal is one applied between the
two grids; the signal currents cancel in R, there
1s no negative feedback, and an output appears
at full gain between the anodes. An ‘in-phase '
signal is one applied between carth and the two
grids in common; negative feedback occurs in R,
and the anode¢ output is much less than in the
first case. If the two halves of the stage an
identical, moreover, the in-phase outputs are
equal and the voltage difference between the
anodes is zero; i.c., there is no anti-phase output.

This arrangement is used chiefly in medical or
biolcgical applications, where the input grids
are connected to electrodes placed on (or in) the
subject. The small voltages generated by the
subject, which it is required to measure, are then
applicd between the grids as an anti-phase signal.
Generally, however, there is stray capacitance
coupling to the electrodes from an interfering
source (most commonly 50 c/s), which gives rise
to unwanted in-phase signals. The balanced
property of the amplifier (i.e., equality of the
two halves) means that these signals will not
cause an anti-phase output and so mask the
wanted signals. The difference in anti-phase and
in-phase gain is required for a different rcason.
Interference signals are commonly many times
{100-—1,000) the full drive wanted voltage, and
would hopelessly overload the later stages if
amplified at full gain. These two properties,

MS accepted by the Editor. September 1949
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of balance and gain ratio, arc therefore different in

nature and required for different purposes.
Many circuits have been devised for securing a
high gain ratio, that of Fig. 1 being one of the
simplest and most effective.  For this stage

Johnston quotes the well-known formulae:
Anti-phase gain, M — uR/(r, + R) (1)
(2)

In-phase gain, M — uR/{r, 4 R
R+ 1)

He then calls the ratio M /M the discrimina-
tion factor, I:

F R+ 2R (u + DYr. + R)*  (3)

In what follows it will be convenient to take
average hgures for u, v, and R; the numerical
results are not vastly different over the range of
triodes available. We shall take p — 40, v, = 20
kQ, R — 100 kQ.

It is seen from (3) that F approaches intinity
as R, is made very large. If R, is a resistor, it
cannot be increased indefinitely without causing

J|1/ll

OUTPUT

o)

|

E '.||'———{|--||—T—:vv\,_.<

!

Fig. 1. Cathode-coupled input stage.

* In Johnson's paper the denominator of this expression is misprinted.
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an excessive static voltage drop; the value of R,
seldom exceeds 0.5K. We then find that I' = 3s.
This is not very large, and Johnston describes an
ingenious method in which R, is the slope resis-
tance of a pentode. In this way a value of 5 MQ
can be obtained with a static drop of only 70 V;
and I becomes 3,400.

Discrimination and Transmission Faclors

Johnston's paper suggests that the attamnment
of high I’ is all that is needed to eliminate inter-
ference troubles. Thus, he criticises the low
value obtained with a resistor for R, and advo-
cates the pentode as a means of raising F to o
satisfactorv value. The implication is thatif,
say, I = 3,000, interference can be tolerated
which is 3,000 times the minimum wanted signal.
This is not the case. The point which Johnston
does not mention is that an in-phase wnput can
produce an anti-phase output. He does not, in
fact, consider the previously-mentioned dis-
tinction betwecen the “ balance ” and ‘ gain ratio’
properties. His formulae (1)—(3) involve mean
paramecters and so cannot take account of in-
equalities between the two halves of the stage. It
is thesc inequalitics, which arc inevitable in a
stage that has no adjustable control, which cause
the spurious output to occur. Once it has occurred
no discrimination or rejection process in the rest
of the amplifict can remove it, because it is an
anti-phase voltage and is indistinguishable from
a genuine signal.

Before considering the analysis of a stage with
unequal halves, as shown in the equivalent circuit
of I'lg. 2, it is useful to look at the matter
physically and see how the anti-phase output
can arise. It is obvious that if R, = o, the two
halves function without interaction; they amplify
the equal input voltages slightly differently, and
the difference at the anodes is an anti-phase
voltage. But if R, approaches infinity, so that
the in-phase output is zero, the situation is at
first sight not the same. No in-phase current
can flow in an infinite K, ; hence no such current
can flow in R, and R,. I'rom this -

it is an easy, but false, step to the wiRy7,0

resultant voltage must act round the closed
circuit of K;, R, and the valves. The current
thus driven round the circuit gives rise to a
pure anti-phase output. The mean value of this
output (with respect to earth) is zero, which
agrees with the statement that there is no in-
phase output.

The term ‘transmission factor ' is suggested
tor this property of a stage (o1 complcte amplifier)
and is defined in the following way. Supposc
that an in-phase input
e gives rise to an anti-
phase output Ke. The
anti-phase input which
would produce the same
output is Ke/M. An
in-phase signal there
fore has to be M/K

g, 2. Equivalent
circuit of Fig. 1 with
unegyual halves. In-
phase input belween
each grid and earth —e.

}""I{e _/P: (l.al + l‘cz)}
PACELACRET Y

times as large as an anti-phase to produce the
same effect, and this ratio is defined as the trans-
mission factor, I{ :

H—MK.. .. .. .. .. @

The name ‘ transmission factor ® has been
proposed because  discrimination factor * is by
now probably firmly attached to the anti-
phase/in-phase gain ratio. It is not ideal, but
suggests to the writer, at least, the concept
of the stage ' transmitting’ a fraction ol an
in-phasc voltage as anti-phase. If an amplifier
is perfectly balanced, an in-phasc voltage applied
at the start does not appear in the final output
at all ; i.e., it is simply not transmitted. In an
article by the writer® the term ‘output ratio’
(to contrast with ‘ gain ratio’) is used ; but this
term now seems to be insufficiently descriptive.

Turning now to the analysis of Fig. 2, the

result for K is:
.“2Rz"a7| + (py — ma2) R, + (Ifl + 1?32 R}

conclusion that no signal current K==
of any kind flows in R, and R, so

that there is no output voltage of any kind. The
fallacy of this reasoning is that signal current
can circulate round R,, R,, and the valves
without flowing through R, at all, and in fact it
will do so if the halves are not identical. This
can be seen from Fig. 2 by considering that
uy and p, are not equal ; the fictitious voltages
in the two valves are then unequal and the

Vo+ R+ 2R (u+ 1) [AR 47,
H-— : are
a R 4 I

“
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(re + RY{r, + R+ 2R, (n + 1)} (5)

The numerator of this expression is accurate ;
the denominator is symmetrical in R;, R,, etc.,
and these quantities have been replaced by a
common value R, etc.

To cast (5) into a useful form we put
R, =R, R, = R 4 4R, ctc.

[t is then found that M is a factor of K, and
we finally have from (4) the approximate value

dp 7, LR,+2R‘ " y B y N (6)

Ta
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‘The approximation is that Au/u should also
be multiplied by (1 + 4R/K); this gives rise to
4 second-order product. It is shown later that
the dp/u term is nearly always predominant, and
i that case the second-order product causes
only a small change in this predominant term.

A number of uscful deductions can be made
from (6) by considering numbers and certain
special cases.  Assumptions will be made about
the likely values of du/u, ete. ; those chosen are

(1) dulu, Arylr,, and unintentional values of
AR/R do not exceed 109,.

(i) R/r,is not less than 3.

Three special cases are of interest.

Case A. R, — o.

This will substantially be so when the stage
has a bias resistor only ; i.c., no attempt is made
at discrimination.

It may happen that the square bracket in (6)
is zero, so that H = oo and the stage is perfect ;
but we are concerned with the lower limit of
H in the worst casc. This occurs when dp/u,
ete., are all numerically equal but such that
they all add up. The square bracket then

becomes
3 - R H ,
7 Au

and we get for H :
g et R n
37, + R Adu

On the assumption made about Rfr,, the co-
efficient of u/du lies between 2/3 and 1. As we
only want to know the order of H in the worst
case, 1t is convenient and sufficient to say that
approximately

H = u/Au.

On the assumption made about du/u, this may
be as low as 10.

Case B. R, — o.5R.

This value is not likely to be exceeded when
R, is a resistor.

Again taking the most unfavourable com-
bination in the bracket, we get

gtz tr/R u
2+ 37,/R  Adu

The numerator of the coefficient is effectively
# ; the denominator lies bet ween 2 and 3. ILollow-
ing the course taken for Case A, it is again
sufficient to say that approximately

H =} p?dp.

‘this is a considerable improvement on Case A :
for u = 40, H is 20 times as large. The likelihood
of a fortuitous high valuc is decreased, however.
The coefficient of duju in (6) is now not less than
7, so that unless du/u is less than 1/7 of the other
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inequalities the term involving it will predoniinate.
A study of (6) then shows that the lower limit
deduced for H becomes the actual value. At
the best, then, H mav not exceed zoo0.

Case C. R, — o.

This is substantially approached when a
pentode is used for K,.

It is at once scen from (6) that, without any
approximations,

H = p?/dpu.

This is only twice as goud as Casc B3, and is an
improvement which hardly justifies the trouble
of using a pentode ; other reasons, however, are
given below which necessitate its usc in the
first stage. The value of H may be no higher
than 400 ; if this is compared with the corres-
ponding figure for I of 3,400, it is seen what a
false idea £ can give of the performance of the
stage. It should also be noted that, when R, is
really infinite, we have a case where the in-phasc
gain is zero, but there is still a finite anti-phase
transmission given by the above value of H.

As a tailpiece to this section, the following
paragraph from Johnston may be quoted :

“The discrimination factor is increased in
proportion to the cathode load. If adjustments
arc made to the inequalities of characteristics
in a pair of valves with differential input and out-
put, it is possible to realise a factor of 100,000 : 1;
using components of commercial tolerance 3,000
I is obtained in the circuit of Fig. 10{a) without
further adjustment.”

This paragraph appears to show complete
confusion between  discrimination and  trans-
mission factors. “ Adjustments to inequalities
cannot alter I (which depends on mean para-
meters only), but can alter H, and the figure of
100,000 : I must be what we have defined as
H. The figure of 3,000:1 is then stated to
refer to the same quantity, so that it must also
be H ; yetitisreally I°. Itisimpossible to believe
that Johnston is unaware of the distinction, but
the writer can find no interpretation of the
quoted paragraph which is self-consistent.

Attainment of High Transmission Factor

The values of H required arc commonly very
high. In a practical case of the writer's ex-
pericnce, the observed interfercence tevel (across
I-MQ grid resistors) was 500 mV, while the
minimum  desired signal was 10 wV; thus H
had to be at least 50,000. None of the above
values approach this. It is, therefore, natural
to enquire whether an adjustable control can
be added to the stage to raise H to any given value.
It is scen from (6) that the problem is to make
the square bracket approach zero.

Control of AR by making the anode loads
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variable is tempting ; it has been used by some
writers with possibly this end in mind, but
examination of (0) shows it to be generally im-
practicable.  When R, = 0.5R the du/u term is
nearly 1, and one anode load would have to be
nearly zero to compensate forit; when R, = 5 MO
the term is 50 and control by 4R is impossible.
The same remarks apply to dr,. [t is apparent
from these examples that the du/p term is
dominant and the correct course is to vary Ap.

Fortunately, this can be done very easily by
the circuit of Fig. 3. Each valve has a variable
shunt from anode to cathode. By Thévenin's
theorem, when a valve of parameters p, 7, is
shunted by S it behaves like one of parameters
w.S/(S + 7)) and #,S/(S + 7). The variation
of Au is thus produced ; the associated variation
of dr, is, as just explained, of little effect in
comparison.

%) [e]
A !
100k} r 100k
AAAMN AAMA
100k0 20Kk0 100k0
AAAAA \- v
¥
|
|
|
.
~
Fe
)

Elewrents of shunt control civeuil to raise
value of H.

kg 3.

The values shown in Fig. 3 have been used with
an ECC35. [I‘or this valve 7, is about 30 k);
the reduction of g from one end of the control
to the other therefore ranges from 77%, to 929%,.
The mean is 74.5% ; thus the total range of
variation is 18%, of the mean, and the circuit
will cover differences of this amount. There is
some loss of anti-phase gain, about 209, ; this
is a small price to pay for the advantages gained.
The valve is working into a relatively low anode
load, but this is immaterial as the anti-phase
signal level is far too small to cause distortion.

One practical point which must be mentioned
is that the shunt circnit upsets the static con-
ditions, and allowance must be made for this
when  sctting-up the stage. Theoretically a
blocking capacitor avoids this trouble ; but the
compensation then fails progressively as the fre-
quency is lowered, and it is impossible to main-
tain a large H, even at 5o c¢/s, without an im-
practicably large capacitance.

On test the cirant has given very satisfactory
results. A value of H = 50,000 was easily
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attained. The sensitivity of the detecting
circuit following the stage did not permit any
greater value of H to be measured, and no
attempt was made to set up a special circuit
for doing so. The balance point did not appear
to drifc with time. It is probably sensitive to
supply voltage ; but this is unimportant because
the supplies to a first stage of this nature must
always be stabilized for other reasons.

The control naturally requires re-adjustment
when the valve is changed. It is, however,
independent of the input circuit conditions, and
is therefore suitable for any application.

Overall Transmission Factor

The attainment of a large H in the first stage
is a necessary condition for success, but not a
sufficient one.  Even if / is made infinite by
carcful adjustment, the stage still has a finite
in-phase gain, and will pass some in-phase voltage.
This will be applicd to stage 2; if H for this
stage is finite, it will give rise to an anti-phase
output. Similarly stage 2 will pass some in-phase
voltage to stage 3, which will in turn give rise
to an anti-phase output, and so on. Clearly the
overall effect depends on the transmission and
discrimination factors of each stage. In general,
the anti-phase output from one particular stage
will predominate, and the design problem is to
ensure that this one does not exceed the per-
mitted amount.

I'lie way in which the overall transmission
factor H is built up is as follows. We shall
write :

Anti-phase gain of stage n: M,,.
Discrimination factor of stage n: F,.
Transmission factor of stage n: H,.

It fotlows that :

In-phase gain of stage n = M, [F,.

Considering an in-phase input of 1 V to stage 1,
we have the conditions of Table 1.

The last columm shows the equivalent anti-
phase voltages at the input which would give
rise to the actual anti-phase transmission from
each stage. We can therefore add all these
terms to give the total cquivalent input which
would produce the total effect in the whole
amplifier ; this total input is by definition 1/H.
Thus

1/H=1/H, + 1/F\H, + 1/F\F,Hy;+... (7)

Exact summation of this expression is un-
important. [t is only necessary to examine the
denominators to ensure that the smallest is
sufficiently large, and that none of the others is
less than about twice the smallest. To con-
tinue with our example for which H was required
to be 50,000, suppose we make Hy = 50,000 by
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adjustment of the control in the first stage;
then F H, must be not less than about 100,000.
If stage 1 has a resistor for R, F,; will be about
30, so that H, must be about 3,000. This is not
possible unless stage 2 has specially selected
valves or an adjustable control, and either of
these courses is inconvenient. But if R, is a
pentode, I, will be about 3,000, and H, need be
no more than 30. This cannot be guaranteed if
stage 2 has no cathode resistor, but can be if
it has one of no more than about R/s, which
is about the lowest value likely to be used. Thus
the combination which gives a satisfactory result
and is the least trouble is: pcntode and shunt

ference will in general produce an intolerable
output which appears to be due to a spurious
signal. The use of a cathode pentode is in-
sufficient to prevent this, and may result in a
transmission factor of no more than 4oo. A
successful control has been tested which per-
mits H to be at least 50,000. Further con-
sideration shows that it is still necessary to
use a pentode in the first stage, and a cathode
resistor in the second, if this value of H is not
to be dominated by the effects of the second and
later stages. 1f these precautions are adopted,
the remaining stages need no special attention,
and overloading by in-phase interference is

control for stage 1, resistor for stage 2. impossible.
TABLE 1
In-phase input | Tn-phase output Anti-phase Gain of preceding Equiv. input
output stages to stage 1

Stage 1 ac .. 1 = M, F, I/H, 1 1/H,
Stage 2 MyFy o= M My[F, Fy My FH, M, 1/F Hy

. M MM, MM i .,
Stage 3 MMy FF, ! ’Fjlﬁgl—-y,*l = fv H2 M M, | 1/F F.H,

‘ 157001

The remaining terms in (7) are now auto-
matically large enough. For R, = R/5 we get
F, = 13, so that FI',F, is about 40,000. This
occurs as a factor in all the remaining terms ;
they also each contain an H which cannot be
less than 1o, even with no cathode resistor ; thus
they cannot be less than 400,000.

I'he question of overloading by in-phase inter-
ference is also settled. The maximum expected
interfcrence is 50,000 times the minimum signal ;
but the overall in-phase gain is at the most
1/F\F, = 1/40,000 of the anti-phase. Thus
the total in-phase voltage arriving at the output
stage can be very little more than the minimum
signal, so that overloading or cross-modulation
is utterly impossible.

[t should be mentioned finally that when the
shunt control is fitted to the first stage, it is
possible to obtain a high overall H without the
above precautions. By slight misadjustment of
the control, the anti-phase transmissions of the
various stages can obviously be made to cancel.
Such a condition, however, is likely to be more
sensitive to drift, and the control will require
re-sctting when any of the valves are changed.
The proposed arrangement is scnsitive to con-
ditions in the first stage only.
Conclusions

Without an adjustable control in the first
stage of a balanced amplifier, in-phase inter-
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ERRATA

In the article  Phase-Shift Oscillator,” by W. C.
Vaughan, in the December 1949, issue, two errors
occurred. In Equ. (16), p. 393, the last term should be

6,” not "1’ and Lqu. (18), p. 393, the denominator of
the second fraction should be ‘6 4 »n,” not ‘4 + ».
The equations appear correctly in Table I

Two errors occurred in the letter {rom R. Furth,
Spontaneous Fluctuations in Double-Cathode Valves,”
on p. 33 in the January issue. IEquation (1) should read

(81)%, — 4 kTg, BAf
I
and Equation (2) g, (baV )]

An error occurred in the advertisement of H. W.
Sullivan on p. 16 of the March issue. The range of
frequencies over which the power factor of this firm’s
variable air condensers is below 0.00001 was given as
103 to 102 ¢/s instead of 103 to 10% c/fs.
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CORRESPONDENCE

Letters to the Edutor on technical subjects are always welcome.

In publishing such communications

the Editors do not necessarily endorse any technical or gemeral stalements which they may contain.

Non-Linear Effects in Rectifier Modulators

Sir,—The non-linear operation of an ideal ring
modulator was analysed 1n Wiveless Engineer, Vol
26, Mav 1949, p. 177, and it was stated that similar
results hold for a Cowan modulator. This was criticized
by D. G. Tucker and E. Jeynes in Vol. 27, February,
1950, p. 06, who raised various objections and presented
many interesting new points. These finer points of
the theorv can only be examined on the basis ol a more
elaboratc analysis taking into account the finite passing
blocking conductances, g, and g,, of the rectifiers and
the finite carrier source resistance r. The results of
this analysis are outlined below for (1) a ring modulator,
(2) a Cowan modulator with a complementary rectifier
connected in opposite polarity, (3) a single Cowan modu-
lator. Incases (1) and (2) the results obtained by making
EN o and g, o coincide with those of May 1949.
whatever the carrier source resistance may be. On
the other hand, in case (3) the previous result is only
valid for » o, and, for finite values of 7, the new effects
mentioned by Tucker and Jeynes are quantitatively
explained. Thus, there 1s no reason to question the
validity of a thecory based on a discontinuous rectifier
law. Fven if it were proved that the exact shape of
the rectifier characteristic in the transition interval
has an important role in intermodulation processes,
it would be interesting to separate this effect from similar
ones alrcady produced with a rectifier characteristic
nearer to the ideal.

In any case, in practical modulators, additional com-
plications are caused by seclective termination and
unbalance effects.

The ring modulator is assumed to work between
resistances K/ and the instantaneous signal e.m.f. is
denoted by 2v,. I[ e  is the instantaneous carrier
the carrier voltage in linear operation is given by

to==eff: =14 2¢v(go+ &)-- : o (1)
and the voltage o, so defined will be considered as the
reference variable. When overload occurs, the modu-
lator may be unbalanced and. if ¥ is not zcro, the actual
carrier voltage v, will differ from v, and contain a signal
component. A first overload point occurs when the
signal voltage is slightly larger (due to the shunt effect
»f the other blocking rectifier) than the carrier voltage
across one nominally blocking rectifier ; i.e., for v’

av,, where

a (1 + g, R)! . X Ly o (2)
A second ovcrioad point occurs when the signal current
is slightly larger than the carrier current in a nominally
passing rectifier ; i.c., for ¢, hw,, where

b (1 - gR)1 " . o o (3)
The signal leak into the carrier source can be calculated
and v’, expressed in terms of v, and v,. This does not
alter the first overload condition but changes the second
one into v, b'v,, where
L 27 (gs i gg -+ 2Rggmsr ( )
1+ §{g el R *
It is convenient to represent the condition of the
rectifiers in the plane of co-ordinates v,, v, This is
done in Fig. 1 where a and -+ b’ denote the slopes
v,/v, of the straight lines separating the various modulator
configurations. Passing rectifiers are shown in full
and blocking rectifiers in dotted lines. When v, and o,
arc harmonic functions with amplitudes ¥V, and

b bhlf . h
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the point representing the instantaneous configuration
of the modulator traces a Lissajous figure inscribed in a
rectangle of co-ordinates (17, V). The instan-
tancous output voltage is computed for cach configura-
tion by elementary network theory and all the voltages
arc combined into a single expression by using the dis-

continuous lunction of two variables*
F (x,9) dr sign(y — x) + sign(y — x)] + $v
[sign{y - x) — sign(yv — x)] .. : ¢ ve: (5)
studied in connection with the ideal modulator. The
output voltage 1s
v — p' Flv, av) " qF(v,, bv)].. .. . (6)
where
P = 48— 8) Rf/: - - - - {7
14 4(g, + &R + 2(38 + &)
gsVR (3go =+ gs) t v o . (8)
q 1 og4rg)h .. - .. = .. {9)

Fig. 1.

For an ideal modulator, a P 1, b o and the second
overload occurs at infinitc signal voltage; thus v
IF(v,, v,) as obtained previously. When ¢, and v, are
harmonic functions, the double Fourier series expansion
of (5) permits calculation of all intermodulation pro-
ducts. In particular, overload characteristics for the
main sidebands are cxpressible in terms of elliptic
integrals and can be computed numerically using, for
instance, the tables ol Jahnke-Emde, Dover, 4th Ed.
p- 85. Tn practice, the second overload point occurs
at very high signal voltages and the second term in
(6) is reduced to its linear part gb'v,. It can easily be
checked that in linear operation the main sideband
output takes the conventional value

2 - r o o (g: {‘:0) R
Via = = Vahiik =p(8 08 = e oo o )
L hreRereR
Assuming that the matching condition R = (gg,)*

holds and neglecting higher powers of the rectifier ratio
o = (g,/g,)} the intermodulation margin for small signal-
to-carrier ratio is given by
V. 3 - 8rg,
o log |71 -+ ( —') 8.7 +

13 40708 V‘,' T - 208 7

27.6 decibels e .. o 3% . (11)
o (ideal modulator), this checks with the formula

20 log Vi

Fora
published previously and the additional dissipative
_*gs’,n x thAeisignature of » and 15 defined as signﬁ T *+ 1 when x is

sitive, sign v o when x o, and sign r wher xis nezative.
i s
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term increases the intermodulation margin from 20u
forr = oto3sxforr — oo. Fora matched carrier source
v = 1/2g,, and this term is 30.5%. The signal leaking
into the carrier circuit has also been calculated : the
voltage of the main products f, = f, across the carrier
source at impedance matching is approximately

3aV 3 8rV 2
the leakage attenuation, taking into account the different
signal and carrier impedances, is thus

40 log |V /V| + 16 + 10 log (1/a) decibels
and is infinite for an ideal modulator.

The analysis of a Cowan modulator with a fifth recti-
fier in opposite connection leads to quite similar results
if the signal impedances arc denoted bv 2R and the
carrier source resistance by 2r.  The carrier voltage and

e.m.f. are still related by (1) in linear aperation. The
modulator configurations are shown on Fig. 2. The

first overload occurs as for the ring modulator but there
are two further overload points characterized by the
coefficient # defined in (3) and by

b = 78 =8, . .. .. (12

[+ 4RG, + 801/ .
As the configuration of Fig. 2 is not antisymmetrical
with respect to V,, intermodulation products of the type
mf, + nf; with m even or zero and » odd will also appear.
These nnimportant products complicate the discussion
but arc climinated by considering only that part v,
ol the output voltage which is antisymmetrical with
respect to v, i.e.,

’

g Ho(v) — o(v,)].
This gives
v = 4plFlo, av) + (1— 2/ F(v., b))

~ Floe bvy) . (13)
where p and z have the signification given above and
+" is deduced from s by interchanging g, and g, TFor
all practical purposes, only the linear part of the last
two terms is of importance. This is

(1 — 2)2) b"v, + 2'bufz — gb'y,
and is identical to the linear part o! the single second
overload term of the ring modulator. Thus, with this

approximation, (6) and (13) only ditfer by the factor
1/2 (i.e., by 6 db) in all the products.

Using the same notation (impedances 2R and 2/) for
the single Cowan modulator, the positive carrier voltage
in linear operation is

v, =eff’; f’ UL o2y,

- (14)

Fig. 2

!

The modulator configurations are detined in Fig. 3
with

I+ 28,7

() o3

This defines the first overload point which is strongly
dependent on r. The second overload is of the samec
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order as before but cannot a priori be neglected with
respect to the first one.  The antisvmmetrical output
voltage is

v = [ Flu, cvy) + Flo,, bv,) . {16)
with
: dR(e — &) )
U dR(g +g) + vl | g, - 2R, '
In linear operation this gives
Vo= op'c L)V, — v
m ™
as expecled, and the intermodulation ratio is
Vi 1 (VS)2
: = . (18
[/11 24 V(‘ ( )
for small signal, with
L b3 } }
A e b2 (c/b)2 —¢/b g {1y
g

—=

As b is independent of v, this function will be a minimuin
for ¢/b — 1/2; i.e., for

1+ Rig, — 1}g,)
& — 28, — S8R
which tends to F for good modulators. Assuming the
usual matching condition R (gogs 1% and keepiny
only significant powers of « (g,/g172, the function
A takes the following values for various values of »:

4 . (20)

¥ [} 1/28, Rz R o]
(matching) | (b — ¢) (optimum)
A I 1/4 o2 0.7502 o2
V. BELEVITCH
Brussels.

Are Transit Angle Functions Fourier Transtorms ?

Sir,—Despite the time which has elapsed since the
writer’s letter on this sulject appeared, no one has
shown any signs of interest. As there are now many
workers in the field, I {eel that this is no accident, and
that the difticulty remains unsolved. In this cvent it
may he of some use to place on record the writer’s further
thoughts on the subject, particularly as the whole
question of sound engineering of high-frequency devices
1s intimately bound up with the transit-angle functions
associated with the various gaps or paths of their
clectrodes.

First, it may be said that transit-angle functions are
Fourier Transforms, but that perturbation of the
direct-current conditions by alternating forces renders
it difficult to arrive at a true result. The fact that the
Fourier Integral of a linear saw-tooth wave is con-
vertible to the correct * transit-time ’ solution is believed
to be due to the fact that, when such a saw-tooth is
perturbed in a certain wav its Fourier Transform
remains unchanged.
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Secondly, in regard to the solution for, say, the
distance fravelled in a temperature-limited diode, it
must be remembered that this is obtained as a result
of a double integration. The double integral involved
may in well-known manner be converted to a single
integral, of the form

t
> [ (t — u)emiwndi .. an . - (1)

w=ol 4
where # — 0 gives the d.c. term and » = 1 the funda-
mental. Putting 2 — o, we see that we only get a
parabolic ' pulse when the limits are inserted after

and this ‘pulse’ is in terms of ¢ — f,

integration : g )
) is the intermediate value

not of ¢° — t, where #'{

of t. When n 1, the integral for this term may be
transformed ta
( d w2y jor )
it —niws L Y, () . e .. 2
ju o€ o 2(]w)2 3ot (

!
Where o is the " unclapsed * part of the transit time, and
x = jwr. This correct solution can be obtained, if one
pleases, by regarding (1) as the ‘incomplete’ Fourier
Transform of the unelapsed transit time ¢ — 1.

I wish I were able to report success of a similar nature
with the space-charge limited diode. A Fouricr solution
for the clectron velocity has the same {form as (2), but
whereas this is correct, subject to allowance subsequently
being made for variation time,” the temperature-limited
diode velocity is already correct (including variation time
eficcts), so this is not good enough. The reason why (2)
is also correct is that when x is placed equal to a constant
the variation time comes from the two equations

-2
y=Y —;[I -+ ery(0)]

y = Y

in other words 7,79 = 172eYg(x)], so (2) is thus, in
effect a solution for variation time; only v need be
corrected, and, in the space-charge case, dv/dt. This
brings us to the discrepancy in the space-charge case
for the acceleration, and for the clectric field, obtained
as a first integration of the equation

dxjas — 7

o
7z~ C (I +2IM .1e"1“)

where C is proportional to the space current per cm?
of plane cathode. Transit-time metnod (a single inte-
gration, and subsequent  variation time’ correction
applied) gives (for the first 2 terms)

dv 1 — Yy(%)
= C [10 + M, jw3 c)‘”‘]
where
d(1 = Ygo)) = aft — 2+ '52® — ggog + 2tgot

while the Fourier Transform of a saw-tooth pulse (pro
portional to ) gives a solution with the {function

2;0) oY (), where

aYo(m) = a(t — 4o 4 2% — %2 + dgat—. )
exactly as for the velocity in the temperature-limited
case. The differences are far greater than can be gauged
by mere inspection of the power series expansions, more-
over the Fourier method as above applied fails since the

. 2 A
first term }« is here wrong—it has to be gon’ asis given by

1 — Yg(a), in order to satisly ‘low frequency’ con-
ditions. If, however, it is noted that transit-time
dynamical methods are as a rule as much simpler than
the manipulation of Fourier Integrals, the engineer need
have no qualms about using the less classical procedure.
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As an example of great simplification by using ' transit
time ' may be mentioned the classical theory of radiation-
collisions of electrons with atoms producing electro-
magnetic pulses as a result of sudden deceleration. The
problem, dealt with by Lorentz, Larmor and Thomson,?2
comes out much more simply if Fourier Integrals are
dispensed with entirely, at any rate, in case t Lty
The connection between transit-time effects and electro-
magnetic radiation is, thus, incidentally, quite close—
you cannot have the one without the other.
Fordcombe, Kkent. W. E. BEnHAM.

' Wireless Engineer, June 1949, p. 210.
£ Corpuscular Theory of Matter,”” by J. J. Thomson, 1907, p. 92.
Constable.

Gain of Aerial Systems

Sik,—The point which I wished to make clear in my
letter (Wireless Lngineer, December 1949, ) was that the
end-fire theorem, stated by Mr. Bell in his paper in the
September issue, did not apply to apertures in the diftrac-
tion sense. Practical cases of apertures in this sense are
the mouths of mirrors and electromagnetic horns, and the
outer surfaces of lenses. The argument advanced in
my previous letter referred entirely to apertures in this
sense, and not as Mr. Bell has implied in his reply (Wire-
less I'mgineer, January 1950), to arrays of condncting
elements. As {far as such arrays are concerned, I am in
agreement with Mr. Bell that the gain may be doubled
by using the array to produce an end-fire beam instead
of a broadside beam. In view of the confusion which
has arisen, it is worth while considering in what respects
apertures of the diffractior tvpe ditfer from arrays of
conducting clements.

Fig. 1 Fig. 2

When the currents in the conducting elements of an
array are all of the same phase, two beams will be radiated
in opposite directions as shown in Fig. 1. Now, if the
phases of the currents are suitably altered, it will be
possible to swing each beam round towards the direction
of the axis AA" as in Fig. 2. Eventually, a position will
be reached when these two beams will overlap com-
pletely as in Fig. 3. The array is now acting as an end-
fire radiator, and in view of the fact that the two broad-
side beams have coalesced into the one end-fire beam, it
is reasonable to expect the gain of the system to be
increased, as predicted by the end-fire theorem.

When the phase across a ditiraction aperture is con-
stant, however, there will be only one radiated beam ;
this is immediately obvious for any system such as a
mirror, a lens or a horn. There is therefore no possibility
of doubling the gain by overlapping two beams. In
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fact, as shown in my last letter, the gain of the end-fire
beam will be twice that of the broadside beam, only if the
radiating aperture is surrounded by an infinite conducting
sheet.

My objection to Mr. Bell's statement of the end-fire
theorem is that it is so phrased as to appear valid for
cither of the above types of aerial system. The true
position is that the theorem is valid for an array of
conducting elements, but only for an aperture in the
diffraction sense, if it is surrounded by an infinite con-
ducting plane. In the second case, it is the presence of
the conducting plane, rather than the fact the aperture
i1s acting as an end-fire radiator, which leads to the
doubling of the gain.

Radar Research and
Development Establishment.

J. Browx

Phase-Shift Calculation

SIR,—In a recent letter (Wireless Engineer, January
1950) W. Saraga and ]. Freeman describe a rapid,
approximate, calculation of image phase-shift in multi-
section Zobel filters. It is ol interest to note that a more
exact calculation can easily be carried out in the special
case where all minima in the image attentuation are
equal to each other.

Cauer has shown a method for determining the optimum
distribution of the attenuation peaks in a low-pass filter
where the equal minima of the image attenuation will fall
in the frequency band /' < / < @ (f'> fo, the cut-off
frequency). The frequencies for the peaks are calculated
by means of the elliptic sn-function. It is not very diffi-
cult to rearrange the optimal distribution to the band
" < [ <[ < o withsuitable frequency transformations.
The m-values for a Zobel filter can then be calculated
from the peak frequencies. Presumably this has been
done by a great many involved in actual filter design.

A slightly different method also permits the phase-
shift in the pass-band to be calculated very casily for
the resulting filter, as well as the image attenuation for
f > f"or f < f and the efiect of dissipation on filter
performance.

First, the following frequency transformations of a
well-known type are used :

w = u 4 ju \/i_»—(-;/])? for low-pass
¥ = u 4 ju = \/1—([’]’1)2 for high-pass
e
o fe* =2

W = u + ju for band-pass, general
case.

f1. fo are the cut-off frequencies.

w = u corresponds to an attenuation band

w = ju corresponds to a pass band.

The frequency band f* < f < [ is now transformed
tou” < u < u”, where the image attenuation .1 > A4,,,
for N (>1) full-section peaks in the filter. By means of
the rapidly convergent series-expansions for the Jacobi
Theta-functions the following relations are established.
(The infinite series can be terminated after only three
terms or less with sufficient accuracy).

(r) Given: u’, «”’, N.

»

A in = N.log, — log,2 nepers

\/u’/u”) /(14 \/u’/u”)
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g =€+ 268 ;6 = (1

(2) Given: A,,;,, N.
g = exp [~ (A,  log, 2)/N
Vuu” = (1-2¢ | 244 | (1 - 29 © 2%

For the part of the attenuating range in question
' < n < u”) we have :

A A log, [cos Nz|

min
" \/u’u”(l 2qgcosz + 2gtcos2s) [ (1 -+ 2qcos z
2g% cos 2z2)

where o € 7 < .
The attenuation peaks are placed at
w, = u(z,), 7, (212 — 1) w[2N, n [, 2....N

(For the low-pass and high-pass case u, will be equal
to the Zobel m-values).

By choosing a suitable value of z, corresponding
values of 1 and 4 are readily calculated.

The image attenuation and phase-shift are now com-
pletely specitied and can be determined in the ordinary
way by adding the contributions from the separate
filter sections. The following relations will, however, give
easier calculations with little loss of accuracy.

In the attenuating band where 4 < 1 ppin (" <11 < 00 Or
o<u<u’) we get :

A = A Iog,{cosh [z—j (A, -+ log, 2)]}
(0<y<m/2)
v Yo 2 exp (w%/log, ¢) sin 2y,
cOs ¥, w/u’ or cos vy = u’'/u respectively
[exp (=?/log, ¢) is a small correction factor}].
In the pass band (0 € v < ) the image phase-shift can
be written as:
B N(By + ¢2sin 28)
where B, is the image phase-shift for a full-section
filter with an attenunation peak at \/u’u".
The following equation can be used for calculation of
the dissipation losses in the pass band etc.
aB I
dw s N
In the attenuation range the peaks will be rounded oft
to tinite values 4, due to filter losses :

1 8s¢ sin z,,
2 Amin + o8, (dx. dog N(1 — 492 cos? Z_n)
dy, dg = the dissipation factor for the coils and capacitors
respectively.
In the equations above we have
w df . o - 1
7 dwl which can be expressed in several ways,

w 242 cos 2B,) |sin By

for instance.

s ,.2 —h . icosh2 I,
Jo + f1 )
I'y = A, - jB, is the complex imnage attenuation for an

ideal half-section constant k-filter.

|[cosh2 ;| = cos?B, in a pass band

[cosh? I';| = sinh24, in an attenuation band.
Stockholm,

Sweden. NiLs OLOF JOHANNESSON

R.E.C.M.F. EXHIBITION

The 7th exhibition of components, materials, test gear
and valves opens at Grosvenor House, DPark Lane,
London, W.1. on 17th April. It is to be open for three
days from 10 a.m. to 6 p.m. and admission is restricted
to holders of invitation cards from the Radio & Electronic
Component Manufacturers’ Federation, 22, Surrey St.,
London, W.C. 2.
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NEW BOOKS

The Mathematics of Circuit Analysis

By Erxst A, GuirpeMiy, Pp. 590 xiv.  John
Wiley & Sons, New York and Chapman & Hall,
37 Essex St., London, W.C.2.  Price 60s.

About 20 years ago the staff of the Department of
Electrical Engincering at the Massachusetts Institute of
Technology undertook to revise its entire presentation of
the basic principles of electrical engineering. This
revision resulted in the publication in 1043 of three
volumes entitled “ Electric Circuits ” (a first course in
circuit analvsis for electrical engineers), *° Magnetic
Circuits and Transformers "’ (a first course for power and
communication engineers), and ““ Applied Electronics,”
(a first course in clectronics, valves and associated
circuits). The volume under review was intended to be
part of the same series, but publication was delayved by
the war. Basic mathematical processes and methods
are discussed ; the chapter headings are Determinants,
Matrices, Linear Transformations, Quadratic Forms,
Vector Analysis, Functions of a Complex Variable, and
Fourier Series and Integrals.

The object of the book is to explain how these basic
methods and processes work; applications are de-
liberately kept for the companion volumes mentioned
above. It is intended to stimulate interest and convey
ideas rather than to be rigorous, and to develop a back-
ground of general understanding upon which the student
whose mathematical ability is above the average may
later build more carefullv. Its scope is much wider than
that of a book designed merely to help the student pass
examinations.

Under the present British conditions, the time 13
hardly ripe for so fundamental a revision of the structure
of electrical engineering courses as that undertaken at
the M.I.T. While this may make it difficult to usc the
book directly as a text-book in this country, it contains
a valuable collection of reference material chosen as the
result of Prof. Guillemin's long practical experience of
teaching clectrical engineers. It therefore deserves
carcful study and should be available in libraries.

J.W. H.

Television for Radiomen

By EpwWARD M. Norr. Pp. 505 + xii, with 356 illus-
trations. Macmillan & Co., Ltd., St. Martin’s Street,
London, W C. 2. Price 52s. 6d.

This is an American book and deals solelv with tele-
vision equipment designed for the American standards.
Its utility in this country is thus strictly limited by this
fact.

It covers all aspects of television receivers in an
clementary manner and includes transmitting matevial
only in just enough detail to give the reader a picture
of the complete system.

The method of treatment is usually to take a section
of a receiver and to discuss it in general terms. Various
alternative circuits are illustrated and described in detail
and then a number of typical circuits, as used in American
receivers, are given as examples ol the way in which
they take practical form.  On these last circuits values
of components are given.

As an example, the chapter on " Swecp Systems ”
starts with the basic method of generating a saw-tooth
wave by the alternate charge and discharge of a capacitor.
Blocking-oscillator and the cathode-coupled multi-
vibrator discharge circuits arc then described, then
synchronizing methods, waveform defects and  their
correction and, finally, deflection amplitiers. There are
about 12 pages of gencral discussion on amplifiers and
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some 7 extra pages on line-scanning amplifiers in which
attention is mainly directed to diode and triode damping
methods. There arc then o pages of typical commercial
systems.

The book includes over 50 pages on projection tele-
vision and a useful feature is a set of 48 oscillograms
illustrating the waveforms and their amplitudes at
various points, mainly in the time-base circuits, of a
particular commercial receiver, the complete circuit
of which is given. Although it is a projection receiver
this has little effect on the circuitry and the waveforms
are thus typical of most television scts. .\ point of
particular interest is that the set includes a fly-wheel
svnc circuit and the waveforms in this are given.

In spite of the length of the book the treatment is not
alwavs as detailed as one could wish and there are quite
a number of superficialities. Except in the last chapter,
mathematics are excluded and the book concludes with
a set of mathematical tables.

The book should prove cxtremely valuable to thosc
for whom it is intended-—that is, those who have to
maintain and repair American television receivers.
There is a good deal of material in it uscful to those
who handle British receivers. The book. however, can
hardly be recommended to those without a fair knowledge
already, for if they are beginners they will undoubted]y
have difficulty in knowing which parts are relevant to
British practice and which are not.

W.T.C.

Eintiihrung in die Siebschaltungstheorie der elektrischen
Nachrichtentechnik.

By R. FELDTKELLER. Pp.1bo + viii, with 121 illustra-
tions. S. Hirzel Verlag, Stuttgart. Price DM 12.

Dr. Feldtkeller is Director of the Telecommunications
Institute of the Stuttgart Technische Hochschule.  This
is the third edition of this book on filter theory ; the
sccond edition in 1942 was a reprint of the first, but the
present edition has been largely rewritten. In the
introduction the author points out that this volume does
not deal with high frequencies; he has another book
“ Theorie der Rundiunksiebschaltungen,” the second
edition of which appeared in 1944, which deals with high-
frequency filters. The book starts with simple oscillatory
circuits and graduallv develops the various tyvpes of
band-pass filters and filter chains. Their characteristics
are calculated and plotted in a number of curves.
Several sections are devoted to the m-derived filters of
Zobel, and a final chapter deals with the effect of losses.
The book concludes with an extensive bibliography but
mainly of German publications. The treatment through-
out is very thorough and the book is undoubtedly a
valuable addition to the literature of the subject.

G.W. O H.

Radio Servicing Equipment

By E. J. G. LEwis. Pp. 371~ xi, with 194 illustrations.
Chapman & Hall, 37 Essex St., London, W.C.2. Price
25s.

Electrical Measurements and the Calculation of the
Errors Involved

By D. Karo. Part 1. Pp. 191, with 100 illustra-
tions. Macdonald & Co. (Publishers) Ltd., 19 Ludgate
Hill, London, E.C.4. Price 18s.

The Practical Electrical Reference Book

Pp. 384. Odhams Press Ltd., Long Acre, London
W.C.2. Price gs. 6d.

WIRELLESS LENGINEKR, APRIL 1950



